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Motivation NumPDI:s
® O C RY with d € {1,2,3} a polyhedral Lipschitz domain

® A e [L>(Q)]LE a symmetric diffusion matrix,
b € [L>(2)]? a convection coefficient,

c € L*>(Q) a reaction coefficient

® fc %) and f € [L?(Q)]? the given data

Model problem
Consider the nonsymmetric second order linear elliptic PDE

—div(AVu*) + b-Vu* + cu* = f —divf in Q C R?
u =0 on 09

Aims and approach

® accurate approximation of w* with minimal computational cost

® adaptivity and contractive inexact solvers
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@ Optimal decay wrt. dof and time

® Both rates coincide
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Some(!) literature NumPDI:s

® Optimal rates with exact solver: Binev, Dahmen, DeVore (2004) / Stevenson (2007) /
Cascon, Kreuzer, Nochetto, Siebert (2008) / Belenki, Diening, Kreuzer (2012) / Garau,
Morin, Zuppa (2012) / Cascon, Nochetto (2012) / Feischl, Fiihrer, Praetorius (2014) /
Carstensen, Feischl, Page, Praetorius (2014) / ...

® Optimal rates with inexact solver: Stevenson (2007) / Becker, Mao (2010) / Carstensen,
Feischl, Page, Praetorius (2014) / Gantner, Haberl, Praetorius, Stiftner (2018) / ...

® Optimal complexity with inexact solver for symmetric problems: Stevenson (2007) /
Gantner, Haberl, Praetorius, Schimanko (2021) / Haberl, Praetorius, Schimanko,
Vohralik (2021) / ...

® Optimal complexity with inexact solver for nonsymmetric problems: now
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Stucture of AISFEM NumlPIzs

Adaptive iteratively symmetrized finite element method:

__________________

i discretize (¢)
| (FEM)

[ discrete problem
= with solution u}

L is non-symmetric
___________ oo
N SPD system
NS : symmetrize (k):> with solution
Ptiye o--—--_____1 (Zarantonello) ko - .
Stopping ' L u,” is expensive
___________ oo
. " solve algebra [ computable
9%2;23.\ ' inexactly (j) = approximation
TV === ) c,J
Ve stopping 1 (MG/PCG) | up?
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Abstract setting: posing the problem NumlPDI:s

8 Continuous problem: Find v* € V solving
b(u*,v) = a(u*,v) + (Ku*, v) = F(v) for all v € V.
Assumption: b(-,-) is elliptic (o > 0) and continuous (o < L < o0) on V (Lax-Milgram).

> V= H}Q)

» a(u,v) = (AVu, Vv)q principal part
» energy norm [|[v]l? = a(v,v)

P (Ku*, v) :=(b-Vu+cu, v)g

P F(v) =(f,v)a+(f, Vv)a

® Discrete problem: Find uj € V; solving
b(uj,ve) = F(vg) for all vy € V.

» 7, conforming simplicial triangulation of €2
» p € N a fixed polynomial degree
» V= {v, € HY(Q) | ve|r is a polynomial of degree < p, for all T € T;}
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Abstract setting: iterative solution NumlPDI:s

® Symmetrization: approximate the discrete solution u} by uf € V, and iterate thanks to
Zarantonello mapping ®4(d;-): V; = V,, 6 >0

a(®o(6;up), ve) = aluy, ve) + 6 [F(ve) — bug, vg)]  for all vy € V. (1)

Note: the unique fix-point is the discrete solution u} = ®,(J; u}).
Assumption: damping parameter 6 > 0 is small to guarantee contraction, in particular:

e — @o(8; Ul < Goym[0] Mg — ufll with geym[6] := 1 — §(2a — SL?) < 1.

® lteration: approximate the solution “e := ®y(J;uk) of the SPD linear system (1) by

ulg’] and iterate thanks to a contractive algebraic solver

» CG with optimal preconditioner
» optimal multigrid method

One solver step mapping W,(-): V, — V; ensures

ey ™ — Wo(uy ) < qarg My ™ — Nl with gag < 1.
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AISFEM NumPDIzs

Algorithm

Input 7o, u)®, 0 < 6 <1, 5> 0, Asym, Aalg > 0
For¢=0,1,2,... repeat steps 1-3:
SOLVE & ESTIMATE
Fork=1,2,..., repeat
Forj=1,2,..., repeat

compute u’Z &

compute 1y (T, uf’j) for all T € Ty
P k,j—1 k. k.j
until "lug I = Uy T < Aalg P\sym nl(ug )+ "lue Y=
J:i=3j
until fluf’ —

k L Jlll] idea: equilibrate algebraic error

k = J||| < Asym ng(u )H idea: equilibrate symmetrization error

MARK choose M, C Ty such that 0 > nu(T, uK J)2 < > ne(T, uf"’)2
TEeTy TeM,

REFINE 7, := refine(7;, My), u(e)_fl e= uf 7 __ nested iterations with error control on all u?’j except ug’o

Output Discrete solutions uf’j and corresponding estimators ng(uf’j )
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Main result 1: Full linear convergence NumPDI:s

B 9:={((kj) € Ng | u?’j computed by algorithm}
B |0k, 5| =#{(,K,j)e Q]| ulg,/’j/ computed earlier than uif]}
® quasi-error  APT = flut — uf I+t — w4 ne(up?)  forall (4k,5) € Q

Theorem

*

Gsym=+2 Tl )‘alg

= . T—q,
Let 0 <0 <1, Aym >0, and 0 < Azig < Aj,, such that AJ,, > 0 and 0 < gy, = Tﬂf,gli\;g < 1.
Then, there exist Cji, > 0, 0 < ¢;in < 1, and 4y € Ng with £y < L such that
k’A E,k‘,' —E’,k’," k/,'/
AZ J < C“"qllin =l 3’ AZ’ J (2)
8 note: linear convergence (2) <= Z A?’j gAIZ,,’j/
(L,k,5)EQ

1€,k,51>1¢" k" 5"
B the threshold level ¢y € Ny arises from the lack of Galerkin orthogonality wrt a(-,+): analysis more involved

B the condition on the parameter )\:Ig arises from ensuring that the perturbed Zarantonello iteration is also contractive

@ Brunner, Heid, Innerberger, Miragi, Praetorius, Streitberger. arXiv:2212.00353 (2022)
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Main result 2: Rate = complexity NumPDI:s

Corollary

Suppose full linear convergence. Let s > 0, then there holds

. S .
sup (#T)*Af7 = sup > #T) AP
(t.h)€Q (EkEQN (i o
v 5 <18, )

>0
. s L7
" M= sup (#To)°AF7 < sup S #T) AV SM
(£,k,5)€EQ (£,k,5)€Q

(¢ K',j)eQ
[€,k" 5" |<|£,k, 5]
>4

>0

® definition of M = #Tp < M'/3 (A?rl’j/)_l/s

® full linear convergence — Z #Tp < MV/# Z (A;”j')il/s < MYs(apd)Te

(¢',k",5")eQ (¢'k',j)eQ
[0 k"5 <10,k j| [¢' k" 5" |<|€,k,j]
>0 >0
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Main result 3: Optimal complexity NumlPDI:s

Theorem
Let 0 <6 <1 and Asym > 0, Ayig > 0 be sufficiently small. For all s > 0, let

u* = su min N°A*
I ”AS(T) ;ET#7B}3€<N opt*
There holds
S k} .
oy < s (30 #7) Al

(Z,k,j)GQ (f’,k/,jl)GQ
[k 5| <] k,j]

S Nk 0,0
sup Z #72/) A[ J < Copt maX{”u*”As(’/ZO)’A@o }.
(&]Zg]goeg (e/ k/ /)EQ
- |k, ’|<|€k,yl
Z >l

@ Brunner, Heid, Innerberger, Miragi, Praetorius, Streitberger. arXiv:2212.00353 (2022)
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Choice of algebraic solver: geometric multigrid NumPDI:s
Wishlist: one solver step is robustly contractive and of linear cost
Construction:
= (£ (uve?)*
£=0
T, pi=1 @,, } M ER
To, Py=1:

Takeaway message: construction of a-posteriori-steered multigrid ensures

8 [-robustness by local smoothing on lowest-order levels

B p-robustness by smoothing on all patches of the high-order level
Ani Miragi (TU Wien)
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Choice of algebraic solver: robustness NumlPDI:s

B Denote the true solution of the algebraic system to be solved by ur, € V,.

Theorem (h- and p-robust error contraction of the a-posteriori-steered multigrid)

Let vy, € V, be arbitrary. Construct ¥(vy) € Vy from vy, using one step of the solver.

= llur — ¥ (op)ll < allur, — vLll 0<a<l

Theorem (h- and p-robust reliable and efficient bound on the algebraic error)

Let vi, € V, be arbitrary. Let 1,, be the associated estimator on the algebraic error.
= llur, —vrll > nag  and  nag > Blllur — vl with g =1 —a?

Remark: a-posteriori-steering means a layer of adaptivity can be added in the SOLVE module

@ Innerberger, Miraci, Praetorius, Streitberger. Optimal computational costs of AFEM with optimal local hp-robust
multigrid solver, arXiv:2210.10415 (2022)

@ Miragi, PapeZ, Vohralik. A-posteriori-steered p-robust multigrid with optimal step-sizes and adaptive number of
smoothing steps. SIAM J. Sci. Comput. 43, 5 (2021), S117-S145
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Test case NumPDI:s

Diffusion-convection-reaction on L-shaped domain
® Q= (-1,1)2\ ([0,1] x [-1,0]) C R?

® Consider

—Au*(z) +z-Vu(z)+u () =1 forzeQ
u*(z) =0 forz € 09,
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Optimal convergence wrt. computational cost NumlPDI:s
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Optimal convergence wrt. time

NumPPDIzs

® ) =0.5,
®§5=0.5,
s )\sym - >\a|g — 0.1

Ani Miragi (TU Wien)
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Optimal geometric multigrid vs. direct solve NumlPDI:s
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@ Innerberger, Miragi, Praetorius, Streitberger: 2210.10415 (2022)
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Choice of 9? NumlPIzs
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Contraction factors wrt. A\, NumPPDIzs
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Conclusion NumPPDIzs

We presented an adaptive FEM algorithm:

® steered via natural equidistribution of estimated error components

® using nested iterations

® using combined contractive solvers for nonsymmetric linear problems:

P Zarantonello iteration to symmetrize
» optimal geometric multigrid for the remaining SPD linear system

Analysis of optimal complexity (quasi-optimal computational cost):

8 main concept: full linear convergence

AFEM with optimal cost (FE Workshop - Jena)
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Thank you for your attention!
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