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Regularity Properties of Mappings in

Optimal Control∗

Asen L. Dontchev and Vladimir M. Veliov

Abstract

This paper is about metric regularity properties of two mappings appearing in
optimal control problems. We focus first on the feasible set mapping of a nonlinear
control system subject to state-control inequality constraints. Then we consider the
optimality mapping for an optimal control problem with control constraints. We
also show how the regularity properties the optimality mapping can be utilized for
obtaining error estimates for discrete approximations.

1 Introduction

Although the concept of metric regularity can be traced back to the Banach open mapping
principle and subsequent works by Lyusternik, Graves, and Robinson, its importance in
the theory of extremum has been widely recognized only after the path-breaking paper
by A. A. Milyutin et al [1]. Recall that a set-valued mapping F : X →→ Y is said to be
metrically regular at x̄ for ȳ when (x̄, ȳ) ∈ gphF and there is a constant κ ≥ 0 together
with neighborhoods U of x̄ and V of ȳ such that

d(x, F−1(y)) ≤ κd(y, F (x)) for all (x, y) ∈ U × V.

The infimum of κ over all such combinations of κ, U and V is called the regularity modulus
for F at x̄ for ȳ and denoted by reg(F ; x̄| ȳ). If X and Y are Banach spaces and F is a
linear bounded (single-valued) mapping, then F is metrically regular if and only if it is
surjective, or equivalently, open.

Let us fix first the basic notation and terminology. Throughout X and Y are Banach
spaces. The notation f : X → Y means that f is a function while F : X →→ Y is a
general mapping where the double arrow indicates that F may be set-valued (possibly
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with empty values). The graph of F is the set gphF =
{

(x, y) ∈ X × Y
∣∣ y ∈ F (x)

}
,

the range rgeF =
{
y
∣∣ y ∈ F (x) for some x

}
and the inverse of F is the mapping

F−1 : Y →→ X defined by F−1(y) =
{
x
∣∣ y ∈ F (x)

}
. All norms are denoted by ‖ · ‖. The

closed ball centered at x with radius r is denoted by IBr(x). The distance from a point x
to a set C is defined as d(x,C) = infy∈C d(x, y).

A central result in the theory around metric regularity is what we now call the
Lyusternik-Graves theorem, which is an extension of the Banach open mapping prin-
ciple to nonlinear mappings. Roughly, it says that a metric regularity is preserved after
the addition of a Lipschitz continuous mapping with a small Lipschitz constant. General
versions of this theorem supplied with several different proofs can be found in particular in
the recent book [5]. The most common version of the Lyusternik-Graves theorem, which
is about a mapping of the form f +F where the function f is strictly differentiable at the
reference point.

Theorem 1 (Lyusternik-Graves). For a function f : X → Y , a mapping F : X →→ Y and
a point (ȳ, x̄) with ȳ ∈ f(x̄) +F (x̄), suppose that f is strictly differentiable at x̄ and that
gphF is locally closed at (x̄, ȳ−f(x̄)). Then the mapping f +F is metrically regular at x̄
for ȳ if and only if the partially linearized mapping x 7→ G(x) := f(x̄)+Df(x̄)(x−x̄)+F (x)
is metrically regular at x̄ for ȳ. Specifically,

reg(f + F ; x̄| ȳ) = reg(G; x̄| ȳ).

For F the zero mapping, we obtain a result which comes close to the original theorems
of Lyusternik and Graves: f is metrically regular if and only if its strict derivative Df(x̄)
is surjective.

Another fundamental result in variational analysis is the Robinson–Ursescu theorem,
stated next, which gives a characterization of metric regularity of mappings with convex
and closed graphs. It is an extension of the Banach open mapping principle to set-valued
mappings.

Theorem 2 (Robinson–Ursescu). Let F : X →→ Y have closed convex graph and let
ȳ ∈ F (x̄). Then F is metrically regular at x̄ for ȳ if and only if ȳ ∈ int rgeF .

When a mapping F : X →→ Y is not only metrically regular at x̄ for ȳ but also its inverse
F−1 localized around a point of its graph is single valued, then F is said to be strongly
metrically regular at x̄ for ȳ. This amounts to the existence of neighborhoods U of x̄ and
V of ȳ such that the mapping V 3 y 7→ F−1(y) ∩ U is a Lipschitz continuous function.
Strong metric regularity is the property exhibited in the classical inverse/implicit function
theorem and its various versions. Here we state a version of the inverse function theorem
going back to Robinson [8], which is in the form parallel to the Lyusternik-Graves theorem
stated above.

Theorem 3 (Robinson). Consider a function f : X → Y which is strictly differentiable
at x̄, a mapping F : X →→ Y and a point (ȳ, x̄) with ȳ ∈ f(x̄) + F (x̄). Then the mapping
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f+F is strongly metrically regular at x̄ for ȳ if and only if the partially linearized mapping
x 7→ G(x) := f(x̄) +Df(x̄)(x− x̄) + F (x) is strongly metrically regular at x̄ for ȳ.

Regularity properties of mappings appearing in finite-dimensional optimization are
fairly well investigated. It is known, for example, that the solution mapping of a system
of inequalities and equalities, e.g.,

x 7→
(
g(x)
h(x)

)
+

(
0
IRq

+

)
, (1)

where g : IRn → IRp and h : IRn → IRq are smooth functions, is metrically regular if
and only of the standard Mangasarian-Fromovitz constraint qualification holds at the
reference point, see e.g. [5, Section 3.6]. There are several characterizations of metric
regularity of the optimality mappings of nonlinear programming problems; some of them
are displayed in [5]. For example, the optimality mapping

x 7→ ∇g(x) +NC(x),

associated with the minimum problem min{g(x) |x ∈ C} for a twice continuously differen-
tiable g : IRn → IR and a convex polyhedral set C ⊂ IRn, is strongly metrically regular at
x̄ for 0 if and only if the strong second-order sufficient optimality condition holds: ∇2g(x̄)
is positive definite on the critical subspace K −K where K = {w ∈ TC(x̄)|∇g(x) ⊥ w} is
the critical cone at the reference solution x̄, see [5, Section 2.5] for details.

In contrast to the finite dimensions, there is not much known for metric regularity
properties of mapping appearing in infinite-dimensional variational problems and in par-
ticular for optimal control problems. In this paper we wish to highlight a way to approach
studying such properties. In Section 2 we focus on the feasible set mapping for a con-
trol system subject to state-control inequality constraints. Section 3 is devoted to the
optimality mapping for an optimal control problem with control constraints. Section 4 il-
lustrates how regularity properties can be utilized for obtaining error estimates of discrete
approximations. Open problems are stated throughout.

2 The feasible set mapping

Given the interval I = [0, 1], the control u : I → IRm being an element of the space L∞

of essentially bounded functions, the state x : I → IRn being an element of W 1,∞, the
space of Lipschitz continuous functions (or, equivalently, the space of essentially bounded
functions with essentially bounded derivatives), and the smooth functions g : IRn+m → IRn

and G : IRn+m → IRl, we consider the following control system subject to inequality state-
control constraints and with fixed initial state:

ẋ(t) = g(x(t), u(t)), x(0) = 0,
G(x(t), u(t)) ≤ 0 for a.e. t ∈ I. (2)
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The initial condition can conveniently be replaced with the condition x ∈ W 1,∞
0 , where

W 1,∞
0 = {x ∈ W 1,∞| x(0) = 0} is a closed linear subspace of W 1,∞. (Of course, with a

change of variables we may handle an arbitrary initial condition x(0) = a.) Then system
(2) can be described as a generalized equation for the variable z = (x, u) ∈ W 1,∞

0 × L∞,
of the form

0 ∈ f(z) + F (z),

where

f(x, u) =

(
ẋ− g(x, u)
G(x, u)

)
and

F (x, u) =

(
0
IRl

+

)
.

Here, with some abuse of notation, we denote by x the function describing the state
trajectory with state values x(t) at the moment t, and the same for the control. The set
(f +F )−1(0) is the set of solutions of (2); therefore we call the mapping f +F the feasible
set mapping. According to the definition, if z̄ = (x̄, ū) is a solution of (2), metric regularity
of the mapping f +F at z̄ for 0 implies that for any y = (p, q) ∈ L∞(IRn)×L∞(IRl) close
to 0 there exists a solution z = (x, u) ∈ W 1,∞

0 × L∞ of the perturbed system

ẋ(t) = g(x(t), u(t)) + p(t),

G(x(t), u(t)) ≤ q(t) for a.e. t ∈ I.

and, moreover, the distance from z to z̄ is proportional to the norm of y.
The following result utilizes the theorems of Lyusternik-Graves and Robinson-Ursescu,

providing a characterization of metric regularity of the feasible set mapping in terms of
the linearization of the system (2).

Theorem 4. The mapping f + F described above is metrically regular at z̄ for 0 if and
only if, for A = ∇xg(x̄, ū), B = ∇ug(x̄, ū), S = ∇xG(x̄, ū), K = ∇uG(x̄, ū), there exist a
constant α > 0, and functions w ∈ W 1,∞ and v ∈ L∞ such that, for i = 1, 2, . . . , l,

ẇ(t) = A(t)w(t) +B(t)v(t), w(0) = 0,
[G(x̄(t), ū(t)) + S(t)w(t) +K(t)v(t)]i ≤ −α.

(3)

Proof. By the Lyusternik-Graves theorem, metric regularity of the mapping f + F de-
scribing (2) at z̄ for 0 is equivalent to metric regularity at z̄ for 0 of a linearized mapping
whose “pointwise” form is

(x, u)(t) 7→
(
ẋ(t)− ˙̄x(t)− A(t)(x(t)− x̄(t))−B(t)(u(t)− ū(t))
G(x̄(t), ū(t)) + S(t)(x(t)− x̄(t)) +K(t)(u(t)− ū(t))

)
+

(
0
IRn

+

)
. (4)
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This mapping has closed and convex graph, hence we can apply (Robinson-Ursescu) The-
orem 2 relative to the Banach space W 1,∞

0 × L∞. Specifically, this theorem says that
metric regularity is equivalent to the existence of δ > 0 such that for any y = (p, q) with
‖y‖ ≤ δ, the following system has a solution (x, u) ∈ W 1,∞

0 × L∞:

ẋ(t) = ˙̄x(t) + A(t)(x(t)− x̄(t)) +B(t)(u(t)− ū(t)) + p(t),
G(x̄(t), ū(t)) + S(t)(x(t)− x̄(t)) +K(t)(u(t)− ū(t)) + q(t) ≤ 0.

(5)

Taking p = 0, q = (α, . . . , α), and then w = x − x̄, v = u − ū, this last condition (5)
implies the condition for the system (3) in the statement of the theorem. Conversely, let
(w, v) satisfy (3) for some α > 0, let x be the solution of the differential equation in (5)
corresponding to the control u = v + ū and x(0) = a, and let y = (p, q) be given. Note
that x = w + x̄ + Lp where L is a bounded linear mapping from L∞ to W 1,∞ (namely,
x̃ = Lp is the solution of ˙̃x = Ax̃+ p, x̃(0) = 0). Hence,

G(x̄, ū) + S(x− x̄) +K(u− ū) + q = G(x̄, ū) +Kv + S(w + Lp) + q ≤ −ᾱ + SLp+ q ≤ 0

for (p, q) sufficiently small, where ᾱ = (α, . . . , α) ∈ IRl. This completes the proof.

In the case when the inequality constraint G(x, u) ≤ 0 are separated for the state and
the control, that is, of the form

G(x, u) =

(
c(u)
h(x)

)
and also the reference state and control are assumed piecewise continuous, a sufficient
condition for the interiority condition (3) is obtained in [2] in terms of certain uniform
linear independence condition of the gradients of the binding constraints. This condition
is, however, not necessary. Obtaining a characterization of metric regularity of the feasible
set mapping is an open problem. We conjecture that such a condition would resemble the
Mangasarian-Fromovitz condition.

3 The optimality mapping

Consider the following optimal control problem

minimize

∫ 1

0

l(x(t), u(t)) dt (6)

subject to
ẋ(t) = g(x(t), u(t)), u(t) ∈ U for a.e. t ∈ [0, 1],

x ∈ W 1,∞
0 (IRn), u ∈ L∞(IRm),
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where the functions l : IRn+m → IR, g : IRn+m → IRn are twice continuously differentiable
everywhere and U is a convex and closed set in IRm.

Let (x̄, ū) be a solution of problem (6) and let W 1,∞
1 (IRn) be the space of Lipschitz

continuous functions ψ with values in IRn and such that ψ(1) = 0. In terms of the
Hamiltonian

H(x, ψ, u) = l(x, u) + ψTg(x, u),

it is well known that the first-order necessary conditions (a Pontryagin maximum prin-
ciple) for a weak minimum at the solution (x̄, ū) can be expressed in the following way:
there exists ψ̄ ∈ W 1,∞

1 (IRn), such that (x̄, ψ̄, ū) is a solution of the following two-point
boundary value problem coupled with a variational inequality satisfied for a.e. t ∈ [0, 1]:

ẋ(t) = g(x(t), u(t)), x(0) = 0,

ψ̇(t) = −∇xH(x(t), ψ(t), u(t)), ψ(1) = 0,
0 ∈ ∇uH(x(t), ψ(t), u(t)) +NU(u(t)),

(7)

where NU(u) is the normal cone to the set U at the point u. Denote X = W 1,∞
0 (IRn) ×

W 1,∞
1 (IRn)×L∞(IRm) and Y = L∞(IRn)×L∞(IRn)×L∞(IRm). Further, for z = (x, ψ, u)

let

f(z) =

 ẋ− g(x, u)

ψ̇ +∇xH(x, ψ, u)
∇uH(x, ψ, u)

 (8)

and

F (z) =

 0
0

NU(u)

 . (9)

Note that the notation NU(u) is somewhat overloaded. In fact, in (9) we mean the normal
cone NU(u) to the set U = {ũ ∈ L∞| ũ(t) ∈ U for a.e. t ∈ [0, 1]}. Since in the context
of the generalized equation (10) below only L∞-selections of NU(u) are of interest, we
may comfortably represent the relevant subset of NU(u) (using the same notation) in
the pointwise form NU(u) = {v ∈ L∞| v(t) ∈ NU(u(t)) for a.e. t ∈ [0, 1]}. Then the
optimality conditions (7) can be equivalently rewritten as

0 ∈ f(z) + F (z). (10)

That is, the optimality mapping describing the optimality system (7) is f + F : X →→ Y ,
which fits into the format of the Lyusternik-Graves theorem. Thus metric regularity of the
mapping f +F described in (8) and (9) is equivalent to metric regularity of the linearized
mapping

(ζ, ϕ, η)(t) 7→

 ζ̇(t)− A(t)ζ(t)−B(t)η(t)
ϕ̇(t) + A(t)Tϕ(t) +Q(t)η(t) +D(t)ζ(t)
R(t)η(t) +Q(t)Tζ(t) +B(t)Tϕ(t)

+

 0
0

NU(ū(t) + η(t))

 ,
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where, skipping the dependence on t, we denote ζ = x − x̄, ϕ = ψ − ψ̄, η = u − ū
and the matrices A, B, Q, D and R are suitably defined by the second derivatives of
H with respect to x, ψ and u, e.g., A = ∇xf = ∇ψxH etc. Note that this mapping
is associated with the optimality system for a linear-quadratic optimal control problem
which is actually an approximation of the nonlinear problem (6). The same could be said
for the strong metric regularity of the optimality mapping by using instead (Robinson’s)
Theorem 3.

To the author’s knowledge, there are no results characterizing metric regularity of the
mapping f + F for a system of the type (7). On the other hand there have been quite a
few developments on strong metric regularity in the last several decades, see e.g. [2], [4]
and [7]. Finding sharp conditions for (strong) metric regularity in optimal control is an
important open problem.

4 Regularity and discrete approximations

It was observed in authors’ paper [6] that metric regularity of the optimality mapping
described in (7) (or in the equivalent form (10)) could be quite instrumental for obtaining
a priori error estimates for a discrete approximation to the problem at hand. In this
section we present a slightly stronger version of that result.

Specifically, suppose that the optimality system (7) is solved inexactly by means of
a numerical method applied to a discrete approximation provided by the Euler scheme.
Specifically, let N be a natural number, let h = 1/N be the mesh spacing, and let
ti = ih. Denote by PLN0 (IRn) the space of piecewise linear and continuous functions
xN over the grid {ti} with values in IRn and such that xN(0) = 0, by PLN1 (IRm) the
space of piecewise linear and continuous functions ψN over the grid {ti} with values in
IRn and such that ψn(1) = 0, and by PCN(IRm) the space of piecewise constant and
continuous from the right functions over the grid {ti} with values in IRm. Then introduce
the products XN = PLN0 (IRn)×PLN1 (IRn)×PCN(IRm) as an approximation space for the
triple (x, ψ, u). We identify x ∈ PLN0 (IRn) with the vector (x0, . . . , xN) of its values at the
mesh points (and similarly for ψ), and u ∈ PCN(IRm) – with the vector (u0, . . . , uN−1) of
the values of u in the mesh subintervals.

Suppose that, as a result of the computations, for certain natural N a function z̃ =
(xN , ψN , uN) ∈ XN is found that approximately satisfies the discretized optimality system

ẋi = g(xi, ui), x0 = 0,

ψ̇i = −∇xH(xi, ψi+1, ui), ψN = 0,
0 ∈ ∇uH(xi, ψi, ui) +NU(ui)

(11)

for i = 0, 1, . . . , N − 1 where ẋi is the first divided difference of x at ti. We state here the
following result proven in [6]:

7



Theorem 5. Assume that the mapping describing the optimality system (7) is metrically
regular at ξ̄ = (x̄, ū, ψ̄) for 0. Then there exist constants a and c such that for every
solution ξN = (xN , uN , ψN) of the discretized system (11) contained in IBa(ξ̄), there exists
a solution ξ̄N = (x̄N , ūN , ψ̄N) of the continuous system (4) such that

‖x̄N − xN‖W 1,∞ + ‖ūN − uN‖L∞ + ‖ψ̄N − ψN‖W 1,∞ ≤ ch.

Furthermore, if the mapping of the optimality system (7) is strongly metrically regular at
ξ̄ for 0, then the above claim holds with ξ̄N = ξ̄; that is, every sequence ξN = (xN , uN , ψN)
of approximate solutions to the discretized system (11) contained in IBa(ξ̄) converges to
ξ̄ with rate proportional to the mesh size h.

In other words, metric regularity alone is enough to obtain an a priori estimate for the
discrete approximation considered, and a stronger estimate is obtained under strong met-
ric regularity. Extending this approach to more general variational models, e.g. involving
PDEs as well as more elaborate finite element approximations, is a challenging avenue
for further research (see [9] for an extension for a class of distributed optimal control
problems).

Theorem 5 concerns the case of first order approximation, where the discrete solution
(xi, ψi) and the discrete control ui can be comfortably embedded in the continuous-time
spaces XN : the embedding creates a first order (with respect to h) residual in (10). If a
higher order scheme is applied to the optimality system (7), as in [3], then an embedding
into a continuous-time space that gives a higher than first order residual in (10) might be
problematic. The main trouble is caused by the last inclusion in (7) due to the irregularity
of the normal cone mapping. In the paper [3], a second order error estimate is obtained
under conditions that are sufficient for (even strong) metric regularity of the solution
mapping f + F , but are not necessary. It is a challenging problem to obtain higher than
first order a priori error estimates in the spirit of Theorem 5, based on Runge-Kutta or
other higher order discretization schemes assuming only metric regularity.

One can obtain a posteriori error estimates provided that the mapping of discretized
system (11) is metrically regular, uniformly in N . Observe that the system (11) is a
variational inequality but with different spaces than the continuous one, namely, spaces
of piecewise linear functions for the state and costate and piecewise constant functions
for the control. It is an open question, however, whether the metric regularity of the
discretized system (11) can be obtained from the metric regularity of the original system
(7).
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the theory of extremum, Uspekhi Mat. Nauk, vol. 35, 1980, pp 11–46 (Russian).

8



[2] A. L. Dontchev, W. W. Hager, Lipschitzian stability in nonlinear control and opti-
mization, SIAM J. Control Optim. vol. 31, 1993, 569–603.

[3] A.L. Dontchev, W.W. Hager, and V.M. Veliov. Second-order Runge-Kutta approx-
imations in control constrained optimal control, SIAM J. Numerical Anal., 38(1),
2000, pp 202–226.

[4] A. L. Dontchev, K. Malanowski, A characterization of Lipschitzian stability in op-
timal control. Calculus of variations and optimal control (Haifa, 1998), pp 62–76,
Chapman & Hall/CRC Res. Notes Math. 411 Chapman & Hall/CRC, Boca Raton,
FL.

[5] A. L. Dontchev, R. T. Rockafellar, Implicit Functions and Solution Mappings, Sec-
ond Edition, Springer 2014.

[6] A. L. Dontchev, V. M. Veliov, Metric regularity under approximations, Control
Cybernet. 38 (2009), no. 4B, 1283–1303.

[7] K. Malanowski, Sensitivity analysis for state constrained optimal control problems,
it Control Cybernet. 40 (2011), no. 4, 1043–1058.

[8] S. M. Robinson, Strongly regular generalized equations. Math. Oper. Res. 5 (1980),
43–62.

[9] V. M. Veliov, Numerical Approximations in Optimal Control of a Class of
Heterogeneous Systems. Research Report 2015-01, ORCOS, TU Wien, 2015
(http://orcos.tuwien.ac.at/research/research reports/)

Asen L. Dontchev
Editor, Mathematical Reviews
Research Scientist, The University of Michigan
e-mail: dontchev@umich.edu

Vladimir M. Veliov
Professor, Vienna University of Technology
e-mail: veliov@tuwien.ac.at

9


