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Abstract

This thesis is concerned with the construction and analysis of robust multigrid precon-
ditioners for parameter dependent problems in primal variables. The developed framework
is applied to the specific examples of nearly incompressibility, the Timoshenko beam, and
the Reissner Mindlin plate. The suggested multigrid components are simple to implement.

The work is based on two theories. On one side, the theory of mixed finite element
methods is essential for the analysis of parameter dependent problems. The material is
presented in a rather self-contained way. The point of departure is the primal form, where
the stability conditions are formulated. The obtained discretization schemes are known as
reduced integration methods. We point out the essence of a Fortin interpolation operator.

The other base contains the additive Schwarz theory and multigrid theory. These tech-
niques provide a framework for the construction and analysis of efficient preconditioners.
We will collect the concepts of one-level and two-level subspace splitting, approximation
property and smoothing property by means of elliptic problems without parameters. The
formulation is such that it carries over to parameter dependent problems.

The central point of the thesis are the combination of both theories. We will start with
one-level preconditioners for parameter dependent problems. We see that block smoothers
capturing base functions of the kernel are robust with respect to the small parameter.
The analysis uses function splitting with a partition of unity, and interpolation with the
Fortin operator. We proceed with two level methods. A trivial prolongation by embedding
is not uniformly bounded with respect to the parameter dependent energy norm. The idea
for the construction of robust prolongation operators is that coarse grid kernel functions
must be lifted to fine grid kernel functions. This can be obtained by adjusting proper
degrees of freedom locally. In the considered applications, the implementation consists of
solving local sub-problems of the assembled stiffness matrix. The prolongation operator is
an approximative right inverse to the Fortin operator.

The components developed for the two-level method can be used in a multigrid algo-
rithm. The analysis requires two norms, for which the approximation property and the
smoothing property are verified. One is the parameter dependent energy norm, the other
one combines three terms, namely improved convergence in a weaker norm of the primal
variable, stability in primal energy, as well as stability in average for the dual variable.
The approximation property can be proven under abstract assumptions. The smoothing
property has to be checked individually for the considered examples. Even under strongest
realistic regularity assumptions, we have to apply interpolation norms. We point out some
relations to the smoother by Braess and Sarazin.

Finally, numerical experiments are presented. They agree with the analysis for the -
cycle and variable V-cycle. Additionally, they show optimal and robust convergence of
V-cycle methods.
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Zusammenfassung

Diese Arbeit beschiftigt sich mit der Kontruktion und Analyse von robusten Vorkon-
ditionierern fiir parameterabhéngige Probleme in primalen Variablen. Die entwickelte Me-
thodik wird auf fast inkompressible Materialien, den Timoshenko Balken und die Reissner
Mindlin Platte angewandt. Die vorgeschlagenen Multigrid Komponenten sind einfach zu
realisieren.

Die Arbeit beruht auf zwei Theorien. Das eine Standbein ist die gemischte Finite Ele-
mente Methode, die fiir die Analyse von parameterabhéingigen Problemen fundamental
ist. Der Stoff wird weitgehend selbstenthaltened dargestellt. Der Ausgangspunkt ist das
primale Problem, fiir das die Stabilitdtsbedingungen formuliert werden. Die erhaltene Dis-
kretisierung ist als Methode mit reduzierter Integration bekannt. Wir unterstreichen die
Bedeutung des Interpolationsoperatos nach Fortin.

Das zweite Standbein umfafit Additiv Schwarz Methoden und die Multigrid Theorie.
Diese Techniken bilden die Methodik zur Konstruktion und Analyse von effizienten Vor-
konditioniereren. Wir stellen die Konzepte von Ein- und Zweigittermethoden, und von
Approximations- und Gléattungseigenschaft an Hand von elliptischen Problemen ohne Pa-
rameter dar. Die gewéhlte Formulierung 148t sich auf parameterabhéngige Probleme iiber-
tragen.

Der Kern der vorliegenden Arbeit ist die Verbindung beider Theorien. Wir begin-
nen mit Eingitter Vorkonditionierern fiir parameterabhéngige Probleme. Wir sehen, daf
Blockglitter, die Basisfunktionen fiir den Kern umfassen, robust beziiglich des Parameters
arbeiten. Die Analyse verwendet Zerlegung der Eins und den Interpolationsoperator nach
Fortin. Als néchsten Schritt nehmen wir ein Grobgittersystem hinzu. Eine trivial Prolonga-
tion ist nicht gleichméBig stetig beziiglich des kleinen Parameters. Die Idee einer robusten
Prolongation besteht darin, dafl Grobgitter-Kernfunktionen auf Feingitter-Kernfunktionen
abgebildet werden. Das kann durch lokale Anpassung geeigneter Freiheitsgrade erreicht
werden. Bei den betrachteten Beispielen kann die Realisierung durch Losen von Teilpro-
blemen der assemblierten Steifigkeitsmatrix geschehen. Der Prolongationsoperator ist eine
approximative Rechtsinverse des Fortin-Operators.

Die Komponenten des Zweigitterverfahrens kénnen in einem Mehrgitteralgorithmus
eingesetzt werden. Die Analyse benotigt zwei Normen, fiir welche die Approximationsei-
genschaft und die Glattungseigenschaft gezeigt werden. Eine ist die parameterabhingige
Energienorm, die andere ist eine Kombination von drei Termen, nédmlich einer verbesser-
ten Approximation der primalen Variable in einer schwicheren Norm, die Stabilitdt in
der primalen Energie, und Stabilitit der gemittelten dualen Variablen. Die Approximati-
onseigenschaft kann unter abstrakten Voraussetzungen gezeigt werden. Die Gliattungsei-
genschaft wird fiir die spezifischen Beispiele iiberpriift. Auch unter stiarksten realistischen
Regularitdtsannahmen miissen Interpolationsnormen verwendet werden. Es werden Ver-
bindungen zu dem Glédtter von Braess und Sarazin hergestellt.

Numerische Beispiele bestétigen die theoretischen Ergebnisse fiir die robusten und op-
timalen Ratenabschitzungen beim W-Zykus und variablen V-Zyklus. Weiters zeigen sie
auch entsprechende Konvergenzraten fiir den V-Zyklus.
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Chapter 1

Introduction

State of the Art

Many engineering problems are mathematically modeled by elliptic boundary value prob-
lems. The finite element (fe) method is certainly the most frequently applied tool for the
numerical approximation of these models. The computer power available today enables
very accurate computer simulations by using a million and more elements. The large prob-
lem size requires numerical algorithms of optimal, this means linear, time complexity. The
challenge is to design efficient iterative methods for the solution of the high dimensional
linear systems. Multigrid methods meet these requirements.

There is a lot of literature available about the fe method and multigrid methods (see
the textbooks [BS94], [Bra97] for two more recent presentations of the theory of finite
elements and an introduction to multigrid methods, as well as many references therein).
The monograph [Hac85] gives a wide overview about the theory of multigrid methods. The
textbook [Bra93| presents the more recent results related to multi-level methods. See also
[Gri94], [Osw94].

The accuracy of fe methods depends on the regularity properties of the underlying
boundary value problem, and of the approximation quality of the fe space. For a lot
of problems the standard (i.e. conforming) approach works well and gives optimal error
estimates of the form

rel.err. <cN™“

Here, rel.err. is the relative error of the computed finite element approximation. The
constant ¢ has a moderate size, N is the number of unknowns. The power a depends on
the spatial dimension, the polynomial degree of the fe space, and the adaption of the mesh.

For many realistic problems, the constant c is really large, and many unknowns have to
be spent, until the error drops below 50%. This misbehavior is called locking effect. This
topic is discussed in many textbooks of finite element analysis in mechanical engineering,
see e.g. [Bat96] for a lot of practical examples.

The first step is to detect the source of locking. Often, a small parameter € of the
equation can be specified. Then the family of problems depending on ¢ € (0,1) may

1



2 CHAPTER 1. INTRODUCTION

behave like
rel.err <ce PN™®, (1.1)

where c¢ is a constant of moderate size, and [ is a positive constant.

One typical examples of locking in solid mechanics is nearly incompressibility locking
(also known as volume locking or Poisson locking). Here, the source of the problem stems
from the material parameters. If the Poisson ration v, which is allowed to take values in
(0, 1/2), is close to 1/2, the material behaves (nearly) incompressible. The error estimate
(1.1) applies with € = 1/2 — v. Nearly incompressible subregions occur e.g. in non-linear
problems from elasto-plasticity [KL84]. We will consider this type of locking in this thesis.

An other source of locking may be the shape of the geometry. Problems from elasticity
on thin domains are usually described by models from structural mechanics, see [DS96],
[Ber96], [CTV95], [Cia90]. A hierarchy of plate models is derived in [Sch89], [BLI1],
[AAFM99], and in [Sch96] with a posteriori control.

The lowest order models for flat geometries are the Bernoulli beam model and the
Kirchhoff plate model. These are fourth order equations, which can be well approximated
by proper (conforming or non-conforming) fe methods. The next models in the asymp-
totical expansion are the Timoshenko beam model, and the Reissner Mindlin plate model,
which are systems of second order equations. These systems depend explicitely on the
thickness ¢ of the structure. A standard fe approximation of these models leads to so
called shear locking (see Section 2.1.3 for numerical examples). We will investigate these
two models in this thesis. The more involved shell models cover the behavior of curved thin
structures. Already the lowest order model of Kroiter may suffer from membrane locking
[Pit92]. In [CB98| a systematic classification of shell structures is given. [Bis99] applies
the EAS concept for shell problems. We will not consider shell models in the present work.

The considered examples and (many more) belong to the class of parameter dependent
problems in the sense of Arnold [Arn81]. They lead to variational problems: Find v € V/
such that

A (u,v) = f(v) Vv eV,

where the bilinear form A®)(.,.) has the special structure

A (u,v) = a(u,v) + %c(Au, Av).
The form a(.,.) is symmetric, non-negative and continuous on V, the form c¢(.,.) is sym-
metric, elliptic and continuous on a second Hilbert space (). The continuous opera-
tor A : V — @ has the non-trivial kernel V;. The bilinear form A'(.,.) is assumed to
be elliptic on V. Then the form Af(.,.) is uniformly elliptic on V| but the continuity
constant depends on ¢. In general, this class of problems leads to a priori estimates of the
form (1.1) for conforming finite element methods (see [Arn81], [CP94], [BS92b], [BS92al,
and [Bra97]).
The standard approach for a robust discretization is to define the dual variable

1
p = EA'U/ € Q,



and pass to the equivalent mixed problem: Find v € V, p € @) such that

a(u,v) + c(Av,p) = f(v) VvelV,
c(Au,p) — eclp,g) = 0 VqeQ.

The concept of mixed variational problems go back to [Bre74]. A deep source of collected
information is [BF91], see also [RT91], [GR86]. For proper norms on V' and @, the mixed
problem is continuous and stable, and thus provides an isomorphism between V' x () and
V* x @Q*. The mixed form is discretized by the choice of fe subspaces V,, and @Q);. The
discretization has to fulfill two conditions. On one hand side, the discrete LBB condition
condition must hold, on the other hand side, a discrete ellipticity condition must be guar-
anteed. Then the discrete problem is stable as well, and the theory of Babuska and Aziz
[BAT72] provides robust convergence. In [AB93] a general stabilization trick was applied to
make the form a(.,.) elliptic itself, and thus the construction of stable fe spaces becomes
much simpler. In [Bra96], a unified analysis of mixed problems with penalty is developed.

Often, the dual fe variable p; can be eliminated locally, and one returns to a positive
definite fe problem: Find u; € V}, such that

1
a(uh, Uh) + gC(Ahuh, Ahvh) = f(Uh) Vvh € Vh.

This approach of was systematic analyzed by [MH78|, see also [Sin78|, and [JP82] for
delicate questions of unstable elements. It is known as reduced integration technique. The
operator Ay is a softening of the original one, A. An alternative approach is the enhanced
assumed strain (EAS) concept by Simo and Rifai (see [SR90], [AR93]). Often, the method
is equivalent to a mixed method ([Bra98]).

From the viewpoint of computation, the problem in primal variables is preferable
against the mixed form, because only one field of variables is used and thus the system
matrix is considerable smaller and more sparse. It is positive definite, such that the con-
jugate gradient method can be applied. Last but not least, the version in primal variables
is simpler to implement.

A widely used discretization scheme for plate and shell models is the MITC family
of elements introduced in [BBF89] and further analyzed by [BFS91], [PB92]. In [AF89]
a robust non-conforming linear element is analyzed. A simple but efficient alternative
based on stabilized finite element techniques was introduced by Arnold and Brezzi [AB93].
Several versions of stabilization were investigated in [BLI7] and [Lov96]. Chapelle and
Stenberg [CS98] consider a special choice of stabilization. They establish improved regu-
larity estimates and apply them for duality techniques. This work has been the bases to
understand the multigrid method for Reissner Mindlin plates. Pitkidranta and Suri [PS96]
give an overview of robust methods. Lyly and Stenberg [LS99] give an overview of robust
stabilized methods.

The problem of bad finite element approximation was solved by the equivalent mixed
form. But still, the small parameter ¢ spoils the condition number of the arising system
matrix A®). No robust preconditioner have been available for this class of problem. That
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was one of the reasons to use the mixed form, and apply a solver for the saddle point system
of equations (see [AHU58|, [Axe79], [FG83|, [BP88|, [LQ86], [LQ8T], [Qued9], [BWYI0],
[Pei9l], [RW92], [VLI6], [Kla98], [BPVIT7], [Zul98a], and more). The main goal of the
present work is to develop and analyze robust and efficient preconditioners for the ill
conditioned matrix A®),

We will collect well-known results for the construction and analysis of preconditioners
based on subspace correction methods. Because the special structure of reduced integration
schemes lead to different bilinear forms on each level, we are only interested in methods
applicable to non-nested forms.

There are two underlying principles. One is the splitting of finite element function into
subspace functions by means of local operators. This principle does not require problem
regularity, but is restricted to the two level case.

The other principle is Hackbusch’s multigrid theory based on the smoothing property
and the approximation property. It uses problem regularity and proves methods of optimal
complexity for W-cycle [Hac82], [BD81], [BD85], and variable V-cycle [BPX91] multigrid
methods. Optimal convergence of V-cycle schemes is proved in [BH83] if full regularity is
available, and in [BP93] for less then full regularity. Up to the knowledge of the author,
optimal V-cycle analysis is available only for nested bilinear forms.

The framework to design preconditioners based on splitting of finite element functions
is the additive Schwarz method. The method of [Sch69] was adapted by [Nep86], [Lio88],
[DW90], [Zha91] to domain decomposition preconditioning. [SBG96] is a recent textbook.

We will mainly focus on additive Schwarz methods, but the multiplicative counterpart
is understood as well from the work of [BPWXO91]. The framework of multilevel Schwarz
methods combines both concepts ([Yse86], [Xu92|, [Zha92]).

Multigrid methods applied directly to the system in mixed variables have been provided
by [Ver84], [Wit89a], [Hua90|, [BB90], several papers by S. Brenner unified in [Bre96],
[BS97]. The papers mainly differ by the type of smoother. In [Wie99], the smoother from
Braess and Sarazin is adapted for the problem in primal variables

More specific, we borrow techniques for the analysis of multigrid preconditioners for
fourth order problems [PB87], [Bre89], and, closely related, Stokes’ equations with diver-
gence free basis functions [Bre90], [Tur94]. The design of our smoothers shares ideas of
[EW92], [VW92], [AFW9T7b] and [Hip99] for the construction of multigrid methods for
H(div) and H(rot). These methods can be used to precondition the blocks arising from
mixed finite element systems, e.g. for Reissner Mindlin problems [AFW97a).

An alternative approach to multigrid schemes is the AMLI method by Axelsson [Axe96].
It is based only on the strengthened Cauchy Schwarz inequality. In [KM99] an AMLI
algorithm for nearly incompressible materials is analyzed.

In the present work we do not consider the parameter dependent problem of anisotropy.
We refer to [Wit89b], [Ste93] [Neu98| for anisotropies on aligned meshes. The method
of [Pad97]| is proved to provide optimal and robust preconditioners for non-aligned
anisotropies as well.



Overview

The emphasis of this thesis is to present techniques for the construction and analysis of
multigrid methods for parameter dependent problems in primal variables. The obtained
preconditioners are the first ones of optimal time complexity which are robust with respect
to the mesh size and the small parameter. For the analysis of the multigrid preconditioners
some results from mixed finite element theory had to be adapted.

The construction of the presented preconditioners was presented in [Sch99¢|. It con-
tains also the one-level and two-level analysis for nearly incompressible materials and for
the Timoshenko beam. [Sch99b] contains the multigrid analysis for the case of nearly
incompressible materials. [Sch99a] contains the abstract multigrid analysis, and the appli-
cation to the Reissner Mindlin plate.

The work is organized as follows. Chapter 2 contains an introduction into selected top-
ics of finite element methods. The theory of parameter dependent problems is presented
as far as needed in a self-contained manner. The examples of Timoshenko beam, nearly
incompressible materials and Reissner Mindlin are formulated. Chapter 3 gives an intro-
duction to subspace correction methods. The principle of one-level, two-level and multigrid
methods are explained for problems without parameters. Chapter 4 contains the new re-
sults for preconditioning of parameter dependent problems. Chapter 5 presents numerical
results.

In particular, this work contributes to the following approaches and results.

e In Section 2.3 the formulation, stabilization and discretization of parameter depen-
dent problems is presented in a unified manner. A relaxed version of Fortin’s crite-
rion, a sufficient condition for stable mixed finite element discretization is formulated
(Theorem 2.12).

e Section 2.4.3 collects the results of [AB93] and [CS98] for the stabilization and dis-
cretization of the Reissner Mindlin plate model. By means of the relaxed version of
Fortin’s criterion, the scheme with mesh dependent stabilization terms fits into the
abstract framework. We obtain first stability of the infinite dimensional problem and
then perform a stable discretization. This result may be useful for a posteriori error
estimates. We modify the norm for the duality trick, such that problem regularity,
the approximation inequality and the inverse inequality fit together.

e Section 4.1 explains the construction of local preconditioners, which are robust with
respect to the parameter, but depends on the mesh size. The idea of block smoothers
is borrowed from [VW92] and [AFWO97b], but the environment is different.

e Section 4.2 extends the local preconditioner by a coarse grid system to obtain condi-
tion numbers robust in the parameter and mesh size. Since the forms are non-nested,
grid transfer operators are necessary. To be robust, the operator has to map coarse
grid kernel functions to fine grid kernel functions, essentially.
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e Sections 4.3 formulates multigrid methods, which can be performed equivalently in
primal variables or in mixed variables. This is the basis for the multigrid analysis.
The norms to prove the approximation property and the smoothing property are
defined. The norms differ from the norms usually used for multigrid methods in
mixed variables. Our norms are related stronger to the primal problem.

e Section 4.4 proves the approximation property under abstract assumptions.

e The smoother of Braess and Sarazin [BS97] was adapted by Wieners [Wie99] to the
formulation in primal variables. Section 4.5 compares the analysis by Wieners to
the present work. A corresponding smoother for the Reissner Mindlin plate model is
suggested.

e In Section 4.6 the smoothing property for the local smoothers suggested is proved for
different applications. The technique uses additive Schwarz methods and operator
interpolation in Hilbert spaces.

e Finally, by combining the approximation property and the smoothing property of the
local smoothers, robust solvers of optimal arithmetic complexity are obtained.

Notation

The symbol a < b means that there exists a constant ¢ independent of a and b, as well as
e, and the discretization parameter i defined below such that a < c¢b. We write a > b for
b<a,and a ~bfora <band b <a.

When (V, ||.|lv, (-,.)v) is a Hilbert space, and A(.,.) is a continuous bilinear form on
V x V, we will associate to it the operator A : V' — V defined by

(Au,v)y = A(u,v) Vu,v,e V.
If A(.,.) is symmetric and non-negative, it defines the energy semi-norm

|lu||a = A(u,u)l/Q.



Throughout this work, the following symbols keep their meaning:

=
BESESEE R S Y

SQa——

small parameter

Hilbert space of primal variable (u,v,w € V)
Hilbert space of dual variable (p,q,r € Q)
X=VxQ

symmetric and non-negative bilinear form on V
symmetric and elliptic bilinear form on
linear operator V' — @)

kernel of A

{(u,p) € X : Au=¢ep}

primal form A®(u,v) = a(u,v) + & ‘c(Au, Av)
mixed form B*((u, p), (v,q)) = a(u,v) + c(Av,p) + ¢(Au, q) — e ¢(p, q)
preconditioner (with varying indices)

simple preconditioner used for smoother
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Chapter 2

Finite Element Theory

In this chapter a brief introduction to selected topics of the finite element method is given.
We will start with a conforming discretization method for the Poisson equation and list the
steps of the analysis. We proceed with the saddle point problem of Stokes’. These examples
can be found in most finite element textbooks. Then we will see that a conforming method
behaves bad for the beam model of Timoshenko (see e.g. [Bra97]).

We will introduce the toolkit of Sobolev spaces, the technique of Hilbert space interpo-
lation, finite element interpolation and partition of unity techniques. Then we will proceed
with parameter dependent problems. We will pass to mixed finite element methods. The
extended toolkit involves saddle point problems, stabilization techniques, and the Fortin
interpolation operator. We will end up with elliptic, but non-conforming finite element
methods.

2.1 Finite Element Basics

2.1.1 A positive definite problem

First, we demonstrate by means of the most elementary partial differential equation the
method of finite elements. We consider the Poisson equation with homogeneous Dirichlet
boundary conditions

—Au = f in €,

2.1
u = 0 on 0f2 (2.1)

on the domain 2 C R?. The finite element method requires the weak form of the equation.
We seek for the solution u in the Hilbert function space V' = H}(2). The solution has to
fulfill the variational problem

/Vqudx:/fvdx VvelV. (2.2)
Q Q

9



10 CHAPTER 2. FINITE ELEMENT THEORY

We define the symmetric bilinear form A(.,.) : V' xV — R and the linear form f(.) : V — R
as

Au,v) = /VqudX,

Q
flv) = fuda.

Q

Then we can rewrite the problem abstract as: Find u € V' such that
A(u,v) = f(v) Yo eV. (2.3)

The analysis of symmetric and and elliptic problems is based on the fact that the energy
norm ||lul|4 := A(u,u)'/? is an equivalent norm on V, i.e. there exists constants ¢; > 0 and
¢z > 0 such that

cflully < lulla < e flully YueV. (2.4)

By means of the Lemma of Lax and Milgram there exists a unique solution v € V of
the variational problem (2.3). The finite element method is an approach to approximate
the (unknown) solution by something computable. We have to chose a finite dimensional
space Vj, where we will find the finite element solution w,. In the standard (= conforming)
approach the space V), is a subspace of V', and the problem is the reduction of the variational
problem (2.3) to: Find u; € V}, such that

A(uh,vh) = f(Uh) Vvh S Vh. (25)

We have to analyze how good u;, approximates u. The first step is the question of stability.
Variational problems with elliptic forms are always stable. The finite element solution is
the best approximating function in the finite element space with respect to energy norm.
Using norm equivalence (2.4), we obtain the estimate

Co .
_ < £ — .
= wlly <22 inf flu= vy (2.6

We estimated the discretization error of the variational problem by the best approzima-
tion error to the true solution u. The second step is the estimation of the approximation
error. This question can be decided by properties of the space V}, and additional properties
of the true solution concerning smoothness. Define a family of spaces {Vj}s>o character-
ized by the positive parameter i — 0. We assume that the solution is not only in V,
but also in the dense subspace VT with the stronger norm ||.||y+. We need a result from
approximation theory of the form

inf ||U — Uh“V S 5(77,) ||U||V+ (27)

VR EVh

The function 6(.) : RT — R* has to fulfill

d(h) — 0 as h — 0. (2.8)
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The third step in error analysis is to check that v € V' is not only an assumption, but
is indeed true. This part needs properties of the infinite dimensional problem and of
the function space V. These are regularity theorems, which require properties of the
domain (convex, cone-conditions, smooth boundary, etc.), the right hand side as well as
the boundary conditions. We will cite some results of the form later.

Knowing that we have a good discretization method for the problem, we can prepare it
for computing. Therefore, we have to chose a basis (¢;)Y; for the finite element space V},
with N = dim V},. By means of the basis we can rewrite problem (2.5) equivalently as the
linear system

Au=f. (2.9)

The system matrix A € RY*V the load vector f € R and the solution vector u = (u;);’,
are defined by

= (Alpi 0i))ij=1s
= (f(e))ils,

N
up = E Ui Pi-
i=1

In principal, algorithms for the solution of linear systems are not new, but special properties
of linear systems from finite element methods make it more exiting. First, the systems can
be very large (N = 10° or more), and secondly, there are only a few non-zero elements per
row in the matrix. This gives the chance for algorithms of optimal arithmetic complexity
O(N). Indeed, multigrid methods are such methods. We will give an overview of available
modern fast methods in Chapter 3 and will analyze and apply these methods for the rest
of the monograph.

[~ |

2.1.2 A saddle point problem

The analysis of parameter dependent problems is strongly related to mixed variational
problems. The best known example is Stokes’ equation. The strong form of the equation
reads as: Find the velocity u and the pressure p such that

—Au — Vp = f in Q,
divu = 0 in (2.10)
u = 0 on Of).

The weak form requires the Hilbert spaces V = [H}(Q)]? and @ = Ly/R. We search for
u €V and p € ) such that

JoVuVvdx + [,divepdx = [, fodx VoeV,
Jo, divugdx = 0 VqeQ.
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For an abstract notation we define the bilinear forms a(.,.) : V x V — R and b(.,.) :
V x @ — R, and the linear form f(.): V — R by

a(u,v) = / Vu Vo dx,
Q
b(u,q) = / div u ¢ dx,

Q
f(v) := fodx.

Q

The mixed variational problem in abstract form reads as: Find v € V and p € @) such that
a(u,v) + bv,p) = [f(v) Yo eV,
b(u, q) = 0 VqeQ.

For a more compact notation we define the product space X = V x ) with the product
norm ||(u, p)||% = |lull} + |Ip|l7) and the block bilinear form B(.,.) : X x X — R by

(2.11)

B((u,p), (v,q)) := a(u,v) + b(v,p) + b(u, q).

By adding both rows of the variational equation (2.11), the problem can be rewritten as:
Find (u,p) € X such that

B((u,p), (v,q)) = f(v)  V(v,q) € X. (2.12)

The condition (2.4) of equivalent norms is the essential property of positive definite prob-
lems. The corresponding extensions to more general problems are the conditions by
Babuska and Aziz [BA72], namely stability

B((u,p), (v,q))

sup > ||(v,q V(v,q) € X 2.13
(wp)eX ||(u,p)||x 1 ||( )HX ( ) ( )
and continuity

B((u,p), (v,9) < 2 [[(uw, p)l[x [[(w, )llx V¥ (u,p),(v,9) € X. (2.14)

Indeed, Babuska and Aziz can handle non-symmetric problems by taking care of the dif-
ferent kernels, but we will stay in the class of symmetric forms. If conditions (2.13) and
(2.14) are fulfilled, then problem (2.12) has a unique solution. We define the kernel V of
b(.,.) by

Voi={veV:bv,q) =0VqecQ}.

The theory of Brezzi [Bre74] gives sharp conditions onto the bilinear forms a(.,.) and b(.,.)
to obtain stability (2.13). Namely, there must hold Vj-ellipticity of a(.,.), i.e.

a(u,u) > ¢, ||ull? Vu ey, (2.15)
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and the famous LBB condition

b(u, q
sup 29 > gl Vae (2.16)
wev ||ullv

The LBB condition for Stokes’ problem is not trivial, see [DL76]. Clearly, continuity of
B(.,.) follows by continuity of a(.,.) and b(.,.).

The problem is called saddle point problem, because the solution (u,p) € V' X @ is a
saddle point of the Lagrangian functional

L(v,q) := %a(v,v) +b(v,q) — f(v).

The component u is also a solution of the constrained minimization problem

min La(v,v) ~ f(0)

The fe discretization needs finite element spaces for both variables, namely V;, C V' and

Qn C Q, and X}, = Vj, X Q. The fe problem is the restriction of (2.12): Find (uy, pp) € X,
such that

B((uh7ph)7 (Uha(Ih)) v(”h,(]h) € X,,.

But unlike to positive definite problems, additional conditions are required. Namely, dis-
crete counterparts to the kernel ellipticity (2.15) and to the LBB condition (2.16) must be
verified for the fe spaces V}, and Q). A lot of theory for the construction of mixed finite
element spaces is available [BF91].

2.1.3 A parameter dependent problem

In Section 2.1.1 we formulated the basic principle of the finite element method for positive
definite problems. Now, we consider examples for which the standard approach fails.
Let us consider the linear elasticity problem on the domain

Q= (0,1) x (—t/2,t/2),

where t € (0,1) is a small parameter. The part of the boundary with Dirichlet boundary
conditions is

Ip = {0} x (~t/2,/2),
see Figure 2.1.
Let V' be the function space

V={vel[H(Q)]?:v=00nTp}.

We consider the problem of linear elasticity: Find v € V such that

/e(u) :D:e(v)dx = /fv dx. (2.17)
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Figure 2.1: Thin beam with transverse loading

The operator e(v) is the strain operator
e(v) = 0.5(Vv + (Vuv)h),

and D is the fourth order tensor of elastic coefficients. We consider the specific problem
of uniform load f = #?(0, —1), and material parameters £ = 1, v = 0.2. We perform finite
element computations with bilinear rectangular elements. We use a fixed number of 10
elements in vertical direction, and vary the number of elements in horizontal directions.
The solution on a mesh with 16 x 10 elements is plotted below, the thickness ¢ is 0.1:

The vertical displacement us(1,0) at the right end of the beam is compared for varying
thickness and number of elements in horizontal direction:

2.5 T

-u2(1,0)

1 10 100 1000
Nx

We observe that the results are totally useless until the mesh size in longitudinal direction
is of the same dimension as the thickness.
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Usually, elasticity problems on thin domains are described by beam or plate models.
The beam model of Timoshenko uses the infinite dimensional Ansatz space

{u eV (ur,ug) = (26(21), w(zy)) with B, w € Hl((oa 1)}

described by the vertical deflection w and the rotation . In principal, Galerkin projection
of 2.17 to the space V' gives the beam model of Timoshenko. By integration in vertical
direction one obtains the variational problem: Find (w, ) € V' C [H*((0,1))]? such that

/{B +t2w—ﬁ)(v—n}dX—/ fav dx. V(v,n) €V. (2.18)

We neglected the coefficients in front of the differential terms. There are two reasons. First,
they are not essential for the following analysis, and, secondly, the coefficients obtained by
Galerkin projection are not asymptotically correct for ¢ — 0. This is tried to compensate
by the so called shear correction factor found in any engineering work. We perform finite
element simulations with piecewise linear elements for equation (2.18). The results are
similar to the investigation above:

0.12 T T
t=le-1 ——
t=le-2 ---x---
01 b t=1e-3 - |

0.08

0.06

w(1)

0.04

0.02

0 R el I

1 10 100 1000 10000
Elements

The locking effect was not removed by the use of the beam model, but the difficulties are
more transparent. The energy of the model consists of two parts, the bending energy

JGRE

t? / (w' — B)? dx.

The problem is that for some functions the second term is by the factor ¢t 2 larger, while for
other functions the second term vanishes. There is the old technique of selective reduced
integration (see [MHT78], [Arn81]) to remove this problem. Instead of an exact formula of

and the shear energy
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numerical integration, one of lower order is used. Often, this is equivalent to averaging
some term of the bilinear form. We indicate element-wise averaging on the finite element
mesh by . We replace the form of (2.18) by

/ (B + 2 —B) =)'} dx = / fvds (2.19)

and repeat the simulations. The obtained results are:

0.12 T T
t=le-1 ——
t=1e-2 ---x---
01k t=1e-3 - |
0.08 .
a L .
s 0.06
0.04 1
0.02 1
O 1 1
1 10 100 1000

Elements

By this trick, the locking effect is removed. We will discuss the relation to mixed methods
in Section 2.3 in detail. We mention that also by increasing the polynomial degree of the
finite element space the locking effect can be removed ([SBS95] discusses shear locking for
plate models).

2.2 Approximation Results

2.2.1 Sobolev spaces

The natural spaces for variational problems are Sobolev spaces [Ada76]. In this monograph
we are interested in linear problems and thus the subset of Hilbert spaces is enough.

The domain €2 is a bounded open set from R? with d = 2 or d = 3. We want to avoid
technical difficulties and assume that €2 is polygonal. The boundary 0f2 is denoted by I,
and I'p C I' is a closed subset.

The inner product (.,.)o, and the associated norm ||ul¢, = (u, u)(l)/2 are the of Ly(w).
We will use ||.]lo == ||-|lo,o- We will write the same symbol for vector and tensor valued
functions. If v is a manifold of lower dimension, then ||.||o is the corresponding L, norm
on 7.

Let w C €2 be an open set with Lipschitz continuous boundary. We define the space C'*°
of infinitely differentiable functions on w. The subspaces Cg° and C§%, consist of functions
which function values and all derivatives vanish on I" and I'p, respectively. Indeed, we
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allow different sets I'p for different derivatives as well as for different components of vector
valued functions.
For £ € N we define recursively the norms

ou
o= (el + 32 o
. 1

1=

1ynd

2 1/2
|u )
k—1w

We set |u]o := ||u||ow and define for £ € N the semi-norms

Oou |2 1/2
[ulkw = ( Z 0x; kqw) '
. d 1 )

The Sobolev spaces H*(w), Hg(w), and H} ;,(w) are the closures of C*(w), C§°(w), and
C5p(w), respectively, with respect to the norms [|ul|x .. Again, for w = Q we will skip the
domain. For k € N we define the the Sobolev spaces H*(w) as dual spaces to H¥(w).

Theorem 2.1. Let ko, k1 € N with kg < ki. Then there holds H** C H* with compact
embedding.

2.2.2 Hilbert space interpolation

Interpolation techniques are simple but powerful tools for finite element analysis. We will
use the real method of interpolation going back to [LP64]. We refer also to [BS94]. In
[Bra93] the special case of Hilbert spaces is discussed in more details.

Let (Vo, (.,.)o) and (V4,(.,.)1) be two Hilbert spaces with compact embedding V; C V.
The goal is to define a scale of spaces in between. For ¢ > 0 and u € V, define the
K-functional as

K(tu) = _inf ([Juol[§ + £ flus[[7)"72. (2.20)

u= Ul

The interpolation norm ||.||, for 0 < @ < 1 is defined to be

0o 1/2
fullei= o, = [0 2R 02a) (2:21)
The norm fulfills the parallelogram law, and thus it leads to a Hilbert space. The space
Vo = [Vo, Vi]a is the closure of V; with respect to ||.||a-

Theorem 2.2. Let Vi C Vi and Wy C Wy be two pairs of compactly embedded Hilbert
spaces. Let T be an linear operator mapping Vo into Wy as well as Vi into W with norm
bounds

Co ||U||V0 VU € %,

<
< calvllv, VveW.
Then for o € (0,1), T maps [Vo, Vi]a into [Wy, Wils with bound

ITvllwomwia < co S llvllwome Vv € [Vo, Via. (2.22)
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An important application is interpolation of Sobolev spaces. Take for k£ € Ny the
spaces Vo = H¥(w) and V; = H*"'(w). The embedding is compact, so one can apply
interpolation to define H*+*(w) := [H*(w), H*"'(w)], and Hi T (w) := [HE (W), H¥ ' (w)]a.
Sobolev spaces of negative, non-integral parameters —s are defined as dual spaces of H§(w).

Theorem 2.3. Let €2 be a domain with Lipschitz-continuous boundary. Let mg, my, m €
No with mg < m < my. Set o such that mg = (1 — a)ymg + awmy. Then the norms of the
spaces

e H"(w) and [H™ (w), H™ (w)]a
o Hi'(w) and [Hy" (w), Hy" (w)]a
are equivalent, respectively.

The proof for H™ can be found in [BS94], while H{" is proved in [Bra95].

2.2.3 The Bramble-Hilbert lemma

There exists different formulations of the Bramble-Hilbert lemma in the literature, see e.g.
[Bra97], [BS94]. We formulate first an abstract theorem ([GR86], Theorem 2.1):

Theorem 2.4. Let V be a Hilbert space with norm ||.|y. Let V. C W be a compact
embedding into the Hilbert space (W, ||.|lw). Let ||.||a be a semi-norm an V' with kernel Vy.
Assume that the following norms are equivalent:

[ully > llullw + flulla YueV.
Then the following is true:

i. The kernel Vyy is of finite dimension. The semi-norm is equivalent to the norm on
the factor space, i.e.

lulla~ inf |lu—wly VueV.
uo€ Voo

ii. Let ||.]|p be a continuous semi-norm on V' such that there hold for all u € V
lulls + llula =0 = u=0.
Then there holds the equivalence of norms
lulls + llulla > [lully  VueV.
iii. Let V. C V be a closed subspace such that
VN Vy ={0}.
Then there holds the equivalence of norms

Julla = flully VueV
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The lemma of Bramble-Hilbert is a corollary to the above theorem:

Lemma 2.5 (Bramble-Hilbert). Let k € N, and Q be a Hilbert space. Let L : HF —
Q@ be a linear and continuous operator. Assume that L vanishes on the space Pr_1 of
polynomials up to order k — 1. Then L is bounded by the semi-norm, i.e.

[Lullg = fulk.

2.2.4 Finite element spaces

For computing one has to approximate elements in Sobolev spaces by elements in finite
dimensional function spaces. Finite element spaces are such spaces. The material in
this section is referred to [Cia78]. One divides the domain €2 into a finite set of simple
subdomains 7', called elements. Together they form the triangulation 7 = {T'}. For
simplification we assume that €2 is a polygonal domain. Usual elements are simplicials,
namely segments in 1D, triangles in 2D and tetrahedra in 3D, and elements build by
tensor products from simplicial elements, namely quadrilaterals, hexahedra and prisms.

Each element 7" is interpreted as the image of the mapping 27 (£) from a reference
element 7™ . We define some terms for the triangulation:

e A triangulation is conforming, iff the intersection of two different elements is either
empty, or contains one common corner point, one common edge or one common face.

e A conforming triangulation is shape regular, iff for all elements the condition number
of the Jacobian is bounded, i.e.

Hdaj;g(g)H “(dx;§(£)>l“ <1 VIeT,VEeT. (2.23)

e We define the local mesh size h(z) for z = 27(£) as

d T
h(z) = H xdg(f) ) (2.24)
and
hy = sup h(x)
z€T

A triangulation is quasi-uniform, iff it is shape regular and there exists one global
h > 0 such that
h < h(x)<h Ve (2.25)

Next, the set of shape functions has to be defined on the reference element. We will
need shape functions of full or partial polynomial type, denoted as Py and Oy, respectively.
In addition, often so called bubble functions are necessary. There are element bubble
functions which vanish at the boundary of the element, and face bubbles vanishing on all
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but one face of an element. For example, the lowest order element bubble function for a
triangle is A Ao A3, and one of the face bubble functions of lowest degree is A\; Ay (the )\; are
the barycentric coordinates).

Third, a set of unisolvent linear functionals are defined on the space of shape functions,
called the degrees of freedom. These functionals are most often point evaluations, but also
other possibilities like integrals over edges or faces are in use.

These three components define the finite element in the sense of Ciarlet [Cia78]. The
global finite element spaces is constructed by transformation of the geometry, the shape
functions, and linear functionals. The demand of well-definition of the linear functionals
give the desired continuity properties of the global finite element space.

The finite element space will be denoted by V}, where h is the global mesh size pa-
rameter for quasi-uniform triangulations, and just notation for more general conforming
triangulations. It is spanned by a set of basis functions, i.e.

Vi, = span {p;}. (2.26)

The global linear functionals /;(.) shall form a bi-orthogonal basis for V}*. Then a finite
element function u, € V}, can be represented by

up, = Zli(uh)%’- (2.27)

According to the continuity, the finite element space is a subspace of the Sobolev space
of order s. Including also the cases V,, ¢ H* we define the broken Sobolev norms as

1/2
lenllen = (3 Ionliir) (2.28)

TeT

for k € Ny, and for positive parameters by interpolation between these norms.
On finite element spaces on shape regular meshes we can estimate Sobolev norms of
higher order by lower order ones. These are inverse inequalities. For v, € V}, there holds

lonller =BG lonllie k=12 0. (2.29)

A proof can be found in any finite element book, e.g. [Cia78].

2.2.5 Local interpolation operators

We will often have to approximate a function in a Sobolev space by some finite element
function. Therefore we need a mapping I, : H® — V},. The mapping should be local, i.e.
(I,u)|r should depend on u|z only, where T is close to and not much larger than T'.

The approximation shall become better as the image norm gets weaker. The optimal

approximation is
lu— Lulpr B Flul,z 0<k<I (2.30)
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for proper integers k and [. The classical interpolation operators are nodal interpolation
operators I. They are defined by extending the representation (2.27) to

N
Iyu:=> li(u)p; YueWCV. (2.31)
=1

The space W is such that the linear functionals /;(.) are well defined on W. By (2.27),
the operator is a projection on V. The large disadvantage of the interpolation operator
(2.31) is the necessary restriction to the sub-space W. If the linear functionals are point
evaluation, then W = H*® with s > d/2 is required. Thus the approximation estimate
(2.30) can hold for [ > d/2, only.

Other possibilities are interpolation operators of Clément [Clé75] and Scott-Zhang
[SZ90] type. They are defined as follows. For each linear functional /;(.) define a set
o; such that [;(u) depends on u|,,, only. It can be a subset of non-zero measure, but also a
manifold. Define the L, (0;)-orthogonal projection I1¥ onto P*(c;). Then the interpolation
operator is

N
Iszu =" 1;(TTfu)gp;. (2.32)

This interpolation operator is a projection if Vj|,, C P¥(0;). Two examples to define the
sets o; for the point evaluation functional /;(.) in the node z; are shown below. The set o;
has non-trivial measure in R?, while o; is a one-dimensional manifold.

The Scott-Zhang projector is well defined for the Sobolev space L, iff all sets o; have
non-zero measure in R?. Then the approximation inequality (2.30) holds for [ > 0. If the
sets are d — 1 dimensional manifolds, then the operator is well defined on H* with s > 1/2.
Then inequality (2.30) holds for > 1. The upper bound for [ is one plus the minimum of
the full polynomial degree of the fe space and of the local space used to construct IT%.

2.2.6 Partition of unity

The partition of unity method is a useful tool for all part of finite element analysis ([BA72],
[MB96]). We will use it for the analysis of multigrid and domain decomposition methods.
Let {w;} be a decomposition of €2, i.e.

M
Q= U Wi.
1=1
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We set,
Hi = diam Wj.

Each set w; is increased to the set {2; C 2 such that
Then there exists functions ¢; € C* such that

0<wi(z) <1, Y =1,

and
supp ¥; C )

holds, and all derivatives are bounded by
IVEille., < H7:.
Lemma 2.6. The multiplication
(Yiu)(x) == ;(z)u(x) Vae.x €

is well defined on Sobolev spaces H* k> 0. For u € HE ,(Q) there holds the estimate

iule = ||ullko, + H *ullog,

2.3 Parameter Dependent Problems

The material presented in this section is referred to [BF91].

2.3.1 Primal and mixed formulation

Let (V,||-Ilv, (-, .)v) and (@, [|.]|¢, ¢(., .)) be Hilbert spaces. The typical cases are the Sobolev
spaces V = H'(Q) and Q = Ly(Q2) on the domain Q C RY. We consider variational
problems: Find u € V such that

Af(u,v) = f(v) VoeV (2.33)

with the symmetric bilinear form A®)(.,.) : V x V — R, and the continuous linear form
f(.) : V= R. The bilinear form is assumed to have the special structure

A% (u,v) = a(u,v) + & e(Au, Av). (2.34)

The bilinear form a(.,.) : V x V' — R is assumed to be symmetric, continuous and non-
negative. The bilinear from ¢(.,.) was defined to be the inner product in ). The operator
AV — (@ is assumed to be continuous. We assume that AV, the range of A, is dense in
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Q. It is not necessarily closed. The parameter € € (0, 1] is typically small. The problem is
of special interest, if
Vo := kern A

is non-trivial. We will skip the superscript © of A°(.,.), later.
We assume that A'(u,u)"/? is an equivalent norm on V/, i.e.

ull? = alu,u) + c(Au, Au) < ||ull3. (2.35)
Norm equivalence (2.35) implies that A%(.,.) is elliptic
lulli < A" (u, w).
It is continuous with the parameter dependent estimate
A% () < =l

The theorem of Lax and Milgram ensures a unique solution of (2.33) and the robust stability
estimate

ullv = [ f]lv-

Let Vj, be a finite element subspace of V. The conforming finite element discretization
scheme is: Find uy € V}, such that

Ag(uh, Uh) = f(vh) Yo € V. (236)
Using the norm estimates we get the parameter dependent a priori estimate

lu— up|ly < e™Y% inf |ju— vyl|y. (2.37)
v EVY

On the other hand, we have the robust estimate in energy norm, i.e.

||u—uh||Aa S inf ||U—Uh||As. (238)
VR EVR

For the problems we are interested in, the non-robust estimate in ||.||;y norm is more
realistic than the robust estimate in ||.|| 4 norm. One explanation is that the approximation
estimates for standard finite element spaces apply in norms related to V. In Section 2.1.3
we have seen that the estimate (2.37) is not only a theoretical lack, but also occurs in
practical computations.
The standard technique is to pass to a mixed formulation. We define the dual variable
pEQ as
pi=¢ tAu. (2.39)

We use p in the variational problem (2.33) and get

a(u,v) + c¢(Av,p) = f(v) Vv eW (2.40)
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The weak form of (2.39) is

c(Au,q) —cc(p,q) =0  VgeQ. (2.41)
In mixed finite element publications, usually the bilinear form b(.,.) : V' x @ — R defined
by
b(u,p) := c(Au, p)

=c
is used. Combining equations (2.40) and (2.41), we obtain the mixed variational problem:
Find u € V and p € @) such that

B*((u,p), (v,q)) = f(v) VveV, VgeQ (2.42)
with the block bilinear form
B ((u,p), (v,q)) == alu,v) + ¢(Au, q) + c(Av, p) — e ¢(p, q)- (2.43)

The mixed bilinear form is well defined for the limit ¢ = 0. A solution (u, p) of (2.42) is in
the space
Xo ={(u,p) € X : Au=¢p}. (2.44)

This space will play an essential role for stabilization techniques as well as for iterative
solvers. We define the norm

1(, 2 [vsee = (ull +ellp2)?

on the space V' x ). It degenerates to a semi-norm for ¢ = 0. The bilinear form B(.,.) is
continuous with parameter dependent bounds for that norm, namely

B((u,p), (v,q)) = a(u,v)+ c(Au,q) + c(Av,p) — € c(p, q) (2.45)

< a(u,w)2a(v,0)? + |Aulle lalle + [Av]le [plle + llpllellalle
< (alu,u) + || Aul? + [Ip]2 + & lp)12)
x (a(v,v) + [[A0]2 + [lgl)? + & [lal2) /?
< (llull +1pI2) " (ol + llql?)
< el + eIl (o)l + e llali?)
= eI p)llvcee 10, @)y e

On the other hand, B(.,.) provides a uniformly continuous mapping from [V x Q]* into
V x e@. This is formulated in the following theorem:

Theorem 2.7. Let g(.) : @ — R bet a continuous linear form with norm ||g||-~. Then the

extended mized problem: Find (u,p) € V X @Q such that

B*((u,p), (v,q)) = f(v) +9(a)  V(v,q) €V xQ (2.46)
has a unique solution. There holds the a priori bound
lulli + e~ [Aullg +ellpllZ < || f]

2
c*

vet+e g
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Proof. First, we construct a solution by means of the primal problem. Because A : V' — @)
is continuous, and ¢(.) in Q*, the functional g(A.) is continuous on V. Let u € V' be the
solution of

a(u,v) + & te(Au, Av) = f(v) + e tg(Av) VveV.

We use the ellipticity of a(.,.) + ¢(A.,.A) to estimate

lulli: + e HIAulle = alu,w) + e e(Au, Au)
f(u) + e g(Au)
1l [ully + &l gller e 2| Aulo

_ 1/2 _ 1/2
= (IR~ + =7 NgllE) ™ (lull + e~ IAullZ)

PN

Dividing by (||u||? 4+£~"||Au||?)'/? gives the bound for u. By Riesz’ representation theorem
we define g € () such that

We set

[t can be bounded by

e llplle = e M IAulle + M lglle < NI+ lglle--

We verify, that (u,p) is a solution of (2.46), namely for all (v,q) € V x @ there holds

B*((u,p), (v,q)) = alu,v)+ c(Au,q) + c(Av, p) — e c(p, q)
= a(u,v) + c(Au, q) + c(Av,e (Au — §)) — ec(e H(Au — §), q)
= a(u,v) + e e(Au, Av) — 7 'e(G, Av) + ¢(§, q)
fw) +9(q).

Finally, we proof that the solution is unique. Otherwise, a non-trivial solution (u, p) of the
homogenous problem would satisfy

0 = B*((u,p), (u,Au—p))

a(u, u) + c(Au, Au — p) + c(Au, p) — € ¢(p, Au — p)

a(u,u) + c(Au, Au) + £ ¢(p, p) — € ¢(p, Au)

a(u, u) + c(Au, Au) + ¢ ¢(p, p) — /2 ¢(p, p) — €/2 c(Au, Au)
a(u,u) +1/2 c(Au, Au) + /2 c(p, p)

[ully + e [Ipll2 > 0,

Y 1V IV

and the proof is complete. O
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Up to now, there is no profit of the mixed form. One reason of the problem is that A
has not necessarily a closed range. Let us assume that ||.||go is a norm on () such that

c(p, Av
Ipllgo = sup WPy e o 2.7
vev vl
It is always possible to define the norm ||.||g,o by the supremum above. In general, ||.||go

is a weaker norm than ||.||.. Per definition, A has a closed range in
Qo := Ao, (2.48)
The bilinear form of the limit ¢ = 0 is continuous and stable on V' x Qy:
Theorem 2.8 (Brezzi). The bilinear form
B%((u,p), (v,)) = a(u,v) + c(Au, q) + c(Av, p)
18 continuous, . €.
B%((u,p), (v, 0)) = (lull} + 215,02 ol + N0, (2.49)

and stable, i. e.

B (0,0)
1% 2 2 V12 =
wevipeqo ([[ull¥ + [Ipl[3,0)
on the space V' x Q.

(1ol + llallg.0) ', (2.50)

The theorem is the classical theorem of Brezzi. See [BF91], Prop 1.3.

For the case € > 0 we need a norm depending on the parameter e. We define

1/2
Iplle = lIpllg. = (Il + <llplle) ™ (2.51)

This norm is equivalent to ||.||. for fixed € > 0, but not necessarily uniformly equivalent
with respect to e. We define the product space

X=VxQ

with the norm
1w, p)llx = (lull} + lIpll5) >

The following theorem states that B¢(.,.) provides an uniform isomorphism form X to X*:

Theorem 2.9. Assume the equivalence of norms (2.35) is true. Let B*(.,.) and ||.||x be
defined as above. Then the following is true:

e The bilinear form B*(.,.) is uniformly continuous on X, i.e.

B*((u,p), (v,9)) 2 (w,p)lIx (v @)llx  V(u,p) € X, V(v,9) € X.  (2.52)
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e The bilinear form B*(.,.) is uniformly stable on X, i.e.

B*((u,p), (v,q))
woex [(wp)llx

i ||(U,Q)||X V(UJQ) e X. (253)

Proof. The proof of the continuity follows estimate (2.45). But now, we have the improved
estimate

c(Av,
c(Au, q) < ||ul|y sup (Av, q)

— = —lu q
e ||v||V || ||V|| ||Q:0

for the mixed term. Thus we get uniform continuity. Now, fix (v,¢) € X. By definition of
the norm ||.||g,0, there exists a o € V such that

c(AD, q)
- = lallg,o-
oy

We are free to scale v such that
1ol = lllgs~ and  c(Ad,q) = lalid
Let (u,p) be the unique solution (by Theorem 2.7) of
B*((u,p), (w,r)) = (v,w)y + c(Ao, ) + € c(q,r) V(w,r) e X. (2.54)

We will prove that (u,p) is feasible to verify (2.53). First, we see that

B*((u,p), (v,q)) = (v,v)v +c(AD,q) +ec(q,q) (2.55)
= vlly + llallso + € llall?
= (v, 9)|%-

By the definition of B?(.,.) and (2.54) there holds for all (w,r) € X:

B ((u—0,p), (w,r)) = B((u,p), (w,r)) = B((5,0), (w,r))
= (v,w)y + c(Ao,r) +ec(q,r) = [a(v,w) + c(Av, )]
= (v,w)y —a(0,w) +ec(q,r).

We apply Theorem 2.7 to bound
lu =[5 + e [Ipll2 = ol + 19]1% +ellall?,
and further

1917 + Il + & llalle
lolly + llallo + 2 llalle
= w9l

[ull¥+ £ [Ipll2
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We are left to estimate ||p||g,0. Applying test functions (w,0) to (2.54) we get
B((u, ), (w,0)) = au, w) + c(Aw,p) = (w,0)y  Yw eV,

and thus
c(hw,p) (w0 — a(u,w)

PllQ, = Sup ———— = sup
Ipllgo = sup =77 = sup ——=r

= lollv + llullv = I(v; @)l

We got ||(u,p)||x =< [|(v,q)||x. Combining with (2.55) we get

B ((u,p), (v,q)) . N, 9%
H(w @)llx (v, 9)llx

= [l(v, @)l x,

and the proof is complete. O

There are alternative assumptions to provide an uniform isomorphism. The weakest
conditions are formulated in [Bra96|.

2.3.2 Stabilization techniques

An advantageous property is the ellipticity of the bilinear form a(.,.), i.e.
a(u,u) > |Julli  VueV. (2.56)

This is not really an additional assumption. Due to (2.35) it can always be constructed.

Let us split ¢(.,.) into
e te(u,v) = é(u,v) + e e(u,v)

such that (@, ||.||c) is a Hilbert space, and
a(u,v) == a(u,v) + ¢(Au, Av)
is elliptic on V. One possibility is to set ¢(.,.) = 1/2¢(.,.). Then the bilinear form

A (u,v) = a(u,v) + e e(Au, Av)
= a(u,v) + &(Au, Av) + & 'e(Au, Av)
= a(u,v) + e 'e(Au, Av)

is a splitting with elliptic part a(.,.). We substitute a(.,.) by a(.,.) and ¢(.,.) by ¢(.,.),
and return to a problem of the original structure. This approach can be found in [AB93].
There are many possibilities to construct the splitting. It may depend on the finite element
mesh, as well as on the parameter.

An alternative approach (used e.g. in [CS98]) with the same result is the following.
The solution (u,p) € X of the variational problem

Bg((uap)a(U,Q)) :f(v) V(U,Q) e X
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is in the space Xy, i.e.
Au—ep=0.

Thus, (u, p) solves also the stabilized problem

B ((u,p), (v,q)) = f(v)  V(v,q) €X

with the stabilized bilinear form

B*((u,p), (v,q)) == B*((u,p), (v, q)) + &(Au — ep, Av — £¢).
The forms ¢(.,.), ¢(.,.), and a are the same from above. One verifies that the bilinear form
B#(.,.) has the alternative representation

B((u,p), (v,q)) = alu,v) + é(Au, Av) + ¢(Au, q) — £ &(Au, q)
+ ¢(Av,p) — e&(Av,p) — e c(p,q) + % é(p, q)
= a(u,v) + ¢(Au, q) + é¢(Av,p) — e é(p, q).
After renaming a(.,.) to a(.,.) and é(.,.) to ¢(.,.) we are back at the original structure.
An other version of stabilization is analyzed in . It makes the discrete stability condition
hold for any finite element pairing. But the technique cannot be applied in primal variables.

For relations between stabilization methods and bubble functions see [BBF192], [Hug95],
[BFHRY7).

2.3.3 Non-conforming and mixed discretization techniques

We have seen already in Section 2.1.3 that conforming discretization methods for parameter
dependent problems may deteriorate as the parameter gets small. The key to construct
robust discretization schemes is the relation to mixed finite element methods. Let

Vi,V and QnCQ

be finite element spaces build on the shape regular triangulation 75 of the domain 2. We
set

X = Vi x Q.

The idea of the discretization is the reduction of the operator A. We define the projection
Py:Q — Qp by
c(Bypsan) = cp,an) VP €Q, Vau € Qn.

The reduced operator Ay, : V' — @), is defined as
Ay, = PEA.
We define A5(.,.) : V xV = Ras

A5 (u,0) i= a(u,v) + & e(Apu, Apv). (2.57)
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The non-conforming finite element problem is: Find u, € V}, such that
A5 (up,vp) = f(up) Vo, € V. (2.58)
We assume that A} is stable, i.e.
Nunll? < alup, up) + cn(Apun, Apug) Yuy € Vj,. (2.59)

This is in general an additional assumption. It is harder to fulfill as the space V}, gets
larger and @)y, gets smaller. If the bilinear form a(.,.) is elliptic on V', then (2.59) is fulfilled
trivially, and the space V}, may become arbitrarily large. This might be the reason to apply
stabilization techniques.

We define the mixed form

By ((un, pr), (0, qn)) = alun, vy) + c(Apun, qn) + c(Apon, pr) — ec(pn, qn)

and formulate the equivalent mixed finite element problem: Find (uy,p,) € X}, such that

BZ((uhaph)a (Uha qh)) = f(vh) v (Uha Qh) € Xp.

The variational definition of Aj, gives

c(Apun, gn) = (P Aup, gn) = c(Aup, qn)-

Thus Bj(.,.) coincides with B°(.,.) on the finite element space X}, and the mixed finite
element problem with the original form B*(.,.): Find (up,pn) € X}, such that

B*((un,pn), (vn,qn)) = flon) VY (vn,qn) € Xa

is equivalent to the non-conforming primal problem (2.58). Theorem 2.7 can be applied
to prove stability and continuity of B®(.,.) on the space (Xj, ||.|[vxee), but with bounds
depending on €.

The norm ||.||x provides an uniform estimates for stability and continuity of B°(.,.)
on X. We need an additional assumption to obtain an uniform stability estimates on the
subspace X},

Theorem 2.10 (Fortin’s criterion). Assume there erists an operator

IF.v-v (2.60)
which s continuous
A =! (2.61)
and fulfills the property
(A u, qn) = c(Au, gy) YueV, Vq, € Q. (2.62)

Then the bilinear form B*(.,.) is stable on Xy, i.e.

BE
sup ((thph)J (Uhaqh))
(uh,pr)EX ||(uhaph)||X

= (v, an)llx V¥ (vn,qn) € Xn. (2.63)
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Remark 2.11. We can consider the parameter dependent problem as penalty approxima-
tion of a constrained minimization problem. Then property (2.62) means, that the con-
straints Au = 0 should be preserved by the Fortin operator in mean.

Proof. In analogy to (2.47), let ||.||g, 0 be a norm such that

c phJAvh
lpnllQ,.0 = sup g Vp e Q. (2.64)
VR EVR thHV
We define the parameter dependent norm
1/2
IpnllQ, = 1IpllQne = (Ipall, 0 +ellpalle) ™ (2.65)

By Theorem 2.9, B(.,.) is stable and continuous on X, with respect to the norm
Illvxg,- In general, the norm ||.||g, is weaker then ||.||g, because the supremum is taken
over a smaller space. But, if there exists a Fortin operator I}", the norms are equivalent.
To prove, we fix a p, € Q. Let u € V such that

c(Au, py, c(Av, py,
AR gy L),

[Jullyv vev  |[v]lv

Then, we can estimate
C(Avhaph) C(AI}f‘uaph)
Ipnll@so = sup >
" oevi lonllv 125 ullv
c(Au, py, c(Au, py,
- Abwopn) chum)

el = lullv

Thus, the norms ||.|lvxg, and ||.||yxo are equivalent, and B°(.,.) is stable on X, with
respect to the norm ||.||y. O

Fortin’s criterion is based on the limit problem with € = 0. In Theorem 2.10 we proved
equivalence of ||.||g0 and [|.||g, 0 to conclude that ||.||o and |||, are equivalent. We will
consider problems, where the norms depend on the parameter. Then, the later norms can
be equivalent, but the former are not. The term ¢||.||> may have a stabilizing effect. A
relaxed version of Fortin’s criterion can handle that case:

Theorem 2.12 (Relaxed Fortin’s criterion). Assume, we can split Qy, into
Qn = Qno+ Qn,

with Qpp C Qn and Qpy C Qn. The splitting is assumed to be stable in the norm ||.||., i.e.
for all py, € Qy there exists pg € Qno and p1 € Qn1 such that

pr=po+p and |pollc + lIpalle = [lpalle- (2.66)
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We assume for py € Qn,o there holds the estimate
lpollo < "2 Ipolle- (2.67)
Assume that the Fortin operator IY of Theorem 2.10 fulfills the relazed condition
c(AIFu, q) = c(Au, q1) VueV, Vg € Qna (2.68)

instead of (2.62).
Then the form B*(.,.) is stable on X}, with respect to the norm ||.||x.

Proof. Again, we have to prove that

IPullo = lpalle,

holds for p, € Qp. Let py, = py + p1 such that (2.66) holds. Then there holds

Iprlle < llpolle + lipalle

A
~ ol + sup P2V
vE

—— e lpdlle.
v lvllv

We use the Fortin operator like in the previous theorem to reduce the supremum to the
finite element space:

C(pla A Uh,)

Ipalle = lpollg + sup ————= +&"*|Ipl.
VR EVR thHV

= lpolla + lIpsllquo + 2 lpalle-

We proceed with the triangle inequality applied to p; = p — py, the estimate ||.||g,.0 <
I-llg.0 < |I-|lg, assumption (2.67) and assumption (2.66):

Ipnlle = llpolle + Ipll@wo + lIpolley.o + &2 (lpa e
< llpolle + IPllguo + 2 [pule
< ellpolle + 1pllQuo + &2 [lpalle
< pllguno +ellpll.
= ||p||Qh'
The theorem is proven. O

A direct application of the Fortin operator I} is as continuous interpolation operator
for the parameter dependent problem in primal variables:

Theorem 2.13 (Robust interpolation operator). Let I} be an operator as in Theo-
rem 2.12. Then it is bounded uniformly with respect to the energy norms

Iy ulla, = llulla YueV. (2.69)
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Proof. We fix u € V', and estimate the terms of
125wl = (12 wllg + e ARy ullz.
The first one follows by continuity of I} i.e.
175 ullz 2 I wlly = (ully < [lull%:
To estimate the second term, we use the |[|.||.-stable decomposition of Qp,:

C(Ahl}fua ph)2

||Athu||2 = sup
h ¢ PhEQHR ||ph||g
2 s C(AhIfZU;po + p21)2
90€Qn,0 ||p0||c + ||p1||c
41€Qp,1

The supremum is taken at the solution of the variational problem

c(po, q0) + c(p1, 1) = C(Ahlflju; qo + q1) Vo € Qno, ¢1 € Qn,
and evaluates to

c(po, po) + c(p1, 1)

The variational problem consists of two decoupled problems. The same variational prob-
lems and the same value are obtained by two decoupled supremes:

c AhIFU;QO 2 c AhIFU;QI 2
q0EQH,0 HQUHC q1EQH,1 HQI“c
To estimate the first term, we use c¢(Ayv, q) < ||v||v||¢||¢ and assumption (2.67):
c(Andjy u, go)? |15 ull5llgol 2
sup SAwli ool g, Mt il o oyye
q0EQH,0 ||q0||c q0€Qh,0 ||q0||c
To estimate the second term, we use (2.68) and Cauchy-Schwarz for ¢(.,.):
c AhIFU;QI 2 c Ahuaql 2
qup W @) - e @
q1E€EQR,1 ||Q1||c q1€Qh,1 ||Q1||c
The combination gives
e | AnLy ullg = [ull,
and the theorem is proven. O

Assume stability of B®(.,.) on X}, with respect to the norm ||.||x. Then the finite
element approximation is close to best approximation, i.e.

(o == pllx % inf 0= v = )

Uhsqh
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To obtain a rate of convergence, we have to leave the natural space X. Assume, there
exist spaces

Vtcvcv: and QT cCQ
with corresponding norms ||.||v+, ||.||v-, and ||.||g+. The embedding is assumed to be dense

and continuous. The standard case is VT = H?*(Q), V™ = Ly(Q), and Q* = H'(Q). Let
IV and I f? be interpolation operators fulfilling the approximation and continuity properties

oM e — I ullv- + lu— L ully = hljully+ (2.71)
W — L ully- + 1 ully <0 Jlully (2.72)
1LY ullv- = (Jullv-, (2.73)
and
lp—Ipllg = hlipllo+ (2.74)

for proper u and p. The parameter /i depends on the finite element space. Usually, it will
be the mesh size h = h. If we consider problems of less then full elliptic regularity, we set
h = h* with a € (0, 1).

The dual norm ||.||-)- is defined as usual

i —

vev- vl

and the dual space is
(Vo) ={f eV :[[fllw-)- <oo}.
We have proved for f € V* the solution is in (u,p) € V X ). Now we assume that a

more regular right hand side f € (V7)* provides a more regular solution (u,p) € V' x Q,
and there holds the regularity estimate

lullv+ +llpllgr = [ fllov--- (2.75)

We finish the section about discretization by collecting the following theorems:

Theorem 2.14. Let A*(.,.), B°(.,.) and A;(.,.) be as defined above. Assume there holds
equivalence of norms (2.35), the discrete counterpart (2.59), and there exists a Fortin
operator as in Theorem 2.12. Then the discretization error is bounded by the approrimation
error uniformly in ¢ € (0,1):

|(u — up, p = pu)llxp = ( inf : [(w = vn,p — qn) | x p- (2.76)

Uhsqh

If, in addition, regularity is available, we obtain convergence rate estimates

Theorem 2.15. Let the assumptions of Theorem 2.14 be fulfilled. Additionally, assume
that the regqularity estimate (2.75) is true. Let I} = (I,‘L/,I,?) be an interpolation operator
fulfilling (2.71) and (2.74). Then there holds the a priori estimate

vih H P = prllon 2 Bfllov-y-- (2.77)

Wl — unfly- + o —
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2.4 Some Examples

We consider some parameter dependent problems fitting into the abstract framework.

2.4.1 The Timoshenko beam

In Section 2.1.3 we shortly considered the beam model of Timoshenko. Now, we apply the
abstract machinery to this example. The domain € is the interval (0,1), and the space V'
is [H'(Q)]*. We define the bilinear form

A ((w, B), (v,m) = (B, 7)o +t72(w' = B, 0" = n)o. (2.78)
The small parameter is the square of the thickness
e =1t
The space for the dual variable is Q = Lo(£2). With the definitions

a((w, B), (v,n) = (B1)o,
c(p,q) == (9o,
Aw,B) = w' -,

the bilinear form has the structure (2.34).
The kernel of the semi norm ||.|| 4 consists of the functions

Voo = {(w, 8) = (a + bz,b) : a,b € R}.
We obtain the closed space V C V be posing enough boundary conditions such that
Voo NV = {0}.

We check the ellipticity of A'(.,.) =a(.,.) + ¢(A.,A.) on V. First, we verify

1w, DI = 1lw'lls + llwllg + 1811 + 15115
< 2[jw' = Bllg + 218115 + llwlls + 1815 + 1815
= lw, Bl + 1l (w, B)[5.

Theorem 2.4 proves that the norms ||.||y and ||.||4: are equivalent on V.
Following the abstract recipe, the dual variable is

p=c""Aw,B) =t"*(w' - B).

The bilinear form B¢(.,.) evaluates to

B ((w, B,p), (v,m,q9)) = (B,1")0 + (W' = B,9)0 + (v" = 0,p)o — (D, @)o-
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We define the norms on the dual space and on the product space

Iplle == lpllo,
I(w, 8.p)llx = (ICw, B+ [IpllE) .
We have to prove norm equivalence (2.51), i. e
( pw — 5)2

||p||0 ~ sup +5||P||0 Vge@=Lo.

(w,B)EV ||( N(w, B

Clearly, The left hand side dominates the right hand side. To verify the other direction,
we have to check the LBB condition. We will prove it for boundary conditions leading to
the smallest primal space V.

Theorem 2.16. Let 2 be the interval (0,L) with L < 1. Then there holds the LBB
condition ,
wp
wmemez 1wl + 18]k

On the reduced space L = {q € Ly : [ q =0}, there holds the LBB condition uniformly in
L, even on the reduced space Hy x {0}:

sup (w',p)o

weni@ |l

= Lllpllo  Vp € Ls(Q). (2.79)

= lplle  Vp € LYQ). (2.80)

Proof. We fix a p € Ly. Compute

fﬂpdf
Jo (L = &) dg

w(z) = / plE) + (E) de.

(L - .’L‘),

It fulfills [;" Bd¢ = [} pd€. There holds

181 = L7118l = L [1pllo,

and w € H} with w' = p + 8 such that

lwlly X [lp+ Bllo = lIpllo-

This choice gives the LBB condition, namely

(w' — ﬁ,p)o _ (pap)O - ||p||g . L“pHO
Jwlls =181 Nlwlls + 181~ llpllo + L= pllo —

If p € LY, then the choice gives § = 0, and no factor L enters the estimates. O
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Next, we choose finite element subspaces for V' and (), namely piecewise linear elements
for the primal and piecewise constants for the dual variables, i.e.

Vh = {Uh € V. Uh|T € [P1]2},
Qn = {an€Q:aqlr P’}

This leads to the discrete operator

Ap(wh, Br) = (w), — ﬂh)h-

The non-conforming bilinear form Aj(.,.) is

A5 ((wn, Br)s (v mn)) = By mi)o + 2 (wh — Ba” s 0 — 1 Do

Since the part a(.,.) was not elliptic on V', we have to check ellipticity of A}(.,.) on V},.
—h .
We use that wj = wj,, and estimate

1Cwns BT = Ml (wn, B30 = ||»5’£||§+||w2 Bullo
= BHIE+ lh = Ba" + Br— B 13 = BHIIE + l[wh, = Ba" I3+ 18 — B 11
< BB + lh = B I3 + 1412 < 1 Cwns Bu) I -

We will construct the Fortin operator I}" by
=1 121 -1, (2.81)

The operator I} is the nodal interpolation operator fulfilling optimal approximation esti-
mates

1 (w, B)lls + B~ [ (w, B) = Iy (w, B)llo = NI(w, B)]I1-

The operator [ : ? fulfilling the constraints is constructed as follows. Let M), = {M} be a
macro triangulation by combining two by two elements. We set M = (77,T5,). Then

(wn, Bn) = 1, *(w, B) (2.82)

if
wy, =P =0 on OMYVYM e M,

h
/5hdx—/ (B —w')dx
[ wiax= [ w5+ 5 s

One checks that the construction is possible, and simple scaling arguments give

bt lwallo + 11Ballo = [lwlly + 118]lo- (2.83)
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We see that both variables scale differently. Especially, the estimate ||8|l1 < 271 ||Bn]lo =<
h~!||w||; seems troublesome. Fortunately, the nodal interpolation operator fulfills addi-
tionally

/ (w — I"'w) dx = 0.
M

Thus, for
(wh, By) o= T4 — I, (w, B)

B, does not depend on w. This leads to the improved estimate ||p|lo = ||5]|0, and one gets
. F2 F,l
continuity of I,*(1 — I,"):

[Cwn, Bl = A Hlwnllo + A7 Bullo
WA = Iy wllo + R = 1) Bllo

1(w, B)|x-

Thus also the Fortin operator I} is continuous with respect to the norm ||.|[y-. An addi-
tional property is that the operator maps (w, 0) to (wp,0). Thus, there hold corresponding
stability conditions for the finite element space V}, as proved in Theorem 2.16 for V.

There is full regularity available. For the extended problem: Find (w,8) € V such that

A ((w, B), (v,m) = (f,v)o+(0m)o  V(w,n) €V

PP NEPN

there holds
[wllz + 11812 = [1fllo + [I15]o-

A proof is found in [Arn81].

2.4.2 Nearly incompressible materials

We consider the problem of linear elasticity. The problem is to find u € V := [H ()]
such that

2u/e(u) :e(v) dX—i—)\/divudivvdX:/fTvdX, (2.84)
Q Q Q

with the positive constants A and p of Lamé, the strain operator e(u) := 0.5(Vu+ (Vu)T),
and the volume force f € [Ly(Q)]>. We are interested in the nearly incompressible case,
i.e. the Poisson ration v is close to 0.5. Then the parameter € := 2u/A becomes small.
After dividing by 24, the primal bilinear form A°(.,.), the components af(.,.) and ¢(.,.),
the operator A, and the mixed bilinear form are

Af(u,v) = (e(u),e(v)) + e H(divu, divw),,
a(u,v) = (e(u),e(v))o
cp.a) = (P, 0o

A = div,

B*((u,p), (v,q)

~—

(e(w), e(v))o + (divu, g)o + (divo, p)o — £ (P, 9)o-
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Due to Korn’s inequality, and sufficient boundary conditions, a(.,.) is continuous on V.

We set
Pl = lIpl1Z,/e +€llpllZ,
for pure Dirichlet boundary conditions, and ||p||q = |.||z, else. The LBB - condition of
Stokes’ problem
di
we[HE ()2 [Jwlly

is non-trivial, see [DL76]. On a convex polygonal domain and pure Dirichlet boundary
conditions there holds the regularity pick up

[ullz + 2l = 11710

uniformly in the parameter €, see [BS92c|, and [KO76] for the limit problem of Stokes.
The stability theory for finite element discretization of Stokes problem seems to be done
[Ste84], [BF91]. A stable finite element pairing for Stokes is the combination P, — P,. Thus
we set

Vh = {Uh eV: Uh|T - [P2]2},
Qn = {@meqQ:qlreP.

The non-conforming bilinear form in primal variables evaluates to
A (u,0) = (e(u), e(v))o + e H(diva, dive)o.

Because af.,.) is elliptic on V, the reduced form A5 (u,v) is elliptic as well, and the finite
element always has a unique solution. The stability on X, is verified by the construction
of a Fortin operator adjusting edge bubbles (see [BF91], pp 211):

IF =10+ 11— 1.
The operator I, f ! shall have full order of approximation, i.e.
RN = 2 Hallo + 14 e < iy

Possible choices are Scott-Zhang operators with set ¢ C T, or only ¢ C 9T. The other
operator 1,1:’2 : V' — V), is defined by

(I7%u)(x) =0  Va vertex of T,

and
/I,f’zuds:/uds Ve edge of Ty,

It fulfills
12 *ully + A= ullo < Hlall + A7 lullo.

Combining both estimates, one obtains continuity of I : 2 in energy. The construction is
important to verify stability on subspaces. Other stable elements for problems of elasticity
are found in [Ste88]. Robust and non-robust elements are found in [Fal91].
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2.4.3 The Reissner Mindlin plate

We use the Reissner Mindlin plate model with the discretization of [CS98]. In the primal
space V = H}(Q) x [H}]? we search for the transverse displacement w and the vector of
rotations 3. The scaled problem is defined by

k
a’b(/Ban)—i_t_g(vw_/BJVU_n)U:(gav)o V(U,T])EV

The bilinear form

(e(8). e(m)o + 1 (div B, divn),

| =

a’(B,1m) =

is related to bending energy. The small parameter is the square of the plate thickness ¢.
The transverse load is Gt3g. Further, k is the shear correction factor, v the Poisson ratio,
G the shear modulus and e(.) is the linear strain operator. We extend the linear functional
(g,.)o onto V' and set

flu,n) =glv) +d(n)  V(v,n) eV
With the definitions

AN = YVw -3,
e = t*/k

the bilinear form A°(.,.) has the structure of (2.34). The dual variable, the scaled shear
force is

N k
p=c "Aw,f) = (Vo - ).
The mixed form B°(.,.) evaluates to

2

B ((w, 6.9). (0.1, 0)) = @"(B,1) + (V0 = 1, )0+ (Vw0 = B,)o = (. 0o

In [CS98] results of [BR80] and [AF89] were extended to prove the following regularity
theorem. Let (g,0) € Ly. Then the solution (w, 3, p) of the mixed problem

BE((w,B,p), (UJUJQ)) = (97”)0 + (5; 77)0 V(U,T]) eV Vp S Q (285)

has a representation
wW = Wy + W,y

such that

lwolls + & Hlwell2 + 1820l + tllplls + lIpllo = llgll-1 + £ ligllo + 1150 (2.86)
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Wh Bh Ph

Figure 2.2: Finite elements for Reissner Mindlin

holds.We define the norms

1w, B);+ = [lwlli s + 18745 = ,_inf {llwoll3 + t2|lw.l13} + 118113,
=wo+wr
1w, A5 = wlly-w + 18I} -s = inf  {|lwol|T +¢|w, 5} + I8,

wW=wo+wr

Il = llplg + ¢*llpl-

The dual norm to |||y~ can be evaluated explicitely:

9(v) +9(n)
I Moy = sup v
v,n)EV — . _
{ inf leolf? + ¢ 2||v,«||3+||5||3}

v=v0+
w 9(vo) + g(vr) +6(n)
vowr8 {[|vol[§ + ¢ 72[Jor [I5 + (| 8]15}

/2"

The supremum is taken at the solution (wy, w,, 5) of the variational problem

(wOJ UO)I + t_2(wra UT)O + (67 77)0 = g(UO) + g(vr) + 5(77) VUOJ Up, 1

and is equal to {[lwo|[{ + t*|lw[[§ + B3}/ = {llgll21 + *[lgll§ + lo/1§}'/*. Thus we
computed
(g, D)IEv-y- = Ngllzy + £llglls + 11015 (2.87)

This is exactly the norm on the right hand side of (2.86). The estimate of both components
of the splitting w = wy + w, give (w, ) € VT, and the estimate

1w, B)llv+ + lIpllg+ = 11(g, 9)llv-

The discretization of [AB93] and [CS98] uses P, elements for the transverse displace-
ment, P;” for the rotations and P, for the shear, see Figure 2.2. The space P, are the
piecewise linear functions enriched by the element bubbles A; A3 A3 in barycentric coordi-
nates. These spaces are non-nested due to the bubble functions. Following [CS98], the
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bilinear form B*(.,.) is replaced by the stabilized form

B((w, 8,p), (v,n,9)) = B((w,B,p), (v,n, C1))
+ bk ( —B— p,VU n—t—q> .

t2 4 h? k

In [CS98] a local mesh size is used. For only technical reasons, we restrict us to a global
one. In [CS98] the stabilization parameter p is assumed to be in (0,1). The limit case
it =1 can be allowed as well.

For the choice of piecewise constant elements for (), the discrete shear operator can
be computed locally and evaluates to

An(wn, B) = (Vwn — B)

where 7 is the element-wise averaging operator. The reduction to the positive definite
problem gives the form

ku
A5 ((wn, Br), (vn, ) = a”(Buy ) + h2+t2(vwh B Von =)o 259
k kp h h
! <t_2 G +t2> A

By the stabilization trick, a part of the shear energy is assembled with full integration. In
[AB93], a constant part of the shear energy is used for stabilization. By the mesh dependent
stabilization, Chapelle and Stenberg could apply the duality trick. Also for multigrid
methods, the mesh dependent versions seems to be advantageous, from the theoretical as
well as practical point of view.

Chapelle and Stenberg use p < 1. Thus, also for mesh sizes h < t a reasonable part of
the shear energy is reduced. By the choice of ;4 = 1 the non-conforming form converges to
the original form A°(.,.). Chapelle and Stenberg proved the discrete stability conditions
to obtain optimal a priori bound. We will use the mixed machinery to obtain equivalent
results. The choice ;4 =1 is independent of technique.

We have to write the bilinear form (2.88) as

A5 ((w, Br), (vn, 0n)) = a((wh, Br), (vn, 6n)) + &~ c(An(wh, Br), An(vn, 0n)).-

Thus, we are forced to set
kp
a((wn, Bn), (0n,0n)) = a®(Brmm) + 7y tQ(th By Von — 1 )o
k k
c(pn,qn) = ¢ <— - i) (Phy qn)o-

2 242
We had set ¢ = k/t* already. Thus we obtain

otz = (1= 72 ) ol
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Here is one difference between p < 1 and g = 1. For the first case, ||.||. is equivalent to
||I.||lo uniformly in A and ¢. For the second one, there holds

IplIZ 2= min{1, A*/¢*}|p|l5.
We define the norm [|.||y- such that a(.,.) is elliptic and continuous, namely

1

m“vw — Blls- (2.89)

1w, B = 18Il +
The norm ||.||g is defined such that we obtain stability by definition, i.e.

c(Vw — B, p)?
Il = sup VU= FopS

+8p2.
B oy L

The first part, the norm ||.||¢,0, can be estimated from above by

e(Aw, B), )
IPlao == S0 “Nw,B)llv (2.90)

oy 17w =51l gl
s T8I+ () IVw = Al
oy 190 = Bllo gl

o (0 1V =l

< (4 1) alle

I A

We use the (relaxed) criterion of Fortin to prove stability of B?(.,.) on on the finite

element space X,. We split

Q= Qpeas UQpsy
such that

ha= (J T Qpse = Q@ — Qs
TeT hr<t

Accordingly, we split

Qn = Qn<t + Qn>t

such that

Qn<t = {an €Qn:qr=0 on Q)
Qrst = {ah €Qn:qn=0 on Quey}.

This splitting is defined for general shape regular triangulations. We restrict ourself to
quasi-uniform meshes for a shorter notation, only. The space ;<; belongs to elements,
where the locking effect already disappeared. For gy € Qn<; we have due to (2.90) the
bound

lgolle = llgollg.0 + &2 llaolle = (b + 1) llgolle + "2 [laolle < £*/*[lgo]l-
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This is condition (2.67) of Theorem 2.12. We have to construct the Fortin operator such
that I} : V' — V}, is continuous, and (wy, 8,) = I} (w, 8) fulfills

C(V’U)h - Bha ql) = C(V’U) - B) (h) vql € Qh>t-

The space QQp,~; consists of piecewise constant functions on elements with A > t. We build
the operator by adjusting the bubbles of 3, = (B,(Ll), 5,22)). Let by be the element bubble
function on the triangle 7. Then we define

(i) (B;w — D, 1)p
= br.
/Bh ; (bTJ ]-)T g

hop >t

This local projection is Ly stable

||/8h||079h>t = ||Vw - 6||079h>t‘

The function f), depends on (w, f) only, thus there holds

|Qh>t

1Bl + (B + 1)1 Bullo

W18 llo

hHIVw = Bllosss.

(h+1) IV = Bllo 2 [[(w, B)llv-

10, Br)[lv

LA T T TA

By Theorem 2.9 we obtain stability of B%(.,.) on X},, and thus the best approximation
property

1Cw, B) = Cwns Bu)llv +[lp = palle = - inf - l(w, B) = (onmu)lv + lp = anlle

Vi Mk qn) EXp

holds. In (2.90) we have estimated the ||.||go norm from above. For a finite element
function ¢, € Q) we can estimate it from below. Therefore, let 3, € V},; in the space of
element bubbles such that

/Bhdxz/qhdx VT eT.
T T

Then there holds

(2.91)

larlloo = sup (Vw—Pg) o e, lnlle
* 7 ey T8I+ (0 Ve =Bl = & Bl = Tl

If one combines (2.90) and (2.91) one gets sharp bounds between ||.||¢ and ||.||o. One has
to distinguish the cases p <1 and p =1, as well as h <t or h > t. We collect the results
in the table below. The estimates take over to locally refined meshes.
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p<l p=1

h>t|h<t|h>t|h<t

gnlle/llgnllo 1 1 1 h/t

lgnllg.o/llanllo | P <t h <h
lanlle/llanllo | N t h h

Next, we will investigate approximation estimates and inverse estimates between the
spaces V=, V, and VT, and between @ and Q. Let

Vv, Vv,

If‘L/ = (Ih walh ﬂ)

be Scott-Zhang type projection operators with the order of approximation
|lw—1""w|; < BF[Jwl); 0<k=<1 k<I<3,

1B8—1"Ble < B-*118l 0<k<1, k<I<2

The operators g/,w and [ }‘L/ P have to preserve quadratic and linear functions, respectively.
The operator I,° performs element wise averaging and fulfills

lo = Lialle < P llglle - 0<k<i<1.
We need a different characterization of the norm ||.||y-.w.

Lemma 2.17. Let I} : V=" — V¥ be a local reqularization operator at length scale t. It
shall fulfill

tH lw = Pwllo + [[[w]ly =X [lwlly
[ wllo + [P wlly = [lwlfo-
Then the following norms are equivalent:
[wlly-w = [IFwly + ¢ [lw = Lwllo. (2.92)

Proof. One estimate follows directly from the definition of the norm ||.||y-.», namely

lwlly-w = inf {ljwolly + 7w, llo} 2 (17wl + 7w — Lwlo.
W=wWo+wr

To estimate the other, take a splitting w = wy + w, such that
lwolls + " lwrllo = lw]ly-10.
Then we use the triangle inequality and the assumptions made for I} to estimate
11wl + 7 lw = LPwlle < 1L woll + 7" [Jwo — Iwollo
H L w1+ 7 fwr = Lw, o
lwolls + " lwe[lo

[wlly =
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For finite element functions, the splitting in the norm can be reduced to the finite
element space:

Lemma 2.18. On the finite element space V), the following norms are equivalent:

lwnllV-w = _inf - {{fwnall? + ¢ w5} (2.93)

whzwh,1+wh,.
wh,l,wh,zev};”

Proof. The right hind side trivially dominates the left hand side. Now, let I}’ be a Scott-
Zhang interpolation operator to V;*. It shall be continuous in ||.||o as well as ||.||;-norm.
Let I} be a operator feasible for Lemma 2.17. Then the splitting of w;, € V},

wp1 = I I wy, and wpo = 1) (I — I )wy,
is chosen to verify the other estimate:

: 2 —2 2 < w W 2 —2 w _Jw 2
oonf el + ¢l 2 IR 2~ 1wl
wp, 1,wp 2 €VRY

[ wn 3 + ¢ 12 = L) wallg

=
= lwally-.
The last inequality followed by Lemma 2.17. U

Theorem 2.19. The interpolation operators I) and I,? have full order of approzimation,
namely

hH(w, B) = I (w, B)llv- + [|(w, B) = Iy (w, )l = hl(w,B)llv+  (2.94)
h=H(w, B) = Iy (w, B)lv— + 11y (w, B)llv - = [|(w, B)llv (2.95)
1L (w, B)lv- = (w, B)]lv-, (2.96)
and
lp—Iplle = hlpllo+ (2.97)

Proof. We start with the V'~ norm of (2.94). The estimate of the component § is the
property of the interpolation operator I,‘l/’ﬂ. Let w = wy + w, such that

Jwolls + ¢~ [lwpllo < [lwlly+.w
holds. Then

lw — I, " wly-w =~ , inf {llwollr + ¢t~ ||+ }
w—1,"" w=wo+wr

llwo — I, wo||y + tJw, — I w, o
h? |lwolls + h*t ™" ||wy |2

h/2 ||'U)||V+,u).

IA TATA
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The estimate of the V-norm of (2.94) can be simply split as

18 = 1y Bl + (h + ) IV (w = 1, "w) = (8 = 1, B)llo
B llBlle + (B4 )l (wo + wy) — I, (wo + wp) |

R8Nl + (b + 1)~ h? [lwolls + (h + )~ A [Jwy |2

RN+ (lwolls + ¢ [lw, )

hll(w, B) v+

1w, 8) = 1, (w, B)llv

AT TA TA A

The estimate (2.96) is similar.
Next, we estimate continuity in the norm ||.||y. We have to apply the Bramble-Hilbert
lemma. We define the semi-norm

[(w, B)lv = (IVBI5 + [IVw = Bllo) 2.

It has the kernel
Voo = {(w, B) = (a +b"'x,b) : a € R b € R?}.

On the reference element 7%, the following norms are equivalent:

1w, B = l(w, )l + |(w, B)]v-

The interpolation operator I} is continuous in ||.|[;, and it preserves the kernel Vyy. By
Theorem 2.4, we conclude that the interpolation operator is continuous in the semi-norm,
i.e.

VB =1 B)lo + IV (w = L, w) = (8= 1,""B)|lo < IVBlo + [|[Vw = Bllo.-

Let z(§) be the mapping from the reference element to the element. The functions (w, )
are transformed differently, namely

w(z(§)) = wh(©)
paE)) = (Va(6)) B(x(E)).

Using transformation rules, and ||Vz|| ~ h, we get
IV(8 = 1, 7B) |l +h MV (w = " w) = (8 = 1,7 B)lo
IV 8" = BBl + IV (w® = [ w®) — (8% = 1287 o)

<
= e (IVBTle + IIVw™ = 8%lo)
= VBl + 7 IVw = Bllo-

We obtained that the interpolation operator is continuous with respect to the semi-norm

IVBIG+ b * [Vw = Bl.
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Because it is also continuous with respect to the semi norm

V6o,

the interpolation operator is continuous with respect to the family of semi-norms
2 2
IVBIIo + al[Vw = Bl[5
with
a=<h?2.
The choice a = (h? +t?)~" of Chapelle and Stenberg is in the allowed range. For h > ¢, it
is the maximal choice such that the interpolation operator is continuous.
Next, we estimate the better approximation in the norm ||.||;-. We use Lemma 2.17 to

estimate the norm ||.||y—.». Then, we distinguish between -, and €<,. Using properties
of the regularization operator we construct an splitting for the norm .||y~ as

Vaw w Vaw — w Vaw
lw = I, wlly-w <1 (w = I w) [+ (= 1) (w — 1 w) o

= o= 1" wllh gy, + 7w = 2" w)

0,2 <+

We use the approximation properties of the operator I ,‘l/’w, and the relations between h and
t to continue
lw = Iy wllv-w = [l = I wlli gy, + bt | (w = 1y w) o,
h
h+t
We insert the rotations 3 — I,‘l/’ﬂﬁ and obtain the result

Vaw
= [(w = I, w)]ls-

w 1 w
|w — I;‘L/’ wlly-w = hh—+t <||V(w - I;‘L/’ w) — (B — Ihv’ﬂﬁ)Ho + 118 — IX’%’HO)

< (e IV = 170) = (0= 18+ 15 - 17514
~ b, 8) — I (. B) v

< b Bl + b . 8)

<, )l

The estimate the dual variable, we use the estimation of () by a scaled Ly norm, and
separate the domain into €25, and £2,<;

(h+t)lla = Idllo

(h+0) la = I¥ alogne, + (h+1) lla = Ia
thllgllion, +nllg
h (gl + llallo)
hllallg+-

lg — I2qllq

0,2%>¢

|079h2t

AT TA A

12

We have proved the theorem. O
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Multigrid theory is based on the interplay between approximation estimates and inverse
estimates. We have to establish the inverse estimate

Theorem 2.20. There holds the inverse estimate

| (wn, Br)|lv < b~ | (wn, Bu)llv- Y (wn, Br) € Vi (2.98)

Proof. We estimate ||(wy, 55)||v by splitting into components

1wn, Bl = WBwllo + (B4 8) Hlwnll + (A +£) I Ballo
= WM IBullo + (A + )7 w1

The term ||54]|o is contained in the norm ||.|ly~. We estimate ||wy||; by using a splitting
wy, = wo + w, such that
llwolly + ¢ Hlwello = lwally-.

Let I,‘l/’w be a projection operator of Scott Zhang type. Then we estimate
(h+8) 2™ (wo + wr)

(ho+ 6 (I wolly + 1wy
< b H|wolly + (h+ ) A7H| 2w fo.

(h+ 1) Hlwalh

PN

Since (b +t)~'h™! < h~'~!, we finish with

(h+1) Hlwlly hHlwoll + Aty o
Rt (lwoll + ¢ lwy o)

™ lwn]fy—.

LA T TA
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Chapter 3

Iterative Methods

In the last chapter we came up with the finite dimensional variational problem: Find
up, € V3, such that

Ah(uh,vh) = fh(vh) VU}L € Vh, (31)
where V}, is a finite element space of dimension N, Ay(.,.) is a symmetric and elliptic bilinear
form on Vj, and f,(.) is a linear form on V. By the choice of a basis (p;)¥, € [V,]V for
the finite element space, we can represent the finite element function u;, € V}, by the vector
u=(u;)Y, €RY via

N
up = Zulgol (3.2)
i=1

Usually, the nodal basis is chosen. We define the symmetric and positive definite (spd)

system matrix A € RV*N as
A= (An(@i, 97))1 (3.3)
and the vector on the right hand side as
f= (fal@i)ils- (3.4)
The variational problem (3.1) is equivalent to the linear system of equations
Au=f. (3.5)

Since the dimension IV of the system may be very large, solvers of optimal arithmetic com-
plexity and memory complexity are required. Optimal memory complexity is achieved by
most iterative methods like conjugate gradients (cg) iteration ([HS52], for a wide overview
see [Hac91]). The iteration number and the time complexity of the iterative solver depend
on the applied preconditioner. A spd matrix C' is called preconditioner, if the operation

w:=C0"1x%xd (3.6)

is computable. The performance of the preconditioner C for the solution of (3.5) depends
on the arithmetic operations needed to compute (3.6), and on the constants of the spectral
inequalities

cgC<A<cC. (3.7)

ol
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The relation A; < A, defined for two positive definite matrices is equivalent to A, — A;
is positive semi-definite. It is well known, that an upper bound for necessary cg iterations
for a fixed error reduction behaves like O(y/c2/c1). The optimal time complexity for the
approximative solution of (3.5) with fixed accuracy is O (V). This is possible with constants
¢1 and ¢y independent of N. Multigrid methods are optimal methods (see [Hac82], [Hac85],
[Xu92], [Bra93]). We call a preconditioner robust with respect to the parameter ¢, if there
exists constants ¢; and ¢y independent of £ such that (3.7) holds.

In the next sections we will collect techniques to construct and analyze preconditioners
for problems without parameters. In Section 4 we apply these methods to obtain robust
preconditioners for parameter dependent problems.

3.1 Additive Schwarz techniques

The additive Schwarz (AS) framework provides us a simple and elegant technique for the
construction and analysis of a class of preconditioners. A good introduction to the material
is [SBGY6].

For the analysis it is advantageously to stay in the fe space V}, instead of the Euclidean
space RY. For sure, the obtained methods are the same, but the notation simplifies. By
means of the inner product (.,.), of the Hilbert space V,, we define the linear operator
Ah Vi, =V, by

(Ahuh, Uh)h = Ah(uh, Uh) Y up, vy € V.

Similarly, the vector f, € V}, is defined by

(fhavh)h = fh(Uh) Yu, € V.

By means of Aj and f;, we can rewrite the variational problem (3.1) or the system of linear
equations (3.5) equivalently as operator equation: Find uj, € V}, such that

Ahuh = fh- (38)

A preconditioner C}, : Vj, = Vj, is a (., .), - self-adjoint and positive definite operator. The

spectral estimates
C1 Ch S Ah S (65) Ch (39)

correspond to (3.7). The relation 4; < A, between two self-adjoint operators is defined by
(Arvn, va)n < (Agvn,vn)n You € Vi,

The idea of additive Schwarz preconditioning is to split one large problem into a set of
smaller problems. Let
{(Vi, (., )i) s 1 <i < M}

be a set of Hilbert spaces. Each of them is embedded by a lifting operator into the space V},
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The whole space V}, shall be decomposable into lifted local spaces, i.e.
M
Vi, = ZRM. (3.11)
i=1

The sum is not necessarily a direct sum. On each one of the spaces V; we require a
symmetric, continuous and elliptic bilinear form

Ci(,):Vix V>R

As we will see below, it should be a local approximation of Ap(.,.). We define the AS
preconditioner C}, : Vj, — V}, by the application of its inverse:

Wh = C}:ldh,
which is computed by
N
wy =Y Ry,
i=1
with w; € V; the unique solution of
Ci(wg, v;) = (dp, R;vi)p Vv € V.

It is easily seen that the operator C’h_lAh : Vi, =V, and the finite element function C’h_lfh
do not change, if the norms of V}, or V; are replaced by equivalent ones.
By means of the inner product (.,.); on V; we define the linear operator C; : V; — V;:

(Ciuiavi)i = Ci(ui;vi) Yu;,v; € V.
The adjoint operator R of R; is defined by
(R up,vi); = (up, Ryvi)p ~ Vup € Vi, Vou; € V.

By these definitions we can rewrite the preconditioning operation C)’ L'in operator form as
M

C,' =) R 'R} (3.12)
i=1

Although we use the abstract notation in the Hilbert space, it is very close related to the
implementation. We define the subspace solution operators

T; :== R,C7'R] A, (3.13)
A special choice of the subspace bilinear forms is the Galerkin setting

CZ'(’LLZ', UZ') = AZ(UZ, Ui) = A(RZUZ, szz)
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The according definition of A; : V; — V; evaluates to
A; = RTALR,.
For the Galerkin choice the subspace solution operator
T; = Ry A RT A, (3.14)
is the Ap(.,.)-orthogonal projection to R;V;.

The following theorem provides the central technique for the analysis of AS precon-
ditioners. It was formulated in different forms in many papers (see e.g.[MN85], [Lio88],
[DWOI0], [Zha91], [BPWX91], [Xu92], [Nep92|, [GO95]).

Theorem 3.1 (Additive Schwarz Lemma). Let us define the splitting norm
lunl]? = ,, dnf ) Cilug, ). (3.15)

on V. It is equal to the norm ||uy||c, = (Chup, uh)}/Q generated by the AS preconditioner,
i.e. there holds
lunll = llunllc,  Vun € Va. (3.16)

Proof. The constrained minimization problem (3.15) can be written as saddle point prob-
lem: Find (uy,...,up) € Vi x ... x Vay and A, € V}, such that

Ci(ug, v;) + (M, Rvg)y, = 0 Vo, e Vi, 1<i < M,
(>_ Riug, i )n = (un, ftn)n Vun € Vi
Eliminating the u; by u; = —C’Z-’IR?)\,Z, we can rewrite the second row as

(O RC; 'R My pun)n = —(un, i) Y pon € Vi
By (3.12) we can replace the sum by C; ' and obtain
Ch_l)\h = —Up.

The minimum of the constrained minimization problem (3.15) is taken at the solution (u;)
of the saddle point system and evaluates to

lunl® = ) (Cousywi)i =Y (CiC RE Ay, O REA): = Y (RiCy RE Ay A
= (C;fl)\h, Aw)h = (C;:lchuhachuh)h = (Chun, up)p = ||Uh||2ch;

and the proof is complete. O
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This theorem provides us with a constructive possibility to calculate or bound the
constants of the spectral inequalities (3.9).

If only a finite number of spaces overlap, the right inequality of (3.9) is trivial We define
the symmetric matrix (g;;);5_, of overlapping subspaces by

o 1 if du; € V;, v; € V} : Ah(Riui,ijj) 7é 0
Ji =0 else
Then we define the overlap of the space splitting as

M
overlap({V;}) := max Z 9i,j

j=1
Lemma 3.2 (Finite Overlap). Let ¢, > 0 be a constant such that

holds. Then the estimate
Ap <,

15 fulfilled with the constant
o = c. overlap({V;}).

Proof. Let up, = R;u;, u; € V; be an arbitrary splitting. There holds

||Uh||2Ah = Ap(un, up) = ZAh(Rz’Ui; Rj“j)-
2
Using the symmetric matrix of overlapping subspaces and Young’s inequality we get
unl2, = Zgi,j Ap(Riug, Rjuy)
2%

1
S i IRl + 1 Ryu,)

J
= > gl Rl
i

IN

Now we use the definition of overlap({V;}), and (3.17) to get
lunll, < overlap({Vi}) > l|Rsuill,

< c.overlap({V;}) Z||Uz|

2
Ci-
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Because this estimate holds for any splitting, it holds also for the minimizer of the splitting
norm

lunll%, < ccoverlap({Vi}) u_nf Z“UzHC

= ccoverlap({Vi}) [lun[®
= cooverlap({V;}) [Junllz, -

0

By the paper of [BPWX91], the multiplicative version of Schwarz methods is understood
as well. Let us assume that the subspace problems are scaled such that

C; > A (3.18)

Let

be one step of the multiplicative Schwarz iteration. The adjoint with respect to the inner
product Ay(.,.) is

Smu =T =TI =13)...(I = Tn-1)(I = Tr). (3.20)
The symmetric version of multiplicative Schwarz is
Ssmu = S Smu- (3.21)
It defines the preconditioner C,,, by

Ssmu =1- O Ah

smu

Usually, the multiplicative method leads to a faster convergent method then the additive
version. But in general, one can prove only that the multiplicative version is not much
worse:

Theorem 3.3 (Multiplicative Schwarz). Let Cyqq and Cg,y,, be the preconditioners ob-
tained by the additive Schwarz method and the symmetric multiplicative Schwarz method,
respectively. Assume the scaling 3.18 holds. Then the spectral estimates

Ap < Cyppu < overlap({Vi})? Cuga- (3.22)

are fulfilled.

The proof is similar to [BPWX91] and [BP92|, Chapter 5. Actually, estimate (3.18)
can be relaxed to allow over-relaxation with parameter w < 2.



3.1. ADDITIVE SCHWARZ TECHNIQUES o7

H n

Figure 3.1: Local domain decomposition

3.1.1 The local domain decomposition preconditioner

First, we consider a domain decomposition (dd) method with local spaces, only. Let
V = H™(Q), and let A(.,.) be a symmetric, elliptic and continuous bilinear form on V.
Let Vj, C V be a finite element subspace of mesh size h, and let Ay (up, vy) = A(u, v).

We will formulate and analyze the local dd preconditioner. We decompose the domain
into an overlapping set of subdomains §2; of diameter O(H) and overlap O(H), see Fig-
ure 3.1. We assume that the number of overlapping subdomains is finite. Let w; C €2; such
that

and the construction of a partitioning of unity {¢;}, ¥ € C*®(Q) with the following
properties is possible:
supp 9; C wi,

and
IV* |, <H™* 0<kE<m.

We define the local spaces
V;:{Uh EVhIUh:OiHQ\Qi}.

The lifting operators R; : V; — V), are the trivial embedding operators. The inner products
(.,.); are inherited from V},. We consider the space splitting

Vi=> RV
The subspace forms are defined by the Galerkin approach
Ci(ui,v;) = Ai(ui, vi) = Ap(Ryug, Rivy).

Thus we get
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Figure 3.2: Relation of €);, w; and o}

We define the overlapping domain decomposition preconditioner D, without coarsegrid
correction

Dy =) RAT'R!. (3.24)

We call this preconditioner D, in analogy to diagonal. It will be needed as a part of more
complicated preconditioners, later.

Theorem 3.4. The overlapping domain decomposition preconditioner Dy without coarse
grid correction fulfills the spectral inequalities

H*™ Dy < A < Dy, (3.25)

Proof. The upper bound follows from the finite overlap of subspaces and Lemma 3.2. The
lower bound is verified by the construction of an explicit decomposition u, = > u;, u; € V;
fulfilling

> lualld, = H 2 uall?, -

Then we can conclude by the Additive Schwarz lemma,
H*™|un||5, = H™ [lunl® < H™ > " luillZ, = lluall%,-

Let I}, : V. — V}, be a Scott-Zhang projection operator of the form

N
IhU = Z lJ(H]U)QOJ
j=1

Each functional [;(I1;.) is defined on Ly(0;), where o; is a set of diameter O(h).
Because of (3.23) we can chose o; such that there holds

Ih : H(T(wz) — V;',

see Figure 3.2. We define
ui = I (Yiun).
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By using the linearity of I, the partitioning of unity and the projection property of I, we
verify

M M
Zui = ZIh(wluh) = Ihuh = Up.
=1 =1

There holds u; € V; because (¢;up) € Hi"(w;). Thus, we constructed a splitting of uy,. Using
the continuity of A(.,.), the continuity of the Scott-Zhang projector I, and properties of
the partition of unity (Lemma 2.6), we get

luil, = luillzo = 1a(iun) |20
=< vz
= H7™upllf . + V™ unllf .

Using the finite overlap of subdomains and the ellipticity of Ay(.,.), we get

M M
ollwillh, = D H T sl + V™ unll3]
i=1 i=1
< HJunllgo + IV™unllg0 (3.26)
= H 7 lunllo = H 2" unl,
and the proof is complete. O

3.1.2 Domain decomposition preconditioner with coarse grid
system

In this section we will consider the method of Dryja and Widlund [DW89]. A pure local

space decomposition cannot give an preconditioner of optimal spectral bounds. One has

to add a coarse grid system in order to avoid the factor H?™. Let Vi be a finite element

subspace of V' of mesh-size H. It is called the coarse grid space. It is not necessarily a

subspace of V.
Let I be an interpolation operator with the optimal approximation estimates

v — T mer = H ||V VoeV, 0<k<m. (3.27)

Let Ry : Vi — Vj, be the so called prolongation operator. If there holds Vi C V}, we can
use natural embedding. In general, it shall fulfill the approximation estimates

|’UH — RH,UH|m7k < HkH’UHHm VUH € VH, 0< k < m. (328)
We use the space splitting

M
Vi = RyVy + Z R;V;. (3.29)

=1
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The spaces V; are local spaces with natural embedding, and thus we can chose the Galerkin
approach A; = R A, R;. On the space Vy; we define

Cuy(ug,vy) = Ay (ug,vy) = Alug,vy).
If Vg ¢ V},, the method differs from the Galerkin approach, because in general
Ap(uy,vy) # Ap(Rpuy, Ryvy).
We define the overlapping dd preconditioner with coarse grid system as
Ci' = RyAy'Rj + ) RiAT'R]. (3.30)
By using the local dd preconditioner Dy, of (3.24) it can be expressed by
C,'=RyA /'R, + D, .
Lemma 3.5 (Optimal two level preconditioner). Assume the following is true:

i. The overlap of local spaces is bounded by No.

1. The prolongation is continuous, i.e.

|Ruum||a, < crllum|a, Vug € Vg. (3.31)

wi. There exists an continuous interpolation operator I, : Vi, — Vi, i.e.
[ Trunlla, < crllunlla, Vuy, € V. (3.32)

w. The local splitting of the difference uy := up — RylIgzuy is stable, i.e.

D M, < eoflaall, (3.33)
u; €EV;

Then the two level preconditioner (3.30) fulfills the optimal spectral bounds

C1 Ch S Ah S Co Ch (334)
with
c = (3 4cp)™h,
c; = (14 Np) max{ck,1}.

Assumptions 2-4 are also necessary to obtain an optimal preconditioner.
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Proof. We apply Lemma 3.2 to estimate A, < ¢y C),. The overlap of spaces is bounded by
(14 No). Due to (3.31), and the Galerkin choice for A;, assumption (3.17) is fulfilled with

Ce := max{cy, 1},

and the upper bound is proven.
On the other hand, assumptions (3) and (4) are formulated such that

lunll?, = Nl = inf - ffunll, + 3 il

uh:RHuH+Eui
2 : 2
Mowunll, +, inf > il

< (ef +eo)lunlli, -

IN

Now, assume that C}, is a preconditioner with optimal bounds, i.e

[[unl] == Jlun]-

We will derive conditions (2) - (4). We start with (2). Let uy € Vi, and set up, = Ryuy.
Because (), is an optimal preconditioner, there holds

:RH’UH

lunlla, X Munll”= o +ZW{||UH||AH+ : losl | o < llunlla,,

We have chosen the splitting vy = uy and v; = 0. The continuous interpolation operator
(3.32) and the stable splitting (3.33) is chosen as the minimizer of the splitting norm. O

Theorem 3.6. The two level preconditioner Cy, of (3.30) has optimal spectral bounds, i.e.
Cp 2 Ap 2 Ch. (3.35)

Proof. We apply the previous lemma. We have assumed finite overlap of subdomains.
Assumptions (2) and (3) follow from (3.28) and (3.27), respectively, by the choice k£ = 0
and the triangle inequality.

We are left to verify (4). By using (3.28) and (3.27) we estimate

lurllo = llun — R Lrunllo
< Nun = Trunllo + [ Tzun — R Truallo
= H" |lunllm + H™ L up]lm
= H" |lup|lm (3.36)
and
Nwsllm = ||wnl|m: (3.37)

Proceeding similar to Theorem 3.4, we chose
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According to the intermediate result (3.26) there holds

> Mull, = H " {fugll§ + w2,
i
But now, we have the improved L, estimate (3.36) and we can finish the proof with

D il = llunlls, = lluall%,

)

O

The coarse grid mesh sizes H can be chosen such that the total work is minimized. We
cannot obtain optimal complexity for a 2 level method. The dimension of the coarse grid
system grows unless H ~ 1, and the dimensions of the local systems grow unless H ~ h.

We will analyze two level methods with H ~ h as preparation for the more involved
multigrid analysis providing optimal preconditioners.

3.2 Multigrid Methods

Optimal preconditioners can be constructed by the use of variational problems on a se-
quence of finite-element spaces
‘/17‘/27"'7‘/14 :Vh

with according inner products (.,.);. We do not assume that the spaces are nested, so we
need grid transfer operators

Ry : Vi =V, 2<I<L.
On each level, 1 <[ < L, we have the eventually modified bilinear form
A(L):VixV >R
The operators A; : V; — V} are defined by
(Agug, vy); = Ay(ug, vy) YV, v € V.
The adjoint operators R : V; — V;_; of R; are defined by
(R} w, vi-1)i1 = (w, Rivy) Vu € Vi, Vg € V.
On each level [ we require a preconditioner D, : V; — V;, which is scaled such that
A < Dy (3.38)
holds. It defines the smoothing iteration
S, =1-D; A, (3.39)

The preconditioner D; might stem from a local additive Schwarz method on level /.
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Procedure MG(l,uy, f;)
ifl=1
MG(ZJU’ZJ fl) = Al_lfl
else

Ull’o = U
(* pre-smoothing *)
dojzl,...,ml
w? = w? ™+ D (fr = Ay

(* coarse grid corrections *)

diy = R (fi = ™)

0
u, =0
dogzzl_,...,q Vi
J ) —
ur = MG(l - 1uy ydi 1)
3a0 I lyml 2711
w” =+ Rug

(* post-smoothing *)

dOj:]__,...,ml .
up? = w4+ DU = A

MG(L oy, fi) = u)™

Algorithm 1: Multigrid method

3.2.1 Multigrid algorithm
One step of the multigrid iteration
fbl = MG(l,ul,fl) (340)

is defined in Algorithm 1. The parameter ¢ defines the type of cycle. Usually, the V-
cycle method with ¢ = 1 or the W-cycle method with ¢ = 2 is performed. The number
of smoothing steps m; on the level [ may be fixed, or may depend on the level. For the
variable V-cycle the number of smoothing steps increase geometrically on lower levels. The
multigrid algorithm leads to the multigrid operator M, : V; — V,

My, == MG(l,u,0) (3.41)
and to the multigrid preconditioner C; : V; — V} defined by

Crlfii= MG(1,0, fi), (3.42)
(see [JLMT89]). The multigrid operator fulfills the recursion formula

M, = 0,
M, = (S)™ (I —Ri(I— (M)A RIA) (S)™. (3.43)
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3.2.2 Multigrid analysis

The classical multigrid analysis by Hackbusch [Hac82] is based on the approximation prop-
erty and the smoothing property. If these properties are available, one can prove optimal
convergence of the W-cycle iteration (with sufficiently many smoothing steps), and of the
variable V-cycle. Several more sophisticated techniques ([BH83], [MMB87|, [BP93|) pro-
vide optimal convergence of the V-cycle, but, up to the knowledge of the author, only for
the nested case. So, we will focus on the classical theory.

The interplay of the coarse grid correction step and of the smoother is measured by
means of two different norms, the energy norm ||.||4, and the local norm

[l 5- (3.44)
For full regular, second order problems it is
luelleo = i Hluallo,

and therefore we will call it Ly - like norm. For problems with partial regularity, one has
to chose Sobolev norms of fractional order. For these two norms, one has to check the
approximation property

lur = ReAZ R Avull g < Collul|a, (3.45)
and the smoothing property
10S0) ™ ulla, = n(m) [Jull,, (3.46)
where n(m) is a function with
n(m) -0 as m — oo.
One part of the proof of the smoothing property is the purely algebraic estimate
1(S)™wlla, = 11 = 7Dy " A) ™ willa, = m™ lwllp,

which is well established in multigrid theory. Since the preconditioner D, is scaled such
that [|(S;)™]|4, < 1, one can conclude by operator interpolation

105D ™ will a, = m™ fJwlla,. oy

for any a € [0, 1]. The norm ||.||4,,p,5. is the interpolation norm between the energy norm
(a = 0) and the ||.||p,-norm (o = 1). For the AS smoother applied for second order
problems one gets

lurll oy 2= by Hluallo.

The interpolation norm for this case is

lwllias o = Ry “llwlli-a.
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If one can establish the link between the algebraic smoothing property and the approxi-
mation property, namely
lullia,pia < Csllullig, (3.47)

the smoothing property (3.46) is proved. We collect multigrid convergence estimates in

the following theorem:

Theorem 3.7 (Abstract multigrid convergence). Let the multigrid procedure be as
defined in Algorithm 1. Assume there holds the scaling (3.38), the approximation prop-
erty (3.45) and the estimate (3.47) used for the smoothing property. Then the following
multigrid methods lead to optimal solvers:

e The W-cycle multigrid scheme with sufficiently many smoothing steps leads to a
convergent method. The contraction number is bounded by

| Myp|| < Cm /2 (3.48)
with a constant C' only depending on C, and C§, but independent of the level L.

e The variable V-cycle with my, > 1 and Som; < my_y < [ymy smoothing steps (1 <
Bo < B1) leads to a preconditioner Cy,. The condition number is bounded by

K(C YAL) <1+ Cm o2 (3.49)

with a constant C only depending on C,, Cy, and By, (1, but independent of the
level L.

Proof. The proof of the W-cycle method follows from the approximation property (3.45)
and the smoothing property (3.46) by induction. We refer to [Hac85].

The proof of the variable V-cycle method is provided in [BPX91], see also [Bra93].
First, we derive the type of approximation property used there, then we translate the
notation.

Because DflAl is a symmetric and positive definite operator in the inner product
Dy(.,.), one can define the Hilbert scale

|||ul|”l25 = Dy((D; M Ay g, wy).
For a shorter notation, we neglect the index [ indicating the level. Especially, there holds

fludlle = Nl
fludlly = Nl
lull; = AD A, w).

For a € (0,1), the interpolation norm used above can be expressed by

lwallia,pge = lulli-a- (3.50)
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There holds the estimate of logarithmic convexity
Ay, v1) < Jualli-sllvellies (3.51)
for s € R, and the interpolation estimate
lualls < Nl Nulls; (3.52)

for s;,s2 € R, @ € (0,1) and s = asy + (1 — ) so.
We use (3.51) to estimate

[Ai((I = R A R Aug,w) | < (1 = RAZ READwilli-a lualh+a-
By (3.50), the approximation property (3.45) and estimate (3.47) we get
(T = ReAZ R Awilli-a < CaCillwl|a,-
We go on and use interpolation

[A(( = RAZ R Ajur, w) CoCillulla, flullsra (3.53)

CoCullurlly Nually fuaelly
Colullunlly™ flaull3-

INININ

This estimate corresponds to [Bra93], Assumption 10, page 62. We translate the present
notation to the formulation used in [Bra93], which we will indicate by subscripts or super-
scripts Br. We are free to set the inner product on level [ to

(Ua U)Br,l = (DlU, U)z-
Then the operator AZB’" : 'V, — V, evaluates by
(Agug, v); = Ai(ug, vp) = (AlBrUlavl)Br,l = (DzAgBrUz,Uz)z

to
Afr = Dl’lAl.

The smoother RP" evaluates by
Sy=I1-D;'A=1-RP"AP"
to
RPr =1

We set AP" = 1. We want to apply [Bra93], Theorem 4.6. A.4 and A.4* are fulfilled for
the symmetric smoother. A.10 is (3.53) with ap, = a/2. A.12 is assumed in the theorem.
Estimate (3.49) follows by dividing " by nf". O
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We have formulated the simple approximation property (3.45) instead of the stronger
estimate

- Ay(ug, v
||ul - RlAlfllRlTAlUlHl’ﬁ < (C, sup M)
vEV, ||Ul||z,6

(3.54)

which is usually used. This is paid by reducing the dependency on the number of smoothing
steps from Cm ™ to Cm~%/2. The reason for choosing (3.45) instead of (3.54) is that only
the former one could be verified for parameter dependent problems.

If the smoothing property and the approximation property are available, the door is
open for other multilevel algorithms, like full multigrid methods [Hac85], Cascadic multi-
grid methods [BD96], [Sha96], [BD99], and extension operators [HLMN94]|, [Haa97].
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Chapter 4

Robust Preconditioning for
Parameter Dependent Problems

In this chapter we combine the results of the former two to construct preconditioners for
parameter dependent problems. We will start with one level and two level preconditioners,
and then go on with the multigrid case.

4.1 Local preconditioning

First, we show by means of an example that the condition number of standard precondition-
ers may deteriorate for parameter dependent problems. Let Aj; be the operator obtained
by a stable discretization for the Timoshenko beam model, i.e.

(An(wns Br), (vn, 50))n = / B8 + 12w, — B ) (o, — 0 dx.

Let Dj,. be the Jacobi preconditioner for A,. We measured the spectral condition number
k(D1 Ap) for different values of the mesh size h and the parameter ¢t. The results are:

1le+08 T

le+07 m v t=1e-2 ---%-- 7
¥ t=1e-3 -8

1e+06 | T y
100000 F

10000 F

cond. num.

1000

100

10 F

1 1 1
1 10 100
Elements
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Now, we try the block Jacobi preconditioner Dpg; with the blocks indicated below. Three
by three nodes are connected with an overlap of one node.

Vi

The corresponding results for k(Dy}Ay) are:

1le+08 T T

1e+07 F =182 %
t=1e-3 3

paa

1e+06 | P 4
100000

10000

cond. num.

1000

100

10 F

1 1 1
1 10 100 1000
Elements

We see, the preconditioner is robust with respect to the small parameter, if the triangulation
is fixed. For the interesting range ¢ < h it shows the same dependence on the mesh size as
a local preconditioner for 4" order problems.

The reason why the block Jacobi preconditioner is robust, while the pointwise Jacobi
deteriorates deals with the kernel V}, o of the operator Aj,. These are the functions

Vio = {(wn, Br) : mh = 0}.
On the kernel, the energy norm ||.||4, behaves like
| (wn, B)ll4, = 16ellT Y (wh, Br) € Vao.
The norm induced by the diagonal behaves always like
[ (wn, BillD,,. = (B + ) 1Bullg + A=t ||w]l5.

By choosing smooth functions (wy, 8,) € Vi, one sees that the estimate

h2t2 DJac j Ah
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w w
B ; B : Z
Figure 4.1: Basis functions for kernel V},

is asymptotically sharp. Because also A, < Dy, is sharp, the condition number behaves
like
k(DL Ap) ~ h2t72,

Jac

One observes, that errors in V}, o are smoothed out very slowly be the Jacobi preconditioner.
The kernel is spanned by a set of basis functions of two different types, see Figure 4.1. The
block Jacobi preconditioner is designed to capture these basis functions.

The idea of the block smoother is related to the methods of [AFW97b] and [Hip99] for
problems in H(div) and H (rot)

The following Theorem gives an abstract framework for one level preconditioners for
parameter dependent problems.

Theorem 4.1. Let Ay(.,.): Vi x Vi, = R be the bilinear form
Ah(uh, ’Uh) = ah(uh, Uh) + 671 ch(Ahuh, Ahvh) (41)
with the assumptions made in Section 2.3. Let {V;} be a local space splitting with overlap

No such that
V=) V.

We assume that functions u, € Vi, and kernel functions uwy € Vo can be split locally with
estimates depending on the mesh size, i. e.

M
inf Dl < en(B) [lul, (4.2)
Zievilizl

M
inf > lfuoillz, < calh) ol (4.3)

up=x2ug,; “
u; €V;NVy o =1
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Assume, there holds the inverse estimate

lanlle, < cs(h)llanllono  Van € AnVa, (4.4)

where ||.||g,.0 s defined in (2.64). Then the additive Schwarz preconditioner Dy, built on
the space splitting {V;} fulfills

(Cl(h,) + CQ(h)C3(h)2)_1 Dh j Ah S NO Dh (45)
on Vi,. The bounds are independent of the parameter €.

Proof. The upper estimate follows immediately from Lemma 3.2. We choose an u;, € V,.
First, we split

Up = Uy + Uy
with uy € Vj,o by projection into Vjo. Let (ug,po) € X, be the solution of the mixed
variational problem with the bilinear form of the limit

Bg((u(),po), (Uhv QO)) = a’(uhv Uh) v (Uha Qh) € Xh-

Theorem 2.8 (Brezzi) bounds uy by

[[uollvi, X llunllv;.- (4.6)

Then u; = uy, — ug fulfills

Bg((ula _p0)7 (vha (Ih)) = Bg((uha 0)7 (Ufw Qh)) - Bg((uoapo)a (Uh; Qh))
= ap(up, vp) + cn(Anun, qn) — an(up, vp)
= Ch(Ahuh; Qh)-

We use Cauchy-Schwarz, the definition (4.1) of Ay(.,.) and the inverse inequality (4.4) to
proceed with

By ((u1,p0), (vn,qn)) < [1Anunlle, llgnlle,

<
< eunlla, es(h)lanlly0-

By Theorem 2.8 we get
luillvi, < "2es(h)lup]|a, (4.7)

We use assumptions (4.3) and (4.2) to split ug = Y ug,; and uy = > uy;. Then we use the
additive Schwarz lemma (Theorem 3.1) to estimate

2 _ : 2
lunllp, = inf uills,
u; €EV;
< Z||U0,i+u1,i||2Ah
< QZ{HUo,i 2 T 31h}
< 3 ol + & i, |
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We finish with the inverse estimates (4.3) and (4.2) and the stability estimates (4.6) and
(4.7):

cr(h)uolly;, + & tea(h)[Jually,
cr(h)lunll3, + ca(h)es(h)?[|unl3,
{er(h) + ea(h)es(h)*} [lunl[, -

lunllD,

IATATA

4.1.1 Timoshenko beam and Reissner Mindlin plate

We will prove now the e-robust condition number of the block Jacobi preconditioner for
the beam model of Timoshenko. We will apply Theorem 4.1. Because |||y, = |||,
assumptions (4.2) is fulfilled with

Cl(h) j h72,
and assumption (4.4) is fulfilled with
C3(h) j 17
since ||.|lc, = I-llon.0 = Il-/lo. We will verify the splitting inequality for kernel functions:
inf Y wi B2, = A7 (wns B 1 (4.8)

(wp,BR)=3(w;i,B;)
(wi,ﬁi)EVh,OﬁVi

We use a partitioning of unity {¢;} as drawn in the figure below:

i

The support of each function 1 is inside four elements. Recall the construction of the Fortin
operator (2.81). There we used the nodal interpolation operator I,f’l, and the projector
I,I;’Q adjusting bubbles. The co-projector maps onto V}, o:

I =12 Vi — Vi

Thus, the combination
(I — IV = Vi

is a projection, too. We chose the kernel splitting as

(wi, B;) == (I — """ (05 - (wn, Br))-
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We have obtained in Section 2.4.1 that [}1:,2 is continuous with respect to the norm
h=Hlwnllo + | Bullo- Thus we get

[(wi, Billan, = 1Bilx = A7 H|Bllo
b2 iwlo + B |iBallo

=
= h7?||(wn, Bn)

0,w;

Summing up gives the inverse estimate

Z 1w, B)llz, = R (s Bu)lle < 2™ (wns BRI,

The local smoother for the Reissner Mindlin plate is analogous. The inverse inequalities
(4.2), (4.3) and (4.4) hold with

ci(h) ~ h72,
co(h) ~ h4,
cs(h) ~ h7l

Thus, the same upper bound h~* results as for the beam. The subspaces V;; have to
contain (I — I ,f *)ipi, where ¢; is a nodal base function. This is possible with subspaces
spanned by the nodal base functions clustered as follows:

4.1.2 Nearly incompressible materials

We will check the conditions of Theorem 4.1 for the bilinear form of nearly incompressible
materials . .
Ap(up,vn) = (e(up), e(vy)) +e Hdivuy ,divo, o

The estimates (4.2) and (4.4) follow directly form the spaces V;, C H' and Q, C Lo, namely
ci(h) ~ h72,
cs(h) ~ 1.

We will prove the splitting estimate for the kernel functions. We are guided by a basis for
the kernel, which consists of the following type of functions:
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These basis functions cannot be split into kernel functions of smaller support. Thus, we
will use subspaces spanned by the nodal base functions connected as follows:

The plan for the analysis is to lift the divergence free function to the potential space.
For this, we have to assume that () is simply connected, and there is only one simply
connected part with natural boundary conditions. Then the potential function is split into
local functions. The splitting of the original function is obtained by interpolating the curl
of the local potential functions by the Fortin operator.

We fix u;, € V0. We construct the lifting operator £ : V}, — V as follows. Define the
spaces

Viee == {veV:iv=00n0T VT €Ty}
Qloc = {quqh:O}

They split into local spaces on the elements. The pair V. X Qo is stable for Stokes. Now
let

u:= FEup :=up, +w
with (w,7) € Viee X Qioc be the solution of the variational problem
B°((w,r), (v,9)) = =B°((un, 0), (v,q)) ¥ (v,4) € Viee X Qioe-
We observe that
(div (w +up), q)o = B*((w +up,7),(0,0)) =0 V¢ € Qoe-

Applying Gauss’ theorem to w on each element, and using the assumption u;, € Vj, o, we
also get

div (w + uh)h = 0.
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We have constructed an v € V such that

[ully = [lunllv,

divu =0,
and there holds
u = uy on T VT € Ty,

Let IF = I + I™*(I — I[") be a Fortin operator based on a Scott-Zhang projection
operator. It shall be constructed such that it uses only function values at 9T,T € T}, see
the Figure below:

° ° °
d | ’ 1
s ’
° ,0 e A ,®
’
’ 7 | |
’ Ni 4 I I
° ¢ °
| Oj ’ Wi ’
| r 1 - ! ’
’ s s
I s % | ’
| I AR N I .
’ s ’
—_ - = — — —I— 4
’ I
. . .

The Fortin operator is an left inverse to the extension operator, i.e.
I,fEuh:uh Yup € V.
Due to the assumptions on the domain, there exists an ¢ € Hg ;,(€2) such that
rot p = u.
Let {t;} be a partitioning of unity with supp {#;} C w;. We can define the splitting as
u; = IFrot ().
It is a splitting, because
Zui = Zlfrot(d)igo) = I,frot(z Vip) = Ifrot o = IFu = IF Buy, = uy,.

Using the continuity of the Fortin operator, the properties of the partitioning of unity, and
the construction of ¢ we can bound the kernel splitting by

Do llwlls, = DIy rot(io)l}

< > llrot(wio) |1
< D lwip)lls 2 hlell3
= Bl 2l
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Thus, we obtained the inverse estimate
Cg(h) j h,_4.

We mention that the original problem is of second order, but the lifting to the potential
space lets it behave like a fourth order problem. We have made assumption onto the
domain. They are really essential, because curls around a hole cannot be split into local
curls. When we use a coarse grid system, these global curls are caught by the coarse grid.

4.2 Two Level Preconditioning

In the last section we have constructed e-robust local preconditioners. Now, we will see how
to combine the local preconditioner with a coarse grid correction to obtain a preconditioner
with robust and optimal condition number.

The bilinear form

1
Ah(uh, Uh) = ah(uh, Uh) + gch(Ahuh, Ah’l)h) (49)

stems from the reduction of a mixed finite element problem with the bilinear form Bj(.,.) :
X, x X, = R We need an additional coarse grid bilinear form

1
AH(UH, ’UH) = aH(uH, ’UH) + ECH(AHUH, AHUH) (410)

coming from a mixed finite element method with the bilinear form By (.,.) : Xgx Xg — R
on the coarser space Xy = Vi x Qg. The forms By(.,.) and By(.,.) may differ. They
might be obtained by stabilized methods with different weights. We do not assume that
the primal spaces are nested, i.e.

Vg CV, or Vi ¢ Vi,.
Thus we need a prolongation operator
Ry : Vg = Vi

If the spaces are nested, we may take the natural embedding. We call RIZ’O trivial pro-
longation operator, because we will actually use a more complicated one. The trivial
prolongation operator shall be bounded by

IR wnllva = lumlve — Yug € Vi, (4.11)
The spaces for the dual variable shall be nested

Qu C Q.
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This is not a strong assumption, because the space () is Ly, or weaker for our applications.
We assume that the according norms are equivalent, i.e.

~

lanllon = llanlle, — Yaun € Qu (4.12)

and
lgulley = llgulle,  Vau € Qu. (4.13)

We have fixed the coarse grid operator Ay. Next, have to define the actual prolongation
operator
R}, : Vg — V.
In Lemma 3.5 we have shown, that the continuity in energy is a necessary condition for an
optimal two level preconditioner. Thus

IRGumlla, = Nwmllag

must be fulfilled uniformly with respect of the small parameter €. To get a feeling for this
condition, we take a coarse grid kernel function

ug € Vo =kern Ay

The coarse grid energy
2 2
lunlla, = llumllz,
does not depend on . The fine grid energy of the prolongated function
1
v 2 v 2 v 2
1Rgunla, = I1Ryunlla, + Z[1AnRyuanll,
has to be bounded by a constant independent of . This is only possible, if |A,Ryugl|?, <
. Essentially, this means that the prolongation has to map the coarse grid kernel to the

fine grid kernel:
RI‘; : VH70 — Vh,g. (414)

Indeed, the prolongation may produce a small perturbation out of V}, .
We consider the Timoshenko beam as example, see Figure 4.2. Let (wg, By) be a
function in V. This means that

— u
The prolongation has to construct functions (wp, fy,) such that
W — By =0, (4.15)

i.e. the averaging is done on the fine grid. The trivial prolongation R}/I’O can be chosen as
embedding. It does not fulfill that condition. But, by a local modification of the functions,
condition (4.15) can be achieved. We can adjust the nodal values of the deflection wy, on
the new nodes.

It is always the question which degrees of freedom have to be adjusted. The following
theorem gives an abstract guide for the construction of robust prolongation operators:
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By : B : B :
Ta, (Wi, Br) Toy Ry (Wi, Brr) T, R}y (wm, Brr)

Figure 4.2: Prolongation for Timoshenko beam

Theorem 4.2 (Robust prolongation operator). Assume that the dual space Q) is
split cp(., .)-orthogonal into

Qn=Qu & Qr (4.16)

with @H C Qu. The corresponding projection operators are Pg and PéhT The trivial
H
prolongation operator R%O s assumed to satisfy

cn(A Ry up, Gu) = cu(Apum, ) Van € Qu. (4.17)

Assume there exists a space Vi C 'V}, such that the bilinear form By(.,.) is stable on
XT = VT X QT; i.€.

sup By ((ur, pr), (vr, qr))

= |(vryq)llx, Y (vr,qr) € Xr. (4.18)
(ur,pr)eXT ||(uTapT)||X,h

Additionally, we assume the orthogonality condition
en(Mpur, Gu) =0 Youp € Vi, Vi € Qu. (4.19)
Let wr € Vi be the solution of the variational problem
Ap(wr,vr) = Ah(RZfouH, vr) Vor € Vr. (4.20)
Then the prolongation R} defined by
RYuy := REOUH — wr (4.21)
1S coOntinuous in enerqgy norm:

IRGurlla, = lumllay — Yum € Va. (4.22)
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Remark 4.3. The splitting of Q, has the following meaning. The constraints according
to Qu are inherited from the coarse grid. This 1s only possible, if the trivial prolongation
preserves the constraints. The constraints belonging to Qr are fulfilled by construction.
For an efficient implementation it is important that the problem can be solved locally.

Proof. First, we observe that the orthogonality relations (4.16) and (4.19) imply that
ApVr C Qr.
Using the relations
B, ((un, e *Apug), (vp,0)) = Ap(up, vp),
B ((un, e *Apun), (0,q,)) = 0
for all uy, v, € Vj, and g, € Q) we can rewrite (4.20) in mixed variables:
B((wr, e *Apwr), (vr, qr)) = Bh((RI‘g’OuH,sflAhR};’OuH), (v, qr)) Y (vr, qr) € X
By the orthogonality relations (4.16) and (4.19) we can insert the projection P! :
By ((wr, 5_1P5”TAth), (vr, qr)) = Br((RY ug, 5_1P5”TAhR20uH), (v, qr))-

We bring the dual variable to the left hand side, and use continuity of By(.,.) to obtain

Bh((wT7 571P3}Ah(wT - R}-/I,OUH))a (UTa QT)) = Bh((R}-/I,OuHa 0)7 (vTa qT))

V,0
= Ry unllv, [[(ors ar) ||, -
By stability of By(.,.) on X, we get
_ V,0 V,0

lwrllv, + e PG An(wr — Ry un)llq, = 1R unllv, = lumllvy- (4.23)

This bounds the first term of estimate (4.22):
IRyt lla, < 1R umllv, < IR wr — wallv, 2 llwllv- (4.24)
We are left to bound
e | Awunllz, = e IR Anunllc, + &IPS Apualle,

By the definition of the norm [|gn||3), = llanll5), 0 + € llanll?, and (4.23) we bound the first
term

SN BG Apunl2, < e |IPG Ay, (4.25)
= 7 |1Pg, ARy un — wr)[g,

= umllvy -

A
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We use P Ajywy = 0, property (4.17) of the prolongation and norm equivalence ||.||., =~
II.||e;; to bound the second term
1PS Awunlle, = (1P ARy ull,

~ s en(M Ry, G
el 1G],

ca(Agum, @)

= sup —
auecn Gl

[Arwmlley |G lley

< sup —
THeln 1 e,

< JArum|le,-

This gives
e IPG: Anunlle, 2 e IAmunllc, = [luall,. (4.26)
Combining (4.24), (4.25), and (4.26) proves the theorem. O

According to Lemma 3.5 we have to prove the existence of an interpolation operator
[g 2V, —= Vg

which is continuous in energy, i.e.

1l a, =< lunlla, Yuy € V. (4.27)
As in Theorem 2.13, the Fortin operator I% has the desired properties. Let

Qo =Quo®Qu,

be a stable decomposition with respect to ||.||.,. The subspace Qp o fulfills

larlll, < ellanls,  Yam € Qm.

The Fortin operator shall be continuous in the norm

L frunllv,e = llunllvn

and preserve constraints belonging to Qu 1, i.e.

cn(Apun, 1) = CH(Anguha Q) Vg € Qu,i-

Then Theorem 2.13 proves its continuity (4.27). The last assumption of Lemma 3.5, namely
the stable decomposability of
us = uy — Ry Tup,

will be formulated for the specific examples.
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4.2.1 Nearly incompressible materials

Let us consider the case of nearly incompressible materials. We have the fine grid bilinear-
form . i
Ah(uh, Uh) = (e(uh), €(’Uh))o + 671 (diVUh ,diV’Uh )0

at the fine grid space V}, and the coarse grid form

H

)o

at a coarse grid space Vy of P, elements. The coarse triangulation 7y may be arbitrarily
coarse. The triangulations must be nested.
We construct the prolongation operator R}, following Theorem 4.2. Therefore, we split

Qn=Qu X Qr.

The space 0y consists of the piecewise constants on the coarse grid, factored by the global
constant. The space Qr is

Ap(ug,vy) = (e(ug), e(vy))o +e* (diquH, divoy

Qr ={q € Q : " = 0}.

The space V7 is chosen as
VT = {Uh € Vh : Uh|8TH =0 VTH € TH}

If the fine mesh is obtained by bisection, the prolongation requires the solution of the local
problems indicated below:

This is a stable pair for the Stokes problem. The orthogonality (4.19) follows by the
theorem of Gauss, i.e

(divor, qy)o = Z/ div vpgy dx = ZqH|T / (n"vr) ds = 0.
T JTn o 8

T

Thus the prolongation operator consists of solving local Stokes problems in the coarse grid
elements Ty. The Fortin operator is such that the function values at coarse grid edges Fg
are preserved. By construction, the local complement

up = up — Ry IThuy,
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is bounded by
gl = [[unllr-

/ upds =0
Eg

for each coarse grid edge E'y. By the Bramble Hilbert lemma we get

and fulfills

lugllo = H lJuglly = H [Jun]:-

We will construct a local splitting of mesh size hj,. with h < h;,. < H. There are the two
extreme cases hj,. ~ h, and h;,. ~ H. The first one gives cheap local problems, while the
other one leads to an preconditioner with optimal bounds. For H ~ h both properties are
fulfilled.
We split u; into two parts
Uy = Up + uq,

with woV}, 0. This is done using the space Xr once more. Let (ui, p1) € Xg be the solution
of

BO((Ulapl); (vr, gr)) = c(Apuy, qr) V (v, qr) € Xr. (4.28)
Then there holds
c(Apuo, qr) = c(Ap(uy —uwr),qr) =0

per construction. Additionally, applying Gauss’ theorem on each element of 7z and using
[z, urds = [ uids =0 we get

c(Anuo, qu) = c(Apuy, qg) — c(Apus, qr) = 0.
We got
div uoh =0.
We proceed as in Section 4.1.2. We lift to u € V such that
divu =0 and u = ug on Fj,
and construct ¢ € HE such that
rot ¢ = u.

But now, we have the additional property

0
/ s :/ nTrotgods:/ nTuds:/ n"upds = 0.
By O Eg Ey Ey

This means that ¢ has a constant value in all corner nodes of 7y. By the choice of
boundary conditions it is 0. An other consequence is that the potential ¢ exists also
for general domains. Applying the Bramble Hilbert lemma to ¢, we get the optimal L,
estimate

lello = H?[lll2.
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By multiplication with the p.o.u. at mesh size h;,. we get

[iolls < by ZH?||oll2,

and as in Section 4.1.2

luollp, = leffrot(wiw)lllﬁZH(WO)II%

)
o7

loc

= i Rl 2

loc

The other component u; vanishes at 91, thus
luillo = Hl|wix

holds. By the definition (4.28) of u; and Theorem 2.8 (Brezzi) there holds
——h
[ual = {ldiveslo.
Combining we get
lunllg = H2 Jlugll, -

Thus we have optimal Ly estimate, with the additional factor . We can use the partitioning
of unity method starting with the original form A, namely

lalp, = inf > fuill,

w1 =3 u;
< ey Ml e {aallf + hillullg) < bl H gl a,

Summing up, we get
luglln, = il + luallh, = hgeH? lugllh, = by [Junll, -

If we have hj,. >~ H, we have constructed and analyzed a preconditioner with robust and
optimal spectral bounds.

4.2.2 Reissner Mindlin plate

We analyze the two level method for the Reissner Mindlin plate model. The fine grid
bilinear form A.(.,.) is

Ah((wh,ﬁh),(vh,éh)) = (5h,5h) (th ﬂh,vvh—(sh)o

h? +

1 1 h h
+ {t—g—m}(vwh—ﬁh , Vo, = 0 )o.
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The coarse grid form is defined by stabilization and averaging at the coarse grid, i.e.

Ap((wa, Br), (vi, 1)) = a"(Bu,0m) + (Vw — 3, Vv —d)o

1
H? 42

1 1 H
+ {tg—m}(Vw—ﬂ ,VU—5

H

)o-

We recall the norms of the primal and dual spaces, on the fine and on the coarse level:

1(wn, Bu)lI5, = 18wl + (B + )72 Vwy — Balls
l(wa, Bu)lly, = 18ulli+ (H + )72 Vwy — Bull;
and
lanll, = {h°+ 2} anll7,
lgully, = {H®+}llqulli,-

To obtain a stable prolongation, we need that the norms ||.||g, and ||.||g, are equivalent.
Thus, we have to restrict us to the case

H ~ h. (4.29)

The construction of the prolongation operator follows Theorem 4.2. We split the dual
space trivially into

Qn = Qr.

The space
Ve ={(0, By) € Vi : Bulr € Bz}

is enough to obtain stability (see Section 2.4.3). By the trivial choice Qu = {0}, assump-
tions (4.17) and (4.19) are clearly satisfied.

The prolongation is implemented very cheap by just performing one step of Point-
Jacobi iteration on the subspace of S-bubbles. The bubble-space splits A(.,.) orthogonal
into two-dimensional subspaces inside each element on the fine grid. Thus, the Jacobi step
becomes and exact solver.

The interpolation is the Fortin operator IZ;. We can chose a nodal interpolation operator
Ig’l for the corner nodes, because we had to assume H ~ h. The second step, 15’2 adjusts
bubble functions for elements with H > t. The fine grid complement

(wy, Br) = (wn, Br) — Ry Ly (wn, Br)

has to be split locally. It vanishes at corner nodes, thus the Bramble Hilbert lemma gives

1B¢llo = A1l Il
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and
lwello = R[[Vwyllo < b {||Vwy — Brllo + || Bsllo}
= h|Vws = Bllo + b |Brl
= h(h+t)|[(wy, Br)lv,-

We define the local norm
2 R ]' 2 ]‘ 2 430
| (whs Br) 15, 10 7= ﬁ”ﬁh”o + m“WHo- (4.30)

Combining both estimates above, we obtain that

1(ws, BT doe = 1wy, Br)ll, - (4.31)
By continuity in energy of the interpolation 7% and of the prolongation R};, there holds
[(wr, Be)lla, = [[(w, Ba)ll - (4.32)

All information we will need is contained now in

B T — e RL
1wy BN o + £V wy = By llg 2 1l (wns B, - (4.33)

This is the approximation property for the two-level method.

We will estimate

. _opy—=—""">"h
1(wy, B, = inf 1(wi, B4, = 1 (ws, B goe + 121V wr = Br 13
(wyg,Br)=>2(wi,B:)

Let 1}1:,2 be the operator for adjusting f,-bubbles for elements with h > ¢, i.e.
cn(Andy (Wi Br)s an) = en(An(wn, Br)yan)  Van € Quase.

It is continuous with respect to the local norm (4.30). The co-projector I — 15’2 maps into
the (reduced) kernel, thus there holds

[ (wn, Br) = 1y (wny B3, = 1wy Ba) = L (wns BT, = 1 (wns B[, oo (4.34)
We split (wy, By) = (wo, Bo) + (w1, 1) by

(wo, Bo) = (wy, By) — I *(wy, By)  and  (wy, B1) = I *(wy, By).

into a kernel function and into the rest. The splitting is stable in V}, jo.-norm. The following
identity using a partitioning of unity {¢;} adjusted to the Scott-Zhang projector I,f’l

(wo, Bo) = (I = ;") I," (O ) (wo, Bo)
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leads to the splitting of (wy, fBy):
(wo,i, Boq) = (I — 15’2)15’1%(@00,50)-
Combining (4.34) and estimates related to the partitioning of unity we get
l(wo, BN =) I (wos, Boa)lI3, (4.35)
DT = 1)1 i(wo, o),

F:
j Z ||Ih 11/%‘(11)0; 50)||%/h,loc
= Z ||(w07ﬂ0)||%/h,loc,wi
j ||(w0760)||%/h,loc'

The other component, (wy, 31), consists only of S-bubbles on elements with h > ¢, thus we
have

_ _on————5=h
1wy, BlD 2 *1Aullo <t *[Vwy = By [lo-

Combining the last two estimates with (4.33), we obtain the result

1wy, BID, = [I(wo, Bo)lID, + I (wi, BN, < 11(wn, Ba)lla,-

Thus, the two level preconditioner is robust with respect to h and t.

4.3 Multigrid Methods

In this section we formulate multigrid methods for parameter dependent problems and give
an outline of the analysis. The proofs of the approximation property and of the smoothing
properties will be postponed to the next sections.

The multigrid formulation is based on a sequence of possibly non-nested non-conforming
finite element spaces

‘/17 ‘/27 R VL
and on a chain of nested spaces

Q1 CQC...QLCQ

with norms ||.||y; and ||.||g,- The norms may and will depend on the level as well as on the
parameter. We set X; = V;x @, with the product norm [|(u, p)||x, := (|ull},+[|p[|3,)*/*. The
index [ denotes the level and takes the values 1 to L, unless explicitely defined differently.
On each level [ we need the symmetric and positive definite bilinear form in primal variables

Al(ul, Ul) = q (Ul, ’Ul) + 6_1 cl(Alul, Al’l)l). (436)
It is related to the symmetric bilinear form in mixed variables

Bi((w,pi), (v, 1)) = ai(w, vi) + e(Mw, @) + co(No, i) — € co(ps qi) (4.37)
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defined on X; x X;. The bilinear form Bj(.,.) shall be consistent with the form B(.,.) :
X x X — R in the sense of

Bi((u,e *Au), (v,9)) = B((u,e *Au), (v,q))  Yu€VV(v,q) € X.
We assume that a;(.,.) is symmetric and non-negative, i.e.
al(ul,ul) >0 Yu €V]. (438)

The form ¢(.,.) is assumed to be symmetric and positive, i.e.

c(pi,pr) >0 VO #p € Q. (4.39)
The bilinear form By(.,.) is assumed to be continuous
Bi((ur, pr), (v, qu)) = || (w, po) ||, [ (v @) [ x, (4.40)
i steble By((u1.1). (11 9)
(vl?qtl)IéXl Mo a)lx, = up)llx, Y (w,pr) € Xi (4.41)

Let VT C V and Q" C @ be subspaces with stronger norms ||.||y+ and ||.||g+, respectively.
Let V= D V be a larger space with norm ||.|[,-. Its dual is (V' ~)* with norm ||.||)-. We
assume that V; C V. The continuous variational problem: Find (u,p) € X such that

B((u,p), (v,q)) = fv)  V(v,9) € X (4.42)
is assumed to fulfill the regularity shift

[ullv+ +llpllo+ =W Fllv)- (4.43)

We require interpolation operators
=117 (Vi xQY) = X, (4.44)
fulfilling the approximation estimates

f o =17 vllv- + 1(v,0) = I (v, @) lx, = B (ol + llallg+) (4.45)

for given (v,q) € V't x Q. The coefficient 7 is related to the mesh size on level .
Additionally, on each space V; the inverse estimate

Nuallvy = B ||y - (4.46)

shall be fulfilled with the same coefficient ;. Let (u;, p;) € X; be the solution of the mixed
finite element problem

Bi((u, pr), (vi, 1)) = f(wr) V (v, @) € X (4.47)
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Then, by Theorem 2.15, the a priori error estimate to the solution (u,p) of (4.42)

By Hlw = wllv- =+ llu = wllv, + lp = pellay 2 | f llv-)- (4.48)

is valid.
As in Section 4.2 we define the trivial prolongation operators

R Vo, =V, (4.49)
with 2 <[ < L. They are supposed to fulfill the continuity and approximation estimates

1R Cwis ||y + Ryt ey — B wi ||y~

11w = Ry yully-

wi—1llvi_s,

=
- (4.50)

i [|ullv+

for all u;_; € V;_; and u € V*. Since Q;_; C @, we do not need explicite prolongation
operators for the dual variable. We combine the RZV’O with the identity to the trivial mixed
prolongation operator

RY’ = (R,,id) : X;_y — X.

We assume norm equivalence across two levels
1P-illo ., = lp-1lle Vo1 € Qi (4.51)
The actual grid transfer operator RZV’O requires the space
Xir =Vir X Qur C X, (4.52)

with the properties defined below. We have to solve a variational problem with the bilinear
form A;(.,.) on the space V; r. To be efficient it is necessary that V; 1 splits into subspaces of
small dimension which are orthogonal with respect to A;(.,.). The space @, is decomposed
as

Q=Qur® Qi1 (4.53)

with @l,l C Qi-1- The decomposition is assumed to be orthogonal with respect to the
inner product ¢(.,.). The space @, ; corresponds to coarse grid constraints which will be
inherited on the fine grid. The complement (), characterizes the constraints which can
be fulfilled by local projections. We define the ¢; ortho-projector 131 1 Q — @l—l- It is
assumed to be continuous with norm ||.||g,~¢,_,- The bilinear-from B(.,.) is assumed to
be stable on X, 1, namely for all (u,p) € X, there holds

B
sup l((uap)a (U, Q))
(v, )eXy T ||(va Q)HXI

= ||(u, p)||x;- (4.54)

We assume the inclusion
ANVir C Qur. (4.55)
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The inclusion ensures that corrections in V; r will not disturb constraints corresponding to
;1. The trivial prolongation is supposed to satisfy

By ((w—1,pi-1), (0,G-1)) = Bi((R) w1, p1-1), (0, G11)) (4.56)

for all (u;_1,p—1) € Xy and ¢ € @5_1. This condition guarantees that constraints

corresponding to ;—; are preserved by the grid transfer. On the space V;r not only the
inverse estimate (4.46), but also the norm equivalence

urllv— = P ffurlly; Vuyr € Vir (4.57)
shall be fulfilled. For 2 <[ < L, we define the projection
Pl Vi—Vir: AP, vr) = Al(w, o) Yu € Vi, Yur € Vi (4.58)
Then the actual grid transfer operator is defined as
RY = (I - BY)R}" (4.59)

The construction of the smoother needs the decomposition

Vi=> Vi Q=) Qu (4.60)
=1 =1

into subspaces of small dimension. The decomposition may be overlapping. The inclusions
Alw,i C Ql,i (461)

must be fulfilled for all 1 <i < M. Let a;(.,.) : V; x V; = R be symmetric bilinear forms
such that
El(ul,ul) > al(ul,ul) Vul € W (462)

We define the parameter dependent primal form
;‘L (U,l, Ul) = Eil (U,l, UZ) + 8_1 Cl(AlUl, Aﬂ)l). (463)

The smoother is an additive Schwarz method with subspace problems derived from the
bilinear form A;(.,.). That is

M
Sp=T-71Y T, (4.64)
i=1
where the operator Tﬁ is defined by

T'lﬁ : W — W,i . Al(Tlﬁul, Ul,z') = Al(ul, Ul,z') Vul € VE, Vvl,i S W,i- (465)
The smoother is an iteration with symmetric preconditioner Dy, i.e.

Sl:I—TDflAl.
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By the Additive Schwarz lemma, the norm induced by the preconditioner can be repre-
sented by

M
2 _ : 112
lall, =, inf - > lwall%, (4.66)

uevy,; =1

We will prove the approximation property for the norm
llly, 5 = A2l + & Az, + e 252 Al (4.67)

The norm combines three different terms. The first one is the improved convergence in a
weaker norm stemming from the usual duality argument. The second term is essential to
reflect continuity in energy norm. The last term bounds the coarse grid part of the dual
variable e 7t Ajy.

In Section 4.5 and Section 4.6 we will establish the estimate
lwllia,pe 2 Nwllyg YweW (4.68)

for two different types of smoothers for the considered problems. These components lead
to optimal and robust multigrid solvers:

Theorem 4.4 (Robust multigrid method). Define a multigrid method with the com-
ponents introduced above. Then a W-cycle scheme with sufficiently many smoothing steps
lead to an iterative process with contraction number independent of the level | and the
parameter . A variable V -cycle lead to a preconditioner for A; with spectral bounds inde-
pendent of the level | and the parameter .

Proof. According to Theorem 3.7 we have to check 3 conditions: The approximation prop-
erty
lur — RYAZL R T Al 5 < Mol 4, (4.69)

will be verified in Section 4.4. The local preconditioner 7 'D; of the smoother is scaled
such that
Al S TﬁlDl.

Estimate (4.68) will be verified in Section 4.5 and Section 4.6 for two different type of
smoothers. All estimates are independent of the level [ and the parameter . Together,
these conditions prove the theorem. O

4.3.1 Multigrid methods in mixed variables

Before we go into the details of the multigrid analysis, we derive an equivalent multigrid
procedure in mixed variables. Let the operator B; : X; — X; be defined by an inner product
on X;. According to (4.63), we define the inexact mixed form By(.,.) : X; x X; = R by

Bi((ui, 1), (v 1)) = a(wg, ) + eo( A, q1) + ci(Ayoy, ) — € c(py @1).- (4.70)
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The projection P : X; — X, and the operators 7,7 : X; — X;; are defined by

Bi(P5 (i, p), (oir, aur)) = Bi((w o), (o, aur)) Y (vrs aur) € Xor (4.71)
and B
Bi(TH(w, o), (vigy @) = Bi((wis o), (03, @) Y (i, i) € X (4.72)
for all (u;, p;) € Xj, respectively. Then the smoother and the prolongation operator are
SlB = I — TZTE,
R} = (I-P5)R"".

The smoother requires the solution of local saddle point problems. That is like a Vanka -
smoother [Van86]. But usual versions of the family of Vanka smoothers do not fulfill our
assumption (4.61). The multigrid method for the mixed problem is defined corresponding
to Algorithm 1.

We define the subspaces X;o C X;
Xio = {(u,m) € Xi: Njwy = epy}. (4.73)
For all (u;,p;) € X, there holds

Bi((u; pi), (0,¢1)) =0 Vg € Q (4.74)

as well as

Ay(u, o) = Bi((w; pi), (v, 0)) - Yo eV, (4.75)

and corresponding relations for A;(.,.) and By(.,.). The multigrid components in mixed
variables preserve the spaces X;,. On the subspace, they reduce to the components in
primal variables. This is collected in the following lemma:

Lemma 4.5. The multigrid components fulfill the following properties:

1. The smoother SP preserves X;9. On the subspace it is equivalent to the smoother SA
in primal variables. This means for (w,p) € X0 and

(ﬂ'laﬁl) - SlB(ulapl)

there holds (u;, p) € X1 and
fbl = SlAul

2. The prolongation R maps X;_19 into X;o. On the subspace it is equivalent to the
prolongation R} in primal variables. This means for (w_1,pi—1) € Xi_10 and

(a’la ﬁl) - RZX (U’l—la pl—l)

there holds (u;, p) € X1 and
lALl == Rlvul,l.
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3. The coarse grid solution operator maps X;o into X;_19. On the subspace it is
equivalent to the coarse grid solution operator in primal variables. This means for
(w,pr) € Xip and

(@11, pi-1) = B4y [Ri* ] By (us, pr)

there holds (4_1,p-1) € Xi—10 and

lALl,1 = Al_ill [RZA]TAlul.

Proof. 1. 1t is sufficient to prove the corresponding properties for the operators TZB; Let
(ui, pr) € Xio and (g, pr) = T (g, pr). From (4.61), AVi; C Qu, there follows Ajii — ep €
Qui- Using the definition (4.72) of the operator T}, we get

Ay — €D ) Ay — )
||Alfbl—6ﬁl||c,: sup ( 1y sz,Qz,z)cl — sup ( ) 5Pl;<]z,z)c,

q,:i€Q1,i ||ql,i c q,i€Q1,i ||qhi||cz

=0,

i. e. (ﬁ,l,ﬁl) S Xl,g. By (ftl,ﬁl) € XZ,O N Xl,i and (475) we obtain

gz(ﬂzavz,i) = El((@z,f?z), (v14,0)) = Bi((w, i), (v14,0)) = Ay(wg, viy) Vo € Vig,

what is the definition of Tﬁ
2. Let (w—1,pi—1) € Xi—10. We define

(i, p1) = B °(wi1,p1),
(wr,pr) = B, p),
(W, o) = (t,p) — (w,r, i)

By the definition of the projection P/, we have
(Alul,T —&pur, Ql,T)cl = (Aﬂll — €1, Qz,T)cl VQl,T € Ql,Ta
and by Ajuyr —epir € Ql,TJ—clélfl we have
(A —epir, Gi-1)e, =0 Vg 1€Q .

Thus we get -
(Nt —epr,qr)e, = (N — epy, Iﬁﬂz)cl Vg € Q.

We use assumption (4.56), Iﬁlql € Q_1, and (4.74) to show

(At — epr, @) e, = Bi((iu, 1), (0, I2 @) = Biy (w1, pi1), (0, 12 ,q1)) = 0,
i.e. (U, p) € Xio. We apply (4.75) to (4, p;), namely

Ay, v) = Bi((tg, pr), (v1,0)) Vo € V.
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For vy € V) this gives
Ay(ty — wy, vyr) = 0,

i.e. u,r = PlATle, and

N AN~ A V,0

iy = (I — Pl,T)Ul = (I - Pl,T)Rl Up—1,
and the equivalence is proved.

3. Let (u;, py) € X;. The definition of (@;_1, p;_1) is equivalent to find (a1, pj—1) € X;_1
such that

B (-1, P1-1), (vi—1, @—1)) = Bi((wi, pr), RZX’O(UlA,Qlfl)) V (v, qo1) € Xig.

We set (v,—1,q—1) = (0,¢,—1) and obtain (#_1,p—1) € X;—10. Thus we can apply (4.75)
on both sides to get

A (-1, v1) = Ay, Rl‘/’ovlq) Vi € Vi,
what is equivalent to @;_; = A; Y[R, )" A O

Theorem 4.6 (Equivalence of algorithms). The multigrid algorithm in mized vari-
ables preserves the space X;o. On this subspace it is equivalent to the multigrid algorithm
in primal variables. This means for (u,p;) € X0 and (U, p) = MP(u, p;) there holds
(al,ﬁl) € Xl70 and

TAI,Z == MlAul.

Proof. The multigrid operator M;* fulfills the recursion

M} = o0,
M = (SP™ (1= R/ (I — (ML) ATLR T A1) (7)™,

and the mixed operator M/ fulfills a corresponding one. We apply Lemma 4.5 and the
theorem is proved by induction. O

We define the norm

[ (us, po)|| B, = @, wi) + eci(pi, pr)- (4.76)

On the space X it is identic to the primal energy norm ||.|| 4,, i.e.

Nwilla, = (w28, ¥ (w, o) € Xio- (4.77)

For ¢ = 0 the norm ||.|| g, degenerates to a semi-norm.
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Theorem 4.7 (Optimal convergence rate of multigrid in mixed variables). Let
e > 0. The initial error is assumed to be in X;o. Perform either a W-cycle with
sufficiently many smoothing steps or a wvariable V -cycle with sufficient damping for the
system in mized variables. Then the iterates converge with rates uniformly in L and e
with respect to the norm ||.||p, -

Assume additionally By .(.,.) = Bi.—o(.,.), and the limit form By .—o(.,.) is stable with
respect to a limit norm ||.||x, =0 on the subspaces defined above. Then the algorithm in
mized variables can be performed for ¢ = 0 and the primal variable converges with respect
to the norm ||.||q, uniformly in L and .

Proof. First, we assume € > 0. The errors of the iterates stay in X, . Thus, the algorithm
is equivalent to the corresponding one in primal variables. The last theorem stated uniform
convergence rates with respect to the primal energy norm. Due to (4.77), this is equivalent
to convergence in the norm ||.||s,.

If the additional assumption is fulfilled, we can apply continuity arguments and pass
to the limit € = 0. O

4.4 The Approximation Property

In this section we will prove the approximation property (4.69) for parameter dependent
problems. The coarse grid correction step

us = uy — B AR A (4.78)

in primal variables is equivalent to the coarse grid correction in mixed variables. We set
p1 = ¢ 'Ayug, and Lemma 4.5 provides

(us, ps) = (I — By By R By) (ur, ). (4.79)
On X;, we define the local norm in mixed variables as
1w, )N 5 = B2 llell- + e llpellz, + 112l -
On the subspace X it reduces to [|.||y; 5, i-e.

(w2l x, 6 = llwllvo V() € Xip.

The property to be proven is
Jus|lvi o = [Jur]]a;; (4.80)

which reads in mixed variables as

||(U5,p5)||xl,6 = | (u1, p1)ll 5,
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We recall the definition of R;* and evaluate its adjoint

R} = (I-P5)R""
[RY)" = [R1"B/(1 - P5)B .

The operation (4.79) is split into the steps

(uz,p2) = (I = P7)(ur,p), (4.81)
(us,ps3) B[R Bi(uz, p2), (4.82)
(w,pa) = (I = PR (us,ps), (4.83)
(us,ps) = (u1,p1) — (ug, pa)-

The first step is called preprocessing step. The third step (4.83) is similar, it is called
post-processing. Both modify the functions by local operations, such that the classical
coarse grid correction (4.82) becomes efficient.

We apply the triangle inequality in the form

[(us, ps)llx, 6 = (w1, p1) = (wa, pa)ll x5

X’
(w1, p1) = (u2,p2)||x, 5 + [| (w2, p2) — R O(Usaps)Hxl,ﬁ +
1B, (us, ps) — (s, pa) | x5

IN

Each one of the three lemmas below estimates one of the three terms. We start with the
preprocessing step.

Lemma 4.8. There holds the approrimation estimate
[(uz, p2) = (w1, p1)llx, 6 = [l (w1, p1) |-
Additionally, the stability estimate
luzllvi + P2 = 12 sl = Ml (wr, p1) 15,
15 fulfilled.
Proof. We use (u2, p2) € X; 0, and thus
1wz, p2)1 5 = lluzlla, = (I = Pip)ualla, < Nuilla, = (w205,
This bounds the first term of the stability estimate. Next, we will establish the estimate

[wllvi = Jwl]a;- (4.84)
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We use stability (4.41) and continuity (4.40) of Bj(.,.) on X; to obtain

B 0 — (A
||wl||Vl j sup l((wla )J(UZJQZ)) — sup a’l(wlavl) Cl( lthZ)
waavex, v a)llx, (0,a)EX) | (v, a)lx,
< swp lar(wr, wy) + 7t e (A, Alwz)]l/Q [ar(vi, 1) + € a(q, (Il)]l/2
B (vi,q1)EX) ||(Ul7gl)||Xz
_ sup Az(wz,wz)m Bz((vzan), (vz, _QZ))1/2 < ||wl||A
(vi,q1)€X) ||(Ulagl)||Xl - :

For (u,pi) € X, inequality (4.84) can be rewritten as

Nwi|lv; = 1| (ue, 20)] B, -

To bound the approximation term we use (ug — uy,p2 — p1) € Xyr N X, the norm
equivalence (4.57), the orthogonal decomposition (4.53), and the estimate above to obtain

1(ua, p2) = (ur, P15, 5 = M *llue — walli- +€ llp2 = pall?, + 117 (02 — 2115,
< lug —w|ly, + e llpe — pallZ, < (w2 — wr, p2 = p2) 3, = 11 (ur, p1) ||,

From p, — Iglpg € Qur, stability (4.54) of X, r, inclusion (4.55), orthogonality (4.53), and
the definition of P}, we obtain

Bl((O,pQ - Il§1p2)7 (U, Q))

Ip2 — I2\pallg, X sup

(v.0)EX01 (v, 9)lx,
Bl((07p2)7 (U, q)) - Cl(Iglp% Aﬂ) - Q) Bl((O,pg), (UJ q))
= sup = sup
(v, )Xy, ||(U;Q)||Xl (v,)EX T ||(U;Q)||Xl
Bl((_UQJO)J(UJq)) 2
= sup = Juallv; = (w2, p2)l5,-
waexe 0 a)llx, l b

Lemma 4.9. The classical coarse grid correction fulfills the approximation inequality
X,0
1By (us, ps) — (uz, p2)llx, 6 = Nl (e, po)l| 5,
Additionally, the stability estimate

lusllviy + s = 12 1psllr = 1 (ur, po)ll -

15 fulfilled.
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Proof. From the variational definition of (us3,p3) € X; 1
Blfl((u?np?))a (va(I)) = Bl((u27p2)7RlX’0(va(I)) V(U,q) € lela (485)
and property (4.56) we get

Bl—l((u3ap3 - Ilcapo)a (UJ q)) = Bl((“?ap? - Iﬁﬂh)a RlX,O(UJ Q)) v (UJ Q) € Xl—l-

Stability (4.41) on X;_y, continuity (4.40) of By(.,.), continuity (4.50)+(4.51) of the pro-
longation operator RlX’O, and Lemma 4.8 give

Bl—l((u3;p3 - Il€1p2)a (Ua Q))

lusllvi, +llps = IZipallo, = sup

('U,(I)EX[_l ||(’U7q)||Xl,1
Bl((u27p2 - I£1p2)7 Rleo(Ua q))
= sup
(v,0)€EX11 ||(U;Q)||Xl,1

=< uzllvi + llp2 = 12 p2llor = 1 (ur, 1)1,

Norm equivalence (4.51) on @;_; and @), and Lemma 4.8 give
lps = palla, = lIps = 12 allo, + o2 = 12 ip2llor < [[(ur, 1) s,
and the estimate

lps = 12 psllay < llps = p2+ L2 1 (2 = p3) @y + Ilp2 — L2 1allqy = [I(ur, p1) 5,

We use continuity (4.40) of By(.,.) to bound the term ¢l|.|[2 of the approximation estimate,
namely

ellp2 —psllZ = ellpe — L2 ipolle, + 2 |lps — 12 1p2 |l
< pe = I pallg, + Ips — 1212l
= (ur, po)lls,

The only term left is the improved estimate in the weaker norm, which we will bound
by -
luz = B Puslly— < Ayll(uz, p2 — 7 1p2) || x;- (4.86)
We define the dual problem

B((gp, Zb)a (U, Q)) = (u2 - RlV’OU:;, U)V—.

The right hand side is a linear functional in (V~)* with norm [juy — R, ®us]|,—. We define
the finite element problems

Bi((er, ), (v, @) = (ug — sz’oub’a vy, (4.87)
Bz-1((801—1; %—1); (Ul—la %—1)) = (UQ - RlV’OU& Ul—l)V*; (4-88)
B ((@i-1, Y1), (v, qi-1)) = (ug — RZV’OU& Rlv’ovlq)v—- (4.89)
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with test functions (v, q) € X; and (v;1,¢1) € X; 1.
First, we estimate the difference of the solutions of (4.88) and (4.89) by

(11 — @im1, Vi1 — Y1) | x, (4.90)
Bi_1((p1=1 — @11, Yim1 — i—), (=1, 1))
= sup
(vi—1,q1-1)€X1—1 ||(Ul—17QZ—1)||Xl_1
(ug — Rlv,ou?” U1 — RlV’OUZ—1)V-
= sup
(vi—1,q1-1)€X1—1 H(Ul—la(ﬂ—l)”X,_l
vy — R 1|y -
< jug — R uslly- sup oy = By "o v < h||ug — R sy -
v 1€V ||vl*1||V171

We have used the approximation (4.50). Using the variational problems (4.87) and (4.89),
and the variational specification of the coarse grid correction (4.85) we get

lus = B Cus|[}- = (us = R ug, us)v- = (us — B Pug, B ug)y-
= By((pi, ), (2, p2)) — Bioa (-1, Y1), (uz, p3))
= Bul(p1,vn), (u2,p2)) = BURS(B11,01-1), (u2, p2))
= Bi((r,tn) — R (B1,1n), (uz, ps)).

Next, we use (4.56) and observe that
Bi((pu ) — R (@11, ¥11), (0,17 1 p2)) (4.91)
= Bi((e, ), (0, [31192)) — B 1 (@11, ¥i-1), (0, Ifilpz)) =0.

We continue and obtain

lus = R us|[} = Bil(en, v1) = B (@, 1) (uz, p2 — 12, p2) (4.92)
< e w) = B @)l 1(uz,pe = T2 p2)llxe - (4.93)

N

We use the continuity of the prolongation R;"°, and (4.90) to get

(1, v) — RSB, 0) 15,
|| (1, 00) — RzX’O(Sszl, Y1) x, + HRZX’()(Qlel; Y1) — RZX’O(@A, Yi1)|lx,

=
< lor— B %oallvi + 1 — i llg, + o llue — B Pus]|y-

If the spaces V,_; and V] are nested, and Rlv,o is the embedding operator, we can apply the
a priori estimate (4.48) and we are done. We did not use the regularity estimate (4.43)
explicitely for this case. If RZV’O is not the embedding, we need the intermediate steps

lor— B orallvi < llgr — IV ol + 11 ¢ — RP°LY gl + 1R 0 — R pu i ||vse
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Now we apply the approximation estimate (4.45) of the interpolation operator, the a priori
estimate (4.48), the approximation estimate of the prolongation operator (4.50), and the
regularity estimate (4.43) to obtain

lor — R %ol + [ — i allor = hllug — R Pus|ly-

Using these estimates in (4.92) and canceling one factor ||uy — R, us||y~ gives the result.
U

Lemma 4.10. The post-processing step (4.83) fulfills the approximation estimate
Xa
(s pa) = B (us, pa) x5 = Ml (urs p1) |13, (4.94)

Proof. Norm equivalence (4.57) on V; r, orthogonality (4.53), stability (4.54) of X, and
the definition of the projection (4.71) give

s pa) = B (g, p3) 5 == llua = B usly; + €2 lpa = sl
B RV’OU — U, — » \Us
=< |(uay pa) — R (us, p3)||lx, < sup (R " us — ug, p3 — pa), (v,9))
)X, (v, 9)]Tx,
- BB ups). (0.0) (BB s s = T2 1p), (0,0)
o Sup sup
woexir 10 0)lx e 1o, I,

V,0 0 Q
< (B Pus,ps — I p3)llxs = N (usyps — I2,03) 1o, = (i, 1) 1514

and the proof if complete.

4.5 The Smoother of Braess and Sarazin

Recently, Braess and Sarazin [BS97| suggested a new smoothing iteration for saddle point
problems. It is relatively simple to implement, and it is the only known method providing
an optimal dependency O(m™') on the number of smoothing steps. It was observed in
[BS97] that the iteration depends on the primal variable, only. Although the iteration
is called smoother, it is responsible for the grid transfer as well. In [Wie99] the scheme
is applied for parameter dependent problems in primal variables arising from nearly in-
compressibility. The task of this section is the integration of the smoother by Braess and
Sarazin into the theory based on the norm related to primal variables.

The construction of the smoother is based on a bilinear form a(.,.) : V; x V} such that
the problem: Find u; € V} such that

EL;(U;,’U;) = f(Ul) Yy eV, (495)

can be easily solved. E.g., the matrix arising from @; may be diagonal. It is assumed that

a; is scaled such that
dl(ul,ul) > al(ul,ul) Yu € V. (496)
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The bilinear form B
Al (U,l, UZ) = &l (U,l, UZ) + 87101 (Alul, Aﬂ)l) (497)

is feasible for (4.63). A special choice of space decomposition is to choose just one space
(M =1). Then the preconditioner D; used in the smoother becomes a global operation.
With B

Dl(ul, Ul) = Al(ul, Ul)

and the according definition of the operator D;, the smoothing iteration Sgg : V; — V} is
written as

Sps =1 — D' A, (4.98)

Before stepping into the analysis, we shortly comment on the implementation. One step
of the iteration
Uy = Spsuy

is written as
U = U — Wy,

where w; is the solution of the problem
ﬁl(wl, Ul) = Al(ul, Ul) Yu €V, (499)

One has to solve a global saddle point problem for w; as well, but by transforming to the
(discrete) dual problem, it (may) become much simpler. First, we formulate an according
mixed problem. Therefore, set p; = e7'Ayjuy, and r; = e'Ajw;. Then (w;,7;) € X is the

solution of the problem in mixed variables:
a(w,v)  + alv,r) = alu,v) + o(Nv,p) Vo eV, (4.100)
aNw,q) — calr,qg) = 0 Vg € Q. '

With the definition of El((ul,pl), (Ul, ql)) = CNLl(Ul, UL) + cl(Alul, ql) + Cl(Aﬂ)l,pl) — & Cl(pl, ql),
the variational problem is rewritten as

By((wi, 1), (v, @) = Bi((ui, pi), (0,0)) Y (o, q1) € X, (4.101)

In the notation of linear algebra, it reads as

(3 2)(2)- (")

One can pass to the Schur complement problem:

(Aa™'A"+ec)r=Aa""(au+ATp) (4.102)

> 1

It is assumed, that this problem is simple, and can be solved by a few steps of a precondi-
tioned iterative scheme. The corresponding norm can be expressed by

A 2
BT(MilAT + EQ)E —= Sup Cl( lvl?pl)

———— € ||pl||§l. (4.103)
wevi vz,
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If the multigrid iteration is performed in mixed variables, an approximative solution of
(4.102) is theoretically understood by the work of [Zul98b]. We will assume that (4.102)
will be solved exactly. If the dual variable r is calculated, the primal variable w is obtained
by

w=a "' (au+A"p—A"T7).

We will return to the Schur complement problems later, when we consider the specific
examples of nearly incompressibility and Reissner Mindlin plates.

Lemma 4.11. Assume that there holds the full reqularity estimate

||Ul||6,l < h_1||ul||v— Yu €V (4104)
Then estimate (4.68) holds with o =1, i.e.
lwll oy = {wallvy - (4.105)

Proof. The estimate follows immediately by the definition of the norm (4.67)
lally, 5 = B2 lwilB- + e~ Awall?, + 72112 A,
The last term is not used. O

Theorem 4.4 proves robust multigrid convergence with rate O(m~'/2), if the coarse
grid correction from Section 4.4 is used. The iteration of Braess and Sarazin can be used

to construct robust grid transfer operations, too. Using it, the rate can be improved to
O(m™1).

The smoother of Braess Sarazin maps into the kernel space. Thus, it is bounded as a
mapping from a parameter free norm to a parameter dependent norm. This is formulated
in the following lemma:

Lemma 4.12. There holds the estimate
|SBsul|p, < l|uilla Vu, €V (4.106)
Proof. We fix u; € V; and define w; € V; as solution of
Dy(wy, vy) = Ay(uy, v) Yo eV.
We represent the norm by

D(S
ISsllp, = sup 215B5%: %)
ueVL v o,

(4.107)
The numerator is estimated by

Dl(SBSUla Ul) = Dz(uz — wy, Ul) = Dl(ul; Ul) - Al(Ul, Ul)
ar(ug, vy) — ay(ug, vy)

wella;—a |02 -

willa, [[vellp, -

IN TN

Here, we have applied Cauchy-Schwarz to the (semi)-definite form af(.,.) —a(.,.). Inserting
the estimate in (4.107) proves the lemma. O
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It is mentioned, that we used only algebraic properties to obtain a stable grid transfer
operator. Especially, we do not require stability of the discretization. Ch. Wieners pointed
out this advantage, if not 100 percent stable finite element schemes like (Q; — Py elements
are used.

By a slight modification of the multigrid scheme, one can obtain the improved depen-
dency O(m~') on smoothing steps. This improvement could not be obtained by local grid
transfer operators. For technical reasons we assume now, that the spaces V; are nested,
and the trivial prolongation operator is just embedding, i.e.

R =1. (4.108)

But nevertheless, the forms are non-nested. Then we obtain the improved approximation
property.

Theorem 4.13. Assume, there holds the regqularity and approximation estimate
lu = wllv- < Bl fllv-)- (4.109)
derived from (4.48). It is assumed that there holds the full reqularity estimate:

lwulla, < B Hwlly- Yu €V (4.110)

Let Rlv’0 = I. Assume, there exists an interpolation operator I, : V. — V; which is a
projection and which is continuous with respect to ||.|[v-. The alternative coarse grid
correction step is defined by the procedure

us = Sps(I — R AL [R°F A))Spsu, . (4.111)

Then there holds the improved approximation property:

A
us||p, < sup Ay, v1)

. (4.112)
wevi |ullp

Proof. We fix u; € V). The coarse grid approximation is split into the steps

uy = Spgsui,

us = Rl‘/’oAf_ll [RlV’O]TAlUQ,
Ug = Uz — U3,

Us = SBSU4.

We define the linear functional f € (V=) by

f(?j) = Al(’U/Q,Il@) YoeV .
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Using the symmetry of the smoother we obtain for an arbitrary v € V—:
f(@®) = Ay(ug, ;5) = A(Spsuy, ;D) (4.113)
= Ai(u1, Spsiv)
. Aj(ug,v
< [|Sesliv|p, sup Al )
neV ||Ul||Dl
Next, we use Lemma 4.12, norm estimate (4.110), and continuity of [; to obtain
1S8s1i0l[p, < [[Liolla, < B[ Lollv- = B[Oy~ (4.114)
Combining (4.113) with (4.114) bounds ||f||(vf)* by the right hand side of (4.112), i.e.

f (@ A
[ ll-)- = sup Ji(v) =< h™'sup M
sev- ||O|lv- u |lvllp

By definition of f, and by the variational definition of the coarse grid solution, there holds

Ay(ug,v)) = f(w) Vo €V,

Ai(us,vi1) = f(uy) Vo1 €V
We define the artificial problem: Find @ € V' such that
A, v) = f(v) YveV.

Then we can use the a priori estimate (4.109) to obtain

udllv- = [luz — us|lv- < fJuz — ully- + |lus — ullv- (4.115)
=< Bl -y (4.116)
Finally, we apply Lemma 4.12 once more to obtain the result
lusllp, = [ISBsuallp, = [|ualla,
=< Ry Hluallv-
= Rl fllov-y-
< sup Al(ulavl)‘
] ||vl||Dl
The proof is complete. O

This approximation property gives optimal rate of convergence of order O(m™'). The
technique to proof the approximation property for non-nested forms was used by [BV90] for
problems without parameters. In [Wie99] a similar technique was applied for a parameter
dependent problem. Wieners used the intermediate estimate (4.115) as approximation
property, and verified an according smoothing property.

Both versions lead to equivalent results for problems with full regularity. But, for
problems with less regularity there may occur differences. The formulation presented here
suggests to use interpolation norms based on the parameter dependent norms ||.||4, and
|I||p,» while Wieners analysis suggests to use interpolation between the norms without
parameters ||.||,, and |.||z,- This point is only mentioned, and has to be analyzed in further
work.
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4.5.1 Application to nearly incompressible materials

The smoother of Braess and Sarazin was applied in [Wie99] to the problem of nearly
incompressible materials. We will shortly collect the involved bilinear forms. The form

al.,.)is
Ny

i(un,vn) = D alpi, o)uvi  Yun =Y wipnvn = Y vigj,

=1

i.e. the diagonal of the system matrix assembled with respect to the nodal basis (gpz)fvz’l By
an appropriate scaling factor ~ 1 the condition (4.96) is achieved. By an inverse inequality
and by Friedrichs’ inequality there holds the equivalence

lulla, = by Hwllo Yu € Vi

For problems with full elliptic regularity, the norm ||.||y~ was chosen as ||.||p and & = h,
such that
lurlla, = P el

holds. The discrete Schur complement problem behaves like
Aa ' AT +ec~ —hiA, + el

such that a Poisson solver can be used.

4.5.2 Application to Reissner Mindlin plates

In order to get an efficient smoother, one has to define to preconditioners, namely one aris-
ing from @,(.,.), and one for the Schur complement. We suggest the following components.
Let a; be the block diagonal form

o, 8012, = 7 { el + 116102, } (4117)
with a proper scaling factor 7 ~ 1. The preconditioners are chosen by
181113, = b2 Bulg (4.118)
and
a, =C '+ Cyt (4.119)
with
Jwlle, = h™* lwllf  and  Jwlle, = b7 [|wif5.

This means, we choose a sum of a preconditioner for the Poisson equation and of a diagonal
preconditioner. For the Schur complement, we choose a preconditioner S such that

lpell = (B +¢%)[IplIZ,- (4.120)
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Theorem 4.14. The smoother of Braess and Sarazin with the components (4.119)
and (4.120) leads to an efficient smoother.

Proof. First, we check conditions (4.96) and (4.110), namely

1(we, B)lla, < Nl (wr, BYNE, = B2l (wn, B~

By the additive Schwarz lemma, and Lemma 2.18 we have

lille, =, _inf - {llwalle, + lwelle,}

wy=wy 1+wy,
T A w5}

12

inf {h,*2||wl,1

wy=w,1+twi 2

inf {h72||w1||%+h72t2||w2||3}

w=w1+w2

= h 2wl

12

Additionally, there holds

1Billas = b HBillo = b M| Bllv-e,

and thus
[ (wr, B)lla, = A~ (wi, By~

By the inverse inequality ||(wy, 8)||v—i < h7Y|(wy, B;)|lv- proved in Theorem 2.20, and a
proper scaling factor 7 >~ 1, we get

| (wi, Bi)|lay < [ (wr, Br) |, -

Additionally, we have to check that the diagonal preconditioner for the Schur comple-
ment is an optimal one. We have to check that

ca(Vw, — B, p)?
(24 o2 = sup AT
(wr,B1)€V; H(wlaﬂl)nd,

+t2||pl||§l. (4.121)

We start with bounding the right hand side from above:

Cl(vwl - 5l7pl)2 2 2 val - Bl“gl 2 2
sup +tpll, X sup e ¢ Il
(wi,81) ||(wl75l)||§, “ (wi1,B1) ||(wl75l)||§l “

(12 + )| (wi, B)II2

=< q sup T+t pll7,
(wi,B1) ||(wl;5l)||al

< (P +) |ImllZ-

We bound the right hand side from below, by choosing w; = 0 and 7; in the bubble space
Vhﬂ, pup SUCh that

/ mdx = /pl dx for T with hy > t, and nr =0 else.
T T
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This gives
a(Vw = B,p)° | o 2 alBup)® | o e
sup +tpll, = il
iy (wi, B, “ ImllZ, , “
Ipellonse | o
e — + il
P2l
~ (1*+¢) pill2
and the equivalence is proved. O

4.6 Local Smoothers

In this section we will verify the smoothing property for local smoothers. The estimate to
be proven is (3.47), namely

lwllia,pie 2 lwllye  Yu € Vi (4.122)

The interpolation norm of index « € (0, 1] is defined by interpolating between the energy
norm ||.||4,, and the splitting norm

M,
lwllp, =  nf > Ml (4.123)

uiEVl,i =1

Since we will use only small local problems, there is no need to replace A(.,.) by a simplified
form A;(.,.). But there is no difficulty, when a(.,.) is replaced by a spectrally equivalent
form @;;(.,.) on the subspace V;;. The norm on the right hand side was defined in (4.67):

a3, 5 = B2 lullf- + e~ Awll?, + 12 vl (4.124)

The general strategy to prove estimate (4.122) is to split a function u; into three parts. The
splitting has to be stable in [|.[|,, 5, and each of the three terms is estimated by one of the
terms of ||.[[}; 5. For the case of nearly incompressible materials we use a global projection
by the limit problem, while for the Reissner Mindlin plate we can use local interpolation
operators.

4.6.1 A local smoother for nearly incompressible materials

We verify the smoothing property for the local preconditioner introduced in Section 4.1.2.
We recall the bilinear form for the limit case ¢ = 0

B°((u,p), (v, q)) = (e(u), e(v))o + (divu, g)o + (div v, p)o. (4.125)

The abstract norm ||.||y; 5 has the specific form

a2, 5 = b2 ull2 + e M diva |12+ 2diva 2.
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Theorem 4.15 (Smoothing Property). Assume that the domain is simply connected,
and pure Dirichlet conditions are posed on V. Assume there holds full elliptic reqularity
for the limit problem, i.e. the solution (a,p) € X of

BO((ﬂ,ﬁ), (an)) = (f,U) V(U,Q) e X

fulfills .
a2 + [IBl[x < [ f[lo-

Then estimate (4.122) holds with o = 0.5.

Proof. We split u; = u' + u? + u? by solving for (u’,p’) € X, such that

BY((u',pY), (v,0)) = B((u,0), (v, ))
BY((u*,p?), (v,9)) = B"((w,0), (0,4 — If,q)), (4.126)
B ((u*,p%), (v,q)) = B"((u,0), (0, szlq)) (v, q) € Xi.

The splitting is constructed such that u' is discrete divergence free, u? has non-smooth

divergence and u® has smooth divergence. Then we apply the triangle inequality,
Lemma 4.17 - 4.19, and Lemma 4.16 below to obtain (4.122) by

||ul||[Dz,Alh/2 < ||u1|| [D1,A1]1/2 + ||u2|| [D1,A1]1/2 + HU' || [D1,Atl1/2
= Nutllvis + il + 1l
= Nullvip-
U
Lemma 4.16. The decomposition (4.126) is stable in ||.||y; 5 norm, namely
1l + 1l + 1l 6 = v, 6- (4.127)

Proof. By Theorem 2.8 (Brezzi) we get the bounds [[ul||; + |[p*|lo = [Jw|1 and [Ju?]|; +
1P%l0 = |17 divuyllo. First, we bound [utll}, g = h?|[ut|[§. The solution of the dual
problem find (i, 1) € X such that

BO((QO,QZ)), (UJQ)) - (UIJU)U V(UJQ) S X,

is bounded by |||+ [|#]]1 =< [|ut]]o- By Galerkin orthogonality, approximation, regularity,
the inverse inequality A ||u||1 < ||u|lo, and integration by parts we obtain

lu'lls = B*((¢, ¥), (u', "))
= B(¢,¥) = I (¢, ¥), (u',p") + B (I}" (0,9) — (0, 9), (u, 0)) + B*((p, ), (u1, 0))

h(llellz + Il (latll + et llo) + A (lellz + 611 Tl + (lellz + 1110 ullo

=
= flutflo flually + llutlolluallo = fluflo [Jullo-
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Next, we verify the estimate
B2l < (R div il < = (1.128)

Therefore let
B°((p,¥), (v,9)) = (u*,v)0 Y (v,q) € X,
then we get by B((u?,p?), (v,q1-1)) =0 Vv €V}, ¢1 € Q1 the bound

[W?|l3 = B°((p,¥) — (I 9, I2 ), (u?, p?))
< h(llellz + 120 (Nl + 19%]lo) = Nlu?llo B (1172 divwlo.

Dividing by ||u?||o proves (4.128). The last term u® is bounded by the triangle inequality.
0

The discrete divergence free part u! is estimated by lifting to the potential space and
Sobolev-Space interpolation in the next lemma.

Lemma 4.17. Let u' be defined in (4.126). Then the estimate

||u1||[Dl,Azh/2 = ||u1||Vl,ﬁ (4-129)
18 valid.

Proof. We recall the lifting operator E : V; — V and the Fortin operator I/ : V — V; we
have introduced in Section 4.1.1. The operator E solves Stokes problems in each triangle
to map V;o to Vy. The interpolation operator I uses only values from 97T, such that it is
a left inverse to E.

By stability of the Stokes problem, and Friedrichs’ inequality there holds

[Eut s + kM Eutflo = B lo.

By the assumptions onto the domain and boundary conditions, and div Fu; = 0, there
exists a potential ¢ € H3(Q) such that

Eu' =tote  |olls+ el = B uo.

Different as in Section 4.2.1, we have no optimal bound for h=2||¢|[p. Thus we have to
apply operator interpolation.
On one hand, we have

11 vot|%, = |1 rotglf < (|2l3 Y@ € Hi(Q). (4.130)
We use the partition of unity from Section 4.1.2 to estimate for any ¢ € HZ
1 vot @llH < Y I vot ()%, = D [lvot (@) 15, <D Ieill3
< (e S0 = (19l + 213)

3,@ + 1@
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Let I/ : L, — HZ be a local regularization operator at mesh size h such that

_ 2 2
RN = L)l + 1T ell: = llelle,
2 2
1Tl + R ll2 = [lello
holds. One can choose a Clément operator mapping to a finite element subspace of HZ.

Then there holds ‘
1ot lla, < l@ll: V¢ € Hg,

and
2 o _ 2 o 2 o _ ~ ~
117 vot I @llp, 2 W2 @llo + (117 @lla 2 h72)[@lle V@€ L.

We use operator interpolation, and Hy = [Lq, Hg)1/2 (see [Bra9]) to conclude
2 L — ~ ~
12 70t 1" @llaspgsfe < h7HIGIL VP € Hy.
Since A; < Dy, there holds for the other component

~ 2 L ~ 2 L
||IlFrOt(<10_II€{ <10)||[z‘11,D1]1/2 = ||IlFrOt((10_I]€{ <10)||D1

< WG — I gllo + 116 — 1 Bl
= ol
Thus we obtain
lutllipag,, = 4" rot @l
< N1 vot I gl + 1 vot (0 = L @) limya,,
= b7 el + el
= h et lo = flutlly, 6.
The lemma is proven. O

The component u? is orthogonal to divergence free functions and has non-smooth di-
vergence.

Lemma 4.18. Let u? be defined in (4.126). Then the estimate

°l

16?11, = NUlvio (4.131)

18 valid.

Proof. We use .5, < [, 115, = A% |l and the intermediate result (4.128) to
obtain

2|12 212 _ : 2
o, a0, = l?llD, = ink D el

2 e M |uillg < AT WG = I 5.

Usg
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The part u® with smooth divergence will now be estimated by better approximation of
the coarse grid interpolant of the dual variable.

Lemma 4.19. Let u® be defined in (4.126). Then the estimate

||u3||[Dl,Azh/2 = ||u3||Vl,ﬁ (4-132)
s valid.
Proof. By definition of u® we have I* divu® = I? divu, and together with stability of

X,y we get ||u?]]y < |12, divayljo. This gives

la® I3, = (la®F + eI dive?®[5) < e M2 divalls < e [|u’l}, 5.

On the other hand, we have

lu?llD, = h=2e Hluillo = e A2 lu?l§ 2 e [le?l1F, 5.
s

inf
ud=>"

i

By operator interpolation we finish the proof.

4.6.2 A local smoother for Reissner Mindlin plates

We verify the smoothing property of the local preconditioner analyzed in Section 4.2.2 for
the two level method. Here, the abstract norm |||y, 5 has the specific form

lw B = 2w, B) 3 + I Aiw, A
_ . _ _ _on—=———=1
= n% it (el B+ 28I + AT B o

w

Theorem 4.20. Assume that pure Dirichlet boundary conditions are posed on V. Then
the condition (4.122) holds with o = 0.5, i.e. the estimate

1w B 14,0211, 2 1(wis Bl 6 (4.133)
is valid for all (wy, 5;) € V].

Proof. We will split the finite element function (w;, ;) into a Kirchhoff part, and the rest.
For this we define two interpolation operators. Let Ile : Ly — H be a local regularization
operator at length-scale h. It shall fulfill the approximation inequalities

lw— I w|e < A Flwll, VYweH, 0<k<m<2,
and the continuity and inverse inequalities

17 wlle < B Flw]m  VweHy 0<m<k<2
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Further, let I} : L, — V" a regularization operator at length-scale t. It shall fulfill the
approximation
lw— 1wl < ¢l Ve e B,

and the continuity and inverse inequalities
11wl <™ ||w||m Vwe H 0<m<k<I1.
This interpolation operator is feasible for Lemma 2.17. We recall the Fortin operator
I =1+ 17— 4,

where we use a Scott-Zhang Operator [ ol preserving quadratic polynomials for w and
linear polynomials for 5. The operator I, 2 adjusts S-bubbles for elements with A > ¢, see
Section 4.2.2. Then the Kirchhoff part is defined as

(w', BY) = IF (I 12wy, V I TP wy). (4.134)

The rest is
(wQJBZ) = (wlaﬁl) - (wlaﬁl)'

We recall the two-level approximation norm (4.30)

I(w, B)|

bioe = 781918 + e el
By Lemma 2.17, we can use a constructive expression of the norm
1(we, B = M willf + ¢ 2w = L will5.
Using this representation, one verifies that
1(w?, B2 goe + 2 IV w2 = 821§ = B2 (wi, B)I[5- + 2V = Bill5,
and (4.35) gives the estimate for the rest (w?, 5?):

1(w?, B%) o, = 1w, B)llvi 6-

To bound the Kirchhoff part (w!, 3') we have to apply operator interpolation. We define
T : L2 — W by ‘ ‘
W — Tw = IF (I 0, VI w). (4.135)

We use Theorem 2.13 to estimate

~ 2 . 2 .
1Tol, = 1@ o, VI o)
2 . _
~ VL[ + 2][o]f5
2 .
1" @3

][5

DNEPN
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Using a partition of unity, the additive Schwarz lemma, and an inverse inequality for I} 2,
we obtain

17w,

IN

> T ()|,
2
= D I () |13

=< Zh*‘*ll i) |2 < b3

A

Operator interpolation and Hg = [Hf, L)1 /2 gives

1T @l 2 b7 @l Vi € Hy.

We apply this to w = I[}"w; and get the result

1w®, B lanpnye = 17T willa0g,, = b7 willy

= 7wy, B)lv- = [ (w, By, 6-

A
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Chapter 5

Numerical results

Several versions of the multigrid methods in primal variables with local smoothers have
been tested numerically. The following problems have been investigated within the finite
element code FEPP on a SUN Ultra 1 / 166 MHz workstation with 320 MB RAM.

Problem A: Driven Cavity example.

We consider a Stokes flow on the unit square 2 = (0,1)2. The incompressibility is approx-
imated by a penalty term. The initial triangulation 7; is given by two triangles, further
meshes are obtained by successive refinement. We have used the finite element space based
on P, elements. The bilinear form A(.,.) on the finest level is defined by averaging the
divergence on the finest mesh, i.e.

Ap(u, ) :/Vqudx+6l/divuhdivvhdx (5.1)
Q Q

The source term is set to f = 0. Dirichlet boundary conditions are specified as
)T at nodes € [0,1] x {1},
r 0,1

" _{ (1,0
"7 (0,007 at nodes ¢[0,1] x {1},

and incorporated by homogenization of the FE system. A plot of the solution at level 5 is
given in Figure 5.1.

Problem B: Flow through a pipe.

The geometry and the solution at level 4 are given in Figure 5.2. The boundary is split
into the jacket I'y, inlet boundary I's and outlet boundary I';s. We specify homogeneous
Dirichlet boundary conditions at I'y and natural boundary conditions elsewhere. We solve
the finite element problem find u;, € V}, such that

Ap(up, vn) = (g, vn)o,r, Vo € V.

The bilinear form A(.,.) is the form defined in (5.1). The boundary stress is defined as
g = (0,1)". The problem involves curved boundary approximation, a non-convex domain

115
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Figure 5.1: Solution of Problem A

Lii

Figure 5.2: Solution of Problem B

and mixed boundary conditions.

Problem C: Nearly Incompressible Sub-domains.

We consider a problem of linear elasticity with two incompressible sub-domains. The
geometry and the solution at level 4 are given in Figure 5.3. Dirichlet boundary conditions
are introduced at the bottom, twisting volume forces are applied in €25. The material data
are £ =100,y =0.31in 2, UQy and £ =1,r = 0.499 in Q3 U (4.

At first, we investigate the behavior of the condition number x(C; ' Ay) in dependence
of the number of levels L and the parameter . The preconditioner C}, is obtained by the
application of a symmetric multigrid operator, either a W-2-2 cycle or a V-1-1 cycle. We
used an additive smoother as well as a multiplicative smoother. The numerical results
for the condition number x(C, '4;) for Problem A obtained by the Lanzcos method are
given in Table 5.1 for a V-1-1 cycle and in Table 5.2 for a W-2-2 cycle. For the W-2-2 the
calculated condition numbers neither depend on the level nor on the parameter, what is in
correspondence with the analysis provided. We do not have optimal estimates for V-cycle
convergence rate yet, but the numerical results seem to be very promising.

Next, we used the V-1-1 multigrid preconditioner in a preconditioned conjugate gradi-
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Figure 5.3: Geometry and solution of Problem C

[ ‘ Unknowns additive smoother multiplicative smoother
e=110° 102 10* [10% |10 102 [107* [10°°®
2 50 1.82 | 251 |266 |266 |1.04 |1.10 |1.11 |1.11
3 162 227 1679 |7.66 |7.67 |126 |215 |229 |230
4 578 258 | 859 [9.91 |993 |1.37 |247 |2.64 |2.64
5 2178 272 19.79 |11.60 | 11.62 | 1.39 | 2.56 |2.73 | 273
6 8450 279 |10.84 | 13.12 | 13.15 | 1.39 | 2.65 |2.82 | 282
7 33282 273 | 11.66 | 14.41 | 14.45 | 1.39 | 2.72 | 290 | 291
Table 5.1: Condition numbers for V-1-1 cycle, Problem A
[ ‘ Unknowns additive smoother multiplicative smoother
e=110° 1072 [ 10=* | 10=% | 10° 102 | 10=* | 107"
2 50 1.05 |1.08 |1.10 |1.10 | 1.000 | 1.00 | 1.00 | 1.00
3 162 1.15 | 165 |1.74 |1.74 |1.002|1.05 |1.06 | 1.06
4 578 1.19 | 176 |1.73 |1.73 |1.002 | 1.05 |1.05 | 1.06
5 2178 1.24 | 1.79 | 1.87 |1.86 |1.002|1.04 |1.05 | 1.05
6 8450 1.26 | 1.86 |1.92 |191 |1.002|1.05 |1.05 | 1.05
7 33282 1.26 | 1.87 | 192 |1.92 |1.002|1.05 |1.05 | 1.05

Table 5.2: Condition numbers for W-2-2 cycle, Problem A
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Level | Unknowns | Iterations | Time[sec]
2 50 4 0.01
3 162 10 0.08
4 578 15 0.41
5 2178 15 1.88
6 8450 16 8.56
7 33282 16 37.06
8 132098 16 154.80

Table 5.3: Tteration numbers and CPU times for Problem A, PCG with V-1-1 cycle

Level | Unknowns | Iterations | Time[sec]
2 230 10 0.1
3 810 13 0.6
4 3026 15 2.7
5 11682 17 12.9
6 45890 18 08.2
7 181890 18 242.0

Table 5.4: Iteration numbers and CPU times for Problem B, PCG with V-1-1 cycle

ents solver for the solution of Problem A, Problem B, and Problem C. The small parameter
is set to £ = 107% in Problem A and Problem B. The iteration is terminated after a reduc-
tion of the error in energy norm by a factor of 10%. The necessary iteration numbers and
CPU times are shown in Table 5.3, Table 5.4, and Table 5.5, respectively.

Problem D: Timoshenko beam.
We consider the Timoshenko beam model. The discretization is done with P'-elements for
both variables, and element-wise averaging of the shear at the finest mesh. The considered

Level | Unknowns | Iterations | Time[sec]
2 1344 11 0.7
3 4928 14 4.1
4 18816 15 194
5 73472 16 87.3
6 290304 16 351.4

Table 5.5: Iteration numbers and CPU times for Problem C, PCG with V-1-1 cycle
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Level | Nodes | t=1|¢t=0.1|¢=0.01]|¢t=0.001
3 5 1.000 | 1.00 1.00 1.00
4 9 1.002 | 1.11 1.22 1.22
5 17 1.002 | 1.13 1.30 1.30
6 33 1.002 | 1.14 1.34 1.35
7 65 1.002 | 1.14 1.36 1.38
8 129 | 1.002| 1.14 1.36 1.40
9 257 | 1.002 | 1.14 1.36 1.42
10 513 | 1.002 | 1.14 1.36 1.42
11 1025 | 1.002 | 1.14 1.36 1.43
12 2049 | 1.002 | 1.14 1.36 1.43
13 4097 | 1.002 | 1.14 1.36 1.43
14 8193 | 1.002 | 1.14 1.36 1.43
15 16385 | 1.002 | 1.14 1.36 1.43

Table 5.6: Condition numbers for Timoshenko beam, V-1-1 cycle

bilinear form Ay(.,.) is

1 1
An((w, B), (v,m) = / W dx 4 £ / w7 v dx.
0 0

Problem E: Reissner Mindlin plate.

We consider the Reissner Mindlin plate model on the unit square Q = (0,1)?. The dis-
cretization is done by the stabilized method from [CS98]. The considered bilinear form
Ah(., ) is

(@, 8), o) = [ () Detndx+ g [ (Vw7 (To—n)dx

1 h, ]
4 {1 - W}/ﬂ o =B Vo =) dx.

The tensor D corresponds to plane stress linear elasticity. We have chosen £ = 1 and
v = 0.2. We used P; elements for both variables, and condensed the bubble in the
assembling procedure.

The relative condition numbers of C}’ 'A, with a V-1-1 cycle multigrid with multiplica-
tive smoother for the Timoshenko beam (Problem D) has been measured. Table 5.6 shows
the results for varying mesh size and thickness parameter. For the Reissner Mindlin plate
problem, we could observe diverging W-cycle schemes for m < 3. We measured the con-
dition numbers of C, ' A4, for the V-1-1-cycle multigrid with multiplicative smoother. The
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Level | Elements | mesh-size | t =1 |t=0.1|¢t=0.01 | ¢t =0.001
3 32 0.25 1.29 1.49 3.00 3.11
4 128 0.0125 1.36 1.31 3.94 4.60
5 512 0.0062 1.39 1.39 3.50 5.40
6 4096 0.0031 1.39 1.46 2.87 5.53
7 8192 0.0016 1.39 1.47 2.78 5.08
8 32768 0.0008 1.39 1.48 2.76 4.30

Table 5.7: Condition numbers for Reissner Mindlin plate, V-1-1 cycle

results are given in Table 5.7. We mention that the condition number decreases from a
certain level of refinement. The reason may be that the forms are nearly nested for h < ¢.
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