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Multi-species systems

Examples:
@ Animal populations: observing, predicting, harvesting
@ Fluid mixtures: heliox (diving, asthma), biofilm reactors, air pollution
@ Cell dynamics: tumor growth, ion transport through membranes
@ Electrolysis: lithium-ion batteries, production of hydrogen from water

Nature is generally composed of multi-species systems! J

Modeling: diffusion equations

©
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Introduction

History of mathematical population dynamics (N. Bacaér)

Leonardo of Pisa 1202: P,11 = P, + P,—1 — Fibonacci numbers
Euler 1748: Ppi1 = (1 + k)P, — exponential growth

Maltus 1798, Verhulst 1838: limit of growth, dP/dt = kP — P2
Lotka 1925, Volterra 1926: predator—prey differential equations
McKendrick, Kermack 1926-27: epidemic dynamics (SIR model)
May 1974: chaotic populations (discrete model)

Shigesada, Kawasaki, Teramoto 1979: two-species populations
Busenberg, Travis 1983: segregating populations

Euler Lotka

Volterra
© Kunstmuseum Basel (left), Princeton University Library (middle), E. Whittaker 1941 (right)
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Introduction

Modeling of multi-species populations

Microscopic models:

e Discrete-time Markov chain: uj(tx+1) = ZJN:1 uj(ti) Pji

@ Time-continuous Markov chain: du;/dt = Eszl(uij,- — ujPy)
@ Particle models: N Newton's equations

Mesoscopic models:

e Kinetic equation: PDEs for distribution functions f;(x, a, t)

Macroscopic models:
e Ordinary differential egs.: SIR model (Kermack—McKendrick 1927)
@ Stochastic differential equations: du; = F;(u)dt + U(u)dW

o Age-structured model: 9;f + 9,f = —puf, n(0,t) = [~ b(a)f(a, t)da
(McKendrick 1926)

e Diffusive equations: PDEs for density u;(x, t)
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Introduction

Diffusion equations

Reaction-diffusion equation:

Oru — div(DVu) = f(u) in Q, t >0, initial & boundary cond., D > 0
e Strongly regularizing: u(0) € L2(Q) = u(t) € C=(Q)
@ Preserves nonnegativity: u(0) >0 = u(t) >0 (if f(u) <0 at u=0)

Reaction-diffusion systems:

Oruj — diV(D,'Vu,') = f,(u) inQ, t>0, D;>0,i=1,...,n
@ f; quasi-positive: f; <0 at u; =0
@ Global existence if quasi-pos., total mass control, n = 2 (Pierre 1987)
@ Global existence if quasi-pos., total mass control, f; at most quadratic
Problem:
@ Flux D;Vu; only depends on Vu; (Fick's law)

@ In multicomponent systems, flux may depend on all Vu;
= need for cross-diffusion systems
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Introduction

Fick's law for fluid mixtures

@ Mass balance equations: density u;, diffusion flux J;
Oiu; +divd; =0, i=1,...,n
@ Fick’s law: flux from high-concentration to low-concentration region
Ji = —D;Vu;, D;: diffusion coefficient
@ Leads to diffusion equation 0;u; — div(D;Vu;) =0
Problem: Uphill diffusion in ternary mixtures (Duncan—Toor 1962)
@ Mixture of hydrogen, nitrogen, carbon dioxide in two bulbs

@ Flux of nitrogen J, significant although Vu, =~ 0 — uphill diffusion
o Fick's law not sufficient — J;i = — >, A;Vy;

© Asinari, ICMMES 2007
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Introduction

What are cross-diffusion systems?

Oru; — div (ZA,'J'(U)VU_,) =fi(u) inQ, t>0,i=1,...,n
j=1

@ Systems of quasilinear parabolic equations
e Initial and (no-flux) boundary conditions

What makes these systems special?

e Adding (cross-) diffusion, constant equilibria may become unstable
even if equilibria of associated ODE system linearly stable

e May lead to physically desired pattern formation (Turing 1952)
o Uphill diffusion: diffusion flux in higher concentration area
@ Segregation: supp(u;(t)) Nsupp(uj(t)) =0 V't (Bertsch et al. 1985)

@ Blow-up in L* norm in finite time possible (Stard—John 1995)

Aim: Derivation, mathematical analysis, numerical simulations
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Derivation of population models

Overview

© Introduction
@ Derivation of population models
e Derivation from lattice models

e Derivation from fluid models
e Derivation from interacting particle systems

© Analysis of cross-diffusion systems
@ More about the Busenberg—Travis model

© Numerical approximation
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Derivation of population models Derivation from lattice models

@ Derivation from lattice models: single species

@ Temporal change of particle number = incoming — outgoing particles
e Lattice with mid points (x;, y;), where x; = in, y; = jn, n >0

e ujj = u(t, x;, yj) = population number (7, /) at time t

@ p = transition rate (to simplify: constant)

d
St = P(UiLy + Uim1j o+ U1+ Uij1) — 4puj
=p

(viv1j — 20+ vi1j) + p(uijr1 — 2uj + ujj-1)
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Derivation of population models Derivation from lattice models

Taylor approximation

. 2
Abbreviate: Ocuj = %(X,-,yj) 02 uj = gx‘j(x,-,xj) etc.

Taylor approximation of w1 = u(x; £1,y;), y; fixed

Uiy1j = Ujj + ndxujj + % 8XXu,J + 0(n?)
ui—1j = ujj — noxujj + —8xxu,-j + 0(n?)
sum:  ujy1j — 2u,J + U1 = 70wt + O(n°)

Taylor approximation of u;j+1 = u(xi,y; £1), x; fixed

Ui j+1 — 2Uij + ujj-1 = 7726yyuif + 0(773)

Master equation:

d
gt = Plui1j = 2uy + vim1g) + p(uijer — 2uj + vij-1)
= 11’ PO uij + 117 pdy, iy + 20(n°) = 1”pAu + 20(n°)
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Derivation of population models Derivation from lattice models

Diffusion limit

o(n*)

d
—u,-j:n2pAu,-j+2O(n3), lim >— =0

dt n—0 7

@ Problem: Limit  — 0 leads to trivial dynamics
@ Solution: Consider “large” time scale, t — t/1?, 0; — 1?0:

o(n*)

> =0

d 20(n?) .
g = PR T I

e Diffusion limit n — O:

dru(x,y,t) = Du(x,y, 1) i= (B + B )ulx,y,t) inRY, t >0

Bounded domains €2:
e Initial conditions: u(x,y,0) = up(x,y) in Q

@ Boundary conditions: u = up or Vu-v =0 on 022
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Derivation of population models Derivation from lattice models

Nonconstant transition rate

One-dimensional situation

Transition rate: p; = p(u;), population number u; at x;
Scaled master equation:

1°0stj = pj_1Uj_1 + Pj41Ujr1 — 2pjuj

Taylor expansion of p:
7’ 2 7o 2 3
pjx1 = pj £ n0up;Oxu; + ?8upjaxuj + ?8uupj(axuj) + O(n°)

e Insert in master equation, divide by 72, and perform n — 0:

Oru = Ox ((p(u) + udyp(u))dxu) = 024 (up(u))

Multidimensional equation:

Ot = A(up(u)) inR?, >0

Ansgar Jingel (TU Wien) Multi-species populations asc.tuwien.ac.at/~juengel 14 /105



Derivation from latice models
Derivation from lattice models: multiple species
@ Master equation for particle number u;(x;):
Oruj(x;) = jr, 14j(xi-1) +p; ,+1UJ(X/+1)
(P + P )UJ(XI)
Transition rates: pj,,- = pj(u(xi))

One-dimensional case to simplify notation

Taylor expansion, diffusion scaling, formal limit 7 — 0 leads to system
of diffusion eqs. (Zamponi-AJ 2017)

8tu,—8<ZA,J 8uj>:8)2<x(u,-p,-(u)), i=1,...,n

where Op;
(95}(”)7 Lj=1...,n

@ Rigorous limit like in Daus—Desvillettes—Dietert 2018

Ajj(u) = 6jpi(u) + uj

e Multi-dimensional case analogous: 9:u; = A(u;pi(u))

Ansgar Jingel (TU Wien) Multi-species populations asc.tuwien.ac.at/~juengel 15 /105



Derivation of population models Derivation from lattice models

Derivation from lattice models: size exclusion

Size exclusion: Species have finite size — u; = volume fraction

Size-exclusion constraint: Z?:o u; = 1 with ug = void

Scaled master equation:

1 0euj(x;) = Rj—:’_l'fl uj(xi-1) + R; :+1”J(Xl+1) (R+ +R;; uj(xi)

Transition rate: RJi, = pj(u(xi))qi(uo(xi+1))
Limit 7 — 0 (Zamponi-AJ 2017)

Btu,—d|v<ZA,J VUJ> i=1,...,n

Diffusion matrix A = (A;;) with

45(0) = 2 ) 0n) + i (0) 2 0) + () 52 (o)
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Derivation from latice models
Example 1: Shigesada—Kawasaki—Teramoto (SKT) model

opi
Aj(u) = 65pi(u) + uig - (u), g =1
uj

Example: pj(u) = ajo + ajpu1 + ajpuo, i = 1,2 (a; > 0)

Alu) = aip + 2a1u1 + apuo appu
aniup ago + axiur + 2axu

o First suggested by Shigesada,
Kawasaki, Teramoto 1979

@ Diffusion matrix not symmetric, not
positive definite
e Eigenvalues of A(u) positive: Ay >0
o Lotka-Volterra terms:
fi(u) = (bio — bjrur — bjpu2)u;

Black residential segregation in Milwaukee (blue dots)
© US Census Bureau 2002
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Derivation of population models Derivation from lattice models

Example 2: Size-exclusion model

I
—

Aij(u) = 0jqi(uo) + uiqi(uo),  pi

Example: gj(uo) = Diug, up =17, uj
A,-,-(u) = Di(Ui + U0)7 Aij(u) = Dju; for i 7&-/

Cross-diffusion equations:

Oruj = Djdiv(upVu; — uiVup)

lon transport through channels:
include drift D; div(uu;z;V®)

Nernst—Planck equations: up =1

A(u) not symm., not positive definite

Volume fractions should satisfy
0<u <1

lon fractions in synapse channel (©) Adobe Stock
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Derivation of population models Derivation from fluid mixture model

@ Derivation from fluid mixture model

@ Mass and momentum balance equations:
Oruj +div(ujv)) =0, i=1,...,n
e0¢(ujvi) + ediv(ujv; ® v;) +divS; = f;
@ Mass densities: u;, velocities: v;, stress tensor: S;

o Friction force: f; = > 7, kjuju;(v; — vi)

@ Momentum balance: € < 1 means small inertia effects

Example 1: S; = ujpi(u)l (no viscous stress, only nonlinear pressure) and
¢ — 0. Simplification: k; =1 gives Zf:l kijuiui(vi — vi) = —ujv;

Orup +div(ujvi) =0, V(uipi(u)) = —ujv;
= Ouj — A(uipi(u)) =0 (SKT model)
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Derivation of population models Derivation from fluid mixture model

Derivation from fluid mixture model

Oruj +div(ujvi) =0, i=1,...,N
e0t(ujvi) + ediv(uiv; @ vi) +divS; = f;
Example 2: S; = u; (linear pressure) and ¢ — 0

e Barycentric velocity vanishes: > ;ujv; =0
e Size exclusion: > 7 (Oruj=0= Y7, u,-(t) =>roui(0)=1

Oruj +div(ujvi) =0, Vu; = Zkuu,ujvj Vi)

— Maxwell-Stefan diffusion system for gas mlxtures

@ Problem: Y1 Vu; =0, relation Vu; <+ v; not invertible
@ Solution: invert on orthogonal complement of kernel

Oru; +div(ujvi)) =0, —ujv; = ZAU u)Vu;

o Gives cross-diffusion system with matrix (A,J(u)) which is generally
neither symmetric nor positive definite
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Derivation of population models Derivation from interacting particle systems

@ Derivation from interacting particle systems
o Single species: N particles at position X¥(t), k=1,..., N
N
1
dXk(t) = N D VV(XE(E) = X5(1) + V2odWH(t), t >0
=1

k _ ko d _
XK0)=¢* inRY k=1,....N

e Brownian motions W*(t), initial data &%,...,¢N i.i.d. with common
probability density u°
@ Interaction potential: V; — d¢ in sense of distributions

1
Vi (x) = 77"\/(’;')’ xeRY n>0

@ Aim: mean-field limit N — oo, n — 0
o Empirical measure: pup(t) = N71 22121 Oxk(t)

dX X (t) = VV; * pn(t)dt + V20dWH(t)
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Derivation of population models Derivation from interacting particle systems

Heuristic arguments

dX)(t) = VV, * un(t)dt + V20dWH(t)
e Many-particle limit N — oo: expect that puy — @, O, = Iaw()_<,’]‘)
dX)(t) =V, « 0,(X))dt + V2odWH(t)
@ Determine equation for &, from [t6's lemma:
do(XF) = {Ve(XK) - VV, « i0,(X5) + o A¢(X)) b dt + V2oV H(X)) - dW*
[td's lemma: Let X(t) solve dX = adt + bdW, ¢ € C2. Then
do(X) = (9¢p(X) + 20xp(X) + 3b°025.0(X)) dt + bdxp(X)dW

@ Integrate over (0, t) and take expectation:
BORH(E) ~ BA(RE0) = & [ (VoK) - TV, » (X)) + o80(%,)
+V20E / Vo(XE) - dWk(s)
0
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Derivation of population models Derivation from interacting particle systems

Heuristic arguments

B} (0) ~ Eo(4(0) = & [ (VO(RE) - TV, # 0, (RE) + o AG(RE) ds

+ @E/tw()’q) - dW*(s)
0

—0
o i, = law(X}) implies that E¢(XX) = [L4 ¢, dx
@ Gives weak formulation:

/Rd(qsn,,(t) — @i, (0))dx = /Ot /R (VX)) - V Vi # 0y (X)) + o AG(XK)) dxds
@ Strong formulation:
O¢lly — oAl = —div(a, V), * Vi)
e Limitn — 0:
Oru — o Au = —div(udg * Vu) = —div(uVu), t>0
u(0) = law(X(0)) = law(¢¥) = u® in R?
Aim: Extend technique to multiple species
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Derivation from interacting particle systems
Mean-field limit in multi-species system

n N
1
dxk = 5 >N VXK = X dt + V20;dWiE, XF(0) = &F

j=1¢=1
@ Species index i =1,...,n, particle index k =1,... N
@ Independent Brownian motions W,-k, ,-1, e ,5/\/ i.i.d. with common
density u?

@ Interaction potential: \/;7 — ajj0p in sense of distributions, a;; > 0

1 |x
v,;?:dv<’>, xeRY n>0
7 n

@ Limit N — oo leads to nonlocal SDE, n — 0 leads to local SDE with
probability density satisfying PDE (by 1t6's lemma)
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Derivation of population models Derivation from interacting particle systems

Mean-field limit: heuristics

@ "Microscopic” particle system: (i=1,...,n, k=1,...,N)
dX} = =V V]« u (t)dt + V20,dWH (1), XF(0) = &F

@ “N — 00" = intermediate particle system: u}’ solves nonlocal PDE
n

dXF ==Y (V] « ul)(Xf(t), t)dt + V20idW/ (1), Xf(0) = ¢f
j=1
@ 7 — 0 = “macroscopic” particle system:

== ayVu(X[(t), t)dt + V20, dW/(t), X[(0) = &F
j=1
e Density function u; = LaW()A(,-k) associated to )A(,-k solves

n
Oruj = o;Auj + div <u,-Za,-jVuj-), t >0, u,-(u) = u,Q in Rd
j=1
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Derivation of population models Derivation from interacting particle systems

Mean-field limit: rigorous result
dX} = =V V]« ul (t)dt + V20;dW/(1)
n

dX/ == (V] % uy ) (X(2), t)dt + v/20,dW(t)

j=1
dXf = =3 2y Vu(XH(2), )dt + v/ 20:dW (1)
j=1

Theorem (L. Chen—-Daus-AJ 2019)
Let N € N and n=29=* < clog N. Then

s B3 s [xK(:) - %K) ) < (T

i—1 0<s<T

Idea of proof: exploit Lipschitz continuity of Vj; and estimate
E( sup ’X,-k — )A(,-kD < E( sup ‘X,-k —Yf(|> —HE( sup ‘Yf( - )?,-k’)

0<s<T 0<s<T 0<s<T
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Derivation of population models Derivation from interacting particle systems

Mean-field cross-diffusion system

Otuj = ojAu; + div (u;Vp;(u)), pi(u) = z": ajui, j=1,...,n
@ Fluiddynamical interpretation if o; = 0: =
Oruj +div(ujvi) =0, v, =—=Vpi(u) (Darcy's law)
@ This is not the SKT model, which has stronger diffusion
Orui = A(uipi(u)) = div(u;Vpi(u) + pi(u)Vu;)
o Generalization of Busenberg—Travis system (1983):
Oruj = div(u;Vpi(u)), pi(u) = k,-zn: uj
— matrix with entries aj; = k; has rank one only e
@ Change of unknowns if k; = 1: vy = 27:1 ui, Vi = uj/w
Orvo = div(vwVvy), 0tvi =V - Vy;

— mixed hyperbolic—parabolic system

Ansgar Jingel (TU Wien) Multi-species populations asc.tuwien.ac.at/~juengel
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Derivation of population models Derivation from interacting particle systems

Intermediate summary

@ Derivation from lattice models yields SKT model and size-exclusion
systems

Derivation from fluid models yields SKT model and Maxwell-Stefan
equations for gas mixtures

Derivation from interacting particle systems yields generalized
Busenberg—Travis equations

@ Other derivations:
e From kinetic models: Maxwell-Stefan equations
(Boudin—Grec—Salvarani 2011), population models: open problem
(work in progress with Taguchi)
e From reaction—diffusion equations in fast-reaction limit
(Daus—Desvillettes—AJ 2020, Murakawa 2021, ...)
e Matched asymptotics expansion: Mason—Lack—Bruna 2022
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Analysis of cross-diffusion systems

Overview

@ Introduction
@ Derivation of population models

© Analysis of cross-diffusion systems

Entropy structure

Examples

Entropy structure revisited
Boundedness-by-entropy method

@ More about the Busenberg—Travis model

© Numerical approximation
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Analysis of cross-diffusion systems Entropy structure

Mathematical properties

Diffusion equations: 0y — Au=f

@ Maximum principle: u >0 at t =0 and on 9, f > 0 = u(t) > 0 for
allt >0

@ Regularity: u smooth on 99, f smooth = u(t) smooth for all t > 0

Reaction-diffusion systems: O;u; — a;Au; = fi(u)
@ Maximum principle: still holds if f; appropriate

@ Regularity: It may happen that 37* > 0: lim,_, 7+ sup, |u(x, t)] = o0

Cross-diffusion systems: O:u — div(A(u)Vu) = f
@ Maximum principle: does not hold generally!
@ Regularity: does not hold generally!

@ New mathematical ideas necessary, consider only physically motivated
systems
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Analysis of cross-diffusion systems Entropy structure

State of the art

Oru — div(A(u)Vu) = f(u) in Q, t >0, u(0)=u®, no-flux b.c.
Aim: Develop existence theory (uniqueness, regularity)
LadyZenskaya et al. 1968: growth conditions on nonlinearities needed
Many results for small cross diffusion (Kim 1984, Deuring 1987,...)
Alt—Luckhaus 1983: global solutions if Onsager matrix unif. pos. def.
Kawashima—Shizuta 1988: hyperbol.—parabol., need invariance cond.
Amann 1990: parabolic in the sense of Petrovskii = 3! local classical
solution; bounds in W1P(Q), p > d = 3 global classical solution
e D. Le 2016: BMO bound & condition on A(u) = classical solution

(BMO = Bounded Mean Oscillation, L> C BMO C L} )

@ Burger et al. 2010: global bounded weak solutions for special model

Novelty of approach: degeneracies allowed, global L* solutions

Key idea: Exploit entropy structure
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Analysis of cross-diffusion systems Entropy structure

Entropy structure: heuristics

Main assumption

Oru — div(A(u)Vu) = f(u) possesses formal gradient-flow structure

deu — div <BV6I_5/(U)> = f(u),

where Onsager matrix B is pos. semi-definite, H(u) = [, h(u)dx entropy

Equivalent formulation: dH(u)/du ~ h'(u) =: w (entropy variable)
Oeu(w) — div(B(w)Vw) = f(u(w)), B(w) = A(u(w))h"(u(w))™
Consequences:
Q@ His Lyapunov functional if f = 0:

/atu H(u = /VW BVwdx <0

@ L bounds for u: Let h" : D — R" (D C R") be invertible =
u(x,t) = (h)"1(w(x, t)) € D (no maximum principle needed!)
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Analysis of cross-diffusion systems Entropy structure

Entropy structure: definition

Oru — div(A(u)Vu) = f(u), t>0

Definition (Entropy structure)

If 3 h € CO(D) strictly convex such that B = A(u)h"(u)~! or h"(u)A(u)
positive definite on D, then cross-diffusion system has an entropy
structure.

e Domain D: u(x,t) € D or u(x,t) € D, for instance D = (0, 00)"

@ B is positive definite (possibly nonsymmetric) iff B+ BT is pos. def.
@ B may be only positive semi-definite on D (degenerate problem)

@ h(u) entropy density, H(u) = [ h(u)dx entropy
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Analysis of cross-diffusion systems Entropy structure

Relation to thermodynamic structure

Oru — div(BVw) = f(u), B = A(u)h"(u)™?

Mathematical entropy density h (nonincreasing in time)

Physical entropy density s = —h (nondecreasing in time)

Free energy: F = U — 0s, U internal energy density, 6§ temperature
Ideal, isothermal mixture: U = const., free energy = math. entropy
Entropy variable = chemical potential w; = dh/du;

Onsager reciprocal relations (1931): B is symmetric

Entropy production: —9 = [0 Vw : BVwdx > 0
— expresses second law of thermodynamics

o Bothe-Dreyer 2015: Entropy inequality allows to determine
constitutive relations for interactions
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Analysis of cross-diffusion systems Entropy structure

Relation to hyperbolic conservation laws
Oru+ > Fi(u)dju=0, F:R"—R" 9;=0/0x;

e System symmetric hyperbolic iff 3 A%(u) symmetric positive definite
& A(u) symmetric such that

A%(u)O,u + Z A(u)dju =0
j=1

e Assume: 3 entropy density h(u) & entropy flux g; : R” — R”,
Okqj(u) = h'(u) - OFj(u). Then 3 entropy equality:

th(u) + div q(u) = H'(u) - (Beu + div F(u)) =0
@ Formulation as symmetric hyperbolic system EIAj symmetric
h” 19w + Z Al(w
—Ao( )

— similar to w-formulation of cross-diffusion systems
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Overview
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Examples
Entropy structure revisited

Boundedness-by-entropy method

Adobe Firefly
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Eaups
@ Two-species SKT model

Oru — div(A(u)Vu) = f(u) in Q, t >0, wu(0)=u, no-fluxb.c.

a aiiul + appu apu
Alu) = 10 + a11u1 + a2 121 a5 >0
aziup aro + az1uy + axup
e Lotka-Volterra terms: fj(u) = (bjo — bjrur — bipup)u;, i =1,2

Entropy: h(u) = asjui(log uy — 1) + apua(log up — 1), D = (0, 00)?

Entropy inequality:

<[ huya+ CZ/ a0V + il Vi) dx < Cr

Entropy variables: w; = 0h/0u; = log u; = u;j = exp(w;) >0

Consequences: Estimates for V/u; if ajp > 0 and Vu; if a;; > 0,
nonnegativity for u;
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sl
n-species SKT model

Oru —div(A(u)Vu) = f(u) in Q, t >0, u(0)=ug, no-fluxb.c.

a . n
A,'J-(U) = 5,-jp,-(u) + U;ail_(u), p,-(u) = ajo + Z iUk, aj = 0
J _

e Assume: (ajj) positively stable ( = real parts of eigenvalues are
positive) & detailed-balance condition:

dry,...,mp >0, Vi,j=1,...,n, miajj = T;ajj

@ (m;) invariant measure of time-cont. Markov chain associated to (ajj)
@ Assumptions imply that (;aj;) is symmetric positive definite
e Entropy density: h(u) = > ; miui(logu; — 1), u € D = (0, 00)"

d
p dx+42ﬂ'p, )| V/uil dx—|—Z/7r,aUVu, Vujdx =0

ij=1
@ Gives estimates for V,/u; (if ajp > 0) and for Vu;
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Analysis of cross-diffusion systems Examples

@ Generalized Busenberg—Travis model

Oru; = div(y;Vpi(u)), pi(u) = Za,'juj, aj >0

@ Assume (ajj) pos. stable & detailed-balance condition 7;a;; = 7jaj;
@ Change of unknowns w; = m;u;:

n
: ajj aj _ aji
Orw; = div | w; E —JVWJ , 2 =2£
T T T

j=t "/

If A= A;A> positively stable, A; symmetric, A» symmetric positive
definite = A; symmetric positive definite (A; = (a;j/7}), A2 = diag(7;)) J

= ajj/m; symmetric positive definite = sufficient to assume that (a;;)
is symmetric positive definite
e First entropy density' hi(u) =>7_, ui(loguj — 1), u € D = (0, 00)?
d

o hl( )dx + Z/a,JVu, Vujdx =0 = estimate for Vu;

ij=1
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Analysis of cross-diffusion systems Examples

Busenberg—Travis model: entropy structure

Oruj = div(u; Vpi(u)), pi(u) = Z ajju;

e First entropy density: hi(u) = > i, uj(log uj — 1)

d
o h1 dx+Z/aUVu, Vujdx =0

fj=1
e Second entropy density: ha(u) = 5 Z,"J 1 Ajjuiu;

d
o h2 dx+Z/u,yvp, =

— gives estimate for u; in L?(Q)

Interpretation:
@ hi(u) = Boltzmann—Shannon entropy density, “fluid entropy”
@ hy(u) = Rao entropy density (measure for functional diversity of
species), “fluid energy” with kinetic energy u;|v;|> = u;|Vp;i(u)|?
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Analysis of cross-diffusion systems Examples

® lon transport model

Oruj = D,-div(u()Vu; —u;Vuy + Z;UOU,'VCD)
= Djdiv (u;jV(log uj — log up + z®)), i=1,...,n

o Electric potential ® (given), volume fractions u; with Y7 o uj =1
e Entropy density: ue D={uec (0,1)":> " ;ui <1} CR"
n

n
h(u) = Z ui(log uj — 1) + up(log up — 1) + Zz,-u,-cb
i=1 i=1
e Entropy / free energy inequality:
dt uj
o dx+2/ Ug Uj (Ioglj(')—l—z,-d))
— estimates for \/ugV,/u; and Vg, since

2 n
u; V<Iog5’+z,-¢'> = 4up Y |V /ui* + [Vuol|* + 4|V /ug]?
0 i—1
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Analysis of cross-diffusion systems Examples

lon transport model

n n

h(u) = Z ui(loguj — 1) + up(log ug — 1) + Zz,-u,—cb
i=1 i=1

@ Estimates for /ugV./u; and Vug, but no estimate for V/u; —
non-standard degeneracy

@ Invert entropy variables w; = 9h/du; = log(u;j/up):

B exp(w; — z;P)
1+ 377 exp(w; — z®)’

up izl,...,n

— yields u € D= {u € (0,1)": Y7 uj < 1} without the use of a
maximum principle

@ Idea: Solve system in w-variable, transform to u-variable, conclude
L>°(2) bounds
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Examples
@ Maxwell-Stefan model

Oruj + div(u,-v,~) =0, Vuy = Z k,-ju;u](vj- — V,')7 i=0,...,n

@ Assume k;j = kj; >0
e Entropy density h(u) = 3" ui(logu; — 1), u € D = (0, 00)" 1

n n
h(u)dx—Z/ Or Uj Iogu;dx—Z/ uiv; - Vlog ujdx
p Q : Q
= Z/kuu,ujv, vi)dx = — Z/kuu,uj|v,—\/1| dx

ij=0 ij=0

— [ h(u)dx Lyapunov functional
@ Better estlmate ifueD={ue(0,1)":> ", u <1} but need to
invert Vu; < v;:

g dx+cZ/V\F| dx < 0
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Analysis of cross-diffusion systems Examples

Non-logarithmic entropies

Example 1: Keller—Segel system with additional cross-diffusion
Oruy = div(Vuy — i1V), Orup — Aup — 0Aup = ug — tp

o Cell density vy, chemical substance up, § > 0 (Hittmeir—AJ 2011)
e Entropy density: h(u) = ui(logus — 1) + 2*15“5

a 2 2
\/ \V4 <
/ h(U)dX+/ <2| \/U]_’ | U2| 6>dX 0

Example 2: Variant of Busenberg—Travis model
Oruj = div(uiVp(u)), p(u (Z ﬁjuj> , >0

@ Healthy cells uy, tumor cells up (s — oo: Debiec—Schmidtchen 2020)
e Entropy density: h(u) = Sj%l(zj L kju)sTE

/ dx—i—Z//@u,]Vp )?dx =0
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Analysis of cross-diffusion systems Examples

Overview

Entropy structure
Examples

Entropy structure revisited

Boundedness-by-entropy method

Ansgar Jingel (TU Wien) Multi-species populations asc.tuwien.ac.at/~juengel 45 /105



R
Entropy structure and positive stability

Oru — div(A(u)Vu) = f(u) (%)

Definition: A(u) positively stable = eigenvalues of A(u) have positive real
parts = (x) parabolic in sense of Petrovskii

Theorem (X. Chen-A.J. 2021)

@ If (%) has entropy structure then A(u) positively stable
= local existence of smooth solutions by Amann 1990

e If A(u) positively stable & h"(u)A(u) symmetric then (x) has an
entropy structure and A(u) diagonalizable with positive eigenvalues
symmetry of h"(u)A(u) corresponds to Onsager relations

e If A= Ay constant: A positively stable < (x) has entropy structure
A(u) = Ao + nonlinear perturbation = 3 entropy structure

Proof: Use Lyapunov theorem and matrix factorization
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R
How to find an entropy structure?
@ A(u) has eigenvalues with negative real part = no entropy structure
e Entropy structure often recovered from thermodynamics (free energy)
Example: Population model d;u; = div(u;Vp;(u)) with p; general
Theorem (X. Chen—-AJ 2021)

Let (9pi/Odu;);j be symmetric & positively stable. Then 3 h € C2:
H'(u)A(u) pos. def. If W' (u)A(u) symm. = h convex = entropy structure.

Proof: Poincaré lemma for closed differential forms: (;p;) defines
curl-free vector field = 3: h € C?(D): 0h/ou; = m;p; = h"(u)A(u) >0

A(u)
positively
stable

A(u)
entropy
structure

A(u)
positive
definite
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Analysis of cross-diffusion systems Entropy structure revisited

Double entropy structure of Busenberg—Travis system

n

Oruj = div(kjuiVp(u)), p(u)= Z uj
=1
@ Boltzmann—Shannon entropy: ’

d
/ k,-‘lu,-(logu,-—l)dx+/ IVp(u)|?dx =0
dt Jq o

@ Rao entropy:

dl 2 - 24 _
dt2/Qp(u) dx+;/ﬂu,wp(u)| dx =0

@ Question: Why two entropies?

@ Explanation from fluiddynamical approximation
(Carrillo—=X. Chen—AJ, work in progress 2024)
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Analysis of cross-diffusion systems Entropy structure revisited

Fluiddynamical approximation

Oruj +div(ujv)) =0, i=1,...,n
e0¢(uivi) + ediv(uiv; @ vi) = eR(u, v) — ujvi — u;Vp(u)

Mass and momentum balance equations for densities u; & velocities v;

°
e Korteweg regularization R(u, v) needed to derive gradient bounds
@ Relaxation term —u;v;, force term u;Vp(u)

°

Formal limit ¢ — 0 yields v; = —Vp(u) = Busenberg—Travis model
Fluid energy and entropy:

1 n dE n
EZ*/ (pi(u)2+EZUI|Vi|2>dX, —+/Z(k;1ui|vi|2+€Ré)dX:0
2 Ja i=1 dt Qo
-1 dH )
H= k “ui(loguj — 1)dx, — + |V p(u)Pdx = =Ry
Q dt Q

— In the limit € — 0, fluid energy converges to Rao entropy, fluid entropy
converges to Boltzmann—Shannon entropy
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Analysis of cross-diffusion systems Entropy structure revisited

Intermediate summary

@ Entropy structure is inspired from thermodynamics and hyperbolic
conservation laws

Mathematical entropy often equal to Boltzmann—Shannon entropy,
but 3 non-logarithmic examples

Benefits: gradient bounds & nonnegativity / L* bounds

Question how to determine an entropy structure is widely open
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Analysis of cross-diffusion systems Entropy structure revisited
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Global existence of solutions

Aim: General existence result for global weak solutions
Literature:
o Alt-Luckhaus 1983: global solutions if matrix B = A(u)h"(u)™?
uniformly positive definite — often not satisfied in applications

@ Amann 1990: a priori bounds in W1P(Q) with p > d = 3 global
classical solution — WP(Q) bounds often too strong

Key idea: Exploit entropy structure

@ Introduce entropy variable w = #'(u), h: D -+ R

e Solve 0ru(w) — div(B(w)Vw) = f(u(w)) for w

e Transform back to u = (h')~%(w), conclude pointwise bounds in D
Assumptions:

e Convex entropy h € C?(D) such that h’ invertible on D

@ "“Degenerate” positive definiteness of B

e Growth condition for reactions f(u)
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T R
Boundedness-by-entropy method

atu —div(B(w)Vw) = f(u(w)) in Q,  u(0) = u°, no-flux b.c.
d dx+/ Vu:h'(u )A(u)VudX:/Qf(u)~h'(u)dx

Assumptlons.

@ I convex entropy h € C2(D;[0,00)), h invertible on D C R”
@ '"Degenerate” positive definiteness: for all v € D,

1
zTH"(u)A(u)z > CZU2S' 222 5> = 5= estimate for |Vu|?

© A continuous on D, HC >0:Vue D: f(u)-h(u) < C(1+ h(uv))
Theorem (A.J. 2015)

Let the above assumptions hold, let D C R" be bounded, fQ h(uo) < 00,
ud(x) € D. Then 3 global weak solution such that u(x,t) € D and

u€ L2 (0,00, H{(Q)), 0Oru € LE(0,00; HY(Q))
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T R
Boundedness-by-entropy method

n
_ 1 . )
zTH"(n)A(u)z > ¢ E u,-25‘ 2z,-2, s; > > = estimate for |Vu 2
i—1

Theorem (A.J. 2015)
Let the above assumptions hold, let D C R" be bounded, [, h(u®) < oo,
u?(x) € D. Then 3 global weak solution such that u(x,t) € D and

ue L3.(0,00; HY(Q)), 0w e L2.(0,00; HY(Q))

loc

Remarks:
@ Result valid for rather general model class
@ Yields L bounds without using a maximum principle
@ Boundedness assumption on D is strong but can be weakened in
some cases; see SKT model below
° Yieldslimmediately global existence for Maxwell-Stefan model
(si=3)
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Existence proof: strategy

Oru — div(A(u)Vu) = f(u) or dru(w) —div(B(w)Vw) = f(u(w))
Key ideas:
o Discretize in time: replace d;u(w) by (u(w*) — u(w*=1))/At, At >0

Benefit: avoid issues with time regularity

o Regularize in space by adding “s(—A)"wk", ¢ >0
Benefit: yields solutions wk € H™(Q) C L>=(Q) if m > d/2
(needed since div(B(w)Vw) is not uniformly elliptic)

@ Solve problem in w* by fixed-point argument
Benefit: elliptic problem in w-formulation (not true for u-formulation)

e Perform limit (g, At) — 0, obtain solution u(t) = lim u(w*)
Benefit: compactness comes from entropy estimate; L bounds come
from u(wk(x)) € D = u(x,t) € D
Strategy: problem in u — solve in w — limit solves problem in u
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Existence proof: details
o Approximate problem: Given wk=1 € L%°(Q), solve for ¢ € H™(Q),
1
— /(u(wk) — u(w*1)) - pdx +/ Vo : B(wF)Vwkdx
T JQ Q

5/ < Z Dwk . DY + wk - ¢> dx = / F(u(wh)) - pdx
2\ oo Q
e Linearized system: S : [®°(Q) x [0,1] — L=(Q), S(y,d) = w* and
wk solves linear problem (by Lax-Milgram)
o Fixed-point argument: show that S compact, entropy estimate for all
fixed points = 3 wk € H™(Q): S(w,1) = wk (by Leray-Schauder)

5/ dx—i—At/ Vwk: BYWHdx + eAt]|wX||3mq)
Q

h(u*~1)dx + CAt&/(l—i—h(uk))dx, uk = u(w*)

Q 1 Q

e Limit (¢,7) — 0: Aubin—-Lions compactness lemma
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Aubin—Lions lemma

e Estimates uniform in (7,¢): set u() (-, t) = u(wk), t € ((k — 1)1, k7]
1™ 20,720 + VEIW 20 7200m) < €
() — u(t = 1) 27 (mmyy < €
Lemma (Aubin-Lions 1963/69)

Let [[u™ |20, 71m) + 1066 | 20, 7m(@yy < C.
Then exists subsequence u(™) — u strongly in L%(0, T; L?).

Problem: discrete time derivative and nonlinear estimate
Lemma (Discrete Aubin—Lions; Simon 1987)
Let X < B compact and B — Y continuous, 1 < p < oo, and
[t oo, 7:x) < €, sup lim [ () — u(t = )|l p2r7.v) =0
>0 h—0 T

Then (u(7) is relatively compact in LP(0, T; B).
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Aubin—Lions lemma

Lemma (Discrete Aubin—Lions; Dreher-A.J., 2012)
If additionally, (u™)) piecewise constant in time, and

1 o0, 7o) + 718 = a3y < €
Then (u(7)) is relatively compact in LP(0, T; B).

Benefit: study u(")(t) — u(")(t —7), not all u(™)(t) — u(")(t — h)
Theorem (Nonlinear Aubin—Lions lemma, Chen—-AJ-Liu 2014)

Let (u() be piecewise constant in time, k € N, s > %, and

H(U(T))SHLZ(O,T;Hl) + 7 o () — (e - Mo iy < €
Then exists subsequence u(™) — u strongly in L>*(0, T; L%%)

Remark: Alt—Luckhaus 1983: s = 1, Maitre 2003: nonlinear version of
Simon 1987, Moussa 2016: monotone nonlinearities
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Example 1: SKT model
o Diffusion matrix: (a; > 0)

Alu) = a1o + airu1 + anplp aioly
a1 axo + axuy + axuz

Entropy density: h(u) = Z,?:l miui(logu; — 1) for u € D = (0, 00)?
but no L* bound
Positivity: u; = exp(w;) > 0 and entropy inequality:

2
d
dt/ h(u)dx + clz/ma,-o\v\ﬁuﬁ+a,-,-yvu,-2)dxg G
Q i=1 7%

@ aj; > 0: Gagliardo—Nirenberg u; € Liﬁz/d — enough to treat u;Vu;
@ ajo > 0: more sophisticated estimates needed since u; € L)l(,tl/d only

Theorem (L. Chen-A.J. 2004 /2006)
Let H(u®) < oo. Then 3 solution (uy, u2) with uy, up >0 in Q and
aio > 0: u; € [2.(0,00; HY(Q)), ai>0: v € L2.(0,00; H(Q))

loc
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Generalization: more than two species

Ajj(u) = (aio + ajrur + -+ + ainln)dj; + ajju

e Entropy: H(u) = [o h(u)dx = [ > i; miui(log uj — 1)
e Key assumption: m;aj; = m;aj; (detailed balance), m; > 0

Why detailed balance?

@ Detailed balance < () reversible measure < h”(u)A(u) symmetric
= entropy H(u(t)) decreases Vt

@ Detailed balance not satisfied: a;; “large” = H(u(t)) decreases,
otherwise 3 u(0) such that H(u(t)) increases

Theorem (X. Chen-Daus-A.J. 2018)

Let ajj > 0 and detailed balance hold. Then 3 nonnegative weak solution
ui € L2 (0,00, HX(Q)), i=1,...,n

Ansgar Jingel (TU Wien) Multi-species populations asc.tuwien.ac.at/~juengel 60 /105



Analysis of cross-diffusion systems Boundedness-by-entropy method

Generalization: nonlinear coefficients

Recall: From macroscopic limit of random walk on lattice:
Al) = pr(u) + uy 9P (u) m?’ji(g)
IJZaZi(U) ( )+U285§(U)
o p; linear: L. Chen—AJ 2004
@ p; sublinear: Desvillettes—Lepoutre-Moussa 2014
e p; superlinear: p;i(u) = ajo + ainu + appus (i = 1,2),
entropy density: hs(u) = ax1uj + apu3, s > 1
Theorem (AJ 2015)

Letl<s<4and(1-— %)812821 < anrax, H(u) < oo.
Then 3 nonnegative weak solution u,-s/ € L2 _(0,00; HY(R))

Idea of proof: Use entropy hs(u) + ¢ ; uj(log uj — 1)

@ p; superlinear, s > 1: Desvillettes-Lepoutre-Moussa-Trescases 2015
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Example 2: Generalized Busenberg—Travis system

8tu,' = div(u,-Vp;(u)), p;(u) = Za;juj- in QT =0 x (0, T)
j=1
e Initial and no-flux boundary conditions, (aj;) positive definite

o Entropy densities:
n

1 n
hl(u) = Z u,-(log u; — 1), hg(u) = 5 Z ajjuju;

i—1 ij=1
e Entropy inequalities: yield u; € L2(0, T; H') N L>(0, T; L?)

d
= h1 dx+Z/aUVu, Vujdx =0

igj=1

d 2
o h2 dx+2/u,\vp, )|?dx =0

o Gagliardo-Nirenberg inequality: u; € L2t4/9(Q7)
— yields compactness in L2(Q7)
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Global existence

Oruj = div(u;Vpi(u)), pi(u) = Z ajju;
j=1

Theorem (AJ—Portisch—Zurek 2022)
3 global nonnegative weak solution in Qr :=Q x (0, T)V T > 0.

Proof:
o Define B = A(u)h{(u)~! and entropy variable w = h}(u)

Oru(w) = div(BVw), u(w) = (k) t(w)

o Explicitly: uj(w) = e"i, Bjj = ajjuju; symm. pos. def. on {u; > 0}

@ Solve approximate problem for u? by using Leray—Schauder theorem

e Uniform estimates for u; in L2(0, T; H'), O:u; in L9(0, T; W—1:9),
g=(d+2)/(d+1)>1= Vu; = Vu;, 0:uf — O:u;

o Aubin-Lions compactness: uf — u; strongly in L2(Q7)

Ansgar Jingel (TU Wien) Multi-species populations asc.tuwien.ac.at/~juengel 63 /105



Analysis of cross-diffusion systems Boundedness-by-entropy method

Regularity of solutions

O — div(A(u)Vu) = f(u) inQr=Qx(0,T), u(0)=12d°
Negative result:
e Stard—John 1995: 3 A € L*°: u(t) Holder blows up at t =1 in L™
Full regularity:
e Amann 1990: u(t) bounded in WP(Q), p > d = u classical solution

e D. Le 2017: A(u) has polynomial growth of order <5, u(t) € BMO
= u class. solution (BMO = Bounded Mean Oscillation, L> C BMO C L{ )
Partial regularity:

e Giaquinta—Struwe 1982 (A(u) pos. def.): u is Holder continuous in
Q71 \'S, where Hy_o(S) = 0 for some € > 0 (Hausdorff measure)

@ Braukhoff-Raithel-Zamponi 2020 (h”(u)A(u) pos. def.): u bounded
= u is Holder continuous in Q7 \ S, Hg_(S) =0
Idea: Use relative entropy h(u|v) = h(u) — h(v) — H'(v) - (u— v) and
h(ulv) ~ |u — v|? for u; far from zero, A;;(u) diagonal for u; — 0
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Uniqueness of solutions

Uniqueness of weak solutions: u, v weak solutions = u = v
o Alt-Luckhaus 1983: linear elliptic operator, d;u; € L!
o Gajewski 1994: operator w — div(B(w)Vw) strictly monotone
o X. Chen—AJ 2018: population system if p; = p, g; = q, and
p(s) + sq(s) = 0
Weak-strong uniqueness: u weak solution, v strong solution = u=v
@ Fischer 2017: diagonal diffusion systems
X. Chen—-AJ 2019: SKT model (u: renormalized solution)
Berendsen et al. 2020: ion transport system (d =1, D; = 1)

°
°

@ Huo—AJ-Tzavaras 2022: Maxwell-Stefan system

@ AJ—Portisch—Zurek 2022: nonlocal Busenberg—Travis system
°

Laurencot—Matioc 2023: two-species Busenberg—Travis system

— Details later!
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Analysis of cross-diffusion systems Boundedness-by-entropy method

Overview

@ Introduction

@ Derivation of population models

© Analysis of cross-diffusion systems

@ More about the Busenberg—Travis model
o Qualitative behavior of solutions

e Nonlocal variants
e Incomplete diffusion

© Numerical approximation
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More about the Busenberg—Travis system Qualitative behavior of solutions

Boundedness

atul = diV(U1V(311U1 + 212U2)), atUQ = div(u2V(321u1 + 322U2))

e Initial and no-flux boundary conditions, (aj;) positive definite
o Entropies: h,(u) = 37 bjntd uf

j—1
k — k-1
bjn = (n) H L 321(n ) bon =1
k

J o .312/(4—&122([7—/(—].)7

e Entropy hy(u) = boau3 + bipuius + boyu? similar to Rao entropy

Theorem (Laurengot—Matioc 2022)

d ax max{aii, a
& [ ok <0, (on + ) (@) < 2T 22)
Q

0)|| Lo
=il min{a21, 322} ||(U1 * U2)( )HL

Proof: Show that h(u)A(u) is positive semidefinite

— Generalization to n > 2 species not (easily) possible
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More about the Busenberg—Travis system Qualitative behavior of solutions

Uniqueness of solutions

Oruj = div(y;Vpi(u)), Za’JUJ
Uniqueness of weak solutions v and v:

@ Use u; — v; as test function in difference of equations:

Z/ ui — v;) —i—Z/a,Ju, ui — v;) - V(uj — vj)dx

ij=1 ij=1
= — g / ajj(ui — vi)V(uj — v;) - Vv;dx
ij=1

e Problem: factor u; prevents to exploit positive definiteness of (ajj)
— L-type estimate not possible

@ Solution: Use “nonlinear distance” (relative entropy)

ulv) = ) — ha(v) — BL() (i~ ) Z“""g%f
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More about the Busenberg—Travis system Qualitative behavior of solutions

Weak—strong uniqueness

n
Ocur = div(uiVpi(u),  pi(u) =) ajuj
=1
@ Relative entropy: n U
= Z ujlog —
i=1 Vi
@ Relative entropy inequality:
d = uj uj
7/ h(u|\/)dx = Z/ (81‘“/ |Og 7/ — atV,'Vi> dx

—Z/Vp, ~ pi(v)) - Vlog e
S/ (—QZW( v ‘24_23’] i —v;)Vlogv; - V(J—vj)>dx
Q i=1

ij=1

@ Assume that |V log v;| bounded, use Young's inequality:

d/ h(u|v)dx+a/ V(4 — v)]2dx < Cla, v,-)/ u— v
dt Jo 2 Jo Q
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More about the Busenberg—Travis system Qualitative behavior of solutions

Weak—strong uniqueness

/ (ulv)dx + = /|Vu—v|dx<C04v,/u—v|2

Estlmatlon of h(ulv): h(ulv) > c¢(M)|u— v]2 only if uy <M

If u bounded then Gronwall implies that [, [(u— v)(t)[?dx =0
Yields uniqueness of solutions u (bounded weak) and v (strong in the
sense V log v; bounded)

Question: Can we avoid boundedness of u? Yes, use Fischer 2017

= i log uj — ilogvj)d
;/Q(u oguj — ¢r(u)u ogv) Ix

Cut-off: ¢L(U) =1if 27:1 u; < L, (ZSL(U) =0if 27:1 u; > LK
Prove that

d hL(u\ )dx§/ lu— v[?dx < C(LK)/ hy(ulv)dx
dt (S0, w<t) Q

° Implies that (u—v)(t)=0in {D ] jui<L}, L—> o0 u=vinQ
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Qualitative behavior of solutions
Weak—strong uniqueness
n
Oruj = div(uy;Vpi(v)), pi(u) = Z ajjuj
j=1

Theorem (Vetter 2024, PhD thesis)

Let u be nonnegative weak solution and v be weak solution such that
vi,logv; € L=(0, T; WL°). Thenu=v inQ, t > 0.

Fischer's method originally used for reaction—diffusion systems

Laurengot—Matioc 2022 need u bounded weak solution

Weak—strong uniqueness holds true for SKT model under detailed
balance (X. Chen—-AJ 2019)

Weak—strong uniqueness holds true for Maxwell-Stefan models
(Huo—AJ-Tzavaras 2022)

@ Weak—weak uniqueness mainly open for cross-diffusion systems (few
simple exceptions)
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Qualitative behavior of solutions
Large-time asymptotics
n
Oruj = div(u;Vpi(u)), pi(u) = Za,-juj

@ No-flux boundary conditions: steady state u™ is constant

-y

@ Relative entropy inequality: Assume that (a,J) is positive definite

/ h(u|u™)dx = — Z/aUVU, Vujdx < aZ/\Vu,| dx

ij=1

o Relative entropy:

@ Logarithmic Sobolev inequality (Desvillettes—FeIIner 2014):

/|Vu,] dx < — CL/u Iog” H dx if Q=1

@ However, we cannot relate this to h(u|u®>)!
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More about the Busenberg—Travis system Qualitative behavior of solutions

Large-time asymptotics

d n n
dt/ h(u|u™)dx < —aZ/ |V uidx < —4042/ u;i|V/ui|?dx
Q =179 i=1 7%

@ Wayout: Assume that u; is bounded
@ Logarithmic Sobolev inequality (if || = 1)

/|V\Fy2dx< CL/ uj log
e Gronwall:
/Qh(u(t)|u°°)dx < h(u(0)|u®)e=, C = C(a, Cp, ||ul|r)
o Csiszar—Kullback inequality:
Jo®) = s < € [ Hu(®)u®)dx < hu(0)]u™)e "

@ Yields exponential decay to steady state with explicit rate
@ Open problem: How to remove boundedness assumption

a9 =~ Cuulu™)
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More about the Busenberg—Travis system Qualitative behavior of solutions

Overview

@ Qualitative behavior of solutions
@ Nonlocal variants

@ Incomplete diffusion
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More about the Busenberg—Travis system Nonlocal variants

@ Nonlocal Busenberg—Travis model

Oruj = oAu; + div(u;Vpi[u]), pilu](x Z/ i( y)uj(y)dy

Inhhlcondhbns,sdveintons’Ed,i—-1
Kernel functions Kj;: applications in biology & neuroscience
o Kj = a;jK with a; € R: populations with nonlocal sensing
o Mi(x,y) = VKijj(x — y): describes weight of neural connection
between node x of species i and node y of species j

Localization limit Kj; — ajjdp yields Busenberg—Travis model
Assumptlons Kij(x — y) = Kji(y — x) (symmetry) and

Z / / Kij(x — y)vi(x)vj(y)dxdy > 0 (positive definite)
Td

ij=1

— positive definiteness essential in reproducing kernel Hilbert theory

Example that satisfies assumptions:

ajj x —y[? . -
Kij(x —y) = WGXP T o2 ) (ajj) positive definite
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Nenlocal variants
Entropy structure

n

Oruj = oAu; + div(u;Vpi[u]), pilu]l(x) = Z/Td Kij(x — y)uj(y)dy
o Entropy densities: =

hi(u) = Z ui(log uj — 1)dx

i= 1

Z Kij(x — y)ui(x)uj(y)dxdy

. u 1
@ Entropy inequalities:

i a0 [vvatac= 3 [ [ K nTuco- Tutay
7//12 u)dx—i—aZ/ |V il dx——aZ/ / Ki(x — y)Vui(x) - Vuj(y)dsdy

i,j=1
@ 0 > 0 needed to obtain estimate for V,/u;
e Yields estimates for /u; in L2(0, T; H) and L>(0, T; L*)
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More about the Busenberg—Travis system Nonlocal variants

Existence of global solutions

Oruj = oAu; + div(u;Vpi[u]),  pilu](x Z/ i( uj(y)dy

o /uf bounded in L2(0, T; H) N L*(0, T; L4) [2+8/d
o /uiVpi[u°] bounded in L2
Theorem (AJ—Portisch-Zurek 2022)

Let Kjj € LY2(T9) (d > 2) be symmetric and positive definite.
Then 3 global nonnegative weak solution.

Proof:

o Compactness: /ufVpj[uf] = z; in L
Nonlinear discrete Aubin—Lions: uf — u; strongly in L9, g > 1
Implies that p;[uf] — pi[u] a.e.
Young convolution inequality: Vp;[uf] — Vp;[u] weakly in L9, g > 1
Question: How to identify z; with \/u;Vp;[u]?
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More about the Busenberg—Travis system Nonlocal variants

Identification of weak limit

Oru; = oAu; + div(u;Vpi[u]), pilu](x Z/ ii(x = y)uj(y)dy

Lemma

Let1 < qg<?2, >0, f® — f strongly in L9, g& — g weakly in L9,
f€g® — h weakly in L9. Then h = fg.

Proof: Truncation for ¢ such that T (f¢)g® — Tk(f)g weakly in L',
Prove that Ty(f)g = fg in {|f| < k}. Now k — oc.

Continuation of proof of existence result:

o €= /uf = \Juj weakly in L*, g° = Vp;[u*] = Vpj[u] weakly in L9,
feg® — z; weakly in L?

e Apply lemma to conclude that z; = /u;V p;[u]
@ Perform limit € — 0 in approximate problem
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More about the Busenberg—Travis system Nonlocal variants

Weak—strong uniqueness

Octj = o Au; + div(uVpilu]),  pilu](x) = Z/ Kij(x = y)uj(y)dy
j=17T

Theorem (AJ—Portisch—Zurek 2022)

Let Kj; € L®(T?), u weak solution, v “strong” solution with
log v; € L>(0, T; WL°(T9)). Then u=v.

Proof: Relative entropy density h(u|v) = >""_; ujlog(u;j/v;)dx
@ Exploit symmetry and positive definiteness of Kj;:
d/ h(u|v)dx < C(v)|lu — v|?
dt Td - L

@ Apply Csiszar—Kullback inequality:

Ju=vIEs < C) [, hulvex

e Gronwall: h(u|v) = 0 since u(0) = v(0) = u(t) = v(t) for t >0
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More about the Busenberg—Travis system Nonlocal variants

@ Nonlocal Busenberg—Travis model

Oruj — o Au; + div(u;vp) = uifi(u), —elAvi+v; =—=Vpi(u) inQ

o Pressure p;(u) = > 1_; ajuj, (aj) positive definite
o Lotka-Volterra: fi(u) = bjo — Y 7 bju;
@ Initial and no-flux boundary conditions for u;, Dirichlet cond. for v;
@ Brinkman law: regularization of Darcy law v; = —Vp;(u)
@ Solution operator L.(Vp;(u)) = vj, square root K. (K. o K. = L)
@ Boltzmann—Shannon entropy density:
n
hi(u) = Z ui(log uj — 1)

e Entropy inequality: i=1

dt/hl( )dx+/4aZ|V\f|2dx+ Z/au (Vi) - K(Viy)d

ij=1

+Z/ ,,u,- log u;jdx < C

@ Yields L2 bounds for V/ui and u; (if bji > 0)
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Entropy structure
Orui — oAu; + div(ujvy) = uifi(u), —eAvi+v;=-Vpi(u) inQ
@ Nonlocal Rao entropy density'

Z / aj K (ui) Ko (uj)dx

ij=1
@ Rao entropy inequality not useful for existence analysis:

d ¢ 2

= M,le 2K (V) - E(Vuj)dX+Z/Qu;\VLE(u,-)| dx=(---)
Theorem (AJ-Vetter—Portisch 2024)
Let b; > 0, (aj) pos. def. 3 weak solution u with v; € L?(0, T; H*(Q2)).

Proof: Regularize L : HY(Q) — H™(Q) — L*°(R)
o Difficulty: dyu € L1(0, T; WH>(Q)') (not reflexive)
o Helly's selection theorem: 9;u! — dyu; weakly in M([0, T]; H™(Q2)')
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More about the Busenberg—Travis system Nonlocal variants

Boundedness & uniqueness

Orui — oAu; + div(ujvy) = uifi(u), —eAvi+v;=—-Vpi(u) inQ
Recall L.(g) = v with —eAv+v =g in Q, v =0 on 0
Theorem (AJ-Vetter—Zurek 2024)
Let d = 1. Then 3 bounded weak solution u. J

Proof:

o General result for d =1: g€ L}(Q) = I v e W&’I(Q):
—ev'+v=g"inQ, v=0o0n0Q

o Apply result for g = Vp;(u) € LY(Q) = v; € Wol’l(Q) — L>®(Q)

o Alikakos estimate yields u; € L9(Q2) uniformly in g

Theorem (AJ-Vetter—Zurek 2024)
Let d = 1. Then 3 unique bounded weak solution.

Proof: Relative entropy method with nonlocal Rao entropy
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More about the Busenberg—Travis system Nonlocal variants

Overview

@ Qualitative behavior of solutions
@ Nonlocal variants

@ Incomplete diffusion
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More about the Busenberg—Travis system Incomplete diffusion

Incomplete diffusion

Orup = div(u;Vpi(u)), pi(u) =371 a5u;, i=1,....n
@ Assume: rank of (a;) < n
e Why bother? Complete segregation possible (u1(t)u2(t) = 0)

Full rank case Non full rank case

Chen—Daus—Holzinger—AJ 2021 Bertsch—Dal Passo—Mimura 2010

Finite-volume scheme: Carrillo-Filbet—-Schmidtchen 2020
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More about the Busenberg—Travis system Incomplete diffusion

Special rank-one case

Oruy = div(u1 V(1 + w2)),  Orup = div(uV(u1 + 12))  in Q

Key idea: separate hyperbolic & parabolic parts (Bertsch et al. 1985)
Transform vi = ug + up, vo = u1/(u1 + u2) — yields porous-medium
equation & transport equation with velocity Vv;

Oevi = SA(VE), Orva— Vv Vv =0

@ Generalization to n > 2:
Orui = div(uiVp), p=G(>_[_;uj), G increasing
@ Transform vy = Zle uj, vi = ui/vi, i=2,...,n

Orvi = div(viG'(v1)Vwv1), Orvi —Vp-Vv;=0, i=2,....n

Theorem (Druet—AJ 2020)
> i=1 uj(0) > ¢ >0, u;(0) smooth = global classical nonneg. solutions

Variational splitting & reactions in 1D: Carrillo et al. 2018
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More about the Busenberg—Travis system Incomplete diffusion

General rank-one case (Druet-Hopf-AJ 2023)

Oru; = div(uiVpi(u)),  p(u) = > ajy;
Rank-one case: (ajj) has rank one
@ a; = 1: Carrillo et al. 2018 (BV solutions), Druet-AJ 2020
@ ajj = a;: change v = ®(u) more involved; set v/ = (vo,..., v,)
drvi = div(A(v)Vwv1), 9V = Vv Y(V)VV 4 Yi(v)| Vv |2
e Explicitly: v; = Iog(u,-l/a"/u%/al), i=2,...,n
e Symmetrizable hyperbolic part since JAg(v): Ao(v)Y(v) symmetric
@ Local existence & uniqueness of strong solutions
General rank-r case: (aj) has rank r < n

@ Parabolic in r variables & symmetric hyperbolic in n — r variables
@ Local existence of classical solutions

— Busenberg—Travis system can be written as symmetric
hyperbolic—parabolic system if (a;;) has not full rank
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More about the Busenberg—Travis system Incomplete diffusion

Global solutions: motivation

Orui = div(uiVpi(u)),  pi(u) =37 ajuj, A= (ay)
Entropy inequality: (P, : projection onto L = ran A, hi: Boltzmann entropy)

d

/ hl(u)dx—i—/ IV(AY20))2dx = 0
dt Q Q

= gives L? bound for V(Pu)

Let (um) be approximate solutions, ym, := V(PLum)

Weak compactness: upy, — u, ym — y = V(Pu) weakly in L2
Aubin-Lions compactness: Py u,, — PLu strongly in L?
Problem: limit in v,V (Aum)

Key idea: Solve problem in larger space of Young measures
(Um, Vum) generates Young measure (fx ) € L>(Q x (0, T); P(W))

P(W) = probability measures on W := [0, 00)" x L¢
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s 2 e
Global solutions: existence (Hopf-AJ 2023)
Oru; = div(u;Vpi(u)), pi(u) =327 azu;, A= (aj)

@ Recall L=ranA € {1,....,n— 1}, P(W) probability measures
e Define (v, f(s, p)) fW (s,p)dv(s,p), v e P(W), f € G(W)

Dissipative measure-valued solution: p € L3(€2 x [0, 00); P(W)) with
o ui:={(u,s;) € L0, T;L%Q)), y:=V(Pu) € L2(Qx (0, T); LY
e Weak formulation: for ¢ € C}(Q x [0, T))

/OT/Qu;8t¢dxdt+/QUi(0)¢(0)dX:/OT/Q<MX’t,5,-(Ap)I.>.V¢dxdt

. d
entropy ineq. dt/(/VLXJ, hi(s) >dx+/<ﬂx,t,!A1/2p|2)dX§ 0
Q —~ Q

Boltzmann

d n
— [ h(u)d wts Si|(Ap)i|*)dx < 0
& | X+/Q§<u,t5|( Pl <

Rao
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More about the Busenberg—Travis system Incomplete diffusion

Global solutions: proof & further results

Orup = div(uiVpi(u)), pi(u) =>" a0, 1<ranA<n

Implicit Euler finite-volume scheme: flux discretized by upwind
scheme & artificial diff. n*V"u;, where n = max{Ax,At}, 0 < a < 2
Artificial diffusion needed for 7-dependent bound for gradient

Existence of finite-volume solutions u,,: fixed-point theorem

Convergence: (um, V"(PLum)) generates Young measure (i

Theorem (Weak—strong uniqueness)

Let p be dissipative measure-valued solution & v be positive weak
solution. Then pixt = 0y(x.t) ® OV P, v(x,t) a-€

Theorem (Long-time behavior)
3 u* e L? fQ u*dx = m, V(Au*) = 0 such that
P u(t) — Pou*  strongly in L?(Q) as t — oo
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More about the Busenberg—Travis system Incomplete diffusion

Overview

@ Introduction

@ Derivation of population models

© Analysis of cross-diffusion systems

@ More about the Busenberg—Travis model
© Numerical approximation

e Time discretization: implicit Euler and BFD2
e Space discretization: finite-volume method
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More about the Busenberg—Travis system Incomplete diffusion
Motivation

Aim: Derive structure-preserving numerical schemes

Entropy inequality: Use test function h'(u) in weak formulation of
Oru = div(A(u)Vu):

/ Opu - W' (u) dx + / VH (u)T A(u)Vudx =0
QN> Q S>——
=0¢h(u) =VuTh'(u)

Aim: Translate the chain rules 9;h(u) = Oru - W (u) and Vh(u) = h"(u)Vu
to the discrete level
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ez
Implicit Euler & BDF2 methods

Oru — div(A(u)Vu) =0 in Q, no-flux boundary conditions
Implicit Euler method: (also used in existence analysis)

E(uk —uk ) = div(A(W) VX)), Uk = u(kAt)

o Test function h'(u*):
(uf — %Yy B (uF) > h(u¥) — h(uk71) if h convex
@ Discrete entropy inequality:

i /Q(h(uk) - h(ukfl))dx + /Q VuTh”(u)A(u)VudX <0

Higher-order discretization: BDF2 = Backward Differential Formula

1 (3 DS S R Ky, k
At<2 —2u" 4 SU = div(A(u*)Vu")
Problem: h(uk) — h(uk=1) £ (Fuk — 20k =1 + Zuk=1) - W (uk)
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Numerical approximation Time discretization

BDF2 method: single-species case

13 k-1 L o Ky, k
At<2 —2u +2u >—d|v(A(u YVu™)

@ Assume: entropy density h(u) = > 7 u®, a>1
o Use "magic” inequality:
(3a—2b+1c)a>1(a®+ (22— b)?) — F(b* + (2b— ¢)?)
e Modify entropy density: h(u*, u*=1) = 1((u*) + (2uk — u*=1))
1
~ / (h(uk, ") — h(u*, uF2))dx +/ W' (u)A(u)|V u2dx = 0
Q

o Logic behind “magic” inequality: scheme is G-stable if 3 positive
definite matrix G (Dahlquist 1978)

T T
> > a 5 =2\ [a a a
2a — = =
@ References: Hill 1987, Bukal-Emmrich-AJ 2014, AJ-Milisi¢ 2015
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Numerical approximation Time discretization

BDF2 method: multi-species case

At\2' 2

Assume A := (aj;) positive definite

Discrete Rao entropy density: h(u,v) = 2(5u” Au—4uT Av + vT Av)
o “Magic” inequality:

1
Z(g ot 207 Sl )oiu) 2 B ) A )
i=1

1 1 6
— <3uk 2uFt 4 uk_1> = div(ufVpi(u*)), pi(u*) = Z ajjuj
j=1

@ Discrete Rao entropy inequality:

/h(uk,uk_l)dx—i—c/ \Vuk\zdxg/h(uk_l,uk_z)dx
Q Q Q

o Existence of semidiscrete solutions & convergence

@ Generalization to BDF2 finite-volume scheme: AJ-Vetter 2024

@ Open problems: BFD2 scheme preserving Boltzmann entropy
structure, Runge—Kutta methods, ...
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Numerical approximation Time discretization

Overview

@ Time discretization

@ Space discretization
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Numerical approximation Space discretization

Finite-volume method: scalar equation

Oru — div(A(v)Vu) = f(u) in Q, t >0, u(0)=ug, no-flux b.c.
Admissible mesh:
o = Uke7K, K: polygonal control volume
o &£ = family of edges o, £k = edges of K
e Family of points (xk)ke7 such that Xxxi
orthogonal to 0 = K|L (e.g. Voronoi mesh)
Idea of method: integrate over K and integrate by parts
/ udx — )Vu l/dS—/ f(u)dx
K
o Def. uf ~m(K)™t [ u(x, kAt)dx, Fi o~ —m(o)t [ F-vds

@ Numerical scheme: implicit Euler in time & finite-volume in space

k k—1

m(K) KoK+ 37k, = m(K)F(uk)

o€k
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Numerical approximation Space discretization

Numerical flux: scalar equation
()5 S R = (k)
Uk — Uk —m
m At K,o Uk

S . O’GSK
Definitions and assumption:

e Distance: d, = dist(xk, x.) if 0 = K|L, d, = dist(xk, o) if 0 C 0Q
@ Mesh regularity: 3¢ > 0, VK € T, 0 € Ek: dist(xk,0) > (ds

e Difference: Dk ou := u; — uk if 0 = K|L and Dk ,u := 0 if 0 C 0Q
m(o)

do

k ~k k .
Fko= —1-A(Uy)Dk ou”, T, :=

Entropy inequality: h(u) = u(logu — 1)
@ Test function h'(u) translates to D, k log uk = log u’L‘ — log u,k<

m(K _
gt) (uf — uf< D (log uf — log uf) + Z F,’é’JDmK log u*
—_———
> h(uf) - h(uf” e i

— m(K)f(ul)Dyi log u¥ < C
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Numerical approximation Space discretization

Discrete chain rule: scalar equation

m(K _
ét)(h(u,k{) — h(ug ™) + Y Fi Dok loguk < C
oelk
F o = —ToA(UX)Dg o u*

Goal: Define X such that discrete chain rule holds (h"(u)Vu = VA (u))
k

ko UL—UK " _ 1,k
e Logarithmic mean uy = Toguf—log o & W'(0%)Dk ,uk = Dk ,h'(u¥)

@ Numerical flux:

Fk Do k log uk = —T(,A(ﬁg)(ul[ — u,k<)(|og uI[ —log uf<)
- 1
= o Ak — ok

= — 1o AUy )" () (uf — ug)? < 0
o If f(u) =0: h(uk) < h( ~1) — discrete entropy structure
@ Aim: discrete chain rule for cross-diffusion systems
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Finite-volume scheme for systems
k k 1
iK

m(K) KK S Fly .y = m(K)fi(uf)

At O'EgK
ZTG §(UE)Dkouf, i=1,....n

Assumption: h” invertlble, h(u) = Z: 1 hi(ui)
e Implies that h” = diag(h"(ul) ., h'(up)) is diagonal matrix
o Define uf, by h!! (uk )DK(,u DKUh’(u )
e Entropy productlon.
n

Z FilfK,UDKﬂh;'(U;() = - Z To DKO' u; ) A,‘j(ﬁf;)DK’guj{
i=1

=1 h”( Dok
:—ZT,, ! (T ~k )A;j(U%) Dk oufDkouf <0
_,_/

ij=1 ..
J= positive semidefinite
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Numerical approximation Space discretization

SKT model: existence of discrete solutions

o Diffusion matrix and Hessian of Boltzmann entropy density:

A(u) _ (alo + a11u1 + anple aip Uy > ’ h”(u) _ <i§1

=L ao + axi1uy + axup

= Vu  h'(u)A(u)Vu > a1an|Vui|? + apaia|Vus|?

o Discrete gradient estimate: gives discrete H!(2) estimate for u¥

Theorem (AJ—Zurek, SINUM 2021)

Let ajj > 0 fori = 1,2, f(u)- H(u) < Ce(1+ h(u)), and At < 1/C¢. Then

3 uf‘ « = 0 satisfying discrete entropy inequality

(1— CrAt)H( k)+cmZZTg(DKUu < H(u“™) + CAt

i=1 o€&

o Discrete entropy: H(u¥) =37, > ke m(K)ui k(log u}fK —1)
@ Scheme preserves positivity, mass, and entropy structure
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Numerical approximation Space discretization

Population model: convergence of the scheme

Theorem (AJ—Zurek, SINUM 2021)

If (um) solves scheme with Axy,, Aty, — 0 then, for a subsequence,
Uim—> U in L2, V"Uim— Vu in L2,

where u solves the population model and V' is the approximate gradient

(defined on dual mesh).

Ideas of proof:
e Discrete entropy inequality gives uniform bounds in (discrete)
L>(0, T; LY(RQ)) and L2(0, T; HY(Q))
Gagliardo—Nirenberg inequality gives uniform bound in L3(Q x (0, T))
Discrete time derivative in (discrete) L1(0, T; W15(Q)")
Apply discrete Aubin—Lions lemma by Gallouét & Latché 2012
Limit m — oo: estimate for (A;(0X) — A,-j(u,k())DK,auj‘ delicate,
exploit linearity of Aji(u)
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Numerical approximation Space discretization

Numerical experiments

@ 3584 triangles, Newton method, time-adaptive strategy
@ Spatial pattern formation in two-species model (steady state)

u up

10~
@ Convergence to constant steady

state for three-species model 10-¢ 2
k _ _ .
° I_-I(u |z) = relative log. entropy, | |
0 = constant steady state — Huoa ~
E ol d fH and [2 | A O S
@ Exponential decay of H an -norm 1o e

t
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Numerical approximation Space discretization

Intermediate summary

Derivation of discrete entropy inequality possible if ...

. implicit Euler scheme for convex entropies
... BDF2 method for Rao-type entropies
... finite-volume method for entropy densities h(u) = >"7 ; hi(u;)

Generalization to size-exclusion models possible (AJ-Zurek 2023)

Generalization to general cross-diffusion systems open
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Numerical approximation Space discretization

Summary & open problems

Summary:

@ Derivation of population systems from lattice models, fluid mixture
models, and interacting particle systems

Global existence analysis relies on entropy structure
Boundedness-by-entropy method yields bounded weak solutions

Analysis of (local and nonlocal) Busenberg—Travis systems

Numerical analysis relies on discrete entropy inequality, which relies
on discrete chain rule

Some open problems:

@ Derivation of cross-diffusion systems from kinetic equations

o Classify matrix sets positively stable, entropy structure, pos. def.
@ Stochastic cross-diffusion systems: derivation, space-time noise
°

Higher-order time and space discretizations, general chain rule
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Thank you!

Adobe Firefly: A mathematician’s viewpoint at the Calanques
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Multi-species populations asc.tuwien.ac.at/~juengel 105 /105



	Introduction
	Derivation of population models
	Derivation from lattice models
	Derivation from fluid mixture model
	Derivation from interacting particle systems

	Analysis of cross-diffusion systems
	Entropy structure
	Examples
	Entropy structure revisited
	Boundedness-by-entropy method

	More about the Busenberg–Travis system
	Qualitative behavior of solutions
	Nonlocal variants
	Incomplete diffusion

	Numerical approximation
	Time discretization
	Space discretization


