Unconditional full R-linear convergence and
optlmal complexity of AFEM for nonlinear PDEs
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Motivation

The goal of this adaptive algorithm is to approximate the solution u* of a nonlinear
PDE with optimal convergence rates at (quasi-)minimal computational cost (and
hence computation time), i.e., optimal complexity. Given an initial mesh 9,
we say that u* can be approximated at rate s > 0, i.e., ||u*||a, ) < 00, if
there exist (theoretical) optimal refinements of I along which the (quasi-)error
decreases with rate s. Crucially, we focus on proving that the adaptive algorithm

is unconditionally convergent regardless of the user-chosen parameters. Next, we
verify optimal complexity for sufficiently small adaptivity parameters.
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Adaptive algorithm
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+ update by solver from [IMPS2024]
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until g =< N ()

compute 7,(T", u;”)
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(enforce norm-energy equnvalence)

(equilibrate linearization error)

Output: approximations ulg’j; estimators ng(ulg’j); index set Q with counter

0k, j| =#{(C K, 7)) €
Important consequences

Q: ulg,’j computed not later than ulgj}

Norm-energy estimate: For any adaptivity parameters 0 < 6 < 1and 0 < A,
there exist Cps and jnrs € Ny such that

0 < Chrg luy” —uy "|II” < E(uy, ") — E(u,”)  for all j with joe < j
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Uniform bound on algebraic solver steps: There exists j; € N such that
for all J|4, k| < jo for all (£,k,0) € Q

Main results

Unconditional full R-linear convergence: For any parameters 0 < 6 < 1
and 0 < \j,, the quasi-error
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Rate = complexity: Convergence rate s with respect to the degrees of freedom
is equivalent to convergence rate s with respect to the computational cost
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Cost-optimality: Optimal convergence rate s with respect to the computational
cost for sufficiently small adaptivity parameters 0, \;;,
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Numerical experiments
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Lowest-order conforming FEM for the solution of
— div(Vu* + exp(—|Vu*|))Vu*) =1 in Q subjectto u*=0 on 9
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(c) Norm-energy equivalence constant (d) Uniform bounded iteration numbers
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