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Workflow B8 NumPDEs
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Example: Laplace problem —Aw = 1 in L-shaped domain with known exact solution
AFEM: SOLVE & ESTIMATE — MARK — REFINE
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Goals: Optimal convergence wrt. dofs and time m NumPDIs

1) Unconditional convergence: The adaptive algorithm should converge for arbitrary choice of parameters.
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2) Best possible rate is @ = p/d, we want that AFEM produces it wrt:
dofs: i.e., dim X7 =~ #7; for fixed p overall computational work: assuming work (7)) ~ # 7y
Py (#72) “me(ue) < 00 suPrer, ( Zhr—o #7e) me(ue) < o0
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Towards optimal complexi
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Optimal complexity of AFEMs requires each of its modules to be realized in linear complexity:

® SOLVE is critical

® ESTIMATE v
® MARK (Stevenson 2007, Pfeiler-Praetorius 2020 for minimal cardinality marking) v/
® REFINE (Binev-Dahmen-DeVore 2004, Stevenson 2008) v/
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Adaptive iteratively linearized FEM
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Non-linear problem with energy structure m NumPDIs
Q C R% d e {1,2,3} a polyhedral Lipschitz domain f € L?(Q) | -] :=|V- 2
Scalar non-linearity: M (t — s) < p(t*)t —p(s®)s < L(t—s) VY0<s<t
and 1/(t) <0 Vt>0
—div (u(|[Vu*|))Vu*) = f inQ, u" =0 ondQ

Weak formulation: find u* € H}(Q) s.t.

(Au*, v) = (u(|Vu*|?)Vu*, Vu)r2) = F(v) Yve Hy ()

8 strongly monotone Mlu—|?* < (Au— Av, u —v)

® Lipschitz continuous  (Au — Av, w) < Lu —v| |Jw]||
= existence and uniqueness of weak solution u* € H} ()

Energy setting

\Vv(ﬂv)l2
® energy functional / / t)dtdz — F(v)
8 energy distance D?(u,v) := £(v) — E(u)  note: D (u*,v) = [Ju* — v
&
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Discrete problem, linearization, algebra m NumPDIs

® 7, asimplicial triangulation of @ and p=1 = X7 :={v, € H}(Q) :ve|r €P,(T) VT € T2}
® seek wu; € X} solution to

(Aup, ve) = (u(|Vu; ) Vuj , Vue)r2iq) = F(ve) Vo € 7.

® note that: D?(u},ve) ~ |lup — vel|> Ve € &Y

Idea: combine mesh-refinement (¢) with a linearization iteration (k) and algebraic solver (j) such that
ut ol a2 uy? Gk, j) € Q CNp
Katanov linearization: the iteration mapping ®,: X} — X} given as
(u(|Vue|) V®e(ue) Vue)r2i) = F(ve) forall  ug,ve € Xe

Parameter-free method

® contractive linearization: gf;, € (0,1) such that D*(®e(ub’), uf) < gfi, D*(up”’,uf) Vk € No

® contractive algebra: gaig € (0,1) such that  [|®¢(uf™"7) — up || < qaig [|Pe(uf”) —uf? || V4 € No
Ei
Ej
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Adaptive FEM with nested iterative solvers m NumPDEs

input: initial mesh 7o, initial guess Uo , adaptivity parameters 0 < 6 <1, Ajin > 0

for each ¢ =0,1,2,... repeat (mesh-refinement loop)

SOLVE & ESTIMATE

(linearization loop)
for k=1,2,..., K, repeat

for j=1,2,...,J, repeat (algebra loop)

compute u}[“ ~ u{ * from the previous step u -1
compute the local indicators 7, (7T, u; ) forall T € T,
until [algebra-criterion]

until D (up” b =) < i me(up?)?

MARK choose M, CT; suchthat 0 3 no(T,u,>”)2 < S no(T,up”)?

REFINE 7., := refine(7z, M,) TETe TeMe
0,0 . K,J
’LLZ+1 5 ’U/Z

output: discrete solutions uf’J and corresponding estimators ng(uf"’)
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Termination of algebraic solver | m NumPDIs

B the stopping criterion should guarantee that nested linearization-algebraic solver contracts in energy

D2('LL£,’LL[ ) < Qctr Dz(uéyuf b J) 0 < (ctr < 1
Equilibration criterion [HPSV21]
8 stop algebraic solver if b — w712 < Xarg [me(up”)? + D?(uf” up? ™))

® stop linearization if D2 (up’ ,uf By < A e (ug?)
—> full R-linear convergence for arbitrary Ai, but sufficiently small A.is
Note: there exists Cryg > 0 st. Cogllup™ —ub ™72 < D (up ™, up ")

Energy-based criterion [MPS24+]
® enforce algorithmically lup” —up? " < D2 (up” up’~')  (parameter-free)

8 stop linearization if ]D)2(uf’ ,uf BTy < Aiin e (u KJ)
— full R-linear convergence for arbitrary Ajin > 0

B
=
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Termination of algebraic solver |l m NumPDIs

Recall: there exists Cyy > 0 st. Chygllug™ —uy ™ V7|2 < D (up ™, uf ")

Energy-based criterion [MPS24+]

8 |nitialize threshold bounds amin= 100, Jmax= 1, and reduction factor p— 0.5

. . o k,j ki D2(ub b 9 bl 2
® |n each inner algebra loop, in addition to u,” compute o, = D(u,”, )/ Ny I
. k.j k—1,J k.j k.j ;
Until  |u,” =u, or |a,”? > amin| or |7 >0andj > Jmax

8 |f J[¢, k] > Jmax, then update Jmax < J[¢, k] and @min < P @min

Proposition (uniform bound on algebraic steps)
® There exists an index jo € N such that J[/, k] < jo for all (¢,k,0) € Q
® There exists 0 < Chyy < Cpyg such that

Corg Juf? —uf =572 < D?(uf”,ub="7)  forall (¢,k,0) € Q with k > 1.
Proposition (energy-contraction of inexact linearization)
There exists 0 < getr <1 — 9 Chrg(1 — qaig)*M?/L? < 1 such that  D?(uj,up”) < geoe D?(uf, uf ™ 7)
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A posteriori error control m NumPDEs

Note that for each iterate u% computed by the adaptive algorithm, there holds

k,j k k,j
" —ull < Jut—wgl] o+ Jui w4+ Jluke — ]
———
overall discretization linearization algebraic
error error error error
reliability N . box . P
S0 ome(ue) A flue—ugTl A+ lue =l
——
discretization
error estimator
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stability

Someug?) + luz — ™+ luz — ||

contractive
solvers

k 2, kg o k—1,Jy1/2 kj—1 k,j
ne(ug) + D7 (ug?, uy ) / +llug? ™ = |

linearization algebraic
error estimator error estimator

~
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Main results I: full R-linear convergence m NumPDIs
Theorem (full R-linear convergence of the quasi-error)
Consider arbitrary 0 < 6 < 1, \iin > 0. For all (¢ k', 5"), (¢, k,5) € Q with |¢,K', 5’| > |¢, k, j|, there holds

HE ' < Clin gl ¥ 17 0RI HR - 0 >0, 0 < qua < 1

Contraction regardless of algorithmic step: mesh—refmement, linearization, or algebraic solver step

algebraic solver norm contraction lub™ — w7 || < qaig lub™ — uf? =
linearization energy contraction ID)Q( “up) < gl D? (uy Rl T )

reduction, Dorfler, nested iteration n[+1(uz+1) < gome(ul’)+C H|ue+1 |

@ energy orthogonality D?(uf, w*) = D?(ufyq, u®) + D*(u), ufy)

B tail summability Hy < qllf{lk’ﬂ_lz K lHk/ I e S OHP < Hif,/’j/

[€k,5]>1¢" k5"

Corollary (unconditional convergence)

Iwr —ug?ll S HYY Sa™ HY® — 0 as |6kl — oo

lin

=
=
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Main results Il: optimal complexity of AFEM m NumPDIs

Theorem (optimal convergence with respect to overall computational cost)

Consider o > 0 and ||Ju* = sup N%| min ur < 00.
[l 1= sp N[ i g ()]

Let full R-linear convergence hold. For sufficiently small 0< 6 <1 and Ay, >0

@ N
— el s s (N #Te) WY S max {jutlla,, HY"}
(Z,k,j)EQ (é’,k’,j’)eQ
[€,k" 5" 1<]€,k,]]

if u* can be approximated at rate o over dofs and there holds full R-linear convergence,
then AFEM approximates u* at rate o with respect to overall computational cost.

0<f<«1l = optimal rates for AFEM with exact solver

0<Aiin<ld = uf"] ~uj and Dorfler marking is equivalent

E
B
=
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Numerical experiments
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Optimality of AILFEM

Test case: L-shaped domain and coefficient pu(t) = 1 4 exp(—t)

Parameters: § = 0.5 and Ay, = 0.7
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Parameter-less algebraic stopping criterion m NumPDIs
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Other iteration alternatives: linearization m NumPDIs

0=0.5 Ain =0.7 N: Newton (damped § =1/2) K: Katanov  Z: Zarantonello (damped § = 1/6)
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Other iteration alternatives: algebra m NumPDIs
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Take home messages m NumPDIs

analysis of adaptive algorithms should focus rather on rates wrt. complexity/time than dofs
linear complexity and contraction of the iterative solvers is crucial
nested iterations and new parameter-free algebraic stopping criterion enforcing norm-energy equivalence
@) reliability via a posteriori error estimators is ensured
@ full R-linear convergence s [ e
. .. ' ¥ is non-li
> holds for arbitrary adaptivity parameters s S e
. . . . — system
P gives contraction regardless of algorithmic step —_ eagze ) < with solution
. . . © Stoppin, uy™ is expensive
P provides the equivalence rates = complexity e ‘
[ solve algebra [ computable
. . . . . L, i tly (j) = approximation
@ optimal complexity is ensured for sufficiently small parameters P g (MOPCG) |
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Thank you for your attention! B NumPDEzs
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