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ABSTRACT. The ordered eigenvalues define a Lipschitz map on the real vector
space of Hermitian d X d matrices. We prove that this map acts continu-
ously, but not uniformly continuously, by superposition on the Sobolev spaces
Wha, for all 1 < ¢ < oo, on bounded open domains. For q = oo, the ac-
tion is still well-defined and bounded but not continuous. We show that this
stability result extends to normal matrices, where the eigenvalues are natu-
rally interpreted as multivalued Sobolev functions in the sense of Almgren.
Several applications are given, including the stability of singular values, con-
dition numbers of matrices, surface area of eigenvalue graphs, and compact
self-adjoint operators in Hilbert space.
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1. INTRODUCTION

The perturbation theory of Hermitian and normal operators has a long history. The
analytic theory started with Rellich’s work [Rel37], culminated in Kato’s monograph
[Kat76], and extended to smooth perturbation theory in more recent papers, e.g.,
[AKLM98], [KM03, KMR11, KMR12], [Rai09, Rail3, Rai22], and [PR20]. For a
more comprehensive account of the history, we refer to the recent survey article
[PR25].

For the present paper, Weyl’s perturbation theorem [Wey12] plays a fundamental
role. It asserts that the ordered eigenvalues form a Lipschitz map on the space
of Hermitian matrices with Lipschitz constant 1, when the space is equipped with
the operator norm and the eigenvalues with the co-norm. Together with Lowner’s
theorem [L6w34], which provides the corresponding result for the 2-norm, and its
extension to normal matrices by Hoffman and Wielandt [HW53], this theorem is
foundational for nearly all of the results in this paper. Of course, in the case of nor-
mal matrices, the eigenvalues must be equipped with a metric that accounts for the
fact that they are general complex numbers not admitting a coherent ordering. See
also [BDMS83] for a variant with the operator norm (where, however, the Lipschitz
constant C' satisfies 1 < C' < 3). For locally Lipschitz curves of normal matrices,
each continuous choice of the eigenvalues is actually locally Lipschitz, as shown by
[Rail3]. If the (real) parameter space is at least 2-dimensional, continuous choices
of the eigenvalues of normal matrices may not exist.

The Lipschitz continuity of the eigenvalues as functions of the matrices immediately
implies that Lipschitz families of Hermitian or normal matrices are assigned to the
Lipschitz families of their eigenvalues, in a bounded way, that is, with controlled
Lipschitz constants. This defines a map which we call the characteristic map: it
is given by superposition with the ordered eigenvalue map, in the Hermitian case,
and with the unordered eigenvalue map, in the normal case. In this paper, we are
interested in the continuity properties of the characteristic map.

The characteristic map is not continuous with respect to the Lipschitz topology (on
the eigenvalues), but it is continuous with respect to the Sobolev W14 topology,
for every 1 < g < oo. Specifically, we prove that for Hermitian matrices the
characteristic map is continuous, but not uniformly continuous, from W4 matrices
to ordered W14 eigenvalues, while for normal matrices it is continuous from W14
matrices to unordered W19 eigenvalues — in both cases, for every 1 < ¢ < co. In
the latter setting, the unordered eigenvalues are naturally treated as multivalued
Sobolev functions in the sense of Almgren [Alm00]; see also [DLS11].

These results are considerably stronger than the related continuity properties of the
solution map for hyperbolic and general polynomials established, respectively, in
the recent papers [PR24a] and [PR24b]. The solution map is defined in analogy to
the characteristic map. Recall that Bronshtein’s theorem [Bro79] implies that the
ordered roots of a C?~1! family of hyperbolic (i.e. monic real-rooted) polynomials
of degree d are locally Lipschitz; explicit bounds for the Lipschitz constants of the
roots in terms of the C?~1'1 norms of the coefficients were obtained by [PR15]. By
[PR24a], the solution map for hyperbolic polynomials of degree d is continuous from
C? coefficients to C%! roots with respect to the Wli)cq topology on the roots, for
each 1 < ¢ < co — but not with respect to the C%! topology. For general complex
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polynomials, the optimal Sobolev regularity W4, for 1 < g < ﬁ, of the roots
was established in [PR16, PR18, PR20a], and the existence and boundedness of the
solution map rests on these results. As shown in [PR24b], the solution map is then
continuous from C? coefficients to unordered W roots, for each 1 < g < ﬁ.

Two further points underline the superiority of the matrix setting. First, unlike the
polynomial case, the size of the matrices plays no role. Second, the Sobolev spaces
W14 of Hermitian matrices and their eigenvalues are defined globally, whereas for
hyperbolic polynomials the spaces of coefficients and roots are necessarily local.

These results also have concrete applications. We discuss several, including singular
values, the condition number for matrices, the surface area of eigenvalue graphs,
and compact self-adjoint operators in Hilbert space (made possible by independence
of dimension).

It should be mentioned that the orthonormal eigenvectors do not share the regu-
larity of the eigenvalues and, in general, fail to be even continuous in this setting.

In addition to Weyl’s perturbation theorem and its relatives, a key ingredient in the
proofs is a splitting lemma for complex triangular matrices due to [PR20], where
it appears in a slightly different context. It provides a local uniform unitary block-
diagonalization of Hermitian and normal matrices whenever not all eigenvalues
coincide. This suggests an inductive argument on the size of the matrices and has
the advantage of working directly with the matrices themselves rather than through
their characteristic polynomials.

In the following, we present our results in more detail.

1.1. Hermitian matrices. Let My(C) be the complex vector space of complex d x

d matrices. We endow My(C) with the Frobenius norm || Az = (Z?,j:l lai;|?)/2.

Let Herm(d) = {A € My(C) : A* = A} denote the real vector space of complex
Hermitian d x d matrices. We associate with A € Herm(d) its increasingly ordered
eigenvalues
A (4) SAJ(A) < <A(4)

and thus obtain a continuous map

AT = (AL, ., A)) : Herm(d) — RY. (1.1)
In fact, by a result of Lowner [Low34] (see Proposition 3.2), this map is even
Lipschitz continuous: for A, B € Herm(d),

INT(A) = AT(B)|lz < | A~ Bl (1.2)

As a consequence (see Proposition 3.5), the map (1.1) induces a bounded map
E:= (A", : Wh(U, Herm(d)) — WU, RY), A Ao A, (1.3)

for each 1 < ¢ < 0o, which takes W14 families of Hermitian matrices to their
increasingly ordered W14 eigenvalues, where U C R™ is open and bounded. (This
also true for ¢ = oo but this case will be discussed separately below.)

We will call £ = (A1), the characteristic map, independently of the domain and
codomain which may vary in different contexts.

We will show that the characteristic map (1.3) is continuous.



4 ADAM PARUSINSKI AND ARMIN RAINER

Theorem 1.1. Let 1 < ¢ < oo. Let U C R™ be open and bounded. Then the
characteristic map

E:WH(U,Herm(d)) — WHI(U,RY), A Ao A,

15 continuous.

Theorem 1.1 will be proved in Section 5 for m = 1 and the general case will be
concluded from this special case in Section 6.

Remark 1.2. Note that superposition by any Lipschitz function f : R — R induces
a continuous map f, : WH4(U) — Wh4(U) for every 1 < q < oo, where U C R™ is
open and bounded, by [MM79]. However, there are Lipschitz maps f : R¥ — R¢,
with & > 2, such that the induced map f. : WbH4(U,RF) — Whe(U,R?) is not
continuous; see [Mus91], where also sufficient conditions for continuity are given.
But our proof of Theorem 1.1 will follow a different strategy.

Remark 1.3. The image of the characteristic map is

E(Wh(U, Herm(d))) = W"4(U,RY),

the space of f € Wh(U,R?) with f(U) C ]R%l ={reR:z; < <24} The
continuous surjection & : WH4(U, Herm(d)) — Wh4(U, R?) admits a continuous

right-inverse which takes A\ = (A1,...,\q) € WH4(U, R?) to the diagonal matrix
with the diagonal entries Aq,..., Aq.

We state a simple consequence of Theorem 1.1. Here || f||pa(y,re) = H||f\|2HLq(U),
see Section 1.7 for notation.

Corollary 1.4. Let 1 < q < oco. Let U C R™ be open and bounded. If A, — A in
WL4(U,Herm(d)) as n — oo, then, for all1 < j < m,

1105 (€CANIl2 = 105 (EAmDl2]| Lo gy — O
and
10;(E(An) )| Lawray = 105 (E(A))] e re)

asn — oo.
Proof. Let us set A := E(A) and A, := E(A,). Then
105 M zowze) = 195 Mmlzoqizn] = [18Al]pogery = 110An | o o
< 100572 = 1052l ey < MOA = B3l sy = 1052 = Do
so that the assertions follow from Theorem 1.1. d

Let us now turn to the Lipschitz case (i.e., ¢ = 00). Clearly, (1.2) also induces a
bounded map

£ : 0% (U, Herm(d)) — COY(U,RY), A Ao A,

taking Lipschitz families of Hermitian matrices to their increasingly ordered Lips-
chitz eigenvalues, with Lipschitz constants satisfying

|8(A)|cﬂ,1(U,Rd) < |A‘C0,1(ﬁ’Md(C)), (1.4)

with respect to the 2-norms on Herm(d) and R?.
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As an immediate consequence of Theorem 1.1, we get the following theorem which
answers Question 1.11 in [PR24a].

Theorem 1.5. Let U C R™ be open and bounded. Then the characteristic map
£:C" (U, Herm(d)) — COY(U,R?Y), A AToA,

is continuous, for all 1 < q < oo, where C’g’l(U, R?) denotes the set C*1(U,R?)
equipped with the trace topology of the inclusion C%Y(U,R?) — Whe(U,R?).

But we will see in Example 7.1 that the map & : C®'(U, Herm(d)) — C%'(U, RY)
is not continuous: the natural topology on the target C%1(U,R?) is too strong.

As a corollary of Theorem 1.5, we find that £ is continuous into the Hélder space
C%(U,RY), carrying its natural topology, for all 0 < a < 1.

Corollary 1.6. Let U C R™ be a bounded open Lipschitz domain. Then the
characteristic map

£:CYY(U,Herm(d)) — C¥*(U,RY), A Ao A,

is continuous, for all 0 < a < 1, but not for a = 1.

In Corollary 1.6, which will be proved in Section 6, U is a Lipschitz domain, since
we use Morrey’s inequality.

In the setup of Theorem 1.5, we will actually prove a stronger result, in Section 5
(for m = 1) and Section 6:

Theorem 1.7. Let U C R™ be an open set. Let A, — A in C%1(U,Herm(d)) as
n — 0o. Then, for each 1 < j < m and almost every x € U,

0;(E(Ap))(z) — 0;(E(A))(x) asn — . (1.5)

As a consequence, we obtain a second proof of Theorem 1.5 based on the dominated
convergence theorem; see Theorem 6.2. Clearly, (1.5) generally fails, if we only
assume A, — A in WH4(U, Herm(d)) for some 1 < ¢ < oo as n — oo.

By Egorov’s theorem [Egoll], we may conclude that 9;(£(Ay)) — 9;(£(A)) almost
uniformly on U as n — oco. In general, the convergence is not uniform on U; see
Example 7.1.

1.2. Normal matrices. The complex normal d x d matrices form a real algebraic
subset

Norm(d) := {4 € My(C): A*A = AA*}
of the vectorspace M;(C) of all complex d x d matrices. The set Norm(d) is a real
singular cone; see [Huh01] for background on its geometry.

With A € Norm(d) we associate its d eigenvalues A1 (4), ..., Ag(A) (with multiplic-
ities) and the unordered eigenvalue vector

A(A) = [Mi(4), ... Aa(A)].
In this way, we obtain a map

A : Norm(d) — A4(C), (1.6)
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where A4(C) is the space of unordered complex d-tuples (see Section 8.1), a com-
plete metric space with respect to the metric

/
oo = i (- o)

where S, is the symmetric group. The map (1.6) is Lipschitz continuous, by a result
of Hoffman and Wielandt [HW53] (see Proposition 3.3): for A, B € Norm(d),

dz(A(A), A(B)) < |A = Bll2- (1.7)
Due to Almgren [Alm00], there exists a bi-Lipschitz embedding A : A4(C) — RV,

where N = N(d), which can be used to define Sobolev spaces of Ag(C)-valued
functions: for open U C R™ and 1 < ¢ < 0o, we set

Wha(U, Ag(C)) == {f : U — A4(C) : Ao f € WH(U,RM)}.

An equivalent intrinsic definition of W14(U, A4(C)) is due to De Lellis and Spadaro
[DLS11] (see also Definition 8.4). The space W4(U, A4(C)) carries the metric

pRI(f,9) == Ao f—Aogllwrewry

which turns it into a complete metric space; see [PR24b, Lemma 3.1]. The topology
induced by this metric does not depend on the choice of the Almgren embedding
A, see Theorem 8.11.

The map (1.6) induces a bounded map
Eu = Ay : WHI(U,Norm(d)) — WH9(U, A4(C)), Aws Ao A,

for each 1 < ¢ < 0o, where U C R™ is a bounded open set, see Proposition 9.1.
(The Lipschitz case ¢ = oo is discussed below.) By W4(U, Norm(d)) we mean the
(nonlinear) space of all A € W14(U, M4(C)) such that A(U) C Norm(d), topolo-
gized by its inclusion in W4(U, My(C)).

In this setup, we call £, = A, the characteristic map.

Theorem 1.8. Let 1 < q < oo. Let U C R™ be open and bounded. Then the
characteristic map

Eu : WHI(U, Norm(d)) — WHI(U, A4(C)), Aws Ao A,

18 continuous.

It turns out that Theorem 1.8 is a generalization of Theorem 1.1; see Section 8.4.

In the following corollary of Theorem 1.8, |A| denotes the metric speed and &,(A)
the g-energy of the curve A € W14(I, A4(C)); see Section 2.4 for definitions.

Corollary 1.9. Let1 < g < oco. Let I C R be a bounded open interval. Let A, — A
in Wh4(I,Norm(d)) as n — oo and set A := E,(A), A, := E,(An) : I — Ay(C).
Then

[d2(A, An)l[Loe ) = O,
[1A] = |An|||m(1) -0,
|£q(A) - gq(An” — 0,

as n — o0.
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In the setup of Corollary 1.9, there always exist W19 parameterizations X, A, : I —
C? of the eigenvalues of A, A, respectively; see Proposition 8.5. We will see that
Corollary 1.9 follows from the following corollary; for their proofs see Section 10.4.

Corollary 1.10. Let1 < g < co. Let I C R be a bounded open interval. Let A, —
A in WHa(I,Norm(d)) as n — oo. Let \, A\, € Wh4(I,C?%) be parameterizations of
the eigenvalues of A, A,, respectively. Then

1IN 1z = IR l2]l oy = O,

[Nl zacr,cay = N1 La(r,cays

as n — Q.

See also Theorem 1.13, Theorem 1.14, and (1.8) below.

Let us now consider the Lipschitz case (¢ = co). We immediately get from (1.7)
that, for all A, B € Norm(d),

|da(Eu(A), Eu(B)llzw) < 1A = Bl w,mao):
But, as evidenced by the Hermitian case, the (by (1.7) induced) bounded map
&, : C%Y(U,Norm(d)) — C%1(U, A4(C))
is not continuous. Nevertheless, as an immediate consequence of Theorem 1.8, we
have the following result.
Theorem 1.11. Let U C R™ be open and bounded. The characteristic map
&, : C¥HU,Norm(d)) — WH(U, A4(C)), A Ao A,

is continuous, for all 1 < q < oco.

Clearly, f € C%%(U, A4(C)) if and only if Ao f € C%*(U,RY) which makes the
following corollary meaningful; see Section 11 for its proof.

Corollary 1.12. Let U C R™ be a bounded open Lipschitz domain. If A, — A
in C%1(U,Norm(d)), then E,(An) — Eu(A) in C¥2(U, A4(C)) as n — oo, for all
0 < a <1, but not for a =1, in the sense that

[Ao0&u(A) = Ac&u(An)lcoa@ryy =0 asn— oo,
for each Almgren embedding A : A4(C) — RV,

We have the following variants of Theorem 1.8 and Theorem 1.11.

Theorem 1.13. Let 1 < g < oo. Let U C R™ be open and bounded. Let A, — A
in Wh4(U,Norm(d)) as n — oo. Assume that \,\, € W14(U,C%) are param-
eterizations of the eigenvalues of A, A,, respectively. Assume that N\, — X\ in

L>® on L™ '-almost all line segments in U parallel to the coordinate axes. Then
0jAn — O;\ in LY(U,C%) as n — oo, for all 1 < j < m.

Theorem 1.14. Let U C R™ be open and bounded. Let A, — A in
COY(U,Norm(d)) as n — oo. Assume that A\, \, € COY(U,C?) are parameter-
izations of the eigenvalues of A, A,,, respectively. Assume that N\, — X\ in L*>®
on L™ L-almost all line segments in U parallel to the coordinate azes. Then
0jAn — 0j\ almost everywhere in U asn — oo, for all 1 < j <m.
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Theorem 1.13 and Theorem 1.14 will be proved in Section 10.3 (for m = 1) and
Section 11. It is evident (see the proof of Corollary 1.4), that in their setup, for all
I<j<m,
11057l12 — 190 2]l o ) — 0. ",
10;Anll Lau,cay = 105l Laqu.cay,
as n — oco. However, if m > 2 the desired parameterizations A, \,, may not always
exist. (For ¢ > m, the elements of W14(U), where U C R™, admit continuous
representatives, but the eigenvalues of multiparameter families of normal matrices
cannot always be represented by continuous functions, e.g.,

(1 5)

1.3. Optimality of the results. The results on eigenvalue stability obtained in
this paper are essentially optimal. Here we briefly mention several examples that
demonstrate this fact; these examples will then be discussed in detail in Section 7.
We also formulate an open problem.

for z € C.)

We will focus on the limitations in the Hermitian case, which clearly entail corre-
sponding negative results in the more general normal case.

(1) The map & : C%Y(U,Herm(d)) — C%*(U,R?) is not continuous.

For instance,

n

An() = (i “”1) = (2 g) — Alz) asn— o (1.9)

uniformly in all derivatives on every compact interval in R. Then £(A4,) = (—ap, an)

and £(A) = (—a,a), where a,(z) = (/2% + % and a(z) = |z|. We will see in
Example 7.1 that |afan\coyl(7) > 2—+/2, for all bounded open intervals I containing
0 and all sufficiently large n. Also note that off 0 the derivatives al, tend pointwise

to @’ but not uniformly in any neighborhood of 0.

(2) For no 1< q < oo, the map € : C%(U,Herm(d)) — CO1(U,R?) is uni-
formly continuous.

Indeed, the matrices
AM@Z(%%%) (p(}f))’ BM]J)Z(%?@ %Z{:))

where ¢, : [0,1] = [0, 1] is a sawtooth function with Lipschitz constant 1, satisfy

| A — Brllcoa(jo,1],ma(c)) — 0 as n — oo, but for their nonnegative eigenvalues ay,
and b, we find ||aj, — b}, || La(jo,17) > 15377 in Example 7.2.

(3) For no a € (0,1), the map &€ : C%'(U,Herm(d)) — C%*(U,R?) is uni-
formly continuous.
This is demonstrated in Example 7.3, by the matrices

L nz L
m@ = "5, B = (T ).

T onT
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where r = 2.

—x
Even tough the maps in (2) and (3) are not uniformly continuous, it is very desir-
able to find effective moduli of continuity for their restrictions to interesting (for
applications) compact subspaces of C%1(U, Herm(d)). For instance, for given C' > 0

and S € (0, 1], the set
K :={AeCH(U,Herm(d)) : |All 1.5 @ sy (e < CF (1.10)

is a relatively compact subset of C%!(U, Herm(d)), by the Arzela—Ascoli theorem.
Thus, €| : K — CPH(U,RY), for 1 < ¢ < o0, and €|k : K — C%*(U,R?), for
0 < a < 1, are uniformly continuous, by Theorem 1.5 and Corollary 1.6.

Problem 1.15. Find effective moduli of continuity for the restrictions of the char-
acteristic map & to interesting compact subspaces.

For instance, using the sequence A,, in (1.9) we will see in Example 7.4 that, for
1<g<ooand ¢! <a <1, the map |k : K — CP([0,1],R?) is not a-Holder
continuous.

Remark 1.16. Due to Rellich [Rel37], a real analytic curve of Hermitian matrices
admits a real analytic system of eigenvalues and a real analytic orthonormal frame
of eigenvectors. There are various extensions of this result, e.g., to normal matri-
ces or to other categories (smooth quasianalytic classes, formal power series), see
[AKLM98], [Rail3], and [PR20]. But in general there is no continuous orthonormal
frame of the eigenvectors, as seen by the following C'*° example from [Rel37]:
Alz) = /" (“’”1 :

sinx ™

sinx™
 cos x_1> forz € R\ {0}, A(0):=0.

Let us suppose that I 5 z — A(x) is a smooth curve of Hermitian matrices with
smooth distinct eigenvalues \; and corresponding smooth orthonormal eigenvectors
vj. Differentiating the equation A(z)v;(xz) = Aj(z)v;(x) and taking the result in
the Hermitian inner product with vy, # v; gives

R GO P COLC)
Y Aj(@) = Ai(2)
showing that the projection of the velocity 1); to v is unbounded as A; and Ay

approach each other faster than the numerator tends to zero. This is connected to
adiabatic theorems in physics and the quantum Hall effect.

1.4. Singular values. Let us consider the vector space Mp 4(C) of complex D x
d matrices, where d < D (without loss of generality). The singular values of
A € Mp 4(C) are the nonnegative square roots of the eigenvalues of the Hermitian
matrix A* A, usually ordered decreasingly

01(A) > 0(A) > - > 04(A) > 0.
This defines a map o = (01,...,04) : Mp q4(C) — R4,

Observing that the Hermitian matrix

0 A
A“(A* 0)’
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where A is the D x D matrix resulting from A by adding D — d columns consisting
of zeros, has the eigenvalues
01(A),...,04(A),0,...,0,—04(A),...,—01(A),
we conclude from (3.3) that, for A, B € Mp 4(C) and 1 <i <d,
V2||o(4) ~ o(B)]2 < |A - B||2 = | Tx (A~ B)*(A - B))|/?
=2 Tr (A— B)"(A- B))["/* = V2||A - B2,
that is,
lo(A) —o(B)ll2 < [|A = B2 (1.11)
Consequently, for each 1 < ¢ < oo, the map
0. : WH(U, Mp 4(C)) — WH(U,R?), A ooA,
is well-defined and bounded, as well as
0. : CONU, Mp 4(C)) = C*HTU,RY), A oo A.
Furthermore, Theorem 1.1, Theorem 1.5, Corollary 1.6, and Theorem 1.7 immedi-
ately give the following result.
Theorem 1.17. Let U C R™ be open and bounded. Then:
(1) For each 1 < q < oo, the map o, : WH4(U, Mp 4(C)) — Wh4(U,R?) is

continuous.

(2) The map o, : COH(U, Mp4(C)) — CI1(U,R?) is continuous, for all 1 <
q < o0.

(3) Assume additionally that U is a Lipschitz domain. Then the map o, :
COY U, Mp 4(C)) — C%*(U,RY) is continuous, for all 0 < o < 1, but not
fora=1.

(4) If A, — A in CONT, Mp 4(C)), then 8;(0.(An))(x) — 0;(c+(A))(z) as

n — 0o, for each 1 < j < m and almost every z € U.

This theorem answers a question raised in [PR24a, Section 7.5].
1.5. Applications. Let us present a few applications of our results.

1.5.1. Functions defined on the spectrum or the singular values. Clearly, the sta-
bility results for the eigenvalues and singular values have immediate applications,
e.g., for the spectral gaps A;11(A4) — A\;(A) or the Ky Fan norms Zle o;(A), for
1 < k < d. This can be extended using a result of [MMT79].

Corollary 1.18. Let f : R — R be a Lipschitz function. Let 1 < q < oco. Let
U CR™ be open and bounded. Then the map

WY9(U, Mp 4(C)) — WHY(U,R), A+ foo;oA, (1.12)

is well-defined and continuous, where a1(A) > --- > g4(A) are the singular values of
A. The statement remains true if Mp 4(C) is replaced by Herm(d) and the ordered
etgenvalues are used instead of the singular values.
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Proof. The map (1.12) is the composite
WL(U, Mp 4(C)) 725 wha(u,R) — wha(U, R).

The first map is continuous by Theorem 1.17, the second by [MMT79]. For Hermitian
matrices use Theorem 1.1 instead of Theorem 1.17. O

For instance:

(1) The p-th power of the Schatten p-norm 25:1 oi(A)P, for 1 < p < oo,
induces a continuous map W4(U, Mp 4(C)) — W14(U, R).

(2) If A € Wh4(U,Herm(d)) is a family of density matrices (i.e. Tr(A4) = 1)
such that inf ey minj<;<q A;(A(z)) > 0, then the von Neumann entropy
- Zle Ai(A)log \;(A) belongs to W4(U) and varies continuously in A.

(3) In the setup of (2), the Rényi entropy ﬁ log (Zle /\i(A)a), for a > 1,
belongs to W14(U) and varies continuously in A.

1.5.2. Condition numbers. Let A € My(C) and let g1(A) > -+ > 0g4(A) be the
singular values of A. In numerical analysis, the condition number of A is defined

by

Considering the linear equation Az = b and assuming that A is nonsingular (i.e.,
ca(A) > 0), kK(A) describes the maximum ratio of the relative error in z to the
relative error in b. If kK(A) is much larger than 1, then the problem is considered to
be ill-conditioned.

Theorem 1.19. Let 1 < g < oco. Let I C R be a bounded open interval. Suppose
that Ag € WH4(I, M4(C)) and inf,c;o4(Ag(x)) > 0. Then x(A) € WHI(I,R) is
well-defined in a neighborhood U of Ay in WH4(I, My(C)) and k : U — WH4(I,R)

s continuous.

Theorem 1.19 will be proved in Section 5.4.

1.5.3. Surface area. Let U C R™ be a bounded open set and f € W1(U,R). Then,
by the area formula, the surface area of the graph of f is given by

Area(f) :=H™(f(U)),

where f : U — U x R, x + (z, f(x)) is the graph mapping and H™ the m-
dimensional Hausdorff measure; see [MSZ03].

Theorem 1.20. Let U C R™ be open and bounded. Suppose that A, — A in
COY(U,Herm(d)) as n — oo. Set \j := E(A); and N\, j = E(An)j, for 1 < j <d.
Then:

(1) For1<j<d,

Area(), ;) — Area();) asn — oo.
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(2) Let Z :=J? Aj(U) CU xR, resp. Zy, := U?Zl An;(U), be the total zero

=1
set of the characteristic polynomial of A, resp. A,. Then

liminf H™(Z,) > H™(2).
n— oo

Proof. This follows from Theorem 1.5 and Theorem 1.7 combined with the proof
of Corollary 7.7 and Corollary 7.8 in [PR24a]. (Use (1.2) instead of Bronshtein’s
theorem.) O

1.5.4. Compact self-adjoint operators. The spectrum of a compact self-adjoint non-
negative operator A in Hilbert space is a countable set consisting of eigenvalues of
finite multiplicities which we order decreasingly

A(A4) = Ao (A4) = -
and possibly zero. The eigenvalues \;(A) accumulate (only) at zero.

Theorem 1.21. Let U C R™ be a bounded open set and H a Hilbert space. Sup-
pose that A, A, € CYY(U,K(H)), for n > 1, are Lipschitz families of compact
self-adjoint nonnegative operators (w.r.t. the operator norm on the space K(H) of
compact operators on H ). Assume that A(x) is positive definite for all x € U and
A, — Ain COYU,K(H)) as n — oco. Then:

(1) The decreasingly ordered eigenvalues A\i(A) and \i(Ay), for all i and large
enough n, belong to CO1(U).

(2) For alll <j < m and almost every x € U,
T 0;(\(A)(@) = 9N (A (@), i=12..

(3) For every 1 < q < oo,

This theorem will be proved in Section 12.

1.6. Structure of the paper. We separate the Hermitian and the normal case
in a large part of the proofs, because the normal case requires more machinery for
unordered eigenvalue maps and multivalued Sobolev functions. The reader only
interested in the Hermitian case can safely skip Sections 8-11.

In Section 2, we introduce the relevant function spaces and discuss some tools that
are used frequently in the paper. In Section 3, we recall matrix norms and results
on the spectral variation of Hermitian and normal matrices. As a consequence,
we introduce the characteristic map for Hermitian matrices. Section 4 is devoted
to the local uniform unitary block-diagonalization of Hermitian and normal ma-
trices and to related pointwise bounds for the derivatives of absolutely continuous
curves of such matrices. In this section, we treat the Hermitian and normal case
simultaneously.

The proofs of the main results in the Hermitian case are completed in Section 5
and Section 6. We treat the one-parameter cases in Section 5 and then deduce the
multiparameter cases by sectioning arguments in Section 6. In Section 7, we discuss
four examples that show optimality of our results.
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For the treatment of the normal case, we provide in Section 8 the necessary back-
ground on the metric space of unordered d-tuples of complex numbers and on
Sobolev maps with values in this space. This allows us to introduce the charac-
teristic map for normal matrices in Section 9. Then we complete the proofs of the
main results for normal matrices in Section 10 (one-parameter case) and Section 11
(multiparameter case).

The final Section 12 is dedicated to an application of some of our results to compact
self-adjoint operators in Hilbert space.

1.7. Notation. The m-dimensional Lebesgue measure in R™ is denoted by L£™.
If not stated otherwise, ‘measurable’ means ‘Lebesgue measurable’ and ‘almost
everywhere’ means ‘almost everywhere with respect to Lebesgue measure’. For
measurable E C R™, we usually write |E| = L™(F). We will also use the k-
dimensional Hausdorff measure H.

For 1 < p < 00, ||z|, denotes the p-norm of z € R%. If f : E — R%, for measurable
FE C R™, is a measurable map, then we set

1 fllLe (2 ray = H||f|\2HL,,(E)-

In the following, a set is called countable if it is either finite or has the cardinality
of N.

We consider the standard action of the symmetric group Sq on C¢ by permuting
the coordinates: for o € Sy and z € C¢,

oz =0(21,...,2a) = (Zo(1)s -+ Zo(d))-

We write X<2> = {(z,y) € X x X : 2 # y} for the cartesian product with the
diagonal removed.

We use the notation C(d,...) to denote a constant that depends only on d, .. .; its
value may change from line to line.

2. FUNCTION SPACES

Let us fix notation and recall background on the function spaces used in this paper.

2.1. Lebesgue spaces. Let U C R™ be open and 1 < ¢ < oco. We denote by L4(U)
the Lebesgue space with respect to the m-dimensional Lebesgue measure £, and
| - ls(uy is the corresponding L7%-norm. We will also use the space L{ (U) of
measurable functions f : U — R satisfying || f||za(x) < oo for all compact subsets
K C U. For Lebesgue measurable sets E C R™ we also write |E| = L™(E). We
remark that for continuous functions f : U — R we have (and use interchangeably)

£l @y = fllco@)-

Amap f = (f1,..., fn): U— R"™is measurable if and only if each f; is measurable.
Now f belongs to L4(U,R") if f; € LY(U) for all 1 <14 < n, or equivalently

£l zawrny := [N F2]l oy < o0
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2.2. Sobolev spaces. For 1 < g < oo, we consider the Sobolev space
Wha(U) == {f € LYU) : 9;f € L4(U) for 1 <i < m},

where 0, f are distributional derivatives, endowed with the norm

£ lwra@y = 1fllze@) + D 10:fllzew)-

i=1

A map f = (f1,...,fn) : U — R" belongs to Wh4(U,R") if f; € Wh(U) for all
1 < j < m, or equivalently,

I lwra@re = Ifllza@wzny + O 10 fllLawpny < oo
=1

Let I C R be a bounded open interval. Let 1 < ¢ < co. A function f: I — R
belongs to W4(I) if and only if f has an absolutely continuous representative
whose classical derivative belongs to L?(I). Moreover, f € W1°°(I) if and only if
f has a Lipschitz continuous representative.

Let U C R™ be bounded and open. Let 1 < ¢ < oco. A function u € L(U) belongs
to W14(U) if and only if it has a representative that is absolutely continuous on
L™ Lalmost all line segments in U that are parallel to the coordinate axes and
whose classical first-order partial derivatives belong to L4(U). They coincide £™-
almost everywhere with the weak derivatives of f. If U is a Lipschitz domain, then
f € Wh(U) if and only if f has a Lipschitz continuous representative.

2.3. Lipschitz and Hélder spaces. Let (M;,d;), i = 1,2, be metric spaces. A
map f: My — My is a-Hélder continuous, for a € (0, 1], if

da(f(2), f())
|[flooe i my) = SUp  ————2 < 00
MM = e di(a,y)°
In the case a = 1, f is called Lipschitz continuous and we sometimes also write
Lip(f) for the Lipschitz constant |f|co.1(ar, 1)

Most often, M; will be a bounded open set U C R™ and M, = R™, both equipped
with the metrics induced by the 2-norm. Then, for o € (0,1], we consider the
Banach space C%%(U,R") consisting of continuous maps f : U — R" that extend
continuously to U with the norm

1 fllco.e @ gny = 51618 1f(@)l2 + [f]co.o @ grny < oo

We write C%*(U,R") for the space of continuous functions on U that belong to
C%*(V,R"™) for each relatively compact open V € U, and endow C°%(U, R") with
its natural Fréchet topology.

2.4. Absolutely continuous curves in a metric space. Let I C R be a bounded
open interval. Let 1 < ¢ < co. A curve v : I — X in a complete metric space
(X,d) belongs to AC%(I, X) if there exists m € L%(I) such that

d(v(z),v(y)) < /ym(t) dt, forallz,yel, x<y. (2.1)



EIGENVALUE STABILITY OF HERMITIAN AND NORMAL MATRICES 15

In that case, the limit

iy d0(@ + 1))
h—0 ‘h|

= [7l(z)

exists for almost every x € I and is called the metric speed of « at x. Furthermore,
|9 € L%UI) and (2.1) holds with m replaced by |¥|; one has || < m almost
everywhere in I for every m that satisfies (2.1). See [AGS08, Definition 1.1.1].

For 1 < ¢ < oo, the g-energy &,(7) of v € ACI(I, X) is defined by
600 = [ (1) ar

We also write AC for AC*.

2.5. Vitali’s convergence theorem. Let (X, A, 1) be a measure space with non-
negative measure p (finite or with values in [0, 0]). A set of functions F C L' (u)
is called uniformly integrable if
lim sup/ |f]du = 0.
Co+too rer JifI>C
Theorem 2.1 (De la Vallée Poussin’s criterion [Bog07, Theorem 4.5.9]). Let 1 be
a finite nonnegative measure. A family F of p-integrable functions is uniformly

integrable if and only if there exists a nonnegative increasing function G on [0, 00)

such that o
lim Si0) =00 and sup /G(|f(x)|)u(dm) < 0.
fer

t—+oo ¢

In such a case, one can choose a convex increasing function G.

Recall that a sequence of complex valued measurable functions f,, on X is said to
converge in measure to f if, for all € > 0,

p{z e X :|f(x) — fn(x)| > €) 20 asn— oo.

Theorem 2.2 (Vitali’s convergence theorem [Bog07, Theorem 4.5.4]). Let u be a
finite nonnegative measure. Suppose that f is a u-measurable function and {f,} is
a sequence of p-integrable functions. Then the following assertions are equivalent:

(1) fn — f in measure and {f,} is uniformly integrable.

(2) f is integrable and f, — f in L*(p).
The next lemma is a simple application of Vitali’s convergence theorem which we
state here for later reference.

Lemma 2.3. Let (X, A, u) be a finite measure space. Suppose {fn} is a sequence
of nonnegative p-integrable functions and {X;} is a countable cover of X by p-
measurable sets. If {fn} is uniformly integrable and

/ fndpy —0  asn — oo,
X;
for each i, then

/fnd/J,—>0 as m — 0o.
b's
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Proof. For each i, there is a subsequence (ni) of (n) such that fni = 0 pralmost
everywhere in X; as k — oo. By choosing the subsequences successively, we may
assume that (ni"') is a subsequence of (ni) for all i. Then, for ny := n}, we find
that f,,, — 0 p-almost everywhere in X as k — oo.

Because {f,} is uniformly integrable, Vitali’s convergence theorem 2.2 implies that

/fnkdu%O as k — oo;
X

noting that on a finite measure space almost everywhere convergence implies con-
vergence in measure, by Egorov’s theorem. This implies the assertion. ([

2.6. Slope-convergence. The results presented here are used in the proof of The-
orem 1.7 in Section 5.3.

Definition 2.4 (Slope convergence). Let U C R™ be a bounded open set and
U<?> :={(z,y) €U xU : x #y}. For f € C%(U,R") consider the slope function
s¢: U<?> — R defined by

_ @) = f@)ll
Sf(!]f,y) T Hx_sz .

Let f, f, € COY(U,RY), for n > 1. We say that f,, slope-converges to f if
HSf —an||Loo(U<2>) —0 asn— oo, (2.2)

i.e., the slope functions converge uniformly.

We have the following characterization of slope convergence.

Lemma 2.5. Let f, f,, € COL(U,R"), forn > 1. Then f, slope-converges to f if
and only if, for each subset F C U<?>,

sup sy, —> Supsf  asn — oo. (2.3)
F F

In particular, for each subset E C U, we have convergence of the Lipschitz con-
stants,

|fn|CO>1(E,]Rl) — |f|Cle(E,R@) as n — oQ.
Proof. For arbitrary (z,y) € U<?>, we have

sp(@,y) < sp,(@,y) + llsg = sp, [l @w<2>)
so that, for each subset F' C U<?>,

sup sp(z,y) < sup sy (2,y) + sy — 85, Lo w<2>).
(z,y)EF (z,y)EF

Hence, by symmetry,

sup sg(x,y) — sup sy, (z,y)| < |lsy — sy, [ oo w=2>)
(z,y)er (z,y)eF

which shows that (2.2) implies (2.3).

Conversely, assume that (2.2) fails. Then, there exist ¢ > 0 and sequences ny — 0o
and (xk,yr) € U<?> such that

sy (@r,Yk) = Sf., (ks yr)| 2 €
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After passing to a subsequence of k, we may assume that
sf(@e,ye) = 85, (Troyr) 2 € or sy, (T, yk) — Sp(Tr,yk) 2 €
In the former case, setting F := {(zg,yr) : k > 1},

sup sf(z,y) > sup sy, (2,y) te
(z,y)EF (z,y)EF

which contradicts (2.3). The latter case is analogous. O

The next lemma shows that C%! convergence implies slope convergence.
Lemma 2.6. Let f, f, € C%Y(U,RY), forn > 1. If
‘f_fn‘CO’I(U,RZ) _>O as n — OO,

then f, slope-converges to f.

Proof. We have

o) — o aa = 1@ = F@e fal@) = fa )]
|1(@,9) = sp, (2. 9)] = ‘ ||a:—y||2 Iz = yll2

@ -1 )||; Ef;ﬁ:) gl
and hence

Sup |Sf($7y) —Sfn (-'If,y)’ < sup Sf*fn(xay) = |f - fn‘CO,I(UVRZ)
(z,y)eU<2> (z,y)EU<2>

which shows the assertion. O

3. HERMITIAN AND NORMAL MATRICES

In this section, we recall some preliminaries on Hermitian and normal matrices.

3.1. Matrix norms. Let My(C) denote the vector space of complex d x d matrices.
The operator norm of A € My(C) is given by

1 Allop := sup{[| Az ]2 : = € C?, ||} = 1}.
We will also use the Frobenius norm or 2-norm of A = (a;j) € My(C),
- 1/2
Al o= (Tr(a"4)) " = ( Sl )",
7,7=1

If 01(A) > 09(A) > -+ > 04(A) > 0 are the decreasingly ordered singular values of
A, then

d 1/2
JAllop = 01(4)  and Al = (D o5(4)%)
j=1

Both operator norm and Frobenius norm are unitarily invariant (i.e., ||Allop =
|UAV||op and ||A|2 = [[UAV ||z for unitary U, V). It is easy to see that

1Allop < 14]l2 < Vd [ Allop.
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If A is normal and Aq, ..., Ag are the eigenvalues of A, then

d 1/2
[Allop = max 15| and 4l = (3 0P)

j=1
If not stated otherwise, we use the Frobenius norm on My(C) (and on its subsets).

3.2. Spectral variation of Hermitian and normal matrices. Recall that AT :
Herm(d) — R? is the map assigning to a Hermitian d x d its d-tuple of increasingly
ordered eigenvalues; see (1.1).

Proposition 3.1 (Weyl’s perturbation theorem [Wey12]; see e.g. [Bha97, II1.2.6]).
Let A, B € Herm(d). Then

IAT(A) = XT(B)lloo < (|4~ Bllop- (3.1)

In [Bha97], the result is stated for eigenvalue vectors with decreasing eigenvalues,
but reversing the order evidently leaves the left-hand side of (3.1) unchanged.

Most of the time we will work with 2-norms for which the following variant due to
Lowner [Low34] holds.

Proposition 3.2 ([Low34], see e.g. [Bha97, II1.6.15]). Let A, B € Herm(d). Then
IAT(A) = AT(B)|l2 < | A~ Bll2. (3.2)

Lowner’s result was generalized to normal matrices by Hoffmann and Wielandt
[HW53]. There is no canonical order on the spectrum of a normal matrix. Instead
we consider the map A : Norm(d) — A4(C) which takes a normal d x d matrix to
its unordered d-tuple of eigenvalues; see (1.6). Recall that A4(C) carries the metric

da([2], [w]) = minges, ||z — ow||2, where ow = o (w1, ..., wa) = (We(1), - -+, Wo(q))-
Proposition 3.3 ([HW53], see e.g. [Bha97, VI.4.1] ). Let A, B € Norm(d). Then
d(A(A), A(B)) < [|A = Blfz. (3-3)

If A and B are Hermitian, then (3.3) reduces to (3.2); see Lemma 8.3.

With respect to the operator norm, there is the following result due to Bhatia,
Davis, and McIntosh [BDMS83], where do ([2], [w]) = minses, ||z — ow||oo-

Proposition 3.4 ([BDMS83], see e.g. [Bha97, VII.4.1] ). Let A, B € Norm(d). Then
doo(A(A), A(B)) < C[|A = Bl|op,

where C' is a universal constant satisfying 1 < C' < 3.

3.3. The characteristic map for Hermitian matrices.

Proposition 3.5. Let 1 < g < oco. Let U C R™ be open and bounded. Then the
characteristic map

£ WhH(U,Herm(d)) — WHI(U,R?), A AToA
is well-defined and bounded, satisfying
1E(A) @)z < [[A@)]2 and  [[V(E(A))(2)]l2 < [[VA(2)ll2 (3.4)

for almost every x € U.
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Proof. Tt is well-known (see [ADM90]) that superposition with the 1-Lipschitz
map AT (see Proposition 3.2) defines a bounded map from W4(U, Herm(d)) to
Wha(U,RY), where
AT o Alla < [|Afl2,
because AT(0) = 0, and
V(AT o A2 < VA2
almost everywhere in U. This implies the assertion. ]

In Proposition 9.1, we will encounter a variant of Proposition 3.5 for normal ma-
trices; its formulation requires some background on multivalued Sobolev functions,
which will be recalled in Section 8.

4. UNIFORM BLOCK-DIAGONALIZATION OF HERMITIAN AND NORMAL MATRICES

4.1. Splitting lemma for complex triangular matrices. The following split-
ting lemma for complex triangular matrices follows from the proof of Hensel’s lemma
of [PR20, Lemma 2.1] which is stated there in a different setup, namely for normal
matrices over the ring of formal power series C[X], where X = (X1,..., X,,).

We shall state this lemma in the Nash real algebraic setup because the unitary
group Uy(C) is not a complex manifold but only a nonsingular real algebraic va-
riety. Recall that a map is a real Nash map if it is real analytic and its graph is
semialgebraic. Nash maps between open subsets of nonsingular real algebraic vari-
eties form the smallest family of maps that contains the polynomial morphisms and
admits the Implicit Function Theorem, see e.g. [BCR98] for more on Nash maps.

Lemma 4.1 (Local unitary block-triangularization of matrices). Let Ay € My(C)
be a complex block-triangular matrizx,

(B, 0
AO_(DO Co),

with By € Mg, (C), Co € My,(C), Dy € Mg, a,(C), for d = di + da, and such
that the characteristic polynomials of By and Cy are coprime. Then there is a
neighborhood V of Ay in My(C) and a Nash map to the unitary matrices,

UZV->U¢((C)7 U(Ao) =1y,
such that, for all A€V,

U*(A)AU(A) = <

Proof. Consider
U = (\Ifl,\IJQ,\Ifg, \114) : Ud(C) X Md1 ((C) X Md2 ((C) X Md27d1 ((C) — Md((C),
defined by

« (Bo+M 0 _ (Y W
(U, Y1, Y2, Y3) = U <D0+Y3 C'0+Y2)U_<‘I’3 \I’2>.

Recall that a tangent vector at Iy to Ug(C) is a matrix u that is skew-Hermitian,
u = —u*. We shall write it as
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where z; and zy are skew-Hermitian. The differential of ¥ at (I4,0,0,0) on the
vector (u,y1,y2,¥3) is given by
d¥1(u,y1,y2,¥3) = y1 — z1Bo + Boz1 — xDo,
d¥2(u,y1,y2,¥3) = y2 — 22Co + Coz2 + Dox,
dV3(u,y1,y2,¥3) = y3 + Doz1 — 22 Do + x" By — Cox™,
d¥4(u,y1,y2,y3) = Box — xCo.
This differential is a linear epimorphism if and only if so is d¥, and the latter

holds true thanks to the following lemma of [Coh84, Lemma 2.3], see also [Zur93]
or [PR20, Lemma 2.4].

Lemma 4.2. Let R be an unitary commutative ring, A € M,(R), B € My(R),
C € M, 4(R), such that the characteristic polynomials Pa and Pp are coprime,
i.e., there exist polynomials U and V such that UP4 + V Pg = 1. Then there is a
matriz M € M, ,(R) such that AM — MB =C.

By the Nash IFT, see e.g. [BCR98, Corollary 2.9.8], there exist a neighborhood V
of Ag in My(C) and a Nash map

P = (U7 Yl,Yg,Yg,) Y — Ud((C) X Md1 ((C) X Mdz((C) X Mdz,dl ((C),
®(Ap) = (I4,0,0,0), that satisfies o ®(A) = A for A € V. Thus it suffices to take
U(A) := d1(A). O

Corollary 4.3 (Local unitary block-diagonalization of normal matrices). With the
assumptions of Lemma 4.1 if, moreover, Aqy is normal (resp. Hermitian) then Ag
is block-diagonal, i.e., Dy = 0, and thus for all normal (resp. Hermitian) A € V

the matriz
U (A)AU(A) = (B (OA) C? A)>

is normal (resp. Hermitian).

Proof. It immediately follows from the facts that conjugation by unitary matri-
ces preserves normal (resp. Hermitian) matrices, and that every block-triangular
normal matrix is block-diagonal. (I

4.2. Uniform unitary block-diagonalization.

Definition 4.4 (Spaces of Hermitian and normal matrices). Let Hermy(d) (resp.
Normy(d)) denote the space of Hermitian (resp. normal) d x d matrices with trace
zero and Herm$(d) (resp. Norm$.(d)) its compact subspace of matrices of norm 1,
ie.,
Hermy(d
Herm?.(d
Norm7(d

(
Normg« (d

{A € Herm(d) : Tr(A) = 0},
{A € Hermrp(d) : || Al]2 = 1},
{A € Norm(d) : Tr(A) = 0},
{A € Normr(d) : ||All2 = 1}.

)
)
)
)
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Let Ag € Normr(d)\{0}. Then Ay has at least two distinct eigenvalues. Therefore,
after a unitary change of coordinates, we may assume that Ag is block-diagonal,

_(By 0
AO_(O co>’

where By, Cy are normal and the resultant of the characteristic polynomials of By
and Cy is nonzero.

If Ag € Hermyp(d) \ {0}, then By, Cy are Hermitian. In this case, we may assume
furthermore that the largest eigenvalue of By is strictly smaller than the smallest
eigenvalue of Cj.

By Corollary 4.3, there is an open neighborhood V = Vy4, of Ay in M4(C) and a
Nash map U : V — Uy(C), with U(Ag) = I, such that, for all A € ¥V N Norm(d),
X _ (B(4) 0
U*(A)AU(A) = ( 0 C(A)) , (4.1)
where B(A) and C(A) are normal and satisfy B(4g) = By and C(Ag) = Co.
Shrinking V slightly, we may assume that the derivatives of all orders of the map
U :V — Uy(C) are bounded. In addition, we may assume that V is convex.

Moreover, by shrinking V further if necessary, we may assume that there exists
X = X4, > 0such that, for all A;, A» € VNNorm(d) and B; := B(4;), C; := C(4,;),
for j = 1,2, given by (4.1), we have

| — 2] > x (4.2)

for all eigenvalues pu; of By and all eigenvalues vo of Cs.

If Ap is Hermitian, then, for A € VN Herm(d), we have (4.1) with Hermitian B(A)
and C(A). Shrinking V if necessary, we may assume that, for all A € VN Herm(d),
the largest eigenvalue of B(A) is strictly smaller than the smallest eigenvalue of

C(A).

The open neighborhoods V,,, for Ay € Norm%(d), form an open cover of the
compact space Normy(d). We fix a finite subcover {Vi,...,V,}. Then, for each
i=1,...,s, we have a Nash map U; : V; — Uy(C) with bounded derivatives on V;
such that
B;(A) 0

0 Ci(4)

where B(A) and C(A) are normal. By the Lebesgue covering lemma, there exists
8 > 0 such that each subset of Norm$(d) of diameter less than § is contained in
some V;. Choose r € (0,min{4/2,1}). Then for each Ay € NormY(d) there exists
1 <i < s such that

U (A)AU(A) = ( ) , A€V, NNorm(d), (4.3)

B(Ag, ) N Norm$(d) € V; N Norm$.(d). (4.4)
Thanks to the property (4.2), there exists x > 0 such that, for all i € {1,...,s}
and Ay, Ay € V; N Norm(d), we have

|y — 2| > x (4.5)

for all eigenvalues p; of B;(A1) and all eigenvalues v, of C;(Asz), where B;(A;) and
C;(Az) are defined by (4.3).
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Since Herm%-(d) € Norm%(d), also Herm$.(d) is covered by {Vi,...,V,} and (4.3)
holds with Hermitian B;(A), C;(A) and such that the largest eigenvalue of B;(A)
is strictly smaller than the smallest eigenvalue of C;(A), for all A € V; N Herm(d).

Definition 4.5 (Uniform unitary block-diagonalization). We say that the data
(Ui : Vi = Ua(C) Yoy, 7, x)

that we just fixed is a uniform unitary block-diagonalization for NormOT(d), respec-
tively, for Herm¥(d).

4.3. Pointwise bounds for absolutely continuous curves of Hermitian and
normal matrices. Let us fix a uniform unitary block-diagonalization ({U; : V; —
Ug(C)}s_,, 7, x) for Norm&(d) for the rest of the section. Fix i € {1,...,s} and let
us simply write U : V — Uy(C) for U; : V; = Uy(C). Let I C R be a bounded open
interval. Then U induces a map

U.: AC(I,V) = AC(I,U4(C)), A—UocA
and the chain rule holds; see e.g. [MMT72].
In the following, we use the norm
Ifller = Jmax, sup 1 f (@) 2, ®m Ry

on the space C*(V, R), where ¥ C R™ is open and bounded and L;(R™, R?) is the
space of j-linear maps with j arguments in R™ and values in R?.
Lemma 4.6. Let A1, Ay € AC(I,V). Then, for every x € 1,

[U«(A1)(z) = Us(A2)(2)[l2 < [[U]lc2 | A1 () — Az(2) |2 (4.6)
and, for almost every x € I and j =1,2,

1(U(A1)) (2) = (Us(A2))' () ]l2
< [Ulle= (145 (@)ll21 A1 (z) — A2(2)l2 + [ A1 (z) — A(2)]l2).  (4.7)

Proof. The mean value theorem implies (4.6). We have
1(U(A1)) (z) = (Us(A2)) (2) ]2 = [|[dU (A1 () A (z) — dU (Az(2)) A5 ()2
< [(dU (A1 (z)) — dU (Az(2))) A1 (2)]|2 + [|[dU (A2 (2)) (A (2) — Ay (@)l
< IUllc2l|Ar(z) — Az(2) |2 A1 (2)[|2 + [Uller || A1 (z) — A5(@)]]2
which implies (4.7) for j = 1. The assertion for j = 2 follows by symmetry. O

Let A € AC(I,Normr(d)) and assume that 0 & A(I). Then
Az) 0
A(z) := ——~— € Normy(d
A= g, <N @
is well-defined for z € I. If A(I) C V; for some i € {1,..., s}, then
, oy (Bi(4) 0
vt = (B 1)

and consequently

U:<A>AU,;<A>(BZ'(A) 0 ) (4.8)
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where B;(4) = | All2 - B;(4) and C;(A) = ||All5 - C;(4) are normal

By the property (4.5), there exists x > 0 such that the following holds. Assume
that Ay, Ay € AC(I,Normr(d)\{0}) and A, (1), A,(I) CV; for some i € {1,...,s}.
Then, for all x € I,

[ A2(@)l2 1 (@) = [ AL (@) |2 v2(2)| > x[| A1 ()]|2]| A2(2)]|2 (4.9)

for all eigenvalues p; of B; (A1) and all eigenvalues v5 of C;(As), where B;(A;) and
C;(Az) are defined by (4.8).

If Ae AC(I,Hermyp(d)), then A, B;(A), and C;(A) are Hermitian and the largest
eigenvalue of B;(A) is strictly smaller than the smallest eigenvalue of C;(A), on I,
i.e.,

E(A) = (E(Bi(A)),£(Ci(A))). (4.10)

In Lemma 4.8, we derive pointwise bounds for the difference of the expression (4.8)
for two absolutely continuous curves A;, As of normal matrices. In particular, they
apply to Hermitian matrices. We need the following preliminary lemma.

Lemma 4.7. Let A € AC(I,M4(C)) and assume that 0 ¢ A(I). Then, almost
everywhere in I,

[All5 = Re Tr(A™A'), (4.11)

[1Al15] < [[A"]|2, (4.12)
A'll2

Alla <2 I ) 4.13

14 =2y, (4.3

Proof. We have

||A||/2 = (TI"(A*A)l/?)/ _ Tr(A*A") + Tr((A*) A)

2[| Al
Tr(A*A") + Tr((A)*A)  Tr(A*A") + Tr(A*A’) ,
24T 2 AT 4 4)
Consequently,
All| < 1A 1201412 = | A"]|2-
Finally,
A'l[All2 — All Al 1Az, (1Al _ 147
A2 = 21l < + <2
140 = | == = g, T <
and the lemma is proved. O

Lemma 4.8. For j = 1,2, let Aj € AC(I,Normp(d)) be such that 0 ¢ A;(I).
Suppose that A,(I),As(I) C V; for some i € {1,...,s}. For simplicity, we write
U:V = Uy(C) for U; : V; = Uy(C). Then, pointwise on I,

U (A1) A1U(A;) — U"(A2) A2U(4y) |2 < C'f|Ar — Az l2 (4.14)
and, almost everywhere on I and for j = 1,2,

|0 (A) AU (A4)) = (U (45) 42U (4g)) |12
< © (1140 - Aglla + (1412 + 145 1) 145117 141 — Aell2 ), (4.15)
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where C' is a universal constant depending only on d.

Proof. We have, for j = 1,2,

4y — Ayll2 < 21145115 1| AL — Az, (4.16)
since
Aq Ao
.
14 - ke = | 75~ 1

< [[A1 = Azl2[|Az2]l2 + [ A2]2 [ Axll2 — [ Azll2| <o 41— A2z
- [A1]l2]| Azl|2 - [ A1]l2
and the case j = 2 follows by symmetry. Thus, by (4.6) and (4.16),
[U*(A1)A1U(A;) — U™ (A3) AU (4y) |2
< (U™(Ay) = U™ (A2)) AL U (A2 + U (A2) A1 (U (A;) — U(4y)2
+ [1U"(42) (A1 — A2)U(4,)]|2
S Awll2llAy = Asllz + [|Ar = Azflz S [|Ar — Azll2
showing (4.14).
Let us prove (4.15). By (4.11),
1 Ax]l5 = [[Az2]ls| = [Re Tr(A]A]) — Re Tr(A3A45)|
= [Re Tr((A7 — A3)A7) + Re Tr(A3(A] — A))
< [IA] — A3zl A ll2 + [|A3[l2]] A7 — A3
= |41 — Ay |l2[| A ]l2 + |4} — AJ2,
so that by symmetry, for j = 1,2,

Allz = 1 A2]l2] <[4y = Asll2]|Afl2 + 147 — A
Using (4.16), we conclude, for j = 1,2,
’ 1< ”A;HQ / /
A1z — 142112] < AT [ A1 — Azfl2 + [[ A7 — A5 (4.17)
J

We claim that
|A5][2]] A1 — Aslla | [|A] — A5]|2

|
A7 — A5l2 S
b | A1 l2]| Azl2 [ A1ll2

(4.18)

Indeed
L g AL AL Al Al
| A1l13 (| Azl
< H Al Ax]l2]l 4213 — A5l Ax]3]1 A2 ]2 ’
[A1][3]1A=113 2
HA2||A1||§||A2H/2 — A1 ]| A2|3]| Asllf
[ A1]13]1A=113

2

)
The first summand equals
HAIIHAZH? — A5[|Asl H _ H (A1 — AY)[[Az2]l2 — A5([[A]l2 — [ A2]2) H
[[A1ll2]|Az]2 2 [[A1ll2]|Az]]2 2
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< 1AL — Ablla | [[A5]12]| AL — Aall
Al [ A1 ][] Azll2
and, by (4.12) and (4.17), the second summand is bounded by

H [ A2l5 (A2 ]| As |5 — As | Aa][3) H n HA1||A2||§(IIA2|I’2 — [[As]l2)
1A [13]] 4213 2 [ A [15]] A2]13

.

_ 142115 | A2l A1lI3 — Az || A1ll2]|Azllz + Az || A1ll2]| Azl — A1 A2]3]],

14111311 Az2(3
|1 Ax]l5 — || Azll5]
[ Ar]]2
< [43]l2 ALz — [|Az2)l2| 145112 || A2l Adll2 — Adl|Azll2 |,
~ [[A1|2]| Azl | A1l3]]Az2]l2
n [ A5 ll2]| A1 — Aall2 | [|A7 — A2

[A1][2]| A2 (]2 [ Ax]]2
< [Aa)lzllAs = Aglla | [141 — Al
~ A2l Azl | A1l]2

and (4.18) follows.
By (4.7), (4.13), (4.16), and (4.18),
[(U(A)) = U(A)) [l2 S 114512114y — Agll2 + | A7 — A5]l2

< [[A5]l2 |41 — Asflz | [|A] — Aslls
~ Azl [[Adl2 [ A1 ll2

(4.19)

similarly for U*.
Finally we want to bound
(U™ (A1) AU (4,))" = (U (A2) AU (4,)) |2
< (U (A)) = U (A3)) AU (A))) 12 + (U7 (A5) A1 (U (Ay) = U(4,)))' |12
+ (U (42) (A1 = A2)U(4,)) |2
The first summand can be bounded by
(U™ (Ay) = U™ (Ap)) |2l Arll2 + 1U(Ay) — U™ (Ag)ll2[1 A7 12
+U(Ay) = U™ (Ag)ll2[l A [l2][(U (A1) 12

< (lALll2 + 11 A45]|2)
~ Azl

using (4.6), (4.13), (4.16), and (4.19). The bound for the second summand is similar
and the third summand can be bounded by

(U (42)) [l2]| A1 = Aslla + A} = Al2 + |41 — A2[[2[|U(4,)) 12

43112

™ 1Azl

Thus (4.15) follows. U

A1 — Azll2 + [|A] — A,

A1 = Azll2 + [[ A7 — All2.

Remark 4.9. In the proof we did not use the fact that the matrices are normal.
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Remark 4.10. Lemma 4.8 remains valid if A,(I) CV;,, Ay(I) CV,,, for iy # iy €
{1,...,s}, and ||A;(x) — Ay(z)||2 > €, for some universal constant € > 0, in the
following sense: pointwise on I,

1U7, (A1) A1Ui, (A1) — U, (A3) A2Ui, (Ay) 2 < Ol Ay — Az|2
and, almost everywhere on [ and for j = 1,2,
(U7, (A1) AvUi, (A1) = (U, (A3) A2Us, (A,)) ]2
< (1145 = Aflla + (141112 + 145 ]12) 14517141 = Azll2),
where C' is a universal constant depending only on d.
Indeed,
||Ui1(A1) - Uiz(Az)”? < ||Ui1(A1)||2 + ||Ui2(A2)H2 5 €< ||A1 - A2H2
and
(Ui, (A1) = Ui, (42))' |2 < (Ui, (A1) ll2 + [1(Usz (42))[|2
< (141112 + |45 ]12)e < (A1 [12 + [[A5]12)I|A; — Apll2-
Note that the sizes of the blocks in (4.8) corresponding to ¢; and i may be different.

5. EIGENVALUE STABILITY FOR HERMITIAN MATRICES: ONE-PARAMETER CASE

This section is devoted to the proofs of Theorem 1.1 and Theorem 1.7 in the one-
parameter case. In addition, we prove Theorem 1.19 in Section 5.4.

The following theorem is a version of Theorem 1.1 for m = 1.

Theorem 5.1. Let1 < q < oco. Let I C R be a bounded open interval. Let A, — A
in WH4(I, Herm(d)), i.e.,

HAiA"L”Wl‘q(I,Md(C)) — 0 as n — oQ.

Then
1E(A) = E(AR)lwrarrey — 0 asn — oo.

The proof of Theorem 5.1 comprises Section 5.1 and Section 5.2.

5.1. Preliminary observations and reductions.

Lemma 5.2. Let A € Wh4(I, M4(C)), where 1 < ¢ < oo and I C R is a bounded
open interval. Then, for all x € I,

1AG@)ll2 < 12179 Allzo(ragaey + 1PV A')

La(I,Ma(C))- (5.1)
Proof. For z,y € I, we have
Az) — A(y) = / A(t)dt
y

and integrating over y, we get

A(x)—A1:|}|/I/:A’(t)dtdy,
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where Ay := |[I|™! [, A(y) dy. Therefore,

1
4@ = Arll < - [ [12Oldray = 1410
Consequently,
[A(z)]]2 < [|Azll2 + [|A(x) — Afll2
< I7H AN e g + 1A 21, mace)
< 7Y Allpa g, aacy) + YN A Loz, 0a(0))
by Hoélder’s inequality. [l

Corollary 5.3. Let 1 < q < oco. Let I C R be a bounded open interval. Let
A, — A in WH(I, My(C)) as n — oo. Then

||A7An||L°°(I,Md((C)) — 0 as n — oQ. (52)

Proof. Apply (5.1) to A — A,, instead of A. O

Corollary 5.4. Let 1 < q < co. Let I C R be a bounded open interval. Let
A, — A in WH4(I, Herm(d)) as n — oo. Then

1E(A) — E(An) o (1) — 0 as n — oo.
Proof. This follows from (3.2) and Corollary 5.3. O

To complete the proof of Theorem 5.1 it suffices, by Corollary 5.4, to show that
1E(A) = E(An) |l Lagrray = 0 asn — oo.

With A € Wh4(I, Herm(d)) we associate A := A— L Tr(A)I; € WHe(I, Hermp(d)).
Note that

ﬂ&*&@i%ﬂMMJWWU (5.3)

Lemma 5.5. Let 1 < g < oo. Let I CR be a bounded open interval. Assume that
A, — A in WH(I, Herm(d)) as n — oo. Then:

(1) A, = A in WH(I, Hermp(d)) as n — co.

(2) Moreover,
1E(A) = E(AW) lwrarrey — 0
if and only if
I1€CA) = E(An)llwra(rpay — 0

as n — oQ.

Proof. Clearly, Tr(A,) — Tr(A) in W19(I) as n — oo. The second assertion
follows easily from (5.3). O

By Lemma 5.5, we may assume that Tr(A4) = Tr(A,) =0 for all n > 1.
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5.2. Proof of Theorem 5.1. By the preliminary reductions in Section 5.1, it
suffices to show the following proposition:

Proposition 5.6. Let 1 < q < co. Let I C R be a bounded open interval. Let
A, — A in WH(I, Hermy(d)) as n — oo. Then

1E(A) — E(An) |l Lagrray = 0 asn — oco. (5.4)

We will proceed by induction on d. If d = 1 the assertion is trivially true. So
assume that d > 2.

Let us first consider the zero set
Zy={zvel: Alx) =0} ={zecl:E(A)(x) =0} =: Zga
of A. Since £(A) € WL4(I,R?), the derivative £(A)’ exists almost everywhere in

I. If g belongs to the set of accumulation points of Z4, denoted by acc(Z4), and
E(A) (x0) exists, then necessarily £(A)'(xg) = 0.

Lemma 5.7. Let 1 < g < oo. Let I CR be a bounded open interval. Assume that
A, — A in WH4(I, Herm(d)) as n — oo. Then

1€(A)" — S(A)/”LQ(ZA,]Rd) —0 asn— oo.

Proof. Let E be the set of © € acc(Z4), where the derivatives A'(z), £(A)'(x) and
Al (x), E(An) (x) for all n > 1 exist. For each x € E, A'(x) =0, E(A)'(z) =0, and
[€(An) (@)]|, < 147 (@)]l2,

by (3.2) or (3.4). Since E has full measure in Z4, we thus get
1€(AR)" = E(A) | La(za re) = 1€(AR) | La(24,R9)
<N Allza(zama©) = 140 = A'llLe(za,Ma(c));

which implies the assertion. ([

The next lemma takes care of the complement of Z,4, where around each point we
can find an interval on which we have a simultaneous unitary block-diagonalization
for sufficiently large n.

Let us fix a uniform unitary block-diagonalization ({U; : V; — Ug(C)}5_,,r, x) for
Herm%(d); see Definition 4.5.

Lemma 5.8. Let 1 < q¢ < oo. Let I CR be a bounded open interval. Assume that
A, — A in Wh(I,Hermr(d)) as n — oo. Let xg € I\ Za. Then there exist an
open interval J with xo € J C T\ Za, ng > 1, and i € {1,...,s} such that

(1) for all n > ng, the curves A := A/||All2 and A,, = An/||Anll2 belong to
Wha(J, Hermy(d)) and satisfy A(J), A, (J) C Vi;
(2) on J and for all n > ngy, we have
X (B 0 X 4 (B, 0
vwav = (g 2). s =5 L) 69

where B, B, € WY4(J,Herm(dy)) and C,C, € WY4(J Herm(dy)) with
dl + dg = d,'
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(3) on J and for all n > ng, we have

E(A) = (£(B),E(0)), &(An) = (E(By),E(Cn)); (5.6)
(4) we have
1B = Bullwra(sma, ©) = 0, € = Cullwrags,mg, ) =0 (5.7)
as n — Q.

Proof. Let zg € I\ Za. Since A,, — A in W19(I, Herm(d)) as n — oo, there exists
ng > 1 such that

14" = Al 2o < g5 1AG0)2 — if = o, (5.8)
By (5.2), there exists ny > ng such that
|A(z0) = An(wo)ll2 < £l A(w0)ll2 it m >, (5.9)
and hence, in particular,

214Gl < [ 4n(zo)lz < Sl AGo)ll2 (510)

Choose a open subinterval J C I containing xg such that

,
A" L1 (gm0 (0)) < 3 [ A(z0)l2- (5.11)
For x € J we have

1A@)[2 = [|A(zo) 2] < [|A(z) — A(@o)ll2 < A |22 (1, Mma(0)) < é [ A(zo)ll2,
and thus ) 5
§||A(5U0)||2 < A@@)]2 < §||A(~To)||2~ (5.12)
For z € J we also have, by (5.8), (5.10), and (5.11),
1 An(z)[l2 = [ An(zo)ll2] < [[An(z) — An(zo)ll2
< 144 e anaia < 15 1AG@le < & | An(wo)]l
and thus ) 5
I A4n(@o)ll2 < [An(2)]l2 < 5[l An(@o)ll2- (5.13)

Therefore, A := A/||Al|l2 and A,, := A, /||An||2 are well-defined on J and belong to
Wha(J, Herm$(d)). By (4.16) and (5.9),
2 r

< ———||A(xo) — Apn(z <-.
H2 = ||A($0>||2” ( 0) ( 0)”2
Moreover, by (4.13) and (5.12), for = € J,
[A" @)z _, 14 (@)l
[A(@)ll2 = [[A(zo)ll2

|A(z0) — A, (o)

N

14" ()2 < 2

and, by (5.12) and (5.10),

1A (@)ll2 o AR ()]l

|4, (2)]2 < 2 A, @)2 = Ao
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Therefore, by (5.11),

r
”A/HLl(J,Md((C)) < 3
and, by (5.8) and (5.11),

1AL 2 g ana(@)) <

Thus A(J) C B(A(xo), 7‘/4) and A,(J) € B(4
(4.4), there exists ¢ € {1,..., s} such that

A(J) CV; and An(J) CV;
for all n > ny. Thus (1) is proved.

7
(0),7/2) € B(A(xo),3r/4). By

By (4.8) and (4.10), we have the simultaneous unitary block-diagonalization (5.5)
as well as (5.6) on J for n > n;. Let us check that B, B,,C,C, are of class
W14 on J and satisfy (5.7). To this end, we suppress the subscript and just write
U:V — Uy(C) for U; : V; = Uy(C). By Lemma 4.8, pointwise on J,

IU(A)AU(A) = U (A,)An U(4,)ll2 < Cl|A = Ap2
and, using also (5.12), almost everywhere on J,
(U (A)AU(A)) = (U™(4,)An U(A,)) |2
< 0 (14 = Al + (142 + 1AL DI 1A - Aull2).

< € (1147 = Al + 2 A5 (142 + 145 )14 — Aulz)
where C' is a universal constant depending only on d. This implies
10 (A)AU(A) ~ U*(A) Au UAD |l aataien < C 1A = Aullzerano)
and
(U (A)AUA) - (U (4,)A, U(A
< 20y |A’ -

8C
+ A2, + |A% )14, A— A9 .
(llA( 0)ll2 ) (AN 2o araey + 14N Laar, o) I Zoe (1,000

N7 0a(0))

AnllLa a0

By Corollary 5.3, we conclude (5.7). This completes the proof. [

By Lemma 5.5, Lemma 5.8, and the induction hypothesis, for each xg € I\ Z4
there is an open interval J with xg € J C I\ Z4 such that

1€(A4)" - 5(A’n)/||L<I(J’Rd) —0 asn— oo.

Thus, in view of Lemma 5.7, there is a countable cover {F;};>1 of I by measurable
sets such that, for each Fj,

||5(A)/_5( )||Lq Rd)—>0 as n — oo.

In view of Lemma 2.3 (applied to f, := [|E(A) — E(An)||1), the desired assertion
(5.4) will follow from the following lemma.

Lemma 5.9. Let 1 < g <oo. Let I CR be a bounded open interval. Assume that
A, — A in WH4(I,Herm(d)) as n — oo. Then {||E(A) — E(AL)||4:n > 1} C
LY(I) is uniformly integrable.
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Proof. Since Al, — A" in LY(I, My(C)) as n — oo, the set {||A[|2 + ||AL|1Z :n >
1} € L'(1) is uniformly integrable, by Vitali’s convergence theorem 2.2. Thus, by
de la Vallée Poussin’s criterion 2.1, there exists a nonnegative increasing function
G on [0,00) such that G(t)/t — oo as t — oo and

sup [ GRS+ 14319) de < .
n>1J71

By (3.2) or (3.4), almost everywhere in I,
1€(A)" = £(An)'13 < 29| A"]I3 + 145112)

so that the assertion follows, by de la Vallée Poussin’s criterion 2.1 again. ]

This completes the proof of Proposition 5.6 and thus of Theorem 5.1.

5.3. Almost everywhere convergence of the derivatives of the eigenvalues.
The following theorem is a version of Theorem 1.7 for m = 1.

The(LI“em 5.10. Let I C R be a bounded open interval. Let A, — A in
C%1(I,Herm(d)) as n — oo. Then, for almost every x € I,

E(AL) (z) = E(A) () n — oo. (5.14)
Let us prove Theorem 5.10 following the proof of Theorem 5.1 and indicating the
required modifications.

In analogy to Lemma 5.5, it is easy to conclude the following lemma which allows
us to assume Tr(A) = Tr(A4,) =0 for all n > 1.

Lemma 5.11. Let I C R be a bounded open interval. Assume that A, — A in
CYY(I,Herm(d)) as n — oo. Then:

(1) A, — A in COY(I,Hermyp(d)) as n — oo.
(2) Moreover,
E(A,) — E(A) almost everywhere in I
if and only if
E(A,) — E(A)  almost everywhere in I
asn — 0o.
We prove (5.14) by induction on d. If d = 1 the assertion is trivially true. So
assume that d > 2.
On the zero set Z 4 of A, we have the following lemma.

Lem£na 5.12. Let I C R be a bounded open interval and assume that A, — A in
C%1(I,Herm(d)) as n — co. Then, for almost every x € Za,

E(A) () -0  asn — occ.
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Proof. By Proposition 3.2, for every n > 1,
wp JEA@) = EA) W), 140(2) = An ()2

(zy)€Z5%> |z —yl (z,y)€Z5>> |z —y|

< sup

By Lemma 2.5 and Lemma 2.6,

wp  A@ =A@l AR AW _ o

(z,y)€252> [z -yl (2.y)e 252> |z — vy

Let E be the set of x € acc(Z4), where the derivatives £(A,,) (x) for all n > 1
exist. For each xy € E there is a sequence x, — xg with xx € Z4 and xy # z¢ for
all £ > 1. Thus, for fixed n,

1€(AR) (o) = E(An) ()2

1€(An) (o)[|, = lim

k—o0 |:L‘0 - .Z‘k|
B (B O R I O Y
(m7y)€Z§2> |.'L' - y|

Hence we may conclude that, for each zg € E,
E(A,) (xg) =0  asn — co.

This completes the proof, since E has full measure in Z 4. (Il

We need the following variant of Lemma 5.8.

LemEna 5.13. Let I C R be a bounded open interval. Assume that A, — A in
C%1(I,Hermy(d)) as n — 0o. Let wg € I\ Za. Then there exist an open interval
J withaxg € J CI\Za,ng>1, andi € {1,...,s} such that

(1) for all n > ng, the curves A := A/||Allz and A,, := A,/||Anll2 belong to
CO'(J, Hermy(d)) and satisfy A(J), A, (J) C Vi;

(2) on J and for all n > ng, we have

vwanw= (g ). v = (5 &),

where B, B, € C%'(J,Herm(dy)) and C,C,, € C%'(J,Herm(ds)) with dy +
d2 = d’.
(3) on J and for all n > ng, we have

E(A) = (E(B),£(C)), &(An) = (E(Bn),E(Cn));

(4) we have

1B = Bullgoa@aa, ) = 0 1€ = Cullgos 7 a14, ) = 0

as n — oQ.

Proof. The existence of J, ng, and ¢ such that A(J),A,(J) C V;, for n > ny,
follows from Lemma 5.8 (since C%!-convergence entails W19-convergence). The
other assertions follow easily from (4.8), (4.10), and Lemma 4.8. O
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By Lemma 5.11, Lemma 5.13, and the induction hypothesis, for each xg € I'\ Z4
there is an open interval J with xg € J C I\ Z4 such that

E(A,) — E(A) almost everywhere in J as n — oo.
Together with Lemma 5.12, this implies
E(A,) — E(A)  almost everywhere in I as n — 0o

and hence completes the proof of Theorem 5.10.

5.4. Stability of the condition number of matrices. We finish this section
with the proof of Theorem 1.19.

Recall that the condition number of a nonsingular matrix A € M;4(C) is the ratio
of the largest by the smallest singular value:

g1 (A)
Kk(A) = .
(4) ool A)
Let 1 < ¢ < co. Let I C R be a bounded open interval. Suppose that Ay €
Wha(I, My(C)) and inf,er oq(Ag(z)) > 0. We must show that k(A) € Wh9(I,R)
is well-defined in a neighborhood U of Ag in W14(I, My(C)) and that the induced
map  : U — WH4(I,R) is continuous.

By the continuity of o, : W4(I, My(C)) — Wh4(I,R%), due to Theorem 1.17, and
by Lemma 5.2 and (1.11), there is a neighborhood U of Ag in W14(I, M4(C)) such
that

§:= Aréa;relf oa(A(x)) > 0.

Thus the map « : U — WH9(I,R) is well-defined.
To see continuity, let A, B € Y. Then, in I,
(r(A) = K(B))oa(A)oa(B) = (01(A) — 01(B))oa(B) — 01(B)(0a(A) — 0a(B))

and, almost everywhere in I,

(k(A)" = 5(B))oa(A)oa(B) + (k(A) — k(B))oa(A) 0a(B)
+ (r(4) = 5(B))oa(A)oa(B)'
= (01(A)' = 01(B)")oa(B) — 01(B)(04(A) — 04(B))

+ (01(A) = 01(B))oa(B) — o1(B)(0a(A) — ga(B)').
We see that, in I,

52 (|o1(4) = o1(B)| + [oa(4) — 0u(B)|)
and, almost everywhere in I,
K(A)" = k(B)'| < %(IIBHQICH(A)’ —01(B)'| +|o1(B)'||oa(A) — 0a(B)|
+104(B)'|lo1(A) = 01(B)| + || Bll2|oa(A)" — oa(B)'|
+ (IBll2loa(A) | + | All2loa(BY ) 5(4) = £(B)]).

Now continuity of x : U — WH4(I,R) can be easily deduced from Theorem 1.17,
in view of Lemma 5.2 and (1.11). The proof of Theorem 1.19 is complete.
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6. EIGENVALUE STABILITY FOR HERMITIAN MATRICES: MULTIPARAMETER CASE

In this section, we will prove Theorem 1.1, Theorem 1.5, Corollary 1.6 and Theo-
rem 1.7.

6.1. Proof of Theorem 1.1. The next Theorem 6.1 implies Theorem 1.1 because
Wh4(U, Herm(d)) is first-countable.

Theorem 6.1. Let 1 < g < oco. Let U C R™ be open and bounded. Let A, — A
in Wh4(U,Herm(d)) as n — oo. Then E(A,) — E(A) in WHI(U,R?) as n — .

Proof. Set A := E(A) and A, := E(A,). By (3.2), we have
A= AnllLaray < 1A = AnllLo@w,mac)) = 0 asn— oo,
Hence we have to show that
10X = 9 AnllLouray — 0 asn — oo, (6.1)

for all 1 < j < m. It is enough to show that there is a subsequence (nj) with this
property.

Let us first assume that U = I; X -+ X I, is an open box with sides parallel to
the coordinate axes. Let j = 1. We may assume that A and A,, are absolutely

continuous on almost all line segments in U parallel to the zi-axis and 1A €
L9(U,Herm(d)). Let © = (z1,2') for 2’ € U’ = Iy x - - - X Ip,. By Tonelli’s theorem,

/ | 1A ) — Ao, @l derda’ = 14~ Al oy
1

and
/, | ||81A($171’/) — 81An(:1:1, I/)”g dl’l dl’/ = ||81A - 61A"H%‘1(U,N]d(C))'
1

Thus there is a subsequence (ny) such that

[A(z1,2") = An, (z1,2")||3 d21 — 0
I

and
||81A(1’1,$l) — 81Ank (.’1?1,,%/)Hg dl‘l —0
Iy
for almost every 2’ € U’ as k — oo. By Theorem 5.1,

Fi o, (2) == / 01X (z1,2") — O Ay, (z1,2)||2dey — 0 as k — oo
I

for almost every z' € U’.

By Vitali’s convergence theorem 2.2, (014 — 01An||Low,pmac)) — 0 as n — oo
implies that the set {||014]|% + [|014,]|4 : n > 1} C LY(U) is uniformly integrable
and thus, by de la Vallée Poussin’s criterion 2.1, there is a nonnegative increasing
convex function G on [0, 00) such that G(t)/t — 0o as t — oo and

Sup/ G101 A@)3 + 101 An(2)]12)) daz < 0.
U

n>1
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We claim that {|I1|7'F}y ,, : k > 1} and thus {F} ,, : k > 1} C LY(U’) is uniformly
integrable. By Tonelli’s theorem, Jensen’s inequality, and (3.4),

, dx
e @i = [ 6( [ o) — o eI )
! 7 Il

dxl ’

S/ G(Hal)\(l'],xl)_alAnk(xhx/)Hg)
I 1|

1 . . ,
< o [ G0N+ 190, D) de

<1 || G0 AG)IE + 1014, @) da
is bounded by a constant independent of k, which implies the claim, again by de la
Vallée Poussin’s criterion 2.1.
By Vitali’s convergence theorem 2.2 and Tonelli’s theorem,
01X — 01 A\, e pacy) — 0 as k — oo.

The reasoning for 2 < j < m is analogous. Thus (6.1) is proved, in the case
U=11 x---x1I,,.

Let now U be a general open bounded subset of R™. Since U is a countable union of
open bounded boxes V; with sides parallel to the coordinate axes, (6.1) follows from
Lemma 2.3 applied to f,, := ||0;A—0;A,||%, noting that {f,} is uniformly integrable
which can be seen as in the proof of Lemma 5.9. This ends the proof. O

6.2. Proofs of Theorem 1.5 and Theorem 1.7. First observe that Theorem 1.7
follows easily from Theorem 5.10 (applying the latter coordinate-wise).

As already pointed out, Theorem 1.5 is an immediate consequence of Theorem 1.1.
Using Theorem 1.7, we deduce the following slightly stronger version.

Theorem 6.2. Let U C R™ be open and bounded. Assume that A, — A in
CYY(U,Herm(d)) as n — co. Then

1E(A) = E(An) |l rey < 1A = AnllLoe U, pma(c)) — 0 (6.2)
and, for each 1 < j<m and all1 < g < oo,
10;(€(A)) — 9;(E(An))lLaray — O (6.3)

as n — oQ.

Proof. First, (6.2) follows immediately from (3.2).

By (1.4),
[E(An)lcor @ ray < [Anlcor@ racy) < Lo

for a constant L > 0 independent of n. In particular, for each 1 < j < m and
almost every = € U,

10;(€(An))(2)]l2 < L.

We conclude (6.3), by Theorem 1.7 and the dominated convergence theorem. [
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6.3. Proof of Corollary 1.6. Corollary 1.6 is an immediate consequence of the
following corollary of Theorem 6.1 and Example 7.1.

Corollary 6.3. Let U CR™ be a bounded open Lipschitz domain. Let A, — A in
CYY(U,Herm(d)) as n — oo. Then, for each 0 < o < 1,

Hg(A) - E(An)ch,a(ﬁ’Rd) —0 asn— oo.

Proof. The assertion follows from Theorem 6.1 and Morrey’s inequality,

1€(A) = E(An)l oo @ ray < ClIE(A) = E(An)lwra(wre),
where a =1 —m/q, ¢ > m, and C = C(d,m,q,U). ]

7. EXAMPLES

Example 7.1 shows that the characteristic map & : C%*(U, Herm(d)) — C%' (U, R?)
is not continuous. This example appeared in [PR24a, Examples 1.12 and 7.13]; we
repeat it for the reader’s convenience.

Example 7.1. The sequence (A,,), of curves of symmetric 2 x 2 matrices

Ap(z) = @ _”31) , z€ER, (7.1)

n

converges to

A(x):(g g) z€R,

uniformly in all derivatives on every compact interval. We have £(A,,) = (—ayn, ay)
and £(A) = (—a,a), where

an(z) :=1/22+ & and a(z) = |zl

Then E(A,) / E(A) as n — oo in the C%' topology.

Indeed, for each bounded open interval I C R containing 0,

‘ (a(z) = an(z)) = (a(0) — an(0)) ‘

la — an|CU,1(7) > sup

o<zel x
_ 2L 41 ir_ /1, 1 41
T e + nZ + n n nZ + nZ + "
= sup > i =2-V?2,
O<zel € p

for large enough n.

Furthermore, observe that
x
/

ap(2) = —F——=
\/xQ—&—n—lz

tends pointwise to o’(z) = sgn(z) for all 2 # 0 but not uniformly on any neighbor-
hood of 0:

This also violates the first conclusion of Corollary 1.4 for ¢ = co.
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The following Example 7.2 proves that, for no 1 < g < oo, the characteristic map
£: C% (U, Herm(d)) — CP'(U,R?) is uniformly continuous.

Example 7.2. Let ¢, (z) : I := (0,1) — R be the sawtooth function defined by

en(x) = (D@ —E)+ (k) ifk=0,...,n—1and & <o < B

1

Then |¢),| = 1 almost everywhere in I. Moreover, 0 < ¢,, < % in I and ¢, > 5~

on a measurable subset E,, of I of measure |E,| = 3.

Consider
1 1
n %W) ( wm»
A, (x) = n , Bp(z)= 2n , el
0= (ol Y @ ={pale) 2
Then
2 \/g
|MNWWMMWZZ+¢i|wﬂmﬁmm»:7%+ﬁi

are bounded and

V2

||An*BTLHCO,1(7}M2((C)) = % —0 as n — oQ.

The nonnegative eigenvalues a,, and b,, of A, and B,

an =1/ P2 + 1z, bn=1/92 + g0z,

are Lipschitz and satisfy, almost everywhere in I,

2n
- , n B ’ 7.2
|an n| 907L|30n| \/nQSO%_Fl \/471,2(,0%-‘1-1 ( )
B 3n
TR ARG+ 12+ L AR 1)
nPn
>
iy 6 )

since ¢, < % so that the denominator is bounded by

V2V5(2v2 +V5) = 4V5 + 5V2 < 18.

Thus, almost everywhere in F,,,

AR
2n 6 12
and, consequently,
1 1
I e 2 VATl _ -
||an bn||Lq(I) > ||CLn anLQ(En) > 12q‘En| - 2.12¢°

for every 1 < ¢ < oo, showing that the map € : C%'(I,Herm(2)) — CO*(I,R?) is
not uniformly continuous.

The next Example 7.3 shows that, for no 0 < a < 1, the characteristic map
E: CYY(U,Herm(d)) — C%*(U,RY) is uniformly continuous. In contrast to Exam-
ple 7.2, the curves of symmetric matrices are smooth but their Lipschitz constants
are unbounded.
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Example 7.3. Let a € (0,1) and set r = 2. Consider

l—a”

1 1
An<x>=(ﬂ ”“”) Bn@):(w mf), ceR.

e T T Tanr

1 0 )
An - B, = (QnT 1
0 T 2nr

tends to zero uniformly in all derivatives as n — oo. The nonnegative eigenvalues
of A,, and B,, are

an(z) =\/n%2? + & and  b,(x) = \/n?2? + .

For each bounded open interval I C R containing 0,

[(an(2) = bn(2)) = (an(0) = ba(0))]

Then

|an - bn|co,a(7) > sup

o<zel x“
2.2 1 2.2 11 1
|\/7’L z°+ n2r \/n T+ 4n2m nr + 2n"
= sup .
o<zel X
and setting x = n~ /(=)
1 1 1 1 1 1
|\/n2r + n2r \/nQT + An2r T nr + 2n"
>
= 1
pov

for large enough n, showing that the map € : C%1(I,Herm(2)) — C%%(I,R?) is
not uniformly continuous.

It also follows that £ : C%!(I, Herm(2)) — C{' (I, R?) is not uniformly continuous,
for every 1 < ¢ < oo, by Morrey’s inequality.

As discussed in Section 1.3, it would be desirable to find effective moduli of continu-
ity for restrictions of the characteristic map £ to (relatively) compact subspaces of
C%1(U,Herm(d)), e.g., the subset K defined in (1.10). The following Example 7.4
excludes a-Hélder continuity of €| : K — CO(U, R9) for a certain range of a
depending on gq.

Example 7.4. Let A,, for n > 1, be the smooth curves of symmetric matrices
defined in (7.1) and a,, the nonnegative eigenvalue of A,,. For x > 0, we find (by a
computation similar to (7.2))

3nx
© Vn222 + 1W4An22? + 1(vV4An222 + 1 + 2v/n222 + 1).
If z € (0, %), then the denominator is bounded by 18. Thus, for fixed 1 < g < oo,

|a,(x) — a5, ()]

, P <1l PR S nd [i/n Iy — 1
llay, — CLQnHLq((o,l)) > lay, — a2n||Lq((07%)) = 6¢ 0 r7axr = 69(q+ 1)n’

so that

1
’ ’
_ 4 >
llar, — agn|L ((0,1)) = 6(q+ 1)1/qnl/q’
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while /3
2
HAn — A2n||L°°(]R,M2((C)) = % and A;L — A/Qn =0.
This implies that, for no a € (¢~*,1], the map & : C%'(I, Herm(2)) — C'(I,R?)
is a-Holder continuous, where I C R is any bounded open interval containing 0.
8. d-VALUED SOBOLEV FUNCTIONS

The aim of this section is to set up the background and tools for Theorem 1.8 and
its proof. We follow [PR24b, Section 3].

8.1. Unordered d-tuples of complex numbers. The symmetric group Sy acts
on C% by permuting the coordinates,

oz =0(z1,...,24) = (Z0(1), -+ Z0(d)), O E€Sa, 2 € c?,
and thus induces an equivalence relation. The equivalence class of z = (21, ..., 24)
is the unordered tuple [z] = [#1,. .., z4]. Let us consider the set

Aq(C) :={[z] : z € C%}
of unordered complex d-tuples and equip it with the metric

da([z]; [w]) = min [|lz — ow]l>.

Then (A4(C),ds) is a complete metric space and the induced map [] : C? — A4(C)
is Lipschitz with Lip([]) = 1.

The element [z1,...,24] of Ag(C) can also be represented by the sum Z?zl [2],
where [z;] denotes the Dirac mass at z; € C. If normalized, i.e., 3 2?21 [2:], then,
in this picture, %dg is induced by the L?-based Wasserstein metric on the space

of probability measures on C. (For this reason, in [PR24b, Section 3], the factor

ﬁ was integrated in the definition of da.)

8.2. d-valued Sobolev functions. Due to Almgren [Alm00], see also [DLS11],
there exist an integer N = N(d) and an injective Lipschitz mapping

A Ay(C) - RN
with Lip(A) < 1 and Lipschitz inverse A‘Z%Ad(C)) with Lip(AE:(lAd((C))) < C(d).
Moreover, there is a Lipschitz retraction of RV onto A(A4(C)).

Following Almgren, the bi-Lipschitz embedding A can be used to define Sobolev
spaces of A4 (C)-valued functions: for open U C R™ and 1 < ¢ < oo set

WU, A4(C)) :={f : U — A4(C) : Ao f € WH(U,RM)}.
For an equivalent intrinsic definition of W14(U, A4(C)), see [DLS11, Definition 0.5
and Theorem 2.4]. Then W14(U, A4(C)) carries the metric
pRI(f.9) = Ao f—Aogllwiaury (8.1)

which makes it a complete metric space (where functions that coincide almost
everywhere are identified); see [PR24b, Lemma 3.1].

We will see in Theorem 8.11 that, for 1 < ¢ < 0o, the topology on W14(U, A4(C))
induced by pkq is independent of the choice of the Almgren embedding A.
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Remark 8.1. In [AIm00] and [DLS11], W14(U, A4(R")) is studied for arbitrary £.

8.3. Almgren’s embedding. Let us recall Almgren’s construction of A for A4,(C).
Definition 8.2 (Almgren map). We say that
H: Aq4(C) — R?

is an Almgren map if there is a unit complex number 6 € C such that H([z]) is an
array of d real numbers 7(z;) := Re(z;) arranged in increasing order, i.e.,

H([Z]) = H([Zla cey ZdD = (77(20(1))7 cee 7n(zo(d))a

where o € Sg is chosen such that 17(z,(1)) < 7(24(2)) < -+ < N(20(a)). We also say
that H is the Almgren map associated to the real linear form 7.

By Almgren’s combinatorial lemma (see e.g. [DLS11, Lemma 2.3]) there exists
a = a(d) > 0 and a finite set of linear forms A = {ny,...n}, where n;(z) := Re(6;2)
for unit complex numbers ;, with the following property: given any set of d?
complex numbers, {z1,..., 242} C C, there exists 1, € A such that

Im(zk)| > alze| forall ke {1,...,d°}. (8.2)

For instance, we may take h = 2d?+1 and {ny,...,n} induced by the set {61, ...60,}
of all h-th roots of unity.

Let H; denote the Almgren map associated to 1, € A. The Almgren embedding
A Ag(C) — RN N = dh, is then defined by

A([2]) = A V2 HA([Z); - - - Hi([2))- (8.3)

The property (8.2) guarantees that A is as required in Section 8.2; see e.g. [DLS11,
Section 2.1.2].

8.4. The space A4(R). Consider the subspace A4(R) := {[z] : © € R?} of A4(C).
For z € R? let 27 € R? be the representative of the equivalence class [x] with
increasingly ordered coordinates. Clearly, T only depends on [z] and thus we have
an injective map ()T : A4(R) — RY. It is a right-inverse of [ ] : R — A4(R).

Lemma 8.3 ([PR24a, Lemma 7.1]). We have
dz([z], [y]) = [l2” — y"[l2, @,y € RY.
In particular, ()1 : Ag(R) — R? and [ ] : RY — A4(R) are Lipschitz maps.
It is easy to check that the map H = ()T : A4(R) — R? is an Almgren map (for

R instead of C, associated to the real linear form n = id) and (8.2) is trivially true
with A = {id}. Thus A = H = ()" : A4(R) — R? is an Almgren embedding.

Consequently, we can equip the space
WU, Ag(R)) = {f : U = Ag(R) : fT € WH9(U,RY)}
with the metric

1,
Py W(f,9) = ||fT - 9T||W1v‘1(U,Rd)~

Thus Theorem 1.1 can be seen as a special case of Theorem 1.8.
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8.5. Curves of class W7 in A4(C). Let I C R be an open bounded interval.
We recall an equivalent definition of W14(I, A4(C)) (see [DLS11, Definition 0.5])
which is independent of Almgren’s embedding.

Definition 8.4 (Intrinsic definition). A measurable function f : I — A4(C) be-
longs to Wh4(I, A4(C)) (1 < g < o) if there exists a function ¢ € LY(I,R>() such
that

(i) =+ da(f(x),T) € WH(T) for all T € Ay(C);
(i) |(d2(f,T))| < ¢ almost everywhere in I for all T € Ay4(C).
The minimal function ¢ fulfilling (ii), that is,
@ < ¢ almost everywhere for every other ¢ satisfying (ii),
is measurable and we denote it by |Df]|.
Proposition 8.5 ([DLS11, Proposition 1.2]). Let f € Wb4(I, A4(C)). Then,
(a) f € AC(I,Aq(C)) and, moreover, f € Co’l_%(I, Aq(C)) for g >1;
(b) there exists a parameterization fi,..., fq € WH4(I,C) of f, i.e.,

f=T1A0+---+17al,
such that |Df;| = |f]| < |Df]| almost everywhere.

Actually, the proof of Proposition 8.5 in [DLS11] implies that f € W4(I, A4(C))
belongs to ACY(I, A4(C)) in the sense of Section 2.4. In the situation of Propo-
sition 8.5, we will always mean without further mention that f and f; are the
continuous representatives.

Following [DLS11, Definition 1.9], we can also define the differential Df.

Definition 8.6 (Differential). Let f = >, [fi] : I — Aq(C) and z € I. We say
that f is differentiable at xq if there exist d complex numbers L; satisfying:

(i) da(f(2), Tuy f(x)) = o(|z — xo|), where
Tpo f (x) := Z [fi(zo) + Li - (z — 20)] ;

The d-valued map T, f is called the first-order approximation of f at xo. We
denote L; by D f;(x¢) and the point D f(xo) := >, [Dfi(z0)] € Aa(C) is called the
differential of f at xq.

By Definition 8.6(ii), the notation is consistent (see [DLS11, Remark 1.11}): if
g1, ---,9q s another parameterization of f, f is differentiable at xg, and o € Sy is
such that g;(xo) = fy(;)(x0) for all 1 <4 < d, then Dg;(x0) = D foi)(w0)-

By Proposition 8.5, every f € W4(I, A4(C)) is differentiable almost everywhere
and, if f1,..., fa € WH4(I,C) is a parameterization of f, then Df = > [f/] almost
everywhere; see [PR24b, Section 3.4].
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8.6. A distance notion on W4(I, A,4(C)). The following definition is taken from
[PR24b, Definition 3.6].

Definition 8.7 (The distance d?). Let f,g € W9(I, A4(C)) and let

f=MAl+ - +1fad. g=laul+ - +lgdl
be parameterizations of f, g with f;, g; € W14(I,C) as in Proposition 8.5. Set

so(f,9)(x) == d2(f(2), g(x)).
Fix an arbitrary ordering of the elements of S;. For x € I, let
. 1/2
(@) i=min {r € 84+ (Y 1i(@) = e (@) = da(f(2), 9(x)) }-
For x € I such that Df(xz) = >, [Dfi(z)] and Dg(x) = >, [Dgi(x)] exist in the
sense of Definition 8.6, set

s1(£.9)(@) = max (3 IDAi(@) ~ Dgrio @) (84)

(3

where the maximum is taken over all orderings of S;. By the remarks above,
s1(f,g)(z) is defined for almost every x € I and independent of the choices of
parameterizations f1,..., fq and ¢1,...,g4 of f and g.

For each measurable subset EZ C I, we define

dp’(f,9) = lIso(f: 9)llL=(m) + Is1(f,9)l La(m)

which is justified, since the functions s;(f,g) : I — R, for ¢« = 0,1, are Borel
measurable, by [PR24b, Lemma 3.7].

Lemma 8.8 ([PR24b, Lemma 3.8]). Let I C R be a bounded open interval and
E C I a measurable set. Let f,g € Wh4(I, A4(C)). Then:

(1) dg*(f.f) =0.
(2) d}E’q(f?g) =0 implies f =g on E.
(3) dg*(f.9) = dg"(g. /)-
In particular, d;9 is a semimetric on Wh9(I, Ag(C)).
8.7. Convergence in Wh4(I, A4(C)). There is a notion of weak convergence in

Wha(I, A4(C)), see [DLS11, Definition 2.9], which is not appropriate for our pur-
pose. We introduce a stronger notion of convergence based on the semimetric d}’q.

Definition 8.9 (Strong convergence). Let f,,, f € W14(I, A4(C)). We say that f,
converges to f in Wh9(I, A4(C)) as n — oo, and we write f, — f, if

dy(f, fa) =0 asn — oo.
Strong convergence in W14(I, A4(C)) is equivalent to convergence with respect to

the topology induced by the metric pkq (see (8.1)), for some, equivalently every,
Almgren embedding A:
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Theorem 8.10 ([PR24b, Theorem 3.11]). Let A : A4(C) — RY be an Almgren
embedding. Then f, — f in WH4(I, A4(C)) as n — oo if and only if

pkq(f,fn) —0 asn— oo.

In particular, the topology induced by the metric pkq on WH4(I, A4(C)) does not
depend on the choice of the Almgren embedding A. We shall see below that this
is also true in several variables.

8.8. The topology on W4(U, A4(C)) induced by pkq is independent of A.
The following theorem is an improved version of [PR24b, Theorem 10.2].

Theorem 8.11. Let A’ : A4(C) — RN+, fori = 1,2, be two Almgren embeddings.
Let U C R™ be open and bounded and 1 < q < co. Let f, f, € Wh4(U, A4(C)), for
n > 1. Then,

|AY o f = Al o fullwra@zry —= 0
if and only if
HA2 o f - AQ © anWlwq(URNz) —0

as n — Q.

Proof. The map
A% o (A a1 aycy) * AT (A(C)) — RY

is Lipschitz and has a Lipschitz extension I' to all of R™. Thus (see [ADM90])
superposition with I' defines a bounded map from Wh4(U, RN1) to W4(U, RN2),
where, setting C := Lip(T), for F € W14(U,RM),

[T o Fllz < CIF|2,

because I'(0) = 0, and
V(Lo F)llz < CIVF||; (8.5)

almost everywhere in U.
Set F':= Ao f and F! := A’o f,, for i = 1,2. Assume that

|Ft— F;HWL%U’RNI) —0 asn— oo (8.6)
Then {|[FY]|5 + Fy[I3 : n = 1} and {|[0;F[|3 + [|0; Fo |3 : m > 1}, for 1 < j < m,
are uniformly integrable subsets of L!'(U). Since F? =T o F! and F? =T o F},
we may conclude similarly as in the proof of Lemma 5.9 (using (8.5)) that the sets

{|F? = F2|2:n > 1} and {||0;F? — 0; F2||4 : n > 1}, for 1 < j < m, are uniformly
integrable.

Let us assume that U = I; X - - - X I,;, is an open bounded box with sides parallel to
the coordinate axes. Let j = 1. For 2/ € U’ = Iy x -+ x I, and i = 1,2, consider

Al () :/ |01 F (21,2") — 01 F (w1, 2) |5 dan,
I

B! (z) :/I |Fi(21,2") — Fj(z1,2")]|5 da.
1
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By (8.6) and Tonelli’s theorem,
Al(2')dz' — 0 and Br(2)ds' -0 asn — co.
of of
Thus there is a subsequence (ny) such that A} (z/) — 0 and B}, (2/) — 0 for

N
almost every 2’ € U’ as k — oo. For each such z’, Theorem 8.10 implies that

A2 (2') — 0 and B2 (z') — 0 as k — oc.

Tonelli’s theorem and uniform integrability of the sets {||F? — FZ||% : n > 1} and
{10;F% — 0;F2||4 : n > 1}, for 1 < j < m, imply, invoking de la Vallée Poussin’s
criterion 2.1, that {A2 : n > 1} and {B2 : n > 1} are uniformly integrable. (See
the proof of Theorem 6.1.)

Then Vitali’s convergence theorem 2.2 and Tonelli’s theorem yield that
|F? — Fka ze@rn2y =0 and |61 F? — 31F3k e rnzy =0

as k — oo. Since the partial derivatives 0;, for 2 < j < m, can be treated in the
same way, we have showed that there is a subsequence (ny) such that

| F? — F,r%k”vvl,q(U,]RNQ) —0 ask— o0

which implies
|F? — F3||W1»Q(U,RN2) —0 asn— oo,
in the case that U = I; x -+ X I,.

The case that U is a general open bounded subset of R™ follows from Lemma 2.3
(applied to f,, := ||F? — F2||% and f, := ||0;F? — 0;F?||2), since U is a countable
union of bounded open boxes with sides parallel to the coordinate axes. ([

9. THE CHARACTERISTIC MAP FOR NORMAL MATRICES

We are ready to introduce the characteristic map for normal matrices.

Proposition 9.1. Let A : A;(C) — RY be an Almgren embedding. Let 1 < q < co.
Let U C R™ be open and bounded. Then the map

Eu : WH(U, Norm(d)) — WH4(U, Aq(C)), A~ Ao A,
is well-defined and bounded, satisfying
JAEA) @) < CIA@I:  and  [VAEA) @)z < CIVAE)2
for almost every x € U, where C is the Lipschitz constant of A.

Proof. The map A o A : Norm(d) — A4(C) — RY is Lipschitz with Lipschitz
constant C' = Lip(A), by Proposition 3.3. It admits a Lipschitz extension L :
My(C) — RY preserving the Lipschitz constant C, by Kirszbraun’s theorem.

It is well-known (see [ADMO90]) that superposition with L defines a bounded map
from W14 (U, My(C)) to Wh4(U, RY), where

ILo A2 < C A2,
because L(0) = A(A(0)) =0, and
V(Lo A)llz < C[[VA]2

almost everywhere in U. This implies the assertion. (]
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Let us recall an important relationship between the metric speed of an AC-curve
in A4(C) and the derivative of any parameterization.

Lemma 9.2 ([PR24b, Lemma 11.1]). Let A : I — C? be an absolutely continuous
curve and v 1 I — Aq(C) defined by v(x) = [A(x)], for x € 1. Then the metric
speed of v is given by

[Y|(z) = |N(z)|]2 for almost every x € I.
On an interval I, we can express the boundedness of &, : W14(I, Norm(d)) —
Wha(I, A44(C)) in terms of sg and s1, introduced in Definition 8.7.

Proposition 9.3. Let 1 < g < oo and I C R a bounded open interval. Then, for
A e Whe(I,Norm(d)),

l[s0(Eu(A), 0D oo (1) < ||~/ | Al La(1,04(C)) + 7|1 IA' | Lacr, a0y, (9-1)
lIs1(Eu(A), [ODIILacry < WAl Lacr,mu(c))- (9.2)

Proof. Let A € W14(I,Norm(d)). Let A\ € Wh4(I,C?%) be a parameterization of
:= &y (A) (see Proposition 8.5). By (5.1), for all x € I,

M@ 2 = 1A@) |2 < 7Y N Al ograaey + YA Lo ey
which implies (9.1). By Lemma 9.2 and (3.3), for almost every = € I,
1N (@)l2 = [Al(z) < A" (2)]|2,

entailing (9.2). O

10. EIGENVALUE STABILITY FOR NORMAL MATRICES: ONE-PARAMETER CASE

In view of Theorem 8.10, the following theorem is a version of Theorem 1.8 for
m = 1. Recall the semimetric d;¢ on W9(I, A4(C)), introduced in Definition 8.7.

Theorem 10.1. Let 1 < g < oo. Let I C R be a bounded open interval. Let
A, — A in WH4(I,Norm(d)) as n — oco. Then

dM(E,(A), Eu(AL) = 0 asn — oo.

Theorem 10.1 and Theorem 8.10 yield the following corollary.

Corollary 10.2. Let 1 < g < oo. Let I C R be a bounded open interval. Let
A A4(C) — RY be an Almgren embedding. Let A, — A in W19(I,Norm(d)) as
n — co. Then

[Ao&u(A) —Ao&u(An)llwrarryy =0  asn — oo.

The proof of Theorem 10.1 comprises Section 10.1 and Section 10.2.
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10.1. Preliminary observations and reductions. Let 1 < ¢ < co. Let I C R be
a bounded open interval and assume that A,, — A in W14(I,Norm(d)) as n — oo.

By Proposition 9.1, A := &,(A) and A, = &,(An) belong to WH4(I, A44(C)).
Let A = (A1,...,Aq) € WH(I,CY) and A\, = (Mn1s---sAna) € WHI(I,C?) be
parameterizations of A and A,,, respectively; see Proposition 8.5. Then, for 1 < i <
d, n > 1, and almost every = € I,

DXi(z) = Nj(x) and DX, i(x) = X, ;(2);
see Definition 8.6.
By Proposition 3.3 and Lemma 5.2,
d2(A(z), An(2)) < [|A(z) — An(2)]]2
<7YA = Al o macy) + HIYONA = Al pacrmae))

so that
||SO<AaAn)||L°°(I) = ||d2(A,An)||Loo(]) —0 as n — 0. (101)
Thus, to complete the proof of Theorem 10.1, it suffices to show that
a}’q(A, An) =0 asn— oo, (10.2)

where, for each measurable set £ C I, we define
dg? (A, An) = [ls1 (A M) a(my;
see (8.4) for the definition of s;.
With A € Wh9(I,Norm(d)) we associate A := A— L Tr(A)I; € WH4(I, Normy(d)).

Lemma 10.3. Let 1 < g < oo. Let I C R be a bounded open interval. Let A, — A
in Wh4(I,Norm(d)) as n — co. Then:

(1) A, = A in WH4(I,Normp(d)) as n — oo.

Let A, Ay, A Ay i T — Aq(C) be the curves of unordered eigenvalues of A, Ay, A A,
respectively. Then:

(2) a}’q(A,An) — 0 if and only if &}ﬂ(ix,ﬂn) — 0 as n — oo.
Proof. (1) This is clear since A,, — A in W19(I, Norm(d)) implies Tr(A,) — Tr(A)
in Wh4(I,C) as n — oo.
(2) By (10.1) and (1), [[d2(A, Ayl ze(r) — 0 as well as |[d2(A, Ay)||zeo(ry — 0 as
n — 0o. Assume that 8}"1(/\,/\”) — 0 as n — oo. By Theorem 8.10, we have
[AoA—AoA,lwiaqryy —0 asn— oo,

for every Almgren embedding A : A4(C) — RN. Let H : A4(C) — R? be an
Almgren map with associated real linear form 7 (see Definition 8.2). Then

HoA—HoA=1in(Tr(A))(1,1,...,1),
Hol,—Hol,=1In(Tr(A,))(1,1,...,1).
Thus |[HoA—Ho ]\n”WI,q(I,Rd) — 0 and, consequently, in view of (8.3),

[AoA—Ao ]\nHWLq(LRN) —0 asn— oo,
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which implies d}?(A, A,,) — 0 and hence a}’q(]\, A,) — 0, again by Theorem 8.10.
The opposite direction follows from the same arguments. O

By Lemma 10.3, we may assume that all matrices A, A,, are traceless.

10.2. Proof of (10.2). We will proceed by induction on d. If d = 1 then
dpt(AA) = A" — Al e ey — 0 asn— oo.

So assume d > 2.

On the zero set Z4 of A we have the following lemma.

Lemma 10.4. Let 1 < g < oco. Let I C R be a bounded open interval. Assume
that A, — A in WH4(I,Norm(d)) as n — oo. Let A := E,(A) and A, := E,(A,).
Then

le’j (A,AR) =0 asn— 0.

Proof. Let A\, \, € W14(I,C%) be parameterizations of A, A,, respectively; see
Proposition 8.5. Let E be the set of x € acc(Z4), where the derivatives A'(z),
N(z) and A} (z), Al (x) for all n > 1 exist. For each x € E, A'(z) =0, N(z) =0,
and, by Lemma 9.2 and (3.3),

X @), = [Anl (@) < 1147 ()2

Since F has full measure in Z 4, we thus get

a1 () ) = Isa (AL Dadlzoza) = 11X ]l s

< A2l oz = A" = AnllLa(za ma(0))

which implies the assertion. O

Let us fix a uniform unitary block-diagonalization ({U; : V; — U4(C)}s_,,r, x) for
Norm%(d); see Definition 4.5.

Lemma 10.5. Let 1 < g < oco. Let I C R be a bounded open interval. Assume
that A, — A in WH4(I,Normr(d)) as n — co. Let xg € I\ Za. Then there exist
an open interval J with xo € J C I\ Za, ng > 1, andi € {1,...,s} such that

(1) for all n > ng, the curves A := A/||All2 and A, = A, /||Anll2 belong to
Wha(J, Norm.(d)) and satisfy A(J), A, (J) C Vi;

(2) on J and for all n > ng, we have

v - (§ 2). vasaua) - (5 2. o

where B, B, € WY4(J Norm(d;)) and C,C,, € Wh4(J Norm(dg)) with

di+do =d;
(3) for allxz € J and n > ng, we have
An(@)ll2 p(z) = |A@) 2 vn(2)] > x [ A(@)||2]| An ()2 (10.4)

for all eigenvalues p(x) of B(x) and all eigenvalues vy (z) of Cy(x), where

B and C,, are defined by (10.3);
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(4) we have
|B = Bullwra(sag, ©) = 0, [|C = Chllwrasag, @) — 0

as n — 0.

Proof. The proof is almost identical to the one of Lemma 5.8. (In particular, (5.8)—
(5.13) hold and we will use them in the proof of Lemma 10.6 below.) Item (3)
follows from (4.9).

The unitary block-diagonalization (10.3) will permit us to use the induction hy-
pothesis.

Consider the parameterizations A\, A, € Wh4(I,C%) of A = &,(A) and A, =
Eu(A). In the situation of Lemma 10.5, by reordering (independently of z) if
necessary, we may assume that Al = [A\;(z),...,\g, ()] is the unordered d;-tuple
of the eigenvalues of B(z) and A? = [Ag, 11(2),...,Aq(x)] is the unordered do-
tuple of the eigenvalues of C(x), for x € J. Analogously, we may assume that
AL = [Mi(2),..., Ana, ()] is the unordered di-tuple of the eigenvalues of B, (x)
and A2 = [\, 4,+1(2), ..., Ana(x)] is the unordered da-tuple of the eigenvalues of
Cp(z), for x € J and n > ng. Since the reordering is independent of x, A and A,
remain parameterizations in W14(J,C%) of A and A,, on .J, respectively.

By Lemma 10.3, Lemma 10.5, and the induction hypothesis,
(Alqu(Al,A}L) —0 and aqu(A2,Ai) =0 asn— oo,

where aqu([Aj]7 [A7]) is interpreted in dimension d;, for j = 1,2. Thanks to the
following lemma, this implies

ab’q(A, An) =0 asn— oo. (10.5)

Lemma 10.6. In the situation of Lemma 10.5, after possibly increasing ng, for all
x € J and n > ng, the following holds. If T € Sy satisfies

[IA(2) = TAn(@)]l2 = da([A(@)], [An(2)]) (10.6)
then 7 respects (10.3) in the sense that 7({1,...,d1}) = {1,...,d1} and (conse-

quently) T({dy +1,....d}) = {dy + 1,....,d}.
Proof. By (10.4), forall z € J, n > no, 1 <i<dy,and dy +1 < j < d,
I4n (@)l M) ~ 1A@2 Ans@)] > X IA@) I An()l (10,7

By (5.10), (5.12), and (5.13),

1Al A (@)l > £ 14Go) 3
so that, by (10.7),

X Ao} B < [14n(@)ll2 Ae@) ~ A2 M s (2)]
< 14n (@)l = 1A 2] 2] + i) = As @A)

By (5.12),

@) <A@ < 3 [ Ao)l.
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Since [|A — Ayl Lo (1,m4(c)) — 0 as n — oo, by Corollary 5.3,

[l 4n(@)ll2 = [A@)2] < 55 A(0) |2

for all x € J if n is large enough. Thus

X JAGo)IE < 25 IA@IE + 5 I1AG0)l2Ai(z) — Ans(a)
which implies
% [A(zo)ll2 < [Ai(z) = An ()], (10.8)
for all x € J and all sufficiently large n, say for all n > n; where ny > ny.

By (10.1), there exists no > n; such that

d2([A(@)], [An(2)]) < % [ A(z0)ll2, (10.9)
for all z € J and n > ns.

Assume that 7 € Sg is such that 7({1,...,d1}) # {1,...,d1}. Then there exist i, j
with 1 < <dy < j <d and 7(i) = J.

Fix x € J and n > ny and suppose that 7 satisfies (10.6). By (10.8) and (10.9),
X
o4 1A@o)llz < [Ai(z) = Anj ()| < [A(2) = TAn(2)]l2
X
= da([A@)], M (2)]) < 57 [1A(z0)ll2,

a contradiction. The lemma is proved. (I

By Lemma 10.4 and (10.5), the interval I can be covered by countably many mea-
surable sets F; such that

8}7}(1\, A,) =0 asn— oo.

By Lemma 2.3 (applied to f, = s1(A,A)?), we conclude (10.2). Indeed,
{s1(A,A,)9 : n > 1} C LY(I) is uniformly integrable which can be checked fol-
lowing the arguments in the proof of Lemma 5.9 and noting that

s1(A, An) < [[X]l2 + [IX0[l2 < 14712 + A% 12,
almost everywhere in I, by Lemma 9.2 and (3.3).

This completes the induction and hence the proof of Theorem 10.1.

10.3. Variants of Theorem 10.1. Theorem 10.7 and Theorem 10.8 are versions
of Theorem 1.13 and Theorem 1.14 for m = 1, respectively.

Theorem 10.7. Let 1 < g < oco. Let I C R be a bounded open interval. Let A, —
A in WH4(I,Norm(d)) asn — oo. Assume that X\, \,, € WH4(I,C%) are parameter-
izations of the eigenvalues of A, A, respectively, and that lim, o An(20) = M o),
for some xog € I. Then A, — X in L>=(I,C%) if and only if X, — X in L4(I,CY)
as n — 0o.

/
T
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Proof. Let us assume that \,, — X in L>(I,C?%) as n — oo. The proof (by induction
on d) that then X, — X in LI(I,C%) as n — oo follows from the arguments in the
proof of Theorem 10.1 with slight modifications. It is easy to adjust Lemma 10.3
and Lemma 10.4, while Lemma 10.5 can be used unchanged. In the situation of
Lemma 10.5, there exist u, u, € WH4(J,C%) and v,v,, € WH4(J,C%) such that

A= (u,v) and Ay = (fin,Vn)- (10.10)

Since A, — X in L>(I,C%), we have y, — p in L>(I,C%) and v, — v in
L>(I,C%) as n — oo. The induction hypothesis implies that there is countable
cover {F;} of I by measurable sets such that, for all F;,

[N = N, lpa(p,cay =0 asn— oo
which implies A/, — X\ in L9(I,C?), thanks to Lemma 2.3.

Conversely, assume that A/, — X in L(I,C%) as n — oo. Then, for = € I,

M) M@l = [Ao) ~ Antao) + [ N0~ X0y

Zo

< IA(z0) = Anlzo)ll2 + [N = AL llpr (1,04
< A =o) = An(@o)ll2 + 1M VIIN = Nl por.c0)

which implies A, — X\ in L>(I,C%) as n — oo. O

Theorem 10.8. Let I C R be a bounded open interval. Let A, — A in
CYY(I,Norm(d)) as n — oo. Assume that \,\, : I — C¢ are continuous (thus
Lipschitz) parameterizations of the eigenvalues of A, A,, respectively, and that
lim, o0 An(70) = A(xg), for some xg € I. Then A\, — X\ in L>®(I,C%) if and
only if X, = X almost everywhere in I as n — co.

Proof. Every continuous parameterization A, A, of the eigenvalues of A, A, re-
spectively, is actually Lipschitz, by [Rail3, Proposition 6.3], (3.3), and Lemma 9.2.

If A}, — X almost everywhere in I, then X}, — X in L(I,C%) as n — oo, by
the dominated convergence theorem. So A, — X in L>(I,C%) as n — oo, by
Theorem 10.7.

Assume that A, — X in L>(I,C%) as n — oco. We see that then A\, — ) al-
most everywhere as n — oo by adjusting the arguments in the proof of The-
orem 10.1. It is easy to adjust Lemma 10.3 and Lemma 10.5. We replace
Lemma 10.4 by Lemma 10.9. Here we have (10.10) with p,u, € C%1(J,C%h)
and v, v, € C%1(J,C%). Hence, p, — p in L=(I,C%) and v,, — v in L>=(I,C%)
as n — o0o. By the induction hypothesis and Lemma 10.9, we may conclude that
AL, — X almost everywhere in I as n — co. O

Lemma 10.9. Let I C R be a bounded open interval and assume that A, = A
in COY(I,Norm(d)) as n — co. Let A\, € CU(I,C%) be a parameterization of
An = Eu(Ay). Then, for almost every x € Z 4,

N, (x) =0 asn— oco. (10.11)



EIGENVALUE STABILITY OF HERMITIAN AND NORMAL MATRICES 51

Proof. This is a simple modification of the proof of Lemma 5.12. By Proposition 3.3,
Lemma 2.5, and Lemma 2.6,

wp G200 A0 (1) 40 (2) = An()l2

—0
(zy)€Z5%> |z —y| (v,y)€Z52> |z — vy

< sup

as n — oo. Let E be the set of x € acc(Z4), where the derivatives X, (z) for all
n > 1 exist. For each zy € E there is a sequence zp — xp with z € Z4 and
x # xg for all k > 1. Thus, by Lemma 9.2, for fixed n,

dg()\n(ﬂﬁo)7 )\n(xk))

d2(An (), An(y)) _

N (20)||l2 = |An](z0) = lim < sup
¥l = hal(an) = fim ST < up ST
This implies (10.11), since F has full measure in Z4. O

10.4. Proofs of Corollary 1.9 and Corollary 1.10. Let 1 < g < oco. Let I CR
be a bounded open interval. Let A, — A in W9(I,Norm(d)) as n — oo. Let
A A € WHe(I,C?) be parameterizations of the eigenvalues of A, A,,, respectively.

Fix an ordering of Sg and let 7(x) € Sy be as in Definition 8.7. Then

IV 2 = IALl2] = [IN]l2 = AL ll2] < IV =727z < s1((A], [An])
almost everywhere in I. By Theorem 10.1, this easily implies Corollary 1.10.
Thanks to Lemma 9.2, Corollary 1.9 follows from Corollary 1.10 and (10.1).

11. EIGENVALUE STABILITY FOR NORMAL MATRICES: MULTIPARAMETER CASE

In this section, we prove Theorem 1.8, Corollary 1.12, Theorem 1.13, and Theo-
rem 1.14.

11.1. Proof of Theorem 1.8. Let 1 < ¢ < oo. Let U C R™ be open and
bounded. Let A : A4(C) — RY be an Almgren embedding. Let A, — A in
W4(U,Norm(d)) as n — oco. Set A := E,(A), A, := E,(An) : U — Ay(C) and
F:=AoA F,:=AoA,:U—RYN. We have to show that

[ F' = Fullwrawgryy — 0 asn — oo.

By (3.3), for z € U,
[F(z) = Fn(z)]l2 < Lip(A) d2(A(z), Ap(z)) < Lip(A) [[A(z) — An(2)]2
so that
|F'— Fullpauryy =0 asn — oc.

It remains to show

10, F — 0; FullLaqurny —+ 0 as n — 00, (11.1)
for all 1 < j < m. It is enough to prove that there is a subsequence (ny) with this
property.

Let us first assume that U = I; X -+ X I, is an open box with sides parallel to
the coordinate axes. Let 7 = 1. As in the proof of Theorem 6.1, we conclude that
there is a subsequence (ny) such that

||A(‘T17xl) - Ank(wlvxl>||gdx1 —0
I
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and
||81A(.131,l‘/) — 81Ank (l‘l,l‘l)Hg dri1 — 0
Iy
for almost every ' € U/ = Iy x --- x I,,, as k — oo. By Corollary 10.2,

G, (@) = |01F (z1,2") — 01 Fy, (z1,2")||3dzy — 0 as k — oo
1y

for almost every =’ € U’.

Using Proposition 9.1 instead of Proposition 3.5, we see as in the proof of Theo-
rem 6.1, that the set {G1,,, : k> 1} C LY(U’) is uniformly integrable. So Vitali’s
convergence theorem 2.2 and Tonelli’s theorem imply (11.1) for j = 1, in the case
that U = I; X --- x I,,. For 2 < j < m, the reasoning is analogous.

Let now U be a general open bounded subset of R™. Then (11.1) follows from
Lemma 2.3 (applied to f,, := ||0;F — 9;F,||%), since {f,} is uniformly integrable
which can be seen in analogy to the proof of Lemma 5.9, using Proposition 9.1.
This ends the proof of Theorem 1.8.

11.2. Proof of Corollary 1.12. The corollary follows from Theorem 1.8 and Mor-
rey’s inequality,

A0 &(A) = Ao &(An)llco.e@pry < CllACE(A) = Ao &(An)lwrawry),
where « =1 —m/q, ¢ > m, and C = C(m, N, q,U).

11.3. Proof of Theorem 1.13. We adapt the proof of (11.1) with F, F}, replaced
by A, An. Assume first that U = I; X --- X I, and j = 1. By Theorem 10.7, we
may conclude that there is a subsequence (ng) of (n) such that

G, (@) = [ [JOu M1, 2") — 01\, (21, 2")||3dxy - 0 as bk — oo
Iy
for almost every =’ € U’. It is easy to check (as before) that {G1,, : k > 1} is
uniformly integrable. So the assertion follows from Vitali’s convergence theorem
2.2 and Tonelli’s theorem. The case of general U then follows from Lemma 2.3.

11.4. Proof of Theorem 1.14. It follows easily from Theorem 10.8 (applied
coordinate-wise).

12. AN APPLICATION FOR COMPACT SELF-ADJOINT OPERATORS

Let H be a Hilbert space. A bounded operator A € L(H) is compact if for each
bounded sequence (v,) C H the image (Av,) contains a convergent subsequence.

The set K(H) of all compact operators A € L(H) form a closed linear subspace of
L(H) and thus a Banach space endowed with the operator norm.

The resolvent set of A is by definition the set of z € C such that A — z is invertible
with resolvent R(z) := (A—2)~1! € L(H). The resolvent set P(A) is an open subset
of C, its complement is the spectrum of A. As A is compact, the spectrum of A is
a countable set which accumulates at zero, and zero is its only accumulation point.
Every nonzero point in the spectrum is an eigenvalue of A with finite multiplicity.
See [Kat76, I11.6.26].
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Let A € K(H) be a self-adjoint nonnegative compact operator. Let
A(A) > Aa(4) > -+

denote its decreasingly ordered eigenvalues. Then, by the Courant—Fischer—-Weyl
min-max principle (see e.g. [GGK03, Chapter IV, Theorem 9.1] or [RS80, Theorem
XII1.1)),
Ai =  min  max (Azx, z). (12.1)
MCH lz||=1
dim M=i—1 2| M
As a consequence we get the following version of Weyl’s theorem (see e.g. [GGKO03,
Chapter IV, Section 4.9]).

Proposition 12.1. Let A, B € K(H) be self-adjoint nonnegative compact opera-
tors. Then, for alli>1,

[Ai(A) = Ai(B)] < [|A = Bllop-

Proof. Let x € H with ||z|| = 1. Then
[(Az, ) — (Bz,z)| = [((A = B)z,z)| < [[A = Bllop
which means that
(Az,2) < (Ba,2) + | A~ Blop
and
(Bz,z) < (Az,z) + ||A — Bl|op-
Applying (12.1), we conclude that
Ai(A) S Xi(B) +[[A = Bllop  and  Ai(B) < Ai(A) + [[A = Bllop

which gives the statement. [

Let U C R™ be a bounded open set. Consider a Lipschitz family A €
C%1(U, K(H)) of compact operators such that each A(z), for z € U, is self-adjoint.
Fix zg € U. Let X be an eigenvalue of A(xg) of multiplicity d. Let T be a simple
closed C! curve in the resolvent set P(A(xg)) enclosing only A\ among all eigen-
values of A(xg). Then there is an open neighborhood V' of zy such that I' lies in
P(A(z)), for x € V, and A(x), for € V, has precisely d eigenvalues (counted with
multiplicities) in the interior of T'; see [Kat76, IV.2.16, IV.3.15, IV.3.16]. Moreover,
for x € V and z close to any zg € P(A(x)), the operator A(z) — z is invertible
with resolvent R(A(x),z) = (A(z) — z)~! € L(H). We conclude that the map

(z,2) — R(A(x),2) = (A(z) — 2)~' € L(H)

is of class C%! in 2 and holomorphic in z, since inversion is analytic on L(H).
Consequently,

1 1
Mg —— / R(A(),2)dz = ——— [ (A(z) — =)~V d= € L(H)
211 T 271 T
defines a Lipschitz family II of projections onto the direct sum of eigenspaces of
the corresponding eigenvalues in the interior of I'. We have that A(z) commutes
with TI(z), and the spectrum of A(z) inside T' coincides with the spectrum of

A(x)I(z) = I(z)A(z)II(z) € L(II(x)H); see [Kat76, I111.6.17].

The image of x — II(x) describes a d-dimensional Lipschitz subbundle of the trivial
bundle U x H — U. Indeed, choose v1,...,vq € H such that the vectors II(zg)v;
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span II(zg)H. This remains true locally for z near xo. By the Gram-Schmidt or-
thonormalization procedure (which is real analytic), we obtain a local orthonormal
Lipschitz frame of the bundle. In this frame, II(x) A(z)II(x) is given by a Hermitian
d x d matrix parameterized in a Lipschitz way by x.

For the reader’s convenience, we restate Theorem 1.21:

Theorem 12.2. Let U C R™ be a bounded open set. Let H be a Hilbert space
and A, A, € CYY(U,K(H)), for n > 1, Lipschitz families of compact self-adjoint
nonnegative operators. Assume that A(x) is positive definite for all x € U and
A, — Ain COYU,K(H)) as n — co. Then:

(1) The decreasingly ordered eigenvalues \;(A) and A\;(Ay), for all i and large
enough n, belong to C%1(U).

(2) For all1 < j <m and almost every x € U,
im0\ (A)(@) = 9N (A (@), i=1.2...

(3) For every 1 < ¢q < oo,
Jim [[Ai(A) = Ai(An)[[wia@y =0, i=1,2,...

Proof. (1) Since A(x) is positive definite for all x € U, all eigenvalues \;(A(x))
are positive for all z € U. By Proposition 12.1, this also holds for A, if n is
large enough. Then Proposition 12.1 implies that each A;(A) and X;(A,,), for large
enough n, is Lipschitz and belongs to C%1(T).

(2) Fix o € U and i > 1. Let ' be a simple closed C* curve in P(A(xq)) enclosing
only A\;(A(zg)) among all eigenvalues of A(zg). As above, by [Kat76, IV.2.16,
IV.3.15, IV.3.16], we see that there is an open neighborhood V of g and ng > 1
such that I' lies in P(A(z)) and P(A,(z)), for x € V and n > ng, and A(x)
and A,(x), for x € V and n > ng, have precisely d eigenvalues (counted with
multiplicities) in the interior of I'. By Proposition 12.1, A\;(A,(z)) is among those
eigenvalues, if ng is large enough.

The discussion before the theorem shows that the d eigenvalues of A(z) as well as the
d eigenvalues of A,,(z) in the interior of T" are precisely the d eigenvalues of B(x) :=
II(z)A(x)I(z) and B,(z) := I, (z)A,(x)Il,(x), given by a Lipschitz family of
Hermitian d x d matrices, respectively. Moreover, B,, — B in C%(V,Herm(d)) as
n — oo, after slightly shrinking V if necessary. Thus, Theorem 1.7 implies that,
for all 1 < 7 < m and almost every x € J, we have

Tim_0;(0(4,))(1) = 3 ((A)) (1)

Since U can be covered by countably many such open subsets V', this holds for
almost every = € U.

(3) By Proposition 12.1, for each i > 1 and n > 1,
‘/\i(An)|CO,1(ﬁ) S ‘An|co,1(ﬁ’K(H)) S L,

for a positive constant L independent of n and i¢. Thus, for each 1 < j < m and
almost every z € U,

10;(Xi(An)) ()| < L.
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Consequently, in view of (2), the dominated convergence theorem implies that, for
each 1 < j <m and every 1 < g < o0,

10;(Xi(A)) = 0;(Ni(An))lLaqwy = 0 asn — oo.
By Proposition 12.1, we have
[Ai(A) = Xi(Ap)llL=@w)y =0 asn— o0
and (3) is proved. O
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