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Abstract The ultimate goal of any numerical scheme for partial differential equations
(PDEs) is to compute an approximation of user-prescribed accuracy at quasi-minimal
computational time. To this end, algorithmically, the standard adaptive finite element
method (AFEM) and goal-oriented AFEM (GOAFEM) must integrate an inexact
solver and nested iterations with discerning stopping criteria balancing the different
error components. The algorithms require several fine-tuned parameters in order to
make the underlying analysis work. We review recent developments in the field, recall
the up-to-date optimal algorithm and investigate the choice of adaptivity parameters
for a prototypical GOAFEM example.
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1 State of the Art

Adaptive finite element algorithms strive to approximate the unknown and possibly
singular exact PDE solution «* on the basis of a posteriori error estimation and
adaptive mesh-refinement strategies. With £ € Ny denoting the mesh level and
k € N denoting the inexact solver counter, the adaptive feedback loop with inexact
solver generates a sequence 7¢ of successively refined meshes and finite element
approximations u’[c ~ u* together with error estimators 7, (u ]g) by iterating the scheme

in Figure[I} Over the past three decades, the mathematical understanding of adaptive
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Fig. 1: Modules of the standard AFEM algorithm with inexact solver.

finite element methods (AFEMs) has matured; see, e.g., [10, 2} 20, 8, [11]] and [[7]
for an axiomatic framework summarizing the earlier references. In most of the cited
works, the focus is on (plain) convergence [[10] and optimal convergence rates with
respect to the number of degrees of freedom [2} |8l [11]. Nevertheless, owing to the
incremental nature of adaptivity (i.e., 77 and u’g depend on all prior computed 7z and
u’g ), the mathematical question regarding optimal convergence rates should instead
pertain to the overall computation cost (or the cumulative computation time). This,
termed as optimal complexity in the context of adaptive wavelet methods [9]], was
later adopted in AFEM [20, |6]]. In these works, optimal complexity is ensured for
AFEM with an inexact solver, contingent on the condition that the computed iterates
u’g closely approximate the (unavailable) exact discrete solutions u}.

Motivated by the interest in AFEMs for nonlinear problems [|15]], recent works [|13}
5} /4] aimed to integrate a combination of linearization and algebraic solver within
a nested adaptive algorithm. Following this approach, the algorithmic decision for
mesh-refinement, linearization, or algebraic solver steps is guided by a-posteriori-
based stopping criteria with suitable stopping parameters. This allows for balancing
the error components and computing inexact approximations u’g =~ uz,‘. Since an
algebraic solver for the nonsymmetric second-order linear elliptic PDE

—div(AVu*)+b-Vu* +cu* = f—divfinQ c R? subject tou* =0in Q (1)

that is contractive in the PDE-related energy norm is not available at the moment, we
adapt this strategy for linear but nonsymmetric problems. In the work [5]], we have
shown that this leads to contraction in each step of the proposed AFEM algorithm
and, with a geometric series argument, to optimal computational complexity for
sufficiently small adaptivity parameters. Moreover, the recent preprint [4] presents a
new proof strategy for full linear convergence relaxing the parameter bounds.

In many applications, the key focus is not the approximation of the exact PDE
solution u™* but rather a function value G (u*) for a continuous functional G (1*). A
naive approach allows to control the goal error by the energy norm of the approximation.
However, a duality approach in the spirit of [[14] allows to essentially double the
convergence rates by solving so-called primal and dual problems simultaneously. For
the extension of the adaptive algorithm with nested iterative solver above, it is natural
to apply the inexact solver from [5, |4] to the decoupled problems in parallel together
with a combined marking strategy [12].

The remainder of the work reads as follows. Section2lintroduces the basic notation
and the problem setting, before Section 3] presents the AFEM algorithm of Figure
to illustrate the strategy. The main results of this work in Section [] full linear
convergence and optimal complexity, are followed by a discussion of the difficulties
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for GOAFEM in Section[5} Finally, Section [§]illustrates the theoretical findings with
a numerical study for a variant of the prototypical example from [18].

2 Preliminaries

In this section, we present the model problem, the components of the nested solver,
and the residual-based a posteriori error estimator.

Model Problem. For a bounded Lipschitz domain Q ¢ R? and given data
A e L] b e [L°(Q)], c e L*(Q), and f € L2(Q), f € [L2(Q)]?, we

sym
seek the solution u* € X := H}(Q) to (I) in its weak formulation

b(u*,v) = (AVu*,Vo)+(b-Vu*+cu*,v) = (f,v)+{f,Vv) = F(v) Vv € X. (2)
The principal part a(u, v) := (A Vu, Vo) induces an equivalent norm [Jo]| := a(v, v)'/?
on X. We suppose that b(-, -) fits into the Lax—Milgram framework which guarantees
existence and uniqueness of u* € X. For a conforming triangulation 7 into compact
simplices and fixed p € N, the Lax—Milgram lemma also applies to the FEM space

Xy ={vg € X : VT € T, vu|r € P,(T)}
and assures existence and uniqueness of u}, € Xy to
b(ufy,vg) = F(vy) forallvy € Xg. 3)

While (3) corresponds to a linear system, the exact computation of u}, would prevent
optimal complexity of the later AFEM algorithm. Since (3) is nonsymmetric, we
cannot apply a PCG or multigrid solver to the associated linear system and use a
nested iterative solver consisting of symmetrization and algebraic solver instead.

Zarantonello Iteration. The Zarantonello iteration stems from the proof of the
Lax—Milgram lemma. For ¢ > 0, the iteration function ® g (6;-) : Xy — Xp solves

<VCDH((5; MH), VUH> = <VMH, VUH> + (5[F(UH) - b(th, UH)] Yog € Xg. (4)

We stress that (@) corresponds to a linear system with SPD matrix. Moreover, for
sufficiently small 0 < § < 6*, the Zarantonello iteration is contractive [15]. In
particular, there exists 0 < gsym < 1 depending only on b(-,-) and ¢ such that

gy — @ (8;um)ll < Goym Nufy —unll VYun € Xu. ®)

Indeed, the Banach fixed-point theorem thus proves that (@) admits a unique solution
(being the unique fixed-point of @z (4, -)) and so proves the Lax—Milgram lemma.
Algebraic Solver. Since large SPD linear systems like (@) are still compu-
tationally expensive, we apply an iterative algebraic solver. More precisely, we
employ a uniformly contractive geometric multigrid [[17]] with iteration function

lI‘H(ui{; -): Xy — Xy to approximate the solution ”?{ = ®y (5, uy) to the SPD
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system (@), i.e., there exists 0 < qag < 1 independent of X such that

iy =¥ (s wi) | < Guig ey — wyrll -~ for all wyy € Xpy and all T € T (6)

Here, T is the set of all conforming triangulations intro compact simplices that can be
obtained from a fixed initial triangulation 7y by newest vertex bisection (NVB) [21]].

A Posteriori Error Estimation. We assume additional data regularity A|r,
flr € Whe(T) for all T € Ty and use the standard residual error estimator 7z (-)
defined, for 7y € T, T € Ty, and vy € Xy, by

na(T,vp)? =TI ||div(AVoy — f) = b - Vou —cop + f1I%

TV AVor = £) - 1122 rog)-

™ (72

where [[-]] denotes the jump over the (d — 1)-dimensional faces of 7. To abbreviate
notation, we define, for all Uy C Ty and all vy € Xy,

12
nu(vg) =nu(Ta,ve)  with g (Ug, vm) I=( Z UH(T,UH)Z) . (7b)
TeUy

Then, it is well-known that the estimator satisfies standard properties, like (discrete)
reliability, nowadays called the axioms of adaptivity [7].

3 Adaptive Algorithm

The adaptive algorithm embedding a nested iterative solver takes the following form.

Algorithm 1 (AFEM with nested contractive solvers). Given an initial conforming
mesh Ty into compact simplices, the Zarantonello parameter 6 > 0, adaptivity
parameters 0 < 8 < 1 and Cpac 2 1, solver-stopping parameters Asym, Adag > 0,
and an initial guess ug’o = ug’] € Xy, iterate the following steps (1)—(iv) for all
£=0,1,2,3,...:

(i) Solve & estimate: For all k = 1,2,3, ..., repeat the following steps (a)—(b) until
k k-1 k
"|M[’J — U, ’]||| < /lsym 7]6’(”[,])- 3)
(a) Inner solver loop: Forall j =1,2,3,..., repeat the steps ()—(I1) until
kj k-1 k,j kj k-1,
"Iug /- U, ! I” < /lalg [/lsymnf(u[ j) + |||Mg ! - u, J”l] . )
(I) Compute one step of the contractive SPD solver u];’j = ‘I‘g(u’;’*; ulg’Fl ),
where u,];’* = Dp(6; ulg_l’l) € Xy is only a theoretical quantity.
(IT) Compute the refinement indicators n¢(T, ulg’j)f()r allT € 7.
(b) Upon termination of the j-loop, define J[€, k] := j € N and u’;’J = ulg’].

k,J

(ii) Upon termination of the k-loop, define K[{] := k € N and uf’l =u,
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(iii)Mark: Determine a set M, € M6, uf’l] ={My; C T : 0 U[(MK 1)2
ne(Uep,u K’J)z} satisfying #M < Crark mm(uﬁMf[g W] #U,.
(iv)Refine: Employ NVB to refine at least all marked element M S Te to generate

the refined triangulation Tp.1 and use nested iteration ug 0= 2;{1 =uf ¢

To formulate convergence, we introduce the index set Q := {({, k, j) € Ng :
ulg’j is utilized in Algorithm [I]} along with the lexicographic ordering

&,k j) <k, j) = u’g:"i/ is defined not later than u’;’j in Algorithm

and the total step counter

16k, jl =#{(C K, j) €@ : (£,k,j) < (L k,j)} €Ny V(L k, j) €Q. (10)

4 Main Results

The key ingredient in the proof of optimal complexity is full R-linear convergence,
which essentially states contraction in each step of the adaptive algorithm. We note
that Theorem has first been proved in [S, Theorem 4.1], before an alternative proof
from [3] led to sharper constants and weaker assumptions.

Theorem 1 (full R-linear convergence of Algorithm 1} [3, Theorem 13]) Define
the quasi-error

k.j . k.j k, k.j k.j
Hy o= g —ug W+ g™ =gl + e (uy ). (11

Let0 < 0 < 1, Cark 2 1, Asym, datg > 0, and ug’o € Xo. Then, there exist 0 < /l:lg

and 0 < A* (and we refer to [3|] for details) such that, for all 0 < Aalg < /lalg and
0 < Agym Aalg < A%, Algorithm guarantees R-linear convergence of the quasi-error,
i.e., there exist O < qiin < 1 and Cjin > 0 such that, for all (¢, k’,j’), (€, k,j) € Q,

k, Lk =1 gk " .
H€J < Clin Ln J1- JlH 7" Wwhenever [k, <6k, jl. O (12)

Since each module of Algorithm|[T|can be realized in linear complexity O (#77),
see [17] for the optimal geometric multigrid, [19] for marking, and [21] for NVB, the
overall cost of the adaptive algorithm up to the computation of u ) is given by

cost(u'{f’j) ~ Z #7; forall (¢,k,j) € Q.

(C',k',jHeQ
1€,k j | <1€.k. ]

An important consequence of full R-linear convergence (following with elementary
calculations from the geometric series) is the equivalence of the convergence rates
with respect to the number of degrees of freedom and the overall computational cost.
More precisely, note that M (s) < co (with M (s) from (I3) below) holds if and only
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if H];’j = O((#’]Z)‘l/“) as |€, k, j| — oo, i.e., the quasi-error ng’j decays with rate
1/s over the number #7; of elements, which is proportional to dimX,.

Corollary 1 (rates = complexity) For s > 0, full R-linear convergence (12) yields

. s .
M(s):= sup (#77)° HIZ’] < sup Z #T/) ng’J < Ceost(s) M (), (13)
(k. j)eQ (LhEQT (pr kY eQ
[k, j <16k, |

where the constant Ceog(s) > 0 depends only on Ciin, qiin, and s. Moreover, there
exists g > 0 such that M(s) < co forall 0 < s < sp. |

Finally, for sufficiently small adaptivity parameters, Algorithm [l|even guarantees
optimal complexity, i.e., optimal convergence rates with respect to the overall
computation cost (resp. the total computation time).

Theorem 2 (optimal complexity [5, Theorem 4.3]) Recall /l;‘lg and A* from Theo-
rem Then, there exist 0 < A%, < 1 and 0 < 8* < 1 (and we refer to [5] for details)

sym =
such that, if 0, Asym, and Aag are sufficiently small in the sense of

0 < Agg < /l;‘lg, 0 < Adsym < Ay, and  Agg Asym < A%,
(0'2 + Agym/A%,)? (14)
0 < Oopt = AR LS’ 1,

(1 - Asym//l:ym)z

then Algorithm || has optimal complexity: Suppose that u* can be approximated
at rate s > 0 (formally stated via approximation classes ||u*||a, < oco; see [5]),
i.e., there exist (unavailable) optimal meshes ’7;°pt with corresponding exact solu-
tions u?p " and error estimators ng(uzp "y such that ng(u;p Y = 0as ¢ — oo with
SUP e, (#7;,0pt)s e (S < oo. Then, Algorithm guarantees that

l
S k .
sup D #75,) HE < oo, (15)
(f,k,j)EQ ([/,kl,j/)EQ
& iie k)

which can be phrased explicitly as follows: If u* can be approximated at rate s > 0
with respect to the number of degrees of freedom, then Algorithm|l|approximates u*
with rate s > O with respect to the overall computational cost.

5 Extension to GOAFEM

In this section, we discuss the extension of Algorithm[I]to GOAFEM and highlight
the changes and difficulties. Let G : Hé () — R be a linear and continuous
goal functional. Additionally to the so-called discrete primal solution u}, from (3),
GOAFEM invokes the discrete dual solution z}, € Xy solving
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b(UH,Z;I) = G(UH) for all VH € XH. (16)

Hence, the Solve & estimate loop in Algorithm I[i) consists of the parallel treatment
of the primal problem in (3] and the dual problem in (T6). Therefore, the index set
Q is the union of the indices coming from both loops and the quasi-error quantities
have to be extended to the full index set Q. Then, for approximations uy, zy € Xpy,
the error estimator £ for the dual problem (I6)) similar to (7), and the computable
discrete goal Gy (uy, zy) = G(ug) + [F(ZH) - b(uy, zH)], we arrive at the goal
error estimate

|G(u*) = Gr(up, ze) S [nuup) + Mgy —unll] [{a(za) + N2k — zull]. A7)

Thus, an adaptive algorlthm has to reduce the quasi-error product H Z / rather
than the primal qua51 -error H J from (TT)), where the dual quas1 -error Z / is defined

analogously, i.e., Z Jo= lzy -z, K+ |||z -z, ol {[(Zf 7Y for some indices
(€. k. j).

A possible marking criterion for the estimator product originates from the work [[18§]]
and was enhanced in [12]. First, the marking determines set ﬂ? € M? [0, uf ’]] and
M; € M? [0, Zf’J] as in Algorithmiii) and then merges them to M, := M{'f U M;,
where My C ﬁz and M% C ﬂf, satisfy # M)} = #M; = min{#ﬂ?,#ﬂ?}.

Analyzing the proposed GOAFEM algorithm faces two main challenges. First,
there is a complex nonlinear structure due to a combined quasi-error product. This
makes the proofs more involved compared to dealing with the primal problem alone.
The second challenge comes from the marking strategy resulting in a mixed marked
set. Here, only either the primal or the dual estimator ensures the estimator reduction
property. This leads to subtle technicalities as the estimator is part of the quasi-error,
causing a failure of contraction for one of the quasi-errors. While [1]] solves this in
the symmetric case, adding a symmetrization loop to handle nonsymmetric PDEs
like (T) leads to further problems due to the lack of a Pythagorean identity (as opposed
to the symmetric case). To overcome these challenges, [4] adapts the innovative
tail-summability criterion from [3]], proving full linear convergence (12) and optimal
complexity @]) for the nonlinear quas1 error product, i.e., Theorem [I] and [2| hold
verbatim with H Z ’ replacing H g

6 Numerical Experiments

The experiments employ the MATLAB object-oriented AFEM software package
from [16]] embedding the & p-robust local multigrid solver from [17]. We consider a
nonsymmetric variant of [[18, Example 7.3]. On the Z-shaped domain Q = (-1, 1)?\
conv{(-1,-1,),(~1,0),(0,0)} cR?and T} := {x € Q : x| +x, > 1/2}, we seek a
solution u* € X to
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(Vu*, Vo) + (x - Vu* +u*,0) = [ (1,0)T - Vo forallv e X = H)(Q).
T

The quantity of interest G (u*) reads
Gw*)= [ (1,007 -Vu*dx whereT> = {x € (0,1)% : x| +x» < —1/2}.
T,

In Figure[2} we display a mesh generated by the GOAFEM algorithm and the supports
T of the primal right-hand side in blue and 75 of the dual right-hand side in green.
In particular, the adaptive algorithm captures the singularities induced by the jumps

1 1+ B
0.5 0.5
0 0 B
—05| —05] |
-1 -0 \ \ i
-1 -0.5 0 0.5 1 -1 -05 0 0.5 1

Fig. 2: Left: Initial mesh 7y with the support of the right-hand functions. Right: Mesh
71> generated by the adaptive algorithm with #77, = 4967.

in the right-hand side as well as the geometric singularity at the reentrant corner.
Since the exact solution #* is unknown, we approximate the unavailable goal value
by a computation on a uniform mesh with polynomial degree p = 3 resulting in
G(u*) =~ 0.0018701367282. Table|l|displays the weighted costs of the GOAFEM
algorithm and suggests that moderate 6 € {0.3, 0.4, 0.5} together with larger solver-
stopping parameters is beneficial. Figure [3] illustrates that the adaptive algorithm
with 6 = 0.3, Agym = 0.5, Aa1g=0.9, and 6 = 0.5 leads to optimal convergence rates —p
both with respect to the number of degrees of freedom and the overall computation
time for the estimator product ng(uf ) {g(zf /) (which is, due to the stopping

criteria (8)—(9), equivalent to the quasi-error product Hf - Zf /) and the goal error
IG(u*) = Ge(uf ).
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the GOAFEM experiment with p = 2 and § = 0.5. For the comparison, we consider
the weighted cumulative time [r]g(uf’J) {g(zf’J) 2Nk <K | time(f’)] (values
in 107°) with stopping criterion ¢ (u} /) £¢(z} ) < 5 - 1071 for various choices
of Agym, Aalg, and . In each 6-block, we mark in yellow the best choice per column,
in blue the best choice per row, and in green when both choices coincide. The best
choices for A, and Ay, are observed for 6 € {0.3,0.4,0.5}.
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number of degrees of freedom
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Fig. 3: Convergence history plot of estimator product 77, (uf 7y Z¢(z%7) indicated by
bullets and goal error from (T7) indicated by diamonds with respect to the cumulative
computational work (left) and with respect to the cumulative computational time
(right) for the benchmark problem



10
(2]
(3]
(4]
(5]
(6]

(7]
(8]
(9]
[10]

(11]

[12]
(13]
[14]
[15]

[16]

[17]

(18]
[19]
(20]

(21]

Maximilian Brunner and Dirk Praetorius and Julian Streitberger

P. Binev, W. Dahmen, and R. DeVore. “Adaptive finite element methods with
convergence rates”. In: Numer. Math. 97.2 (2004).

P. Bringmann et al. “On full linear convergence and optimal complexity of
adaptive FEM with inexact solver”. In: (2023). arXiv: 2311.15738|

P. Bringmann et al. “Optimal complexity of goal-oriented adaptive FEM for
nonsymmetric linear elliptic PDEs”. In: (2023). arXiv: 2312.00489.

M. Brunner et al. “Adaptive FEM with quasi-optimal overall cost for nonsym-
metric linear elliptic PDEs”. In: IMA J. Numer. Anal. in print (2023).

C. Carstensen and J. Gedicke. “An adaptive finite element eigenvalue solver
of asymptotic quasi-optimal computational complexity”. In: SIAM J. Numer.
Anal. 50.3 (2012).

C. Carstensen et al. “Axioms of Adaptivity”. In: Comput. Math. Appl. 67.6
(2014).

J.M. Cascén et al. “Quasi-optimal convergence rate for an adaptive finite
element method”. In: SIAM J. Numer. Anal. 46.5 (2008).

A. Cohen, W. Dahmen, and R. DeVore. “Adaptive wavelet methods for elliptic
operator equations: convergence rates”. In: Math. Comp. 70.233 (2001).

W. Dorfler. “A convergent adaptive algorithm for Poisson’s equation”. In:
SIAM J. Numer. Anal. 33.3 (1996).

M. Feischl, T. Fiihrer, and D. Praetorius. “Adaptive FEM with optimal
convergence rates for a certain class of nonsymmetric and possibly nonlinear
problems”. In: SIAM J. Numer. Anal. 52.2 (2014).

M. Feischl, D. Praetorius, and K. G. van der Zee. “An abstract analysis of
optimal goal-oriented adaptivity”. In: SIAM J. Numer. Anal. 54.3 (2016).

G. Gantner et al. “Rate optimality of adaptive finite element methods with
respect to overall computational costs”. In: Math. Comp. 90.331 (2021).

M. B. Giles and E. Siili. “Adjoint methods for PDEs: a posteriori error analysis
and postprocessing by duality”. In: Acta Numer. 11 (2002).

P. Heid and T.P. Wihler. “Adaptive iterative linearization Galerkin methods
for nonlinear problems”. In: Math. Comp. 89.326 (2020).

M. Innerberger and D. Praetorius. “MooAFEM: An object oriented Matlab
code for higher-order adaptive FEM for (nonlinear) elliptic PDEs”. In: Appl.
Math. Comput. 442 (2023).

M. Innerberger et al. “hp-robust multigrid solver on locally refined meshes for
FEM discretizations of symmetric elliptic PDEs”. In: ESAIM Math. Model.
Numer. Anal. in print (2024).

M. S. Mommer and R. Stevenson. “A Goal-Oriented Adaptive Finite Element
Method with Convergence Rates”. In: SIAM J. Numer. Anal. 47.2 (2009).
C.M. Pfeiler and D. Praetorius. “Dorfler marking with minimal cardinality is a
linear complexity problem”. In: Math. Comp. 89.326 (2020).

R.P. Stevenson. “Optimality of a standard adaptive finite element method”. In:
Found. Comput. Math. 7.2 (2007).

R.P. Stevenson. “The completion of locally refined simplicial partitions created
by bisection”. In: Math. Comp. 77.261 (2008).


https://arxiv.org/abs/2311.15738
https://arxiv.org/abs/2312.00489

	Optimal Cost of (Goal-oriented) Adaptive FEM for General Second-Order Linear Elliptic PDEs
	Maximilian Brunner[0000-0003-0636-1491] and  Dirk Praetorius[0000-0002-1977-9830] and Julian Streitberger[0000-0003-1189-0611]
	State of the Art
	Preliminaries
	Adaptive Algorithm
	Main Results
	Extension to GOAFEM
	Numerical Experiments
	References



