TECHNISCHE . . .
. Variational Analysis, Dynamics and
UNIVERSITAT S SWM

o) ions R h
WIEN perations Researc V A D O R

Metric Compatibility and determination in complete metric
spaces

A. Daniilidis, T. Minh Le, D. Salas

Research Report 2023-06
August 2023

ISSN 2521-313X

Variational Analysis, Dynamics and Operations Research

Institute of Statistics and Mathematical Methods in Economics
TU Wien

Research Unit VADOR

Wiedner Hauptstralle 8 / E105-04
1040 Vienna, Austria

E-mail: vador@tuwien.ac.at



Metric compatibility and determination in complete metric spaces

ARIS DANIILIDIS, TRI MINH LE, DAVID SALAS

Abstract. It was established in [8] that Lipschitz inf-compact functions are uniquely determined
by their local slope and critical values. Compactness played a paramount role in this result,
ensuring in particular the existence of critical points. We hereby emancipate from this restriction
and establish a determination result for merely bounded from below functions, by adding an
assumption controlling the asymptotic behavior. This assumption is trivially fulfilled if f is inf-
compact. In addition, our result is not only valid for the (De Giorgi) local slope, but also for the
main paradigms of average descent operators as well as for the global slope, case in which the
asymptotic assumption becomes superfluous. Therefore, the present work extends simultaneously
the metric determination results of [8] and [18].
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1 Introduction

In [8, Theorem 2.4] the authors have shown that in every metric space, the local slope operator
contains sufficient information to determine any continuous inf-compact function with finite slope.
Indeed, knowledge of the critical values (values of the function on the set of points where the slope
is zero) and knowledge of the slope at every point determine uniquely the function. We hereafter
refer to this result as determination result. The proof makes use of transfinite induction and is
based on a cardinality obstruction. Pertinence of the assumptions was also thereby discussed.

In the follow-up work [7] the authors adopted a much more general framework: they introduced



an abstract notion of descent modulus, based on three axioms (see [7, Definition 3.1] or properties
(D1)—(Ds3) of forthcoming Definition 2.1) and showed that the result of [8] can be emancipated
from the metric structure and fit to a mere topological setting, provided a reasonable notion of
steepest descent (or other meaningful notion of descent, like average descent) is coined. There-
fore, instead of considering metric spaces, we can work on probability spaces or Markov chains.
However, similarly to [8], an underlying compactness assumption was still required in [7]: the
functions for which the result applies should (be continuous and) have compact sublevel sets.
This was indeed paramount for the proof of the main result of both works.

The aim of the current work is to eliminate the compactness assumption and use instead complete-
ness together with a control on asymptotic behaviour. This renounces full generality, restricting
naturally to the framework of (complete) metric spaces.

Very recently, in the same setting of complete metric spaces, Thibault and Zagrodny in [18] were
able to obtain a determination result for the global slope (we recall this definition in (2.13)). The
proof is highly technical and uses the notion of countably orderable families previously introduced
in [12]. For a general function, the global slope is a very restrictive notion (controlling also the
asymptotic behavior), but for the class of convex functions it coincides with the local slope and
the authors were able to obtain the following powerful convex determination result:

e (convex determination) Two convex continuous and bounded from below functions
with the same slope can only differ by a constant.

The above result was initially established in Hilbert spaces, see [4] (smooth case) and [17] (non-
smooth case). It can also be obtained as a corollary of a more general sensitivity result, derived
in [6], which states, roughly speaking, that the slope deviation between two convex functions
controls the deviation between the functions themselves. A similar determination result was
obtained using proximal operators [19]. All these proofs rely heavily on (sub)gradient descent
systems, making crucial use of the Hilbertian structure. However, this drawback no longer ap-
pears in [18], where the authors, working directly in metric spaces with the global slope, were
able to establish the validity of the above convex determination result in Banach spaces.

Coming back to the present work, we enhance the technique developed in [8] to obtain a general
determination result in the setting of complete metric spaces. Comparing with [18], the result not
only applies for the global slope (where the interest is essentially limited to the convex determina-
tion in a Banach space), but also for the local slope (the definition is recalled in (2.12)) as well as
for the main paradigms of average descent operator discussed in Section 2.3. As a consequence,
the result applies to a large class of functions (for instance, Lipschitz functions in complete met-
ric spaces). This already hints potential applications in Eikonal equations, or more generally, in
Hamilton-Jacobi equations whose viscosity solutions admit an alternative description via slopes
(see [13], [14], [15] e.g.). A further extension is made by formulating the result in terms of an
abstract descent modulus in the spirit of [7], but with an extra property (metric compatibility) to
reckon with the given metric (see Definition 2.12). From a practical viewpoint, in a given metric
space all reasonable descent moduli are metrically compatible (see also discussion in Section 2.4).

1.1 Organization of the manuscript

The manuscript is organized as follows: in Subsection 1.2 we fix notation and terminology, while
in Section 2 we revisit from [7] the definition of an abstract descent modulus and readjust it



(c.f. Definition 2.1) to encompass extended real-valued functions in a way that the determination
result still holds for inf-compact functions which are continuous in their domain.

Subsection 2.1 resumes the State—of-the—art in this (slightly) more general setting, with the extra
benefit that the proofs are now significantly simplified. This is possible because Definition 2.1 is
defined in a compatible way with respect to function truncation, see proofs of Lemma 2.3 and
Theorem 2.4. We then obtain Corollary 2.5 which readily extends [8, Proposition 2.2] and [8,
Theorem 2.4] .

In Subsection 2.2 we establish an easy noncompact determination result for the case of smooth
functions in a Banach space for the natural descent modulus T'[f] = ||V f||. The result illustrates
perfectly the need of controlling the asymptotic behaviour and at the same time hints towards
the right definition of asymptotically critical sequence (see Definition 3.1).

In Subsection 2.3 we present the main paradigms of descent in a metric space which are covered
by our main result: the (De Giorgi’s) local slope, the global slope, the average descent and the
diffusion descent. These paradigms are recalled in Subsection 2.4 and treated in a uniform manner
by means of the definition-scheme of a metrically compatible descent modulus (Definition 2.12).
The main result is presented in Section 3. Controlling the critical values, the asymptotic behavior
and the abstract descent at each point leads to Theorem 3.3 (comparison lemma) and Theorem 3.6
(determination result). We recover the determination result of [18] as a corollary, by applying
our result for the global slope, which is a particular case of an abstract descent, since in this case
every asymptotically critical sequence is infimizing for the function.

1.2 Notation and terminology.

Throughout this work X is a complete metric space, which will be eventually upgraded to a
Banach space in Subsection 2.2. Given any function f: X — R and r € R we define by

[f <rli={eeX: f(z) <r},

the r-sublevel set. The strict sublevel set [f < 7] is defined analogously. We denote the (effective)
domain of f by
dom f:={r e X : f(zr) < +oo}.

A function f is lower semicontinuous (in short, Isc) if for every r € R the sublevel set [f < r] is
closed. We say that f is proper if it has at least one nonempty sublevel set, or equivalently, if
dom f # (). Further, a function f is called inf-compact if the sublevel sets [f < r] are compact
for all r < sup f. Notice that every lower semicontinuous inf-compact function attains its global
minimum.

We further denote by (RU {4+00})¥X the set of extended real-valued functions on X and by C(X)
the set of continuous real-valued functions on X. We also denote by

LSC(X) :={f:X - RU{+o00} : f proper, Isc};
C(X):={f:X > RU{+oc} : f proper, Isc and f|qom s continuous} .

A subset F of (RU{4o00})¥ is called a cone, if for any f € F and 7 > 0 we have rf € F (with the
convention 0 - (+00) = 0). A cone F which is closed under translation (that is, f 4+ ¢ € F for all



f € F and ¢ € R) will be called translation cone. In what follows, F will always be a translation
cone of proper functions.

Notice that C(X) is a vector subspace of (RU{+o00})X while LSC(X), C(X) are translation cones.
Notice further that f € C(X) if and only if f € C(X) and dom f = X.

For any a € R we set a™ := max{a, 0} (the positive part of the number a).

For a function f: X — R U {400} we define the operator A*f : dom f x X — R by

LGRS ()] AT
. : Y,
AT f(z,y) = )

0, ifz=uy.

(1.1)

2 Descent moduli: state-of-the-art and extended definitions

Following the spirit of [7], we call descent modulus on a topological space X any operator T :
F — [0, +0c]X satisfying three natural properties (see (D;)-(D3) in Definition 2.1 below). The
quantity T'[f](z) € [0, 400] is conceived as an abstract measurement of descent for the function f
at the point z. If T[f](x) = 0, then the point z is called T-critical (or simply critical). Therefore,
the set of T-critical points of f coincides with the zeros of the function T'[f] and is denoted by

Zr(f) :={z € X : T[f](z) = 0}. (2.1)
A formal definition for proper extended real-valued functions follows:

Definition 2.1 (Descent modulus). Let F C (RU {+00})X be a translation cone.
An operator T : F — [0, +00o]X is called descent modulus on F if

dom T'[f] C dom f, for every f € F (Do)
and the following three conditions hold for every f,g € F andx € X :

(Dy) x € argmin f — z € Zp(f).
(D2) T[fl(z) <Tlgl(x) = Fzedomg: {f(z) - f(2)}" <{g(z) —g(2)}".
(D3) If 0 < T[f](z) < 400 and 7 > 1, then T[f](x) < T[rf](x).

Let us have a brief discussion on the properties defining the descent modulus: Property (D;)
guarantees preservation of global minima, since Z7(f) = argmin T'[f]. Property (D2) can be seen
as a monotonicity property on the sublevel set: indeed, if for every z € [g < g(z)] one has
f(z) — f(z) > g(x) — g(z) (that is, if f has more descent than g in all descent directions of g)
then one should necessarily have T'[f](x) > T'[g](x). Therefore, (D) can be restated as follows:

{9(2) = g(2)}" < {f(2) - f(2)}"

for all z € domg

}ZiﬂﬂﬂéTm@‘ (D2)

Finally (D3) is a scalar monotonicity property, ensuring that if a function f has a nonzero finite
descent at x, then the function (1 +¢)f has an amplified descent at the same point for any € > 0.



Remark 2.2. (i). Definition 2.1 applies to extended real-valued functions and (Dp) imposes an
infinite descent to all points for which f(z) = +o00. If F = C(X), then (Dp) holds trivially and
the above definition of descent modulus coincides with [7, Definition 3.1].

(ii). A straightforward consequence of the above definition is that a descent modulus can be
defined only for proper functions. (To see this, given g € F, consider the function f = 0 in F
and apply (D3)).

We define the domain domT" C F of a descent modulus T as follows:

domT :={f € F: domT[f] = dom f}, (2.2)

that is, f € dom T if and only if it has a finite slope at every point in which it has a finite value.
If X is a metric space, then dom T contains the class of Lipschitz continuous functions for every
reasonable descent modulus. (The reader can easily verify that this is the case for the main
instances of descent moduli of this work: c.f. Example 2.10 and Example 2.13.)

2.1 Determination in compact spaces

The determination result established in [7] requires the functions to have compact sublevel sets.
The proof was based on a transfinite induction and the conclusion was obtained by contradiction,
due to a cardinality obstruction since the induction did not allow point repetitions. In this section,
for the sake of completeness, we restate this result in a slightly more general setting: the descent
modulus is now considered on extended real-valued (inf-compact) functions. In fact, this new
framework, contemplated by the extended Definition 2.1 allows a much simpler proof (namely,
the transfinite induction is replaced by a maximum principle), which in the setting of [8], [7] was
formally impossible. We present this proof here.

Lemma 2.3 (Strict comparison in compact spaces). Let X be a compact topological space and T
a descent modulus on a translation cone F containing LSC(X). Let f € C(X), g € LSC(X) and
assume:

(i). (descent domination) T[f]|(z) < T|[g](x), for every x € domg \ Zr(g) ;
(ii). (control of criticality) f(z) < g(z), for every z € Zp(g) ;

Then, it holds
f(z) < g(x), Vz € domg.

Proof. Notice that dom g C dom f, therefore f is continuous on dom g. Let us first assume that
g is finite, that is, domg = X. Then, f — g is (finite and) upper semicontinuous and attains
its maximum at some point zy € X. It suffices to show that zo € Z7(g) (then (ii) applies
and max (f —g) = (f — g)(zo) < 0). If o ¢ Z27(g), then, T[g](xo) > T[f](zo) which yields
by hypothesis (D) that there exists 2 € X such that {f(zo) — f(2)}T < {g(z0) — g(2)}T. In
particular, (f — g)(zo) < (f — g)(2), which is a contradiction.

Let us now consider the case domg # X, that is, g takes the value +0o at some point. Let
h:X — RU{+o00} given by

h(x):{(f—g)(x), if x € domg,

+ 00, otherwise.



Fix any a > infg. Since g is Isc, the set K, = [¢g < a] is nonempty compact and the upper
semicontinuous function h attains its maximum there at some point z, € K,. If z, ¢ Z7r(g),
then, as before, there exists 2z, € domg such that {f(z,) — f(24)}" < {9(xa) — g(za)} . This
yields that z, € K, and h(xz,) < h(z,), which is a contradiction. Thus, z, € Z7(g) and h is

strictly negative in K. Since dom g = U, in¢ g[g < al, the conclusion follows. O

The following theorem is the direct extension of the determination theorems of [7], invoking
Lemma 2.3 instead of [7, Lemma 3.3].

Theorem 2.4 (Descent determination of extended real-valued functions in compact spaces). Let
X be a compact topological space and T" a descent modulus on a translation cone F containing
LSC(X). Let f € C(X) and g € LSC(X) Ndom(T). Then,

(a) If T[f](z) < T|g|(x), for all x € X and f(x) < g(z), for all x € Z7(g), then f <g.

(b) If f,g € C(X)Nndom(T), T[fl(z) = Tlg|(z), for all x € X and f(x) = g(z) for all
x € Zr(g) = Zr(f), then f =g.

Proof. Since statement (b) is symmetric, it is sufficient to prove (a). Notice that (D2) implies
that T'[g + ¢|] = T[g], for every ¢ € R (see also [7, Proposition 3.2(b)]). Therefore, replacing, if
necessary, g by g — inf g and f by f — inf ¢ we may assume that ¢ is non-negative on X. Now,
replacing g by g- = (1 +¢)(g + ), we get that domg. = domg, T[f](x) < T[ge](z) for every
x € domg., Z7(g:) C Zr(g) and f(z) < ge(x) for every x € Zp(ge). Thus, f < g. over dom g.
Taking ¢ — 0, we obtain f < g on dom g, which readily yields f < g on the whole space X. [

The comparison principles and the determination result of [7] for inf-compact functions can be
derived from Lemma 2.3 and Theorem 2.4, as the following corollary shows.

Corollary 2.5. Let X be a topological space (not necessarily compact) and T a descent modulus
on F =C(X). Let f,g € F be bounded from below.

(a) If g is inf-compact, T[f](x) < Tg|(x) for all v € X \ Zr(g), and f(z) < g(z) for all
x € Zp(g), then f < g.

(b) If g is inf-compact, g € dom(T), T[f|(z) < T[g](x), for all z € X and f(z) < g(x), for all
x € Z7(g), then f <g.

(c) If f,g are inf-compact, f,g € C(X) N dom(T), T[f](z) = Tlg](x), for all x € X and
f(z) =g(x) for all x € Z7(g) = Z7(f), then f=g.

Proof. It is enough to prove (a). The conclusion is trivial if g is constant, since in this case
Zp(g) = X. Therefore we may assume that infg < supg. Fix any a € (inf g,supg) and set
K, = [g < a]. Then, K, is nonempty and compact. We set F, := {h € F: K, C domh} and for
every h € F, we define

heg :=h+1x w

where ix, denotes the indicator function of K,, that is,

) 0, z € K,
/LKG,(SU) = +m T ¢ Ka'



Notice that h, € C(X) = F and F, C F, so the operator T is a descent modulus on F,. We

deduce easily from (D3) that for every h € F,
T[hel(x) < T[h](x), for all z € K,
and (since K, is a nontrivial sublevel set of g)
Zr(9a) = Zr(9) N Ko and  Tlga)(z) = Tlg](z), forall x € K.

Then,

T[fa](z) < T[f)(x) < T[g](x) = T(ga] ().
Moreover, for every x € Zr(gq) we have fy(x) = f(x) < g(x) = go(z). Applying Lemma 2.3
we deduce that f, < g, on K,, and consequently, f(xz) < g(x), for every x € K,. Since a €
(inf g, sup g) is arbitrary, we conclude that f < g on dom g \ argmax g.

If argmax g = () or sup g = +00, we have dom g \ argmax g = dom g and the result follows. Thus,
it suffices to consider the case supg < +o0o and argmaxg # (). Then take x € argmaxg. If
T[g](x) =0, then f(x) < g(x) by hypothesis. If not, T[f](x) < T[g](x) and property (D) entails
that there exists z € dom g such that

f@) = f(2) <{f(@) = F(2)}" <{g(2) —g(2)}" = g(z) — g(2).

Then, 2 ¢ argmax g, entailing that g(z) > f(z). Thus, f(z) < g(z) + f(2) — g(2) < g(z). We
conclude that, regardless the value of T'[¢g](x), we always have that f(x) < g(z). Therefore f < g
on dom g, and the proof is complete. O

2.2 A simple noncompact result: the smooth case

Let us consider the setting given by X = R?, the cone F = C'(R?) of continuously differentiable
functions, and the descent modulus given by T'[f](x) = ||V f(z)]|.
In this setting, consider two functions f, g € F bounded from below such that

Vi@ < [[Vg()ll, VzelX.

Following [17]! we compare the functions f and g along the descent curves of g (which is the
function with dominating slope). Given xq, we consider the curve 7 : [0, +-00) — R? that solves

{wt) = —Vy(r(t), t>0,

+(0) = 0. (23)

LA first version of this idea was due to J.-B. Baillon in 2018, see [3].



Then, we can directly write

9(w0) — f(xo) = limsup (g — £)(3(2)) — /0 ((g— £) o )'(s) ds

t—-+o0

= timsup (9= N(2(0) = | ((Vala(s). 50) = (V7). 50 s

t—+o00
t

=limsup(g—f)(7(t))+/0 VQ(V(S))II-I"Y(S)IdSJr/O<Vf(’v(5))ﬂ(8)>d8 (2.4)

t—4o00

||
>timsup (g )60+ [ (IVs0EI=IVIGE) )] ds

t—+00
>0
> limsup (9 — f)(v(*)) = lim g((t)) —lLminf f((t)).
t—400 —+00 t—+o00

Consequently, if there exists & € w-lim~y (w-limit point of «), then z € Z := Zp(g). In such a
case, if g| ,>f ’ , (which is the boundary condition of Theorem 2.4 (a)), we would conclude that
g(xo) > f(zo). However, since the space is noncompact, w- lim~ might be empty and we need to
include the boundary condition

limi < i : :

iminf f((t)) < lim g(v(t)) (2.5)
The above condition should be imposed only for steepest descent curves 7 : [0, +00) — R? of g
without w-limits and not for those for which w-1lim~ # (), since this latter case is already captured

by the comparison condition on the critical set Z7(g) (w-limits of the gradient descent curve are
automatically critical points for g).

The drawback of the boundary condition (2.5) is that it depends on Vg, via (2.3), rather than on
the descent modulus T'[g] = |[Vg||. To overcome this difficulty and obtain a boundary condition
that is independent of Vg we introduce the following definition:

Definition 2.6 (Asymptotically critical path, smooth version). We say that a differentiable curve
7 : [0, 4+00) = R? is an asymptotically T-critical path for the function g (with T[g] = ||Vgl) if

+o00
11 =1, w-lmi=0  and / Tlg](3(s)) ds < +00. (2.6)
0

The above definition encompasses the following key elements for the class of continuously differ-
entiable bounded from below functions:

(1) If 4 is an asymptotically critical path for g, then lim T'[g](7(s)) = 0.

S5—00
(2) Every steepest descent curve without w-limits yields, upon reparametrization, an asymp-
totically critical path.

(3) If two continuously differentiable functions have the same slope, then they have the same
critical points and the same asymptotically critical paths.

The last assertion is obvious from Definition 2.6, while the first is a straightforward consequence
of the integrability condition in (2.6). Concerning the second assertion, let 7 : [0, +00) — R? be



a descent curve of g without w-limits. Then, + has infinite length and so does 7, its arc-length
parametrization, defined by

¢
F(s) == (o 1(s)) where s=o(t) = / 17 (2)]| dt. (2.7)
0
Then, w-lim% = @ and [|3/(s)|| = 1. Performing a change of variables we deduce:

“+o00

+oo +o0
srO)=ing > = [ (gon/ 0yt = [T IVg@)HEOIa = [ IVaGE)ds. 29
which yields (2.6).
With the above in mind, we establish the following noncompact determination result.

Theorem 2.7. Let f,g:R? = R be two continuously differentiable functions which are bounded
from below. Assume that

(i) IV f (@)= [Vg(@)l| for every « € RY;

(i) f(z) = g(2) for every z € Zr(f) = Zr(g).

(#ii) liminf f(7(s)) = liminf g(3(s)), for each (common) asymptotically critical path 7.
s——+00 S——+00

Then, f =g.

Proof. Take xo € R? and « be a steepest descent curve of g emanating from xg. Then, we can
divide our analysis in two cases:

Case 1: w-lim+ is nonempty. Choose z € w-lim~y. Since tlirglo\|Vg(7(t))\\: 0, continuity of
Vg entails that zZ € Zp(g). Moreover, continuity of g and f yield that tli)lgog(’y(t)) = g(z) and
tliglof(fy(t)) = f(Z). Then, (2.4) yields that

g(x0) — f(z0) > g(2) — f(2) = 0.

Case 2: w-lim~ is empty.

Then, since ~y is the steepest descent curve of g emanating from xg, we get that

+00 +o0
/0 IV g1 (0 e = — /0 (907 (H)dt = g(wo) — lim_g(1(t)) < g(zo) — inf g < +oo.

t——+o0

Thus, the curve 4 given in (2.7) is an asymptotically critical path and consequently assumption
(iii) applies. We deduce from (2.4) that

9(xo) = f(wo) = lim g(7(1)) —lminf f(y(t)) = lim g(3(s)) —lLminf f(5(s)) = 0.

T t—+4o00 s—+00 s—+o00

In either case we get g(xg) > f(zo) and (since zg is arbitrary) deduce g > f. Exchanging the
roles of g and f, we obtain the desired result. O



Remark 2.8 (importance of integrability condition). It is tempting to simplify Definition 2.6 and
replace the integrability condition in (2.6) on the path v : [0, +00) — RY by its consequence
lim Tlg)(+(5)) = 0 (2.9)
(see (1) after Definition 2.6 above), possibly together with the requirement that the curve is
unbounded with no w-limits (to avoid reduncandy with critical points). The following example
illustrates that this would lead to an undesirably large class of asymptotically critical curves:

Indeed, set U := R x (0, 400) and consider the convex function
{ g:U—R

2.10
g(z,y) =% (210)

Then, Im(g) = [0,+00) and ¢ = 0 is the unique critical value of ¢ (in particular, every point of
the level set [g = 0] := {0} x (0,400) is critical!). Since g is a convex and inf g = 0, the result
of [4] applies and g is determined by its slope ||Vg|| and its minimum value inf g = 0. Let us now
focus on assumption (iii) of Theorem 2.7 (control on asymptotic critical paths). For a convex
function, the integrability condition (2.6) yields g(v(s)) — infg = 0. Therefore, (iii) is not an
additional requirement (it is already contained in assumption (ii)) and Theorem 2.7 generalizes
the convex determination result mentioned in the introduction.

Figure 1: Function g(z,y) = z*/y. In blue, the plane z = 1. In black, the curve v(t) for ¢ = 1. In dashed red,
the curve (y(¢),g(v(t))) = (y(¢),¢) for ¢ = 1. Plane XY plotted in 1:6, starting at point (1,1). Plane XZ plotted
in 1:1, starting at point (1,0).

Omiting the integrability condition in Definition 2.6 would have led to a completely different
situation: for every ¢ > 0, the level set

lg=d:={(z,y) €U :2* = ey} = {(Vet,t?) : £ £ 0}
contains an unbounded curve (t) = (y/ct, %), t > 0, without w-limits, satisfying

2
Ve C> — 0,
t—o0

s =c ad eoo) = (B

10



that is, every ¢ > 0 would have been an asymptotic critical value of g (see Figure 1 for an
illustration of the case ¢ = 1). Therefore, assumption (iii) of Theorem 2.7 becomes very restrictive
leading to an essentially useless statement. O

In what follows, we will move to metric spaces and establish determination results for general
classes of functions. The lack of derivatives (and norms) is addressed by the metric slope, which
we consider under an abstract unified framework encompassing several other paradigms of de-
scent operators. An additional difficulty is to control the asymptotic behaviour of the functions:
asymptotically critical paths will be replaced by asymptotically critical sequences {z,}, with
T[g](zn) — 0 as n — oo and the integrability condition (2.6) by the summability condition

ZT d(zn, 2n+1) < +00. (2.11)
n>1

Indeed, since 7 is parameterized by arc-length, setting z, := (s,), for all n > 1, we deduce

Sn+1 — Sn = d(:}/(anrl)vﬁ/(sn))

and (2.11) follows directly from the discretization of (2.6). This together with the fact that the
sequence has no accumulation points eventually leads to Definition 3.1.

2.3 General descent paradigms

Our goal is to derive a nonsmooth version of Theorem 2.7 for functions defined in a complete
metric space (X,d). As already mentioned, this requires a suitable extension of the notion of
asymptotically critical paths in order to impose a boundary condition in the lines of condition (iii)
of Theorem 2.7. Moreover, we aim to obtain a statement that generalizes (and recovers) the
determination results of [8] (local slope, inf-compact case) and [18] (global slope, complete metric
case) and apply to the main paradigms of descent moduli studied in [7] and quoted below:

1. The local (metric) slope ([10], [1] e.g.): For any f € LSC(X) the local (metric) slope is
given by:

limsup AT f(z,y), if z € dom f
s[f](@) = 57(a) = { you (2.12)

+o0, otherwise.

2. The global slope: Similarly, for any f € LSC(X) the global slope is given by

sup AT f(z,y), if z € dom f
Glf)(z) == { yeX (2.13)

400, otherwise.

3. The average descent modulus: Let p be a probability measure over X, and let F be the
p-measurable extended-valued functions on X. The average descent modulus is then given

by
/A r.puldy) = [ 1) - }*( (;y)ﬂwy)), if 2 € dom f,

400, otherwise.
(2.14)
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This is an oriented nonlocal operator determined by the family of measures {p}, with

1
e (dy) = e y),u(dy), ify#ux (under the convention g =0).

(see [7, Definition 4.14]).

4. The diffusion descent modulus: Let F be the u-measurable extended-valued functions on
X, and suppose now that p(A) > 0 for every open set A of X. Then, we define the diffusion
descent modulus D over F given by

: 1 + .
h?if)lip W(B@.e) / At (z,y)u(dy), if z € dom f,
D[f](z) = B(z.e) (2.15)

+00, otherwise.
This is the oriented 1-dispersion operator for measure p (see [7, Definition 4.2]).

All four notions described above fit the definition of descent modulus in the extended sense of
Definition 2.1. The proofs are mild adaptations of [7]. In all cases, Lipschitz continuous functions
are contained in the domain of each of the aformentioned descent moduli.

2.4 Metrically compatible descent moduli

The definition of a descent modulus (c¢f. Definition 2.1) does not require prior assumptions on
the space X. In particular, X does not need to be metric (neither topological) space, although
the aforementioned determination result in [7, Theorem 3.5] will eventually require topology, to
formulate the assumptions of continuity and compactness. This being said, this work is inscribed
in the framework of a complete metric space (X,d). In order to obtain determination results
in this setting and ensure an efficient use of completeness property, we need to impose some
(metric) compatibility condition to the considered descent modulus reckoning with completeness
of X. The condition should encompass the four paradigms of Subsection 2.3. The first natural
attempt for such condition leads to the following definition.

Definition 2.9 (strong metric compatibility). We say that a descent modulus T : F — [0, +00]~*

1s strongly metrically compatible, if for some strictly increasing continuous function 6 : Ry — R

with 6(0) = 0 and tlim 0(t) = +oo and for every f,g € dom(T'), v € domg and § > 0 it holds:
—00

{f(z
d

S~—
|
~
—~
I
~—~
—
Jr
~—"
|
Q
—
I
~—
—
+

X

Tfl(z) <6 <Tgl(x) = Jze€domg: < 6(8) < 19(

(D)
The idea behind the above definition is to guarantee that whenever T'[f](z) < § < T'[g](x), there

exists a point z ensuring on the one hand more descent for g than for f and on the other hand
enough descent for g relative to the distance d(x,z) (up to a factor 6(4)~1).

It is straightforward to see that (1/7\2) yields (D2). Another important remark is that the function
6 is invertible, and its inverse #~' : R, — R, verify the same properties as @, that is, 6 is a
strictly increasing continuous function with #~1(0) = 0 and lgn 071(s) = +o0.

S o

The above definition encompasses the sup—type paradigms of metric descent modulus.
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Example 2.10 (steepest descent operators). (i). (local slope) Let us recall from (2.12) the
definition of the local slope. It has been shown in [7, Proposition 3.7] that the “local slope”
operator

s: (RU{+o00})™ = [0, +00]¥,

defined by s[f] := sy is a descent modulus on the linear subspace C(X), that is, it satisfies
properties (D1)—(D3) of Definition 2.1. Since (Dy) is also verified, it follows easily that s[-] is a
descent modulus on the translation cone F := LSC(X) as well. Moreover, let f,g € LSC(X) and
x € dom g be such that sf(x) < 6 < sg(x). Then, (2.12) yields that for some o > 0 sufficiently
small, we have:
sup Aj[(x,y) <0< sup Af(z,y).
yE€B(z,0) yE€B(z,0)

In particular, we can choose z € B(x, o) such that A;(x, z) > §, and obtain

Thus (D3) holds for 6(5) = 6.

(ii). (global slope) The global slope of a function f € LSC(X) at a point z € X is defined
in (2.13) as follows:
Gp(x) == sup Af(z,y) = sup Af(z,y)
yeX yEdom f
It is straightforward to see that the “global slope” operator G : LSC(X) — [0, +-00]¥ is strongly
metrically compatible, satisfying (1/7\2) with 6(9) = 4. O

Notice that if a descent modulus T is strongly metrically compatible, then T = ¢ ol remains

strongly metrically compatible, for every strictly increasing continuous function with ¢(0) = 0

and . ligl ¢(t) = +00. However, unfortunately, Definition 2.9 is quite restrictive and fails to cope
—+o00

with some important average—type paradigms, as reveals the following example:

Example 2.11 (Average descent fails strong metric compatibility). Set X = [0, 1] endowed with
the distance d(t,s) = |t — s| and the usual Lebesgue measure. We show that for any function
6 :[0,4+00) — [0,400) given as in Definition 2.9 and any ¢ > 0, there exist functions f and g for
which (52) fails for the average descent modulus M (see Subsection 2.3). Indeed, fix 6(-), 6 > 0
5 0(9)

6

and pick any positive number £ < min {5, —}, then set

to:min{%yfgfé}, ti=to+ g5, t2=to+ g5
We can easily see that § —e > 0 and ¢ < 1. We now define h > 0 in a way that

(h—0(5)) to + 0(6)tg = 6 — ¢,

N | —
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that is, h = Q(iio—f) —6(0). By the definition of #, it is easy to check that h > 360(0). Let us define
functions 1, ¢ : X — [0, +00) as follows:

h— =00y if t € [0,t0) h— =00y if t € [0,0),
V() =19 06) — M2t —1g), ifteftots), and o) =1 0)— 21 1), ifte [t t],
0, ifte [tg,l]. 0, ift e [tl,l].

It is not hard to realize (see Figure 2) that

€ €
/Xw(t)dt:5+2 >5>5—4:/X¢(t)dt.

—0(5)to

= 2 —
0 to t1 to 1 0 to t1 to 1

Figure 2: Left: Regions below the functions ¥ and ¢. Right: The functions g(t) = —t(t) and f(t) = —to(t)
coincide on [0, to) while for ¢ > to we have f > g.

Now, we can define the functions g, f : X — R given by

g(t) = —ty(t)  and  f(t) = —t¢(1).

Then v and ¢ coincide with the functions A*g(0,-) and AT £(0,-). Indeed, since g and f attain
their global maximum at ¢ = 0, we can directly write

Atg(0,4) = g(o)t_g(t) — () and ATF0,1) = M — (b).

Thus, (D;) fails at 0, since M[f](0) = 6 — $ <0< 0+5 < Mg)(0) but there is no t € X such
that ¢(t) < 6(0) < (). Even worse, there is no ¢t € X such that ¢(t) < ¢ (t) (more descent for g
than for f) and 6(d) < 1(t) (enough descent for g) simultaneously. O

The previous example reveals that average—type descents fail Definition 2.9 (strong metric com-
patibility). To overcome this difficulty, we need to relax this definition as follows:

14



Definition 2.12 (metric compatibility). A descent modulus T : F — [0,+o0o]* is said to be

metrically compatible, if for every p > 0, there exists a strictly increasing continuous function

0, : Ry — Ry with §,(0) =0 andt liin 6,(t) = +o00, such that for every f,g € dom(T'), x € domg
)

and 6 > 0 it holds:
{f(@) = ()} <@+ p){g(x) —g(2)}*
T[fl(z) <0 <Tlgl(z) = 3FJzedomg: and (©)
0,(0) d(z,z) < g(x) —g(2)

The above definition is a trade-off between the needs of the proof of Theorem 3.3 and a common
scheme that incorporates all main paradigms of Subsection 2.3. The difference with Definition 2.9
is that given p > 0, if T[f](z) < 6 < T[g](x), we can find a point z (depending on p) ensuring
more descent for g than for f up to a factor (1 + p) and sufficient descent for g relative to the
distance d(x, z), up to a factor 6,(5)~! (depending again on p). In this sense, for a given tolerance
p > 0, condition (C) is a trade-off between these requirements.

Average descent operators are operators for which the descent of f at a point z is obtained by
integrating the quotient A;{ (z,y) with respect to some probability measure on X. This category
of operators are now metrically compatible with respect to this relaxed definition:

Example 2.13 (average descent moduli). Let p be a probability measure on the metric space
(X, d) and consider the translation cone

F:={f:X >RU{+o0} : fis proper and p-measurable}.

(i) Consider the operator M defined in (2.14). Let us show that M is a metrically compatible
descent modulus. Indeed, fix p > 0 and assume that for some f,g € dom(M), = € domg and
d > 0 we have M[f](z) < § < M]g|(x). Then, by definition, we have that

+$ +.Z' = +l’
/X(1+0)Ag( »y) p(dy) > /X(Af( y) +p6) pldy) /XAf( y)dp + po,

which yields that there exists z € dom g such that (1 + p)Af(z,z) > A}r(x, z) 4+ pd. The above
inequality yields

g(x) —g(2) p
(1+p){g(x) —g(2)}* > {f(x) — f(z)}" and (. 2) > (1 +p> 0.
—_——

6(9)

Thus, (C) is verified for 0,(6) := 14 0.

(ii) Suppose now that p(A) > 0 for every open set A of X and consider the oriented 1-dispersion
operator for the measure p, given by (2.15). Then, D is a metrically compatible descent modulus.
Indeed, let f,g € dom(D), x € domg and 6 € R such that D[f](z) < 6 < D[g](x). Then, for
€ > 0 sufficiently small we have

L (s 1 ‘o
M(B($7€))B(/) Af(z,y) pldy) <0< M(B(»’U,E))B(/) A (z,y) p(dy).

Then, the conclusion follows by noting that v(dy) = m u(dy) is a probability measure over
the metric space B(x,¢), and therefore we can proceed as in the previous example (i). %
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Based on these examples-schemes, we can significantly enlarge the class of metrically comptatible

descent moduli as follows: for any strictly increasing, continuous function ¢ : Ry — Ry with

#»(0) =0 and , liin ¢(t) = 400, we can replace A;{(x,y) (in definitions (2.12), (2.13), (2.14) and
—+00

(2.15)) by

A}'(a:,y) = ¢*1(A}'(a},y))

and obtain new classes.

Let us now give an example of a descent modulus which is not metric compatible.

Example 2.14. Take X = N endowed with the distance function d given by d(m,n) = |m — n|.
Consider the operator T given by

T[f](k) = sup {f(k) = f(m)}",  forall k € N.

Clearly, T is a descent modulus (it coincides with the global slope for the distance dy given by
do(k,m) =1, if k # m, and dy(k, m) = 0, if K = m). Consider the function f,, n € N, given by

m):{l, if m #£n,

0, ifm=n.

Observe that for each § € (0,1) and each n > 2, we have that T[f,](1) =1 >0 > 0 = T[f1](1).
However, regardless the tolerance p > 0, the only choice for m € [f,, < f,(1)] is m = n and so

AOES ADIES T I O R 10 M,

(14 p) AT (1,n) = (1+p) dLn) n-1 d(1,n)

If T were metrically compatible, there would exist a continuous, strictly increasing function
. n 1 —Jn

0 : [0,+00) = [0,400), with 6,(0) = 0 and 0,(3) < LG5 — ~Lo for all § € (0,1) and all

n > 2, which is a contradiction. Therefore T is not metrically compatible for the metric d. Notice

however, that it is so for the discrete metric dj. O

Remark 2.15. We recall from [7, Section 3.4] that there exist slope-like operators, as the weak
slope ([5], [9] e.g.) or the limiting slope ([11]) that are not descent moduli, since they fail property
(D2) (monotonicity).

We finish the section with two stability properties that we will need in the sequel. The first one
stems from [7, Proposition 3.2(b)], whose proof is based on the monotonicity property (D2) of
the descent moduli.

Proposition 2.16 (translation-invariance). Let T : F — [0, +00]X be a descent modulus. Then
for any f € F and ¢ € R, we have
T =T[f +d.

The second property provides another way of constructing new metrically compatible descent
moduli, similar to the remark after Example 2.13.
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Proposition 2.17 (composition with increasing functional). Let ¢ : Ry — Ry be a strictly
increasing continuous function with ¢(0) =0 and . Iigl ¢(t) = +o0. Let
—+00

T:F —[0,+00]*
be a descent modulus. One has that

T is metrically compatible <= ¢ o T is metrically compatible, (2.16)

where ¢ o T is the descent modulus given by (¢ o T)[f](z) = &(T[f](x)), with ¢(+00) = +o0.

Proof. The fact that ¢ o T is a descent modulus was established in [7, Proposition 3.9] for real-
valued functions. The proof can be easily adapted to the present setting of extended real-valued
functions. Concerning metric compatibility, since ¢! is also strictly increasing and continuous,
with ¢~1(0) = 0 and SETooqﬁ_l(s) = 400, it is sufficient to establish only one implication. To
this end, let us assume that 7" is metrically compatible with {6,},~0 given as in Definition 2.12.
Let f,g € dom(¢T), x € domg and 6 > 0 such that (¢7)[f](z) < § < (¢T)[g](z). Fix p > 0. It
is straightforward to see that f,g € dom(T) and T[f](x) < ¢~1(d) < T[g](x), therefore for some
z € dom g we have

{f@) = FF < (14 p) o) —g(=)}"  and  6,(671(0) < L5 L2

d(z, z)

Since é;) := 0,0 ¢! is continuous and strictly increasing with é;,(O) =0 and tligl évp(t) = 400,
— 400

the conclusion follows. O

3 Main result

This section contains our main result: we establish a comparison principle, in the lines of
Lemma 2.3, for metrically compatible descent moduli (¢f. Definition 2.12) in a complete, but
not necessarily compact, metric space. This result will eventually lead to our determination re-
sult (Theorem 3.6). Absence of compactness imposes an assumption on the asymptotic behaviour
for which, as already discussed in Subsection 2.2, the choice of the notion of asymptotic criticality
is paramount. This latter not only consists of saying that the descent moduli vanish at infinity,
but also requires two additional restrictions: absence of accumulation points and a summability
condition (Definition 3.1). The price to pay is that the scheme of proof becomes more involved,
but as a reward, we are able to obtain a statement that generalizes all previous results (c.f.
Theorem 3.6). Both the local slope determination of [8] for inf-compact functions and the global
slope determination [18] are now recovered by our final statement.

3.1 Comparison lemmas in complete metric spaces

In this section, we want to establish a comparison principle, in the lines of Lemma 2.3, for
metrically compatible descent moduli (¢f. Definition 2.12) in a complete (but not necessarily
compact) metric space. Absence of compactness assumption leads inevitably to impose control
on the asymptotic behavior. To do so, we need a precise notion of asymptotic T-criticality, which
is given in the following definition:
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Definition 3.1 (asymptotic critical sequences). A sequence {zn}n>1 C X \ Z7(g) is called T'-
asymptotically critical for a function g € F (in short, T[g]-critical) if it has no converging subse-
quence and

+o00
> Tlg)(2n) d(2n, 2n11) < +00. (3.1)
n=0

We denote by AZ1(g) the set of asymptotically critical sequences for g.

Remark 3.2 (justification of terminology). Any sequence {z,}n>1 satisfying liminf T'[¢](z,) > 0
- n—oo

and (3.1) is necessarily Cauchy: indeed, assume that for some § > 0 and N > 1 we have
T[9](zn) > 6, for all n > N. Then for every ¢ > 0, we take ng > N such that

S Tlg)(z0) d(zi, 2i1) < €6,
i>N

and for every m > n > ng we deduce

m—1 m—1
1
d(zn, 2m) < E d(zi, ziv1) < 5 g Tg)(2) d(zi, zi+1) < €.

Therefore, absence of convergent subsequences in Definition 3.1 ensures that in a complete metric
space, every T'[g]-critical sequence {z, }, should satisfy

liminf T'[g](zp) = 0. (3.2)

n—o0

Another important feature of this notion is that it becomes vacuous under compactness.

The requirement for the convergence of the series in (3.1) restricts significantly the class of
critical sequences. This was motivated by the discussion in Subsection 2.2 and can be seen as a
discrete version of the integrability condition in (2.6), which in turn was inspired by the steepest
descent gradient system. A similar condition was also employed in the fundamental lemma [18,
Lemma 4.2] used to derive the determination result in [18]. Our next result (Theorem 3.3)
extends the metric determination result of [18], since it holds for any metrically compatible
descent modulus (and not only for the global slope). Indeed, in case of the global slope we have
(see forthcoming Lemma 3.7):

e If T'[g] = G|g] (global slope) and {z,},, is a T'[g]—critical sequence, then g(z,) — inf g.

We are now ready to establish the main comparison lemma.

Theorem 3.3 (comparison lemma). Let (X,d) a complete metric space and T : F — [0, +00]*
a metrically compatible descent modulus. Let f,g € dom(T") be two bounded from below functions
with g € LSC(X) and f € C(X). Let us assume that:

(i). (descent domination) T[f]|(xz) < T|[g](x), for every x € X \ Zr(g) ;
(ii). (control of criticality) f(z) < g(z), for every z € Zp(g) ;
(iii). For every {zn}n € AZ7(g) it holds:

liminf f(z,) < légg)lcf)g(zn) (3.3)

n—-+o0o
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Then, it holds
flx) < g(x), for every x € dom g.

Proof. We deduce from (i) and (Dp) of Definition 2.1 that dom g C dom f.

Let us fix p > 0. Replacing f and g by f —infg+ 1 and g — inf g 4+ 1 if needed, we may assume
that g > 0 and consequently (1+ p)g > g > 0. In what follows, we prove f < (14 p)g. Once this
is done, since p is arbitrarily small, we deduce f < g.

To this end, let {6,},50 be a family of continuous strictly increasing functions associated to
the descent modulus T' (c.f. Definition 2.12). By Proposition 2.16 the operator T' := 6, 0T
is a metrically compatible descent modulus, which preserves T-critical points (i.e. Zs(g) =

Zr(g)) and T|g]-critical sequences (i.e. a sequence is T[g]-critical if and only if it is 7'[g]-critical).
Furthermore, assumption (i) continues to hold for 7' and (C) is now satisfied for 0,(6) =0,6 > 0.
Therefore, by replacing T' by T if necessary, we may assume that for the value p > 0 (that we
fixed in the beginning) condition (C) holds for the identity function 6,(6) = ¢.

With all the above in mind, let us define, for every & € dom g, the quantity

1 1

(2) i= 5T1f1(@) + 5Tlg) (@) (3.4)

Notice that since f,g € domT, we have §(z) < +00. Moreover, if x ¢ Zp(g) (that is, z is not
T-critical for g), then (i) yields 6(x) > 0 and

Tifl(x) < d(x) < T[g](x) < 2§(x). (3.5)
We now assume, towards a contradiction, that there exists g € dom g such that
f(@o) = (1+ p) g(o).

In what follows, using successively assumption (i) (descent domination) and condition (C) of
Definition 2.12, we are going to construct a sequence of points {zy},>1 failing the conclusion of
our theorem, where additionally g is strictly decreasing.

Basic iteration scheme (classical induction). Thanks to assumption (ii), we have xg ¢ Z7(g) and
we deduce from (i) that (3.5) holds for z = x¢. Using (C) for 6(§) = 6 and § = d(xp) we obtain
z1 € [g < g(xg)] such that

0 < f(zo) — (1 +p)g(wo) < fz1) — (1 + p)g(x1) and d(zo)d(zo, 21) < g(x0) — g(21). (3.6)
Therefore we obtain:

g(wo) > g(z1),  f(x1) > (A +p)g(z1) and 21 ¢ Z7(9).

It is quite clear that the above procedure can be repeated as many times as we wish, producing
a sequence {x, }n>1 in X \ Z7(g) such that

the sequence  {(f — (1 +p)g) (¥1)},>o is nondecreasing and positive (3.7)

and
0 < d(zpn) d(n, Tnt1) < g(zn) — g(xny1), for every n > 0. (3.8)
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The telescopic series obtained by summing up the above inequalities for all n > 0, together with
(3.5) and the fact that the sequence {g(zy)}, > is strictly decreasing and bounded from below,
yield that
1 o0
9 ZT[Q] (xn) d mnaanrl 25 $n $nal'nJrl) < g(l'o) —inf g < +o0. (3'9)
n=0
Assumption (iii) together with (3.7) ensure that the sequence {z,}n>0 cannot be T[g]-critical,
therefore we deduce from the above inequality and Definition 3.1 that {zy, },>0 has accumulation

points as n — oo.

First limit ordinal. Let us denote by w the first infinite ordinal and by w™ = w + 1 its successor.
We first consider the case where

lim inf T'[g](zy) > 6 > 0. (3.10)
n—oo
It follows from (3.9) that the sequence {z,, },,>1 is Cauchy (see Remark 3.2), therefore it converges
to some point € X. Setting x,, := T we deduce easily from (3.8) that

g(xn) > g(z), for every n > 0. (3.11)

Similarly, we deduce from (3.7) that

(f =T +p)g) () >0, (3.12)

therefore, 2, € X \ Z7(g), d(z,,) > 0 and the basic iteration scheme can be pursued from x,, to
define x,41, Tw42 ete.

‘We now focus on the case
lim inf T'[g](zy) = 0. (3.13)

n—oo

Then, z,, should be selected inside the set of accumulation points of the sequence {xy}n>0 (as
we have seen, this set is nonempty, but if (3.13) holds, it might not be a singleton). Although
any accumulation point Z satisfies inequalities (3.11) and (3.12), we cannot assign x,, randomly
among the accumulation points, but instead, we need to select it in an adequate way (for reasons
that relate to forthcoming property (P3) required in our forthcoming transfinite induction). To
this end, let us set kg = 0 and define inductively:

kp+1 :=min{m >k, : T[g](zm) < T[g](z,)}- (3.14)
With this construction, {T'[¢](zk, ) }nen is strictly decreasing and T'[g](xf,) — 0. Since for all
0 € [kn, kn+1) NN we have T[g](x¢) > T[g](zk,) we deduce easily from the triangular inequality
that:
knt1—1
Tg)(wk,) d@p,, o,n) <Y Tlgl(we) d(we, 241)
{=knp

yielding that
ZT (Th,,) d(Thy, Thypyy) ZT d(xp, Tn1) < Fo0. (3.15)
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Therefore, the obtained subsequence {zg, }n>1 should also have accumulation points (it cannot
be T'[g]-critical, thanks to (iii) and (3.7)) and we define z,, to be any accumulation point Z of

{7k, bn>1

Idea of the proof. Let us outline the main idea of the proof: so far we have defined {z,}, o+ =
{Zn}tn<wU{zw} in X\ Z7(g) such that {g(za)}a<u+ is strictly decreasing (in terms of ordinals).
Let us denote by  the first uncountable ordinal, that is,

Q= {X: Xcountable ordinal }.

Our objective is to extend {z,},,+ to all countable ordinals and come up with a generalized
sequence {x)}r<q in X \ Zp(g) such that {g(z))}r<q is strictly decreasing. Then for every
A < Q we would have g(z)) — g(zy+) > 0 (where AT denotes the successor of \) and since  is
uncountable we would deduce:

g(xo) —infg > (o) = inf g(w) > > [9() — glar+)] = +oo. (3.16)
A<

The above clearly contradicts the fact that the function g is bounded and proves the result.
This construction is naturally based on transfinite induction, where we should (also) deal with
ordinals of limit type (ie. A = sup{a : @ < A}). In this case, x) should be defined among the
accumulation points of {z4}a<x S0 that we can deduce z) ¢ Zp(g) and guarantee the strict
descent of g. However, in absence of compactness, we need an additional argument to ensure that
the set accumulation points is nonempty whenever

liminf T[g](za) =0 (else, the limit lim x, exists!)
a<A a /A

In this critical situation, we need to construct a sequence {zq, },~; with o, /' A (out of the
generalized sequence {x, }a<)) satisfying

+oo
ZT[Q} (xan) d(xa'rﬂ xOCn-&-l) < +OO7
n=0

use assumption (iii) to deduce that {z,},~; cannot be T'[g]-critical, evoke Definition 3.1 to
conclude that it has accumulation points and eventually select z) among them. (Notice that
although the set € is uncountable —which is crucial for the contradiction in (3.16) above— all
of its elements A < 2 are countable ordinals and consequently, we can always obtain cofinal
sequences.) This being said, in order to effectively realize the aforementioned critical step, we
need to verify properties (P1)—(P3) below at every step of the forthcoming transfinite induction.

Properties (P1)—(P3): For every ordinal A € [w,{2), we are going to construct a generalized
sequence {4 }q<) satisfying the following properties:

P1) Forevery 0 < a < at < \:
( y

0 < 8(xa)d(Ta, Tor) < g(Ta) — g(xar). (3.17)
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Notice that (3.17) yields in particular that

o\ = Y Tlgl(xa)d(Te, z0+) < +o0. (3.18)
0<a<A

(P2) Forevery 0 <y <ag < A:

0<(f=(1+p)9g) (za) <(f = (1+p)9) (zay) (3.19)
and
A(Tay, Tay) € Y d(Tas Tat). (3.20)

(P3) For every £ > 0 and ordinals 0 < ap < £ < A, there exists a finite sequence of ordinals
ap < ay <...<ay <anyg4i =€ such that

ZT (Ta,) d(Zay s Tan,,) < 0(§) — o(ag) + €. (3.21)

Construction (via transfinite induction). We use transfinite induction as follows: assuming
{Zatacr € X\ Z7(g) is well-defined and satisfies (P1)—(P3), we define z) € X \ Zr(g) in a way
that the extended generalized sequence {xq}o<a+ = {Za}a<n still satisfies the same properties.
In case of a successor ordinal A = (%, since 25 ¢ Zr(g), defining x) = x5+ by means of (C)
of Definition 2.12 automatically guarantees that (P1)—(P3) continue to hold for {x,},<)+ (see
details below). If A is a limit-ordinal and x) is an accumulation point of the generalized sequence
{Za}a<n, that is,

Ty € ﬂ {zo: o/ > a} (equivalently, ) = lim z,,,, for some ay, ) (3.22)
n—oo
a<A
then (P1) is automatically fulfilled by the induction step (since no new succesor ordinal is added)
and (P2) follows by passing to the limit. Therefore, the main technical difficulty is to show that

{Za}a<x has accumulation points and to define x) (among these accumulation points) in a way
that (P3) holds. Let us now proceed to a rigorous construction:

Initialization. We have already defined {zo}qcw+ = {Zn}n>0 satisfying (P1)-(P2). Let us
prove that (P3) also holds. Fix € > 0 and consider the case ap = 0 and £ = w (every other value
of o € N follows replacing {zy }n>0 by {Zn}n>ae).- We consider three cases:

Case 1: liniinfT[g] (xr) = 0 € (0,400). Since (3.9) holds, in view of Remark 3.2, the sequence

{Zp}n>1 converges and z,, = lim x,,. Taking ng > 0 such that
- n—w

d(xp, x,) <

5—!—%’ for all n > ny,
and choosing N > ng such that T'[g](zn) < 6 + 1, we readily obtain

Z Tlg d(xn, Tnt1) + Tgl(xn) d(zn, xy) < o(w) + €.

<o(w)
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The result follows for o, :==n, n € {0,1,..., N} and ayi1 = w.

Case 2: liminf T'[g](x,) = +oo. Similarly to the previous case, the sequence {x,},>1 converges
n—oo -

and x, = 1i_r>n Zn. Let N > 0 be such that
n—w

Tlg)(zn) = Iglzlg{T[g} (zn)} (the minimum is attained since T'[g](x,) — +00).

Then, T'[g](xn) > T[g](zn) for all n > N which in view of (3.20) (for oy = N and ap = w) yields

T[g}(xN) d(xNvajw) < T xN Zd xnaxn+1 Z T fEna-TnJrl)
n=N
Consequently,
Z Tlg d(xn, Tnt1) + Tlgl(xn) d(zN, xW) ZT d(Tp, Tpy1) = o(w).

Case 3: hH_l) inf T'[g](z,) = 0. In this case z, is defined among the accumulation points of the
n—oo
sequence {xy, }n>1 constructed in (3.14). Given ¢ > 0 we chose ng € N in a way that

3

d(xg, ,Tw) < 77—
o %) < gy,
In view of (3.15), we deduce that

no—1

ZT (Tk,) ATk Thepyy) + TN9N(Th,) ATk T) < (W) + €,

and the result follows for N = k,,, and «,, := kp, n € {0,1,...,N}.

Successor ordinal. Assume A = 7 > w is a successor ordinal and {Za}a<x = {Za}a<p I8
well-defined and satisfies (P1)-(P3). Then from (3.19) and (ii) we deduce that x5 ¢ Z7(g) and
d(xg) > 0. Using (C) as before, we obtain x4+ € [g < g(xg)] such that

0< f(zg) = (L+p)g(xp) < flwge) — (L +p)g(wge) and  S(zp)d(xp, xp+) < g(zp) — g(zse)-
Notice that (3.20), (3.21) follow easily from the induction step and the triangular inequality.
Therefore {zq}q<x+ = {Ta}a<x also satisfies (P1)-(P3).

Ordinal of limit type. Let us now assume that A € (w, () is a limit ordinal and {z4}a<x is
defined and satisfies (P1)—(P3).

Case I. We first focus on the case where

hmlilfT[ gl(zq) >0 > 0. (3.23)
a<

We deduce that there exists &y < A such that T'[g](z,) > /2 for all §¢ < a < A. Thus, in an
analogous way as in Remark 3.2, we get from (3.18) that

S e ras) < 5 Y Tlgl(ra) dlra,za) < +oo

o<a<A Eo<a<
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and consequently the generalized sequence {z,}q<) converges as o ' A. We set

zy = limz,
a—A

and obtain readily that the generalized sequence {4}, + still satisfies (P1)—(P2). It remains to
check that (P3) holds for e > 0 and 0 < ap < A < AT. To this end, we need to consider separately
two different cases depending on whether (3.23) is finite or not.

— Subcase I. Assume that lim i/{lfT[g] (o) =0 € (0,400). Then, we fix a, > g such that for all
a<

a € (g, A) we have
5

200+1)
Pick any & € (o, A) such that T[g](z4) < 6 + 1. We deduce directly that

d(IEa, -T)\) <

T(g9l(zs) d(za,xx) <

Do ™

Applying (P3) for 0 < ap < & < A (and € = ¢/2) we obtain a finite strictly increasing sequence
{an}N_, satisfying

“ g
ZT xan flfan, xan+1) + T[g] (xOéN) d(xoézvvx@) < U(a) - U(O‘O) =+ 5

The result follows by concatenation.

— Subcase Io. Assume that lim i)r\lfT[g] (o) = lirri T[g](xq) = 400. Then, there exists a, > ag
a< a<

such that T'[g](z4) > 1, for all a € (ax, A). We deduce from (3.18) that

Z ATy Tt ) < Z Tlg A(Te, Tot) < +00.

ax<a< as<a<A

Set

po = inf {Tlg](za)} > 1.

In contrast to Case 2 of Initialization, the above infimum might not be attained if X is limit
of ordinals of limit type (that is, A\ = sup{& < A : £ limit-ordinal}). However, we can choose

& € (as, A) such that
€
T & «+ .
6)(ea) < ot g
We deduce from (3.20) (for a1 = & and ag = \) that

Tlgl(xa)d(wa, a3) < Tlgl(wa) Y d(waszas) < D (mi) ENENS

a<a<A a<a<
g
< E T xa, Ol+) +§

a<a<A

=0(\)—o(&)

We conclude as before by concatenating {&, x) } with the finite sequence obtained by applying (P3)
(which by the induction step is assumed to hold for the generalized sequence {4 }q<)) for the
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choice € =¢/2 and 0 < ap < & < .

Case II. It remains to deal with the case

liminf T'[g](z4) = 0.

a<<\

Our objective is to show that

C—ﬂ{x/: o >af#0

a<

and define x in C in a way that {zs},<)+ satifies (P3). (We recall that if z) € C then (P1)—(P2)
are automatically satisfied.) To this end, fix ¢ > 0 and 0 < ap < A < AT Let

+o0
€
{entn>0 C (0,¢) such that Z_;)E” =3

Let further 7, ,* X and define inductively a sequence of ordinals {&, },>0 as follows:

Tllire),

&0 = ag and &na1 := min {a > max{&,, W} T[g](za) < 5

The above definition guarantees that &, A and T'[g](z¢,) N\, 0 (that is, the sequence of descent
moduli converges to 0 decreasingly). For every n > 0, thanks to our induction assumption, we
can apply property (P3) for g, > 0 and 0 < &, < &+1 < AT to obtain N, > 1 and a finite
sequence &, :=af < of <...<aly g = &pq1 such that

Nn
ZT[Q] (ma?> d(xa?:xa{q,l) < 0(€nt1) — 0 (€n) + en.
Concatenating the above finite sequences {a] : i € {0,..., N, }}, for n > 0, we obtain a strictly
increasing sequence
0 0 0 NP | 1 o
ag=ap<a; <...<ay =8 =< <ay =< < (3.24)
which converges to A and satisfies

+o0o Nn

S Tlg)war) d(ways wap,,) < o(N) = olao) + =

n=0:=0

Renaming (3.24) to {5y }n>0, we have By = ao, Bn /A

ZT 9l(zg,) d(zg,, xp,+1) < o(X) —o(ag) + g and liminf Tg](zg,) = 0.

n—o0
Acting as in (3.14), we set kg = 5y = o and

knt1 = min{Bm > kn 2 Tlgl(zp,,) < Tlg](zx,)}-
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Since for all £ € [ky, knt1) N {Bm}men we have T[g](wg,) > T[g](wg,, ), we deduce:

+00kn+1_1

ZT (2r,) (s r,) < Y D Tl dae,wesn) < o) —o(a) + 5. (3.25)

n=0 (=k,

Since {xg, }n>1 cannot be T[g|-critical (thanks to assumption (iii)), we deduce from Defini-
tion 2.12 that it has accumulation points as n — co. We define x, to be any accumulation point
of {zk, }n>1. Then, the last part of the argument is the same as in Case 3 of Initialization: we
chose ng € N in a way that

g
Wby 20) < S g (ony)
and we deduce that
no—1
ZT (ko) ATy, Thopyr) + TGN (k) ATy » T ZT (Thy,) A(Thy s Thipsy) + g, (3.26)

and the result follows by combining (3.25) and (3.26).

This completes the transfinite induction and allows to obtain a generalized sequence {4 }o<) for
all countable ordinal A\. Thus we ultimately define {x,}a<q with {g(z))} <o uncountable and
strictly decreasing, contradicting that g is bounded from below.

Therefore, f < (1 4 p)g. Repeating the procedure for any p > 0, we deduce that f < g should
hold. The proof is complete. O

Remark 3.4 (discussion on the assumptions). (a). Assumptions (ii) and (iii) are complementary
and independent: indeed, asymptotically critical sequences can neither yield nor be obtained by
critical points, since they are not allowed to converge (c.f. Definition 3.1). In particular, in absence
of compactness, the set of critical points Zp(g) can be empty, case in which assumption (ii) of
Theorem 3.3 is trivially satisfied and provides no information. This potential lack of information
is contemplated by assumption (iii).

(b). The main difficulty in proving Theorem 3.3 is that the construction requires transfinite
induction, while assumption (iii) allows comparison through sequences. Indeed, from a point z,
for which T'[g](zs) > 0, we produce a descent point z,+ (that is, g(x,+) < g(xo), and after
countably many descent points, we select an adequate accumulation point; due to the (possible)
existence of points z € X \ Zr(g) for which liminf,_,, T[g](y) = 0, such construction might end
prematurely unless we allow to restart the process from the limit points, inducing a transfinite
construction (see Example 3.5). The critical part is to prove, using only asymptotically critical
sequences, that for every limiting ordinal A, the accumulation point x) can always be constructed.
The importance of the invariant properties (P1)-(P3) during this construction was precisely the
fact that if such a point z) fails to exist, then we would be able to extract an asymptotically
critical (cofinal) subsequence from {2, }o<), and compare the functions over that sequence.

(¢). Let us momentarily assume that condition (3.3) is imposed to every sequence {zy},>1 C
X \ Z7(g) satisfying (3.1), rather than only to those that are free of accumulation points. Let
further z denote some accumulation point of {z,},>1. Then the case where z is critical (i.e.
zZ € Zr(g)) is already covered by assumption (ii) of Theorem 3.3 (since f is continuous and g
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lower semicontinuous) while the case where z ¢ Z7(g) leads to a superfluous assumption making
the statement of the theorem weaker. This is illustrated in Example 3.5 below, where the descent
operator T[f] is the local slope s[f]. The example reveals that accumulation points of sequences
satisfying (3.1) might not be critical for the slope s[g] but instead, for the closure of s[g] (called
regularized slope in [11]) and that it is neither necessary nor desirable to impose any condition
there.

Example 3.5. Set X = [1,+00) with the usual distance. For each interval I,, = [n,n + 1) we
define the function g, : I,, — [0, 1] given by

1 1 nn
gn(x):n+1+ (n(n+1))(az(n+1)) (n+1)

We finally define g : [1,4+00) — [0, 1] given by g(x) = g,(x) whenever z € I,,.

Figure 3: Function ¢ : [1,4+00) — [0, 1], constructed by blocks I, = [n,n + 1). Plot of the first
9 intervals. At each integer point n > 1, the lateral derivatives are ¢’ (n) = 0 from the left and
¢, (n) =1 from the right.

Consider the descent operator T'[g] = s[g| (local slope) and notice that
slgl(x) = (n+1—2)"" V=1 5 0, for z € [n,n+1) and Zrlg) = 0.

Notice further that
infg= lim g(x)=0.

zeX T——+00

Finally, for every n € N, the point T := n is not critical, but it is critical for the regularized slope
(see Figure 3), that is:
lim inf s[g](x) = 0. (3.27)

T—n

It is easy to see that f < g for every continuous function f : X — R satisfying

(a) s[f] <slg] on X and (b) liminf f(x) < 0.

T—+00
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Indeed, we can either apply Theorem 3.3 or do the following elementary proof: pick any increasing

sequence r, — +oo such that lim f(z,) = liminff(x), and assume towards a contradiction
n—+oo T—+00

that f(zo) > (14 p)g(zo), for some p > 0. Following the construction of [7, Lemma 3.3], we can
build a (generalized) sequence {z)}, in the compact interval [zg, 21], strictly decreasing for g and
such that f(zx) > (14 p)g(za) for each A\. The construction eventually ends (due to cardinality
obstructions) and the only way for this to happen is that zy — 1, since this is the only critical
point of g restricted to [xg,x1]. Continuity of f and lower semicontinuity of g would yield that
f(xz1) > (1 4 p)g(z1). An inductive argument shows that f(z,) > (1 + p)g(x,) for all n € N,
which yields lim,, f(z,) > inf g = 0, leading to a contradiction.

On the other hand, if Definition 3.1 allowed to consider convergent sequences, then Theorem 3.3
could not directly apply since it would have required an extra condition on all sequences satisfying
(3.27), leading to (infinitely many) unnecessary extra conditions: f(n) < g(n) for all n > 1.
Finally, observe that for every n € N, the steepest descent curve 7, : [0, +00) — R solving

{wt) = -Vg(r(t), t>0,
7(0) = n,

satisfies that . ligrn Yn(t) = n + 1. Thus, if we follow the construction of Theorem 3.3 by taking
—+00

a descent point at each iteration, we should obtain a generalized sequence {z,} (similar to a
concatenation of discretizations of the curves {7,}) diverging to +oo. The delicate construc-
tion of the proof of Theorem 3.3 would allow us to retrieve an s-asymptotically critical cofinal
subsequence for g, and therefore to compare f and g at the limit values. %

3.2 Determination in complete metric spaces

If two functions f, g have the same descent modulus at every point (that is, T'[f] = T[g]), then
they have the same critical set (Zp := Zp(f) = Z7(g)) and the same asymptotically critical
sequences (AZr := AZp(f) = AZ7r(g)). Using the same strategy as in Theorem 2.4, we obtain
the main result of this work.

Theorem 3.6 (main determination result). Let T' be a metrically compatible descent modulus on
the complete metric space (X,d). Let f,g € C(X)Ndom(T) be bounded from below and satisfy

T[f](z) = Tg](z), forall z € X.

Assume that f|z, = glz, and lirginff(zn) = linr_l)infg(zn), for all {zp}n>1 € AZ7.

Then
f(x)=g(x), foralxelX.

By considering only metric spaces and metrically compatible descent moduli, it is clear that the
above result generalizes Theorem 2.4: indeed, for every f € F one has that AZp(f) = () whenever
X is compact.

Theorem 3.6 also generalizes [18, Section 4]. This is due to the fact that for the global slope G
defined in (2.13), every G-asymptotically critical sequence of f is infimizing for the function f.
This is the content of the following lemma.
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Lemma 3.7 (infimizing sequences). Let (X, d) be a complete metric space, f € C(X) N dom(G)
and {zp}tn>1 @ G-asymptotically critical sequence (Definition 3.1). Then

liminf f(z,) = inf f. (3.28)

n—o0

Proof. Let {z,}»>1 be a G-asymptotically critical sequence for the function f. Then, {G[f](zn) }n>1
is a sequence of strictly positive numbers that converges to zero. We set k1 = 1 and define in-
ductively

baer 2= min {m > ky : G[f)(2m) < G1f) (1)}

Then, {G[f](z, ) }n>1 is strictly decreasing and for m € [kp, ky41) NN we have

Glf1(zk,) < GLf](zm)-

We deduce that for every n > 1

Gl (2h,) A2k 2har) < Gl 2R,) D AlZm, Zme1)

anm<kn+1
S DN CCHEe)
kn<m<kn41
and consequently
o0
Zg an Zkﬂ’ an+1 < Z g Zm7 Zm+1) < +o00.

=1

Let u € X be arbitrarily chosen. We deduce from the definition of the global slope (2.13) that

f(zr,) < flu) +G[f1(2,) d(zk,,u), foralln > 1.

Therefore, it suffices to show that

liminf G[f](z, ) d(z,,u) = 0.

n—o0

To this end, take n,m € N with n < m. Then, since G[f](zx, ) is decreasing, we deduce:

G1f1(zk,) A2 1) < GU(ZRos) A2y rs Z) + G (20) A2,y 0)

and consequently

G (2h) Azt )) <Y GIf1(zy) A2y 2hpsy) + GLF (2 ) A2, s 0).

n<l<m

Thus, keeping n fixed and passing to the limit as m — oo, we deduce that:

liminf G[f](zx,,) d(zk,, u Z GIf)(2h) A2k 2hppy) < Y GLA(20) d(ze, 2041).

Mm—00
l=n

Since the last quantity becomes arbitrarily small as n increases, the conclusion follows. O
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Remark 3.8. Comparing the above lemma with [18, Lemma 4.2], we observe that the main dif-
ference is that the latter considers summable sequences where . G[g](2n+1)d(zn, 2ny1) < +00.
This can be seen as proximal algorithm-type condition. However, in our context, we need to
consider asymptotically critical sequences where > G[g]|(2n)d(2n, 2n+1) < +00. Thus, asymp-
totically critical sequences can be seen as gradient algorithm-type condition, which is strongly
related on how descent (generalized) sequences are constructed from descent moduli.

Finally, Lemma 3.7, together with the fact that any critical point for the global slope has to be
a global minimizer, yields directly the following corollary.

Corollary 3.9 (Global slope determination, [18]). Let (X,d) be a complete metric space and
f,9 : X — R be two proper lower semicontinuous functions which are bounded from below and
continuous on their domain. If G[f](z) = Glg](x), for allx € X and inf f = inf g, then f = g.

Corollary 3.10 below reveals that a continuous bounded from below function f € C(X)Ndom(T)
necessarily possesses either a critical point or an asymptotically critical sequence.

Corollary 3.10 (existence of critical elements). Let f : X — RU{+o0} be a lower semicontinuous
function which is continuous on its domain and bounded from below. If f € dom(T') for some
metrically compatible descent modulus on X, then either Zp(f) # 0 or AZp(f) # 0.

Proof. We may assume that inf f = 0. Fix ¢ > 0, set g := (14¢) f and f = f+ 1. It follows that
inf g =0 < inf f = 1. In view of Proposition 2.16 and property (D3) of the descent modulus,
we deduce that Z7(g) € Z7(f) and T[g](z) > T[f](z), for all z € X \ Z7(g). Moreover, if a
sequence {z, b, is T|[g] —critical, then it is also T'[f]-critical (and consequently, T[f]critical). Let
us assume, towards a contradiction that g has no critical points and no T'[g]—critical sequences.
Then Zr(g) = ) and assumptions (ii) and (iii) of Theorem 3.3 are trivially fulfilled. We deduce

that g > f which is a contradiction. Therefore, either Z7(g) # 0 or AZ7(g) # 0. O

(Open question) It is well-known that the local and the global slopes coincide for convex functions
in any Banach space and are equal to the remoteness of the subdifferential (the distance of the
convex subdifferential to zero). This fact was used in [18, Section 5] to obtain a nontrivial
generalization (from Hilbert to Banach spaces) of the determination result for the class of convex
functions obtained in [4, Theorem 3.8] (smooth case) and [17] (nonsmooth case). Indeed, the
identification of derivatives with gradients and the use of (sub)gradient systems played a crucial
role in the latter works. In the recent work [6], the authors have again used the Hilbertian
structure to show that the deviation between the slopes of two convex functions controls the
deviation between the functions themselves. It is not known if such slope-based sensitivity result
would hold for convex functions in Banach spaces, or more generally, if one can use metric descent
modulus deviations to measure deviations of functions in general.
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