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Preface

These are lecture notes for the course Komplere Analysis held in Vienna in
Spring 2015 (two semester hours). The presentation is based loosely on [5]. Other
sources are [1], [2], [4], [6], and [7].

Most of the illustrations were made available by courtesy of Andreas Kriegl.
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Preliminaries

1. Complex numbers

A complex number has the form z = z+1iy, where z,y € R and i is an imaginary
number that satisfies i = —1. We call z = Re z the real part and y = Im z the
imaginary part of z. The complex numbers with zero imaginary part are precisely
the real numbers, those with zero real part are called purely imaginary. The set
of complex numbers is denoted by C,

‘(Cz{x—&—iy:x,yeR}, i2:—1.‘ (1.1)

Assuming that the usual rules of arithmetic apply to complex numbers we observe
that addition and multiplication preserve C,

(x+iy) + (u+iv) = (z +u) +i(y + v),
(x +iy) - (u+iv) = (xu — yv) + i(zv + yu).

If 2 + iy = u + v then (x —u)? = —(y — v)? and thus * = v and y = v.

In the previous paragraph we have tacitly made the assumption that there is a
field extension of R in which the equation 22 + 1 = 0 is solvable. Let us now show
that this assumption is justified.

1.1. Theorem. The set R? with the addition
(#,y) + (u,0) = (z + u,y +v)
and the multiplication
(#,y) - (u,v) = (zu — yov, 20 + yu)

forms a field in which the equation 2> + 1 = 0 has two solutions.

Proof. 1t is easy to check that (R?,+,-) is a field. The subfield {(z,0) : z € R}
is isomorphic to R. The element i := (0,1) satisfies i> = (0,1)? = (-=1,0) = —1.
Hence +i are the solutions of the equation 22 +1 = (z +4)(z —i) = 0. O

The field (R?, +,-) of Theorem [1.1]is by definition the field C of complex num-
bers. We arrive at the representation (1.1)) if we set ¢ := (0,1) and denote elements
(z,0) simply by z,

(z,y) = (z,0) +(0,1) - (y,0) = = + iy.

The complex numbers can be visualized as the usual Euclidean plane by iden-
tifying z = x + iy € C with the point (z,y) € R%2. Then the z-axis and the y-axis
are called real and imaginary axis, respectively.

Addition of complex numbers corresponds to addition of the corresponding
vectors in R%2. We shall see below that multiplication corresponds to a rotation
composed with a dilation.
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FIGURE 1. Addition of complex numbers.

The complex conjugate of z = x + iy € C is defined by

Z =z —1y.

It is obtained by a reflection across the real axis. We have

z+z z2—Z
, Imz= —
2 2
and z € R if and only if z = Z. Thus conjugation z — Z is a field automorphism
C — C that is an involution and that fixes each point in R.

iftw=z+w, zZw=2zZ-W, z=2~2 Rez=

The absolute value |z| of a complex number z = x + iy is defined as the
distance of (x,y) € R? to the origin,

|z| := V2?4 y2.

Then it is easily seen that

[zl =l2l, |2* =2z, |Rez| <[z, [|Ime| <z,
and that |- | : C — R is a valuation on C, that is
e |z| >0, and |z| = 0 if and only if z = 0,
o |zw] = |2||w],

o |z+w[<|z] + |w]|.
So C (and R) together with the absolute value |- | is a valued field.

1.2. Proposition. The field C is isomorphic to

(1) the field of all matrices (5 _xy)’ z,y € R, with matriz addition and

multiplication,
(2) the quotient field R[X]/(X?% +1).

Proof. In the first case the isomorphism is given by = + iy — (g _xy>

The set R[X] of polynomials in the variable X with real coefficients is an
integral domain (since R is a ﬁeld)H The quotient ring R[X]/(X? + 1) is a field,
since the polynomial X2 + 1 is irreducible over R. The field isomorphism is given
by a+ib+— a+ bX. O

1An integral domain is a non-zero commutative ring in which the product of any two non-zero
elements is non-zero.
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z=a+ib

- 2, p2
=/a?+p b-r sin ()

b
p=arctan(—)
\ a

|
a=r cos ()

=Y

FIGURE 2. Polar coordinates.

We may infer that multiplication corresponds to a rotation composed with a
dilation. In fact, if we represent (a,b), (z,y) € R? in polar coordinates
a=rcosp, b=rsinp, r>0, p€R,
r=scosy, y=ssiny, s>0, YveR,

then the multiplication of z = a + ib with w = = 4 iy amounts to

a —=b\(z -y\ _ cosp —sing) (cosy —siny
b a Yy T =T sinp  cosy siny  cosy
. (COS(@ +4) —sin(p+ w))
sin(p +¢)  cos(e+v) )

The angles ¢ and v which are determined uniquely up to addition of terms of the
form 27k, k € Z, are called the arguments ¢ = argz and ¥ = argw of z and w.
Thus

arg(zw) = arg(z) + arg(w).
Multiplying two complex numbers hence means adding the arguments and multi-
plying the absolute values.

FIGURE 3. Multiplication of complex numbers.

We denote by

‘(z,w) :=Re(zw) = 2u+yv, z==x+1iy, w=u+iv,

the inner product in the real vector space C = R? with respect to the basis {1,4}.
We have, for all z,w,a € C,

(z,2) = |22, {az,aw) = |a]*(z,w), (z,w) = (Z,@).
It is easy to check that

(z,w)” + {iz, w)? = |2 |wl*;



4 PRELIMINARIES

in particular, we get the Cauchy—Schwarz inequality

[z, )| < [allul, 2w e C.]

Moreover, we have

|2 +wl* = |2 + [w]® + 2(z,w).
Two vectors z and w are said to be orthogonal if (z,w) = 0. Note that (z,cz) =
Re(c2z) = |z|? Rec and thus z and cz are orthogonal if and only if ¢ € iR.

By the Cauchy-Schwarz inequality, —1 < &% < 1if z,w € C \ {0}. There

|z[[w] =
exists a unique real number ¢ € [0, 7] such that

© is called the angle between z and w; we write <((z,w) = .

2. Topological prerequisites

2.1. The metric space C. The mapping d: C x C — R, d(z,w) = |z —w|, is a
metric on C, that is

e d(z,w) >0, and d(z,w) =0 if and only if z = w,

o d(z,w) =d(w,z),

e d(z,w) <d(z,v)+d(v,w).
It is called the Euclidean metric on C. The open balls in the metric space (C,d)
are the open disks

|Dy(a):={:€C:|z—a[<r}, r>0,a€eC,|

with center a and radius r. The unit disk will be denoted by D := D;(0). A subset
U C Cis open (in C) if for each a € U there exists > 0 such that D,(a) C U.
The empty set () and C are open. Arbitrary unions and finite intersections of open
sets are open. The interior S := |J{U : U C S, U open} of an arbitrary set S C C
is open. A subset A C C is closed (in C) if its complement C \ A is open. The
closed disks

Dy(a):={2€C:|z—a|]<r}, 7>0, acC,

are closed. Finite unions and arbitrary intersections of closed sets are closed. The
closure S :=({A: S C A, A closed} of an arbitrary set S C C is closed.

A set W is a neighborhood of a set S C C if there is an open subset U C C
such that S C U C W. The Hausdorff separation property (which holds in
every metric space) states that any two distinct points in C have disjoint neighbor-
hoods, in particular, if z # w € C then D,.(z) N D,(w) =0 for r := |z — w]|/2.

A sequence (z,), in C is a convergent if there exists z € C such that each
neighborhood of z contains almost all (i.e. all except finitely many) z,; then
z = lim,_,o 2 is called the limit of the sequence; we will also write 2z, — =z.
Equivalently,

z=lim 2z, & Ve>03ng e NVn>ng: |z, — 2| <e

n—oo
Non-convergent sequences are called divergent. For instance, lim,_,,, 2 = 0 for
every z € D, while the sequence z" is divergent if |z| > 1.
The Hausdorff separation property implies that the limit of a convergent se-

quence is unique. Note that a set S C C is closed if and only if the limit of each
convergent sequence (z,) with z, € S belongs to S. A set S C C is said to be
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dense in C if S = C, or equivalently, if for each z € C there is a sequence z, € S
such that z,, — z.

A point z € C is called accumulation point of a set S C C if for each
neighborhood U of z we have U N (S'\ {z}) # 0. If z is an accumulation point of S
then there exists a sequence z,, € S\ {z} so that lim z, = z.

2.2. Convergent sequences and series of complex numbers. Every conver-
gent sequence of complex numbers is bounded, i.e., there exists M > 0 so that
|zn| < M for all n. If z, and w, are convergent sequences we have:

(1) For all a,b € C the sequence az, + bw,, is convergent and
lim(az, + bw,) = alim z, + blim w,.
(2) The sequence z,w, is convergent and
lim(z,w,) = lim z,, lim w,.
(3) If limw, # 0, then z,/w, (for sufficiently large n) is convergent and
lim(zy, /wy,) = lim 2,/ lim w,.

(4) The sequence |z,]| is convergent and lim |z, | = |lim z,|.
(5) The sequence Zz, is convergent and limz,, = lim z,,.

These rules can be proved in the same way as for real sequences (since the absolute
value has the same properties on C and on R). Moreover:

(6) A complex sequence z, is convergent if and only if the real sequences Re z,,
and Im z,, are convergent. In that case lim z, = lim Re z,, 4+ ¢ lim Im z,.

This follows from (1) and (5), since Re z, = 1 (2, + Z,) and Im 2, = 5-(2,, — Z).
The field C is complete. That means that every Cauchy sequence z, is con-
vergent. A Cauchy sequence in C is a sequence z, satisfying

Ve>03k e NVm,n>k:|zn — 2, <e

Every convergent sequence is a Cauchy sequence (thanks to |z, — zm| < |2, — 2| +
|z—zpm| where z = lim z,,). Conversely, completeness of R implies that every Cauchy
sequence is convergent: the inequalities

|Rezm — Rezn| <|zm — 2|,  |[Imzy, — Im oz, | < |z — 25]

imply that Re z, and Im z,, are Cauchy sequences if z,, is a Cauchy sequence. Since
R is complete, they converge to real numbers a, b. By (1), the sequence z,, converges
to a + b in C.

Given a sequence (aj)r>; of complex numbers, we call the sequence (sy,)n>;
of partial sums s, := > ;'_. a; an (infinite) series, and write Y ;7 - ar, Y~ ak
or just S ay. A series Y ay is convergent if the sequence of partial sums (s,,)
converges, and we write Y ar = lim s,,, otherwise it is called divergent. A series
> ay is convergent if and only if

n
Ve>0§|€€NVm,n2€:‘ 3 ak‘<e; (2.1)
k=m+1

this precisely means that s, is a Cauchy sequence since s,, — s, = Zzzm 1 Q-

The basic example is the geometric series >, -, zF with partial sums

1— zn+1

E =" forz#1.
1—-=2
k=0
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Since lim 2" = 0 if |2] < 1 we obtain

o0 1

Yote 1.
z T’ or |z] <

k=0

The terms aj of every convergent series Y aj must converge to 0, because
ar = sk —Sk—1. Therules (1) and (5) imply: if 3, o ax and } -, - ; bx are convergent
series and a,b € C then ), - -(aak + bbx) is convergent with

Z(aa;C + bby,) = aZak + bz b,
k>j k>j k>j

and )., @ is convergent with

Zak = Zﬁk.

k>3 k=>j

Consequently, > ay is convergent if and only if Y~ Reay and > Imay are conver-

gent; in that case
Zak = ZReak JriZImak.
k>j k>j k>j

A series ) ay is called absolutely convergent if the series > |ag| is conver-
gent. An absolutely convergent series > ay is convergent and satisfies | > ag| <
>~ |ag; this is a consequence of and [ Y25y akl < D00 larl.

Another simple consequence of is the majorant criterion which states
that Y ay is absolutely convergent if |ay| < by (hence by, € R and by, > 0) and Y by,
is convergent. It implies, in view of max{|Rea|,|Imal} < |a| < |Rea| + |Imal,
that a series Y ay, is absolutely convergent if and only if > Reay and ) Imay are
absolutely convergent.

The terms of absolutely convergent series can be arbitrarily reordered: a series
> k>0 @k is absolutely convergent if and only if it is unconditionally convergent,
ie, > so Uo(k) = D=0k for every bijection o : N — N. For a proof we refer to

[3, Satz 32.3]E|
Given two series ), <, ar and >, -, bi, we call every series ), - ¢, such that
each product arby appears exactly once in the sequence cg,cq,... a product se-

ries of ), ., ar and ), ., br. The most important product series is the Cauchy
product > ;o> iy aibj. I 57, ar and Y7, o, by are absolutely convergent
series, then every product series ), ¢ is absolutely convergent and satisfies

<kz>0ak)(;)be) zmzxjcm.

Let us prove this. For each ¢ there exists m such that cg,cq, ..., c, appear among
the products a;b;, 0 < i,5 < m. Thus

§|Ck| < (éhd)(élbﬂ) < <§;|ai|>(§|bj|) < 0.

Hence Zzio ¢ is absolutely convergent, and therefore unconditionally convergent,

whence
n

goc’“ :nh—{go(zaz)(;bj) = (iai)(gbj).

=0 =0

2By reordering a real convergent, but not absolutely convergent, series one can obtain any
real number. This is no longer true for complex series; see [5], 0.4.5].
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2.3. Compact sets. A set K C C is compact if any of the following equivalent
conditions holds:

e K is closed and bounded.
e Every sequence in K has a subsequence that converges to a point in K.
e Every open covering of K has a finite subcovering.

Every open set U C C is a countable union of compact subsets of U.

If K1 D Ky O --- is a nested sequence of non-empty compact sets in C such
that diam K, := sup, ,cp, |2 —w| — 0 as n — oo, then there is a unique point
¢ € C such that ¢ € K, for all n, i.e., (,, K5 = {c}. To see this choose a point z,
in K, for all n. Then (z,) forms a Cauchy sequence, since diam K,, — 0, and thus
has a limit ¢ € C. By compactness, c lies in each K,. If there is a further point
¢ # ¢ with this property, then 0 < |¢ — ¢/| < diam K, a contradiction.

2.4. Continuous functions. Let X and Y be metric spaces. A mapping f : X —
Y is continuous at a point a € X if the preimage f~!(V) of each neighborhood
V of f(a) in Y is a neighborhood of a in X. Equivalently,

Ye>030>0Ve € X,dx(z,a) <0 :dy(f(z), fla)) <e. (2.2)

Moreover, f : X — Y is continuous at ¢ € X if and only if for each sequence
Zn — a in X we have f(x,) — f(a) in Y. A mapping f : X — Y is called
continuous if it is continuous at every point x € X. Then f is continuous if and
only if preimages of open sets are open, or equivalently, if preimages of closed sets
are closed. The composite of continuous mappings is continuous. The image f(K)
of a compact set K under a continuous mapping f is compact. In particular, real
valued continuous functions attain its maximum and minimum on every compact
set. Every continuous mapping on a compact set is uniformly continuous, i.e.,
0 in is independent of a.

Complex valued functions f,g: X — C can be added and multiplied
(f+9)(x) = f(x) +9(x), (fg9)(@):=f(z)g(x).

Likewise we define

f@):=f(z), (Ref)(x):=Re(f(z)), (mf)(z):=Im(f(z)).
For the real and imaginary part of f we shall consistently write

u:=Ref, wv:=Imf.

If f and g are continuous in @ € X then so are f + g, fg, and f. In particular,
f =u+iv is continuous in a if and only if u and v are continuous in a.

Let C(X) (or C°(X)) denote the set of all continuous functions f : X — C;
it is a commutative C-algebra with identity element. Since constant functions are
continuous, we have a natural inclusion C C C(X). Conjugation defines an R-linear
automorphism that is also an involution. The functions g € C(X) with g(z) # 0
for all x € X are the units in the ring C(X); in fact, 1/g € C(X). Thus, also
f/g € C(X) for all f e C(X).

2.5. Connected domains. Let X be a metric space. The following conditions
are equivalent:

(1) Every locally constantﬂ function f : X — C is constant.
(2) If A C X is non-empty open and closed then A = X.

3A function f is locally constant if every point has a neighborhood U such that f|y is
constant.
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(3) If X = AU B, where AN B = () and A, B are open, then either A or B is
the empty set.

To see that (1) implies (2) consider the characteristic function x4 of the set A.
It is locally constant, since A and X \ A are both open. Thus it is constant, and
since A # 0, xa(z) =1 for all z € X, i.e., A = X. Suppose that (2) holds and let
f: X — Cbe alocally constant function. For fixed a € X the fiber A := f~1(f(a))
is non-empty open and closed in X. Then A = X and so f(z) = f(a) for all x € X,
i.e., (1). The equivalence of (2) and (3) is evident.

A metric space X satisfying the equivalent conditions (1)—(3) is called con-
nected. A continuous mapping f : X — Y defined on a connected space X has a
connected image f(X). The connected subsets of R are precisely the intervals.

A continuous mapping v : R 2 [a,b] — X is called a path (or a curve) in X.
The path ~ is said to be closed if its endpoints coincide, y(a) = v(b). We say that
~ is a simple path it has no self-intersections, i.e., y(t) # y(s) unless t = s, except
at the endpoints if 7 is closed. We shall denote by |y| the unparameterized path
7] :=(la,0]) € X.

If ~; : [as,b;] — X, ¢ = 1,2, are paths such that v1(b1) = v2(az), we define the
path v1 4+ 2 : [a1,b1 + by — az] — X by setting

- 1 (t) t € [ay,b1],
(1 +72)(t) = {%(tﬂm —by) t€[br,bi + by — asl;

it is the concatenation of the paths v; and ~5. Analogously, one defines v + 72 +
-+ + ,. This symbolic addition of paths is associative but not commutative.

A space X is called path-connected if any two points z,y € X can be con-
nected by a path, i.e., there exists a path v : [a,b] — X such that v(a) =  and
~v(b) = y. A path-connected metric space is connectedﬁ For, let A be an open and
closed subset of X that contains z. Let y € X and choose a path ~v : [a,b] — X
such that v(a) =  and y(b) = y. Then y~1(A) is non-empty open and closed in
[a,b]. Since [a,b] is connected, vy~ !(A) = [a,b] and hence y = y(b) € A. It follows
that A = X.

Let us now consider the complex plane C. The path v : [0,1] — C, ~(¢) =
(1 —t)zo + tz1 is the line segment from zy to z1; we will denote it by [20,21]. A
polygon is a finite sum [z, 21] + [21, 22] + - + [Zn—1, Zn]-

A non-empty open subset U C C is called a domain. For any domain U C C
the following are equivalent:

(1) U is connected.

(2) Any two points z,w € U can be joined by an polygon P in U such that
each line segment in P is parallel to the axes.

(3) U is path-connected.

It remains to show that (1) implies (2). Fix z € U. Let f : U — C be defined as
follows: f(w) := 1 if w can be joined to z by a polygon in U with line segments
parallel to the axes, otherwise f(w) := 0. Any two points in a disk D can be
joined in D by a polygon in D with line segments parallel to the axes. Thus f|p is
either 1 or 0. That means that f is locally constant and hence constant, since U is
connected. So f =1 (as f(z) = 1) which implies the assertionﬂ

A connected domain is called a region.

4The converse is not true: the subspace i[—1,1] U {z + isin(1/xz) : £ > 0} of C is connected
but not path-connected.
5The same argument gives: every connected locally path-connected space is path-connected.
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We may say that two points in a domain U are equivalent if they can be joined
by a path in U. This defines an equivalence relation on U. The equivalence classes
are called the connected components of U. Every connected component is a
region. A domain has at most countably many connected components. Indeed,
every domain U C C has a countable dense subset (e.g. U N Q?) and thus is a
countable union of open disks D;. Every disk D; is contained in precisely one
connected component of U, and each connected component of U contains at least
one D;.

The boundary of a domain U C C is the set U := U \ U = U \ U which is
always closed in C. For disks we have 0D, (a) = {z € C : |z — a| = r}. For points
a € U we define the distance to the boundary

do(U) :=inf{]z —a| : 2 € OU} >0, d,(C) := o0.
The number d,(U) is the maximal radius r such that D,(a) C U.

3. Review of 1-forms

Let £ and F be finite dimensional vector spaces, and let U C E be open. An
F-valued 1-form is a mapping w : U — L(E, F). A continuous 1-form w is called
exact if there is a C' mapping f : U — F such that df = w.

Let E = R™ and let x; denote the coordinate projection z; : R” — R, x =
(x1,...,2n) = x;. The differential dz; : R” — L(R™,R) = (R™)* is the constant
1-form v = (v1,...,v,) — v;. An arbitrary 1-form w : R® D U — L(R™, F) is of

the form
n
w = Zwi dx;,
i=1

where the mappings w; : U — F are given by w;(z) = w(z)(e;) and where (e;)7,
denote the standard unit vectors of R™. Indeed,

w(z)(v) = w(x) ( Z viei) = Z w(z)(e;)v; = Z w;(x) dzi(x)(v).

i=1
Thus dx1, ..., dz, form a basis for the module of real valued 1-forms over the ring
of real valued functions.

If w = df is exact, then its components w;(z) = w(z)(e;) = df (z)(e;) = 0, f(x)
are the partial derivatives of f,

n
df =Y 0, f du;.
i=1
Since for a C? mapping f the partial derivatives of second order commute, 9;0; f =
9;0;f, i # j, a necessary condition for a C' 1-form w = Y_I" | w; dz; to be exact is
that the integrability conditions 0;w; = Ojw;, © # j, are satisfied. In that case w is
said to be closed. A closed 1-form is locally exact.

Let w: E DU — L(E,F) be a continuous 1-form and let 7 : [a,b] — U be a
C'-curve in U. The integral of w along v is defined by

/f’ = /abw(’y(t))v’(t) dt.

For exact 1-forms w = df the integral computes the primitive f. In fact, if f: U —
F is C! then by the fundamental theorem of calculus

b b
/ df = / df ((1))(¢) dt = / (Fon)(t)dt = F(2(B) — F(+(a)).
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for all C't-curves ~.



Complex differentiation

4. Holomorphic functions

4.1. R-linear and C-linear mappings. Since C is a vector space over R as well
as over C, one must distinguish R-linear from C-linear mappings C — C.

Lemma. A mapping f: C — C is R-linear if and only if

f(z) = fMz+ f(D)y = 1) ; i@, S ;im)z =z +iy.
An R-linear mapping f : C — C is C-linear if and only if f(i) = if(1); in that case

f(z) =F(1)z.

Proof. If f : C — C is R-linear then f(z) = f(z+iy) = f(1)z+ f(i)y; the converse
is obvious. The second identity follows from = = (2 +%) and y = 5-(z — Z). The
rest follows easily. O

For instance z — Z is R-linear, but not C-linear.

Let us identify C = R? by z +iy > (5) Every R-linear mapping f : R? — R?

x a b\ [(z\ [faxr+by
(y) "~ (c d> (y> B (Cde)’ Bhed ek
Via the above identification we get

fQ)=a+ic, f(i)=>b+1d.
Then, f(i) =if(1) if and only if ¢ = —b and d = a. Thus, cf. Proposition

is of the form

Proposition. The real matriz (CCL Z) induces a C-linear mapping f : C — C if
and only if c = —b and d = a.

4.2. Complex differentiable functions. Let U C C be a domain. A function
f:U — C is called complex differentiable (or C-differentiable) at a € U, if
there exists a function f; : U — C that is continuous in a and

f(z)=fla)+ fi(z)(z—a) forall ze€U. (4.1)

The function f; is uniquely determined by f: we have fi(z) = w if z#a
and by continuity of fi,

_ o flath)— f(a)
fila) = Jim h '
The number f;(a) € C is the complex derivative of f at a; we write

= ﬁ(a) = fi(a) = lim flath) - fla)

T dz h—0 h

f'(a)

11
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A function f: U — C is called holomorphic in U if it is C-differentiable at every
point @ € U. The set of all holomorphic functions in U will be denoted by H(U).
The following lemma implies C C H(U) C C(U).

Lemma. If f is C-differentiable at a then f is continuous at a.

Proof. This follows immediately from (4.1)). O
Example.

(1) Every power function z — z" is holomorphic in C:

M=a"+(z—a) " Faz"r 4 a2+ ad Y,

n—1

(z™) =nz for all z € C.

(2) The conjugation mapping z — Z is nowhere C-differentiable:
z2+h—Z h
——— ==, h#0
h h 7 # 7
is 1 for h € R and —1 for h € iR, thus does not converge as h — 0. Analogously,
Re z, Im z, and |z| are nowhere C-differentiable.
(3) The inversion z — 1/z is holomorphic in C\ {0}:
1 1 1
s=atea(-5)

z

1y’ 1
(;) =—5 forallzeC\{0}.
4.3. Complex and real differentiability. A mapping f : R™ O U — R" is real
differentiable (or R-differentiable) at a € U, if there is an R-linear mapping
T :R™ — R™ such that

o @ h) = f(a) = T(0)

h—0 || =0
Then T is unique and is called the differential df(a). Clearly, R-differentiability
at a implies continuity at a. If we introduce coordinates and write f = (f1,..., fn)

with f; = fi(x1,...,2m), then provided that f is R-differentiable at a the partial
derivatives 9; fi(a), 1 <i<n, 1 < j <m, exist and we have

df (a)(v) = Jy(a)w, Jy(a) = (ajfi(a))1gign,1§j§m'
The matrix Jy(a) is called the Jacobian matrix.

Let U C C be a domain. A function f : U — C may be considered as a mapping
f:R2 DU — R? (namely, z = z+iy and f = u+iy) and we can compare complex
and real differentiability.

Theorem. For a function f:U — C and a € U the following are equivalent:

(1) f is C-differentiable in a.
(2) f is R-differentiable in a and the differential df (a) : C — C is C-linear.
(3) f is R-differentiable in a and the Cauchy—Riemann equations hold:

| ua(a) = vy(a),  uy(a) = —v.(a). | (4.2)
In this case we have df (a)(z) = f'(a)z and f'(a) = uz(a) +ivy(a) = vy(a) —iuy(a).

Proof. (1) = (2) By assumption the derivative f’(a) exists. Define the C-linear
mapping T(z) := f’(a)z. Then
[flath)=fla) =T(H)| _|flath) = f(a)

7 = 5 — f'(a)| =0
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as h — 0. That is f is R-differentiable and df (a) = T.
(2) = (1) If f is R-differentiable at a with C-linear derivative df(a) then

a+h)— fla a+h)— fla) —df(a)(h
Hoth) = 1(0) _ gy | - Wlat 1) = 10—t
h ||
as h — 0, since df (a)(h) = h-df (a)(1). So f’'(a) exists and equals df (a)(1).
The equivalence of (2) and (3) follows from Proposition the differential
df (a) is given by the Jacobian matrix

Jr(a) <ux(a) uy(a)>

which is C-linear if and only if .
Then f'(a) = df(a)(1) = ugz(a) + ivy(a) = vy(a) — iuy(a). O

A function f = u+iv: C O U — C is R-differentiable in a € U if and only
ifu:U — Rand v : U — R are R-differentiable in a. A sufficient condition for
R-differentiability of a function u : U — R is existence and continuity of the partial

derivatives u, and u,; we say that u is continuously differentiable and write
u € C1(U). Thus follows:

Corollary. If u and v are real continuously differentiable functions in U C C,
satisfying the Cauchy—Riemann equations

Uy = Vy, Uy = —Ug. (4.3)

in U, then f =+ iv is holomorphic in UE|

Suppose that f = u + v is C-differentiable. Then

|ﬂ%ﬂa@wyj:@+@=@+@ (4.4)
x Y

that is, |f’|? is the Jacobian determinant of the mapping (z,y) — (u,v). It is
non-negative, and zero precisely at points where f’ vanishes.

Proposition. If f is holomorphic in a region and f' =0, then f is constant.
Proof. This follows from (4.4) and the mean value theorem. O

A different proof will be given in Section [13.3
4.4. Example.
(1) The function
é(z) :=e€"(cosy +isiny), z=xz+1iy, =,y € R,

is R-differentiable and the Cauchy—Riemann equations are satisfied. Thus ¢ is
holomorphic in C and we have

€(z) = é(2).

(2) The function

~ 1
L(z) := 3 log(2? + y?) + iarctang, z=x+1iy, v,y ER, x #£0,
x

6Actually7 by the Looman—Menchoff theorem, a continuous function f : C O U — C whose
partial derivatives exist (everywhere but a countable set) is holomorphic if and only if it satisfies
the Cauchy—Riemann equations.
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is R-differentiable and the Cauchy—Riemann equations are satisfied. Thus £ is
holomorphic in C\ {z € C: Rez = 0} and

4.5. Elementary properties of holomorphic functions. Let U be a domain
in C. Recall that a function f is holomorphic in U if it is C-differentiable at every
point a € U. We say that a function is holomorphic at a if there is an open
neighborhood V of @ in U such that f is holomorphic in V|, i.e., fly € H(V).

The set of points, where a function is holomorphic, is always open in C. If f is
holomorphic at a then it is clearly C-differentiable at a. Then converse is not true:
The function f(z2) = 23y? + iz?y3, 2 = x + iy, 2,y € R, is C-differentiable on the
coordinate axes, but nowhere else, and it is nowhere holomorphic.

Proposition. Let U be a domain in C and let f,g € H(U).
(1) Foralla,beC, af +bg € H(U) and
(af +bg)" =af +bg'.
(2) fg e H(U) and
(f9)' =fg+1d.
3 g(z 0 for all z € U then f/g € an
(3) If g(=) #0 for all z € U then f/g € H(U) and
(i)’ _fla—1d
g g
(4) If V is a domain in C such that g(U) CV, and h € H(V), then hog €
H(U) and
(hog) =(hog)-g.

Proof. There are f1,g1 : U — C that are continuous in ¢ € U and such that
f(2) = fle)+ (=) fi(2), 9(z) =9(c) + (- c)g(z), z€el.
Let us show (2) ((1) is similar):
(f9)(2) = (f9)(©) + (2 = ) [f1(2)g(c) + f(c)g1(2) + (2 — €) fi(2) g1 (2)].
The function in the square bracket is continuous in ¢, and so

(f9)'(c) = fi(e)g(c) + f(e)gi(c) = f'(c)g(c) + f(e)g'(c)-

In order to show (3) consider

1 1 91(2)
@~ 7@ O see@ e ¢ —ome)
which implies that 1/g € H(U) and (1/g)" = —g’/g?; the general case follows from

(2). Let us prove (4). By assumption
h(w) = h(g(c)) + (w = g(c)) m(w), weV,
where h; : V — C is continuous in g(c). Then
h(g(2)) = h(g(c)) + (9(2) = 9(c)) 1 (9(2)) = h(g(c)) + (2 = €)g1(2) M (9(2)), =z €U,
and z — g1(2)h1(g(2)) is continuous in ¢. Thus h o g is C-differentiable in ¢ and

(hog)'(c) = h(g(c))gi(e) = W (g(c))g (). U

As a consequence we obtain that every polynomial p(z) = ap+ai2+---+a,2z" €
Clz] is holomorphic in C, and p/(2) = a1 + 2a22 + - - - + na, 2"~ ! € C[z]. Moreover,
every rational function is holomorphic in the complement of the zero set of the
denominator.
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4.6. Partial derivatives f,, fy, f., and fz. Let f : C O U — C be R-
differentiable at a € U. Then

fla+2) = fla) = fala)z + fy(a)y +o(z), asz=z+iy—0,
and since 2 = (2 + %) and y = o-(z — %), we find

21

fla+2) - fla) = EOZI@, | L@ iR, o) s

This suggests the introduction of the differential operators

0 o .0 0 o .0
5 =3 i) =2l iy

We will denote by f, and fz the respective partial derivatives,

fz =
Then (4.5]) reads

oE

=1(fo—ify), fe=8L=2L(fa+ify).

fla+2) = f(a) = fo(a)z + fz(a)Z + o(2).
The Cauchy—Riemann equations are equivalent to
life=1y & f=0.]
Thus, if f is C-differentiable at a then
f'(a) = fala) = —ify(a) = f2(a).
The differential of f is the 1-form

_of, . of
& = gpde+ g

where dz : R?> = R, h — hq, and dy : R? = R, h — hs. Since

dy,

dz = dx+1dy, dz= dx—idy,
we find
of of
df = =—dz+ =
F=5:%" %

and df = f,dz = f'dz if f is holomorphic.

dz:fzdz—’_ffdzv

4.7. Holomorphic functions are harmonic. Let f = u+iv be a complex valued
function defined in a domain U C C. If f is C? (i.e. the partial derivatives of second
order exist and are continuous), we may consider the Laplacian of f,

[Af = for+ fyy = 4f==-

A function f € C%(U) is called harmonic if Af =0 on U. If f € H(U)N C?*(U)
then fz = 0 and thus Af = 0 on U. Since Af = A(u+ iv) = Au+ iAv, f is

harmonic if and only w and v are harmonic. So we proved:

Lemma. If f € H(U) N C*(U) then the real and the imaginary part of f are
harmonic[T

"We will see in Theorem [16.1] that H(U) C C2(U).
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5. Conformal mappings

5.1. Linear angle-preserving mappings. An R-linear bijective mapping f :
C — C is said to be angle-preserving if

(f(2), f(w)) (z,w) .
NG = Tl € €Ok

e, <(f(2), f(w)) = <(zw).

Lemma. The following are equivalent:

(1) f:C — C is angle-preserving.

(2) There exists a € C\ {0} such that either f(z) = az or f(z) = aZ for all
z€C.

(3) There exists r > 0 such that (f(z), f(w)) = r{z,w) for all z,w.

Proof. (1) = (2) Set a:= f(1). Since (f(z), f(w)) =0 if (2, w) = 0, we have
0= (f(1), f(i)) = Re(af(i)) = Re(aga™" f(i)) = |al* Re(a™" f())-

Thus a1 (i) is purely imaginary and so f(i) = ira for some r € R. Since (1 +
7,1 — z)

0,
(144, fA =a)) = (f(1) + f(2), F(1) = f(@)) = (a(1 +ir),a(l —ir))
*Re((1 +ir)?) = |a]*(1 = 1?),
i.e., r = £1. This implies (2), in fact, f(z +iy) = f(1) + yf(i) = za £ iya and so
either f(z) = az or f(z) = az.

(2) = (3) This follows from (az, aw) = |a|?(z,w) and (z,w) = (Z,W).

(3) = (1) By assumption, |f(z)| = +/r|z| and so f is injective and hence
bijective. Moreover,

|2l[w]{f(2), f(w)) = [zl|w]r(z, w) = |f(2)][f(w)[(z,w)

which implies (1). O

=(f
= |a

5.2. Angle-preserving and conformal mappings. Let U C C be a domain.
An R-differentiable mapping f : U — C is called angle-preserving at ¢ € U if the
differential df (c) : C — C is angle-preserving. We say that f is angle-preserving in
U if it is so at every point.

We say that f : U — C is antiholomorphic if f : U — C is holomorphic; this
is the case if and only if f, =0in U.

Theorem. Let U C C be a region and let f € CY(U). The following are equivalent:

(1) f is holomorphic or antiholomorphic in U and f' # 0 or 7 #0 in U.
(2) f is angle-preserving in U.

Proof. By Lemma the differential df (c)h = f.(c)h + f=(c)h is angle-preserving
if and only if either fz(c) = 0 and f.(c) # 0 or f.(c) = 0 and fz(c) # 0. This
implies (1) = (2) since f, = f/ and fz = 7. For the direction (2) = (1) we note
that the function

f2(c) = fz(¢)

f=(e) + f=(e)
is well-defined, continuous, and takes values in {—1,1}. Since U is connected it
must be constant. This means that either fz=0and f, 20 or f, =0 and fz #0
inU. ]

U>scw—
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An R-differentiable mapping f = u +iv : U — C is called orientation-

preserving at ¢ € U if
det (U=(€) )y S
vz(c)  vy(c)
We say that f is orientation-preserving in U if it is so at every point.
An angle- and orientation preserving mapping f : U — C is called conformal.

Corollary. Let f € CY(U). Then f is holomorphic in U and f' # 0 in U if and
only if f is conformal.

Proof. This follows from the theorem and (4.4). O

Example. The mapping f : C\ {0} — C\ {0}, f(z) = 22, is conformal. For
z=x+ iy and f = u+iv,

w=2>—y% v=2uxy.

So the lines = a, y = b parallel to the axes are mapped to the parabolas v? =
4a?(a® — u) and v? = 4b%(b?> + u). The parabolas of the first family are open
to the left, those of the second family to the right. Any two parabolas intersect
orthogonally. The levels u = ¢ and v = d are hyperbolas in the (z,y)-plane; any
two of them intersect orthogonally.

FIGURE 4. The function z — z%. On the left we have the (z, y)-plane,
on the right the (u,v)-plane. Brightness corresponds to |z|, and the
color to arg z.






Power series

6. Convergent sequences and series of functions

6.1. Uniformly convergent sequences and series of functions. Let X be a
set. A sequence of functions f,, : X — C is uniformly convergent to f : X — C
if

Ve>03keNVn>kVre X :|fo(z) — flx)] <e,

or equivalently, if lim, o || fn — f|| = 0, where

= 11Fllx = sup | f(z)
reX

is the sup norm. Uniform convergence implies pointwise convergence, that is
lim;, 00 frn(x) = f(z) for all € X; we simply write f = lim f,,, the limit is unique.
If f, and g,, are uniformly convergent sequences of functions X — C then:

(1) For all a,b € C the sequence af, + bg, is uniformly convergent and
lim(af, + bg,) = alim f,, + blim g,,.

(2) If ||lim f,]| < oo and ||limg,|| < oo, then the product sequence f,g, is
uniformly convergent and

lim( fng,) = lim f, lim g,,.

Let X be a metric space. A sequence of functions f, : X — C is locally
uniformly convergent to f : X — C if each point z € X has a neighborhood U
in X such that f, |y is uniformly convergent.

Theorem. The limit of a locally uniformly convergent sequence of continuous func-
tions f, € C(X) is continuous, f =lim f, € C(X).

Proof. Fix a € X and let € > 0. There is a neighborhood U of a in X and m € N
such that || f — fmllu < €. Since fp, is continuous in a, there is a neighborhood
V C U of a such that |f,(x) — f(a)| < € for all z € V. Thus

|f(z) = fa)] < [f(x) = fm(@)] + [fm(®) = fn(a)| + [fm(a) — fa)] < 3¢
forall z € V. [l

A locally uniformly convergent sequence of functions converges uniformly on
compact sets. If X is locally compact (i.e. each point in X has a compact neighbor-
hood), then also the converse is trivially true. Note that domains in C are locally
compact.

A series Y f,, of functions f,, : X — C is (locally) uniformly convergent
if the sequence of partial sums is (locally) uniformly convergent. Thus (1) remains
true for series, and the limit of a locally uniformly convergent series of continuous
functions in continuous.

19
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6.2. Cauchy’s convergence criterion. A sequence f, : X — C is called a
Cauchy sequence if

Ve>03keNVm,n>k:|fm— ful <e

Theorem. A sequence f, : X — C is uniformly convergent if and only if it is a
Cauchy sequence.

Proof. Suppose that f,, is a Cauchy sequence. Then f, is pointwise a Cauchy
sequence, since | fi, () — fr(2)|] < ||fm — fmll, and thus it is pointwise convergent;
set f := limf,. Let e > 0. There is k¥ € N such that |f,(z) — fu(z)] < €
for all m,n > k and all z € X. For x € X choose m = m(xz) > k such that

| fm(2) = f(z)] <€, then
|fu(z) = f(@)] < [falz) = fm(@)| + [frn(z) — f(2)] < 2€
for all z € X and all n > k. O

Corollary. A series Y fn of functions f, : X — C is uniformly convergent if and
only if for all e > 0 there is k € N such that || frmy1+- -+ full <€ for alln >m > k.

6.3. Weierstrass majorant criterion.

Theorem. Let f, : X — C be a sequence of functions, and let M, > 0 be a
sequence of real numbers such that ||fn]] < M, and >, M, < oco. Then Y fy, is
uniformly convergent.

Proof. This follows from Cauchy’s convergence criterion, since

D EDER Y .

k=m+1 k=m+1 k=m-+1

6.4. Normally convergent series. A series Y f, of functions f, : X — C is
called normally convergent if > ||f.|| < co. The Weierstrass majorant crite-
rion implies that a normally convergent series is uniformly convergent. Clearly,
each subseries of a normally convergent series is normally convergent. Moreover,
normally convergent series can be reordered arbitrarily:

Proposition. If Y fn is normally convergent to f, then Y fy(n) is nor-
mally convergent to f for each bijection o : N — N.

Proof. Let o : N — N be any bijection. Since > -, ||fa]l < o0, we also have
Yoveolfomyll < oo, because absolutely convergent series of complex numbers
can be arbitrarily reordered; cf. Section Moreover, f(z) = Y07 falz) =
Y onto fom) (@) for each z € X, since > fn(x) is absolutely convergent for each
reX. (I

Lemma. Let Y f, and Y g, be normally convergent series.

(1) For all a,b € C the series Y (afn + bgn) is normally convergent.
(2) Ewery product series > hy, where hg, hy, ... runs through all products fi.ge
exactly once, converges normally to > fn > gn.

Proof. (1) follows immediately from the majorant criterion.

(2) is a consequence of the corresponding result for absolutely convergent series;
cf. Section[2.2] Note that || fuge|l < || fxllllgell- O
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7. Convergent power series

We begin by discussing power series centered at the origin. Everything holds
up to obvious changes for power series centered at arbitrary points; see Section[8.2]

7.1. Formal power series. A formal power series is a series fozo anz" with
a, € C. The numbers a,, are called the coefficients of the formal power series.
The set of all formal power series, denoted by C][z]], forms a C-algebra. In
fact, we have the inclusion C C C[[z]] by identifying C 3 a —a+ > -, 02" and
define the sum and the product of two formal power series f = > 7 a,2" and
o0 n .
9= ,_0bnz" by setting

f+g:= Z(an +b,)2",  fg:i= Z ( Z akbg>z”.
n=0 n=0 k+l=n

Note that this is the Cauchy product; cf. Section 2.2}

7.2. Abel’s lemma. A (formal) power series Y - a,z" is called convergent
if there is a point zg € C\ {0} such that the series > 7 a,2{ is convergent; for
zo = 0 this is trivially true.

Lemma. If there exist s, M > 0 such that |a,|s™ < M for all n € N, then the
power series Y -, anz" is normally convergent on each disk D, (0) with r < s.

Proof. We have ||anz" (|5, ) = lan|r™ = [an|s"(r/s)" < M(r/s)" and 0 <7/s < 1.
The majorant criterion implies the statement. (]

Corollary. If > 77 janz"™ converges at zo # 0, then >~ anz™ is normally con-
vergent on each disk D,(0) with r < |zo|.

Proof. The sequence a, 2§ converges to 0, and thus is bounded. O

7.3. Radius of convergence. The radius of convergence of a power series
S22 anz™ is by definition
n=0 %n y

p:=sup{s >0:|a,|s" is bounded} € [0, o0].

The set D,(0) is called the disk of convergence of > °  a,z".

Theorem. Let p be the radius of convergence of Y .- a,z". Then:

(1) For eachr < p, the series Y > a,z™ converges normally for |z| < r, and
it converges absolutely for each z with |z| < p.
(2) The series Y ., anz" diverges for |z| > p.

The radius of convergence is given by Hadamard’s formula:

1/pzlimsup|an\%7 (7.1)

n—oo

with the convention that 1/0 = oo and 1/0c0 = 0.

Proof. Let us prove (1) and (2). There is nothing to prove if p = 0. Assume p > 0.
For each s € (0,p) the sequence |a,|s™ is bounded. Abel’s lemma implies (1). If
|z| > p then a, 2™ is unbounded, and thus Y a,2" is divergent; this shows (2).

Let us prove formula (7.1). Set L := (limsup,, ,._ |an|*)" . In order to show
L < p we prove that 0 < r < L implies r < p. If 0 < r < L then 1/r >
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limsup,, ... |an|%, and thus there exists ng € N such that 1/r > |ay,|* for all
n > noﬁ That means that |a,|r™ is bounded, i.e., r < p.

In order to show p < L we prove that L < s < oo implies s > p. If L < 5 < o0
then 1/s < limsup,, . |an . So there exists an infinite subset M C N such that
1/5 < |ap|= for all m € M. It follows that a,s™ cannot converge to zero. Hence
s > p (otherwise Y |a,|s™ < oo by (1), a contradiction). O

We may conclude that the sum of the power series Y~ a,z" is a function
that is continuous in the disk of convergence D,(0); see Theorem

7.4. Ratio test. Sometimes the radius of convergence is easier computed by the
ratio test:

Proposition. Let p be the radius of convergence of Y .° anz", and assume that
an £ 0 for all n. Then

.. 79
lim inf
n—00 | Gny1

‘ < p < limsup ’
n—oo | Ap41

in particular, p = lim, ’aail ‘ if the limit exists.
Proof. Let us set L := liminf,_, |az+1 | and R := limsup,,_, |a:+1 | It suffices

to show that 0 < r < L implies r < p and that R < s < co implies s > p.
If 0 < r < L then there exists ng € N such that ’ “zl ‘ > r for all n > ng. Then

a

| Qg 4|0 = ‘ . "“‘%OH ’|ano\7’n°+k < Jan, [r™

a/’no +k—1 a/’n()

for all k > 0. Thus |a,|r™ is bounded, i.e., r < p.
If R < s < oo then there exists ng € N such that | dn | < s for all n > ny.

QAn 41
Analogously, we obtain |an,+x|s™1* > |a,,[s™ > 0 for all k > 0. So a,,s™ cannot
converge to zero, and hence s > p. (|

8. Analytic functions

8.1. Formal differentiation and integration of power series. For a formal

. o0 n . . .
power series » " ja,z" we may consider the formal power series that arise by
term-wise differentiation and integration:

e} e} a
— n
E nanz" 1, § - 1271-&-1.
n
n=0 n=0

Lemma. The radius of convergence remains unchanged by term-wise differentia-
tion and integration.

Proof. Let p be the radius of convergence of > ° a,z", and p’ the one of
> gnanz""t. Since boundedness of nla,|s"~! implies boundedness of |a,|s", we
have p’ < p. In order to show p < p’ it suffices to prove that r < p implies r < p'.
Choose s € (r,p); then |a,|s" is bounded. Thus n|a,|[r"~! = r~a,|s"n(r/s)"
converges to zero, since r < s. Hence r < p/.

If 5 denotes the radius of convergence of » -, n“+"1 2"*1 then p = p by the

first part. O

8Recall that lim SUPy, 00 b 1= infp >0 SUPL >, bk and liminfy o0 b 1= supy,>q infr>p bk
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We say that a function f : U — C is k-times C-differentiable in U if the
higher order complex derivatives f, f’ through f*=1) are holomorphic in U, where
we define f(©) := f and fU) := (fU=DY for j > 1. We say that f is indefinitely
C-differentiable if f is k-times C-differentiable for all k£ € N.

Theorem. Let ZZO:O an 2" have positive radius of convergence p. Then the func-
tion f(z) = > 0" anz"™ is indefinitely C-differentiable in D,(0). We have

FBE) ="k (Z) anz"*  2€D,0), keN. (8.1)
n>k
In particular, we get the Taylor coefficients
(n)
ap = ! (0), n € N.
n!

Proof. It suffices to show that f is holomorphic in D,(0) and that (8.1) holds
for £ = 1; the general assertion follows by iteration. The lemma implies that
g(z) == 307 na,z""' defines a (continuous) function g : D,(0) — C. We shall
show that f' = g. Fix b € D,(0) and set

hp(2) = 2" 42" 204 4 20" 2€C, n>1,

and fi(z) :== > .7 | anhp(2). Since 2™ — b™ = (z — b)h,(2), we find

F@) =) =D an(z" =b") = (2=b) Y anhn(2) = (z = b)fi(2), 2 € D,(0).
n=1 n=1

Since f1(b) = g(b), it remains to show that f; is convergent in D,(0) and continuous
in b. This follows from the fact that Y 2, a,h,(z) is normally convergent on
D,(0) for every r € (|b|,p). In fact, for such 7, ||anhn|p, ) < |an|nr™™! and
S |an|nr™=t < oo, by the lemma. O

8.2. Power series centered at arbitrary points. We have so far dealt only with
power series centered at the origin. More generally, a power series centered at
¢ € C is an expression of the form Y >~ j a,(z — ¢)™. Everything we have said so far
for power series centered at 0 holds for power series centered at arbitrary points by
virtue of a simple translation.

(1) The radius of convergence p is still given by Hadamard’s formula .

(2) We still have local normal convergence in the disk of convergence D,(c)
which is now centered at ¢ (and divergence outside).

(3) In the disk of convergence, f(z) = > .°  a,(z — ¢)" is indefinitely C-
differentiable and the iterated derivatives are given by term-wise differen-
tiation (this follows, for instance, from the chain rule):

¥ (z) = Z k!(Z)an(z —e)" % 2eD,(c), keN.

n>k

The Taylor coefficients are

F(e)

n!

, neN (8.2)

ap =
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8.3. Power series expansions. A function f : U — C defined in a domain U C C
is said to have a power series expansion at ¢ € U if there exists a power series
oo gan(z — )™ centered at ¢ with positive radius of convergence such that

flz)= Z an(z —¢)" for all z in a neighborhood of c. (8.3)
n=0
The coefficients a,, are unique by (8.2). The series (8.3)) is called the Taylor series
of f at c.

A function f : U — C that has a power series expansion at every point in U is
said to be analytic in U. An analytic function in U is indefinitely C-differentiable
on U, by Theorem and thus holomorphic in U.

We shall see in Theorem [T6.1] that also the converse is true: every holomorphic
function is analytic.

Remark. Theorem [16.1] will show that a function is analytic if and only if it is
holomorphic. In particular, it will imply that the sum of a convergent power series
is analytic.

Let C{z} denote the set of all power series >~ a, 2" with positive radius of
convergence. It follows that elements f, g € C{z} can be

added, multiplied, f + g € C{z}, fg € C{z},

divided, f/g € C{z}, if g has non-zero constant term,

composed, fog e C{z}, if g has vanishing constant term,

inverted, g~! € C{z}, if the constant term of g vanishes and the linear
term does not vanish;

clearly the radii of convergence may change under these operations.



Elementary transcendental functions

A function is said to be transcendental if it does not satisfy a polynomial
equation whose coefficients are themselves roots of polynomials.

9. Exponential, trigonometric, and hyperbolic functions

9.1. The exponential function. The exponential function is defined by the
formula

oo n

exp z := Z% (9.1)

n=0

The power series (9.1]) has infinite radius of convergence by the ratio test Thus
(9.1) is normally convergent on every bounded subset of C, and exp : C — C is a
holomorphic function. By Theorem [8.1]

‘exp’z =expz, zeC. ‘ (9.2)
By Lemma [6.4]
e on 0 w™ > n kan—k > (z 4 w)n
(ZH)(ZH) _sz!(n—k)! =2 n!
n=0 n=0 n=0 k=0 n=0
thus, we have the addition formula
‘ (exp z)(expw) = exp(z + w), z,w € C. ‘ (9.3)
If we define
e’ :=expz, where e:=expl, ‘

then (9.3) takes the form e*e® = e*T™. As a special case we get e*e ™% = ¥ = 1,
and see that (e*)™! = e~ and that e* # 0 for all z € C.
A further consequence of (9.3)) is
e =e%", z=ux+iyeC.
So it suffices to study the functions R 3 2+ e® and R 3 y > €.
Lemma. The restriction of exp to R is a strictly increasing positive function sat-
isfying lim,_, o € = 00 and lim,_, - e* = 0.

Proof. By the definition (9.1), e* > 1 + = for > 0 and hence, by (9.2), exp is
strictly increasing and positive on the positive real axis with lim,_,, e = co. The
remaining properties follow from e=® = (e®)~1. O

As a consequence we obtain

‘ |exp z| = exp(Rez), z¢€C. ‘

Indeed,
lexpz|> =expz-eXpZz = expz-expZ = exp(z + Z) = exp(2Re 2) = (exp(Re 2))?.

25
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In particular,

’ lexpz| =1 ifand only if =z €iR. (9.4)

9.2. The logarithmic series. The power series

n

Az) == Z(—l)”—lf (9.5)

is called the logarithmic series. Its radius of convergence is 1 by the ratio test
Hence A is holomorphic in the unit disk D with

1

o (9.6)

)\/(Z) _ Z(il)nflznfl _

Lemma. We have exp A(z) =1+ z for all z € D.

Proof. The function f(z) := (1 + z)exp(—A(2)) is holomorphic in D and satisfies
f"=0, by (9.2) and (9.6). Thus f is constant, by Proposition[d.3] andso f =1. O

9.3. Theorem. The exponential function exp : C — C\ {0} is a surjective group
homomorphism.

Proof. The addition formula (9.3) means that exp is a group homomorphism from
the additive group C to the multiplicative group C\ {0}.
In order to show that it is surjective we first prove that exp(C) is open in

C\ {0}E| By Lemma D, (1) C exp(C). Let ¢ € exp(C). Then

Diui(e) = eDi(1) € cexp(C) = exp(C),

and so exp(C) is open in C\ {0}.
Since, by (9.3)), 4 := exp(C) is a subgroup of C \ {0}, we have a disjoint union
of cosets
C\{0} =AU b4, B:=(C\{0})/A.
beB

By the previous paragraph J,c A is open. Since C\ {0} is connected and since
1=exp0€ A, weget A=C\ {0}. O

9.4. Periodicity of exp. A function f: C — C is called periodic if there exists
w € C\ {0} such that f(z 4+ w) = f(z) for all z € C; w is called a period of f.
The set of all periods together with 0,

‘per(f) :={w e C:wisaperiod of f} U {0},‘

is a commutative subgroup of C.

Theorem. The exponential function is periodic. We have

’per(exp) = ker(exp) = 2miZ, ‘

where w is the unique positive real number such that the second identity holds.

Proof. For w € C we have exp(z+w) = exp zexpw = exp z if and only if expw = 1.
This gives the first identity

per(exp) = ker(exp) = {w € C: expw = 1}.

9This will be proved in greater generality in the open mapping theorem m
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By Theorem there exists a € C such that expa = —1, and clearly a # 0.
Then exp(2a) = (expa)? = 1 shows that the subgroup ker(exp) of C is not trivial.
Since |expw| =1 if and only if w € iR, by , we have ker(exp) C iR.

Next we show that there is a neighborhood U of 0 in C such that UnNker(exp) =
{0}. Otherwise there would exist a sequence 0 # z, — 0 with exp z,, = 1 which
leads to a contradiction,

exp zn, —exp0

1=exp0=exp'0= lim =0.

n—oo Z’IL
Since exp is continuous and thus ker(exp) is closed, there exists a smallest posi-
tive real number 7w such that 2mi € ker(exp) (note that expw = 1 if and only if
exp(—w) = 1). By we may conclude that 2miZ C ker(exp). Conversely, let
ir € ker(exp), r € R. Since 7 # 0 there exists n € Z such that 2nm < r < 2(n+1)7.
Since i(r — 2nm) € ker(exp) and 0 < r — 2n7 < 27, we may conclude that r = 2n7
by the minimality of w. This finishes the proof. O

We infer that
e =1

, (9.7)

since 1 = €2™ = (e'™)?2, thus ™ = £1, but ¢™ = 1 is impossible by the minimality
of 7.

If we decompose the z-plane in infinitely many horizontal strips
Spi={z€C:2nr<Imz<2(n+1)r}, nez,

then the exponential function maps each strip S,, bijectively onto C\ {0} in the
w-plane. Since w = e* = e%e", the orthogonal cartesian coordinates are mapped
to orthogonal polar coordinates.

FIGURE 5. The image under exp of the rectangle [—1,1] x [—m, 7] in
the (x,y)-plane.

9.5. Sine and cosine. The sine and the cosine functions are defined by

o0 L2041 o0 420
: ._ _1\n e _1\n
sin z := T;)( 1) IR cosz := T;)( 1) )l (9.8)

2n+1
These power series have infinite radius of convergence, since » (2| +oy7 and Z

(2n)'
are subseries of Y % We obtain Euler’s formula

‘exp(iz) =cosz+isinz, z€C, ‘
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by letting N — oo in

INAL ion N 22k ' N 22k+1

;) (n3 - ;(_1)k(2k)! “kZZO(_l)k(QkH)!'
The definitions in imply

’cos(—z) =cosz, sin(—z)= —sinz, z€C, ‘
thus exp(—iz) = cos z — isin z, and consequently,
COSZ:%, sinz = %. (9.9)
Sine and cosine are holomorphic functions on C with
’cos’z = —sinz, sin'z=cosz, z¢&C. ‘

Moreover,

eZ(Z-HU) — ezz w _

e (cosz + isin z)(cosw + isinw)

= cos z cos w — sin z sin w + ¢(sin z cos w + cos z sin w)
and similarly

—i(z+w)

e = cos z cos w — sin z sin w — ¢(sin z cos w + cos z sin w)

whence we obtain the addition formulas

cos(z + w) = cos z cos w — sin z sin w,

sin(z + w) = sin z cosw + cos z sin w.

These formulas imply a multitude of further identities; we just mention a few:
cos’z+sin’z =1, cos(2z) =cos?z —sin?z, sin(2z) = 2sin zcos z,
21w

cos z — cosw = —2sin(25*) sin(%5%*), (9.10)
W) sin(£54). (9.11)

sin z — sinw = 2 cos(
9.6. Range, zeros, and periodicity of sine and cosine.

Proposition.

(1) The functions sin : C = C and cos : C — C are surjective.

(2) sin™!(0) = 7Z and cos™(0) = 7Z + /2.

(3) per(sin) = per(cos) = 27Z.
(1

Proof. (1) Let ¢ € C. The equation ¢ = cosz = %(eiz + e7%%) is equivalent to

e = c+ 2 —1# 0. Since exp(C) = C \ {0} and ker(exp) = 2miZ there exist
countably many solutions z. The arguments for sin are similar.

2) By (0.9,
2isinz = e #(e** — 1) =0 & 2iz € ker(exp) = 27miZ & z €L
2cosz = " (BT 1) =0 & 2i(z—7/2) € 2miZ & z€ L4712

since e™ = —1 by (9.7).
3) By (9.10) we have

cos(z +w) — cos z = —2sin(ZFL)

sin(4)
and hence w € per(cos) if and only if sin(w/2) = 0, i.e., w € 27Z by (2). The
statement for the sine follows in the same way from (9.11). O
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FIGURE 6. On the left we have the image under sin of the rectangle
—%”7 %’r] X [—=2,2] in the (z,y)-plane; on the right the image under cos

of the rectangle [0, 7] x [—1,1]

9.7. Polar coordinates. The unit circle S' := 9D = {z € C : |z| = 1} is a
group with respect to multiplication. Theorems and and (9.4]) imply the

following lemma.

Lemma. The mapping R >t — et € St is a surjective group homomorphism with
kernel 2nZ..

Thus every z € C\ {0} has a unique representation

‘z = |z[e"? = |z|(cos ¢ +ising), ¢ € [0,277).‘

Indeed, since z|z|~t € St there is p € R with 2z = |z]e!*. We may assume that
¢ € [0,27) since the kernel of the mapping ¢ ~ e’ is 2mZ. Suppose there is
¥ € [0,27) such that |z]e?® = |z|e?¥. Without loss of generality assume 1 > .
Then (¥=%) = 1, thus ¢ — ¢ € 277 and hence ¢ = ¢ because 0 < 1) — ¢ < 2.

The real numbers |z|, ¢ are the polar coordinates of z, and ¢ is the argument
of z, ¢ = argz. The restriction of ¢ to the interval [0,27) is arbitrary. Any half-
open interval of length 27 will do, e.g., (—m, 7.

Multiplying complex numbers given in polar coordinates is very easy, |z|e? -
lw|e = |z||w|e¥+¥). In particular, we obtain Moivre’s formula

‘ ()" = €™ = cos(ny) + isin(ny), n € Z. ‘

9.8. Roots of unity. A number z € C is called an nth root of unity if z” = 1.
Lemma. For every integer n > 1,
{zeC: 2" =1} ={(>"/™) . k=0,....n—1} = G,.

Gy, is a cyclic subgroup of S' of order n.

Proof. By Moivre’s formula each element of GG, is an nth root of unity. The n
elements are pairwise distinct since ker(exp) = 2miZ. The statement follows since
the polynomial 2™ — 1 has at most n distinct roots. O

9.9. Tangent and cotangent. We define tangent and cotangent by

sin z

tan z := , 2z€C\(7Z+ %),
cos 2 \( 2)
1 COSs z

cot z := =——, zeC\nZ.
tan z sin z
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Both functions are holomorphic in their domain of definition with

tan’z = —— =1+tan’z, cot'z=——5— = —(1+cot®z).
0s? z sin” z
By (©.9).
eiz _ e—iz 1— €2iz 2
tan z = e L eiz | ‘T 1eZiz (1 1 +672iz)’
eiz +e—iz e2iz +1 2
cotz = Voir _e—iz Ygmz —q1 z(l - m)’

and thus, by Theorem we obtain:
Lemma.

(1) im(tan) = im(cot) = C\ {=i}.

(2) tan™*(0) = 7Z and cot™*(0) = 7Z + 5.

(3) per(tan) = per(cot) = 7Z.

We have the addition formulas
tan z + tanw cot zcotw — 1
t = =T cot -
an(z +w) 1 —tan ztanw cot(z +w) cot z 4+ cotw
in particular, cot(z + §) = —tan z and tan(z + §) = —cot z (in fact, tan(z + §) =
—cot(z 4+ m) = — cot 2).
-1 0 1
1 1

o
LI |
S S R B =

(=)

FIGURE 7. The image under tan of the square [—%, 2]2 in the (z,y)-plane.

9.10. Hyperbolic functions. The hyperbolic sine and the hyperbolic cosine
functions are defined by

e — e~ 7 o Z2n+1
sinh z := =
'7
2 — (2n+1)!
e* 4+ e ? & 52n
sh z .= = .
) D
n=0

These functions are holomorphic in C with

‘cosh’ z=sinhz, sinh'z=coshz, =z¢€C. ‘

We have
cosh z = cos(iz), sinhz = —isin(iz), cosh?z—sinh?z =1,

cosh(z + w) = cosh z cosh w + sinh z sinh w,
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sinh(z 4+ w) = sinh z cosh w + cosh z sinh w,
cos(z + iy) = cosx cosh y — isin x sinh y,
sin(z + iy) = sinz coshy + i cos x sinh y.

The hyperbolic tangent and the hyperbolic cotangent are defined by

sinh z
tanh z := Z+ %)
anhz:= ——, ze€C\ (7Z+ %)i,
1 cosh z )
cothz := tohs — smha’ Z S C\ miZ.

Both functions are holomorphic in their domain of definition with

1

)
sinh” z

1
tanh' 2z = ———— =1 —tanh®2, coth’'z = — =1 — coth? 2.

cosh? 2

Lemma.
(1) im(sinh) = im(cosh) = C and im(tanh) = im(coth) = C\ {+£i}.
(2) sinh™*(0) = tanh™'(0) = miZ and cosh™'(0) = coth™(0) = (7Z + 5)i.
(3) per(sinh) = per(cosh) = 2miZ and per(tanh) = per(coth) = miZ.

Proof. This follows from Proposition[9.6land Lemma[9.9in view of cosh z = cos(iz),
sinh z = —isin(iz), tanh z = —itan(iz), and coth z = i cot(iz). O

10. The complex logarithm

A complex number b € C is said to be a logarithm of a € C if e’ = a; we write
b = loga. The properties of the exponential function imply:

e 0 has no logarithm.
e Every positive real number r > 0 has precisely one real logarithm logr.
e Every z = |z]e’? € C\ {0} has countably many logarithms,

log |z| + iy + 2miZ.

We see that the logarithm is a multi-valued function. In order to make sense of the
logarithm as a single-valued function we make the following definition.

10.1. Branches of the logarithm. We say that a holomorphic function ¢ €
H(U) in a region U C C is a branch of the logarithm if exp(¢(z)) = =z for all
zeU.

Lemma. Let U be a region and £ € H(U). Then £ is a branch of the logarithm if
and only if 0/(z) =1/z in U and exp(€(c)) = ¢ for some c € U.

Proof. Let us prove the non-trivial direction. If we set f(z) := zexp(—¥€(2)), z € U,
then

71(2) = exp(—((2)) — /(=) exp(—((z)) = 0.
By Proposition and the condition exp(¢(c)) = ¢, we get f = 1. O

If ¢ is a branch of the logarithm in a region U then {{ + 2min : n € Z} is
the set of all branches of the logarithm in U; in fact if £ is another branch then
exp(l(z) — £(z)) = 1.

Example. The function log z := Y °7  (—1)"~1 % is a branch of the logarithm

n=1

in Dy(1). Note that logz = A(z — 1), where A is the logarithmic series from ({9.5]).
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Remark. The “inverse” of a non-injective function f : C O U — C is not single-
valued. One can analyze the multivaluedness by considering the mapping f:U—
T'(f) CCxCgiven by f(z) := (z, f(2)), where I'(f) := {(2, f(2)) e CxC: z € U}
denotes the graph of f. Then f is invertible with inverse pry rep)  T(f) = U, and
f=rpry of. So, instead of f, we may investigate pry |rep) : T'(f) — C. The graph
I'(f) ={(z,w) e Cx C: f(z) = w} is a complex submanifold of C x C of complex
dimension one, a so-called Riemann surface.

For instance, consider exp : C — C\ {0}. The exponential function maps each
of the horizontal strips S, = {z € C: 2rn—7 <Imz < 27n+7}, n € Z, bijectively
onto C\ {0}. We imagine each of the copies T,, = exp(S,) of C\ {0} cut along
the negative axis (—oo,0); the cut regions T,, are called the sheets of the Riemann
surface. The graph I'(exp) is obtained by gluing the sheets T,,, n € Z, along their
cuts: the upper boundary of T, is glued with the lower boundary of 7;,41. The
result is the Riemann surface of the logarithm; it resembles an infinite spiral
staircase. If we set

Log: T, — C, z+log|z| +i(p+2mn), ne€LZ,

where z = |z]e’?, ¢ € (—m, 7], then Log is single-valued on the Riemann surface of
the logarithm.

FIGURE 8. The image of the graph I'(exp) under the injective projec-
tion (z,y, e” cosy, e” siny) — (y, e” cosy, e” siny).

10.2. The principal branch of the logarithm. Let C~ := C\ (—o0,0] be the
slit plane. In C~ we define the principal branch of the logarithm by

‘logz =log|z| +ip, z=]|z|e"?, p € (—m, 7). ‘ (10.1)

Proposition. The function (10.1) is a branch of the logarithm on the slit plane
C~. On the disk Dy(1) it coincides with the power series Y00 (—1)n—1 =L

n

Proof. Since €'°8" = r if r > 0, we have
exp(log 2) = exp(log |z| +ip) = |z]e¥ =2z, z€C™.

The function log : C~ — C is continuous, since z + log|z| and z — iy are
continuous in C™.

Let us check that log € H(C™). Since exp is holomorphic, for ¢ = logb,

exp(log z) = exp(logb) + (log z — log b) f (log z)
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where f is continuous with f(c) = exp/(c) = expe, i.e.,

1 .
f(logz)’
f is non-zero in a neighborhood of ¢ and f olog € C(C™).

logz —logb = (z —b)

Thus log is a branch of the logarithm on C~. That it coincides with the
logarithmic series follows from Lemma [10.1 O

Example. The function
~ 1
(z) = 3 log(z? + y?) + i arctan g, z=xz+1iy € C\iR,
x

from Example [£.4] coincides with the principal value of the logarithm on the right
half-plane {z € C : Rez > 0}. In the left half-plane ¢ is not a branch of the

logarithm since exp(¢(z)) = —z if Rez < 0.
From now on log denotes the principal branch of the logarithm.

10.3. Properties of log. In contrast to the real logarithm, in general log(zw) #
log z+logw. If z,w, 2w € C~ then z = |2]e", w = |w|e’’, and 2w = |2w|e*?, where
o, 1,0 € (—m,m) and 0 = p + ¢ + 7 with 7 € {—27,0,27}. Thus

log(zw) = log |zw| 4+ i0 = (log |z| + i) + (log |w| + i) + it = log z + logw + iT.
It follows that

llog(zw) =logz+logw & argz+argw € (—m, 7). ‘ (10.2)

In particular, ((10.2) holds if Rez > 0 and Rew > 0.

Since exp : C — C\ {0} is not injective, log is not the inverse function of
exp and the identity log(exp z) = z does not hold in general. Let us investigate
the composite function logoexp. It is not defined for z = x + iy with expz =
e cosy + iesiny € (—o0,0], i.e., if siny = 0 and cosz < 0, i.e., y = (2n + 1),
n € Z. Therefore log o exp is well-defined in the union of the horizontal open strips

Sp={2z€C:2n—1)r <Imz< (2n+1)7}
of width 27. If 2 = & + iy € S,, then e* = e%e'¥=2"7) where y — 2n7 € (—m,m).
Thus
log(expz) =loge® +i(y —2nm) =z — i2nw, 2z € S,.
This implies the following proposition.

Proposition. The restriction exp : Sg — C™ is biholomophiﬂ with inverse func-
tion log : C~ — Sp.

10.4. Power functions. If ¢ € H(U) is a branch of the logarithm, we can intro-
duce the power function with exponent o € C with respect to ¢,

‘pa(z) =exp(al(z)), zeUl. ‘

Then p, € H(U) and pl, = apa—1. For all o, 8 € C we have popg = pays. n e€Z
then p,(z) = 2" for z € U.

The power function with respect to the principal branch of the logarithm is
defined by

‘za =etlo82 e C, aeC.

10¢f, Section m
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-2 -1 0

-2 -1 0

FIGURE 9. The image under log of the rectangle [~1,1] x [{5,2] in the
(z,y)-plane.

Then we have

(%) = az®7t, 2P =0t e,

For instance, 1% = 1, i = ¢!1987 = ¢"5 = ¢~ % and (z7)" = (ewloB=)n = ¢logz — 5,
In particular, we use the symbol 1/z for the principal branch of the square root,

log z

Vzi=e 2, zeC .

0 1

FIGURE 10. The image under the square root of the rectangle [—1, 1] x
[0.001,1] in the (z,y)-plane.

For a € C define the binomial coefficients by

(2) -1 (0)-doslistaned)

and consider the binomial series

ba(2) = i (3) "

n=0

If @« € N then b, is a finite sum and the binomial formula results. For each a € C\N
the binomial series has radius of convergence 1 which follows from the ratio test

Thus b, € H(D) with

/ _ - a\ p-1_ — a—1 n—1 __ _ ¢«
ba(z)—Zn(n)z =« 1<n1)z = abe-1(2) = 1+Zba(z),

n=1 n—=
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since (1 + 2)ba—1(2) = 2((*1) + (22))2" = 3 (%)2". The function f(z) :=

bo(2) exp(—alog(l 4 z)) is holomorphic in D with f' = 0. By Proposition [4.3| and
since f(0) =1, f = 1. So we proved:

(1+Z)D‘Z<a>z”, acC, zeD.

n

n=0

10.5. Inverse trigonometric functions. By Proposition 0.6 the sine and cosine
function are surjective onto C. Let us determine domains of injectivity. By (9.10]),

(9.11)), and Proposition

0=cosz—cosw = —2sin(25%)sin(35%) & z—w e 2nZ or z +w € 277

0=sinz —sinw = 2cos(242)sin(35%) & z—we2nZor z+w € 2nZ+ 7

Thus sin is injective on each of the vertical strips

T,:={2€C: -5 +nr <Rez< § +nr}, nclk,

and cos is injective on each of the vertical strips
U, ={2€C:nr <Rez< (n+ )7}, neZ.
Since V:=C\ {z € R: |z| > 1} = sin(Tp) = cos(Up) the restrictions
sin: Ty =V, cos:Uy—V,
are biholomorphic/T]
Let us derive a formula for the inverse function sin~! = arcsin:
w=sinz = % & (%) = 2iwe” — 1 =0.
i

Then e = iw 4 +/1 — w2, where /- is the principal branch of the square root; if
w € V then 1 — w? € C~. The image of Ty under z +— e* = e¢?Reze=Im= ig the
right half-plane {¢ € C : Re¢ > 0}. So we have e¢* = iw + v/1 — w2, in fact, the
image of C\ {ixz € iR: |z| > 1} 2 a — a + V1 + a? is the closed right-half plane:

Re(a+ V14 a?)=Rea+Reyv1+a?>Rea+|Real >0

since Rev1+a? > |Rea| which (as the image of /- is the right half-plane) is
equivalent to

1z

(Vi+a2+V1+a?)’ > la+af & 2+a®+a+2]1 +a%| > d® +a + 2a?
& 1+]|1+d% > |a

Hence

arcsinw = —ilog(iw + V1 —w?), weC\{zxeR:|z|>1}.

Similarly,

arccosw = —ilog(w +iv1—w?), weC\{zeR:|z|>1},

and arcsinw + arccosw = /2. We also mention

1+7
81 i’

we C\{izeiR:|z| >1}.

1
arctanw = — lo
21

Similarly, one may derive formulas for the inverse hyperbolic functions.

11gee Theorem m



36

ELEMENTARY TRANSCENDENTAL FUNCTIONS

-1 0 1 -1 0 1

1 0 1 -1 0 1

FIGURE 11. On the left we have the image under arcsin of the rectangle
[—7, 7] X [-2,2] in the (z,y)-plane, on the right the image under arctan
of the square [—2,2]%.



Complex integration

11. Integration along paths

11.1. Path integrals. A path v : [a,b] — C is called piecewise continuously
differentiable (C!) if there are C*-paths v1,...,7, such that v = v, + -+ + 7,.
Every polygon is a piecewise continuously differentiable path.

‘From now on we assume that any path is piecewise C'. ‘

Let v : [a,b] — C be a Cl-path and let f € C(]y|) be a continuous function
defined on the image |y| = v([a, b]); note that |y| is compact. The path integral
of f along -~ is defined by

L fds = / f(2) dz = / " P (0 dr

the integral is well-defined, since (f o) -+’ is continuous on [a, b].

For a path 7y = 41 + - - - +1,, with C'-subpaths v; and f € C(]y|) we define the
path integral of f along v by setting

[yfdz::iz:/wfdz.

It is easy to check that the integral is independent of the decomposition of 7 into
C'-pieces.

Remark. The integral of f along « is by definition the path integral of the 1-form
fdz = f(z)dz along ~. If we decompose f = u + v into real and imaginary part,
then

fdz=(u+iv)(de+idy) = (udx —vdy) + i(vdx + udy)

[/fdz_[/(udz—vdy)+iL(vdx+udy).

11.2. Invariance under reparameterization. Two C'-paths v; : [a;, b;] — C,
i = 1,2, are said to be equivalent if there is a bijective C!-function ¢ : [ag, by] —
[a1,b1] with ¢" > 0 and such that 75 = 71 o ¢. The function ¢ is called a repa-
rameterization. The requirement ¢’ > 0 implies that also the inverse ¢! is C*
and that ¢ preserves the orientation of the path ~.

and thus

Lemma. Let~y; and vy be equivalent C-paths and let f be any continuous function
on |yl = |v2|. Then

fdz = fdz.

71 72

37
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Proof. Let ¢ : [ag, ba] — [a1,b1] be a reparameterization with v5 =71 o . Then

ba b
fdz= [ flr®)n®)d= [ fOnle®)7i(et)e ) d
b1
fon@s)mn(s)ds= [ fd O

11.3. Properties of the path integral. Let us denote by —v the inverse path
of v given by —v(t) := v(a + b — ). Note that

- (71 + 4+ 'Yn) = (_'Yn) + (_'Ynfl) ot (_’71)- (11'1>
The length of a C'-path v : [a,b] — C is defined by

b
L) = [ @)

Equivalent C'-paths have the same length. If ¥ = v +72 4 - - -+, is a path with
C'-pieces v;, we set

| L(3) = L) + L)+ + L) |
Lemma. Let~ be a path. Then:
(1) Forall f,g € C(]7]), a,b € C,

/(af+bg)dz:a/fdz+b/gdz.
8! 2! 2!

(2) If 4 is a path that starts at the endpoint of 7, then for all f € C(|y+7]),

/yyyfdzz/wfdz—k/&fdz.

(3) For all f € C(|v]),
fdz=— [ fd
/v . A .

(4) If g € H(U) with continuouﬁ derivative g’ and ~y is a path in U, then for
all f € C(lg o),

f(z)dz = / F(g(2))g' (=) d=.

(5) For all f € C(|v]),

|| sl < 2enst (11.2)

where || flly := [ flljy) = maxzepy | £(2)]-

Proof. (1) and (2) are easy exercises. Let 7 : [a,b] — C be a C'-path. Then
b
/ fdz :/ F(fa+b—1)y (a+b—1t)(—1)dt
. a
= s))v'(s)ds = — dz.
| rar @i == [ 1

12By Theorem , a holomorphic function has continuous complex derivatives of all orders.
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Together with (11.1)) it implies (3). Moreover, if |y| C U and g € H(U) with
continuous derivative ¢’; then by the chain rule

b
fdz=/ Flg(v(®)g' (v()y' () dt:/f(g(z))gl(@ dz,

that is (4). For (5) consider

\/fdz]</ NI ()] dt < max | £z |/ (Ol dt = £, L.

If vy =7 +72 + -+ 7 is a decomposition into C''-pieces, then

‘Lfdz gé’/%fdz

since || C |y]- O

<D LODI Nl < LISl
=1

11.4. Integration and limits of functions. The estimate (11.2]) implies that
integration and limits of uniformly convergent continuous functions can be inter-
changed.

Proposition. Let v be a path and f, € C(|y|), n € N.

(1) If the sequence f,, converges uniformly to f on |y|, then

limLfndzLIimfndszdz.

(2) If the series Y fn converges uniformly to f on |7y|, then

ZAfndz:AandZ=Afdz.

Proof. (1) The integral f,y f dz exists, since f € C(]v]), by Theorem By (11.2)),

‘/Wf"dz/vfdzl/v(f - < L fa = flly = 0.
(2) follows from (1). -

12. Index

We shall now see that special path integrals lead to analytic functions. As an
application we introduce the index of a point with respect to a closed path.

12.1. Analytic functions defined by path integrals. E|
Theorem. Let v be a path in C, let f € C(|v|), and set U := C\ |y|. Then the

function
d
~ omi / ¢ — ¢ 2el

is analytic on U. If D,(a) is any disk contained in U, then F has the power series
expansion

211

1 f©)
Fz)=3 (7/ et 4) (=~ a)", =€ Dy(a), (12.1)
n=0 Yy
13Essentially the same proof yields a much more general version of this theorem: the function
= fX 4Q)  where 1 is a complex measure on a measurable space X and ¢ : X — Cis a

w(Q)—=z>
measurable function, is analytic in any domain U C C disjoint from ¢(X); see [6], 10.7].
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and the derivatives

|

Proof. Let D = D,.(a) be any disk contained in U. For fixed z € D, we find § such
that |§%‘;| < 60 < 1 for all ¢ € |v|, and thus the geometric series

Cla;(E_Z)nzglz

0

converges uniformly on |y|. Thus, by Proposition m,

1 1 o~ (z—a)"
F(Z):M/YCJC(_CLGZCZMLJC(C);(C(_Q)3+1 dg

(oo}

1 / f(Q)
| T
TLZ:% <2m 4 ((—a)nt?
for z € D. This shows ([12.1]), and hence F' is analytic in U. The formulas in (12.2)
follow from ([12.1]) and (8.2]). O

12.2. The index of a point with respect to a closed path.
Theorem. Let vy be a closed path in C and let U := C\ |y|. Then

ind,(z) : ! / do zeU,
v

= omi (-2’

defines an integer valued function ind., : U — Z that is constant in each connected
component of U and 0 in the unbounded component of U.

Since || is compact, it lies in some disk D. The complement of D is connected
and lies in some connected component of U. So U has precisely one unbounded
connected component.

Proof. Let [0,1] be the parameter interval of . By definition

- N Y AU )
ind,(z) := 2y ) =2 dt. (12.3)
Let us set .
p(t) := exp/O W(’Ys)(i)zds, t €10,1], (12.4)

and show that ¢(1) = 1. This will prove that ind, () is an integer, since ker(exp) =
2miZ, by Theorem By differentiating (12.4)), we find
1y = PO ()
¢(t) = ———
V(t) - 2
except on a finite set of points where v is not differentiable. It follows that the
function [0,1] 3 ¢t — Végtlz is continuous and has vanishing derivative on all but
finitely many points ¢, thus it is constant;
t 1 t)y' (¢
8t( p(t) ): ((p,(t)_@( )7())_
1) =2/ (t) -z V(t) ==
Since ¢(0) = 1 we have

V(t) — =
(p(t) = )
7(0) — =z
and as the path v is closed, we may conclude that ¢(1) =1 as required.
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The function ind, is analytic in U, by Theorem and hence maps connected
sets to connected sets. Since ind, is integer valued it must be constant on each
connected component of U.

We can infer from (11.2]), or directly from (12.3), that |ind,(z)| < 1 if |z| is
sufficiently large. So ind,(z) = 0 on the unbounded component of U. (]

The integer ind, (z) is called the index or winding number of z with respect
to . It counts the number of times the path v winds counter-clockwise around z.
To see this write ( — z = r€’? in polar coordinates. Then d{ = e’ dr + ire'? dy,
thus

d d
c ¢ *lJr do = d(logr) + i dyp,
—z

and consequently, if  is parameterized in polar form y(t) — z = r(t)e?*® by C*-

functions r(t) and np(t),
1 e(1) = ¢(0)
— (1 — = 12.

~ omi C 27rz/yd ogr) + Ldtp 2 , (125)

1nd

since v is closed and thus r(0) = r(1). That means that 2wind,(z) is the total
change of the argument of v(¢) — z as ¢t runs from 0 to 1.

FIGURE 12. Examples for the index function; cf. (24.8).

Corollary. Let D be a disk. Then

1 ze€eD

indsp(z) = {0 .¢D (12.6)

with the understanding that the circle 0D is positively oriented.

Proof. Let D = D,.(a) and v : [0,27] — C, v(t) := a + re‘*. By Theorem it
suffices to compute ind, (a),

_ 1 (7 et
lnd/y(a) = Tm/ mdt =1. O

13. Primitives and integrability

Next we investigate the existence of primitives of functions. We will see that a
function f has a primitive in some domain U if and only if fv fdz =0 for all closed
paths v in U.
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13.1. Primitives. Let U C C be a domain and let f € C(U). A primitive or
antiderivative of f in U is a holomorphic function F': U — C such that F’' = f.
Proposition. Let f € C(U). A function F : U — C is a primitive of f if and only
if for every path v : [a,b] = U in U,
[ £z =Pa®) - Fo). (13.1)
~

Proof. Assume F' = f. If v is C* then, by the fundamental theorem of calculus,

b b
/ fdz = / F/(y(t)' () dt = / (F o) (t) dt = F(y(b)) — F(v(a)).

If y =7 + -+ 7, with C'-pieces v;, we have
[ £z =37 Feal) = Fealn) = FGO) - Fr(a))
v i=1

where z4(7;) is the initial and zq(y;) the endpoint of ~;.
Conversely, assume that (13.1)) holds for every path ~ in U. We will show
F'(c) = f(c) for each ¢ € U. Let D be a small disk centered at ¢ and contained in

. By (2)
F(z)=F(c) + fd¢ forall ze D.

[e:2]

We define .
fd¢ zeD\{c}
Fi(z) == 27 ¢ J[ez]

fle) z=c

and show that F} is continuous in ¢; this will imply the assertion. For z € D\ {c},

! (©) - f&)dc] < If - 1(0)]

zZ—C

Fy(z) = Fi(e)| = |

le,z]>
[e:2]

and thus continuity of f in ¢ implies continuity of Fj in c. O

The proposition states that f € C(U) has a primitive if and only if the integral
fv f dz depends only on the endpoints of the path + and is independent of the
path ~ itself:

/ fdz= / fdz for all paths 7; in U with fixed endpoints.
71 Y2

Taking v = v1 + (—72) we get the following corollary.
Corollary. If f € C(U) has a primitive then for every closed path v in U,

Af(z) dz = 0.

We will see shortly that also the converse holds.

13.2. Example.
(1) Let v be a closed path in the complex plane and let n € Z. Then

0 n >0,

/z”dz: 2miind,(0) n= -1, 0 ¢ ||,
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This follows from Theorem and from the fact that for all integers n # —1,
2™ has a primitive 2"*!/(n + 1). We may conclude that, given ¢ € C, there is
no neighborhood U of ¢ such that (z — ¢)™! € H(C \ {c}) has a primitive in
U\ {e}.

(2) If f(2) = > an(z— c) is a convergent power series with disk of convergence
Dy(c) then F(2) = 3 ;&4 (z — ¢)"*! is a primitive of f on D,(c); this follows
from Theorem Bl

13.3. Holomorphic functions with vanishing derivative are locally con-
stant. We shall give now a complex proof of Proposition

Corollary. If f € H(U) satisfies f' =0, then f is locally constant.

Proof. Assume without loss of generality that U is connected. Fix ¢ € U. For each
z € U there is a path v which joins ¢ to z; see Section [2.5] Then

0= [ /= ) - £(0),
.
that is f(z) = f(c) for all z € U. O
Hence the difference of two primitives of f € C(U) is locally constant in U.

13.4. Integrability. We will say that a function f € C(U) is integrable in U if
it has a primitive F' € H(U).

Proposition. A function f € C(U) is integrable if and only if f,yfdz = 0 for
every closed path v in U.

Proof. One direction was observed in Corollary [[3.1] For the other direction, sup-
pose that fv fdz =0 for every closed path in U. We need to find a primitive F' of
f on U. We may assume that U is connected. Fix some point ¢ € U and for every
z € U choose a path v, in U that joins ¢ to z. Define

F(z) := fd¢, zeU.
¥z
Let w € U and let v be a path from w to z. Then =, + v — 7, is a closed path in
U, and so

o—/wﬂ g /fd<+/fd< /de Fw /fd< F(z

This implies that F' is a primitive of f by Proposition [13.1 U

13.5. Integrability on star-shaped domains. It is practically impossible to
check that fy fdz =0 for all closed paths in a domain. For special domains the
integrability criterion in Proposition [13.4] can be weakened considerably.

A subset A C C is called star-shaped if there is a point ¢ € A such that for all
z € A the segment [c, 2] lies in A. The point ¢ is called the center of A. Clearly,
every star-shaped domain in C is connected.

A subset A C C is convex if for any two points z,w € A also [z,w] C A. A
convex set is star-shaped and every point is a center. The convex hull of a set
A C C is the intersection of all convex sets that contain A; it is obviously convex.

Example. Every disk is convex. The slit plane C~ is star-shaped but not convex;
every point in (0,00) is a center. The punctured plane C\ {0} is not star-shaped.
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2

(22 +t920)/ (Lo +tp)

(z1+2)/(ty +1)

N

(toZo+t120)/(to+t1) *

(

E

FIGURE 13. On the left we have a star-shaped domain U with center
zo. On the right we see the convex hull of the three points zo, 21, 22,
i.e., the triangle A(zo, 21, z2) ={tozo+t120+t222 : t; > 0, to+t1+t2 = 1}.

Let (a, b, ¢) be an ordered triple of complex numbers. The convex hull of {a, b, ¢}
defines a (closed) triangle

‘A:A(a,b,c):{ra—i—sb—i—tc:r,s,tzo, r+s+t:1}‘

with oriented boundary

[0A = [a,b] + [b,d + [c,a] |

and vertices a, b, c.

Proposition. Let U C C be a star-shaped domain with center c. Let f € C(U)
satisfy faA fdz =0 for every triangle A C U one vertex of which is c. Then f is
integrable in U and

F(z):= fd¢, zel,

[e,2]

s a primitive of f.

Proof. The function F' is well-defined since U is star-shaped. Let w € U. Since U
is open, there is a small open disk D centered at w and contained in U. For z € D
the triangle A = A(c,w, z) lies in U, because U is star-shaped. By assumption,

F(z) /Cz]fdg /wadC wz]de, z€D.

The arguments at the end of the proof of Proposition[I3.1]show that F'(w) = f(w).
Thus F' is a primitive of f in U. t
14. Cauchy’s theorem for star-shaped domains

As we will prove in this section, holomorphic functions are always integrable
on star-shaped domains. This is a local version of Cauchy’s theorem (for a global
version see Sections [24] and .

14.1. Goursat’s lemma.

Lemma. Let f € H(U) and let A be a triangle contained in U. Then

fdz=0.
A
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Proof. Subdivide the triangle A into four triangles A?, i = 1,2, 3,4, by joining the
midpoints of the three edges of A by line segments. Note that L(0AY) = 27 1L(0A),
i=1,2,3,4.

Let us set I(A) := [, fdz. Then, by Lemmam

I(A) :/aAfdz:z;/aNfdz:Z;I(Ai).

(The line segments connecting the midpoints are traversed exactly twice in opposite
directions.) It follows that there is at least one i such that [I(AY)| > 47YI(A)|.
Denote this triangle by A;. Repeat the argument with A; in place of A, etc. We
obtain a sequence of triangles A O A; D As D -+ such that

II(A)| <4MI(AR)|, L(OA) = 2FL(0AL), k> 1. (14.1)
The intersection of all these triangles Ay, k > 1, contains precisely one point c; see
Section 2.3

Since f is C-differentiable at ¢, there exists a function h € C (U)E| with h(c) =0
and

f@)=f)+(z=c)(f'(c) +h(2)), z€U.
By Example [13:2]
I(Ay) = flO)+(z=o)f'(e) + (z = c)h(z) dz = / (z = c)h(z) dz

and thus, by (14.1]) and (11.2)),

[1(A)] < 4*I(Ag)| < 4"L(9AY) _sup |(z = e)h(2)|

<A L(OAR)|hlloa, < LOAY(h]loa,, k=1,

since evidently the diameter of a triangle is bounded by the length of its boundary.

Let € > 0. By continuity of h at ¢ and since h(c) = 0, there is a § > 0 such
that ||h||ps) < €. There exists kg so that Ap C Ds(c) for all k& > kg. Therefore,
|hlloa, < €if k> ko and hence |I(A)| < L(OA)?%e. Since € > 0 was arbitrary, we
may conclude that I(A) = 0. O

14.2. Cauchy’s theorem for star-shaped domains.

Theorem. Let U C C be a star-shaped domain with center c. Each f € H(U) is
integrable. The function F(z) := f[c 2 fdcC is a primitive of f on U. In particular,

/fdzzO

14The definition of C-differentiability gives continuity at c; at points z # c¢ continuity is
inherited from f, in fact, h(z) = % — (o).

for every closed path v in U.
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Proof. This follows from Goursat’s lemma and the integrability criterion in
Proposition [13.5 U

14.3. Evaluation of integrals. Cauchy’s theorem can be used as a tool to eval-
uate certain integrals; in particular, real integrals. We will illustrate this by means
of the following example.

Example. We will show that

/ S T (14.2)
0 2

The function f(z) := % is holomorphic in C\ {0}. By Cauchy’s theoremm

fdz=0 (14.3)
TR,r
where vg . is the positively oriented boundary of {z € C: 7 <|z| < R, Imz > 0};
the set C \ i(—o0, 0] is star-shaped.

If v, : [0,7] = C, 7,(t) := pe' parameterizes the upper half-circle of radius
p > 0 centered at 0, then (14.3) reads

—-r iz iz R _ix iz
/ idm+/ e—dz+/ e—dm+/ Cdr=
-r T - * r vr %

By the substitution formula,

—r eiw R efiw
—dxr = — dx.
_R X r x

R . R iz _ ,—ix iz iz
Qi/ Smxdm:/ de:/ e—dz—/ S (14.4)
r € T T v % e #

We have

Thus

elz L .
Zdx = Z/ ezp(cost—i—zsm t) dt.
0

'sz

Since eir(costisint 1 a5 ¢ — 0 uniformly for ¢ € [0, 7] we find

eiz ™
/—dz—)i/ dt=1m asr—0.
Yr z 0

On the other hand, for 0 < € < ,

‘/eeiR(cost—i-isint)dt </€e_Rsintdt</s i
0 0 0

s s s
‘/ eiR(cost—i—isint) dt| < / e—Rsint dt < / dt = €,
mT—€ mT—€ mT—E€

’/ ezR(cost—i—zsmt) dt| < / e—Rsmt dt < e—Rsme/ di = (7T _ 26)6—12511167
€ € €
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and thus
eiz
/ —dz—0 as R — .
z
This implies (14.2) in view of (14.4).

15. Cauchy’s integral formula

As a first application of Cauchy’s theorem we shall prove Cauchy’s integral
formula for disks. For a general version we refer to ([24.6)).

15.1. Changing the path of integration. Let U C C be a domain and z € U.
Let D be a disk containing 2 and such that D C U. Let f € H(U \ {z}). In order
to compute | op J dC we may replace the path D by a circle centered at z:

Lemma. Ifv*:[0,27] — D, v°(t) = z + se'’, s > 0, then

/de /fdc

Proof. Let D* O D be a disk with the same center c as D such that f € H(D*\{z}).

Since D* \ [a, 2] is a star-shaped domain we have 0 = f71+a+73+,6 fd¢, and
similarly 0 = [ Btva—atya fdC¢. The assertion follows, since 0D = 7; + 72 and
7= Y3 = .

Corollary. If f is bounded near z then f(‘)D fd¢=0.

Proof. By (I1-2),

]/QDdeH/wfdc\_

since f is bounded near z. O

as s — 0,

15.2. Cauchy’s integral formula for disks.
Theorem. Let f € H(U) and let D be a disk such that D C U. Then

f(z) = L O d¢, ze€D. (15.1)
21 Jop C— 2
Proof. Let z € D be fixed. The function
f(Q) —1(2)
o= (== P

f'(z) (=2
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is continuous in D and holomorphic in D\{z}. Thus [, gd¢ = 0, by Corollary
and so

_ [ 9 e d¢ 3]
O_/z)ngC_/c'}DC—ZdC f()/c')DC—Z - Jop (-2 d = 2mif(z). O

Note that by (15.1]) each value f(z), z € D, is completely determined by the
values of f on dD. Moreover, on the right-hand side the variable z is no longer tied
to f. The function (¢, z) — 1/(¢ — 2) is called the Cauchy kernel.

15.3. Mean value property. As a special case of (15.1)) we obtain:
Proposition. If f is holomorphic in a neighborhood of the disk D, (c) then

1 2T

— flc+re')dt. (15.2)
2m J,

fle) =

Proof. Use the parameterization [0,27] 3 t + ¢+ re®* for the boundary of the disk

D = D,(c) in (15.1). O
Formula ([15.2)) implies the following estimate
(170 < Iflop. o) (15.3)

15.4. Cauchy’s integral formula for C'-functions. For C'-functions,
Cauchy’s theorem [14.2] is a special case of Stokes’ theorem. Let U C C be a
bounded domain such that the boundary OU consists of a finite number of simple
closed Cl-paths. If g € C*(U), then by Stokes’ theorem,

/aUgdc //dg/\dC //ggdCJrde A d¢ = //ydmdg (15.4)

where QU is oriented such that U lies on the left of 9U. So if g is also holomorphic
in U, then gz = 0 and hence Jou 9d¢ =0.

We shall see now that Cauchy’s integral formula is a special case of a more
general formula for C'-functions.

Theorem. Let U C C be a bounded domain such that the boundary OU consists of
a finite number of simple closed Ct-paths. If f € C’l(U), then

Fz) = —— //U dC/\dC, Z€eU. (15.5)

2me aUC—Z

Here OU is oriented such that U lies on the left of OU.

Proof. For fixed z set U, := {¢ € U : |z — (| > €}, where € > 0 is smaller that the
distance of ¢ to the complement of U. We apply (15.4)) to g : U — C, g(¢) = é(fz),
and note that U, > ¢ — (¢ — 2)~! is holomorphic,

U. 6%

ouC—2 0

Now ¢ + (¢ — 2)~! is integrable over U, in fact, if ( = & +in = re®,

Jic—=aem= [ IC_ld(E,n)S/O%/OR drdg < o

since U — z (being bounded) is contained in a large disk Dg(0). Together with the
fact that f and fz are continuous, it implies (15.5) by letting e — 0 in (15.6). [0



Power series representation and applications

16. Holomorphic functions are analytic

Cauchy’s integral formula (15.1)) implies that holomorphic functions admit
power series expansions.

16.1. Power series expansion of holomorphic functions.

Theorem. Let U C C be a domain. Let ¢ € U and let Dy(c) be the largest disk
centered at ¢ and contained in U. Then each f € H(U) can be expanded into a
power series Y .., an(z — €)™ which converges normally to f in D,(c) for each
0 <7 < d. The Taylor coefficients a,, are given by

M ACIC / SO 4 0<r<a (16.1)
o

n! B 271'2 D..(c) (C - C)n+1

We have the integral formulas

!
f(n)(z) = ;ﬁAD(Cﬂf))anC, z€D, neN, (16.2)

for every open disk D such that D C U.

Proof. By Cauchy’s integral formula (|15.1)),
1 f(©)
=— —>=dC, €D,
1) 2771'/5),3(—2 G =

for every open disk D such that D C U, in particular, for D = D,.(c) with 0 < r < d.
By Theorem f(2) =30 gan(z — )", for z € D,(c), with a, given by (16.1).
Since the coefficients are uniquely given by a,, = f("(¢)/n!, the same power series
is obtained for every r < d. Thus the power series converges normally to f in
each D,(c), 0 < r < d; see Theorem The integral formulas follow from
[12.2). O

16.2. Morera’s theorem. A first consequence of Theorem is Morera’s the-
orem which is a converse of Cauchy’s theorem.

Theorem. Let U C C be a domain. If f € C(U) satisfies faA f(z)dz = 0 for
every triangle A C U, then f € H(U).

Proof. 1t suffices to show that f is holomorphic in every open disk D C U. By
Proposition f has a primitive in D. By Theorem the derivative of a
holomorphic function is holomorphic, and so f is holomorphic in D. U

Summarizing we obtain the following characterization of holomorphy.

Corollary. LetU C C be a domain and let f € C(U). The following are equivalent:

(1) f is holomorphic.
(2) [oa f(2)dz =0 for every triangle A C U.
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(3) f is locally integrable.
(4) For every disk D with D C U, f(2) = 5= [5p
(5) f is analytic.

L) d¢ for all z € D.

16.3. Holomorphy of path integrals. As a corollary of Morera’s theorem [16.2]
we get a result on holomorphy of path integrals depending on parameters.

Proposition. Let vy be a path in C and let U C C be a domain. If g € C(|y| x U)
and g(w,-) € H(U) for every w € ||, then
h(z) := /g(w,z) dw, zeU,
¥

is holomorphic in U.

Proof. Let A C U be a triangle. Then, by Fubini’s theorem,

hdz:/ /g(w,z)ddeZ// g(w,z)dzdw =0,
OA OA Jy v JOA

since [, g(w,z)dz = 0 for all w € |y| (because g(w,-) € H(U)). The statement
follows from Morera’s theorem [16.2] O

17. Local properties of holomorphic functions
17.1. The identity theorem.

Theorem. Let f and g be holomorphic in a region U C C. The following are
equivalent:

(1) f=g
(2) The set {z €U : f(z) = g(2)} has an accumulation point in U.
(3) There is a point z € U such that f™(z) = ¢ (2) for allm € N.

Proof. (1) = (2) is obvious.
(2) = (3) Set h :== f —gand A := {z € U : h(z) = 0}. By assumption, A
has an accumulation point a in U. We will show that k(™) (a) = 0 for all n € N.

Assume the contrary and let m be the smallest integer such that h™)(a) # 0. By
Theorem [16.1]

*) (g
h !()(

ME) = (= @)™ hn(z), ()= 30 e
k=m

for z in any disk D C U centered at a. Then h,, is nonzero at a and, by continuity,
also in a whole neighborhood of a. That means that a is an isolated zero of h,
which contradicts the assumption that a is an accumulation point of A.

(3) = (1) Again let h = f — g. The set of points z, where all derivatives of h

vanish,
o0

Z:=({zeU:n"(z) =0},
n=0
is closed in U. On the other hand it is also open: if z € Z then the Taylor series of
h at z is identically zero in each disk D C U centered at z; thus D C Z. Since U is
connected and Z is non-empty by assumption, we may conclude that Z = U, that
isf=g. O
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It follows that the zero set of a non-zero holomorphic function h in a region U
has no accumulation point in U. For each zero a of h there exists a unique integer
m, called the order of the zero, such that

h(z) = (z —a)"hm(z), z€U,
where h,, € H(U) and hy,(a) # 0.
An further consequence of the identity theorem is that a function defined in
a real interval I possesses at most one holomorphic extension to some region in C
containing I. In particular, the definition of the functions exp, sin, cos, etc., by

their real power series is the only way to extend these functions to the complex
domain.

17.2. Singularities. Let U be a domain and @ € U. A function f € H(U \ {a})
is said to have an isolated singularity at a. We shall prove that there are exactly
three types of isolated singularities:

e Removable singularities. The singularity a of f is called removable if
J has a holomorphic extension to a, i.e., there is a holomorphic function
e Poles. The singularity a of f is called a pole of order m if there are

complex numbers ¢y, ..., ¢y, where m > 0 and ¢, # 0, such that
m ch
f(2) Z;@—wk

has a removable singularity at a.

e Essential singularities. Singularities that are neither removable nor
poles are called essential singularities. For instance, f(z) = exp(1/z)
has an essential singularity at 0. We will see that the image under f of
any neighborhood of an essential singularity is dense in C.

We first characterize removable singularities; the following result is known as

Riemann’s theorem on removable singularities.

Proposition. Let U C C be a domain and a € U. For f € H(U\{a}) the following
are equivalent:

(1) f has a holomorphic extension to a.
(2) f has a continuous extension to a.
(3) f is bounded near a.

(4) lim, (2 —a)f(z) =0.

Proof. Without loss of generality a = 0. The implications (1) = (2) = (3) = (4)
are obvious. Let us prove (4) = (1). Set

aa:{f“)jig“@; h(z) = zg(2).

By assumption, g is continuous at 0, and so h is C-differentiable at 0 with h'(0) =
g(0) = 0. It follows that h € H(U), since f is holomorphic on U \ {0}. By
Theorem h has a power series expansion at 0,

h(2) = a22® +azz® + - = 2% (a2 + azz + -+ );
ap = a; = 0 since h(0) = A'(0) = 0. The function f(z) := as + azz + --- is a
holomorphic extension of f to 0, because h(z) = 22 f(2) for z # 0. O

We are now ready to prove the classification of isolated singularities.
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Theorem. Let U be a domain, a € U, and f € H(U \ {a}). Then precisely one of
the following three cases occurs:

(1) f has a removable singularity at a.

(2) f has a pole at a.

(3) f has an essential singularity at a. If D C U is any open disk centered at
a, then f(D\ {a}) is dense in (CE

Proof. Suppose that there is § > 0, an open disk D C U centered at a, and w € C
such that |f(z) —w| > § for all z € D\ {a}. We need to show that a is either
removable or a pole. The function

g(z) = f(z)%w 2 e D\ {a}, (17.1)
is holomorphic in D \ {a} and |g| < 1/§. By the proposition, g extends to a
holomorphic function in D.

If g(a) # 0 then f is bounded near a (by (17.1)), and so a is a removable
singularity, by the proposition.

Otherwise g has a zero of order m > 1 at a and hence

g(z) =(z—a)"gm(2), z€D,
where g,, € H(D) and g,(a) # 0. Thus, h = 1/g,, € H(D), since g,, does not

vanish on D by (17.1), and

h(z)
f(z) —w= m’
Since h has a power series expansion h(z) = Y~ b,(z — a)™ with by = h(a) # 0,
we see that f has a pole of order m at a. O

z € D\ {a}.

18. Cauchy’s estimates and Liouville’s theorem

18.1. Cauchy’s estimates.

Theorem. Let f be holomorphic in a neighborhood of a closed disk D = D..(c).
Then

ntrl| fllap

|f(n)(z)‘ < W, ze€D, neN. (18.1)

Proof. This follows from the integral formulas (16.2)) and (11.2)),
| |

=21 Jop |C — 2|t ¢edD |¢ — z|n+1 — dist(z,0D)H1"

As an immediate consequence we obtain, for 0 < d < r,

! —
7)< MWD e By, nen

Letting d — r we find Cauchy’s inequalities for the Taylor coefficients.

Corollary. Let f(z) = o> an(z — ¢)™ have radius of convergence > r. Then

lan| < ”fnaif” neN. (18.2)

r

15By the big Picard theorem the image under f of each punctured disk centered at an essential
singularity of f is either the whole plane C, or C with one point missing.
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18.2. Gutzmer’s formula. Let the power series f(z) = >~ an(z — ¢)"™ have
radius of convergence > 7. Then the restriction to the circle z(t) = ¢ + re®,
t € [0,27], is a trigonometric series:

flc+re® Za rretnt (18.3)

which converges normally on [0, 27r]. Using

27
i ei(m—n)t di = {0 m # n
2w 1 m=n

we find by integrating (18.3]),

2
fle+retye ™ dt, neN. (18.4)

n _ JR—
Ant = 21
This implies Gutzmer’s formulam

Theorem. Let f(z) =Y " a,(z —¢)" have radius of convergence > r. Then

o 1 27 )
Z|an|2r2n = %/ |f(c4re) dt. (18.5)
n=0 0

Proof. Since f(c+ reit) = > g @nr™e” ™ we have
If(c4+re™)|? = flc+re Za rieint
which converges normally on [0, 27], and thus by Proposition and by ,
/027r [f(c+re)|*dt = Zan f c+ret)e " dt = 27r§: lan*r?". O

n=0

18.3. Liouville’s theorem. Functions that are holomorphic everywhere in C are
called entire functions.

Theorem. Every bounded entire function is constcmtﬂ

Proof. If f is entire then f(z) = > 70 ja,2" for all z € C. If |f| < M then, by
Cauchy’s inequalities (18.2) or by Gutzmer’s formula (18.5), |a,| < Mr~™ for all r
and all n. This is possible only if a,, = 0 for all n > 1. (]

19. The open mapping theorem and the maximum modulus principle

19.1. The open mapping theorem. A mapping f : X — Y between metric
spaces is called open if the image f(£2) of each open set Q in X is open in Y. We
will now prove that non-constant holomorphic functions are open. We need some
preparation.

Lemma. Let D be a disk centered at c and let f € H(U), where D C U, satisfy
min,eop | f(2)| > |f(c)|. Then there exists a € D such that f(a) =

6This is a special case of Parseval’s formula.
YTThe little Picard theorem states that the range of every non-constant entire function is
either C, or C with one point missing.
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Proof. If f # 0 on D, then, by the assymption, f # 0 on an open neighborhood V'
of Din U. Then 1/f € H(V') and by the mean value property (15.3)),

1 1 1
—— < max = —
[f(e)] T =eop [f(2)]  minzeap [f(2)]
which contradicts the assumption. O

Now we are ready to prove the open mapping theorem.

Theorem. Let U C C be a region and let f € H(U) be non-constant. Then
f:U — C is open.

Proof. Let V' be an open neighborhood of ¢ in U. Since f is non-constant, there
is an open disk D centered at ¢ with D C V and f(c) € f(0D), by the identity
theorem [7.1l Thus

20 := ngé% |f(z) = fle)| >0 (19.1)

We claim that Ds(f(c)) C f(D) C f(V) which implies the theorem. If b € Ds(f(c))
and z € 9D, then by (|19.1)),

[f(2) =0l = |f(2) = fle)| = [b— flc)| > 6

and so min,cyp | f(2) —b] > |f(c) — b|. By the lemma, there exists a € D such that
f(a) =b. Thus Ds(f(c)) C f(D). O

Corollary. If f is holomorphic in a region U then f(U) is either a region or a
point.

19.2. The maximum modulus principle. We get as a special case of the open
mapping theorem:

Corollary. Let f be holomorphic in a region U and let c € U. Fither f is constant
in U or each neighborhood of ¢ contains a point b such that |f(c)| < |f(b)].

Proof. Suppose that |f(z)| < |f(c)| for all z in a neighborhood V of ¢. Then
f(V) C{w € C: |w| < [f(c)]} and so f(V) is not a neighborhood of f(c). That
means that f is not open, thus f must be constant. O

If we call the graph of the function |f| on U C C =2 R? the analytic landscape
then the maximum modulus principle states roughly that there are no summits in
the analytic landscape of a holomorphic function.

To put it in another way, if U is a bounded region and f € C(U) N H(U) then
|f| attains its maximum at the boundary of U, i.e., | f(2)| < ||f|lov for all z € U.

20. Convergent sequences of holomorphic functions

20.1. Theorem. Let f, € H(U) be a sequence of holomorphic functions that con-
verges uniformly on compact sets to a function f: U — C. Then f € H(U) and,

for each k € N, the sequence fr(Lk) converges uniformly on compact sets to f*).

Proof. The function f is continuous. Let A C U be a triangle. By Proposition
and Goursat’s lemma [T4.1]

fdz= lim fndz=0.
aA N0 JaA

Morera’s theorem implies that f € H(U).
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Let us show that f/ — f’ uniformly on compact sets; the general case follows

by iteration. Let K C U be compact. There exist 7 > 0 such that L := (J,, D (2)
is a compact subset of U. Cauchy’s estimates (|18.1]) imply

Wf = fillg <r HIf = fallo =0, asn— oo. 0
Corollary. Let > f, be a series of holomorphic functions in U that converges

uniformly (normally) on compact sets. Then f = f, is holomorphic in U and,
for each k € N, the series ) fy(lk) converges uniformly (normally) on compact sets

to f(k);
-

Proof. The statement on uniform convergence on compact sets is a special case of
the theorem. Let K C U be compact and let L C U be a compact neighborhood
of K (as in the proof of the theorem). Cauchy’s estimates imply that there
are constants C}, such that

STk <D I fallz

Soif > f,, converges normally on L then } fék) converges normally on K for each k.
Since normal convergence implies uniform convergence, we have f*) = 3 fT(Lk). O






Biholomorphic mappings

21. Biholomorphic mappings

A mapping f : U — V between domains in C is called biholomorphic if f is
bijective and f as well as its inverse f~! are holomorphic; in this case we say that
U and V are biholomorphic.

21.1. Injective holomorphic mappings are biholomorphic.

Theorem. If f : U — C is holomorphic and injective, then f : U — f(U) is
biholomorphic. Moreover, f' #0 on U.

Proof. Since f is injective, it is nowhere locally constant. By the open mapping
theorem f is open, thus V := f(U) is open and f~!:V — U is continuous.

We claim that each point ¢ in the set Z := {z € U : f’(z) = 0} has a neighbor-
hood D in U such that DNZ = {c}. Otherwise, f’ would vanish in a neighborhood
of ¢, by the identity theorem [I7.1] in contradiction to the fact that f is nowhere lo-
cally constant. Since f : U — V is a homeomorphism, f(Z) has the same property.
Moreover, U \ Z and f(U) \ f(Z) are open sets.

We will show that the restriction f~! : f(U)\f(Z) — U\Z is holomorphic. This
will imply that f~! : V — U is holomorphic, since the points in f(Z) are removable
singularities, by Proposition Since f is C-differentiable at a € U \ Z, there is
a function f; continuous at a with f’(a) = f1(a) # 0 and

f(z) = fa) + (z = a) 1 (2).

Then, as f~! is continuous at b = f(a),

1
2= et (f(2) = J@) 5
that is
-1 _ -1 w — 1

It follows that f~! is C-differentiable at b with (f~1)'(b) = 1/f(f~*(b)). By
continuity, (f~1)"(w)f'(f~(w)) =1 for all w € V, and thus f’ # 0 on U. O

21.2. Local biholomorphisms. We are let to a characterization of local biholo-
morphisms. A mapping f is locally biholomorphic at some point ¢ if there is a
neighborhood of ¢ on which f is biholomorphic.

Theorem. Let f € H(U) and ¢ € U. The following are equivalent:

(1) f is locally biholomorphic at c.
(2) f is locally injective at c.

(3) f'(c) #0.

57
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Proof. Theorem yields that (1) and (2) are equivalent, and that they imply
(3). Let us show (3) = (2). Since f': U — C is continuous, there is an open disk
D C U centered at ¢ such that ||f" — f'(¢)||p < |f'(c)|. For z,w € D we have

: ]f'(C) = () d¢ = f(w) = f(2) = f(c)(w = 2)

and thus if z # w,

[f(w) = f(2) = f(e)(w = 2)| <[f(c)l|w — 2|
It follows that f(z) # f(w). O

In Corollary [5.2) we saw that f € C'(U) is conformal if and only if f € H(U)
and f’ # 0 in U. The theorem implies that conformal mappings are locally biholo-
morphic, but they need not be biholomorphic, e.g., z — 22 is a conformal mapping
C\ {0} — C\ {0} that is not injective.

The following corollary is a generalization to the case that f'(¢) = --- =

Fm=Y(c) = 0 and f™)(c) #0.

Corollary. Let f € H(U), ¢ € U, and assume that f'(c) = --- = fm(c) =0
and f(m)(c) % 0 for some m > 1. Then there exists an open neighborhood V of ¢
i U and a biholomorphic mapping h : V — C such that

f(z)=fle)+h(z)™, zeW

Proof. We may assume without loss of generality that f(c) = 0. By Theorem [16.1]
there is a holomorphic function g with g(¢) # 0 such that

f(z) = (z = )"g(2).
Choose an open neighborhood V of ¢ in U such that g(V')/g(c) € C~, and choose
¢ such that (™ = g(c). Define h: V — C by

g9(z)\m
h(z) :=(z—¢)C ( ) ;
(@)= G- (45
cf. Section Then h is holomorphic and satisfies f = h™. Since h'(¢c) =( #0
we can achieve that h is biholomorphic by shrinking V'; see the theorem. ]

22. Fractional linear transformations

22.1. The Riemann sphere. The Riemann sphere is the one-point compact-
ification of the complex plane. One extends the complex plane by adding a point
called oo,

C:=CuU {0},
and topologizes it in the following way. We define
| Do) i={z € C:|z| >r} U}, >0,

and declare a subset of C to be open if and only if it is the union of disks D,.(a)
where @ € C and r > 0. It is clear that this gives the usual topology on C.

The Riemann sphere C is homeomorphic to the Euclidean sphere S? :=
{(u,v,w) € R® : u? + v? + w? = 1}. A homeomorphism is given by the stereo-
graphic projection

N u v
v:5? 5 C b —— +i——, (0,0,1)
7(U,U,’LU) 17w+117w?(7 ’ ) o0

2x 2y 22 +y% -1

2?2+ + 1 a2+ + 122 +y2 +1

\I/flz(AC%SQ,erin( ),OOH(0,0,l).
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If p = (u,v,w) is a point on the sphere S? then z = ¥(p) is the unique point in the
equatorial plane that lies on the line through p and the north pole (0,0, I)H

z

FIGURE 14. The stereographic projection.

Let f be a function that is holomorphic and bounded in {z € C : |z| > r}.
Then f(z) := f(1/z) is holomorphic and bounded in {z € C: 0 < |z| < 1/r}, and
thus has a holomorphic extension to 0, by Proposition [I7.2] That means that the
limit f(00) := lim,_, f(2) exists. So we obtain a function f defined in D, (c0) and
we say that it is holomorphic in D, (c0).

22.2. Mobius transformations. A fractional linear transformation

az+b
e =Gra

is called a M&bius transformation. Note that f/(2) = (ad — bc)/(cz + d)?. We
consider f to be a mapping C — C with the convention that f(=d/ec) = oo and
f(<) =a/c. Then f: C — C is continuous. The composite of Mobius transforma-
tions is a Md6bius transformation, and the inverse of a Mobius transformation is a
Mobius transformation, i.e., the set of all Mobius transformations forms a group@

a,b,c,d € C, ad —be # 0,

Multiplying a, b, c,d by the same non-zero constant yields the same Mobius
transformation, so we can assume that ad — bc = 1. It is easy to see that the

mapping
a b L, a2t b
c d cz+d
from SL(2,C) := {(2%) : ad — bc = 1} to the group of Mébius transformations is

a surjective group homomorphism, the kernel of which is {#+id}. Thus the group
of Mébius transformations is isomorphic to PSL(2,C) := SL(2,C)/{%id}.

Lemma.

(1) The group of Mébius transformations is generated by translations z — z+
b, rotations followed by homotheties z — az, and the inversion z — 1/z.

(2) Mdbius transformations preserve the family F consisting of all lines and
all circles™ .

(3) For any two triples (a,b,c) and (a’,V', ') of distinct points in C there is a
unique Mobius transformation f with f(a) =a’, f(b) =¥, and f(c) = .

Proof. (1) This is obvious if ¢ = 0 and if ¢ # 0 it follows from
az+b a A bc — ad

= A= .
cz+d ¢ cz+d’ c

18The Riemann sphere is a complex manifold. The stereographic projections relative to the
north and the south pole provide an atlas.

9The group of Mobius transformation is the automorphism group of the Riemann sphere.

20via the stereographic projection F is the family of all circles on S2.
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(2) Tt is obvious that translations, rotations, and homotheties preserve F. Every
member of F is given by an equation of the form

aZ+ Bz +PZ+v=0, a,yER, BeC, |B]>>ay.
(If o # 0 we get a circle, if @« = 0 a line.) Under the mapping z — 1/z the equation
transforms to
a+pZ+Bz4+v22=0
which is an equation of the same type.

(3) Tt suffices to show that there is a unique M&bius transformation that takes
the points a, b, ¢ to the points 0,1, co. The Mobius transformation

(b—c)(z—a)
(b—a)(z—c)

does the job. O

g

A consequence of (3) is that every circle can be mapped onto every circle by
a Mébius transformation; in this statement circle means circle in C, that is, circle
or line in C. In particular, every open disk can be biholomorphically mapped onto
every open half-plane.

22.3. The Cayley mapping. Let H := {z € C : Imz > 0} denote the upper
half-plane.

Proposition. For each ¢ € H the mapping f : H — D, f(z) = 2=£, is biholomor-
phic with inverse g : D — H, g(z) = %

Proof. Observethat R = {z € C: [z2—c| = |z—¢|} and thus H = {z € C: [Z=£| < 1}.

This means that f maps H biholomorphically into D; note that f € H(C\ {¢}). It
is easy to see that g is the inverse of f, g € H(C\ {1}), and

Tmg(z) =1 c—¢z 1(0762 E—CE) 1—|z]2c—c¢ 1—|Z|2I
mg(z) =Im-— = — - = = me.
g 1—2 2i\1-2 1-2z) J1—22 20 |J1-2P
Thus ¢g(D) C H and the statement is proved. O
In the special case that ¢ = i we get the Cayley mapping:
_ 1
hHoD, 20 20 LD S H, 2 e it (22.1)
zZ+1 1—=2

23. Automorphism groups

For a domain U C C we denote by Aut(U) the set of all automorphims of U,
i.e., biholomorphic mappings U — U. Obviously, Aut(U) is a group with respect
to composition. We shall compute Aut(ID), Aut(H), and Aut(C).

23.1. The Schwarz lemma.
Lemma. Let f: D — D be holomorphic and f(0) = 0. Then
If(2)| < |z| forallzeD, and |f(0)<1. (23.1)

If for some ¢ # 0 we have |f(c)| = |¢| or if |f'(0)] = 1, then f is a rotation, i.e.,
there is a € S* such that f(z) = az for z € D.
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Proof. By Theorem we may expand f in a power series f(z) = Y . a,2"
(note that ag = f(0) = 0). Then g(z) := > oo, a,2" ! is a holomorphic function
in D such that

f(z) =29(2) and g(0) = a1 = f'(0).
Since |f(2)| < 1 we have r max,|—, |g(z)| < 1 for all 0 < r < 1. By the maximum

modulus principle [19.2] we have |g(2)| < 1/r for all z € D,.(0), 0 < r < 1. Letting
r — 1 implies (23.1J).

If |f(c)] = || for some ¢ # 0 or if |f'(0)] = 1, then |g(c)] = 1 or |g(0)] = 1.
That is, g attains its maximum in . By the maximum modulus principle, g must
be a constant a with |a| = 1. O

23.2. Automorphisms of the unit disk.

Theorem. The automorphisms of D are precisely the Mébius transformations of
the form z — %I;:

b
Aut(D) = {z — gzi* ca,beC, |a|2 — \b|2 — 1}_
z+a

Proof. Tt is easy to check that the right-hand side is a group. Let f(z) = g;'fg,
la]? — |b]> = 1. Then f € H(D) since | — %\ = |%| > 1. To see that f(D) C D,

observe that

1> & af* = [o* > (Jaf* — [o*)|2]*.

az—l—b‘2
bz+a

The inverse f~! has the same properties, and so f € Aut(D).
For the converse inclusion, let g € Aut(D). Then ¢ := ¢g(0) € D and

F(2) = az+b o 1 b c
C o bzdal VI T
is a Mobius transformation of the required form that maps 0 to c¢. By the first part
of the proof, f € Aut(D) and thus h := f~! o g € Aut(D) with h(0) = 0. By the
Schwarz lemma applied to h and h~ 1,

|h(2)] < |z| = |hH(h(2)| < |M(z)| for all z € D.
By the second part of the Schwarz lemma, there is 8 € S! such that h(z) = Bz. If
we choose o € ST with 8 = o? then

az

h(Z) = ﬁZ =

i.e., h, and hence also g = foh, is a Mobius transformation of the required form. [J

23.3. Automorphisms of the upper half-plane. Since the unit disk D and
the upper half-plane H are biholomorphic, we can easily deduce the automorphism
group of H.

Theorem. The automorphisms of H are precisely the Mdbius transformations of

the form z — Zj_tg where a,b,c,d € R:

az+b
cz+d

Aut(H):{ ta,b,c,d € R, ad—bc:l}.
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Proof. Since the Cayley mapping h : H — D from (22.1]) is a biholomorphism, we
have, by Theorem [23.2]

b
Aut(H) =h ' o Aut(D) o h = {hil o % oh:a,beC, |a*—|b]* = 1}
bz+a
az+p [(a B
= : €SL2,R)},
{ vz +6 (’Y 5) @R)
where the last equality is a straight forward computation. U

We may conclude that the groups Aut(D) and Aut(H) are both isomorphic to
the group PSL(2,R) = SL(2,R)/{£id}.

23.4. Automorphisms of the plane.

Theorem. The automorphisms of C are precisely the Mébius transformations of
the form z — az + b where a,b € C, a # 0:

Aut((C):{az+b:a,b€(€7 a7é0}.

Proof. 1t is clear that mappings of the form z +— az + b, a # 0, are automorphisms
of C. Conversely, let f € Aut(C). Then g(z) := f(1/z) is in H(C\ {0}). Since
f : C — C is biholomorphic, g can neither have a removable singularity at 0, by
Liouville’s theorem [18.3] nor an essential singularity, cf. Theorem So 0 is a

pole of g, i.e.,
9(2) =D -
k=1

E

is bounded near 0, and thus

flz) = Z cpz”
k=1

is bounded near co. By Liouville’s theorem [I823] f is a polynomial. Its degree must
be one, since otherwise f’ is a polynomial of degree > 1 and thus has a zero in C,
contradicting Theorem [21.1 O



The global Cauchy theorem

So far we treated Cauchy’s theorem and the integral formula only on star-
shaped domains. This is adequate for studying local properties of holomorphic
functions. But the result is obviously incomplete. Two questions arise:

(1) Given an arbitrary domain U, how can we describe the closed paths in U
for which the assertion of Cauchy’s theorem is true?

(2) Can we characterize the domains in which Cauchy’s theorem has universal
validity?

24. Homology and the general form of Cauchy’s theorem
We will answer the first question in this section.

24.1. Chains and cycles. Let us generalize the notion of the path integral. To
this end we examine the identity

/ fdz= [ fdz+---+ [ fdz (24.1)
Y1t e 71

’Yn
which holds if the paths ~; have matching endpoints, i.e., z4(Vi+1) = za(7:), 1 <
it < n — 1. The right-hand side of (24.1) has a meaning for any finite collection
of paths v1,...,7,. So let us consider arbitrary formal sums v, + - -+ + 7, and let
us define fm ety f dz by equation (24.1]). Such formal sums of paths are called
chains

Chains are considered identical if they yield the same path integral for all
functions f. Thus two chains are identical if one is obtained from the other by

permutation of paths,
subdivison of paths,

fusion of subpaths,
reparameterization of paths,
cancellation of opposite paths.

Chains can be added and (24.1) remains valid for arbitrary chains. If identical
chains are added, we denote the sum as a multiple. By allowing a(—vy) = —av,
every chain can be written as a finite linear combination

Yy=ai1y1+ -+ anYn,
where a; € Z, all ~; are different, and no two ~; are opposite. We allow zero
coefficients, in particular, the zero chain 0. Clearly, a chain can be represented as
a sum of paths in many ways.
For a formal sum vy = 41+ - -+, of paths ; we set || = J._, || and [0] = 0.
Note that |y| depends on the representation of v (due to cancellation of opposite
paths).

21\ore formally, chains can be defined as formal sums 71 + - -+ + 7, of linear functionals

vi(f) = [, fdz for f € C(U; Inil), cf. [, 10.34].

63
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A chain is called a cycle if it can be represented as a sum of closed paths.

We will consider chains contained in a given domain U C C. This means that
the chains have a representation by paths in U and only such representations are
considered.

For a cycle v and a point z € |y| the index of z with respect to  is defined by

1 d¢
i = 24.2
ind, (2) 5 [y =2 (24.2)
just as in Section Clearly,
ind,, 4+, (2) = ind4, (2) +ind,,(2), ind_,(z) = —ind,(z). (24.3)

24.2. Homology. A cycle v in a domain U C C is said to be homologous to
zero with respect to U if ind,(z) = 0 for all z € C\ U; we write 7y ~ 0 (mod U).
Two cycles 1 and 5 in U are homologous in U, in symbols 1 ~ 7o, if v —72 ~ 0.

By @L3).

’fyl ~ 72 (mod U) < ind,, () = ind,,(2) for all z & U.‘

This defines an equivalence relation on the set of cycles in U. The set of equivalence
classes, called homology classes, forms an additive group, the homology group.
If ¥ ~ 0 (mod U) then v ~ 0 (mod U’) for all U’ D U.

24.3. The general form of Cauchy’s theorem.

Lemma. If f € H(U) then

6= fw)
g:UxU—=C, g(z,w):= z—w (24.4)
f(z) z=w

s continuous.

Proof. We need to check continuity at points on the diagonal z = w. Fix a € U and
e > 0. Since f’ is continuous, there is a disk D,.(a) C U such that | f/(¢) — f'(a)| < €
if ( € Dy(a). If z,w € D,(a), z # w, then ((t) := (1 —t)z + tw € D,(a), t € [0,1],
and

ot~ e, = (LT ] = | [ - sy ar] < e
Thus g is continuous at (a, a). O

Theorem. Let U C C be a domain and let f € H(U).
(1) If v is a cycle that is homologous to zero in U, then

/ fdz=0, (24.5)
;

. 11 f(©)
ind, (2)1(2) = 5 L FeLic, zeU\pl (24.6)
(2) If v1 and v2 are homologous cycles in U, then
fdz= fdz. (24.7)
71 Y2

Equation (24.6]) is the general form of Cauchy’s integral formula.
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Proof. (1) Consider the continuous function g in (24.4), and define

1
h(z) := o 79(2710) dw, ze€U.
For each w € U we have g(-,w) € H(U), since the singularity at z = w is removable
by Proposition Thus h € H(U) by Proposition [16.3]
Our goal is to show that h(z) = 0 for z € U \ |y| which is equivalent to (24.6)
(by (24.2)). Set Uy :={z € C\ |7| : ind,(z) = 0} and define

h(z) = = [ L0)

= - dw, zeU.
21 4 W=z

Since hq(z) = h(z) for z € U N Uy, there exists a function ¢ € H(U U U;) such
that ¢|y = h and ¢|y, = hy. Since v is homologous to zero in U, the set Uy
contains C\ U, so U UU; = C and ¢ is entire. By definition U; also contains the
unbounded connected component of the complement of |y| on which ind., vanishes;
see Theorem Thus

lim ¢(z) = lim hy(z) =0.

|z|—00 |z] =00
By Liouville’s theorem @ = 0 and hence h = 0. We proved ([24.6)).

Let us deduce (24.5)) from (24.6). Fix a € U \ || and set F(z) := (z — a) f(2).
Then, as F(a) =0,

: /vfdz - ;m[YMdZ = ind,(a)F(a) = 0.

2mi z—a
(2) Apply (24.5) to v =71 — 2. O

24.4. Practical computation of the index.

Theorem. Let v be a closed C'-path in C and z € C\ |y|. Let v € S' be a unit
vector such that the ray R := {z +rv : r > 0} = z + (0,00)v intersects v only
tmnsversallyﬂ i.e., if v(t) € R then det(v,v'(t)) # 0. Then

ind,(z) = Z sgn (det(v,7(£))). (24.8)

tey=1(R)

So, in practice, choose a suitable ray, start in the unbounded connected com-
ponent of the complement of |y| where the index is 0, and move inwards along the
ray. At points where vy meets the ray the index increases (decreases) by one if the
direction of the ray and the tangent vector of v are positively (negatively) oriented.
It may happen that v passes through the same intersection point with the ray a
finite number of times; the index is counted accordingly.

Proof. Let «: [0,1] — C. Without loss of generality z = 0. The set v~ (R) is finite.
Otherwise there exists an accumulation point ¢y € v~ *(R) (since |y| is compact),
but y(t) € R for t # to near ¢y by transversality, a contradiction.

If v~1(R) = 0 then 0 lies in the unbounded connected component of the com-

plement of ||, and (24.8)) is true.
Suppose that v 1(R) = {t1,...,t,} with0 <t; <--- <t, <1. Let v : R —
C\ {0} also denote the periodic extension of the closed path « : [0,1] — C\ {0}.

22 Sard’s theorem implies that almost every ray intersects - transversally.



66 THE GLOBAL CAUCHY THEOREM

FIGURE 15. Tllustration of Formula (24.8]).

Then [to, t,], for tg :=t, — 1, is an interval of periodicity. Let v be parameterized
in polar form () = r(t)e™® by continuous functions r(t) and ¢(t). By (12.5),

@(tn) — (,D(to)
27 '

Let 6 be such that v = e, For t € (t,_1,t%), we have y(t) € R and so o(t) €
(0 — 7,0k + ) for some 0y, € 0 + 27Z. Moreover, since ¢(t) is continuous,

O+ if p(t) < p(tx) for t < ty
O — 7 if p(t) > p(tx) for t < ty

ind,(0) =

plte) = lim o(t) =

= 0), + sgn (det(v, 7' (ty))),
and analogously
@(tp—1) = 0), — sgn (det(v,y'(tp—1)))m
It follows that

n

p(tn) = p(to) _ 1

ind, (0) = =00 = ) ((te) — olte-1)
k=1
- %Z <sgn det(”ﬁ'(lﬁk))) + sgn (det(v,y’(tk_l)))>
k=1

n

sgn (det(v,~'(tx)))-
k=1

Formula (24.8)) is proved. O

25. The calculus of residues

25.1. Meromorphic functions and residues. A function f defined in a domain
U C C is said to be meromorphic if there is a set A C U such that

e A has no accumulation point in U,
o fEH(UN\A),
e f has a pole at each point of A.

Every function holomorphic in U is meromorphic in U (in this case A = §)). Note
that A is at most countable.

If a € A then (cf. [17.2)) there exist complex numbers c¢1, ..., Cn, ¢y # 0, such
that
Z f(z) = Q(2) (25.1)

z—a
k=1



25. THE CALCULUS OF RESIDUES 67

has a removable singularity at a; we say that @ is the principal part of f at a.
The number ¢; is called the residue of f at a,

c1 =res(f;a).
If a is a pole of order m of f then, in view of (25.1)),

res(f;a) = lim #<i>m_l(z —a)"f(2).

z—a (m — 1) \dz

If v is a cycle and a ¢ ||, then
1
— / Qdz = c;ind, (a) = res(Q; a) ind,(a). (25.2)
27 J,

25.2. The residue theorem.

Theorem. Let f be meromorphic in U and let A be the set of poles of f. Let v be
a cycle in U \ A that is homologous to zero in U. Then

271'2/f Z—Zres f;a)indy(a). (25.3)

acA

Proof. Set B := {a € A :ind,(a) # 0}. We claim that B, and therefore the sum
in (25.3), is finite. Let V any connected component of C \ |y[. If V is unbounded
or if VN (C\U) # 0, then ind, vanishes on V, since v is homologous to zero in U
and since ind, is locally constant, by Theorem [12.2] Since A has no accumulation
point in U, B must be finite.

Let ay,...,a, be the points of B and let Q1,...,Q, be the principal parts
of f at a1,...,a,. The function g := f — >""_; Q; has removable singularities at
ai,...,a, and thus application of Theorem on the domain U \ (4 \ B) gives

/gdz:().
~

(Note that v is homologous to zero with respect to U \ (A \ B) since ind,(z) = 0 for
all zin C\ (U\ (A\ B)) =(C\U)U (A\ B) by assumption and by the definition
of B.) Consequently,

/f Z* /de -Z s(Qj; a;) indy (a,),
which shows -, because res(Qj; a;) = res(f; a;). O

25.3. The argument principle.

Theorem. Let f be meromorphic in U with zeros a; and poles by, and let v be a
cycle which is homologous to zero in U and does not pass through any of the zeros
or poles. Then

. J} e = > ind,(a;) = Y ind, (by), (25.4)

211 -
J k

where multiple zeros or poles are repeated according to their order.

Proof. Suppose that c is a zero of order m of f. By Section we can write
f(z) = (z=¢)"g(2),
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where g is holomorphic and nowhere vanishing in a neighborhood of ¢. Thus,
FE)_m g
fz)  z—c g(zx)’
i.e., f'/f has a simple pole with residue m at ¢. The same arguments show that if
f has a pole of order m at ¢, then f’/f has a simple pole with residue —m at ¢. So

(25.4) follows from ([25.3]). O

Corollary. Let f be meromorphic in U with zeros a; and poles by, and let vy be a
simple closed positively oriented path in U which does not pass through any of the
zeros or poles. Then

% /; ‘? dz = #(zeros of f inside v) — #(poles of f inside ),

where the zeros and poles are counted with their multiplicities.

25.4. Evaluation of integrals. The calculus of residues provides a method of
computing a wide range of integrals which we will explain by means of two examples.

Example. Consider an integral of the form
27
I= / R(cost,sint) dt,
0

where R(x,y) is a rational function without a pole on the circle 2% + y? = 1. If we
set z = €%, then

. et 4 e~ 1( N 1) - et — gt 1( 1)
cost=——— =—(z+= sint=—— = —(z—=
2 2 2/’ 21 21 ’

- ) )
a4 )

where the sum is over all poles in D of the function in the square brackets.

and thus

For instance, for a > 1,

2m .
dt 2
/0 a+sint eresZ2+2aZ,Z_1
The function on the right-hand side has two simple poles p; := —ia +1iva? — 1 and
po = —ia — 1v/a? — 1, but only the first pole lies in D. Its residue is
29 21 1

1i — [ — = .
zlg)ll(z p1)22 + 2aiz — 1 2521 Z—pa a2 —1

/2” a  2n
o a+sint aZ_1

Example. Our goal is to prove

Therefore,

/ C _dr=-—"— 0O<a<l (25.5)
feo 1+ €% sinwa

It is easy to see that the integral converges. Set f(z) = e®*/(1 + €*) and consider
the path v which parameterizes the boundary of the rectangle with vertices — Ry,
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Rs, Ry + 2mi, — Ry + 2mi (positively oriented; Ry, Re > 0). The only pole of f
inside the rectangle is 7i. Let us compute its residue,
zZ— T X )
(z—mi)f(z) = eazm — e“mE =—e'"  asz — mi.

Thus,
/ fdz = 2mives(f;mi) = —2mie®™ (25.6)
8!

Observe that
—R ea(t+27‘ri)
fdz= / dt

Ro 1 + et+27ri

. [R2 at )
— 7627ra7,/ - dt = 7627raz/ de,
—R L+e [ R1,R2]

‘/[R2 +27i,— Ry +27ri]

and
2m \ pa(Ratit)
‘/ de S/ 67 dt < Ce(afl)RQ -0,
[R2,R2+2mi] o 114 efatit
’/ 2m | pa(—Rai+it) .
fdz‘g/ %dtgce—a 1_>07
[—R1+2mi,—R] o |14 e Rutit

as Ry, Rs — oo, where C is some constant. Consequently, by (25.6]),

(1 — ) [m 1?_ o dr = —2mie®™

which implies (25.5)).
26. Homotopy and simply connected domains
Let us turn to the second question.

26.1. Homotopy. Let ~; : [a,b] - U C C, i = 0,1, be closed curves in U.
We say that v9 and 7; are homotopic in U if there is a continuous mapping
H :[0,1] X [a,b] = U, H(s,t) = Hs(t) = H'(s), such that

Hy=7, Hi=mv, H"=H"

The mapping H is called a homotopy. It defines a one-parameter family of closed
curves Hy in U which connects vy and «;. This defines an equivalence relation on
the set of closed curves in U. Similarly one defines homotopies of non-closed curves,
cf. Figure but we will have no use for that.

t Ho
A

b

Hy
Ho

FIGURE 16. A homotopy of non-closed curves; H* # H®.

If o is homotopic in U to a constant curve v; (i.e., a point), we say that 7 is
null-homotopic in U.

A connected subset U C C is said to be simply connected if every closed
curve in U is null-homotopic in U.
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Example. Star-shaped domains U are simply connected. Let ¢ € U be a center
and let v : [a,b] = U be a closed curve. Then

H(s,t) :== (1 —s)y(t) + sc
defines a homotopy with Hy =, H; = ¢, and H* = H?.

FIGURE 17. The set on the left is simply connected, the set on the
right is not simply connected.

26.2. Cauchy’s theorem for simply connected domains.

Lemma. Let gy and 1 be closed paths in C with parameter interval [a,b]. If z € C
and

() =9 @)| <[z =), t€la,b], (26.1)
then ind, (z) = ind,, (2).

Proof. By (26.1)), z € |yo| U |71|, and v := % defines a path in Dq(1), thus,
ind, (0) = 0. Moreover,

Yo Mo
Y 1—2 Y-z
and therefore 0 = ind, (0) = ind,, (2) — ind,, (2). O

Theorem. Let U C C be a domain and let f € H(U).
(1) If v0 and v1 are homotopic closed paths in U, then vo and v1 are homol-

ogous in U; thus,
fdz= / fdz.
Yo 71

(2) If U is simply connected, then every cycle v in U is homologous to zero

in U; thus,
/ fdz=0,
~

ind, (/) = o [ £ a6, zev il

Proof. (1) We must show that ind.,(z) = ind,, (2) if z € U. There exists a homo-
topy H : [0,1] x [a,b] — U with Hy = 9, H; = 71, and H* = H®. For simplicity
of notation we assume without loss of generality that [a,b] = [0, 1]. Since H ([0, 1]?)
is compact, there exists € > 0 such that

|z — H(s,t)| > 2¢, for all (s,t) € [0, 1]°. (26.2)

Since H is uniformly continuous, there is a positive integer n € N such that

1
|H(s,t) — H(s', t")| <e, if[s—§|+[t—1]<—. (26.3)
n
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We define polygonal closed paths 'y, £k =0,1,...,n, by setting

Ti(t) = He (5)(nt +1 i)+ He (5 (i —nt), te [ 1] i=1,....m
i.e., we connect the points Hk (£ *),i=0,1,...,n,onthe curve H: by line segments.
By (26.3] -, !
|Fk(t)—H%(t)| <e k=0,...,n, t€]0,1], (26.4)
Tro1(t) —Tr(t)| <e, k=1,...,n, t€][0,1]. (26.5)
In particular, implies
ITo(t) — @) <e |Thlt) —m(t)] <e. (26.6)

By and ,
|z = Tr(t)| > |z — H%(t)| — Tk(t) — H%(t)\ >e, k=0,...,n, t€][0,1]. (26.7)
Then (26.5)), (26.6)), (26.7) and the lemma imply
ind,, (2) = indr,(2) = indp, (2) = --- = indr,, (2) = ind+, (2).
The identity in (1) follows from (24.7).

(2) Every closed path « in U is null- homotopic in U, thus homologous to zero
in U, by (1). The identities follow from (24.5) and - O

The paths I';, were introduced since the curves H need not be piecewise C!,
and so the lemma is not applicable directly.

Remark. The converse of (1) is not true: there exist domains U and closed paths
in U that are homologous but not homotopic in U. For instance, the Pochhammer
cycle (see Figure is homologous to zero but not null-homotopic in C\ {a, b}.

G/

FIGURE 18. The Pochhammer cycle. It is homologous to zero in C\
{a,b}, a # b, since the index is zero at a and b. But it is not null-
homotopic in C\ {a, b}.

26.3. Characterization of simply connected domains. We have fully an-
swered the first question and partly the second question posed at the beginning of
this chapter. The following theorem gives a full answer to the second question. We
state it without proof.

Theorem. Let U C C be a region. The following are equivalent:

(1) U is homeomorphic to D.

(2) U is simply connected.

(3) ind, (2) = 0 for every closed path v in U and all z € C\ U.

(4) C\ U is connected.

(5) Every f € H(U) can be approximated by polynomials, uniformly on com-
pact sets.

(6) For every f € H(U) and every closed path v in U, fﬂ/ fdz=0.
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(7) Every f € H(U) is integrable on U.
(8) If f € H(U) and 1/f € H(U), then there exists g € H(U) such that

[ =expy.
(9) If f € H(U) and 1/f € H(U), then there exists g € H(U) such that
f=g

Items (8) and (9) mean that every unit in the ring H(U) has a holomorphic
logarithm and a holomorphic square root.

The proof of this theorem involves the Riemann mapping theorem:

Theorem. FEvery simply connected region in the complex plane, other than the
plane itself, is biholomorphic to the unit disk.
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