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Introduction

Let S be a symmetric operator or a symmetric linear relation with equal defect
numbers (n,n) in a Hilbert space and assume that A is a selfadjoint extension
of S in . The reader, who is not familiar with linear relations, can look at S as a
linear operator. With each pair (S, A) there is associated a holomorphic function
Q : C\R — L(), where is an n-dimensional Hilbert space and L() denotes the
space of all bounded linear operators in .

This function @ is called a @Q-function of (S, A) and belongs to a certain
class M () which is defined in Definition 1.5. The function @ essentially describes
(S, A). This means, given a function @) € M(), we can construct a pair (S, A) such
that @ is a Q-function of (S, A), and if we assume some minimality condition on
S, then the construction of (S, A) is unique up to unitary equivalence. Therefore,
it is possible to formulate properties of (S, A) in terms of its Q-function.

The concept of Q-functions of a densely defined symmetric operator was intro-
duced by Krein and Langer. In this thesis we consider Q-functions from different
points of view.

In Chapter 1 we give a short introduction to those topics in operator theory
that will be used in this work. These are: linear relations, dissipative, sym-
metric, selfadjoint relations, resolvent set, ()-functions, integral representation of
Q-functions, Krein’s formula, space triplets, spaces of boundary values. We also
prove some results which are known, but which have not yet been stated explic-
itly (as far as it is known to the author).

Chapter 2 treats the following problem. Let two scalar valued Nevanlinna
functions f and ¢ be given, such that f is a Q-function of (S, Ay) and g is a
Q-function of (S, A,). Construct a symmetric relation S and a selfadjoint exten-
sion A from the relations S;, Ay, Sy, A such that f o g is a Q-function of (S5, A).
This problem is solved with help of the concept of tensor products of Hilbert
spaces.

In Chapter 3 we start with a @-function @ of (S, A) and numbers a,b €
R, a # 0. It is proved that aQ(Z) is a Q-function of (aS,aA), that Q(z + b) is
a Q-function of (S — b, A — b) and that Q(—1) is a Q-function of (—S~!, —A™1).



From this we obtain some results concerning special properties of S and A. In
particular, we give a characterization of the Friedrichs and of the von Neumann
extension of a semibounded symmetric relation S.

Chapter 4 is divided into three sections. In Section 4.1 we consider the follow-
ing situation. Let ; and 5 be Hilbert spaces, S; and Sy symmetric closed linear
relations on ; and o, respectively. Denote by and S the orthogonal sums =, &5
and S = S; ® S,. Clearly a selfadjoint extension A of S in a Hilbert space ™ 2
is also an extension of Sy, thus induces a generalized resolvent P;(A — 2)|, of .
Here P is the orthogonal projection of onto ;.

It is well known (see e.g. [14]) that by Krein’s formula the family of all
generalized resolvents of S; can be parametrized via operator valued parameter
functions 7 contained in a certain generalized Nevanlinna class. We determine
those parameter functions 7", which correspond to a generalized resolvent induced
by an extension A of S; which is also an extension of S.

Again by Krein’s formula, the extensions of S are parametrized by parameters
N. We establish a correspondence between the parameters N and 7.

In Section 4.2 we apply these results to differential operators on a graph.
More exactly, let (,) be a finite directed graph, where is the set of all vertices
v1,...,Um, and is the set of all edges eq,...,e,. Assume that every vertex is
the vertex of an edge, and suppose that to each edge e; an intervall [a;, b;] is
assigned (j =1,...,n). Weset a; =v (l;] = v'), where v is the starting (v’ is the
terminating) vertex of e;. On each such intervall [a;, b;] a symmetric and regular
second order differential operator I; = —Dp;D + g; is given.

Let A be a selfadjoint extension of @ L; in @ L*[a;,b;], where L, is the
j=1 j=1
minimal realization of I; on L?[a;,b;]. We assume that A satisfies some special
conditions depending on the graph (cf. Definition 4.7).

Clearly, (A — 2)7"(g;)7=1 = (f;)}=; is the solution of I;f; — 2f; = g;, j =
1,...,n and BC((f;)}=;) = 0, where BC is the selfadjoint boundary condi-
tion corresponding to A. Applying results of Section 4.1 we obtain z-dependent
boundary conditions BCi(z) such that Pi(A — 2)"'g; = fi is the solution of
Lifi —zfi = g1 and BCy(z)(f1) = 0. In Section 4.3 we apply these results to
some special graphs.

Chapter 5 also consists of three sections. Throughout this chapter let .S be a
closed symmetric relation with finite and equal defect numbers (n,n), let A be a
selfadjoint extension of S in , and denote by @ the Q-function of (S, A). In this
situation () is a n X n matrix valued Nevanlinna function.

In Section 5.1 we introduce two subclasses Ny and Ny of the class of all n x n
matrix valued Nevanlinna functions and we characterize the fact that ) belongs



to Ng or to N; by means of S and A.

Assume that @) belongs to Ng (Ny). Then for all selfadjoint extensions B of
S in with exception of a, in a certain sense, small set (exceptional extensions,
cf. Proposition 5.6) the Q-function of (S, B) also belongs to Ny (IN7). Among
those exceptional extensions there is one special extension, which we call the
generalized Friedrichs extension.

In Section 5.2 the case ) € Ny is analysed. If S is assumed to be an operator
then A is also an operator. We show that selfadjoint extensions B of S whose
@-function does not belong to Ng are proper relations, and show how the size of
the nonoperator part of B is determined by the Q-function of (S, B).

In Section 5.3 we extend the results of Section 5.2 to the case () € N;. To do
so we use the concept of space triplets introduced in Section 1.3. Moreover, we
obtain (|A|2) = (|B|2) for all nonexceptional selfadjoint extensions B of S.

In the case that S is semibounded it is shown that the generalized Friedrichs
extension of S (cf. Proposition 5.25) coincides with the Friedrichs extension.

Finally we give an example to obtain some negative results, which, in partic-
ular, stress the difference between the cases ) € N and @) € Nj.

The Chapter 6 is devoted to the proof of the following result: Let A be a
selfadjoint operator in a Hilbert space . Then A is semibounded if and only if

each one dimensional restriction S of A has a selfadjoint extension B in such
that the @-function of (S, B) belongs to Nj.

The results of Chapters 5 and 6 were obtained jointly with Seppo Hassi from
Helsinki, Finland and Henk de Snoo from Groningen, The Netherlands.

Finally, I want to thank Prof. Heinz Langer for his advice, Seppo Hassi and
Henk de Snoo for our fruitful cooperation, Harald Woracek for reading parts of
the manuscript and valuable remarks, and Hannes Wallner for his support in
Latex questions.



Chapter 1

Some Definitions and Basic
Results

1.1 Linear Relations

In this chapter we recall some definitions and results which are often used in this
work.

Let , be a Hilbert spaces, and denote by (.,.) the inner product on and on
. A linear subspace T of @ is called a linear relation (cf. [1], [6]) in @& . We
say that the linear relation 7' is closed if 7" is closed as a subset of & . If W is a
(closed) linear operator from a linear subspace of into then the graph of W is a
(closed) linear relation. In the sequel we identify the operator R and its graph.
If = we say that T is a linear relation on .

Let be a Hilbert space, too. For a linear relation S in @ and linear relations
R, T in & and a € C we introduce the following notation

(T)={ue€ :Fve :{uyv} €T}, the domain of T,
(T)={ve :3ue :{uv} €T}, the range of T,
T-!'={{u;v} € @ : {v;u} € T}, the inverse relation of T,
R+T = {{u;v+w}:{u;v} € R, {u;w} € T}, the sum of R and T,
TS ={{y,w} e @& : e {uyv} €S, {v,w}eT}
the product of S and T,
aT = {{u; av} : {u;v} € T},
T = {{u;v} € & : (y,u) = (z,v) for all {x;y} € T}, the adjoint of T,
(T) ={u € :{u;0} € T}, the kernel of T,
T(0) = {v e :{0;v} € T}, the multivalued part of T,
Tw = {{0;v} : {0;v} € T}, the infinity part of T,
Ts = {{w;v} € T : vLT(0)}, operator part of T



The sets (), (T) and (7),T(0) are linear subspaces of and , respectively, and
T, T, R+ T C ®, TS € @ and T*, T-! C @& are linear relations. We always
have (T*)* =T, R* + T* C (R+T)* and S*T* C (T9)*.

If T is a closed linear relation and W is a bounded operator from into then
the linear relation 7'+ W is also closed. Moreover, we have (T+W)* = T* + W*.
This relation also holds if 7" is not closed.

If = and if [ is the identity operator, then we put '+ a =T + al.

Clearly, T' is an operator if and only if 7°(0) = {0}. The operator part T of
T satisfies T,(0) = {0} and (T}) = (T). Moreover, (T) is dense in T*(0)*. The
range of T} is contained in T(0)* (cf. [6]). If T is closed then T, and T are
closed and we have T' = Ty @& T,,. For proofs and further basic results see for
example [2], [6], [1].

In the following we assume = .

Definition 1.1. A linear relation 7" on a Hilbert space is dissipative, if

%((v,u) — (u,v)) >0 for {u;v}eT.

If there exists no proper dissipative extension of T', we say that 7" is maximal dis-
sipative. A linear relation 7 is called symmetric (selfadjoint), if S C S* (S = 5%).

Clearly, a symmetric relation is dissipative and a selfadjoint relation is maxi-
mal dissipative. Using the Lemma of Zorn one sees that every dissipative relation
has a maximal dissipative extension. Every maximal dissipative relation is closed
and satisfies 7'(0) = 77(0) (cf. [2], Chapter 2).

Thus, in the decomposition T'= T, ® T, the relation 7} is a densely defined
operator in T(0)* and a maximal dissipative relation on T'(0)* (cf. [2], [6]). We
can therefore write T' = (T, P + I — P)P~!, where P is the orthogonal projection
of onto T(0)*.

Denote by L() the space of all bounded linear operators on . In analogy to
the operator case the resolvent set for a linear relation is defined.

Definition 1.2. Let T be a linear relation on . The set of regular points v(7")
is the set of all z € C such that (T'— 2z)~! is a bounded operator from (T — z)
into . The resolvent set p(T) is the set of all z € C such that (T — z)~' € L().
Set p(T) = p(T) U {oo} if T € L() and p(T) = p(T), otherwise. Moreover, set
o(T) = C\ p(T) and 6(T) = CU {oc} \ H(T).

The set v(T") contains p(7T") and both are open subsets of C (cf. [7]). For a
linear relation 7" the so called resolvent identity is valid:
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(T—2)" = (T=O ' === =2)(T-¢)" (1.1)
for all z,¢ € p(T') (ct. [6]).

Let CT(C™) denote the open upper (lower) halfplane in C. If T' is a (maximal)
dissipative relation, then C~ C ~(T') (p(T')). Hence, for every closed symmetric
(selfadjoint) relation S we have C\ R C v(S) (p(5)).

Definition 1.3. Let 7" be a linear relation on and let p € C\ R. Then we
call the linear relation

Cu(T) = {{v— pw;v — u} : {u;v} € T}

the Cayley transform of 7', and we call

F.T)={{v—u;pv — pu} : {u;v} € T}
the inverse Cayley transform of T'.

One immediately sees, that C, o F,(T)) =T = F,, 0 C,(T). Hence C,, and F,
are in fact inverses of each other.

The Cayley transform has the property p(C, (1)) = C,.(p(T)), when C,(z) =
‘z:ﬁ. Moreover, a linear relation 7" is (maximal) dissipative, if and only if C,,(T)
is (an everywhere defined) contraction from (C,(7)) into for any p € C~, and
a linear relation S is symmetric (selfadjoint), if and only if C,,(S) is an isometry

(a unitary operator) from (C,(S5)) into for any p € C\ R.

Now we define a class of linear relation valued functions on C\ R which gen-
eralizes the concept of Nevanlinna functions. Recall that a Nevanlinna function

is a holomorphic function f on C\ R such that f(z) = f(z) for z € C\ R holds,
and such that Imf(z) > 0,2 € C*.

Definition 1.4. A function A from C \ R into the set of all linear relations
on belongs to N() if

1. N(z) is maximal dissipative for z € C*,
2. N(z) = N(2)* for 2 € C\ R,

3. for some p € C~ the Cayley transform C,(N(z)) depends holomorphically
on z € C*.

We note that all constant selfadjoint relations on belong to N().

Assume € N(). Then for z € C~ the identity N (z) = N (2)* implies that
—N(z) is maximal dissipative. The infinity part of A'(z) turns out to be inde-
pendent of z € C\ R, N(2)s = Ny (cf. [2]). Hence we can decompose N (z) as



Ni(2) ® Ny, where Ny (z) = N (z), is the operator part of A(z) for all z € C\ R,
and we have N, € N(N(0)*). If P denotes the orthogonal projection of onto
N(0)* the decomposition of N can also be written as

N(z) = (N,(2)P+1—P)P! (1.2)

Also a certain subclass of N() will be used in the sequel. For bounded selfad-
joint operators A, B € L() we we write A > B if (Au,u) > (Bu,u) for all u € .
If B> B1 for some > 0 write B >> 0.

Definition 1.5. A function @) : C\ R — L() belongs to M() if

1. ImQ(z) >> 0 for all z € C*,
2. Q(2) = Q(2)* for z € C\ R,
3. Q(z) depends holomorphically on z € C\ R.

The class M () is a subclass of N(). For arbitrary @ € M() and N' € N() the
relation (Q(z) +N(2))~! belongs to L() for all z € C\ R. (cf. [2], [14]).

If is one dimensional then M() can be identified with the class of all Nevan-
linna functions which are not a constant real number.

1.2 Symmetric Relations and their Selfadjoint
Extensions

1.2.1 (@-Functions

Let S be a closed symmetric relation. For z € (S) put , = (S — 2)* = (§* — 2),
the so called defect spaces of S. It is proved in [16] and [6] that the Hilbert space
dimension of , is of constant cardinality for all regular points z. As C\R C ~(5)
we may define ny (n_) as the Hilbert space dimension of , for z € C*, (C7),
and (ny,n_) are called the defect numbers of S. The relation S has a selfadjoint
extension in if and only if n, = n_ (cf. [16], [6]), that is “equal defect numbers”.

Assume in the following that the closed symmetric relation S has equal defect
numbers and let A be a selfadjoint extension of S in . Such extensions which are
selfadjoint in the same Hilbert space are called canonical extensions.

As A D S we have p(A) C ~(5). By the resolvent identity the operator
I+ (2—=C)(A—2)""! has the inverse I + (¢ — z)(A — ()" and is therefore bijective
for z,( € p(A). Moreover, the selfadjointness of A shows that it maps . bijectively
onto ,.



Let be a Hilbert with the same Hilbert space dimension as ,, z € C\R, let I';
be a bicontinuous linear mapping from onto ;, and set T', = (I+(z—i)(A—2)"HT};
for z € p(A). Then I', is a bicontinuous linear mapping from onto , and satisfies

D= (T4 (2= O(A - 2) )T (13)
for all z,{ € p(A). As (1.3) shows, it is not essential to start with the definition
of I', at the point 1.

A function @ from p(A) into L() is called a @-function of the triple (S, A, T";)
if the relation

M =TI, (1.4)
z—C
holds for all z,¢ € p(A). It is known (cf. [14]) that @ is determined by (1.4) up
to an arbitrary bounded selfadjoint operator C' in and has the form:

Q(z) =C —il';T; + (z + ) T,. (1.5)

The choice of the mapping I'; does in fact not influence the structure of @,
therefore we will also call @ a Q-function of the pair (S, A). It is shown in [14]
that Q|c\r belongs to M ().

If the defect numbers of S are equal to one and if = C, then ) can be
identified with the Nevanlinna function @(z)(1). In this case we consider the so
called defect vectors y(z) =I',(1) € ,. Then (1.3) holds if I, and I'; are replaced
by v(z) and 7(¢), respectively, and (1.4) reads as

— == ((2):7(0) (1.6)

Z\z

Conversely, let () be a function belonging to M(). Then there exists a model
(@,89, A, FZQ), where ¢ is a Hilbert space, S¥ is a symmetric relation, A® is a
selfadjoint extension of S% in @, and F? is a bicontinuous mapping from onto
;, such that Q is the restriction to C \ R of a Q-function of (S?, A9, T'?9). The
model (9, SQ,AQ,FZQ) is uniquely determined up to unitary equivalence, if S%
is chosen completely nonselfadjoint, i.e. if the closed linear span c.L.s.(U,cc\g =)
equals the whole space ©.

Given a model (2,59, A9, T9), we can decompose @ as , & (¢ & ,) where
n = ¢Ls.(U,co\g2)- Then the relations SQ and A® can also be decomposed
as SQ = S, ® A and A? = A, ® A’ where S, is a symmetric and completely
nonselfadjoint relation on ,, and where A, O S,, and A" are selfadjoint relations
on , and @ & ,, respectively (cf. [14]). Thus every model (2, 59, A2, T'9) can be
reduced to a model where the symmetric relation is completely nonselfadjoint.



Note that if S is completely nonselfadjoint then it is an operator with no
eigenvalues.

It is well known that every function @) € M () has the integral representation:

Q(z):C+Dz—|—/R(tiZ—tQil> d¥;, z€ C\R (1.7)

where C, D € L() such that C, D are selfadjoint and D > 0, and where ¥; is an
increasing (X, < ¥, for t < 7) family of bounded positive operators on such that

t24+1
R

1
/ d(Xix,z) < 00

for all z € .

The integral in (1.7) exists as a Riemann-Stieltjes integral in the strong op-
erator topology on L().

The following proposition establishes a connection between the integral repre-
sentation of a ()-function and the spectral family of the corresponding selfadjoint
relation (cf. [12]).

Proposition 1.6. Let be a Hilbert space and let S be closed symmetric
relation on with equal defect numbers. Assume that A is a selfadjoint extension
of S in . Let I'; be a bicontinuous linear mapping from a Hilbert space onto ;
and let Q be a Q-function of (S, A,T';). Denote by P the orthogonal projection of

onto (A) = A(0) and let (Ey)ier be the spectral family of the operator part A,

of A in the Hilbert space (A).
Then @ has an integral representation of the form (1.7) where

D =T;(I - P)Iy, d(Zx,y) = (£ +1) d(T;E,PTiz,y) (1.8)
for all x,y € .

Proof. Since a Q-function is uniquely determined up to a selfadjoint operator
C, it is enough to show that a function () of the form (1.7) under the assumptions
(1.8) is a Q-function of (S, A,I';). Indeed, for z,{ € C\ R and z,y €

LCELGAE
= ((I — P)Tya,T; / Sl C 1 ; ) =
= ax, Tiy) + R(l + = Z)(l + . C)d(EtPFZyc, PTy) =

= (I = P)Tlsz, (I — P)T'yy)+



(L + (2 =) (As = 2) ") PTa, (I + (¢ = i) (As = Q)7 PTay) =
= (I +(z=i)(A=2) o, (I + (¢ —i) (A=) y) = (T2, Tey).

The last equality holds because of (A — z)~lz =0 for zL(A). O

1.2.2 Krein’s Formula

Let S be a symmetric relation with equal defect numbers on . Up to now we
considered selfadjoint extensions of S in . Now let A be a selfadjoint relation
on a Hilbert space ™D such that A D S. Clearly, if "=, then A is a canonical
extension of S. Let P denote the orthogonal projection of “onto .

We call the operator function R(z) = P(A—2)7Y, 2z € p(A), a generalized
resolvent of A in . For z € C\ R C p(A) let T(z) be defined by

T(z)=R(z)"'+z (1.9)

This is the so called Strauss relation. It turns out that 7'(z) 2 S for all z € C\ R
and that —T € N(). Conversely, given =T € N(), such that T'(z) 2> S for

z € C\ R there exists a Hilbert space ™2 and a selfadjoint relation A O S such
that (T'(z) — z)~' = P(A — 2)71] (cf. [6]).

Let A be a fixed canonical selfadjoint extension of S and let and I', be defined
as above. Then every generalized resolvent P(A — z)~!| can be written as

P(A—2)7Y = (A= 27" = T.(Q(2) + N(2))'T; (1.10)

for some N € N(). Here @ is the Q-function of (S, A,T";). We call (1.10) Krein’s
formula. Conversely, given N' € N() then there exists a Hilbert space 2 and
a selfadjoint relation A D S such that (1.10) holds (cf. [14]). If we assume that
© =cls.(U,corl — P)(A—2)7Y()), then A is uniquely determined by AV up to

unitary equivalence. In (1.10) the selfadjoint relation A is a canonical extension
of S if and only if AV is a constant selfadjoint relation on .

The following proposition will present a more explicit version of (1.10) if N (z)
is not an operator.

Proposition 1.7. Let N'(z) = (N(2)P + 1 — P)P~! be the decomposition of
N asin (1.2). Then we can write (1.10) as

P(A—2)"Y = (A—2)"' =TLP(Q(2)P + N.(2)P + (I — P))"'T's,  (1.11)
where (Q(2)P + N, (2)P + (I — P))~' € L(). Moreover, we have
(Q(2) + N(2)) ' = P(Q(z)P + Ny(2)P + (I = P)) ™" = (1.12)
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= P(Q(2)P + Ny(2)P + (I = P))"'P = (PQ(2) |y )+ +Ni(2)) P =

= P(PQ(2)P + N.(2)P + 1 — P)"'P.

Proof. Considering all terms as linear relations the following equalities hold:

(@) + N () =
— ({(Qz)P + No(2)P + I — Pyu; Pu} €2 : Pu e (N,(2))} = (1.13)
= P(Q(2)P + N,(2)P + (I — P))".

Since (Q(z) + N(z))~! is a bounded operator defined on , (1.13) implies that the
relation (Q(z)P + Ny(z)P + (I — P))~! has domain . Assume z € (Q(2)P +
Ni(2)P + (I — P)) then by (1.13) Pz = 0 as Q(z) + N (z) has kernel {0}. This
implies (I — P)z = 0, and hence = = 0. Therefore (Q(2)P + N, (2)P+ (I — P))™!
exists as an operator defined on and as Q(z)P + Ny(2)P + (I — P) is a closed
linear relation we see that (Q(z)P + Ns(z)P + (I — P))~! € L().

Moreover, if we consider Q(z)P + N (z)P + (I — P) as a 2 x 2 operator
block matrix with respect to the decomposition N (0)* @& A(0) of , we see that
this matrix has domain (N (z)) & M (0) and that it is lower triangular with the
identity operator in the lower right corner. Since Q(z2)P + N,(2)P + (I — P)
is invertible, its left upper corner PQ(2)|y () + Ns(2) is also invertible and
(PQ(2)|no)r +Ns(2))~" equals to the left upper corner of the lower triangular
operator block matrix (Q(2)P + N,(2)P + (I — P))~! with respect to the same
decomposition N (0)+ & N (0) of . Hence

Q)+ N(=) ' =PQE)P+N.(z)P+ (I —P) " =

= P(Q(2)P + Ny(2)P + (I = P))™'P = (PQ(2)|n(0)- +Ns(2))"'P =

= P(PQ(2)P +N,(2)P+1—P)'P.
O

Assume that ’ is a closed subspace of and denote by P the orthogonal pro-
jection of onto’. If we define 8" = {{u;v} € A: v+idu L I';(")} then S’ is a
symmetric extension of S and PQ(z)|: is the Q-function of (S, A, T|).

If S has defect numbers (1,1) and if we set = C, f(z) = Q(z)(1) and
v(2) =T',(1), then Krein’s formula for canonical selfadjoint extensions reads as

(.1(2) L1



and it establishes a bijective correspondence between t € RU{oc} and all canon-
ical selfadjoint extensions A of S. The parameter t = oo corresponds to A = A.

Assume that A is a canonical selfadjoint extension of S such that A(2) = Mis
the corresponding selfadjoint parameter in (1.10). Then a @-function of (S, A, T';)
is given by (cf. [14])

Q(2) = Q2) = (Q2) = Q) )(Q(2) + M)"H(Q(2) — Q(i)). (1.15)

If we write M as M = (M,P+1— P)P~! (cf. 1.2), where P is the orthogonal
projection of onto M (0)* then (1.15) reads as (cf. Proposition 1.7)

Q(2) = Q(2) — (Q(2) — QL) )P(Q(2)P + My + I — P)"1(Q(2) — Q(i). (1.16)

If S has defect numbers (1,1) as above and if ¢ € R then (1.15) reads as (cf.
[12])

- |f(i) + 1

fl2) = 2Ref (i) +t = =5 (1.17)

1.3 Space Triplets

Let A be a selfadjoint operator on a Hilbert space .

Definition 1.8. On the Hilbert space we define a new inner product (.,.)_;
by
<x>y)—1 = ((I + |A|)_1$ay)7 xr,y €.
The completion of with respect to the inner product (.,.)_; is denoted by _1(A) =
—1. By |[|.][-1 we denote the norm induced by (.,.)_; on _;.

On (JA|2) we define the inner product (.,.)4; by

(€,9)11 = (z,9) + (|42, |A]2y), =,y € (JA]?).

The subspace (|A|2) provided with the norm ||.||,1 is a Hilbert space, denoted by
+1(A) = 41, which is isometrically isomorphic to the graph of |A|z. By ||.||11 we
denote the norm induced by (.,.)41 on 4.

Clearly, the Hilbert space ,; is contained contractively in and is contained
contractively in _;. We get the space triplet:

a1 €& C .

12



Using the functional calculus for selfadjoint operators it is easy to see that ;4
densely contains the linear manifold (A). Moreover, (A) and hence ;; and are
densely contained in _.

The mapping I + |A] from (A) C ;; onto C _; is an isometry, with respect
to the new inner products.

Definition 1.9. We denote by V,,(A) = V,; the unique extension of [ + |A]
from 44 onto _;. Now we define a duality [.,.] between the Hilbert spaces ;1 and
_1 expressed by

[a:,y] = (V+133,y)—1 = (xav-i-_lly)-i-la TE 41, Y€ 1. (1-18)

We set [y, z] = [z,y] when x € ;3 and y € _;.
For z € .1, y € we clearly have

[z,y] = (z,y). (1.19)
It is easy to check that for [.,.] the Cauchy-Schwarz inequality is valid:

|z, 9]l < llzllallyll-r, 2 € 11, e (1.20)

Hence [.,.] is continuous on 1 X _j.

Proposition 1.10. Consider A as a mapping from (A) C 11 into _y. Then A
is contractive and hence, A can be extended by continuity to a contractive operator
A from 1 into _y.

Moreover, for complex z the mappings A — z considered as mappings from
from (A) C 11 into _y are bounded and can be extended to mappings A—zI from
+1 mto 1.

Proof. Let (F})cr be the spectral family of A. For z € (A) we have

t2

< / (It + Vd(Eur, ) = |l ]2

Hence A is continuous and can be extended to ;.

Also the identity operator on (A) can be uniquely extended to all of ;. This
extension is just the embedding from ; into _;.

Clearly, with A and I also A — z can be extended to 4 and the extension
equals to A — zI. O

Note that we can look at A as the closure of A in 11D 1.

13



Since A and I are symmetric in , we can extend this symmetric behaviour to
A — zI by the continuity of [.,.]. Hence for all z € C:

~ ~

(A —=zDx,y] = [z, (A= Z])y], =,y € 1. (1.21)

Proposition 1.11. For z € p(A) consider the operator (A — z)™! as a map-
pings from C _y into 41. Then (A — z)™' is bounded, and can therefore be
extended by continuity to a bounded operator ]%(z) from _q into ,q.

Moreover,

(A=) = R(2), = € p(A),

and hence (A — zI) is bijective for all z € p(A). Also a kind of resolvent identity
holds,

(A-zD)™ = (A=¢D) == QA -2 (A=) 2 epd), (1.22)

1

where we consider (A — zI)~' as an operator from 11 into .1 which turns out to

be continuous.
Proof. For z € p(A) and x € we have

lt] + 1

A— -1 2 _
(A==l = | 7o

d(Etxv ‘(I") S

1
<C ——d(FE = 2

where C(2) > 0 is chosen such that ([t| +1)* < C(2)|t — z|? for all t € o(A).
Since z € p(A) this is alway possible as one can easily verify. Hence R(z) exists.
Moreover,

R(z)A—2)z=(A—2)"YA=2)z=2xforz € (A
and ) )
(A-2)R(z)r=(A-2)(A—2) 'z =xforx €.

Since these sets are dense in ;1 and _1, respectively, we obtain (fl—z[)_l = }?i(z)

Concerning (1.22), we first note that (A—zI)~! clearly maps ,; into itself. The

continuity of this operator follows from the fact that it equals to the composition

of the contractive embedding of , into _; and the bounded operator (A — zI)~".

For x € the we have
A—zD)le—(A-—¢D)e=(A—z2D) e —(A— (D) e =
—(=QUA-z2D)MA=(D) e = (= A-2D) (A= (D) e

14



Hence (1.22) holds on , and since the operators on the left and on the right hand
side of the equality sign in (1.22) are both bounded and since is dense in _,
Identity (1.22) is verified. O

The following relation is an immediate consequence of (1.21) and Proposition

1.11, ) )
(A—zD)a,y =[x, (A—2)"Yy], 2,y € _1. (1.23)

Finally we introduce here the concept of adjointness with respect to [., .].

Definition 1.12. Let T be a linear relation in ,; X _;. Then we define the
adjoint subspace T as

T ={{hjk} € ;1 x _1:[g,h] =[f, k] forall {f;g} €T}

We call S C ;1 x _1 symmetric if S C ST and selfadjoint if S = ST.
It is easy to verify that

VR(TT) = (VET)"

Hence,
(TH)* =T,
(T+W)T =T+ + W where W is a bounded operator from 4 into _,
(aT)t =aT™* for a € C and
the adjoint of a bounded operator is a bounded operator.
As in the usual concept of adjointness we have here

TT0) = (T)* ) ={y € _,:[x,y] =0 for all z € (T)}

and
(T) = (T)* 1 ={x € 4, :[z,y] =0 for all y € (T)}.

Moreover, by (1.21) the operator A and the embedding I from ., into _; are
selfadjoint.

Similarly, we define R™ for linear relations R in _; & 4. Clearly, (T71)" =
(T+)~! for a linear relation T in ;1 & ;. Hence the same results as above hold.

Definition 1.13. Let I" be a bounded mapping from a Hilbert space into
_1. Then we denote by I'* the bounded mapping from , into defined by

[2,Ty] = ([, y)

forall x € 41,y €.

15



Similarly, let " be a bounded mapping from a Hilbert space into y;. Then
we denote by (I')* the bounded mapping from _; into defined by

[z, y] = (z, (T")y)

forallz € ,y € _;.

+

1.4 Spaces of Boundary Values

Following [5], we introduce the concept of spaces of boundary values (SBV). For
more details, see [5].

Definition 1.14. Let be a Hilbert space, and let S be a closed, densely
defined, symmetric operator in with equal defect numbers. A triplet (,II!, IT?)
where is a Hilbert space and II', IT? are linear mappings from the domain (S*)
of S* into is called a space of boundary values (SBV) for S*, if

L. (S*f7 g) - (fa S*g) = (H1f7 Hzg) - (H2f,ng) for all fvg € (S*) and

2. the mapping IT : f — {II?f; —IT' f} from (S*) to ? is surjective.

Set AV = S*|q), j = 1,2. Then A’ is a selfadjoint extensions of S, for
j=1,2 (ct. [5]).

Since (S*) = (A?)+,, z € C\ R, the mapping IT?|_ from , to is bijective.
Therefore we can set I, = (IT?|,)~!. Moreover, let M(z) be defined as IT'T, for
z € C\R. We call M the Weyl function of (,II*,I1?). It is shown in [5], Lemma
1 that T, satisfies (1.3) and that M is a Q-function of (S, A%, T}).

If A is a canonical selfadjoint extension of S then © = II((A)) is a selfadjoint
relation on . Conversely, if © is a selfadjoint relation on , the operator A =
S*|-1(e) is selfadjoint in (cf. [5], Section 2).

The relation © is the parameter in Krein’s formula:

(A—2)"t= (A2 =) =T, (M(2) + ©)7'I% (1.24)

Assume A is a selfadjoint extension of S in a lager space “and let T(z) be the
Strauss relation defined in (1.9). Set T (z) = II((T'(z))). Then T belongs to N()
and the generalized resolvent of A can be written as

PA-2)Y=(T(z)—2)"'= (1.25)
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= (A% —2) ' = T(M(2) + T () T

Conversely, if T € N(), then T(z) = S*|u-1(7()) satisfies =T € N() and
T(z) 2 S for z € C\ R. As indicated after (1.9) there exists a selfadjoint exten-
sion A of S such that (1.9) and therefore (1.25) hold. For g € this means, that
f=(T(z) — z)"1g is the solution of S*f — zf = g, II(f) € T(2).
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Chapter 2

A Model for the Composition of
two Nevanlinna Functions

Every Nevanlinna function f has an integral representation of the form (cf. [16])

f(z):a—l—bz—i—/( !

Lz e 21)

where a,b € R, b > 0, and p is a positive measure on R satisfying

1
dp(t .
/Rt2+1 pll) < o

Using this integral representation, a simple model for the nonconstant Nevan-
linna function f is obtained as follows (cf. [12]).

If b=0 take / = L2 A’ the operator of multiplication with the independent
variable: A/ (p(t)) = tgo( ) with domain (A') = {gp( ) e L2 to(t)e L2}, ST the
restriction of A7 to the set (S7) = {p € (A7) : [, o[t =0}, and yf( )= L.

t—1
If b > 0 we take H/ = L2 @ C with the inner product on the second component
defined by (a, ) = ba3 for a,3 € C, Af and S/ the linear relations

Al = { {((’Oét)); (wcit))} e(L2®C)  tp(t) e L2, a € C}
= ({0 e fomo=

1 I e
in L2 & C, and set 7/ (i) = (7).
One easily calculates that in both cases the symmetric relation S/ has defect

numbers (1, 1), and that f is a Q-function of (A, S/, ~/(i)). Hence (/, S/, A7 ~7(i))
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is a model for f. In addition, S/ is completely nonselfadjoint.

By fi we denote the measure on RU {oo} such that i(B) = u(B) for all Borel
sets B C R and which satisfies fi({oo}) = b. If b = 0, then L3 can be identified
with L> if b > 0, then L = L? @ C, where the scalar product on the second
component is again defined by («, 8) = baf for a, € C. In particular L% =1,

Assume now that f and g are two nonconstant Nevanlinna functions and that
f has the integral representation (2.1). Let (¥, 57, A’ ,4/(i)) be the model for f
constructed above, and let (9,59, A9,79(i)) be any model for g such that 59 is
completely nonselfadjoint. The latter property implies that 9 is separable as for
any countable and dense subset X of C\ R the set {(19(z) : ¢,z € X} is dense
in 9. It is the aim of this section to build a model for f o g on the tensor product
of / and 9.

For t € RU {oo} let A; denote the selfadjoint extension of SY in 9, which is
defined by Krein’s formula (1.14) with the parameter —¢ instead of ¢:

(=27 = (47 =2 = o) S, 22)

As mentioned above A, = A9.

Now set v(z) = (I + (2 —i)(A; — 2)"1)79(4) for each z € C\ R. Evidently
(1) = ~9(i) for all t € RU {o0}.

The relation (1.17) shows that for ¢t € R a Q-function of (59, A;,1:(7)) is given
by

= g)P
9:(2) = g(i) + g(i) —t — m7

and since an arbitrary real constant can be added, a @)-function of

(2.3)

(5'97 At7 m%(z)) is given by

1 t

T t—g(z) 241

To simplify the notation of the following results we set go.(2) = goo(2) = g(2).

9:(2)

Definition 2.1. Let LZ(Y) be the Hilbert space of all functions ¢ which
map R U {oco} into ¢ such that ¢ is weakly measurable (that is, the function
t — (¢(t),z) is measurable for all x € 9), and that fRU{oo} lo(t)|2di(t) < oo.

The scalar product of two elements ¢,v¢ € L%(g) is defined by (¢,v) =
Jugoey (0(2), D)) (ck. [21], pp. 383, 531).
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We mention that the space LZ(Q) can be identified with the completion of

L7, ®¢ with the tensor scalar product (p®z,w®Y) = ( [z, 100y LW (E)dA(t))(2, y).
A unitary mapping from this completion onto L%(g ) can be established by ex-
tending the isometric mapping (¢ ® z) — ¢ x to the completion of L;21 ®9.

Now we construct a selfadjoint relation A on L%(g). To this end, define for
cach z € C\ R an operator R, in L3(Y) by

(R.0)(t) = (Ar — 2)7'o(t), t € RU {oo}. (2.4)

Proposition 2.2. For z € C\R the operator R, maps L%(g) continuously into
L%(g), for z,¢ € C\ R the resolvent identity is satisfied, and R, is the resolvent
(A —2)7" of a selfadjoint relation A on L2 (9).

Proof. Let ¢ € LZ(Y). Then by (2.2) the relation (2.4) can be written as

(¢(t),7%(2))
g(z) =t

This relation is valid also for ¢ = oo if we set M+oo =0.
The first term on the right hand side of (2.5) belongs to LZ(Y) since the
function t — ((A9 —2)7'¢(t), ) = (¢(t), (A9 — 2)~'z) is measurable on R U {oo}

for all z € 9, and since

(R.0)(t) = (A7 — 2)"'o(t) —17(2) (2.5)

9 —2 -1 247 1 2 5~
/R o) | (A7 = 2)" o) |IPdi(t) < (im 22 /R - 16(8)||12da(t). (2.6)

The second term on the right hand side of (2.5) belongs to L2(?) since the

(6(t)1?(2)) z) = (6(1)7?(2))

IO IO (79(2), z) is measurable for all = € 9,

function ¢ — (v9(z)
and since

INCORGEII
L O R i <

N
(Im g(z))

The relations (2.6) and (2.7) also show that R, is bounded if z € C \ R.
In order to verify the resolvent identity, we write for ¢t € R U {00}

< @I @)1

/ |66 dalt). 2.7)
RU{co}

(R.¢ — Reo)(t) = (A — 2)'o(t) — (A — Q) 'o(t) =
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= (2= QA = 2) (A = Q) 'o(t) = (RReo) (1)
for z,( € C\ R. The relation R} = R; is shown similarly.

Finally, [6], Theorem 4.1 implies the existence of a selfadjoint relation A on
LZ(7) such that R, is the resolvent of A. O

In the following we write a.e. for almost everywhere.

Proposition 2.3. The relation A from Proposition 2.2 on Ll%(g) can be writ-
ten as

A={{p;0} € (L) : {o(t); (D)} € A fi— a.e. onRU{o0}}.

Proof. Let z € C\ R be fixed. Assume {¢(t);¥(t)} € A; fi-a.e. on RU {oo}.
Then {¢(t)—z9(t); o(t)} € (A;—2)"" fra.e. on RU {oo}. Hence R, (v —20)(t) =
¢(t) fira.e. on RU {oo}. As two elements of L (?) coincide if their representatives
coincide fi-a.e. on RU {oo}, we have R, (¢ — z¢) = ¢, and therefore {¢; 9} € A.

Conversely, {¢;1} € A implies R,(¢ — 2¢) = ¢ and hence R, (¢ — z¢)(t) =
o(t) pira.e. on RU{oo}. Therefore {¢(t);1(t)} € Ay fi-a.e. on RU {oo}. O

Denote by x the following function from R U {oo} into 9:

_ %79(1), teR
o ={ = €T 28)

Since t_;(z.) € L2, it is easy to see that x € L2(9).

Let S C A be defined as follows: S = {{¢;9} € A: (¢ +i¢,x) = 0}. Hence
a pair {¢; ¢} € A belongs to S if and only if fRU{m}(w(t) +10(t), x(t))du(t) = 0.
Clearly S is a symmetric relation, and (S + 4)* is the linear span of x. We set

v(i) = x and y(2) = (I + (z —4)(A — 2)")7(3) for all z € C\R.
Since g, is a Q-function of (SY, Ay, %79(1')) we have

(V(2), 7)) = (T + (z =) (A= 2)")x, (I + (C =)A= ¢))x) =

:/R (L + (2 = ) (A = ) 77(0), (2.9)

Uty £ = 9(7)

(I + (€= )(A = O ) (0)dalt) =

1
"t —g(i)
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9() 9() z2=¢
for z,( € C\ R. Therefore with ¢(z) = a + fRU{OO} g+(2)df(t) the relation (2.9)

becomes (1(2),7(C)) = %C(O

:/M }(t_l ,%(z),t_l %(C))dﬂ(t):/Ru{ }Mdﬂ(t)

Moreover,

at / R =

0 bg(2)+ [ (s = () = o) = (F0.0) ().

These considerations imply the following Theorem.

Theorem 2.4. Let f and g be nonconstant Nevanlinna functions, where f
has the integral representation (2.1), and let (9,59, A%, 49(i)) be a model for g,
with a symmetric relation S9 being completely nonselfadjoint.

Assume that L%(g) is the Hilbert space as in Definition 2.1, and that A is
the selfadjoint relation on L%(g), which is defined through its resolvent in (2.4).
Furthermore, let v(i) = x be the element of L%(g) defined by (2.8), and set

S={{g;v} € A: (v +ip,x) =0}. Then fogisa@ function of (S, A,~(i)).

We mention that the relation S is in general not completely nonselfadjoint.
Now we consider this model in special cases:

If g(z) = 2, then fog = f, and the model (L3(¢), S, A,~(i)) coincides with
the multiplication operator model (/, S/, A’ v/) mentioned at the beginning of
this section.

If f(z) = z, then the model (LZ(%), S, A,~(i)) is the model (9,59, A9,~v9(i))
for g.

More generally, if f is any rational Nevanlinna function, then it is of the form

k
m,
2)=c+dz .
fe)=ctdz+y
7=1
where ¢, ty,...,t, € R; d > 0; mq,...,m; > 0. Comparing this representation
with (2.1), we get a = ¢+ Z§=1 %7 b=dand u= Zle m;dy;, where d; is the
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Dirac measure at t € R: (M) =0ift ¢ M CRand §;(M)=1ift € M CR.
The function f o g can be written as

(fog)(2) —c+dg<z>+ztjj”%.

We Set' U1 = 00, Mit1 ‘: d> ﬁl = tl—lg(i)7 s 7/Bk‘ - mv 5k+1 =1,
l=k+1itd>0,and [ =Fkifd=0.
The space LZ(9) can be identified with (9)" with the inner product (.,.) defined

as {(2;)hoy, (u3)m1) = Do5m my(ag, ) for (2541, (y5)j—1 € (9)'. Proposition 2.3

shows that A = @;:1 Ay, Since x belongs to (;)' C ()%, the symmetric relation
S is an extension of (S9)!. The latter symmetric relation has defect numbers
(£, 1).

I we set Ti((ay)Loy) = (@7(0))Ly and Q() = diag(mige, (=), .., mid
C™! (see (2.3)), then T is a bijective linear mapping from C! onto ( ) = (
i) and Q(2) is a Q-function of ((S9), A,T;). Furthermore, x = (i) = T:((5;))_,).
Hence the function (Q(z)(5;)}= 1,(5])] 1) is a Q-function of (S, A,~(7)),
equals (f o g)(z) up to an additive real constant.
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Chapter 3

()-Functions of Fractional
Linearly Transformed Relations

Let be a Hilbert space and let S be a symmetric relation on with equal defect
numbers. Further, let A be a fixed selfadjoint extension of S. Let and I', be
defined as in (1.3) and assume that a € R\ {0}, b € R.

Since S C A, we have aS CaA, S—bC A—band —S~! C —A~L. It is easy
to see that relations aS,S — b and —S~! are symmetric, and that the relations
aA, A—band —A~! are selfadjoint. We remark that v(aS) = av(95), v(S—0b) =
v(S) — b and y(—=S71) \ {0} = 5 \{o} and that p(aA) = ap(A), p(A—1b) =
p(A) —band p(—A~1) = _/3_ (cf. [2], Section 2.2.1). Set

I, =(I+(z—4)(aA —2)"T:, 2 € ap(A),

S.= (I +(z=1)((A=b) = 2) " )lipp, 2 € p(A) =
A, =T+ (z—i) (A —=2) Ny, z€ p(=A7h).
Now define the functions
F(2) =aQ(2), = € ap(4), G(2) = Q(z+1), = € p(A) — b

and

H(z) = Q(—). = € p(—A™)\ {0}

Proposition 3.1. Let . = (S — 2)* be the defect spaces of S. Then the defect
spaces of aS, S —b and —S~*

(aS —2)* = =, z € ay(9),
((S=b) = 2)" =5 2€7(S) =D
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and

(=871 =2)t = _1, z€(5)\ {0}

Moreover,

(IL,) = (aS — 2)*, I, = [z, z € ap(A)

(Zz) ((S - b) - 2)L7 Ez = Fz-i—ba EAS p(A) —-b

and
(A,) = (=871 =2)", zep(-A7),

A=1Ts 2 p(-A)\ {0}

The functions F,G, H are Q-functions of (aS,aA,T':), (S —b,A—0b,T) and
(=S~1 —ALTY), respectively.

Proof. Since (aS —2) = (S — %), ((S—b) —z) = (S — (2+b)) and since

—St—z={{g;—f-z9} :{figt e Stand S—L ={{fig+1f}:{fig} €S},
the first three relations hold.

These relations applied with z = 7, the definition of II,,>,, A, and the com-
ment before (1.3) imply that II,, A, and A, map bicontinuously onto (aS — z)*+
for z € ap(A), onto ((S —b) — z)* for z € p(A) — b and onto (=S~ — 2)* for
z € p(—A™1), respectively.

Moreover, by (1.3),

~=)(A=2)7)r, =T

.= T+ (z—1i)(aA —2) )T = (I +( -

i
a

Q|

Y

™
Q|

ST

o=+ (2= )((A=b) = 2) )i =
(T4 (24 8)— (i 4 D)(A— (2 4 5) ey = Ty
The identity —((=A =)' = ¢(=A™" = &)™ = I (cf. [3]) gives

Avm T4 (i) (A — ) = 1= 2 2ca— Hyyr, =
z z z
i I Lo i
= 24+ (- = )(A+ )T = 2Ty,

The assertion about the ()-functions is now a consequence of the relations

= II*1L.,



=T Ty = 278,

Q=+~ QU+ _ Qz+b)—QC+b)
¢

z —

/'\
NIH
S~—

= — :—F*FI—A*A
2Q —%—F% k18 ¢

- Q=)
¢

z—

The following corollary is an immediate consequence of Proposition 3.1.

Corollary 3.2. Leta € ]R\{O} b,c € R then aQ(— az+ac+§) is a Q-function
of (=(aS =)' —¢,—(aA = b)) — ¢, 7T i Lv). In particular, —Q(2) is a
Q-function of (S7', A7 T_,).

In the rest of this chapter we set P(z) = —Q(2) which is a Q-function of
(571, A71) by the previous Corollary.

Corollary 3.3. Suppose that S is completely nonselfadjoint. Then (A) = {0}
if and only if lim, o n(Q(in)z,z) =0 for all x € .

Proof. The kernel of A is trivial if and only if A™! is an operator. Since
= cls.(U,eop 2) = ¢ls.(U,cc\r 2), With S also the relation S~ is completely
nonselfadjoint. Corollary 2.5 of [14] yields that A~! is an operator if and only if
limyp oo }](P(z’n)x, x)=0forall x €.

The Proposition 3.1 implies lim,oo = (P(in)z, ) = lim, e %(—Q(%)x,x) =
— lim,, o n(Q(in)x, ). Therefore lim,yoo (P (in)z, ) = 0 if and only if

lim, o n(Q(in)x, x) = 0. O

SI=3 =

A Nevanlinna function f belongs by definition to the class N if and only if
lim, oo nIm f(in) < oo (cf. [15]).

Definition 3.4. We denote by N the set of all Nevanlinna functions f which

satisfy lim, o %Imf(m) < 00.
It is easy to show that f(z) € Ng if and only if —f(%) € Ny.

Corollary 3.5. The range (S) is dense in @ if and only if for all x € \ {0}
the Nevanlinna function (Q(z)x,x) does not belong to Ny .

Proof. By [14], Corollary 2.6 (the assumption that S is completely nonselfad-

joint is not necessary) the range (S) = (S7!) is dense in (A) = (A1) if and only
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if the Q-function P of (S7!, A1) satisfies (P(z)x,z) € Ny for all z € \ {0}, and
this is equivalent to (Q(z)x,x) & Ny for all x € \ {0}. O

A Nevanlinna function f belongs by definition to the class Ny if and only if
J7 T f(in)dn < oo (cf. [12]).

Definition 3.6. We denote by N7 the set of all Nevanlinna functions f which
1
1
satisfy / —Imf(in)dn < oc.
o 7

From the relation [ cmf(in)dn = [7 —-Imf(5;)dn it immediately follows
that f(z) € N7 is equivalent to —f(1) € Ny.

For a closed nonnegative (hence symmetric) relation S ((y,z) > 0 for all
{z;y} € S) we denote by Sr the Friedrichs extension and by Sy the von Neumann
extension of S (cf. [3]). The following proposition is a slight generalization of [4],
Theorem 1.1, as we do not assume that S is a densely defined operator.

Proposition 3.7. Suppose S that is a closed nonnegative relation on . If A
is a selfadjoint extension of S in , then A = Sg if and only if (Q(z)x,z) & Ny
for all x € \ {0}.

Proof. First assume that A is nonnegative. Let 4 be the Hilbert space
((A2),((As+ I)z., (As 4+ 1)2.)) (cf. [3]), where A, is the operator part of A.

Note that with / = (A) the space 4 coincides with ’,,(A,) from Definition 1.8
if we start in that Definition with ’ and A, instead of and A.

We have Sp = A if and only if 4 = i (cf. [3] Section 3). From [3] Theorem 3
we see that 4 = g, if and only if _;N(A ) = {0} Since (I+(i+1)(A—4)~1) maps
1 bicontinuously onto ;, the relation _; N (A ) = {0} is equivalent to ; N (A ) =
{0}. With the Propositions 1.2 and 2.1 in [12] we find that T';(z) € ; N (Aé) if

and only if the Nevanlinna function (Q(z)x,z) belongs to N;. This proves the
assertion for A > 0.

Finally we prove that (Q(z)z,z) ¢ Ny for all z € \ {0} implies A > 0. Set
"= (A) and let / ‘1 =1 (A) and ; =", (A;) be the Hilbert spaces defined in
Definition 1.8 where we apply that Definition to ' and A, instead of and A.

For {u;v} € Sand w €’ we get [(As—i—i])u w] = ((As+1)u, w) = (v+iu,w)
since w_L A(0). This shows that {w €, : [(A, +iI)(S),w] =0} =", N..

From the assumption and from the Propositions 1.2 and 2.1 in [12] we find/, ;N
: = {0}. From the definition of [., ] in (1.18) it follows that ((A,+il)(S))" ¢)-1 =
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{0}. (Note that V,; in (1.18) is bijective.) Observing the bicontinuity of A, +il,
we obtain the density of (S) in’,;.

Since A, is continuous and (S) is dense, the relation [Agu,u] = (v,u) >0 for
{u;v} € S implies [Agu,u| > 0 for all w €’,,, and therefore (v,u) = [Asu,u] >0
for all {u;v} € A. O

The following corollary is a generalization of [4], Theorem 1.3, as we assume
neither that S is a densely defined operator nor that A is nonnegative.

Corollary 3.8. Suppose that S is a closed nonnegative symmetric relation
on . If A is any selfadjoint extension of S in , then A = Sy if and only if
(Q(2)x,z) € Ny for all x € \ {0}.

Proof. Since Sy = ((S7)r)™!, we have A = Sy if and only if A™1 = (S7!)p.
Proposition 3.7 shows that this is equivalent to (P(z)z,z) ¢ Ny for all x € \ {0}.
By the remark after Definition 3.6 (P(z)z,z) ¢ N; is equivalent to (Q(2)z, x) &
N7. O

Corollary 3.9. Suppose S is nonnegative, and let A be nonnegative selfad-
joint extension of S. Then the Friedrichs extension Sg coincides with the von
Neumann extension Sy if and only if (Q(z)z,z) ¢ (N1 UNY) for all z € \ {0}.

Proof. If Sy = Sp, then since Sy < A < S (cf. [3]), we have A = Sp =
Sn. So Proposition 3.7 and Corollary 3.8 imply (Q(z)z,z) ¢ (N3 UN7) for all
z e \ {0}

Conversely, if (Q(z)x,z) ¢ (N; UN7) for all x € \ {0}, Proposition 3.7 and
Corollary 3.8 show that A = Sr and A = Sy. O
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Chapter 4

Selfadjoint Extensions of the
Orthogonal Sum of Symmetric
Relations

4.1 The Parameter in Krein’s Formula

Let 1,2 be two Hilbert spaces, and let Si,.S, be closed symmetric relations on
1 and o, respectively. Assume that S, 55 have finite and equal defect numbers
(n1,mn1) and (ng,ns), respectively. We fix canonical selfadjoint extensions A; of
S1 and A, of S5, i.e. Ay and A, are selfadjoint in ; and 5, respectively.

For 7 = 1,2 we denote by F{ a bijective linear mapping from C% onto 7; =
((S; 4+ i)t Set TS = (I + (2 —4)(A; — 2)")IY for z € C\ R. Then IV is a
bijective linear mapping from C" onto 7, which satisfies relation (1.3).

For j = 1,2 let @); be the Q-function of (Sj,A]’7Fg) defined by the relation
(1.4).

We set = 1&5. By ]31, ]32 we denote the orthogonal projection of onto ; or o,
respectively. Set S =5, ® Sy (S ® Sy equals {{z1;z2}; {y1;92}} €2 : {x1;01} €
S1, {xo;y2} € So} ) and A = A} @ Ay. Then S is a closed symmetric relation
on with finite and equal defect numbers (n,n), where n = ny + ns.

Let T, be defined as T & T2 for 2 € C\ R ( T'.{z;y} = {TL(z);T?(y)} for
{z;y} € C" @ C" = C" ). The mapping I', is a bijective linear mapping
from = C" onto , = ((S — %))t = @2, and satisfies (1.3). Similarly, Q(z) =
Q1(z) ® Q2(z) satisfies (1.4), and hence Q(z) is a Q-function of (S, A, T).

By 1 (2) we denote the subspace C" x {0} ({0} x C"?) of C & C" = C",
and by P, (P») the orthogonal projections of C* = C™ & C™ onto ; (2). Then
P = f’sz, and with respect to the decomposition ; @ 5 of C" the 2 x 2 block
matrix representation of @(z) has diagonal form Q(z) = diag(Q1(z), @2(2)).
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Our aim in this section is to describe all generalized resolvents on ; of selfad-
joint relations A on a Hilbert space”, such that C~ and S C A. More precisely,
let N/ € N() be the parameter in

P(A—2)7" = (A=2)7" = T.(Q(2) + N(2)) "I, (4.1)

where P is the orthogonal projection of “onto . Then we will determine 7 € N (1)
such that

Pi(A=2)7, = (A1 = 2) ' =THQu(2) + T(2)) ' TV (4.2)
holds for z € C \ R, where P, also denotes the orthogonal projection of ~onto ;.
The following lemma is well known.

Dy Do
Lemma 4.1. Let D =
¢ (D21 Dy

Ckixki Dy € CH¥F2 - Dy € CF2XF1 Doy € CH2%%2 where ki, ky € N. Assume
that Doy is invertible. Then D is invertible if and only if R = Dy — D12D2_21D21
18 1nvertible, and we have

1 R! —R71D12D2_21
D=\ _pzlpyR' D + D DyR'DiDsl )
22 D21 92 T Doy Doy 1299

We begin with the case that N'(z) is an operator for z € C\ R.

) be a 2 X2 block matriz, such that Dy; €

Proposition 4.2. Let A be a selfadjoint extension of S in~ 2D , and assume
that N € N() is the parameter in (1.10), and that N(z) is an operator for
z € C\R. With respect to the decomposition 1@+ of C™ we write N'(z) as a 2 x 2
block matriz

Ngl(Z) NQQ(Z)
where NH(Z) - (Cn1><n1’ N12(2> - (Cnlan’ ./\/21(2) - Cn2><n1, NQQ(Z) € Chexnz,

L

N = (NG AR,

The generalized resolvent 131(121— 2) can be written in the form (4.2) where

T (2) = Nia(2) = NM2(2)(Q2(2) + Naa(2)) ' Na(z) = (4.3)
(P(Q2(2) Py + N(2) +aP) 7)™ —al

is a holomorphic matriz function belonging to N(1). The second equality holds
for all o € C whose modulus is sufficiently large and for those which are nonreal.

Proof. Since

P(A—2)7", = (A4 —2) ' = TLA(Q(2) + N(2)) ' |.TY

11—z
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we write Q(z) + N(z) as a 2 x 2 block matrix

_( @i(2) + Nu(2) Nis(2)
Q(z) —i—N(Z) = ( /\/’21(2) Q2(2) +N22(Z) )

Now apply Lemma 4.1 to obtain P (Q(z) + N (2))7|, = (Q1(z) + T(2))~'. The
assumption of the lemma is satisfied since Imz Tm(Q2(2) + Naz(z)) > 0 implies
the invertibility of Qa(z) + Naa(z).

Another application of Lemma 4.1 shows that Qy(z) P, + N (2) +aP; is invert-
ible in C™ if and only if 7 (2) + o/ is invertible in ;. This always happens if || is
sufficiently large or if « € C\R. Then T (2) = (P(Q2(2) Pa+N+aP)t|,) ' —al.
From this second representation it is easy to see that T € N(y). O

Lemma 4.3. Let P be an orthogonal projection in C*, and let {e;,...,e,} be
an orthogonal basis of C". Assume that P maps the linear span l.s.{e1,...,e.} of
{e1,...,e.} bijectively onto P(C"™). Then I —P maps l.s{e 11,...,e,} bijectively
onto (I — P)(C").

Proof. The assumption implies (P)Nls.{eq,...,e.} = {0}. Since the dimen-
sion of (P) equals n — r, we have (P)+ls.{ey,...,e,} = C".

Passing to the orthogonal complements we get (I — P) Nls{e,q1,...,€,} =
{0}. Hence I — P maps Ls.{e;41,...,e,} injectively into (I — P)(C"). A com-
parison of the dimensions finishes the proof. a

Now consider the case that N'(z) is a proper relation for one and hence for all
ze€ C\R.

Theorem 4.4. Let A be a selfadjoint extension of S in~ D and assume that
N € N() is the parameter in (1.10). We write N'(2) in the form (1.2):

N(z) = (N,(2)P+1—P)P,

where Ny(z) = N(2)s is the operator part of N(z) for all z € C\ R and where
P denotes the orthogonal projection of onto N(0)t. Let Q be the orthogonal
projection of C™ onto the range of PiP, and let Q" be the orthogonal projection
of C™ onto P(C™) N 5.

We write P, Ny(2)P and Q(z) as 4 x 4 block matrices with respect to the
decomposition Q(1) (I —Q)1) ® (I — Q") (2) & Q'(2) of C":

Pll 0 P13
0 0 0
0 0 0

pP= (4.4)

~ O O O
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(4.5)

P
—~
N
SN—
~
I
O O O O

_ Q31 (2) Qb(2) 0 0
CE=1 T o o) @i | 48)
0 0 Qis(2) QL2

where Py 1s invertible.

Then the generalized resolvent Py(A — 2)™Y|, can be written in the form (4.2)

where T(2) = R(z) & {{0; I —Q)z} € (1)*: v €1} = (R()Q+ (I -Q))Q™' €
N(1), and where the operator valued function R belongs to N(Q()) and has the
form

R(z) = P1_11(P13Q§3(Z>Pf3 + Nu(2)—
—(P13Q34(2) + Na(2))(QL(2) + Naa(2)) " (Qis(2) Py + N (2))) Pt (4.7)

If we choose a € C such that R(z) + ad is invertible (which is in particular the
case if |a is sufficiently large or if « € C\ R), then R(z) can also be written as

R(2) = P (Q(Q + Q) (PQ2(2) P + N +aQ)(Q + Q')+ (48)

+ = (Q+ Q) o)™ —al) Py
If Q@ =0, then the above relation for T (z) reduces to

T(z) ={{0;2} € (1) 1w €1}
If Q' = 0 the relation (4.7) reads as
R(2) = P! (PiaQ3(2) Pis + Nu(2)) Py (4.9)
If P commutes with Py which is the case if e.g. Q' = Py then

R(z) = Ni1(z) — Nia(2)(Q34(2) + Nua(2)) "' Nua(2). (4.10)

Proof. From (1.11) we obtain
Pi(A—2)7", = (A —2) ' =TLPP (Q(2)P + Nu(2)P + (I — P)) |, TY"

If Q = 0, which is equivalent to PP = 0, then Pj(A — 2)7|, = (A; — 2)~!

and hence P (A —z)7!|, can be written in the form (4.2) where 7 (z) = {{0; 2} €
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(1) :x €4}

Otherwise, (1.12) implies
P(Q(z)P+ N, (2)P+ (I - P))' = (4.11)
P(PQ(2)P + Ns(2)P+1—P)"'P.

Now we write P and N,(z)P as 4 x 4 block matrices with respect to the de-
composition Q1) B ([ —Q)1) & (I —Q")(2) ®Q'(2) of C". Since the range of P, P
equals the range of P; PP, since by the definition of @) the subspace (I — Q)(1)
is contained in the kernel of P and since P|g(,) = I, it is easy to see that P, is
invertible in Q(C™) and that P has the form (4.4). Since N,(z)P commutes with
P, N(z)P can be written as (4.5).

We will construct a unitary matrix V' € C%*? such that the column vectors
of V' either belong to the range of P or to the range of I — P, and such that for
all 7 =1,...,d those column vectors of V' between the first and the j-th column
which belong to the range of P span exactly the same subspace of the range of
P as the first 5 column vectors of P.

Such a V' can be obtained with the Gram-Schmidt orthogonalization process.
In the j-th step of the construction of V' we apply the orthogonalization process
to the j-th column of P or I — P depending on whether the j-th column of P is
linearly independent from the already constructed 7 — 1 columns of V' or not. It
follows from Lemma 4.3, that we end up with a unitary matrix, and this matrix
has the indicated properties.

The matrix V*PV is diagonal matrix where for j = 1,...,d it has a 1 in the
position (j,7) if and only if the j-th column vector of V' belongs to the range
of P, and zero everywhere else. It is easy to see that the matrix PV is lower
triangular. From the properties of P it follows that we can write V, V*PV and
V P in the following forms (with respect to the decomposition Q(1) & (I —Q)(1) ®

(I -Q)(2) ®Q(2) of C)

Vii. 0 Vis O I 0 0 O
O I 0 0 *70000
V=lvpow o V=00 Dy o
O 0 o I o0 o0 [
Cqy 0 0 O
O 0 0 o0
PV = Cy 0 Cs3 0 )7
O o0 o I
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where (7 is invertible, since P;; is invertible.

Let z € (I — Q')(2). Then Cs3z0 = PVa € (I — Q')(2) C 2. Hence Cszz €
P(C")Ng = Q'(2). This means that Cs3x € Q'(2) N (I — Q’')(2) = {0}. Therefore
(33 = 0 and D33 = 0 and we have

Nii(z) 0 0 Njy(2)
\ 0 00 0
VIN(2)PV = 0 00 0

Nu(z) 0 0 Nu(z)

The relation (4.11) and the above considerations imply

PP (Q(z)P + N(2)P + (I = P))7'|, =
PPV (V*PQ(2)PV + VN (2)PV + 1 - V*PV)~" (PV)*], =
QPVQ (Q(PV)'Q Qi(2) QPVQ + (PV)" Qa(z) BPV+
+V*NL(2)PV + 1 —=V*PV)" L Q(PV)*Q|, = C11R(2)C5,,
where R(z) is the left upper entry of the block matrix

/ % , —1
ChQ11(2)Cn + C5Q33(2)Ca1 + Ny (2) 0 0 C5Q35,(2) + Ny(2)
0 I 0 0
0 0 I 0
Q33(2)Cs1 + Ny (2) 0 0 14(2) + Nu(2)

Now we apply Lemma 4.1 to this matrix, which is possible, since ImQ3%,(z) > 0
implies that the 3 x 3 submatrix in the lower right corner is invertible. This gives

QPVQ (Q(PV)'Q Qi(2) QPVQ + (PV)" Q2(2) PPV +
V*N,(2)PV +1—-V*PV)"' QPVQ|, =

(@ui(2) +R(2) .,
where the operator R(z) acts on @Q(C"™) and has the form

R(z) = ' C5Q35(2)Ca1 O + Cpy" Ny, (2) Oy —

—C1"(C5,@Q54(2) + Niy(2))(Qia(2) + Naa(2)) ™ (Qi(2)Ca1 + Niy (2))Cy

Since Pp; is invertible we obtain by the construction of V'
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‘/11 Pll

0 0
— W
Va1 Py
0 0

where W is an invertible dim(Q(;)) x dim(Q(;)) matrix. As PP = P this yields

-1

P P
031Cf11:(Pf3 0 P 0) ]301*3 (Pll 0 P O) p(i*g -

0 0

= PPt

Keeping in mind that P commutes with N,(z)P, we get with similar methods
that C1" Ny, (2)Cry" = Pr"Nu(2) Py and C*Niy(2) = Pr"Nu(z), Ny (2)Cry' =
Nu(2)P;t. As Py = Py, this immediately shows that R(z) has the form (4.7).
An application of Lemma 4.1 shows that (4.8) holds.

Identity (4.8) easily implies R € N(Q()) and 7 € N(;) is an obvious conse-
quence of R € N(Q()).

If @ = 0 then relation (4.9) follows from (4.7) since then the forth component
in the decomposition Q(1) & (I —Q)(1) & (I —Q’')(2) & Q'(2) of C™ has dimension
zero.

In the case when P commutes with P; one easily checks that in the above
4 x 4 block matrix representation of P the entry P,3 is zero and P;; = I. Hence
this assumption reduces (4.7) to (4.10).

O

4.2 Differential Operators on Graphs

In this section we introduce the concept of differential operators on finite graphs
and we indicate how to apply the results of the previous section to such differen-
tial operators.

Let (,) be a finite directed graph, where is the set of all vertices vy, ..., vy,
and is the set of all edges ey, ...,e,. Assume that every vertex is the vertex of
an edge, and suppose to each edge e; an interval [a;, b;] is assigned (j = 1,...,n).

We set a; = v (b; = v), if v is the starting (terminating) vertex of e;.

35



Foreachj=1,...,nletl; = DpJD+q] be a symmetric differential operator
on [aj, b;] which is regular ie. ¢j and - are absolutely summable functions on

laj,b;]. For each function h on [aj, b;], such that [;(h) is defined, we set
W = p;h's W = 15(h) = q;h — (p;h')'.

Let ; be the set of all h € L?[a;, ;] such that [;(h) is defined and contained in
L? [a],b ], and set j, = {h € ; : h(a;) = h(b;) = Al (a;) = h(b;)) = 0}.

We denote by L; the minimal realization of I; in L*[a;, b;], which is defined
as lj|j0. Then L; is a densely defined, symmetric operator with defect numbers
(2,2). The maximal realization of I; in L*[a;,b;] is defined as ;| , and it equals
the adjoint L;* of L; (cf. [20]).

Let = @ L?|aj,b;], and define the operator L = €D L; in . It is easy to see
=1 =1
that L is closed, densely defined, symmetric and has defect numbers (2n,2n).

Moreover, the adjoint operator L* of L in is €@ L;*. Hence the domains of L

=1
n n

and L* satisfy the relation (L) = @ (L;) and (L*) = @ (L;").

j=1 j=1
In the sequel, if f € , we denote by f; the projection of f onto the j-th
component. Hence f = (f;)7_;.

Definition 4.5. For j = 1,...,n define the following linear mappings from

(L;*) to C*:
mo-( Tae) ). mo- ().

Set IL(f) = {HQ( -} e CoC? = C* for f € (L;*) and define
= (1], —51) " andM( z) =IA] for z € C\ R.

J

For each 7 = 1,...,n the triplet ((CQ,H;»,Hg) is a SBV for L;*. Indeed, the
first condition of Definition 1.14 is satisfied by

(Li*f,9) — (f, L;*g) = [f;, 9;)(b;) — [f;. 95](a;) =
= £33 (b;) — £ (6)35(05) — £3(a)75 () + £ (a;)g5(az) =
= (I (f), 113 (g)) — (I13(f),1;(g)),
where [f;,g,](2) = f;(2)7,(2) — f1(2)3(2) for = € [a;,b;] (cf. [20] Kapitel V).
For the second condition of Definition 1.14 see [20] Kapitel V, 17, 3.
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The selfadjoint operators A} = L;*|qmy and A} = L;*|2) are selfadjoint
extensions of L; whose domains are determined by the boundary conditions
fW(a;) = fU(b;) = 0 and f(a;) = f(b;) = 0, respectively. The function M,
is the Weyl function of (C?, IT}, IT3).

In the following definition we introduce a SBV for L*.

Definition 4.6. For f = (f;)j_, € (L") set

T(f) = M) L))"

(f) = (I (f)", - TG () )T
Then II*(f) and IT(f) are linear mappings from (L*) into C*".

Set TI(f) = {I1*(f); —II'(f)} € C* & C* = C*™ for f € (L*), and define
A, = (I?|(1—5+) " and M(z) = II'A, for z € C\ R.

As before, the conditions of Definition 1.14 are satisfied. Hence (C** I, I1?)
is a SBV for L* and M (z) is the Weyl function of (C*", IT*, IT?).

With A' = L*|m, A? = L*|q2) it is easy to show that

MDA, =P A
=1 =1

A, =Al®.. A, M(2)=M@RE)®...0 M,(2)

for all z € C\ R. This means that an element f of (L*) belongs to (A') if and
only fil'l(a) = AM(b) = ... = £l (an) = £.(bn) = 0, and to (4?) if and only
if fl(a'1> = fl(bl) = .= fn(a'n) = fn(bn) =0.

We provide C?* @ C?" with the indefinite hermitian scalar product

(s}, () = <((w,) — (0.9)), {osw), fziy) € C @ T

and obtain a Krein space with 2n positive and 2n negative squares.

A subspace © of C** @ C?" is called neutral if its orthogonal complement in
C?" @ C?" with respect to (.,.) contains © and it is called maximal neutral if it is
neutral and maximal with respect to this property. A subspace © of C** @ C*"
is called hypermaximal neutral if its orthogonal complement in C?" ¢ C** with
respect to (.,.) coincides with © (cf. [17]). As (.,.) has 2n positive and 2n
negative squares, a subspace of C*" @ C?" is maximal neutral if and only if it is
neutral and has dimension 2n. Moreover, a subspace is hypermaximal neutral if
and only if it is maximal neutral.
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The definition of selfadjointness shows that © C C** @ C?" is a selfadjoint
relation on C?" @ C?" if and only if it is hypermaximal neutral with respect to
(., .).

From Section 1.4 we know that an extension A of L with (A) C (L*) is

selfadjoint in if and only if TI((A)) is a selfadjoint relation on . By what was said
above this means that TI((A)) is a 2n dimensional neutral subspace of C** @ C?"
with respect to (.,.). Inserting the definition of II, we see that the neutrality of
I1((A)) is equivalent to the boundary conditions

n

> (£ 951(b5) = [£591(a;)) = 0 (4.12)

j=1
for all f = (f;)1_y,9 = (9:)7— € (A).

_ Definition 4.7. Let A be a canonical selfadjoint extension of L. We say that
A satisfies local boundary conditions with respect to (,) if (4.12) decomposes as

> A [f5,951(b;) — | > A [fi: 95)(a;) =0 (4.13)

for all v € .

In order to characterize this condition we define orthogonal projections on
C?". For v € set P, = diag(dy,...,d2,), where

1, jisoddand aj+1 =wv
0 =4 1

2
0, otherwise.

A~

, Jisevenand b; = v

(S

Moreover, set (P,)> = P, @ P,. This means (P,)*{z;y} = {P,x; P,y} for
{z;y} € C* @ C*". Then (P,)? is an orthogonal projection in C*" @ C*".

Proposition 4.8. A selfadjoint extension A of L satisfies local boundary
conditions with respect to (,) if and only if (P,)*II((A)) is a neutral subspace of
C?" @ C*™ with respect to {.,.) for allv € . In this case TI((A)) can be written as

1((4)) = P(P,)* H(A)).

k=1

m

Proof. The first assertion is a consequence of the relation



Assume that (P,)%II((A)) is a neutral subspace of C** @ C?" with respect
to (.,.) for all v € . Since Y (P, )? is the identity on C?*" & C*", we have
k=1

((A)) é (P,,)? TI((A)).

It is easy to see that the ranges of the projections (P,)? are orthogonal to
each other with respect to the canonical scalar product and with respect to (., .).

Hence, the assumption implies that @ (P,,)? TI((A)) is neutral with respect to
k=1

(.,.). But since A is selfadjoint, IT((A)) is a maximal neutral subspace, and hence

((4)) = B(P,)* T((A)). O

k=1

Suppose again, that A is again a canonical selfadjoint extension of L and
write © = II((A)) as © = NP~' (cf. (1.2)). Then the following proposition
gives a necessary and sufficient condition in terms of N and P for A to satisfy
local boundary conditions. Note that we do not exclude the case P = 0, which

happens if © is an operator.

Proposition 4.9. Let A be a canonical selfadjoint extension of L, and write
© = II((A)) as NP~', where P is the orthogonal projection of C* onto ©(0)*
and N = (I — P)+ O4P. Then A satisfies local boundary conditions with respect
to (,) if and only if P and N commute with P, for allv € .

Proof. First assume that A satisfies local boundary conditions with respect
to (,). From Proposition 4.8 we know that

O = é(ﬂ,k)? 0. (4.14)

This fact together with (P,)?(0;z) = (0; P,x) for x € C*" and v € implies
that

O = é(ak)z O (4.15)

and hence ©(0) = @ P,,0(0). An easy consideration now gives PP, = P,PP, =
k=1
(P,PP,)* = (PP,)* = P,P for all v € .

From (4.14), (4.15) and © = O, @ O, we conclude O, = P (P,,)? O;.
k=1
I£{P,f;g} € O, then g = P,g. Indeed, {P,f; g} € O, implies (P,)? {P,f; g} =
{P,f; P,g} € ©4 (cf. 4.14) and, since Oy is an operator, we get g = P,g for arbi-
trary v € . This implies NP, = (I — P)P,+©,PP, = P,(I — P)P,+ P,O,PP, =
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P,NP,. As N is selfadjoint, we get P,N = (NP,)* = (P,NP,)* = P,NP,. This
proves that N commutes with all P,.

The converse statement easily follows from © = {{Pf;Nf} : f € C*}.
Indeed, take an arbitrary v € then the assumption implies

(P.)*(©) = {{P.Pf; P.Nf}: f e CMy = {{PfiNf}: f € P(C™)} CO.

Hence (P,)%*(©) is neutral with respect to (.,.). Finally, Proposition 4.8 shows
that A satisfies local boundary conditions with respect to (,). O

We remark that a matrix M = (my,);j_, commutes with all P,, v € if and
only if my; # 0 implies

—b % for even k and even [,

for odd k£ and even [,

In order to apply the results of Section 4.1 we set:

1=1L (11,51 2—@L2 aj,
S1 = L, SzZG}Lj, A=A}, Ay = @A>
j=2

IN=Al IM=Aqg..¢A",
Q1(z) = Mi(2), Q2(z) = Ma(z) @ ... D M,(2).

Then, clearly, = 1@, S=51®S =L, A=AdA =A% T,=Tlal?=
A, Q(z ) Q1(2)®Q2(z) = M(z). The operators S; and Sy have defect numbers
(2,2) and (2n — 2,2n — 2), respectively. Moreover, I'!. maps C? bijectively onto
(S; — 2)*, and T2 maps C**2 bijectively onto (S; — z)*, and both satisfy (1.3).
The functions Q1(z) and Qy(z) are Q-functions of (S;, Ay, T'}) and (Ss, As, T'?),
respectively.

Assume now that A is a selfadjoint extension of S satisfying local boundary
conditions with respect to (,). We know from (1.24) that with © = II((A))

(A—2)' = (A—2)"' = T.(M(2) + ©)7'T".

In the following we indicate how the assumption that A satisfies local bound-
ary conditions affects the calculation of 7 € N(C?) in (cf. Section 4.1)

Pi(A=2)7", = (A = 2) 7 = 1(2)(Qi(2) + T (2)) ' (2)" (4.16)
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Once we have calculated 7, we know from (1.25) that Py(A — 2)~lg = f is
the solution of the z-dependent boundary value problem

Li'f —zf =g, T'(f) € T(2).

In Section 4.3 we will give some examples.

In general one can say that the assumption on A simplifies the calculation of
T. If has a special structure, we can say more.

Definition 4.10. Let vy,v9 € . A function P from {1,...,p}, where p € N,
into is called a path in (,) connecting v; and ve if v; is the starting or the
terminating vertex of P(1), if v, is the starting or the terminating vertex of P(p),
and if P(k) and P(k+1) have at least one vertex in common forall k = 1,...,p—1.

We define the relation ~ on by vy ~ vy if and only if v; = vy, or there exists
a path connecting v; and vy. This relation is a equivalence relation, and we call
the equivalence classes of connected components.

We say that an edge e is a separating edge if in the graph (, \ {e}) the
number of the connected components is greater than the number of the connected
components in (,). For v;,vy € we define v; ~, vy if and only if there exists a
path connecting v; and vs in the graph (, \ {e}).

A vertex e is called a loop if the starting and the terminating vertex of e
coincide.

Note that if e is a separating edge, then in the graph (, \ {e}) the number
of the connected components equals the number of the connected components in
(,) plus one. Clearly, if e is a separating edge, it is impossible that e is a loop.

_ Proposition 4.11. Let e; = [a1,b1] be a separating edge of (,). Assume that
A is a canonical selfadjoint extension of S satisfying local boundary conditions

with respect to (, ), and suppose that TI((A)) = © is an operator. Then T € N(C?)
in (4.16) is of diagonal form.

Proof. Let P' = diag(dy,...,d2,) be an orthogonal projection in C?", where
0 = 11if d% ~e, a1 for odd k, and if bg ~e, a1 for even k. By the assumption
on the graph a; ., 131, and hence d5 = 0.

Since v = v; implies vy ~, v; for arbitrary I,k = 1,...,m, we have P'P, =
P,P' = P, for all v € with v ~,, a; and P'P, = P,P' = 0 for all v € with

117461&1.

m m
Because of > P, = I, we get P’ = > PB,P'. Thus, if a matrix com-
k=1 k=1;vg~eq, G1

mutes with all P,, v € , then it commutes with P’. By Proposition 4.9 ©
commutes with all P,. So P’ also commutes with © and clearly with P, and Ps.

Since ay, ~, b for k =2, ... n, the fact that ()2(2) is a block diagonal matrix
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with 2 x 2 entries easily shows that P’ commutes with Q2(2)P, for all z € C\ R.

This implies that (Q2(2)P, + © + aP;)~! commutes with P’ (cf. 4.3). Since
8 = 0, the entries (1,2) and (2,1) of the matrix (Qq(2) P> +© + aP;)~! are zero.
Hence P (Qo(2) P,+O+aP;) ™Y, and therefore (P (Qs(2) Po+O0+aP;) 7|, —al)™!
is of diagonal form. O

Lets come to the case, when II((A)) is a proper relation.

Proposition 4.12. Assume that in the graph (,) we have a, # by, and
assume that A is a canonical selfadjoint extension of S satisfying local boundary
conditions with respect to (,), such that © = II((B)) is a proper relation. We
represent © as NP~Y, where P is the orthogonal projection of C*" onto ©(0)*
and N = (I — P) + ©,P.

Then with the same notation as in Proposition 4.4 there are four possibilities
for Q(C2):

Q(C™) = {0}, Q(C™) =, = K (C™),

Q(C™) =1ls.{1}, Q(C™) =1s.{o}.

Here 1, ..., 9, denotes the canonical basis of C*".

2n

Proof. By Proposition 4.9 we know that P = (p;;);j—; commutes with all

P,. Hence, if p; 2 = pa1 were not equal zero, then a; and 131 would be the same
vertex. But this contradicts the assumption of this proposition.

Hence, if look at P, PP;|, as a mapping on 1, we have

A

0
omi=(% 1)

This means that the range of P;PP; has one of these four mentioned forms.
Since the range of P,PP, = (P, P)(P,P)* equals the range of PP and thus by
definition the range of (), the proposition is proved. O

If e; is a separating edge, we can formulate a proposition similar to Proposition
4.11.

Proposition 4.13. Let e; = [ay,b1] be a separating edge of (,). Assume that
A is a canonical selfadjoint extension of S satisfying local boundary conditions
with respect to (,), and suppose that II((A)) = © is a proper relation.

We represent © as NP~', where P is the orthogonal projection of C** onto
0(0)+ and N = (I — P) + ©,P. With the same notation as in Proposition 4.4
we also assume that Q(C?") = | = P(C*).

Then T (z) is an operator of diagonal form for all z € C\ R.
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Proof. Let P’ be defined as in the proof of Proposition 4.11. The range
of @' is by definition P(C**) N,. If x € P(C*) N 4, then, since P and P
commute with P, for all v € | the vector P,x again belongs to P(C?") N ,.
This implies P,QQ" = Q'P,Q" and hence P,QQ" = Q'P, for all v € . Similarly, as
Q(C*) = P,P(C*"), the projectors P,, v € commute with Q). By the proof of
of Proposition 4.11 " and ) commute with P’.

Using (4.8) the rest of the proof is similar to the final part of the proof of
Proposition 4.11.

O

4.3 Examples

In this section we use the notation of Section 4.1 and Section 4.2.
Let (,) be a graph with = {vy, v, v3,v4}, = {e1, €2, €3} of the form

The terms a;, l;j,j = 1,2, 3 come from the intervals [a;, b;] which are assigned
toe;, 7=1,2,3.

For j = 1,2,3 denote by M;(z) = ( mll(z) m‘g(z) ) the Weyl function of
(C2, 11, }I?) )
Let A be the restriction of L* defined by: h € (A) if and only if h € (L*) and

—h(a1) = —hl(a)
h(b1) —2h(by) ih(bs) = hM(by)

—h(az) = —hl(ay)
—2h(by) 3h(bs) = hl(by)

—h(ag) = —h[l](ag)
—ih(by) h(bs) = h[l](b?))

It is easy to see that A is a selfadjoint extension of L satisfying local boundary

conditions with respect to (,). Moreover, II((A)) = O is a selfadjoint operator of
the form

-1 0 0 0 0 O
0O 1 0 -2 0 =
o— 0o 0 -1 0 0 0
0o -2 0 3 0 0
0o 0 0 0 —-120
0O — 0 0 0 1
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From Proposition 4.2 we get

mil(z) -1 miQ(z) 0 0 0 0
m3 (2 m3,(z) +3 0 0 0 -2 |

0 0 mi (z) =1 mi,(2) 0 0

0 0 m3,(z m3,(z) +1 0 —i

-1 0
- 0 1— 4mi, (2)—4 . m$,(z)—1 ) .
(mfl(Z)—l)(m§2(2)+3)—m%2(Z)m§1(Z) (m?l(2)—1)(m§2(2)+1)—m?2(Z)mgl(Z)
Hence Pi(A — 2)~Lg = f is the solution of

Li*f—z2f =g, flm) = f[l](al),

B dmi (2) — 4 —
O G~ ) +8) — i ()
mi; (2) — 1

B — £l
(m3,(2) — 1)(mdy(2) + 1) — m:{’z(Z)mgl(z)) fH(br).

On the same graph let A be the restriction of L* defined by: h € (A) if and
only if h € (L*) and

h(az) = 0, 16h(by) + 12ih(by) = 0, 2h(a;) = —hW(ay), h(as) = h!Y(as),

—12h(by) + 16ih(by) 4 625h(bs) = 6251 (bs),
57(3h(by) — 4ih(by)) — 4h(bs) = 751 (by) — 100iRM (by).

The operator A is a selfadjoint extension of L satisfying local boundary con-

ditions with respect to (,). Moreover, we have II((A)) = © = NP~! (cf. 1.2)
where

100 0 00
0 % 0 =22 00
p_|0 0 0 0 00
020 2 00
000 0 10
000 0 01
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and

1250 0 0 0 0 0
0 513 0 —684 0 —12
1 0 0 0 0 0 0
T 625 0 684i 0 912 0 —16i
0 0 0 0 —625 0
0 —12 0 16i 0 625
ThenQ:Pl,
0000
, 0000
QP = 0010
000 1

and applying Proposition 4.4 we get

=70 = (2 g e ) (0 %)

( h(z) =1 my(2) )(o 0 >_
m3, (2) m22()+1 0 —% )
0 p
< 0 % + 16m§2(2) B 5625((7"‘;’1(Z)*ll)?%il(grl;)*mfz(Z)mgl(Z))' ) '
Hence P(A — 2)~'g = f is the solution of
Li'f = zf = g, 2f(ar) = = fM(a),

19 16m22() 16(m3,(2) — 1) o
3 9 5625((m3,(z) — 1)(m3,(z) + 1) —m:{’Q(z)m%l(z))) fH(b1).

fb1) (=

In the following three examples we consider in some sense natural boundary
conditions for A and we will see how the structure of the graph influences the
form of the z-dependent boundary values.

Let (,) be the graph ( = {vy,...,vn01}, ={e1,...,en}, n>2):
The terms a;j,b;,7 = 1,...,n come from the intervals [a;, b;] which are as-
signed to ej, j =1,...,n.

J
For j =1,...,n denote by M;(z) = ( 1(2) mis(2) ) the Weyl function
of (C*,1I},13), j=1,...,n
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Let A be the restriction of L* defined by:

h € (A) if and only if h € (L*) and
h<a’1) = h(bn) = 07 h(bj) = h(ajJrl)’ h‘m(bj) = hm<a’j+1)7 ] = 17 cee, = L.

It is easy to see that A is a selfadjoint extension of L satisfying local boundary

conditions with respect to (,). Moreover, we have II((A)) = © = NP~! (cf. 1.2)
where

00 0O00O0 00 0O00O0

01 100 00 0O00O0

01 100 00 0O0O0
00011 00 0O0O0
00011 00 0O00O0

P:% : Do R :
00 0O00O0 110 00

00 0O00O0 110 00

00 0O0O0 00110

00 0O0O0 00110

00 0O0O0 00 0O0O0

and NP = 0.
00
ThenQPl_(O 1),

00 0O0O0 00 0O0O0

00 0O0O0 00 0O0O0

00 0O0O0 00 0O0O0
00011 00 0O00O0

) 00011 00 0O0O0
Q—§ : - oo :
00 0O0O0 110 00

00 0O0O0 110 00

00 0O0O 00110

00 0O0O0 00110

00 0O00O0 00 0O0O0

and by (4.4)

R(z) = m?,(2) — mu(z)gnm(z)'

M2
Hence P(A — z)~'g = f is the solution of
Ll*.f - Zf =9, f(CLl) = 07fm(b1) = f(bl)R<Z)
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Here R(z) depends only on Ms(z). This is caused by the fact that Ny (z) = 0,
which is in general not true for selfadjoint extensions of L satisfying local bound-
ary conditions with respect to (, ).

Now assume that (, ) is a graph of the form ( = {v1,...,v41}, = {€1,...,en}):

Let A be the restriction of L* defined by:
h € (A) if and only if h € (L*) and

h(al):O, h(b]):(), j:2,...,77,,
h(by) = h(a;), j=2,...,n, W (by) = Zh“

The operator A is a selfadjoint extension of L satisfying local boundary con-
ditions with respect to (,). Moreover, we have II((A)) = © = NP~! (cf. 1.2)
where

0
1
. 1
P==-0f(0o110..10)
n| .
1
0
and NP = 0. Here the dots stand for n — 3 times the sequence 1 0.

ThenQP1:(8 (1)), Q' =0 and

= ijn(z)

Hence P,(A — z)~Lg = f is the solution of

Li*f—zf=g, f(a1)=0, fm(bl) = f(b)R(2).

Let (,) be a graph of the form ( = {vy,v2}, = {e1,...,en}):
Let A be the restriction of L* defined by:
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h € (A) if and only if h € (L*) and

h(ay) = h(a;), h(b1) = h(b;) j =2,...,n,

> hl(ay) =Y " nM(p,) =o0.
j=1 j=1

We see that A is a selfadjoint extension of L satisfying local boundary con-
ditions with respect to (,). Moreover, we have II((A)) = © = NP~! (cf. 1.2)
where

1 0

Y ]!
P=—1: (10"’10)+H (0o 1.0 1)

1 0

0 1

and NP = 0.
Then Q =P, , Q' =0 and

Hence Pi(A — 2)~Lg = f is the solution of

Li'f—zf =g, — U flax Zmn ) + £(b) me

fl] bi) = f(a1) ZmZI )+ f(br) me
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Chapter 5

A Generalized Friedrichs
Extension

5.1 Matrix Nevanlinna Functions, the Classes
NO and N1

Let n € Nyn > 0 and let @ € M(C"). Then @ is called a strict n x n ma-
trix Nevanlinna function. It is elementary to see that for each element h € C"
the (scalar valued) Nevanlinna function (Q(.)h, k) is a nonconstant Nevanlinna
function.

The function @) has an integral representation (cf. 1.7)

t—z 211

Q@:C+m+4<l t)@@, (5.1)

with n X n matrices C = C*, D > 0, and with a nondecreasing n X n matrix
function ¥(t) > 0 defined on R which satisfies

(/@@<m. (5.2)

2 +1

As C™*™ is finite dimensional these integrals (5.2) and (5.1) exist as Riemann-
Stieltjes integrals in the uniform operator topology on L(C").

It follows from the integral representation (5.1) that

t t
m) = — (). .
ReQin) =€+ [ (G = oy ) 50 53)
Hence, we see that .
C = ReQ(i), Tim 29U _ (5.4)
n—00 n
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It also follows from the integral representation (5.1) that

: Ui
ImQ(in) = nD + /R R d>i(t). (5.5)
Hence, we have
Im@(in) / 1
=V oDy [ ——dx), 5.6
: [ a2 (5:6)
so that Im@ > 0 is nonincreasing for > 0 and that (cf. 5.4)
I . :
D — i QUM _ ), QU (5.7)
n—00 n n—oo M

Moreover, it follows from (5.5) that nIlm@(in) is nondecreasing for n > 0 and
that

sup nImQ(in) = lim nImQ(in) (< 00).
,,7>0 n—00

This means that this limit either exists or the norm of nIm@(in) tends to infinity.
If D =0, then

supnImQ(in):/RdZ(t). (5.8)

n>0

It is possible that both sides are infinite. Note that, since ImQ(z) >> 0 the
measure dX(t) must satisfy

/ dX(t) > nlmQ(in) >> 0, n > 0. (5.9)

Definition 5.1. An n x n matrix Nevanlinna function @ € M (C") belongs
to the subclass Ny of M(C") if for all h € C" the Nevanlinna function (Q(.)h, h)
belongs to the class Nj (cf. Chapter 3), i.e.

/°° Im(Q(in)h, h)
U

1

dn < oo.
Similarly, a function @ € M(C™) belongs to the subclass Ny if for all A € C" the
Nevanlinna function (Q(.)h, h) belongs to the class Ny (cf. Chapter 3), i.e.

sup nIm(Q(in)h,h) < oo.

n>0

Clearly, the class Ny is contained in Nj.

Lemma 5.2. Let Q be an n X n matriz Nevanlinna function. Then Q(z)
belongs to the class N1 if and only if

/°° Mm@ (in) |
1

1

dn < o0, (5.10)
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and Q(z) belongs to the class Ng if and only if

sup | mQ (i) || < oo. (5.11)

n>0

Proof. Clearly, the conditions (5.10) and (5.11) are sufficient for the function
@ to belong to N or Ny, respectively.

To prove the necessity note first that with a certain constant C' depending on
the norm ||.|

Q)] < € max |(ImQ(in)k, )| < (5.12)

.....

where 1,...,, denotes the canonical basis in C".
Hence, if Q € Ny then by definition [ ImQ’“’“T(m)dn <oofork=1,...,ns0
that (5.10) follows. The relation (5.11) can be proved similarly. O

Proposition 5.3. Let Q be an n X n matriz Nevanlinna function. Then
Q € Ny if and only if the matrix D and the operator function (X;)ier in the
integral representation (5.1) of Q satisfy

ds(t)

D = < 00. 5.13
S AT T (5.13)
In this case we can write Q(z) as
dX(t
Qz) =G +/ ( ), (5.14)
rREt—%
where
G = lim Q(in) = lim ReQ(in). (5.15)
n—00 n—00

Moreover, () € Ny if and only if the matriz D and the operator function
(3¢)ier in the integral representation (5.1) of Q satisfy

D=0, / 45 (t) < oo. (5.16)

In this case Q(z) has the integral representation (5.14).

Proof. For the scalar case (n = 1) the proof of the necessary and sufficient
conditions follows from Propositions 1.2 and 1.3 in [12]. The general case is an
easy consequence of the scalar case if one always keeps in mind that the norm
of a positive matrix can be estimated from above by its diagonal elements (cf.
5.12).
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Assume now that @ € Ny (in particular, this is the case if @) € Ny) and that
@ has the integral representation (5.1). The following integral exists by (5.13)

G = 0-/}}@% 4 (t). (5.17)

Then we immediately see that the integral representation (5.1) reduces to (5.14).
O

As indicated in Section 1.2.1 each function @ € M(C") can be seen as a @-
function of a triple (S, A,T";) where S (A) is a symmetric (selfadjoint ) relation
on a Hilbert space such that S C A and I'; is a bijective linear mapping from
C" onto ;. Let T',, z € p(A) be defined as in (1.3). We saw in Section 1.2.1 that
it is alway possible to choose S as an operator.

Definition 5.4. Let S be a closed symmetric relation with finite defect
numbers (n,n). We say that S is of category N; (Nj) if S has a canonical
selfadjoint extension A such that the Q-function of (S, A) belongs to Ny (Nj).

Recall that |Ag| denotes the modulus of the operator part As; of A. The
following Proposition gives in particular an operator theoretic interpretation of
the fact that @ belongs to Ny or to Ny (cf. [12]).

Proposition 5.5. Let Q be a Q-function of (S, A,I';) and let (5.1) be its
integral representation. Then:

(i) The kernel (D) equals {h € C™ : lim,_,, ImM =0} and h € (D) if
and only if T',h € ( ), for some, and hence, for all z € p(A).
If S is an operator, then A is an operator if and only if (D) = {0}.

(i1) For an element h € C™ we have (Q(.)h, h) € Ny if and only if
Lo € (|4,]2)

for some, and hence, for all z € p(A). The set of all h € C" such that
(Q(.)h,h) € Ny is a linear subspace of C".

(i1i) For an element h € C™ we have (Q(.)h, h) € Ny if and only if
[Lh e (A) = (Ay)

for some, and hence for all z € p(A). The set of all h € C" such that
(Q(.)h, h) € Ny is a linear subspace of C".

Proof. First note that by (1.3) I'.h € (A), I'.h € (JA,|2), I.h € (A) = (A,)

for one z € p(A) implies I.h € (A), [.h € (JA,|2), T.h € (4) = (A,) for all
z € p(A).
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The proofs of the first parts of item (i), (ii) and (iii) follow from (5.7), Propo-
sition 1.6 and Proposition 5.3.

Assume that S is an operator. If A is an operator then @ = and hence by
the first part of (i) we have (D) = {0}. Conversely, by the von Neumann formula
and by the first part of (i) (D) = {0} implies (S*) C (A). Since (5*) = S(0)* =,
we get (A) =, and hence A(0) = (A)+ = {0}.

The set of all h € C" such that (Q(.)h, h) € Ny (Ny) is just the linear subspace
LGN (A1) (TGN (4))) of C. :

Proposition 5.5 also shows that the fact that (S, A, T';) has a Q-function which
belongs to N (Nj) does not depend on T';.

In the sequel we will consider the other canonical selfadjoint extensions of S
in . Let M be a selfadjoint relation on C”, and denote by Aj; the canonical self-
adjoint extension of S defined in (1.10) with the parameter N'(z) = M, z € C\R.
By @ we denote the Q-function of (S, Ay, I';) defined in (1.16). Moreover, we
call M exceptional if GP+M,P+I— P is not invertible, where G' = lim,,_, Q(in)
(cf. 5.17).

Proposition 5.6. Let Q(z) belong to Ny or to Ny, respectively, and let
M = (M,P + I — P)P7' (cf. 1.2) be a selfadjoint relation on C". Then the
Q-function Qpr of (S, Anr, I'y) belongs to Ny or to Ny, respectively, if and only if
M is not exceptional.

Proof. Using (1.16) we can write
Qu(2) = Q(2) + T(2) + E(2), (5.18)
where T(z) and E(z) are given by
T(z) = =(Q(z) — Q)" K(2), E(2) =(Q(z) — Q(2)")K(2), (5.19)

where K(z) = P(Q(2)P + M,P + I — P)"1(Q(z) — Q(i)).
For n € [1,00) we obtain
Im@u ()|  [mQGn)l| | [ITGn)l| | [|EGm]
n n n n
It follows from Proposition 1.7 and from M* = M that

(5.20)

(P(Q(2)P+ M,P+1—P) ") =P(Q(2)*P+ M,P+1—P)".
From this we easily get

ImT (in)
Ui

= K(in)

) Im%(in) K(in).
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If M is not exceptional then || K (in)|| is uniformly bounded for n € [1, 00). Hence,
the second and the third terms in (5.20) are integrable on [1,00). The first term
is clearly integrable. Thus, it follows from Lemma 5.2 that @)y, € Nj.

A similar argument in the case ) € Ny shows that if M is not exceptional
then @y € Ny.
Now let M be exceptional. From (1.16) we obtain

Qu(2)P = Q(i) P+
Q)P+ MP+1—P)I—(Q(z)P+MP+1—P) Q)P+ MP~+1—P)

and, further, since M is exceptional we have lim, . |[(Q(in)P + M,P + I —
P)7Y| = oo and as (Q(&i)P + MyP + I — P) is invertible this implies

lim ||Q(in) P = oo,
1n—+00

which shows that (), does not have a finite limit and hence cannot belong to
N;. O

In case n = 1 there is only one exceptional parameter:

t=—v=— lim Q(in)

n—oo

(cf. 1.14). Thus, we can state the following Corollary (cf. [12]), which shows
that A_, does not depend on the selfadjoint extension A we have started with.
In the general case (n > 1) the extension A_¢ does also not depend on A, as we
will see later.

Corollary 5.7. Assume that S has defect numbers (1,1). Then there are two
possibilities:

(i) For all canonical selfadjoint extensions A of S the Q-function of (S, A) does
not belong to Ny. In this case S is not of category Nj.

(i) For all but one canonical selfadjoint extensions A of S the Q-function of
(S, A) belongs to Ny, and there is one canonical selfadjoint extension A" of

S such that the Q-function Q" of (S, A") does not belong to Ny and satisfies
lim |Q'(in)| = oo.
n—00

In this case S is of category Nj.

The same statement holds with Ny instead of Ny .
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Using the same notation as in Proposition 5.6 the next Lemma shows that
(GP + M,P + I — P) is a measurement for how much Ay and A_g have in
common.

Lemma 5.8. For all selfadjoint relations M on C" we have
dim(Ay NA_g)/S =dim(M N (—-G)) =

= dim (GP+ M,P+ I — P) = dim (PG + M,P+1— P) = (5.21)
— dim (PGP + M,P + I — P),

so that Ay is exceptional if and only if AyyNA_q is a proper symmetric extension

of S.
Proof. It easily follows from (1.10) that
dim(Ay NA_g) = dim(M N (—G)).

Moreover, as —G is an operator there is a linear mapping

T:(Mn(—G)) — (I — P)(C") such that
MN(-G) =
= {{z;-G2} € (C")?: Pz =x,—Gx = M,z + (I — P)y for some y € C"} =
={{z;-G2} € (C")?: Pr=2,—Gov=Ma+T(r)} = (5.22)
= {{z; -Gz} € (C")*:

Pr=2z,GP(x+T(x)) + M;P(x+T(z)) + (I — P)(x +T(x)) = 0}.
Hence, = +— x + T'(z) is an injective mapping from (M N (—G)) into (GP +
MyP + 1 — P). It is also surjective. Indeed, if y € (GP + MyP + I — P) then
{Py; —GPy} € M N (—G) by (5.22). Hence,

dim(M N (-G)) =dim (GP + M;P+ 1 — P).
Finally, looking at the operators as 2 x 2 block matrices with respect to the
decomposition C* = P(C") & (I — P)(C") of C" we easily see that (PGP +
M,P+1—P)= (PG + M,P+ I — P) C P(C") and that

(GP+MP+1—-P)={x—(I—-P)GPx:2z € (PGP + M,P+1— P)}.

95



5.2 The Ny Case

In this section we consider the special case that the symmetric relation .S is of
category Ny, i.e. that there is a canonical selfadjoint extension A of S such that
the @Q-function of (S, A) belongs to Ny.

Lemma 5.9. Let S be a closed symmetric relation with finite and equal defect
numbers (n,n) and let A be a canonical selfadjoint extension of S. Then

(A—2)715%(0) =.N(A), z¢€p(A), (5.23)
and
dim(, N (A)) is independent of z. (5.24)
In particular, if A is an operator, then
S*0)={(A—2)h:he.nN(A)}, zeplA). (5.25)

Proof. First note that , = (S* — z). Now let = € S*(0), that is {0;z} € S*.
It follows from the inclusion

{(A=2)" o (I +2(A—2)"Hr} e AcC S,

that {(A —2)"'z;2(A — 2)" 'z} € S*. Hence, (A —2)"'z € (A)N(S* —2).
Conversely, let z € (A) N (S* — z). Then {z;y} € A C S* and {z; 2z} € S*,

which shows that {0,y — 22} € S* and z = (A — 2) "' (y — 22) € (A — 2)715*(0).
Relation (5.24) follows from Proposition 5.5 (iii), and (5.25) is an easy conse-

quence of (5.23). O

Corollary 5.10. Let S be a closed symmetric operator with finite defect
numbers (n,n). Then S is of category Ny if and only if S*(0) = (S)* has
dimension n.

Proof. Assume that S is of category Ny, and let A be a canonical selfadjoint
extension of S such that the Q-function of (S5, A) belongs to Ny. It follows from
Propositions 5.3 and 5.5 and (5.25) that S*(0) has dimension n.

Conversely, assume that dimS*(0) = n. It is well known that S has a canonical
selfadjoint operator extension A. It follows from (5.25) that ; C (A), and by
Proposition 5.5 the Q-function of (S, A) belongs to N. O

Proposition 5.11. Let S be a closed symmetric operator with finite defect
numbers (n,n), and let A be a canonical selfadjoint extension of S such that the

Q-function of (S, A) belongs to Ng. Set
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Then T' = (A — 2)I', for all z € p(A) and T' maps C" bijectively onto S*(0).
Moreover, the function

Q(2) =T*(A—2)"'T =I"T,
is a Q-function of (S, A,T';) and

lim Q(in) = 0.
n—00
Proof. From Propositions 5.3 and 5.5 we see that A is an operator and that
I is well defined.
The relation I' = (A — 2)I", for all z € p(A) is a consequence of (1.3), and
it immediately follows from Lemma 5.9 that I' maps C™ bijectively onto S*(0).
Further, the relation
Q Z - Q C * 1 * — N\ —
e B BRIV e

z —

=T*(A-) Y A—-2)"'T= Ier.
shows that @ is a Q-function of (S, A, TY).

Using the functional calculus for selfadjoint operators the last identity in
Proposition 5.11 follows from the Bounded Convergence Theorem. O

Let S, A and I" be as in Proposition 5.11 and assume that @) is a Q)-function
of (S,A,T;). Let G, Ay etc. be defined as in Proposition 5.6. It follows from
Proposition 5.11 and the uniqueness of the Q)-function up to a selfadjoint matrix
that Q(z) = G + T'*(A — 2)7'I". The following proposition is a refinement of
Proposition 5.6 in the Ny case.

Proposition 5.12. Let M = (M,P + I — P)P~! be a selfadjoint relation on
C". Then
(Ap)t = Ay (0) =T (PG + M,P + I — P).

Hence,
dimAy(0) = dim (PG + M,P+ I — P) =dim (GP+ M;P+1—P) =

=dim(M N (—=G)) =dim(Ayy N A_g)/S.
In particular, A_g = S+({0} x S*(0)).

Proof. By (1.10), Proposition 1.7 and Proposition 5.11
((Apr = 2)"'Taa, Ty) = (A = 2) " 'Tow = T2(Q(2) + M) 'Tilaa, Ty) =
= (ItTs2,y) — (Q(2) — G)(Q(2) + M) ™'z, y) =
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= ((I = (Q(z)P = GP)(Q(2)P + M,P + 1 — P) )I'Izw,y) =
= ((GP+ M,P+1— P)(Q(2)P+ M,P+1— P)'I':T;x,y)
for z € C\ R. Note that

(Q(z)P + MP+1— P) 'TiTI;

is a bijective mapping in C".
Now we can determine the dimension of Ap(0) = (Ap)*t. Indeed, since
Ap(0) € 5*(0) = (9)* and = (S — 2) @ > we have

Au(0)={Ty:yeC", TyL(Ay —2)"'} =

={Ty:yeC", TylL(Ay —2)"'T:(C")} =
={l'y:ye (PG+M,P+I1—-P)} =T (PG+ M,P+1—P).

In particular, for M = —G we find A_5(0) = S*(0). Hence A_¢ 2 S+({0} x
S*(0)). But, as S+({0} x S§*(0)) is an n-dimensional extension of S, we in fact
have A_g = S+({0} x S*(0)). Referring to Lemma 5.8 the rest of the proof is
clear. 0

Proposition 5.12 shows that A_g does not depend on the selfadjoint extension
A we start with, and we call A_g the generalized Friedrichs extension of S. We
will justify this notation in the next Section.

Corollary 5.13. Assume that S is an operator, and let )y be the Q-function
of (S, Ay, 1) defined in (1.15). Then the dimension of the space of all h € C"
such that (Qp(.)h,h) € Ny is n — dim (PG + M,P + 1 — P).

If (Qu()h,h) & Ny for h € C", then

lim (ImQ s (in)h, h) -

n—o0 ’]7

0.

Proof. From Proposition 5.5 we know that (Qu(.)h,h) € Ny if and only
if T;h € (Apy). By Lemma 5.9 we have ; N (Ay) = (Ay — 4)715*(0). As
Ap(0) = (Apy —4)~t C S*(0) has dimension dim (PG + M,P + I — P), the
space ; N (Ayr) has dimension n — dim (PG + M,P + I — P).

To prove the remaining statement, note first that as dim(A/S) = n we have
dim((A)/(5)) = n. Since Q € Ny we get ; € (A). Now ;N (S5) = {0} as otherwise
we would have for an element x in this intersection (x, Sz) = i(x, z), which is
impossible. Hence (A) = (S)+; and as S*(0) = (S)* has dimension n we get
— )

Then also = (Ayr)+; = (Apr)+ for any subspace of ; such that +(;N(Ay)) =
i~ A comparison of the dimensions shows that (Ay;) N = {0}.
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Hence for a h € C™ such that (Qu(.)h, h) & No, which means I';h & ; N (Ay)
we have I';h & (Ayy), and by Proposition 5.5 we get the desired result. O

Corollary 5.14. For all selfadjoint relations M on C" we have

(An) = (9)+G N (Am)) C (A),

and = (An)+ for any subspace of ; such that +(; N (Ay)) = ;. Ezactly for
nonexceptional M the selfadjoint extension Apy of S satisfies

(An) = (A).
In this case Ay is an operator.

Proof. By Proposition 5.5 we have ; C D(A). It follows from (Ay) = (Ap —
i)~! and (1.10) that (Ay;) € (A). From the proof of the previous corollary we
know that (A) = (S)+;. Hence, (An) = (S)+( N (Anr)).

We also know from the proof of the previous corollary that = (Ay;)+ for any
subspace of ; such that +(; N (Ay)) = ;. For such spaces we have (Ay)+ = .

By symmetry we obtain that (Ay;) = (A) for nonexceptional M, and that
Ay is an operator if and only if M is nonexceptional follows for example from

Proposition 5.12. 0O

Corollary 5.15. Let S’ be a symmetric extension of S with defect numbers
(m,m) such that 0 < m < n. Then for all selfadjoint extensions A’ of S" with
the exception of one there is a vector h € C™ such that (Q'(2)h,h) € Ny where
Q' is the Q-function of (S, A’).

Proof. It is easy to see that
dim(S5’/S) = dim((S)/(S)) + dimS’(0) = n —m < n.

Assume now that for two canonical selfadjoint extensions A’ and B’ there is no
vector h € C™ such that (Q'(z)h, h) € No where @)’ is the Q-function of (5’, A"),
(of (S, B")).

By Corollary 5.13 and Proposition 5.5 the defect space ;| = (5" + i)* has

- i (2

nothing in common with (A’) or with (B’). Hence, by Lemma 5.9 we have
A'(0) = (9")*(0) = B'(0), and therefore A" 2 8"+ ({0} x (S')*(0)) and B’ D
S+ ({0} x (5)*(0)). As

dim((S" + ({0} x (5")*(0)))/S) = dim(S’/S) + dim(S")*(0) — dimS’(0) =

— dim(($")/(S)) + dim(S")*(0) =
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= dim((5)/(5)) + dim(5")7(0) = dim(5"(0)) = n,
we obtain that S’ + ({0} x (5")*(0)) is selfadjoint, and hence A’ = B’. Here

dim((5")/(S)) = dim((S")/(S)) easily follows from the previous corollary.

From Lemma 5.9 and Proposition 5.5 we obtain that there is no h € C™ such
that (Q'(.)h, h) € N where @) denotes the Q-function of (S’, 5"+ ({0} x (57)*(0))).
OJ

5.3 The N; Case and Space Triplets

Assume now that S is a closed symmetric operator with finite defect numbers
(n,n) and let A be a canonical selfadjoint extension of S such that the Q-function
of (S, A) belongs to Ny. From Propositions 5.3 and 5.5 we know that A is an
operator.

In the sequel we consider the spaces y1, 1 and the operators A, A—zI , (121 —
2I)~! from Definition 1.8.

First we show that these spaces do not depend on the extension A if we assume
that the Q-function of (S, A) belongs to Nj.

Theorem 5.16. Assume that the Q-function @ of (S, A,T;) belongs to Ny
and let G = lim,_,o Q(in). Then for all nonexceptional M

(1Am|2) = (A7), (5.26)

and the graph norms of |Ay|2 and of |A|2 induced on (|A|2) are equivalent.
Conversely, if (5.26) holds then M is nonexceptional.

Proof. In Proposition 5.6 it was proved that M is nonexceptional if and only if
the Q-function of (S, Ays) belongs to N;. This shows that whether a selfadjoint
extension B of S is exceptional or not does not depend on G. Hence, we can
assume G = 0. So, let M be nonexceptional. Then M;P + I — P is invertible.

First note that ; C (JA|2) and ; C (|Ax|2) by Propositions 5.6 and 5.5. If we
show that (S +4) N (JA|2) C (|Ax|2) then we also have

(14]%) € (JAxl2).
Indeed, since ; C (JA|2) we have (|A]2) =, + ((S +i) N (|4]2)).

Assume that z € (S +4) N (JA|2). We define a symmetric restriction S’ of S
as

S"={{y: Sy} - (S +1)(y)La}.
Then the defect space } = (8" + i)+ of S is given by /, = ; @ L.s.{x}. We define a
bijective linear mapping from C"*! onto / by
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for (§;)j=1..n11 € C"™. We denote by @' the Q-function of (S',A,T%). As
! C (|A]2) Proposition 5.5 shows that Q' belongs to Nj. Assume that ¢/ =
lim, o Q(in) = 0. By the remark after Proposition 1.7 we find that

I = P”C"a Pn+1Q/<Z>|(C" = Q(Z)v zZ e p(A), (527>

where P, is the orthogonal projection of C**! onto C" projecting a vector onto
its first n components.

By (1.10) there is a selfadjoint relation M’ = (M'P' + I — P)P'~" on C*!
such that

(Apr )70 = (A+d) 7 = T,(Q(—i) + M) H(I%)".
Clearly,
(Apr +i) 7 = (A+4) 7 = T-i(Q(—) + M)~'T7,

hence by (5.27)

I(Q(=i) + M)THTY)" = T |en (Q(—1) + M) ™' Py (T)
and by the injectivity of I/, we find
(Q/(_i> + M/>71 = (Q(_Z) + M)ilpnﬂ-

In particular, the kernels of both sides coincide (cf. 1.12). Hence ls.{,;+1} &
M(0) = M’(0), which means that P = PP,,;. Here ,...,,11 denotes the
canonical basis in C"*!.

Using Proposition 1.7 and (5.27) we get
(P'Q'(—i)P'+ M'P' +1—P)'P = (PQ(—i)P+ M,P+1—P) PP, , =
= (P'Q(—i)P' + M,P' +1— P)'P.
Note that the identity mapping in the last term of this relation is the identity on
C™*! and the identity mapping in the middle term is the identity on C". Now

we also obtain M P = M!P'.
This means that

MP +1—P =(MP+1—-P)Pu1+1—Poiy

is invertible and hence, M’ is nonexceptional. By Proposition 5.6 the Q-function
of (S, Ay, ') belongs to Ny, and Proposition 5.5 shows that I',(,,11) = = belongs
to (|An]?).

The converse inclusion (|Ay|2) C (JA|2) follows from the fact that both A
and Aj,; have a Q-function belonging to N; so that their roles above can be in-
terchanged.
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Assume conversely that (5.26) holds. Then ; C (|4|2) = (|Ax]2). By Propo-
sition 5.5 we find that the Q-function of (S, Aj;) belongs to N7 and by Proposition
5.6 M is nonexceptional.

The statement about the norms follows from the closed graph theorem. O

Corollary 5.17. Let M be nonexceptional. Then the spaces 1(A) and
11(Ayr) coincide as vector spaces and their norms are equivalent.

There exists a bicontinuous linear mapping W from _1(A) onto _1(An) such
that Wx = x for all x € . Hence, we can identify _1(A) and _1(Ay) as vector
spaces and their norms are equivalent.

Proof. The first part follows immediately from Theorem 5.16.

Consider now the unitary mappings Vi1(A) : 11(A) = —1(A) and Vi1 (An) -
+1(Ap) = —1(Aps) from Definition 1.9.

The spaces 41(A) and 41 (Ay;) coincide as vector spaces with (|A|2) = (|A|2)
and their norms are equivalent. Thus there is a selfadjoint bicontinuous linear
mapping G on ;1(A) such that (z,y) 114, = (G2, y)114), T,y € 11(A).

For x € ,1(A) and y € we have

(2, Vir(A) T y)iaa) = [z, y] =

= (2, Vi1 (An) ') 11040 = (2, GVia (An) ™) s1a)-

Therefore Vi1(A)"ly = GV+1(AM) Ly, and hence, V,1(A)GV 1 (Aym) ty = v.
Now W= =V, (A)GV,1(Ay) ! clearly maps _;(Aj;) bicontinuously onto _;(A).
O

We denote by S the closure of S in +1 @ —1. As S is a restriction of A, Sisa
bounded operator from the closed subspace () C 11 into _; and S = AJ g).

Lemma 5.18. The codimension of (S) equals n and
(S—zD)td ={z ey e,y =0 foralye(S—z)}=: zeplA).

Moreover, R X
(S —zD)F ()1 =), 2€C\R,
and A — zI maps , bijectively onto (S’)llwl.

Proof. Let @ be the @-function of (S, A, ;). As Q € Ny, , is contained in
1
+1(= (14]2)).

As by Proposition 1.11 the _operator A— 2l maps 41 bijectively onto _ for
z € p(A) the codimension of (S) equals the codimension of (S — zI). Since Vi,
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is also bijective, it follows from the definition of [.,.] in 1.9 that the codimension
of (S — zI) equals dim (S — zI)*1.

As (S) C 44 is dense in (S), the bijectivity of A — zI yields the density of
(S—2) C _yin (S — zI). Hence

(S — 2 ) = (S — 2)t0,

and
(S —2)td ={r€ y:[r,y=0forally € (S—2)}=

={zre 1:(r,y)=0forallye (S—2)}=:N41 =:.

So, the codimension of (S) equals n, and by a similar argumentation as above
the set ()11 C _; is also of dimension n.
To prove

A ~

(S —2D)+(S)*+1 = _1, 2€ C\R,
it is enough to show that (S — zI) N (S)*-1 = {0}, because codim (S — zI) = n
and dim (S) = n.
Assume that y belongs to this intersection. Then (A — zI)z = y for some
z € (9), and hence 0 = [y, 2] = [Az, ] — z[x, z]. But by (1.21) [Az, 2] is real and
z[x, x] is real only for x = 0. Hence z = 0 and therefore y = 0.

It remains to show that A — zI maps - bijectively onto (ﬁ)f[l This is a
consequence of the density of (S) C 11 in (5), the bijectivity of A — zI and the
following identity for z € (S) and h € 44

~

(A= zD)h,z] = [h, (S — 2)x] = (h, (S — 2)x).

Corollary 5.19. The operator S is symmetric and its adjoint is given by
S* = A+({0} x (9)*1). (5.28)

Proof. Clearly, the right side of (5.28) is contained in S*. Moreover, by the
remark after Definition 1.12 we have S*(0) = (S)*01.

Let {z;y} € S*.AThen {z; Az} € A C 5*. Hence {0;y — Az} € S* and
{zy} € AH({0} x (5)11). 0

The following is the analog proposition to 5.11 in the IN; case.

Proposition 5.20. Let I'; be as in Section 1.2.1, and set

~

I'=(A—iDl;.
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Then T = (A — zI)T, for all z € p(A) and T maps C" bijectively onto 5*(0).
Moreover, the function (cf. Definition 1.15)

Q(z) =TT (A—z)'I' =TT,
is a Q-function of (S, A,I';) and

lim Q(in) = 0.

n—00

Proof. By Lemma 5.18 and (5.28) T maps C™ bijectively onto $*(0).
For z € (A) we have for all z € p(A)

~

(A—zD)(I+(z-)(A-2) Nz =(A—i)z=(A—il)z.
By continuity this relation extends to
(A—z2D)(I + (z—i)(A—2)"Y) = (A—il),

where we consider I and (A — z)~! as bounded mappings from ; into itself.

~

Hence I' = (A — zI)I',.
As for all z € , y € C" the relation
(A=) e,y) =[(A— ) e, Ty =
=[(A = e, (A=) = [(A+i)(A = )", Tuy] =
= ((A+1)(A= Q) 'z, iy) = (Fix,y)

holds (cf. 1.21), we have )
r(A-¢) "' =T¢ (5.29)

This shows
Qz) Q) 1
2= ¢

— — (A=) = (A= ¢ =

z=C
=T A-() " (A-=2D)'I =TI,
(cf. 1.22). Hence @ is a Q-function of (S, A,T";).

Finally, to prove the last identity in Proposition 5.20 we note first that for
z,y € (A)
(A + D)) = (A+ hay) = [ (¢+)d(Bew,v) (5.30)
R
Since,

| / (t +i)d(Ea ) < | / (It + Vd(E,z)] | / (It + Dd(Ew, y)|
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(5.30) extends by continuity to all x,y € ;. Hence,

(Q(in)a,y) = [(A+ i)l Ty) =

*+1
= /(t +1) d(EiLye, Tiy) = / +, d(ETz,Tiy), x,y € C"
R R L=
tends to zero by the Bounded Convergence Theorem. a

Let I" be as in Proposition 5.20 and assume that @) is a Q-function of (S, A, T';).
Let GG, Ay etc. be defined as in Proposition 5.6. It follows from Proposition
5.20 and the uniqueness of the Q-function up to a selfadjoint matrix that Q(z) =
G+T*(A—2)"'T. Now we show that there is a bijective correspondence between
all selfadjoint extensions of S and all selfadjoint extensions of S.

Proposition 5.21. Let M be a selfadjoint relation on C". Then the closure
AM of Ay in 11 @ 1 is a selfadjoint relation in 1 & _1, which extends 5’, and
the inverse relation of (AM — zI), where I is the embedding of 11 into _1, is a
bounded operator given by (cf. Definition 1.13)

(Ayy— 2= (A= 2D) 7P = T.(Q(2) + N(2))7'TF

z

zeC\R.  (5.31)

Moreover, Ay = Ay N (11D )-

Conversely, let B be a selfadjoint relation in 1 & _1 such that S C B. Then
B=Bn (11 @) is a canonical selfadjoint extension of S, and hence, B = Ay,
for some selfadjoint relation M on C". Moreover, the closure of B equals B.

Proof. As [.,.] is continuous on 1 & _; the relation

[Anz,y] = (Auz,y) = (z, Any) = [2, Amy]

extends to the closure A a of Ay, Hence A v 1S a symmetric relation.

Moreover, the closure (Ay — 21)~" of (Ay — 2I)™' in _1 @& 4, equals (Ay —
27 Now (Ayr — zI)~! is a bounded mapping from in to 4; for z € C\ R.
Indeed, we have for z € C _;4

(App— 2D 'e = (A—2D) 7' —=T(Q(2) + N(2)) 'Ttx, z€ p(4), (5.32)

because
(TZ2,y) = 2, Tay] = (2, Ty) = (2, y)
for all y € C" implies I'f 2 = iz,
Hence, (A — zI)~" is a bounded operator of _; into 1, and (5.32) extends
to (5.31). Since

(Apy — 2™ = (Af, —z)7' D (Ay — 2I) 7Y, (5.33)
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and since both sides of (5.33) are bounded operators from _; into ,; (see the
remark before Definition 1.13), we find ((Ay — 20)7")* = (Ay — 2I)~" and
therefore AL = Ay;. Clearly, Ay 2 S.

Consider now ApyN(41). As [, ] restricted to 1@ is just (., .), AyN(11D) is
a symmetric extension of Ay;. Since Ay is selfadjoint, we have Ay = Ay N(11D).

Conversely, assume that Bisa selfadjoint relation in 41 @ _; such that S CB.
Reasoning as above we see that B = BN (41 @) is a symmetric relation in , and
as S C S C B the relation B contains S.

Consider B — il and B + il. Assume that an element of the form {z;ilx}
belongs to B. Here [ is again the embedding of ;; into ;. Then by the symmetry
of B we find that [ilz,z] is real. But [[z,z] = (z,z) is also real. Thus, z = 0,

A

and hence, B — i has no kernel. Similarly, B + i has no kernel.
As (B—il) = (B +il)*.1, we see that B — il has a dense range. But,

A

since (B — 4I) contains the closed space (S — iI), which has finite codimension
by Lemma 5.18, (B —iI) = _;. Similarly, (B 4 iI) = _;. This shows that
(B—1i) = (B—4i)N = and (B+1) = . In other words, B is a selfadjoint
relation.

Finally, as B is closed in +1 ® —1, the closure B of B is contained in B. But
by the first part of Proposition 5.21 B is also selfadjoint on ;; & _;. Hence

B=(B*CB =BCB. O

The following proposition is a refinement of Proposition 5.6 and the analogue
of Proposition 5.12 in the N; case.

Proposition 5.22. Let M = (M P + I — P)P~! be a selfadjoint relation on
C". Then R
(Ay)'t) =T (PG + M,P +1—P).

Hence,
dim Ay(0) = dim (GP + M,P + I — P) = dim (PG + M,P+1— P) =

= dim(M N (—G)) = dim(Ay N A_g)/S.
In particular, A_g = S+({0} x (S)11),

Proof. For x,y € C" we have

= (z,I"Tzy) = (2, (Q(2) — G)y) = ((Q(2) — G),y).
Hence Q(z) — G = I'sT. Therefore by Lemma 5.18 and Proposition 5.21

(Aa = 21) T, Ty] = [(A = 21)7' T = T2(Q(2) + M) ' T, Ty =
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= (((Q(2) = G) = (Q(2) = G)Q(2) + M)"H(Q(2) = G))z,y) =
= (((Q(z) = G) = (Q(z)P = GP)(Q()P + MyP + 1 — P)"H(Q(2) — G))z,y) =
= ((GP+ MP+1—P)Q(2)P+ M,P+1—P) ' (Q(2) — G)x,y)
for z € C\ R and z,y € C". Note here that

(Q(z)P + M,P +1—P)7(Q(2) - G)

is a bijective mapping in C".
~ Now we can determine the dimension of Apr(0) = (Ap)t1. Indeed, since
Ap(0) € S*(0) and _; = (S — 2I)+(S)* 17 for z € C\ R we have

(Ap)t) = {Ty:y e C", Tyl (Ay —20)7' 4} =

={Ty:y€C", Tyl (Ay —20)7'T(C")} =
—{ly:ye (PG+MP+I—P)}=0(PG+M,P+1—P).

_ In particular, for M = —G we find A_¢(0) = 5*(0). Hence A_g D S+({0} x
(8)+).

Assume now that {z;y} € (S+({0} x ( S)L.1))t. Then 2 € ((S)L[ A =
(S) and and since [u, y— Sx] =0 for u € (S) we find y — Sz e (9)h Therefore
{z;y} € S+({0} x (s )L 1), and hence, S+({0} x (S)+0-1) is selfadpmt. Thus
Ag = 5+({0} x (8)"1).

Referring to Lemma 5.8 the rest of the proof is clear. O

Corollary 5.23. The closure of S* in 1@ _1 equals S*, and S+ﬂ(+1€9) = 5*.

Proof. Let {z;y} € S*. Then [u,y] = (u,y) = (Su,z) = [Su, z] for all
u e (S). Since (S) = (3), we obtain {z;y} € S*. Hence, S* C S™.

Conversely, the closure of S* contains the closure A_G of A_s and the closure
A of A. Hence by Proposition 5.22 and by (5.28) S+ = A+({0} x (§)*11) C 5%,

As [, ] restricted to 4y @ is just (.,.), we find ST N (4, @) C S*. The other
inclusion follows from the first part of the proof. O

It follows from Corollary 5.17 that for a canonical selfadjoint extension B of
S the relation B does not depend on A. Since, by Proposition 5.22 A_g is the
only canonical selfadjoint extension of S with (A_g) = (S), A_g does not depend
on the selfadjoint extension A we started with, if we assume that the Q-function
of (S, A) belongs to N;. We call A_¢ the generalized Friedrichs extension of S.
This name will be justified in Proposition 5.25.

Proposition 5.24. The generalized Friedrichs extension equals

Sar = {{h;k} € S* : h e (9)}. (5.34)
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It is the only selfadjoint extension A' of S with the property (A) C (S).

~

Proof. As A_¢ C S* and (A_g) C (S), we have A_g C Sgr. But by (5.28)
and Corollary 5.23 Sgr is a symmetric relation. Hence A_g = Sgr. O

Proposition 5.25. Let S be closed symmetric operator with defect numbers
(n,n) and assume that S is semibounded.

Then S is of category N1, and the generalized Friedrichs extension coincides
with the Friedrichs extension.

Proof. We show that there is a selfadjoint extension whose ()-function belongs
to Ny. It is easy to see that we can assume that S has a nonnegative lower bound.

Let s, be the Hilbert space g, C obtained as the completion of (S) with
respect to the inner product ((S+ I).,.) = (.,.)+. From [3] we see that g, is the
domain of the Friedrichs extension. It is elementary to show that ((S+ I)z,y) =
(x,y)4 for all z € (9), y € g, (cf. [3], [19]).

The space g, is contractively embedded in , and it does not contain any
element from _; = (S+1)*. Indeed, if z € _;Ng, then (z,y), = (2, (S+1)y) =0
for all y € (5), and as (5) is dense in g,, we have x = 0.

Extend g, to"= g, @& _1, where _; = (S + 1)+. We denote the inner product
on~again by (.,.);. Note that (z,y); = ((S+ I)z,y) for all z € (S) and y €~

Since g, N —; = {0}, the space~is embedded in , and the embedding has a
norm less than or equal to v/2. Moreover, as z1(S) + _; implies z = (S + I)y
for some y € (S) and 0 = (z,y) = ((S+ I)y,y) > (y,y) yields y = 0, we obtain
that "is dense in .

By the representation theorem (cf. [19]) there is a selfadjoint operator A >
(J5 — 1)1 on such that ((A+1)2) ="and (z,y); = (A+ )2z, (A+I)2y).

Let z € (S). Since ((S+1x,y) = (z,y)+ = (z,(A+ I)y) for all y € (A), and
since A* = A, we find z € (A) and Sz = Az, and hence S C A.

As (I + (i +1)(A—4)~') maps _; bicontinuously onto ; we find that _; C
((A+1)2) is equivalent with ; C ((A+ 1)), and as ((A+ I)2) = (|A|2), Propo-
sition 5.5 shows that the @Q-function of (S5, A) belongs to Nj.

Finally, as ((A + I)2) = (JA|2) the Hilbert spaces ™ and +1 coincide as vector

spaces, and their norms are equivalent. Hence, the closure (S) of (S) in 41 equals
sy, and by Proposition 5.24 we obtain Sp = Sgp. O

It follows from [3] that g, from the preceding proof equals ;1 (SF).

In the rest of this section we will give an example which yields some negative
results. In particular, we show that there is no analogue to Corollary 5.15 in the
N, case.
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Consider the operator iD in L*[—1,1] with maximal domain
(iD) = {{f;if'} € L?[~1,1] : f is absolutely continuous , f' € L*[—1,1]},
and let S be defined by

S ={f € (iD): f(~1) = f(1) = 0},

Then S is a densely defined symmetric operator with defect numbers (1,1). The
selfadjoint extensions of S are parametrized by

1— 27

A(r) = {{f;z'f’}LQ[—l,l]:f(l) =0f(-1), 0 = _1—1—21'7'}’ 7 € RU{oo}.

It can be shown that the defect elements v(z) and the Q-function g of (S, A(0),~(4))

are given by
2e—izt

eiz—&-e*iz

v(z) = q(z) = 2tan z.

Now lim,,, q(in) = 2i, which implies that for every 7 € RU{oo} the Q-function
of (S, A(7)) does not belong to Ny or equivalently v(z) & (JA(7)|2) (cf. Proposi-
tion 5.3, Corollary 5.7, Proposition 5.5).

Now we have for 7 # 7

(A(n)) Z (JA(m)]2), (5.35)

since otherwise, (%) = (A(71)) + D(A(r2)) C (JA(72)|2) and in particular v(z) €
(A(72)|2). The identity (5.35) clearly yields (JA(1)|2) € (JA(r)|2) for 7, # To.

The spectrum of A(7) and the corresponding eigenfunctions are given by
{M(T)=p(T)+nr:nelZ}, 06(r)= e 2B,

ur(t) = et
Set v, = v and define
1 =cls{v, :n>0}, o=cls{v,:n<0}.
Decompose A and ~(z) accordingly:
A=A Ay, A=A, Ay =4|,,
7(2) = 11(2) @ 72(2).
It is easy to check that
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Since,

(JA|2) = {f € L*[-1,1] ZM MI(f,va)] < 00},

(|As|2) = {f € L*[-1,1] Zm_n )I(f,va)] < 00},

and,

i\l + nm| ! 00
- s = 00,
— 2 11—

(37 + n)|
we conclude that v;(i) & (|Aj]%), j = 1,2. Hence, the symmetric restrictions

S = {5 A0)f} = (A +10)f,7;(0) = 0}

are densely defined and the corresponding Q-functions satisfy @); ¢ N;. In par-
ticular, A; is the Friedrichs extension of S;, j = 1,2 (cf. 3.7). We consider the
operators Sy = S1 @ S, € S C A = A(0), and assume that B, is another self-
adjoint extension of S; in ; such that 0 € p(B;), By > 0, and By < 0. Since
B; # A;, we conclude by Proposition 5.25 and Corollary 5.7 that @;(z) € Nj.
Then SO and B = B; @ By have a 2 x 2 matrix @-function ) belonging to Nj.
For B we have

A(B) = (IB[?) = (IB1]?) @ (|Bs]?) = +1(B1) @ 11(Bo).

This space contains (SO) with codimension 2 by Lemma 5.18. Since A; is the
Friedrichs extension of S;, (A;) = (S;) has codimension 1 in +1(8,) (cf. Propo-
sition 5.25, Lemma 5.18), and hence, the codimension of (4) = (S;) equals 2 in
+1(B). This means that A is the generalized Friedrichs extension of Sy. More-
over, by the remark after Proposition 5.25 and by the proof of this proposition
we also have ;(4;) = (A ) € 41(B;). Hence, 41(A) = (fl) C .1(B).

Now let A’ be any canonical selfadjoint extension of S different from A. Then
A’ = By for some selfadjoint relation M on C? such that dim(M N (—G)) = 1,
where lim,,., Q(in) = G. Hence, A’ is also an exceptional extension of Sy by
Proposition 5.22. Moreover, as dim(MN(—G)) = 1 it is easy to see that there is a
selfadjoint relation N on C? such that dim(N N (—G)) = 0 and dim(N N M) = 1.
Hence By is selfadjoint extension of Sy such that S’ = By N A’ is a proper
symmetric extension of Sy and that By is not an exceptional extension of Sy.

Therefore Q-function of (S, By) belongs to Ny. Since 41(B) = (|By|2) (cf
Theorem 5.16), and since (A') = (S’) by Proposition 5.22, the operator A’ is the
generalized Friedrichs extension of 5.

Now we have

(A7) € 11(B) = 11(By).
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Indeed, if this inclusion would hold, then
(14]2) = 41(A) = (A) = (o) € (&) € (|4']2),

contradicting (5.35).

These considerations yield the following two results.

Corollary 5.26. Let S be a symmetric operator with defect numbers (1,1)
and let A be a selfadjoint extension of S. If the Q-function of (S, A) belongs to

N1, then for the generalized Friedrichs extension Sgp of S it is not in general
1 1
true that (|Sar|2) C (|A]2).

Proof. Take S = 5" and A = By from the above example. O

Corollary 5.27. There is a symmetric operator S with defect numbers (2, 2)
and a selfadjoint extension A of S with a (2 x 2 matriz) Q-function @) € N
and a symmetric extension S" of S with defect numbers (1,1) such that the scalar
Q-functions of (S’, A"), where A" runs through all canonical selfadjoint extensions
of S’, do not belong N1. Moreover, S and A can be selected in such a way that
(ISar|2) = (S) C (JA|2), where Sgp is the generalized Friedrichs extension of S.

Proof. Take S = Sy, A = B and S’ = S from the above example. O

Corollary 5.27 indicates a difference between the classes Ny and N (cf. Corol-
lary 5.15).
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Chapter 6

A Characterization of
Semiboundedness

In this chapter we will give a necessary and sufficient condition in terms of -
functions for a selfadjoint operator to be semibounded.

6.1 Some Auxiliary Results
If du is a finite measure and if & is a nonnegative, bounded measurable function
on R, then hdy is a finite measure and, hence, the function

th“(z):/R(tiZ—tQj_l)(t2+1)h(t)dp,(t), 2€C\R, (6.1)

is well-defined and is clearly a Nevanlinna function. Moreover, it does not belong
to Ny if and only if the function h satisfies

/R h(t) du(t) = oo, (6.2)

which is certainly true if
e 0
/ [t|h(t) du(t) = oo, and / [t|h(t) du(t) = occ. (6.3)
0 —00

In this section we consider finite measures du which satisfy the additional condi-
tions:

/O ] dia(t) = oo, / ] dju(t) = oo, (6.4)

These conditions guarantee the existence of a nonnegative, bounded measurable
function h on R for which the corresponding function Q" (z) in (6.1) has some
special limiting properties.
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Lemma 6.1. Let du be a finite measure which satisfies (6.4). Then there
exists a measurable function h on R with 0 < h(t) < 1, t € R, such that (6.3)
holds and such that lim,_,, ImQ" (iy) = 0.

Proof. Define the nonnegative function ¢(¢,y) by

t2
Ly =y —-—->= >0, teR.
u(t,y) Ve Vo0
Clearly, we have for y > 1,
ut,y) <y, teR, (6.5)
and
W(t,y) <t*+1, lim o(t,y) =0, t€R. (6.6)
Y—>00
Note that for all y € R
Wty) < ¢, if [t > 1. (6.7)

We construct the function A inductively. Let u; = 1. Due to (6.4) there exists
v; > uq such that

mr — /[ ) 2 1, = /[ (CZCESRCD
—vV1,—u1 u1,v1

Define the function h; by

1 1
h'l(t) = _,1[—1;1,—1“] + _+1[u1,v1}’ (69)
my my
so that h; has its support in [—vy, —uy] U [ug, vy], and |hy(2)] < 1, t € R.
Assume that the function h,_; has been defined, with support contained in

3
—

([=vks —ur] U g, ve]) (6.10)

B
Il

(disjoint union). Since the measure dy is finite, we can choose u,, > v,_1 so large
that

1
(/ +/ ) t(ty)du(t) < —, foralll <y <w,q, (6.11)
(—007—’11,”] [unvoo) n

due to (6.5), and such that

1
/ Wt y)du(t) < —, forall y > u,, (6.12)
[_'Unflyvnfl] n
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due to (6.6) and dominated convergence. Moreover, there exists v, > wu, such
that

o= [ e =1 omi = [ =1 1)
[_'U'ru_un] [unyvn]
due to (6.4). Define
By = 1+ ——1 1 (6.14)
n — ln—1 nm, [—vn,—un] nm;i_ [un,vn]s .

so that the supports of the summands are disjoint. Clearly (u,,) is an increasing
sequence, with u,, — oo as n — 0o, on account of (6.13). The inductive argument
shows that the function h(t) = lim,_,. hy,(f) is measurable and 0 < h(t) < 1,
t € R. It follows from (6.13) and (6.14) that

/OOo [t|h(t) dp(t) = / |t|h(t) dp(t) = Z% ~ o,

—o0 k=1

so that (6.3) is satisfied.

Finally, we prove the limiting behaviour of Q" (2). Let y > 1 and assume
that y € [up, Up+1] (With n > 1). Then

Im@Q" " (i) = / ((t, y)(t) du(t)
/[ ) du

( . ]) (e, ) h(8) d()
(

/ 00, —tun+2] [un+zoo)> (t,y)h(t) dpt).

+

+

Due to (6.12) we have

S

[ wtomodn< [ denden <
—VUn—1,Un—1] —VUn—1,Un—1]

It follows from (6.7), that

(/ e[ Yemntduty
[_UTL+17_un] [un,vn_H]
S B L
—_ M — ,
[_vn-‘rlv_un] [’Ltn,’l)n_»'_ﬂ n n + 1
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where the last equality follows from (6.13) and (6.14). Finally, due to (6.11) we

have
(/ v )L@yMQNM@)
(—00,—Un+2] [un42,00)

1
= ( / + / >L(t,y) du(t) < ——.
(700»7un+2] [un+2,oo) n + 2

Hence for the values y € [u,, u,+1] we obtain the estimate

2 n 1
n+1 n+2

3
ImQ" " (iy) < - +

Letting n — oo so that y — oo we conclude that lim, . ImQ"¥* (iy) = 0. O

In the above lemma we constructed a Nevanlinna function whose imaginary
part has a specific limiting behaviour. Similarly, we can construct a Nevanlinna
function whose real part has a specific limiting behaviour. However, the argu-
ments have to be suitably modified as the reasoning is a little more subtle.

Lemma 6.2. Let du be a finite measure which satisfies (6.4). Then there
exists a measurable function h on R with 0 < h(t) < 1, t € R, such that (6.3)
holds and such that lim,_,., ReQ"* (iy) = 0.

Proof. Define the function p(t,y) by

(y> = 1)

W, y>0, teR.

p(t,y) = [t]

If y > 1 this function is nonnegative and, moreover

y?—1
2y

p(t.y) < teR, (6.15)

(where the upper bound itself is increasing with y) and

t?+1
= p(t.9) = Il <Itl Jim (4] = p(ty) =0, 1€R. (610)
Note that
plty) <[t y=>1. (6.17)
Now we construct the function h. Let u; = 1. Due to (6.4) there exists

v > uy such that (6.8) holds. Define the function h; by (6.9), so that hy has its
support in [—vy, —uy] U [ug, v1], and |hy(t)] < 1, t € R.
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Assume that the function h,_; has been defined, with support contained in
the set given by the disjoint union (6.10). Since the measure dy is finite, we can
choose u,, > v,_1 so large that

1
(/ +/ ) p(t,y)du(t) < —, forall 1<y <wu, i, (6.18)
(—o00,—un] [un,00) n
due to (6.15), and such that
1
/ (= p(ty)) du(t) < -, forall y> u,. (6.19)
[_'Unflyvnfl n

due to (6.16) and dominated convergence. Moreover, due to (6.4), there exists
Un > Uy, such that (6.13) holds. Define the function h, by (6.14) (so that
the supports of the summands are disjoint). Clearly, (u,) is a monotonically
increasing sequence and u,, — 00 as n — 0o, cf. (6.13). Moreover, the function
h(t) = lim, o hy,(t) is measurable and 0 < h(t) < 1, ¢ € R. It follows from
(6.13) and (6.14) that for all n € N:

/[O?vn} [ (t) du(t) = kz:% = /Mnm [t|(t) du(t). (6.20)

In particular,

1
h(t)d = h(t)d = — = 0.
/m I dut /(_Oom Hh)dut) =3 7

so that (6.3) is satisfied.

Finally, we prove the announced limiting behaviour of Q"#(z). Let y > 1
and assume that y € [y, up+1]. Then,

ReQ (i) = | b sh(t) dutt)
:/[0 ](Itl—p(t,y))h(t) du(t)—/[_ 0](|t|—,0(t,y))h(t) dp(t)

- / e (t) du(t) + / t[(t) da(2)
[0,05—1] [—vn—1,0]

- / plt, y)h(t) dult) + / ot y)h(t) du(d).
[un,00) (—o0,—un]

Since the integrands of the summands are nonnegative we obtain by using (6.20)
Reg i< ([ [ )= atmodnt)
—Un—1,0 0,0n—1
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+( /[ e /[ ]) y)h(0) di)
(L +/W) L)

We obtain from (6.19) that

(/[vn_1,0}+/[0,vn—ﬂ) ([t]=p(t, y))h(t)du(t) < /{vn_l,vn_l]w'_p(t’y)>d“(t) <

Due to (6.17)

([ o+ )etwumwau
[_v""’l?_un} [unyvn+1]
<([ ) e =2+ 2
—= M = —
[7vn+137un] [un:'Un-&-l} + 1

where the last equality follows from (6.13) and (6.14). The relation (6.18) implies
that
( / + / ) p(t,y)h(t) dp(t)
(=00, —tUn 12 [Un+2,00)
<</ +/ )p(ty)du(t)< 1
a (—00,~Up 1 9] [un+2,00) 7 T n+2

S

Hence we obtain
2
n+1 n+2’

Letting n — oo so that y — oo we conclude that

for y e [unaun—&-l]'

, 3
Re@(iy)] < = +

lim ReQ" (iy) = 0.

Yy—0o0

Proposition 6.3. Let du be a finite measure which satisfies (6.4). Then
there exists a measurable function with 0 < h(t) <1, t € R, such that (6.3) holds
and such that lim,_,., Q" (iy) = 0.

Proof. Since du satisfies the assumptions of Lemma 6.1, there exists a mea-
surable function h; on R with 0 < hy(t) < 1, ¢t € R, such that

Yy—0o0

lim TmQ" (iy) — 0, / () dya(t) = oo, / [ (8) du(t) = oo
0
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The measure hydp satisfies the assumptions of Lemma 6.2 and hence there exists
a measurable function hy on R with 0 < hy(t) < 1, ¢t € R, such that

lim Re@"#"1% (i) = 0, / " tlha(t)hn ()dpu(t) = o, / s (8) 0 (£)dpa(t) = .

Y—00

Since ytt;j;Q > 0 for y > 0 and since hy(t)ha(t) < hyi(t) we see that

Im@Q"" % (iy) < ImQ" % (iy),

for all y > 0. We conclude that Q"M (iy) — 0 as y — oo. O

6.2 A Characterization of Semiboundedness

In this section we characterize those selfadjoint operators which are semibounded
or bounded in terms of their symmetric one-dimensional restrictions. We first
state a result concerning selfadjoint operators which are not semibounded.

First we note the following. Let A be a selfadjoint relation on a Hilbert space
and ¢ € . Set y(z) = (I + (2 —1)(A — 2)7!)p. Then it is easy to see that the
function

Q(z) = c—ilp, ) + (2 +)(7(2), 9) (6.21)
(cf. 1.5) is a Q-function of (S, A,~(i)), where

S={{z;y} € A: (y+ix,p) =0} (6.22)

Proposition 6.4. Let A be a selfadjoint operator and assume that A is not
semibounded. Then there exists an element o € \ (JA|2), such that for the Q-
function Q defined in (6.21) of (S, A,~(i)), where (i) = ¢ and S is defined in
(6.22), there is a finite limit lim,_,. Q(iy) € R.

Proof. Let (F})ier be the spectral family of A. Since A is not semibounded,
the operators AE(_ o) and AEj ) are both unbounded, and therefore

(—AE(_OQO))% and (AE[()’OO))% are unbounded. Hence there exists an element x €
such that

o0 0
/ Hd(Erx, x) = o, / tld(Erx, x) = 0. (6.23)
0 —00

The Hilbert space , defined by

=1ls{(A—i)(A—2)"1x:z€ C\R},
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reduces the selfadjoint operator A. Since y € , it follows that the restriction of
A to is not semibounded. Therefore it suffices to prove Proposition 6.4 for the
restriction of A to . We define the measure do by

do(t) = (" + 1)d(Epx, x),

so that

do(t)

rt?+1

We associate with do the Hilbert space L2. Clearly, there is a unitary operator
so that the triple

< oQ.

—

(Al x)
may be identified with the triple

(L?,, 1, L) ,
t—1

where .t is the multiplication operator on L2. For any ¢ € L2 the corresponding
Q-function with ¢ = 0 in (6.21) has the form

)= [ (12 - ey ) @+ Dlgtolaoto) (6:24)

Let du be the finite measure defined by du(t) = d(E(t)x, x), so that do(t) =
(t + 1)du(t). Condition (6.23) is equivalent to (6.4). According to Proposition
6.3 there is a nonnegative measurable function h, such that 0 < h(t) < 1,t € R
with the indicated properties. Define the function ¢(t) by

h(t)
241

Pp(t) =

Then the identity
/R () Pdo(t) = / h(t) du(t),

implies that ¢ € L2. Let ¢ € be the element which corresponds to ¢ € L2.
Then for the function Q(z) associated with ¢(t) in (6.21), we find

Q(z) = Q""(2).
The identity (6.3) shows

/R H13()Pdo(t) = / h(E) du(t) = oo.

This implies @ € L2\ (|.t|2), so that ¢ € \ (JA]2). Moreover, if y — oo, Q(iy)
converges to a real number. O
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Theorem 6.5. Let A be a selfadjoint operator. Then A is semibounded if
and only if each one-dimensional symmetric restriction S of A is of category Ny.

Proof. Let A be a semibounded selfadjoint operator. Since each symmetric
restriction S of A is also semibounded, it is clear that S is of category Ny (cf.
Proposition 5.25).

For the converse we have to show that A is semibounded if each one-dimensional
symmetric restriction S of A is of category N;. Assume that A is not semi-
bounded. According to Proposition 6.4 there exists an element ¢ € \ (|A|é) and
the Q-function @ of (S, A) satisfies lim, . Q(iy) € R. In particular, this implies
that @ in (6.21) does not belong Nj. If S is of category Ny, this means that A
is the exceptional extension of S, so that Q(iy) — oo as y — oo (cf. Corollary
5.7). This contradicts lim,_,. Q(iy) € R. We conclude that S is not of category
N;. O

Theorem 6.6. Let A be a selfadjoint operator. Then A is bounded if and
only if each one-dimensional symmetric restriction S of A is of category Ny.

Proof. Let A be bounded. Then each ¢ in (6.22) belongs to (A), so that @
in (6.21) belongs to Ny (cf. Proposition 5.5). Hence, S is of category N.

Conversely, let S be of category Ny. Hence, the @-function Q(z) in (6.21)
of S and A belongs to Ny (as it clearly is not exceptional by Proposition 5.12,
since A is an operator). Equivalently, ¢ € (A). Therefore = (A), from which it
follows that A is bounded. O
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