
Non-local Operators
(winter term 2024/25)

0

1

0.2

0.5

0.4

0

0.6

-0.5

0.8

-1

10.50-0.5-1

Lecture Notes

Markus Faustmann, Jens Markus Melenk
Institute of Analysis und Scientific Computing

TU Wien



Contents

1 Introduction 3
1.1 Non-local Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 Recasting a PDE as an Integral Equation . . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Fractional Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Further examples of non-local operators . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 Outlook and Literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Definitions of the Fractional Laplacian 12
2.1 The Integral Fractional Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.1.1 Probabilistic Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.1.2 The Integral Fractional Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 The Fourier Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
2.3 Definition via Heat Semigroup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4 The Caffarelli–Silvestre Extension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.5 The Fractional Laplacian on Bounded Domains . . . . . . . . . . . . . . . . . . . . . 26

2.5.1 The Sobolev spaces Hs(Ω) and H̃s(Ω) . . . . . . . . . . . . . . . . . . . . . . 27
2.5.2 The Integral Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.5.3 The Spectral Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.5.4 The Caffarelli-Silvestre extension for (−∆)sσ . . . . . . . . . . . . . . . . . . . 31
2.5.5 Function spaces for the Caffarelli-Silvestre extension . . . . . . . . . . . . . . 37

3 Numerical Approximation 39
3.1 The Integral Fractional Laplacian - Weak Formulation . . . . . . . . . . . . . . . . . 39

3.1.1 Variational chacterization of the integral Fractional Laplacian . . . . . . . . . 39
3.1.2 Weak formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.3 Galerkin method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.4 Classical piecewise polynomial approximation . . . . . . . . . . . . . . . . . . 43
3.1.5 Approximation of low-regularity functions with Clément/Scott-Zhang inter-

polation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.2 The Integral Fractional Laplacian - Regularity . . . . . . . . . . . . . . . . . . . . . 50

3.2.1 Regularity in Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.2.2 Regularity in weighted Sobolev spaces . . . . . . . . . . . . . . . . . . . . . . 53
3.2.3 Impact of regularity on mesh design: shape-regular meshes . . . . . . . . . . 57
3.2.4 Impact of regularity on mesh design: anisotropic meshes . . . . . . . . . . . 58
3.2.5 Adaptive FEM for fractional PDEs . . . . . . . . . . . . . . . . . . . . . . . . 65

1



4 Numerical integration 70
4.1 Quadrature rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.1.1 1D quadrature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.1.2 hp-quadrature* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.1.3 2D quadrature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2 Evaluation of the stiffness matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.3 Consistency error estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5 Data-sparse representation 81
5.1 Hierarchical matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.1.1 Separable kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.1.2 Block approximation by separable kernels . . . . . . . . . . . . . . . . . . . . 82
5.1.3 Creating the block partition P . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6 FEM for the Extension Problem - Spectral Fractional Laplacian 90
6.1 Weak Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.2 Galerkin method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.3 Regularity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
6.4 Galerkin discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.5 Sparse grids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7 Dunford–Taylor Approach 106
7.1 The Dunford-Taylor Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

7.1.1 The Balakrishnan formula for the Spectral Fractional Laplacian . . . . . . . . 106
7.1.2 The sinc-quadrature technique . . . . . . . . . . . . . . . . . . . . . . . . . . 107
7.1.3 The Integral Fractional Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . 115

A Appendix 117
A.1 Gauss-Lobatto interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

2



Chapter 1

Introduction

1.1 Non-local Operators

In this lecture, we study the analytical behavior of certain non-local operators and present some
numerical methods for these.

We call an operator A : X → Y acting between two function spaces X,Y of functions u : Rd → R
local, if for all x ∈ Rd the value (Au)(x) (if point-evaluation is possible) only depends on the values
of u|Bε(x) for all ε > 0, where Bε(x) := {y ∈ Rd : |x − y| < ε} denotes the open ball of radius ε

around x ∈ Rd.

Classical examples of local operators are, e.g., differential operators such as the Laplacian

∆u(x) :=

d∑
i=1

∂2

∂x2i
u(x)

on the function space C2(Rd), since computing derivatives at a point x only needs the function
values in a neighborhood of x.

Conversely, if an operator is not local, we call it a non-local operator.

Non-local operators appear oftentimes in physics by modeling of non-local effects such as gravity
or quantum entanglement. As a simple mathematical example, we consider the integral operator

Au(x) :=
∫ 1

0
(x− y)u(y) dy u ∈ L2(0, 1).

From the definition, one directly sees, that the computation of Au(x) needs all values u(y) for
y ∈ (0, 1). This also leads to the effect, that, even if u is locally supported, e.g., u is the characteristic
function of a sub-interval u = χ(1/4,1/2), we compute that suppAu := {x : Au(x) ̸= 0} = [0, 1],
i.e., Au does have global support.
This observation is particularly important for numerics, since the discretization of local operators
(e.g. by finite element methods for the Laplacian) usually leads to sparse linear systems of equations,
which can be solved efficiently. In contrast, non-local operators lead to fully-populated matrices,
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CHAPTER 1. INTRODUCTION

and computations with these can be too expensive. Therefore, an additional challenge for non-local
operators is to derive efficient numerical methods that circumvent the problem of fully populated
systems.

In this lecture, we are primarily concerned with non-local operators of convolution type with singular
kernel

Au(x) :=
∫
k(x− y)u(y) dy,

where the kernel function k is singular for x = y. This also includes some definitions of so called
fractional differential operators like

(−∆)s for s ∈ (0, 1),

i.e., differential operators with non-integer order of differentiation. A formal definition of those
is not straight forward and other definitions, which are not based on singular integrals exist, see
Chapter 2.

In the following, we briefly motivate where such classes of operators appear.

1.2 Recasting a PDE as an Integral Equation

Consider the Poisson equation on an unbounded exterior domain Rd\Ω, where Ω is a bounded
domain

−∆u = f in Rd\Ω,
u|∂Ω = g on ∂Ω,

where f, g are given data.
We refer to the PDE lecture, for the fact that there exists a fundamental solution (or Green’s
function) G(x, y) = G(x − y) satsifying −∆G(x, y) = δy (delta distribution). Assuming sufficient
regularity, we can use Green’s second formula with u and v(y) = G(x− y) to obtain

(−∆u, v)L2(Rd\Ω) + (∂nu, v)L2(∂Ω) = (u,−∆v)L2(Rd\Ω) + (u, ∂nv)L2(∂Ω).

Using the definition of the fundamental solution and the PDE, we (formally!) obtain the represen-
tation formula

u(x) = (f,G(x, ·))L2(Rd\Ω) + (∂nu,G(x, ·))L2(∂Ω) − (g, ∂nG(x, ·))L2(∂Ω).

This can now be written in terms of the non-local operators (of convolution type) Ñ (Newton
potential), Ṽ (single-layer potential), K̃ (double-layer potential) as

u(x) = Ñf(x) + Ṽ ϕ(x)− K̃g(x) for x ∈ Ω, (1.1)

where ϕ := ∂u/∂n and

Ñf(x) =

∫
Ω
G(x, y)f(y)dy, Ṽ ϕ(x) :=

∫
∂Ω
G(x, y)ϕ(y)dsy

K̃g(x) :=

∫
∂Ω

∂

∂ny
G(x, y)g(y)dsy x ∈ Ω.
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CHAPTER 1. INTRODUCTION

In the representation formula (1.1), there are still two unknowns, u in the exterior domain and
the normal trace ϕ on ∂Ω. However, taking the traces on ∂Ω (i.e. considering the limit process
Ω ∋ x̃→ x ∈ ∂Ω), one obtains (the appearing operators are just the traces of the potentials defined
above)

g(x) = N0f(x) + V ϕ(x)− (K − 1/2)g(x) for x ∈ ∂Ω

or rewritten as

V ϕ = −N0f + (K + 1/2)g on ∂Ω.

Now, the only unknown is the normal trace ϕ, which solves a non-local integral equation. For
solvability of such an equation, we refer to standard textbooks on integral equations (in fact, the
operator V is elliptic on appropriate Sobolev spaces).

While the derived formulation seems to be more complicated than the PDE, which we started with,
the integral equation has a very destinct advantage in that it is now posed only on a bounded set ∂Ω
instead of an unbounded domain Rd\Ω. Thus, ideas similar to the standard finite element method
can be employed for discretization, which is directly not possible for the PDE on the unbounded
domain.

Example. A classical example for application of the above reformulation is acoustic scattering or
radar. Hereby, a so called incident wave, here uinc(x) = eikx, is sent to an object and the goal is to
compute a so called scattered wave us by an object Ω. This is inherently a problem posed on Ωc

(unbounded!). Note that the scattered wave contains information about Ω, which can e.g. be used
to reconstruct the object (as done in radar).

uinc us

Ω

Figure 1.1: Scattering by an object Ω.

In this example, the total acoustic field is given as u = uinc+us and satsifies the Helmholtz equation

∆u+ k2u = 0 in Rd\Ω

together with a so called Sommerfeld radiation condition ”boundary condition at infinity” given
for r = |x| by

∂ru
s − ikus = o(r−1).

Then, u can be written using the ideas from above as

u(x) = uinc −
∫
∂Ω
G(x− y)∂nu(y)dy G(x− y) := eik|x−y|

4π|x− y|
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CHAPTER 1. INTRODUCTION

and taking the normal derivative on both sides gives a boundary integral operator formulation.
Discretization with a Galerkin method (”boundary element method” - BEM) gives the following
simulation for the total field (c.f. [BS21]).

Figure 1.2: Scattering at unit sphere (d = 3), solution plot in the plane z = 0, figure take from
[BS21].

1.3 Fractional Operators

Recently (since ∼2000), more complex physical and biological models started to take non-local
diffusive effects into account. A simple model for such operators is the fractional Laplacian

(−∆)s s ∈ (0, 1),

where the choice of s gives an additional model-parameter for more precise modeling.
As such, further applications in finance, image processing and materials science followed.
Mathematically, these operators are also of interest as some crucial differences to the Laplacian
appear. As already mentioned, fractional differential operators are non-local, which makes their
analysis and numerical approximation challenging. In fact, even the precise mathematical definition
of these operators is not straight forward. On the whole space Rd there are multiple definitions,
which turn out to be equivalent. A formally easy way to define the fractional Laplacian is to use
the Fourier transformation to write

(−∆)su = F−1(|ζ|2sFu),

which, however, is unpractical for numerical methods. A definition, which is more in line with the
singular integral operators of the previous subsection is given by the so called integral fractional
Laplacian defined pointwise as the Cauchy principal value

(−∆)su(x) := C(d, s) P.V.

∫
Rd

u(x)− u(y)
|x− y|d+2s

dy.
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CHAPTER 1. INTRODUCTION

Restricting oneself from the full-space to a subdomain Ω makes matters more complicated, as dif-
ferent definitions turn out to be not equivalent any more. In this lecture, we discuss two different
definitions, the integral fractional Laplacian, which is the formula above applied to functions van-
ishing outside of the domain, and the so called spectral fractional Laplacian, which uses the
eigenvalues λk and eigenfunctions φk of (−∆) to define

(−∆)sσu :=
∞∑
k=1

λskukφk, uk :=

∫
Ω
uφkdx.

There are some other definitions, like the regional fractional Laplacian, which we do not discuss
in detail in the following, and given your application in mind you need to choose the appropriate
definition accordingly.

Example. An example for a simulation of a physical process involving fractional derivatives is
given by phase separation by means of the fractional Cahn-Hilliard equation

∂tu+ (−∆)ασ(−∆u+ f(u)) = 0.

The following simulations from [AM17] show the effect of including non-integer powers of the
Laplacian in the equation as an effect called ”coarsening” of the structures is way less prominent
for smaller values of α.

Figure 1.3: Phase separation by means of a (non-local) Cahn-Hilliard equation (random initial
data), figures from [AM17].

A probabilistic motivation for fractional PDEs involving the integral fractional Laplacian will be
given in the next section.

1.4 Further examples of non-local operators

Integral transformations

The Fourier transform

F(f)(ζ) := 1√
2π

∫ ∞

−∞
f(t)e−iζtdt

is non-local as, for example, the step function f(t) = χ[−1,1] is transformed to

F(χ[−1,1])(ζ) =
1√
2π

∫ 1

−1
e−iζtdt =

2√
2πζ

sin(ζ).
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CHAPTER 1. INTRODUCTION

t

1

−1 1

f

ζ

F(f)

π

In the same way, the Laplace transformation

L(f)(s) :=
∫ ∞

0
f(t)e−st dt

is non-local.

1.5 Outlook and Literature

In the following, we briefly sketch the content of the lecture notes and mention important works
used to write this lecture notes. In this version of the lecture notes, we take fractional operators as
model problem. Many techniques employed can also be used for other non-local operators such as
the integral operators appearing in the reformulation of the Poisson equation as integral equation.
Details for this specific model problem can be found in text books on the boundary element method,
such as [Ste08a, SS11] or in a previous version of the lecture (held in winter term 19/20) with lecture
notes downloadable at

Numerical methods for fractional operators are studied quite recently and as a consequence few
textbooks suitable for lectures are available, and the course is mainly designed using research
articles. As such, this lecture notes can also be seen as a collection of readable literature for an
introduction to the topic and further studies.

Chapter 2: Definitions of the Fractional Laplacian

Different definitions – and their equivalences – can be found in the rather technical paper of Kwas-
nicki [Kwa17]. Among them, we mention the ground breaking work of Caffarelli and Sil-
vestre, [CS07], where the fractional Laplacian was identified as a Dirichlet-to-Neumann operator
for a degenerated elliptic PDE. A good overview article is [LPG+20].

� We start with a probabilistic motivation by looking at a random walk approach with arbitrary
long jumps. It turns out that taking the limit of the discrete random-walk gives a fractional
heat equation ut = (−∆)su, with the integral fractional Laplacian, whereas a fixed length
random-walk gives the classical heat equation.

� We formally introduce different definitions of the fractional Laplacian: the integral definition,
the Fourier definition, the definition via a heat-semigroup as well as the famous Caffarelli-
Silvestre extension problem, which gives a PDE-approach to fractional diffusion. On the
full-space Rd, we prove that all definitions are equivalent.

� Having understood the definitions in Rd, we turn to the case of a bounded subdomain Ω ⊂ Rd.
We start by introduction Sobolev spaces of non-integer order and their properties, further

8



CHAPTER 1. INTRODUCTION

information on that can be found in the book of McLean, [McL00]. Afterwards, we state the
integral and spectral definition and discuss that they are indeed different operators. Moreover,
we formulate the Caffarelli–Silvestre extension for both operators, which is very useful for
analysis and numerical methods. Good references for that are [CS07, Sti10, ST10].

Chapter 3: Numerical Approximation

Here, we mainly focus on the integral fractional Laplacian. A good overview article on numerical
methods for fractional PDEs is by Nochetto et al., [BBN+18], which collects results of Acosta
and Borthagaray, [AB17] for the integral fractional Laplacian, as well as Nochetto, Otarola,
Salgado, [NOS15] for the spectral fractional Laplacian. The more recent overview article [BLN22]
gives more focus on regularity and mesh design for finite element methods.

� We start by deriving a weak formulation for the equation (−∆)su = f using the integral
fractional Laplacian, which leads to the non-local bilinear form

a(u, v) ≃
∫
Rd

∫
Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dy dx.

Hereby, analyzing a Galerkin approximation has two main difficulties: the non-locality of the
bilinear form, i.e., plugging in two functions with disjoint support gives in general a non-zero
contribution, as well as the non-locality of the energy norm in a fractional Sobolev space.
The non-locality of the norm does not allow for elementwise a-priori estimates. However, we
mention a remedy for this problem by proving a localizable upper bound for the energy norm.

� With a Ceá-type best approximation estimate, the a-priori analysis of a finite element approx-
imation then comes down to a question of providing a quasi-interpolation operator with the
right approximation properties – here the Scott-Zhang projection – as well as regularity of the
solution. Assuming sufficient regularity, we prove convergence of the FEM approximation.

� Regularity for the integral fractional Laplacian is rather delicate, and it turns out that so-
lutions tend to be not more regular than H1/2+s−ε(Ω) even if the geometry and right-hand
side are smooth. However, the singularities in the derivatives at the boundary ∂Ω can be
captured in certain weighted Sobolev spaces, which is the main observation of [FMMS22].
Assuming analyticity of the data, one even obtains analytic regularity of the solutions in
weighted spaces.

� The discussion on regularity gives an idea on how to construct suitable meshes in order
to obtain better convergence rates for fractional PDEs. Finite regularity results together
with graded meshes, [BLN22], can be used to improve convergence rates to h1−ε. Employ-
ing geometric meshes, the weighted analytic regularity can be used to obtain exponential
convergence, which can be found in [BFM+23, FMMS23].

� Finally, we comment on adaptive methods for optimal mesh design, [AG17, FMP21].

Chapter 4: Numerical quadrature

The calculation of the stifness matrix for the integral fractional Laplacian comes down to evaluation
of certain singular integrals. While FEM error analysis oftentimes assumes that the bilinear forms

9



CHAPTER 1. INTRODUCTION

can be evaluated exactly, this is in practice not always possible. A way to analyze this so called
variational crime is by means of the Strang lemma. In order to employ this, a separate analysis of
the quality of the used quadrature formula has to be made. Here, we consider a weighted Gaussian
quadrature formula, so called Gauss-Jacobi quadrature, which fits the given problem class very
well.
Using the transformation theorem, certain variable substitutions can be made such that the singu-
larities of the integrad can be mapped to the coordinate axis [CvPS15] and afterwards the weights
in the Gaussian quadrature takes care of the singular behavior. For this ongoing research, we refer
to [BFM24].

Chapter 5: Data-sparse approximation

A main problem for numerical methods for non-local operators is that usually discretizations lead to
dense stiffness matrices with O(N2) entries. Thus, computations such as solution of the correspond-
ing linear system tend to be very expensive. A way to circumvent this is to use approximations to
the system matrices in data-sparse formats to reduce the complexity to O(N logN ).
Here, we only consider the matrix compression format of hierarchical matrices (H-matrices), which
approximates matrix blocks by low-rank approximations, and give a very brief introduction in the
topic. More details can be found in the book of Hackbusch, [Hac15], or a special lecture on this
topic with lecture notes downloadable at https://www.tuwien.at/mg/asc/faustmann/lehre/skripten.

Chapter 6: FEM for the Extension Problem - Spectral Fractional Laplacian

For the spectral definition of the fractional Laplacian, an overview on numerical methods is given in
[BBN+18]. We also mention [NOS15] for the PDE approach using the Cafarelli-Silvestre extension
and [BMN+19] for more advanced numerical methods and their analysis.

� Here, the PDE interpretation using the Caffarelli–Silvestre extension problem is the main
tool used, and the PDE (in d+ 1-dimensions) is approximated using FEM. Again, questions
of approximation properties and regularity are discussed, where especially the regularity in
the extended dimension is crucial.

� Finally, we discuss sparse grids as a method to improve the complexity of the approximation
with respect to the problem size.

Chapter 7: Dunford–Taylor Approach

For this approach using the Dunford-Taylor calculus (see e.g. the book of Yoshida, [Yos80]), we
refer to the article of Bonito and Pasciak, [BP15] and the follow up work [BLP19]. Results on
the used sinc-quadrature can be found, e.g., in [Ste93, LB92].

� Using Cauchy’s integral formula gives yet another definition of the fractional Laplacian with
the so-called Dunford–Taylor calculus. In fact, one can deform Cauchy’s formula to the
real-axis to obtain an operator-valued integral over R+, the so called Balakrishnan formula.

10
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CHAPTER 1. INTRODUCTION

� With the Balakrishnan formula at hand, one can derive a numerical method using FEM
to approximate the shifted Laplacian in the integrand and so-called sinc-quadrature to ap-
proximate the integral, which converges exponentially. Balancing the FEM error and the
quadrature error gives convergence rates up to h2−s for highly regular solutions.

� The Balakrishnan formula only holds for the spectral integral Laplacian. However, one can
derive a similar formula for the bilinear form corresponding to the integral fractional Laplacian
using the Fourier transform.

11



Chapter 2

Definitions of the Fractional Laplacian

2.1 The Integral Fractional Laplacian

2.1.1 Probabilistic Motivation

As a motivation for the fractional Laplacian, we start with a random walk approach with arbitrarily
long jumps. Let P be a probability measure on N given by

P (I) := c(s)
∑
j∈I

1

j1+2s
for I ⊂ N,

where c(s) :=
(∑∞

j=1
1

j1+2s

)−1
is a normalization constant (depending on s) such that P (N) = 1.

We study the motion of a particle described as follows: We assume that the particle does discrete
jumps and denote by h the minimal possible jump-width in space and by τ the step size in time
and link them by τ = h2s.
By u(x, t) we denote the probability of a particle being at the place x at time t . The particle moves
in a way that for each timestep τ , it chooses a random direction ν ∈ ∂B1(0) ⊂ Rd according to a
uniform distribution as well as a j ∈ N according to the probability distribution P and it makes a
step in space in the direction jhν.

Example. In one space dimension d = 1 and allowing only forward/backward jumps of length h
both with probability 1/2 gives a classical random walk. Then, we have

u(x, t+ τ) =
1

2
u(x+ h, t) +

1

2
u(x− h, t)

and assuming 2τ = h2 yields

u(x, t+ τ)− u(x, t)
τ

=
u(x+ h, t)− 2u(x, t) + u(x− h, t)

h2
.

Taking the limit h, τ → 0 gives the heat equation

ut = ∆u. ■

12



CHAPTER 2. DEFINITIONS OF THE FRACTIONAL LAPLACIAN

random walk - fixed jump size

heat equation

arbitrary long jumps

fractional heat equation, Lévy process

Figure 2.1: Random walk with fixed or arbitrary jump sizes.

In contrast to the previous example, we allow jumps of arbitrary length (although long jumps have
small probability).

Example. The value u(x, t + τ) is given by the sum of all probabilities of the particle being at
time t at location x+ jhν multiplied with the probability of jumping from there to x, i.e.,

u(x, t+ τ) =
c(s)

|∂B1(0)|

∫
∂B1(0)

∑
j∈N

u(x+ jhν, t)

j1+2s
dsν .

The change of variables ν → −ν gives

u(x, t+ τ) =
c(s)

|∂B1(0)|

∫
∂B1(0)

∑
j∈N

u(x− jhν, t)
j1+2s

dsν ,

so that

u(x, t+ τ) =
1

2

c(s)

|∂B1(0)|

∫
∂B1(0)

∑
j∈N

u(x+ jhν, t) + u(x− jhν, t)
j1+2s

dsν . (2.1)

Next, we obtain

u(x, t+ τ)− u(x, t) = c(s)

|∂B1(0)|

∫
∂B1(0)

∑
j∈N

u(x+ jhν, t) + u(x− jhν, t)− 2u(x, t)

2j1+2s
dsν .

Using τ = h2s, this leads to

u(x, t+ τ)− u(x, t)
τ

=
c(s)

2|∂B1(0)|

∫
∂B1(0)

∑
j∈N

h
u(x+ jhν, t) + u(x− jhν, t)− 2u(x, t)

(jh)1+2s
dsν .

We recognize the sum as a Riemann sum for an integral. Taking (formally) the limit h→ 0 (which
also implies τ → 0) and using polar coordinates, we arrive at

ut(x, t) =
c(s)

2|∂B1(0)|

∫
∂B1(0)

∫ ∞

0

u(x+ z, t) + u(x− z, t)− 2u(x, t)

|z|1+2s
dzdsν

=
c(s)

2|∂B1(0)|

∫
Rd

u(x+ y, t) + u(x− y, t)− 2u(x, t)

|y|d+2s
dy

=: C(d, s)Asu(x, t).

We will later on identify the operator As as a s-th (non-integer!) power of the Laplacian, called
the fractional Laplacian. Therefore, the limit of a random walk with arbitrary long jumps leads to

13
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the so-called fractional heat equation. The constant C(d, s), which will be specified in Def. 2.1, is
simply introduced for consistency with other, equivalent, definitions of the fractional Laplacian. ■

Example (payoff model). Suppose one moves in a random walk in Ω as described in the
preceeding example. Assume the walk is stopped if one jumps to a point y ∈ Rd \ Ω, where one
gets a payoff u(y). What is the expected payoff u(x) if one starts at x ∈ Ω?
The expected payoff at x ∈ Ω is the average of the expected payoffs of all points x′ that can be
reached from x by a jump of length jhν weighted by the probability of the jump. Hence, we expect

u(x) =
∑
j

c(s)

|∂B1(0)|

∫
∂B1(0)

u(x+ jhν)

j1+2s
dsν .

Noting
∑

j c(s)j
−(1+2s) = 1, this leads to

0 =
∑
j

c(s)

|∂B1(0)|

∫
∂B1(0)

u(x+ jhν)− u(x)
j1+2s

dsν .

Dividing by h2s and recognizing the sum as a Riemann sum for an integral, we obtain (formally)
in the limit h→ 0

0 =
c(s)

|∂B1(0)|

∫
∂B1(0)

∫ ∞

r=0

u(x+ rν)− u(x)
r1+2s

dr dsν

=
c(s)

|∂B1(0)|

∫
z∈Rd

u(x+ z)− u(x)
|z|d+2s

dz =: (−∆)su. (2.2)

We conclude (formally) that the sought function u satisfies a fractional PDE

(−∆)su = 0 in Ω,

u = u0 in Rd \ Ω.

■
We note that in the previous example, we could have done the ”symmetrization” step as in (2.1).
The definition of (−∆)s from (2.2) is the more common one in literature and made mathematically
precise in Def. 2.1. Lemma 2.2 below shows that the operators As and (−∆)s in the previous
examples are indeed equivalent.

2.1.2 The Integral Fractional Laplacian

The previous example motivates the definition of the fractional Laplacian as a non-local singular
integral operator.
Initially, we define it on Schwartz functions in the space

S :=
{
u ∈ C∞(Rd) : sup

x∈Rd

|(1 + |x|)α∂βu(x)| <∞ ∀α ∈ N0, β ∈ Nd
0

}
.

14
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Definition 2.1. Let s ∈ (0, 1) and u ∈ S. Then, the pointwise defined operator

(−∆)su(x) := C(d, s) P.V.

∫
Rd

u(x)− u(y)
|x− y|d+2s

dy (2.3)

= C(d, s) lim
ε→0

∫
Rd\Bε(x)

u(x)− u(y)
|x− y|d+2s

dy

is called integral fractional Laplacian. Here, P.V. denotes the Cauchy principal value and

the appearing normalization constant is given by C(d, s) := 22ssΓ(s+d/2)

πd/2Γ(1−s)
with the Gamma-function

Γ(z) :=
∫∞
0 tz−1e−tdt for z > 0.

Remark. The operator (−∆)s is well-defined pointwise for functions in S. Let ε > 0 be fixed and
choose an arbitrary R > ε. Then,∫

Rd\Bε(x)

u(x)− u(y)
|x− y|d+2s

dy =

∫
BR(x)\Bε(x)

u(x)− u(y)
|x− y|d+2s

dy +

∫
BR(x)c

u(x)− u(y)
|x− y|d+2s

dy. (2.4)

For the first integral, we use Taylor expansion u(x)− u(y) = (x− y) · ∇u(x) + R(x, y), where the
remainder satisfies |R(x, y)| ≤ 1

2∥D
2u∥L∞(Rd)|x− y|2, and polar coordinates to obtain∫

BR(x)\Bε(x)

u(x)− u(y)
|x− y|d+2s

dy =

∫
BR(x)\Bε(x)

(x− y) · ∇u(x)
|x− y|d+2s

dy +

∫
BR(x)\Bε(x)

R(x, y)

|x− y|d+2s
dy. (2.5)

Here, the first integral in (2.5) vanishes by a symmetry argument since∫
BR(x)\Bε(x)

(x− y) · ∇u(x)
|x− y|d+2s

dy =

∫ R

r=ε

∫
ν∈Sd−1

rν · ∇u(x)
rd+2s

rd−1 dνdr

= ∇u(x) ·
∫ R

r=ε
r−2s

∫
ν∈Sd−1

νdνdr = 0.

For the second integral in (2.5), we estimate∫
BR(x)\Bε(x)

∣∣∣∣ R(x, y)

|x− y|d+2s

∣∣∣∣ dy ≤ ∫ R

r=ε

∫
ν∈Sd−1

r2∥D2u∥L∞(Rd)

2rd+2s
rd−1 dνdr ≲ ∥D2u∥L∞(Rd)

∫ R

r=ε
r1−2s dr

= C(R2−2s − ε2−2s) ≲ C ∀ε > 0.

Hence, the limit ε→ 0 exists by Lebesgue Dominated Convergence. Finally, the last term in (2.4)
can be simply bounded using polar coordinates by∫

BR(x)c

∣∣∣∣u(x)− u(y)|x− y|d+2s

∣∣∣∣ dy ≲ 2∥u∥L∞(Rd)

∫
BR(x)c

1

|x− y|d+2s
dy ≲

∫ ∞

r=R

1

r1+2s
dr ≃ R−2s <∞.

Therefore, we have shown that the pointwise definition is well-defined. ■

Remark. For s ∈ (0, 1/2), the Cauchy principal value in the integral in the definition of the
fractional Laplacian is not necessary, since it exists as an improper integral. To see this, we again
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employ the splitting of (2.4) (with ε = 0) and only investigate the first term (the second term follows
directly as in the previous remark). Using the Taylor expansion u(x)− u(y) = (x− y) · ∇u(ζ) and
Polar coordinates, we obtain∫

BR(x)

u(x)− u(y)
|x− y|d+2s

dy ≤ ∥u∥C1(Rd)

∫
BR(x)

1

|x− y|d+2s−1
dy ≃

∫ R

r=0

1

r2s
dr <∞,

since s < 1/2 implies 1− 2s > 0 and, consequently, the last integral exists. ■

The definition using the Cauchy principal value is oftentimes not handy for computations. The fol-
lowing lemma gives an equivalent representation of the integral fractional Laplacian (−∆)s without
the need of the Cauchy principal value (even for s ≥ 1/2) by using a weighted difference quotient
of second order (see also the motivating example in the beginning of the section).

Lemma 2.2. Let s ∈ (0, 1), u ∈ S and (−∆)su given by Definition 2.1. Then, for x ∈ Rd, we
have

(−∆)su(x) = −1

2
C(d, s)

∫
Rd

u(x+ y)− 2u(x) + u(x− y)
|y|d+2s

dy.

Proof. Using the transformations z = y − x as well as ẑ = −z, we obtain

(−∆)su(x) = −C(d, s) P.V.
∫
Rd

u(x+ z)− u(x)
|z|d+2s

dz

= −C(d, s) P.V.
∫
Rd

u(x− ẑ)− u(x)
|ẑ|d+2s

dẑ.

Relabeling ẑ to z and adding both equations leads to

2(−∆)su(x) = −C(d, s) P.V.
∫
Rd

u(x+ z)− 2u(x) + u(x− z)
|z|d+2s

dz.

It remains to show that the integral indeed exists as an improper integral. We use the same
arguments as in the previous remarks, i.e., we split Rd = BR(0)∪BR(0)

c and use Taylor expansion.
Here, the second order difference quotient has the Taylor expansion

u(x+ z)− 2u(x) + u(x− z) = u(x) + z · ∇u(x) + 1

2
zTD2u(ζ1)z − 2u(x)

+ u(x)− z · ∇u(x) + 1

2
zTD2u(ζ2)z

= O(|z|2)

with suitable points ζ1, ζ2 ∈ Rd. Therefore, we obtain with Polar coordinates∫
BR(0)

u(x+ z)− 2u(x) + u(x− z)
|z|d+2s

dz ≲ ∥u∥C2(Rd)

∫
BR(0)

1

|z|d+2s−2
dz ≲

∫ R

r=0
r1−2sdr <∞.

Since∫
BR(0)c

u(x+ z)− 2u(x) + u(x− z)
|z|d+2s

dz ≲ 4∥u∥L∞(Rd)

∫
BR(0)c

1

|z|d+2s
dz ≲

∫ ∞

r=R
r−1−2sdr <∞,

this gives the existence of the integral. ■
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2.2 The Fourier Definition

The Fourier transformation F is given by

f 7→ F(f)(ζ) := (2π)−d/2

∫
Rd

e−iζ·zf(z) dx

for sufficiently smooth functions f . The inverse Fourier transform is given by

F−1(f)(x) = (2π)−d/2

∫
Rd

eiζ·xf(ζ) dζ.

Definition 2.3. Sobolev spaces Ht(Rd) for t ∈ R on Rd can be defined using the Fourier
transformation F as

Ht(Rd) = {u ∈ S ′ :

∫
Rd

(1 + |ζ|2)t|Fu(ζ)|2 dζ <∞}.

Fourier transformation turns differentiation into multiplication in the Fourier image. Hence, a
possible way of defining fractional powers of differential operators would be to do the multiplication
with |ζ|2s in the Fourier space (which is well-defined for u ∈ S) and then transform back, i.e., define
a s-th power of (−∆) as

F−1(|ζ|2sFu(ζ)).

In general, for an operator A, a function SF (ζ) : Rd → R is called Fourier symbol (or simply:
symbol) of A if

F(Au)(ζ) = SF (ζ)Fu(ζ).

The following theorem shows that the Fourier symbol of the integral fractional Laplacian (−∆)s

from Def-2.1 is indeed |ζ|2s, i.e., the integral and the Fourier definition are equivalent.

Theorem 2.4. Let s ∈ (0, 1) and (−∆)s be the integral fractional Laplacian. Then, for u ∈ S,
we have

(−∆)su = F−1(|ζ|2sFu).

The proof of this theorem needs the following technical lemma, which provides a different repre-
sentation of the constant C(d, s).

Lemma 2.5. The constant C(d, s) from Definition 2.1 satisfies

C(d, s) =

(∫
Rd

1− cos(z1)

|z|d+2s
dz

)−1

.

17
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Proof. See [BV16, Lem. 3.1.3.]. ■

Proof of Theorem 2.4. We use Lemma 2.2 to write for x ∈ Rd

(−∆)su(x) = −1

2
C(d, s)

∫
Rd

u(x+ y)− 2u(x) + u(x− y)
|y|d+2s

dy.

The proof consists of three steps.
1. step. We show that the integrand is in L1(R2d): With the same arguments as in the proof of
Lemma 2.2 (Taylor-expansion), we estimate

|u(x+ y)− 2u(x) + u(x− y)|
|y|d+2s

≤ χB1(0)(y)|y|
2−d−2s∥D2u∥L∞(B1(x)) (2.6)

+ χB1(0)c(y)|y|
−d−2s|u(x+ y)− 2u(x) + u(x− y)|.

The first term (2.6) in L1(R2d) since u ∈ S so that ∥D2u∥L∞(B1(x)) ≤ C(1+ |x|)−(d+1). The second

term is seen to be in L1(R2d) by Fubini since∫
y∈Rd

∫
x∈Rd

χB1(0)c(y)|y|
−d−2s|u(x+ y)− 2u(x) + u(x− y)| dx dy

≤ 4

∫
y∈Rd

χB1(0)c(y)|y|
−d−2s dy∥u∥L1(Rd) ≤ C∥u∥L1(Rd) <∞.

2. step. We use F(u(x + y))(ζ) = eiζ·yF(u(x)) and interchange the integral and the Fourier
transform to obtain

F((−∆)su)(ζ) = −1

2
C(d, s)

∫
Rd

F(u(x+ y)− 2u(x) + u(x− y))
|y|d+2s

dy

= −1

2
C(d, s)

∫
Rd

eiζ·y + e−iζ·y − 2

|y|d+2s
dy (Fu)(ζ)

= C(d, s)

∫
Rd

1− cos(ζ · y)
|y|d+2s

dy (Fu)(ζ).

3. step. We show that the integral satisfies

C(d, s)I(ζ) := C(d, s)

∫
Rd

1− cos(ζ · y)
|y|d+2s

dy = |ζ|2s, (2.7)

which directly gives the Fourier symbol of (−∆)s and, therefore, proves the theorem.
For ζ = (ζ1, . . . , ζd) with |ζ| small, we estimate

1− cos(ζ1)

|ζ|d+2s
≤ |ζ1|2

|ζ|d+2s
≤ 1

|ζ|d+2s−2
.

This shows that the integral ∫
Rd

1− cos(ζ1)

|ζ|d+2s
dζ

18
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is indeed finite. We show that I(ζ) = I(|ζ|e1), where e1 = (1, 0, . . . , 0) ∈ Rd.
For d = 1 this is obvious since I(ζ) = I(−ζ) due to the same property for the cosine.
For d ≥ 2, we take a rotation R such that R(|ζ|e1) = ζ. Noting that detR = 1, we use the
transformation y 7→ RT y to write

I(ζ) =

∫
Rd

1− cos(R(|ζ|e1) · y)
|y|d+2s

dy =

∫
Rd

1− cos(|ζ|e1 ·RT y)

|RT y|d+2s
dy

=

∫
Rd

1− cos(|ζ|e1 · y)
|y|d+2s

dy = I(|ζ|e1).

With this equality, we may use the transformation z = |ζ|y and compute

I(ζ) = I(|ζ|e1) =
∫
Rd

1− cos(|ζ|y1)
|y|d+2s

dy =
1

|ζ|d

∫
Rd

1− cos(z1)

|z/|ζ||d+2s
dz

= C(d, s)−1|ζ|2s,

where the last step follows from Lemma 2.5. This concludes the proof of the theorem. ■

Remark. From the previous theorem we can deduce for u ∈ S

lim
s→0+

(−∆)su = u,

lim
s→1−

(−∆)su = −∆u

in Ht(Rd) for any t ∈ R.

In literature, a very common and more direct way to define non-integer order Sobolev spaces (which
also easily generalizes to domains Ω ⊂ Rd) is by means of the so called Aronstein-Slobodeckij
(semi-)norm

|u|2Hs(Rd) :=

∫
Rd

∫
Rd

|u(x)− u(y)|2

|x− y|d+2s
dx dy

∥u∥2Hs(Rd) := |u|
2
Hs(Rd) + ∥u∥

2
L2(Rd).

The following theorem shows equivalence of this norm to the norm defined via Fourier transfor-
mation and that the Aronstein-Slobodeckij semi-norm can be expressed in terms of the fractional
Laplacian.

Theorem 2.6. Let s ∈ (0, 1) and u ∈ Hs(Rd). Then,

|u|2Hs(Rd) =
2

C(d, s)
∥|ζ|sFu∥2L2(Rd) =

2

C(d, s)
∥(−∆)s/2u∥2L2(Rd).

Proof. Using the transformation z = x− y, we obtain

|u|2Hs(Rd) =

∫
Rd

∫
Rd

|u(x)− u(y)|2

|x− y|d+2s
dydx =

∫
Rd

∫
Rd

∣∣∣∣u(z + y)− u(y)
|z|d/2+s

∣∣∣∣2 dydz
=

∫
Rd

∥∥∥∥u(z + ·)− u(·)|z|d/2+s

∥∥∥∥2
L2(Rd)

dz.
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Now, Plancherel’s formula gives∫
Rd

∥∥∥∥u(z + ·)− u(·)|z|d/2+s

∥∥∥∥2
L2(Rd)

dz =

∫
Rd

∥∥∥∥F (u(z + ·)− u(·)|z|d/2+s

)∥∥∥∥2
L2(Rd)

dz

=

∫
Rd

∫
Rd

|eiζ·z − 1|2

|z|d+2s
|Fu(ζ)|2dζdz

= 2

∫
Rd

∫
Rd

1− cos(ζ · z)
|z|d+2s

|Fu(ζ)|2dzdζ.

With (2.7) the latter is equal to

|u|2Hs(Rd) = 2

∫
Rd

∫
Rd

1− cos(ζ · z)
|z|d+2s

|Fu(ζ)|2dzdζ = 2C(d, s)−1

∫
Rd

|ζ|2s|Fu(ζ)|2dζ

= 2C(d, s)−1∥|ζ|sFu∥2L2(Rd).

We stress that this argument shows the equivalence of the Sobolev-norms defined via Slobodeckij-
seminorm and via Fourier transformation. For u ∈ S, Theorem 2.4 gives with Plancherel’s formula

|u|2Hs(Rd) = 2C(d, s)−1∥|ζ|sFu∥2L2(Rd) = 2C(d, s)−1∥F((−∆)s/2u)∥2L2(Rd)

= 2C(d, s)−1∥(−∆)s/2u∥2L2(Rd).

Since S is dense in Hs(Rd), we can extend this to the case of u ∈ Hs(Rd). ■

Remark 2.7 Since Plancherel’s theorem has the form ⟨f, g⟩L2(Rd) = ⟨Ff,Fg⟩L2(Rd), inspection of

the proof of Theorem 2.6 shows that for u, v ∈ Hs(Rd), we have obtained

C(d, s)

2

∫
Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

=

∫
Rd

(
(−∆)s/2u

) (
(−∆)s/2v

)
.

As a corollary of the previous theorems, we obtain that the fractional Laplacian is an operator of
order 2s.

Corollary 2.8.

(i) (−∆)s is an operator of order 2s, i.e., (−∆)s : Hℓ(Rd)→ Hℓ−2s(Rd) is bounded for arbitrary
ℓ ∈ R.

(ii) If u ∈ L2(Rd) solves (−∆)su = f in Rd with f ∈ Hℓ(Rd) for some ℓ ≥ 0, then we have
u ∈ Hℓ+2s(Rd).

Proof. (i) follows directly from Theorem 2.4 and the definition of Sobolev spaces in terms of the
Fourier transformation.
The shift theorem (ii) is seen by a bootstrapping argument. The Fourier transforms satisfy

(1 + |ζ|2s)F(u) = F(f) + F(u) = F(f + u). (2.8)

20



CHAPTER 2. DEFINITIONS OF THE FRACTIONAL LAPLACIAN

By assumption, f+u ∈ Hmin(ℓ,0)(Rd). Then (2.8) implies u ∈ Hmin(ℓ,0)+2s(Rd) = Hmin(ℓ+2s,2s)(Rd).
Thus, the right-hand side of (2.8) is actually in Hmin(ℓ,ℓ+2s,2s)(Rd) so that by (2.8), we have
u ∈ Hmin(ℓ,2s)+2s(Rd) = Hmin(ℓ+2s,4s)(Rd). One can repeat these arguments and obtains in the
k-th step u ∈ Hmin(ℓ+2s,2sk)(Rd). Since k is arbitrary, u ∈ Hℓ+2s(Rd). ■

Remark. We will see later that statement (ii) does not transfer to the case of bounded domains
Ω ⊂ Rd due to the effect of boundary singularities. The shift theorem is only valid in the limited
range ℓ < 1/2.

2.3 Definition via Heat Semigroup

In this subsection, we give yet another equivalent definition of the fractional Laplacian, this time
by using the semigroup of the heat equation.

As a motivation, we look at the Gamma-function, use integration by parts and the scaling τ = λt
for arbitrary λ > 0. Then,

−sΓ(−s) = Γ(1− s) =
∫ ∞

0
τ−se−τ dτ = −

∫ ∞

0
τ−s d

dτ
(e−τ − 1) dτ

= −s
∫ ∞

0
τ−s−1(e−τ − 1) dτ

= −sλ−s

∫ ∞

0
t−s−1(e−λt − 1) dt. (2.9)

Solving for λs gives the expression

λs =
1

Γ(−s)

∫ ∞

0
t−s−1(e−λt − 1) dt. (2.10)

Using this approach for the fractional power, we formally replace λ = −∆ to obtain a possible
definition of (−∆)s

(−∆)s =
1

Γ(−s)

∫ ∞

0
t−s−1(et∆ − I) dt.

Here, et∆ is the heat semigroup since the function U(x, t) := et∆u(x) solves the PDE

∂tU =
∂

∂t
(et∆u(x)) = ∆(et∆u(x)) = ∆U,

U(x, 0) = u(x),

i.e., the heat equation on Rd × R+ with initial data u.

The following theorem shows that this formal approach can indeed be justified.
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Theorem 2.9. Let s ∈ (0, 1), u ∈ S and U(x, t) solve

∂tU = ∆U in Rd × R+,

U(x, 0) = u(x) x ∈ Rd.

Then, the integral fractional Laplacian (−∆)s satisfies

(−∆)su(x) =
1

Γ(−s)

∫ ∞

0
t−s−1(U(x, t)− u(x)) dt.

Proof. We refer to the PDE-lecture (e.g., [Eva98, Thm. 1, p. 47]) for the fact that

U(x, t) =

∫
Rd

G(x− y, t)u(y)dy =

∫
Rd

G(y, t)u(x− y)dy

with the heat kernel (Green’s function) G(x, t) = (4πt)−d/2e−
|x|2
4t satisfying

∫
Rd G(y, t)dy = 1. Since

G is normalized, we may write∫ ∞

0
t−s−1(U(x, t)− u(x)) dt =

∫ ∞

0

∫
Rd

t−s−1G(y, t)(u(x− y)− u(x)) dy dt.

Now, we use the substitution τ := |y|2
4t noting that dt = − |y|2

4τ2
dτ and obtain∫ ∞

0
t−s−1(U(x, t)− u(x)) dt

=

∫ ∞

0

∫
Rd

|y|−2s−2(4τ)s+1τd/2(π|y|2)−d/2e−τ (u(x− y)− u(x))dy
(
|y|2

4τ2
dτ

)
= 4sπ−d/2

∫ ∞

0
τd/2+s−1e−τdτ

1

2

∫
Rd

u(x+ y)− 2u(x) + u(x− y)
|y|d+2s

dy.

where we “symmetrized” the term u(x− y)− u(x). Lemma 2.2 gives that the integral in y is equal
to −C(d, s)−1(−∆)su(x) and the integral in τ is just Γ(d2 +s) by definition of the Gamma-function.
Putting everything together, we obtain

1

Γ(−s)

∫ ∞

0
t−s−1(U(x, t)− u(x)) dt = −

22sΓ(d2 + s)

πd/2Γ(−s)C(d, s)
(−∆)su(x).

By the choice of C(d, s) in Definition 2.1 (noting −sΓ(−s) = Γ(1 − s)) the constant in front of
(−∆)su(x) is equal to one, which finishes the proof. ■

2.4 The Caffarelli–Silvestre Extension

In this section, we discuss yet another approach to interpret the fractional Laplacian. This time, we
study a PDE-approach, where the fractional Laplacian is given as a Dirichlet-to-Neumann operator
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of a degenerated elliptic PDE in one additional space dimension. In literature, this is often called
Caffarelli–Silvestre extension, see, e.g., [CS07].

The Caffarelli–Silvestre extension problem reads as follows: For a given function u : Rd → R and
α ∈ (−1, 1) (we will use α = 1− 2s), we seek a function U = U(x, y) : Rd × R+ → R satisfying

div(yα∇U(x, y)) = 0 in Rd × R+, (2.11a)

U(x, 0) = u(x) on Rd. (2.11b)

Equation (2.11a) can equivalently be written as

∆xU +
α

y
∂yU + ∂2yU = 0. (2.12)

The extension problem (2.11) is not fully determined yet.1 We seek U as

U := argmin

{∫
Rd×R+

yα|∇U(x, y)|2 dx dy : U(·, 0) = u

}
. (2.13)

This minimization problem is well-posed (in an appropriate function space, see Section 2.5.5) and
has a unique solution. The system (2.11) is then the Euler-Lagrange equation for this minimization
problem.

Remark. For α = 0, the extension U is a harmonic function in Rd×R+ with prescribed boundary
value. The map u 7→ U is well-studied and has the form U(x, y) =

∫
x∈Rd P (x − z, y)u(z) dz with

the Poisson kernel P . The corresponding “Poisson kernel” for α ̸= 0 is derived in [CS07] (see
also the discussions in Remarks 2.11 and 2.13) and used below.

The following theorem links the solution of (2.11) to the integral fractional Laplacian.

Theorem 2.10. Let s ∈ (0, 1), u ∈ S, α = 1 − 2s and U a solution of (2.11) with boundary
data u. Then, we have

lim
y→0+

yα∂yU(·, y) = −ds(−∆)su,

with the constant ds =
21−2sΓ(1−s)

Γ(s) .

Proof. There exists an integral representation of the solution U of (2.11) in terms of a “Poisson
kernel”. We refer to [CS07] for the fact that

U(x, y) = C1

∫
Rd

y2s

(|x− z|2 + |y|2)(d+2s)/2
u(z)dz (2.14)

solves (2.11) with an appropriate normalization constant C1. We start by noting that

C1

∫
z∈Rd

y2s

(|x− z|2 + y2)(d+2s)/2
dz = 1 ∀x ∈ Rd, y > 0.

1Example for α = 0: the function U(x, y) := sin(kx) sinh(ky) for k > 0 satisfies ∆U = 0 and U(·, 0) = 0.
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This follows from the fact that the minimum norm solution of (2.13) for u ≡ 1 is U ≡ 1 and
observing that (2.14) gives a representation of U .
Hence,

U(x, 0) = u(x) = u(x) · 1 = u(x)C1

∫
z∈Rd

y2s

(|x− z|2 + y2)(d+2s)/2
dz.

Using the integral representation of U , we compute

lim
y→0+

U(x, y)− U(x, 0)
y1−α

= lim
y→0+

C1

y1−α

∫
Rd

y2s

(|x− z|2 + |y|2)(d+2s)/2
(u(z)− u(x))dz

= lim
y→0+

C1

∫
z∈Rd

u(x+ z)− u(x)
(|z|2 + |y|2)(d+2s)/2

dz

= lim
y→0+

C1

2

∫
z∈Rd

u(x+ z) + u(x− z)− 2u(x)

(|z|2 + |y|2)(d+2s)/2
dz

where we used the same argument as in the proof of Lemma 2.2 to “symmetrize” the integrand.
Since u is smooth, we can use Lebesgue dominated convergence to pull the limit y → 0 inside the
integral and we arrive at

lim
y→0+

U(x, y)− U(x, 0)
y1−α

=
C1

2

∫
z∈Rd

u(x+ z) + u(x− z)− 2u(x)

|z|d+2s
dz = − C1

C(d, s)
(−∆)su(x).

Using the explicit value of C1 ultimately leads to the stated representation.
To finish the proof, we ascertain that (1 − α) limy→0+(g(y) − g(0))y−1+α = limy→0+ y

αg′(y) for
g ∈ C1. This follows from de l’Hôspital’s rule2. ■

Remark 2.11 See [CS07] for various motivations for the Poisson kernel for the extension problem
(2.11). It can be checked that (2.14) really represents the Poisson kernel in the following way:
a) a direct calculation shows that

P (x, y) :=
y2s

(|x|2 + |y|2)(d+2s)/2

satisfies the differential equation;
b) limy→0 P (x, y) = cδx for some suitable c ∈ R. (That is, limy→0(P (·, y) ∗ u)(x) → u(x) for
u ∈ C∞

0 (Ω).)
To see b), the key observation is that

P (x, y) = y−dP (x/y, 1) (2.15)

2Alternative to l’Hôspital’s rule: We make the change of variables z = y1−α and consider the function G(z) :=
g(y) = g(z1/(1−α)). Then

G′(z) = g′(z1/(1−α))
zα/(1−α)

1− α
= g′(y)

yα

1− α

Hence,

lim
y→0

g′(y)yα = (1− α) lim
z→0

G′(z) = (1− α) lim
z→0

G(z)−G(0)

z
= (1− α) lim

y→0

g(y)− g(0)

y1−α
.

This shows that the left limit exists if the right limit exists.
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so that for u ∈ C∞
0 (Rd) one has∫

z∈Rd

P (x− z, y)u(z) dz =
∫
z∈Rd

y−dP ((x− z)/y, 1)u(z) dz =
∫
z′∈Rd

P (z′, 1)u(yz′) dz′.

Hence, (by Lebesgue Dominated Convergence)

lim
y→0

∫
z∈Rd

P (x− z, y)u(z) dz = u(x)

∫
z′∈Rd

P (z′, 1) dz′,

which expresses limy→0 P (x, y) = cδx with c =
∫
z′∈Rd P (z

′, 1) dz′.
An alternative approach to compute the Poisson kernel P is with Fourier techniques as discussed
in Remark 2.13.

Remark. In the following chapter, we present an alternative proof for the statement of The-
orem 2.10 on bounded domains, which could also be used for the problem posed on the whole
space.

Representation of U using Fourier techniques*

One way to derive a formula for the extension U (and subsequently derive the Poisson kernel) is to
start from the minimization problem (2.13) and use Fourier techniques. In what follows, we will
proceed somewhat formally. Details could be found, e.g., in [BV16, Sec. 3.3].

We start with a 1D minimization problem.

Lemma 2.12. Let s ∈ (0, 1) and α = 1 − 2s ∈ (−1, 1). Let z > 0. The minimizer ψ of the
problem

minimize Jz(v) :=

∫ ∞

y=0
yα(z2|v(y)|2 + |v′(y)|2) dy under the constraint v(0) = 1 (2.16)

has the form ψ(y) = cs(zy)
sKs(zy), where Ks denotes the second kind modified Bessel function

and cs = 21−s/Γ(s).

Proof. Given a function v with v(0) = 1, set vz(y) := v(zy), which also satisfies vz(0) = 1. The
change of variables yz = ỹ shows

Jz(vz) = z2−α−dJ1(v).

Since this holds for all functions v, we see that if v is a minimizer of the J1, then vz is a minimizer
of Jz. The stated formula for ψ reflects this, and we may restrict our attention to the case z = 1.
The Euler-Lagrange equations for the minimization problem are

yαψ − (yαψ′)′ = 0, ψ(0) = 1.

This reads

ψ − α

y
ψ′ − ψ′′ = 0.
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The two linearly independent solutions are ysKs(y) and y
sIs(y) with s = (1+α)/2, where Is andKs

are the first and second kind modified Bessel functions.3 The function Is is exponentially growing
so that the condition that J1(ψ) be finite implies that ψ(y) = csy

sKs(y) for some c ∈ R. Ks is
exponentially decaying as y →∞. To compute the coefficient cs, we use that by [AS64, (9.6.9)]

lim
y→0

(
1

2
y

)s

Ks(y) =
1

2
Γ(s),

so that the choice cs = 21−s/Γ(s) indeed leads to limy→0 ψ(y) = 1. ■

Let F be the Fourier transformation in the x-variable. Using Parseval, the minimization problem
(2.13) takes the form∫ ∞

y=0
yα
∫
ζ∈Rd

|∇U(x, y)|2 =
∫
ζ∈Rd

∫ ∞

y=0
yα
(
|ζ|2|FU(ζ, y)|2 + |∂yFU(ζ, y)|2

)
We have FU(ζ, 0) = Fu(ζ), i.e., FU(ζ, 0) is given for each ζ. Minimizing for fixed ζ, we expect
from Lemma 2.12 that

FU(ζ, y) = FU(ζ, 0)ψ(y|ζ|) = Fu(ζ)ψ(y|ζ|).

By inverse Fourier transformation we obtain a representation of U :

U(x, y) = F−1(Fu(ζ)ψ(|ζ|y)).

With P̃ (x) = F−1(ψ) and F−1(ψ(|ζ|y)) = y−dP̃ (x/y) we obtain

(2π)d/2U(x, y) = u ∗ (y−dP̃ (·/y))(x) = y−d

∫
Rd

u(z)P̃ ((x− z)/y) dz. (2.17)

Remark 2.13 Formula (2.17) shows that the Poisson kernel P (x, y) = y−dP (x/y, 1) (cf. (2.15))
should satisfy P (z, 1) = cP̃ (z) for some c ∈ R. Hence, P can be computed from the (inverse)
Fourier transform of ψ. Since ψ is a radial function, so is P̃ , i.e., P̃ (x) = P ′(|x|). The Fourier
transform of ψ can be computed explicitly, [DLMF, (10.32.11)], and one arrives at the form (2.14).

2.5 The Fractional Laplacian on Bounded Domains

From now on, we consider a bounded Lipschitz domain Ω ⊂ Rd. Our goal is to (numerically) solve
the equation

(−∆)su = f in Ω, (2.18)

u = 0 on Ωc.

3It is instructive to consider the special case α = 0. Then, the linearly independent solutions are ez and e−z and
the integrability condition implies ψ(z) = cse

−z.
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2.5.1 The Sobolev spaces Hs(Ω) and H̃s(Ω)

We recall for s ∈ (0, 1) the Sobolecki seminorm for functions defined on ω ⊂ Rd:

|u|2Hs(ω) :=

∫
ω

∫
ω

|u(x)− u(y)|2

|x− y|d+2s
dx dy. (2.19)

In view of the fact that the solution u of interest in (2.18) is supported by Ω, we will require function
spaces of functions on Ω. For s ∈ (0, 1) and functions u defined on Ω, we let ũ be its zero-extension
to Rd, i.e., ũ(x) = u(x) for x ∈ Ω and ũ(x) = 0 for x ∈ Rd\Ω, and define

|u|2
H̃s(Ω)

:= |ũ|2Hs(Rd) =

∫
Rd

∫
Rd

|ũ(x)− ũ(y)|2

|x− y|d+2s
dx dy, (2.20)

∥u∥2
H̃s(Ω)

:= ∥u∥2L2(Ω) + |u|
2
H̃s(Ω)

. (2.21)

We define H̃s(Ω) as the closure of C∞
0 (Ω) under the norm ∥ · ∥

H̃s(Ω)
. We have:

Lemma 2.14. Let Ω ⊂ Rd be a bounded Lipschitz domain and s ∈ (0, 1). Then:

(i) For all u ∈ H̃s(Ω) there holds ∥u∥
H̃s(Ω)

∼ ∥ũ∥Hs(Rd).

(ii) H̃s(Ω) = {u ∈ Hs(Rd) | suppu ⊂ Ω}. Furthermore, H̃s(Ω) is a closed subspace of Hs(Rd)
(and of Hs(Ω)) and thus a Hilbert space.

(iii) There is C > 0 depending only on Ω such that for all u ∈ H̃s(Ω)

C−1∥u∥2
H̃s(Ω)

≤ ∥dist(·, ∂Ω)−su∥2L2(Ω) + |u|
2
Hs(Ω) ≤ C∥u∥

2
H̃s(Ω)

. (2.22)

(iv) For s ∈ (0, 1) the embedding H̃s(Ω) ⊂ Hs(Ω) is continuous. The embedding Hs(Ω) ⊂ L2(Ω)
is compact.

(v) The seminorm | · |
H̃s(Ω)

is a norm equivalent to the full norm ∥ · ∥
H̃s(Ω)

on H̃s(Ω).

(vi) The space C∞(Ω) is dense in Hs(Ω).

Proof. Proof of (i): see Theorem 2.6.
Proof of (ii): See, e.g., [McL00]. An alternative argument that H̃(Ω) is a Hilbert space comes from
the fact that it is the completion of C∞

0 (Ω) under a norm induced by a scalar product.
Proof of (iii): We illustrate the proof for the case d = 1 and Ω = (0, 1).

|u|2
H̃s(Ω)

=

∫
Rd×Rd

|ũ(x)− ũ(y)|2

|x− y|d+2s
dx dy =

∫
Ω×Ω

|u(x)− u(y)|2

|x− y|d+2s
dx dy + 2

∫
x∈Ω

∫
y∈Ωc

|u(x)|2

|x− y|d+2s
dy dx.

We have Ωc = (−∞, 0) ∪ (1,∞), and the integral over Ωc is decomposed further into integral over
these two contribution. For example, for x ∈ (0, 1) and y ∈ (−∞, 0), we have∫ 0

y=−∞

1

|x− y|1+2s
dy =

∫ 0

y=−∞

1

(x− y)1+2s
dy =

1

2s
(x− y)−2s|y=0

y=−∞ ∼ x−2s = dist(x, 0)−2s.
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An analogous computation gives
∫∞
y=1

1
|x−y|1+2s dy ∼ dist(x, 1)−2s, and we conclude for x ∈ Ω that∫

y∈Ωc

1

|x− y|d+2s
dy ∼ dist(x, ∂Ω)−2s.

Hence,

|u|2
H̃s(Ω)

∼ |u|2Hs(Ω) + ∥ dist(·, ∂Ω)
−su∥2L2(Ω). (2.23)

This calculation for the case d = 1 generalizes to higher dimensions, see, e.g., [Gri11, Lemma 1.3.2.6].
Proof of (iv): The continuity of the embedding H̃s(Ω) ⊂ Hs(Ω) is expressed by the (2.23). The
compact embedding is shown in the literature, see, e.g., [McL00].
Proof of (v): This Poincaré-type estimate follows directly from (2.23).
Proof of (vi): [McL00]. ■

Remark (Difference between Hs(Ω) and H̃s(Ω)). The term ∥ dist(·, ∂Ω)−su∥L2(Ω) in the

norm of H̃s(Ω) expresses that functions u ∈ H̃s(Ω) vanish on ∂Ω in an appropriate sense. In fact,
for s > 1/2, functions u ∈ Hs(Ω) have a meaningful trace γu on ∂Ω (in L2(∂Ω)), and the trace γu
on ∂Ω of u ∈ H̃s(Ω) vanishes on ∂Ω.

Remark. For 0 < s < s′ < 1 we have the (continuous) embeddings Hs′(Ω) ⊂ Hs(Ω) and H̃s′(Ω) ⊂
H̃s(Ω). For s ∈ (0, 1), we have the continuous embeddings H1(Ω) ⊂ Hs(Ω) and H1

0 (Ω) ⊂ H̃s(Ω).

Remark (the spaces Hσ(Ω) and H̃σ(Ω) for σ ≥ 1).

� Sobolev spaces Hσ(Ω) with σ > 1 are defined as follows: for σ ̸∈ N one write σ = ⌊σ⌋ + s
with s ∈ (0, 1) and defines the norm by

|u|2Hσ(Ω) :=
∑

|α|=⌊σ⌋

|Dαu|2Hs(Ω), ∥u∥2Hσ(Ω) := ∥u∥
2
H⌊σ⌋(Ω)

+ |u|2Hσ(Ω). (2.24)

� For σ ≥ 1, the norm ∥ · ∥
H̃σ(Ω)

is defined in terms of the zero-extension by

∥u∥
H̃σ(Ω)

:= ∥ũ∥Hσ(Rd).

The space H̃σ(Ω) is defined as the completion of C∞
0 (Ω) under the norm ∥ ·∥

H̃σ(Ω)
. Functions

in H̃σ(Ω) are such that their derivatives up to order |α| < σ − 1/2 vanish on ∂Ω.

For completeness, we also introduce negative order spaces as dual spaces: For σ > 0 we set

H−σ(Ω) :=
(
H̃σ(Ω)

)′
, (2.25)

H̃−σ(Ω) := (Hσ(Ω))′ . (2.26)

equipped with the usual norms

∥u∥H−σ(Ω) := sup
v∈H̃σ(Ω)

⟨u, v⟩
∥v∥

H̃σ(Ω)

, ∥u∥
H̃−σ(Ω)

:= sup
v∈Hσ(Ω)

⟨u, v⟩
∥v∥Hσ(Ω)

.
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Remark (Hσ(Ω) vs. H̃σ(Ω) vs. Hs
0(Ω)). Sometimes, the spaces Hσ

0 (Ω), σ ≥ 0, are used in the
literature. They are defined as the completion of C∞

0 (Ω) under the norm ∥ · ∥Hs(Ω). In summary,
one has for σ ≥ 0:

H̃σ(Ω) = C∞
0 (Ω)

∥·∥
H̃σ(Ω) , Hσ

0 (Ω) = C∞
0 (Ω)

∥·∥Hσ(Ω)
, Hσ(Ω) = C∞(Ω)

∥·∥Hσ(Ω)
.

These spaces are related to each other in the following way:

H̃σ(Ω) = Hσ
0 (Ω) (equiv. norms) if σ − 1

2
̸∈ N0, (2.27)

H̃s(Ω) = Hs
0(Ω) = Hs(Ω) (equiv. norms) for 0 ≤ s < 1/2, (2.28)

Hs
0(Ω) = Hs(Ω) (equiv. norms) for 0 ≤ s ≤ 1/2.

The spaces H
1/2
0 (Ω) and H̃1/2(Ω) do not coincide. Frequently in the literature the notation H

1/2
00 (Ω)

is used as an alternative notation for the space H̃1/2(Ω). A good reference for properties of this
spaces is [McL00].

2.5.2 The Integral Definition

For a function u : Ω→ R, we denote its zero-extension by ũ : Rd → R. Then, we can easily extend
the definition (2.3) by

(−∆)su(x) := (−∆)sũ(x) = C(d, s) P.V.

∫
Rd

ũ(x)− ũ(y)
|x− y|d+2s

dy.

Obviously, this definition is well-defined for functions u ∈ C∞
0 (Ω). By density, it can be extended

as a bounded linear operator (−∆)s : H̃s(Ω)→ H−s(Ω) =
(
H̃s(Ω)

)′
. We will discuss the problem

(2.18) in more detail in Section 3.1.

Remark. Sometimes in literature, a different definition, the so-called regional fractional Lapla-
cian,

(−∆)sΩu(x) := C(d, s,Ω) P.V.

∫
Ω

u(x)− u(y)
|x− y|d+2s

dy,

where integration is restricted to Ω, is used. While some of the results presented in the following
also hold for the regional fractional Laplacian, there are also some considerable differences, and in
the following, we will not discuss the regional definition any more.

2.5.3 The Spectral Definition

We present a different notion of the fractional Laplacian in bounded domains.
The Laplacian −∆ : H2(Ω) ∩H1

0 (Ω) → L2(Ω) is a symmetric, self-adjoint operator with compact
inverse. As such, classical spectral theory provides eigenfunctions φk and eigenvalues λk satisfying

−∆φk = λkφk, φk|∂Ω = 0
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that are an orthonormal basis4 in L2(Ω) as well as an orthogonal basis in H1
0 (Ω) such that

−∆u =
∞∑
k=1

λkukφk, where uk :=

∫
Ω
uφkdx.

Using this expansion, and the spectral theorem, a possible way to define the s-th power of the
Laplacian would be to take the s-th power of the eigenvalues, i.e.,

(−∆)sσu :=
∞∑
k=1

λskukφk, where uk :=

∫
Ω
uφkdx

for u ∈ C∞
0 (Ω). This series represents an operator C∞

0 (Ω)→ L2(Ω). In terms of the spaces H̃s(Ω)

and H−s(Ω), this series definition can be extended by density to the space H̃s(Ω) as an operator
(−∆)sσ : H̃s(Ω)→ H−s(Ω). This operator is called the spectral fractional Laplacian (−∆)sσ.

Remark 2.15 The operators (−∆)s and (−∆)sσ on Ω are indeed inherently different. We refer to
[SV14] for the following results regarding the eigenvalues and eigenfunctions:

� Let λ1 denote the smallest eigenvalue. Then, the smallest eigenvalue of (−∆)s is a lower
bound of the smallest eigenvalue of (−∆)sσ, i.e, there holds

λ1((−∆)s) < λ1((−∆)sσ).

� The eigenfunctions of (−∆)sσ coincide with the eigenfunctions of the Laplacian (−∆), the
smoothness does only depend on Ω. For instance, on the unit sphere the eigenfunctions are
in C∞(B1(0)).

However, the eigenfunctions for (−∆)s are only Hölder-continuous for some Hölder-exponent
β, and [SV14, Pro. 2] states that e1 /∈W 1,∞(B1(0)) (for d > 2s), where e1 is the eigenfunction
corresponding to the smallest eigenvalue λ1((−∆)s).

The differences in the operators can also be seen in the asymptotics of the solutions of the equations
(−∆)su = f and (−∆)sσũ = f . We refer to [Gru15, CS16], where f,Ω are assumed to be sufficiently
smooth, for the asymptotic behavior for x close to ∂Ω:

� u ≃ dist(x, ∂Ω)s + v(x), with v smooth;

� ũ ≃

{
dist(x, ∂Ω)2s + ṽ(x) 0 < s < 1/2,

dist(x, ∂Ω) + ṽ(x) 1/2 < s < 1,
with ṽ smooth.

4“elementary” proof of the orthogonalities: we have (∇φk,∇v)L2 = λk(φk, v)L2 for all v ∈ H1
0 (Ω). Hence

λk(φk, φℓ)L2 = (∇φk,∇φℓ)L2 = (∇φℓ,∇φk)L2 = λℓ(φℓ, φk)L2 = λℓ(φk, φℓ)L2 . Thus, for λk ̸= λℓ, one has
(φk, φℓ)L2 = 0 Then, (∇φk,∇φℓ)L2 = λk(φk, φℓ)L2 = 0 of k ̸= ℓ.
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2.5.4 The Caffarelli-Silvestre extension for (−∆)sσ

Remark 2.16 The extension problem (2.11) is defined for u ∈ S. In particular, therefore, for
u ∈ C∞

0 (Ω) ⊂ S. As such, the solution U of the extension problem (2.11) satisfies by Theorem 2.10

lim
y→0+

yα∂yU(·, y) = −ds(−∆)sũ = −ds(−∆)su.

There is, however, no reason to assume that this co-normal derivative coincides with (−∆)sσu: The
lifting U of (2.11) does not “see” the domain Ω — it is the lifting for a full-space problem and only
the data u happens to be in C∞

0 (Ω). In contrast, the domain Ω enters the definition of (−∆)sσ in
an essential way since it depends on the eigenpairs (φk, λk)k, which in turn depend on Ω.

In the context of the spectral fractional Laplacian, the correct extension is the solution of the
following problem:

LU := div(yα∇U(x, y)) = 0 in Ω× R+ (2.29a)

U = 0 on ∂Ω× (0,∞) (2.29b)

U(x, 0) = u(x) in Ω. (2.29c)

As in the case of the equations (2.11), a decay condition as y → ∞ needs to be imposed to make
the solution unique. That is, we seek U as the

U := argmin

{∫
Ω×R+

yα|∇U|2 dx dy : U(·, 0) = u(·), U = 0 on ∂Ω× R+

}
. (2.30)

The following theorem shows that the Neumann-data of the extension problem (2.29) actually gives
the spectral fractional Laplacian.

Theorem 2.17. Let s ∈ (0, 1), α = 1 − 2s and U a solution of (2.29) with boundary data
u ∈ C∞

0 (Ω). Then, we have

lim
y→0+

yα∂yU(·, y) = −ds(−∆)sσu, ds = 21−2sΓ(1− s)
Γ(s)

.

Proof of Theorem 2.17 via series expansions*

We show Theorem 2.17 using expansion in eigenfunctions (φk)k. A more more general technique
based on the Spectral Theorem is given in Section 2.5.4. That theory generalizes to the case of
unbounded Ω, e.g., Ω = Rd. In particular, the case of the operator (−∆)s could be treated in that
framework. A good exposition is [Sti10].
Let u(x) =

∑
k ukφk(x). For the solution U of the minimization problem (2.30) we make the ansatz

U(x, y) =
∑
k

ukφk(x)ψk(y)
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for functions ψk to be determined. The condition U(·, 0) = u(·) implies that ψk(0) = 1. By the
orthogonality properties of the eigenfunctions φk, we have∫

Ω×R+

yα|∇U|2 =
∑
k

|uk|2
∫ ∞

y=0
yα(λk|ψk(y)|2 + |ψ′

k(y)|2) dy

Hence, the minimization problem (2.30) is reduced to a 1D minimization problem for each k.
Lemma 2.12 provides the solution

U(x, y) =
∑
k

ukφk(x)ψk(y), ψk(y) = ψ(
√
λky), ψ(z) = csz

sKs(z). (2.31)

The cornomal derivative can be explicitly computed

lim
z→0

zα∂zψk(z) = cs
√
λk lim

z→0
z1−2sψ′(

√
λkz) = cs

√
λkλ

−1/2+s
k lim

z→0
z1−2s(zsKs(z))

′

[AS64,(9.6.28)]
= −csλsk lim

z→0
z1−2szsKs−1(z) = −csλsk lim

z→0
z1−sKs−1(z)

[AS64,(9.6.9)]
= −csλsk2−sΓ(1− s) = −21−s

Γ(s)
2−sΓ(1− s)λsk = −dsλsk

By summation over all k, the stated representation of (−∆)sσ follows.
Instead of representing U by a sum, is also possible to express it as an integral using the solution
operator for the heat equation. We have

Lemma 2.18. Let u ∈ C∞
0 (Ω). The solution U of (2.29) is given by

U(x, y) = 1

Γ(s)

∫ ∞

t=0
et∆((−∆)sσu)(x)e

−y2/(4t) dt

t1−s
(2.32)

=
y2s

4sΓ(s)

∫ ∞

t=0
et∆u(x)e−y2/(4t) dt

t1+s
=

1

Γ(s)

∫ ∞

r=0
ey

2/(4r)∆u(x)e−r dr

r1−s
. (2.33)

Proof. We recall that, since φk is an eigenfunction of ∆, we have

et∆φk = e−tλkφk (2.34)

We restrict our attention to the case where u is only a finite sum of Fourier terms as then summa-
bility is not an issue.
Proof of (2.32): A first approach could be to use [DLMF, Eq. (10.32.10)], which shows∫ ∞

t=0
e−tλke−y2/(4t) dt

t1−s
∼ ψ(

√
λky)

and then compute compute (2.32) or (2.33) explicitly to arrive at (2.31). Instead, we define

Ũ(x, y) = 1

Γ(s)

∫ ∞

t=0
et∆((−∆)sσu)(x)e

−y2/(4t) dt

t1−s
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and show that a) Ũ(x, 0) = u(x) and b) Ũ satisfies

∆xŨ + ∂2y Ũ +
α

y
∂yŨ = 0. (2.35)

Since the function Ũ satisfies5
∫
Ω×R+ y

α|∇Ũ|2 <∞, it will be the sought minimizer of (2.30). (The

minimizer is unique!) To see that Ũ(·, 0) = u, we compute

Ũ(x, 0) = 1

Γ(s)

∫ ∞

t=0
et∆((−∆)sσu)(x)

dt

t1−s
=
∑
k

1

Γ(s)

∫ ∞

t=0
e−tλkλskukφk(x)

dt

t1−s

=
∑
k

λskukφk(x)
1

Γ(s)

∫ ∞

t=0
e−tλk

dt

t1−s
=
∑
k

λskukφk(x)
λ−s
k

Γ(s)

∫ ∞

τ=0
e−τ dτ

τ1−s
=
∑
k

ukφk(x).

To see (2.35), we use −∆φk = λkφk and compute

−∆Ũ(x, y) = 1

Γ(s)

∑
k

λskλkukφk(x)

∫ ∞

t=0
e−tλke−y2/(4t) dt

t1−s

= − 1

Γ(s)

∑
k

λskukφk(x)

∫ ∞

t=0
∂t

(
e−tλk

)
e−y2/(4t) dt

t1−s

=
1

Γ(s)

∑
k

λskukφk(x)

∫ ∞

t=0
e−tλke−y2/(4t)

(
y2

4t2
+
s− 1

t

)
dt

t1−s

=
1− 2s

y
∂yŨ(x, y) + ∂2y Ũ(x, y).

This shows (2.32).
Proof of (2.33):

U(x, y) = Ũ(x, y) =
∑
k

ukφk(x)
1

Γ(s)

∫ ∞

t=0
e−tλkλske

−y2/(4t) dt

t1−s

=
∑
k

ukφk(x)
1

Γ(s)

∫ ∞

t=0
e−tλk(tλk)

se−y2/(4t)dt

t

r=y2/(4tλk)
=

∑
k

ukφk(x)
1

Γ(s)

∫ ∞

r=0
e−y2/(4r)

(
y2

4r

)s

e−rλk
dr

r

=
∑
k

ukφk(x)
y2s

4sΓ(s)

∫ ∞

r=0
e−y2/(4r)e−rλk

dr

r1+s

=
y2s

4sΓ(s)

∫ ∞

r=0
er∆u(x)e−y2/(4r) dr

r1+s
,

which is the first equality in (2.33). The second one is simply a change of variables. ■

5the key observation is that Ũ and ∂yŨ decay exponentially in y. For example, for Ũ , one observes that the

maximum of t 7→ e−λte−y2/(4t) is e−y
√
λ attained at t := y/(2

√
λ). This leads to

∫∞
t=0

e−λte−y2/(4t)t−(1−s) dt =∫ t

t=0
· · ·+

∫∞
t=t

· · · ≤ e−y
√

λ
∫ t

t=0
t−(1−s) dt+

∫∞
t=t

e−λt dt ≤ Cse
−y

√
λ +λ−1e−λt ≤ Cse

−y
√
λ +Cλ−1e−y

√
λ/2. Note that

0 < λ1 ≤ λ2 ≤ · · ·

33



CHAPTER 2. DEFINITIONS OF THE FRACTIONAL LAPLACIAN

As in the case of the integral fractional Laplacian in Theorem 2.9, the spectral fractional Laplacian
(−∆)sσ can be represented in terms of the heat semigroup:

Lemma 2.19.

(−∆)sσ =
1

Γ(−s)

∫ ∞

t=0

(
et∆ − I

) dt

t1+s

As the proof shows, such a representation is a fairly general property when defining fractional
powers of positive definite selfadjoint operators.
Proof. From (2.9) we have ∫ ∞

t=0
(e−tλk − 1)

dt

t1+s
= λskΓ(−s).

We proceed again formally and assume that u =
∑

k ukφk for a finite sum. Then,

(−∆)sσu(x) =
∑
k

λskukφk(x) =
1

Γ(−s)
∑
k

ukφk(x)

∫ ∞

t=0
(e−tλk − 1)

dt

t1+s

=
1

Γ(−s)

∫ ∞

t=0
(et∆ − I)u(x)

dt

t1+s

which finishes the proof. ■

Proof of Theorem 2.17 via spectral theory

For the proof of the theorem, we make use of classical spectral theory, which we briefly recall here.

The spectral theorem for (un-)bounded self adjoint operators A states the existence of a unique
spectral measure E : A → L(L2(Ω)), where A is a sigma-algebra on the spectrum σ(A) and
L(L2(Ω)) are the linear operators mapping from L2(Ω) to L2(Ω), such that

A =

∫
σ(A)

λdE(λ).

Moreover, for f, g ∈ L2(Ω), the spectral measure E weakly defines a complex measure Ef,g with
total variation bounded by ∥f∥L2(Ω)∥g∥L2(Ω) in terms of

Ef,g(T ) := (E(T )f, g) ∀T ∈ A.

Using this notation as well as the functional calculus, that comes with this setting, we may write
for the spectral fractional Laplacian

(−∆)sσ =

∫ ∞

0
λsdE(λ), (2.36)
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as the spectrum of the Laplacian is contained in R+.
Moreover, the heat-semigroup has the representation

et∆ =

∫ ∞

0
e−tλdE(λ).

Using this together with formula (2.10), we can formally interchange integrals to write

(−∆)sσ =

∫ ∞

0
λsdE(λ) =

∫ ∞

0

1

Γ(−s)

∫ ∞

0
(e−tλ − 1)t−1−sdt dE(λ)

=
1

Γ(−s)

∫ ∞

0
(e−t∆ − I)t−1−sdt.

This formal computation can also be easily justified and we observe that the heat equation approach
from Section 2.3 coincides with the spectral fractional Laplacian on bounded domains.

We are now in the position to proof the preceding theorem.

Proof of Theorem 2.17. We prove that the formula

V(x, y) := 1

Γ(s)

∫ ∞

0
et∆(−∆)sσu(x) e

−y2/(4t)ts−1dt (2.37)

defines a solution to (2.29) in the weak L2(Ω) sense, i.e., we have (LV, g)L2(Ω) = 0 for all g ∈ L2(Ω)
as well as weak boundary conditions. Then, computing the Neumann-data proves the theorem.

1. step. At first, we show that there holds V(·, y) ∈ L2(Ω) and

(V(·, y), g)L2 =
1

Γ(s)

∫ ∞

0

(
et∆(−∆)sσu, g

)
L2 e

−y2/(4t)ts−1dt. (2.38)

In order to do so, let R > 0 and define VR as

VR(x, y) :=
1

Γ(s)

∫ R

0
et∆(−∆)sσu(x) e

−y2/(4t)ts−1dt.

As e−y2/(4t)ts−1 is integrable and et∆(−∆)sσu is bounded, we may interchange the L2-scalar product
with the integration in t by standard rules of Bochner integration to obtain

(VR(·, y), g)L2 =
1

Γ(s)

∫ R

0

(
et∆(−∆)sσu, g

)
L2 e

−y2/(4t)ts−1dt

=
1

Γ(s)

∫ R

0

∫ ∞

0
e−tλλsdEu,g(λ) e

−y2/(4t)ts−1dt,

where the last equality follows from the spectral calculus. Now interchanging the integration with
Fubini’s theorem, we obtain together with the scaling τ = tλ

(VR(·, y), g)L2 =
1

Γ(s)

∫ ∞

0

∫ R

0
e−tλλse−y2/(4t)ts−1dt dEu,g(λ)

=
1

Γ(s)

∫ ∞

0

∫ λR

0
e−ττ s−1e−y2/(4τ)λdτ dEu,g(λ)

≤ 1

Γ(s)

∫ ∞

0

∫ ∞

0
e−ττ s−1dτ dEu,g(λ)

≤ ∥u∥L2(Ω)∥g∥L2(Ω).
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Therefore, for all fixed y ∈ R+, we have VR(·, y) ∈ L2(Ω), and for any sequence (Rj)j∈N satisfying
Rj →∞ the sequence (VRj (·, y))j∈N is a Cauchy sequence that converges weakly to V(·, y), which
implies V(·, y) ∈ L2(Ω). Taking the limit R→∞ also immediately shows equation (2.38).

2. step. Similar arguments can be used to show that V(·, y) ∈ dom(−∆) by proving that the limit

limτ→0+

(
eτ∆V(·,y)−V(·,y)

τ , g
)
L2

exists for all g ∈ L2(Ω). We refer to [ST10] for details.

3. step. V satisfies the boundary condition at y = 0. We use (2.38) and the transformation τ = tλ
as in step 1 to compute with the Lebesgue dominated convergence theorem and the definition of
the Γ-function

(V(·, y), g)L2 =
1

Γ(s)

∫ ∞

0

∫ ∞

0
e−ττ s−1e−y2/(4τ)λdτ dEu,g(λ)

−→
y→0

1

Γ(s)

∫ ∞

0

∫ ∞

0
e−ττ s−1dτ dEu,g(λ) = (u, g)L2 .

4. step. V is differentiable and satisfies equation (2.29). With the help of Lebesgue dominated
convergence, we compute

lim
h→0

(
V(·, y + h)− V(·, y)

h
, g

)
L2

=
1

Γ(s)

∫ ∞

0

(
et∆(−∆)sσu, g

)
L2 ∂ye

−y2/(4t)ts−1dt.

Thus, V is differentiable in y, and the y-derivatives are just applied to e−y2/(4t). An elementary
calculation gives (

∂2y2 +
1− 2s

y
∂y

)
e−y2/(4t)ts−1 = ∂t

(
e−y2/(4t)

t1−s

)
.

This identity and integration by parts prove((
∂2y2 +

1− 2s

y
∂y

)
V(·, y), g

)
L2

=
1

Γ(s)

∫ ∞

0

(
et∆(−∆)sσu, g

)
L2 ∂t

(
e−y2/(4t)ts−1

)
dt

= − 1

Γ(s)

∫ ∞

0
∂t
(
et∆(−∆)sσu, g

)
L2 e

−y2/(4t)ts−1dt

=
1

Γ(s)

∫ ∞

0

∫ ∞

0
λe−tλλsdEu,g(λ) e

−y2/(4t)ts−1dt

= ((−∆)V(·, y), g)L2

and V, indeed, solves the differential equation (2.29).

5. step. Finally, we compute the Neumann data. With (2.38) and the substitution τ = y2/(4t),
we obtain (

V(·, y)− V(·, 0)
y2s

, g

)
L2

=
1

Γ(s)

∫ ∞

0

(
et∆(−∆)sσu, g

)
L2

(e−y2/(4t) − 1)

y2s
ts−1dt

=
1

4sΓ(s)

∫ ∞

0

(
e

y2

4τ
∆(−∆)sσu, g

)
L2

(e−τ − 1)τ s+1dτ.
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Now, dominated convergence implies

lim
y→0

(
e

y2

4τ
∆(−∆)sσu, g

)
L2

= ((−∆)sσu, g)L2 ,

and taking the limit y → 0 in the previous equation gives

lim
y→0

(
V(·, y)− V(·, 0)

y2s
, g

)
L2

=
Γ(−s)
4sΓ(s)

((−∆)sσu, g)L2 ,

which concludes the proof. ■

2.5.5 Function spaces for the Caffarelli-Silvestre extension

A suitable function space for the extension problem is given by weighted Sobolev spaces in the
extended variable.
For a subset D ⊂ Rd×R+, we define the space L2(D; yα) as L2(D)-space with measure yαdλ(x, y)
and norm

∥v∥2L2(D;yα) =

∫
D
|v|2yαdxdy <∞.

Imposing this weighted integrability also for the gradient, we define the weighted Sobolev space
H1(D; yα) as

H1(D; yα) := {w ∈ L2(D; yα) : |∇w| ∈ L2(D; yα)}

with norm

∥w∥2H1(D;yα) := ∥w∥
2
L2(D;yα) + ∥∇w∥

2
L2(D;yα).

These spaces satisfy:

� For α = 0, we have the standard H1(D)-space.

� H1(D; yα) is a Hilbert space.

� C∞(D) ∩H1(D; yα) is dense in H1(D; yα).

� Let Ω be bounded and Y > 0, then

H1(Ω× (0,Y)) ↪→ H1(Ω× (0,Y); yα) α ∈ (0, 1)

H1(Ω× (0,Y))←↩ H1(Ω× (0,Y); yα) α ∈ (−1, 0)

For the full-space extension problem (or the extension problem for the integral fractional Laplacian),
the appropriate function space for the minimization problem (2.13) and in turn its Euler-Lagrange
equations (2.11) is the so called Beppo-Levi space

BL1
α := {U ∈ L2

loc(Rd × R+) : ∇U ∈ L2(Rd × R+; yα)}.
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Lemma 2.20 ([KM19]). Let α ∈ (−1, 1). The trace operator tr at y = 0 can be uniquely
extended (from C∞(Rd×R+)∩H1(Rd×R+; yα)) to a bounded linear operator mapping H1

α(Rd×
R+)→ Hs(Rd) with the trace inequalities

∥ trV ∥L2(Ω) ≤ C
(
∥V ∥L2(Ω×R+;yα) + ∥V ∥

(1−α)/2
L2(Ω×R+;yα)

∥∂yV ∥(1+α)/2
L2(Ω×R+;yα)

)
| trV |Hs(Rd) ≤ C∥∇V ∥L2(Rd×R+;yα)

for all measurable subsets Ω ⊂ Rd.

Proof. We only show the first estimate, the second estimate follows from transformation into polar
coordinates, the fundamental theorem of calculus and a weighted Hardy inequality, see [KM19].
By density of smooth functions as stated above, we may assume that V is sufficiently small.
Step 1: Assume that suppV ⊂ Rd× [0,Y] for some Y > 1. Then, ∥∂yV (x, ·)∥L2(R+;yα) = 0 implies
V (x, ·) ≡ 0. We thus may assume ∥∂yV (x, ·)∥L2(R+;yα) ̸= 0 in the following. Hölder’s inequality
gives for any z > 0

|V (x, 0)| ≤ |V (x, z)|+ |
∫ z

0
∂yV (x, y)dy| ≤ C

(
|V (x, z)|+ z(1−α)/2∥∂yV (x, ·)∥L2(R+;yα)

)
.

A scaling argument (transforming (z, 2z) to (0, 1)), a 1d trace inequality on the interval (0, 1) and
transforming back show

|V (x, z)|2 ≤ C
(
z−1

∫ 2z

z
|V (x, y)|2dy + z

∫ 2z

z
|∂yV (x, y)|2dy

)
.

For y ∈ (z, 2z), there holds 1 ≲ z−αyα, which gives

|V (x, z)|2 ≤ C
(
z−1−α∥V (x, ·)∥2L2(R+;yα) + z1−α∥∂yV (x, ·)∥2L2(R+;yα)

)
.

Now, we may select z = ∥V (x, ·)∥L2(R+;yα)∥∂yV (x, ·)∥−1
L2(R+;yα)

and obtain

|V (x, 0)|2 ≤ C∥V (x, ·)∥1−α
L2(R+;yα)

∥∂yV (x, ·)∥1+α
L2(R+;yα)

. (2.39)

Integration over Ω shows the claimed estimate.
Step 2: Take a cut-off function χ ∈ C∞

0 (R) with suppχ ⊂ [0, 2], χ ≡ 1 on [0, 1], ∥χ∥L∞(R+) +
∥χ′∥L∞(R+) ≤ C. Then, estimate (2.39) can be applied to the function χV and gives

|V (x, 0)|2 = |χV (x, 0)|2 ≤ C∥χV (x, ·)∥1−α
L2(R+;yα)

∥∂y(χV (x, ·))∥1+α
L2(R+;yα)

≤ C
(
∥V (x, ·)∥2L2(R+;yα) + ∥V (x, ·)∥1−α

L2(R+;yα)
∥∂yV (x, ·)∥1+α

L2(R+;yα)

)
. (2.40)

Integration over Ω gives the result. ■

For elements U ∈ BL1
α, one can also extend the trace operator at y = 0 by density arguments.
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Chapter 3

Numerical Approximation

3.1 The Integral Fractional Laplacian - Weak Formulation

In this section Ω ⊂ Rd is a bounded Lipschitz domain. We consider the integral fractional Laplacian
(−∆)s and study the model problem

(−∆)su = f in Ω, (3.1a)

u = 0 on Ωc (3.1b)

with a given right-hand side f ∈ H−s(Ω).

3.1.1 Variational chacterization of the integral Fractional Laplacian

Lemma 3.1. For u, v ∈ S there holds∫
Rd

(−∆)suv dx =
C(d, s)

2

∫
Rd

∫
Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dy dx. (3.2)

Furthermore,∫
Rd

v(x)P.V.

∫
Rd

u(x)− u(y)
|x− y|d+2s

dy dx = −
∫
Rd

P.V.

∫
Rd

v(y)
u(x)− u(y)
|x− y|d+2s

dy dx. (3.3)

Proof. We present two approaches for (3.2). Given h ∈ Rd, we define the difference operator
(Dhu)(x) := u(x+ h)− u(x). A change of variables argument shows∫

Rd

(Dhf)(x)g(x) dx = −
∫
Rd

f(x)D−hg(x) dx.
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We note that (DhD−hf)(x) = f(x+ h)− 2f(x) + f(x− h). Recalling Lemma 2.2 and noting as in
the proof of Lemma 2.2 that Fubini’s theorem is applicable gives∫

Rd

(−∆)suv = −C(d, s)
2

∫
x∈Rd

∫
z∈Rd

v(x)
(D−zDzu)(x)

|z|d+2s
dz dx

= −C(d, s)
2

∫
z∈Rd

∫
x∈Rd

v(x)
(D−zDzu)(x)

|z|d+2s
dz dx

=
C(d, s)

2

∫
z∈Rd

∫
x∈Rd

Dzv(x)
(Dzu)(x)

|z|d+2s
dz dx

=
C(d, s)

2

∫
z∈Rd

∫
x∈Rd

(v(x+ z)− v(x))(u(x+ z)− u(x))
|z|d+2s

dz dx

which is (3.2).
An alternative proof is given by Fourier techniques. Using Remark 2.7 we get

⟨(−∆)su, v⟩L2(Rd)
Parseval

= ⟨F(−∆)su,Fv⟩L2(Rd) = ⟨|ζ|2sFu,Fv⟩L2(Rd) = ⟨|ζ|sFu, |ζ|sFv⟩L2(Rd)

= ⟨(−∆)s/2u, (−∆)s/2v⟩L2(Rd)

Rem. 2.7
=

C(d, s)

2

∫
x∈Rd

∫
y∈Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

.

Proof of (3.3): We employ (3.2), which gives∫
x
P.V.

∫
y
v(x)

u(x)− u(y)
|x− y|d+2s

=

∫
x
P.V.

∫
y
(v(x)− v(y))u(x)− u(y)

|x− y|d+2s
+

∫
x
P.V.

∫
y
v(y)

u(x)− u(y)
|x− y|d+2s

.

In the first integral, the integrand is integrable so that the P.V. operation is not required. Recog-
nizing this integral as (up to the factor C(d, s)/2) the right-hand side of (3.2), we get∫

x
P.V.

∫
y
v(x)

u(x)− u(y)
|x− y|d+2s

= 2

∫
x
P.V.

∫
y
v(x)

u(x)− u(y)
|x− y|d+2s

+

∫
x
P.V.

∫
y
v(y)

u(x)− u(y)
|x− y|d+2s

.

Simplifying shows the result. ■

3.1.2 Weak formulation

A weak formulation for (3.1) is obtained by multiplying the equation (3.1a) with a test function
v ∈ C∞

0 (Ω) and integrating over Rd to get in view of Lemma 3.1∫
Rd

(−∆)su · vdx =
C(d, s)

2

∫
Rd

∫
Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dy dx =

∫
Rd

f(y)v(y) dy.
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Lemma 3.2. The bilinear form

a(u, v) :=
C(d, s)

2

∫
Rd

∫
Rd

(u(x)− u(y))(v(x)− v(y))
|x− y|d+2s

dx dy (3.4)

is a symmetric, continuous bilinear form on H̃s(Ω) × H̃s(Ω). Furthermore, it is coercive, i.e.,
there is Ccoer > 0 (depending only on Ω) such that

Ccoer∥u∥2H̃s(Ω)
≤ a(u, u) ∀u ∈ H̃s(Ω).

Proof. Follows directly from Lemma 2.14. Note that a(·, ·) is—up to the scaling factor C(d, s)/2—
the inner product that induces the seminorm | · |

H̃s(Ω)
. By Lemma 2.14, this seminorm is a norm

equivalent to the full norm ∥ · ∥
H̃s(Ω)

. ■

Hence, with the bilinear form a(·, ·) of (3.4), we obtain the weak formulation

a(u, v) =

∫
Rd

f(y)v(y) dy ∀v ∈ C∞
0 (Ω). (3.5)

For f ∈ L2(Ω), the right-hand side v 7→
∫
Rd f(y)v(y) dy extends to a linear functional on H̃s(Ω).

We will therefore define the weak solution of (3.1) as the solution of the problem:

Find u ∈ H̃s(Ω) such that a(u, v) =

∫
Ω
fvdx ∀v ∈ H̃s(Ω). (3.6)

As it is written, (3.6) assumes that f is a function. However, the weak formulation (3.6) makes

sense if f is a linear functional on H̃s(Ω), i.e., if f ∈ H−s(Ω) =
(
H̃s(Ω)

)′
.

By Lemma 3.2 we can apply the Lax-Milgram theorem and obtain unique solvability of (3.6):

Theorem 3.3. There exists a unique weak solution u ∈ H̃s(Ω) of (3.6), which also satisfies

∥u∥
H̃s(Ω)

≲ ∥f∥H−s(Ω).

3.1.3 Galerkin method

The Galerkin method for (3.6) is as follows: Let Xh ⊂ H̃s(Ω) be a closed subspace, e.g., a finite-
dimensional subspace. Then the Galerkin approximation uh to the solution u of (3.6) is given
by

Find uh ∈ Xh such that a(uh, v) =

∫
Ω
fv dx ∀v ∈ Xh. (3.7)

The classical Céa-Lemma gives existence, uniqueness, and quasi-optimality:
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Lemma 3.4 (Céa-Lemma). Let Ω be a bounded Lipschitz domain. There exists C > 0
depending only on Ω and s ∈ (0, 1) such that, for any closed Xh ⊂ H̃s(Ω), problem (3.7) has a
unique solution uh, which satisfies

∥u− uh∥H̃s(Ω)
≤ C inf

vh∈Xh

∥u− vh∥H̃s(Ω)
. (3.8)

Proof. Existence and uniqueness of uh follows from the fact that the closed subspace Xh is again
a Hilbert space (cf. Lemma 2.14, (ii)) so that the Lax-Milgram lemma is applicable to (3.7).
By subtracting (3.6) and (3.7), we obtain the Galerkin orthogonality

a(u− uh, vh) = 0 ∀vh ∈ Xh. (3.9)

Hence, we get with the coercivity of a(·, ·) and arbitrary vh ∈ Xh

Ccoer∥u− uh∥2H̃s(Ω)

coercivity
≤ a(u− uh, u− uh)

(3.9)
= a(u− uh, u)

(3.9)
= a(u− uh, u− vh)

continuity
≤ C∥u− uh∥H̃s(Ω)

∥u− vh∥H̃s(Ω)
.

Since vh is arbitrary, we arrive at

∥u− uh∥H̃s(Ω)
≤ C inf

vh∈Xh

∥u− vh∥H̃s(Ω)
,

which finishes the proof. ■

The discrete solution uh in (3.7) can be computed as the solution of a linear system of equations,
if Xh is finite-dimensional: let (φi)

N
i=1 be a basis of Xh. Making the ansatz uh =

∑
j ujφj for a

vector u ∈ RN , problem (3.7) is equivalent to:

Find u ∈ RN s.t.
∑
j

uja(φj , φi) =

∫
Ω
fφi, i = 1, . . . , N. (3.10)

With the stiffness matrix A ∈ RN×N and the load vector l ∈ RN given by

Aij = a(φj , φi), li =

∫
Ω
fφi (3.11)

(3.10) is equivalent to solving the linear system Au = l.
The procedure so far is very much remiscent of the classical FEM for elliptic problem such as the
Poisson problem. However, there are differences discussed in the following remark.

Remark 3.5 � The bilinear form a(·, ·) is non-local, i.e., for non-trivial functions φi, φj ≥ 0
satisfying suppφi ∩ suppφj = ∅, we get

a(φi, φj) =
C(d, s)

2

∫
Rd

∫
Rd

(φi(x)− φi(y))(φj(x)− φj(y))

|x− y|d+2s
dy dx

= −C(d, s)
2

∫
Rd

∫
Rd

(φi(x)φj(y) + φi(y)φj(x))

|x− y|d+2s
dy dx

= −C(d, s)
∫
suppφi

∫
suppφj

φi(x)φj(y)

|x− y|d+2s
dy dx < 0. (3.12)
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Thinking of φi as local basis functions, this computation shows that the stiffness matrices will
be densely populated in contrast to the classical FEM case.

� The energy norm (H̃s(Ω)-norm) is non-local, and the seminorm part is not additive. Indeed,
let Ω = Ω1 ∪ Ω2 with Ω1 ∩ Ω2 = ∅. Then,

|v|2Hs(Ω) = |v|
2
Hs(Ω1)

+ |v|2Hs(Ω2)
+ 2

∫
Ω1

∫
Ω2

|u(x)− u(y)|2

|x− y|d+2s
dy dx,

and the last term cannot be bounded by the first two terms on the right-hand side.

This leads to problems in the finite element analysis as error estimates are usually derived
elementwise. However, Proposition 3.8 gives a way to circumvent this by deriving a localized
upper bound for the seminorm.

3.1.4 Classical piecewise polynomial approximation

Meshes and discrete spaces

Let T be a regular mesh on Ω ⊂ Rd. That is:

Definition 3.6 (regular mesh).

1. (covering) The sets T ∈ T are open, pairwise disjoint, and ∪T∈T T = Ω.

2. (affine element maps) Each T is the image under an affine transformation FT : T̂ → T of
the reference d-simplex T̂ .

3. (regular mesh) Two elements T , T ′ ∈ T satisfy the following: either T and T ′ coincide or
the intersection T ∩ T ′ is a j-simplex for some j ∈ {0, . . . , d− 1}. For example, for d = 2,
elements T , T ′ can only share a vertex or a full edge.

� �

�

�

� � �

�

�

�

Figure 3.1: A regular mesh (left) and a mesh violating the notion of regular meshes (right).

We denote by hT := diamT the size of the element T .
We will additionally often require the notion of shape-regularity. For spatial dimension d ≥ 2, a
mesh T is called σ-shape-regular (or just shape-regular), if

max
T∈T

hdT
|T |
≤ σ. (3.13)
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For d = 1, we call a mesh shape-regular, if

hT
hT ′
≤ σ if T ∩ T ′ ̸= ∅. (3.14)

We call a mesh T quasi-uniform, if it is shape-regular and additionally1

min
T∈T

hT ∼ max
T∈T

hT =: h. (3.15)

The simplest spaces of piecewise polynomials on a regular mesh T are the space of piecewise
constant functions P0(T ), the space P1(T ) of piecewise linears, and the space P1

0 (T ) of piecewise
linears that vanish on ∂Ω given by

P0(T ) := {v ∈ L2(Ω): v|T ∈ P0(T ) ∀T ∈ T }, (3.16)

Pp(T ) := {v ∈ C(Ω): v|T ∈ Pp(T ) ∀T ∈ T }, p ≥ 1 (3.17)

Pp
0 (T ) := {v ∈ C(Ω): v|T ∈ Pp(T ) ∀T ∈ T , v|∂Ω = 0}, p ≥ 1. (3.18)

Here, the space Pp(T ) is the space of polyomials of (at most) degree p ∈ N0. We have

P0(T ) ⊂ H̃s(Ω) if s < 1/2, (3.19)

P1
0 (T ) ⊂ H̃s(Ω) for s ∈ (0, 1). (3.20)

Exercise 3.7 Any course on FEM shows P1
0 (T ) ⊂ H1

0 (Ω) ⊂ H̃s(Ω) so that (3.20) holds. Show

(3.19) for the case d = 1. Show that P0 ̸⊂ H̃s(Ω) for s ≥ 1/2.

For each element T ∈ T we define the element patch ωT by

ωT := interior
⋃
{T ′ : T ′ ∩ T ̸= ∅}.

Approximation from P1
0 (T )

Before we can prove a priori estimates, we need to discuss how to deal with the fact that the
norm ∥ · ∥

H̃s(Ω)
, in which we measure the error, is nonlocal. This issue was already raised in

Remark 3.5. This norm can in fact be localized to some extent as the following Theorem 3.8, due
to [Fae00, Fae02], shows:

Theorem 3.8. Let s ∈ (0, 1) and u ∈ Hs(Ω). Then,

|u|2Hs(Ω) ≤
∑
T∈T

∫
T

∫
ωT

|u(x)− u(y)|2

|x− y|d+2s
dy dx+

C

sh2sT
∥u∥2L2(T ),

where the constant C > 0 depends only on d and the shape-regularity constant σ.

1Since any fixed mesh is – technically speaking – quasiuniform, the notion of quasi-uniform mesh is actually only
meaningful when considering a family of meshes Th; then quasi-uniformity requires the shape-regularity parameter σ
and the implied constants in (3.15) not to depend on h.
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Proof. Let T ∈ T and define ωc
T := Ω\ωT . We write

|u|2Hs(Ω) ≤
∑
T∈T

∫
T

∫
ωT

|u(x)− u(y)|2

|x− y|d+2s
dy dx+

∫
T

∫
ωc
T

|u(x)− u(y)|2

|x− y|d+2s
dy dx.

The first term has the right form already, and it remains to estimate the second one. Using the
triangle inequality and Fubini’s theorem, we get∫
T

∫
ωc
T

|u(x)− u(y)|2

|x− y|d+2s
dy dx ≤ 2

∫
T
|u(x)|2

∫
ωc
T

|x− y|−d−2sdy dx+ 2

∫
ωc
T

|u(y)|2
∫
T
|x− y|−d−2sdx dy

=: 2IT,1 + 2IT,2.

In the following, we show that
∑

T∈T IT,1 =
∑

T∈T IT,2. With the characteristic function χωc
T
of

the set ωc
T , we write ∑

T∈T
IT,2 =

∑
T∈T

∫
Ω
χωc

T
(y)|u(y)|2

∫
T
|x− y|−d−2sdx dy

=

∫
Ω
|u(y)|2

∑
T∈T

χωc
T
(y)

∫
T
|x− y|−d−2sdx︸ ︷︷ ︸

=:f(y)

dy.

Let T ′ ∈ T be the element with y ∈ T ′. (Since we are integrating in y, we may ignore the mesh
skeleton, which is a (Lebesgue) nullset.) We note that χωc

T
(y) ̸= 0 if and only if T ⊂ ωc

T ′ . Hence,

f(y) =
∑
T∈T

χωc
T
(y)

∫
T
|x− y|−d−2sdx =

∑
T∈T : T⊂ωc

T ′

∫
T
|x− y|−d−2s dx =

∫
ωc
T ′

|x− y|−d−2sdx.

This finally leads to∑
T∈T

IT,2 =
∑
T ′∈T

∫
T ′
|u(y)|2

∫
ωc
T ′

|x− y|−d−2sdx dy =
∑
T ′∈T

IT ′,1.

Using this equality gives the estimate

|u|2Hs(Ω) ≤
∑
T∈T

∫
T

∫
ωT

|u(x)− u(y)|2

|x− y|d+2s
dy dx+ 4

∑
T∈T

IT,1,

and we have to estimate IT,1. Due to the assumption of shape-regularity of T , there is a constant
c > 0 depending only on the σ-shape regularity constant such that ωc

T ⊆ Ω\BchT
(x). This allows

one to estimate using polar coordinates

IT,1 =

∫
T
|u(x)|2

∫
ωc
T

|x− y|−d−2sdy dx

≲
∫
T
|u(x)|2

∫ ∞

chT

r−1−2sdr dx ≲
1

sh2sT
∥u∥2L2(T ),

which finishes the proof. ■
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With Theorem 3.8 in hand, we can formulate an approximation result assuming regularity of the
solution. We emphasize that the regularity assumption u ∈ H2(Ω) is not realistic for this problem
class. Nevertheless, the proof shows how approximation results in nonlocal norms such as the
∥ · ∥

H̃s(Ω)
-norm can be obtained.

The proof of the approximation properties follows the proof of the “classical” FEM. As it is done
there, we will work with scaling arguments and norm equivalences on finite-dimensional spaces.
In order for these tools to work, we require that there be a finite number of patch types. That
is, scaling a patch ωT to size 1 leads to a patch ω̂T that is a from a fixed, finite set of reference
configurations. This can be achieved by constructing the mesh in a certain way. In 1D, e.g., by
only bisecting elements (and enforcing shape regularity in the sense that neighboring elements have
comparable size) and in dimension d ≥ 2 by generating the mesh with Newest Vertex Bisection
(NVB), see, e.g., [KPP13] for the case d = 2 and to [Ste08b] for the case d ≥ 3.

Lemma 3.9. Let d ∈ {1, 2, 3}. Let the exact solution u ∈ H̃s(Ω) of (3.6) satisfy the regularity
assumption u ∈ H2(Ω). Let the mesh T be σ-shape regular, generated by NVB and be quasi-
uniform with maximal mesh width h. Then, there is C > 0 depending only on Ω, d, s such that
the piecewise linear interpolant Iu ∈ P1

0 (T ) satisfies

∥u− Iu∥
H̃s(Ω)

≤ Ch2−s∥u∥H2(Ω).

Proof. For simplicity of exposition, we restrict our attention to the case d = 1.
Let T ∈ T and ωT be its patch. Let FωT : ω̂T → ωT be the affine transformation that realizes the
scaling of ωT to size 1. Throughout, we indicate by the notation ·̂ the pull-back to the reference
patch, e.g., v̂ := v ◦ FωT . We note that by shape-regularity, we have diamωT ∼ hT with implied
constants depending only on the σ-shape-regularity.
Scaling arguments show the familiar equivalences

|v|2Hj(ωT ) ∼ h
d−2j
T |v̂|2Hj(ω̂T ), j ∈ N0.

For fractional Sobolev norms, a similar equivalence follows from the definition of the seminorm
| · |Hs(ωT ):

|v|2Hs(ωT ) =

∫
x∈ωT

∫
y∈ωT

|v(x)− v(y)|2

|x− y|d+2s
dy dx =

|ωT |2

|ω̂T |2

∫
x∈ω̂T

∫
y∈ω̂T

|v̂(x)− v̂(y)|2

|FωT (x)− FωT (y)|d+2s
dy dx

∼
h2dT
hd+2s
T

∫
x∈ω̂T

∫
y∈ω̂T

|v̂(x)− v̂(y)|2

|x− y|d+2s
dy dx ∼ hd−2s

T |v̂|2Hs(ω̂T ).

Step 1 (error estimate in Hs(ωT )-seminorm): We denote by Î the piecewise linear interpolation
operator on ω̂T . Since I and Î reproduce piecewise linear functions, we get for any piecewise linear

46



CHAPTER 3. NUMERICAL APPROXIMATION

function v̂ on ω̂T that Î v̂ = v̂. Hence, we get by affine scaling

|u− Iu|Hs(ωT ) ∼ h
d/2−s
T |û− Î û|Hs(ωT ) = h

d/2−s
T |û− v̂ − Î(û− v̂)|Hs(ω̂T )

≤ hd/2−s
T

[
|û− v̂|Hs(ω̂T ) + |Î(û− v̂)|Hs(ω̂T )

]
norm equiv. on finite-dim. spaces

≤ Ch
d/2−s
T

[
|û− v̂|Hs(ω̂T ) + |Î(û− v̂)|C(ω̂T )

]
cont. of Î
≤ Ch

d/2−s
T

[
|û− v̂|Hs(ω̂T ) + |û− v̂|C(ω̂T )

]
embedding H2 ⊂ C

≤ Ch
d/2−s
T ∥û− v̂∥H2(ω̂T ).

Since v̂ is arbitrary, we get with the Deny-Lions Lemma (i.e., compactness of H2 in H1; employed
elementwise for all scaled elements in the scaled patch ω̂T )

2

|u− Iu|Hs(ωT ) ≤ Ch
d/2−s
T inf

v̂
∥û− v̂∥H2(ω̂T ) ≤ Ch

d/2−s
T |û|H2(ω̂T ) ∼ h

d/2−s
T h

−d/2+2
T |u|H2(ωT ). (3.21)

Step 2 (error estimate in L2(ωT )): By similar arguments, one obtains (see also FEM literature)

∥u− Iu∥L2(ωT ) ≤ Ch2T |u|H2(ωT ). (3.22)

Step 3 (error estimate in weighted L2(ωT ) with T touching ∂Ω): Let T be an element adjacent to
the boundary. To fix notation, let the element map FT : (0, 1) → T be such that 0 is mapped to
∂Ω, i.e., FT (0) ∈ ∂Ω. Then, scaling gives

∥ dist(·, ∂Ω)−s(u− Iu)∥L2(T ) ∼ h
d/2−s
T ∥|x|−s(û− Î û)∥

L2(T̂ )
.

Since (û − Î û)(0) = 0, we can write (û − Î û)(x) =
∫ x
0 (û − Î û)

′(t) dt and estimate with a Cauchy-
Schwarz inequality

|(û− Î û)(x)| ≤ Cx1/2∥(û− Î û)′∥
L2(T̂ )

.

We conclude

∥ dist(·, ∂Ω)−s(u− Iu)∥L2(T ) ∼ h
d/2−s
T ∥|x|−s(û− Î û)∥

L2(T̂ )
≲ h

d/2−s
T ∥x1/2−s∥

L2(T̂ )
∥(û− Î û)′∥

L2(T̂ )

≲ h
d/2−s
T ∥(û− Î û)′∥

L2(T̂ )
.

We may now proceed as in the other cases of scaling arguments to arrive at

∥ dist(·, ∂Ω)−s(u− Iu)∥L2(T ) ≲ h2−s
T |u|H2(T ). (3.23)

Step 4 (error estimate in weighted L2(ωT ) with T not touching ∂Ω): By shape-regularity of the
mesh T , we have dist(T, ∂Ω) ≳ hT . Hence, we get from (3.22)

∥ dist(·, ∂Ω)−s(u− Iu)∥L2(T ) ≲ h−s
T ∥u− Iu∥L2(T )

(3.22)

≲ h2−s
T |u|H2(T ).

2in 1D, one can alternatively simply take ṽ = û(x0) + (x− x0)û
′(x0) as the Taylor polynomial at a point x0 and

use u(x)− v̂ =
∫ x

t=x0
(x− t)û′′(t) dt.

47



CHAPTER 3. NUMERICAL APPROXIMATION

Step 5 (conclusion of the proof): Since the patches ωT , T ∈ T , have a finite overlap property (in
fact, any element T ′ is in not more than 3 patches), we can estimate with Theorem 3.8

∥u− Iu∥2
H̃s(Ω)

≲
∑
T∈T
|u− Iu|2Hs(ωT ) + h−2s

T ∥u− Iu∥2L2(T ) + ∥ dist(·, ∂Ω)
−s(u− Iu)∥2L2(T )

≲
∑
T∈T

h
2(2−s)
T |u|2H2(ωT ) ≲ h2(2−s)|u|2H2(Ω),

which finishes the proof. ■

By combining the approximation result from Lemma 3.9 with the best approximation result Lemma 3.4
we obtain:

Corollary 3.10. Let u ∈ H2(Ω) ∩ H̃s(Ω) solve (3.1). Let uh ∈ P1
0 (T ) be the Galerkin

approximation to u given by (3.7) with Xh = P 1
0 (T ). Then

∥u− uh∥H̃s(Ω)
≤ Ch2−s∥u∥H2(Ω).

3.1.5 Approximation of low-regularity functions with Clément/Scott-Zhang in-
terpolation

Lemma 3.9 assumed significant regularity and could then work with the nodal interpolation oper-
ator. If the solution has less regularity, then a pointwise evalution of the solution u may not be
possible and the construction of an approximation has to be done in a different way. The standard
technique in FEM in this situation is to use a Clément or Scott-Zhang type operator. Both the
Clément interpolant and the Scott-Zhang interpolant rely on local averaging of the function to be
approximated.

Clément interpolation

The Clément interpolation operator ICl : L2(Ω)→ P1(T ), introduced in [Clé75], has the form

IClu =
∑

z∈N (T )

φz
1

|A(z)|

∫
A(z)

u dx.

Here, N (T ) is the collection of all vertices of the triangulation T and the elements of N (T ) are
called nodes. The function φz is the standard hat function associated with the node z ∈ N (T ).
For each node z ∈ N (T ), we select (arbitrarily) an element Tz ∈ T such that z is a vertex of T and
we then set A(z) := Tz.

Exercise 3.11 Let the mesh T be regular and shape-regular. Show that ICl is locally stable in L2,
i.e., there is C > 0 depending only on Ω and the shape-regularity constant σ such that

∥IClu∥L2(T ) ≤ C∥u∥L2(ωT ) ∀T ∈ T .

Conclude that ∥IClu∥L2(Ω) ≤ C∥u∥L2(Ω).

The Clément interpolation operator is in fact stable in other Sobolev norms. Notably, one has
∥IClu∥H1(T ) ≤ C∥u∥H1(ωT ).
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Scott-Zhang interpolation

The Scott-Zhang projection ISZ , introduced in [SZ90], is a refinement of the Clément interpola-
tion operator. Its main advantage over the Clément operator is that a) it is projection and b)
(homogeneous) Dirichlet boundary conditions can easily be satisfied.
We define the set of (d− 1)-faces (e.g., edges in 2D) E(T ) as all faces of elements in T .
Let A(z) be a so called averaging set, which is for a fixed node z ∈ N (T ) either an edge Ez ∈ E(T )
with z ∈ Ez or an element Tz ∈ T with z ∈ Tz.
Moreover, for all z ∈ N (T ), there exists a local dual basis function, i.e., ψz ∈ P1(A(z)) such that∫

A(z)
ψzφz′ = δzz′ ∀z′ ∈ N (T ),

where φz′ again denotes the usual hat function associated with the node z′ ∈ N (T ). With these
notations, we may define the Scott-Zhang projection.

Definition 3.12. Let z ∈ N (T ). Choose A(z) either as

� A(z) = Ez with Ez ⊆ ∂Ω, for z ∈ ∂Ω;

� A(z) = Tz with z ∈ Tz for z ∈ Ω.

Then, the Scott-Zhang projection ISZ is defined as

ISZv :=
∑

z∈N (T )

φz

∫
A(z)

ψzv dx.

We stress that the choice of averaging set is not unique, as there might be multiple elements with
z ∈ Tz.

The Scott-Zhang projection is well-defined for s > 1/2 and maps Hs(Ω) → P1(T ). Moreover, as
the averaging set is chosen as boundary edge, for nodes at the boundary, it also satisfies ISZ :
H̃s(Ω)→ P1

0 (T ), i.e., homogeneous Dirichlet boundary conditions are preserved. The Scott-Zhang
operator ISz : Hs(Ω)→ P1(T ) is stable for s > 1/2, i.e., ∥ISZv∥Hs(Ω) ≤ C∥v∥Hs(Ω) for some C > 0

depending only on s, Ω, and the shape-regularity constant σ. ISZ is a projection on P1(T ), i.e.,
ISZv = v for all v ∈ P1(T ).

Remark. For s ≤ 1/2 the Scott-Zhang operator needs to be modified. There are two options:

1. For nodes z ∈ ∂Ω, one selects as the averaging set also an element rather than an edge.
This then leads to an operator Hs(Ω)→ P1(T ). Note that the boundary conditions are not
satisfied. This operator is then stable mapping Hs(Ω)→ P1(T ) and a projection.

2. The values at nodes z ∈ ∂Ω is simply set to zero, i.e., the sum extends only over interior
nodes. In that case, one obtains an operator that actually maps H̃s(Ω) → P1

0 (T ). This

operator is stable H̃s(Ω)→ P1
0 (T ) and a projection on P1

0 (T ).
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The Scott-Zhang operator has local approximation properties in Hs, which is stated in the following
proposition, [Cia13].

Proposition 3.13. Let T ∈ T , max{1/2, s} < ℓ ≤ 2, v ∈ Hℓ(Ω) and ISZ be the Scott-Zhang
projection of Definition 3.12. Then,∫

T

∫
ωT

|(v − ISZv)(x)− (v − ISZv)(y)|2

|x− y|d+2s
dydx ≤ Ch2(ℓ−s)

T |v|2Hℓ(ωT ),

where the constant C > 0 depends only on Ω, d, s, ℓ, and the shape-regularity of T and blows up
for s→ 1.

Proposition 3.13 immediately gives approximation results, if the solution u has merely Hs+t(Ω)-
regularity for some 0 < t ≤ 2 − s. Asserting regularity of the solution u will be the topic of the
next section.

3.2 The Integral Fractional Laplacian - Regularity

Regularity assertions for the solution are the key to obtaining rates of convergence of Galerkin
method.
A first question is: If the right-hand side f of the equation satisfies f ∈ Hr(Ω) for some r > −s,
for which ℓ ≥ s can we expect that u ∈ Hℓ(Ω)?

Comparing to the Laplace equation, the answer of this problem is more involved, and a field of
active current research, in particular on polygonal Lipschitz domains, we especially mention the
overview articles [BBN+18, BLN22] as well as [BN23a, FMMS22, BN23b]. For smooth domains or
Hölder regularity, we refer to [Gru15, ROS14].

3.2.1 Regularity in Sobolev spaces

We start with an example highlighting the difference to the integer order Laplacian.

Example 3.14. Let Ω = B1(0), f ≡ 22sΓ(1 + s)2. Then, the exact solution of (3.1) is given by

u(x) = (1− |x|2)s+, where g+ := max{g, 0}.

(See, e.g., [BV16, Sec. 2.6] and Figure 3.2.) One can check that u ∈ H̃s+1/2−ε(Ω) for all ε > 0,
but u /∈ Hs+1/2(Ω).
Therefore, even for smooth Ω, f , one cannot expect more regularity than s + 1/2 − ε, which is
vastly different from the case of the integer Laplacian, where the same problem setting would give
smooth solutions.

Remark. One way to see that one should expect limited regularity is by considering the special case

s = 1/2. Then, the solution of the Caffarelli-Silvestre extension problem is harmonic in Rd × R+. The
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Figure 3.2: solution of (−∆)su = 1; u = 0 on Ωc on the unit circle.

boundary conditions at y = 0 are of mixed type: Neumann boundary conditions at Ω × {0} and Dirichlet

boundary conditions at Ωc × {0}. One expects a singularity at ∂Ω.

Example 3.14 shows that a “shift theorem” in Sobolev spaces may only hold in limited range. The
following result shows that expected shift by 2s holds until essentially the regularity Hs+1/2 is
reached:

Theorem 3.15 ([BN23a]). Let Ω be a bounded Lipschitz domain. Then, for r ∈ (−s, 0] set
γ := min{s+ r, 1/2}. Then for every ε > 0 and f ∈ Hr(Ω), the solution u of (3.1) satisfies

∥u∥Hs+γ−ε(Ω) ≤ C∥f∥Hr(Ω).

Example 3.14 shows that one should expect the leading order behavior of the solution near the
boundary to be u ∼ dist(·, ∂Ω)s (at least for smooth ∂Ω). Example 3.14 also suggests that the loss
of regularity is limited to the vicinity of ∂Ω if f is smooth. This is indeed the case:

Lemma 3.16. (Interior regularity, [FMP19, Lemma 4.4]) Let ω ⊂⊂ Ω be a domain. Let
f ∈ C∞(ω). Then the solution u of (3.1) satisfies u ∈ C∞(ω).

Proof. The proof uses the classical difference method of Nirenberg. For the Laplacian, it can be
found in most PDE textbooks, e.g., [Eva98]. We proceed similarly using the extension problem as
it is a PDE and afterwards employ the trace theorem to obtain the result for u.
As mentioned in Section 2.5.5, an appropriate function space for the Caffarelli-Silvestre extension
is the space BL1

α. Here, we additionally require the exterior boundary condition, i.e. we take the
space

BL1
α,0 = {U ∈ L2

loc(Rd × R+) : ∇U ∈ L2(Rd × R+; yα), trU |Ωc = 0}.

Then, there exists an unique solution U ∈ BL1
α,0 for the weak form of the extension problem given

by ∫
Rd×R+

yα∇U · ∇V dydx = − 1

ds

∫
Rd

(−∆)su trV dx = − 1

ds

∫
Ω
f trV dx ∀V ∈ BL1

α,0.
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We now choose a suitable test-function. For that, select a cut-off function χ ∈ C∞
0 (Ω) with χ ≡ 1

in a neighborhood of ω. We will view χ as defined on Rd × R+ with no dependence on y. We
consider the difference operators

DhU(x, y) :=
U(x+ hej , y)− U(x, y)

h

for some unit vector ej . For h sufficiently small, one considers the test function V := D−h(χ
2DhU).

For h ̸= 0 this is an admissible test function as V satisfies the correct boundary conditions. Inserting
this test function into the variational formulation gives∫

Rd×R+

yα∇U · ∇(D−h(χ
2DhU)) dydx =

∫
Ω
f trD−h(χ

2DhU)dx.

Moving D−h to the other terms by a change of variables argument, we rewrite this as∫
Ω
f trD−h(χ

2DhU) = −
∫
Rd×R+

yα∇DhU · ∇(χ2DhU)

= −
∫
Rd×R+

yαχ2∇DhU · ∇DhU − 2

∫
Rd×R+

yαχ∇DhU · (∇χ)DhU.

Thus, rearranging (also moving D−h onto f) and Cauchy-Schwarz give∫
Rd×R+

yαχ2|∇DhU |2 =
∫
Ω
Dhf tr(χ

2DhU)− 2

∫
Rd×R+

yαχ∇DhU · (∇χ)DhU

≤ C∥χDhf∥L2(Ω)∥ tr(χDhU)∥L2(Ω)

+ 2∥yα/2χ∇DhU∥L2(Rd×R+)∥yα/2(∇χ)DhU∥L2(Rd×R+). (3.24)

Now, the trace estimate from Lemma 2.20 gives

∥ tr(χDhU)∥L2(Ω) ≤ C∥yα/2∇(χDhU)∥L2(Rd×R+)

≤ C∥yα/2(∇χ)DhU∥L2(Rd×R+) + C∥yα/2χ∇(DhU)∥L2(Rd×R+) (3.25)

Inserting this in (3.24), we can employ Young’s inequality to move the term ∥yα/2χ∇DhU∥2L2(Rd×R+)

on the right-hand side to the left-hand side and get

∥yα/2χ∇DhU∥2L2(Rd×R+) ≤ C∥χDhf∥2L2(Ω) + C∥yα/2(∇χ)DhU∥2L2(Rd×R+). (3.26)

Furthermore, the L2
α-norm of the difference quotient Dh can be bounded uniformly by the L2

α-norm
of the derivative ∂xj uniformly in h (see [Eva98, Sec. 6.3] for details), which leads to

∥yα/2χ∇DhU∥2L2(Rd×R+) ≤ C∥χ∂xjf∥2L2(Ω) + C∥yα/2(∇χ)∂xjU∥2L2(Rd×R+)

for some C > 0 independent of h. Now taking the limit h→ 0 (see [Eva98, Thm. 3, Sec. 5.8.2] for
details) gives

∥yα/2χ∇∂xjU∥2L2(Rd×R+) ≤ C∥χ∂xjf∥2L2(Ω) + C∥yα/2(∇χ)∂xjU∥2L2(Rd×R+) ≤ C (3.27)
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Figure 3.3: Solution of (−∆)su = 1; u = 0 on Ωc on the L-shaped domain and zoom to the
reentrant corner.

as f ∈ H1(Ω) and U ∈ BL1
α. From this and the trace theorem (3.25) one can infer

∥∂xju∥L2(ω) <∞.

That is, u is locally in H1 and not only in Hs. One can bootstrap this argument to see that u is
actually in C∞(ω) since f is smooth. ■

An illustration of the fact that the solution is smooth inside Ω is given in Fig. 3.3 for smooth
right-hand side f : away from ∂Ω the solution u is seen to be smooth; one also discerns that one
approaches ∂Ω, the regularity is lost. This can be conveniently captured with weighted spaces as
discussed next.

3.2.2 Regularity in weighted Sobolev spaces

Lemma 3.16 shows that the loss of regularity (for smooth f) happens near the boundary ∂Ω. This
suggests that the solution is in a weighted space. For that, we introduce the notation

r∂Ω(x) := dist(x, ∂Ω)

as well as Ω+ := Ω× (0,∞) ⊂ Rd × R+.

Theorem 3.17. Let Ω ⊂ Rd be a polygonal Lipschitz domain. Let f ∈ H2(Ω) and u be the
solution of (3.1). Then, for t > 1/2 there holds

∥rt−s
∂Ω ∇u∥L2(Ω) ≤ C∥f∥H1(Ω), (3.28)

∥rt−s+1
∂Ω D2u∥L2(Ω) ≤ C∥f∥H2(Ω). (3.29)

Proof. We only illustrate the result for d = 1. For the more involved cases d = 2, 3 the stated
estimates follow from the more general estimates discussed below.
Step 1: Trace estimate. By the trace estimate of Lemma 2.20, we may show appropriate
regularity results for solutions to the Caffarelli-Silvestre extension problem. In particular, we use
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(2.40) with V = ∂xU to obtain

|∂xU(x, 0)|2 ≲ ∥∂xU(x, ·)∥2L2(R+;yα) + ∥∂xU(x, ·)∥1−α
L2(R+;yα)

∥∂y∂xU(x, ·)∥1+α
L2(R+;yα)

.

Multiplying with r
2(t−s)
∂Ω , and using α = 1− 2s provides

r
2(t−s)
∂Ω |∂xU(x, 0)|2 ≲ ∥rt−s

∂Ω ∂xU(x, ·)∥2L2(R+;yα)

+ ∥rt−1
∂Ω ∂xU(x, ·)∥1−α

L2(R+;yα)
∥rt∂Ω∂y∂xU(x, ·)∥1+α

L2(R+;yα)
.

Integration over Ω gives in view of u(x) = U(x, 0) together with s < 1 (which induces r−s
∂Ω ≤ r−1

∂Ω)
and |∂xU | ≤ |∇U | as well as |∂y∂xU | ≤ |∇∂xU | that

∥rt−s
∂Ω ∂xu∥

2
L2(Ω) ≲ ∥r

t−1
∂Ω ∂xU∥

2
L2(Ω+;yα) + ∥r

t−1
∂Ω ∂xU∥

1−α
L2(Ω+;yα)

∥rt∂Ω∂y∂xU∥1+α
L2(Ω+;yα)

≲ ∥rt−1
∂Ω ∇U∥

2
L2(Ω+;yα) + ∥r

t−1
∂Ω ∇U∥

1−α
L2(Ω+;yα)

∥rt∂Ω∇∂xU∥1+α
L2(Ω+;yα)

.

Now, this estimate suggests that we need to control weighted norms for derivatives of the solution
to the extension problem.

Step 2: Additional regularity for the extension problem. For any t̂ ∈ [0, 1/2), there holds∫
R+

yα∥∇U(·, y)∥2
H t̂(Ω)

dy < Ct̂∥f∥
2
H1(Ω). (3.30)

We omit the technical proof that employs again difference quotient arguments, details can be found
in [BFM+23].
This additional regularity can be used to obtain

∥r−t̂
∂Ω∇U∥

2
L2(Ω+;yα) ≤ CregCt̂∥f∥

2
H1(Ω), (3.31)

which directly follows from the embedding result ∥r−t̂
∂Ωv∥L2(Ω) ≤ Creg∥v∥H t̂(Ω) for t̂ ∈ [0, 1/2) and

any v ∈ H t̂(Ω) ([Gri11, Thm. 1.4.4.3]) employed with v = ∇U(·, y) and multiplying by yα, and
integrating in y.

Step 3: Exploiting interior regularity to control ∥rt∂Ω∇∂xU∥L2(Ω+;yα).
In order to obtain an estimate for the L2-norm over Ω = (a, b), we dyadically cover Ω ⊂

⋃
i∈NBcri(xi)

with intervals Bcri(xi) ⊂ Ω, where the points xi run through the set {a + (b − a)2−j : j ∈
N} ∪ {b − (b − a)2−j : j ∈ N}, c ∈ (1/2, 1) is fixed and ri = dist(xi, ∂Ω). A geometric series
argument gives

∑
i r

ε
i <∞ for any chosen ε > 0.

Using a cut-off function χ with χ ≡ 1 on Bcri(xi), suppχ ⊂ Bri(xi) and ∥χ∥L∞ + ∥χ′∥L∞ ≤ C
ri
,

(3.27) gives

∥∇∂xU∥L2(B+
cri

;yα) = ∥χ∇∂xU∥L2(B+
cri

;yα) ≲ ∥f∥H1(Ω) + r−1
i ∥∂xU∥L2(B+

ri
;yα) (3.32)

(3.31)

≲ rt̂−1
i ∥f∥H1(Ω). (3.33)
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Consequently, for given t > 1/2, there is 0 < ε < t− 1/2 such that t̂ := 1− t+ ε ∈ [0, 1/2) and we
obtain

∥rt∂Ω∇∂xU∥2L2(Ω+;yα) ≲
∑
i∈N

r2ti ∥∇∂xU∥2L2(Bcri (xi)+;yα)

≲
∑
i∈N

r2εi ∥f∥2H1(Ω) ≤ C∥f∥
2
H1(Ω).

This shows (3.28), estimate (3.29) follows with the same technique and only uses interior regularity
for higher order derivatives exploting that ∂xU solves the extension problem with data ∂xf . ■

Example 3.18 The regularity estimates in the previous Theorem can be easily verified for the
solution u of Example 3.14 on B1(0) ⊂ R2. Introducing polar coordinates (r, φ), u is a function of
r only and satisfies |∇u| ∼ |∂ru| ∼ (1− r2)s−1r. As dist(x, ∂Ω) = 1− |x| = 1− r, we have for any
t > 1/2

∥rt−s
∂Ω ∇u∥L2(Ω) ≲

∫ 1

r=0
(1− r)2(t−s)(1− r2)2(s−1)r2dr ≤

∫ 1

r=0
(1− r)2t−2 dr <∞.

since 2t− 2 > −1. The verification of (3.29) is left as an exercise for the reader.

The result (3.28) can be further refined. The reason is that the solution can be expected to the
smooth in the tangential direction and the lack of (higher) regularity is only due to the behavior
of the solution in the normal direction. We do formulate this result in a more precise way in the
following.

On polygonal domains Ω ⊂ R2, as seen in Figure 3.3, solutions to fractional PDEs typically exhibit
both vertex and edge singularities. Note that this is conceptually different than, e.g., for the
Poisson equation, where only vertex singularities appear in 2d! We capture the singular behaviour
by introducing vertex and edge weights defined as

rv(x) := dist(x,v), re(x) := dist(x, e),

and decompose the polygon into vertex neighborhoods ωv (rv < ε and re ≥ εrv), vertex-edge
neighborhoods ωve (rv < ε and re < εrv), edge neighborhoods ωe (rv ≥ ε and re ≤ ε) and a
remainder Ωint (away from the boundary). See Figure 3.4 for an illustration. We also note that the
neighborhoods may overlap a bit and for each vertex/edge a different ε may be chosen.
In order to exploit (interior) regularity, it is useful to employ locally fitted coordinates in the
neighborhoods ωve, ωe: we denote by e∥ and e⊥ unit vectors such that e∥ is tangential to e and
e⊥ is normal to e (see Figure 3.5). We introduce the differential operators

Dx∥v := e∥ · ∇xv, Dx⊥v := e⊥ · ∇xv

corresponding to differentiation in the tangential and normal direction. Higher order tangential
and normal derivatives in ωe or ωve are inductively defined by Dj

x∥v := Dx∥(D
j−1
x∥ v) and Dj

x⊥v :=

Dx⊥(D
j−1
x⊥ v) for j > 1.
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e′

�v
e

ωve
ωe

Ωint

ωv

ωve′

ωe′

Figure 3.4: Decomposition of Ω.

e′

�v
e

ωve

ωve′

ωv

�v
e

ωe

e∥

e⊥

Figure 3.5: Neighborhoods and notations near vertices and edges.

The following theorem shows so called weighted analytic regularity, i.e., control for all (tangential
and normal) derivatives in the corresponding neighborhoods of the boundary described above.

Theorem 3.19. Let f be analytic on Ω and u be the solution of (3.1). Then, there is C, γ > 0
such that for all p ∈ N there holds:

1. u is analytic on each K ⊂⊂ Ω.

2. For all β ∈ N2
0 there holds with |β| = p

∥rp−1/2−s+ε
v ∂βu∥L2(ωv) ≤ Cγ

p+1pp.

3. For all (p⊥, p∥) ∈ N2
0 there holds with p = p⊥ + p∥

∥rp⊥−1/2−s+ε
e Dp⊥

x⊥
D

p∥
x∥u∥L2(ωe) ≤ Cγ

p+1pp,

∥rp⊥−1/2−s+ε
e r

p∥+ε
v Dp⊥

x⊥
D

p∥
x∥u∥L2(ωve) ≤ Cγ

p+1pp.

Proof. In principle, the idea of proof is similar to the proof of Theorem 3.17: All estimates are done
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for the Caffarelli-Silvestre extension problem as local PDE, additional regularity - here in tangential
direction - is derived, control of higher order derivatives is achieved by employing interior regularity
and finally, everything is glued together with a covering argument.
However, for each of the neighborhoods ωv, ωe, ωve some (slight, technical) differences have to be
taken into account. We refer to the paper [FMMS22], which is dedicated to the proof of the theo-
rem. ■

3.2.3 Impact of regularity on mesh design: shape-regular meshes

Weighted regularity results such as (3.28) and in Theorem 3.19 suggest not to use quasi-uniform
meshes but rather meshes that are refined towards the boundary. In that way, the convergence
rate as measured in “error vs. problem size” can be improved. For more details, we refer to
[BN23a, BN23b].

The typical mesh design principle that arises from (3.28) is the so-called µ-graded mesh (with µ > 1)
with the following properties:

1. T consists of shape-regular elements, parameter h > 0 given,

2. the element size hT should satisfy hT ∼ hdist(T, ∂Ω)1−1/µ if T ∩ ∂Ω = ∅,

3. the element size hT should satisfy3 hT ∼ hµ if T ∩ ∂Ω ̸= ∅.

An example of a graded mesh can be seen in Figure 3.6 (left).

Theorem 3.20. Let Ω ⊂ Rd, d ∈ {2, 3}, be a polygonal/polyhedral domain and the mesh T be
µ-graded in the above sense. If the regularity assertion of Theorem 3.17 holds and if µ > 1 is such
that

(2− s)(1− 1/µ) > 1 + t− s, (3.34)

then one has

inf
v∈P1

0 (T )
∥u− v∥

H̃s(Ω)
≤ Ch2−s

(
∥rt−s

∂Ω ∇u∥L2(Ω) + ∥r1+t−s
∂Ω D2u∥L2(Ω)

)
≤ Ch2−s.

For the number of degrees of freedom, we have

N := dimP1
0 (T ) ∼ h−µ(d−1).

Proof. We only show the complexity estimate: We decompose T = T∂Ω ∪ TΩ with T∂Ω := {T ∈
T : T ∩ ∂Ω ̸= ∅} and TΩ := {T ∈ T : T ∩ ∂Ω = ∅}. As the trace mesh on ∂Ω is a quasi-uniform
mesh with mesh size hmin := minT∈T hT ∼ hµ, we have∑

T∈T∂Ω

1 ∼ h−(d−1)
min ∼ h−µ(d−1).

3this is natural: by shape reglarity, the elements adjacent to elements touching ∂Ω have size O(hmin) and are

O(hmin) from ∂Ω. Hence, these element satisfy hT ∼ hmin = hh
1−1/µ
min , which implies hmin ∼ hµ
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For the elements in TΩ, we estimate∑
T∈TΩ

1 ∼
∑
T∈TΩ

∫
T
h−d
T ≲ h−d

∑
T∈TΩ

∫
T
r
−d(1−1/µ)
∂Ω

≲ h−d

∫ diam(Ω)

r=chmin

r−d(1−1/µ) ∼ h−dh
−d+1+d/µ
min ∼ h−µ(d−1).

The error estimate in the H̃s(Ω)-norm is very technical and employs the “localization” of Theo-
rem 3.8 as illustrated in Lemma 3.9, using only the weighted regularity assumption. Hereby, scaling
arguments for the weighted norms allow to recover the correct powers of h. We note that element-
wise (or patchwise) approximations produce powers h2−s

T by employing suitable interpolants. This

motivates (3.34): condition 2. in the defintion of the graded mesh gives h2−s
T ∼ h2−sr

(2−s)(1−1/µ)
∂Ω ≤

h2−sr1+t−s
∂Ω , which is the appropriate weight function for the weighted regularity. ■

We note that also exponentially graded meshes towards the boundary, motivated by choosing µ =∞
in condition 2, can be employed.

Figure 3.6: Graded, shape-regular meshes towards an edge; left: µ = 3, right: exponentially graded
mesh ”µ =∞”.

3.2.4 Impact of regularity on mesh design: anisotropic meshes

The approximation result of Theorem 3.20 with its O(h2−s) estimate is optimal in terms of h. In
terms of “error vs. N”, one obtains O(N−(2−s)/(µ(d−1))). For the approximation of smooth functions
from P1

0 on quasi-uniform meshes the the optimal rate is O(N−(2−s)/d). Since typically µ(d−1) > d,
the rate (as measured in “error vs. N”) achieved by Theorem 3.20 is not optimal.
The regularity result of Theorem 3.19 shows that the solution has much less variation in the tan-
gential direction than in the direction normal to ∂Ω. This suggests to use anisotropic elements,
i.e., elements where the aspect ratio may be unbounded. An archetypal mesh is depicted in Fig. 3.7.
This can restore the optimal complexity.

These idea can also be employed to exponentially graded meshes towards the boundary, which,
for the shape-regular case, look like meshes in Figure 3.6. We note that in 1d, the meshes can be
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xi = ih = i
N

xj =
(

j
N

)2−1/µ

∂Ω

Figure 3.7: An anisotropic graded mesh given by the nodes (xi, xj) = (i/N, (j/N)2−1/µ). The 1D

mesh with nodes xj = (j/N)2−1/µ satisfies hi ∼ hx1−1/µ
i .

explicitly defined on (−1, 1) by a grading factor σ ∈ (0, 1) and a number of refinement layers L ∈ N
by the nodes

x0 := −1, xi := −1 + σL−i+1, i = 1, . . . , L xi+1 := 1− σi−L, i = L, . . . , 2L x2L+2 := 1,
(3.35)

see Figure 3.8. The key feature of these meshes is that elements with T ∩ ∂Ω = ∅ satisfy hT ∼
dist(T, ∂Ω) and elements with T ∩ ∂Ω ̸= ∅ behave like hT ∼ σL.

Figure 3.8: A geometric mesh in 1d.

Mesh design principles of anisotropic exponentially graded meshes for d > 1 are more involved.
Here, we mention a construction from [FMMS23]: The polygonal geometry, e.g., the L-shaped
domain, is at first decomposed into a so called macro-triangulation, which is a coarse mesh (possibly
consisting of triangles and quadrilaterals), where each element of the macro-triangulation gets a
refinement-label, see Figure 3.9.

The refinement labels are given according to the used refinement pattern (see Figure 3.10):

� trivial macro elements (interior elements) are not refined;

� vertex macro elements (triangular macro elements that only share a point with ∂Ω) are
geometrically refined towards the point in an isotropic way;

� edge-vertex macro elements (triangular macro elements that share an edge with ∂Ω)
are geometrically refined towards the edge in an anisotropic way and towards one corner in
an isotropic way;

� edge macro elements (quadrilateral macro elements that share an edge with ∂Ω) are geo-
metrically refined towards the edge in an anisotropic way.
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Figure 3.9: Macro triangulation of the L-shaped domain and zoom in to the reentrant corner in
the refinement patterns.

Generating a mesh in this way, if each element on the boundary is refined exactly L ∈ N times (”lay-
ers of refinement”), one can glue the corresponding geometrically refined (and possibly anisotropic)
macro elements together to obtain a mesh without hanging nodes, see Figure 3.9.

x̃

ỹ

x̃

ỹ ỹ

x̃

Figure 3.10: Refinement patterns for the different macro element types.

The mesh design principles of this section allow the construction of geometrically graded, regular
meshes towards ∂Ω denoted by Tgeo. Combining such meshes with higher order finite elements,
gives an hp-FEM approximation: Let p ≥ 1 and uN ∈ Pp

0 (Tgeo) solve

a(uN , vN ) =

∫
Ω
fvN dx ∀vN ∈ Pp

0 (Tgeo). (3.36)

Note that the dimension N := dimPp
0 (Tgeo) of the FEM space behaves like N ∼ (pL)d.

Now, the derived weighted analytic regularity can be used to show exponential convergence of the
hp-FEM approximation.
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Theorem 3.21. Let Ω ⊂ Rd with d = 1, 2 be a polygonal Lipschitz domain and Tgeo be
a geometric mesh with L layers of refinement towards ∂Ω given by (3.35) (d=1) or the mesh
construction via refinements of mesh patches (Figure 3.9, d = 2). Let uN ∈ Pp

0 (Tgeo) solve (3.36)

and u ∈ H̃s(Ω) solve (3.6).
Then, choosing L ∼ p refinement layers gives for the FEM error

∥u− uN∥H̃s(Ω)
≤ C exp(−b 2d

√
N), (3.37)

with N := dimPp
0 (Tgeo) and some constants C, b > 0 independent of L, p,N .

We only show the theorem for d = 1. For its proof, we need a few ingredients such as the following
embedding result (shown via classical interpolation theory using the K-functional, see [BFM+23]).

Lemma 3.22. Let β′ ∈ [0, 1), σ ∈ (0, 1− β′). Then, there is Cβ′,s > 0 such that

∥v∥
H̃σ(Ω)

≤ Cβ′,s

[
∥rβ

′

∂Ωv
′∥L2(Ω) + ∥r

β′−1
∂Ω v∥L2(Ω)

]
(3.38)

for all v such that right-hand side is finite.

By definition of the hp-FEM approximation and the Céa-Lemma, it suffices to construct a suitable
approximation in Pp

0 (Tgeo), which is done element-by-element:

� For T ∈ Tgeo with T ∩ ∂Ω ̸= ∅, we take vN |T = I linvN |T as the linear interpolant in the
endpoints of T .

� For T ∈ Tgeo with T ∩ ∂Ω = ∅, we take the Gauss-Lobatto interpolant of degree p on the
element (see Appendix for details).

For the linear interpolant, we obtain approximation properties in weighted norms.

Lemma 3.23. Let β′ ∈ [0, 1), ε > 0. Then there is Cβ′,ε > 0 such that the following holds: For
v̂ ∈ C([0, 1]) let Iv̂ be the linear interpolant in the endpoints 0, 1. Then, provided the right-hand
side is finite

∥xβ′
(v̂ − Iv̂)′∥L2(0,1) + ∥xβ

′−1(v̂ − Iv̂)∥L2(0,1) ≤ Cβ′,ε∥xmin{β′+1,3/2−ε}v̂′′∥L2(0,1).

Proof. Step 1: Let π̃1v̂ ∈ P1 be the linear interpolant of v̂ in the points 1/2 and 1. We now show
that for any α > −1 there holds

∥xα/2(v̂ − π̃1v̂)′∥L2(0,1) ≤ Cα∥xα/2+1v̂′′∥L2(0,1). (3.39)

This follows from

(v̂ − π̃1v̂)′(x) = 2

∫ 1

1/2
v̂′(x)− v̂′(t)dt = 2

∫ 1

1/2

∫ x

t
v̂′′(τ)dτdt,
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which implies∫ 1

0
xα|(v̂ − π̃1v̂)′(x)|2dx = 4

∫ 1

0
xα

∣∣∣∣∣
∫ 1

1/2

∫ x

t
v̂′′(τ)dτdt

∣∣∣∣∣
2

dx

≤ 2

∫ 1

1/2

∫ 1

0
xα
∣∣∣∣∫ x

t
v̂′′(τ)dτ

∣∣∣∣2 dxdt
≤ 2

∫ 1

1/2

∫ 1

0
xα

(∣∣∣∣∫ 1

x
|v̂′′(τ)|dτ +

∫ 1

t
|v̂′′(τ)|dτ

∣∣∣∣2
)
dxdt

≲
∫ 1

1/2

∫ 1

0
xα

(∣∣∣∣∫ 1

x
|v̂′′(τ)|dτ

∣∣∣∣2 + ∣∣∣∣∫ 1

t
|v̂′′(τ)|dτ

∣∣∣∣2
)
dxdt.

For the first term on the right-hand side, we employ a Hardy inequality [DL93, Chap. 2, Thm. 3.1],
which gives ∫ 1

0
xα
∣∣∣∣∫ 1

x
|v̂′′(τ)|dτ

∣∣∣∣2 dx ≲
∫ 1

0
xα+2|v̂′′(x)|2dx.

For the remaining term, we estimate∫ 1

1/2

∫ 1

0
xα
∣∣∣∣∫ 1

t
|v̂′′(τ)|dτ

∣∣∣∣2 dxdt ≲ ∫ 1

1/2

∫ 1

0
xα
∫ 1

1/2
|v̂′′(τ)|2dτdxdt

≲
∫ 1

1/2
|v̂′′(τ)|2dτ ≲

∫ 1

1/2
τα+2|v̂′′(τ)|2dτ

as τ−α−2 ≤ C on [1/2, 1]. In total, we arrive at the sought estimate∫ 1

0
xα|(v̂ − π̃1v̂)′(x)|2dx ≲

∫ 1

0
xα+2|v̂′′(x)|2dx+

∫ 1

1/2
xα+2|v̂′′(x)|2dx.

A maximum norm estimate is then obtained from

|(v̂ − π̃1v̂)(x)| ≤
∫ 1

x
|(v̂ − π̃1v̂)′(t)| dt ≤

√∫ 1

0
t−1+2ε dt

∫ 1

0
t1−2ε|(v̂ − π̃1v̂)′(t)|2 dt

(3.39)

≤ Cε∥x3/2−εv̂′′∥L2(0,1).

Step 2 (β′ < 1/2): Abbreviate e := v̂ − Iv̂ and note e(x) =
∫ x
0 e

′(t) dt. For β′ ∈ [0, 1/2), Hardy’s
inequality [DL93, Chap. 2, Thm. 3.1] is applicable and yields

∥xβ′−1e∥L2(0,1) ≤ C∥xβ
′
e′∥L2(0,1).

We estimate with w = π̃1v̂ ∈ P1

∥xβ′
e′∥L2(0,1) ≤ ∥xβ

′
(v̂ − w)′∥L2(0,1) + ∥xβ

′
(I(v̂ − w))′∥L2(0,1)

P1 finite dimensional

≲ ∥xβ′
(v̂ − w)′∥L2(0,1) + ∥v̂ − w∥L∞(0,1)

Step 1, w = π̃1v̂

≲ ∥xmin{β′+1,3/2−ε}v̂′′∥L2(0,1).
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Step 3 (β′ > 1/2): From the representation e(x) =
∫ x
0 e

′(t) dt we get for any α ∈ [0, 1/2) by the

Cauchy-Schwarz inequality |e(x)| ≤ Cαx
1/2−α∥xαe′∥L2(0,1). Hence, for α sufficiently close to 1/2,

∥xβ′−1e∥L2(0,1) ≲

√∫ 1

0
x2β′−2+1−2α dx∥xαe′∥L2(0,1) ≲ ∥xαe′∥L2(0,1).

We conclude, since α < 1/2 < β′, that ∥xβ′−1e∥L2(0,1) + ∥xβ
′
e′∥L2(0,1) ≲ ∥xαe′∥L2(0,1). Applying

Step 2 with α taking the role of β′ there, we get, by selecting α sufficiently close to 1/2

∥xαe′∥L2(0,1) ≲ ∥x3/2−εû′′∥L2(0,1).

Step 4 (β′ = 1/2): Given ε > 0, we note for ε′ > 0 sufficiently small that min{β′ + 1, 3/2 − ε} =
3/2 − ε = min{β′ − ε′ + 1, 3/2 − ε} so that we obtain the result by applying Step 2 to the choice
β′ = 1/2− ε′. ■

Let I = (−1, 1). The Gauss-Lobatto interpolant is a Lagrange interpolation in the Gauss-Lobatto
points {xj : j = 0, . . . , p}, which are the endpoints ±1 together with the extrema of the Legendre
polynomials, i.e., the zeros of x 7→ (1−x2)L′

p(x) with Lp being the p-th Legendre polynomial. The
operator then reads as

IGL
p : C(I)→ Pp, g 7→

p∑
j=0

g(xj)
∏
ℓ ̸=j

x− xℓ
xj − xℓ

.

As usual for Lagrange interpolation, using the projection property of the operator IGL on Pp, we
obtain a quasi-best approximation

∥g − IGL
p g∥L∞(I) ≤ (1 + Λ∞

p ) inf
v∈Pp

∥g − v∥L∞(I),

where Λ∞
p is the so called Lebesgue constant. For the Gauss-Lobatto points, there holds the quasi-

optimal upper bound
Λ∞
p ≤ C ln(p+ 1).

The operator IGL
p also is stable in H1, see e.g. [BM97],

∥IGL
p u∥H1(I) ≤ C∥u∥H1(I) ∀u ∈ H1(I)

with a constant C > 0 independent of p. Moreover, we have suitable approximation properties
stated in the following lemma.

Lemma 3.24. Let p ∈ N and f ∈ C∞(−1, 1) satisfy

∥f (n)∥L2(−1,1) ≤ Cfγ
nn! ∀n ∈ N0, n ≥ p+ 1

with some constants Cf , γ independent of n. Then, there exist constants C, b > 0, depending only
on γ such that

inf
v∈Pp

∥f − v∥L∞(−1,1) + ∥f ′ − v′∥L∞(−1,1) ≤ CCfe
−bp.
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Proof. This is a combination of Proposition A.1 and Lemma A.2 from the appendix. ■

Proof of Theorem 3.21. The Céa-Lemma gives

∥u− uN∥H̃s(Ω)
≤ C inf

vN∈Pp
0 (Tgeo)

∥u− vN∥H̃s(Ω)
.

Selecting β′ := 1− s− ε′ for ε′ sufficiently small, Lemma 3.22 shows

∥u− vN∥H̃s(Ω)
≤ C

[
∥rβ

′

∂Ω(u− vN )′∥L2(Ω) + ∥r
β′−1
∂Ω (u− vN )∥L2(Ω)

]
,

which can be estimated by summing elementwise error contributions. As discribed above we dis-
tinguish between elements touching the boundary and elements away from the boundary.
Step 1: Set β := 1/2 − s + ε with some ε > 0. For the approximation on the elements abutting
∂Ω, we observe that, for given ε, we can select ε′ sufficiently small to ensure

3/2− s− ε = β + 1 < min{β′ + 1, 3/2− ε} = min{2− s− ε′, 3/2− ε}. (3.40)

In Lemma 3.23, we may therefore replace xmin{3/2−ε,β′+1} by xβ+1. Combining then Lemma 3.23
with a scaling argument, we get for Ti with T i ∩ ∂Ω ̸= ∅

∥rβ
′−1

∂Ω (u− vN )∥L2(Ti) + ∥r
β′

∂Ω(u− vN )′∥L2(Ti) ≤ Ch
1−β−(1−β′)
i ∥rβ+1

∂Ω u′′∥L2(Ti).

Step 2: For the remaining elements Ti with T i ∩ ∂Ω = ∅, we show

∥rβ′−1(u− vN )∥L2(Ti) + ∥r
β′
(u− vN )′∥L2(Ti) ≤ Ch

1−β−(1−β′)
i e−bp

for some b > 0 independent of p. Let T = [xi−1, xi]. We only show the estimate for the case
that dist(T, ∂Ω) = dist({xi−1}, ∂Ω) =: ri. Denote by û := u|T ◦ FT the pullback of u on T to the
reference interval and note that F ′

T = hT /2. The above estimate follows from scaling with by

∥û(n)∥L2(I) = (hT /2)
n−1/2∥u(n)∥L2(T ) ≤ (hT /2)

n−1/2r−β+1−n
i ∥rβ−1+n

∂Ω u(n)∥L2(T )

≤
(
hT
2ri

)n−1/2

r
−β+1/2
i ∥rβ−1+n

∂Ω u(n)∥L2(T )

≤ Ch1/2−β
T (γCσ)

nn!,

where we used the weighted regularity estimate and that the geometric mesh satisfies hT = Cσri
with a constant depending only on the mesh grading factor σ. Consequently, Lemma 3.24 implies

∥û− IGL
p û∥H1(I) ≤ Ch

1/2−β
T e−bp.

Reversing the element transformation, we obtain a polynomial vT := (IGL
p û) ◦ F−1

T ∈ Pp(T ) satis-
fying u(xi−1) = vT (xi−1) and u(xi) = vT (xi) and the scalings

∥rβ
′−1

∂Ω (u− vT )∥L2(T ) ≤ Ch
1/2+β′−1
T ∥û− IGL

p û∥L2(I)

∥rβ
′

∂Ω(u− vT )
′∥L2(T ) ≤ Ch

1/2+β′−1
T ∥(û− IGL

p û)′∥L2(I)
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Inserting the estimate in the H1-norm on the reference element from above gives

∥rβ
′−1

∂Ω (u− vT )∥L2(T ) + ∥r
β′

∂Ω(u− vT )
′∥L2(T ) ≤ Ch

1/2−β+β′−1/2
T e−bp.

Step 3: Summation over all elements using step 1 and step 2. Noting that β′−β = 1/2+ε−ε′ > 0,
we obtain from summation over all elements and using hi = O(σL) for the elements abutting on
∂Ω that

∥rβ
′−1

∂Ω (u− vT )∥L2(T ) + ∥r
β′

∂Ω(u− vT )
′∥L2(T ) ≲ σL(β

′−β) + e−bp = σL(1/2+ε−ε′) + e−bp,

which implies the statement of the theorem by suitably adjusting ε and noting that N ∼ Lp ∼ p2. ■

Example 3.25 We consider Ω = (−1, 1) and f = 1 and employ a geometric mesh in 1d with
σ = 0.6.
Figure 3.11 shows the convergence of the energy norm error of the hp-FEM approximation plotted
against the increasing number of refinement layers L. Note that N ∼ Lp ∼ L2. The root exponential
convergence of Theorem 3.21 is clearly visible.

2 4 6 8 10

10−2

10−1

100

σL/2L−1

number of layers L

error s = 0.3

error s = 0.5

error s = 0.7

Figure 3.11: Exponential convergence of hp-FEM in 1d.

3.2.5 Adaptive FEM for fractional PDEs

A different take on mesh design is given by adaptive finite element methods, in the sense that meshes
are not designed by hand to exploit (weighted) regularity estimates, but are done by sucessive
refinement of a coarse mesh T0. In particular, the classical adaptive FEM loop

SOLVE ESTIMATE MARK REFINE

ℓ 7→ ℓ+ 1
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Algorithm 1 (Standard adaptive algorithm)

% Input: Initial triangulation T0, adaptivity parameter 0 < θ ≤ 1.

for ℓ = 0, 1, 2, . . . do

(i) Compute the solution uℓ ∈ P1
0 (Tℓ) of

a(uℓ, vℓ) = (f, vℓ)L2 ∀vℓ ∈ P1
0 (Tℓ).

(ii) Compute error indicators ηℓ(T, uℓ) for all T ∈ Tℓ (to be specified below).

(iii) Determine a setMℓ ⊆ Tℓ of minimal cardinality such that

θ
∑
T∈Tℓ

ηℓ(T, uℓ)
2 ≤

∑
T∈Mℓ

ηℓ(T, uℓ)
2. (3.41)

(iv) Generate the coarsest NVB refinement Tℓ+1 := refine(Tℓ,Mℓ) of Tℓ such that all marked
elements T ∈ Tℓ have been bisected.

end for

written down in the following algorithm can be employed for non-local problems as well, [AG17],
[FMP19].
The step Solve means computing the solution on the current mesh Tℓ, which means solving the
linear system given by (3.11). The steps Mark (Dörfler marking) and Refine (newest vertex
bisection) are exactly the same as for standard elliptic FEM and we refer to any lecture on (A)FEM
for details.
Thus, we focus in the Estimate step, which means that we have to construct an a-posteriori error
indicator that automatically detects, where the FEM mesh should be refined.

We start by defining the piecewise constant mesh size function hℓ ∈ L∞(Ω) by

hℓ|T := hℓ(T ) := |T |1/d for all T ∈ Tℓ. (3.42)

A natural choice would be a residual error estimator ∥f − (−∆)svℓ∥H−s(Ω). However, as one
actually wants local (elementwise) defined error indicators, the non-locality of H−s-norm does not
allow this to be decomposed into elementwise norms. A modification is to realize the H−s-norm as
weighted L2-norm

∥hsℓ(f − (−∆)svℓ)∥2L2(Ω) =
∑
T∈Tℓ

∥hsℓ(f − (−∆)svℓ)∥2L2(T ). (3.43)

While such an approach works for small s, it is not well-defined for s ≥ 3/4: By Corollary 2.8, the
application of the operator (−∆)sv produces an L2-function only, if v ∈ Ht with t ≥ 2s. However,
in the norm above the operator is applied to a function vℓ ∈ P1

0 (Tℓ), which – as a piecewise
polynomial – is not smooth across element edges, i.e., derivatives have singularities at the so called
mesh skeleton. In particular, one only has vℓ ∈ Ht for t < 3/2, which violates the requirement of
t ≥ 2s for s ≥ 3/4.
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Again, this singular behaviour can be measured in certain weighted spaces. Here, for a mesh Tℓ,
we introduce the distance function to the mesh skeleton as

ωℓ(x) := inf
T∈Tℓ

dist(x, ∂T ) = inf
T∈Tℓ

inf
y∈∂T

|x− y|. (3.44)

Lemma 3.26 ([FMP19]). Let ωℓ be given by (3.44). Given 0 < s < 1, fix β > 2s− 3/2, e.g.,

β := s− 1/2. For any vℓ ∈ P1
0 (Tℓ), we then have ωβ

ℓ (−∆)svℓ ∈ L2(Ω).

Proof. For x ∈ T , we split the fractional Laplacian into a principal value part and a smoother,
integrable part

C(d, s)−1(−∆)suℓ(x) = P.V.

∫
Bdist(x,∂T )(x)

uℓ(x)− uℓ(y)
|x− y|d+2s

dy (3.45)

+

∫
Rd\Bdist(x,∂T )(x)

uℓ(x)− uℓ(y)
|x− y|d+2s

dy.

Using polar coordinates y = x+ rν, ν ∈ Sd−1, where Sd−1 is the (d− 1)-dimensional unit sphere,
and exploiting that uℓ|T ∈ P1(T ), we may compute the principal value part

P.V.

∫
Bdist(x,∂T )(x)

uℓ(x)− uℓ(y)
|x− y|d+2s

dy = lim
ε→0

∫
Bdist(x,∂T )(x)\Bε(x)

uℓ(x)− uℓ(y)
|x− y|d+2s

dy

= lim
ε→0
∇uℓ|T ·

∫
Bdist(x,∂T )(x)\Bε(x)

x− y
|x− y|d+2s

dy

= lim
ε→0
∇uℓ|T ·

∫
ν∈Sd−1

∫ dist(x,∂T )

r=ε
r−2sν drdν = 0, (3.46)

where the last equality follows from interchanging the integration in ν and r. For the second part
in the decomposition of (−∆)suℓ in (3.45), we abbreviate R = diam(Ω), and a similar computation
using the Lipschitz continuity of uℓ provides (note: ∥uℓ∥W 1,∞(Ω) := ∥uℓ∥L∞(Ω) + ∥∇uℓ∥L∞(Ω))∣∣∣∣∣

∫
Rd\Bdist(x,∂T )(x)

uℓ(x)− uℓ(y)
|x− y|d+2s

dy

∣∣∣∣∣ (3.47)

≤

∣∣∣∣∣
∫
BR(x)\Bdist(x,∂T )(x)

uℓ(x)− uℓ(y)
|x− y|d+2s

dy

∣∣∣∣∣+
∣∣∣∣∣
∫
BR(x)c

uℓ(x)− uℓ(y)
|x− y|d+2s

dy

∣∣∣∣∣
≲ ∥uℓ∥W 1,∞(Ω)

(∫
BR(x)\Bdist(x,∂T )(x)

|x− y|
|x− y|d+2s

dy +

∫
BR(x)c

1

|x− y|d+2s
dy

)

≲ ∥uℓ∥W 1,∞(Ω)

(∫ R

r=dist(x,∂T )
r−2sdr +

∫ ∞

r=R
r−1−2sdr

)
≲ ∥uℓ∥W 1,∞(Ω)(dist(x, ∂T )

1−2s + 1).

Since dist(x, ∂T )β+1−2s = (ωℓ|T )β+1−2s is square-integrable in view of β > 2s − 3/2, Lemma 3.26
follows. ■
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By the previous lemma it is natural to just modify the weight in (3.43) as

h̃sℓ :=

{
hsℓ for 0 < s ≤ 1/2,

hs−β
ℓ ωβ

ℓ for 1/2 < s < 1 and β := s− 1/2

and introduce the error estimator

ηℓ(vℓ) =

∑
T∈Tℓ

ηℓ(T, vℓ)
2

1/2

, ηℓ(T, vℓ) := ∥h̃sℓ
(
f − (−∆)svℓ

)
∥L2(T ). (3.48)

This error estimator indeed gives an upper bound for the error:

Theorem 3.27 ([FMP19, Thm. 2.3]). For 0 < s < 1 and f ∈ L2(Ω) the weighted residual
error estimator (3.48) is reliable:

∥u− uℓ∥H̃s(Ω)
≤ Crel ηℓ(uℓ). (3.49)

Using the proposed weighted residual error estimator to steer the adaptive algorithm, then gives
optimal algebraic convergence rates for the AFEM error as formulated in the following theorem.

Theorem 3.28 ([FMP19]). If 0 < θ ≪ 1 is sufficiently small, then the error estimator
converges with the best possible algebraic rate: For each t > 0, there exist copt, Copt > 0 such that

coptAt(u) ≤ sup
ℓ∈N0

(#Tℓ)t ηℓ ≤ CoptAt(u), (3.50)

At(u) := sup
N∈N0

(N + 1)t min
Topt∈{T ∈refine(T0) :#T −#T0≤N}

ηopt, (3.51)

where refine(T0) is the (infinite) set of all NVB refinements of the initial triangulation T0 and ηopt
is the weighted residual error estimator corresponding to the triangulation Topt.

Proof. The proof follows the framework axioms of adaptivity of [CFPP14], showing 4 properties
of the error estimator: stability, reduction, discrete reliability and quasi-orthogonality. For details,
we refer to [FMP19]. The key challenge hereby is stability, which follows from an inverse estimate

∥h̃sℓ(−∆)svℓ∥L2(Ω) ≲ ∥vℓ∥H̃s(Ω)
,

which can be shown using the interior regularity estimates from Lemma 3.16. ■

Example 3.29 We consider the unit circle Ω = B1(0), and choose a discontinuous right-hand side

f(x, y) = χ{x>0}(x, y) =

{
1 for x > 0
0 otherwise

.
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and solve (−∆)su = f in Ω, u = 0 on Ωc. For this problem, an exact solution is known, see, e.g.,
[AG17] and the energy norm of the solution can be explicitly computed.
As the right-hand side is discontinuous, we expect singularities of the solution along the line x = 0
in addition to the generic singularities on the whole boundary ∂Ω as in Example 3.14.
In Figure 3.12, an adaptively generated mesh and the discrete solution are plotted. As expected, the
adaptive algorithm does not only refine the mesh at the boundary, but also along the discontinuity
of f at the line x = 0. However, the refinement towards the boundary tends to be stronger than
that towards the discontinuity line of the right-hand side.
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0

1
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0.5

0.4

0

0.6

-0.5

0.8

-1

10.50-0.5-1

Figure 3.12: Adaptively generated mesh (s = 0.25) for problem with discontinuous right-hand side
(left) and computed Galerkin solution (right).

Finally, in Figure 3.13, we compare convergence rates for the proposed a-posteriori error estimator
and the error in the energy norm for uniform refinement and adaptive refinement done with Algo-
rithm 1 with the parameter choice s = 0.25. The convergence rate for uniform refinement is limited
to h1/2 ≃ N−1/4 by the regularity of the exact solution. The adaptive algorithm picks up a faster
convergence rate h ≃ N−1/2 as suggested by Theorem 3.28.

102 103 104

10−1

100

N−1/2

N−1/4

DOFs N

est adap

err adap

est unif

err unif

Figure 3.13: Energy norm error and error estimator with discontinuous right-hand side on the unit
circle for uniform and adaptive refinement; parameter s = 0.25.
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Numerical integration

In the previous sections, we assumed that the stiffness matrices corresponding to all FEM dis-
cretizations can be assembled exactly. However, the presence of the kernel function |x− y|−d−2s in
the double integrals makes an exact calculation unfeasible.
There are various techniques to efficiently evaluate the integrals arsing in the stiffness matrix. We
discuss here the transformation technique described in detail in [CS12, CvPS15, BFM24].

The use of a quadrature incurs errors in the numerical scheme. However, this kind of error (“vari-
ational crime”) can be analyzed using the Strang lemma below, see, e.g., [BS08] for a proof. The
key property of the quadrature schemes that we will see is that they converge exponentially with
the number of quadrature points. Hence, the quadrature errors can be controlled very effectively
with little extra computational work.

Lemma 4.1 (First Strang Lemma). Let u ∈ H̃s(Ω) be the solution of (3.6) and Vh ⊂ H̃s(Ω)
be a FEM space. Let ãn(·, ·) be a bilinear form satisfying

α̃n∥v∥2H̃s(Ω)
≤ ãn(v, v) for all v ∈ Vh (4.1)

with some constant α̃n > 0. Let l̃n(·) be a linear form on Vh and ũh,n ∈ Vh solve

ãn(ũh,n, v) = l̃n(v) ∀v ∈ Vh.

Then, with the continuity constant Ca of the bilinear form a(·, ·), there holds

∥u− ũh,n∥H̃s(Ω)
≤
(
1 +

Ca

α̃n

)(
inf
v∈Vh

(
∥u− v∥

H̃s(Ω)
+ sup

w∈Vh

|a(v, w)− ãn(v, w)|
∥w∥

H̃s(Ω)

)

+ sup
w∈Vh

|l(w)− l̃n(w)|
∥w∥

H̃s(Ω)

)
.

In our case the bilinear form ãn(·, ·) and linear form l̃n(·) are approximations computed with
numerical quadrature. The Strang lemma then gives an error estimate that consists of a best-
aprroximation error in the FEM space and two so called consistency error terms, which measure
the quality of the approximations to the exact bilinear form a(·, ·) and linear form l(·).
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4.1 Quadrature rules

4.1.1 1D quadrature

Goal: quadrature rules that converge exponentially (in the number of quadrature points).

On the reference interval I := (0, 1), we consider a (weighted) quadrature formula∫ 1

0
f(x)ω(x) dx ≈ Qn(f) :=

n∑
i=1

wif(ξi), (4.2)

with quadrature points xi, i = 1, . . . , n, and quadrature weights wi > 0.
Here, we consider the quadrature points to be either

� the points are zeros of the Legendre polynomials Ln (for ω ≡ 1), which gives classical Gaussian
quadrature formula, denoted by QG

n .

� the zeros of orthogonal polynomials w.r.t. the weighted L2(I;ω)-inner product (for ω(x) =
xα(1− x)β with α, β > −1), the so called Jacobi polynomials Jn, which gives so calle Gauss-
Jacobi quadrature, denoted by QGJ

n .

In fact, classical Gaussian quadrature can be seen as a special case of Gauss-Jacobi quadrature
with α = β = 0.
The quadrature weights are determined by

wi =

∫ 1

0
ω(x)ℓi(x) dx ℓi(x) =

∏
j ̸=i

x− xj
xi − xj

.

We have:

Lemma 4.2 (Gauss-Jacobi quadrature). The following holds:

(i) (point distribution) The n zeros (xi)
n
i=1 of Jn are pairwise distinct and satisfy 0 < xi < 1.

(ii) The weights wi > 0 satisfy
∑n

i=1wi =
∫ 1
0 ω(x)dx =: Cω.

(iii) The rule (4.2) is exact for polynomials of degree 2n− 1:∫ 1

0
ω(x)π(x) dx = Qn(π) ∀π ∈ P2n−1 (4.3)

(iv) (quasi-bestapproximation)∣∣∣∣∫ 1

0
ω(x)f(x) dx−Qn(f)

∣∣∣∣ ≤ C inf
v∈P2n−1

∥f − v∥L∞(0,1) (4.4)

(v) (stability)
|Qn(f)| ≤ Cω max

i
|f(xi)| ≤ Cω∥f∥L∞(0,1). (4.5)
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Proof. For classical Gaussian quadrature, see any course on numerical analysis, the arguments for
Gauss-Jacobi quadrature follow in the same way. ■

A quadrature rule for an interval (a, b) is then defined by scaling:

Qn,(a,b)(f) := (b− a)
n∑

i=1

wif(a+ (b− a)ξi) (4.6)

with corresponding error bound∣∣∣∣∫ b

a
ω(x)f(x) dx−Qn,(a,b)(f)

∣∣∣∣ ≤ C(b− a) inf
v∈P2n−1

∥f − v∥L∞(a,b). (4.7)

For classical Gaussian quadrature (ω ≡ 1) and analytic integrands f , we can use Lemma 3.24 to
bound the best-approximation error

inf
v∈Pn

∥f − v∥L∞(0,1) ≤ Ce−bn ∀n ∈ N0 (4.8)

and thus obtain exponential convergence of the quadrature formula with respect to the number of
quadrature points.

Besides analytic functions, an important class of integrands consists of functions that are singular
at the endpoints, e.g., functions of the form f(x) = xα(1 − x)β f̃(x) for some smooth/analytic f̃
and integration

∫ 1
0 f(x) dx. There are two common techniques to deal with such integrands:

1. Use composite quadrature rules like hp-quadrature: Define a geometric mesh as in Figure 3.8
with 2L+ 1 elements. Use appropriately scaled Gaussian quadrature on each element, i.e.,

Qhp
L,n(f) :=

2L∑
i=0

Qn,(xi,xi+1)(f). (4.9)

2. Gauss-Jacobi quadrature: Gaussian quadrature with weight function ω(x) = xα(1− x)β.

For Gauss-Jacobi quadrature the same arguments as for Gaussian quadrature can be made to obtain
exponential convergence of the quadrature formula.

4.1.2 hp-quadrature*

For hp-quadrature the error also converges exponentially as stated in the following lemma.
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Lemma 4.3. Let Cf , γf > 0, β < 1. Let f ∈ C∞(0, 1) satisfy

sup
x∈(0,1)

|xβ+mf (m)(x)| ≤ Cfγ
m
f m! ∀m ∈ N0. (4.10)

Then, there are C, b > 0 depending only on γf and σ ∈ (0, 1) such that∣∣∣∣∫ 1

0
f(x) dx−Qhp

n,L(f)

∣∣∣∣ ≤ C [n2βσ(1−β)L + e−bn
]
. (4.11)

The number of quadrature points is Ln.
In particular, by selecting L ∼ n, we get∣∣∣∣∫ 1

0
f(x) dx−Qhp

n,L(f)

∣∣∣∣ ≤ Ce−b′n (4.12)

and the number of quadrature points is N = Ln ∼ n2.

Proof. Since
∫ 1
0 f(x) dx =

∑L
i=0

∫ xi+1

xi
f(x) dx, we write the error as∣∣∣∣∫ 1

0
f(x) dx−Qhp

n,L(f)

∣∣∣∣ ≤ L∑
i=0

∣∣∣∣∫ xi+1

xi

f(x) dx−QG
n,(xi,xi+1)

(f)

∣∣∣∣
and estimate each term in the sum separately. We denote the element size by hi := (xi+1 − xi).
We start with the observation that

|f(x)| ≤ Cfx
−β, |f (m)(x)| ≤ Cfx

−m−βγmf m! ∀m ∈ N0. (4.13)

The element (x0, x1): We use the stability of Lemma 4.2, (v) as well as dist(ξi,−1) ≥ cn−2, which
holds for the Gaussian quadrature nodes by Taylor expansion of the cosine, to obtain∣∣∣∣∫ x1

x0

f(x) dx−QG
n,(x0,x1)

(f)

∣∣∣∣ ≤ ∣∣∣∣∫ x1

x0

f(x) dx

∣∣∣∣+ h0 max
i=1,...,n

|f(ξih0/2)|

(4.13)

≤ Cf
1

1− β
x1−β
1 + h0CfC(h0n

−2)−β

≤ CCfn
2βh1−β

0 = CCvn
2βσL(1−β).

The elements (xi, xi+1), i ≥ 1: The key observation is that

dist(0, (xi, xi+1)) = xi, hi = xi+1 − xi = xi
1− σ
σ

,

hi
dist(0, (xi, xi+1))

=
hi
xi
≤ 1− σ

σ
. (4.14)

We denote by f̂(ξ) := f(xi+(ξ+1)hi/2) the pull-back to the reference interval (−1, 1). We compute
with the relation x = xi + (ξ + 1)hi/2∣∣∣f̂ (m)(ξ)

∣∣∣ = ∣∣∣∣(hi2
)m

f (m)(x)

∣∣∣∣ ≤ Cf (hi2
−1γf )

mx−m−βm! ≤ Cf (hi2
−1γf )

mx−m−β
i m!

(4.14)

≤ Cfx
−β
i ((1− σ)σ−12−1γf )

mm! =: Cfx
−β
i γmm!
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Combining Lemma 4.2, (v) and Lemma 3.24 yields the existence of b > 0 depending only on γf
and σ (in particular, it is independent of i!) such that∣∣∣∣∫ 1

−1
f̂(ξ) dξ −QG

n (f̂)

∣∣∣∣ ≤ CCfx
−β
i e−bn.

We use this as follows:∣∣∣∣∫ xi+1

xi

f(x) dx−QG
n,(xi,xi+1)

(f)

∣∣∣∣ = hi
2

∣∣∣∣∫ 1

−1
f̂(ξ) dξ −QG

n (f̂)

∣∣∣∣ ≤ CCfhix
−β
i e−bn ≤ CCfx

1−β
i e−bn.

Since 1− β > 0, the sum
∑

i x
1−β
i is a (truncated) geometric series that is finite. We conclude

L∑
i=1

∣∣∣∣∫ xi+1

xi

f(x) dx−QG
n,(xi,xi+1)

(f)

∣∣∣∣ ≤ Ccfe−bn.

■

Remark. An important class of functions that is covered by Lemma 4.3 are functions of the form
xαf̃(x) for function a f̃ analytic on [0, 1], where α > −1. One can show that there are C, γ > 0
depending only on f̃ and α such that

|xn−αDn
x(x

αf̃(x))| ≤ Cγnn! ∀n ∈ N0.

Remark 4.4 The proof of Lemma 4.3 relies on two ingredients: a) the approximation on the first
element (x0, x1) essentially relies on (x0, x1) being small; b) the approximation on the remaining
elements (xi, xi+1) is uniformly exponential in n, which is due to the fact that the pull-backs of f to
the reference element can be controlled uniformly in i. This shows that the geometric mesh will also
deliver exponential convergence in other norms, e.g., L2, H1. See, e.g., the discussion in [AM18,
Thm. 8 of the printed version or Thm. 3.13 of the preprint version].

Example 4.5 We illustrate the power of the hp-quadrature scheme in Fig. 4.1 for different inte-
grands. Note that while quadrature for integrals of the form

∫ 1
0 x

αf̃(x) dx could be handled well

by suitable Gauss-Jacobi quadrature, integrals of the form
∫ 1
0 exp(sinxα) dx are not accessible to

Gauss-Jacobi quadrature.

4.1.3 2D quadrature

While 1D quadrature rules are sufficient to approximate the linear form l(·), the bilinear form a(·, ·)
consists a double integral and thus needs a two dimensional quadrature formula.

Here, we consider tensor product quadrature, i.e., we approximate by a 1D quadrature formula in
each coordinate direction, denoted by an additional subscript Qn,x. The tensor product rule then
reads as ∫ 1

0

∫ 1

0
Φ(x, y) dy dx ≈ Q2D

n (Φ) := Qn,x ◦Qn,y(Φ) =

n∑
i,j=1

ωiωjΦ(xi, yj).
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f(x) = exp(sin(x 0.1 ))

Figure 4.1: example of 1D hp-quadrature. Left: mesh (blue nodes) and quadrature points (red
dots). Right: convergence behavior

The error estimate can in this case be reduced to the 1D case:∣∣∣∣∫ 1

0

∫ 1

0
Φ(x, y) dy dx−Q2D

n (Φ)

∣∣∣∣
≤
∣∣∣∣∫ 1

0

∫ 1

0
Φ(x, y) dy −Qn,y(Φ(x, ·)) dx

∣∣∣∣+ ∣∣∣∣∫ 1

0
Qn,y(Φ(x, ·)) dx−Qn,x(Qn,y(Φ))

∣∣∣∣
≤ sup

x∈(0,1)

∣∣∣∣∫ 1

0
Φ(x, y)dy −Qn,y(Φ(x, ·))

∣∣∣∣+ ∣∣∣∣Qn,y

(∫ 1

0
Φ(x, ·) dx−Qn,x(Φ)

)∣∣∣∣
≤ sup

x∈(0,1)

∣∣∣∣∫ 1

0
Φ(x, y)dy −Qn,y(Φ(x, ·))

∣∣∣∣+ n∑
i=1

ωi

∣∣∣∣∫ 1

0
Φ(x, yi) dx−Qn,x(Φ(·, yi))

∣∣∣∣
≤ sup

x∈(0,1)

∣∣∣∣∫ 1

0
Φ(x, y)dy −Qn,y(Φ(x, ·))

∣∣∣∣+ Cω sup
y∈(0,1)

∣∣∣∣∫ 1

0
Φ(x, y)dx−Qn,x(Φ(·, y))

∣∣∣∣ .
The errors on the right-hand side are now essentially 1D quadrature errors and can be bounded
with exponential convergent error bounds (for sufficiently nice integrands) from the one dimensional
case.
With F(−1,1) : x 7→ 2x − 1, we denote by Êρ := F−1

(−1,1)(Eρ) the mapped Bernstein ellipse around

(0, 1). Then, the following error bounds hold.

Lemma 4.6. Let ρ̃ > 1 and let Φ : Êρ̃ × Êρ̃ → C be such that Φ(·, y) is holomorphic on Êρ̃ for

all y ∈ (0, 1) and Φ(x, ·) is holomorphic on Êρ̃ for all x ∈ (0, 1). Then, for every 1 < ρ < ρ̃, the
quadrature error can be estimated by∣∣∣∣∫ 1

0

∫ 1

0
Φ(x, y) dy dx−G2D

n (Φ)

∣∣∣∣ ≤ Cρ−2n+1

(
sup

y∈(0,1)
∥Φ(·, y)∥

L∞(Êρ) + sup
x∈(0,1)

∥Φ(x, ·)∥
L∞(Êρ)

)
,

(4.15)

where the constant C is independent of n and Φ.
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Now, we bring the integrals needed to assemble the stiffness matrix to the form required for the
tensor product quadrature and employ suitable combinations of 1D quadrature rules.

4.2 Evaluation of the stiffness matrix

Recall that the entries of the stiffness matrix are given by

Aij =

∫
Rd×Rd

(φi(x)− φi(y))(φj(x)− φj(y))

|x− y|d+2s
dx dy.

By splitting the integrals into integrals over elements (and possibly also allow T ′ = Ωc), we have
to evaluate integrals of the form∫

T×T ′

(φi(x)− φi(y))(φj(x)− φj(y))

|x− y|d+2s
dx dy =:

∫
T×T ′

g(x, y)

|x− y|d+2s
dx dy.

We note that the functions φi, φj are smooth on T and T ′. To simply further the presentation, we
assume that the basis functions φi, φj are in C(Ω) (e.g., the classical FEM hat functions).
To keep the presentation of the main ideas simple, we consider the case d = 1 in detail, extensions
for d > 1 need to take many more cases into account and can be treated by results of [CS12]. The
elements are then intervals and the integration domains are rectangles T × T ′. For the evaluation
of the integral, three cases that can arise:

1. T and T ′ are separated. Then, the integrand is smooth (analytic), and a standard (Gaussian)
quadrature will perform well.

2. T = T ′.

3. T and T ′ are neighboring elements that share one vertex.

In the cases 2 and 3, the integrand is singular. We now show how to transform such integrals in
such a way that we have to evaluate integrals of the form∫ 1

ξ=0

∫ 1

η=0
g̃(ξ, η)ξα(1− η)β dη dξ (4.16)

for some smooth1 function g̃. Such integrals can very effectively be evaluated with certain types of
weighted Gaussian quadrature. In fact, we use tensorproduct quadrature rules to approximate the
double integral.

The case of identical elements T = T ′

Let T = (a, b), hT = b − a and denote by FT : (0, 1) → T, x 7→ hTx + a. We define ĝ(x, y) :=
g(FT (x), FT (y)) mapping (0, 1)2 → R and obtain from the transformation theorem∫

T×T

g(x, y)

|x− y|1+2s
dx dy = h2T

∫
(0,1)2

ĝ(x, y)

|hT (x− y)|1+2s
dx dy = h1−2s

T

∫
(0,1)2

ĝ(x, y)

|x− y|1+2s
dx dy.

1in fact, analytic
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10
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10 10

Figure 4.2: quadrature on (0, 1)2 for function with singularity at x = y: split (0, 1)2 into A1 and
A2, singularities marked in blue (left); Duffy transformation (right).

The integrand is not smooth along the diagonal x = y. It is of the general form∫
(0,1)2

f(x, y, x− y) dx dy

where the function f is smooth in the first two variables and has a singularity in the third variable,
i.e., f(x, y, z) = ĝ(x, y)|z|α for α = −(1 + 2s) + 2 and smooth ĝ.
In order to deal with the singularity at x = y, we split the domain of integration (0, 1)2 into the
triangles A1 := {(x, y) | 0 < x < 1, 0 < y < x} and A2 := {(x, y) | 0 < y < 1, 0 < x < y}. As the
integrand is invariant under the transformation (x, y) 7→ (y, x), we notice that both integrals are
the same, i.e., ∫

(0,1)2
f(x, y, x− y) dx dy = 2

∫
A1

f(x, y, x− y) dx dy.

For the integral over A1, we employ the so called Duffy transformation, i.e., the mapping (0, 1)2 →
A1, (x, y) 7→ (x, xy) (see Figure 4.2). Note that this transforms the singularity at x = y to the
axis parallel lines {(x, y) ∈ (0, 1)2 : x = 0} ∪ {(x, y) ∈ (0, 1)2 : y = 1}. Again employing the
transformation theorem, this gives∫

A1

ĝ(x, y)|x− y|−1−2s dx dy =

∫
(0,1)2

ĝ(x, xy)|x− xy|−1−2sx dx dy

=

∫
(0,1)2

ĝ(x, xy)

x2(1− y)2
x2−2s(1− y)1−2s dx dy.

Note that the function

g̃(x, y) =
ĝ(x, xy)

x2(1− y)2
=

(φ̂i(x)− φ̂i(xy))(φ̂j(x)− φ̂j(xy))

(x− xy)2

in the integrand is indeed smooth as it is even a polynomial by the fundamental theorem of algebra.
Thus, we have an integral of the form∫

(0,1)2
g̃(x, y)x2−2s(1− y)1−2s dx dy,

with g̃ smooth, for which Gauss-Jacobi quadrature is made for.
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The case T and T ′ are adjacent elements

We now assume that T = (a, b) and T ′ = (b, c) share the common node b and take element
transformations FT : (0, 1)→ T, x 7→ −hTx+ b and FT ′ : (0, 1)→ T ′, x 7→ hT ′x+ b that both map
0 to the common point p. For simplicity of presentation, we assume hT = hT ′ (otherwise some -
rather irrelevant - quotients of hT /hT ′ appear in the nominator). By the transformation theorem,
we obtain for ĝ(x, y) = g(FT (x), FT ′(y))∫

T×T ′

g(x, y)

|x− y|1+2s
dx dy = h2T

∫
(0,1)2

ĝ(x, y)

|FT (x)− FT ′(y)|1+2s
dx dy = h1−2s

T

∫
(0,1)2

ĝ(x, y)

|x+ y|1+2s
dx dy.

Now, the integrand only has a singularity at x = y = 0. In order to deal with that, we again split
the square (0, 1)2 into the triangles A1 := {(x, y) | 0 < x < 1, 0 < y < x} and A2 := {(x, y) | 0 <
y < 1, 0 < x < y}, i.e,∫

(0,1)2

ĝ(x, y)

|x+ y|1+2s
dx dy =

∫
A1

ĝ(x, y)

|x+ y|1+2s
dx dy +

∫
A2

ĝ(x, y)

|x+ y|1+2s
dx dy.

Both integrals can be treated with Duffy transformations (for A1 we take (x, y) 7→ (x, xy), for A2

we take (x, y) 7→ (xy, y)) and lead to essentially the same cases just with flipped roles of x and y.
We thus only consider the integral over A1, which after transformation leads to∫

A1

ĝ(x, y)

|x+ y|1+2s
dx dy =

∫
(0,1)2

ĝ(x, xy)

|x+ xy|1+2s
x dx dy

=

∫
(0,1)2

ĝ(x, xy)

x2(1 + y)1+2s
x2−2s dx dy.

Here, we note that 1/(1+y)1+2s is smooth and again by the fundamental theorem of algebra, ĝ(x,xy)
x2

is a polynomial. Thus, we have an integral of the form∫
(0,1)2

g̃(x, y)x2−2s dx dy,

with g̃ smooth, for which a Gauss-Jacobi quadrature (in x-variable), and a classical Gaussian
quadrature (in y-variable) is made for.

Separated elements T ∩ T ′ = ∅

This time, after transformation to the reference interval, the integrand is not singular, i.e.,∫
T×T ′

g(x, y)

|x− y|1+2s
dx dy = hThT ′

∫
(0,1)2

ĝ(x, y)

|FT (x)− FT ′(y)|1+2s
dx dy = hThT ′

∫
(0,1)2

g̃(x, y) dx dy.

with g̃ smooth. Thus, Gaussian quadrature in both variables suffices.

Complement part (T ′ = Ωc)

Here, using that the basis functions φi, φj vanish outside of Ω, we consider∫
T

∫
Ωc

g(x, y)

|x− y|1+2s
dy dx =

∫
T

∫
Ωc

φi(x)φj(x)

|x− y|1+2s
dydx =

∫
T
φi(x)φj(x)

∫
Ωc

1

|x− y|1+2s
dydx.
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A1
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Figure 4.3: quadrature on (0, 1)2 for function with singularity at (0, 0): split (0, 1)2 into A1 and
A2 (left); Duffy transformation (right), singularities marked in blue.

The inner integral can be computed explicitly and produces a smooth function (in x), if T is
separated from the boundary or a function with singularity at one boundary point, if T touches the
boundary. In the first case, Gaussian quadrature for x suffices, in the second case, one essentially is
in the same case as in the case of adjacent elements above and one uses Gauss-Jacobi quadrature.

4.3 Consistency error estimates

By the Strang lemma, we have to provide bounds for the approximation of the bilinear form a(·, ·)
denoted by ã(·, ·) and the linear form l(·) by l̃(·) that are computed via the quadrature formulas in
the previous subsections.

Lemma 4.7 (Consistency error for l). Let f be analytic in Ω. Let l(v) = ⟨f, v⟩L2(Ω) be the

linear form and l̃n(·) its approximation by 1D Gaussian quadrature. Then, there exists a constant
ρ > 1 depending only on f such that

|l(v)− l̃n(v)| ≤ Cs,fp ρ
p−2n+1∥v∥

H̃s(Ω)
for all v ∈ Pp

0 (T ), (4.17)

where Cs,f > 0 is a constant that depends only on s and f .

Proof. As f is analytic on [0, 1] there exists an analytic extension to a Bernstein ellipse Êρ for
some ρ > 1. Using Proposition A.1 with n replaced by 2n− 1 gives for a fixed element T after pull
back to the reference element∣∣∣∣∫ 1

0
f̂T (x)v̂T (x)dx−Qn(f̂T v̂T )

∣∣∣∣ ≤ Cρ−2n+1∥f̂T v̂T ∥L∞(Êρ) ≤ Cρ,fρ
−2n+1∥v̂T ∥L∞(Êρ).

It remains to estimate the L∞-norm of v̂T . As v̂T ∈ Pp we may employ the With the Bernstein
inequality [DL93, Chap. 4, Thm. 2.2] and a polynomial inverse inequality, we obtain

∥v̂T ∥L∞(Êρ) ≤ ρ
p∥v̂T ∥L∞(0,1) ≤ Cρpp∥v̂T ∥L2(0,1).

Transforming back to the physical element and summing over all elements, we obtain the stated
result as ∥v∥L2(Ω) ≤ ∥v∥Hs(Ω). ■
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Lemma 4.8 (Consistency error for a). Let a(·, ·) be the bilinear form (3.4) and ãn(·, ·) be
its approximation using quadrature as described in the previous subsection. Then, there exists a
constant ρ > 1 that depends only on the shape regularity constant γ such that for all u, v ∈ Pp

0 (T )
there holds

|a(u, v)− ãn(u, v)| ≤ Csp
6ρ2p−2n+1∥u∥

H̃s(Ω)
∥v∥

H̃s(Ω)
, (4.18)

where Cs is independent of p, n.

Proof. In principle, the proof follows the idea of the previous proof, i.e., estimating the quadrature
error by L∞-norms of the integrands, thereby, as double integrals are involved, using Lemma 4.6
instead of Proposition A.1. In order to do so, one has to treat all the cases of Section 4.2 differently
and employ suitable inverse type estimates for each case. We refer to [BFM24] for the technical
details. ■

Using a perturbation argument, we also obtain uniform coercivity, which is required in the Strang
lemma.

Lemma 4.9 (Uniform coercivity). Let the assumptions of Lemma 4.8 hold. Then, there
are constants c > 1 and α̃ > 0 such that for n ≥ cp there holds

α̃∥v∥2
H̃s(Ω)

≤ ãn(v, v) for all v ∈ Pp
0 (T ). (4.19)

Proof. The coercivity of a(·, ·), the triangle inequality and Lemma 4.8 give

α∥v∥2
H̃s(Ω)

≤ a(v, v) ≤ ãn(v, v) + |a(v, v)− ãn(v, v)|

≤ ãn(v, v) + Csp
6ρ2p−2n+1∥v∥2

H̃s(Ω)
.

As the second term on the right-hand side tends to zero for n→∞, we may ensure for n ≥ cp with
large enough constant c > 1 that

Csp
6ρ1−2(c−1)p ≤ α

2
(4.20)

so that coercivity of ãn follows with coercivity constant α̃ := α/2. ■

Remark. The condition n ≥ cp can be weakened to n ≥ p + c1 log(p + 1) with large enough
constant c1.
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Data-sparse representation

The stiffness matrix (3.11) is fully populated, resulting in O(N2) memory requirement (and also
O(N2) complexity for the matrix-vector multiplication). A variety of matrix compression techniques
are available to reduce the complexity of discretization of integral operators to logarithmic-linear
complexity O(N logβ N) (for some β ≥ 0). We mention the (fast) multipole method, [Rok85, GR97],
panel clustering, panel clustering, [NK88, HN89, HS93, Sau92], wavelet compression techniques,
[Rat98, Rat01, Sch98, vPSS97, Tau03, TW03], the mosaic-skeleton method, [Tyr00], the adaptive
cross approximation (ACA) method, [Beb00], and the hybrid cross approximation (HCA), [BG05].
Many of these data-sparse methods can be understood as specific instances of H-matrices, [Hac15,
Bör10, GH03, Gra01, Hac99]. H-matrices are a specific version of blockwise low-rank matrices. In
this section, we will sketch how the fully populated system matrix can be approximated well by
blockwise low-rank matrices such as H-matrices or multipole expansions. For the many algorithmic
aspects of H-matrices, we refer to, e.g., the monograph [Hac15].

5.1 Hierarchical matrices

5.1.1 Separable kernels

Let (φi)
N
i=1 be the collection of basis functions. Consider a bilinear form

a(u, v) :=

∫
Ω×Ω

k(x, y)u(x)v(y) dy dx (5.1)

with a separable kernel k(·, ·) of the form

k(x, y) = k1(x)k2(y). (5.2)

Then, the stiffness matrix A with entries Aij = a(φj , φi) has the form

A = ab⊤, ai :=

∫
Ω
k1(x)φi(x) dx, bi :=

∫
Ω
k2(y)φi(y) dy.

That is, A is a rank-1 matrix. By storing only the vectors a, b, the matrix A can be represented
with complexity O(N) and also the matrix-vector multiplication has complexity O(N). Similarly,
if k(·, ·) has the form

k(x, y) =
r∑

ℓ=1

k1,ℓ(x)k2,ℓ(y)
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then A has the form

A = ab⊤, ai,ℓ :=

∫
Ω
k1,ℓ(x)φi(x) dx, bi,ℓ :=

∫
Ω
k2,ℓ(y)φi(y) dy, i = 1, . . . , N, ℓ = 1, . . . , r,

i.e., it is a rank-r matrix. Storing it requires O(Nr) complexity, which is avantageous if r << N .

5.1.2 Block approximation by separable kernels

One way to approximate A by a blockwise low-rank matrix is to approximate the kernel function
k(·, ·) by separable kernels.
We call a cluster a collection of indices from I := {1, . . . , N}. For a cluster σ, we call an axis-
parallel1 “box” Bσ ⊂ Rd a bounding box, if

∪i∈σ suppφi ⊂ Bσ,

i.e., of the support of all basis functions φi, i ∈ σ, is contained in Bσ.
Let σ, τ ⊂ {1, . . . , N} be two clusters with bounding boxes Bσ and Bτ . Assume that k is smooth
on Bσ ×Bτ . Then it can be approximated by a polynomial kp of degree p, e.g., by tensor product
interpolation.
To that end, given a set of interpolation points (ξi)

p
i=1 (i.e. Chebyshev or Gauss-Lobatto points),

we define the 1D interpolation operators Ixp−1 : C((−1, 1)2)→ Pp−1 and Iyp−1 : C((−1, 1)2)→ Pp−1

by

(Ixp−1f)(x, y) :=

p∑
i=1

f(ξi, y)ℓi(x), (Iyp−1f)(x, y) :=

p∑
i=1

f(x, ξi)ℓi(y),

acting on the variable indicated in the superscript.

In a similar way as in Lemma 4.6, for analytic f , we get again exponential convergence for the
interpolation error:

Lemma 5.1. Let f ∈ C∞((−1, 1)2) satisfy

∥Dm1
x Dm2

y f∥L∞((−1,1)2) ≤ Cfγ
m1
1 γm2

2 m1!m2! ∀(m1,m2) ∈ N2
0.

Then there are constants C, b > 0 depending only on γ1, γ2 such that

∥f − Ixp ◦ Iypf∥L∞((−1,1)2) ≤ CCfe
−bp.

In the present setting, this polynomial approximation is from the space

Qp := span{xαyβ |α, β ∈ Nd
0, |α|∞, |β|∞ ≤ p},

where |α|∞ := maxi=1,...,d αi. It therefore has the form

kp(x, y) =
∑

|α|∞,|β|∞≤p

aα,βx
αyβ, (5.3)

1bounding boxes need not be axis-parallel, but we assume this to fix ideas
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and we observe that kp is a sum of separable functions (i.e., a sum of products of functions of x and
y only). This sum has r := (p+ 1)2d terms so that replacing k with kp produces an approximation

Ã|σ×τ to the block A|σ×τ with a rank-r matrix. The error introduced by approximating k by kp
can be controlled by

|Aij − Ãij | ≤ ∥k − kp∥L∞(Bσ×Bτ )∥φi∥L2(Ω)∥φj∥L2(Ω), i ∈ σ, j ∈ τ. (5.4)

In typical situations, the error ∥k − kp∥L∞(Bσ×Bτ ) decays exponentially in p (see below). The
discretization error of the method is typically O(hγ) for some γ > 0. Hence, selecting p = | log h|
introduces errors into the stiffness matrix that are of the size of the discretization error. Noting
that p = | log h| is rather small, significant savings can be achieved by approximating the block
A|σ×τ by a low-rank block.

Remark. The impact of approximating matrix entries on the computation of the solution uh
can be analyzed rigorously with the aid of Strang lemmas. Already estimates from general matrix
analysis (cf. [GVL13, Lemma 2.6.1]) allow one to estimate the effect of approximating matrix entries
in terms of the condition number of A.

Remark. The representation (5.3) leads to a rank-r matrix approximation of the block A|σ×τ

with storage requirement (|σ| + |τ |) · r and r = (p + 1)2d. The special structure of kp permits the
following, even more economical representation

A|σ×τ = aSb⊤, ai,α :=

∫
Ω
xαφi(x) dx, bj,β :=

∫
Ω
xβφj(x) dx, Sα,β := aα,β

with storage requirement |σ|(p+ 1)d + |τ |(p+ 1)d + (p+ 1)2d.

Blockwise low-rank approximation for asymptotically smooth kernels

As a model, we consider the bilinear form2

b(u, v) :=

∫
Ω×Ω
|x− y|−αu(x)v(y) dy dx (5.5)

for some α ∈ R.

Remark. The kernel is the prototype of an asymptotically smooth kernel, which is characterized
by

|∂nx∂my k(x, y)| ≤ Cγn+mn!m!|x− y|−α−n−m ∀n,m ∈ Nd
0. (5.6)

The ideas presented here can be directly applied to integral operators with kernels of such type.

Given η > 0, we introduce the η-admissibility condition as follows: A cluster pair (σ, τ) is η-
admissible if their bounding boxes Bσ and Bτ satisfy the admissibility condition

dist(Bσ, Bτ ) ≥ ηmax{diamBσ, diamBτ} (5.7)

for some user-chosen parameter η > 0. A cluster pair (σ, τ) is inadmissible, if they do not satisfy
(5.7).

2structurally, the situation for the bilinear form for the fractional Laplacian is very similar
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Next, consider a partition P of I × I (which will be constructed below). We decompose P as

P = Pfar∪̇Pnear,

where
Pfar = {(σ, τ) ∈ P | (σ, τ) is η-admissible}, Pnear := P \ Pfar.

The H-approximation of the stiffness matrix A is done as follows:

Definition 5.2 (H-matrix approximation). The H-matrix approximation Ã of the stiffness
matrix A is obtained as follows:

1. for blocks σ × τ ∈ Pnear, one takes the exact block: Ã|σ×τ := A|σ×τ

2. for blocks σ × τ ∈ Pfar, one replaces k by its tensor product polynomial approximation kp
on Bσ ×Bτ of degree p, which results in an rank r = (p+ 1)2d approximation of the matrix
block.

Let us now turn to the question of the error introduced by approximating k by kp. Indeed, from
Lemma 5.1 (actually, Lemma 5.1 discusses only tensor product interpolation in R2 but analogous
results hold for tensor product interpolation in Rd for any d) we obtain for admissible blocks

∥k − kp∥L∞(Bσ×Bτ ) ≤ C(dist(Bσ, Bτ ))
−αe−bp, (5.8)

for some b > 0 that depends only on the admissibility parameter η. The key step for this approxi-
mation result is the assertion that k is asymptotically smooth3 and that by scaling the boxes Bσ,
Bτ to the reference configuration (−1, 1)d, one obtains a scaled function k̂ satisfying

|∂n(ξ,η)k̂(ξ, η)| ≤ Cγ
nn! dist(Bσ, Bτ )

−α n ∈ N2d
0

for some C, γ > 0. We observe that a similar mechanism has already been exploited in the proof
of Lemma 4.3.
The estimate (5.8) shows exponential convergence for admissible blocks. For quasi-uniform meshes
of mesh size h, the distance of two admissible blocks Bσ, Bτ is at least O(h) so that one obtains

∥k − kp∥L∞(Bσ×Bτ ) ≤ Ch
−αe−bp.

Recalling that we will select p = O(| log h|), we see that the factor h−α can be absorbed in the
exponentially decaying factor e−bp.

The discussion so far shows that the stiffness matrix for (5.5) can be approximated very well by
blockwise low-rank matrices, provided the admissible blocks Pfar satisfy (5.7). It remains to see
that block partitions can be created in such a way that also the complexity is low.
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Figure 5.1: Left: organizing the degrees of freedom in a tree structure in 1D. Right: block structure
for the 1D example

5.1.3 Creating the block partition P

Clustering the degrees of freedom

Let (φi)
N
i=1 be the basis functions, which we assume to have small support (e.g., the classical hat

functions). We start by clustering the indices I := {1, . . . , N} by organizing them in a tree as
follows:

1. Associate a “center” xi with each φi, e.g., the barycenter of suppφi.

2. Create an (infinite) 2d-tree TRd in Rd by recursively subdividing an axisparallel box that
contains all xi. See Fig. 5.1 for the binary tree in the 1D situation. The “root”, i.e., the top
node of the tree, corresponds to a single box and each node of the tree has 2d sons. We say
that the root has level 0 and define the level of the nodes inductively by setting, for a node
of level ℓ, the level of its sons to be ℓ+ 1.

3. Create a 2d-tree TI for the degrees of freedom by combining those degrees of freedom in a
node for which the corresponding xi are in the same box created in Step 2. (Tie-breaking: for
points xi on the boundary of box, select arbitrarily.) Such a collection is called a cluster. The
tree is pruned by removing nodes with less than nleaf ≥ 1 points, where nleaf is a user-specified,
fixed value. These last nodes of the tree are called leaves. The collection I := {1, . . . , N} is
the root of the tree with level 0. The level is defined inductively as follows: For a node σ with

level ℓ, its sons have level ℓ+ 1. We denote by T(ℓ)
I := {σ ∈ TI | level(σ) = ℓ} the clusters of

level ℓ.

For each cluster σ, we let Bσ be a bounding box for σ. For the complexity analysis we will later
require the following assumption.

Assumption 5.3

(i) Bounding boxes are shape-regular, i.e., (diamBσ)
d ≤ C1|Bσ| for all clusters σ ∈ TT .

(ii) Bounding boxes on the same level are comparable in size:

max
σ∈T(ℓ)

I

diamBσ ≤ C2 min
σ∈T(ℓ)

diamBσ ∀ℓ.

3for the 1D setting k(x− y) = |x− y|−α, one readily checks that k(n)(z) = (−α)(−α− 1) · · · (−α− n)z−α−n and
one therefore sees |k(n)(z)| ≤ Cn!γn|z|−α−n for suitable γ depending on α.
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(iii) finite overlap: for all x ∈ Rd and all ℓ there holds |{σ ∈ T(ℓ) |x ∈ Bσ}| ≤ Cov.

Remark. Assumption 5.3 is reasonable: The centers xi, i ∈ σ, are in boxes of the tree TRd . Note
that these boxes of TRd are shape regular and do not overlap. If one thinks of the φi as the classical
hat functions, then, the supports of the φi will stick out only a little bit over the boundary of the
boxes of TRd . Hence, the correct bounding boxes for the clusters will also be shape regular and
satisfy the overlap condition.

Remark. If the nodes xi are distributed rather evenly, then the cluster tree TI has depthO(logN).

Matrix partitioning/Block cluster tree

Given the admissibility condition (5.7), one can construct a partition P = Pfar ∪Pnear of the index
set I × I with the following with the following recursive algorithm started with
matrix partition(root, root, ∅, ∅):

Algorithm 2 (Matrix partition)

1: function matrix partition(σ, τ , Pfar, Pnear)
2: % input: clusters σ, τ
3: % output: partition of σ × τ into admissible and remaining inadmissible blocks
4: if (σ, τ) satisfies (5.7) then
5: add (σ, τ) to Pfar

6: else if sons(σ) ̸= ∅ and sons(τ) ̸= ∅ then
7: for all (σ′, τ ′) ∈ sons(σ)× sons(τ) do
8: call matrix partition (σ′, τ ′,Pfar,Pnear)
9: end for

10: else% inadmissible block that cannot be split any further
11: add (σ, τ) to Pnear

12: end if

The procedure in Algorithm 2 is as follows: starting with the pair (root, root) the algorithms checks
whether a pair (σ, τ) is admissible in the sense of (5.7). If so, then this pair is added to the list Pfar

of admissible blocks. If not, then recursively all combinations of sons are checked for admissibility.
The recursion stops if either admissibility is encountered or least one of σ, τ does not have any
sons, in which case the pair (σ, τ) is put into the list Pnear of inadmissible pairs.
The storage requirement is very conveniently controlled in terms of the sparsity constant of the
partition P given by

Csp := max{Crow
sp , Ccol

sp }, (5.9)

with
Crow
sp := max

σ∈TI

|{τ ∈ TI | (σ, τ) ∈ P}|, Ccol
sp := max

τ∈TI

|{σ ∈ TI | (σ, τ) ∈ P}|. (5.10)

Remark. The sparsity constant Csp introduced above for block matrices can be viewed as a
generalization of the matrix case:

Crow := max
i=1,...,N

|{j |Aij ̸= 0}, Ccol := max
j=1,...,N

|{i |Aij ̸= 0}, (5.11)
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and max{Crow, Ccol} measures the number of non-zero entries per row/column of the matrix A.
The constant Csp in (5.9) controls the number of blocks present in a block matrix corresponding
to a row cluster σ or a column cluster τ .
The following lemma shows that the sparsity constant allows one to control the complexity of
H-matrices.

Lemma 5.4 (complexity). The storage requirement Nstore for the H-matrix Ã is

Nstore ≤ Csp (depth(TI) + 1)max{nleaf , r}2N.

Proof. For (σ, τ) ∈ Pnear we have by Alg. 2 that σ is a leaf or τ is a leaf, i.e., |σ| ≤ nleaf or
|τ | ≤ nleaf . Hence, |σ||τ | ≤ nleaf(|σ| + |τ |). Together with the storage requirement r(|σ| + |τ |) for
(σ, τ) ∈ Pfar, we get

Nstore =
∑

(σ,τ)∈Pfar

r(|σ|+ |τ |) +
∑

(σ,τ)∈Pnear

|σ||τ | ≤ max{nleaf , r}
∑

(σ,τ)∈P

(|σ|+ |τ |). (5.12)

The σ-part of this sum is estimated as follows:

∑
(σ,τ)∈P

|σ| =
depth(TI)∑

ℓ=0

∑
σ∈T(ℓ)

∑
τ∈TI :
(σ,τ)∈P

|σ| =
depth(TI)∑

ℓ=0

∑
σ∈T(ℓ)

|σ|
∑

τ∈TI :
(σ,τ)∈P

1 ≤
depth(TI)∑

ℓ=0

∑
σ∈T(ℓ)

|σ|Csp.

We note that for each level ℓ we have ∑
σ∈T(ℓ)

|σ| ≤ |I| = N

so that we obtain ∑
(σ,τ)∈P

|σ| ≤ Csp (depth(TI) + 1)N.

The τ term in (5.12) is handled analogously, and we arrive at the claim. ■

For quasi-uniform meshes, one has depth(TI) = O(logN). Additionally, as discussed above, one
typically selects p = O(logN) so that r = O(log2dN) and the total storage requirement is Nstore =
O(N log1+2dN).
As a last step, we show that Csp is indeed bounded. For that, we need a structural assumption on
the bounding boxes such as Assumption 5.3.4

4the proof of Lemma 5.5 follows [Bör17, Lemma 8], where the concept of block cluster tree TI×I is employed—we
simplified the presentation to avoid that.
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Lemma 5.5 (control of Csp). Let Assumption 5.3 be valid. Then the following holds:

(i) For σ, τ ∈ T(ℓ)
I set

Srowσ := {τ ∈ T(ℓ)
I | (σ, τ) is inadmissible},

Scolτ := {σ ∈ T(ℓ)
I | (σ, τ) is inadmissible}.

Set
C̃sp,inad := max

σ∈TI

max{|Srowσ |, |Scolσ |}.

Then Csp ≤ 2dC̃sp,inad.

(ii) There is a constant C > 0 depending only on the constants of Assumption 5.3 and the fact
that Alg. 2 is used such that C̃sp,inad ≤ C. In particular, an upper bound on the sparsity
constant Csp depends only on the constants of Assumption 5.3.

Proof. Proof of (i): Given a non-root (σ, τ) ∈ P, the pair (σ+, τ+) of father clusters satisfies
τ+ ∈ Srowσ+ by the construction in Alg. 2. Let row(σ) := {τ ∈ TI | (σ, τ) ∈ P}. Then

row(σ) ⊂
⋃

τ+∈Srow
σ+

sons(τ+),

so that

| row(σ)| ≤
∑

τ+∈Srow
σ+

| sons(τ+)| ≤ 2d
∑

τ+∈Srow
σ+

1 ≤ 2d|Srowσ+ |.

This implies Crow
sp ≤ 2dC̃sp,inad. Analogously, C

col
sp ≤ 2dC̃sp,inad. This implies the statement.

Proof of (ii): Let σ ∈ TI and τ ∈ Srowσ . By definition of Srowσ we have level(σ) = level(τ). By
Assumption 5.3,(ii) we have diamBσ ∼ diamBτ . Also, because the pair (σ, τ) is inadmissible, we
have

dist(Bσ, Bτ )
inadmiss.
≤ η−1max{diamBσ,diamBτ}

diamBσ∼diamBτ

≲ diamBσ.

By the triangle inequality, we conclude the existence of c > 0 such that

Bτ ⊂ BcdiamBσ(mσ), (5.13)

where mσ is an arbitrary point in Bσ (e.g., the barycenter). Hence, we get

(diamBσ)
d|Srowσ |

diamBσ∼diamBτ

≲
∑

τ∈Srow
σ

(diamBτ )
d
A. 5.3,(i)

≲
∑

τ∈Srow
σ

|Bτ |

(5.13)

≲
∫
Bc diamBσ (mσ)

∑
τ∈Srow

σ

χBτ (x) dx

A. 5.3,(iii)

≲ Cov

∫
Bc diamBσ (mσ)

dx ≲ Cov(diamBσ)
d.
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This shows |Srowσ | ≲ Cov for any σ ∈ TI . An analogous calculation shows |Scolσ | ≲ Cov for any
σ ∈ TI . ■
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Chapter 6

FEM for the Extension Problem -
Spectral Fractional Laplacian

In the second chapter, we established that the integral fractional Laplacian and the spectral frac-
tional Laplacian are indeed different operators. Therefore, deriving a numerical approximation to
the spectral fractional Laplacian is also of interest.
Recalling the definition (−∆)sσu :=

∑
λskukφk with eigenvalues λk and eigenfunctions φk of the

Dirichlet-Laplacian (−∆) and the Fourier coefficients uk =
∫
uφk, one can see that deriving a

numerical method directly is rather hard.
Fortunately, Theorem 2.17, provides us with a different interpretation by

lim
y→0+

yα∂yU(·, y) = −ds(−∆)sσu,

i.e., as Neumann-data of the solution U of the Caffarelli-Silvestre extension problem

div(yα∇U(x, y)) = 0 in Ω× (0,∞)

U = 0 on ∂Ω× (0,∞)

U(x, 0) = u(x) in Ω,

where α = 1− 2s ∈ (−1, 1).
As this is an–albeit degenerate–elliptic problem, we can propose a finite element formulation to
derive a numerical approximation.

For simplicity, from now on, we assume that Ω is convex. In order to shorten notation, we write
C := Ω× (0,∞) in the following.

As we want to derive a weak formulation for the extension problem, we need spaces with zero
lateral boundary conditions, defined by

H̊1(C; yα) := {w ∈ H1(C; yα) : w = 0 on ∂Ω× (0,∞)}.

On this space, similarly to the non-weighted Sobolev space, a weighted Poincaré inequality holds

∥w∥L2(C;yα) ≲ ∥∇w∥L2(C;yα) ∀w ∈ H̊1(C; yα). (6.1)
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Moreover, we have a trace inequality for the boundary at y = 0. Denoting the trace onto Ω× {0}
by trΩ, we have that trΩ H̊

1(C; yα) = H̃s(Ω) as well as

∥ trΩw∥H̃s(Ω)
≲ ∥w∥H1(C;yα).

6.1 Weak Formulation

We multiply equation (2.29) by a test function w ∈ H̊1(C; yα) and integrate by parts to obtain

0 = −
∫
C
div(yα∇U) · wdxdy =

∫
C
yα∇U · ∇wdxdy −

∫
∂C
yα∇U · nw dxdy

=

∫
C
yα∇U · ∇w dxdy +

∫
Ω×{0}

yα∂yU trΩw dxdy,

where we used that the test function vanishes on ∂Ω× (0,∞). Using Theorem 2.17 as well as the
fractional PDE, we obtain∫

Ω×{0}
yα∂yUw dxdy = ⟨−ds(−∆)sσu, trΩw⟩ = −ds⟨f, trΩw⟩.

Inserting this in the equation above gives the weak formulation of finding U ∈ H̊1(C; yα) such that

aC(U , w) :=
∫
C
yα∇U · ∇w dxdy = ds⟨f, trΩw⟩ ∀w ∈ H̊1(C; yα). (6.2)

By (6.1), the symmetric bilinear form aC(·, ·) actually induces a norm equivalent to ∥ · ∥H1(C;yα).
Hence, (6.2) is uniquely solvable by the Lax-Milgram Lemma.

6.2 Galerkin method

The Galerkin method for (6.2) is as follows: Given a closed subspace VN ⊂ H̊1(C; yα), the Galerkin
approximation is: Find UN ∈ VN such that

aC(UN , wN ) = ds⟨f, trΩwN ⟩ ∀wN ∈ VN . (6.3)

The Céa Lemma is applicable. We obtain existence, uniqueness, and quasi-optimality: there is
C > 0 depending only on Ω and s such that

∥U − UN∥H1(C;yα) ≤ C inf
v∈VN

∥U − v∥H1(C;yα). (6.4)

Below, we will select VN as a space of piecewise polynomials on certain meshes. Key to understand-
ing the mesh layout is the regularity of the solution U , which we study in the following section.

6.3 Regularity

Before studying a finite element method applied to the extension problem, we need to discuss the
regularity of solutions of the extension problem. The main question what regularity one may expect
in the extended variable y.
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Sobolev spaces in terms of series representations

Let (φk, λk) ∈ H1
0 (Ω)×R be the eigenpairs of the Dirichlet Laplacian (−∆) normalized to ∥φk∥L2(Ω) =

1 as introduced in Section 2.5.3. We note that the eigenpairs may be assumed to be sorted in as-
cending order, i.e.,

0 < λ1 ≤ λ2 ≤ · · · → ∞. (6.5)

We have for functions u expanded as u(x) =
∑

k ukφk(x) (i.e., uk = (u, φk)L2(Ω))

∥u∥2L2(Ω) =
∑
k

|uk|2, (6.6)

∥∇u∥2L2(Ω) =
∑
k

λk|uk|2, (6.7)

∥∆u∥2L2(Ω) =
∑
k

λ2k|uk|2. (6.8)

(6.6), (6.7) are in fact special cases of the following characterization of the norm ∥ · ∥
H̃s(Ω)

:

∥u∥2
H̃s(Ω)

∼
∑
k

λsk|uk|2, s ∈ (0, 1); (6.9)

that is, the space H̃s(Ω), s ∈ (0, 1), could alternatively be characterized as the subspace of L2(Ω)
such that the right-hand side of (6.9) is finite1.

Exercise 6.1 By Section 2.5.1, the space H−s(Ω) (equipped with ∥ · ∥H−s(Ω)) is defined as the dual

space of H̃s(Ω). Show for s ∈ (0, 1) and f ∈ L2(Ω) with expansion f =
∑

k fkφk that

∥f∥2H−s(Ω) ∼
∑
k

λ−s
k |fk|

2.

Remark 6.2 For σ ≥ 0 one can define spaces Hσ(Ω) := {u =
∑

k ukφk ∈ L2(Ω) : ∥u∥2Hσ(Ω) :=
∑

k u
2
kλ

σ
k <

∞}. One then defines the spaces H−σ(Ω) := (Hσ(Ω))′ by duality. For smooth Ω and σ ∈ N0 one has (see,
e.g., [Tho84, Lemma 3.1])

Hσ(Ω) = {u ∈ Hσ(Ω) : ∆ju|∂Ω = 0 0 ≤ j < σ/2}. (6.10)

Hence, e.g., H1
0 (Ω) = H1(Ω) and in fact H̃s(Ω) = Hs(Ω) for 0 ≤ s ≤ 1. For large σ, however, the spaces

Hσ(Ω) and H̃σ(Ω) differ as illustrated in the following Example 6.3.

Example 6.3 Consider Ω = (0, π) with (up to scaling) φk(x) = sin kx and λk = k2.

(a) The Gibbs phenomenon shows that smoothness of u does not necessarily imply rapid decay of the
Fourier coefficients: The Fourier series of the function u(x) = 1 on Ω = (0, π) is u(x) =

∑
k k

−1(1 −
(−1)k) sin(kx).

1The right-hand side of (6.9) is the square of the interpolation norm between
∑

k |uk|2 and
∑

k λ
1
k|uk|2; the

characterization (6.9) then follows from the fact that the spaces H̃s are interpolation spaces between L2 and H1
0
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(b) If
∑

k u
2
kλ

σ
k <∞, then clearly u ∈ Hσ(0, π). Additionally, u(2j)(0) = 0 for 0 ≤ j < σ/2 since

|u(2j)(0)| = |
∑
k

ukk
2j | ≤

√∑
k

u2kk
2σ

√∑
k

k4(j−σ/2) ∼
√∑

k

u2kλ
σ
k︸ ︷︷ ︸

<∞by assump.

√∑
k

k4(j−σ/2).

Since j, σ are integers, the assumption j < σ/2 implies σ/2 − j ≤ −1/2. Hence, the second sum
converges.

(c) Let u ∈ Hσ(Ω) and u(2j)|∂Ω = 0 for 0 ≤ j < σ/2. We show that u can be extended to a 2π-periodic
function such that a) it is odd (i.e., the Fourier series has the form u =

∑
k uk sin(kx)) and b) it is

in Hσ. For such a function, standard Fourier techniques (i.e., integration by parts in the computation
of the Fourier coefficients) show

∑
k |uk|2λσk < ∞. We illustrate the construction of such an extension

near x = 0. The odd extension Eu is given by Eu(−x) := −u(x) for x > 0. For smooth functions u, the
odd extension satisfies (Eu)(2j+1)(0−) = u(2j+1)(0+) but (Eu)(2j)(0−) = −u(2j)(0+). By assumption,
u(2j)(0) = 0 so that the odd extension Eu is as smooth as u.

Series representations of the solution u

As a first step, we note that solutions of (−∆)sσu = f can be written as u =
∑
ukφk, where the

Fourier coefficients of u and f satisfy the relation

uk = λ−s
k fk with uk =

∫
uφk, and fk =

∫
fφk. (6.11)

Remark 6.4 (6.11) shows a “shift theorem”:∑
k

|uk|2λs+ε
k =

∑
k

|fk|2λ−s+ε
k

for any ε ≥ 0 such that the right-hand side is finite. In the notation of Remark 6.2, the shift theorem
takes the form f ∈ H−s+ε(Ω) =⇒ u ∈ Hs+ε(Ω) for any ε ≥ 0. That is: decay of the coefficients fk
(“regularity”) implies decay of the coefficients uk (“regularity”).

Series representations of the extension U

As observed in (2.31) in Section 2.5.4 the representation of the extension U is given explicitly as

U(x, y) =
∞∑
k=1

ukφk(x)ψk(y), ψk(y) = ψ(
√
λky), ψ(z) = csz

sKs(z), (6.12)

where Ks is a modified Bessel function. Bessel functions are well-studied objects. We have:

(i) Ks is positive for s > −1, [AS64, Chapter 9.6].

(ii) Ks(z) = K−s(z) for s ∈ R, [AS64, Chap. 9.6].

(iii) (zsKs(z))
′ = −zsK1−s(z) for s ∈ R, [AS64, formula (9.6.28)].

(iv) limz→0+ Ks(z)z
s = (1/2)1−sΓ(s) for s > 0, [AS64, (9.6.9)].
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(v) For z > 0, we have the zmin{s,1/2}ezKs(z) is decreasing, [MS01, Thm. 5].

(vi) Ks solves the differential equation

z2y′′ + zy′ − (z2 + s2)y = 0.

Using properties (ii)–(iv) one can show

ψ′
k(y) ∼ y−α, ψ′′

k(y) ∼ y−α−1 for y → 0+.

Additionally, property (v) shows that ψk decays exponentially for large arguments. Using properties
(i)–(v) one can show the following:

Lemma 6.5 ([BMN+19, Lemma 5]). For the function ψ(z) = zsKs(z) there holds for
δ > −1, β > −1− 4s, γ < 2 and all ℓ ∈ N0∫ ∞

z=0
zδeγz|ψ(z)|2 dz <∞, (6.13)∫ ∞

z=0
zβ+2ℓeγz|ψ(ℓ)(z)|2 dz <∞. (6.14)

Proof. See [BMN+19, Lemma 5] for details. The results of [BMN+19, Lemma 5] are sharper in
that the dependence on ℓ in (6.14) is made explicit and shows that U is an analytic function of y.

■

Employing (6.12) the properties of ψ given in Lemma 6.5 transfer to ∂yU and ∂2yU . To that end,
recall from (6.5) that λk ≥ λ1 > 0 and compute for 0 ≤ γ < 1

∥eγy
√
λ1∂yU∥2L2(C;yα) =

∫
Ω×(0,∞)

yαe2γy
√
λ1 |∂yU(x, y)|2 dy dx

=
∑
k

|uk|2
∫ ∞

y=0
e2γy

√
λ1yα|

√
λk|2|ψ′(

√
λky)|2 dy

z=
√
λky=
∑
k

|uk|2λ
1−1/2
k

∫ ∞

z=0
e2γz
√

λ1/λk(z/
√
λk)

α|ψ′(z)|2 dz

≤
∑
k

|uk|2λsk
∫ ∞

z=0
e2γzzα|ψ′(z)|2 dz

L. 6.5
≤ C

∑
k

|uk|2λsk ∼ ∥u∥2H̃s(Ω)
≲ ∥f∥2H−s(Ω).

By a similar calculation, we have for β > 1 + 2α∫
Ω×(0,∞)

e2γ
√
λ1yyβ|∂2yU(x, y)|2 dx dy =

∑
k

|uk|2|
√
λk|4

∫ ∞

y=0
e2γ

√
λ1yyβ|ψ′′(

√
λky)|2 dy

β>1+2α;L. 6.5
≤ Cβ

∑
k

|uk|2λ
2−1/2−β/2
k .
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Selecting β of the form β = α+ 2− ε for ε ∈ [0, 1− α), we arrive at∫
Ω×(0,∞)

e2γ
√
λ1yyβ|∂2yU(x, y)|2 dx dy ≤ C

∑
k

|uk|2λs+ε
k ≤ C∥f∥2H−s+ε(Ω). (6.15)

(if −s+ ε ≤ 0)
Remark. The use of the weight yβ in (6.15) is crucial for the case s ≤ 1/4: Since the asymptotics
ψ′′(z) ∼ z−α−1 (as z → 0+) is sharp, one sees that∫ 1

y=0
zβ|ψ′′(z)|2 dz <∞

if and only if β > 1+2α. Since 1+2α > α, we see that we should expect ∂2yU ∈ L2(C; yβ)\L2(C; yα).
The following theorem can be shown by calculations similar to the above ones:

Theorem 6.6. Let s ∈ (0, 1) and f ∈ H̃1−s(Ω). Let U ∈ H̊1(C; yα) solve (6.2). Let ε̃ ∈ [0, s),
ε ∈ [0, 1 + s), ε′ ∈ [0, 1− s), and γ ∈ [0, 2). Then:

∥eγ
√
λ1y∇U∥L2(C;yα−2min{ε̃,ε′}) ≲ ∥f∥H−s+min{ε̃,ε′}(Ω),

∥eγ
√
λ1y∆xU∥L2(C;yα−2ε′ ) ≲ ∥f∥H̃1−s+ε′ (Ω)

,

∥eγ
√
λ1y∂2yU∥L2(C;yα+2−2ε̃) ≲ ∥f∥H−s+ε̃(Ω),

∥eγ
√
λ1yDx∂yU∥L2(C;yα+2−2ε) ≲

{
∥f∥H−s+ε(Ω) if −s+ ε ≤ 0

∥f∥
H̃−s+ε(Ω)

if −s+ ε > 0,

∥eγ
√
λ1yDx∂

2
yU∥L2(C;yα+4−2ε)) ≲

{
∥f∥H−s+ε(Ω) if −s+ ε ≤ 0

∥f∥
H̃−s+ε(Ω)

if −s+ ε > 0,

∥eγ
√
λ1y∂y∆xU∥L2(C;yα+2−2ε) ≲ ∥f∥H̃1−s+ε(Ω)

.

Proof. See [BMN+19, Thm. 1] (and [NOS15]). ■

Since Ω is assumed to be convex, we obtain a classical shift theorem, i.e., ∥v∥H2(Ω) ≲ ∥∆v∥L2(Ω)

for v ∈ H2(Ω) ∩H1
0 (Ω). Therefore, the second statement of Theorem 6.6 provides

∥eγ
√
λ1yD2

xU∥2L2(C;yα) ≲ ∥f∥
2
H̃1−s(Ω)

(6.16)

for all second derivatives in x. A bound in the same norm holds for all mixed second order derivatives
in x and y by the fourth statement of the previous theorem. However, looking at the result for
the second derivative in y-direction shows much worse regularity that has to be compensated by a
higher power yβ.

6.4 Galerkin discretization

(6.4) shows that it suffices to select the space VN such that the solution U can be approximated
well. The regularity assertions of Theorem 6.6 shows the following:
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� The solution U decays exponentially as y → ∞. This suggests that one may truncate the
cylinder C to a finite cylinder CY := Ω× (0,Y) for some Y and merely discretize CY .

� The solution has an algebraic singularity at y = 0. This suggests the use of meshes that are
µ-graded in the direction of y.

� The transversal derivative D2
xU are controlled. This suggests that no refinement in the x-

direction is required.2

A concrete way to create meshes and spaces is by (tensor) product constructions, i.e., given a
regular, shape-regular mesh TΩ on Ω and a 1D mesh TY on (0,Y), the mesh on CY is given by

TCY := TΩ × TY = {K × I : K ∈ TΩ, I ∈ TY}.

The finite element space on TCY is taken as

P1
Y(TY) := {u ∈ P1(TY) : u(Y) = 0},

Q1(TCY ) := P
1
0 (TΩ)⊗ P1

Y(TY)
= {v ∈ C(CY) : u|K×I ∈ span{xαyj : |α| ≤ 1, 0 ≤ j ≤ 1}, u(·,Y) = 0,

u(x, y) = 0 (x, y) ∈ ∂Ω× (0,Y)}.

The above discussion of the regularity suggests to employ the following meshes TΩ and TY :

Assumption 6.7 � TΩ is a regular, shape-regular mesh on Ω; for simplicity, we assume it be
a quasi-uniform mesh with mesh size h.

� Let Y > 1. Let TY = {(xi, xi+1) | i = 0, . . . ,M − 1} be a mesh on (0,Y) that is µ-graded on
(0, 1) and quasi-uniform on (1,Y). That is, the mesh TY satisfies for all I ∈ TY

hI ∼ hdist(I, 0)1−1/µ if 0 ̸∈ I and I ⊂ (0, 1),

hI ∼ hµ if 0 ∈ I,
hI ∼ h if I ⊂ (1,Y).

The approximation is conveniently achieved by tensor product approximation. To that end, let
Πx : C∞(Ω) → P1

0 (TΩ) and Πy : C∞([0,Y]) → P1
Y(TY) be two linear approximation operators.

Their domains of definition will be enlarged shortly. The approximation of U is then taken to be
(Πx ◦Πy)U .

Exercise 6.8 Let Πx, Πy be bounded on L2. Show that Πx◦ΠyU ∈ Q1(TCY ). Show that Πx◦ΠyU =
Πy ◦ΠxU .

The stability of the operators Πx and Πy plays a key role. We have:

2This is related to the fact that Ω is convex and that we consider piecewise linear approximation; for higher order
approximations or non-convex geometries, mesh refinement towards corners and edges of Ω might be necessary.
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Lemma 6.9. Let Πx be stable in L2 and H1, i.e.,

∥Πxu∥L2(Ω) ≤ CL2∥u∥L2(Ω), |Πxu|H1(Ω) ≤ CH1 |u|H1(Ω). (6.17)

Then,

∥∇(U −Πx ◦ΠyU)∥L2(C;yα) ≤ ∥∇(U −ΠxU)∥L2(C;yα) +
√
C2
L2 + C2

H1∥∇(U −ΠyU)∥L2(C;yα).

Proof. We write
U −Πx ◦ΠyU = U −ΠxU +Πx(U −ΠyU)

so that

∥∇(U −Πx ◦ΠyU)∥L2(C;yα) ≤ ∥∇(U −ΠxU)∥L2(C;yα) + ∥∇Πx(U −ΠyU)∥L2(C;yα).

We exploit the product structure of the norm ∥·∥L2(C;yα) as well as the fact that ∂y and Πx commute
to estimate

∥∂yΠx(U −ΠyU)∥L2(C;yα) ≤ ∥Πx∂y(U −ΠyU)∥L2(C;yα) ≤ CL2∥∂y(U −ΠyU)∥L2(C;yα), (6.18)

∥∇xΠ
x(U −ΠyU)∥L2(C;yα) ≤ CH1∥∇x(U −ΠyU)∥L2(C;yα). (6.19)

Summing the squares of (6.18) and (6.19) yields the result. ■

Lemma 6.9 shows that we have to construct an operator Πx that is stable in L2 and H1. We also
require this operator to have the approximation properties

∥u−Πxu∥L2(Ω) ≤ Ch∥∇xu∥L2(Ω), ∥∇(u−Πxu)∥L2(Ω) ≤ Ch∥D2
xu∥L2(Ω). (6.20)

An option is the Scott-Zhang operator discussed in Section 3.1.5. In the present case of a quasi-
uniform mesh, even the L2-projection satisfies this.

Exercise 6.10 Let TΩ be a quasi-uniform mesh and Ω be convex. Then the L2-projection ΠL2
onto

P1
0 (TΩ) satisfies

∥ΠL2
u∥H1(Ω) ≤ C∥u∥H1(Ω).

Hint: use convexity of Ω to prove with a duality argument that ∥u−ΠH1
u∥L2 ≤ Ch∥u∥H1, where ΠH1

is the H1-projection onto P1
0 (TΩ). Use the polynomial inverse estimate ∥v∥H1(Ω) ≤ Ch−1∥v∥L2(Ω)

for all v ∈ P1
0 (TΩ).

The operator Πy is a 1D operator. We define it elementwise as follows:

� (Πyu)|I is the nodal interpolant of u if I does not touch 0.

� (Πyu)|I interpolates in the midpoint x1/2 and the right endpoint x1 of the first element
I = (0, x1).
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� On the terminal element (xM−1, xM ) ensure that (Πyu)(Y) = 0 by subtracting a linear
function from the nodal interpolant:

(Πyu)(y) = u(xM−1)
xM − x

xM − xM−1
+ u(xM )

x− xM−1

xM − xM−1
− u(xM )

x− xM−1

xM − xM−1

= u(xM−1)
xM − x

xM − xM−1
.

For the operator Πy, we have:

Lemma 6.11 ([BMN+19, Lemma 9]). Let α ∈ (−1, 1) and let θ ∈ [0, 1) and γ > 0. Let
Y > 1. Assume that the grading exponent µ satisfies

µθ ≥ 1.

Assume that u ∈ C∞(0,∞) satisfies

lim
y→∞

|u(y)| = 0, lim
y→∞

|u′(y)| = 0,

and assume that the following right-hand sides are finite. Then for j ∈ {0, 1}:

∥u−Πyu∥L2((0,Y);yα) ≤ C(h+ Yα/2+(1−θ)e−γY)∥eγy∂yu∥L2((0,∞);yα+2(1−θ)); (6.21)

∥∂jy(u−Πyu)∥L2((0,Y);yα) ≤ C(h2−j + h1/2−jh−jYα/2+2(1−θ)e−γY)∥eγy∂2yu∥L2((0,∞);yα+2(1−θ)).

(6.22)

The number of elements is O(h−1(1 + Y)).

Proof. In the interest of brevity, we will sketch the proof of (6.21) only. The proof of (6.22)
proceeds along similar lines; see [BMN+19, Lemma 5].
In principle, the proof proceeds by studying the error on each element. To that end, one distin-
guishes 4 types of elements: the first element (0, x1), the elements in (0, 1), the elements in (1,Y),
and the terminal element. For each element, the approximation result is obtained by a scaling
argument. Details can be found in [BMN+19, Lemma 9].
The first element (0, x1): As often when dealing with weighted norms, a Hardy inequality is the
technical tool. We have by [DL93, Chap. 2, Thm. 3.1] the Hardy inequality∫ 1

0
yα
∣∣∣∣∫ 1

y
v(t) dt

∣∣∣∣2 dy ≤ (α+ 1)−2

∫ 1

0
yα+2|v(t)|2 dt. (6.23)

Let û(ξ) := u(ξx1) be the pull-back of u|(0,x1) to (0, 1) and Π̂yû be the interpolant of û in the points
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1/2 and 1. Then û(ξ)− Π̂yû(ξ) =
∫ 1
ξ (û− Π̂yû)′(t) dt. Hence,∫ 1

ξ=0
ξα|(û− Π̂yû)(ξ)|2 dξ =

∫ 1

ξ=0
ξα
∣∣∣∣∫ 1

ξ
(û− Π̂yû)′(t) dt

∣∣∣∣2 dξ
≤ 2

∫ 1

ξ=0
ξα
∣∣∣∣∫ 1

ξ
û′(t) dt

∣∣∣∣2 dξ + 2

∫ 1

ξ=0
ξα
∣∣∣∣∫ 1

ξ
(Π̂yû)′(t) dt

∣∣∣∣2 dξ
(6.23)

≤ 2

(α+ 1)2

[∫ 1

ξ=0
ξα+2

(
|û′(ξ)|2 + |(Π̂yû)′(ξ)|2

)
dξ

]
.

We note the representation

(Π̂yû)′(ξ) = 2

∫ 1

t=1/2
u′(t) dt

so that we arrive at∫ 1

ξ=0
ξα|(û−Πyû)(ξ)|2 dξ ≤ C

∫ 1

ξ=0
ξα+2|û′(ξ)|2 dξ

(1−θ)≤1

≤ C

∫ 1

ξ=0
ξα+2(1−θ)|û′(ξ)|2 dξ.

An affine scaling then provides

∥u−Πyu∥L2((0,x1);yα) ≤ Ch
1−(1−θ)
1 ∥u′∥L2((0,x1);yα+2(1−θ)) = Chθ1∥u′∥L2((0,x1);yα+2(1−θ)).

In view of h1 ∼ hµ and the assumption θµ ≥ 1, we obtain the desired estimate.
The elements I ⊂ (0, 1) with 0 ̸∈ I: The procedure is as in the analysis of the µ-graded mesh in
Theorem 3.20. In contrast to Theorem 3.20, we have to account for the weight yα. However, for
each I with 0 ̸∈ I we have

max
y∈I

yα ≤ Cmin
y∈I

yα (6.24)

so that it can be viewed as a constant elementwise. Proceeding as in the proof of Theorem 3.20
and using 1− 1/µ ≥ 1− θ, we get

∥u−Πyu∥L2((x1,1);yα) ≤ h
1∥u′∥L2((x1,1);yα+2(1−θ)).

The elements I ⊂ (1,Y) with Y ̸∈ I: Denote by (xM−1, xM ) the last element with xM = Y. We
employ standard estimates for the piecewise linear interpolant, exploiting again (6.24) to arrive at

∥u−Πyu∥L2((1,xM−1);yα) ≤ Ch
1∥u′∥L2((1,xM−1);yα) ≤ Ch

1∥u′∥L2((1,xM−1);yα+2(1−θ)).

We note that the weight eγy has not been used so far.
The terminal element I = (xM−1, xM ): We have to modify the linear interpolant so as to ensure
(Πyu)(Y) = 0. This is crudely achieved by subtracting from the linear interpolant the linear
function

u(Y)x− xM−1

hM
, hM := xN − xM−1 ∼ h.

It remains to bound u(Y). To that end, we use limy→∞ |u(y)| = 0 to write

|u(Y)| =
∣∣∣∣∫ ∞

y=Y
u′(t) dt

∣∣∣∣ = ∣∣∣∣∫ ∞

y=Y
e−γyy−(α+2(1−θ))/2eγyy(α+2(1−θ))/2u′(y) dy

∣∣∣∣
≤

√∫ ∞

y=Y
e−2γyy−(α+2(1−θ)) dy

√∫ ∞

y=Y
e2γyyα+2(1−θ)(u′(y))2 dy

≲ e−γYY−(α+2(1−θ))/2∥u′∥L2(Y,∞;yα+2(1−θ)).
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In total, we conclude that

∥u−Πyu∥L2((xM−1,xM );yα) ≲ (h+ e−γYY−(α/2+(1−θ))∥eγyu′∥L2(xM−1,∞);y2+2(1−θ)),

which finishes the proof. ■

Theorem 6.12. Let Ω be convex. Let f ∈ H̃1−s(Ω) and µs > 1.
There are constants c, C > 0 such that the following holds: If Y ≥ c| log h|, then

∥ trΩ U − trΩ UN∥H̃s(Ω)
≤ C∥U − UN∥H̊1(C;yα) ≤ C inf

V ∈VN

∥U − V ∥H̊1(C;yα) ≤ Ch,

and the problem size satisfies dimVN ≤ Ch−(d+1)| log h|.

Proof. We fix θ ∈ (0, s) such that still θµ ≥ 1.
By Lemma 6.9 we have

∥U − UN∥H̊1(C;yα) ≤ C
[
∥∇(U −ΠxU)∥L2(C;yα) + ∥∇(U −ΠyU)∥L2(C;yα)

]
=: I + II.

From Theorem 6.6 we get the following estimates θ < s

∥eγ
√
λ1yD2

xU∥L2(C;yα)
(6.16)

≲ ∥f∥
H̃1−s(Ω)

, (6.25)

∥eγ
√
λ1yDx∂yU∥L2(C;yα+2(1−θ))

Thm. 6.6, ε = s

≲ ∥f∥L2(Ω), (6.26)

∥eγ
√
λ1yDx∂yU∥L2(C;yα)

Thm. 6.6, ε = 1

≲ ∥f∥
H̃1−s(Ω)

, (6.27)

∥eγ
√
λ1y∂2yU∥L2(C;yα+2(1−θ))

Thm. 6.6,ε̃ = θ < s

≲ ∥f∥L2(Ω), (6.28)

∥eγ
√
λ1y∇U∥L2(C;yα)

Thm. 6.6,ε̃ = 0

≲ ∥f∥H−s(Ω). (6.29)

Writing ∇ = (Dx, ∂y), we split the term I further:

I ≤ ∥Dx(U −ΠxU)∥L2(C;yα) + ∥∂y(U −ΠxU)∥L2(C;yα) =: Ia + Ib.

From the product structure of the norm and the fact that ∂y and Πx commute

Ia ≲ h∥D2
xU∥L2(C;yα)

(6.20),(6.25)

≲ h∥f∥L2(Ω)

Ib ≲ ∥∂yU −Πx∂yU∥L2(C;yα)
(6.20)

≲ h∥Dx∂yU∥L2(C;yα)
(6.27)

≲ h∥f∥
H̃1−s(Ω)

.

To estimate II, we first claim that truncating C at Y introduces an error O(h) if Y ≥ c| log h| if c
is sufficiently large. To see this, we compute

∥∇(U −ΠyU)∥2L2(C;yα) = ∥∇(U −ΠyU)∥2L2(CY ;yα) + ∥∇(U −ΠyU)∥2L2(Ω×(Y,∞);yα)

= ∥∇(U −ΠyU)∥2L2(CY ;yα) + ∥∇U∥
2
L2(Ω×(Y,∞);yα)

(6.29)

≲ ∥∇(U −ΠyU)∥2L2(CY ;yα) + CY−αe−2γ
√
λ1Y∥f∥2H−s(Ω).
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Since λ1 > 1 is fixed, we may select c > 0 such that Y ≥ c| log h| implies e−γ
√
λ1Y∥f∥H−s(Ω) ≤

Ch∥f∥H−s(Ω).
We write using ∇ = (Dx, ∂y)

∥∇(U −ΠyU)∥2L2(CY ;yα) = ∥Dx(U −ΠyU)∥2L2(CY ;yα) + ∥∂y(U −ΠyU)∥2L2(CY ;yα) =: IIa + IIb.

Next, we may use that Dx and Πy commute to estimate

IIa ≲ ∥DxU −ΠyDxU∥L2(CY ;yα)

(6.21)

≲ (h+ Y−α/2+(1−θ)e−γ
√
λ1Y)∥eγ

√
λ1yDx∂yU∥L2(CY ;yα+2(1−θ))

Y>1;Y∼| log h|
≲ h∥eγ

√
λ1yDx∂yU∥L2(C;yα+2(1−θ))

(6.26)

≲ h∥f∥L2(Ω),

IIb
(6.22)

≲ (h+ h−1Y−α/2+(1−θ)e−γ
√
λ1Y)∥eγ

√
λ1y∂2yU∥L2(CY ;yα+2(1−θ))

(6.28),Y∼| log h|,(6.29)
≲ h∥f∥L2(Ω).

In summary, we have arrive at the desired O(h) convergence. The problem size is given by
|TΩ| · |TY | ∼ h−dh−1(1 + Y) ∼ h−(d+1)(1 + | log h|). ■

6.5 Sparse grids

The convergence in Theorem 6.12 is the hoped-for O(h) behavior. The problem size N , however, is
not O(h−d) but (up to logarithmic terms) O(h−(d+1)). One can improve this complexity estimate
with sparse grids ideas under slightly more stringent regularity assumptions. A key ingredient is
that not a single approximation space is available but a hierarchy. We assume to have:

� A sequence of meshes (T ℓ
Ω)ℓ of mesh size hℓ ∼ 2−ℓ such that the spaces P1

0 (T ℓ
Ω), ℓ = 0, 1, . . . ,

are nested. The corresponding approximation operators Πx are denoted by Πx
ℓ .

� A sequence of meshes (T ℓ
Y)ℓ that are µ-graded meshes as described in Assumption 6.7 with

h replaced by hℓ ∼ 2−ℓ. The spaces P1
Y(T ℓ

Y), ℓ = 0, 1, . . . , are assumed to be nested. The
corresponding approximation operators Πy are denoted by Πy

ℓ .

Remark 6.13 Sequences of quasi-uniform meshes with the desired nestedness properties are ob-
tained by uniform (“red”) refinement. Graded meshes in the interval (0, 1) can be created by points
(i/N)µ, i = 0, . . . , N . Taking N = 2ℓ shows the desired nestedness. Nested sequences of graded
meshes can also be created in the context of NVB meshes, [GHS16].

We set
Πx

−1 := 0, Πy
−1 := 0.

Given a terminal level L ∈ N0, the approximation result of Section 6.4 is done by the operator
Πx

L ◦Π
y
L. The operators Πx

L and Πy
L admit telescoping sum representations:

Πx
L =

L∑
ℓ=0

(Πx
ℓ −Πx

ℓ−1) =:
L∑

ℓ=0

Qx
ℓ , Πy

L =
L∑

ℓ=0

(Πy
ℓ −Πy

ℓ−1) =:
L∑

ℓ=0

Qy
ℓ ,
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where we introduced the operators Qx
ℓ := Πx

ℓ − Πy
ℓ−1 and Qy

ℓ = Πy
ℓ − Πy

ℓ−1. The basic idea is to
approximate

Πx
L ◦Π

y
L = (

L∑
ℓx=0

Qx
ℓx) ◦ (

L∑
ℓy=0

Qy
ℓy
) =

L∑
ℓx,ℓy=0

Qx
ℓx ◦Q

y
ℓy
≈

∑
ℓx,ℓy : ℓx+ℓy≤L

Qx
ℓx ◦Q

y
ℓy
.

Numerically, one can realize a Galerkin method based on the sparse grids space

Qsp
L :=

∑
ℓx,ℓy : ℓx+ℓy≤L

P1
0 (T

ℓx
Ω )⊗ P1

Y(T
ℓy
Y ).

To see that the approximation from the subspace Qsp
L ⊂ P1

0 (T L
Ω ) ⊗ P1

Y(TY) leads to reduced com-
plexity, we estimate the dimension of Qsp

L :

dimQsp
L ≤

∑
ℓx,ℓy : ℓx+ℓy≤L

dimP1
0 (T

ℓx
Ω ) · dimP1

Y(T
ℓy
Y )

≤ C
L∑

ℓx=0

L−ℓx∑
ℓy=0

h−d
ℓx
h−1
ℓy
≤ C

L∑
ℓx=0

h−d
ℓx

L−ℓx∑
ℓy=0

2ℓy ≤ C
L∑

ℓx=0

h−d
ℓx

2L−ℓx ≤ C
L∑

ℓx=0

2ℓxd2L−ℓx

≤ C2L2L(d−1) ≤ C2Ld ∼ h−d
L ∼ dimP1

0 (T L
Ω ).

That is, the complexity of the Galerkin method could be that of the discretization in space only
and the increased problem size due to the extra variable y is not present any more! We next show
in Theorem 6.15 that the reduction in problem size does hardly affect the convergence rate. Before
doing so, let us illustrate in a simple setting the mechanism:

Example 6.14 Consider sequences of quasi-uniform triangulations T ℓ
Ω and T ℓ

Ω′ of domains Ω,
Ω′ with mesh sizes hℓ ∼ 2−ℓ. Let Ixℓ : C(Ω) → P1(T ℓ

Ω) and Let Iyℓ : C(Ω) → P1(T ℓ
Ω) be the

piecewise linear interpolation operators and Qx
ℓ := Ixℓ − Ixℓ−1 and Qy

ℓ := Iyℓ − Iyℓ−1. Then for
Qsp

L :=
∑

ℓx,ℓy : ℓx+ℓy≤LQ
x
ℓx
◦Qy

ℓy
we have

∥u−Qsp
L u∥L2(Ω×Ω′) ≤ Ch2L| log hL|∥D2

xD
2
yu∥L2(Ω×Ω′).

To see this we note that upon setting Ix−1 = 0 and Iy−1 = 0 we have the telescoping sum representa-
tions

∑
ℓ(I

x
ℓ − Ixℓ−1) = I and

∑
ℓ(I

y
ℓ − I

y
ℓ−1) = I so that also

∑∞
ℓx,ℓy=0Q

x
ℓx
◦Qy

ℓy
= I. Hence,

∥u−Qsp
L u∥L2(Ω×Ω′) =

∥∥∥ ∑
ℓx,ℓy : ℓx+ℓy>L

Qx
ℓx ◦Q

y
ℓy
u
∥∥∥
L2(Ω×Ω′)

≤
∑

ℓx,ℓy : ℓx+ℓy>L

∥Qx
ℓx ◦Q

y
ℓy
u∥L2(Ω×Ω′).

The triangle inequality gives

∥Qx
ℓxv∥L2(Ω) ≤ ∥Ixℓxv − v∥L2(Ω) + ∥Ixℓx−1v − v∥L2(Ω) ≲ h2ℓx∥D

2
xv∥L2(Ω)

and an analogous estimate for Qy
ℓy
v. Hence, we get

∥u−Qsp
L u∥L2(Ω×Ω′) ≲

∑
ℓx,ℓy : ℓx+ℓy>L

h2ℓx∥D
2
xQ

y
ℓy
u∥L2(Ω×Ω′) ≲

∑
ℓx,ℓy : ℓx+ℓy>L

h2ℓxh
2
ℓy∥D

2
xD

2
yu∥L2(Ω×Ω′)

≲ ∥D2
xD

2
yu∥L2(Ω×Ω′)

 L∑
ℓx=0

h2ℓx

∞∑
ℓy=L+1−ℓx

h2ℓy +

∞∑
ℓx=L+1

h2ℓx

∞∑
ℓy=0

h2ℓy

 .
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Since hℓx ∼ 2−ℓx and hℓy ∼ 2−ℓy , we arrive at

∥u−Qsp
L u∥L2(Ω×Ω′) ≲ ∥D2

xD
2
yu∥L2(Ω×Ω′)

 L∑
ℓx=0

2−2ℓx22(L+1−ℓx) + 2−2(L+1)


≲ ∥D2

xD
2
yu∥L2(Ω×Ω′)(L+ 1)2−2(L+1) ≲ h2L| log hL|∥D2

xD
2
yu∥L2(Ω×Ω′).

It is worth noting that, while the approximation is (up to | log hL|) as good as from the full space
P1(T L

Ω )⊗P1(T L
Ω′), the regularity requirement is more stringent: From an approximation theoretical

point of view, one would expect the requirement u ∈ H2(Ω×Ω′) (i.e., control of second derivatives)
to obtain O(h2L) instead of the condition D2

xD
2
yu ∈ L2 (i.e., control of mixed second derivatives).

Theorem 6.15. Let f ∈ H̃−s+ν(Ω) for some ν ∈ (1, 1 + s). Assume the grading parameter µ
for the meshes T ℓ

Y satisfies
µ(ν − 1) ≥ 1.

Then there are constants c, C > 0 such that for Y ≥ c| log h| there holds

inf
V ∈Qsp

L

∥U − V ∥H̊1(C;yα) ≤ ChL| log hL|

and the problem size satisfies dimQL ≤ Ch
−d
L .

Proof. 1. step (preliminaries) We estimate U −Qsp
L U . To that end, we assume that the sequences

of meshes are infinite. Since
∑∞

ℓx=0Q
x
ℓx

= I and
∑∞

ℓy=0Q
y
ℓy

= I (on appropriate function spaces),

we have
∑∞

ℓx,ℓy=0Q
x
ℓx
◦Qy

ℓy
= I (on appropriate function spaces). Hence, the error is

U −Qsp
L U =

∑
ℓx,ℓy : ℓx+ℓy>L

(Qx
ℓx ◦Q

y
ℓy
)U .

We have to estimate

∥∇(U −Qsp
L U)∥

2
L2(CY ;yα) = ∥Dx(U −Qsp

L U)∥
2
L2(CY ;yα) + ∥∂y(U −Q

sp
L U)∥

2
L2(CY ;yα) =: I2 + II2.

With the triangle iequality, we have for any norm/seminorm ∥ · ∥

∥Qx
ℓxU∥ = ∥Π

x
ℓx −Πx

ℓx−1U∥ ≤ ∥Πx
ℓx − U∥+ ∥U −Πx

ℓx−1U∥.

Since hℓx ∼ hℓx−1, these two terms are of the same order and will be treated simultaneously below
as it was done in Example 6.14.
2. step (estimating II) From Theorem 6.6 we have

∥eγ
√
λ1yDx∂

2
yU∥L2(C;yα+4−2ε) ≤ C∥f∥H̃−s+ε(Ω)

, 1 < ε < 1 + s < 2, (6.30)

∥eγ
√
λ1yDx∂yU∥L2(C;yα+2−2ε) ≤ C∥f∥H̃−s+ε(Ω)

, 1 < ε < 1 + s < 2. (6.31)
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For c > 0 sufficiently large and Y ≥ c| log h| we can recast (6.22) as

∥∂y(u−Πyu)∥L2(L2(0,Y;yα) ≲ (h+ h−1/2Y−α/2+(1−θ)e−γ
√
λ1Y)∥eγ

√
λ1y∂2yu∥L2(0,∞;yα+2(1−θ))

≲ h∥eγ
√
λ1)y∂2yu∥L2(0,∞;yα+2(1−θ)). (6.32)

For II, we compute with (6.30) and (6.32) (taking h = hL there)

II ≤
∑

ℓx,ℓy : ℓx+ℓy>L

∥∂yQx
ℓx ◦Q

y
ℓy
U∥L2(CY ;yα) =

∑
ℓx,ℓy : ℓx+ℓy>L

∥Qx
ℓx ◦ ∂yQ

y
ℓy
U∥L2(CY ;yα)

≲
∑

ℓx,ℓy : ℓx+ℓy>L

hℓx∥Dx∂yQ
y
ℓy
U∥L2(CY ;yα) =

∑
ℓx,ℓy : ℓx+ℓy>L

hℓx∥∂yQ
y
ℓy
DxU∥L2(CY ;yα)

(6.32),θ=ε−1

≲
∑

ℓx,ℓy : ℓx+ℓy>L

hℓxhℓy∥eγ
√
λ1y∂2yDxU∥L2(CY ;yα+4−2ε)

(6.30)

≲ ∥f∥
H̃−s+ε(Ω)

 L∑
ℓx=0

∞∑
ℓy=L+1−ℓx

2−ℓx−ℓy +

∞∑
ℓx=L+1

∞∑
ℓy=0

2−ℓx−ℓy


≲ L2−L∥f∥

H̃−s+ε(Ω)
∼ hL| log hL|∥f∥H̃−s+ε(Ω)

.

2. step (estimating I) For I, we first provide some regularity: From the last statement of The-
orem 6.6 and the classical shift theorem for the Laplacian we get for 0 ≤ ν < 1 + s that
∥eγ

√
λ1yD2

x∂yU∥L2(C;yα+2−2ν) ≲ ∥f∥H̃1−s+ν(Ω)
. Selecting ν = ε− 1 ∈ (0, s) we arrive at

∥eγ
√
λ1yD2

x∂yU∥L2(C;yα+4−2ε) ≲ ∥f∥H̃−s+ε(Ω)
. (6.33)

We estimate

I ≤
∑

ℓx,ℓy : ℓx+ℓy>L

∥DxQ
x
ℓx ◦Q

y
ℓy
U∥L2(CY ;yα) =

∑
ℓx,ℓy : ℓx+ℓy>L

∥DxQ
x
ℓx ◦Q

y
ℓy
U∥L2(CY ;yα)

≲
∑

ℓx,ℓy : ℓx+ℓy>L

hℓx∥D2
xQ

y
ℓy
U∥L2(CY ;yα)

(6.21),θ=ε−1

≲
∑

ℓx,ℓy : ℓx+ℓy>L

hℓxhℓy∥eγ
√
λ1y∂yD

2
xU∥L2(CY ;yα+4−2ε)

(6.33)

≲ L2−L∥f∥
H̃−s+ε(Ω)

.

Putting the estimates together concludes the proof. ■

Remark 6.16 A Galerkin method based on the space Qsp
L would require a basis of Qsp

L . An alter-
native is the use of the combination formula, [HPS13], which combines several Galerkin solutions:

Let Uℓx,ℓy ∈ P1
0 (T

ℓx
Ω )⊗ P1

Y(T
ℓy
Y ) be the Galerkin approximation to U , i.e.,

aC(Uℓx,ℓy , V ) = aC(U , V ) = ⟨f, V ⟩ ∀V ∈ P1
0 (T

ℓx
Ω )⊗ P1

Y(T
ℓy
Y ).
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Then, the Galerkin approximation U sp
L ∈ Q

sp
L is given by

U sp
L =

L∑
ℓ=0

(Uℓ,L−ℓ − Uℓ−1,L−ℓ),

with the understanding that U−1,ℓ = 0.
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Chapter 7

Dunford–Taylor Approach

7.1 The Dunford-Taylor Definition

The starting point for the Dunford-Taylor calculus is Cauchy’s integral formula, which states that

f(ζ) =
1

2πi

∫
C

f(z)

z − ζ
dz, (7.1)

where the contour C is a rectifiable Jordan curve oriented such that f is holomorphic on the left of
C and ζ is also on the left of C.
The Dunford-Taylor calculus generalizes (7.1) to the case of operator by defining f(T ) for linear
operators T on a Hilbert space by

f(T ) :=
1

2πi

∫
C
f(z)(z − T )−1dz; (7.2)

here, the spectrum of T lies on the left of the contour C and does not touch the contour. For more
details about the Dunford-Taylor calculus, we refer to [Yos80].

7.1.1 The Balakrishnan formula for the Spectral Fractional Laplacian

Figure 7.1: Contour in the definition of ((−∆)sσ)
−1: “standard” contour on the right. Deformed

to a cover twice the negative real axis on the left. Spectrum of −∆ is given by solid dots.
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Using (7.2) for the negative Laplacian (−∆), we may define the solution operator for (−∆)sσu = f
as

u = (−∆)−s
σ f =

1

2πi

∫
C
z−s(z +∆)−1fdz,

where the contour is chosen such that the negative real axis (as well as a neighborhood of the
origin) is on the right side (see Fig. 7.1). (A good, concise exposition of defining fractional powers
of operators is given in [RR04, Sec. 12.4].) Deforming the contour onto the negative real axis (see
Fig. 7.1) gives the so-called Balakrishnan formula

(−∆)−s
σ f =

sin(sπ)

π

∫ ∞

0
µ−s(µ−∆)−1fdµ. (7.3)

Remark 7.1 (7.3) can be obtained by “elementary” means without the Dunford-Taylor calculus.
Proceeding formally (think of finite sums and later check convergence in the appropriate sense)1

sin(πs)

π

∫ ∞

µ=0
µ−s(µ−∆)−1f dµ =

sin(πs)

π

∑
k

fkφk

∫ ∞

µ=0
µ−s(µ+ λk)

−1 dµ

µ=λkt=
sin(πs)

π

∑
k

fkφkλ
−s
k

∫ ∞

µ=0
t−s(t+ 1)−1 dt

=
∑
k

fkλ
−s
k φk = ((−∆)sσ)

−1 f.

7.1.2 The sinc-quadrature technique

The Balakrishnan formula (7.3) suggests a numerical method:
In the following, we present a numerical method based on the Balakrishnan formula, which consists
of two parts:

� Quadrature for the integral in the variable µ;

� FEM in the variables x to approximate (µ−∆)−1 in the quadrature points µ.

Since sinc-quadrature is usually formulated for integration over R instead of (0,∞), we perform a
change of variables: Using the transformation µ = ey in (7.3), we get

u = (−∆)−s
σ f =

sin(sπ)

π

∫ ∞

−∞
e(1−s)y(ey I−∆)−1f dy =

sin(sπ)

π

∫ ∞

−∞
e−sy(I−e−y∆)−1f dy. (7.4)

We will discretize the integral
∫∞
−∞ by sinc-quadrature, which here is simply the trapezoidal rule.

1The integral
∫∞
t=0

t−s(t + 1)−1 dt = π
sin(πs)

can be evaluated by contour integration taking the following closed

loop: just above the positive real axis from ε to R, then on a circle Re−iφ, φ ∈ (0, 2π), then back just below the real
axis and on a small circle of radius ε around the origin. One selects the positive real real axis as the branch cut for
x−s. The integrand has a pole at x = −1 and the residue is 2πix−s at x = −1.
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Sinc quadrature for scalar-valued functions

Good references for sinc techniques are [Ste93, LB92]. The sinc-function is defined by

sinc(z) :=

{
sinπz
πz z ̸= 0

1 z = 0
. (7.5)

Lemma 7.2. If suppF(F ) ⊂ [−π/h, π/h] for some h > 0 and F ∈ L1(R) then for all z ∈ C

F (z) =
∑
j∈Z

F (jh) sinc

(
z − jh
h

)
. (7.6)

Proof. 1. step: We claim:

e−izt =
∑
j

eijht sinc

(
z + jh

h

)
, z ∈ C, t ∈ (−π/h, π/h). (7.7)

To see (7.7) we extend the function e−iz·|(−π/h,π/h) as a 2π/h-periodic function. The Fourier series
of this functions converges pointwise and is given by2

e−izt =
∑
j

eijht
h

2π

∫ π/h

−π/h
e−ijhxe−izx dx =

∑
j

e−ijht h

2π

−1
i(jh+ z)

[
e−π/h(jh+z) − eπ/h(jh+z)

]
=
∑
j

eijht
h

2π

2i sin(π(jh+ z)/h)

i(jh+ z)
=
∑
j

eijht sinc((z + jh)/h).

2. step: Since the (periodized) function t 7→ e−izt is smooth with jumps at jπ/h, j ∈ Z, the Fourier
series converges uniformly on compact subsets of (−π/h, π/h) and the partial sums are uniformly
bounded.3 This will allow us to interchange summation and integration later.
3. step: By the Paley-Wiener theorem the function F is in fact an entire function on C. In
particular, it is smooth so that pointwise evalulations are admissible.
4. step: We use the Fourier inversion formula

√
2πF (z)

suppF(F )⊂[−π/h,π/h]
=

∫
ζ∈(−π/h,π/h)

F(F )(ζ)eizζ dζ

(7.7)
=

∫
ζ∈(−π/h,π/h)

F(F )(ζ)
∑
j

eijhζ sinc

(
−z + jh

h

)
Step 2
=

∑
j

sinc

(
−z + jh

h

)∫
ζ∈(−π/h,π/h)

F(F )(ζ)eijhζ

Fourier inv. form.
=

∑
j

sinc

(
−z + jh

h

)√
2πF (jh).

2we assume z + jh ̸= 0 for all j ∈ Z
3this is effectively a consequence of the Gibbs phenomenon, which states that the overshoot and the undershoot

are ca. 9%.
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In view of the fact that sinc is an even function, the claim of the lemma is proved. ■

Corollary 7.3. Under the assumptions of Lemma 7.2 there holds∫
R
F (z) dz = h

∑
j∈Z

F (jh).

Proof. One simply evaluates
∫
R sinc((z − jh)/h) = h. To see this, one ultimately has to evaluate

∫ ∞

x=0

sinx

x
dx =

∫ ∞

x=0

∫ ∞

y=0

sinx exp(−xy) dydx =

∫ ∞

y=0

∫ ∞

x=0

sinx exp(−xy) dxdy =

∫ ∞

y=0

1

1 + y2
dy =

π

2
.

■

Remark. If the function F additionally decays sufficiently fast at ±∞, then the sum in Corol-
lary 7.3 can be truncated. This shows that a truncated trapezoidal rule can be quite accurate.

Since bandlimited functions are entire by the Paley-Wiener theorem, one is interested in enlarging
the class of functions for the represention (7.6) holds—at least approximately.
The following theorem show that the series (7.6) can be a very good approximation:

Theorem 7.4 ([LB92, Thm. 2.13], [Ste93, Chap. 3]). Let F be holomorophic in the strip
Dd := {z ∈ C : Im z < d}. Assume

N2
d (F ) := sup

0<y<d

{(∫
x∈R
|F (x+ iy)|2 dx

)1/2

+

(∫
x∈R
|F (x− iy)|2 dx

)1/2
}
<∞,∫ d

y=−d
|F (x+ iy)| dy = O(|x|a) as |x| → ∞ for some a ∈ [0, 1).

Then,

F (x)−
∑
j∈Z

F (jh) sinc

(
x− jh
h

)
= ε(z, h) (7.8)

with

∥ε(·, h)∥L∞(R) ≤
N2

d (F )

2(πd)1/2 sinh(πd/h)
= O(e−πd/h). (7.9)

Proof. We will not prove the theorem, although the proof is not very difficult. Essentially, it
follows from the residue theorem applied to the function

G(z) := sin(πx/h)
F (z)

(z − x) sin(πz/h)

by taking contours as the boundary of the rectangles

Rn := {z ∈ C | z = x+ iy, |y| < yn,−(n+ 1/2)d < x < (n+ 1/2)d}, yn := d− 1/n.
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One notices that G has poles at x and jh, j ∈ Z. ■

Remark. It is worth noting that h is still a parameter at ones disposal. Thus, by making h
smaller, the accuracy of the sinc approximation improves very quickly.

We actually need a result for the quadrature error:

Theorem 7.5 ([LB92, Thm. 2.20]). Under the assumptions of Theorem 7.4 there holds for
the quadrature error∣∣∣∣∣∣

∫
R
F (x) dx− h

∑
j∈Z

F (jh)

∣∣∣∣∣∣ ≤ N2
d (F )

2 sinh(πd/h)
e−πd/h = O(e−2πd/h).

In practice, the infinite sum has to be truncated. A typical case is that F decays exponentially. In
this case, the choice

QM (F ) := h
∑

|j|≤M

F (jh), h := 1/
√
M (7.10)

is particularly useful:

Corollary 7.6. Let F satisfy the assumptions of Theorem 7.5 and additionally |F (x)| ≤ CF e
−a|x|

for some CF , a > 0. Then there are constants C, b > 0 such that for all M ∈ N∣∣∣∣∫
R
F (x) dx−QM (F )

∣∣∣∣ ≤ Ce−b
√
M .

Proof. One estimates∣∣∣∣∫
R
F (x) dx−QM (F )

∣∣∣∣ ≤
∣∣∣∣∣∣
∫
R
F (x) dx− h

∑
j∈Z

F (jh)

∣∣∣∣∣∣+
∑

|j|>M

h|F (jh)| ≤ Ce−2πd/h + 2CFh
∑
j>M

e−ajh

≤ Ce−2πd/h +
2CFh

1− e−aMh
e−aMh.

The choice h = 1/
√
M , which we made in the definition of the quadratureQM leads to the claim.4 ■

Remark. The sinc-quadrature has many parameters to improve the convergence behavior of the method.
A more general technique would be to select

QM−,M+

(F ) := h

 0∑
j=−M−

F (jh) +

M+∑
j=1

F (jh)


with M− = a−/

√
h and M+ = a+/

√
h for two parameters a+, a− that better balance the error contribu-

tions.

4A better choice would be to ensure 2πd/h = aMh, i.e., h =
√

2πd/(aM).
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Figure 7.2: Sinc quadrature error; see Example 7.7.

Example 7.7 Typically, integrals are transformed prior to an application of the sinc-quadrature.
For example, the integral

∫∞
0 (1 + x2)−1 dx = π

2 can be evaluated as∫ ∞

x=0

1

1 + x2
dx

x=eat
=

∫ ∞

−∞

aeat

1 + e2at
dt.

The sinc-quadrature error π/2−QM (Fa) with Fa = aeat/(1 + e1at) for two different values of a is
given in Fig. 7.2 indicating that the choice of the transformation affects the actual performance of
the sinc-quadrature QM .

Sinc quadrature: semidiscretization

We discretize (7.4) by the sinc-quadrature QM of (7.10). That is, we approximate

π

sin(πs)
u =

∫ ∞

y=−∞
e(1−s)y(ey I−∆)−1f dy =

∫ ∞

y=−∞
e−sy(I−e−y∆)−1f dy

≈ QM (e−sy(I−e−y∆)−1f) = h
∑

|j|≤M

e−syj (I−e−yj∆)−1f

with
yj = jh, h = 1/

√
M.

We abbreviate

cB :=
sin(πs)

π
.
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For the semidiscretization error ((−∆)sσ)
−1−cBQM (e−sy(I−e−y∆)−1), we have the following result:

Lemma 7.8. There exists a C > 0, depending only on s and Ω such that

∥((−∆)sσ)
−1 − cBQM (e−sy(I−e−y∆)−1)f∥

H̃s(Ω)

≤ C
(
e−

π2

2

√
M∥f∥H−s(Ω) + e−

s
2

√
M∥f∥L2(Ω) + e−(1−s)

√
M∥f∥L2(Ω)

)
.

Proof. Since the operator (−∆) has an ONB (φk)k, we perform the analysis in that basis.

1. step (reduction to scalar quadrature): Let us first consider the approximation

Qh(f) := h
∑
j∈Z

e−syj (I−e−yj∆)−1f.

Expanding f =
∑

k fkφk, we see that we have

((−∆)sσ)
−1f = cB

∑
k

fkφk

∫ ∞

y=−∞
e−sy(1 + λke

−y)−1 dy = cB
∑
k

fkφkI(λk),

cBQh(f) = cB
∑
k

fkφkh
∑
j

e−syj (1 + λke
−yj ) = cB

∑
k

fkφkĨh(λk),

where we used the abbreviations

I(λ) :=

∫ ∞

−∞
e−sy(1 + λe−y) dy,

Ĩh(λ) := h
∑
j∈Z

e−syj (1 + λe−yj ) dy.

Then the error is given by

∥((−∆)sσ)
−1f − cBQh(f)∥2H̃s(Ω)

= c2B
∑
k

λsk|fk|2|I(λk)− Ĩh(λk)|2.

Step 2 (analysis of the scalar quadrature): It can be checked that

sup
λ>0

λs sup
d∈(−π/2,π/2)

∫ ∞

y=−∞

∣∣∣∣∣ e−s(y+id)

1 + λe−(y+id)

∣∣∣∣∣ dy ≤ C.
From Theorem 7.5 we therefore get

|I(λk)− Ĩh(λk)| ≤ Cλ−s
k e−π2/h

and conclude

∥((−∆)sσ)
−1f − cBQh(f)∥2H̃s(Ω)

≤ c2B
∑
k

λsk|fk|2λ−2s
k e−π2/h ≤ C∥f∥2H−s(Ω)e

−π2/h.
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Step 3: Since the quadrature formula is a finite sum, we have to estimate

∑
k

λsk|fk|2
∣∣∣∣∣∣h
∑

|j|>M

e−syj (1 + λke
−yj )−1

∣∣∣∣∣∣
2

.

To estimate this, we need more regularity of f than just f ∈ H−s(Ω). By comparing a (Riemann)
sum with the corresponding integral, we obtain

h
∑
j>M

e−syj

1 + λe−yj
≲
∫ ∞

√
M

e−sy

1 + λe−y
dy

x=λe−y

≲ e−s
√
M min{1, (λe−

√
M )−1}, (7.11)

h
∑

j<−M

e−syj

1 + λe−yj
≲
∫ −

√
M

−∞

e−sy

1 + λe−y
dy

x=λe−y

≲ λ−smin{1, (λe
√
M )s−1}. (7.12)

We estimate further

∑
k

λsk|fk|2
∣∣∣∣∣∣h
∑
j>M

e−syj

1 + λe−yj

∣∣∣∣∣∣
2

≲
∑
k

λsk|fk|2e−2s
√
M min{1, (λke−

√
M )−2}

≲
∑

k : λke−
√
M≤1

λsk|fk|2e−2s
√
M +

∑
k : λke−

√
M>1

λsk|fk|2e−2s
√
M (λke

−
√
M )−2

= e−s
√
M

∑
k : λke−

√
M≤1

(λke
−
√
M )s|fk|2 + e−s

√
M

∑
k : λke−

√
M>1

(λke
−
√
M )s−2|fk|2

≤ 2e−s
√
M∥f∥2L2(Ω)

and, using that λk ≥ λ1 > 0 we see that the minimum in (7.12) is actually always attained for

(λke
√
M )s−1 so that

∑
k

λsk|fk|2
∣∣∣∣∣∣h
∑

j<−M

e−syj

1 + λe−yj

∣∣∣∣∣∣
2

≲
∑
k

λsk|fk|2λ−2s
k (λke

√
M )2(s−1) =

∑
k

λs−2
k |fk|2e−2(1−s)

√
M

≲ e−2(1−s)
√
M∥f∥2L2(Ω).

■

Sinc quadrature: fully discrete method

The semidiscrete approximation is given by

cBQ
M (e−sy(I−e−y∆))f = cBh

∑
|j|≤M

e−syj (I−e−yj∆)−1f︸ ︷︷ ︸
=:uj∈H1

0 (Ω)

.

A fully discrete method can be obtained by approximating the functions uj by a numerical method,
e.g., the FEM. The function uj ∈ H1

0 (Ω) is the solution of∫
Ω
e−yj∇uj · ∇v + ujv =

∫
Ω
fv ∀v ∈ H1

0 (Ω). (7.13)
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Given a finite-dimensional Vj ⊂ H1
0 (Ω), the Galerkin approximation uj,N ∈ Vj is given by requiring∫

Ω
e−yj∇uj,N · ∇v + uj,Nv =

∫
Ω
fv ∀v ∈ Vj (7.14)

and one sets
uN := cBh

∑
|j|≤M

e−syjuj,N . (7.15)

Concerning the error, we have with b := min{s/2, 1− s, π2/2}

∥u− uN∥H̃s(Ω)
≲ e−b

√
M∥f∥L2(Ω) + h

∑
|j|≤M

∥uj − uj,N∥H̃s(Ω)
,

where the first term is the semidiscretization error of Lemma 7.8 whereas the second term arises
from the triangle inequality. The analysis of the method is thus reduced to the Galerkin error
analysis. An example of the type of results that can be obtained is:

Proposition 7.9 ([BP15]). Let Ω be convex, s ∈ (0, 1) and f ∈ H̃2−2s(Ω). Then, if the
functions uj,N are approximated using piecewise linears on a mesh of mesh size H, there holds

∥u− uN∥H̃s(Ω)
≤ C| logH|

(
H2−s∥f∥

H̃2−2s(Ω)
+ e−b

√
M∥f∥

H̃s(Ω)

)
.

Remark. The assumptions on f are not very realistic in practice, since (for s < 1/2) the function
f needs to vanish on ∂Ω; reduced rates of convergence (in terms of H) then result.
For smooth data f not necessarily vanishing on ∂Ω, see the hp-FEM discussed in [BMS23].

The error analysis for uj − uj,N hinges on understanding the regularity of the solution uj , which
solves, in strong form,

−e−yj∆uj + uj = f in Ω, uj |∂Ω = 0. (7.16)

Two cases may arise:

1. yj ≤ 0: Then (7.16) can alternatively be written as

−∆uj + eyjuj = eyjf.

Since 0 < eyj ≤ 1 (and possibly even very small if yj << −1), we see that uj is the solution
of a regular perturbation of −∆. Thus, a standard space Vj of piecewise polynomials on a
quasi-uniform mesh will be appropriate.

2. yj > 0: Then for e−yj << 1 problem (7.16) is a singularly perturbed equation. The solution
features a boundary layer that needs to be resolved for accurate solutions. See the following
Example 7.10. Special meshes can be designed to produce accurate numerical approximations.

Example 7.10 Consider for ε > 0 the problem

−ε2u′′ + u = f on Ω = (0, 1) u|∂Ω = 0. (7.17)

The solution plot in Fig. 7.3 shows clearly that the solution features boundary layers at the end-
points. That is, the solution varies sharply in an O(ε) neighborhood of the endpoint. A FEM
thus needs small elements near the boundary to resolve these layers. See [Mel02, Chap 2] and the
references there for more details.
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Figure 7.3: Solution plot for Example 7.10

7.1.3 The Integral Fractional Laplacian

A direct definition like (7.3) is not possible for the integral fractional Laplacian, as the spectrum
does not need to be positive and the Dunford-Taylor calculus can not be justified.
However, using the Fourier definition of the fractional Laplacian, we can derive a different repre-
sentation. We have with Plancherel’s formula

a(u,w) = C(d, s)

∫
Rd

∫
Rd

(u(x)− u(y))(w(x)− w(y))
|x− y|d+2s

dx dy =

∫
Rd

(−∆)su(x)w(x)dx (7.18)

=

∫
Rd

F((−∆)su)(ζ)Fw(ζ)dζ =

∫
Rd

|ζ|2sF(u)(ζ)Fw(ζ)dζ. (7.19)

Using Parseval’s theorem, we can write∫
Rd

|ζ|2

1 + µ2|ζ|2
F(u)(ζ)Fw(ζ)dζ =

∫
Rd

(−∆)(I − µ2∆)−1u(x)w(x)dx,

which leads, using the transformation t = µ|ζ| to

Cs

∫ ∞

0
µ1−2s

∫
Rd

(−∆)(I − µ2∆)−1u(x)w(x)dx dµ = Cs

∫
Rd

F(u)(ζ)Fw(ζ)
∫ ∞

0

|ζ|2µ1−2s

1 + µ2|ζ|2
dµ dζ

= Cs

∫
Rd

F(u)(ζ)Fw(ζ)
∫ ∞

0

|ζ|2st1−2s

1 + t2
dt dζ

= Cs
π

2 sin(πs)

∫
Rd

|ζ|2sF(u)(ζ)Fw(ζ)dζ.

Choosing Cs = 2 sin(πs)
π and inserting this into (7.18), we obtain a different representation for the

bilinear form a(·, ·)

a(u,w) =
2 sin(πs)

π

∫ ∞

0
µ1−2s

∫
Rd

(−∆)(I − µ2∆)−1u(x)w(x)dx dµ.
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Again, sinc-quadrature can be employed to approximate the integral on the right-hand side. How-
ever, this leads to a non-conforming method with approximative bilinear forms, which can be
analyzed by Strang-type estimates. For details, we refer to [BLP19].
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A.1 Gauss-Lobatto interpolation

Quadrature or best-approximation errors are usually estimated using certain interpolation opera-
tors.
Here, we consider Lagrange interpolation in some given nodes xi. Classical examples are Chebyshev
interpolation (with nodes xi being the zeros of the Chebyshev polynomials), Gauss interpolation
(with nodes xi being the zeros of the Legendre polynomials) and Gauss-Lobatto interpolation (with
nodes xi being the extrema of the Legendre polynomials including the endpoints).
Chebyshev and Gauss-Lobatto points are optimal in the sense that the corresponding Lebesgue
constants only grow logarithmically.
We now show an exponential convergence result by means of complex extension.
For ρ > 1, we define the Bernstein ellipse Eρ by

Eρ := {z ∈ C : |z − 1|+ |z + 1| < ρ+ ρ−1}. (1.1)

Proposition A.1. Let u be holomorphic on Eρ̃, ρ̃ > 1. Then, for every 1 < ρ < ρ̃, we have

inf
v∈Pn

∥u− v∥L∞(−1,1) ≤
2

ρ− 1
ρ−n∥u∥L∞(Eρ). (1.2)

Moreover, there holds

inf
v∈Pn

∥u′ − v′∥L∞(−1,1) ≤ ρ−n∥u∥L∞(Eρ). (1.3)

Proof. We consider the 2π-periodic function û := u ◦ cos : [−π, π] → R, and express it by its
Fourier series (since û is even, no terms involving sin appear)

û(t) =
a0
2

+
∞∑
ℓ=1

aℓ cos(ℓt) aℓ :=
1

π

∫ π

−π
û(t) cos(ℓt)dt.

Setting cos(t) = x, one obtains an expansion of u in terms of Chebyshev polynomials

u(x) =
a0
2

+

∞∑
ℓ=1

aℓCℓ(x).
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Since |Cℓ(x)| ≤ 1, there holds

|u(x)− a0
2
−

n∑
ℓ=1

aℓCℓ(x)| ≤
∞∑

ℓ=n+1

|aℓ|.

As a0
2 +

∑n
ℓ=1 aℓCℓ(x) ∈ Pn, we only need a suitable estimate for |aℓ|. With the substitution z = eit,

we obtain

aℓ =
1

π

∫ π

−π
u(cos(t)) cos(ℓt)dt =

1

π

∫ π

−π
u(Re (eit))Re (eiℓt)dt

=
1

π

∫
|z|=1

u(Re (z))Re (zℓ)
1

iz
dz.

For z ∈ ∂B1(0), there holds

Re (z) =
1

2
(z + z) =

1

2

(
z +
|z|2

z

)
=

1

2

(
z +

1

z

)
.

Consequently, with the Joukowsky-Transformation J : z 7→ 1
2

(
z + 1

z

)
, this gives

aℓ =
1

2πi

∫
|z|=1

u (Jz)
zℓ + z−ℓ

z
dz

=
1

2πi

∫
|z|=1

u (Jz) zℓ−1dz +
1

2πi

∫
|z|=1

u (Jz) z−(ℓ+1)dz.

We use the Cauchy integral theorem on the annulus B1/ρ,ρ(0). As the Joukouwsky transformation

mappes each circle with radius ρ′ onto the ellipse Eρ′ , the function w(z) := u
(
1
2(z +

1
z )
)
= u ◦ J(z)

is analytic in B1/ρ,ρ(0). Consequently the integrands in the integrals above are analytic in B1/ρ,ρ(0)
and we may change the path of integration to |z| = 1/ρ in the first integral and to |z| = ρ in the
second integral. This gives

aℓ =
1

2πi

∫
|z|=ρ−1

w(z)zℓ−1dz +
1

2πi

∫
|z|=ρ

w(z)z−(ℓ+1)dz

≤ 1

2π
2π∥u∥L∞(Eρ)

1

ρ
ρ−(ℓ−1) +

1

2π
2π∥u∥L∞(Eρ)ρρ

−(ℓ+1)

= 2ρ−ℓ∥u∥L∞(Eρ).

This imples

|u(x)− a0
2
−

n∑
ℓ=1

aℓCℓ(x)| ≤
∞∑

ℓ=n+1

|aℓ| ≤ 2∥u∥L∞(Eρ)

∞∑
ℓ=n+1

ρ−ℓ = 2
ρ−n

ρ− 1
∥u∥L∞(Eρ),

which gives the first statement.
The estimate for the derivative follows by approximating u′ by a polynomial of degree k − 1 and
integration. ■
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The previous proposition gives an exponential approximation result for holomorphic functions. In
practice, for real valued functions u ∈ C∞(−1, 1), it is therefore of interest to provide a criterium
whether a function has a holomorphic extension, which is the subject of the following lemma from
[AM15, BLM05].

Lemma A.2. Let u ∈ C∞(−1, 1). Then, the following statements are equivalent

1. There exist constants C, γ (which may depend on u) such that

∥u(n)∥L2(−1,1) ≤ Cγnn! ∀n ∈ N0.

2. There exists ρ > 1 such that u has a holomorphic extension to Eρ with

∥u∥L∞(Eρ) <∞.

Proof. The implication 2. =⇒ 1. follows from the Cauchy integral formula for derivatives.
For the converse implication 1. =⇒ 2., we start with the 1D Sobolev embedding C([−1, 1]) ↪→
H1(−1, 1), which implies by assumption

∥u(n)∥L∞(−1,1) ≤ C∥u(n)∥H1(−1,1) ≤ Ĉγ̂nn! ∀n ∈ N0.

As a consequence, the Taylor series of u around any point ζ ∈ [−1, 1] converges in an open ball
B1/γ̂(ζ) ⊂ C of radius 1/γ̂ (e.g. by the quotient criterium). Thus, u has a analytic extension to⋃

ζ∈(−1,1)B1/γ̂(ζ) =: Gγ̂ and Taylor expansion on the slightly reduced subset Gγ̂(1+ϵ) for ϵ > 0 gives
for any x ∈ Gγ̂(1+ϵ) and sufficiently close ζ ∈ (−1, 1)

|u(x)| = |
∞∑
ℓ=0

u(ℓ)(ζ)

ℓ!
(x− ζ)ℓ| ≲ Cu

∞∑
ℓ=0

(1 + ϵ)−ℓ = Cu
1 + ϵ

ϵ
.

By elementary calculations, one observes that the Bernstein ellipse Eρϵ with ρϵ := 1 + 1/(γ̂(1 + ϵ))
satisfies Eρϵ ⊂ Gγ̂(1+ϵ). In particular, u is analytic on Eρϵ and the bound on the L∞-norm holds. ■

Note that by affine transformation to the reference interval (−1, 1), the previous corollary also holds
on an arbitrary interval J ⊂ R.
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