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Preface

A Hilbert space H which consists of entire functions is called a de Branges space, if it satisfies
the axioms

(H1) H is a reproducing kernel space.

H2 F(z) — z F(2) is a closed symmetric operator with deficiency index (1,1).

(H2) S
(H3) The mapping F(z) — F(Z) is an antilinear isometry of H onto itself.
(H4) For each nonreal w € C, there exist functions f € H such that f(w) # 0.

In his book [dB] L. de Branges developed a far reaching theory of such spaces. An application of
this theory is concerned with the study of so-called canonical systems of differential equations.
However, also in various other contexts (e.g. Hankel transforms, special functions of mathemat-
ical physics) Hilbert spaces of entire functions satisfying (H1), (H2),(H3) and (H4) appear.
The methods employed by L. de Branges are function theoretic in their nature, however large
parts seem to be motivated from an operator theoretic viewpoint.

Especially in connection with the study of canonical systems M.G.Krein used the theory of
symmetric and selfadjoint operators. He investigated a model space for a symmetric operator
with deficiency index (1, 1), which, in the case of entire operators, is isomorphic to a de Branges
space of entire functions.

It is the aim of the present work to give proofs of some of L. de Branges results via an operator
theoretic approach. In this way some results lying in the core of de Branges’s theory are getting
more structured and transparent, and the ideas and motivations behind are clarified.

We divide this thesis in two chapters. Chapter 1 treats representations of a symmetric operator
S with deficiency index (1, 1) acting in a Hilbert space H with not necessarily dense domain, and
can be seen as a preparation for our work on de Branges spaces. Two kinds of representations
are discussed: The method of universal directing functionals, where we restrict ourselves to the
special case of everywhere defined functionals. This setting is suitable for the considerations in
Chapter 2. Secondly, the representation of S with respect to a generalized gauge. Moreover,
in Chapter 1, we introduce and investigate regularized generalized u-resolvents and u-resolvent
matrices. The results of this chapter are wellknown, see e.g. [KL], [GG] or [KW1].

In Chapter 2 we mainly deal with Hilbert spaces of entire functions which satisfy the properties
(H1) and (H2) above. On the first sight this setting seems to be a bit more general than
the setting of de Branges spaces where additionally (H3) is required. However, it is basically
the same. We only would like to point out that it is the validity of (H1) and (H2) which is
responsible for most results.

I would like to thank H.Woracek for his support and many helpful suggestions.

Vienna, May 2001
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Chapter 1

Symmetric Operators with
deficiency index (1,1)

1.1 Preliminaries

Let L be a linear space with inner product [-,-], and denote by (L2, [-,-]) the product space
L x L, endowed with the inner product

[<§1)’(§z>} = [f1, 2] + [91, 92], <§1) : <§z) €L

For a linear relation, i.e. subspace T' C L? we define its adjoint T* by

7= () s osal = o) =0 orant (91 ) 7.

T is called symmetric if T C T* and selfadjoint if T = T*. For (f;g) € L?, let J be the mapping

defined by
J(§> = ((1) _01> (g) (1.1.1.1)

The operator iJ is selfadjoint and unitary. Define an inner product on L? by

(3) (2 )=t (2)-(2)1=itho - )

Obviously, the adjoint T* of any linear relation T C L? is the orthogonal complement with
respect to (-,-). Therefore, a relation T is symmetric if and only if T is a neutral subspace of

3
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(L?,{-,-)), and T is selfadjoint if and only T is a hypermaximal neutral subspace of (L2, (-,)).
Any two vectors a,b € L? are called skewly linked, if (a,a) = (b,b) = 0, and {(a,b) = 1.

Let S be a closed symmetric relation defined in the linear space (L, [-,-]). Define S =
{(0; £) : (0; f) € S)} and Sy = SL N S. By its definition, S is (the graph of) a closed operator
which is also symmetric. We have

S=5& 5.

A point z € C is called regular, if ran(S — z) = H and (S — 2)~! is a bounded operator. We
write p(S) for the set of all regular points. A point z € C is called a point of regular type of S
if there is ¢ > 0 such that

lg —2zfll = cllf]] forall <£> es. (1.1.1.2)

The set of all points of regular type of S is denoted by 7(S). Clearly, all nonreal points are
points of regular type. Hence, for nonreal z, the range

M, = ran(S — 2) = {g — 2f : <£> €S}

is a closed subspace of L. Denote by Nz its orthogonal companion. Note that (S — z)~! is an

bounded operator with ran(S — z) as its domain and S(0) = {f : (0; f) € S} as its nullspace.
For symmetric relations, the Neumann formula reads as follows:

1.1.1. Lemma. Suppose S is a closed symmetric relation defined in some linear space (L, [-,-]).

For z€ Ct = {2z € C:Imz > 0}, define Nz =ran(S — 2)*, N, =ran(S — 2)*. Then

g :5+{(EZ) :nzeNz}Jr{(;‘;) ‘n. € N.}. (1.1.1.3)

The sum 1is orthogonal with respect to the inner product (-,-).

A proof (in the more general setting of Krein spaces) is given in [DS1]. The following
theorem is taken from [DS2].

1.1.2. Theorem. Suppose O is a subset of C such that ONO # 0. Assume that R(a) : L — L,
a € 0, is a family of operators acting on a liner space L with inner product [+, ], which fulfills
the following conditions: There exists ag € O N O such that

R(ao)" = R(ao)
as subspaces of L?, and R(a) satisfies the resolvent identity
R(a) — R(b) = (a — b) R(b)R(a), a,beO.

Then R(a) is the resolvent operator of a selfadjoint linear relation A C L%. In particular, R(a)
is a bounded operator for any a € p(A).
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Proof. For any a € O, define the relation
A(a) = R(a)" +a = {(R(a)f; f + aR(a)f) : f € L}.
Since R(b)(f + (a — b)R(a)f) = R(a)/,
(A(a) =)' = {(f + (a— b)R(a) f: R(a)]) : f € L} € R(b),

and therefore A(a) C R(b)~! +b C A(b). For the same reason A(b) C A(a), whence A(a) =
A(b) = A for a,b € O. Moreover,

A* = (R(aop) ™" 4 ao)* = (R(ap)*) ™' +a = R(@) ' +a = A.

The relation R(a) = (A — a)~! holds by definition, and the proof is complete. O

Suppose S is a symmetric relation defined in a Hilbert space (H,( ., .)). The Caley

transform
c0=1(3:4): (¢)es

is an isometric mapping from ran(S — i) onto ran(S + 4). It is unitary if and only if S is
selfadjoint. If A is a selfadjoint linear relation, then its Caley transform U = C(A) can be
written as

U:/ 2 dEy, (1.1.1.4)
|z|=1

where Ey( .) is the orthogonal resolution of the identity of U. Note that the vectors f which
are invariant under the transformation U are exactly those elements satisfying (0; f) € A.
Thus ran Ey({ 1}) = A(0). Note that 7 : z — —iZtl maps the unit circle bijectively onto
the real axis. For any Borel subset B of the real line we define E(B) = Ey(r—((-)), and
E({o0}) := Ey({1}). We shall call (E(-), E({oco})) the orthogonal resolution of the identity of

the selfadjoint relation A. It is easy to verify that

1
A—z)t= dE\. 1.1.15
(=" = [ = im (1115)
Different to the case where A is an selfadjoint operator, i.e A(0) = {0}, the range of E(R) might
not be the entire space H, in fact ran E(R) = S(0)* = dom S. Observe that A4 consists of all
pairs (f;g) with f € dom A and

g:Asf:/RAdEAf.

Assume that S has deficiency index (1,1) and choose a canonical selfadjoint extension
A. Again write M, = ran(S — z) and Nz = ran(S — z)*, so that

H =M, + N=.
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For z,w € p(A), the mapping
Usw =T+ (2 —w)(A —2)""

maps M, bijectively onto M,,, thus U},, = Uz maps Nz bijectively onto N. Fix 29 € C such
that Zg € p(A), and choose any ¢(z9) € N, ¢(z0) # 0. Then

@(2) = Usy20(20) = p(20) + (2 — 20)(A — 2) ' p(20) € N, 2 € p(A), (1.1.1.6)

gives an analytic parametrization of the deficiency spaces N, z € p(A4). We shall allways
assume that the normalization condition [|¢(7)|| = 1 is satisfied and call the function ¢(z) a
parametrization associated to S and A. A function @ is called @Q-function of S and A, if

Q=) —

(w)

gl

= (p(2),p(w)) 2z,w e p(A). (1.1.1.7)

Clearly, Q(z) = Q(2), i.e. @ is a real function, and

ImQ(2) = (¢(2), p(2)) Imz,

thus Im Q(z) > 0 for 2 € C*. By Ny we denote the set of all functions 7(z) holomorphic on
C\R such that 7(Z) = 7(z) and Im7(z) > 0 for z € C*. With this notation, Q € Ny. By
(1.1.1.7), the Q-function is uniquely determined up to a real constant. It is easy to verify that
for any zg € p(A),

Q(z) =TImzo + (2 — 20)(¢(2), ¢(20))

is a @Q-function of S and A.

If A is a selfadjoint extension of S which acts in a possibly larger space HDH,and P
denotes the orthogonal projection of H onto H, we shall call

R, :=P(A-2)"Yu, ze€pld),

the generalized (or compressed) resolvent of S generated by the extension A. Note that for dif-
ferent extensions their generalized resolvents may coincide. The following theorem of M.G.Krein
gives an effective description of all generalized resolvents:

1.1.3. Theorem. Assume S C H? is a symmetric relation with deficiency index (1,1). Fizx
a canonical selfadjoint extension A of S, a parametrization ¢(z) € N, associated to S and A,

and a Q-function Q(z) of S and A. Then the formula

R |

establishes a one-to-one correspondence between all functions T € NoU{oo} and all generalized
resolvents of S. Thereby R, arises from a canonical extension if and only if T is a real constant
or T = 00.
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For densely defined S, a proof is given in [AG2] or in [GG]. For the relational case, see
[LT].

There is another characterization of points of regular type.

1.1.4. Lemma. Suppose that the deficiency numbers of S are equal (not necesarily finite).
Then z € r(S) if and only if there exists a canonical selfadjoint extension A such that z € p(A).

Proof. If A is a canonical selfadjoint extension and if z € p(A), then (1.1.1.2) holds even for A
instead of S, thus z € r(S). On the other hand, if z € r(5), there exists a canonical selfadjoint
extension A such that z € p(A): This is clear for nonreal z € C. If z € R then (S —2)"lisa
bounded symmetric operator with domain ran(S — z). Hence there exists a bounded selfadjoint
extension B defined on the entire space H (see [AG]). Then

A=B1+2

is a selfadjoint relation extending S which has the desired properties. O

We proceed with some results on reproducing kernel spaces. The presented facts are
wellknown, see e.g. [Ar].

1.1.5. Definition. Suppose O is an open subset of the complex plane. A n X n-matrix kernel
K (z,w) continous on O? is called positive definite, if for any choice z; € O, (; € C™*!, i =

1,...,m, we have

3¢ K(ziz) ¢ > 0.

Suppose O C C is open. A Hilbert space (£, (.,.)) whose elements are vector functions
f(z) € C"*! continuous on O is called reproducing kernel space, if for any w € O and i =
1,...,n, the linear functional

f— mf(w), fe9,

where 7; is the projection onto the i-th coordinate, is bounded. Since ) is a Hilbert space,
there is an element K;(w) € 9 such that

m-f(w) = (f, Kl(w)), f € H.

The n x n-matrix function K(w, z) = (K;(w)(2))i=1,... » is called the reproducing kernel of .
To any z € O, ¢ € C™*!| the function K(z, - )¢ belongs to §, and

¢ f(z): (va(Zv )C)v fen.

The kernel K (w, z) is positive definite as one can easily verify.
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1.1.6. Theorem. To any n X n-matriz kernel K(w, z), w,z € O, which is positive definite,
there exists a unique reproducing Kernel space (R(K), (.,.)) of vector functions f(z) continuous
on O, such that K(w, z) is its reproducing kernel.

Proof. We construct £(K) as follows. On the linear set
L= Spa‘n{K(Zia : )Cl 1z € Ou Ci € C’ﬂXl}

define a bilinear form (-, -) by
ZK (2, *) CZ,ZK (wj, - )ny) an (25, w;)C;- (1.1.1.8)

Since K (w, z) is positive definite, we have ||f||> = (f,f) > 0 for any f € £. By the Cauchy-
Schwarz inequality

mif (2)* = (£, K (2, - ) ea)* < [EI* 1K (2, ) eill?,

where e;, i = 1,... ,n, denotes the canonical basis of C"*!. This shows that the only function
f € £ with Hf|| = O is the zero function. Thus (£, (-, -)) is a pre-Hilbert space. Denote its
completion by £. For any f € £ define the function

(va(Zv -)61)
f(z) = g , z€O0.

(fa K(Zv . )en)

For f € L, f'(z) = f(2). Since the closed linear span of all K(z, - ) is equal to £, the mapping
f — f is one to one, hence we may identify f with the function f(z). We show that for any
f € L, f(z) = f(2) is continous on O. There exists a sequence f, € £ that converges to f.
Therefore

[mi(fn(2) — £(2))|* = |(£n — £, K (2, - )eq)|* < || — £]* [K (2, 2))I%,

and since K (w, z) is continous on O?, f,(z) — f(z) uniformly on compact subsets of O. Thus
R(K) = L is a Hilbert space of vector functions continous on O. By construction K (z,w) is its
reproducing kernel.

We show that R(K) is unique. In any reproducing kernel space H with K(w,z) as
reproducing kernel, the scalar product on £ is determined by K(w,z) as in (1.1.1.8), and the
closure of L is the entire space H. Therefore, the identity mapping from £ C H onto £ C R(K)
is an isometric isomorphism, which can be extended to an isometric isomorphism 7" between H
and R(K). We then have

mi(TE)(z) = (Tf, K(z, - )e;) = (£, K(z, - )e;) =mf(z), i=1,...,n.

hence H = R(K). O
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1.1.7. Remark. If K(z,w) in Theorem 1.1.6 is such that for any w € O, the function K(w, - )
is analytic on O, then it follows from what we said above that K(K) actually consists of vector
functions f(z) analytic on O.

Suppose (9, (.,.)) is a reproducing kernel space of vector functions analytic on O, and
K(w,z), w,z € O, is its reproducing kernel. It follows from the above considerations that
$H = R(K). For any open subset O’ C O, denote by $|os the space of all restricted functions
flo:, £ € $, endowed with the inner product

(flor, glor) = (£, 8)-

Since the restriction mapping f — f|o/ is one to one, ] is a Hilbert space. Moreover, by
its definition, 9] is a reproducing kernel space and K (w, z)|p-2 is its reproducing kernel. In
particular, this shows that

A(K]|ore) = &(K)|or. (1.1.1.9)

If § = R(K) is a reproducing kernel space of C"*!-valued functions continuous on O,
and if V(2) is a continous n x n-matrix valued function, such that V(z) is invertible for each
z € O, denote V(2)$ the Hilbert space of all functions V(z)f(z), f(z) € 9, with the inner
product(V (2)f(z),V(2)g(z)) := (f,g). Since for any ¢ € C"*!,

(V(2)f(2), V(2)K(w, 2)V (w)"() = (£(2), K (w, 2)V(w)*¢) = "V (w)f (w),

it follows that V'(z)$) is a reproducing kernel space with (V (z) K (w, z)V (w)*) as its reproducing
kernel.

1.1.8. Proposition. If 9 is a reproducing kernel space of C™-valued functions analytic on O,
then for any ¢ € C"™1, the function K,( = K(w,-){ depends antianalytically on w € O in the
norm of $. Therefore

877.
(e — 2 .
Kw C_ (am)nK(wv )Ceg)a
and
C*f(n)(w) _ (faKfun)C)v feHweO. (1.1.1.10)

Hence point evaluation of any derivative is continuous in $).

Proof. For any f € §), the function (K, (,f) = ¢*f(w) is antianalytic in w. Thus w — K( is
weakly holomorphic, which implies that w — K¢ is holomorphic in the norm of $ (cf. [Ru]).
Thus, the limit
6 Kz - Kw
9 Kw,) = lim £z~ Kub

ow z—w Z—wW
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exists in the norm of §, and we have for any ¢ € C"*!

. (K. Q) — (f, Ku(Q) . K, - K, 0

) (1) = fim ’ = lim (f, 2—=2¢*) = (f, == K.).

¢ (w) = lim T w Jlim (f, ———=¢") = (f, 7= Kuw()

The general assertion follows by induction. O

For any analytic function f we denote Ord,, f := min{n : f(®)(w) # 0}. In any repro-
ducing kernel space $) of functions f(z) holomorphic in O, define for any w € O

Ord,, $ = min Ord,, f. (1.1.1.11)
fen

Note that
Ord, $ = Ord,, K,y = min{n : K™ # 0}. (1.1.1.12)

If U(z) is an analytic function with Ord, f < Ord, $ for all z € O then ﬁﬁ consists of
functions holomorphic on O, and Proposition 1.1.8 implies that also point evaluation at points
with U(z) = 0 is continuous, hence ﬁf) is a reproducing kernel space of functions f(z)
holomorphic on O.

1.1.9. Proposition. Suppose O is an connected open subset of C, and M is a subset of O which
has a cluster point in O. Assume $) is a Hilbert space of C™-valued functions £(z) analytic on
O, such that point evaluation is continous for m € M. Then point evaluation is continous for
any z € O, hence § is a reproducing kernel space.

Proof. Choose a sequence K, of compact subsets of O such that K, C K, and J,, .y Kn = O.
For f, g € 'H define the metrics d,(f,g) = sup ¢, |f — g[(2),

B =1 dy(f,g)
A8 =D o Trant g

and

where || - || is the norm on $). Then ($),dg(-,-)) is a Frechet space, i.e. a metrizable topological
vector space $) such that § is complete with respect to this metric. We shall only show the
completeness, the proof of the continuity of the vector space operations is left to the reader.
If f, is a Cauchy sequence in the metric dg(-,-), then it is also a Cauchy sequence in the
metric d(-, -), thus it converges uniformly on compact subsets of O to an analytic function g(z).
Since f,, is also a Cauchy sequence in (), (-,-)), it has a limit £ € $. Since point evaluation is
continuous for points of M, we have

g(z) = lim f,(2) = f(z), ze€ M.

n—oo
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This implies that f(z) = g(z) for all z € O, and f,, — f in the metric dg(:,-). Since both spaces
(9,dg(-,+)) and (9, (+,-)) are Frechet spaces and since the identity mapping

id : (ﬁ,dy)(,)) - (5737(7))7 f—1

is continuous, the open mapping theorem shows that its inverse is also continuous, hence the
topologies of the spaces coincide. Convergence of f,, in the norm | - || thus implies uniform
convergence on compact subsets of O. O

We close this section with a result from complex analyis, the so called Stieltjes inversion
formula (see e.g. [GG]).

1.1.10. Theorem. Let o be a complex Borel measure which satisfies the condition

1
—— d|o|(t .
[ T el < o

Define a function f(z) holomorphic on C\R by

f(2) :/R 1 do(t), zeC\R.

t—=z

Suppose g(z) is holomorphic on an open set containing the interval [a,b] of the real line. For
e > 0 let A, denote the path [a —ic,b— ic| + [b+ ie,a + ic]. Then

lim & N F(2) ds = o) o 2Uad) +o({b})
1 Asg( Vf(2)d / g(t) do(t) + . (1.1.1.13)

e—0 21t [a,b] 2

1.2 Space Triplets

In this section we introduce the spaces H, and H_ associated to a closed symmetric relation
S with not necessarily dense domain. The results of the present section will be needed for our
later work on de Branges spaces and can be easily adapted from the classical case, when the
domain of S'is dense in H, although the notation becomes a bit more complicated. Most of the
results can be found in [KW1] or [St]. For a rigorous treatment of the classical case, see e.g.
[Be].

Consider a Hilbert space (H, (-,-)) and a closed symmetric relation S C H?. We define
H_ as the subspace S* C H? equipped with the inner product

((:2) : (52 >)+ = (f1,91) + (f2,92)-

Since S* is closed in H?, (H4, (-, )+ ) is a Hilbert space. Its dual space is denoted by (H_, (-,-)_).
We write the action of u € H_ on (f;g) € H as

(9) L.
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Since H is an Hilbert space, any u € H_ can be represented uniquely by an element (f;g) € Hy
such that [+, uls = (- (f39))+- Note that ull = | (f: )+

Define the continous mappings
. f
F'H-l‘_’Hu g Hfu
v H— H_, fH(,(‘(f)))Hz

The chain (Hy,(-,-)4) = (H,(-,-)) = (H_,(-,-)_) is called the space triplet associated to the
symmetric relation S.

The proof of the following lemma is obvious.

1.2.1. Lemma. Regarding (H,(-,-)) as its own dual we have v = 7*. Since Hy is reflexive,

ker; = ran7® = (dom S*)*, (1.2.1.1)

1

rant = kerm = S5, (1.2.1.2)

with ran. = MNucran. keru. Moreover, the orthogonal complement of Tant in H_ is given by
all functionals u of the form

u=(-(0;/)),, [feS(0) (1.2.1.3)

1.2.2. Remark. If S is densely defined then we have the classical situation. According to
(1.2.1.2) and (1.2.1.1), 7 : Hy — H and ¢ : H — H_ are one to one. Moreover ranm and
ran: is dense in H and H_, respectively. Thus 7 (¢)is a continous embedding of Hy(H_) onto
a dense subset of H (H_). We can therefore assume that

H . CHCH_.
1.2.3. Remark. If S is minimal, i.e.

cls U ran(S — 2)* = H,
z€C\R

then, by the Neumann formula, dom S* is dense in H, thus ¢ is one to one. Thus we can regard
H as a subspace of H_, and we obtain the situation

Hy “HCH_, codimy H = dimS*(0) = dimdomS .

1.2.4. Lemma. Suppose v € H_ and write u = (-, (h1; h2))4, where (h1;he) € Hy. Then
u € rane if and only if ho € dom S, and u € Tant if and only if he € dom S.
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Proof. First, observe that

() (D =(()- () oran (1) es

if and only if (he;h — hy) € (S*)* = S. Thus w € H if and only if there exists a vector h € H
such that (he;h — hy) € S. This is the case if and only if hy € dom .S, which proves the first
assertion. To prove the second assertion, observe that by (1.2.1.3), we have u = (-, (h1;h2))+ €
tans = (tanz)*+ if and only if

(h1,hs) € (S3)™.

Since S* = {0} x (dom S)*, we conclude that u € Fant if and only if hy € ((dom S)4)*+
dom S, which completes the proof.

Ol

Consider the space triplet
H & H % H.

associated to the symmetric relation S C H2. Suppose A C H? is a selfadjoint extension of S.
We define for z € p(A)

. (A=2)"'f
RY:H — H,, fH+QI+AA_@_W»

That R} is indeed a mapping into H follows from the fact that (A —2)71f; f) € A— 2, and
hence RS f € A C S*. Define
R; :H_— H R, :=(R})"

z

We will give also an explicit description of R, . If we write u = (-, (f1, f2))+ € H_, then for
any h € H

(R;u,h) = [U,R;h]i = ( (;;) ’ ((I +R;;L%E)h) ) = (szl + (I+ ZRz)f27h)7
and hence

Rzu = szl + (I + ZRz)fg, U = (', (fl; fg))+. (1214)

If (E(-),E({oo})) is the resolution of the identity connected with A, and if B C Ris a
bounded Borel set, then we define

E(B)f

E(B)" :H—H,, fw~ (ASE(B)f) € A,

and

E(B)” :H. —H, E(B) :=(BE(B)")".
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1.2.5. Lemma. With the above notation the following relations hold.

Rf — R} = (2 —w)RI Ry, z,w € p(A), (1.2.1.5)
R, — R, =(z—w)R,R; z,w € p(A). (1.2.1.6)

If B C R is a bounded Borel set, then
RjE(B) = E(B)JFRZ7 z € p(A), (1.2.1.7)
R.E(B)” = E(B)R, z€ p(A). (1.2.1.8)

The mappings R} and E(B)~ are extensions of R, and E(B), respectively, in the following
sense:

R.=mRI =R, (1.2.1.9)
E(B) =7E(B)" = E(B) ™. (1.2.1.10)

Proof. A direct computation gives
B n B (z—w)R.Ryf B

_( R.f = Ryf )_<sz—wa>_R+_R+
(Z_w)wa"’_Z(sz_wa) 2R f —wRy f * v

Taking the adjoint on both sides in (1.2.1.5), we get (1.2.1.6). If B is a bounded Borel set, then
for any f € H we have

_ R.E(B)f
RIE(B)f = (E(B)f+zRZE(B)f) € A

Since E(B)fLran E({oo}) = A(0), we have (E(B)f + zR,E(B)f,g) = 0 for any g € A(0),
which shows that R} F(B)f € A and hence

_( REB)f\ _( BEBR.S _
RIE(B)f = (ASRZE(B)f> = (A5E<B)sz) = B(B)"R.f.

Taking the adjoint on both sides of (1.2.1.7)leads to (1.2.1.8). By definition, R, = 7R} and
E(B) = 7mE(B)". Again, taking the adjoints yields (1.2.1.9) and (1.2.1.10). O

Fix a bounded Borel set B C R. Since the restriction A, to F(B)H is a bounded
operator, we conclude that for any f € H, the set function

ET(-)f: B~ EB)"f,

which acts on all Borel subsets of B, is countably additive, hence it is a H-valued measure.
We shall denote this measure by dEj\r f. By the spectral representation of A, we have

dEY f = (,\dcfg\)\ff) : (1.2.1.11)
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For any function g continuous on the closure of B, the integral

h= /B g(\) dE} f

converges in the metric of H, hence for any u € H_, we can write
houls = [ g diE] £
B

The following prosition shows how E(B)~ can be represented by E(B).
1.2.6. Proposition. Suppose B C R is a bounded Borel set. Then for any f € H, z € p(A),
dEY f=(\—2)dEfR.f on B, (1.2.1.12)

and for any u € H_

E(B) u= /B()\ —2)dE\R;u, z¢€ p(A). (1.2.1.13)

Proof. By 1.2.1.11, and dE\R, = ﬁdEA, we obtain

1 dE 1
+ o A _ +
AE5 R, = -— (AdE/\) 4B,

which proves 1.2.1.12. Next, using 1.2.1.7, it follows that for f € H

(E(B) u, f) = [u, E(B)" fls = /B (A= 2) dfu, B} R=fls =

/()\—z) d[u,RgE,\f]i:/()\—z)d(E,\Rz_u,f).
B B

Thus (1.2.1.13) holds. O

The representation 1.2.1.13 shows that for any v € H_, the set function E~ (-)u, restricted
to any bounded Borel set B is an H_-valued measure. We shall denote this measure by dE u.
Now, 1.2.1.13 can be rewritten as

dEyu = (A —z)dE\R u. (1.2.1.14)
We shall define d||E5 ul|? as the measure
d|ES ull* = |A — z[*d(ExR; u, R, u).

This notation is justified by the observation that

||E(B)’u|\2:/B|/\—z|2 d(E,\R;u,R;u):/B d|| Ex ul*. (1.2.1.15)



CHAPTER 1. SYMMETRIC OPERATORS WITH DEFICIENCY INDEX (1,1) 16

Suppose that S C H? is a symmetric relation and A is a selfadjoint extension acting in
a (possibly) larger Hilbert space H. Cousider the space triplet

H & H S H.
associated to S as a subspace of I;[ 2. This means that H is the adjoint S* of S computed in
H?. If P is the orthoprojector of H onto H and if (f;g) € S*, then for all (hy;hs) € S

0= (f7h2) - (gvhl) = (Pf7h2) - (Pg7h1)
Thus (Pf; Pg) € S* = H,, and
. ! pf
Pt H, - H,, (g) — (Pg) (1.2.1.16)

is the orthogonal projection of H, onto H,. For z € p(A), we define the compressed (or

generalized) resolvent R, of S generated by A, as (R, = (A — 2)™1)
R.:H—H, R.=PR.|g.

Moreover, let

(I+zR.)f
R, :H_— H, R, =(R})".

z

RY:H - H., ij=13+fz:f=( =] )

Note that R} and R are in fact uniquely determined by the generalized resolvent R,.
For n € N, = ran(S — z)* we define the vector

ny = (Z”n) €H,. (1.2.1.17)

If A is a canonical selfadjoint extension of S, R its extended resolvent and ¢(z) a parametriza-
tion connected with S and A, then

¢+(2) = p1(20) + (2 — 20) RE ¢ (20), (1.2.1.18)

as one can easily check. For the compressed resolvents R} and R, the Krein formula reads as
follows:

1.2.7. Theorem. Fix a canonical selfadjoint extension A° of S, a parametrization ¢(z) as

defined in (1.1.1.6), and a g-function Q(z) of S and A°. Then the formulas

+ _ o+ ( . 7()0(2)) = =
RY = R+ S EEsen(), 2eC\R, (1.2.1.19)
and
— _ po— [ 7<P+(E)]:t > .
R =R+ om oS el e C\R (1.2.1.20)

establish a one to one correspondence between all functions T € Ny U {oo} and all generalized
resolvents RY, R, of S. They arise from a canonical selfadjoint extension if and only if T is a

real constant or T = co.
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Proof. Formula (1.2.1.19) follows immediately from Theorem 1.1.3. Taking the adjoint on both
sides of (1.2.1.19) we obtain formula (1.2.1.20). O

We shall call w € H_ a boundary value if [-, u]+ annihilates S. If we write v = (-,a)1,a €
H_ | then u is a boundary value if and only if a € Hy & S.

1.2.8. Lemma. The mapping J : H? — H?,

(-6 0

leaves S* © S invariant.

Proof. First recall that (f;g) € S* if and only if J(f;g) is orthogonal to S. Therefore, if
(fig) € S*© S, then J(f;g) and also J%(f;g) = —(f;g) is orthogonal to S, which proves that
J(f,g)isin S*& S. O

The vectors a and ib are skewly linked with respect to the inner product (-, ) (as defined

in Section 1.1), if and only if
Ja,a) (Ja,b)) _ (0 1) _
Jb,a) (Jb, b)> = <_1 0) =—J (1.2.1.22)

<(

(

If u,v € H_, u = (-,a)4+ and v = (-,b), then we shall say that u,v € H_ are skewly linked
(with respect to (-,-)), if the vectors a,b € H, are skewly linked (with respect to (-, )).
Boundary values (-,a)4, (+,b)+ such that a and ib are skewly linked will play a role in 2.3.

1.2.9. Proposition. Suppose S has deficiency index (1,1), and assume that a,ib € Hy & S
are skewly linked. The vectors a1,iby € Hy © 5 are skewly linked (with respect to (-,-)), if and
only if there exists an iJ-unitary matriz U such that

(a1,b1) = (a,b) U. (1.2.1.23)

Moreover, we can always find a orthonormal basis a, ib of Hy © S such that a and ib are skewly
linked.

Proof. Suppose that the vectors a,tb € H, © .5 are skewly linked. Then that a and b are linear
independent, hence they form a basis for Hy © S. If we write (a1,b1) = (a,b)U, then

(Jar,a1) (Jai,by) )
<(Jb1,a1) (Jbl,b1)> =U(=))U",

which proves the first assertion. Since the deficiency index of S is (1,1), we can find a vector
a€ HL 68, |a| =1, such that

S @ span{a}
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is a selfadjoint relation. According Lemma 1.2.8, b= Ja € Hy © S. Since (Ja,a) = 0, we find
(Jb,b) = —(a,Ja) =0, (Ja,b)=(a,a)=1, (Jba)=—(a,a)=—1.

Consequently a, b form a orthonormal base of skewly linked vectors. O

If the deficiency index of S is (1, 1), then any selfadjoint extension A can be written as
A = ker[, 8]+,

where s is a certain boundary value. A is called the extension determined by the boundary
condition [+, s]3 = 0.

1.2.10. Theorem. Suppose that S has deficiency index (1,1), and assume that that the vectors
a,ib € HL © S are skewly linked (with respect to (-,-)). The extension of S determined by the
boundary condition (-,s)y =0, s € Hy, is selfadjoint if and only if

s=aa+Pb, a,fcC,afcR, (1.2.1.24)
or equivalently

s=c(sinpa—cospb), ¢e€l0,7),ceC\{0}. (1.2.1.25)

Proof. Recall that a,b form a basis for H; © S. Consider s € Hy 65, s = aa + (b, and choose
s’ € Hy © S such that (s,s’)4 = 0. Then the extension determined by the boundary condition
(,8)+ = 0 is given by

T = S @ span{s'}.
Observe that, if (Js',s’) = 0, then Lemma 1.2.8 implies that s = ¢Js’ for some ¢ € C, hence
also (Js,s) = 0. Similarly, if (Js,s) = 0, then (Js',s’) = 0. This shows that (Js',s’) =0 if and
only if (Js,s) = 0. Therefore T is selfadjoint if and only if
(Js,s) = |a|*(Ja,a) + aB(Ja,b) +ala, Jb) + |8)*(Jb,b) = ImafB = 0.

The equivalence of (1.2.1.24) and (1.2.1.25) is proved by an elementary calculation. O

Given skewly linked boundary values u,iv € H_, u = (-,a)4+ and v = (-,b)4, Proposi-
tion 1.2.9 characterizes all other pairs of skewly linked boundary values u1,iv;, and Theorem
1.2.10 shows that all canonical selfadjoint extensions of S are given by the boundary conditions
(*, Sa)+ = 0, where

Sq =sinaa —cosab, « € [0,).
The extension determined by the boundary condition (-, s )+ = 0 is explicitly given by

Aq = S @ span{Js,}. (1.2.1.26)
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1.3 Representation by Spaces of Entire Functions

In this section we introduce the method of directing functionals (originally developed by
M.G.Krein). We restrict our considerations to a very special case which is suitable for the
treatise in Chapter 2. For a treatise of directing functionals in the usual setting, see [AG2] or

[GG.

1.3.1. Definition. Suppose S is a closed symmetric operator acting in a Hilbert space
(H,(.,.). A family ¢(z), z € C, of (not necessarily bounded) linear functionals, defined on
the entire space H, will be called an universal directing functional for S if the following condi-
tions are satisfied.

1. ®f(z) = (f, ¢(%)) is an entire function.
2. There is a least one z € C such that ¢(z) # 0.
3. @f(z) =0 if and only if f € ran(S — z).

We shall denote the vector space of all functions @ f, where f € H, by H.

Condition 2 implies that H is nontrivial, i.e. there exists at least one nonzero function
®f € H. Observe that if f € dom S, then ®(Sf)(z) — 2®f(z) = ®(Sf — zf)(2) = 0. Thus

(S —w)f(z) =(z—w)Pf(2). (1.3.1.1)
Conversely, if ® f(w) = 0, then there exists g € dom S such that (S — w)g = f, hence
(z —w) ®g(z) = f(2),

and therefore

2IE) i) e m. (1.3.1.2)

zZ—w
By (1.3.1.2) there exists for any compact subset K of C a function ®g € H such that
®g(z) #0, z€K.
Thus ¢(Z) # 0 for any z € C. Since
ker(-, $(z)) = ran(S — z),

we may conclude that, for nonreal z, the kernel of the linear functional (-, $(Z)) is closed, hence
it is bounded. Lateron we prove that this is also true for real z. Moreover, by condition 3, the
deficiency index of S is (1,1).

The mapping ® : H — H, f — ®f, is a kind of Fourier transformation for S. Its
inversion theorem reads a follows:
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1.3.2. Theorem. Suppose the family ¢(z) of linear functionals satisfies the conditions 1-3. Let
A = (a,b] C R and choose u € H with du(z) # 0, z € A. Then for any selfadjoint extension A
of S, acting in a possibly larger Hilbert space H O H, we have

B(A)f = /A i—i(x) b, (1.3.1.3)

where (E(-), E({o0})) is the orthogonal resolution of the identity connected with A.

Proof. Suppose ®u # 0 on A. For any f € H, define the function
F\) =df(N)/Pu(N), Ie€A.
If we set fx = f — F(N)u, then ®f\(A) = 0, hence there is a gy € dom S such that
(S = Ngr = [

Let /~1~be a selfadjoint extension of S acting in a possibly larger Hilbert space H with
({o0})) as its orthogonal resolution of the identity. For A € A put

(E(),

Ag_{()\,/H—h], h>0

“1A=hA, h<O
Then
IEARf = FOVE(AR)ul = |E(AY) Al =

B B 1/2
1B - Nl = [ 1= AP dBigna) = o),

Also, since I is differentiable at \,

3 } 3 1/2
PR~ [ Fabal = ( [ 170 - FOP dEe) = o).
Al Al
From the above formulas it follows that the H-valued function

p:x dE, f — F(t)dEyu,

(a,z] (a,z]

defined for x € A, is differentiable and its derivative is equal to 0. Since limg ot @(z) =0, ¢
is identically 0, and we arrive at the equality

dEyf = F(\)dExu on A, (1.3.1.4)

which yields (1.3.1.3). O
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Let A be as in Theorem 1.3.2. For any bounded Borel set B choose an element u € H
such that ®u(z) # 0, z € B, and define

d(E\u, )

7= Teu e

on B. (1.3.1.5)

By (1.3.1.3), the definition does not depend on u. By writing R as a disjoint union of bounded
Borel sets By, (1.3.1.5) determines uniquely a nonnegative Borel measure on the real line which
we shall also denote by do.

1.3.3. Corollary. There exists nonnegative measures do such that
(f.9) = [ ®FOBIN) doV), f.g € H (13.16)
R

In fact, if A is any selfadjoint extension with ran E(R) D H, then we can choose do as in
(1.3.1.5).

Proof. Write R as a union of disjoint intervals A,, = (ay,b,]. To each A, there is a u, € H
such that ®u, # 0 on A,. Define

d(E)\’U,n, un)

d =
7T Pun (VP

on A,,.
Since A is an selfadjoint operator, E(R) = idg, and (1.3.1.3) gives

(f.9) = / B F(NBG(N) do(N).

Pu(N)
Puy (N)

Observe that for any u € H, according to (1.3.1.4), dEyu = dE\u,, and thus

d(Exu,u) = |[Du(\)|>do on A,
which proves the second assertion. O
1.8.4. Remark. For a more complete version of Corollary 1.3.3, see Theorem 1.3.8.
The preceeding corollary also implies that the mapping ® : H — H, f +— ®f is one to

one, thus it is an isomorphism of the vector spaces H and H. If H is endowed with the inner
product

(F,G) = (®'F,®"'G), F,GcH,

it therefore is a Hilbert space of entire functions. For nonreal z € C, the point evaluation
functional is bounded, which follows from

F(w) = (®7'F, ¢(w)), w e C\R.
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and the continuity of (-, ¢(w)), w € C\R. Therefore, by Proposition 1.1.9, point evaluation is
continuous for all w € C. In particular, we may regard ¢(Z) as an element of H. Moreover,
since

ker(-, p(z)) = ran(S — z),

the range ran(S — z) is closed, hence S is regular, and we have ¢(Z) € Nz. Via the isomorphism
®, S is transformed into the multiplication operator M : F(z) — z F(z) in 'H, defined on its
maximal domain

domM ={F eH : zF(z) € H}.

Alltogether, the space H satisfies the following conditions:

(H1) H is a reproducing kernel space of entire functions.
(H2) The multiplication operator F'(z) +— z F(z) is a closed symmetric operator with deficiency

index (1,1).

In Section 2.3 we shall see that any space which satisfies the above conditions is in fact of type
H(A, B).

Since ® : H — H is one to one, and since span{¢(z)} = N,, S satisfies the minimality
condition

cds | J N.=H. (1.3.1.7)
zeC\R

According to Remark 1.2.3, we may regard H as a subspace of H_ identifying f € H with the
functional ¢f = (-,(f;0)) € H_. We are able to extend ® to H_. Since ¢(z) € N, we have
¢+(z) € Hy. For u € H_ we define

.f N 9(z)
Qu(z) = [u, ¢4+ (Z)]+ = {u, <E¢(E) L (1.3.1.8)
The vector space of all functions ®u, u € H_ is denoted by H_.

The following lemma particularly imlplies that ® : H_ — H_ is one to one.

1.3.5. Lemma. Suppose that S has deficiency index (1,1) and satisfies the minimality condi-
tion (1.3.1.7). Choose any nonzero ¢(z) € N,, z € C\R. Then

cls{¢+(z) : z € C\R} = H,. (1.3.1.9)

Proof. Choose a canonical selfadjoint extension A of S and fix any w € C\R. Recall that
#(2) + (w — 2)(A —w)~1p(2) € N, thus there is a nonzero constant ¢, € C such that

) o) — P = cx(w),

zZ—w



CHAPTER 1. SYMMETRIC OPERATORS WITH DEFICIENCY INDEX (1,1) 23

Since (¢(w); 0) € S* —w, (p(w),0) ¢ A — w, and since codimg~ A = 1, we have
(87 —w) ™! = (A= w) ™" + span(0; $(w)).

Because S is minimal, cls {¢(z) : z € C\R, z # w} = H, and

o =asf (0 ) s erug) = as( (k) 2 £RU G,

z—w

In this place we used that (A — w)~! is a bounded operator. Thus, by adding multiples of
(0; p(w)) € (S* —w)~! we find

50w = st (C 70 g m,

which implies (1.3.1.9). O

We can identify H_ with ‘H + zH:

1.3.6. Lemma. Letv = (-,(f;9)), € H-. Then, with the above notation,
Du(z) = Pf(z) + 2Pg(2). (1.3.1.10)

Conversely, if h(z) € H + zH, there exists a unique element v € H_ with h(z) = ®v(z).

Proof. The first assertion follows immediately from

o= (1) (42)] - ho@)+ =600,

Suppose h(z) = F(z) + 2G(z), F,G € H. Let P denote the orthogonal projection of H? onto
S* = Hy. Then, setting v = (-, P(®"1F;® 1g));, we have

N (®7'F ?(Z) P _ 1 _
vor @l = (316) - (443))) = @ F o) + 276,66
which proves the lemma. O
Suppose F' € H_, and F(w) = 0 for some w € C. By Lemma 1.3.6, we can write

F(z) = Hi(2) + (z — w)Ha(z), H1,Hs € H. As F(w) = 0, we also have Hy(w) = 0, and
therefore Hy(z) = (z — w)Hs(z), H3 € H. Hence, with H = H3 + Hj,

= H(z) e H. (1.3.1.11)
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Next, suppose ffi is a selfadjoint extension of S, acting in a Hilbert space H D H. In the
sequel the mappings R, F(B)", E(B)~ as defined in Section 1.2 will refer to the space triplet

H . ZHLH.
associated to S as a symmetric subspace of H?2. If a functional v € H_ has the representation

['au]iZ(-,GZ)), on H,

for certain hy,he € H, then it can be extended in a canonical way fashion to a continuous

functional on Hy by
I hi
il = ()

For the sake of simplifying notation, we will not distinguish between w and @ whenever this
does not cause confusion. Therefore we will write R, u, F(B) u instead of R, @ and E(B)™ 4
respectively.

We can rewrite Theorem 1.3.2 in terms of H_.

1.3.7. Theorem. Suppose that the family ¢(z), z € C, satisfies the conditions 1-3. Let A =
(a,b] € R and choose u € H with ®u(z) # 0, z € A. Then for any selfadjoint extension A of
S, acting in a possibly larger Hilbert space H O H, we have for arbitrary f € H_

D A)—fz/Ai—i(A) dE/\_u:/Az—f()\)()\—i) dExR; u, (1.3.1.12)

u

where (E(-), E({oc})) is the orthogonal resolution of the identity connected with A.

Proof. For any f € H_, define

F(\) ==-(\), Ae€A.

du

If we set fo = f — F(A)u € H_, then Fx(\) = ®f,(A\) = 0. Thus ?T(fu) = Gi(z) € H. It is easy
to see that with gy = &G, the functional fx can be represented as

_ —Agx
=, ( 0 ) )-
Suppose A is a selfadjoint extension of S which acts in a possibly larger Hilbert space H, and

denote (E(-), E({co})) its resolution of the identity. Let A% be defined as in Theorem 1.3.2.
For any h € H we obtain

B h) =B = ((02). (Tl ) -

gx )\

= _/ )\d(Ethvg)\)+/ tdEthagA :/ ( )d(EtgAa )
AR Al Al

A
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Hence

5 ~ 1/2
1B A< ([ 1= APdEgn ) = olh)
A
The same argument as in the proof of Theorem 1.3.2 yields
IEAY)™f = FOVE(AR) ~ull = [| E(AR) ™ fall = o(h),
and since F' is diffentiable at A,

IP()E(AR) u /

A

5 B 1/2
FdE = ([ 170 - FOP B a?) = oh),

h
A
It follows from the above estimates that the H-valued function

YT dE; f — F(t) dE; u,
(a,z] (a,z]

defined for € A, has derivative equal to 0. Since lim, .+ @(z) = 0, ¢ must vanish identically,
which gives

dES f = F(\)dEyu on A. (1.3.1.13)

Thus we proved the first equality sign in (1.3.1.12). The validity of the second follows from
(1.2.1.14). O

Let A be as in Theorem 1.3.7. For any bounded Borel set B choose an element u € H
such that ®u(z) # 0, z € B, and define

b
|[Pul?(A)

- 1 -~ -
d|ESul|? = =—%~— |A—i|* d(ExR; u,R;u) on B. (1.3.1.14)

do(¥) = EWESY

By (1.3.1.12), we have for any other s € H_

Bs(N)[? ~
%dmA ul|> on B, (1.3.1.15)

d|[Eys|* =
hence the definition of ¢ does not depend on u. By writing R as a disjoint union of bounded
Borel sets Bj,, (1.3.1.14) determines uniquely a nonnegative Borel measure on the real line
which we shall also denote by do.

In the next theorem we give a description of all nonegative measures o such that H is
contained isometrically in L?(o).

1.3.8. Theorem. The space H is contained isometrically in L*(o) for a nonnegative Borel
measure o if and only if do is of the form (1.3.1.14) with some selfadjoint extension A of S
satisfying ran E(R) D H.
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Proof. Suppose Ais a selfadjoint extension of S, defined in a Hilbert space H D H. As in
Corollary 1.3.3, it is easily seen that there exists a nonnegative measure o such that

(BRI ER)g) = [ 2FOTGN) do()
Moreover, for any Borel set B C R and any v € H_ with ®u # 0 on B, we have

_ d|Eyul?

o) = Tga2tn)

n B.

Therefore, if E(R) D H, H C L?(c) isometrically. Conversely, assume that L?(c) contains H
isometrically as a subspace. Via the isomorphism ®, H is isometrically isomorphic to H, and
S is transformed into the multiplication operator M in H. Henceforth, we will not distinguish
between H and H or between S and M. Therefore the multiplication operator A : f(t) — tf(t)
in H = L*(0) is a selfadjoint extension of S. For any Borel set B C R,

E(B): f(t) — xs(t) f(1),
with

XB(f):{(l) i;ga

defines the corresponding orthogonal resolution of the identity. Choose an arbitrary v € H_,

[»uu—(-,(Z;)), hy,hy € H.

Recall that, according to Lemma 1.3.6, ®u(t) = ®hy(t) + tPha(t). Let B C R be a bounded
Borel set. Then for any f € L?(0)

. - h (1)
(BB) u, f) = (u, B(B)* J) = < (h;) | <;§g ) m) ) -
- / (B (t) + tDha(t)) T(1) do(t) = / Bu(t) F(t) dot).
B B

Hence we have

E(B)"u = xp(t) du(t),
and thus also
d|| Exu|)? = |@ul*(X) do(N),
which completes the proof of the theorem. o

1.3.9. Remark. 1f S is densely defined in H, then ran E(R) D H for any selfadjoint extension
A. This follows from F(R)H =dom A D dom S = H.
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1.4 Representation by P(z)

Throughout this section we shall assume that S is a closed symmetric operator defined in some
Hilbert space H with deficiency index (1,1). In the following we introduce the representation
with respect to a generalized gauge. The present results are slight generalizations of what can
be found in [GG] or [KL], where only the case of densely defined S is treated. See also [KW1].

From now on we shall assume that S satisfies the minimality condition (N, = ran(S—2)")

cds | J N.=H. (1.4.1.1)
zeC\R

Recall that, according to Remark 1.2.3, we can view H as a subspace of H_ by identifying
the element f € H with the functional (-, (f;0)) on Hy = S*. Recall that for any canonical
selfadjoint extension A of S and chosen ¢(zg) € N, z0 € C\R, the family

p(z) = (1+(z—20)(A—2)"") p(20) EN. ,z€ p(A), (1.4.1.2)

is an analytic parametrization of the deficiency spaces N, (cf. Section 1.1).

For uw € H_, u # 0, and define
ru(S) :={ze€r(S): [ny,u], # 0 for some n € Nz}.

Clearly r,(S) is an open subset of the complex plane C. By Lemma 1.3.5, for each u the set
r4(S) is nonempty. Suppose 7,(S) has nonempty intersections with each of the halfplanes C*
and C~. Then, with ¢(z) as defined above, the function

[U, <P(E)] +

is holomorphic on each halfplane and does not vanish identically. Thus the zeros of this function
form a countable discrete subset of C\R, and, as z — ¢(z) is continuous,

cls{p(z) : z € ry(S)} = cls{p(z) : z € C\R} = H. (1.4.1.3)
For the same reason we have (compare Lemma 1.3.5)

cls{p4(z) 1 z € ry(S)} =cls{ps(2) : z€ C\R} = Hy. (1.4.1.4)

In the following theorem we give a representation of H by a space functions holomorphic
on 1,(5), such that the operator S is transformed into multiplication by the independent
variable.

1.4.1. Theorem. Suppose r,(S) has a nonempty intersection with each of the halfplanes CT
and C~. Moreover, let f € H. Choose any canonical selfadjoint extension A of S. Then the
function

_ (e
PO = e F €SN e, (1.4.1.5)
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has an analytic continuation f, to r,(S) which does not depend on the particular choice of A.
The mapping

Q:H—Hu, [ fu

is a linear isomorphism of H onto 9, = {fu: f € H}. Via this isomorphism S is transformed
into the multiplication operator M : F(z) +— z-F(z), domM ={F € 9, : z- F(2) € H,}.

Proof. Obviously the function f,(z) is analytic on 7,(S) U p(A). If A" is another selfadjoint
extension of S and ¢'(z) € N, a corresponding parametrization of the defect spaces, clearly
¢'(2) is a multiple of p(z), i.e.

p(2) = c(2) ¢'(2), 2 € p(A) N p(A).
Thus for z € r,(S) N p(A4) N p(A1)
(fv(z) _ (¥R

[u, o+ @]+ [u, ¢ @)+

By Lemma 1.1.4, for any z € r(S) there exists a selfadjoint extension A’ with z € p(A’). Hence
fu(2) has an analytic continuation to r,(S). Because of the relation (1.4.1.3), the mapping
® : f — f, is one to one, and hence an isomorphism of the spaces H and ,. Consider
f€domS. For z € r,(S) N p(A) we have

which shows
DSf(z) = 29(2). (1.4.1.6)

On the other hand, if ®f € dom M, then (z—w)®f(z) = Pg(z) for some (uniquely determined)
g € H. We keep w € r,,(95) fixed. Since ®g(w) =0, i.e. (g,¢(wW)) = 0, we have g € ran(S — w)
and g = (S — w)h for some h € dom S. Using (1.4.1.6),

(z—w)®f(z) = (z — w)Ph(z),
whence ® f = ®h and thus f = h € dom S. O

1.4.2. Remark. We can extend the mapping f +— f, to H_: For v € H_ the function
Pl = LBl 9y A ), (1.4.1.7)
[u, o4 (Z)]x
has an analytic continuation v, to 7,(S). Moreover, due to Lemma 1.3.5, the mapping
¢ H_—9H

ws Vi Puv =1,

is again a linear isomorphism of H_ onto $;, = {v, : v € H_}. Note that ), C 9, and that
du(z)=1€9H,.
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We will call uw € H_ the gauge of the representation of H given by Theorem 1.4.1. Note
that, if the gauge vector u belongs to H, formula (1.4.1.5) simplifies to

i Be@)

In this case the functional P(z) has also a geometrical interpretation: Since (f — f,(2)u, ¢(Z)) =
0, the element f,(z)u is the projection of f onto U = span{u} in the direction of M, =
ran(S — z). The subspace U is sometimes called the modul of the representation.

Observe that $,,, equipped with the inner product (f,g) = (®~1f, & 1g), is a Hilbert
space of functions analytic on r,(S). If we put

Ky(z) = Dn(z),

[uv nJr]:‘:
where n € N, then
(q)quw):q)f(w)u ’U}E’I“u(s),

thus $, is a reproducing kernel space, i.e. is a Hilbert space of analytic functions such that
point evaluation is continuous. It has K, (z) as its reproducing kernel. Via the tranformation
®, the space $, is an isomorphic copy of H, and the multiplication operator M is an isomorphic
copy of S. Thus the deficiency numbers of M are equal to 1, and

Hy =ran(M — w) @ span{ K, } = {F € 9, : F(w) =0} @ span{K,}.

Note that, if f € $,, w € 7,(S) and f(w) = 0, then also the function % belongs to £,,.

Supposefl is a selfadjoint extension of S, acting in a Hilbert space H D H. In the sequel
the mappings R, , E(B)", E(B)~ as defined in Section 1.2 will refer to the space triplet

H S HSH.

associated to S as a symmetric subspace of H?2. As in section 1.3 we will not distinguish between
the functionals v € H_ and @ = [P - ,u]l+ € H_, where P* is the orthoprojector of H, onto
H,.

1.4.3. Lemma. Suppose A is a selfadjoint extension of S acting in H D H. For some z €
C\R, choose a nontrivial element ¥(z) € N,, = ran(S —z)* C H and define

W(z) = (I + (2 = 20)(A = 2)")(20) € Nz, 2 € p(A).
Then for any uw € H_

[u, b B+ fu(2) = (f,9(2)), feH. (1.4.1.8)
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Proof. As usual we denot by P the orthogonal projection of H onto H and by P the orthog-
onal projection of Hy onto H,. Choose a canonical selfadjoint extension A and an analytic
parametrization o(z) of the defect spaces N, associated to S and A. Since ¥(z) € N, and
therefore Pi(z) € N, we have

Thus also

Proa = (00 <o) (£8)) = o = panotd),

and we obtain

[u, P (2)] fulz) = 2@ u, o1 (D)]x fulz) =2=)(f0() = (£,4(2)), =€ p(A) Np(4),

which proves the lemma. O

The following theorem is a kind of inversion theorem for the tranformation ®. One could
prove this result similar as Theorem 1.3.7. However, we shall use a different method.

1.4.4. Theorem. Assume that f, is analytic on an _open set Q@ C C. Choose a selfadjoint
extension A acting in H O H, and denote by (E(-), E({occ0})) its orthogonal resolution of the
identity. Then for all Borel subsets B C QN R the following identity holds:

E(B)f:/Bfu()\)()\—i)dE,\R;u, fed. (1.4.1.9)

Proof. Define 9(z) € N. as in Lemma 1.4.3. Using Lemma 1.2.5, a simple calculation gives

(50) () -t
= Qﬁﬁ%)) + (2 — 20) RT0(20) + (2 — 20) (2 + i) RT R_itp(20).
Thus, with Rf R_; = R*.R.,
(58] = [ (S5 )] = o vt + o =200 = )RR )

Substituting

in the formula above, we get

()] [ ()] + = =B L o) +

+/R ZA‘_EZO (A — i) d(ExR; u, v(20)).

(1.4.1.10)
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Similar,
(f:¥(2) = (f,¥(20)) + (2 — Z0)(R=f,1(20))

— (Bx({oo)) 0o + [ A2 d(Brt (20). (1.4.1.11)

Since f,(z) is holomorphic on an open subset €2, we may choose an interval [a,b] C € whose
endpoints are points of continuity of both measures

doy = (A —9)d(ExR; u, ¥ (20)),
doy = (X — Zo)d(Ex f,9(20))-

(£,4() = ful2) [u <—%))L

Using the Stieltjes inversion formula (cf. Theorem 1.1.10) and (1.4.1.10), (1.4.1.11), we conclude
that

- [ O maE R wveo) = tim o [ (v

—0 271

= lim / fulz [ (_ ((_)))L dz = — FOV =Z0)(\ — 9)d(ExR; u,¥(20))).

s—%)2ﬂl [a,b]

Recall that by Lemma 1.4.3,

Notice that for € — 0 the terms in front of the integral of (1.4.1.10) and (1.4.1.11) are neglectible.
Since the set of all points of continuity of both measures o1, 09 is dense in R, it follows that

d(Exf,¥(20)) = fu NN — i) d(ExR; u,(20))  on QNR.

Remember that in the definition of (2) the choice z9 € C\R and v(z) € N., was arbitrary.
Since N, = N, @ (H © H) and since S is simple, it follows easily that

cls U N, = (cls U N.)®HOoH) =H®(HoH)=H.
z€C\R zeC\R
Thus we can write
dExf = fu(M) (A —4)dExR;u  on QNR

and we proved (1.4.1.9). O

As an immediate consequence of Theorem 1.4.4 we have:

1.4.5. Corollary. If f, and g, are holomorphic on an open set containing the interval A C R,
and if A is as in Theorem 1.4.4, then

9) = /A FaNgu () N = if* d(EAR; @, Ry ) (14.1.12)



CHAPTER 1. SYMMETRIC OPERATORS WITH DEFICIENCY INDEX (1,1) 32

1.4.6. Remark. Assume that f, is holomorphic on a neighborhood of A. If the element u € H
in Theorem 1.4.4 belongs to H, then & = u € H, R; & = R;u and, since (A —i)dE\R;u = dE)u,
formula (1.4.1.9) writes as

E(A)f = / fu(N) dEyu.
A
If also g, (2) is holomorphic on a neighborhood of A, then
(B9 = [ £ By

1.4.7. Definition. Let S be a simple symmetric operator with deficiency index (1,1) and let
w € H_. Then S is said to be entire with respect to the generalized gauge u, if r,,(S) = C. The
generalized element wu is then called an entire gauge for S.

If S is entire and u € H_ is an entire gauge for S, then the family of functionals ¢(z),
(6(Z): frfulz), z€C

is a universal directing functional for S as defined in Section 1.3. The spaces $,, and $;, coincide
with H and H_, respectively. In particular we have ®u = 1 € H_. Conversely, assume that
¢(z) is a familiy of functionals which satisfies the conditions 1-3 in Section 1.3 and consider the
transformation

®:H—H, [f—2f(z)=I(f0¢(3)
connected with ¢. Choose a nonzero v € H_. Then
ru(S) ={z € C : du(z) = (u, 91 (Z)) #0}
and, by the definition of f,,

e/
Du(z)

fu(2)

Thus S is entire if and only if there exists a u(z) € H_ such that u(z) # 0 on C.

1.5 Generalized u-Resolvent Matrices

In the present section we introduce the notion of resolvent matrices of generalized elements. In
the case of densely defined operators these result are wellknown (cf. [AG2], [GG] or [KL]. For
not densely defined symmetric relations, see [KW1].

Throughout this section S is assumed to be a symmetric relation with deficiency index
(1,1) and A denotes a selfadjoint extension of S acting in a possibly larger Hilbert space H O H.
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As in Section 1.2, let P be the orthogonal projection of H onto H and let PT = (P; P) project
H, onto Hy. Moreover, denote by (E(.), E({oc})) the orthogonal resolution of the identity
associated to A and by R, = PR.|y, z € p(A), its generalized resolvent. In the sequel the
mappings R, E(B)T, E(B)~ as defined in Section 1.2 will refer to the space triplet

H ZHLH.

associated to S as a symmetric subspace of H?. As in Section 1.3 we will not distinguish
between the functionals u € H_ and @ = [PT -, u|y € H_.

If uw € H, then the function
ru(2) = (R.u,u), z€ p(A,) (1.5.1.1)

is called the u-resolvent of S induced by A. Note that

1 - '
(Ryu,u) = /]R P d(Exu,u) = /R P d|| Ey wul)?.

Thus we can describe all the measures (Eyu,u) once we know all compressed resolvents of S.
The latter is effectively done by the Krein formula. For u € H_ wether (R} u, u) has a meaning,
since R, u ¢ H, nor the integral

1 . 1 oo
——d|Eyu|)?* = | —— A= i|*d(E\R; u, R;
| 3= Bl = [ s W= iR R
does converge. Note that, for u € H, we find

14 Az d(Eyu,u) / 1 1/ 1 1 - Ri+R_;
- o —) dE = (R, — B0y ),
/RA—Z i1l fon—: alaTi o) dBww) = (R 5w

1.5.1. Definition. Suppose v € H and R, is the compressed resolvent generated by some
extension A, we define

_ R, +R_;

Rz = (R,
u = ( )

Yu.
Any function
Fu(2) = (Rzu,u) +a, a€eR,

is called the regularized u-resolvent of S generated by the selfadjoint extension A.

We are going to extend this notion to u € H_. Define, for any generalized resolvent
R, = PR.|y of S generated by an extension A, a mapping H_ — H? by

A R _ BiAR )
Ryu:= < R iR ) u, z€ p(A). (1.5.1.2)
2Ry — it

—1

2
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1.5.2. Lemma. Suppose u € H_. Then, with the above notation,
Ryu=2P*RT,Ru+ (z+i)(z—i)PYRT,R.R; u, z € p(A), (1.5.1.3)

hence RZ_ maps H_ into H,.

Proof. For any z,wp, w1 € p(A) we find, using Lemma 1.2.5 , that

R; — R;O =(z— wo)RwlR;o + (z —wo)(z — wl)f%wlf%zf{;o,
and a straightforward computation gives

R; - Ry N o
(zf%z— — woé’;o) = (z —wo)Ry, Ry, + (2 — wo)(z — w1) R}, R.Ry, .

Substituting wy = ¢, w1 = —i and vice versa, and summing up gives
R,_R;Jrﬁz:i o o
o r i, | = ARLED + 2+ i)z - ) RLRR
2R, — ———

Note that PRZ_U = R, u as one can easily check. Thus, applying Pt = (P, P) to both sides of
the formula above, we get (1.5.1.3). O
1.5.3. Definition. For u € H_ and any selfadjoint extension A of S, each function

Pu(2) = [Ryu,uls + o, z€p(A),a€R,

is called a generalized u-resolvent of S induced by the extension A.

If w € H then Definition 1.5.3 is equivalent as Definition 1.5.1 in the sense that 7,(z) =
7,.(2) + « with appropriate « € R.

1.5.4. Theorem. Suppose u € H_, 7 (2) is the generalized u-resolvent induced by the selfad-
joint extension A, having (E(.), E({oo}) as its orthogonal resolution of the identity. Then

1+ Az d|| Ex ul? .

(R u,u]+ = z (E({oc}) Ry u, Ry u) + A P e z € p(A). (1.5.1.4)

Ifue H C H_, the term in front of the integral vanishes.

Proof. Using (1.5.1.3), we get
[RTu,uls = 2(R; @, Ry u) + (2 4 i)(z — i)(R.R; u, R, u) =

— (B ({oo}) Ry u, Ry u) + / [+% B Bu

= Z(E({oo})}?z_u,ffz_u) —I—/R
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which implies (1.5.1.4). Suppose u € H, then R;u € dom A and since ranE({oo}) = A(0)
is orthogonal to dom A, the term in front of the integral vanishes. Since (E(oo)R; u, R; u)
depends continuously on v € H_, the assertion follows. O

1.5.5. Lemma. Let A be a selfadjoint extension of S acting in a possibly larger Hilbert space
H D H. Denote by (E(-), E({o0})) its orthogonal resolution of the identity. Then H C E(R)
if and only if for allu € H_

E~’({oo})]:2Z u=

Proof. As in Theorem 1.5.4 we have E({oc})R;u = 0 at least for all u € H. Recall that by
Lemma 1.2.4 we have u € H_ © H if and only if u has the representation u = ( -, (0; b))+ with
h € (dom S)*. Using (1.2.1.4), we obtain

E({oo}) R u = E({o0})(h +iRih) = E({co})h.

Since E(R) always contains dom S, H C E(R) if and only if E({oo})R; u = 0forallu € H_OH,
and therefore for all u € H. (|

1.5.6. Remark. If dom S is dense in H, then we have H C E(R) for any selfadjoint extension
A. Tn this case we also have (E(R)R; u, R;u) =0 for all u € H_ = H. If dom S is not dense
in H, then we can take any u € H_, u §é H to decide whether or not E(R) contains H: Since
S has deficiency index (1,1), we have dim H_ © H = dim S*(0) = 1, and therefore

(E({oo}) 7 u, Ry u) =0

if and only if E({oo})R; v = 0 for all v € H_. This implies that # C E(R) if and only if
(E({oc}) R u, Ry u) = 0.

Using theorem Theorem 1.2.7, one immediately gets

1.5.7. Theorem. Fiz a canonical selfadjoint extension A° of S, and let p(z) and Q(z) have
the same meaning as in Theorem 1.2.7. Then the formula

(L

oG+ 7(:) ¥
[ (=0)ls 1 [es(@)ly i
om0 O gy e Y

R; = RS~

establishes a one to one correspondence between all reqularized resolvents R; and all functions

7 € No U {oo}.

For any 2 x 2-matrix valued function M (z) and any complex valued function 7(z) , we
define

m11(2)7(z) + maa(2)

Mor(z) := ma1 (2)7(2) + maa(2)
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wherever this expression is meaningful. Note that for 2 x 2-matrix valued functions Mi(z),
M (z) and any 7(z),

My o (MyoT)(z) = (M M) o7(2).

A 2 x 2 matrix U is called iJ-unitary if
UJu* = J, (1.5.1.5)

where

J= ((1) _01>. (1.5.1.6)

The following lemma characterizes all i.JJ-unitary matrices.

1.5.8. Lemma. A 2 x 2-matriz U = (uij)%jzl is 1J-unitary if and only if detU = 1 and the
fractional linear transformation
Uor— 7wz

U1 T + U22 ’
maps the closed upper halfplane onto the closed upper halfplane.

1.5.9. Definition. Let v € H_. Choose a canonical selfadjoint extension A of S, a
parametrization ¢(z) associated to S and A, a g-function Q(z) of S and A and a general-
ized u-resolvent r(z) induced by A. For z € r,(S) N p(A), we define a 2 x 2-matrix function

W(z) = (wij)?,j:1 by

. r(2)

wiy(2) = RGN (1.5.1.7)
_r(2)Q(2) — [u, 4 (@) [+ (2), ulx
’LU12(Z) = [u7 o (E)]i (1518)
1

woy (2) = TNGR (1.5.1.9)

Q>
waa(2) := o @ (1.5.1.10)

Note that W (z) is holomorphic on r,(S) N p(A4).

W (z) clearly depends on the choice of A, ¢(z), Q(z) and r(z). However, this dependence
is not essential. If we choose another u-resolvent 7'(z) = r(z) + a, a € R, then the modified
matrix W’(z) writes

W(z) = ((1) ‘i‘) W(2). (1.5.1.11)
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If we choose another Q-function Q'(z) = Q(z) + 3, 8 € R, then W(z) changes into

W) = W(z) ((1) f) (1.5.1.12)

Observe that the additional factor is ¢J-unitary. Next, consider two different selfadjoint ex-
tensions A and A’ of S, both canonical. By adding appropriate real constants, we can assume
that the functions ¢(z), Q(z), r(z) associated to A and ¢'(2), Q'(z), r'(z) associated to A" are
chosen such that the following conditions are satisfied:

= = =2t = Lo, s e ) npl),
(2) = r(z) — [u, o+ (Z)+ o+ (2), ul+
() =r(2) E R
(i) = ¢'(d)
An elementary calculation leads to the relations

Q)
Q(2)
o) = D) s e ) npl)

¢'(2) = o(z), zep(A)Np(A),

and thus

Q'(2) Q) =Q'(1) - Q(i), =z € p(A)Np(A).

Substituting the first condition in the second one, using (i) = ¢'(i) and setting z = i, we
obtain

and hence Q(i) = —Q'(—%). According to the definition of W’(z) and W (z), a straightforward
computation using the above relations shows

W'(z) = W(z) (W?)_l _C(?)(Z)> .z € p(A)Np(A). (1.5.1.13)

Note that the matrix on the right hand side, normed by its determinant, is ¢J-unitary. We thus
arrive at the following conclusion:

1.5.10. Lemma. The 2x2-matriz W (z) as defined above can be extended analytically to r,,(S).

Proof. According to Lemma 1.1.4 there exists to any z € r,,(S) a canonical selfadjoint extension
A’ such that z € p(A’). Choose ¢'(z), Q'(z) and r'(z) associated to A’ and define W'(z)
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correspondingly. Then, by the preceeding results, there exists an ¢J-unitary 2 x 2-matrix U
and numbers a € R, ¢ € C\{0} such that

W(z)=c ((1) (f) W'(z)U, ze€ p(A)npA). (1.5.1.14)

which proves the assertion. o

We will not distinguish between W (z) and its continuation to 7,(S).

1.5.11. Theorem. Let u € H_. Choose any canonical selfadjoint extension A of S and let
W (z) be defined correspondingly. Then, for any T € Ny U {0},

Wor(2) = [R;u,ul+ +a, z€r,(S),acR,

for some selfadjoint extension A of S, where a depends on 7. Conversely, any generalized
u-resolvent can be represented in this way.

Proof. Choose a parametrization ¢(z) and a g-function Q(z) of A and S, and set r(z) =
[RS™w, u]+, where RS~ is induced by the canonical resolvent RS = (A—z)~!. Then, with W (z)
as in Definition 1.5.9, Theorem 1.5.7 gives

(Rl = ST e [l (oL @ales € p(A) N p(A) 1 (S),

where R; is generated by the extension A which is associated to the parameter function 7(z) €
No U {oo} via the Krein formula. O

Observe that for the 2 x 2-matrix function W(z) as in Definition 1.5.9

Lo (2), ul+

det W (z —— #0, zer,(5)nNplAl),

R TNE e

and hence, due to Lemma 1.5.10, det W(z) # 0 for all z € r,(S). Since for any generalized

u-resolvent r(z) we have Imr(z) > 0 for z € C*, Theorem 1.5.11 yields that for z € r,(S) the
mapping

wi1(2)¢ + wiz(2)

¢ wa1(2)¢ + waa(2)

is a fractional linear transformation that maps the closed upper halfplane C+ onto a circle lying
in C+.

1.5.12. Definition. Let v € H_. Any 2 x 2-matrix valued function W (z), holomorphic on
7r,,(9) possessing the properties of Theorem 1.5.11 is called a generalized u-resolvent matrix.
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In the following theorem we characterize all u-resolvent matrices. For a proof see [KW1].

1.5.13. Theorem. Let W(z) be defined as in Definition 1.5.9. If Wi(z) is a generalized u-
resolvent matriz, then there is a function vy(z) holomorphic on 1,(S), v(z) # 0, a constant
a € R, and an 1J-unitary matriz U such that

Wi(2) = 7(2) <(1) ‘f) WU, z€r(S). (1.5.1.15)

Conversely, any 2 x 2-matriz function defined by (1.5.1.15) is a generalized u-resolvent matriz.

Next let us consider the situation where a universal directing functional ¢(z), z € C, for
S as defined in Section 1.3 is given. Recall that for v € H_

ru(S) ={z € C : ®u(z) = [u, ¢4+ (2)]+ # 0}.

Thus W(z) as in Definition 1.5.9 is meromorphic in C, with possible poles only at the zeros of

[U7¢+(E)]i'

1.5.14. Theorem. Let W (z) be as in Definition 1.5.9. Then the u-resolvent matriz Wa(z) =
[u, 04 (Z)]+ W(2) is entire.

Proof. By Lemma 1.5.10, the matrix function Wy(z) is analytic on r,,(S) = {z € Clu, ¢4+ (2Z)]+ #
0}. Suppose a € C and [u, ¢+ (Z)]+ = 0. Choose a canonical selfadjoint extension A’ of S such
that a € p(A’). This is always possible by Lemma 1.1.4, since r(S) = C. As in Lemma 1.5.10
we have

W) =UW'(2)V

for certain iJ-unitary matrices U and V. The functions ¢’'(z), Q'(z), r’(z) connected with A’
are analytic on p(A’). We can write ¢’'(z) = ¢(z)$(z) for an analytic function c¢(z) # 0 on p(A’).
Since

wo+(@))e 1

[u, (p/Jr ()]« c(Z

~—

is analytic on p(A’), the matrix function W)(2) = [u, ¢4 (Z)]+ W'(2) is analytic on p(A’). In
particular Wy(2) is analytic in a neighborhood of a. O

1.6 Representation by (—Q(z);P(z))

The results presented here can also be found in [KL], [St] or [KW1]. As in Section 1.4, we
assume througout the following that S is a closed symmetric operator with deficiency index

(1,1).
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Suppose u € H_. In Section 1.4 we showed that, chosen a canonical selfadjoint extension
A of S and a parametrization ¢(z) € N, connected with S and A, the function

Py = LPE) ey p(a),

has an analytic continuation to r,,(S) and that this continuation does not depend on the choice
of A and ¢(z). Choose a u-resolvent r(z) generated by the extension A and define the vector
function

Y(z) =R, u—

z

e(z),  z€p(A)Nry(S).
Moreover, let

Q2)f = (f,¥(2)) = [RI f.ulx — (P(2)f)r(2), =€ p(A) Nru(S).

1.6.1. Lemma. The function Q(z) defined above has an analytic continuation to r,(S). This
continuation does not depend on the choice of the canonical selfadjoint extension A and the
parametrization ¢(z).

Proof. If A’ is another canonical extension of S, then by the Krein formula

_(9(®)
T+ Q(2)

for a certain real parameter 7. Suppose r’(2) is a u-resolvent generated by A’ such that

R, =R, o(2),  z€ru(S)Np(A)Np(A),

() = () = I (o ()., 2 € () M) ()

We then have
(f,0(2)

Q()f = IR fruls = (P()S) 1'() = [RES = 20 m0s e (e) s -
=P (1) - LED oy (.02 ) = 0Ca1

In the following lemma we show that we can view {©(z),1¥(z)} as a parametrization of
the defect spaces of a certain restriction S, of S.

1.6.2. Lemma. Let S be a symmetric operator with deficiency index (1,1). If uw € H_ is
chosen such that S € keru, then the symmetric operator

Su—Sﬂkeru_{<ch> €5 :[<£),u]i—0}
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has deficiency index (2,2). Moreover, if A is any canonical selfadjoint extension of S and p(2)
and ¥(z) are defined correspondingly, then

ran(S, — z)* = span{p(%), Rz u} = span{p(Z2),¥(2)}, 2z € ru(S) N p(A).

If S C keru (and therefore S, = S), then there exists a holomorphic function c(z) on 1,(S)
such that ¥(z) = c(Z)p(z). We then have in particular

Q(2) =c(2) P(2), z€ryS).

Proof. Let A be a canonical selfadjoint extension of S. Observe that for (f;g) € S we have
(9 2f, Rou) = [RF (g — 2f) uls = [G) . (16.1.1)

This implies that RZ u belongs to the defect space ran(.S, —2)t If S ¢ ker u, then codimg S, =
1 and hence S, has deficiency index (2,2). Moreover, according to (1.6.1.1), the vector RZu
does not belong to (S — z)* (otherwise S C keru). Thus ¢(z) and R_u (and therefore ¢(%)
and (%)) are linearly independent and

ran(S, — 2)* = span{y(z), Rz u} = span{(2), ¥:(2)}.

If S C keru, then S, = S has deficiency index (1,1). Thus R u and therefore (z) must be a
multiple of ¢(z), i.e. ¥(z) = c(Z)p(2), z € p(A), for some holomorphic function ¢(z). Hence

Q(2) = c(2)P(2), =z € p(A).

Since for each f € H both functions P(z)f and Q(z)f can be continued analytically to r,(.5),
also ¢(z) has a holomorphic continuation to r,(.5). O

From now on, we shall assume that .S, is minimal, i.e. the following relation holds:

cls U ran(S, — 2)* = H. (1.6.1.2)
z€C\R

Note that this is always the case if S itself is minimal. Denote by ® the mapping that assigns
to each f € H the analytic vector function

Of = £(z) = <‘7§iz*§}f) . zeru(S).

It follows from the minimality of S, that, if w € H_ is chosen such that r,(S) has nonempty
intersection with both halfplanes CT and C~, ® is one to one. Define §), as the space of all
vector functions f = & f, f € H, equipped with the inner product

(f,8) = (f,9)-
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The space $),, is a Hilbert space of functions analytic on r,(S), and ® : H — §,, is an isomor-
phism of the Hilbert spaces H and $),. It is easy to verify that, via the mapping ®, the operator
Sy is transformed into the operator of multiplication by the independent variable. According
to Lemma 1.6.2, the multiplication operator in H, may have deficiency index (1,1) or (2,2),
depending on whether or not S C ker u.

For f € 9, and a € r,(S) define the difference quotient by

Ri(a)f = w (1.6.1.3)
Via the isomorphism ® : H — §),,, the operator S is transformed as follows:
1.6.3. Theorem. Let P(z) and Q(z) be defined as above. Then for any f € dom S
Q(2)Sf=29(2)f + | <S],cf) cul,. (1.6.1.4)
Hence the operator ®(S) is determined by
(®(S) —a)™" = Ri(a)|{f: maf(a)=0}> @ € ru(S). (1.6.1.5)

Proof. Suppose f € domS. Note that for any selfadjoint extension A of .S,
[R:Sfuu]i =z [R:fvu]i + [Rj(s_ Z)fuu]i =

_Z[ij,u]i+[<gf),u}i.

Since P(2)Sf = 2z P(z)f, the above formula implies (1.6.1.4). Fix a € r,(S) and choose a
canonical selfadjoint extension A of S with a € p(A4). Since f € ran(®(S) — a) if and only if

(f,p(@)) = maf(a) = 0 we get
ran(®(S) —a) = {f : mf(a) =0}, a€r,(S).
Together with (1.6.1.4) this immediately implies (1.6.1.5). 0

1.6.4. Remark. If S is minimal, then ®f(z) is uniquely determined by its second component
ma®f(z) = P(z)f. According Theorem 1.4.1, S corresponds via ® to the operator

O(S) = {(f;g) : zmaf(2) = mg(2)}.

Observe that for any w € r,(S5), z,y € C, the linear functional
fr—zQ)f +yP(2)f

is bounded. This implies that in $),, the point evaluation functional f — z mf(w) + y maf (w) is
bounded, i.e. ), is reproducing kernel space. Its reproducing kernel is given by a 2 x 2-matrix
function K (w, z) such that for any (x;y) € C? and w € r,(S) the function

K ()
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belongs to £, and satisfies
x z\"
f, K(w, - = f(w), fe9,.
axtw ) (3))= (1) ). res
The kernel of $,, can be computed explicitly:
1.6.5. Theorem. For w,z € r,(S) and W (z) as in Definition 1.5.9, the relation

W)W () = (—Q(<§>
P(z

Hy (w,z) = ) (=Qw)*, P(w)*), zwemr,(S), (1.6.1.6)

zZ—w

holds. Hence Hy (w,z) is the reproducing kernel of $.,.

Proof. For w € r,(S) the adjoints of the linear functionals f — P(w)f and f — Q(w)f are
given by

P(U’)*y:ymw(@), y € C, (1.6.1.7)
and
*r=x (R_u— r(®) w x
Q(w) 'z =z (R o @).u1 w(w)), e C, (1.6.1.8)

respectively. By Definition 1.5.9 we have

(2~ mP()QMw) = —(z—m)

s @ T o (@) alel,
i) —pu(@)s | )@ QW) _ . Qe @)
R PR P o R I TR ) 002G ooy (O

and
VO VP — (s gy 2 P@)ule | 7(2) (2 = W) (@), () _
A L P 7 P P R R S o
_ @ mer)ius | r(2) Q) - QW) r(2)Q) = [pr (), ulx[w o1 E)l
[u, o4 (W)]+ [u, o1 (Z)]£[u, o1 ()], [u, o1 (Z)]+[u, o (W)] 4

+
[
I
g
O
§
B
|
g
O
S
E
+
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[u, 9+ (Z)]+ [u, o+ (W)] 1
r(w)(z —W)[RI (@), uls  r(2)(z ~W)[u, REp()]x _ r(w)r(2)(Q(2) — Qw))

T @l e @l e @hm e @l
Tl — e @l r(npa(w) — ea ()
Friz) —rw) s (). [y )]
(M)A — lps ()il or Ba)r@) () (@)@ — s ()] T o ()

[u, o+ (Z)) e [u, o4 ()] 1 [u, o+ (Z)) [u, o4 ()] 1
= w2 (2)wi1(w) — w1 (z)wiz(w).

This proves (1.6.1.6). A short computation shows that Hyy (w, z) is the reproducing kernel for
Nu- O

We give some properties of the difference quotient R4 (a):

1.6.6. Theorem. The space $), is invariant under forming difference quotients. Moreover,
the operator Ri(a) : Hy, — 9, is the resolvent operator of a certain linear relation extending S.
In particular, Ri(a) is bounded and R1(a)f depends analytically on a € r,(S). For f,g € 9,
and a,b € r,(S), the following identity holds.

g(b)"Jf(a) = (f,R1(b)g) — (Ri(a)f, ) + (a —b) (Ri(a)f, R1(b)g) (1.6.1.9)

Proof. Let a € r,(S) and choose a canonical selfadjoint extension A of S such that a € p(A).
Consider the element R, (¢cf — P(a)f u). We shall show that

f(z) — f(a)

zZ—a

Ri(a)f = =®(R, (of —P(a)f u)). (1.6.1.10)

Since, by (1.2.1.18), we have R} p(z2) = %, it follows that

P(2)(Ry (uf — P(a)f u)) (Ra(bﬁizgﬂ)w@) _

1f = Pa)f u, &E=2=E), proyr_p(a)f

[, p4(2)]= z—a

As one can easily verify, the resolvent identity implies R, — R, = (z — a) RF R, . Also, since
R;Lf = Raf;
Q(2)(R, (of = P(a)f u)) = [RT R, (of = P(a)f u),ul+ —
Tfoule — RS fiule —Pla)fr(z a)fr(a
—T(Z)’P(Z)(R;(Lf—fp(a)fu)):[Rz'ﬁ ]:t [Rafv ]:t P( )f ( )+P( )f ( ) _

P()f — Pa)f _ Q(:)f - Qa)f

z—a z—a '
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It follows from (1.6.1.10) that Ri(a) : H, — 9, is bounded and depends analytically on a €
r,,(S). Since the difference quotient obviously satisfies the resolvent identity Rq(a) — R1(b) =
(a —b) R1(a)R1(b), it is the resolvent operator of a certain relation extending S (cf. Theorem
1.1.2). Finally, a computation will prove the identity (1.6.1.9)

(f, Ry (tg = P(b)gw)) — (Ry (of —P(a)f u).g) +
+(a—_)(;(bf P(a)f u), Ry (g — P(b)gu)) = (Rgf,9) — (Raf,9) + (a = b) (RzRaf.9) +

+P(a)f ([u, R ]i+(b_a)[uR—Rbg]i)_P(b)g([Rj—fa uls + (a = b) [RY Ro f,ulx) +
+(a—b>P(a>fW [RY R, u,ule = P(a)f (u Rb 9+ —TW) -
~P)g ([Rf f,ul+ + P(a)f r(a)) = (a).

For the remainder of this section we investigate u-resolvent matrices of symmetric ex-
tensions of S. Most of the proofs will not be carried out in all details, for a more rigorous
treatment see e.g. [KW1].

Suppose S7 is a symmetric extension of S defined in a larger Hilbert space H;. Both S
and S; are assumed to have deficiency index (1,1). As before, the space triplet

H SH-H
refers to the symmetric operator .S, and
H % H % H

denotes the space triplet associated to S; C HZ. For our purposes, we need to embed H_ into
Hy,_: Let P be the orthogonal projection of H; onto H. As in Section 1.2, it is easy to see

that the projection
P P:Hf — H? (f> — (Pf>,
g Py

maps H; ; into H;. Denote by Py the restriction of P ® P to Hy 4. The adjoint P} of
Py :H,  — H, is a mapping of H_ into H; _.

1.6.7. Lemma. Denote by r(S,S1) the set v(S,51) = {z € r(S1) : H € ran(S1 — 2)}. We
then have

P(ran(S; — 2)*) =ran(S — 2)*, 2z €7(S,5).
Moreover, if u € H_ then

ru(S) N T(S, Sl) = 'f'Piu(Sl) N T(S, Sl)
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. Let A and A; be canonical selfadjoint extensions of S and Sy, respectively. Denote by
R, : H_ — H, the regularized generalized resolvent generated by the extension A;, and by
Ry : Hy,_ — H;j  the regularized resolvent that belongs to A;. It is not difficult to verify that

PiR, P! =R.. (1.6.1.11)

Fix u € H_. Let r(z) be the generalized u-resolvent generated by A and r1(z) the generalized
P} u-resolvent generated by the extension A;. By Theorem 1.5.7 and (1.6.1.11), r(2) and 71(2)
are connected as follows:

_ ) e G)lxlp4 (2), Ul
ri(z) =r(z) 00) + () + 8, (1.6.1.12)

where 7(z) is the parameter function that corresponds to A; and § is a real constant. Denote
by W(z) (Wi(z)) the generalized u- (P}u-) resolvent matrix as introduced in Definition 1.5.9
using r(z) and 71(z). The following statement shows the connection between W(z) and Wi (z).
For the definition of My and $(M), see Section 2.2.

1.6.8. Theorem. Let uw € H_. With the above notation, the following relations hold:
Pi(z)f=P(2)f, Qx)f=QR)f+8,  fe€HzersS)Nr(S,S5).

Assume that S, and Sl,Piu satisfy the minimality condition (1.6.1.2) and that 1,(S) has

nonempty intersection with both halfplanes Ct and C~. If B = 0, then there exists a ma-
triz function M(z) € Mo analytic on r(S, S1) such that

Wi(z) =W (z)M(z), ze€r.,(S)Nnr(S,S1).
The matriz function M (z) does not depend on the choice of u.
Proof. Denote by O the set O = r,(S) N r(S,S1). Recall that, according to Lemma 1.6.7, we
have
O =1y (8) Nr(S,51) = rpzu(S1) N7(S, S1).
Lemma 1.6.7 also implies that for z € O we have (with chosen nonzero n; z € ran(S; — z)+)

Pie)f = LD LPme)  p)

[P_’;u,nlz]i [“up-l-niz]i

and also

Qu(2)f = Q2)f + 5,

where 3 is as in (1.6.1.12). Assume that both S, and Slﬂpiu satisfy the minimality condition
(1.6.1.2), and also that r,(S) NC* # @ and r,(S) NC~ # 0. Consider the reproducing kernel
spaces ), and 9, Pru- As follows from Theorem 1.6.5, the reproducing kernel of §, and
91,pP;u is given by Hw (w, z) and Hy, (w, z), respectively. If 8 = 0, then obviously $ = 9,|o is
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contained isometrically in $; = $, Prulo- Define a holomorphic matrix function M (z) on the

set 7,(S) Nr(S, S1) by
M(z) = W(2)'Wi(2).

The orthogonal projection of $); onto $ maps the reproducing kernel of $; to the reproducing
kernel of $. Thus

Hy, (w,z) — Hy (w,z) = Wl(Z)le(_w)* —-J _ Wi (2)JWy(w)* —J _

M(z)JM(w)Z*_—ujf o

Z—w

=W(z) W(w)*, w,ze€O0,

is the reproducing kernel of $; © $. In particular, this implies M € Mj. Once it is proved
that M (z) is independent on the choice of u, it follows immediately that M (z) has an analytic
continuation to (S, S1), since to any z € 7(S,S1) we can find an element v € H_ such that
z € r,(5). For a proof of the independence see [KW1]. O

In the proof of Theorem 1.6.8 we also showed:

1.6.9. Corollary. Let w € H_, S and Sy be as in Theorem 1.6.8, and denote O = r,(S) N
r(S,51). If B = 0 in Theorem 1.6.8, then $ = $H,|o is contained isometrically in $H; =
91,pzulo. Moreover, with W(z) and M(z) as in Theorem 1.6.8,

M(z)JM(w)* —J

Z—w

W(z) W(w)*, w,z €0,

is the reproducing kernel of 16 $. In particular, the mapping £(z) — W(2)f(z) is an isomor-
phism of the spaces H(M) and H1 © 9.



Chapter 2

Reproducing Kernel Spaces of
Entire Functions

2.1 Functions of class N

2.1.1. Definition. Suppose O is an open subset of C. A function f(z) analytic on O is said
to belong to the class Ny if

Q(z)=Q(z), =zzZ€O0, (2.1.2.1)

and if the kernel

K(w,z) = M w,z €0, (2.1.2.2)

p— )

w

is positive definite.

Since K (w, z) is positive definite on O, there exists a unique reproducing kernel space
R(Q) of functions analytic on O, such that K(w, z) is its reproducing kernel. Since Im Q(z) =
Imz K(z,z), we have ImQ(z) < 0 for z € ONC~, and ImQ(z) > 0 for z € O NCT, both
inequalities are strict if @Q(z) is nonconstant. Thus R(Q) is nontrivial if and only if @ is
nonconstant.

Any function f(z) analytic in C\R, with Im f(z) > 0 for z € C*, belongs to the class
No. This is easily seen from the Poisson representation

1/1+/\z do(\)
R

48
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where o € R and 8 > 0. In fact, it follows that for any choice of z; € C\R, ; € C,i=1,...,n

n

3 Cf(ZZ)T —3 Z GG+ / Z _ ZCZCJ do(\) =

A—7Z
ij=1 i,j=1 ij= 1 i) J)

:6‘292 /\ZA_%

2

For any function Q(z) analytic on C\R, denote by p(Q) the largest open set O O C\R
such that @ can be continued analytically to O. The kernel (2.1.2.2) is positive definite on the
entire set p(Q) as is seen by an easy continuity argument. Moreover, denote by r(Q) the largest
open set O such that @ has a meromorphic continuation to O.

Let us state some important properties of -functions.

2.1.2. Proposition. Suppose S C H? is a symmetric relation with deficiency indezx (1,1)
and let A be a canonical selfadjoint extension of S. Any Q-function of S and A as defined
in (1.1.1.7) is of class Ny on p(A). Assume that S is H-minimal. Then p(A) = p(Q) and
r(S) = r(Q). Moreover, Q has only real poles in r(Q), and

Q) >0, tepQnR

If S — X is one to one for any A € r(S) NR, then the poles of @ in r(Q) are simple, and the
spectrum in r(S) of any other canonical selfadjoint extension A, is given by

ocA)Nr(S)={ter(S) NR : Q(t) = -7}, (2.1.2.3)

where T is the parameter associated with A, by the Krein formula (Theorem 1.1.3).

Proof. If Q(z) is a Q-function of S and A, then by definition

() (w)

SI:Q

= (90(2)7 Sp(w))v Z,w e p(A),

where ¢(z) is connected with A. Thus @ € Ny. Obviously, p(A) C p(Q). We prove that
p(Q) C p(A). Let (E(-), E({o0})) be the spectral resolution of H connected with A. Choose
zo € C\R and ¢(z9) € N,,. Then

A—

p(z) = p(z0) + (2 — 20)(A — 2)"'p(20) = E({oo})¢(20) + e

(20); 2 € p(A),

and we find for x € R, y > 0,

Im Q(z + iy) = y|| E({oc})¢(20)[I” + /R m A — z0/*d(Ex(20), ¢(20))-
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We have Q(z) = Q(Z) for z € p(A) and hence, by continuation, also for z € p(Q). If z € p(Q)NR,
then Im Q(z) = 0. Thus the left side of the last equation tends to zero as y — 0. Since the
functions
1 y
A=
ey (A —1x)? 4+ y?

form an approximate identity, we may conclude that

IA = 202 d(Exp(20), 9(20)) =0 on p(Q) NR.

Since the linear span of the ¢(z), 20 € C\R, is dense in H, we can conclude that E(-) vanishes
identically on p(Q) NR and therefore p(Q) C p(A). In particular, we have

s—t s—t

= (p(t), (t)) >0, tep@)NR. (2.1.2.4)

The spectrum of A in discrete in r(Q). Let A, be the canonical selfadjoint extension of S
determined by

(-2t = (-2t = SEE o e gy npta),

Obviously,
o(Ar) Co(A) Uit €p(Q) : Q) = —7}.

Observe that the set {t € p(Q) : Q(t) = —7} and therefore o(A;) is discrete in r(Q), which
implies that 7(Q) C r(S) (cf. [AG2]). On the other hand, since S has finite deficiency numbers,
any canonical selfadjoint extension has discrete spectrum in 7(S) (cf. [AG2]), thus r(S) C r(Q).
If S — ) is one to one for any A € r(Q) NR, we conclude that, since S has deficiency index 1, the
spectrum in 7(S) of any canonical selfadjoint extension consists only of simple eigenvalues, and
any two different selfadjoint extensions have no eigenvalues ¢ € r(S) in common. Thus ¢(2)
and therefore Q(z) have a simple poles at ¢ € o(A) Nr(S), and

ag(A)Na(A)Nr(Q) =0.

From this (2.1.2.3) follows, and the proof is complete. O

The following construction of K(Q) is standard and can also be found in [ABDS]. For a
similar method see [LT].

2.1.3. Theorem. Suppose Q € Ny on O and Q is nonconstant. Then $ = R(Q) is closed
under forming difference quotients

Ri(a)f(z) = —~———=, f€Ha€O.
For any f,g € 9, a,b € O, the following identity holds.

(Ri(a)f,9) = (f,R1(b)g) = (a — b) (Ru(a)f, R1(b)g)- (2.1.2.5)
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The operator S : f(z) — z f(z) with domS = {f € 9 : zf(z) € 9} is a closed symmetric
operator with deficieny index (1,1), and R1(a) is the resolvent operator of a canonical selfad-
joint extension A of S. Hence the operator Ri(a) : $ — $) is bounded and Ri(a)f depends
analytically on a, in the norm of $. Q(2) is a Q-function of A and S.

Proof. Consider £ = span{K (w, -) : w € p(Q)}, endowed with the inner product of £(Q). L
is a pre-Hilbert space, and £ = &(Q). A straightforward computation shows that

- Kb(z) — Kb(a)

K.(z) — Ky(z) = (@—b) =(@—-0b)R1(@)Kp(2), a,beO. (2.1.2.6)

z—a

Hence L is closed under R;(a). First we show that (2.1.2.5) is valid for f,g € £. Using (2.1.2.6),
we obtain that for any w,z € O

(KUH KE) - (K’wu Kz)

(Kw, R1(D)K.) — (R1(a) Ky, K.) + (a — b) (R1(a) Ky, R1(DK,) = — —
_ (Kﬁv K.)— (KwaKZ) + (a _5) (Kﬁv KE) — (vaKB) — (Kﬁv KZ) + (KwaKZ) _
a—w (a —w)(b— 2)
_ (b—w)K(w,b) + (2 — a)K(a, 2) —_(z ~w)K (w,z) — (b— a)K(a,b) _o.
(a —w)(b—z)

This implies that (2.1.2.5) holds for f,g € £, a,b € O. The operator R(a) = Ri(a) : L — L
satisfies

(R(a)f,9) = (f,R(@)g), f,g€L,

and therefore R(a)* = R(@) as linear manifolds in £2. Moreover, the resolvent identity holds:

R(a)f — R(b)f = (a—b) R(b)R(a)f, fe€L.

According to Theorem 1.1.2, R(a) = (Az—a) ™! for a certain selfadjoint relation A in £2. Since
L is dense in §, the closure A of A is selfadjoint in 2. Thus its resolvent R(z) = (A — 2)~!
satisfies the identity

For any a € p(A), the mapping f — (Az —a)~'f = Ri(a)f, f € L, is continuous. Let f € §
and choose a sequence f,, € L that converges to f € $. Then Rj(a)f, is convergent, say to
g € 9. It follows that

/() ~ fla) _

zZ—Q n—oo

which shows that for any a € p(A), 9 is closed under forming difference quotients R4 (a)f,
f € 9. Moreover, Ri(a)f = (A—a)~'f possesses all the asserted properties. For any z € C\R,

(S —2)"" = (A= 2)"ipip(z)=0}
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hence S is a closed symmetric operator. Unless @ is constant, K(z, z) > 0 for all nonreal z € O,
whence

H=span{K.}®{f € 9H: f(z) =0} =span{K,} dran(S — z), z¢€ O\R. (2.1.2.7)

Thus S has deficiency index
p(2) = (1+ (2 —2)(A—2)"!

1,1). If we put Kz = ¢(z), z € O, then by (2.1.2.6) the identity
)¢(20) holds. Since

Q) —Qw) QW) -Q[E)

= = SD 8 K@) = (¢ plw), mweO,

Q(z) is a Q-function of A and S. Since S is H-minimal, Proposition 2.1.2 shows p(A) = p(Q) D
O and the proof is complete. O

2.1.4. Remark. Since $) is closed under forming difference quotients R1(a)f, a € O, for each
a € O there exists f € 9 with f(a) # 0. Thus K(z,2) > 0 for all z € O and hence

H=span{K,.} ®{f €9H: f(z) =0} =span{K,} ®dran(S — z), z¢€O. (2.1.2.8)

The following corollary is obvious.

2.1.5. Corollary. If Q(z): O — C belongs to the class Ny, then Q(2) has an analytic contin-
uation to C\R which also belongs to the class Ny.

2.2 The Space Hg(M)

In the present section we introduce the classes My and Mj of matrix functions, and the
reproducing kernel spaces R(M) and Hg(M) which occur in this context. For our later work
we will just need few results on these spaces. See also [KL], [KW1] or [KWZ2].

2.2.1. Definition. An analytic 2 X 2-matrix function M (z), defined in some open set O C C,
is said to belong to the class My, if

M(z)JME)*"=J, z7zZ€O0, (2.2.2.1)

and if the matrix kernel

M(2)JM(w)* — J
Hy(w, z) = (2) - _(g) . zweoO, (2.2.2.2)

is positive definite.

The condition (2.2.2.1) implies that Hps(w,z) is continuous on O? and that for each
w € O, the function Hys(w, ) in analytic in O. Note that, if U and V are iJ-unitary matrices,
then U M(z) V belongs to My if and only if M(z) € M.
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To any 2 x 2-matrix function M (z) € M there exists a unique Hilbert space (R(M), (-, -))
of vector functions analytic in O, such that Hjps(z,w) is its reproducing kernel (cf. Section 1.1).
Theorem 1.6.5 shows that the generalized u-resolvent matrix W (z) belongs to the class M.
The following theorem, which is proved in [KWT1] characterizes all My-matrix functions.

2.2.2. Theorem. Suppose that the 2 X 2-matriz function M(z), z € O, belongs to My. Then
there exists a Hilbert space H and a symmetric relation S C H? with deficiency index (1,1), a
canonical selfadjoint extension A of S, an element uw € H with 7,(S) N O # 0, and iJ-unitary
matrices U and V', such that

MG)=VW(>E)U, zer,S)NO,

where W (z) is a generalized u-resolvent matriz associated with S and A.

In paticular this implies

2.2.3. Theorem. For any M(z) € My, the space K(M) is closed under forming difference
quotients

Ri(a)f = M, f € A(M).

zZ—a

The operator Ry(a) : R(M) — K(M) is bounded, R1(a)f depends analytically on a, in the norm
of R(M), and satisfies the identity

g(b)"Jf(a) = (f, R1(b)g) — (Ri(a)f,g) + (a — ) (Ri(a)f, R1(b)g), f,g€ R(M). (22.2.3)

Proof. Let be W(z) a conveniently chosen u-resolvent matrix such that M (z) = VW (z) U with
tJ-unitary matrices U and V. Since K(W) = §,,, the space K(W) is closed under application
of R1(a), a € O, and the operator R (a) possesses all the properties listed above. We have

HM(waZ) =V HW(waZ) V*a

hence, as discussed in Section 1.1, the mapping f(z) — V£(z) is an isomorphism between the
Hilbert spaces (W) and &(M). Since

Ri(a)f =V IR (a)VE, fe &WM),

also R(M) is closed with respect to Rq(a), and the operator R1(a) has all asserted properties.
O

2.2.4. Definition. Suppose S(z) is a scalar valued entire function. A 2 X 2-matrix valued
function M (z) whose entries are entire functions belongs to the class M35, if

M((2)JMZ)* = S(2)JS(z), ze€C, (2.2.2.4)
and if the matrix kernel
M (z)JM(w)* — S(z)JS(w

Hy(w, z) = po—— , z,w € C, (2.2.2.5)

~

is positive definite.
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Note that for iJ-unitary matrices U and V, we have UM (2)V € M5 if and only if
M(z) € M§. For any M(z) € M§, there is a unique reproducing kernel space Hg (M) such
that Hy is its reproducing kernel. If the matrix M (z) is given by

- (43 82)

the kernel Hy(w, z) can be written as

B(z)A(w) —A(z) Bw) B(2)C(w) ~ A()D(w) +5(2)S(w)
Ha(w, 2) = D(2)A(w) ~C () B(w)+5()5(w) D(2)C(w)~C (:)D(w) (2:2.2.6)

2.2.5. Corollary. Let M(z) € M§, and assume that a € C is such that S(a) # 0. Then the
space ) = Hg(M) is closed with respect to forming difference quotients

Z)— S(z) a
Rs(a)f(z) = M, feh. (2.2.2.7)

zZ—a

The operator Ri(a) : § — § is bounded and Ri(a)f depends analytically on a, in the norm of
9. Moreover, it satisfies the identity

1

S B0 T = (ERs(bg) — (Rs(@)f.g) + (=) (Rs(@)f. Rs(g). (2229

foralla,beC, f,gc$.

Proof. Since M'(z) := ﬁM(z) € My on the set O = {z € C : S(z) # 0}, and since the
mapping f(z) — S(2)f(z) is an isomorphism of the Hilbert spaces R(M'(z)) and R(M(z2))|o,
the present result is an immediate consequence of Theorem 2.2.3. O

2.3 The Space H(A, B)

2.3.1. Definition. Suppose A(z) is an entire scalarly valued function. An entire function B(z)
belongs to the class N, if

B(z)A(zZ) — A(2)B(Z) =0, zeC, (2.3.2.1)

and if the scalar kernel

B(z)A(w) — A(z) B(w)

K(w,z) = —

, w,z€C, (2.3.2.2)

is positive definite. The reproducing kernel space generated by K(w, z) is denoted by H(A, B).
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2.3.2. Remark. If both A and B are real functions, i.e. A(Z) = A(z) and B(z) = B(z), and if
A and B have no common zeros in the upper halfplane, then K(w, z) as defined above is the
reproducing kernel of a de Branges space H(FE), with E(z) = A(z) —iB(z).

Obviously, B € Ng! if and only if A € Nf. Note that

- - B(z) B(w)
B(z)A(w) — A(z)B(w)

gl
w
|

Hence B(z) € N3 if and only if B(2)/A(z) € Ny. The transformation f(z) — A(z)f(2) is an
isomorphism between the Hilbert spaces R(B/A) and H(A, B)|,(g/a). Therefore H(A, B) is
nontrivial if and only if A and B are linearly independent. Via this isomorphism the mulitpli-
cation operator by the independent variable in R(B/A) is transformed into the mulitplication
operator S : F(z) — zF(z) in H(A, B). According to Theorem 2.1.3, § is a closed symmetric
operator with deficiency index (1,1). Moreover, B(z)/A(z) is a @Q-function of a certain self-
adjoint extension of &, Proposition 2.1.2 shows that r(S) = rB/A = C. We summarize these
facts in the following theorem:

2.3.3. Theorem. Suppose B € Ng'. Then H(A, B) is nontrivial if and only if A and B are
linear independent. In this case, H = H(A, B) has the following properties:

(H1) H is a reproducing kernel space of entire functions.

(H2) §: F(z) v~ z F(z) is a closed symmetric operator with deficiency index (1,1).

Moreover, any z € C is a point of reqular type for S.

2.3.4. Remark. Note that, since any w € C is a point of regular type for S,

H =ran(S — w) @ span{ K}, n=Ord,H.

Suppose H is any Hilbert space of entire functions which possesses the properties (H1)
and (H2). Consider the space triplet

He SHS H_

associated to §. Since S satisfies the minimality condition (1.3.1.7), we can regard H as a
subspace of H_ by identifying F' € H with the linear functional (-, (F;0)) € H_. If convinient,
we will not distinguish between (F; G) € Hy and the functional (-, (F;G))4+ € H—. With K
we denote the element (K,;Z K,) € H4. As in Lemma 1.3.5, we have

cs{K :2¢€C}="H,. (2.3.2.3)

The following lemma enables us to identify Assoc(H) = H + zH with H_. Its proof is exactly
the same as the one of Lemma 1.3.6.
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2.3.5. Lemma. Letv = (-,(F;G)), € H_. Then, with the above notation,
[v, K[|+ = F(2) + 2G(2) € Assoc(H). (2.3.2.4)

Conversely, to any H(z) € Assoc(H) there exists a unique element v € H_, such that H(z) =
[’U, Kj]i

Note that L,(z) = (2 — W)Ky(2) € Assoc(H). Let P denote the orthoprojector of H?
onto Hy. Define

ly = PJK} € H,. (2.3.2.5)

Since
(o K5) = (P (‘?(fw) K, = ( (‘?fw) KH) = (2 — D) Ko(2), (2.3.2.6)

the functional (-, 1)+ is the element of H_ that corresponds to L, (z). Since K} € Hy, JK
and therefore PJK is orthogonal to S, hence (,1,,)+ is a boundary value. We now give an
explicit description of the kernel K, (z).

2.3.6. Theorem. Assume that a Hilbert space H satisfies (H1) and (H2). Then there exist
entire functions A and B such that

(z —W) Kyu(2) = A(w)B(2) — B(w)A(z), w,z¢€C. (2.3.2.7)

Ezxplicitly, for entire functions A and B, relation (2.3.2.7) holds if and only if A, B € Assoc(H),
and the corresponding functionals (-,a)y+ and (-,b)+ are boundary values, such that the vectors
a,ib € Hy are skewly linked (with respect to (-,-) as defined in Section 1.1).

Proof. First observe that (2.3.2.7) can be written in the form
(z = W) Ku(z) = (A(2), B(2))J (A(w), B(w))".
Thus, if (2.3.2.7) holds for entire functions A, B, then it also holds for the functions
(A1, B1) = (4, B)U,

where U is an arbitrary iJ-unitary matrix. Assume that (-,a)+ and (-,4b)4 boundary values,
and that a and b are skewly linked with respect to the inner product ( -,- ). According to
Proposition 1.2.9, such boundary values always exist. Moreover, it follows from above that
we may assume that a and b form an orthonormal basis for H; & S. Recall that for such
a,b € Hy ©5 we have b = Ja and Jb = —a. Since l,, is a boundary value, we can write

ly = c1(w)b + c2(w)a.
Now a simple computation gives

cr(w) = (Lo, 0)+ = (JKj,b) = =K, Jb) = (K.}, a) = A(w),
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and
CQ(M) = (luha)-i- = (JK;’;,(L) = _(K:’;—vJa) = —(KI,b) = Wv

which proves (2.3.2.7). Conversely, suppose A and B are entire functions such that (2.3.2.7)

holds. Since H is nontrivial, the function % is nonconstant, or equivalently A and B are linear

independent. Hence we can find wy,ws € C such that

B(w1)A(wz) — A(w1)B(ws) # 0,

which implies that both A and B are a linear combination of L,,, and L,,,. Therefore A, B €
Assoc(H). Let (+,a)+ and (-,b)1 be the corresponding elements of H_. Since both a and b are
a linear combination of {,,, and l,,, they actually are boundary values. From

ly = A(w)b — B(w)a

we obtain

Since Jb is alsoin H; © S,
(Jly,b) = —(PJK}, Jb) = —(JK}, Jb) = —(K,b) = —B(w).
Together with the above formula, this implies

B(w) ((Ja,b) — 1) = A(w) (Jb,b) for all w € C.

Since A and B are linearly independent, we arrive at the conclusion that (Jb,b) = 0 and
(Ja,b) = 1. An analoguous calculation of (Jl,,a) gives (Ja,a) = 0 and (Jb,a) = —1. This
shows that a and ib are skewly linked with respect to (-, - ). O

Together with Theorem 2.3.3, Theorem 2.3.6 immediately yields the following character-
ization of the spaces H(A, B):

2.3.7. Theorem. Suppose B € ./\/'64 and that A and B are linearly independent. Then H =
H(A, B) posesses the properties (H1) and (H2). Conversely, if H is a (notrivial) Hilbert space
of entire functions satisfying (H1) and (H2), then there exist (linearly independent) entire
functions A and B, B € N§*, such that H = H(A, B).

Let H = H(A, B) be nontrivial. By Theorem 2.3.6 A and B are associated functions
which correspond to boundary values (-, a) and (-, b), respectively, where a and ib are skewly
linked. This observation enables us to characterize all entire functions A and B, B € NOA,
which generate the same space H(A4, B):

2.3.8. Proposition. Suppose H(A, B) is nontrivial. Then H(A, B) = H(A1, B1) for entire
functions A1 and By, By € N(fl, if and only if there exists an iJ-unitary matriz U such that

(A1, B1) = (A, B) U. (2.3.2.8)
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Proof. Assume that (2.3.2.8) holds. Then

(A(2), B(2))J (A(w), B(w))" = (A(2), B(2))UJU* (A(w), B(w))" =
= (A1(2), B1(2))J (A1 (w), B1(w))",

which shows that H(A, B) and H(A;, B1) have the same reproducing kernel, and hence they
are equal. Conversely, assume that H(A, B) = H(A1, B1). Then

K(w,z2) =2 (Z)A(wz - ;(Z)B(w) _ Bl(z)Al(wZ) - ;h(z)Bl(w) |

and Theorem 2.3.6 together with Proposition 1.2.9 immediately yields (2.3.2.8). O

2.3.9. Remark. In the situation of de Branges spaces the generating functions A and B (and
also A; and Bj) are real functions. Thus, by the linear independence of A and B, the matrix U
in (2.3.2.8) has to be real. Note that a real 2 x 2-matrix is ¢J-unitary if and only if detU = 1.

Suppose F' € ‘H and Ord,, F > Ord,, H. By Remark 2.3.4, we also have

F
&) oy
z—w

Next, assume S € Assoc(H) and Ord,, S > Ord,, H. We can write S(z) = (z — w)F(z) + G(2),
with F,G € H. Since Ord,, F > Ord,, H, a simple argument shows that also Ord,, G > Ord,, H.
Thus

S G

(2) =F(2)+ G €H.

zZ—w zZ—w

2.3.10. Theorem. Suppose H = H(A, B) is nontrivial. For arbitrary S € Assoc(H), H is
closed under forming difference quotients

N ORe 120 o
s(a)F(z) = , FeH,ae{w:O0rdy,S=O0rd, H}.

zZ—a

The operator Rg(a) is the resolvent operator of a certain one dimensional extension T of S.
Hence Rg(a) : H — H is bounded, and Rs(a)f depends analytically on a,in the norm of H. If
(,9)+, 8 € Hy, is the element of H_ that corresponds to S, then the extension T is explicitly
given by

T =S @ span{Js},

and has spectrum o(T) = {w : Ord,, S > Ord,, H}.

Proof. Choose any (Hy; Ha) € H,. First observe that, since S is symmetric, the element
(—Hs; Hy) is orthogonal to S. Consider the linear relation T' = S @ span{(—Ha; H1)}. We have

(T—a) = (S —a)~" + span{ (H1_+£H2> ).
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Observe that the relation (7' — a)~! is an operator if and only if H; + aHs ¢ ran(S — a). By
Remark 2.3.4, the latter condition is equivalent to

(Hy + aHy, K™Y = H™(a) + aH{™ (a) = $™(a) # 0,
where n = Ord, ‘H. In this case (S — a) and therefore (T — a)~! is bounded. This shows
p(T) ={w: Ordy, S = Ord,, H}.
We now compute the resolvent. For any F € H, a € p(T),

F(a)

F- Hi(a) + aHs(a)

(H1 + aH2) € ran(S — a).

Since (T — a)~! maps Hy + aHs to —Ha,

F(a)
@ — o) F () = F(2) — marratmm (H1(2) + afa(2)) F(a) Ha(z) =
z—a Hy(a) + aHy(a)
F(2) - 5a35()
_ 7 S\
= —. , aep(T),
which completes the proof. o

We finish this section with some elementary considerations. Recall that K&n) denotes
the kernel that reproduces the n-th derivative of f € H at the point w € C, i.e.

(f. Ky = f™(w), feH.

As follows from Proposition 1.1.8, the kernel K (z) is given by

a’ﬂ
KM (2) = ﬁK(wvz)'
2.3.11. Proposition. Suppose H(A, B) is nontrivial. For any w € C the relation Ord,, H =
min(Ord,, A, Ord,, B) holds. If n = Ord,, H, we have

() _Bm
K (z) = 2B = Brw) Alz) (2.3.2.9)
Z—Ww
and
AM) () B™ (w) — B (w) A™ (w)
1K (12 = — ! wER (2.3.2.10)
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Proof. Recall that Ord,, H = min{n : K # 0}. A straight forwardcomputation gives

o _ 6”7 _ n n (_1)n—k B
8wnK(w,2) = 8w”K(Z’w) = kzzo (k:) (B®M) (w)A(z) — A(k)(w)B(Z))m _
a =0 <k> (z —w)n—k+1 , ZFW.

Now, if n = min(Ord,, 4, Ord,, B), then Kfyk)(z) = ;—%K(w, z) =0 for k <n and

KO () = 2 e, 2y = A WBE) - BW(w)A)

ow" Zz2—W

where not both A(™ (w) and B("™ (w) are zero. Since A and B are linearly independent, K #0
and we obtain Ord,, H = min(Ord,, 4, Ord,, B). Formula (2.3.2.10) follows immediately from

K2 = (K5, K§Y) = KV (2)] oz O

2.3.12. Lemma. Suppose H(A, B) is nontrivial. The functions A and B have the properties

|OI‘th—OI'dtB|S1, tGR,
Ord, A = Ord, B=0rd,, H, w € C\R.

The function E(z) = A(z) — iB(z) € Assoc(H) satisfies Ord, E = Ord, H for all real t.

Proof. Recall that the function% € Ny. Thus it has only real poles of order one, which im-
mediately proves the assertions on A and B. Recall that, according to Proposition 2.3.11,
Ord; H = min{Ord; A, Ord; B}. If we set n = Ord; H, then

E® () = AR (t) —iB*(t) =0, k<n,
and
EM™(t) = A™(t) —iB™(t) # 0,

since B(t)/A(t) and A(t)/B(t) are real for t € p(B/A)NR and ¢ € p(A/B)NR, respectively. O

2.4 Selfadjoint Extensions of S

In this section we will investigate all canonical selfadjoint extensions of §. Throughout the
following we assume that H(A, B) is nontrivial.

Given H(A, B), we define the functions

So(z) =sinaA(z) — cosaB(z), a€R. (2.4.2.1)
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Note that S, is associated to H(A, B) and that

—cosa  sina

(SsSuvs) = (4.5)

sin o cos a)

Since the matrix on the right hand side is iJ-unitary, S, and Sa+z correspond to boundary
values (-, 8 )+ and (-, Sa+g), respectively, where s, and isq4z are skewly linked. In particular,
we can write

K(w,z) = A wsec (2.4.2.2)

Recall that, by Theorem 1.2.10, A, determined by the boundary condition (-, s4)+ = 0
is a canonical selfadjoint extension of S which can be written explicitly as

Ay = S ®span{Js,}. (2.4.2.3)

Moreover, any canonical selfadjoint extension of S is obtained in this way by choosing « € [0, 7).
By Theorem 2.3.10,

p(Aq) = {w: Ord,, Sq = Ord,, H}
and its resolvent is given by

2) — S22 Py
Rs. (a)F(z) = &) = saa P ), FeM, ac p(Ad). (2.4.2.4)

« zZ—a

Note that the selfadjoint extension A, is an operator extension if and ouly if S, ¢ H. If S is
densely defined, then all canonical selfadjoint extensions are operator extensions, hence S, ¢ H
for all « € [0, 7). If dom S # H, then there is one (and only one) selfadjoint extension A,, wich
is not an operator extension. The number g is the only number « of [0,7) with S, € H. An
accurate description of the spectral properties will be given in Theorem 2.4.3.

We show that the function Q(z) = Sa+ 1 (2)/Sa(2) is a Q-function of A, and S. Choose
any wo € C\R such that Ordg; H = 0, and set

1
(p(wo) = =——=Kuy, € Ny,.
Sa(mo)

A straightforward computation using (2.4.2.4) and (2.4.2.2) shows that for w € p(A,)
1

p(w) = p(wo) + (w — wo)(Aa — 2)'p(wo) = KM, (2.4.2.5)

where n = Ordg H. It is also easy to verify that

Q=) —

(w)

gl

= (p(2), p(w)),  w,z € p(Aq).
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Note that implies in particular

1 n
KN, te p@)NE, (2.4.2.6)

Q'(t) = (p(t), p(t) = M

again with n = Ord; H.

2.4.1. Lemma. The (real-valued) function ¢(t) = arctan B(t)/A(t), with an appropriate
choice of the branches of arctan, is a C*>-function on the entire real line. Its derivative equals

1 1

/t = Kn) 2: _ K") 2

where n = Ord, H. Hence @(t) is strictly increasing.

Proof. Write A1 = S, and By = Saqz and set Q(t) = Bi(t)/A1(t). Since Ord, M is the
minimum of the orders Ord; A; and Ord; By, we have Q(t) = Bin) (t)/Agn) (t), where n =
Ord, H. Now (2.4.2.6) implies
1 1
— e Q0 =
L+Q*) A (0 + B (1)

d n
= arctan Q(1) IKM2, e p(Q).

An elementary computation shows that |A§") t))? + |B£n)(1€)|2 = |[AM(@®)]2 + | BM ()2 =
|E(™)(t)|?, hence there exists a real number ( such that

B(t) = arctan B (t)
A(t) Ai(t)

By

+83, te p(g) g p(A—l).

arctan

This already proves the theorem, since to any real ¢ there exists always a value of a such that
te p(SoH-%/Soz)' O

We shall call ¢(t) as defined in Lemma 2.4.1 the phase function of H(A, B). Note that
the phase function ¢(t) depends on A and B.

2.4.2. Lemma. Suppose that H(A, B) = H(A1, B1). Then there exist a real constant o such
that p1(t) = (t) + a, t € R, if and only if

(A1, B1) = (A, B)U

for an iJ-unitary matric U which satisfies UU* = 1.

Proof. By Proposition 2.3.8, there exists an iJ-unitary matrix U such that
(A1,B;) = (A, B)U.
By Lemma 2.4.1, ¢} (t) = ¢'(t) holds for all real ¢ if and only if

AT @) + |BM ()2 = [A™ @) + | BW @), teR,
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where n = Ord; H. This condition can be rewritten as
(AW (1), B (6)UU* (A (1), B™ (1))" = (A™ (), B™ (£))(A™ (1), B™(t)*, t€R.

If UU* = 1 then the latter equation obviously holds. On the other hand, since B(t)/A(t)
assumes every real value, every vector (c1,c2) € C? with ¢; # 0 can be represented as (c1,c2) =
¢ (A(t), B(t)) for appropriate t € p(B/A) and ¢ > 0. This implies that UU* = 1. O

2.4.3. Theorem. Choose any « € [0,7). If So & H, then A, is an operator extension and its
spectrum s given by

0(Ao) ={teR :p(t) =a mod 7}.
If S, € H then A, is not an operator and its spectrum is
o(An)={teR :¢p(t) =a mod 7} U{cc}.

Any t € o(Ay) (including t = o0) is a simple eigenvalue of A,. For finite t € o(Ay) the
corresponding eigenvector is

Sal2)

z—t’

BT (1)

@'t
where n = Ordy H. If A, is not an operator, then the eigenvector that corresponds to the
eigenvalue t = 0o is the function Sy (z) itself.

EM(z) = -S0. (1) (VeI

at+3

Proof. Since the resolvent of A, is given by (2.4.2.4), A, is an operator if and only if S, ¢
‘H. By Theorem 2.3.10, the (real) spectrum of A, consists exactly of all points t € R with
Ord; S, > Ord; H. Note that Ord; S, > Ord; H if and only if one of the expressions

is equal to zero. Since S, (t) = sin aA(t) — cos aB(t), this is the case if and only if

B _,

——< =tana,

A(t)
which proves the assertion on the spectrum. Since S is one to one and has deficiency index
(1,1), all eigenvalues ¢ € 0(A,) (including ¢ = oo in case of a proper relational extension) are
simple. In fact the eigenspace that corresponds to ¢t € o(A,) NR is

Ny =ran(S —t)* = span{Kt(")},

where n = Ord; H. Lemma 2.4.1 gives |[K™||? expressed as above. If A is not an operator,
then S, is (the only) vector of H that is mapped to zero by the resolvent of A,. This shows
that S, is the eigenvector that corresponds to t = oc. O
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The following corollary is an immediate consequence of Theorem 2.4.3. For a more
complete version see Theorem 2.5.4.

2.4.4. Corollary. Let ¢(t) be the phase function of H(A,B). Choose any o € [0,7). If
Sa & H, then

F)I?

1
T T S R LUl R,
Bt '(t
p(t)=a mod 7 ( ) ¥ ( )
If So € 'H, which only can happen if S is not densely defined, then

A=

p(t)=a mod 7

FeH.

|

@'(t)’

F(t)

0 FeH.

Equality holds if and only if F € dom S.

After all, we compute the extended resolvent (A, — w)~' : H_ — H. In this place it
seems to be more convinient to identify H_ with Assoc(H) and write (A, —w)~*
from Assoc(H) into H.

2.4.5. Proposition. Identifying Assoc(H) with H_, the (extended) resolvent (Ay — w)~" is
given by

as a mapping

2) — 22 Py
(Ag —w)"'F(2) = &) = sam F ), w € p(Aq), F € Assoc(H). (2.4.2.7)

zZ—w

Proof. Let (, f)4, f = (F1; F2) € H4, denote the element of H_ that corresponds to F, and
write Ry, = (A —w)™1. By (1.2.1.4), we have R, f = Ry,Fi + (I + wR,)Fs, and therefore,
identifying F' and f € H_,

Fi(z) — 222 Fy (w) Fy(z) — 22E Fy(w)
R;F(Z): Z‘Si)‘(u)) +F2(Z)+w Zsi)‘(u)) =

Fi(2) + 2F3(2) — 5235 (Fi (w) + wFs (w))

Since F(z) = F1(z) + zF2(z), this proves (2.4.2.7). O

2.5 Measures Associated to H(A, B)

2.5.1. Definition. Consider the space H = H(A4, B), and put E(z) = A(z) —iB(z). We shall
call a nonnegative Borel measure o associated to H, if

||F|2_/R‘%‘2da(t), FeHn.
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Recall that, by Lemma 2.3.12, Ord; E = Ord; H, t € R, thus F//E has no real poles.

Write H(A, B) = H. Choose an entire function U such that Ord,, U = Ord,, H for all
w € C. Such functions do always exist, they can be constructed as a Weierstrass product.
Note that the function F/U is entire for every F' € H, and that (F/U)(w) = 0 if and only if
F € ran(S — w). Thus the family of point evaluation functionals F' — (F/U)(w), w € C, is a
universal directing functional for S, in the sense of Section 1.3. The transformation ® is given
by

F
OF(2) = —(z), FeH.
U
and its extension to H_ is
S(2)
d = _
@) =gay €M
where S(z) = [s, K]]1 is the associated function that corresponds to s. The function E =

A — iB € Assoc(H) corresponds to an element e € H_, which is a boundary value for S. By
Lemma 2.3.12, Ord; E = Ord; U for all t € R, hence

E
—(t 0, teR.
By Theorem 1.3.8, all measures associated to H are given by
do(t) = d|E;e|® = |t —i|* d(E:R; e, R; ¢), (2.5.2.1)

where ~E~’1_ and B; correspond to a selfadjoint extension A acting in a possibly larger Hilbert
space H, with E(R) O H. Note that, for any s € H_, we have

sz ISOP = o
AECSI? = 5m Bl (2.5.2.2)

To describe all those measures, we compute the generalized resolvent matrix of an element
seH_.

Fix S € Assoc(H), and denote by s € H_ its corresponding element of H_. We are
going to compute the matrix W (z) as defined in Definition 1.5.9. There it is required to choose
a canonical selfadjoint extension A of . We use the one which has the difference quotient

Az
F(2) — 42 F(w)

zZ—w

as its resolvent. Taking ¢(z) = A#;(Z)Kg € N, as appropriate paramatrization of the defect
spaces and Q(z) = B(z)/A(z) as a Q-function , we have

W(z) = — (A(Z)’"(Z) T(Z)B(Z)_%é)m» (2.5.2.3)

A(z) B(z)
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where 7(z) is a s-resolvent generated by the extension A. Consider the matrix

A#(z)

_ 8(2)8%(z)
A(jzzgd T(Z)B(Z)B(Z) ) : (2.5.2.4)

Note that all entries of S(z)W (z) are entire function, since S(2)W (z) = U(z)Wy(2), with Wy(z)
as defined in Theorem 1.5.14. Since W (z) € My, we obviously have S(z)W(z) € Mj. By its
construction, the entire matrix function S(z)W(z) is an s-resolvent matrix. For any other
s-resolvent matrix Mg(z) of the form

v = (45 50).

where C'(z) and D(z) are entire functions, there exists a real constant « such that

1 «

Mg(z) = (O 1) S(z)W(z) (2.5.2.5)

This is an immediate consequence of Theorem 1.5.13, and the fact that A and B are linear
independent. Thus C(z) and D(z) are uniquely determined up to adding real multiples of A(z)
and B(z):

C(z) = S(z)wi1(z) + €A(2), D(z) = S(2)wia(z) + aB(2).
Note that by (2.5), the entire matrix function Mg(z) belongs to the class Mj.

2.5.2. Lemma. Given H = H(A, B), let E = A —iB, and denote by e € H_ the element of
H_ that corresponds to E. The function B(z)/A(z) is an e-resolvent generated by the extension
A as defined above. With S(z) = E(z) and r(z) = B(2)/A(z) in (2.5.2.4) we obtain

S(2)W(2) = (ig; E‘t?) . (2.5.2.6)

Proof. by Proposition 2.4.5, we have in the above notation

(Rye)(z) = E(z) —Z ’gfiﬁE(w) _ B(z) ; ijg—;;gA@) _
B(e)- WA 4

Hence, by the definition of R;, it follows that
(Rp)(e) = = I = (= K (2) + = K7 ()

and therefore

; _ Ef(w) _i(E#(z’) +E#(_¢)) _ (
iAF(w) 20 AF(i)  AF(=i))  AF(w) 2 A#(i)
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Since B#(z)/A%¥(z) = B(z)/A(z), the constant B# (i) /A% (i) + B#(—i)/A#(—i) is real, hence
we proved the first assertion. Next, if we substitute S(z) = E(z) and r(z) = B(z)/A(z) in
(2.5.2.4), we get

S(:)W(z) = (B(Z) B(Z)B#(ZQ‘(Z(Z’E#(Z’> _ (B(z) —%) _ (B(z) —A(z)) |
A(z) B(z) A(z) B(z)

Before we are able to describe all measures associated to H(A, B), we need one more
lemma which states a crucial property of E.

2.5.3. Lemma. Let e denote the element of H_ which corresponds to E(z) = A(z) + iB(z).
If S is not densely defined in H, then

H_ = H + span{e}.

In particular, e does not belong to the closure of H in H_.

Proof. Tt follows from Remark 1.2.3 that codims;_ H = 1. Recall that there is (one and only
one) a € [0, m) such that S, € H, and therefore its corresponding element s, € H_ also belongs
to H. Let a and b denote the boundary values that correspond to A(z) and B(z), respectively.
We have

e=a—1ib, S, =sinaa—cosab,

hence span{e, s, } = span{a, b}, which is the space of all boundary values. Therefore e cannot
belong to H, otherwise H is the entire space H_. O

2.5.4. Theorem. Suppose H = H(A, B) is nontrivial and set E(z) = A(z) —iB(z). Then for
any function T € Ny we can write
B(z)1(2) — A(z) / 1+ tz do(t)
A(2)7(z) + B(z) =a+hat rRt—2z2+1

(2.5.2.7)

for certain constants a € R, 8 > 0 and some nonnegative Borel measure o. The measure o is
an associated measure if and only if B =0 , which is always the case when S is densely defined.
Conversely, to any associated measure o there exists a function 7 € Ny such that (2.5.2.7) holds

(with 3 =0). If B # 0 (which can only happen when dom S # H) then we have at least

F(t))? 2
/R‘W)‘ do(t) < |FI>, FeH, (2.5.2.8)

with equality if and only if FF € domS.
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Proof. Denote by e the element of H_ that corresponds to the (associated) function E(z). Since
the matrix (2.5.2.6) is an e-resolvent matrix, the mapping

B(z)(2) = A2)

T MeeTE) = o)) ¥ B

establish a one to one correspondence of all functions 7 € Ny U {oo} and all generalized e-
resolvents. Recall that by Theorem 1.5.4, any generalized u-resolvent generated by some self-
adjoint extension A of S has the integral representation

)

. L 14tz d|E;e|?
E({oco}) R e, R; — et T
+( ({ }) i € Ze)z—’—‘/Rt—Z t2+1

where (E;, E({oc})) and R; correspond to the extension A and o € R. This shows (2.5.2.7). It
follows from the discussion in the beginning of this section that, if A is any selfadjoint extension
of S, acting in a possibly larger Hilbert space H, the relation

1B = [ |50

holds, where E~’; and R; belong to the selfadjoint extension A. Thus the measure do(t) =
d|E; e||? is associated to M if and only if H C ran E(R). Conversely, by Theorem 1.3.8, all
associated measures are obtained in this way. We now consider two cases. If S is densely defined,
we always have H C ran E(R). We also have H = H_, and therefore 8 = (E({oc})R; e, R e) =
0. This proves the theorem in the case dom S = H. Now assume that domS # H. By Lemma
2.5.3, e does not belong to the closure of H in H_. According to Lemma 1.5.5, we have
H C E(R) if and only if

2
d|E;el®, FeH, (2.5.2.9)

8= (E({oc})R; e, R;e) =0.

If 3 # 0, then (2.5.2.9) immedately gives the inequality (2.5.2.8). Since dom & has codimension

1 and since ran F(R) # H, equality holds in (2.5.2.8) if and only if F' € dom S. O
2.5.5. Remark. Fix a € [0, 7). If we choose for 7(z) the constant fucntion 7(z) = — tan «, then
we get

B(2)7(z) — A(z) _ sinaB(z) +cosaA(z)  Sa+z(2)

A(2)T(2) + B(z)  sinaA(z) —cosaB(z)  Sa(2)

Hence (2.5.2.7) can be rewritten as

Sa+z(2) 1+tz do(t)
Sa(2) —a—i—ﬁz—l—/R t—z t2+1

The measure o is exactly the discrete measure which occurs in Corollary 2.4.4.
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2.6 Transfer Matrices of Subspaces

Suppose H = H(A, B) is nontrivial. In this section we investigate how the generating functions
Ay and Bj of a subspace Hy = H(A1, B1) of H are related to A and B. The present results
follow easily from the results of Section 1.6.

Suppose S € Assoc(H) and denote by s the element of H_ which corresponds to S. As
in Section 2.5, there exist entire functions C(z) and D(z) such that

e (55 50)

is an s-resolvent matrix. Moreover, if W (z) denotes the resolvent matrix associated to the
canonical selfadjoint extension which has the difference quotient R 4(a) as its resolvent as in
Definition 1.5.9, we have

1 «

Ms) =g 7) S WE

for an appropriate real constant a. Thus Mg € J\/lg . Using s as the gauge of the representation
(—9(2); P(z)), the mapping

. Fo\ _ —Q(2)F
d:F (F+) = S(z) (P(Z)F)
is an isomorphism between the spaces H and Hs = Hg(Mg) as defined in Section 2.2. Note
that 75(S) = {z € C : Ord, S = Ord, H}, and, with n = Ord, H,

F K™y  F™ F
= (n) . (n)(Z) = (—) (2), z€rs(S).
s, K"y S()  \S
Hence the second component F equals F', and the mapping 74 : (F_; F}) — F4 is an isomor-

phism between the spaces Hg and H. In particular, for (F_; F}) € Hg, the first component
F_ is uniquely determined by F .

The following theorem is the central result of the present section.

2.6.1. Theorem. Suppose that H1 = H(A1, B1) is a subspace of H = H(A, B), and that
Ord, Hy = Ord, H for all z € C. Then there exist an entire 2 X 2-matriz function M(z) € My
such that

(A(z), B(2)) = (A1(2), B1(2)) M (z). (2.6.2.1)
Denote by R(M) be the space that is generated by the matriz function M(z) € My. Then the

mapping

(%Ei;) — F1(2)A1(2) + Fa(2)B1(2)

is an isomorphism between the spaces K(M) and H © H.
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Proof. Choose S € Assoc(H1) and denote by s the element of H; _ that corresponds to S(z).
Note that the multiplication operator & in H is a symmetric extension of the multiplication
operator 87 in Hi, and, since Ord, H; = Ord, H, we obviously have r(S;1,S) = C. If P denotes
the orthogonal projection of H onto Hi, then P, = P @ P is a mapping of H into H; 4. The
element P}s € H_ belongs to the associated function S:

[P*Sij]:t = [SvpK:_]:l: = [SvKlsz]:l: = S(Z)v

since P maps the reproducing kernel K, of H to the reproducing kernel K , of Hy. Let W (z)
and Wy (z) denote the corresponding Pjs- and s-resolvent matrix, respectively, as introduced
above. Set Mg(z) = S(2)W(z) and My g(z) = S(z)Wi(z). By an appropriate choice of the
the generalized s-resolvent in the definition of W7 (z), we can assume that &(W7) is contained
isometrically in (W), and therefore that Hg1 = Hs (M, g) is contained isometrically in Hg =
Hs(Mg). By Theorem 1.6.8, there exists a matrix function M (z) € My which is holomorphic
on (8, 81) = C such that

W(z) = Wi(z) M(z),
and therefore
Ms(z) = S(2)W(z) = S(2)Wi(z) M(z) = My s(z) M(z)
This shows (2.6.2.1). Moreover, by Corollary 1.6.9, the mapping
£(z) = Wi(2) £(2)

is an isomorphism between £(M) and R(W) © &(W;). This implies that

(£) =) (5)

is an isomorphism between the spaces R(M) and Hg © Hi,g. Since the projection 74 is an
isomorphism between Hg and H, this completes the proof of the theorem. O
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