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Setting: domain QCR? 1 < d < 3, source term f € L*(Q), s.p.d. diffusion coefficient K € [L>°(Q)]**".
Model problem: find u € Hy(Q) such that (KVu, Vo) = (f,v) Yov € H(Q).

Fix p > 1, let P, (7)) :={vs € L*(),vs|k € Ppo(K) VK € T;},
and define

Vj =P, (T)) N H ()

Discrete problem: Find u; € V/ such that

(KVuy,Vvy) = (f,v5) YuyeV). (FE)

By introducing a basis of V}’: Aj;U; =F;. We work with the 7—
basis-independent functional formulation (FE). J

Algebraic residual functional: vy (f,v;) — (KVu’, Vvy) €R, vy € V7.
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A hierarchy of meshes

NumPPDIzs

Example: Two different hierarchies with J = 3 refinements.

Assumptions: The meshes {7;}1<;< can be generated through uniform
or adaptive refinement, satisfying:

8 (Cqu-)quasi-uniform 7o,

® (k7-)shape-regularity,

® (Ciep-)maximum strength of refinement.
For given p and .J, choose increasing polynomial degrees p;,

jed{l,...,J},

l=po<p1<p2<...<pyj=np,

and define the spaces

V7 =By, (Tj) N Hp ().

% 9)
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A hierarchy of meshes and spaces NumPDI:s
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Example: Two different hierarchies with J = 3 refinements.

Assumptions: The meshes {7;}1<j< can be generated through uniform
or adaptive refinement, satisfying:

® (Cqu-)quasi-uniform 7o,
® (k7-)shape-regularity,
® (Ciep-)maximum strength of refinement.

For given p and .J, choose increasing polynomial degrees p;,
jed{l,....J},
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A hierarchy of meshes and spaces
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Example: Two different hierarchies with J = 3 refinements.

Assumptions: The meshes {7;}1<;< can be generated through uniform
or adaptive refinement, satisfying:

8 (Cqu-)quasi-uniform 7o,

® (k7-)shape-regularity,

® (Ciep-)maximum strength of refinement.
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A hierarchy of meshes and spaces

NumPPDIzs

Example: Two different hierarchies with J = 3 refinements.
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A hierarchy of meshes and spaces

NumPPDIzs

Example: Two different hierarchies with J = 3 refinements.

Assumptions: The meshes {7;}1<;< can be generated through uniform
or adaptive refinement, satisfying:

(Cqu-)quasi-uniform 7o,

(]
® (k7-)shape-regularity,
.

X

|||||

(Clet-)maximum strength of refinement.

X

X

For given p and .J, choose increasing polynomial degrees p;,
jed{l,....,J},

l=pp<p1<p2<...<pj=p,
and define the spaces

V7 =By, (Tj) N Hp ().
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Patches NumlPIzs

Let V; be the set of vertices of the mesh 7}, j € {1,...,J}.

Given a vertex acV;, we denote:

® 77 the patch of elements sharing vertex a

® w? the corresponding patch subdomain .
J patch subdomain w?

® VA =P, (T;) N Hy(w?) the associated local space for a vertex a€ V;
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A-posteriori-steered multigrid NumPDI:s

; I A ) J ) 1
wEVy  wf w3 N ey e = (5, (51950%)°
J= J=
T ply=smoothing patches!%&; E%7 . 7@ - ‘;@levﬁ A, ER
Jr @ T (N il
) ) pt=smoothing patches {§%7 %;' = ; "';@¥6V52; A, eR
T | f
T ) p = smoothing patches{@; x;m;@;m; Fer’l; AN ER
1 I 7

T ) pb = coarse residual solve {r} eVl: M=1€eR

8 V-cycle of geometric multigrid: coarse grid solve and level-wise smoothing

8 zero pre- and a single post-smoothing step

® additive Schwarz | block Jacobi smoothing: fully parallel on each level

® level-wise step-sizes in multigrid error correction stage: optimally chosen by line search
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Multilevel lifting of the algebraic residual NumPDI:s

Let u’ € V7 be arbitrary. We construct its associated level-wise algebraic residual liftings {p'}7_, and
level-wise step-sizes {\};]_ as follows:

Coarse solve: Define p,€Vy by:  (KVp), Vo) = (f,v0) — (KVu', Vug), Yug € Vo  and set \j, := 1.

Level-wise local solves: For j=1:J, for all a € V;, define p;’;’a eV by:
j—1
(KVpja, Voja)us = (fvja)ws — (KVul, Voja)us — D N(KVpi, Voja)es, Voja € V2
k=0

Level-wise algebraic residual liftings: Define p; € V7 by: pj:= Y pf..
acV;

_ (F,05) = KV (ul + 3375 Aipk), Vo))

, otherwise set )\i = 1.
12 Vo5 * ‘

Level-wise step-sizes: If /)] # 0, set /\

Ani Miragi (TU Wien) A-posteriori-steered p-robust multigrid (EFEF 2021)



Proposition (Pythagorean error representation of one solver step)

For u’; € V7, let u”‘l € V7 be the next iterate constructed from ul be our solver. Then

K2 V(s —ui™)[* = K2 V(s —uh)|* = D7 (K2 V5 ])%
7=0 .
= (n;lg)2

Proof: Going from the finest level to the coarsest and by construction of the optimal step-sizes /\‘,

K2V (uy —uith|)? HKzV(qu uJ+ZX b )H

+ (it ])”

=2V (s~ pr' H—sz[(f,pg) (KZV(UJ+Z/\/))VpJ)

J 1
= (K2 V(uy —uly = SN )|F = (K2 oG)* = . = K2 V(s — )| = 3 (|2 Vo)
3=0 3=0

= K> V(s —u)|* = (risg)*.
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Main results NumPDI:s

Theorem (p-robust reliable and efficient bound on the algebraic error)

Let uf] € V}D be arbitrary. Let nélg be the associated a posteriori estimator on the algebraic
error. Then, there holds:

1 i i i 1 i
||K2V(UJ - uJ)“ > Talg and Talg = BHK2V(UJ - uJ)”v 0< ﬁ(K'Tv J,d, K) <1

Theorem (p-robust error contraction of the multilevel solver)

For uf] € Vf}, let uifl € V@ be constructed from uf, using one step of the solver. There
holds: )
K2V (uy — u )| < ol K2V (uy — ), a=y1-p%
Remark: e The dependence on J is at most /inear under minimal H'-regularity.
e Complete independence from J is obtained in H?-regularity setting.
1 2 1 N P \2
o [V (uy =i = (K2 V (s — )" = ()™
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p-robustness: contraction factors NumPDI:s

L-shape problem, J = 3, and mesh hierarchy p; = 1 (left) and p; = p (right), j€{1,...,J — 1}

0.8 08¢
- _ 06}
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——p=9
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iteration iteration
1—=1,p Lp—p
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p-robustness: iteration numbers NumlPDI:s

F, — A;U% F;—A,;UY
Stopping criterion: M < IO’SM.
IE [E]]
The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7o.
H 2-regular H '-regular
7\ 7\
Sine Peak L-shape Checkerboard Skyscraper
K=1I K=1 K=1I K=1 JK)=0(10% || JK)=0(1) | JK)=0(107)
1=-1p|l,p—p|l=lp|lp—p||l=olp|lpop||[lolp|lLp—p|l=lp|lp—op|l=lp|l,pop|loLlp|l,p—p
J] p |DoF || is is is is is is is is is is is is is is
31 [ 27 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1€ 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9 | 1e° 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 6t 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6e° 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 28 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5e8 32 14 31 15 23 9 22 9 23 9 25 9 25 9
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Comparison with other multilevel solvers NumlPDI:s
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We compare our methods with [2,3,4] in terms of the number of iterations (and CPU times®).
~MG(0,1) | ~MG(0,adapt)| PCG(MG MG(1,1)- MG(0,1)- MG(3,3)-
-bJ -bJ (WRAS) | (3.3)-bJ) PCG(iChol) bGS GS
Lp—p 1/7p p—p 1/7p 1-1Lp 1/p

J | P s time | g time s time is time s time | g time

4 [ 1]19 0.12s | 9 0.11s | 11 0.20 s 16 0.74s | 11 0.06s | 4 0.05s

311 207s | 7 1.62s 3 234 s 44 2748 s | 10 9.64s | 5 1.37 s

6 9 20.19s | 4 12.54 s 3 3840s | >80 >6.87m 9 3478s | 6 14.44s

9 9 2.13m | 3 49.84 s 2 2.24m | >80 >23.08m 8 1.72m | 9 1.21m

—_——— —_—

not p-robust

not p-robust

2 Antonietti et al. J. Sci. Comput. 2017.
3Botti et al. J. Comput. Phys. 2017.

4Schoberl. “C++11 Implementation of Finite Elements in NGSolve”.

Tech. report. 2014.

*The experiments were run on one Dell C6220 dual-Xeon E5-2650 node of Inria Sophia Antipolis - Méditerranée
“NEF” computation cluster, however, in a sequential Matlab script.
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Numerical tests for graded meshes
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Peak, 1,p — p
J | p || is J | p || ds J | p|| i
4 1 14 8 1 16 16 | 1 16
3 11 3 9 3 9
6 9 6 8 6 8
9 8 9 8 9 9
L-shape, K=1, 1,p —» p
J | pll s J | p || s P || s
511 16 10 | 1 15 15 | 1 17
3 7 3 6 3 11
6 6 6 5 6 5
9 5 9 5 9 4
Checkerboard, J(K) = O(105), 1,p — p
J P s J P s J V4 is
5|1 33 10 | 1 57 15 | 1 97
3 15 3 23 3 32
6 12 6 15 6 20
9 || 11 9 || 12 9 || 15

These low-regularity test cases indicate the possibility of J-dependence,
in accordance with the theoretical results.
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J

1K= (s —uh)|* ~ (niae)” = D2 (SIK2VRS[)* = [[KE Vs +ZX > IIKEVA 2
Jj=0 j=1  aey;
@ localization by levels @) localization by patches
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Adaptivity in a-posteriori-steered solvers
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Starting point: equivalence of the algebraic error with a localized a posteriori estimate

A +ZX > KAV,

J=1 agV;

J
l .
HK2V(uJ7uZJ)H 77a1g Z /\ZHK2Vp/ ) =
J7=0
@ localization by levels
(@ Adaptive number of
post-smoothing steps
1 vl
1 v
e
1 Vi

Non-adaptive Adaptive

Ani Miragi (TU Wien)
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

1KV (s — w)|* ~ (ki)

(@ Adaptive number of
post-smoothing steps

u u'tt u uf,“
1 v
1 v
> .
1 Vi
Non-adaptive Adaptive

Ani Miragi (TU Wien)

J
= Y (I = K2V +ZX > IIKEVA 2
Jj=0 j=1  aey;

@ localization by levels @) localization by patches

(2 Adaptive local smoothing
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

1KV (s — w)|* ~ (ki)

(@ Adaptive number of
post-smoothing steps
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1 v
1 v
> .
1 Vi
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J
= Y (I = K2V +ZX > IIKEVA 2
Jj=0 j=1  aey;

@ localization by levels @) localization by patches

(2 Adaptive local smoothing

Non-adaptive
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J J
K2V (s — )|~ (i) = > (SIKEVAD® = [KEVA*+ 3005 3 KAV
i=0

J Jj=1 acV;

@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

1
1
1
1
1
ulJ uf,Jrl u’J u@*l : ui’ uiH estimaged distribution
i J J of |K2V (uy —uf)||
1 vy 1 L 7
’ 1 onlevel j =1
1
1 v :
_ 1
i I
1 Vi X
1
1
. . 1 )
Non-adaptive Adaptive \ Non-adaptive
1
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J J
K2V (s — )|~ (i) = > (SIKEVAD® = [KEVA*+ 3005 3 KAV
i=0

J Jj=1 acV;

@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

1
1
1
1
1
. ) : i1 ! ) ) R
ut wbtt ul uit ; i+1 i+2 estimated distribution
J J [ i b
Y AT e K )|
k | onlevel j =1
1
1 vy :
_ 1
i I
1 vy .
1
1
. . 1 .
Non-adaptive Adaptive \ Non-adaptive
1
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J

K2V (s —ub)|* ~ (i)’ = D (K25 )* = |KEVR|* + ZX > IIKEVA 2
Jj=0 j=1  aey;
@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

1
1
1
1
1
i i i i+1 !
u ubtt u? utt ; i+1 i+2 estimated distribution
J J 1 gt i 41
2 S uy I of (KA (uy — )| u''E
J 1 onlevel j =1
1
1 v :
e 1
i I
1 Vi X
1
1
. . 1 .
Non-adaptive Adaptive , Non-adaptive Adaptive local
1

smoothing
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J
1K= (s —uh)|* ~ (niae)” = D2 (SIK2VRS[)* = [[KE Vs +ZX > IIKEVA 2
Jj=0 j=1  aey;
@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

full-smoothing

1
1
1
1
1 substep
: ; i it1 ! —
ul uit! wl ult . i+1 i+2 estimated distribution
J J "ol i +1
2 S uy I of (KA (uy — )| u''E
J 1 onlevel j =1
1
1 v :
e 1
i I
1 Vi X
1
1
. . 1 .
Non-adaptive Adaptive , Non-adaptive Adaptive local
1

smoothing
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J J
K2V (s — )|~ (i) = > (SIKEVAD® = [KEVA*+ 3005 3 KAV
i=0

J =1 acV;

@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

full-smoothing

1
1
1
1
| substep
; ;i i vl ! ) . L —_—
ut uz+1 u uz+ . i+1 i+2 estimated distribution i1
y g i i t ; +1
J ,,7;’ L uy Wi of KAV (uy — )| ul u'e
o ' onlevel j =1
\ x102
1 vy : 6
—_— > ! 4
i 1
1 Y1 '
' 2
1
. . 1 . .
Non-adaptive Adaptive . Non-adaptive Adaptive local
1

smoothing
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Adaptivity in a-posteriori-steered solvers NumPDI:s

Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J
1K= (s —uh)|* ~ (niae)” = D2 (SIK2VRS[)* = [[KE Vs +Z” > K02
j=0 j=1 agV;
@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

full-smoothing

'
1
1
'
| substep
. R ) \ o~
u' uit! u’ uit! i i1 i+2 estimated distribution
J J 1 og0 i . 41 .
1‘7 W I of KAV (uy — )| u?) u'tz marking the
7 1 onlevel j =1 problematic regions
! x102
1 v : 6
1 ’ l .
vy \
' 2
1
. . 1 . .
Non-adaptive Adaptive ' Non-adaptive Adaptive local
1

smoothing
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Starting point: equivalence of the algebraic error with a localized a posteriori estimate

J
1K= (s —uh)|* ~ (niae)” = D2 (SIK2VRS[)* = [[KE Vs +Z” > K02
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@ localization by levels @) localization by patches

(@ Adaptive number of (2 Adaptive local smoothing

post-smoothing steps

full-smoothing

|
1
1
|
| substep
) . ) \ —
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J J oyl Z . 41 . X
lJ ,,1‘] U ty of ||K*V (uy —uh) | u?) ulj 2 uit marking the
7 1 onlevel j =1 problematic regions
1 x102
1 vh |
1
—_—> ! 4
i |
1 Vi .
! 2
1
. . 1 . .
Non-adaptive Adaptive , Non-adaptive Adaptive local
1

smoothing
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Starting point: equivalence of the algebraic error with a localized a posteriori estimate
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(@ Adaptive number of (2 Adaptive local smoothing
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1
1
|
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Contributions and perspectives NumlPDI:s

We presented:
8 A p-robustly efficient a posteriori algebraic error estimator.
8 A p-robust contractive multigrid solver which is steered by the a posteriori estimator.
8 Optimal level-wise step-sizes used in the multigrid error correction stage.
8 Two adaptive variants of a p-robust contractive a-posteriori-steered multigrid solver:

P Approach 1: adaptive number of smoothing steps on each level.
> Approach 2: applying adaptive local smoothing on all patches with increased algebraic error
estimator.

Future work would explore:
8 how to gain robustness with respect to the number of mesh levels J.

B how to use our approach to construct hp-robust algebraic solvers.
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Thank you for your attention!
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