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Chapter 1

Introduction

1.1 Non-local Operators

In this lecture, we study the analytical behavior of certain non-local operators and present some
numerical methods for these.

We call an operator A : X — Y acting between two function spaces X, Y of functions u : R — R
local, if for all € R? the value (Au)(x) (if point-evaluation is possible) only depends on the values
of u|p, () for all € > 0, where B.(z) := {y € R? : |z —y| < £} denotes the open ball of radius &
around z € RY.

Classical examples of local operators are, e.g., differential operators such as the Laplacian
d 82
Au(x) := —su(z
()= 3 gyt

on the function space 02(Rd), since computing derivatives at a point x only needs the function
values in a neighborhood of x.

Conversely, if an operator is not local, we call it a non-local operator.

Non-local operators appear oftentimes in physics by modeling of non-local effects such as gravity
or quantum entanglement. As a simple mathematical example, we consider the integral operator

1
Au(x) = /0 (x —y)uly) dy u € L(0,1).

From the definition, one directly sees, that the computation of Au(x) needs all values u(y) for
y € (0,1). This also leads to the effect, that, even if w is locally supported, e.g., u is the characteristic
function of a sub-interval u = X(1/4,1/2), We compute that supp Au := {x : Au(x) # 0} = [0,1],
i.e., Au does have global support.

This observation is particularly important for numerics, since the discretization of local operators
(e.g. by finite element methods for the Laplacian) usually leads to sparse linear systems of equations,
which can be solved efficiently. In contrast, non-local operators lead to fully-populated matrices,
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and computations with these can be too expensive. Therefore, an additional challenge for non-local
operators is to derive efficient numerical methods that circumvent the problem of fully populated
systems.

In this lecture, we are primarily concerned with non-local operators of convolution type with singular
kernel

Au(z) = / k(- y)uly) dy,

where the kernel function k is singular for x = y. This also includes some definitions of so called
fractional differential operators like

(—A)* for s € (0,1),

i.e., differential operators with non-integer order of differentiation. A formal definition of those
is not straight forward and other definitions, which are not based on singular integrals exist, see

Chapter

In the following, we briefly motivate where such classes of operators appear.

1.2 Recasting a PDE as an Integral Equation

Consider the Poisson equation on an unbounded exterior domain Rd\ﬁ, where  is a bounded
domain

—Au=f  in R\Q,
ulgo =g  on 08,

where f, g are given data.
We refer to the PDE lecture, for the fact that there exists a fundamental solution (or Green’s
function) G(z,y) = G(x — y) satsifying —AG(z,y) = 6, (delta distribution). Assuming sufficient
regularity, we can use Green’s second formula with v and v(y) = G(z — y) to obtain

(—Aw, ) 2 (ravgy + (Onth; V) 12(00) = (U, —AV) 12 (gavgy) + (4, Onv) £2(00)-

Using the definition of the fundamental solution and the PDE, we (formally!) obtain the represen-
tation formula

u(@) = (f,G(@,") 2argy) + (Ont, G(@, ) 12(00) — (9, OnG (2, ) L2(00) -

This can now be written in terms of the non-local operators (of convolution type) N (Newton
potential), V' (single-layer potential), K (double-layer potential) as

u(z) = Nf(z)+ Vé(z) — Kg(z) forz € Q, (1.1)
where ¢ := du/0n and

/Ga:y y)dy, /Ga:y y)ds,

/89871ny g(y)dsy x € €.
y
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In the representation formula (1.1]), there are still two unknowns, u in the exterior domain and
the normal trace ¢ on 0f2. However, taking the traces on J€ (i.e. considering the limit process
Q>7 — x € 0N), one obtains (the appearing operators are just the traces of the potentials defined
above)

g(z) = Nof(z) + Vo(z) — (K —1/2)g(z) for x € 00
or rewritten as
Vo=—Nof +(K+1/2)g on 9.

Now, the only unknown is the normal trace ¢, which solves a non-local integral equation. For
solvability of such an equation, we refer to standard textbooks on integral equations (in fact, the
operator V is elliptic on appropriate Sobolev spaces).

While the derived formulation seems to be more complicated than the PDE, which we started with,
the integral equation has a very destinct advantage in that it is now posed only on a bounded set 0f2
instead of an unbounded domain R4\Q. Thus, ideas similar to the standard finite element method
can be employed for discretization, which is directly not possible for the PDE on the unbounded
domain.

Example. A classical example for application of the above reformulation is acoustic scattering or
radar. Hereby, a so called incident wave, here u!"(z) = ¢/* | is sent to an object and the goal is to
compute a so called scattered wave u® by an object €2. This is inherently a problem posed on )¢
(unbounded!). Note that the scattered wave contains information about €2, which can e.g. be used
to reconstruct the object (as done in radar).

inc

Figure 1.1: Scattering by an object 2.

In this example, the total acoustic field is given as v = u™°+u* and satsifies the Helmholtz equation
Au+ Eu =0 in RN\Q

together with a so called Sommerfeld radiation condition ”"boundary condition at infinity” given
for r = |z| by
pu® — iku® = o(r~1).

Then, u can be written using the ideas from above as

_ ,inc _ Gz —y)0, d Glx—y)=———
ue) =u = CE oty Gla—v) =gy
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and taking the normal derivative on both sides gives a boundary integral operator formulation.
Discretization with a Galerkin method ("boundary element method” - BEM) gives the following
simulation for the total field (c.f. [BS21]).

Scattering from the unit sphere, solution in plane z=0
- — -

- G W W -

'
]
i
]
Y

Figure 1.2: Scattering at unit sphere (d = 3), solution plot in the plane z = 0, figure take from

[BS21].

1.3 Fractional Operators

Recently (since ~2000), more complex physical and biological models started to take non-local
diffusive effects into account. A simple model for such operators is the fractional Laplacian

(—A)* s € (0,1),

where the choice of s gives an additional model-parameter for more precise modeling.

As such, further applications in finance, image processing and materials science followed.
Mathematically, these operators are also of interest as some crucial differences to the Laplacian
appear. As already mentioned, fractional differential operators are non-local, which makes their
analysis and numerical approximation challenging. In fact, even the precise mathematical definition
of these operators is not straight forward. On the whole space R¢ there are multiple definitions,
which turn out to be equivalent. A formally easy way to define the fractional Laplacian is to use
the Fourier transformation to write

(=A)'u = FH(|¢[* Fu),

which, however, is unpractical for numerical methods. A definition, which is more in line with the
singular integral operators of the previous subsection is given by the so called integral fractional
Laplacian defined pointwise as the Cauchy principal value

u(@) — u(y)

(—A)’u(z) :=C(d,s) P.V. S Y.

Rd |7 —
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Restricting oneself from the full-space to a subdomain {2 makes matters more complicated, as dif-
ferent definitions turn out to be not equivalent any more. In this lecture, we discuss two different
definitions, the integral fractional Laplacian, which is the formula above applied to functions van-
ishing outside of the domain, and the so called spectral fractional Laplacian, which uses the
eigenvalues A\ and eigenfunctions ¢y of (—A) to define

(—A)u:= Z AL UE Ok, U = /ngokdac.
k=1

There are some other definitions, like the regional fractional Laplacian, which we do not discuss
in detail in the following, and given your application in mind you need to choose the appropriate
definition accordingly.

Ezxample. An example for a simulation of a physical process involving fractional derivatives is
given by phase separation by means of the fractional Cahn-Hilliard equation

Ou~+ (—A)S(—Au+ f(u)) = 0.

The following simulations from [AMI7] show the effect of including non-integer powers of the
Laplacian in the equation as an effect called ”coarsening” of the structures is way less prominent
for smaller values of «.

Figure 1.3: Phase separation by means of a (non-local) Cahn-Hilliard equation (random initial
data), figures from [AMI17].

A probabilistic motivation for fractional PDEs involving the integral fractional Laplacian will be
given in the next section.

1.4 Further examples of non-local operators

Integral transformations
The Fourier transform ) ~
F = — t)e %t
(N©=—=[ 10
is non-local as, for example, the step function f(t) = x[_1,1) is transformed to
Foan©) = = [ = 2 no

B = e = sin(().
X=11] Voarm )1 V2

7




CHAPTER 1. INTRODUCTION

F(f)

1/
[r——
1

In the same way, the Laplace transformation

L(f)(s) = /0 " f(et at

is non-local.

1.5 Outlook and Literature

In the following, we briefly sketch the content of the lecture notes and mention important works
used to write this lecture notes. In this version of the lecture notes, we take fractional operators as
model problem. Many techniques employed can also be used for other non-local operators such as
the integral operators appearing in the reformulation of the Poisson equation as integral equation.
Details for this specific model problem can be found in text books on the boundary element method,
such as [Ste08al, [SS11] or in a previous version of the lecture (held in winter term 19/20) with lecture
notes downloadable at

Numerical methods for fractional operators are studied quite recently and as a consequence few
textbooks suitable for lectures are available, and the course is mainly designed using research
articles. As such, this lecture notes can also be seen as a collection of readable literature for an
introduction to the topic and further studies.

Chapter 2: Definitions of the Fractional Laplacian

Different definitions — and their equivalences — can be found in the rather technical paper of Kwas-
NICKI [Kwal7]. Among them, we mention the ground breaking work of CAFFARELLI and SIL-
VESTRE, [CS07], where the fractional Laplacian was identified as a Dirichlet-to-Neumann operator
for a degenerated elliptic PDE. A good overview article is [LPG™20].

e We start with a probabilistic motivation by looking at a random walk approach with arbitrary
long jumps. It turns out that taking the limit of the discrete random-walk gives a fractional
heat equation u; = (—A)%u, with the integral fractional Laplacian, whereas a fixed length
random-walk gives the classical heat equation.

e We formally introduce different definitions of the fractional Laplacian: the integral definition,
the Fourier definition, the definition via a heat-semigroup as well as the famous Caffarelli-
Silvestre extension problem, which gives a PDE-approach to fractional diffusion. On the
full-space R?, we prove that all definitions are equivalent.

e Having understood the definitions in R?, we turn to the case of a bounded subdomain Q C R
We start by introduction Sobolev spaces of non-integer order and their properties, further
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information on that can be found in the book of MCLEAN, [McL00]. Afterwards, we state the
integral and spectral definition and discuss that they are indeed different operators. Moreover,
we formulate the Caffarelli-Silvestre extension for both operators, which is very useful for
analysis and numerical methods. Good references for that are [CS07, [Sti10, [ST10].

Chapter 3: Numerical Approximation

Here, we mainly focus on the integral fractional Laplacian. A good overview article on numerical
methods for fractional PDEs is by NOCHETTO ET AL., [BBN™18], which collects results of AcosTa
and BORTHAGARAY, [AB17] for the integral fractional Laplacian, as well as NOCHETTO, OTAROLA,
SALGADO, [NOS15| for the spectral fractional Laplacian. The more recent overview article [BLN22]
gives more focus on regularity and mesh design for finite element methods.

We start by deriving a weak formulation for the equation (—A)®u = f using the integral
fractional Laplacian, which leads to the non-local bilinear form

- (u(z) — u(y))(v(z) —vly)) , .
a(u,v)_/Rd/Rd dy dx.

|l’ _ y|d+23

Hereby, analyzing a Galerkin approximation has two main difficulties: the non-locality of the
bilinear form, i.e., plugging in two functions with disjoint support gives in general a non-zero
contribution, as well as the non-locality of the energy norm in a fractional Sobolev space.
The non-locality of the norm does not allow for elementwise a-priori estimates. However, we
mention a remedy for this problem by proving a localizable upper bound for the energy norm.

With a Ceé-type best approximation estimate, the a-priori analysis of a finite element approx-
imation then comes down to a question of providing a quasi-interpolation operator with the
right approximation properties — here the Scott-Zhang projection — as well as regularity of the
solution. Assuming sufficient regularity, we prove convergence of the FEM approximation.

Regularity for the integral fractional Laplacian is rather delicate, and it turns out that so-
lutions tend to be not more regular than H/ 2+5-¢(Q)) even if the geometry and right-hand
side are smooth. However, the singularities in the derivatives at the boundary 9 can be
captured in certain weighted Sobolev spaces, which is the main observation of [FMMS22].
Assuming analyticity of the data, one even obtains analytic regularity of the solutions in
weighted spaces.

The discussion on regularity gives an idea on how to construct suitable meshes in order
to obtain better convergence rates for fractional PDEs. Finite regularity results together
with graded meshes, [BLN22], can be used to improve convergence rates to h'~¢. Employ-
ing geometric meshes, the weighted analytic regularity can be used to obtain exponential
convergence, which can be found in [BFM™23, [FMMS23].

Finally, we comment on adaptive methods for optimal mesh design, [AG17, EMP21].

Chapter 4: Numerical quadrature

The calculation of the stifness matrix for the integral fractional Laplacian comes down to evaluation
of certain singular integrals. While FEM error analysis oftentimes assumes that the bilinear forms

9
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can be evaluated exactly, this is in practice not always possible. A way to analyze this so called
variational crime is by means of the Strang lemma. In order to employ this, a separate analysis of
the quality of the used quadrature formula has to be made. Here, we consider a weighted Gaussian
quadrature formula, so called Gauss-Jacobi quadrature, which fits the given problem class very
well.

Using the transformation theorem, certain variable substitutions can be made such that the singu-
larities of the integrad can be mapped to the coordinate axis [CvPS15] and afterwards the weights
in the Gaussian quadrature takes care of the singular behavior. For this ongoing research, we refer
to [BEM24].

Chapter 5: Data-sparse approximation

A main problem for numerical methods for non-local operators is that usually discretizations lead to
dense stiffness matrices with O(N?) entries. Thus, computations such as solution of the correspond-
ing linear system tend to be very expensive. A way to circumvent this is to use approximations to
the system matrices in data-sparse formats to reduce the complexity to O(N log N).

Here, we only consider the matrix compression format of hierarchical matrices (H-matrices), which
approximates matrix blocks by low-rank approximations, and give a very brief introduction in the
topic. More details can be found in the book of HACKBUSCH, [Hacl5|, or a special lecture on this
topic with lecture notes downloadable at https://www.tuwien.at/mg/asc/faustmann/lehre/skripten.

Chapter 6: FEM for the Extension Problem - Spectral Fractional Laplacian

For the spectral definition of the fractional Laplacian, an overview on numerical methods is given in
[BBNT18|. We also mention [NOSTH] for the PDE approach using the Cafarelli-Silvestre extension
and [BMNT19| for more advanced numerical methods and their analysis.

e Here, the PDE interpretation using the Caffarelli-Silvestre extension problem is the main
tool used, and the PDE (in d + 1-dimensions) is approximated using FEM. Again, questions
of approximation properties and regularity are discussed, where especially the regularity in
the extended dimension is crucial.

e Finally, we discuss sparse grids as a method to improve the complexity of the approximation
with respect to the problem size.

Chapter 7: Dunford—Taylor Approach

For this approach using the Dunford-Taylor calculus (see e.g. the book of YOSHIDA, [Yos&0]), we
refer to the article of BONITO and Pasciak, [BP15] and the follow up work [BLP19]. Results on
the used sinc-quadrature can be found, e.g., in [Ste93| [LB92].

e Using Cauchy’s integral formula gives yet another definition of the fractional Laplacian with
the so-called Dunford—Taylor calculus. In fact, one can deform Cauchy’s formula to the
real-axis to obtain an operator-valued integral over RT, the so called Balakrishnan formula.

10
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e With the Balakrishnan formula at hand, one can derive a numerical method using FEM
to approximate the shifted Laplacian in the integrand and so-called sinc-quadrature to ap-
proximate the integral, which converges exponentially. Balancing the FEM error and the
quadrature error gives convergence rates up to h?~° for highly regular solutions.

e The Balakrishnan formula only holds for the spectral integral Laplacian. However, one can
derive a similar formula for the bilinear form corresponding to the integral fractional Laplacian
using the Fourier transform.

11



Chapter 2

Definitions of the Fractional Laplacian

2.1 The Integral Fractional Laplacian

2.1.1 Probabilistic Motivation

As a motivation for the fractional Laplacian, we start with a random walk approach with arbitrarily
long jumps. Let P be a probability measure on N given by

1
P(I) :=¢(s) Z e for I C N,
Jel

—1
where ¢(s) := (Z‘;‘;l ﬁ) is a normalization constant (depending on s) such that P(N) = 1.

We study the motion of a particle described as follows: We assume that the particle does discrete
jumps and denote by h the minimal possible jump-width in space and by 7 the step size in time
and link them by 7 = h?.

By u(x,t) we denote the probability of a particle being at the place x at time ¢ . The particle moves
in a way that for each timestep 7, it chooses a random direction v € 9B1(0) C R? according to a
uniform distribution as well as a j € N according to the probability distribution P and it makes a
step in space in the direction jhuv.

Example. In one space dimension d = 1 and allowing only forward/backward jumps of length h
both with probability 1/2 gives a classical random walk. Then, we have

1 1
u(z,t+71) = iu(:n + h,t) + iu(:n — h,t)
and assuming 27 = h? yields

w(z,t +7) —u(x,t)  u(r+h,t)—2u(r,t) +ulx - h,t)

T h?

Taking the limit h, 7 — 0 gives the heat equation

u = Au. [ |

12
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random walk - fixed jump size ‘ ’ arbitrary long jumps

’heat equation‘ ’fractional heat equation, Lévy process

Figure 2.1: Random walk with fixed or arbitrary jump sizes.

In contrast to the previous example, we allow jumps of arbitrary length (although long jumps have
small probability).

Example. The value u(z,t + 7) is given by the sum of all probabilities of the particle being at
time t at location x + jhv multiplied with the probability of jumping from there to z, i.e.,

u(x + jhu,t)

u(z, t+7) = ———— - ds,.
10B1(0)] Jo,0) 7 gites
The change of variables v — —v gives
(III — th? t)
u(w,t+7) = ——————~ds,,
yaBl )| Jop (o0 ]EN jitee
so that
1 (s u(x + jhu,t) + u(x — jhu,t)
¢ i ds,. 2.1
(2.t +7) 2 |GB1 )| JoB, (0 eN jiee v .
)j

Next, we obtain

u(z + jhv,t) +u(z — jhv, t) — 2u(z, t)

uw(x,t+71) —u(x,t ds,.
( ) ( ) ]831 | 9B1(0 JEN 231+2s
Using 7 = h?®, this leads to
u(z,t+7)—ulx,t)  cs) hu(w + jhv,t) + u(z — jhu,t) — 2u(z, t) ds
T 2’831(0)‘ 9B1(0) e (jh)1+25 v-

We recognize the sum as a Riemann sum for an integral. Taking (formally) the limit & — 0 (which
also implies 7 — 0) and using polar coordinates, we arrive at

u(z + z,t) +u(x — z,t) — 2u(z,t)
x,t) / / dzds,
o) = 0y 051 0) R

c(s) u(z +y,t) +u(r —y,t) — 2u(x, t)
~ 2[0B1(0)] Jza [y|dt2s
=:C(d,s)A%u(x,t).

dy

We will later on identify the operator A® as a s-th (non-integer!) power of the Laplacian, called
the fractional Laplacian. Therefore, the limit of a random walk with arbitrary long jumps leads to

13
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the so-called fractional heat equation. The constant C(d, s), which will be specified in Def. is
simply introduced for consistency with other, equivalent, definitions of the fractional Laplacian. B

Example (payoff model). Suppose one moves in a random walk in 2 as described in the
preceeding example. Assume the walk is stopped if one jumps to a point y € R?\ Q, where one
gets a payoff u(y). What is the expected payoff u(z) if one starts at x € Q7

The expected payoff at z € Q is the average of the expected payoffs of all points z’ that can be
reached from x by a jump of length jhr weighted by the probability of the jump. Hence, we expect

u(x + jhv)
7d v
Z !331 N Josio 5% §

Noting 37, ¢(s)j —(1425) — 1 this leads to

c(s) u(z + jhv) — u(z)
0= — - dsy.
Z 10B1(0)| Jas, (0) gites

Dividing by h?* and recognizing the sum as a Riemann sum for an integral, we obtain (formally)

in the limit h — 0
Ccs) / / (x 4+ rv) —u(z)
dr ds,
~ 10B10)] Jos, () Jr=o rit2s

s u(x + z .
|8Bl<)o>\ sere \z|d)+2s Ui = oy (22)

We conclude (formally) that the sought function u satisfies a fractional PDE

(=A)’u=0 inQ,
u=up inRI\ Q.

|
We note that in the previous example, we could have done the ”symmetrization” step as in .
The definition of (—A)® from is the more common one in literature and made mathematically
precise in Def. Lemma below shows that the operators A® and (—A)® in the previous
examples are indeed equivalent.

2.1.2 The Integral Fractional Laplacian

The previous example motivates the definition of the fractional Laplacian as a non-local singular
integral operator.
Initially, we define it on Schwartz functions in the space

S:= {u € C®(RY) : suﬂg)d |(1 + |z))*0Pu(z)| < 0o Vo € Ny, € Ng}.
TEe

14
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Definition 2.1. Let s € (0,1) and u € S. Then, the pointwise defined operator

(=A)*u(z) := C(d,s) P.V. /R ) mdy (2.3)
u(z) — u(y)
ORI fay Ty

is called integral fractional Laplacian. Here, P.V. denotes the Cauchy principal value and
2s
the appearing normalization constant is given by C(d, s) := %‘?d/?)

[(z):= [y t* te tdt for z > 0.

with the Gamma-function

Remark. The operator (—A)® is well-defined pointwise for functions in S. Let € > 0 be fixed and
choose an arbitrary R > ¢. Then,

u(z) — u(y) / u(z) — u(y) / w(@) — uly)
/]Rd\BE ’$ — y’d+25 Br(2)\B.(z) ‘.’L‘ — y‘d-&-?s Br(z ’l’ — y!d+25 ( )

For the first integral, we use Taylor expansion u(z) — u(y) = (x —y) - Vu(:c) + R(z,y), where the
remainder satisfies |R(z,y)| < %HDQUHLOO(Rd)’x — |2, and polar coordinates to obtain

J R - T S =5 T VAN S LT I
Br(z)\B.(z) 1T — Y|4 Br(x)\Bo(z) 1T —ylH?s n(@)\B:(z) [T — Y|4

Here, the first integral in (2.5)) vanishes by a symmetry argument since

rv-Vu(z) 4
/ STt d+2s / / Ws) L dvdr
Br(z)\Be(z) lz -yl r—e Jycgd-1 T

= Vu(z) - / 7“_25/ vdvdr = 0.
r=e vesd—1

For the second integral in ([2.5]), we estimate
2 D2u oo (Rd R
dy < | U (RBY) r¢ L dvdr < ||D2uH oo (Rd =28 dr
opd+2s N L (RY)
Br(z)\B:(z) r=e JyeSi-1 2r

r=¢€
R2 25_ 2— 25)<C Ve > 0.
Hence, the limit ¢ — 0 exists by Lebesgue Dominated Convergence. Finally, the last term in ([2.4])
can be simply bounded using polar coordinates by

R(z
‘iL‘ _ ‘d+25

u(z) — u(y) 1 < )
dy < 2||ul| oo (ra T S —gdr ~ R™%° < oo,
/BR (@) | |z — yldt2s (R7) Ba(z)e [T — ylt2 2
Therefore, we have shown that the pointwise definition is well-defined. |

Remark. For s € (0,1/2), the Cauchy principal value in the integral in the definition of the
fractional Laplacian is not necessary, since it exists as an improper integral. To see this, we again

15
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employ the splitting of ([2.4)) (with € = 0) and only investigate the first term (the second term follows
directly as in the previous remark). Using the Taylor expansion u(z) — u(y) = (x — y) - Vu(¢) and
Polar coordinates, we obtain

u(z) — u(y) 1 E o
—————=dy < ||ul|c1(ra ———dy ~ ——dr < oo,
/BR(I) |z — y|dt2s (R Ba(z) | — y|d+2s—1 o T2
since s < 1/2 implies 1 — 2s > 0 and, consequently, the last integral exists. |

The definition using the Cauchy principal value is oftentimes not handy for computations. The fol-
lowing lemma gives an equivalent representation of the integral fractional Laplacian (—A)® without
the need of the Cauchy principal value (even for s > 1/2) by using a weighted difference quotient
of second order (see also the motivating example in the beginning of the section).

Lemma 2.2. Lets € (0,1), u € S and (—A)*u given by Definition . Then, for x € R%, we
have
(-8)ule) = —3C(as) [ MEENZBER I,
Proof. Using the transformations z = y — x as well as Z = —z, we obtain
(=A)°u(x) = -C(d,s) P.V. /Rd u( L’ZL;SU(QC) dz
— —C(d,s) P.V. /Rd u(@ ’_2’1;“(@&.

Relabeling z to z and adding both equations leads to

u(z + 2) — 2u(z) + u(z — 2)

|Z|d+25 dz.

2—A)u(z) = —C(d,s) PV. /R d

It remains to show that the integral indeed exists as an improper integral. We use the same
arguments as in the previous remarks, i.e., we split R? = B(0) U Bg(0)¢ and use Taylor expansion.
Here, the second order difference quotient has the Taylor expansion

u(z + 2) — 2u(x) +u(z — 2) = u(x) + z - Vu(z) + %ZTDQu(Cl)z — 2u(x)

+u(z) — z - Vu(x) + %ZTDQU(CQ)Z

= 0(|z*)
with suitable points (1, (s € R Therefore, we obtain with Polar coordinates
—2 — 1 R
/ U(l‘ + Z) ’Lfi(ig)s“‘ U(l’ Z) d 5 HUHC?(Rd)/ d+2872d2’( 5 / TI_ZSdT < 0.
Bg(0) 2| Bgr(0) |21 =0
Since
-2 — 1 o0
/ U(.%' + Z) U(/j(fé)s‘i‘ U(l' 2:) dz < 4||u”Loo(Rd) / o dz < / P25 g < 00,
Br(0)¢ 2| Br(0) 2| r—R
this gives the existence of the integral. |

16
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2.2 The Fourier Definition

The Fourier transformation F is given by

Frs FD©) = (2m) 2 [ e f(z) da
Rd
for sufficiently smooth functions f. The inverse Fourier transform is given by

Ff) () = (2m) Y2 / €57 £(C) d.

R4

Definition 2.3. Sobolev spaces H!(R?) fort € R on R? can be defined using the Fourier
transformation F as

TR = {ue s [ 1+ IFuQ <o)

Fourier transformation turns differentiation into multiplication in the Fourier image. Hence, a
possible way of defining fractional powers of differential operators would be to do the multiplication
with |¢|?* in the Fourier space (which is well-defined for u € S) and then transform back, i.e., define
a s-th power of (—A) as

FHICPFu(c)).

In general, for an operator A, a function Sz(¢) : R* — R is called Fourier symbol (or simply:
symbol) of A if

F(Au)(C) = S7(Q)Fu(Q).

The following theorem shows that the Fourier symbol of the integral fractional Laplacian (—A)*
from Def is indeed ||?*, i.e., the integral and the Fourier definition are equivalent.

Theorem 2.4. Let s € (0,1) and (—A)® be the integral fractional Laplacian. Then, for u € S,
we have

(=A)*u = FH(|¢|*Fu).

The proof of this theorem needs the following technical lemma, which provides a different repre-
sentation of the constant C(d, s).

Lemma 2.5. The constant C(d,s) from Definition satisfies
1 — cos(z1) !
C(d, S) = (/Rd |Z|d+25d2> .

17
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Proof. See [BV16, Lem. 3.1.3.]. [

Proof of Theorem . We use Lemma to write for z € R¢

— 2u(x) + u(z — y)
’y‘d+2s

1
(—A)ulx) = —~C(d, 5) / uz+y) dy.
2 R4
The proof consists of three steps.
1. step. We show that the integrand is in L'(R??): With the same arguments as in the proof of
Lemma (Taylor-expansion), we estimate

u(x +y) —2u(x) +ulz —y —d—9s
lulz +v) ,y‘digl T =9 < @2 D2l e 5,00 (2.6)

+xBy0) W)y~ lulz +y) — 2u(2) +ulz — y)|.
The first term 1} in L*(R?) since u € 8 so that | D?ul| e (g, () < C(1+ |z[)~ (4D, The second

term is seen to be in L'(R??) by Fubini since

/ R4 / iy XBl(O)c(y)’y‘_d—23|u(x +y) — 2u(x) + u(z — y)|dx dy
ye S

<a [ xmoe )l dylullae < Cllullps < o
ye

2. step. We use F(u(z + y))(¢) = €“¥F(u(z)) and interchange the integral and the Fourier
transform to obtain

Flu(z +y) — 2u(z) + ulx — y))
|y| &2

F((-A)u)(Q) = —5C(d, 5 dy

R4

1 €Y 1 e~y 9

— Lo /R T ()
1 — .

= C(d, s) /Rd ‘;"’;ﬁ%y (Fu)(C).

3. step. We show that the integral satisfies

1 —cos(¢-y)

C(d9)I() = Cld.s) [ ey = I¢P (2.7)

R4

which directly gives the Fourier symbol of (—A)® and, therefore, proves the theorem.
For ¢ = ((1,...,Cq) with |(] small, we estimate

. 2
L—cos(@) _ JGfP _ 1
K’d—f—?s — ‘C‘d+2s — K|d+2$—2

This shows that the integral
1 —cos(¢1)
—————=>=d
/Rd |<|d+23 g

18
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is indeed finite. We show that I(¢) = I(|¢|e1), where e; = (1,0,...,0) € R%.

For d = 1 this is obvious since I(¢) = I(—() due to the same property for the cosine.

For d > 2, we take a rotation R such that R(|(|le;) = ¢. Noting that det R = 1, we use the
transformation y — RTy to write

10 = [ et )y, [ el 1),

’y‘d+2s ’RTy’d—f—Qs

1 — cos([Cler - )
= [ e =10l

With this equality, we may use the transformation z = |(|y and compute

1 —cos(|Cly1) 1 1 — cos(z1)
€= 1(6len = | e = 1 J T
= C(d,5)7'[¢]*,

where the last step follows from Lemma This concludes the proof of the theorem. |

Remark. From the previous theorem we can deduce for u € S

lim (—A)°u = u,

s—0t

lim (—A)°u = —Au

s—1—
in H(R?) for any t € R.
In literature, a very common and more direct way to define non-integer order Sobolev spaces (which

also easily generalizes to domains Q C R?) is by means of the so called Aronstein-Slobodeckij
(semi-)norm

’2
[l ey = /Rd/w |x_y|d+25 dz dy

||U”H5(Rd) = |U\H5(Rd) + ||u”L2(Rd)’
The following theorem shows equivalence of this norm to the norm defined via Fourier transfor-
mation and that the Aronstein-Slobodeckij semi-norm can be expressed in terms of the fractional
Laplacian.

Theorem 2.6. Let s € (0,1) and u € H¥(R?). Then,

2 2
2 — S Faull2 A)S/2q,12
ulrs C(d, s) P F e ey C(d, 5)”( Sl

Proof. Using the transformation z = ¢ — y, we obtain

u(z+y) —uly)|”

Sravr= [
s —— " dydr = dyd
Jul3; (R) = /Rd /Rd ’x_y’d—ms yax S BREE yaz
2
:/ u(z + ) —u(:) ds.
Rd |2|d/2 L2(RY)
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Now, Plancherel’s formula gives

/ u(z+-) —ul*)
R

’Z|d/2+5

2

2
o [ (e tamm)
L2(R4) |2| s L2(R4)

s — 12
/Rd /Rd Z|d+25 u(C)PdCdZ
COS
/]Rd /]Rd ’Z‘d+2s \]:u( )|?dzdC.

With (2.7) the latter is equal to

COS s
B =2 [ | [ s PO e =20 [ ¢PFu0Pdc
= 20(d,5) I Fula e

We stress that this argument shows the equivalence of the Sobolev-norms defined via Slobodeckij-
seminorm and via Fourier transformation. For u € S, Theorem [2.4] gives with Plancherel’s formula

[l ey = 2C(d, 8) G FulFo ey = 20(d, )~ IF(=2)*0) |72 gay
= 20(d, 8) (=) ?ull72 ga)-

Since S is dense in H*(R%), we can extend this to the case of u € H*(R%). [

Remark 2.7 Since Plancherel’s theorem has the form (f, g) 12(ray = (F f, Fg) 12(ra), inspection of
the proof of Theorem. 2.6 shows that for u, v € H*(R?), we have obtained

Clts) [ (o) =) o) _ [ (g (-,

2 |£L' _ y|d+23

As a corollary of the previous theorems, we obtain that the fractional Laplacian is an operator of
order 2s.

Corollary 2.8.

(i) (—A)® is an operator of order 2s, i.e., (—A)* : HY(R?) — H*25(R%) is bounded for arbitrary

(
{eR.

(ii) If u € L2(RY) solves (—A)*u = f in R? with f € HY(R?) for some £ > 0, then we have
= H€+25(Rd)‘

Proof. (i) follows directly from Theorem and the definition of Sobolev spaces in terms of the
Fourier transformation.

The shift theorem (ii) is seen by a bootstrapping argument. The Fourier transforms satisfy

(14 [¢1*)F (u) = F(f) + F(u) = F(f +u). (2.8)
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By assumption, f-+u € H™(40) (R?). Then implies u € H™n(G0)+2s(Rd) — prmin(£+2s,2s) (Rd),
Thus, the right-hand side of is actually in H™(6042529)(RA) 5o that by , we have
u € H™in(629)+2s(Rd) — pmin(t+25.45)(R4) One can repeat these arguments and obtains in the
k-th step u € H™n(+25.25k) (Rd) ~ Since k is arbitrary, u € H25(R9). [ |

Remark. We will see later that statement (ii) does not transfer to the case of bounded domains
Q C R? due to the effect of boundary singularities. The shift theorem is only valid in the limited
range ¢ < 1/2.

2.3 Definition via Heat Semigroup

In this subsection, we give yet another equivalent definition of the fractional Laplacian, this time
by using the semigroup of the heat equation.

As a motivation, we look at the Gamma-function, use integration by parts and the scaling 7 = At
for arbitrary A > 0. Then,
oo [e.9] d
—s'(—=s)=T(1—s) = / T % T dr = —/ T %—(e T —1)dr
0 0 dr
o
= —S/ 5 e — 1) dr
0
oo
= —s\° / t=57 e M — 1) dt. (2.9)
0

Solving for \* gives the expression

1

s _ > —s—1 e—)\t_
A = F(—s)/o =57 1) dt. (2.10)

Using this approach for the fractional power, we formally replace A = —A to obtain a possible
definition of (—A)*

(—A)* = F(is) /OOO D .

Here, e'® is the heat semigroup since the function U(z,t) := e u(x) solves the PDE

9 4 Al _
U = o (e Au(z)) = A(ePu(z)) = AU,

U(z,0) = u(x),
i.e., the heat equation on R? x RT with initial data wu.

The following theorem shows that this formal approach can indeed be justified.
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Theorem 2.9. Lets € (0,1), u € S and U(x,t) solve
U =AU  inRIxRT,
U(z,0) = u(x) z € R%
Then, the integral fractional Laplacian (—A)® satisfies

L Ty —u(x
F(—s)/(] t (U(z,t) (z)) dt.

(~A)u(z) =

Proof. We refer to the PDE-lecture (e.g., [Eva98, Thm. 1, p. 47]) for the fact that

Uat) = [ Glo—ptiuldy = [ G0tz =iy

2|2

|z]
with the heat kernel (Green’s function) G(z,t) = (4nt)~%2e™ 3 satisfying Jga G(y,t)dy = 1. Since
G is normalized, we may write

oo—s—l o > —s—1 _ — ulx
/O (U () — u(a) dt = /0 /RJ Gy, H)(ulx — y) — ulx)) dy dt.

_ P
472

|y]

2
Now, we use the substitution 7 := 7 noting that dt = dt and obtain

/0 T U ) — () db

o 2
= [l el e e = ) - ey ()
o Jra 4t

_ 457T—d/2 /OO Td/2+8_1€_TdT1/ U(.%' + y) — 272(_;—1.2) + U(.%' — y) dy.
0 2 Jrd ly|#*2s

where we “symmetrized” the term u(z —y) — u(z). Lemma gives that the integral in y is equal
to —C(d, s) "' (—A)%u(x) and the integral in 7 is just F(% + s) by definition of the Gamma-function.
Putting everything together, we obtain

1
I'(=s)

25T (4 + 5)
/2T (—s5)C(d, s)

/0 T U ) — u(e) di = (—A)*u(z).

By the choice of C(d,s) in Definition (noting —sI'(—s) = I'(1 — s)) the constant in front of
(=A)%u(x) is equal to one, which finishes the proof. [ |

2.4 The Caffarelli-Silvestre Extension

In this section, we discuss yet another approach to interpret the fractional Laplacian. This time, we
study a PDE-approach, where the fractional Laplacian is given as a Dirichlet-to-Neumann operator
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of a degenerated elliptic PDE in one additional space dimension. In literature, this is often called
Caffarelli-Silvestre extension, see, e.g., [CSOT].

The Caffarelli-Silvestre extension problem reads as follows: For a given function v : R* — R and
a € (—1,1) (we will use o = 1 — 25), we seek a function U = U(x,y) : R? x R* — R satisfying

div(y*VU(z,y)) = 0 in R x RT, (2.11a)

U(x,0) = u(x) on R%L (2.11b)

Equation (2.11a)) can equivalently be written as

AU + %ayu + 02U = 0. (2.12)
The extension problem ([2.11]) is not fully determined yetﬂ We seek U as

U := argmin {/ y*|VU(z,y) > dxdy : U(-,0) = u} : (2.13)
RIXR+

This minimization problem is well-posed (in an appropriate function space, see Section [2.5.5)) and
has a unique solution. The system ([2.11]) is then the Euler-Lagrange equation for this minimization
problem.

Remark. For o = 0, the extension I is a harmonic function in R¢ x RT with prescribed boundary
value. The map u — U is well-studied and has the form U(x,y) = [, ga P(x — 2,y)u(z) dz with
the Poisson kernel P. The corresponding “Poisson kernel” for a # 0 is derived in [CS07] (see

also the discussions in Remarks and [2.13)) and used below.

The following theorem links the solution of (2.11)) to the integral fractional Laplacian.

Theorem 2.10. Lets € (0,1), u € S, « =1—2s and U a solution of (2.11]) with boundary
data u. Then, we have

lim y*O,U(-,y) = —ds(—A)"u,

y—07t

with the constant dy = %

Proof. There exists an integral representation of the solution U of (2.11)) in terms of a “Poisson
kernel”. We refer to [CS07] for the fact that

2s

_ Yy
Ue) = [ ot ) (2.14)

solves ([2.11]) with an appropriate normalization constant C. We start by noting that

2s
. = d
“@ /zeRd (J& — 2|2 4 y?2)(d+25)/2 dz=1 VzreR%y>0.

'"Example for o = 0: the function U(z, y) := sin(kz) sinh(ky) for k& > 0 satisfies AU = 0 and U(-,0) = 0.
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This follows from the fact that the minimum norm solution of (2.13) for v = 1 is &/ = 1 and
observing that (2.14]) gives a representation of U.

Hence,
2s
_ _ 1 = Y
U(z,0) = u(z) = u(x) - 1 =u(z)Cy /zeRd (o= 22 + g2 @22 dz.
Using the integral representation of I/, we compute
- Ux,y) —U@,0) . C1 y*
y£%1+ ylfa - yli%l-k ylfa /Rd (|.I _ Z|2 + |y’2)(d+23)/2 (U(Z) - u(x))dz

. u(z + z) — u(zx)
=1 d
S.C | o e

. O u(z + 2) + u(z — z) — 2u(x)
L iy e

where we used the same argument as in the proof of Lemma to “symmetrize” the integrand.
Since u is smooth, we can use Lebesgue dominated convergence to pull the limit y — 0 inside the
integral and we arrive at

U(z,y) —U(x,0) :Cl/ u(z + 2) + u(x — 2) — 2u(x)
2€Rd | 2|42 C(d, s)

lim
y—0+ ylfa 2

Using the explicit value of (' ultimately leads to the stated representation.
To finish the proof, we ascertain that (1 — «)limy_0+(g9(y) — g(0))y~1+® = limy_0+ y®g'(y) for
g € C'. This follows from de I'Hospital’s ruldﬂ |

Remark 2.11 See [CSO7] for various motivations for the Poisson kernel for the extension problem
. It can be checked that really represents the Poisson kernel in the following way:
a) a direct calculation shows that

y23

(’$|2 + |y’2)(d+28)/2

P(l’,y) =

satisfies the differential equation;

b) limy_,0 P(z,y) = cb, for some suitable ¢ € R. (That is, limy_,o(P(-,y) * u)(x) — u(zx) for
ue C§e().)

To see b), the key observation is that

P(z,y) =y "P(z/y,1) (2.15)

[e3

2 Alternative to "Héspital’s rule: We make the change of variables z = y'~
9(y) = g(z"/"~*)). Then

and consider the function G(z) :=

) Za/(l—a) , ya

G'(z) =g/ (2" =4'(y)

l1—a 11—«

Hence,

lim ¢/ (g = (1 - o) lim &' (2) = (1 @) tim, YD =CO _ (1) iy 90 =90

This shows that the left limit exists if the right limit exists.
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so that for u € C§°(RY) one has

Yy UP((z — 2) [y, Du(z) dz = / P Du(yz') d?'.

2/ €R4

Pz — 2, y)u(z) dz = /

2€R4 z€R4

Hence, (by Lebesgue Dominated Convergence)
lim P(x — z,y)u(z) dz = u(x) / P(Z,1)d?,
y—=0 Jera 2/ €R4

which expresses limy o P(x,y) = c0y with ¢ = [, pa P(',1)d2".
An alternative approach to compute the Poisson kernel P is with Fourier techniques as discussed

in Remark[213.

Remark. In the following chapter, we present an alternative proof for the statement of The-
orem [2.10] on bounded domains, which could also be used for the problem posed on the whole
space.

Representation of U/ using Fourier techniques™®

One way to derive a formula for the extension ¢ (and subsequently derive the Poisson kernel) is to
start from the minimization problem (2.13)) and use Fourier techniques. In what follows, we will
proceed somewhat formally. Details could be found, e.g., in [BV16, Sec. 3.3].

We start with a 1D minimization problem.

Lemma 2.12. Let s € (0,1) and « =1 —2s € (—1,1). Let z > 0. The minimizer ¢ of the
problem

minimize J,(v) := / Yy (2o + [V ()2 dy  under the constraint v(0) = 1 (2.16)
y=0
has the form ¥ (y) = cs(2y)*Ks(zy), where Ky denotes the second kind modified Bessel function
and cs = 2175 /T (s).

Proof. Given a function v with v(0) = 1, set v,(y) := v(zy), which also satisfies v,(0) = 1. The

change of variables yz = g shows
Jo(v,) = P (v).

Since this holds for all functions v, we see that if v is a minimizer of the Ji, then v, is a minimizer
of J,. The stated formula for 1) reflects this, and we may restrict our attention to the case z = 1.
The Euler-Lagrange equations for the minimization problem are

y*p — (Y ') =0,  (0)=1.
This reads

b= Sy - =0,
Y
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The two linearly independent solutions are y° K4(y) and y°Is(y) with s = (1+«)/2, where Iy and K
are the first and second kind modified Bessel functionsﬁ The function I is exponentially growing
so that the condition that Ji(¢)) be finite implies that 1 (y) = csy°Ks(y) for some ¢ € R. K is
exponentially decaying as y — oco. To compute the coefficient c;, we use that by [AS64, (9.6.9)]

y—0

li . S () . (s)
im K =_I'(s
2y s\Y ) )
so that the choice ¢; = 217¢/TI'(s) indeed leads to lim, 0 ¢(y) = 1. |

Let F be the Fourier transformation in the x-variable. Using Parseval, the minimization problem

213 takeS the orn
y_—O CERd C 7 y +

We have FU((,0) = Fu((C), i.e., FU((,0) is given for each (. Minimizing for fixed (, we expect
from Lemma [2.12] that

FU(C,y) = FU(C, 0)p(yI¢]) = Fu(Q)y(ylC]).

By inverse Fourier transformation we obtain a representation of U:

Ulz,y) = FH(Fu(Q)u(Cly)).

With P(z) = F~1(¢) and FL(4(|¢]y)) = y~?P(z/y) we obtain

@m) U 2, y) = ux (y ' P(-/y)(x) = y_d/ u(z)P((x = 2)/y) dz. (2.17)

Rd

Remark 2.13 Formula shows that the Poisson kernel P(x,y) = y~*P(z/y,1) (cf. )
should satisfy P(z,1) = cP(z) for some ¢ € R. Hence, P can be computed from the (inverse)

Fourier transform of 1. Since 1 is a radial function, so is P, i.e., P(z) = P'(|z|). The Fourier
transform of 1 can be computed explicitly, [DLMF, (10.32.11)], and one arrives at the form .

2.5 The Fractional Laplacian on Bounded Domains
From now on, we consider a bounded Lipschitz domain Q C R%. Our goal is to (numerically) solve

the equation

(—A)*u=f inQ, (2.18)

u=0 onN°.

z

31t is instructive to consider the special case o = 0. Then, the linearly independent solutions are e and e™? and

the integrability condition implies 1(z) = cse™*.
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2.5.1 The Sobolev spaces H*(Q) and H*({)

We recall for s € (0,1) the Sobolecki seminorm for functions defined on w C R%:

2
u(x) —u(y
]uﬁ{s(w) :z/w ; H)‘d£2)s|d:c dy. (2.19)

|z —y

In view of the fact that the solution u of interest in (2.18) is supported by 2, we will require function
spaces of functions on Q. For s € (0, 1) and functions u defined on 2, we let u be its zero-extension
to R, ie., u(x) = u(z) for x € Q and u(z) = 0 for x € RA\Q, and define

2

: y)
2 = dz dy, 2.20
R I I (220)
||u||2~s(Q) = ||u||L2(Q) + |u|ﬁs(Q) (2'21)

We define H*(Q) as the closure of C5°(€2) under the norm || - HﬁS(Q)' We have:

Lemma 2.14. Let Q C R? be a bounded Lipschitz domain and s € (0,1). Then:
(i) For all u € H*(Q) there holds el oy ~ 117l e (-

(ii) H*(Q) = {u € H¥R?) | suppu C Q}. Furthermore, H*(Q) is a closed subspace of H*(R?)
(and of H*(Y)) and thus a Hilbert space.

(iii) There is C > 0 depending only on Q such that for all u € H*()
Ol gy < st 00 "l + [ulfeey < ClulZey (2:22)

(iv) For s € (0,1) the embedding H*(Q) C H*(2) is continuous. The embedding H*() C L()

18 compact.

(v) The seminorm | - ‘175(9) is a norm equivalent to the full norm || - Hf]s(g) on H*(9).

(vi) The space C*°(S) is dense in H*(Q).

Proof. Proof of @/ see Theorem 2 .

Proof of (i1): See, e.g., [McLO0]. An alternative argument that H () is a Hilbert space comes from
the fact that it is the completion of C§°(£2) under a norm induced by a scalar product.

Proof of : We illustrate the proof for the case d = 1 and Q = (0, 1).

2 [i(x) — u(y)|? / Ju(z) — u(y)? / / Ju(z)?
%, o = ——————drdy = o dxdy + 2 —————dydx.
@) /Rdx]Rd |z — y| 2 axq | —yldrEe zeq Jyeqe |7 —y| T
We have Q¢ = (—00,0) U (1,00), and the integral over Q¢ is decomposed further into integral over
these two contribution. For example, for € (0,1) and y € (—00,0), we have

0 1 dy = 0 1 d_l(_)28’ N723_d.t( 0,25
o g YT @yt T g V=0 e~ = dist(a,0)

27



CHAPTER 2. DEFINITIONS OF THE FRACTIONAL LAPLACIAN

oo 1

An analogous computation gives fy:l T dy ~ dist(x,1)72%, and we conclude for = €  that

1
— dy ~ dist(z, 0Q) 7.
/yeszc |z — y|dt+2s ( )
Hence,

This calculation for the case d = 1 generalizes to higher dimensions, see, e.g., [Grill, Lemma 1.3.2.6].
Proof of : The continuity of the embedding H*(2) € H*(Q) is expressed by the . The
compact embedding is shown in the literature, see, e.g., [McL0Q].

Proof of (@: This Poincaré-type estimate follows directly from .

Proof of (vi): [McL00]. [ ]

Remark (Difference between H*(Q) and H*(Q)). The term | dist (-, 002) *ul|2(qy in the

norm of H* (Q) expresses that functions u € H $(Q2) vanish on 0f2 in an appropriate sense. In fact,
for s > 1/2, functions u € H*(2) have a meaningful trace yu on dQ (in L?(812)), and the trace yu
on 09 of u € H*(Q) vanishes on 9S.

Remark. For 0 < s < s’ <1 we have the (continuous) embeddings H* (Q) ¢ H5(Q) and ESI(Q) C
H?(2). For s € (0,1), we have the continuous embeddings H'(Q2) C H*(Q) and H{(Q) C H*(Q).

Remark (the spaces H° () and H°(Q) for o > 1).

e Sobolev spaces H?(§2) with ¢ > 1 are defined as follows: for o ¢ N one write 0 = [o] + s
with s € (0,1) and defines the norm by

o= > D%y Nullfo = ull3 101 (0 + [ulFro (- (2.24)
lo|=[o]

e For o > 1, the norm || - ) is defined in terms of the zero-extension by

HfIU(Q
”uHﬁa(Q) = ”ﬂHHU(Rd)'

The space H?(Q) is defined as the completion of C§°(€2) under the norm ||- || fo(n- Functions
in H° () are such that their derivatives up to order |a| < o — 1/2 vanish on 9.

For completeness, we also introduce negative order spaces as dual spaces: For o > 0 we set

H(Q) = (f[“(Q))/, (2.25)
H™7(Q) := (H°(Q)) . (2.26)

equipped with the usual norms

(u, v) (u, v)
veire @) IV o (q) vero(@) [Vl ae (@)
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Remark (H(Q) vs. H7(Q) vs. H§(82)). Sometimes, the spaces HJ(€2), o > 0, are used in the
literature. They are defined as the completion of C§°(£2) under the norm || - ||gs(q). In summary,
one has for o > 0:

ﬁg(Q) _ WH'”FI"(Q)’ HY(Q) = W“-HHU(Q)’ HO(Q) = COO(Q)H'HHG(Q)'
These spaces are related to each other in the following way:
~ 1
H°(Q)=Hj () (equiv. norms) it o— 3 ¢ Ny, (2.27)
H*(Q) = Hj(Q) = H*(Q2)  (equiv. norms) for 0 <s < 1/2, (2.28)

Hj(Q) = H*(Q)  (equiv. norms) for 0 <s<1/2.

The spaces H, é / 2(Q) and H'/2(Q) do not coincide. Frequently in the literature the notation Héé 2((2)
is used as an alternative notation for the space H'/ 2(Q). A good reference for properties of this
spaces is [McLO00].

2.5.2 The Integral Definition
For a function u : Q — R, we denote its zero-extension by @ : R — R. Then, we can easily extend

the definition (2.3)) by

(-ayut) = (i) = s Py | TPy

Obviously, this definition is well-defined for functions u € C§°(€2). By density, it can be extended
~ ~ !/

as a bounded linear operator (—A)*: H*(Q) — H*(Q) = (HS(Q)> . We will discuss the problem

(2.18) in more detail in Section [3.1}

Remark. Sometimes in literature, a different definition, the so-called regional fractional Lapla-
cian,

(—A)u(z) == C(d, 5, Q) PV. /Q W(iy,

where integration is restricted to €2, is used. While some of the results presented in the following
also hold for the regional fractional Laplacian, there are also some considerable differences, and in
the following, we will not discuss the regional definition any more.

2.5.3 The Spectral Definition

We present a different notion of the fractional Laplacian in bounded domains.
The Laplacian —A : H2(Q) N H () — L?(2) is a symmetric, self-adjoint operator with compact
inverse. As such, classical spectral theory provides eigenfunctions ¢y and eigenvalues Ay satisfying

—Agp = Mk, @rloa =0
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that are an orthonormal basisﬁ in L?(2) as well as an orthogonal basis in H{ () such that

oo
—Au = Z)\kukcpk, where wuy = / uppdr.
Q
k=1

Using this expansion, and the spectral theorem, a possible way to define the s-th power of the
Laplacian would be to take the s-th power of the eigenvalues, i.e.,

o0
(~A)ui=3" Murpr,  where = / wopde
k=1 Q

for u € C§°(€). This series represents an operator C3°(Q) — L2(Q). In terms of the spaces H*(Q)
and H~%(2), this series definition can be extended by density to the space H*(f2) as an operator
(—A)s - H°(Q2) — H~*(2). This operator is called the spectral fractional Laplacian (—A)3.

Remark 2.15 The operators (—A)® and (—A)3 on Q are indeed inherently different. We refer to

g
|SV1j)] for the following results regarding the eigenvalues and eigenfunctions:

e Let A1 denote the smallest eigenvalue. Then, the smallest eigenvalue of (—A)® is a lower
bound of the smallest eigenvalue of (—A)3., i.e, there holds

M ((=A)%) < A((=A)7)

e The eigenfunctions of (—A)S coincide with the eigenfunctions of the Laplacian (—A), the
smoothness does only depend on 2. For instance, on the unit sphere the eigenfunctions are

in C=(B1(0)).

However, the eigenfunctions for (—A)® are only Hélder-continuous for some Hdélder-exponent
B, and [SV1], Pro. 2] states that e; ¢ WH°°(B1(0)) (for d > 2s), where e is the eigenfunction
corresponding to the smallest eigenvalue A ((—A)?%).

The differences in the operators can also be seen in the asymptotics of the solutions of the equations
(=A)u = f and (—A)su = f. We refer to [Gruld, |CS16], where f,Q are assumed to be sufficiently
smooth, for the asymptotic behavior for x close to 0S):

o u ~ dist(x,0N)* + v(x), with v smooth;

dist QQS I~ 1/2
~ {ls (z,00) +v(z) 0<s<1/2 with ¥ smooth.

[ ~
dist(z, 0Q) + v(x) 1/2 <s <1,
elementary” proof of the orthogonalities: we have (Vii, Vo) 2 = Ai(pk,v)2 for all v € HF(Q). Hence

Me(pr,pe)re = (Vor, Voo 2 = (Vor, Vor)re = (e, or)r2 = Ae(@wr, e)r2. Thus, for Ax # A, one has
(¢r,pe)p2 = 0 Then, (Vr, Vor)p2 = Ak(@k, )2 = 0 of k # L.

4«
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2.5.4 The Caffarelli-Silvestre extension for (—A)3

Remark 2.16 The extension problem is defined for w € §. In particular, therefore, for
u € CP(Q) CS. As such, the solution U of the extension problem satisfies by Theorem

lim y*O,U(-,y) = —ds(—A)°u = —ds(—A)*wu.

y—0t
There is, however, no reason to assume that this co-normal derivative coincides with (—A)Su: The
lifting U of does not “see” the domain  — it is the lifting for a full-space problem and only

s

the data u happens to be in C§°(2). In contrast, the domain Q enters the definition of (—A)S in
an essential way since it depends on the eigenpairs (@, Ak )k, which in turn depend on €.

In the context of the spectral fractional Laplacian, the correct extension is the solution of the
following problem:

LU = div(y*“VU(z,y)) =0 in Q xR (2.29a)
U=0 on 99 x (0, 00) (2.29b)
U(z,0) = u(x) in Q. (2.29¢)

As in the case of the equations (2.11]), a decay condition as y — oo needs to be imposed to make
the solution unique. That is, we seek U as the

U := argmin {/ Y |VUPdedy : U(0)=u(-), U=0 on N x R+}. (2.30)
QxR+

The following theorem shows that the Neumann-data of the extension problem (2.29)) actually gives
the spectral fractional Laplacian.

Theorem 2.17. Let s € (0,1), « = 1 —2s and U a solution of (2.29)) with boundary data
u € C§°(R2). Then, we have

: o (1 =)
lim y9,U(-y) = —ds(~A)3 dy = 21727
Jim, y 9 (- y) (=A)5u, )

Proof of Theorem via series expansions*

We show Theorem using expansion in eigenfunctions (¢x)r. A more more general technique
based on the Spectral Theorem is given in Section That theory generalizes to the case of
unbounded €, e.g., @ = R?. In particular, the case of the operator (—A)* could be treated in that

framework. A good exposition is [Sti10].
Let u(z) = ), uppr(x). For the solution ¢ of the minimization problem (2.30) we make the ansatz

Uz, y) = uppr(@)tr(y)
K
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for functions 1 to be determined. The condition U(-,0) = u(-) implies that 14(0) = 1. By the
orthogonality properties of the eigenfunctions ¢y, we have

(e 2: 2 > le} 2 / 2 d
Jog 19 = bl [ Oulen )l + )

Hence, the minimization problem ([2.30]) is reduced to a 1D minimization problem for each k.
Lemma [2.12| provides the solution

) = > uer(@Pr(y), k) = (V) $(z) = e2®Ki(2). (2.31)
k

The cornomal derivative can be explicitly computed

hmz 0:Y1(2) = cs /A hmz1 259! (W Az) = esV/ A )\_1/2+s h AT K (2))

lAS64é9’6'28)} —csAp lim 21723,25[(5_1(2) = —csA7 lim zlszS_l(z)
z—0 z—0

[AS64.(9.6.9)] oSy __21_
= csA227°T(1 — 5) = o)

By summation over all k, the stated representation of (—A)Z follows.
Instead of representing I/ by a sum, is also possible to express it as an integral using the solution
operator for the heat equation. We have

(1L — 8)A = —dAL

Lemma 2.18. Let u € C§°(?). The solution U of is given by
1 i —y2/(4t dt
Ua) = 577 [ MA@ (2:32)
2s 00 o)
_ oy i,y gy At 1 2/(40)A ()
45T (s) /tOe u(@)e tts  T(s) J—o e T ul(@e Trl—s' (2:33)
Proof. We recall that, since py, is an eigenfunction of A, we have
By = e Py (2.34)

We restrict our attention to the case where u is only a finite sum of Fourier terms as then summa-
bility is not an issue.
Proof of (2.59): A first approach could be to use [DLMF} Eq. (10.32.10)], which shows

o
_ 2
/t emkey/(utl (V)

=0

and then compute compute ([2.32)) or (2.33) explicitly to arrive at (2.31)). Instead, we define

) = 15 [ (D@L
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and show that a) U(z,0) = u(z) and b) U satisfies

AU+ 02U + %ayzj =0. (2.35)

Since the function U sa‘uisﬁeQX]R+ yayvzii |? < 00, it will be the sought minimizer of () (The

minimizer is unique!) To see that U(-,0) = u, we compute

Uz, 0) = F(15) /OZ etA((_A)‘s’u)(x)% - Z F(18) /OZ G )t;ii
t= L t=

1 o0 )\ S o0
= > Nugppr(r) =~ / et A gk (T / ugpr(x
; k F(S) =0 tl s Z k ) =0 7—1 s Z

To see (2.35)), we use —Aypy = A\gpr and compute

7 1 ® e dt
~AU(x,y) = KZAiAkuwk(x) / e i 2L
t=

o d
= F(ls Z Arukor(@ /to Oy ( ”’“) /(4t)t1_ts

1 Xy e y?  s—1\ dt
_ 3 e —y?/(at) (Y gt
T(s) D Aupn() /tzoe ¢ w2 T ) s

k
1-2s_ ~ ~
=, Ol(w.y) + GUw.y).
This shows (2.32)).
Proof of :
% tays —y?/(ar) At
Uz, y) Zumak / et FALe v/ s
T(s) Jimo e
S . _ dt
=3 () / Pe(pag)e s/
B t=0
=y* * wsn (B2 endr
= zk: uppr(w /T e " ;
25 e’} d
— —y?/(4r) ;—rap 4T
zk:Ukwk(x) 45T (s) /rzo ‘ ‘ rits
2s [ee]
_ Y rA —y2/(ar) AT
4°T'(s) /roe ule)e rits’
which is the first equality in (2.33]). The second one is simply a change of variables. |

Sthe key observation is that U and Oy u decay exponentially in y. For example, for Z/N{, one observes that the
maximum of ¢ > e eV /() i5 ¢ v attained at ¢ := y/(2V/A). This leads to [, e eV /() —(1=9) gy —

I, +f°°z <e AL 0 dt 4 [Z e Mt < Coem YA 4 A TLe N < Cre YA 4 OAT e Y2, Note that
O<)\1<)\2§
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As in the case of the integral fractional Laplacian in Theorem the spectral fractional Laplacian
(=A)Z can be represented in terms of the heat semigroup:

Lemma 2.19.

1, d
(80 = gy [ €4 =1

As the proof shows, such a representation is a fairly general property when defining fractional
powers of positive definite selfadjoint operators.
Proof. From (2.9) we have

> —tg dt s
t:o(e — 1)tl+s = ANI(—s).
We proceed again formally and assume that u = ), uppy for a finite sum. Then,

(~)5ute) = S Mwente) = g Swwente) [ 1)

e d
- 5 /tzo(eA—I)u(as)tlis

which finishes the proof. |

Proof of Theorem via spectral theory

For the proof of the theorem, we make use of classical spectral theory, which we briefly recall here.

The spectral theorem for (un-)bounded self adjoint operators A states the existence of a unique
spectral measure E : A — L(L?(f2)), where A is a sigma-algebra on the spectrum o(A) and
L(L?(2)) are the linear operators mapping from L?(£2) to L?(2), such that

A= / ME().
o)

Moreover, for f,g € L?(f), the spectral measure E weakly defines a complex measure E 1,9 With
total variation bounded by |[|f[|z2q)llgllz2(q) in terms of

Epo(T) = (E(T)f,g) VT € A

Using this notation as well as the functional calculus, that comes with this setting, we may write
for the spectral fractional Laplacian

(—A)S = /0 T B, (2.36)
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as the spectrum of the Laplacian is contained in RT.
Moreover, the heat-semigroup has the representation

em:/ e ME(N).
0

Using this together with formula (2.10f), we can formally interchange integrals to write

(—A): = /OOO NAE()) = /Ooo F(ls) /Ooo(e—tA _ et dt dB(V)

- 1 > e—tA_ —1-—s
_F(—s)/o ( D154t

This formal computation can also be easily justified and we observe that the heat equation approach
from Section coincides with the spectral fractional Laplacian on bounded domains.

We are now in the position to proof the preceding theorem.
Proof of Theorem [2.17. We prove that the formula

1 o0 A 2 _
5 /0 DAY u(z) eV D=1 gy (2.37)

defines a solution to (2.29)) in the weak L%(Q) sense, i.e., we have (LV, 92 =0forallg € L*()
as well as weak boundary conditions. Then, computing the Neumann-data proves the theorem.

1. step. At first, we show that there holds V(-,y) € L?(Q2) and

V(%,y) =

1 [ - .
V(). 9)p2 = () /O (2 (~A)3u, g) ., eV /W1y, (2.38)
In order to do so, let R > 0 and define Vg as
1 (R _ .
Vr(x,y) = 1“(8)/0 e (=A)su(z) e v? /() s =1y

As eV /Wys—1 g integrable and e*?( —A)3u is bounded, we may interchange the L2-scalar product
with the integration in ¢ by standard rules of Bochner integration to obtain

1 f tA 2/(4t) 45—1
(VR('vy)’g)L2 = F()/ (6 ( A) U g)L2 e Y t dt

/ / e N AE, 5(\) eV /WD sy,

where the last equality follows from the spectral calculus. Now interchanging the integration with
Fubini’s theorem, we obtain together with the scaling 7 = tA

/ / “AN eV gt dE, 4 (V)
AR

/ e~ T 5™ 1 e Y /(4T))\d7_ dEug()\)

(VR('ay)

/ e Tl dr dE, 4(\)

< HU||L2(Q)||9HL2(Q)
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Therefore, for all fixed y € RT, we have Vg(-,y) € L*(Q2), and for any sequence (R;);en satisfying
Rj — oo the sequence (Vg (-,y))jen is a Cauchy sequence that converges weakly to V(-,y), which
implies V(-,y) € L?(2). Taking the limit R — oo also immediately shows equation (2.38).

2. step. Similar arguments can be used to show that V(-,y) € dom(—A) by proving that the limit
lim, o+ (M,g) L exists for all g € L%(Q). We refer to [ST10] for details.

T

3. step. V satisfies the boundary condition at y = 0. We use (2.38)) and the transformation 7 = tA
as in step 1 to compute with the Lebesgue dominated convergence theorem and the definition of
the I'-function

1 o o —T __S— — T
(W.’y)?g)ﬂzr(s)/o /0 P P A C Lo dB,.4(\)

1 e —7,.5—1 .
yj 1"(5)/0 /0 e "7 dr dEy g(A) = (u,9) 2 -

4. step. V is differentiable and satisfies equation ([2.29)). With the help of Lebesgue dominated
convergence, we compute

. V(vy + h) — V(vy) _ 1 /oo tA s —y?/(4t) ys—1
}lg})< . . g Lg_if‘(s) ; (e (=A)su,g) ;. Oye 5 dt.

(4t)

Thus, V is differentiable in y, and the y-derivatives are just applied to e v/ An elementary

calculation gives
1—-2s 2 e~y /(41)
2 —y?/(4t) 45—1
<6y2 + y 6y> e Y /( )ts - 8t <tls .
This identity and integration by parts prove

2 1—2s . _ L > tA[  ANS —y2/(4t) ys—1
<<8y2 + y 8y>V( ay)vg> 2 - F(S) /0 (6 ( A)(ruag)Lz at (6 t ) dt
1

=— / O (em(—A)‘;u,g)L2 e~V W51y

I'(s) Jo

1 /°° /°° “thys 2 /(4t) ys—1

= — e M NdE, ,(\) e Y T dt
F(s) 0 0 79( )

= ((=A)V(9),9) 2

and V), indeed, solves the differential equation (2.29)).

5. step. Finally, we compute the Neumann data. With (2.38)) and the substitution 7 = y?/(4t),
we obtain

. — V(. 00 —y?/(4t) _
(V0 ) = [T e S e
L2 0

_ 1 > ﬁA _ s -7 _ s+1
_4SI‘(3)/0 (6’4 ( A)Uu,g>L2 (e 1) dr.
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Now, dominated convergence implies

2
lim <€XT (—A)iu,g> = ((_A)i-uvg)LQ )
L2

y—0

and taking the limit y — 0 in the previous equation gives

1 = —A)?
yli}(l] < yQS 7g 12 4SF(3) (( )O’u7g)L2 ’
which concludes the proof. |

2.5.5 Function spaces for the Caffarelli-Silvestre extension

A suitable function space for the extension problem is given by weighted Sobolev spaces in the
extended variable.

For a subset D C R? x R*, we define the space L?(D;y®) as L?(D)-space with measure y®d\(z, y)
and norm

012y = [ ol dady < .

Imposing this weighted integrability also for the gradient, we define the weighted Sobolev space
HY(D;y*) as

H'(D;y*) := {w € L*(D;y®) : |Vw| € L*(D;y*)}
with norm
lwlli (pyyey = Wl Z2(pyoy + IV0ll72( iy

These spaces satisfy:

e For a = 0, we have the standard H'(D)-space.

e HY(D;y®) is a Hilbert space.

e C(D)N HY(D;y") is dense in H(D;y").

e Let Q be bounded and Y > 0, then

H'(Qx(0,)) = H (2% (0,Y):y*) «ec(0,1)
HY (% (0,))) <= H' (2% (0,);9*)  a€(-1,0)

For the full-space extension problem (or the extension problem for the integral fractional Laplacian),
the appropriate function space for the minimization problem ([2.13)) and in turn its Euler-Lagrange
equations ([2.11)) is the so called Beppo-Levi space

BL. = {U e L2 (R? xRT) : VU € L>(R? x RT;y*)}.

loc
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Lemma 2.20 ([KM19]). Let a € (—=1,1). The trace operator tr at y = 0 can be uniquely
extended (from C®(R? x RT) N HY(R? x RY;y®)) to a bounded linear operator mapping HL(R? x
RY) — H*(R?) with the trace inequalities
(1—a)/2 (14+a)/2
e Vilzz) < € (IVz2t@xresey + IV i o) 100V ISotorms )
[ tr V] ps@ay < CIVV | L2 Raxrtye

for all measurable subsets @ C R?.

Proof. We only show the first estimate, the second estimate follows from transformation into polar
coordinates, the fundamental theorem of calculus and a weighted Hardy inequality, see [KMI9].
By density of smooth functions as stated above, we may assume that V' is sufficiently small.

Step 1: Assume that supp V C R? x [0, )] for some Y > 1. Then, ||0,V (z, I r2m+;yey = 0 implies
V(z,-) = 0. We thus may assume 9,V (z, )|/ 2®+,ye) # 0 in the following. Holder’s inequality
gives for any z > 0

|V (x,0)| < |V (z,2)| + |/0 OyV(z,y)dy| < C (|V(a:,z)| +20-9/2) 9,V (a, .)HLQ(RJr;ya)) .

A scaling argument (transforming (z,2z) to (0,1)), a 1d trace inequality on the interval (0, 1) and
transforming back show

Ve <0(= [ IVePay s [ 10,V Pay)
For y € (z,2z), there holds 1 < z~“y®, which gives
V(a2 < O(= IV (@, gy + 10V (@) g e )
Now, we may select z = ||V (z, '>HL2(R+;ya)HayV([B, -)HEQI(RJr;ya) and obtain
V(@,0)]” < ClIV (2, )| 1far o 105V (@ ) B Gt ey (2.39)

Integration over §2 shows the claimed estimate.
Step 2: Take a cut-off function x € C§°(R) with suppx C [0,2], x = 1 on [0,1], [[x|lgec(m+) +
[X'|| oo m+y < C. Then, estimate (2.39) can be applied to the function xV" and gives

V(. 02 = XV (2, 02 < CIXV (@ )| 52y 10 00V (@) [5G
< C(IV @ Naraey + 1V @M sy 10,V (@, wﬁ@.) (2.40)

Integration over €2 gives the result. |

For elements U € BL., one can also extend the trace operator at y = 0 by density arguments.
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Chapter 3

Numerical Approximation

3.1 The Integral Fractional Laplacian - Weak Formulation

In this section Q C R? is a bounded Lipschitz domain. We consider the integral fractional Laplacian
(=A)® and study the model problem

(=A)u=f inQ, (3.1a)
u=0 onQ° (3.1b)

with a given right-hand side f € H™*(2).

3.1.1 Variational chacterization of the integral Fractional Laplacian

Lemma 3.1. Foru, v €S there holds

/ (—A)up dz = =2 8) d i /Rd /Rd |x_ (|Z(+”2_“(y)) dy da. (3.2)

Furthermore,

/Rd ()PVAde de = — /devad I)_|d+(25)d d. (3.3)

Proof. We present two approaches for 1' Given h € R% we define the difference operator
(Dpu)(x) := u(x + h) — u(x). A change of variables argument shows

| oap@atards = | f@D-sgta
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CHAPTER 3. NUMERICAL APPROXIMATION

We note that (DpD_pf)(x) = f(x +h) —2f(z) + f(x — h). Recalling Lemma [2.2| and noting as in
the proof of Lemma [2.2] that Fubini’s theorem is applicable gives

D =D
(—A)’uv = d i / / y g)( )dzd:c
Rd z€Rd zeRd |24 +2s

D_ZD
/ / u)(z) dz dx
z€R4 xeRd |Z|d+25

D, <><D“><>dd

z€R4 xERd ’ ‘d+2
/ / v(z+z)—o(z )?i( (:U—i—z)—u(ac))dzdx
2€R4 JxeRd |Z’ +2s
which is (3.2)).
An alternative proof is given by Fourier techniques. Using Remark 2.7 we get
s Parseval s
(=A)u, ) poray = (F(=A)u, Fo) pamay = (¢ Fu, Fo) p2gay = (|C°Fu, [C[*Fo) p2gay
= ((=A)u, (-A)"?v >L2(Rd)
Rem. 271 C'( d s / / u(y))(v(z) —v(y))
zeRd JyeRrd \37 — yldrs

Proof of : We employ (3.2)), which gives

[P [o D = [y [ -t [y [t

In the first integral, the integrand is integrable so that the P.V. operation is not required. Recog-
nizing this integral as (up to the factor C'(d, s)/2) the right-hand side of (3.2)), we get

/PV/ ]a:— ’d+25 /PV/ ‘x_ ‘d+28 /PV/ ,x_) ’:—Est)

Simplifying shows the result. |

3.1.2 Weak formulation

A weak formulation for (3.1]) is obtained by multiplying the equation (3.1a) with a test function
v € C§°(2) and integrating over R? to get in view of Lemma

/( AYou - vdz = ds /R/R ‘x_)ﬂﬁz_”(y)) dyda::/ F)oly) dy.

R4
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Lemma 3.2. The bilinear form

o) o= ) [ [ o) U)o )

T — y|d+2s

is a symmetric, continuous bilinear form on H*(Y) x H*(Q). Furthermore, it is coercive, i.e.,
there is Ceoer > 0 (depending only on Q) such that

CooerllulF, ) < alu,u)  Vu € H*(9).

Proof. Follows directly from Lemma Note that a(-, -) is—up to the scaling factor C(d, s)/2—
the inner product that induces the seminorm | - |z, (@) By Lemma this seminorm is a norm

equivalent to the full norm || - || () [

Hence, with the bilinear form a(-,-) of (3.4), we obtain the weak formulation
atw) = [ Fnl)dy o e CE@), (35)

For f € L*(Q), the right-hand side v — [, f(y)v(y) dy extends to a linear functional on ﬁS(Q)
We will therefore define the weak solution of (3.1)) as the solution of the problem:

Find u € H*(Q) such that a(u,v) = / fuvdz Vv e H%(). (3.6)
Q

As it is written, (3.6) assumes that f is a function. However, the weak formulation (3.6)) makes
~ ~ !/

sense if f is a linear functional on H*(Q2), i.e., if f € H*(Q) = (HS(Q)) .

By Lemma we can apply the Lax-Milgram theorem and obtain unique solvability of (3.6)):

Theorem 3.3. There exists a unique weak solution u € I;'S(Q) of (3.6), which also satisfies

el e gy S 1 lr-s0)-

3.1.3 Galerkin method

The Galerkin method for 1) is as follows: Let X, C H® (Q) be a closed subspace, e.g., a finite-
dimensional subspace. Then the Galerkin approximation u; to the solution u of (3.6) is given
by

Find uj, € X}, such that a(up,v) = / fvdzx Yv € Xp,. (3.7)
Q

The classical Céa-Lemma gives existence, uniqueness, and quasi-optimality:
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Lemma 3.4 (Céa-Lemma). Let Q be a bounded Lipschitz domain. There exists C' > 0
depending only on  and s € (0,1) such that, for any closed X C H*(Q2), problem has a
unique solution uyp, which satisfies

Hu_uhnﬁe(g) < thlg)f(h Hu_vhnfjs(g)- (3'8)

Proof. Existence and uniqueness of uy, follows from the fact that the closed subspace X}, is again
a Hilbert space (cf. Lemma ({ii)) so that the Lax-Milgram lemma is applicable to (3.7).
By subtracting (3.6) and (3.7), we obtain the Galerkin orthogonality

a(u — up,vp) =0 Yoy, € X}, (3.9)
Hence, we get with the coercivity of a(-,-) and arbitrary v, € X},
coercivity @) @-9)
CcoerHU_uhH%s(Q) < alu—up,u—up) = alu—up,u) = alu—up,u—uvp)
continuity

CHU - uh”ﬁs(g) Hu - Uh“ﬁs(g)-
Since vy, is arbitrary, we arrive at
Jlu— uh”ﬁs(g) < Cv;£§(h fu— Uh”f{rs(g)a

which finishes the proof. |

The discrete solution uy in (3.7)) can be computed as the solution of a linear system of equations,
if X}, is finite-dimensional: let (¢;)Y¥, be a basis of Xj. Making the ansatz uj = ;up; for a
vector u € RV, problem (3.7) is equivalent to:

Find u € RN s.t. > wja(p;, i) = / fei, i=1,...,N. (3.10)
. Q
J

With the stiffness matriz A € RV*N and the load vector 1 € RV given by

Aij =algj i), li= /QfSOi (3.11)

(3.10)) is equivalent to solving the linear system Au = 1.
The procedure so far is very much remiscent of the classical FEM for elliptic problem such as the
Poisson problem. However, there are differences discussed in the following remark.

Remark 3.5 e The bilinear form a(-,-) is non-local, i.e., for non-trivial functions @;, ¢; > 0
satisfying supp ; Nsupp ¢; = 0, we get
d s pi(z) — i(y))(w;(*) — ¢i(y))
a(pi, pj) = /Rd /Rd |x — y|d+25 dy dx
a Rd JRA |$ - |d+2s Y
= —C(d, s / / 90’ 2il@)esw) 4, g, < o, (3.12)
supp ¢; J/supp ¢, -y
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Thinking of w; as local basis functions, this computation shows that the stiffness matrices will
be densely populated in contrast to the classical FEM case.

e The energy norm (H*(Q)-norm) is non-local, and the seminorm part is not additive. Indeed,

let Q = Qy U Qo with Q1 N Qs = 0. Then,

)2
2 12 2 y)|
‘U‘HS(Q) = ’v‘Hs(Ql) + ’U‘HS(QQ) + 2/ /92 |z — y|d+25 Ty o2 W Az,

and the last term cannot be bounded by the first two terms on the right-hand side.

This leads to problems in the finite element analysis as error estimates are usually derived
elementwise. However, Proposition[3.§ gives a way to circumvent this by deriving a localized
upper bound for the seminorm.

3.1.4 Classical piecewise polynomial approximation

Meshes and discrete spaces

Let 7 be a regular mesh on Q € R That is:

Definition 3.6 (regular mesh).
1. (covering) The sets T € T are open, pairwise disjoint, and UrerT = Q.

2. (affine element maps) Each T is the image under an affine transformation Fr : T—T of
the reference d-simplex T .

3. (regular mesh) Two elements T, T € T satisfy the following: either T and T’ coincide or
the intersection T N'T" is a j-simplex for some j € {0,...,d — 1}. For example, for d = 2,
elements T, T" can only share a vertex or a full edge.

Figure 3.1: A regular mesh (left) and a mesh violating the notion of regular meshes (right).

We denote by hp := diam T the size of the element T
We will additionally often require the notion of shape-regularity. For spatial dimension d > 2, a
mesh 7 is called o-shape-regular (or just shape-regular), if

hd
<o 3.13
TeT |7 (3:.13)
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For d = 1, we call a mesh shape-regular, if

hr

<o ifTNT #0. (3.14)
h

We call a mesh T quasi-uniform, if it is shape-regular and additionallyﬂ

min hy ~ max hy =: h. 3.15
TeT r TeT r ( )
The simplest spaces of piecewise polynomials on a regular mesh T are the space of piecewise
constant functions P°(T), the space P1(T) of piecewise linears, and the space Pg(T) of piecewise
linears that vanish on 92 given by

PUT) == {v e L*(Q): v|r € P(T) VT €T}, (3.16)
PP(T):={veCQ):v|r € P(T) YT €T}, p>1 (3.17)
PYUT):={veCQ):vjr € P(T) VT €T, v|ga=0}, p>1. (3.18)

Here, the space P,(T') is the space of polyomials of (at most) degree p € Ny. We have
POUT) C H*(Q) ifs<1/2, (3.19)
P(T) € H¥(Q) for s € (0,1). (3.20)

Exercise 3.7 Any course on FEM shows 770 (T) C H}(Q) C H*(Q) so that holds. Show
l for the case d = 1. Show that P° ¢ H*(Q) for s > 1/2.

For each element T' € T we define the element patch wr by

wr := interior U{? : T'NT # 0}.

Approximation from P;(T)

Before we can prove a priori estimates, we need to discuss how to deal with the fact that the
norm || - || frs(q) I which we measure the error, is nonlocal. This issue was already raised in
Remark This norm can in fact be localized to some extent as the following Theorem [3.8] due
to [Fae00, Fae02], shows:

Theorem 3.8. Let s € (0,1) and u € H*(Q?). Then,

W)l C e
’“‘HS < Z//w |x—y\d+25 o iz W dersh%S”uHB(T)’

TeT

where the constant C > 0 depends only on d and the shape-regularity constant o.

1Since any fized mesh is — technically speaking — quasiuniform, the notion of quasi-uniform mesh is actually only
meaningful when considering a family of meshes 7;; then quasi-uniformity requires the shape-regularity parameter o
and the implied constants in ([3.15)) not to depend on h.
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Proof. Let T € T and define w$ := Q\wp. We write
ey < S / / ut@) = u@)P o, +/ / () ~ vy 4,
He (@) TeT wr y’d+2$ T Jws ’.%’ - y’d+28

The first term has the right form already, and it remains to estimate the second one. Using the
triangle inequality and Fubini’s theorem, we get

u(x 2 Cdo .
// ul |d+22| dy dx<2/|“ |2/ |z —y| 2dydx+2/ |u(y)|2/T|1:y| =25 qr dy
wr Wi

= QITJ + 21T,2~

In the following, we show that ZTGT It = ZTGT I7 5. With the characteristic function Xws. of
the set wf,, we write

ZITQ—Z/XWT )| u(y |2/|x y| =425 dx dy

TeT TeT

/u S X (9 /rx Y~ de dy.

TeT

=:f(y)

Let 7" € T be the element with y € T”. (Since we are integrating in y, we may ignore the mesh
skeleton, which is a (Lebesgue) nullset.) We note that x.e (y) # 0 if and only if T C wf,. Hence,

waT /]a: y| 742 de = Z /]x y| =4 2Sd:v—/ |z —y| "% da.

TeT TeT: TCwy, Wi

This finally leads to
Sira= 3 [ WO [ oy e dy= 3 ars
TeT T'eT T'eT
Using this equality gives the estimate
u(y)|?
|U|Hs < Z y|d+23 T odras W dr+4 Z I,
TeT wr TeT

and we have to estimate I ;. Due to the assumption of shape-regularity of 7, there is a constant
¢ > 0 depending only on the o-shape regularity constant such that w$ C Q\Bep, (x). This allows
one to estimate using polar coordinates

Iry = / () ? / o~y 2dy do
T w%

oo
1 1
S [@P [ v do € ol
T chp ShT

which finishes the proof. [ |
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With Theorem in hand, we can formulate an approximation result assuming regularity of the
solution. We emphasize that the regularity assumption u € H?(Q) is not realistic for this problem
class. Nevertheless, the proof shows how approximation results in nonlocal norms such as the
I| - HﬁS(Q)—norm can be obtained.

The proof of the approximation properties follows the proof of the “classical” FEM. As it is done
there, we will work with scaling arguments and norm equivalences on finite-dimensional spaces.
In order for these tools to work, we require that there be a finite number of patch types. That
is, scaling a patch wr to size 1 leads to a patch W that is a from a fixed, finite set of reference
configurations. This can be achieved by constructing the mesh in a certain way. In 1D, e.g., by
only bisecting elements (and enforcing shape regularity in the sense that neighboring elements have
comparable size) and in dimension d > 2 by generating the mesh with Newest Vertex Bisection
(NVB), see, e.g., [KPP13| for the case d = 2 and to [Ste0O8b] for the case d > 3.

Lemma 3.9. Let d € {1,2,3}. Let the ezact solution u € H*(Q) of satisfy the regularity
assumption u € H?(Q). Let the mesh T be o-shape reqular, generated by NVB and be quasi-
uniform with maximal mesh width h. Then, there is C' > 0 depending only on €2, d, s such that
the piecewise linear interpolant Tu € PE(T) satisfies

lu = Tul| ooy < Ch*=*||ull g2 (-

Proof. For simplicity of exposition, we restrict our attention to the case d = 1.

Let T' € T and wr be its patch. Let F,,,. : r — wr be the affine transformation that realizes the
scaling of wr to size 1. Throughout, we indicate by the notation ~ the pull-back to the reference
patch, e.g., v := v o F,,. We note that by shape-regularity, we have diamwy ~ hp with implied
constants depending only on the o-shape-regularity.

Scaling arguments show the familiar equivalences

d—2j |~ .
‘U‘?{j(w) ~ hy ]’vﬁ—[j(@T)a J € No.

For fractional Sobolev norms, a similar equivalence follows from the definition of the seminorm
| B ()

v(z) —v(y)? jwr|? [0(x) —3(y)?
W], :/ / —————dydxr = — dy dx
H*(wr) rE€wr JyEwr |.%' - y|d+2s ‘wT|2 €W JyEWwT ‘F‘UT (x) - FwT (y)‘d+2s

[ [ et i
~ N T dyde ~ RS0
hgl:‘,—Qs JJEQT yG@T ‘ZU - y‘d-‘rQS T a (UJT)

Step 1 (error estimate in H®(wr)-seminorm): We denote by T the piecewise linear interpolation
operator on wr. Since I and I reproduce piecewise linear functions, we get for any piecewise linear
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function ¥ on &r that 1o = 3. Hence, we get by affine scaling

d/2—s >

df2—s ~ T Bt
= Tul s gy ~ Wi = Tl ooy = hy > = — 1(@ — 0) 2@y

d 278 ~ ~ T~ A~
< hy!l [|u = Ulgs@p) + (U — U)|HS(@T)}

< @~ sy + 1@~ D)oy

norm equiv. on finite-dim. spaces d/2—s ~
T [

cont. of T d/9— PR PR
ChT/ s |:|u—’U|HS(@T) + |U_/U|C(5T)i|

embedding H2 C C d/2—s1 o
< Chy”™ @ — Bll (o).

Since 7 is arbitrary, we get with the Deny-Lions Lemma (i.e., compactness of H? in H'; employed
elementwise for all scaled elements in the scaled patch ZDT)E|

d/2—s . ~ o~ d/2—s |~ d/2—s; —d/242
lu— Tul s (upy < ChY inf |4 =Vl g2 @r) < ChY* il @) ~ WY hp P ul o). (3:21)

Step 2 (error estimate in L*(wr)): By similar arguments, one obtains (see also FEM literature)
lu = Tl [2(0p) < CRE|Ulg2(y)- (3.22)

Step 3 (error estimate in weighted L*(wr) with T touching 00): Let T be an element adjacent to
the boundary. To fix notation, let the element map Fp : (0,1) — T be such that 0 is mapped to
09, i.e., Fr(0) € 99. Then, scaling gives

. —s d/2—s —s/~ T~
| dist(-, Q)™ (u — Tu)l|2(ry ~ >l =@ — T0)]| o

Since (@ — I@)(0) = 0, we can write (@ — [a)(z) = [;’ (@ — Ta)'(t) dt and estimate with a Cauchy-
Schwarz inequality R R
(@ = Ta)(2)| < C2'2||(@ = 1) || 25

We conclude
. — d/2— —s/~ T d/2— - ~ P
| dist (-, ) (u — Tw) ary ~ W2 e = Tl oy S 222 1 = T [
dj2—s) ,~ T
i (G D[,
We may now proceed as in the other cases of scaling arguments to arrive at

| dist(-, 892)~* (u = Tu)[| 27y S b7 °Jul g2(ry- (3.23)

Step 4 (error estimate in weighted L*(wr) with T not touching 052): By shape-regularity of the
mesh 7, we have dist(7T,092) 2 hp. Hence, we get from (3.22))

2 |
([ dist(-,0) " (u — Iu)|[L2(ry S hp’llu — Tullpzery < by °|ulme )

%in 1D, one can alternatively simply take ¥ = @(z0) 4+ (z — x0)@ (z0) as the Taylor polynomial at a point zo and
use u(z) — 0 = ffzzo (z —t)u" (¢) dt.
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Step 5 (conclusion of the proof): Since the patches wrp, T' € T, have a finite overlap property (in
fact, any element 7" is in not more than 3 patches), we can estimate with Theorem

e = Tl gy S S = Tul3eyy + il = Tulla gy + | dist(, 02) ™ (u — Tu) 227,

TeT
2(2—s —8
<SR Nl S B ul )
TeT
which finishes the proof. |

By combining the approximation result from Lemma[3.9|with the best approximation result Lemma
we obtain:

Corollary 3.10. Let uw € H2(Q) N H(Q) solve l Let up, € P(T) be the Galerkin
approzimation to u given by (3.7) with X;, = Pe(T). Then

s — unll ey < OBl sy

3.1.5 Approximation of low-regularity functions with Clément/Scott-Zhang in-
terpolation

Lemma assumed significant regularity and could then work with the nodal interpolation oper-
ator. If the solution has less regularity, then a pointwise evalution of the solution u may not be
possible and the construction of an approximation has to be done in a different way. The standard
technique in FEM in this situation is to use a Clément or Scott-Zhang type operator. Both the
Clément interpolant and the Scott-Zhang interpolant rely on local averaging of the function to be
approximated.

Clément interpolation

The Clément interpolation operator I¢! : L2(Q) — P(T), introduced in [CI&75], has the form
= 3 e /

Here, N(T) is the collection of all vertices of the triangulation 7" and the elements of N(T) are
called nodes. The function ¢, is the standard hat function associated with the node z € N (7).
For each node 2z € N(T), we select (arbitrarily) an element T, € T such that z is a vertex of T' and
we then set A(z) :=T.

Exercise 3.11 Let the mesh T be regular and shape-regular. Show that I is locally stable in L?,
i.e., there is C > 0 depending only on ) and the shape-regularity constant o such that

I 27y < Cllullpery YT €T
Conclude that HICluHLz < Cllull 2

The Clément 1nterpolat10n operator is in fact stable in other Sobolev norms. Notably, one has
11| 1 7y < Cllull g (uog)-
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Scott-Zhang interpolation

The Scott-Zhang projection I°Z, introduced in [SZ90], is a refinement of the Clément interpola-
tion operator. Its main advantage over the Clément operator is that a) it is projection and b)
(homogeneous) Dirichlet boundary conditions can easily be satisfied.

We define the set of (d — 1)-faces (e.g., edges in 2D) E(T) as all faces of elements in 7.

Let A(z) be a so called averaging set, which is for a fixed node z € N(T) either an edge E, € £(T)
with z € E, or an element T, € T with z € Ts.

Moreover, for all z € N'(T), there exists a local dual basis function, i.e., 1, € P(A(z)) such that

/ wz()pz’ = 622’ vzl € N(T),
A(z)

where ¢, again denotes the usual hat function associated with the node 2’ € N(T). With these
notations, we may define the Scott-Zhang projection.

Definition 3.12. Let z € N(T). Choose A(z) either as
e A(z) = E, with E, C 09, for z € 98;
o A(z) =T, with z € T, for z € Q.

Then, the Scott-Zhang projection I°% is defined as

%%y = Z wz/ Y do.
) A(z)

2eN(T

We stress that the choice of averaging set is not unique, as there might be multiple elements with
z2eT,.

The Scott-Zhang projection is well-defined for s > 1/2 and maps H*(Q2) — P'(T). Moreover, as
the averaging set is chosen as boundary edge, for nodes at the boundary, it also satisfies I°% :
H $(2) — PL(T), i.e., homogeneous Dirichlet boundary conditions are preserved. The Scott-Zhang
operator 197 : H5(Q) — PY(T) is stable for s > 1/2, i.e., [I5%v]| gs(q) < C|v| s (q) for some C' > 0
depending only on s, Q, and the shape-regularity constant o. I°Z is a projection on PYUT), ie.,
I5%y = for all v € PY(T).

Remark. For s < 1/2 the Scott-Zhang operator needs to be modified. There are two options:

1. For nodes z € 012, one selects as the averaging set also an element rather than an edge.
This then leads to an operator H*(Q2) — P!(T). Note that the boundary conditions are not
satisfied. This operator is then stable mapping H*(2) — P'(7T) and a projection.

2. The values at nodes 2z € J{ is simply set to zero, i.e., the sum extends only over interior
nodes. In that case, one obtains an operator that actually maps H*(Q2) — PL(T). This
operator is stable H*(Q) — P3(T) and a projection on Pg(T).
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The Scott-Zhang operator has local approximation properties in H®, which is stated in the following
proposition, [Cial3].

Proposition 3.13. Let T € T, max{1/2,s} < £ <2, v € H(Q) and I be the Scott-Zhang
projection of Definition[3.13. Then,

v —I%%v)(z) — (v — I%0)(y)|? 20—s
[ ) = (0= I 40 - pie-oya,
T Jwr ‘.ZL' y‘

(wr)?

where the constant C > 0 depends only on ,d, s,?, and the shape-reqularity of T and blows up
for s — 1.

Proposition immediately gives approximation results, if the solution u has merely H*™(Q)-
regularity for some 0 < t < 2 — s. Asserting regularity of the solution u will be the topic of the
next section.

3.2 The Integral Fractional Laplacian - Regularity

Regularity assertions for the solution are the key to obtaining rates of convergence of Galerkin
method.

A first question is: If the right-hand side f of the equation satisfies f € H"(Q2) for some r > —s,
for which £ > s can we expect that u € H(Q)?

Comparing to the Laplace equation, the answer of this problem is more involved, and a field of
active current research, in particular on polygonal Lipschitz domains, we especially mention the
overview articles [BBNT18| [BLN22| as well as [BN23al, FMMS22] [BN23b]. For smooth domains or
Holder regularity, we refer to [Grulb, ROS14].

3.2.1 Regularity in Sobolev spaces

We start with an example highlighting the difference to the integer order Laplacian.

Example 3.14. Let Q = B1(0), f = 22°T'(1 + 5)2. Then, the ezact solution of (3.1) is given by
u(z) = (1 - |z|?)%, where g+ := max{g,0}.

(See, e.g., [BV16, Sec. 2.6] and Figure ) One can check that u € ﬁ”l/%g(ﬂ) for all e > 0,
but u ¢ H/2(Q).

Therefore, even for smooth Q, f, one cannot expect more regularity than s + 1/2 — e, which is
vastly different from the case of the integer Laplacian, where the same problem setting would give
smooth solutions.

Remark. One way to see that one should expect limited regularity is by considering the special case
s = 1/2. Then, the solution of the Caffarelli-Silvestre extension problem is harmonic in R? x R*. The
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Figure 3.2: solution of (—A)*u = 1; u = 0 on ¢ on the unit circle.

boundary conditions at y = 0 are of mixed type: Neumann boundary conditions at © x {0} and Dirichlet
boundary conditions at Q¢ x {0}. One expects a singularity at 9.

Example shows that a “shift theorem” in Sobolev spaces may only hold in limited range. The
following result shows that expected shift by 2s holds until essentially the regularity H*t1/2 is
reached:

Theorem 3.15 ([BN23a]). Let Q be a bounded Lipschitz domain. Then, for r € (—s,0] set
v :=min{s + r,1/2}. Then for every e >0 and f € H"(Q2), the solution u of satisfies

[ull e (0) < Cllf 1m0

Example shows that one should expect the leading order behavior of the solution near the
boundary to be u ~ dist(-, 9§2)® (at least for smooth 0€2). Example also suggests that the loss
of regularity is limited to the vicinity of 02 if f is smooth. This is indeed the case:

Lemma 3.16.  (Interior regularity, [FMP19, Lemma 4.4]) Let w CC Q be a domain. Let
f € C>®@). Then the solution u of satisfies u € C*°(w).

Proof. The proof uses the classical difference method of Nirenberg. For the Laplacian, it can be
found in most PDE textbooks, e.g., [Eva98]. We proceed similarly using the extension problem as
it is a PDE and afterwards employ the trace theorem to obtain the result for w.
As mentioned in Section [2.5.5] an appropriate function space for the Caffarelli-Silvestre extension
is the space BLi. Here, we additionally require the exterior boundary condition, i.e. we take the
space

BL,, = {U € L},.(R* x R") : VU € L*(R? x R";y*), trU|ge = 0}.

loc

Then, there exists an unique solution U € BL}%O for the weak form of the extension problem given
by

1 1
/ y*VU -VV dyde = —— [ (=A)Y’utrVder = —— / ftrVdx vV € BL. ,.
RexR+ ds Jpa ds Jo ’
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We now choose a suitable test-function. For that, select a cut-off function x € C§°(2) with x =1
in a neighborhood of @. We will view x as defined on R¢ x Rt with no dependence on y. We
consider the difference operators

Uz + hej,y) —U(zx,y)

DhU(x7y) = h

for some unit vector e;. For h sufficiently small, one considers the test function V' := D_,(x2DyU).
For h # 0 this is an admissible test function as V satisfies the correct boundary conditions. Inserting
this test function into the variational formulation gives

/ yOVU - V(D_n(x>DyU)) dydx:/ftrD_h(XzDhU)d:c.
RIxR+ Q

Moving D_j, to the other terms by a change of variables argument, we rewrite this as
/ ftrD_,(x*DpU) = —/ y*V DU -V (x*DyU)
Q Ri xRt

=— / y 2V DLU - VDU — 2 / y*xVD,U - (Vx)D,U.
Ri xR+ Ri xR+
Thus, rearranging (also moving D_j; onto f) and Cauchy-Schwarz give

/ PPV DU = / Dif tr(x*DyU) — 2 / YNV DU - (V) Dyl
RIxR+ Q RIxR+

< ClixDnufllrz@ll tr(xDrU) |l 22
+ QHZ/Q/QXVDhUHm(RdeﬂHya/z(VX)DhUHH(Rdeﬂ- (3.24)

Now, the trace estimate from Lemma [2.20] gives

e (xDRU)12(0) < Clly*V (XDRU) || 2 gt et
< CHya/Q(VX)DhUHB(Rdeﬂ + C”?JQ/QXV(DhU)HL2(Rde+) (3.25)

Inserting this in (3.24]), we can employ Young’s inequality to move the term Hyo‘/z)(VDhUH%Q(Rd
on the right-hand side to the left-hand side and get

xRT)

192XV DU s gty < CIXDn N2y + Cly* > (V) DAU sy (3:26)

Furthermore, the L2-norm of the difference quotient Dj, can be bounded uniformly by the L2-norm
of the derivative d,; uniformly in A (see [Evad8, Sec. 6.3] for details), which leads to

||ya/2XVDhU||L2 (RIXRT) S CHXaa:JfHH + CHyaﬂ(VX)a%UHL? (RIXRY)

for some C' > 0 independent of h. Now taking the limit &~ — 0 (see [Eva98, Thm. 3, Sec. 5.8.2] for
details) gives

ly™/*XV0u,U 72 gaxzs) < Clx0e, 220y + Cly™* (V)00 Ulfagaxesy <€ (3:27)
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02 02

Figure 3.3:  Solution of (=A)*u = 1; u = 0 on Q¢ on the L-shaped domain and zoom to the
reentrant corner.

as f € HY(Q) and U € BL.. From this and the trace theorem ([3.25) one can infer
”arjuHL?(w) < oQ.

That is, u is locally in H' and not only in H®. One can bootstrap this argument to see that w is
actually in C*°(w) since f is smooth. [ |

An illustration of the fact that the solution is smooth inside €2 is given in Fig. for smooth
right-hand side f: away from 0 the solution wu is seen to be smooth; one also discerns that one
approaches 0f), the regularity is lost. This can be conveniently captured with weighted spaces as
discussed next.

3.2.2 Regularity in weighted Sobolev spaces

Lemma shows that the loss of regularity (for smooth f) happens near the boundary 0€2. This
suggests that the solution is in a weighted space. For that, we introduce the notation

roo(x) := dist(x, 0Q)

as well as QF := Q x (0,00) C R? x RT.

Theorem 3.17. Let Q C R? be a polygonal Lipschitz domain. Let f € H?*(Q) and u be the
solution of . Then, fort > 1/2 there holds

1750 Vull L2y < Cllf @), (3.28)
Ir50” ™ Dull 2 () < Cllfll(9)- (3.29)

Proof. We only illustrate the result for d = 1. For the more involved cases d = 2,3 the stated
estimates follow from the more general estimates discussed below.

Step 1: Trace estimate. By the trace estimate of Lemma [2.20f we may show appropriate
regularity results for solutions to the Caffarelli-Silvestre extension problem. In particular, we use
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[2.40) with V = 9,U to obtain

10U (2, 0)* < 105U (%, )22y syoy + 100U (@, M 2, oy 10900V (@, M A G e

Multiplying with rgg_s), and using o = 1 — 2s provides

’8 U(z,0 ’2 S \\7’39‘93 Uz )HL2(R+y a)
It U V28 [0, 2, Y56

Integration over 2 gives in view of u(x) = U(z,0) together with s < 1 (which induces r;3 < rdQ)
and |0,U| < |VU| as well as |0,0,U| < |VO,U| that

”7“3988 U||L2(Q) S Hrtagla U||L2(Q+ y) + Hragla U||L2(Q+ a)||7“898 Oy U||};§°‘Q+y @)

1
S lIrog VU2 (ariye) + Iraa VUl 2{0 10 1760 VOaUll 2501 e

Now, this estimate suggests that we need to control weighted norms for derivatives of the solution
to the extension problem.

Step 2: Additional regularity for the extension problem. For any 7 € [0,1/2), there holds

[ ¥ ISVt < ol o (3.30)

We omit the technical proof that employs again difference quotient arguments, details can be found
in [BEM™23].
This additional regularity can be used to obtain

‘|ratVU“L2 Q+;y) < C’regcf“f‘|%—[1(g)7 (3.31)

which directly follows from the embedding result HranHLz < CregHU”H?(Q) for t € [0,1/2) and

any v € Ht(Q) ([Grilll, Thm. 1.4.4.3]) employed with v = VU(~,y) and multiplying by y®, and
integrating in y.

Step 3: Exploiting interior regularity to control |15, Vo, U||r2(q+ye)-

In order to obtain an estimate for the L2-norm over = (a, b), we dyadically cover © C ;e Ber, (%:)
with intervals Be,(z;) C §2, where the points x; run through the set {a + (b — a)277: j €
NYU{b—(b—a)277:j € N}, ¢ € (1/2,1) is fixed and 7; = dist(z;,09). A geometric series
argument gives » . r; < oo for any chosen ¢ > 0.

Using a cut-off function y with x = 1 on Bey,(2;), supp x C By, (x;) and ||x|lze + [|X||zee < 7

(3.27) gives

1V Oy U”L2 (B ) — HXvaxU”]} (B y®) ~ ”fHH1 Q)+ 1”3 U||L2 B y®) (3.32)

B3D - |
i |l ) (3.33)
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Consequently, for given ¢ > 1/2, there is 0 < ¢ <t — 1/2 such that £ := 1 —t + £ € [0,1/2) and we
obtain

Hrtaﬂvaa:UH%Q(QvL;ya) S Zr?tHvaxU”%z(Bcri($i)+;y°‘)
i€EN
<Dl 1) < Cllf I @)

i€EN

This shows (3.28)), estimate (3.29)) follows with the same technique and only uses interior regularity
for higher order derivatives exploting that 0,U solves the extension problem with data 0, f. |

Example 3.18 The reqularity estimates in the previous Theorem can be easily verified for the
solution v of Example on B1(0) € R2. Introducing polar coordinates (r, ), u is a function of
r only and satisfies |Vu| ~ [Opu| ~ (1 —r?)~lr. As dist(z,0Q) = 1 — || = 1 —r, we have for any
t>1/2

1
(1-— r)Q(t_S)(l - r2)2(8_1)7“2dr < / (1—r)2"2dr < cc.

1
IVl oy < /
r=0

r=0

since 2t — 2 > —1. The verification of is left as an exercise for the reader.

The result can be further refined. The reason is that the solution can be expected to the
smooth in the tangential direction and the lack of (higher) regularity is only due to the behavior
of the solution in the normal direction. We do formulate this result in a more precise way in the
following.

On polygonal domains © C R?, as seen in Figure solutions to fractional PDEs typically exhibit
both vertex and edge singularities. Note that this is conceptually different than, e.g., for the
Poisson equation, where only vertex singularities appear in 2d! We capture the singular behaviour
by introducing vertex and edge weights defined as

rv(x) = dist(z, v), re(z) := dist(z, e),

and decompose the polygon into vertex neighborhoods wy (rv < € and re > ery), vertex-edge
neighborhoods wye (v < € and re < ery), edge neighborhoods we (ry > € and 7e < €) and a
remainder Qi (away from the boundary). See Figure for an illustration. We also note that the
neighborhoods may overlap a bit and for each vertex/edge a different ¢ may be chosen.

In order to exploit (interior) regularity, it is useful to employ locally fitted coordinates in the
neighborhoods wye, we: we denote by e and e, unit vectors such that e| is tangential to e and
e, is normal to e (see Figure . We introduce the differential operators

Dva =e|- Vv, D, v:=e; -Vzv

corresponding to differentiation in the tangential and normal direction. Higher order tangential
and normal derivatives in we or wye are inductively defined by D%”v = fou (D%[lv) and D2, LU=

D, (D3 ') for j > 1.
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Figure 3.4: Decomposition of 2.

il

Figure 3.5: Neighborhoods and notations near vertices and edges.

The following theorem shows so called weighted analytic regularity, i.e., control for all (tangential
and normal) derivatives in the corresponding neighborhoods of the boundary described above.

Theorem 3.19. Let f be analytic on Q and u be the solution of . Then, there is C,vy > 0
such that for all p € N there holds:

1. w s analytic on each K CC ().

2. For all B € N2 there holds with |8| = p
\]r{),_l/z_erea’Bu\\L?(wv) < CPHpP.
8. For all (py,p)) € N§ there holds with p = p, +p|

—1/2—s+ D 1
|-~ D Dl oy < CAPHIPP,

—1/2—s+e_p|+e D
B s e, B DY Dyl 12(0ge) < CAPTPP.

Proof. In principle, the idea of proof is similar to the proof of Theorem All estimates are done
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for the Caffarelli-Silvestre extension problem as local PDE, additional regularity - here in tangential
direction - is derived, control of higher order derivatives is achieved by employing interior regularity
and finally, everything is glued together with a covering argument.

However, for each of the neighborhoods wy,we, wyve some (slight, technical) differences have to be
taken into account. We refer to the paper [FMMS22], which is dedicated to the proof of the theo-
rem. [

3.2.3 Impact of regularity on mesh design: shape-regular meshes

Weighted regularity results such as and in Theorem suggest not to use quasi-uniform
meshes but rather meshes that are refined towards the boundary. In that way, the convergence
rate as measured in “error vs. problem size” can be improved. For more details, we refer to
[BN23al, [BN23b].

The typical mesh design principle that arises from (3.28)) is the so-called u-graded mesh (with p > 1)
with the following properties:

1. T consists of shape-regular elements, parameter h > 0 given,
2. the element size hy should satisfy hy ~ hdist(T,9Q) =4 if T NoQ = 0,
3. the element size hr should satisf h ~ h* if T N O #£ 0.

An example of a graded mesh can be seen in Figure (left).

Theorem 3.20. Let Q C R?, d € {2,3}, be a polygonal/polyhedral domain and the mesh T be
w-graded in the above sense. If the reqularity assertion of Theorem[3.17 holds and if p > 1 is such
that

(2—s)(1—-1/p)>1+t—s, (3.34)

then one has

: _ 2—s t—s 14+t—s 2 2—s
Ueg;lfm lu = vl o) < CP*7° (IIrhe Vulln20) + lIrag "D ullr2(o)) < CR**.

For the number of degrees of freedom, we have

N := dim PE(T) ~ h~Hd=D),

Proof. We only show the complexity estimate: We decompose T = Togq U Tq with Toq := {T €
T:TNoN#0} and To :={T € T : TN = 0}. As the trace mesh on 99 is a quasi-uniform
mesh with mesh size hy,;, := minpe7 by ~ h#*, we have

Z 1~ p D | pnld-1),

min
TeTon

3this is natural: by shape reglarity, the elements adjacent to elements touching 9Q have size O(hmin) and are

O(hmin) from 0. Hence, these element satisfy hz ~ hmin = hh'-*/* which implies Amin ~ h*
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For the elements in 7y, we estimate

lezf d<hdZ/ —d(1-1/p)

TeTq TeTq TeTq

< /dlam d(1=1/p) o, p—dp—d+1+d/m_ p—p(d-1)

mwn

The error estimate in the H* (©)-norm is very technical and employs the “localization” of Theo-
rem [3.8] as illustrated in Lemma using only the weighted regularity assumption. Hereby, scaling
arguments for the weighted norms allow to recover the correct powers of h. We note that element-
wise (or patchwise) approximations produce powers hQT*S by employing suitable interpolants. This

motivates (3.34): condition 2. in the defintion of the graded mesh gives h?fs ~ hQ_STéQQ_S)(I_l/ 2 <

h?~ srégt ., which is the appropriate weight function for the weighted regularity. |

We note that also exponentially graded meshes towards the boundary, motivated by choosing y = co
in condition 2, can be employed.

Figure 3.6: Graded, shape-regular meshes towards an edge; left: u = 3, right: exponentially graded
mesh 7y = 00”.

3.2.4 Impact of regularity on mesh design: anisotropic meshes

The approximation result of Theorem with its O(h%~%) estimate is optimal in terms of h. In
terms of “error vs. N”, one obtains O(N —s)/ (“(d_l))). For the approximation of smooth functions
from P} on quasi-uniform meshes the the optimal rate is O(N~(2=*)/4). Since typically u(d—1) > d,
the rate (as measured in “error vs. N”) achieved by Theorem is not optimal.

The regularity result of Theorem shows that the solution has much less variation in the tan-
gential direction than in the direction normal to 02. This suggests to use anisotropic elements,
i.e., elements where the aspect ratio may be unbounded. An archetypal mesh is depicted in Fig. [3.7]
This can restore the optimal complexity.

These idea can also be employed to exponentially graded meshes towards the boundary, which,
for the shape-regular case, look like meshes in Figure We note that in 1d, the meshes can be
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)2*1/u

v = (

2.

o0

zi:ih:ﬁ:

Figure 3.7: An anisotropic graded mesh given by the nodes (x;, ;) = (i/N, (j/N)?~'/#). The 1D
mesh with nodes x; = (j/N)?~'/# satisfies h; ~ hxi_l/“.

explicitly defined on (—1,1) by a grading factor o € (0, 1) and a number of refinement layers L € N
by the nodes

L

zg = —1, mi::—l—l-oL_i'H,i:l,...,L xH_l::l—ai_ ,it=1L,...,2L xop40:=1,

(3.35)

see Figure The key feature of these meshes is that elements with T'N 9Q = () satisfy hy ~
dist(T,09Q) and elements with 7N 99 # () behave like hy ~ o*.

Figure 3.8: A geometric mesh in 1d.

Mesh design principles of anisotropic exponentially graded meshes for d > 1 are more involved.
Here, we mention a construction from [FMMS23]: The polygonal geometry, e.g., the L-shaped
domain, is at first decomposed into a so called macro-triangulation, which is a coarse mesh (possibly
consisting of triangles and quadrilaterals), where each element of the macro-triangulation gets a
refinement-label, see Figure |3.9

The refinement labels are given according to the used refinement pattern (see Figure [3.10)):
e trivial macro elements (interior elements) are not refined;

e vertex macro elements (triangular macro elements that only share a point with 9Q) are
geometrically refined towards the point in an isotropic way;

e edge-vertex macro elements (triangular macro elements that share an edge with 0Q)
are geometrically refined towards the edge in an anisotropic way and towards one corner in
an isotropic way;

e edge macro elements (quadrilateral macro elements that share an edge with 02) are geo-
metrically refined towards the edge in an anisotropic way.
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VE VE
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Figure 3.9: Macro triangulation of the L-shaped domain and zoom in to the reentrant corner in
the refinement patterns.

Generating a mesh in this way, if each element on the boundary is refined exactly L € N times (”lay-
ers of refinement”), one can glue the corresponding geometrically refined (and possibly anisotropic)
macro elements together to obtain a mesh without hanging nodes, see Figure (3.9

Al
- ~ _*/V

T T xT

Figure 3.10: Refinement patterns for the different macro element types.

The mesh design principles of this section allow the construction of geometrically graded, regular
meshes towards 02 denoted by Tgeo. Combining such meshes with higher order finite elements,
gives an hp-FEM approximation: Let p > 1 and un € P} (Tgeo) solve

a(un,vy) = / fon dx Von € PE(Tgeo)- (3.36)
0

Note that the dimension N := dim P} (7o) of the FEM space behaves like N ~ (pL).
Now, the derived weighted analytic regularity can be used to show exponential convergence of the
hp-FEM approximation.
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Theorem 3.21. Let Q C R* with d = 1,2 be a polygonal Lipschitz domain and Tgeo be
a geometric mesh with L layers of refinement towards 02 given by (3.35) (d=1) or the mesh

construction via refinements of mesh patches (Figure d=2). Let un € P (Tgeo) solve (3.36))
and u € H*(Q) solve (3.6]).

Then, choosing L ~ p refinement layers gives for the FEM error

e = un ]| o ) < Cexp(=b V/N), (3.37)

with N := dim P§ (Tgeo) and some constants C,b > 0 independent of L,p, N.

We only show the theorem for d = 1. For its proof, we need a few ingredients such as the following
embedding result (shown via classical interpolation theory using the K-functional, see [BFM™23]).

Lemma 3.22. Let ' €[0,1), 0 € (0,1 —3"). Then, there is Cg s > 0 such that

/ /_1
1]l oy < Cors |Iraav'llzz) + b vl 2@ (3.38)

for all v such that right-hand side is finite.

By definition of the hp-FEM approximation and the Céa-Lemma, it suffices to construct a suitable
approximation in P} (Tgeo), which is done element-by-element:

e For T' € Tgeo with T N OQ # 0, we take vy|p = I'Myx |7 as the linear interpolant in the
endpoints of T.

e For T' € Tgeo With TN O = 0, we take the Gauss-Lobatto interpolant of degree p on the
element (see Appendix for details).

For the linear interpolant, we obtain approximation properties in weighted norms.

Lemma 3.23. Let ' €(0,1), € > 0. Then there is Cg . > 0 such that the following holds: For

v € C([0,1]) let Iv be the linear interpolant in the endpoints 0, 1. Then, provided the right-hand
side s finite

|27 (@ = 19) || 201y + 2™~ (@ = 10) | 2(0,1) < O ellz™ P HI327G7 12 .

Proof. Step 1: Let mv € P; be the linear interpolant of ¥ in the points 1/2 and 1. We now show
that for any o > —1 there holds

|12°%(@ = 719) | 20,1) < Callz®*™" || L2(0,1)- (3.39)

This follows from

1/2

(B — 719)(z) = 2 / 1 ¥(2) — 0 (t)dt = 2 /1 /12 /t ") drdt,
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which implies
1 1
/xa|<@—%1a)'(x)\2dx_4/ .
0
<[] =
2/ / xo‘< |d7'+/ 0" (1) |dr )dmdt
1/2J0
1l
§/ / z* —i—‘/ [o"(T)|dr| | dxdt.
1/2Jo

For the first term on the right-hand side, we employ a Hardy inequality [DL93, Chap. 2, Thm. 3.1],
which gives

For the remaining term, we estimate

[ | o

’U/\”(T)d’l'dt dx

1/2

T)dT d:cdt

IN

T)|dr

1
T)|dr dxg/ 220" (x)|?de.
0

dxdt < / / / ) |2drdzdt
1/2 1/2
1
< / 7 (r)2dr < / 25 (1) 2
1/2 1/2

as 7792 < C on [1/2,1]. In total, we arrive at the sought estimate
1 1 1
/ (0 — 10 (z))?dx < / 220" (z)|?dx —|—/ 220" (x)|2da.
0 0 1/2

A maximum norm estimate is then obtained from

|(0— m0)(x !</ (v — 710)'( ‘dt<\// " Hzedt tl %|(0 —mo)(¢)[* dt
o

3/2— 5

S Cellz I 22(0,1)-

Step 2 (B’ < 1/2): Abbreviate e := ¥ — IT and note e(z) = [ ¢/(t)dt. For §' € [0,1/2), Hardy’s
inequality [DL93, Chap. 2, Thm. 3.1] is applicable and ylelds

B “ellrzo1) < Clla” € llr20.1)-
We estimate with w = ™0 € P;

127 € 1201y < 2™ (© = w) | 20,1y + 2™ (T(© = w)) [l £2(0,)
Py finite dimensional 8 , N
N 27 (0 = w) | L2(0,1) + 1V — wl[Loo(0,1)

=710

Step 1, w . ,
5 ||£L,m1n{ﬁ +1’3/2_€}i}\”

I 22(0,1)-
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Step 8 (B' > 1/2): From the representation e(x) = [ €/(t)dt we get for any o € [0,1/2) by the
Cauchy-Schwarz inequality |e(x)| < Caml/Q*O‘H:cae’HLz(oJ). Hence, for « sufficiently close to 1/2,

1
/_
|27 el 20,1y S \/ /0 2R de et 2 00) S 0%€ Nl 20,0)-

We conclude, since o < 1/2 < ', that ||:E’8,_16HL2(071) + Hxﬁle’HLz(O’l) S llz%€l|L20,1)- Applying
Step 2 with « taking the role of 8’ there, we get, by selecting « sufficiently close to 1/2

[z%€' |l 20,1) S ”953/275@//HL2(0,1)~

Step 4 (6" =1/2): Given € > 0, we note for ¢’ > 0 sufficiently small that min{s’ +1,3/2 — e} =
3/2 —e=min{3 — &' +1,3/2 — e} so that we obtain the result by applying Step 2 to the choice
B =1/2-¢. o

Let I = (—1,1). The Gauss-Lobatto interpolant is a Lagrange interpolation in the Gauss-Lobatto
points {z; : j=0,...,p}, which are the endpoints +1 together with the extrema of the Legendre
polynomials, i.e., the zeros of z — (1 — :nQ)L;(a:) with L, being the p-th Legendre polynomial. The
operator then reads as

T — Ty

P

GL
ISt o) =P, g+ Zg(a;j)Hx_ —
=0 e
As usual for Lagrange interpolation, using the projection property of the operator I~

obtain a quasi-best approximation

on P,, we

lg — 15" gl poo(ry < (14 AX) inf [lg — vl po (1),
veP,

where A7° is the so called Lebesgue constant. For the Gauss-Lobatto points, there holds the quasi-

optimal upper bound
A < Cln(p+1).

The operator II?L also is stable in H', see e.g. [BM97],
1 ull gy < Clullgigy  Yue HY(I)

with a constant C' > 0 independent of p. Moreover, we have suitable approximation properties
stated in the following lemma.

Lemma 3.24. Letp € N and f € C>*(—1,1) satisfy
Hf(n)Hp(_Ll) < Cpy"n! VneNg, n>p+1

with some constants Cy,~ independent of n. Then, there exist constants C,b > 0, depending only
on vy such that

inf ||f —vllgeo(—1,1) + I =0l o211y < CCpe".
vEP,
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Proof. This is a combination of Proposition and Lemma from the appendix. [

Proof of Theorem |3.21. The Céa-Lemma gives

uU—uUN||zsoy < C inf U — UN|| Zsron-
|| N”H Q) o EPE (Taeo) H NHH (Q)

Selecting 3 := 1 — s — &’ for & sufficiently small, Lemma shows
/ 1
= ol ey < It = oY oy + ™ (= o) ey

which can be estimated by summing elementwise error contributions. As discribed above we dis-
tinguish between elements touching the boundary and elements away from the boundary.

Step 1: Set §:=1/2 — s+ ¢ with some € > 0. For the approximation on the elements abutting
09, we observe that, for given ¢, we can select ¢’ sufficiently small to ensure

3/2—s—e=08+1<min{f +1,3/2 — e} =min{2 —s—£',3/2 — ¢} (3.40)

In Lemma we may therefore replace gin{3/2—e,f'+1} by 2?1, Combining then Lemma
with a scaling argument, we get for T; with T; N 02 # ()

/_ 1 1 1
HTf;Q (v =o)Lz, +H7“BQ(U—UN) L2z < Chy —6—( ﬁ)” 8+ o[ 2

Step 2: For the remaining elements T; with T; N 92 = (), we show
I (= o)l a2y + I (= onY 2y < Chi 7707 et

for some b > 0 independent of p. Let T' = [z;_1,2;]. We only show the estimate for the case
that dist(7",0) = dist({z;—1}, Q) =: r;. Denote by u := u|r o Fr the pullback of u on T to the
reference interval and note that F. = hyp/2. The above estimate follows from scaling with by

1@ | g2y = (/2" P 2y < (h/2)" 20 g a2y

hy \" 2 B41/2, B—1

<(52) I e
i

< Chyl* P (rCy)mnl

where we used the weighted regularity estimate and that the geometric mesh satisfies hy = C,r;
with a constant depending only on the mesh grading factor ¢. Consequently, Lemma [3.24] implies

@ — IS g gy < Chy> Petr,

Reversing the element transformation, we obtain a polynomial vy := (I, GLi) o Frt € Py(T) satis-

fying u(zi—1) = vr(x;—1) and u(z;) = vp(z;) and the scalings

Irhe (= or) | 2y < CRYPYY Y@ — 1654 o

b (w = vr) | 2y < CRY PN @ = I970) | 20y
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Inserting the estimate in the H'-norm on the reference element from above gives

e (u = or)ll 2y + Irga(u — vr) L2y < Chyl >~ 712t
Step 3: Summation over all elements using step 1 and step 2. Noting that 5'—8 =1/24+e—¢' > 0,

we obtain from summation over all elements and using h; = O(o%) for the elements abutting on
0N that

(6'-8) + e—bp — O-L(1/2+5_5,) + €_bp

9

/_1 /
Irbe * (w = vr) | 2y + I7ag(w — vr) | 2y S o

which implies the statement of the theorem by suitably adjusting € and noting that N ~ Lp ~ p>. B

Example 3.25 We consider Q = (=1,1) and f = 1 and employ a geometric mesh in 1d with
o =0.6.

Figure[3.11] shows the convergence of the energy norm error of the hp-FEM approzimation plotted
against the increasing number of refinement layers L. Note that N ~ Lp ~ L?. The root exponential
convergence of Theorem [3.21 is clearly visible.

T T T
100 N —B—error s = 0.3
—%—error s = 0.5
—A—error s = 0.7

1071

T T T T
Q
~
~
[N}
~
L

Ll

102

2 4 6 8 10
number of layers L

Figure 3.11: Exponential convergence of hp-FEM in 1d.

3.2.5 Adaptive FEM for fractional PDEs

A different take on mesh design is given by adaptive finite element methods, in the sense that meshes
are not designed by hand to exploit (weighted) regularity estimates, but are done by sucessive
refinement of a coarse mesh 7Ty. In particular, the classical adaptive FEM loop

b= l+1
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Algorithm 1 (Standard adaptive algorithm)

% Input: Initial triangulation 7y, adaptivity parameter 0 < 6 < 1.
for /=0,1,2,... do

(i) Compute the solution uy € P(T;) of
a(ug,ve) = (f,ve)r2 Yoe € Po(To).

(ii) Compute error indicators ny(T, u,) for all T' € T; (to be specified below).

(iii) Determine a set My C Ty of minimal cardinality such that

0 Z ne(T,ug)* < Z ne(T, ue)?. (3.41)

TeT, TeM,;

(iv) Generate the coarsest NVB refinement 7;1 := refine(7;, M;) of Ty such that all marked
elements T' € T, have been bisected.

end for

written down in the following algorithm can be employed for non-local problems as well, [AG17],
[EMP19].

The step SOLVE means computing the solution on the current mesh 7;, which means solving the
linear system given by . The steps MARK (Dorfler marking) and REFINE (newest vertex
bisection) are exactly the same as for standard elliptic FEM and we refer to any lecture on (A)FEM
for details.

Thus, we focus in the ESTIMATE step, which means that we have to construct an a-posteriori error
indicator that automatically detects, where the FEM mesh should be refined.

We start by defining the piecewise constant mesh size function hy € L*°(Q2) by
helr := he(T) := |T|V? for all T € 7y (3.42)

A natural choice would be a residual error estimator |f — (—=A)*v||g-s(q). However, as one
actually wants local (elementwise) defined error indicators, the non-locality of H ~*-norm does not
allow this to be decomposed into elementwise norms. A modification is to realize the H ~*-norm as
weighted L?-norm

175 (F = (=D v)llFo) = D hi(F = (=A)*ve)llZa ) (3.43)
TeT,

While such an approach works for small s, it is not well-defined for s > 3/4: By Corollary the
application of the operator (—A)*v produces an L2-function only, if v € H' with t > 2s. However,
in the norm above the operator is applied to a function v, € 73&(72), which — as a piecewise
polynomial — is not smooth across element edges, i.e., derivatives have singularities at the so called
mesh skeleton. In particular, one only has v, € H! for t < 3/2, which violates the requirement of
t > 2s for s > 3/4.
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Again, this singular behaviour can be measured in certain weighted spaces. Here, for a mesh 7y,
we introduce the distance function to the mesh skeleton as

we(z) == 71161% dist(z,0T) = Tlg% yie%fT]x —yl. (3.44)

Lemma 3.26 ([FMP19]). Let wy be given by (3.44). Given 0 < s <1, fir B > 2s — 3/2, e.g.,
B:=s—1/2. For any v, € P¢(T;), we then have w(fA)Svg € L*(9).

Proof. For x € T, we split the fractional Laplacian into a principal value part and a smoother,
integrable part

- up(w) — up(y)
C(d,s) 1(—A)sug(a:) =P.V. / —de (3.45)
Byist(a,01) () |z — y|d+2

up(w) — ug(y)
+/d |z — y|d+2s dy.
R\ Byisi(a,01) () Y

Using polar coordinates y = x + rv, v € S !, where S9! is the (d — 1)-dimensional unit sphere,
and exploiting that wy|7 € Pi(T), we may compute the principal value part

P.V. uel@) — uely) ;‘féy) dy = lim uel@) =~ uely) ;‘fgy)
Buyist(z,0m) (T) [z =y e=0 Buist(z,01) (2)\Be () [z =y
. T —y
= lim Vauy|z / Wdy
e Baist(z,0m) ()\Be(z) 1T — Y

dist(z,0T)
= lim Vuy|p - / / r~25y drdy = 0, (3.46)
e—=0 veSd-1 Jr=¢

where the last equality follows from interchanging the integration in v and r. For the second part
in the decomposition of (—A)%u, in (3.45]), we abbreviate R = diam(€2), and a similar computation
using the Lipschitz continuity of ue provides (note: [luglw1.00(q) := l[uell oo () + Vel o))

(3.47)

/ ue(x) — uely)
R\ Byist(z,07) (%) |z — yl|d+2s

up(w) — up(y)

< |IE _ y|d+25

dy| +

/JBR(fE)\Bdisc(z,aT) ()

up() — ue(y)
s dy
/BR(:L«)C |z — y|dt2s

|z —y| 1
S lluellwree @ / e+ T Y
@ Br(@)\Baist(x,07) () | — y|@t2s Br(z)° |z — gy|dt2s

i 2 1
S el @) /T:dist(m o rT*dr 4+ /T:R % dr

S ||W||W1,oo(9)(dist(x, 8T)1_25 +1).

Since dist(x, OT)PT1725 = (wy|7)?T172% is square-integrable in view of 8 > 2s — 3/2, Lemma
follows. u
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By the previous lemma it is natural to just modify the weight in (3.43) as

~ h; for 0 < s <1/2,
he =9 58 s
h, "w, forl/2<s<1landf:=s—1/2
and introduce the error estimator
1/2
newe) = | Y. meTw)? |, me(Tove) = 05 (f — (—A)ve) 2. (3.48)

TeT,

This error estimator indeed gives an upper bound for the error:

Theorem 3.27 ([FMP19, Thm. 2.3]). For 0 < s <1 and f € L*(Q) the weighted residual
error estimator (3.48)) is reliable:

[ = well g gy < Cretne(u). (3.49)

Using the proposed weighted residual error estimator to steer the adaptive algorithm, then gives
optimal algebraic convergence rates for the AFEM error as formulated in the following theorem.

Theorem 3.28 ([EMP19]). If0 < 0 < 1 is sufficiently small, then the error estimator
converges with the best possible algebraic rate: For eacht > 0, there exist copt, Copt > 0 such that

Copt A¢(u) < ;‘?(#ﬁ)tw < Copt Ag(u), (3.50)
€No

Ay(u) = N +1) i ot 3.51

t(U) ]\?16111\1)0( ) %ptG{TEreﬁne?’%?z #'7'—#'7'0§N}77 pt ( )

where refine(7o) is the (infinite) set of all NVB refinements of the initial triangulation To and Nopt
is the weighted residual error estimator corresponding to the triangulation Tops.

Proof. The proof follows the framework azioms of adaptivity of [CFPP14], showing 4 properties
of the error estimator: stability, reduction, discrete reliability and quasi-orthogonality. For details,
we refer to [FMP19]. The key challenge hereby is stability, which follows from an inverse estimate

178 (~2) el 2y < lloel gy

which can be shown using the interior regularity estimates from Lemma |

Example 3.29 We consider the unit circle 2 = B1(0), and choose a discontinuous right-hand side

B |1 for x>0
f(@,y) = X{a>0y(z,y) = { 0 otherwise
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and solve (—A)’u = f in Q, u =0 on Q°. For this problem, an exact solution is known, see, e.g.,
and the energy norm of the solution can be explicitly computed.

As the right-hand side is discontinuous, we expect singularities of the solution along the line x =0
in addition to the generic singularities on the whole boundary O as in Example[3.1].

In Figure[3.13, an adaptively generated mesh and the discrete solution are plotted. As expected, the
adaptive algorithm does mot only refine the mesh at the boundary, but also along the discontinuity
of f at the line x = 0. However, the refinement towards the boundary tends to be stronger than
that towards the discontinuity line of the right-hand side.

0.8

06

04

R

o
P

0.2

‘ %;g“«vé 2 .
SO
Ay

TSR

-02 -

04

-06 -

-0.8

Figure 3.12: Adaptively generated mesh (s = 0.25) for problem with discontinuous right-hand side
(left) and computed Galerkin solution (right).

Finally, in Figure|3.153, we compare convergence rates for the proposed a-posteriori error estimator
and the error in the energy norm for uniform refinement and adaptive refinement done with Algo-
rithm [ with the parameter choice s = 0.25. The convergence rate for uniform refinement is limited
to h'/2 ~ N=Y4 by the reqularity of the exact solution. The adaptive algorithm picks up a faster
convergence rate h ~ N~/2 as suggested by Theorem .

100 j\ ‘ T T 171 ‘ T T 11 ‘ B
| h N71/4:
1071 | —8— est adap E
I| —*— err adap y
|| —a— est unif S~ i
I'| —— err unif T R
T T T (| | N \1\/2\ L
102 103 104

DOFs N

Figure 3.13: Energy norm error and error estimator with discontinuous right-hand side on the unit
circle for uniform and adaptive refinement; parameter s = 0.25.
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Chapter 4

Numerical integration

In the previous sections, we assumed that the stiffness matrices corresponding to all FEM dis-
cretizations can be assembled exactly. However, the presence of the kernel function |z — y|~%2% in
the double integrals makes an exact calculation unfeasible.

There are various techniques to efficiently evaluate the integrals arsing in the stiffness matrix. We
discuss here the transformation technique described in detail in [CS12| [CvPS15 BEM24].

The use of a quadrature incurs errors in the numerical scheme. However, this kind of error (“vari-
ational crime”) can be analyzed using the Strang lemma below, see, e.g., [BS08|] for a proof. The
key property of the quadrature schemes that we will see is that they converge exponentially with
the number of quadrature points. Hence, the quadrature errors can be controlled very effectively
with little extra computational work.

Lemma 4.1 (First Strang Lemma). Let u € H*(Q) be the solution of (3.6) and Vi, € H*(Q)
be a FEM space. Let ay(-,-) be a bilinear form satisfying

&nHvH%S(Q) < ap(v,v) for allv e Vy (4.1)

with some constant o, > 0. Let Z;Z() be a linear form on Vj, and up,, €V}, solve
Un(Unn,v) = l(v) Yo e V.

Then, with the continuity constant Cy of the bilinear form a(-,-), there holds

_ Co\ ([ . la(v, w) = @n(v, w)|
U — U pl 7s 0y < (1—|—~><1nf<u—v ~ oy + sup
| 720 5. ) Lk e =l A T,

+ mp KBy
weVy, ||wa1s(Q)

In our case the bilinear form @y,(-,-) and linear form I,(-) are approximations computed with
numerical quadrature. The Strang lemma then gives an error estimate that consists of a best-
aprroximation error in the FEM space and two so called consistency error terms, which measure
the quality of the approximations to the exact bilinear form a(-,-) and linear form I(-).
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CHAPTER 4. NUMERICAL INTEGRATION

4.1 Quadrature rules

4.1.1 1D quadrature

Goal: quadrature rules that converge exponentially (in the number of quadrature points).

On the reference interval I := (0, 1), we consider a (weighted) quadrature formula

1 n
/O F@)w(@) o~ Qu(f) == 3 wif (), (4.2)
=1

with quadrature points x;, + = 1,...,n, and quadrature weights w; > 0.
Here, we consider the quadrature points to be either

e the points are zeros of the Legendre polynomials L,, (for w = 1), which gives classical Gaussian
quadrature formula, denoted by QS.

e the zeros of orthogonal polynomials w.r.t. the weighted L?(I;w)-inner product (for w(z) =
(1 — x)ﬁ with «, 5 > —1), the so called Jacobi polynomials J,,, which gives so calle Gauss-
Jacobi quadrature, denoted by Q7.

In fact, classical Gaussian quadrature can be seen as a special case of Gauss-Jacobi quadrature
with « = 8 =0.
The quadrature weights are determined by

w; = /0 w(z)l;(z) dz li(z) = H i

G T

We have:

Lemma 4.2 (Gauss-Jacobi quadrature).  The following holds:
(1) (point distribution) The n zeros (x;)i—, of J, are pairwise distinct and satisfy 0 < x; < 1.
(ii) The weights w; > 0 satisfy > - w; = fol w(z)dz =: C,.

(iii) The rule is exact for polynomials of degree 2n — 1:
1
/ w(x)m(x) de = Qp () V€ Pop_1 (4.3)
0

(iv) (quasi-bestapprozimation)

1
/ w(@)f@) de - Qu(f)| <C inf If = ol (4.4
0 vEP2op—1
(v) (stability)
Qu] < Coomane | £(2)] < Cul fll =01 (4.5)
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Proof. For classical Gaussian quadrature, see any course on numerical analysis, the arguments for
Gauss-Jacobi quadrature follow in the same way. |

A quadrature rule for an interval (a,b) is then defined by scaling:

Qn,(a,b) (f) = (b - CL) Z wzf(a + (b - CL)&) (46)

i=1

with corresponding error bound

VE Py,

b
[ @10t~ Qo (D] < CO=a) a1 = vl @7)

For classical Gaussian quadrature (w = 1) and analytic integrands f, we can use Lemma to
bound the best-approximation error

i — 0| foo(oqy < Ce™ o™ .
vlengn If — vl ©0,1) < Ce Vn € Ny (4.8)

and thus obtain exponential convergence of the quadrature formula with respect to the number of
quadrature points.

Besides analytic functions, an important class of integrands consists of functions that are singular
at the endpoints, e.g., functions of the form f(z) = 2%(1 — x)?f(x) for some smooth/analytic f
and integration fol f(x) dz. There are two common techniques to deal with such integrands:

1. Use composite quadrature rules like hp-quadrature: Define a geometric mesh as in Figure [3.§]
with 2L + 1 elements. Use appropriately scaled Gaussian quadrature on each element, i.e.,

2L
]llf)n(f) = Z Qn,(zi,xi+1)(f)- (49)
=0

2. Gauss-Jacobi quadrature: Gaussian quadrature with weight function w(z) = 2%(1 — z)?.

For Gauss-Jacobi quadrature the same arguments as for Gaussian quadrature can be made to obtain
exponential convergence of the quadrature formula.

4.1.2 hp-quadrature*

For hp-quadrature the error also converges exponentially as stated in the following lemma.
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Lemma 4.3. Let C¢, v >0, 8 < 1. Let f € C*(0,1) satisfy

S?Opl) |22 ) ()| < Cpvyym! Vm € No. (4.10)
xe(0,

Then, there are C, b > 0 depending only on vy and o € (0,1) such that

/01 f(z)dz — QZI,)L(f)' <C [nQﬁa(l_B)L + e_b”] . (4.11)

The number of quadrature points is Ln.
In particular, by selecting L ~ n, we get

f(@)de - QZ%’ch)\ < et (4.12)

and the number of quadrature points is N = Ln ~ n?.

Proof. Since fol flx)de =Yk, [+ f(x) dz, we write the error as

1 L Tit1
h
] [ twas- @n{z(f)( <[ s e = QG D)
i=0 ' ¥i
and estimate each term in the sum separately. We denote the element size by h; := (41 — ;).
We start with the observation that
If(@)| < Cpz™, |f™(2)| < Cra~™ Py Pml ¥m € Ny, (4.13)

The element (o, x1): We use the stability of Lemma as well as dist(&;, —1) > en~2, which
holds for the Gaussian quadrature nodes by Taylor expansion of the cosine, to obtain

1 1
[ dx—czg{(m,xl)m\ <| [ s@yda] 4 ho max [7(Eho/2)
o o =1,...,n
I8E)
’ 1 xi_ﬁ—i-honC(hon_Q)_’B

> f 1— B
< cCm®ny P = conPot1-P),

The elements (x;, zi+1), @ > 1: The key observation is that

. 1—0
dlSt(O, (fIZi,xi_;,_l)) = x;, h; = Tiyl — Ty = IL’Z'T,
h; h; 1-—
. i _ < O-' (4.14)
dist(0, (zi, xiy1)) @ o

~

We denote by f(§) := f(zi+(£+1)h;/2) the pull-back to the reference interval (—1,1). We compute
with the relation x = z; + (§ + 1)h;/2

7] = |(%) e

| .
< Cya; Al - a)o 127y )M ml =: Cpa; Bymm)

7

< Cp(hi2 )™ ™ Fml < Cf(hi271'yf)maz._m_ﬁm!

7

73



CHAPTER 4. NUMERICAL INTEGRATION

Combining Lemma and Lemma yields the existence of b > 0 depending only on ~y
and o (in particular, it is independent of i!) such that

1
[ fleras - g (p| < copa e
We use this as follows:

1
[ Ferde - Q87| < cyaa et < copal e,
1

Tit1 h;
[

Since 1 — § > 0, the sum ), le s a (truncated) geometric series that is finite. We conclude

L

D

i=1

Tig1 o b
/. f(z)dx — Qn,(m,miﬂ)(f)’ < Ceype™ ",

Remark. An important class of functions that is covered by Lemma are functions of the form
x®f(z) for function a f analytic on [0, 1], where a > —1. One can show that there are C, v > 0
depending only on f and « such that

|z DM (2 f(z))] < C~y™n!  Vn € Ny.

Remark 4.4 The proof of Lemma relies on two ingredients: a) the approximation on the first
element (xg,x1) essentially relies on (xg,x1) being small; b) the approzimation on the remaining
elements (x;, x;i+1) is uniformly exponential in n, which is due to the fact that the pull-backs of f to
the reference element can be controlled uniformly in i. This shows that the geometric mesh will also
deliver exponential convergence in other norms, e.g., L?, H'. See, e.g., the discussion in [AMIS,
Thm. 8 of the printed version or Thm. 3.13 of the preprint version].

Example 4.5 We illustrate the power of the hp-quadrature scheme in Fig. [4.1] for different inte-
grands. Note that while quadrature for integrals of the form fol x®f(z)dz could be handled well

by suitable Gauss-Jacobi quadrature, integrals of the form fol exp(sinx®) dz are not accessible to
Gauss-Jacobi quadrature.

4.1.3 2D quadrature

While 1D quadrature rules are sufficient to approximate the linear form I(-), the bilinear form a(-, -)
consists a double integral and thus needs a two dimensional quadrature formula.

Here, we consider tensor product quadrature, i.e., we approximate by a 1D quadrature formula in
each coordinate direction, denoted by an additional subscript @), . The tensor product rule then
reads as

1 1 n
/O /0 B(a,y) dy dr = Q2P(B) = Qa0 Quy(®) = 3 wito; (s, ).

ij=1
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cc1>g1(posite Gaussian rule; L =n; q=0.15

S

)
Oo-0—0————0O—— e —0 2
0 @3 Q2 q 1 .5 10

310 [ |—*—f(x) =x “ a=05

g. -0 -f(x) =x “ a=0.1

-9--f(x) = exp(sin(x  *'))
10 -15 . L
100 10 102

number function evalulations

Figure 4.1: example of 1D hp-quadrature. Left: mesh (blue nodes) and quadrature points (red
dots). Right: convergence behavior

The error estimate can in this case be reduced to the 1D case:

[ [ ety avas- )

/01 /01 ®(2,y) dy — Qny(®(z,-)) dx

IN

][ Qust@0. ) @Gt

1
< sup /0 CI)(:I:, y)dy - Qn,y(q)(xa )

~—

N ‘me (/01 B(z, ) dz — Qn,x@)))

z€(0,1)
1 n 1
< s /0 (@, y)dy — Quy(@(z, )| + 3w /0 D, y3) di — Qe (B(, 1))
xe (0, =1

~—

+ C, sup
y€(0,1)

1
S sup / ®($7 y)dy - Qn,y(‘b(ajv )
z€(0,1) [J0

/ (e, y)de Qn,x@c,y))' .

The errors on the right-hand side are now essentially 1D quadrature errors and can be bounded
with exponential convergent error bounds (for sufficiently nice integrands) from the one dimensional
case.

With Fi_y 1) : @ + 2z — 1, we denote by fp = F(_—ll,l)(gp) the mapped Bernstein ellipse around
(0,1). Then, the following error bounds hold.

Lemma 4.6. Let p > 1 and let  : gﬁ X EAlg — C be such that ®(-,y) is holomorphic on g’; for
all y € (0,1) and ®(x,-) is holomorphic on E; for all x € (0,1). Then, for every 1 < p < p, the
quadrature error can be estimated by

1 1
J @(x,y>dydx—GiD<q>>\gcp-%“(sup |8 1) jeie,) + suP u<1><x,->umgp)>,
0 Jo y€(0,1) z€(0,1)

(4.15)

where the constant C is independent of n and .

75



CHAPTER 4. NUMERICAL INTEGRATION

Now, we bring the integrals needed to assemble the stiffness matrix to the form required for the
tensor product quadrature and employ suitable combinations of 1D quadrature rules.

4.2 Evaluation of the stiffness matrix

Recall that the entries of the stiffness matrix are given by

o (wi(2) = ¢i(y))(pi(x) — ;)

By splitting the integrals into integrals over elements (and possibly also allow 77 = Q°), we have
to evaluate integrals of the form

/ (i(z) — i) (@i(x) — »i(y)) dr dy :,/ 9(z,y) dz dy
TxT' . T .

|z — y|dt2s wrr |x —y|dt2s

We note that the functions ¢;, ¢; are smooth on T" and 7”. To simply further the presentation, we
assume that the basis functions ¢;, ¢; are in C(Q) (e.g., the classical FEM hat functions).

To keep the presentation of the main ideas simple, we consider the case d = 1 in detail, extensions
for d > 1 need to take many more cases into account and can be treated by results of [CS12]. The
elements are then intervals and the integration domains are rectangles T' x T’. For the evaluation

of the integral, three cases that can arise:

1. T and T" are separated. Then, the integrand is smooth (analytic), and a standard (Gaussian)
quadrature will perform well.

2. T="T".
3. T and T’ are neighboring elements that share one vertex.

In the cases [2] and [3] the integrand is singular. We now show how to transform such integrals in
such a way that we have to evaluate integrals of the form

1 1
/ / G e (1 — )P dn d (4.16)
£=0Jn=0

for some smoothﬂ function g. Such integrals can very effectively be evaluated with certain types of
weighted Gaussian quadrature. In fact, we use tensorproduct quadrature rules to approximate the
double integral.

The case of identical elements T = T"

Let T = (a,b), hy = b — a and denote by Fr : (0,1) = T, x — hpx + a. We define g(z,y) :=
g(Fr(z), Fr(y)) mapping (0,1)? — R and obtain from the transformation theorem

g(ﬂf,y) 2 / /.d(may) 1—2s / §($,y)
Y] g dy = h dady = h _IEY) g dy.
/m o — g1 T J oy Thr(z — y) 175 T foe o — g+

Lin fact, analytic
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Az

A1 Al

0 1 0 1 0 1

Figure 4.2: quadrature on (0,1)? for function with singularity at = = y: split (0,1)? into A; and
Ay, singularities marked in blue (left); Duffy transformation (right).

The integrand is not smooth along the diagonal z = y. It is of the general form
/ flz,y,x —y)dzdy
(0,1)2

where the function f is smooth in the first two variables and has a singularity in the third variable,
e, f(z,y,2) = g(z,y)|z|* for « = —(1 + 2s) + 2 and smooth g.

In order to deal with the singularity at = y, we split the domain of integration (0,1)? into the
triangles A; :={(z,y) |0 <z <1, 0<y<z}and Ay :={(z,y) |0<y <1, 0<x<y}. Asthe
integrand is invariant under the transformation (z,y) — (y,x), we notice that both integrals are
the same, i.e.,

/(01)2 flx,y, v —y)drdy =2 A flz,y,x —y)dxdy.
) 1

For the integral over A;, we employ the so called Duffy transformation, i.e., the mapping (0,1)? —
A1, (z,y) = (z,zy) (see Figure 1.2)). Note that this transforms the singularity at = y to the
axis parallel lines {(z,y) € (0,1)? : x =0} U {(z,y) € (0,1)®> : y = 1}. Again employing the
transformation theorem, this gives

/ G,z — )~ dedy = / 3o, 2y)|z — oy de dy
Ay (0,1)2

o g(l‘, CL‘y) 2—2s 1-2s
= /(0 o mz (1—vy) dz dy.

Note that the function

d(z.y) = gz, zy) _ (Gi(x) — pizy))(&i(x) — @;(xy))
2 (l—y)? ( — zy)?
in the integrand is indeed smooth as it is even a polynomial by the fundamental theorem of algebra.
Thus, we have an integral of the form

[ S -t dedy,
(0,1)2
with g smooth, for which Gauss-Jacobi quadrature is made for.
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CHAPTER 4. NUMERICAL INTEGRATION

The case T and T’ are adjacent elements

We now assume that 7 = (a,b) and 77 = (b,c¢) share the common node b and take element
transformations Fr : (0,1) = T, x — —hpx+band Fp : (0,1) = T', x — hpx + b that both map
0 to the common point p. For simplicity of presentation, we assume hp = hps (otherwise some -
rather irrelevant - quotients of hp/hg appear in the nominator). By the transformation theorem,
we obtain for g(z,y) = g(Fr(z), Fr(y))

g(x, y) 2 / g(:C) y) 1-2s / g(ib‘, y)
———"—dzxdy=nh drdy=nh — " dx dy.
/TxT' |z — y|t+2e 4 ©01)2 |Pr(z) — Fr(y)[*+2s T Jopz |z +y[t+2

Now, the integrand only has a singularity at x = y = 0. In order to deal with that, we again split
the square (0,1)? into the triangles 4; := {(x,y) |0 <z <1, 0 <y <z} and Ag := {(x,9) | 0 <
y<l1l, 0<z<uy},ie,

9(z,y) 9(z,y) / 9(z,y)
———dxdy = ———=—dxdy ————dxd
/(071)2 |z + y[+2 ray /Al |z + y[T2s + 4, |7+ g2 Y-

Both integrals can be treated with Duffy transformations (for A; we take (z,y) — (x,zy), for As
we take (z,y) — (zy,y)) and lead to essentially the same cases just with flipped roles of x and y.
We thus only consider the integral over A;, which after transformation leads to

(0,1)

A ’x+y’1+25 9 |x+xy|1+25

_ / g((L’, .Ty) .’E2_25 dx dy
(0 1)2 .TQ

(1+y)t+es

g(z,zy)
12

Here, we note that 1/(1+y)!*2¢ is smooth and again by the fundamental theorem of algebra,
is a polynomial. Thus, we have an integral of the form

/( . g(z,y)z* " dz dy,

with g smooth, for which a Gauss-Jacobi quadrature (in z-variable), and a classical Gaussian
quadrature (in y-variable) is made for.

Separated elements TNT’ = ()

This time, after transformation to the reference interval, the integrand is not singular, i.e.,

9(z,y) / g(w,y) / -
7dxdy—h hp dx dy = hrhp g(zx,y)dx dy.
[ T J o192 TFr@) — Fo ()75 T f 1 T

with g smooth. Thus, Gaussian quadrature in both variables suffices.

Complement part (7" = Q°)

Here, using that the basis functions ¢;, ¢; vanish outside of €2, we consider

1
//P ,x_yylwsd ydr = // ‘x—y\l'*‘%d dx/T%(af)SOj(a?) /Q mdydm.
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Figure 4.3: quadrature on (0,1)? for function with singularity at (0,0): split (0,1)? into A; and
Ay (left); Duffy transformation (right), singularities marked in blue.

The inner integral can be computed explicitly and produces a smooth function (in z), if T is
separated from the boundary or a function with singularity at one boundary point, if 7' touches the
boundary. In the first case, Gaussian quadrature for x suffices, in the second case, one essentially is
in the same case as in the case of adjacent elements above and one uses Gauss-Jacobi quadrature.

4.3 Consistency error estimates

By the Strang lemma, we have to provide bounds for the approximation of the bilinear form af(-, -)

denoted by a(-,-) and the linear form I(-) by () that are computed via the quadrature formulas in
the previous subsections.

Lemma 4.7 (Consistency error for [). Let f be analytic in Q. Let I(v) = (f, V) 2(q) be the

linear form and Tn() its approximation by 1D Gaussian quadrature. Then, there exists a constant
p > 1 depending only on f such that

1(v) = 1a(0)] < Coyp P2 M0l oy Jor all v € PY(T), (4.17)

where C, ¢ > 0 is a constant that depends only on s and f.

Proof. As f is analytic on [0, 1] there exists an analytic extension to a Bernstein ellipse gp for
some p > 1. Using Proposition with n replaced by 2n — 1 gives for a fixed element T after pull
back to the reference element

1
/0 Fr(@)or(@)dz — Qu(Fror)| < Cp 2 | Frdrll puie) < Cogo ™ ior] e

It remains to estimate the L*>°-norm of vr. As vp € P, we may employ the With the Bernstein
inequality [DL93, Chap. 4, Thm. 2.2] and a polynomial inverse inequality, we obtain

o7/l ooz, < PPI0T ]I Lo 0,1) < CPPPIOT ] L2(0,1)-

Transforming back to the physical element and summing over all elements, we obtain the stated
result as [[v]|z2(q) < [[v] gs(q)- [ ]
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Lemma 4.8 (Consistency error for a).  Let a(-,-) be the bilinear form (3.4)) and a,(-,-) be
its approximation using quadrature as described in the previous subsection. Then, there exists a

constant p > 1 that depends only on the shape regularity constant v such that for all u,v € 736)(7')
there holds

la(u,0) = @, )] < Cap®0™ 2" ull g 10 7+ (4.18)

where Cy is independent of p,n.

Proof. In principle, the proof follows the idea of the previous proof, i.e., estimating the quadrature
error by L°-norms of the integrands, thereby, as double integrals are involved, using Lemma [4.6
instead of Proposition In order to do so, one has to treat all the cases of Section differently
and employ suitable inverse type estimates for each case. We refer to [BEM24] for the technical
details. |

Using a perturbation argument, we also obtain uniform coercivity, which is required in the Strang
lemma.

Lemma 4.9 (Uniform coercivity). Let the assumptions of Lemma hold. Then, there
are constants ¢ > 1 and & > 0 such that for n > cp there holds

54||v||2~s(Q < ap(v,v) for all vePy(T). (4.19)

)

Proof. The coercivity of a(-,-), the triangle inequality and Lemma give

ofl0l[3. 0 < av,0) < Tn(0,0) + a0, 0) = Fnv,0)

)
< ap(v,v) + Csp6p2p_2n+1 ||UH2~9(Q)

As the second term on the right-hand side tends to zero for n — oo, we may ensure for n > ¢p with

large enough constant ¢ > 1 that

CpSpt=2ebp < % (4.20)

so that coercivity of a, follows with coercivity constant a := «/2. |

Remark. The condition n > ¢p can be weakened to n > p + ¢ log(p + 1) with large enough
constant c;.
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Chapter 5

Data-sparse representation

The stiffness matrix is fully populated, resulting in O(N?) memory requirement (and also
O(N?) complexity for the matrix-vector multiplication). A variety of matrix compression techniques
are available to reduce the complexity of discretization of integral operators to logarithmic-linear
complexity O(N log? N ) (for some 8 > 0). We mention the (fast) multipole method, [Rok85l I(GRI7],
panel clustering, panel clustering, [NK88| [HN89, [HS93| [Sau92], wavelet compression techniques,
[Rat98] Rat01l [Sch98, WPSS97, [Tau03l [TWO03], the mosaic-skeleton method, [Tyr00], the adaptive
cross approximation (ACA) method, [Beb00], and the hybrid cross approximation (HCA), [BG05].
Many of these data-sparse methods can be understood as specific instances of H-matrices, [Hacl5
Borl0, [GHO3, [Gra01l, [Hac99]. H-matrices are a specific version of blockwise low-rank matrices. In
this section, we will sketch how the fully populated system matrix can be approximated well by
blockwise low-rank matrices such as H-matrices or multipole expansions. For the many algorithmic
aspects of H-matrices, we refer to, e.g., the monograph [Hac15].

5.1 Hierarchical matrices

5.1.1 Separable kernels

Let (¢;)X, be the collection of basis functions. Consider a bilinear form
auv) = [ ke ua)oly) dyds (5.1)
QxQ

with a separable kernel k(-,-) of the form

k(z,y) = ki(z)ka(y). (5:2)
Then, the stiffness matrix A with entries A;; = a(p;, ;) has the form
A=ab', a; == / k1 (z)pi(z) d, b, := / ka(y)ei(y) dy.
Q Q

That is, A is a rank-1 matrix. By storing only the vectors a, b, the matrix A can be represented
with complexity O(N) and also the matrix-vector multiplication has complexity O(N). Similarly,
if k(-,-) has the form

k(z,y) =Y k1 o(@)ka(y)
=1
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CHAPTER 5. DATA-SPARSE REPRESENTATION

then A has the form

A:abTa aie ::/ k17g(l')(701($) dz, bi,@ ::/ k2,é(y)80z(y) dy, i=1,...,N, [=1,...,m
Q Q

i.e., it is a rank-r matrix. Storing it requires O(Nr) complexity, which is avantageous if r << N.

5.1.2 Block approximation by separable kernels

One way to approximate A by a blockwise low-rank matrix is to approximate the kernel function
k(-,-) by separable kernels.

We call a cluster a collection of indices from I := {1,...,N}. For a cluster o, we call an axis-
paralle “box” B, C R? a bounding box, if

Uieo supp ¢; C By,

i.e., of the support of all basis functions ¢;, ¢ € o, is contained in B,.

Let o, 7 C {1,..., N} be two clusters with bounding boxes B, and B;. Assume that k is smooth
on B, x B;. Then it can be approximated by a polynomial k, of degree p, e.g., by tensor product
interpolation.

To that end, given a set of interpolation points (§;)?_; (i.e. Chebyshev or Gauss-Lobatto points),
we define the 1D interpolation operators I ; : C((—1, 1)?) — P,—; and I O((—1, 1)?) = Py
by

p p

(Ig—lf)(may) = Zf(glvy)gl(x% (Ig—lfxx’y) = Z f(x7fl)£l(y)7

i=1 i=1

acting on the variable indicated in the superscript.

In a similar way as in Lemma for analytic f, we get again exponential convergence for the
interpolation error:

Lemma 5.1. Let f € C®((—1,1)?) satisfy
”DZLlD;n2fHLoo((_1’l)2) < Cf’yf“'y;mml!mg! V(ml,mg) S Ng
Then there are constants C, b > 0 depending only on ~1, y2 such that

If = I © I8 fl oo -1,1y2) < CCpe™.

In the present setting, this polynomial approximation is from the space
Q, = span{z®y” [, B € N{, |a|oc, [Bloo < P},

where || := max;—; 4. It therefore has the form

kp(z,y) = Y aapz™y’ (5.3)

||, Bloo <p

bounding boxes need not be axis-parallel, but we assume this to fix ideas
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CHAPTER 5. DATA-SPARSE REPRESENTATION

and we observe that k, is a sum of separable functions (i.e., a sum of products of functions of z and
y only). This sum has r:= (p+ 1)2d terms so that replacing k& with £, produces an approximation
A|0XT to the block A|,x, with a rank-r matrix. The error introduced by approximating k by k,
can be controlled by

1A — Agj| < ||k — Epll oo, x 8 lleill 2y 051|220 i€o, jET. (5.4)

In typical situations, the error ||k — kpl|r(p,xp,) decays exponentially in p (see below). The
discretization error of the method is typically O(h") for some v > 0. Hence, selecting p = |log h|
introduces errors into the stiffness matrix that are of the size of the discretization error. Noting
that p = |logh| is rather small, significant savings can be achieved by approximating the block
A|,x+ by a low-rank block.

Remark. The impact of approximating matrix entries on the computation of the solution wuyp
can be analyzed rigorously with the aid of Strang lemmas. Already estimates from general matrix
analysis (cf. [GVL13, Lemma 2.6.1]) allow one to estimate the effect of approximating matrix entries
in terms of the condition number of A.

Remark. The representation (5.3) leads to a rank-r matrix approximation of the block Al,x-
with storage requirement (|| + |7|) - r and r = (p + 1)??. The special structure of k, permits the
following, even more economical representation

Alyx; =aSb', a;q = / x%p;i(x) dx, bz = / 2P p;i(x) da, Sa,8 = Gap
Q Q
with storage requirement |o|(p + 1) + |7|(p + 1)% + (p + 1)%.

Blockwise low-rank approximation for asymptotically smooth kernels

As a model, we consider the bilinear form[]
)= [ o=yl Cu@)oly) dyda (5.5)
for some o € R.

Remark. The kernel is the prototype of an asymptotically smooth kernel, which is characterized
by
1030, k(x,y)| < Cy" T plml |z — y| Vn,m € N (5.6)

The ideas presented here can be directly applied to integral operators with kernels of such type.

Given n > 0, we introduce the n-admissibility condition as follows: A cluster pair (o,7) is 7-
admissible if their bounding boxes B, and B, satisfy the admissibility condition

dist(By, B;) > nmax{diam B,, diam B, } (5.7)

for some user-chosen parameter 7 > 0. A cluster pair (o, 7) is inadmissible, if they do not satisfy

B

Zstructurally, the situation for the bilinear form for the fractional Laplacian is very similar
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Next, consider a partition PP of I x I (which will be constructed below). We decompose P as
P= IPJfarL'J]P)neara

where

Ptor = {(0,7) € P|(0,7) is n-admissible}, Prear := P\ Py

The H-approximation of the stiffness matrix A is done as follows:

Definition 5.2 (H-matrix approximation).  The H-matriz approzimation A of the stiffness
matriz A is obtained as follows:

1. for blocks 0 X T € Ppeqr, one takes the exact block: K!UXT = Aloxr

2. for blocks o x T € P4, one replaces k by its tensor product polynomial approximation k,
on B, x B; of degree p, which results in an rank r = (p + 1)%¢ approzimation of the matriz
block.

Let us now turn to the question of the error introduced by approximating £ by k,. Indeed, from
Lemma (actually, Lemma discusses only tensor product interpolation in R? but analogous
results hold for tensor product interpolation in R¢ for any d) we obtain for admissible blocks

Ik = kol o= (8, x5,) < C(dist(By, B,)) e, (5.8)

for some b > 0 that depends only on the admissibility parameter 7. The key step for this approxi-
mation result is the assertion that k is asymptotically smoothﬂ and that by scaling the boxes By,
B; to the reference configuration (—1,1)%, one obtains a scaled function k satisfying

|07 B (€, )| < Cy"nldist(By, B;) ™ n € N3

for some C, v > 0. We observe that a similar mechanism has already been exploited in the proof
of Lemma [4£.3]

The estimate shows exponential convergence for admissible blocks. For quasi-uniform meshes
of mesh size h, the distance of two admissible blocks B,, B is at least O(h) so that one obtains

Ik — kaLOO(BUXBT) < Ch= %t

Recalling that we will select p = O(|logh|), we see that the factor h™* can be absorbed in the
exponentially decaying factor e 2.

The discussion so far shows that the stiffness matrix for (5.5) can be approximated very well by
blockwise low-rank matrices, provided the admissible blocks P, satisfy (5.7)). It remains to see
that block partitions can be created in such a way that also the complexity is low.
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[N SN SN N
ML LY L
LALLM AL AL

Figure 5.1: Left: organizing the degrees of freedom in a tree structure in 1D. Right: block structure
for the 1D example

5.1.3 Creating the block partition P
Clustering the degrees of freedom

Let (¢;), be the basis functions, which we assume to have small support (e.g., the classical hat
functions). We start by clustering the indices I := {1,..., N} by organizing them in a tree as
follows:

1. Associate a “center” x; with each ¢;, e.g., the barycenter of supp ;.

2. Create an (infinite) 2%tree Tga in R? by recursively subdividing an axisparallel box that
contains all x;. See Fig. for the binary tree in the 1D situation. The “root”, i.e., the top
node of the tree, corresponds to a single box and each node of the tree has 2¢ sons. We say
that the root has level 0 and define the level of the nodes inductively by setting, for a node
of level £, the level of its sons to be £ + 1.

3. Create a 2%-tree T; for the degrees of freedom by combining those degrees of freedom in a
node for which the corresponding z; are in the same box created in Step 2. (Tie-breaking: for
points z; on the boundary of box, select arbitrarily.) Such a collection is called a cluster. The
tree is pruned by removing nodes with less than nje,s = 1 points, where nje,t is a user-specified,
fixed value. These last nodes of the tree are called leaves. The collection I := {1,..., N} is
the root of the tree with level 0. The level is defined inductively as follows: For a node o with
level ¢, its sons have level £ + 1. We denote by ’]I‘gg) := {0 € Tr| level(o) = ¢} the clusters of
level ¢.

For each cluster o, we let B, be a bounding box for ¢. For the complexity analysis we will later
require the following assumption.

Assumption 5.3
(i) Bounding bozes are shape-regular, i.e., (diam B,)? < C1|B,| for all clusters o € Tr.
(i) Bounding bozes on the same level are comparable in size:

max diam B, < C5 min diam B, Ve.
oeri?) ocT®

3for the 1D setting k(z — y) = |& — y|™%, one readily checks that k(™ (z) = (—a)(—a —1)--- (—a —n)z~*"" and
one therefore sees k(™) (2)| < Cnly™|z|~*~™ for suitable v depending on a.
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(iii) finite overlap: for all z € R? and all ¢ there holds |{o € T |z € By}| < Chy.

Remark. Assumption is reasonable: The centers x;, @ € o, are in boxes of the tree Tra. Note
that these boxes of Tra are shape regular and do not overlap. If one thinks of the ¢; as the classical
hat functions, then, the supports of the ¢; will stick out only a little bit over the boundary of the
boxes of Tra. Hence, the correct bounding boxes for the clusters will also be shape regular and
satisfy the overlap condition.

Remark. If the nodes z; are distributed rather evenly, then the cluster tree T has depth O(log N).

Matrix partitioning/Block cluster tree

Given the admissibility condition , one can construct a partition P = P4, UPyeq, of the index
set I x I with the following with the following recursive algorithm started with
matrix partition(root,root, ), ():

Algorithm 2 (Matrix partition)
function matrix_partition(o, 7, Psar, Prear)
% input: clusters o, 7
% output: partition of o x 7 into admissible and remaining inadmissible blocks
if (o, 7) satisfies then
add (o, 7) to P
else if sons(o) # () and sons(7) # () then
for all (¢/,7') € sons(o) x sons(7) do
call matrix_partition (¢/, 7", Psar, Pnear)
end for
else% inadmissible block that cannot be split any further
add (o, 7) to Ppear
. end if

—_ = =
M2

The procedure in Algorithm is as follows: starting with the pair (root, root) the algorithms checks
whether a pair (o, 7) is admissible in the sense of . If so, then this pair is added to the list Pq,
of admissible blocks. If not, then recursively all combinations of sons are checked for admissibility.
The recursion stops if either admissibility is encountered or least one of o, 7 does not have any
sons, in which case the pair (o, 7) is put into the list P,cq, of inadmissible pairs.

The storage requirement is very conveniently controlled in terms of the sparsity constant of the
partition P given by

Cyp = max{CL", CM, (5.9)
with
Cop' = max\{TETI\(J,T) e P}, C’CO1 = max\{UET[](U,T) € P}|. (5.10)

Remark. The sparsity constant Cy, introduced above for block matrices can be viewed as a
generalization of the matrix case:

Crow = i:nll,?j??N 17| Aij # 0}, Ceol := jznllf.l.%N | Aij # 0}, (5.11)

86



CHAPTER 5. DATA-SPARSE REPRESENTATION

and max{Ciow, Ceol} measures the number of non-zero entries per row/column of the matrix A.
The constant Cgp, in controls the number of blocks present in a block matrix corresponding
to a row cluster ¢ or a column cluster 7.

The following lemma shows that the sparsity constant allows one to control the complexity of
‘H-matrices.

Lemma 5.4 (complexity). The storage requirement Ngiore for the H-matriz A is

Nstore < Csp (depth(T7) + 1) max{njeas, 7}2N.

Proof. For (0,7) € Ppeqr we have by Alg. [2| that o is a leaf or 7 is a leaf, i.e., |0 < nyear or
|7| < nyeas. Hence, |o||7| < njeat(|o] + |7]). Together with the storage requirement r(|o| + |7|) for
(0,7) € Pgqp, we get

Noore= > rol+Irh+ D lolirl < max{nieas,7} Y (o] +|7]). (5.12)

(UvT)EPfa'r (UyT)EPnear (O’,’T’)GP

The o-part of this sum is estimated as follows:

depth(Ty) depth(Ty) depth(Ty)
> lol= Z > D = Z D lol Do 1< Z > 1olCy.
(o,7)€P = ceT® 7€Ty: = ceT®) 7€Ty: {=0 5eT®
(o,7)€P (o,7)€P

We note that for each level ¢ we have
> el < |1 =
ceT®
so that we obtain

Y ol < Cyp (depth(T;) + 1) N.
(o,7)€P

The 7 term in (5.12) is handled analogously, and we arrive at the claim. |

For quasi-uniform meshes, one has depth(T;) = O(log N). Additionally, as discussed above, one
typically selects p = O(log N) so that r = O(log?? N) and the total storage requirement is Nijore =
O(N log' ™ N).

As a last step, we show that Cy, is indeed bounded. For that, we need a structural assumption on
the bounding boxes such as Assumption

4the proof of Lemma follows [Borl7, Lemma 8], where the concept of block cluster tree Ty is employed—we
simplified the presentation to avoid that.
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Lemma 5.5 (control of Cy,).  Let Assumption be valid. Then the following holds:
(i) Foro, T € Tg@) set
SV i={re Tg@) | (0,7) is inadmissible},
Sel= {5 e ng) | (o,7) is inadmissible}.

Set

Copinad = mixma(|S5° |55

Then Csp S 2désp,inad-

(i4) There is a_constant C > 0 depending only on the constants of Assumption and the fact
that Alg. @ is used such that Cgpinag < C. In particular, an upper bound on the sparsity
constant Cg, depends only on the constants of Assumption .

Proof. Proof of (@) Given a non-root (o,7) € P, the pair (o7,7") of father clusters satisfies
7+ € 8! by the construction in Alg. |2l Let row(o) := {7 € Ty |(0,7) € P}. Then

row(o) C U sons(771),
T+€S;O_:V

so that

[row(o)] < > [soms(rh)| <2 D" 1< 2SIy

+ TOW + Tow
TreSy TreSy

This implies ngw < Qdagp,mad. Analogously, C’scgl < 2d68p7mad. This implies the statement.
Proof of (i): Let o € T; and 7 € Si°™. By definition of SI°¥ we have level(s) = level(r). By
Assumption we have diam B, ~ diam B;. Also, because the pair (o, 7) is inadmissible, we

have
inadmiss. diam B,~diam B,

dist(By,B;) < n !max{diam B,,diam B,} < diam B,.

By the triangle inequality, we conclude the existence of ¢ > 0 such that
BT - BcdiamBg (mcr)a (513)

where m, is an arbitrary point in B, (e.g., the barycenter). Hence, we get

A B30
d <L

iam By, ~diam B,
< > (diam B;)

Tesg_ow TGS{,OW

/B Z XB, (z)dz

cdiam By (ma) TeSg_OW

d
(diam B,)?| ST |

| Br|

o
o

>
NS

(1))
C’ov/ dr < Cpy(diam Bg)d.
Bs diam Bg (mU)
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This shows |SIV| < C,, for any ¢ € T;. An analogous calculation shows |S| < C,, for any
oceTy. [ |
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Chapter 6

FEM for the Extension Problem -
Spectral Fractional Laplacian

In the second chapter, we established that the integral fractional Laplacian and the spectral frac-
tional Laplacian are indeed different operators. Therefore, deriving a numerical approximation to
the spectral fractional Laplacian is also of interest.

Recalling the definition (—A)Su := > Ajugpy with eigenvalues A\, and eigenfunctions ¢y of the
Dirichlet-Laplacian (—A) and the Fourier coefficients ur, = [y, one can see that deriving a
numerical method directly is rather hard.

Fortunately, Theorem provides us with a different interpretation by

lim y*9,U(-,y) = —ds(—A)5u,

y—0t 7

i.e., as Neumann-data of the solution U of the Caffarelli-Silvestre extension problem

div(y*VU(z,y)) =0 in 2 x (0,00)
U=0 on 09 x (0, 00)
U(z,0) =u(xz) in Q,

where « =1 —2s € (—1,1).
As this is an—albeit degenerate—elliptic problem, we can propose a finite element formulation to
derive a numerical approximation.

For simplicity, from now on, we assume that ) is convex. In order to shorten notation, we write
C :=Q x (0,00) in the following.

As we want to derive a weak formulation for the extension problem, we need spaces with zero
lateral boundary conditions, defined by

HY(C;y*) :={w e H'(C;y*) : w=0ondQ x (0,00)}.
On this space, similarly to the non-weighted Sobolev space, a weighted Poincaré inequality holds

HwHLQ(C;yo‘) S vaHL2(C;y°‘) Vw € ﬁl(c;ya). (61)
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Moreover, we have a trace inequality for the boundary at y = 0. Denoting the trace onto © x {0}
by trg, we have that trq H'(C;y®) = H*(Q) as well as

[ tro wll gs ) < Wl cye)-
@)

6.1 Weak Formulation

We multiply equation (2.29) by a test function w € H L(C;y®) and integrate by parts to obtain

0=-— / div(y*VU) - wdzdy = /yavu - Vwdzdy —/ y*VU - nw dzdy
C C oc

= / y*VU - Vw dxdy + / y*O,U trq w dxdy,
C Qx{0}

where we used that the test function vanishes on 9 x (0, 00). Using Theorem as well as the
fractional PDE, we obtain

/ y O Uw drdy = (—ds(—A)Su, trow) = —d(f, trow).
Qx{0}
Inserting this in the equation above gives the weak formulation of finding U € H L(C;y®) such that
ac(U,w) = /yO‘VZ/I -Vwdxdy = ds(f, trqw) vw € HY(C;y®). (6.2)
C

By 1' the symmetric bilinear form ac(-,-) actually induces a norm equivalent to || - || g1(c;ye)-
Hence, (/6.2)) is uniquely solvable by the Lax-Milgram Lemma.

6.2 Galerkin method

The Galerkin method for 1} is as follows: Given a closed subspace Viy C H L(C;y®), the Galerkin
approximation is: Find Uy € Vi such that

ac(Z/{N,wN) = ds<f, tro ’LUN> V’LUN S VN. (6.3)

The Céa Lemma is applicable. We obtain existence, uniqueness, and quasi-optimality: there is
C > 0 depending only on 2 and s such that

||L{ - uNHHl(C;ya) S C inf ||Z/{ - 'UHHI(C;ya). (64)
veVN

Below, we will select Vv as a space of piecewise polynomials on certain meshes. Key to understand-
ing the mesh layout is the regularity of the solution ¢, which we study in the following section.

6.3 Regularity

Before studying a finite element method applied to the extension problem, we need to discuss the
regularity of solutions of the extension problem. The main question what regularity one may expect
in the extended variable y.
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Sobolev spaces in terms of series representations

Let (¢k, \x) € H(2) xR be the eigenpairs of the Dirichlet Laplacian (—A) normalized to lekllz2) =
1 as introduced in Section We note that the eigenpairs may be assumed to be sorted in as-
cending order, i.e.,

O< A< <o =00 (6.5)

We have for functions u expanded as u(z) = >, uppr(z) (i-e., ur = (u, 1) r2(0))

lull 2y = D luxl?, (6.6)
k

IVulZai) =D Axlurl?, (6.7)
k

A7) = Z)\i\uk\Q- (6.8)
k

, li are in fact special cases of the following characterization of the norm || - || 7, @)’

lul o) ~ D Akluel?, s € (0,1); (6.9)
k

that is, the space H® (92), s € (0,1), could alternatively be characterized as the subspace of L?({2)
such that the right-hand side of is ﬁniteﬂ

Exercise 6.1 By Section the space H=*(Q) (equipped with || || g-sq)) is defined as the dual
space of H%(). Show for s € (0,1) and f € L2(Q) with expansion f = >k fepr that

1=y ~ D ALl
k

Remark 6.2 For o > 0 one can define spaces H? () := {u = >, urpy € L*(Q) : ||u||]I2{G(Q) =3 L URAD <
oo}. One then defines the spaces H™7(Q) := (H7(R2)) by duality. For smooth 2 and o € Ny one has (see,
e.g., [Tho84, Lemma 3.1])

H(Q) = {u € H7 () : Alulpg =0 0<j<o/2}. (6.10)

Hence, e.g., HY(Q) = HY(Q) and in fact H*(Q) = H*(Q) for 0 < s < 1. For large o, however, the spaces
He(Q) and H(QY) differ as illustrated in the following Example .

Example 6.3 Consider Q = (0,m) with (up to scaling) pi(z) = sinkz and \y, = k*.

(a) The Gibbs phenomenon shows that smoothness of u does not necessarily imply rapid decay of the
Fourier coefficients: The Fourier series of the function u(z) =1 on Q = (0,7) is u(z) = >, k= (1 —
(—=1)¥) sin(kx).

'The right-hand side of is the square of the interpolation norm between Y, |ux|® and >, Ap|ux|?; the
characterization 1@] then follows from the fact that the spaces H® are interpolation spaces between L? and H}
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(b) If 3", u2 g < 0o, then clearly u € H°(0,7). Additionally, u®)(0) =0 for 0 < j < 0/2 since

|u<2f>(o>:|Zukk2j|<\/zu§k2o \/wanm \/Zum \/Zk‘l(ﬂ"’/?).
k k k k k

<ooby assump.

Since j, o are integers, the assumption j < o/2 implies 0/2 — j < —1/2. Hence, the second sum
converges.

(c) Let u € H?(Q) and u®)|pq = 0 for 0 < j < 0/2. We show that u can be extended to a 2m-periodic
function such that a) it is odd (i.e., the Fourier series has the form uw = ), upsin(kx)) and b) it is
in H?. For such a function, standard Fourier techniques (i.e., integration by parts in the computation
of the Fourier coefficients) show Y, |ug|?A] < oo. We illustrate the construction of such an extension
near x = 0. The odd extension Eu is given by Eu(—x) := —u(x) for x > 0. For smooth functions u, the
odd extension satisfies (Eu)*ITD(0-) = u@HD(04) but (Eu))(0-) = —u*)(0+). By assumption,
u?)(0) = 0 so that the odd extension Eu is as smooth as u.

Series representations of the solution u

As a first step, we note that solutions of (—A)%u = f can be written as u = ) ugy, where the
Fourier coefficients of v and f satisfy the relation

ur = A fr with ug = /ugok, and fi = /fapk. (6.11)

Remark 6.4 shows a “shift theorem”:
Z |uk|2)\z+s — Z |fk|2)\];s+€
k k

for any € > 0 such that the right-hand side is finite. In the notation of Remark[6.3, the shift theorem
takes the form f € H5T¢(Q) = u € H¥4(Q) for any € > 0. That is: decay of the coefficients fy
( “regularity”) implies decay of the coefficients uy, (“regqularity”).

Series representations of the extension U

As observed in ([2.31) in Section the representation of the extension U is given explicitly as

z.y) = Y upn(@Uny),  vny) =v(V ), 9(2) = 62 Ka(2), (6.12)
k=1

where K is a modified Bessel function. Bessel functions are well-studied objects. We have:

(i) K is positive for s > —1, [AS64, Chapter 9.6].

(ii

(iii

s(2) = K_4(z) for s € R, [AS64, Chap. 9.6].

)
) K
) (2°K,(2)) = —2°K1_4(2) for s € R, [AS64, formula (9.6.28)].
(iv) lim,_ o+ Ks(2)2* = (1/2)17°T(s) for s > 0, [AS64, (9.6.9)].
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(v) For z > 0, we have the z™*{s1/2}e? K (%) is decreasing, [MSOI, Thm. 5].
(vi) K solves the differential equation

2y 4+ 2y — (224 5Py =0.

Using properties f one can show
Grw) ~y % Py ~y Tt fory — 0T

Additionally, property shows that 1, decays exponentially for large arguments. Using properties
f one can show the following:

Lemma 6.5 ([ BMIN'19, Lemma 5]). For the function ¢ (z) = z°K4(z) there holds for
0>—-1,8>—-1—4s,v< 2 and all £ € Ny

/ 22V (2) |2 dz < o0, (6.13)

z=0

/ P20 ()2 dz < . (6.14)
z=0

Proof. See [BMNT19, Lemma 5] for details. The results of [BMN"19, Lemma 5] are sharper in

that the dependence on ¢ in (6.14]) is made explicit and shows that ¢ is an analytic function of y.
[

Employing (6.12]) the properties of ¢ given in Lemma transfer to 0,4 and 631/{ . To that end,
recall from @ that Az > A1 > 0 and compute for 0 <~y < 1

NS0 M ey = [ o ) Py
x (0,00

= 3" i / VAT /321 () dy
k Y

=0

OV S AT [ A R ()
k -

0 L. 63l
<3 lunPA; / TP < O AL~ il ) 1oy
k = k

By a similar calculation, we have for § > 1 + 2«

/Q ( )e”myﬁ\asumwﬁdxdy:Z|uk|2rmr4 / VAP (Ay) | dy
% (0,00 k Y

B>1+2a;L. [65 9_1/9—8/2
k
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Selecting [ of the form f = a+ 2 —¢ for € € [0,1 — ), we arrive at
/Q o )eQmey’B\é’ﬁU(x,yﬁdﬂ: dy < O |urPA < CFlFove (@) (6.15)
% (0,00 k

(if —s+e<0)
Remark. The use of the weight 3® in (6.15) is crucial for the case s < 1/4: Since the asymptotics
P"(z) ~ 27271 (as z — 07T) is sharp, one sees that

1
/ P (2)]2dz < oo
y=0

if and only if 8 > 142«. Since 1+2a > «, we see that we should expect 651/{ € L2(C;y®)\L?(C; y®).
The following theorem can be shown by calculations similar to the above ones:

Theorem 6.6. Let s € (0,1) and f € H5(Q). Let U € HY(C;y®) solve (6.2). Let € € [0, s),
e€f0,1+s),e €[0,1—3s), andy € [0,2). Then:
||€7myvu|’L2(C;ya—2min{g,sl}) 5 HfHH—s-‘—min{E,s’}(Q);
He’y\/HyAwqug(C;yana’) S "f“ﬁ175+6/(ﬂ)7
VAU 2 e yara-2e) S NIl -2,
||f||H—s+E(Q) if —=s+¢e<0
||f||f—j—8+s(g) Zf —s5+¢e> 07
I fllg-ste@ #f —s+e<0
Hf”f{'*S‘FE(Q) Zf —s+e> O)

|V, AU 2 eyerz2ey S F Il rosse

1€V Y DL AU L2 ryatz—2ey S {

~

VA DL O2U | eyt a—201) S

Proof. See [BMNT19, Thm. 1] (and [NOSTH]). [ |

Since 2 is assumed to be convex, we obtain a classical shift theorem, i.e., [[v||g2) < [|Av|12(0)
for v € H?(Q) N H (). Therefore, the second statement of Theorem |6.6 provides

IV DU G gy S I W (6.16)

for all second derivatives in . A bound in the same norm holds for all mixed second order derivatives
in z and y by the fourth statement of the previous theorem. However, looking at the result for
the second derivative in y-direction shows much worse regularity that has to be compensated by a
higher power .

6.4 Galerkin discretization

(6.4) shows that it suffices to select the space Vi such that the solution ¢ can be approximated
well. The regularity assertions of Theorem shows the following:
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e The solution U decays exponentially as y — oco. This suggests that one may truncate the
cylinder C to a finite cylinder Cy :=  x (0,)) for some ) and merely discretize Cy.

e The solution has an algebraic singularity at y = 0. This suggests the use of meshes that are
u-graded in the direction of y.

e The transversal derivative D2U are controlled. This suggests that no refinement in the a-
direction is required [

A concrete way to create meshes and spaces is by (tensor) product constructions, i.e., given a
regular, shape-regular mesh 7 on 2 and a 1D mesh 7y on (0,)), the mesh on Cy is given by

Tey =TaxTy={Kx1I:KecTg, IcTy}.
The finite element space on 7¢,, is taken as

Py(Ty) == {u e P(Ty) : w(¥) =0},
Q' (Tey) == Py(Ta) @ Py (Ty)
={v € C(Cy) : ulgxs €span{z®y’ : |o| <1,0<j <1}, u(,Y) =0,
u(z,y) =0 (z,y) € 92 x (0,))}.

The above discussion of the regularity suggests to employ the following meshes T and 7y:

Assumption 6.7 o Tq is a regqular, shape-reqular mesh on Q; for simplicity, we assume it be
a quasi-uniform mesh with mesh size h.

o Let Y > 1. Let Ty = {(x4,xi+1)|i = 0,..., M — 1} be a mesh on (0,Y) that is p-graded on
(0,1) and quasi-uniform on (1,)). That is, the mesh Ty satisfies for all I € Ty

hy ~ hdist(1,0)' "1/~ if0&T and I C (0,1),

hy ~ h* if0el,

hy ~hif I C (1,)).
The approximation is conveniently achieved by tensor product approximation. To that end, let
II* : C*°(Q) = Py(Ta) and II¥ : C*°([0,)]) — Py(Ty) be two linear approximation operators.

Their domains of definition will be enlarged shortly. The approximation of U is then taken to be
(ITI* o TI¥)U.

Exercise 6.8 Let I, 11V be bounded on L?. Show that I oII¥U € Q'(T¢,,). Show that IT* oIIVU =
I1Y o IT"U.

The stability of the operators II* and IIY plays a key role. We have:

2This is related to the fact that Q is convex and that we consider piecewise linear approximation; for higher order
approximations or non-convex geometries, mesh refinement towards corners and edges of {2 might be necessary.
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Lemma 6.9. Let II* be stable in L? and H', i.e.,
T ul[ 22(0) < Crallull 2@, | g1y < Cp |ul (o) (6.17)
Then,

VU =TI o TIU) || L2 ey < (VU = TIU) || L2(eiyery + 1/ Crz + CFa VU = TIU) || 12 ;0

Proof. We write
U—-T"oIlVU =U — TT"U + TT* (U — TIU)

so that
1@~ 117 o TPU) | ey < 19U T | 2oy + VT (U — T2 [ 2y,

We exploit the product structure of the norm [|-|| 12(¢;ye) as well as the fact that d, and II* commute
to estimate

10T @ — TPU)| ey < IO, U — U 2oy < Crzlly @ — U |paeyey,  (6.18)

|V (U — TYU)|[ L2 (ciyey < Crt|Va (U — THPU) || 2 (c1y0)- (6.19)
Summing the squares of (6.18) and (6.19) yields the result. [

Lemma shows that we have to construct an operator IT® that is stable in L? and H'. We also
require this operator to have the approximation properties

lu = |20 < ChIVaullizy,  V(u = )| 20y < CHID2ull 2. (6.20)

An option is the Scott-Zhang operator discussed in Section In the present case of a quasi-
uniform mesh, even the L?-projection satisfies this.

Exercise 6.10 Let Tq be a quasi-uniform mesh and Q be convex. Then the L?-projection I1-* onto
Pé(Tq) satisfies
2
1T w1y < Cllull i g)-

Hint: use convezity of Q to prove with a duality argument that |u—T1"" u|| 2 < Chl|ul| g1, where TTH
is the H'-projection onto P§(Tqa). Use the polynomial inverse estimate |[v| g1y < Ch™H|v| 120
for all v € PY(Tq).

The operator I1Y is a 1D operator. We define it elementwise as follows:
e (ITI%u)|s is the nodal interpolant of w if I does not touch 0.

e (ITYw)|r interpolates in the midpoint z1/2 and the right endpoint x; of the first element
I= (O, .’El).
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e On the terminal element (xpr—1,2n) ensure that (IIYw)()) = 0 by subtracting a linear
function from the nodal interpolant:

TN — X r —Tp—1 r —Tp—1
(Fu)(y) = u(enm 1) ————— +u(zy) ———— —ulen) —————
TM — TpM—-1 TM — TpM—-1 TyM — TpM—-1
Ty — X
= u(zpy_q) —t—=
TM — TM-1

For the operator I1Y, we have:

Lemma 6.11 ([BMN"19, Lemma 9]). Let a € (—1,1) and let 6 € [0,1) and v > 0. Let
Y > 1. Assume that the grading exponent p satisfies

uo > 1.
Assume that u € C*(0,00) satisfies
. _ . / _
Jim Ju(y)] =0,  lim |u'(y)| =0,

and assume that the following right-hand sides are finite. Then for j € {0,1}:

lu = Tl 20,3055 < C(h+ V2D, ull 12 (0 oyyet2a-0y; (6.21)
Hai(u _ HyU)”L?((o,y);ya) < C(hQ_j + h1/2_jh_jya/2+2(1_9)G_Wy)HewasuﬂLz((om);yan(km)-
(6.22)

The number of elements is O(h~1(1 +Y)).

Proof. In the interest of brevity, we will sketch the proof of only. The proof of
proceeds along similar lines; see [BMNT19, Lemma 5].

In principle, the proof proceeds by studying the error on each element. To that end, one distin-
guishes 4 types of elements: the first element (0, z1), the elements in (0,1), the elements in (1,)),
and the terminal element. For each element, the approximation result is obtained by a scaling
argument. Details can be found in [BMN™19, Lemma 9].

The first element (0,21): As often when dealing with weighted norms, a Hardy inequality is the
technical tool. We have by [DL93, Chap. 2, Thm. 3.1] the Hardy inequality

/Olya /ylv(t)dt

Let u(§) := u(§x1) be the pull-back of u| 4,) to (0,1) and I1¥4 be the interpolant of @ in the points

2

1
dy < (a+ 1)_2/ Y2 |u(t)]? dt. (6.23)
0
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1/2 and 1. Then @(¢) — Va(€) = [} (@ — TV (¢) dt. Hence,
1 R 1 1 R 2
¢|(@ — Tiva)(¢)? dé = e{/@—mwwﬁ e
£=0 =0 £
1 1 2 1 1 2
o | el @wyat] de+2 | x| d¥)(t)dt| d
< leog Lé (1) dt s+—lézos Ll (Tvay (1) dt| dg
623) 9

S i e (mor o) «.

We note the representation
1

(fiva) () = 2 / o (1) dt

t=1/2
so that we arrive at
—6)<1

1 1 a 1
s%m—mm@ﬁﬁscf CRRT ()P de < C/ £a 2007 (¢) 2 de.
£=0 £=0

£=0
An affine scaling then provides
1—(1-6 9
TVl 20,y gy < Chy " )||u'HL2((o,x1);ya+2<1—e)) = Chillv'l 20 01) e r20-0)) -
In view of hy ~ h* and the assumption 6y > 1, we obtain the desired estimate.
The elements I C (0,1) with 0 ¢ I: The procedure is as in the analysis of the u-graded mesh in
Theorem In contrast to Theorem [3.20] we have to account for the weight y®. However, for

each I with 0 ¢ T we have

¢ < Cminy” 6.24
ey < Cnipy (624

so that it can be viewed as a constant elementwise. Proceeding as in the proof of Theorem [3.20
and using 1 — 1/pu > 1— 6, we get

e = T 2o 1)) < BN 2y 1) get2a-00)-

The elements I C (1,Y) with Y ¢ I: Denote by (zp7_1,75) the last element with z); = Y. We
employ standard estimates for the piecewise linear interpolant, exploiting again (6.24)) to arrive at

[l — HyuHLQ((Lwal);ya) = Cthu/”LQ((LfEMfl);ya) = Chl”u,HLQ((l,ZMfl);ya“(l_g))'

We note that the weight €7¥ has not been used so far.

The terminal element I = (xpr—1,2p): We have to modify the linear interpolant so as to ensure
(IT%u)(Y) = 0. This is crudely achieved by subtracting from the linear interpolant the linear
function

r— Tp—
u(y)#, hM =IN — TpM—-1 h.

It remains to bound u(Y). To that end, we use limy_,~ |u(y)| = 0 to write

/ u’(t)dt'_/ e Wy~ (o F2(1=0))/2 7y (a+2(1-0))/2)7 (1)) gy
y=Yy y=Yy

< / e—21y—(a+2(1-0)) gy / 2y +2(1=0) (u/ (y))2 dy
y=Yy y=y

< e—’vyy—(a+2(1—0))/2

[u(Y)] =

Hul ||L2(y,oo;ya+2(1—9)).
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In total, we conclude that

AV —0
[l = Tl 200y wp)iye) S (B e Wyle/2+ ))He’yyulHLQ(mzuﬂ,oo)%yZ“(l_a))’

which finishes the proof. |

Theorem 6.12. Let Q be convex. Let f € H*5(Q) and ps > 1.
There are constants ¢, C > 0 such that the following holds: If Y > c|logh|, then

|| troUd — tI'QZ/lNHHS(Q) < CHU _UNHFP(C;ya) < CVienlgN HZ/[ — VH}DIl(C;yO‘) < Ch,

and the problem size satisfies dim Viy < Ch~(@1)|log h).

Proof. We fix 6 € (0,s) such that still O > 1.
By Lemma [6.9] we have

4 = Ul ey < C IV = TEU) g2 ey + IV — T g2 o] = T+ IT.
From Theorem [6.6] we get the following estimates 6 < s

eV DU ey S Nl i-eqay (6.25)
He”mnyayUHL2(c;ya+2<1—o>) o I%;L o (FAFZROY (6.26)
VD, ey S W flley (6.27)
Hewmyasunm(c;yaw(l—@)) Thm.: T £l 22 (6.28)
1eYAYU| L2 ey o 5:0 £l -5 (2)- (6.29)

Writing V = (D, 0y), we split the term I further:
I < Dath = U | 2(eagey + 10, — U ey = T+ Ty

From the product structure of the norm and the fact that 9, and II* commute

) 20),(E29)
Io ShIDUl|2cey S Pl

~

)
Iy S 1o =10 U 2 ey S MID2O U 12cyey S DIl s -

To estimate /7, we first claim that truncating C at ) introduces an error O(h) if Y > c|logh| if ¢
is sufficiently large. To see this, we compute

VU - Hyu)||%2(c;ya) =[V{U - Hyu)Hi%Cy;ya) + VU - Hyu)||%2(gx(y,oo);ya)
S VU = TU) |32 0y ey + CY VMY F2 .
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Since A; > 1 is fixed, we may select ¢ > 0 such that ) > c¢|logh| implies e‘meHfHH_s(Q) <

Ch| flla-s(0)
We write using V = (D, 0y)

IV U~ TU) |20y o) = Do = TPU G2y oy + 10y U = TTU) 2oy =2 TLa + L.

Next, we may use that D, and IIY commute to estimate

[T, S | Dad = TVD Ul 2 cyey < (h+ Y2V VAID U osaian
V>1;V~|logh| (6.26)
S h”e’ymyDﬂ?ayuHLZ(C;yO“"?(l—g)) S Rl
(6:22) (6-28),y~|log h|,(6-29)
I, < (ht Bty =200 WA | VALY | o o aiaioyy < Rl fllr2)-

In summary, we have arrive at the desired O(h) convergence. The problem size is given by
Tal - [Ty ~ h=*h = (1 +Y) ~ = (1 + |log ). u

6.5 Sparse grids

The convergence in Theorem is the hoped-for O(h) behavior. The problem size N, however, is
not O(h~%) but (up to logarithmic terms) O(h~(4*1). One can improve this complexity estimate
with sparse grids ideas under slightly more stringent regularity assumptions. A key ingredient is
that not a single approximation space is available but a hierarchy. We assume to have:

e A sequence of meshes (73), of mesh size hy ~ 27 such that the spaces P¢(7%), £ =0,1,...,
are nested. The corresponding approximation operators II” are denoted by 1I7.

e A sequence of meshes (Tz)g that are p-graded meshes as described in Assumption |6.7| with
h replaced by hy ~ 27 The spaces Py(Tg) £ =0,1,..., are assumed to be nested The
corresponding approximation operators I1Y are denoted by Hz.

Remark 6.13 Sequences of quasi-uniform meshes with the desired nestedness properties are ob-
tained by uniform (“red”) refinement. Graded meshes in the interval (0,1) can be created by points
(i/N)*, i =0,...,N. Taking N = 2 shows the desired nestedness. Nested sequences of graded
meshes can also be created in the context of NVB meshes, [GHS16].

We set
Hil = 0, Hzil =0.

Given a terminal level L € Ny, the approximation result of Section is done by the operator
1% o IIY. The operators II and IIY admit telescoping sum representations:

L L

L
Hi = Z( Hf 1 ZQ 0> H% = Z(H?Z - Hg—l) = ZQ??

=0 =0 =0 =0
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where we introduced the operators Qf := IIJ —IIY | and Q) = IIJ — IIj_,. The basic idea is to
approximate

L L L
Polll=()_ Qi)e(D_ QL= > QLeQi~ Y  QioQ.

£, =0 £,=0 C,ly=0 Coly: Loty <L

Numerically, one can realize a Galerkin method based on the sparse grids space

QF = > PUTE) @ PHT).

oy Loty <L

To see that the approximation from the subspace Q7 C P} (TH & 7331,(73;) leads to reduced com-
plexity, we estimate the dimension of Q7

dmoP < Y dimPUTE) - dimPH(Ty)

Loly: Le+Ly<L

L L—¥,
<C’ZZhdh <CZhd22%<02hd2”z<022“2”
£,=0 £,=0 £:=0 £y=0 £,=0 £z=0

< O2lolld=b) < oold « prd o dim PLH(TE).

That is, the complexity of the Galerkin method could be that of the discretization in space only
and the increased problem size due to the extra variable y is not present any more! We next show
in Theorem [6.15] that the reduction in problem size does hardly affect the convergence rate. Before
doing so, let us illustrate in a simple setting the mechanism:

Example 6.14 Consider sequences of quasi-uniform triangulations Té and. Tél of domains (2,

Q' with mesh sizes by ~ 275 Let If : C(Q) — PYTE) and Let I} : C(Q) — PYTE) be the

piecewise linear interpolation operators and Qf = If — If | and Q) := I/ — I} ,. Then for
L= Zez,zy: oty <L QF, © Q‘?@J we have

lu — QP ull 20y < Chi|log hill|DaiDpull 2 xqr)-

To see this we note that upon setting I, = 0 and IV, = 0 we have the telescoping sum representa-

tions > ,(If —IF |) =T and Y ,(I} — I} ;) =1 so that also > torty,=0 QF, © Q%y =1. Hence,

o= QP = 3 @he@hul,, S X QL @hulram)

by ly: byptly>L loyly: Latly>L

The triangle inequality gives
1Q7 vl z20) < HEv = vllz2() + IF, _1v — vllz2(0) S ki, | D3l 120

and an analogous estimate for Q?Zyv. Hence, we get

Ju — QPull2axay S > hi, |1 D2Q7 ull2axer) S > b IIDIDul 2k

Carby: Cotly>L Corly: Cotly>L
L 0o
2 N2 2
SID2Dgullznery | D hE, Y. hi + Z hi, Z hi,
lo=0  Ly=L+1-L, —L+1  £,=0
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Since hg, ~ 27 and hy, ~ 27, we arrive at

L
Ju — QFullL2ax0ry S HD:?:DzuHLQ(QXQ’) Z 9 2tag2L1~te) 4 9=2(L+)
£,—0

S IDEDEu| p2xary (L + 1)27 25D < b3 [log hy ||| D2D2ull 12 (0w ary-

It is worth noting that, while the approximation is (up to |loghr|) as good as from the full space
PHTE) @ PUTE), the regularity requirement is more stringent: From an approximation theoretical
point of view, one would expect the requirement u € H?(Q2 x ') (i.e., control of second derivatives)
to obtain O(h%) instead of the condition D%Dzu € L2 (i.e., control of mived second derivatives).

Theorem 6.15. Let f € ﬁ'**”(Q) for some v € (1,14 s). Assume the grading parameter p
for the meshes 73? satisfies
u(lv —1) > 1.

Then there are constants ¢, C > 0 such that for Y > c|logh| there holds

Viean‘SLp led — VHfIl(C;y") < Chy[loghy|

and the problem size satisfies dim Q; < C’hid.

Proof. 1. step (preliminaries) We estimate U — Q}PU. To that end, we assume that the sequences
of meshes are infinite. Since ) ,°_(Qf =T and ZZ’:O Q?y = I (on appropriate function spaces),
we have EZ,&,:O Q. © Q‘Zy =1 (on appropriate function spaces). Hence, the error is

U-QPU= Y (QF QU
Caly: botly>L
We have to estimate
IV~ QP ey gy = 1Daltd — QPU ey ey + 19U — SPU By ey = I+ 117,
With the triangle iequality, we have for any norm/seminorm || - ||
1QE Ul = 17, — TG, Ul < [IZ, — Ul + [ltd =TI, _yU]].

Since hy, ~ hy,—1, these two terms are of the same order and will be treated simultaneously below
as it was done in Example
2. step (estimating I1) From Theorem we have

| DaOUlacyesare) S Clfllgssey  1<e<lts<2, (630)
[ DadUllpaeyrrse) < Clflgviegyy  1<e<lts<2 (031
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For ¢ > 0 sufficiently large and ) > c|log h| we can recast (6.22]) as

(h + hfl/zy—a/%(lf@)ew\/ﬂy)Hewmy@?

||8y(u - Hyu)HLQ(LQ(O,y;yO‘) S u||L2(0,oo;ya+2(1*9))

S EVIORU|| 20 soryerr2a-on)- (6.32)

For 11, we compute with (6.30]) and (6.32)) (taking h = hy, there)

< Y 9,QF 0 Q) Ullrcywey = D IQF 00,07 Ull2cyiye
Lo by : byt0y>T loly: byatly>TL
S DB Ulleyyy = Y. hell9yQF Daldllzcyye
Loy byp+ly>L boly: bytly>L

33 0=c1
A 2
< ST hehe |€VMYOIDU 2y yeta—ey

Uy by Lotly>L

(6-30)

L o0 00 00
S Hfo]—ere(Q) Z Z 9 ta—ly + Z Z 9—Llu—ly
1

0:=0 Ly =L+1—(, w=L+1£,=0
~L
S L2 ||f||ﬁ—s+a(9) ~ hr|log hL|||f”ﬁ—s+e(Q)~
2. step (estimating I) For I, we first provide some regularity: From the last statement of The-

ore and the classical shift theorem for the Laplacian we get for 0 < v < 1 + s that
||leY AlyDgﬁyUHLQ(c;yam_zu) < Hf||ﬁl,s+y(ﬂ). Selecting v = ¢ — 1 € (0, s) we arrive at

VMY D20UI 12 esyesa—2e) S I Fll s (6.33)
We estimate
1< 30 IDeQf o Qi Uliacyyy = D0 I1D2QF 0 Q) U2y
by by Lypt-0y>T by by Lypt0y>T
20y
S Z hfa:HDa:nguHLQ(Cy;ya)
Coly: Lotby>L
,0:5—1
< S hehe |V, DAU 2y yoraae
Coly: Lotly>L
€33
< L2 f e
Putting the estimates together concludes the proof. |

Remark 6.16 A Galerkin method based on the space QS'Lp would require a basis of Q?. An alter-
native is the use of the combination formula, [HPS13/, which combines several Galerkin solutions:

Let Up, o, € 7301(7}59”) ® P&;(T;y) be the Galerkin approzimation to U, i.e.,

acUs, 0, V) = acU,V) = (f,V) ¥V € Py(Ty") ®73312(73€y)-
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Then, the Galerkin approzimation U® € QF is given by

L

U = Z(UZ,L—K —Up—1,1-0),
=0

with the understanding that U_q = 0.
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Chapter 7

Dunford—Taylor Approach

7.1 The Dunford-Taylor Definition

The starting point for the Dunford-Taylor calculus is Cauchy’s integral formula, which states that

fQ) == [ 16

S 2mi Joz—C

dz, (7.1)

where the contour C is a rectifiable Jordan curve oriented such that f is holomorphic on the left of
C and ( is also on the left of C.
The Dunford-Taylor calculus generalizes (7.1]) to the case of operator by defining f(7') for linear
operators T on a Hilbert space by
1
T):= — —T) tdz; 7.2

1) = 5 [ £G) =Ty e (7.2
here, the spectrum of 7" lies on the left of the contour C and does not touch the contour. For more
details about the Dunford-Taylor calculus, we refer to [Yos80].

7.1.1 The Balakrishnan formula for the Spectral Fractional Laplacian

%—‘QVK

Figure 7.1: Contour in the definition of ((—A)3)™!: “standard” contour on the right. Deformed

e
to a cover twice the negative real axis on the left. Spectrum of —A is given by solid dots.
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S

Using (|7.2) for the negative Laplacian (—A), we may define the solution operator for (—A)Su = f
as

u= () = o [ e ),
C

2me
where the contour is chosen such that the negative real axis (as well as a neighborhood of the
origin) is on the right side (see Fig. . (A good, concise exposition of defining fractional powers
of operators is given in [RR04], Sec. 12.4].) Deforming the contour onto the negative real axis (see
Fig. gives the so-called Balakrishnan formula

sin(sm)

(—A);*f = |- 8 (7.3)

™

Remark 7.1 can be obtained by “elementary” means without the Dunford-Taylor calculus.
Proceeding formally (think of finite sums and later check convergence in the appropriate sense

sin(ms) / W (= A dpy = SUT) > fksok/ P (4 k) dp
o k 2

> =0 s =0

o0

p=\t sin(ms) s s 1
2t T8 A o+ 1) dt
IR IR

= NSk = ((=0)5) 7 1.
k

7.1.2 The sinc-quadrature technique

The Balakrishnan formula ([7.3) suggests a numerical method:
In the following, we present a numerical method based on the Balakrishnan formula, which consists

of two parts:
e Quadrature for the integral in the variable p;
e FEM in the variables = to approximate (1 — A)~! in the quadrature points .

Since sinc-quadrature is usually formulated for integration over R instead of (0,00), we perform a
change of variables: Using the transformation u = e¥ in ((7.3)), we get

u=(=A)°f= Smfjﬂ) /_OO =W (VI —A) L fdy = Smfjﬂ) /_OO eI —e YA L dy. (7.4)

We will discretize the integral f_oooo by sinc-quadrature, which here is simply the trapezoidal rule.

!The integral [t + 1)~ tdt = Sn(rs can be evaluated by contour integration taking the following closed
loop: just above the positive real axis from € to R, then on a circle Re™*%, ¢ € (0, 27), then back just below the real
axis and on a small circle of radius ¢ around the origin. One selects the positive real real axis as the branch cut for

2~ °. The integrand has a pole at z = —1 and the residue is 2wiz™° at x = —1.
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Sinc quadrature for scalar-valued functions

Good references for sinc techniques are [Ste93, [LB92]. The sinc-function is defined by

sinz 0
sinc(z) = {1” i 0 (7.5)
z =

Lemma 7.2. Ifsupp F(F) C [~7n/h,n/h] for some h > 0 and F € L'(R) then for all z € C

=Y F(jh) smc< hjh) (7.6)

JEZ

Proof. 1. step: We claim:

e it iht ine (2220 €C, te(~m/hn/h 7.7
Ze smc< " ), z ) (=m/h,m/h). (7.7)
To see 1) we extend the function e~ |(—x/h,x/n) @8 & 27 /h-periodic function. The Fourier series
of this functions converges pointwise and is given b,

7/h
o—i7t — Z oiiht h / / o—iihe —izz g, _ Z o—iiht h . .—1 o~ T/h(ih+z) _ 67r/h(jh+z)}
: 27 J_ - 2w i(jh + z)
J m/h J
o b 2isi ih h y
— § :emht lsul(ﬂ-(] +Z)/ ) — § :eljht Sil’lC((Z —l-jh)/h)

- 2 i(jh + 2) -

—izt

2. step: Since the (periodized) function ¢ — e is smooth with jumps at j7/h, j € Z, the Fourier
series converges uniformly on compact subsets of (—m/h,7/h) and the partial sums are uniformly
boundedﬂ This will allow us to interchange summation and integration later.

3. step: By the Paley-Wiener theorem the function F' is in fact an entire function on C. In
particular, it is smooth so that pointwise evalulations are admissible.

4. step: We use the Fourier inversion formula

\/ﬁF(Z) SUPP]:(F):[_W/hvﬂ/h] ]:(F)(C)ezzC dC
Ce(=m/h,m/h)
Ze”hc sinc ( +]h)
ce(—w/h,w/m h

Step 2 ) —z —l—jh) / ihe
LN sine | ——2 F(F)(¢)e"
> s (=5 oy TE

J

Fourier i;v. form. Z sinc <_Z Z_ ]h> \/%F(]h)
J

2we assume z + jh # 0 for all j € Z

3this is effectively a consequence of the Gibbs phenomenon, which states that the overshoot and the undershoot
are ca. 9%.
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In view of the fact that sinc is an even function, the claim of the lemma is proved. |

Corollary 7.3. Under the assumptions of Lemma[7.9 there holds

/RF(Z) dz=hY_F(jh).

JEZ

Proof. One simply evaluates [, sinc((z — jh)/h) = h. To see this, one ultimately has to evaluate

oo

* sinz /OO /OO R e 1 T
dr = sin x exp(—xy) dydx = / / sin x exp(—ay) dedy = / ——dy = —.
/Ju:o T =0 Jy=0 y=0Jz=0 y=o L+ 72 2

Remark. If the function F' additionally decays sufficiently fast at +oo, then the sum in Corol-
lary can be truncated. This shows that a truncated trapezoidal rule can be quite accurate.

Since bandlimited functions are entire by the Paley-Wiener theorem, one is interested in enlarging
the class of functions for the represention (|7.6) holds—at least approximately.
The following theorem show that the series (7.6) can be a very good approximation:

Theorem 7.4 ([LB92, Thm. 2.13], [Ste93, Chap. 3]). Let F' be holomorophic in the strip
Dy:={z€C :Imz<d}. Assume

1/2 1/2
N2(F) := sup {(/ |F(x + iy)]de> + </ |F(z — iy)]Qdm> } < 00,
O<y<d z€R z€R

d
/ |F(z+iy)|dy = O(|z|*) as|x| = o0 for some a € [0, 1).
y

F(z) = 3 F(jh)sinc (“”” hjh> — (2, h) (7.8)
JEZ
with NQ(F)
et Ml < 2(7rd)1/2dsinh(7rd/h)

= O(e ™M, (7.9)

Proof. We will not prove the theorem, although the proof is not very difficult. Essentially, it
follows from the residue theorem applied to the function

F(z)
(z — ) sin(rz/h)

G(z) :=sin(mz/h)

by taking contours as the boundary of the rectangles

R, ={zeClz=x+1iy,|y| <yn,—(n+1/2)d <z < (n+1/2)d}, Yn :=d—1/n.
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One notices that G has poles at  and jh, j € Z. |

Remark. It is worth noting that h is still a parameter at ones disposal. Thus, by making h
smaller, the accuracy of the sinc approximation improves very quickly.

We actually need a result for the quadrature error:

Theorem 7.5 ([LB92, Thm. 2.20]).  Under the assumptions of Theorem[7.4] there holds for
the quadrature error

r)dxr — ] Me—wd/h_ e—2md/h
/RF( )d hjez;F(Jh) = Zsinh(rd/h) = O ):

In practice, the infinite sum has to be truncated. A typical case is that F' decays exponentially. In
this case, the choice

QY(F):=h > F(jh), h=1/VM (7.10)

lil<M

is particularly useful:

Corollary 7.6. Let F satisfy the assumptions of Theorem and additionally | F(z)| < Cpe=al!
for some Cr, a > 0. Then there are constants C, b > 0 such that for all M € N

/ F(z)dz — QY(F)| < Ce VM.
R

Proof. One estimates

/RF(J:) da — QM(F)‘ < /RF(x) de — S F(GR)|+ 3 BIF(GR)| < Cem 1 o0ph 3 eeih

JEZ |j|>M J>M

2Crh
CF e—aMh.

—2rd/h
< Ce™ ™" + 1 — e—aMh

The choice h = 1/v/M, which we made in the definition of the quadrature Q™ leads to the claim |

Remark. The sinc-quadrature has many parameters to improve the convergence behavior of the method.
A more general technique would be to select

_ N 0 M+
QM M(F) ::h( > F(jh>+ZF<jh>)
j=—M~- Jj=1

with M~ = a~ /vh and M+ = a* /v/h for two parameters at, a~ that better balance the error contribu-
tions.

“A better choice would be to ensure 2rd/h = aMh, i.e., h = \/2nd/(aM).
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100 ‘
—a=35
—_1a=
1072}
2104+
()]
10°}
1078 : : : :
0 10 20 30 40 50

M

Figure 7.2: Sinc quadrature error; see Example [7.7]

Example 7.7 Typically, integrals are transformed prior to an application of the sinc-quadrature.
For example, the integral fooo(l + %)l dr = 5 can be evaluated as

/OO ;dxf‘::eat /Oo Latdt
2=0 1+$2 oo 1+e2at

The sinc-quadrature error w/2 — QM (F,) with F, = ae® /(1 + e'®) for two different values of a is
given in Fig. indicating that the choice of the transformation affects the actual performance of
the sinc-quadrature QM .

Sinc quadrature: semidiscretization

We discretize (7.4) by the sinc-quadrature QM of ((7.10). That is, we approximate

T = / =W (Y T—A) "L fdy = / e (I —e YA fdy
Y

sin(ms) e y=—o0
A QMe(I—e VAT ) =h Y e W(I—e WA f
li|<M
with
yj:jh, h:]_/vM
We abbreviate

cp =

sin(ms)
-
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For the semidiscretization error ((—A)3) ™! —cpQM(e=*Y(I —e"YA)~!), we have the following result:

Lemma 7.8. There exists a C' > 0, depending only on s and € such that
(207"~ QM (e (1—e Y A) )l ey

sc( V| fllreian + o T Lz + eV fll )

Proof. Since the operator (—A) has an ONB (¢ )x, we perform the analysis in that basis.

1. step (reduction to scalar quadrature): Let us first consider the approximation

F)i=h) e WI—e WA S

JEZ

Expanding f =, frpr, we see that we have

((=A)7) 1f—CBka90k/ 7Sy(1+/\k€7y)71dy:CBka(PkI()\k),
%

Yy=—00

cBQn(f) =cB Y _ froxh Y e Wi(L+ e ) =cp > furln(Mr),
k j k

where we used the abbreviations

fu%=/mé“u+xf%@,

I(A) ==hY e ™i(1+ Xe™¥)dy.
JEZL

Then the error is given by

(=) = eBQu(N e i) = B D AP Ow) = In (M)

k
Step 2 (analysis of the scalar quadrature): It can be checked that

e—s(y+id)

T ae-wwm| W=C

o0
sup A° sup /
A>0 de(—n/2,7/2) Jy=—00
From Theorem [7.5] we therefore get
IT(AR) = Tn(Ak)| < CASe™ /T
and conclude

s —25 —72 R
I(=2)5) 71 = eBQu(D T ) < b D AIFlPN 2™ < Ol f [G-epe™™ ™
k
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Step 3: Since the quadrature formula is a finite sum, we have to estimate
2

Z)\ el |h ) e Wi (1 e ¥)

|g]>M

To estimate this, we need more regularity of f than just f € H%(€2). By comparing a (Riemann)
sum with the corresponding integral, we obtain

e 5Yj o e Y x=Xe Y
———dy S e VMmin{l, (Ae VM) 11
hz 1+ e yJN/\/Ml—i-)\e—ydy S e mindl, (AT T, (7.11)
e SYi -vVM e Y z=Xe Y
h — < —d < A ¥min{l, \eVM)s711, 12

We estimate further
2

—SYy
SONIAP B Y | S DS APe Y minfL, (e ™M) 72)
k

i>M k
< S NPT ST X flPe YT (e V)2
k: Age—VM<1 k: Ape—VM>1

_ efs\/M Z O\keim)slfklz +€75\/M Z ()\kef\/ﬁ)szUMZ
k: Age—VM<1 k: Age—VM>1
2e=V M £122 0

and, using that Ay, > A; > 0 we see that the minimum in (7.12) is actually always attained for
(AweVM)s=1 5o that

e s —48 S— s§— — —s
ZA [l | Z v=" s}kjmm%f (ApeY M 1>=§ij,€ 2| f 22080V M
S e 20 VM g2, o

Sinc quadrature: fully discrete method

The semidiscrete approximation is given by

QM (e (I —e YA))f = cph Z i (I—e WA)Lf.

l7]1<M

=w;EH}(Q)

A fully discrete method can be obtained by approximating the functions u; by a numerical method,
e.g., the FEM. The function u; € H} () is the solution of

[ eV Voru= [ fo woemi@). (7.13)
Q Q
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Given a finite-dimensional V; C H}(£2), the Galerkin approximation u; x € V; is given by requiring

/ e YVujn - Vv +ujNv = / fv  YveV (7.14)
Q Q
and one sets
uy = cgh Z e W . (7.15)
l7|<M

Concerning the error, we have with b := min{s/2,1 — s, 72/2}
lu = unllgs o) S M| fll o) +h Y Nl — N || s ()
lil<M

where the first term is the semidiscretization error of Lemma whereas the second term arises
from the triangle inequality. The analysis of the method is thus reduced to the Galerkin error
analysis. An example of the type of results that can be obtained is:

Proposition 7.9 ([BP15]). Let Q be convex, s € (0,1) and f € H>25(Q). Then, if the
functions u; v are approximated using piecewise linears on a mesh of mesh size H, there holds

=l gy < Clog B (2l 7220y + € I fll oy ) -

Remark. The assumptions on f are not very realistic in practice, since (for s < 1/2) the function
f needs to vanish on 9€; reduced rates of convergence (in terms of H) then result.
For smooth data f not necessarily vanishing on 9%, see the hp-FEM discussed in [BMS23].

The error analysis for u; — u; n hinges on understanding the regularity of the solution u;, which
solves, in strong form,

—e Y Auj+u; = f in Q, ujlaq = 0. (7.16)
Two cases may arise:
1. y; <0: Then can alternatively be written as
—Auj + eYu; = €Y f.
Since 0 < €% <1 (and possibly even very small if y; << —1), we see that u; is the solution

of a regular perturbation of —A. Thus, a standard space V; of piecewise polynomials on a
quasi-uniform mesh will be appropriate.

2. y; > 0: Then for e™% << 1 problem (7.16) is a singularly perturbed equation. The solution
features a boundary layer that needs to be resolved for accurate solutions. See the following
Example Special meshes can be designed to produce accurate numerical approximations.

Example 7.10 Consider for € > 0 the problem
—%u" +u=f onQ=(0,1)  ulpg=0. (7.17)

The solution plot in Fig. [7.3 shows clearly that the solution features boundary layers at the end-
points. That is, the solution varies sharply in an O(g) neighborhood of the endpoint. A FEM
thus needs small elements near the boundary to resolve these layers. See [Mel02, Chap 2] and the
references there for more details.
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-2u +u=1+¢€"¢e=0.01

91 -0.5 0 0.5 1

Figure 7.3: Solution plot for Example

7.1.3 The Integral Fractional Laplacian

A direct definition like is not possible for the integral fractional Laplacian, as the spectrum
does not need to be positive and the Dunford-Taylor calculus can not be justified.

However, using the Fourier definition of the fractional Laplacian, we can derive a different repre-
sentation. We have with Plancherel’s formula

( d S /Rd /Rd )(Tgizz_w(y))dx dy — /Rd(—A)SU(SU)W(ZE)di‘ (718)
= T <<—A>Su><<>fw<<>d< = [ e F ) O Fuic. (7.19)

Using Parseval’s theorem, we can write

2
/]Rd 1+|i|2|02 F(u)(C) fw ¢)d¢ = / A)_lu(x)w(m)dx,

which leads, using the transformation ¢ = p|¢| to

[e’) [e%¢] 2, 1-2s
C[Tu [ M- sy ) wdsda = €. [ Fu©Fu [ mwdudC

_ . T |C|2St1 —2s
—c. [ Fu©Fe© [

O 25 F(u) (¢) Fw(¢)dC.
= Cogisy L KEF©Fu0iac

Choosing Cy = 252" 4nq inserting this into (7.18), we obtain a different representation for the

i
bilinear form af(-,-)

a(u,w) = Zsin(s) /000 pt=2s /Rd(—A)(I — 12A) " Yu(z) w(z)dz dp.

™
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CHAPTER 7. DUNFORD-TAYLOR APPROACH

Again, sinc-quadrature can be employed to approximate the integral on the right-hand side. How-
ever, this leads to a non-conforming method with approximative bilinear forms, which can be
analyzed by Strang-type estimates. For details, we refer to [BLP19).
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A.1 Gauss-Lobatto interpolation

Quadrature or best-approximation errors are usually estimated using certain interpolation opera-
tors.

Here, we consider Lagrange interpolation in some given nodes x;. Classical examples are Chebyshev
interpolation (with nodes x; being the zeros of the Chebyshev polynomials), Gauss interpolation
(with nodes z; being the zeros of the Legendre polynomials) and Gauss-Lobatto interpolation (with
nodes x; being the extrema of the Legendre polynomials including the endpoints).

Chebyshev and Gauss-Lobatto points are optimal in the sense that the corresponding Lebesgue
constants only grow logarithmically.

We now show an exponential convergence result by means of complex extension.

For p > 1, we define the Bernstein ellipse £, by

Ey={z€C:|z—1+|z+1<p+p '} (1.1)

Proposition A.1. Let u be holomorphic on &, p > 1. Then, for every 1 < p < p, we have

2
inf [lu—v|Le11) € ——5p " ulle,)- 1.2
,Ulenanu vllpoe(—1,1) < p—lp [ullLose,) (1.2)

Moreover, there holds

Jnf fJu’ = 0|l g1y < 27"l e (1.3)

Proof. We consider the 2m-periodic function @ := w o cos : [—m, 7] — R, and express it by its
Fourier series (since u is even, no terms involving sin appear)

o0}

1 ™
am:?+2wmm)w:/a@mmm.
T
=1 -

Setting cos(t) = z, one obtains an expansion of u in terms of Chebyshev polynomials
a o0
m@:;+;w@@‘
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Since |Cy(z)| < 1, there holds

n 0o
ap
u(z) = 5 = ) aCe(z)] < > ad.
/=1 {=n+1

As 2 +3) | a/Cy(x) € P,, we only need a suitable estimate for |a,|. With the substitution z = e,
we obtaln

@ = % /_ " u(cos(t)) cos(Ct)dt — % /_ " u(Re (¢*))Re ()t
1 1
= — u(Re (2))Re (25 —dz.
S ICHCINEE

For z € 9B1(0), there holds

Re(z):%(z+§) ;(Z—i_ Zz|2);< )
i

Consequently, with the Joukowsky-Transformation J : z +— 5 ( %) this gives

1 l -/
a = — u(Jz)idz
211 2= z
1

= — u(Jz)zZldz—kl,/ u(Jz) 2~ dz,
l2|=1

21 |z\:1
We use the Cauchy integral theorem on the annulus B/, ,(0). As the Joukouwsky transformation
mappes each circle with radius p onto the ellipse £, the function w(z) :==u (3(z + 1)) =uo J(2)
is analytic in By, ,(0). Consequently the integrands in the integrals above are analytic in By, ,(0)

and we may change the path of integration to |z| = 1/p in the first integral and to |z| = p in the
second integral. This gives

1 -1 / —(e+1)
- d d
ay 277 oy w(z)z z+ — 2 ), pw(z)z z

1 1 1
L (-1 —(€+1)
< —27r27r||u”Loo(gp)p,0 +27T27T“u||Loo(5p),0P

= QPféf\u\\Loo(s,,)

This imples

_f_zaécg NS ol < 2ullimiey S o

l=n—+1 l=n—+1

||u||L°° (Ep)s

which gives the first statement.
The estimate for the derivative follows by approximating «’ by a polynomial of degree k — 1 and
integration. |
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The previous proposition gives an exponential approximation result for holomorphic functions. In
practice, for real valued functions u € C°°(—1,1), it is therefore of interest to provide a criterium
whether a function has a holomorphic extension, which is the subject of the following lemma from
[AM15, BLMO5].

Lemma A.2. Letu e C®(—1,1). Then, the following statements are equivalent

1. There exist constants C,~y (which may depend on u) such that

Hu(")HLQ(_M) < Cv"n! Vn € Np.

2. There exists p > 1 such that u has a holomorphic extension to &, with

HuHLoo(gp) < 0.

Proof. The implication 2. = 1. follows from the Cauchy integral formula for derivatives.
For the converse implication 1. = 2., we start with the 1D Sobolev embedding C([—1,1]) —
H'(—1,1), which implies by assumption

1w | oo 11y < Cllul™ | gr_11y < CA™! Vn € No.

As a consequence, the Taylor series of u around any point ( € [—1,1] converges in an open ball
By5(¢) C C of radius 1/4 (e.g. by the quotient criterium). Thus, u has a analytic extension to
UCE(le) B1/5(¢) =: G5 and Taylor expansion on the slightly reduced subset G5(;4.) for € > 0 gives
for any x € G5(14¢) and sufficiently close ¢ € (—1,1)

(¢

< ., 0
u@)l =13 @ -0 g e

=0 ’ ’

oo
1
(1+e) =0, T
=0

€

By elementary calculations, one observes that the Bernstein ellipse £, with p :=1+1/(7(1 +¢))
satisfies £y, C G5(14¢). In particular, u is analytic on £,  and the bound on the L*°-norm holds. B

Note that by affine transformation to the reference interval (—1, 1), the previous corollary also holds
on an arbitrary interval J C R.
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