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Preface

A Hilbert space H which consists of entire functions is called a de Branges space, if it satisfies
the axioms

(H1) H is a reproducing kernel space.

(H2) S : F (z) 7→ z F (z) is a closed symmetric operator with deficiency index (1, 1).

(H3) The mapping F (z) 7→ F (z) is an antilinear isometry of H onto itself.

(H4) For each nonreal w ∈ C, there exist functions f ∈ H such that f(w) 6= 0.

In his book [dB] L. de Branges developed a far reaching theory of such spaces. An application of
this theory is concerned with the study of so-called canonical systems of differential equations.
However, also in various other contexts (e.g. Hankel transforms, special functions of mathemat-
ical physics) Hilbert spaces of entire functions satisfying (H1), (H2),(H3) and (H4) appear.
The methods employed by L. de Branges are function theoretic in their nature, however large
parts seem to be motivated from an operator theoretic viewpoint.

Especially in connection with the study of canonical systems M.G.Krein used the theory of
symmetric and selfadjoint operators. He investigated a model space for a symmetric operator
with deficiency index (1, 1), which, in the case of entire operators, is isomorphic to a de Branges
space of entire functions.

It is the aim of the present work to give proofs of some of L. de Branges results via an operator
theoretic approach. In this way some results lying in the core of de Branges’s theory are getting
more structured and transparent, and the ideas and motivations behind are clarified.

We divide this thesis in two chapters. Chapter 1 treats representations of a symmetric operator
S with deficiency index (1, 1) acting in a Hilbert spaceH with not necessarily dense domain, and
can be seen as a preparation for our work on de Branges spaces. Two kinds of representations
are discussed: The method of universal directing functionals, where we restrict ourselves to the
special case of everywhere defined functionals. This setting is suitable for the considerations in
Chapter 2. Secondly, the representation of S with respect to a generalized gauge. Moreover,
in Chapter 1, we introduce and investigate regularized generalized u-resolvents and u-resolvent
matrices. The results of this chapter are wellknown, see e.g. [KL], [GG] or [KW1].

In Chapter 2 we mainly deal with Hilbert spaces of entire functions which satisfy the properties
(H1) and (H2) above. On the first sight this setting seems to be a bit more general than
the setting of de Branges spaces where additionally (H3) is required. However, it is basically
the same. We only would like to point out that it is the validity of (H1) and (H2) which is
responsible for most results.

I would like to thank H.Woracek for his support and many helpful suggestions.

Vienna, May 2001
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Chapter 1

Symmetric Operators with

deficiency index (1, 1)

1.1 Preliminaries

Let L be a linear space with inner product [·, ·], and denote by (L2, [·, ·]) the product space
L× L, endowed with the inner product

[

(

f1
g1

)

,

(

f2
g2

)

]

= [f1, f2] + [g1, g2],

(

f1
g1

)

,

(

f2
g2

)

∈ L2.

For a linear relation, i.e. subspace T ⊆ L2 we define its adjoint T ∗ by

T ∗ = {

(

g1
g2

)

: [f1, g2] − [f2, g1] = 0 for all

(

f1
f2

)

∈ T }.

T is called symmetric if T ⊆ T ∗ and selfadjoint if T = T ∗. For (f ; g) ∈ L2, let J be the mapping
defined by

J

(

f
g

)

=

(

0 −1
1 0

)(

f
g

)

. (1.1.1.1)

The operator iJ is selfadjoint and unitary. Define an inner product on L2 by

〈

(

f1
g1

)

,

(

f2
g2

)

〉 =
[

iJ

(

f1
g1

)

,

(

f2
g2

)

]

= i([f1, g2] − [f2, g1]).

Obviously, the adjoint T ∗ of any linear relation T ⊆ L2 is the orthogonal complement with
respect to 〈·, ·〉. Therefore, a relation T is symmetric if and only if T is a neutral subspace of

3



CHAPTER 1. SYMMETRIC OPERATORS WITH DEFICIENCY INDEX (1, 1) 4

(L2, 〈·, ·〉), and T is selfadjoint if and only T is a hypermaximal neutral subspace of (L2, 〈·, ·〉).
Any two vectors a, b ∈ L2 are called skewly linked, if 〈a, a〉 = 〈b, b〉 = 0, and 〈a, b〉 = 1.

Let S be a closed symmetric relation defined in the linear space (L, [·, ·]). Define S∞ =
{(0; f) : (0; f) ∈ S)} and Ss = S⊥

∞ ∩ S. By its definition, Ss is (the graph of) a closed operator
which is also symmetric. We have

S = Ss ⊕ S∞.

A point z ∈ C is called regular, if ran(S − z) = H and (S − z)−1 is a bounded operator. We
write ρ(S) for the set of all regular points. A point z ∈ C is called a point of regular type of S
if there is c > 0 such that

‖g − zf‖ ≥ c ‖f‖ for all

(

f
g

)

∈ S. (1.1.1.2)

The set of all points of regular type of S is denoted by r(S). Clearly, all nonreal points are
points of regular type. Hence, for nonreal z, the range

Mz = ran(S − z) = {g − zf :

(

f
g

)

∈ S}

is a closed subspace of L. Denote by Nz its orthogonal companion. Note that (S − z)−1 is an
bounded operator with ran(S − z) as its domain and S(0) = {f : (0; f) ∈ S} as its nullspace.

For symmetric relations, the Neumann formula reads as follows:

1.1.1. Lemma. Suppose S is a closed symmetric relation defined in some linear space (L, [·, ·]).
For z ∈ C+ = {z ∈ C : Im z > 0}, define Nz = ran(S − z)⊥, Nz = ran(S − z)⊥. Then

S∗ = S ∔ {

(

nz

znz

)

: nz ∈ Nz} ∔ {

(

nz

znz

)

: nz ∈ Nz}. (1.1.1.3)

The sum is orthogonal with respect to the inner product 〈·, ·〉.

A proof (in the more general setting of Krein spaces) is given in [DS1]. The following
theorem is taken from [DS2].

1.1.2. Theorem. Suppose O is a subset of C such that O∩O 6= ∅. Assume that R(a) : L→ L,
a ∈ O, is a family of operators acting on a liner space L with inner product [·, ·], which fulfills
the following conditions: There exists a0 ∈ O ∩O such that

R(a0)
∗ = R(a0)

as subspaces of L2, and R(a) satisfies the resolvent identity

R(a) −R(b) = (a− b)R(b)R(a), a, b ∈ O.

Then R(a) is the resolvent operator of a selfadjoint linear relation A ⊆ L2. In particular, R(a)
is a bounded operator for any a ∈ ρ(A).
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Proof. For any a ∈ O, define the relation

A(a) = R(a)−1 + a = {(R(a)f ; f + aR(a)f) : f ∈ L}.

Since R(b)(f + (a− b)R(a)f) = R(a)f ,

(A(a) − b)−1 = {(f + (a− b)R(a)f ;R(a)f) : f ∈ L} ⊆ R(b),

and therefore A(a) ⊆ R(b)−1 + b ⊆ A(b). For the same reason A(b) ⊆ A(a), whence A(a) =
A(b) = A for a, b ∈ O. Moreover,

A∗ = (R(a0)
−1 + a0)

∗ = (R(a0)
∗)−1 + a0 = R(a0)

−1 + a0 = A.

The relation R(a) = (A− a)−1 holds by definition, and the proof is complete.

Suppose S is a symmetric relation defined in a Hilbert space (H, ( . , . )). The Caley
transform

C(S) = {

(

g − if
g + if

)

:

(

f
g

)

∈ S}

is an isometric mapping from ran(S − i) onto ran(S + i). It is unitary if and only if S is
selfadjoint. If A is a selfadjoint linear relation, then its Caley transform U = C(A) can be
written as

U =

∫

|z|=1

z dEU , (1.1.1.4)

where EU ( . ) is the orthogonal resolution of the identity of U . Note that the vectors f which
are invariant under the transformation U are exactly those elements satisfying (0; f) ∈ A.
Thus ranEU ({ 1}) = A(0). Note that τ : z 7→ −i z+1

z−1 maps the unit circle bijectively onto

the real axis. For any Borel subset B of the real line we define E(B) = EU (τ−1(( · )), and
E({∞}) := EU ({1}). We shall call (E( · ), E({∞})) the orthogonal resolution of the identity of
the selfadjoint relation A. It is easy to verify that

(A− z)−1 =

∫

R

1

λ− z
dEλ. (1.1.1.5)

Different to the case where A is an selfadjoint operator, i.e A(0) = {0}, the range of E(R) might
not be the entire space H , in fact ranE(R) = S(0)⊥ = domS. Observe that As consists of all
pairs (f ; g) with f ∈ domA and

g = Asf =

∫

R

λ dEλf.

Assume that S has deficiency index (1, 1) and choose a canonical selfadjoint extension
A. Again write Mz = ran(S − z) and Nz = ran(S − z)⊥, so that

H = Mz ∔Nz.
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For z, w ∈ ρ(A), the mapping

Uzw = I + (z − w)(A − z)−1

maps Mz bijectively onto Mw, thus U∗
zw = Uzw maps Nz bijectively onto Nw. Fix z0 ∈ C such

that z0 ∈ ρ(A), and choose any ϕ(z0) ∈ Nz0
, ϕ(z0) 6= 0. Then

ϕ(z) = Uz0zϕ(z0) = ϕ(z0) + (z − z0)(A− z)−1ϕ(z0) ∈ Nz, z ∈ ρ(A), (1.1.1.6)

gives an analytic parametrization of the deficiency spaces Nz, z ∈ ρ(A). We shall allways
assume that the normalization condition ‖ϕ(i)‖ = 1 is satisfied and call the function ϕ(z) a
parametrization associated to S and A. A function Q is called Q-function of S and A, if

Q(z) −Q(w)

z − w
= (ϕ(z), ϕ(w)) z, w ∈ ρ(A). (1.1.1.7)

Clearly, Q(z) = Q(z), i.e. Q is a real function, and

ImQ(z) = (ϕ(z), ϕ(z)) Im z,

thus ImQ(z) > 0 for z ∈ C+. By N0 we denote the set of all functions τ(z) holomorphic on
C\R such that τ(z) = τ(z) and Im τ(z) ≥ 0 for z ∈ C+. With this notation, Q ∈ N0. By
(1.1.1.7), the Q-function is uniquely determined up to a real constant. It is easy to verify that
for any z0 ∈ ρ(A),

Q(z) = Im z0 + (z − z0)(ϕ(z), ϕ(z0))

is a Q-function of S and A.

If Ã is a selfadjoint extension of S which acts in a possibly larger space H̃ ⊇ H , and P̃
denotes the orthogonal projection of H̃ onto H , we shall call

Rz := P̃ (Ã− z)−1|H , z ∈ ρ(Ã),

the generalized (or compressed) resolvent of S generated by the extension Ã. Note that for dif-
ferent extensions their generalized resolvents may coincide. The following theorem of M.G.Krein
gives an effective description of all generalized resolvents:

1.1.3. Theorem. Assume S ⊆ H2 is a symmetric relation with deficiency index (1, 1). Fix
a canonical selfadjoint extension A of S, a parametrization ϕ(z) ∈ Nz associated to S and A,
and a Q-function Q(z) of S and A. Then the formula

Rz = (A− z)−1 +
( . , ϕ(z))

τ(z) +Q(z)
ϕ(z), z ∈ C\R,

establishes a one-to-one correspondence between all functions τ ∈ N0 ∪{∞} and all generalized
resolvents of S. Thereby R̃z arises from a canonical extension if and only if τ is a real constant
or τ ≡ ∞.
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For densely defined S, a proof is given in [AG2] or in [GG]. For the relational case, see
[LT].

There is another characterization of points of regular type.

1.1.4. Lemma. Suppose that the deficiency numbers of S are equal (not necesarily finite).
Then z ∈ r(S) if and only if there exists a canonical selfadjoint extension A such that z ∈ ρ(A).

Proof. If A is a canonical selfadjoint extension and if z ∈ ρ(A), then (1.1.1.2) holds even for A
instead of S, thus z ∈ r(S). On the other hand, if z ∈ r(S), there exists a canonical selfadjoint
extension A such that z ∈ ρ(A): This is clear for nonreal z ∈ C. If z ∈ R then (S − z)−1 is a
bounded symmetric operator with domain ran(S− z). Hence there exists a bounded selfadjoint
extension B defined on the entire space H (see [AG]). Then

A = B−1 + z

is a selfadjoint relation extending S which has the desired properties.

We proceed with some results on reproducing kernel spaces. The presented facts are
wellknown, see e.g. [Ar].

1.1.5. Definition. Suppose O is an open subset of the complex plane. A n× n-matrix kernel
K(z, w) continous on O2 is called positive definite, if for any choice zi ∈ O, ζi ∈ Cn×1, i =
1, . . . ,m, we have

m
∑

i,j=1

ζ∗i K(zi, zj) ζj ≥ 0.

Suppose O ⊆ C is open. A Hilbert space (H, (., .)) whose elements are vector functions
f(z) ∈ Cn×1 continuous on O is called reproducing kernel space, if for any w ∈ O and i =
1, . . . , n, the linear functional

f 7→ πif(w), f ∈ H,

where πi is the projection onto the i-th coordinate, is bounded. Since H is a Hilbert space,
there is an element Ki(w) ∈ H such that

πif(w) = (f ,Ki(w)), f ∈ H.

The n× n-matrix function K(w, z) = (Ki(w)(z))i=1,... ,n is called the reproducing kernel of H.
To any z ∈ O, ζ ∈ Cn×1, the function K(z, · )ζ belongs to H, and

ζ∗ f(z) = (f ,K(z, · )ζ), f ∈ H.

The kernel K(w, z) is positive definite as one can easily verify.
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1.1.6. Theorem. To any n × n-matrix kernel K(w, z), w, z ∈ O, which is positive definite,
there exists a unique reproducing Kernel space (K(K), (., .)) of vector functions f(z) continuous
on O, such that K(w, z) is its reproducing kernel.

Proof. We construct K(K) as follows. On the linear set

L = span{K(zi, · )ζi : zi ∈ O, ζi ∈ Cn×1}

define a bilinear form ( · , · ) by

(
∑

i

K(zi, · )ζi,
∑

j

K(wj , · )ηj) :=
∑

i,j

η∗j K(zi, wj)ζi. (1.1.1.8)

Since K(w, z) is positive definite, we have ‖f‖2 = (f , f) ≥ 0 for any f ∈ L. By the Cauchy-
Schwarz inequality

|πif(z)|
2 = |(f ,K(z, · ) ei)|

2 ≤ ‖f‖2 ‖K(z, · ) ei‖
2,

where ei, i = 1, . . . , n, denotes the canonical basis of Cn×1. This shows that the only function
f ∈ L with ‖f‖ = 0 is the zero function. Thus (L, ( · , · )) is a pre-Hilbert space. Denote its
completion by L. For any f ∈ L define the function

f̃(z) :=







(f,K(z, · )e1)
...

(f,K(z, · )en)






, z ∈ O.

For f ∈ L, f̃ (z) = f(z). Since the closed linear span of all K(z, · ) is equal to L, the mapping
f 7→ f̃ is one to one, hence we may identify f with the function f̃(z). We show that for any
f ∈ L, f(z) = f̃(z) is continous on O. There exists a sequence fn ∈ L that converges to f .
Therefore

|πi(fn(z) − f(z))|2 = |(fn − f ,K(z, · )ei)|
2 ≤ ‖fn − f‖2 |K(z, z))|2,

and since K(w, z) is continous on O2, fn(z) → f(z) uniformly on compact subsets of O. Thus
K(K) = L is a Hilbert space of vector functions continous on O. By construction K(z, w) is its
reproducing kernel.

We show that K(K) is unique. In any reproducing kernel space H with K(w, z) as
reproducing kernel, the scalar product on L is determined by K(w, z) as in (1.1.1.8), and the
closure of L is the entire space H . Therefore, the identity mapping from L ⊆ H onto L ⊆ K(K)
is an isometric isomorphism, which can be extended to an isometric isomorphism T between H
and K(K). We then have

πi(T f)(z) = (T f ,K(z, · )ei) = (f ,K(z, · )ei) = πif(z), i = 1, . . . , n.

hence H = K(K).
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1.1.7. Remark. If K(z, w) in Theorem 1.1.6 is such that for any w ∈ O, the function K(w, · )
is analytic on O, then it follows from what we said above that K(K) actually consists of vector
functions f(z) analytic on O.

Suppose (H, (., .)) is a reproducing kernel space of vector functions analytic on O, and
K(w, z), w, z ∈ O, is its reproducing kernel. It follows from the above considerations that
H = K(K). For any open subset O′ ⊆ O, denote by H|O′ the space of all restricted functions
f |O′ , f ∈ H, endowed with the inner product

(f |O′ ,g|O′) = (f ,g).

Since the restriction mapping f 7→ f |O′ is one to one, H|O′ is a Hilbert space. Moreover, by
its definition, H|O′ is a reproducing kernel space and K(w, z)|O′2 is its reproducing kernel. In
particular, this shows that

K(K|O′2) = K(K)|O′ . (1.1.1.9)

If H = K(K) is a reproducing kernel space of Cn×1-valued functions continuous on O,
and if V (z) is a continous n × n-matrix valued function, such that V (z) is invertible for each
z ∈ O, denote V (z)H the Hilbert space of all functions V (z)f(z), f(z) ∈ H, with the inner
product(V (z)f(z), V (z)g(z)) := (f ,g). Since for any ζ ∈ Cn×1,

(V (z)f(z), V (z)K(w, z)V (w)∗ζ) = (f(z),K(w, z)V (w)∗ζ) = ζ∗V (w)f(w),

it follows that V (z)H is a reproducing kernel space with (V (z)K(w, z)V (w)∗) as its reproducing
kernel.

1.1.8. Proposition. If H is a reproducing kernel space of Cn-valued functions analytic on O,
then for any ζ ∈ Cn×1, the function Kwζ = K(w, ·)ζ depends antianalytically on w ∈ O in the
norm of H. Therefore

K(n)
w ζ =

∂n

(∂w)n
K(w, ·)ζ ∈ H,

and

ζ∗f (n)(w) = (f ,K(n)
w ζ), f ∈ H, w ∈ O. (1.1.1.10)

Hence point evaluation of any derivative is continuous in H.

Proof. For any f ∈ H, the function (Kwζ, f) = ζ∗f(w) is antianalytic in w. Thus w 7→ Kwζ is
weakly holomorphic, which implies that w 7→ Kwζ is holomorphic in the norm of H (cf. [Ru]).
Thus, the limit

∂

∂w
K(w, ·) = lim

z→w

Kzζ −Kwζ

z − w
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exists in the norm of H, and we have for any ζ ∈ Cn×1

ζ∗f (1)(w) = lim
z→w

(f ,Kzζ) − (f ,Kwζ)

z − w
= lim

z→w
(f ,

Kz −Kw

z − w
ζ∗) = (f ,

∂

∂w
Kwζ).

The general assertion follows by induction.

For any analytic function f we denote Ordw f := min{n : f (n)(w) 6= 0}. In any repro-
ducing kernel space H of functions f(z) holomorphic in O, define for any w ∈ O

Ordw H = min
f∈H

Ordw f . (1.1.1.11)

Note that

Ordw H = Ordw Kw = min{n : K(n)
w 6= 0}. (1.1.1.12)

If U(z) is an analytic function with Ordz f ≤ Ordz H for all z ∈ O then 1
U(z)H consists of

functions holomorphic on O, and Proposition 1.1.8 implies that also point evaluation at points
with U(z) = 0 is continuous, hence 1

U(z)H is a reproducing kernel space of functions f(z)

holomorphic on O.

1.1.9. Proposition. Suppose O is an connected open subset of C, and M is a subset of O which
has a cluster point in O. Assume H is a Hilbert space of Cn-valued functions f(z) analytic on
O, such that point evaluation is continous for m ∈ M . Then point evaluation is continous for
any z ∈ O, hence H is a reproducing kernel space.

Proof. Choose a sequenceKn of compact subsets of O such thatKn ⊆ K◦
n+1 and

⋃

n∈N
Kn = O.

For f ,g ∈ H define the metrics dn(f ,g) = supz∈Kn
|f − g|(z),

d(f ,g) =

∞
∑

n=1

1

2n

dn(f ,g)

1 + dn(f ,g)
,

and

dH(f ,g) := ‖f − g‖ + d(f ,g),

where ‖ · ‖ is the norm on H. Then (H, dH(·, ·)) is a Frechet space, i.e. a metrizable topological
vector space H such that H is complete with respect to this metric. We shall only show the
completeness, the proof of the continuity of the vector space operations is left to the reader.
If fn is a Cauchy sequence in the metric dH(·, ·), then it is also a Cauchy sequence in the
metric d(·, ·), thus it converges uniformly on compact subsets of O to an analytic function g(z).
Since fn is also a Cauchy sequence in (H, (·, ·)), it has a limit f ∈ H. Since point evaluation is
continuous for points of M , we have

g(z) = lim
n→∞

fn(z) = f(z), z ∈M.
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This implies that f(z) = g(z) for all z ∈ O, and fn → f in the metric dH(·, ·). Since both spaces
(H, dH(·, ·)) and (H, (·, ·)) are Frechet spaces and since the identity mapping

id : (H, dH(·, ·)) → (H, (·, ·)), f 7→ f

is continuous, the open mapping theorem shows that its inverse is also continuous, hence the
topologies of the spaces coincide. Convergence of fn in the norm ‖ · ‖ thus implies uniform
convergence on compact subsets of O.

We close this section with a result from complex analyis, the so called Stieltjes inversion
formula (see e.g. [GG]).

1.1.10. Theorem. Let σ be a complex Borel measure which satisfies the condition
∫

R

1

1 + |t|
d|σ|(t) <∞.

Define a function f(z) holomorphic on C\R by

f(z) =

∫

R

1

t− z
dσ(t), z ∈ C\R.

Suppose g(z) is holomorphic on an open set containing the interval [a, b] of the real line. For
ε > 0 let ∆ε denote the path [a− iε, b− iε] + [b + iε, a+ iε]. Then

− lim
ε→0

1

2πi

∫

∆ε

g(z)f(z) dz =

∫

[a,b]

g(t) dσ(t) +
σ({a}) + σ({b})

2
. (1.1.1.13)

1.2 Space Triplets

In this section we introduce the spaces H+ and H− associated to a closed symmetric relation
S with not necessarily dense domain. The results of the present section will be needed for our
later work on de Branges spaces and can be easily adapted from the classical case, when the
domain of S is dense in H , although the notation becomes a bit more complicated. Most of the
results can be found in [KW1] or [St]. For a rigorous treatment of the classical case, see e.g.
[Be].

Consider a Hilbert space (H, (·, ·)) and a closed symmetric relation S ⊆ H2. We define
H+ as the subspace S∗ ⊆ H2 equipped with the inner product

(

(

f1
f2

)

,

(

g1
g2

)

)+ := (f1, g1) + (f2, g2).

Since S∗ is closed inH2, (H+, (·, ·)+) is a Hilbert space. Its dual space is denoted by (H−, (·, ·)−).
We write the action of u ∈ H− on (f ; g) ∈ H+ as

[(

f
g

)

, u

]

±

.
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SinceH+ is an Hilbert space, any u ∈ H− can be represented uniquely by an element (f ; g) ∈ H+

such that [ · , u]± = ( · , (f ; g))+. Note that ‖u‖− = ‖(f ; g)‖+.

Define the continous mappings

π : H+ → H,

(

f
g

)

7→ f,

ι : H → H−, f 7→ ( · ,

(

f
0

)

)H2 .

The chain (H+, (·, ·)+)
π
→ (H, (·, ·))

ι
→ (H−, (·, ·)−) is called the space triplet associated to the

symmetric relation S.

The proof of the following lemma is obvious.

1.2.1. Lemma. Regarding (H, (·, ·)) as its own dual we have ι = π∗. Since H+ is reflexive,

ker ι = ranπ⊥ = (domS∗)⊥, (1.2.1.1)

⊥ ran ι = kerπ = S∗
∞, (1.2.1.2)

with ⊥ ran ι =
⋂

u∈ran ι keru. Moreover, the orthogonal complement of ran ι in H− is given by
all functionals u of the form

u =
(

·, (0; f)
)

+
, f ∈ S∗(0). (1.2.1.3)

1.2.2. Remark. If S is densely defined then we have the classical situation. According to
(1.2.1.2) and (1.2.1.1), π : H+ → H and ι : H → H− are one to one. Moreover ranπ and
ran ι is dense in H and H−, respectively. Thus π (ι)is a continous embedding of H+(H−) onto
a dense subset of H (H−). We can therefore assume that

H+ ⊆ H ⊆ H−.

1.2.3. Remark. If S is minimal, i.e.

cls
⋃

z∈C\R

ran(S − z)⊥ = H,

then, by the Neumann formula, domS∗ is dense in H , thus ι is one to one. Thus we can regard
H as a subspace of H−, and we obtain the situation

H+
π
→ H ⊆ H−, codimH−

H = dimS∗(0) = dimdomS
⊥
.

1.2.4. Lemma. Suppose u ∈ H− and write u = (·, (h1;h2))+, where (h1;h2) ∈ H+. Then
u ∈ ran ι if and only if h2 ∈ domS, and u ∈ ran ι if and only if h2 ∈ domS.
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Proof. First, observe that

(

(

f
g

)

,

(

h1

h2

)

)

=
(

(

f
g

)

,

(

h
0

)

)

for all

(

f
g

)

∈ S∗,

if and only if (h2;h− h1) ∈ (S∗)∗ = S. Thus u ∈ H if and only if there exists a vector h ∈ H
such that (h2;h − h1) ∈ S. This is the case if and only if h2 ∈ domS, which proves the first
assertion. To prove the second assertion, observe that by (1.2.1.3), we have u = ( ·, (h1;h2))+ ∈
ran ι = (ran ι)⊥⊥ if and only if

(h1, h2) ∈ (S∗
∞)⊥.

Since S∗
∞ = {0} × (domS)⊥, we conclude that u ∈ ran ι if and only if h2 ∈ ((domS)⊥)⊥ =

domS, which completes the proof.

Consider the space triplet

H+
π
→ H

ι
→ H−

associated to the symmetric relation S ⊆ H2. Suppose A ⊆ H2 is a selfadjoint extension of S.
We define for z ∈ ρ(A)

R+
z : H → H+, f 7→

(

(A− z)−1f
(I + z(A− z)−1)f

)

That R+
z is indeed a mapping into H+ follows from the fact that ((A− z)−1f ; f) ∈ A− z, and

hence R+
z f ∈ A ⊆ S∗. Define

R−
z : H− → H R−

z := (R+
z )∗.

We will give also an explicit description of R−
z . If we write u = (·, (f1, f2))+ ∈ H−, then for

any h ∈ H

(R−
z u, h) = [u,R+

z h]± =
(

(

f1
f2

)

,

(

Rzh
(I + zRz)h

)

)

= (Rzf1 + (I + zRz)f2, h),

and hence

Rzu = Rzf1 + (I + zRz)f2, u = (·, (f1; f2))+. (1.2.1.4)

If (E( · ), E({∞})) is the resolution of the identity connected with A, and if B ⊆ R is a
bounded Borel set, then we define

E(B)+ : H → H+, f 7→

(

E(B)f
AsE(B)f

)

∈ As,

and

E(B)− : H− → H, E(B)− := (E(B)+)∗.
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1.2.5. Lemma. With the above notation the following relations hold.

R+
z −R+

w = (z − w)R+
z Rw, z, w ∈ ρ(A), (1.2.1.5)

R−
z −R−

w = (z − w)RwR
−
z , z, w ∈ ρ(A). (1.2.1.6)

If B ⊆ R is a bounded Borel set, then

R+
z E(B) = E(B)+Rz, z ∈ ρ(A), (1.2.1.7)

RzE(B)− = E(B)R−
z z ∈ ρ(A). (1.2.1.8)

The mappings R+
z and E(B)− are extensions of Rz and E(B), respectively, in the following

sense:

Rz = πR+
z = R−

z ι (1.2.1.9)

E(B) = πE(B)+ = E(B)−ι. (1.2.1.10)

Proof. A direct computation gives

(z − w)R+
z Rwf =

(

(z − w)RzRwf
(z − w)(I + zRz)Rwf

)

=

=

(

Rzf −Rwf
(z − w)Rwf + z(Rzf −Rwf)

)

=

(

Rzf −Rwf
zRzf − wRwf

)

= R+
z −R+

w .

Taking the adjoint on both sides in (1.2.1.5), we get (1.2.1.6). If B is a bounded Borel set, then
for any f ∈ H we have

R+
z E(B)f =

(

RzE(B)f
E(B)f + zRzE(B)f

)

∈ A.

Since E(B)f⊥ ranE({∞}) = A(0), we have (E(B)f + zRzE(B)f, g) = 0 for any g ∈ A(0),
which shows that R+

z E(B)f ∈ As and hence

R+
z E(B)f =

(

RzE(B)f
AsRzE(B)f

)

=

(

E(B)Rzf
AsE(B)Rzf

)

= E(B)+Rzf.

Taking the adjoint on both sides of (1.2.1.7)leads to (1.2.1.8). By definition, Rz = πR+
z and

E(B) = πE(B)+. Again, taking the adjoints yields (1.2.1.9) and (1.2.1.10).

Fix a bounded Borel set B ⊆ R. Since the restriction As to E(B)H is a bounded
operator, we conclude that for any f ∈ H , the set function

E+( · )f : B′ 7→ E(B′)+f,

which acts on all Borel subsets of B, is countably additive, hence it is a H+-valued measure.
We shall denote this measure by dE+

λ f . By the spectral representation of As, we have

dE+
λ f =

(

dEλf
λdEλf

)

. (1.2.1.11)
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For any function g continuous on the closure of B, the integral

h =

∫

B

g(λ) dE+
λ f

converges in the metric of H+, hence for any u ∈ H−, we can write

[h, u]± =

∫

B

g(λ) d[E+
λ f, u]±.

The following prosition shows how E(B)− can be represented by E(B).

1.2.6. Proposition. Suppose B ⊆ R is a bounded Borel set. Then for any f ∈ H, z ∈ ρ(A),

dE+
λ f = (λ− z) dE+

λ Rzf on B, (1.2.1.12)

and for any u ∈ H−

E(B)−u =

∫

B

(λ− z) dEλR
−
z u, z ∈ ρ(A). (1.2.1.13)

Proof. By 1.2.1.11, and dEλRz = 1
λ−zdEλ, we obtain

dE+
λ Rz =

1

λ− z

(

dEλ

λdEλ

)

=
1

λ− z
dE+

λ ,

which proves 1.2.1.12. Next, using 1.2.1.7, it follows that for f ∈ H

(E(B)−u, f) = [u,E(B)+f ]± =

∫

B

(λ− z) d[u,E+
λ Rzf ]± =

∫

B

(λ− z) d[u,RzEλf ]± =

∫

B

(λ− z)d(EλR
−
z u, f).

Thus (1.2.1.13) holds.

The representation 1.2.1.13 shows that for any u ∈ H−, the set function E−(·)u, restricted
to any bounded Borel set B is an H−-valued measure. We shall denote this measure by dE−

λ u.
Now, 1.2.1.13 can be rewritten as

dE−
λ u = (λ− z) dEλR

−
z u. (1.2.1.14)

We shall define d‖E−
λ u‖

2 as the measure

d‖E−
λ u‖

2 = |λ− z|2d(EλR
−
z u,R

−
z u).

This notation is justified by the observation that

‖E(B)−u‖2 =

∫

B

|λ− z|2 d(EλR
−
z u,R

−
z u) =

∫

B

d‖E−
λ u‖

2. (1.2.1.15)
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Suppose that S ⊆ H2 is a symmetric relation and Ã is a selfadjoint extension acting in
a (possibly) larger Hilbert space H̃ . Consider the space triplet

H̃+
π̃
→ H̃

ι̃
→ H̃−

associated to S as a subspace of H̃2. This means that H̃+ is the adjoint S̃∗ of S computed in
H̃2. If P̃ is the orthoprojector of H̃ onto H and if (f ; g) ∈ S̃∗, then for all (h1;h2) ∈ S

0 = (f, h2) − (g, h1) = (P̃ f, h2) − (P̃ g, h1).

Thus (P̃ f ; P̃ g) ∈ S∗ = H+, and

P̃+ : H̃+ → H+,

(

f
g

)

7→

(

P̃ f

P̃ g

)

(1.2.1.16)

is the orthogonal projection of H̃+ onto H+. For z ∈ ρ(Ã), we define the compressed (or
generalized) resolvent Rz of S generated by Ã, as (R̃z = (Ã− z)−1)

Rz : H → H, Rz = P̃ R̃z|H .

Moreover, let

R+
z : H → H+, R+

z f = P̃+R̃+
z f =

(

Rzf
(I + zRz)f

)

,

R−
z : H− → H, R−

z = (R+
z )∗.

Note that R+
z and R−

z are in fact uniquely determined by the generalized resolvent Rz.

For n ∈ Nz = ran(S − z)⊥ we define the vector

n+ :=

(

n
z · n

)

∈ H+. (1.2.1.17)

If A is a canonical selfadjoint extension of S, R−
z its extended resolvent and ϕ(z) a parametriza-

tion connected with S and A, then

ϕ+(z) = ϕ+(z0) + (z − z0)R
+
z ϕ(z0), (1.2.1.18)

as one can easily check. For the compressed resolvents R+
z and R−

z the Krein formula reads as
follows:

1.2.7. Theorem. Fix a canonical selfadjoint extension A◦ of S, a parametrization ϕ(z) as
defined in (1.1.1.6), and a q-function Q(z) of S and A◦. Then the formulas

R+
z = R◦+

z +
( . , ϕ(z))

τ(z) +Q(z)
ϕ+(z), z ∈ C\R, (1.2.1.19)

and

R−
z = R◦−

z +
[ · , ϕ+(z)]±
τ(z) +Q(z)

ϕ(z), z ∈ C\R, (1.2.1.20)

establish a one to one correspondence between all functions τ ∈ N0 ∪ {∞} and all generalized
resolvents R+

z , R−
z of S. They arise from a canonical selfadjoint extension if and only if τ is a

real constant or τ ≡ ∞.
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Proof. Formula (1.2.1.19) follows immediately from Theorem 1.1.3. Taking the adjoint on both
sides of (1.2.1.19) we obtain formula (1.2.1.20).

We shall call u ∈ H− a boundary value if [·, u]± annihilates S. If we write u = (·, a)+,a ∈
H+, then u is a boundary value if and only if a ∈ H+ ⊖ S.

1.2.8. Lemma. The mapping J : H2 → H2,
(

f
g

)

7→

(

0 −1
1 0

)(

f
g

)

(1.2.1.21)

leaves S∗ ⊖ S invariant.

Proof. First recall that (f ; g) ∈ S∗ if and only if J(f ; g) is orthogonal to S. Therefore, if
(f ; g) ∈ S∗ ⊖ S, then J(f ; g) and also J2(f ; g) = −(f ; g) is orthogonal to S, which proves that
J(f, g) is in S∗ ⊖ S.

The vectors a and ib are skewly linked with respect to the inner product 〈 ·, · 〉 (as defined
in Section 1.1), if and only if

(

(Ja, a) (Ja, b)
(Jb, a) (Jb, b)

)

=

(

0 1
−1 0

)

= −J. (1.2.1.22)

If u, v ∈ H−, u = (·, a)+ and v = (·, b)+, then we shall say that u, v ∈ H− are skewly linked
(with respect to 〈 ·, · 〉), if the vectors a, b ∈ H+ are skewly linked (with respect to 〈 ·, · 〉).
Boundary values (·, a)+, (·, b)+ such that a and ib are skewly linked will play a role in 2.3.

1.2.9. Proposition. Suppose S has deficiency index (1, 1), and assume that a, ib ∈ H+ ⊖ S
are skewly linked. The vectors a1, ib1 ∈ H+ ⊖S are skewly linked (with respect to 〈 ·, · 〉), if and
only if there exists an iJ-unitary matrix U such that

(a1, b1) = (a, b) U. (1.2.1.23)

Moreover, we can always find a orthonormal basis a, ib of H+⊖S such that a and ib are skewly
linked.

Proof. Suppose that the vectors a, ib ∈ H+ ⊖S are skewly linked. Then that a and b are linear
independent, hence they form a basis for H+ ⊖ S. If we write (a1, b1) = (a, b)U , then

(

(Ja1, a1) (Ja1, b1)
(Jb1, a1) (Jb1, b1)

)

= U(−J)U∗,

which proves the first assertion. Since the deficiency index of S is (1, 1), we can find a vector
a ∈ H+ ⊖ S, ‖a‖ = 1, such that

S ⊕ span{a}



CHAPTER 1. SYMMETRIC OPERATORS WITH DEFICIENCY INDEX (1, 1) 18

is a selfadjoint relation. According Lemma 1.2.8, b = Ja ∈ H+ ⊖ S. Since (Ja, a) = 0, we find

(Jb, b) = −(a, Ja) = 0, (Ja, b) = (a, a) = 1, (Jb, a) = −(a, a) = −1.

Consequently a, ib form a orthonormal base of skewly linked vectors.

If the deficiency index of S is (1, 1), then any selfadjoint extension A can be written as

A = ker[·, s]±,

where s is a certain boundary value. A is called the extension determined by the boundary
condition [·, s]± = 0.

1.2.10. Theorem. Suppose that S has deficiency index (1, 1), and assume that that the vectors
a, ib ∈ H+ ⊖ S are skewly linked (with respect to 〈 ·, · 〉). The extension of S determined by the
boundary condition (·, s)+ = 0, s ∈ H+, is selfadjoint if and only if

s = αa+ βb, α, β ∈ C, αβ ∈ R, (1.2.1.24)

or equivalently

s = c (sinϕ a− cosϕ b), ϕ ∈ [0, π), c ∈ C\{0}. (1.2.1.25)

Proof. Recall that a, b form a basis for H+ ⊖S. Consider s ∈ H+ ⊖S, s = αa+ βb, and choose
s′ ∈ H+ ⊖ S such that (s, s′)+ = 0. Then the extension determined by the boundary condition
(·, s)+ = 0 is given by

T = S ⊕ span{s′}.

Observe that, if (Js′, s′) = 0, then Lemma 1.2.8 implies that s = cJs′ for some c ∈ C, hence
also (Js, s) = 0. Similarly, if (Js, s) = 0, then (Js′, s′) = 0. This shows that (Js′, s′) = 0 if and
only if (Js, s) = 0. Therefore T is selfadjoint if and only if

(Js, s) = |α|2(Ja, a) + αβ(Ja, b) + α(a, Jb) + |β|2(Jb, b) = Imαβ = 0.

The equivalence of (1.2.1.24) and (1.2.1.25) is proved by an elementary calculation.

Given skewly linked boundary values u, iv ∈ H−, u = (·, a)+ and v = (·, b)+, Proposi-
tion 1.2.9 characterizes all other pairs of skewly linked boundary values u1, iv1, and Theorem
1.2.10 shows that all canonical selfadjoint extensions of S are given by the boundary conditions
(·, sα)+ = 0, where

sα = sinα a− cosαb, α ∈ [0, π).

The extension determined by the boundary condition (·, sα)+ = 0 is explicitly given by

Aα = S ⊕ span{Jsα}. (1.2.1.26)
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1.3 Representation by Spaces of Entire Functions

In this section we introduce the method of directing functionals (originally developed by
M.G.Krein). We restrict our considerations to a very special case which is suitable for the
treatise in Chapter 2. For a treatise of directing functionals in the usual setting, see [AG2] or
[GG].

1.3.1. Definition. Suppose S is a closed symmetric operator acting in a Hilbert space
(H, (., .)). A family φ(z), z ∈ C, of (not necessarily bounded) linear functionals, defined on
the entire space H , will be called an universal directing functional for S if the following condi-
tions are satisfied.

1. Φf(z) = (f, φ(z)) is an entire function.

2. There is a least one z ∈ C such that φ(z) 6= 0.

3. Φf(z) = 0 if and only if f ∈ ran(S − z).

We shall denote the vector space of all functions Φf , where f ∈ H , by H.

Condition 2 implies that H is nontrivial, i.e. there exists at least one nonzero function
Φf ∈ H. Observe that if f ∈ domS, then Φ(Sf)(z) − zΦf(z) = Φ(Sf − zf)(z) = 0. Thus

Φ(S − w)f(z) = (z − w)Φf(z). (1.3.1.1)

Conversely, if Φf(w) = 0, then there exists g ∈ domS such that (S − w)g = f , hence

(z − w) Φg(z) = Φf(z),

and therefore

Φf(z)

z − w
= Φg(z) ∈ H. (1.3.1.2)

By (1.3.1.2) there exists for any compact subset K of C a function Φg ∈ H such that

Φg(z) 6= 0, z ∈ K.

Thus φ(z) 6= 0 for any z ∈ C. Since

ker(·, φ(z)) = ran(S − z),

we may conclude that, for nonreal z, the kernel of the linear functional (·, φ(z)) is closed, hence
it is bounded. Lateron we prove that this is also true for real z. Moreover, by condition 3, the
deficiency index of S is (1, 1).

The mapping Φ : H → H, f 7→ Φf , is a kind of Fourier transformation for S. Its
inversion theorem reads a follows:
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1.3.2. Theorem. Suppose the family φ(z) of linear functionals satisfies the conditions 1-3. Let
∆ = (a, b] ⊆ R and choose u ∈ H with Φu(z) 6= 0, z ∈ ∆. Then for any selfadjoint extension Ã
of S, acting in a possibly larger Hilbert space H̃ ⊇ H, we have

Ẽ(∆)f =

∫

∆

Φf

Φu
(λ) dẼλu, (1.3.1.3)

where (Ẽ(·), Ẽ({∞})) is the orthogonal resolution of the identity connected with Ã.

Proof. Suppose Φu 6= 0 on ∆. For any f ∈ H , define the function

F (λ) = Φf(λ)/Φu(λ), λ ∈ ∆.

If we set fλ = f − F (λ)u, then Φfλ(λ) = 0, hence there is a gλ ∈ domS such that

(S − λ)gλ = fλ.

Let Ã be a selfadjoint extension of S acting in a possibly larger Hilbert space H̃ with
(Ẽ(·), Ẽ({∞})) as its orthogonal resolution of the identity. For λ ∈ ∆ put

∆h
λ =

{

(λ, λ+ h], h > 0
(λ− h, λ], h < 0

.

Then

‖Ẽ(∆h
λ)f − F (λ)Ẽ(∆h

λ)u‖ = ‖Ẽ(∆h
λ)fλ‖ =

= ‖Ẽ(∆h
λ)(S − λ)gλ‖ =

(∫

∆h

λ

|t− λ|2 d(Ẽtgλ, gλ)

)1/2

= o(h).

Also, since F is differentiable at λ,

‖F (λ)Ẽ(∆h
λ)u−

∫

∆h

λ

F (t)dẼtu‖ =

(∫

∆h

λ

|F (t) − F (λ)|2 d(Ẽtu, u)

)1/2

= o(h).

From the above formulas it follows that the H-valued function

ϕ : x 7→

∫

(a,x]

dẼtf −

∫

(a,x]

F (t)dẼtu,

defined for x ∈ ∆, is differentiable and its derivative is equal to 0. Since limx→a+ ϕ(x) = 0, ϕ
is identically 0, and we arrive at the equality

dẼλf = F (λ)dẼλu on ∆, (1.3.1.4)

which yields (1.3.1.3).
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Let Ã be as in Theorem 1.3.2. For any bounded Borel set B choose an element u ∈ H
such that Φu(z) 6= 0, z ∈ B, and define

dσ =
d(Ẽλu, u)

|Φu(λ)|2
on B. (1.3.1.5)

By (1.3.1.3), the definition does not depend on u. By writing R as a disjoint union of bounded
Borel sets Bn, (1.3.1.5) determines uniquely a nonnegative Borel measure on the real line which
we shall also denote by dσ.

1.3.3. Corollary. There exists nonnegative measures dσ such that

(f, g) =

∫

R

Φf(λ)Φg(λ) dσ(λ), f, g ∈ H. (1.3.1.6)

In fact, if Ã is any selfadjoint extension with ran Ẽ(R) ⊇ H, then we can choose dσ as in
(1.3.1.5).

Proof. Write R as a union of disjoint intervals ∆n = (an, bn]. To each ∆n there is a un ∈ H
such that Φun 6= 0 on ∆n. Define

dσ =
d(Ẽλun, un)

|Φun(λ)|2
on ∆n.

Since Ã is an selfadjoint operator, Ẽ(R) = idH̃ , and (1.3.1.3) gives

(f, g) =

∫

R

Φf(λ)Φg(λ) dσ(λ).

Observe that for any u ∈ H , according to (1.3.1.4), dẼλu = Φu(λ)
Φun(λ) dẼλun, and thus

d(Ẽλu, u) = |Φu(λ)|2 dσ on ∆n,

which proves the second assertion.

1.3.4. Remark. For a more complete version of Corollary 1.3.3, see Theorem 1.3.8.

The preceeding corollary also implies that the mapping Φ : H → H, f 7→ Φf is one to
one, thus it is an isomorphism of the vector spaces H and H. If H is endowed with the inner
product

(F,G) = (Φ−1F,Φ−1G), F,G ∈ H,

it therefore is a Hilbert space of entire functions. For nonreal z ∈ C, the point evaluation
functional is bounded, which follows from

F (w) = (Φ−1F, φ(w)), w ∈ C\R.
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and the continuity of (·, φ(w)), w ∈ C\R. Therefore, by Proposition 1.1.9, point evaluation is
continuous for all w ∈ C. In particular, we may regard φ(z) as an element of H . Moreover,
since

ker(·, φ(z)) = ran(S − z),

the range ran(S−z) is closed, hence S is regular, and we have φ(z) ∈ Nz. Via the isomorphism
Φ, S is transformed into the multiplication operator M : F (z) 7→ z F (z) in H, defined on its
maximal domain

domM = {F ∈ H : zF (z) ∈ H}.

Alltogether, the space H satisfies the following conditions:

(H1) H is a reproducing kernel space of entire functions.

(H2) The multiplication operator F (z) 7→ zF (z) is a closed symmetric operator with deficiency
index (1, 1).

In Section 2.3 we shall see that any space which satisfies the above conditions is in fact of type
H(A,B).

Since Φ : H → H is one to one, and since span{φ(z)} = Nz, S satisfies the minimality
condition

cls
⋃

z∈C\R

Nz = H. (1.3.1.7)

According to Remark 1.2.3, we may regard H as a subspace of H− identifying f ∈ H with the
functional ιf = ( · , (f ; 0)) ∈ H−. We are able to extend Φ to H−. Since φ(z) ∈ Nz we have
φ+(z) ∈ H+. For u ∈ H− we define

Φu(z) := [u, φ+(z)]± =

[

u ,

(

φ(z)
zφ(z)

)]

±

. (1.3.1.8)

The vector space of all functions Φu, u ∈ H− is denoted by H−.

The following lemma particularly imlplies that Φ : H− → H− is one to one.

1.3.5. Lemma. Suppose that S has deficiency index (1, 1) and satisfies the minimality condi-
tion (1.3.1.7). Choose any nonzero φ(z) ∈ Nz, z ∈ C\R. Then

cls {φ+(z) : z ∈ C\R} = H+. (1.3.1.9)

Proof. Choose a canonical selfadjoint extension A of S and fix any w ∈ C\R. Recall that
φ(z) + (w − z)(A− w)−1φ(z) ∈ Nw, thus there is a nonzero constant cz ∈ C such that

(A− w)−1φ(z) =
φ(z) − czφ(w)

z − w
.
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Since (φ(w); 0) ∈ S∗ − w, (φ(w), 0) /∈ A− w, and since codimS∗ A = 1, we have

(S∗ − w)−1 = (A− w)−1 ∔ span(0;φ(w)).

Because S is minimal, cls {φ(z) : z ∈ C\R, z 6= w} = H , and

(A− w)−1 = cls

{(

φ(z)
(A− w)−1φ(z)

)

: z /∈ R ∪ {w}

}

= cls{

(

φ(z)
ϕ(z)−czϕ(w)

z−w

)

: z /∈ R ∪ {w}}.

In this place we used that (A − w)−1 is a bounded operator. Thus, by adding multiples of
(0;φ(w)) ∈ (S∗ − w)−1 we find

(S∗ − w)−1 = cls{

(

(z − w)φ(z)
φ(z)

)

: z /∈ R},

which implies (1.3.1.9).

We can identify H− with H + zH:

1.3.6. Lemma. Let v = ( · , (f ; g))+ ∈ H−. Then, with the above notation,

Φv(z) = Φf(z) + zΦg(z). (1.3.1.10)

Conversely, if h(z) ∈ H + zH, there exists a unique element v ∈ H− with h(z) = Φv(z).

Proof. The first assertion follows immediately from

[v, φ+(z)]± =

[(

f
g

)

,

(

φ(z)
zφ(z)

)]

±

= (f, φ(z)) + z(g, φ(z)).

Suppose h(z) = F (z) + zG(z), F,G ∈ H. Let P denote the orthogonal projection of H2 onto
S∗ = H+. Then, setting v = ( · , P (Φ−1F ; Φ−1g))+, we have

[v, φ+(z)]± =
(

(

Φ−1F
Φ−1G

)

,

(

φ(z)
zφ(z)

)

)

= (Φ−1F, φ(z)) + z(Φ−1G,φ(z)),

which proves the lemma.

Suppose F ∈ H−, and F (w) = 0 for some w ∈ C. By Lemma 1.3.6, we can write
F (z) = H1(z) + (z − w)H2(z), H1, H2 ∈ H. As F (w) = 0, we also have H1(w) = 0, and
therefore H1(z) = (z − w)H3(z), H3 ∈ H. Hence, with H = H3 +H2,

F (z)

z − w
= H(z) ∈ H. (1.3.1.11)
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Next, suppose Ã is a selfadjoint extension of S, acting in a Hilbert space H̃ ⊇ H . In the
sequel the mappings R̃−

z , E(B)+, Ẽ(B)− as defined in Section 1.2 will refer to the space triplet

H̃+
π̃
→ H̃

ι̃
→ H̃−

associated to S as a symmetric subspace of H̃2. If a functional u ∈ H− has the representation

[ · , u]± =
(

· ,

(

h1

h2

)

)

, on H+,

for certain h1, h2 ∈ H , then it can be extended in a canonical way fashion to a continuous
functional on H̃+ by

[ · , ũ]± =
(

· ,

(

h1

h2

)

)

.

For the sake of simplifying notation, we will not distinguish between u and ũ whenever this
does not cause confusion. Therefore we will write R̃−

z u, Ẽ(B)−u instead of R̃−
z ũ and Ẽ(B)−ũ,

respectively.

We can rewrite Theorem 1.3.2 in terms of H−.

1.3.7. Theorem. Suppose that the family φ(z), z ∈ C, satisfies the conditions 1-3. Let ∆ =
(a, b] ⊆ R and choose u ∈ H with Φu(z) 6= 0, z ∈ ∆. Then for any selfadjoint extension Ã of
S, acting in a possibly larger Hilbert space H̃ ⊇ H, we have for arbitrary f ∈ H−

Ẽ(∆)−f =

∫

∆

Φf

Φu
(λ) dẼ−

λ u =

∫

∆

Φf

Φu
(λ)(λ − i) dẼλR̃

−
i u, (1.3.1.12)

where (Ẽ( · ), Ẽ({∞})) is the orthogonal resolution of the identity connected with Ã.

Proof. For any f ∈ H−, define

F (λ) =
Φf

Φu
(λ), λ ∈ ∆.

If we set fλ = f −F (λ)u ∈ H−, then Fλ(λ) = Φfλ(λ) = 0. Thus Fλ(z)
z−w = Gλ(z) ∈ H. It is easy

to see that with gλ = Φ−1Gλ, the functional fλ can be represented as

fλ =
(

· ,

(

−λgλ

gλ

)

)

.

Suppose Ã is a selfadjoint extension of S which acts in a possibly larger Hilbert space H̃, and
denote (Ẽ( · ), Ẽ({∞})) its resolution of the identity. Let ∆h

λ be defined as in Theorem 1.3.2.
For any h ∈ H we obtain

(Ẽ(∆h
λ)−fλ, h) = (fλ, Ẽ(∆h

λ)+h) =
(

(

−λgλ

gλ

)

,

(

Ẽ(∆h
λ)h

ÃsẼ(∆h
λ)h

)

)

=

= −

∫

∆h

λ

λ d(Ẽth, gλ) +

∫

∆h

λ

t dẼth, gλ =

∫

∆h

λ

(t− λ)d(Ẽtgλ, h).
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Hence

‖Ẽ(∆h
λ)−fλ‖ ≤

(∫

∆h

λ

|t− λ|2d(Ẽtgλ, gλ)

)1/2

= o(h).

The same argument as in the proof of Theorem 1.3.2 yields

‖Ẽ(∆
h
λ)−f − F (λ)Ẽ(∆h

λ)−u‖ = ‖Ẽ(∆h
λ)−fλ‖ = o(h),

and since F is diffentiable at λ,

‖F (λ)Ẽ(∆h
λ)−u−

∫

∆h

λ

F (t)dẼ−
t u‖ =

(∫

∆h

λ

|F (t) − F (λ)|2 d‖Ẽ−
t u‖

2

)1/2

= o(h).

It follows from the above estimates that the H-valued function

ϕ : x 7→

∫

(a,x]

dẼ−
t f −

∫

(a,x]

F (t) dẼ−
t u,

defined for x ∈ ∆, has derivative equal to 0. Since limx→a+ ϕ(x) = 0, ϕ must vanish identically,
which gives

dẼ−
λ f = F (λ) dẼ−

λ u on ∆. (1.3.1.13)

Thus we proved the first equality sign in (1.3.1.12). The validity of the second follows from
(1.2.1.14).

Let Ã be as in Theorem 1.3.7. For any bounded Borel set B choose an element u ∈ H
such that Φu(z) 6= 0, z ∈ B, and define

dσ(λ) =
1

|Φu|2(λ)
d‖Ẽ−

λ u‖
2 =

1

|Φu|2(λ)
|λ− i|2 d(ẼλR̃

−
i u, R̃

−
i u) on B. (1.3.1.14)

By (1.3.1.12), we have for any other s ∈ H−

d‖Ẽ−
λ s‖

2 =
|Φs(λ)|2

|Φu(λ)|2
d‖Ẽ−

λ u‖
2 on B, (1.3.1.15)

hence the definition of σ does not depend on u. By writing R as a disjoint union of bounded
Borel sets Bn, (1.3.1.14) determines uniquely a nonnegative Borel measure on the real line
which we shall also denote by dσ.

In the next theorem we give a description of all nonegative measures σ such that H is
contained isometrically in L2(σ).

1.3.8. Theorem. The space H is contained isometrically in L2(σ) for a nonnegative Borel
measure σ if and only if dσ is of the form (1.3.1.14) with some selfadjoint extension Ã of S
satisfying ran Ẽ(R) ⊇ H.
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Proof. Suppose Ã is a selfadjoint extension of S, defined in a Hilbert space H̃ ⊇ H . As in
Corollary 1.3.3, it is easily seen that there exists a nonnegative measure σ such that

(Ẽ(R)f, Ẽ(R)g) =

∫

R

Φf(λ)Φg(λ) dσ(λ).

Moreover, for any Borel set B ⊆ R and any u ∈ H− with Φu 6= 0 on B, we have

dσ(λ) =
d‖Ẽ−

λ u‖
2

|Φu|2(λ)
on B.

Therefore, if Ẽ(R) ⊇ H , H ⊆ L2(σ) isometrically. Conversely, assume that L2(σ) contains H
isometrically as a subspace. Via the isomorphism Φ, H is isometrically isomorphic to H , and
S is transformed into the multiplication operator M in H. Henceforth, we will not distinguish
between H and H or between S and M . Therefore the multiplication operator Ã : f(t) 7→ tf(t)
in H̃ = L2(σ) is a selfadjoint extension of S. For any Borel set B ⊆ R,

Ẽ(B) : f(t) 7→ χB(t) f(t),

with

χB(t) =

{

1 t ∈ B
0 t /∈ B

,

defines the corresponding orthogonal resolution of the identity. Choose an arbitrary u ∈ H−,

[ · , u]± =
(

· ,

(

h1

h2

)

)

, h1, h2 ∈ H.

Recall that, according to Lemma 1.3.6, Φu(t) = Φh1(t) + tΦh2(t). Let B ⊆ R be a bounded
Borel set. Then for any f ∈ L2(σ)

(Ẽ(B)−u, f) = (u, Ẽ(B)+f) =

((

h1

h2

)

,

(

χB(t)f(t)
tχB(t)f(t)

))

=

=

∫

B

(Φh1(t) + tΦh2(t)) f(t) dσ(t) =

∫

B

Φu(t) f(t) dσ(t).

Hence we have

Ẽ(B)−u = χB(t) Φu(t),

and thus also

d‖E−
λ u‖

2 = |Φu|2(λ) dσ(λ),

which completes the proof of the theorem.

1.3.9. Remark. If S is densely defined in H , then ran Ẽ(R) ⊇ H for any selfadjoint extension
Ã. This follows from Ẽ(R)H̃ = domA ⊇ domS = H .
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1.4 Representation by P(z)

Throughout this section we shall assume that S is a closed symmetric operator defined in some
Hilbert space H with deficiency index (1, 1). In the following we introduce the representation
with respect to a generalized gauge. The present results are slight generalizations of what can
be found in [GG] or [KL], where only the case of densely defined S is treated. See also [KW1].

From now on we shall assume that S satisfies the minimality condition (Nz = ran(S−z)⊥)

cls
⋃

z∈C\R

Nz = H. (1.4.1.1)

Recall that, according to Remark 1.2.3, we can view H as a subspace of H− by identifying
the element f ∈ H with the functional ( · , (f ; 0)) on H+ = S∗. Recall that for any canonical
selfadjoint extension A of S and chosen ϕ(z0) ∈ Nz0

, z0 ∈ C\R, the family

ϕ(z) =
(

1 + (z − z0)(A− z)−1
)

ϕ(z0) ∈ Nz , z ∈ ρ(A), (1.4.1.2)

is an analytic parametrization of the deficiency spaces Nz (cf. Section 1.1).

For u ∈ H−, u 6= 0, and define

ru(S) := {z ∈ r(S) : [n+, u]± 6= 0 for some n ∈ Nz}.

Clearly ru(S) is an open subset of the complex plane C. By Lemma 1.3.5, for each u the set
ru(S) is nonempty. Suppose ru(S) has nonempty intersections with each of the halfplanes C+

and C−. Then, with ϕ(z) as defined above, the function

[u, ϕ(z)]±

is holomorphic on each halfplane and does not vanish identically. Thus the zeros of this function
form a countable discrete subset of C\R, and, as z 7→ ϕ(z) is continuous,

cls{ϕ(z) : z ∈ ru(S)} = cls{ϕ(z) : z ∈ C\R} = H. (1.4.1.3)

For the same reason we have (compare Lemma 1.3.5)

cls{ϕ+(z) : z ∈ ru(S)} = cls{ϕ+(z) : z ∈ C\R} = H+. (1.4.1.4)

In the following theorem we give a representation of H by a space functions holomorphic
on ru(S), such that the operator S is transformed into multiplication by the independent
variable.

1.4.1. Theorem. Suppose ru(S) has a nonempty intersection with each of the halfplanes C+

and C−. Moreover, let f ∈ H. Choose any canonical selfadjoint extension A of S. Then the
function

P(z)f :=
(f, ϕ(z))

[u, ϕ+(z)]±
, z ∈ ru(S) ∩ ρ(A), (1.4.1.5)



CHAPTER 1. SYMMETRIC OPERATORS WITH DEFICIENCY INDEX (1, 1) 28

has an analytic continuation fu to ru(S) which does not depend on the particular choice of A.
The mapping

Φ : H → Hu, f 7→ fu

is a linear isomorphism of H onto Hu = {fu : f ∈ H}. Via this isomorphism S is transformed
into the multiplication operator M : F (z) 7→ z · F (z), domM = {F ∈ Hu : z · F (z) ∈ Hu}.

Proof. Obviously the function fu(z) is analytic on ru(S) ∪ ρ(A). If A′ is another selfadjoint
extension of S and ϕ′(z) ∈ Nz a corresponding parametrization of the defect spaces, clearly
ϕ′(z) is a multiple of ϕ(z), i.e.

ϕ(z) = c(z) ϕ′(z), z ∈ ρ(A) ∩ ρ(A′).

Thus for z ∈ ru(S) ∩ ρ(A) ∩ ρ(A1)

(f, ϕ(z))

[ u , ϕ+(z)]±
=

(f, ϕ′(z))

[ u , ϕ′
+(z)]±

.

By Lemma 1.1.4, for any z ∈ r(S) there exists a selfadjoint extension A′ with z ∈ ρ(A′). Hence
fu(z) has an analytic continuation to ru(S). Because of the relation (1.4.1.3), the mapping
Φ : f 7→ fu is one to one, and hence an isomorphism of the spaces H and Hu. Consider
f ∈ domS. For z ∈ ru(S) ∩ ρ(A) we have

0 = (Sf − zf, ϕ(z)) = (Sf, ϕ(z)) − z(f, ϕ(z)),

which shows

ΦSf(z) = zΦ(z). (1.4.1.6)

On the other hand, if Φf ∈ domM , then (z−w)Φf(z) = Φg(z) for some (uniquely determined)
g ∈ H . We keep w ∈ ru(S) fixed. Since Φg(w) = 0, i.e. (g, ϕ(w)) = 0, we have g ∈ ran(S − w)
and g = (S − w)h for some h ∈ domS. Using (1.4.1.6),

(z − w)Φf(z) = (z − w)Φh(z),

whence Φf = Φh and thus f = h ∈ domS.

1.4.2. Remark. We can extend the mapping f 7→ fu to H−: For v ∈ H− the function

P(z)v :=
[ v , ϕ+(z)]±
[ u , ϕ+(z)]±

, z ∈ ru(S) ∩ ρ(A), (1.4.1.7)

has an analytic continuation vu to ru(S). Moreover, due to Lemma 1.3.5, the mapping

Φ− : H− → H
−
u , v 7→ Φv = vu

is again a linear isomorphism of H− onto H−
u = {vu : v ∈ H−}. Note that Hu ⊆ H−

u and that
Φu(z) ≡ 1 ∈ H−

u .
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We will call u ∈ H− the gauge of the representation of H given by Theorem 1.4.1. Note
that, if the gauge vector u belongs to H , formula (1.4.1.5) simplifies to

fu(z) = P(z)f =
(f, ϕ(z))

(u, ϕ(z))
, z ∈ ru(S) ∩ ρ(A).

In this case the functional P(z) has also a geometrical interpretation: Since (f−fu(z)u, ϕ(z)) =
0, the element fu(z)u is the projection of f onto U = span{u} in the direction of Mz =
ran(S − z). The subspace U is sometimes called the modul of the representation.

Observe that Hu, equipped with the inner product (f, g) = (Φ−1f,Φ−1g), is a Hilbert
space of functions analytic on ru(S). If we put

Kw(z) =
1

[u, n+]±
Φn(z),

where n ∈ Nw, then

(Φf,Kw) = Φf(w), w ∈ ru(S),

thus Hu is a reproducing kernel space, i.e. is a Hilbert space of analytic functions such that
point evaluation is continuous. It has Kw(z) as its reproducing kernel. Via the tranformation
Φ, the space Hu is an isomorphic copy of H , and the multiplication operatorM is an isomorphic
copy of S. Thus the deficiency numbers of M are equal to 1, and

Hu = ran(M − w) ⊕ span{Kw} = {F ∈ Hu : F (w) = 0} ⊕ span{Kw}.

Note that, if f ∈ Hu, w ∈ ru(S) and f(w) = 0, then also the function f(z)
z−w belongs to Hu.

Suppose Ã is a selfadjoint extension of S, acting in a Hilbert space H̃ ⊇ H . In the sequel
the mappings R̃−

z , E(B)+, Ẽ(B)− as defined in Section 1.2 will refer to the space triplet

H̃+
π̃
→ H̃

ι̃
→ H̃−

associated to S as a symmetric subspace of H̃2. As in section 1.3 we will not distinguish between
the functionals u ∈ H− and ũ = [P̃+ · , u]± ∈ H̃−, where P̃+ is the orthoprojector of H̃+ onto
H+.

1.4.3. Lemma. Suppose Ã is a selfadjoint extension of S acting in H̃ ⊇ H. For some z0 ∈
C\R, choose a nontrivial element ψ(z0) ∈ Ñz0

= ran(S − z)⊥ ⊆ H̃ and define

ψ(z) = (I + (z − z0)(Ã− z)−1)ψ(z0) ∈ Ñz, z ∈ ρ(Ã).

Then for any u ∈ H−

[u, ψ+(z)]± fu(z) = (f, ψ(z)), f ∈ H. (1.4.1.8)
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Proof. As usual we denot by P̃ the orthogonal projection of H̃ onto H and by P̃+ the orthog-
onal projection of H̃+ onto H+. Choose a canonical selfadjoint extension A and an analytic
parametrization ϕ(z) of the defect spaces Nz associated to S and A. Since ψ(z) ∈ Ñz and
therefore P̃ψ(z) ∈ Nz, we have

P̃ψ(z) = c(z)ϕ(z), c(z) ∈ C.

Thus also

P̃+ψ+(z) =

(

P̃ψ(z)

zP̃ψ(z)

)

= c(z)

(

ϕ(z)
zϕ(z)

)

= c(z) ϕ+(z), z ∈ ρ(A) ∩ ρ(Ã),

and we obtain

[ u , P̃+ψ+(z)]± fu(z) = c(z)[ u , ϕ+(z)]± fu(z) = c(z)(f, ϕ(z)) = (f, ψ(z)), z ∈ ρ(A) ∩ ρ(Ã),

which proves the lemma.

The following theorem is a kind of inversion theorem for the tranformation Φ. One could
prove this result similar as Theorem 1.3.7. However, we shall use a different method.

1.4.4. Theorem. Assume that fu is analytic on an open set Ω ⊆ C. Choose a selfadjoint
extension Ã acting in H̃ ⊇ H, and denote by (Ẽ(·), Ẽ({∞})) its orthogonal resolution of the
identity. Then for all Borel subsets B ⊆ Ω ∩ R the following identity holds:

Ẽ(B)f =

∫

B

fu(λ)(λ − i) dẼλR̃
−
i u, f ∈ H. (1.4.1.9)

Proof. Define ψ(z) ∈ Ñz as in Lemma 1.4.3. Using Lemma 1.2.5, a simple calculation gives
(

ψ(z)
zψ(z)

)

=

(

ψ(z0)
z0ψ(z0)

)

+ (z − z0)R̃
+
z ψ(z0) =

=

(

ψ(z0)
z0ψ(z0)

)

+ (z − z0)R̃
+
−iψ(z0) + (z − z0)(z + i)R̃+

z R̃−iψ(z0).

Thus, with R̃+
z R̃−i = R̃+

−iR̃z,
[

u,

(

ψ(z)
zψ(z)

)]

±

=

[

u,

(

ψ(z0)
z0ψ(z0)

)]

±

+ (z − z0)(R̃
−
i u, ψ(z0)) + (z − z0)(z − i)(R̃zR̃

−
i u, ψ(z0)),

Substituting

R̃zR̃
−
i u =

∫

R

1

λ− z
dẼλR̃

−
i u,

in the formula above, we get
[

u,

(

ψ(z)
zψ(z)

)]

±

=

[

u,

(

ψ(z0)
z0ψ(z0)

)]

±

+ (z − z0)(Ẽ({∞})R̃−
i u, ψ(z0)) +

+

∫

R

z − z0

λ− z
(λ− i) d(ẼλR̃

−
i u, ψ(z0)).

(1.4.1.10)
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Similar,

(f, ψ(z))) = (f, ψ(z0)) + (z − z0)(R̃zf, ψ(z0))

= (Ẽλ({∞})f, ψ(z0)) +

∫

R

λ− z0

λ− z
d(Ẽλf, ψ(z0)).

(1.4.1.11)

Since fu(z) is holomorphic on an open subset Ω, we may choose an interval [a, b] ⊆ Ω whose
endpoints are points of continuity of both measures

dσ1 = (λ− i)d(ẼλR̃
−
i u, ψ(z0)),

dσ2 = (λ− z0)d(Ẽλf, ψ(z0)).

Recall that by Lemma 1.4.3,

(f, ψ(z)) = fu(z)

[

u,

(

ψ(z)
zψ(z)

)]

±

.

Using the Stieltjes inversion formula (cf. Theorem 1.1.10) and (1.4.1.10), (1.4.1.11), we conclude
that

−

∫

[a,b]

(λ− z0)d(ẼλR̃
−
i u, ψ(z0)) = lim

ε→0

1

2πi

∫

∆ε

(f, ψ(z))dz =

= lim
ε→0

1

2πi

∫

∆ε

fu(z)

[

u,

(

ψ(z)
zψ(z)

)]

±

dz = −

∫

[a,b]

f(λ)(λ − z0)(λ − i)d(ẼλR̃
−
i u, ψ(z0))).

Notice that for ε→ 0 the terms in front of the integral of (1.4.1.10) and (1.4.1.11) are neglectible.
Since the set of all points of continuity of both measures σ1, σ2 is dense in R, it follows that

d(Ẽλf, ψ(z0)) = fu(λ)(λ − i) d(ẼλR̃
−
i u, ψ(z0)) on Ω ∩ R.

Remember that in the definition of ψ(z) the choice z0 ∈ C\R and ψ(z0) ∈ Ñz0
was arbitrary.

Since Ñz = Nz ⊕ (H̃ ⊖H) and since S is simple, it follows easily that

cls
⋃

z∈C\R

Ñz = (cls
⋃

z∈C\R

Nz) ⊕ (H̃ ⊖H) = H ⊕ (H̃ ⊖H) = H̃.

Thus we can write

dẼλf = fu(λ)(λ − i) dẼλR̃
−
i u on Ω ∩ R

and we proved (1.4.1.9).

As an immediate consequence of Theorem 1.4.4 we have:

1.4.5. Corollary. If fu and gu are holomorphic on an open set containing the interval ∆ ⊆ R,
and if Ã is as in Theorem 1.4.4, then

(Ẽ(∆)f, g) =

∫

∆

fu(λ)gu(λ) |λ− i|2 d(ẼλR̃
−
i ũ, R̃

−
i ũ) (1.4.1.12)
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1.4.6. Remark. Assume that fu is holomorphic on a neighborhood of ∆. If the element u ∈ H
in Theorem 1.4.4 belongs to H , then ũ = u ∈ H , R̃−

i ũ = R̃iu and, since (λ− i)dẼλR̃iu = dẼλu,
formula (1.4.1.9) writes as

Ẽ(∆)f =

∫

∆

fu(λ) dẼλu.

If also gu(z) is holomorphic on a neighborhood of ∆, then

(Ẽ(∆)f, g) =

∫

∆

fu(λ)gu(λ) d(Ẽλu, u).

1.4.7. Definition. Let S be a simple symmetric operator with deficiency index (1, 1) and let
u ∈ H−. Then S is said to be entire with respect to the generalized gauge u, if ru(S) = C. The
generalized element u is then called an entire gauge for S.

If S is entire and u ∈ H− is an entire gauge for S, then the family of functionals φ(z),

( · , φ(z)) : f 7→ fu(z), z ∈ C

is a universal directing functional for S as defined in Section 1.3. The spaces Hu and H−
u coincide

with H and H−, respectively. In particular we have Φu ≡ 1 ∈ H−. Conversely, assume that
φ(z) is a familiy of functionals which satisfies the conditions 1-3 in Section 1.3 and consider the
transformation

Φ : H → H, f 7→ Φf(z) = (f, φ(z))

connected with φ. Choose a nonzero u ∈ H−. Then

ru(S) = {z ∈ C : Φu(z) = (u, φ+(z)) 6= 0}

and, by the definition of fu,

fu(z) =
Φf(z)

Φu(z)
.

Thus S is entire if and only if there exists a u(z) ∈ H− such that u(z) 6= 0 on C.

1.5 Generalized u-Resolvent Matrices

In the present section we introduce the notion of resolvent matrices of generalized elements. In
the case of densely defined operators these result are wellknown (cf. [AG2], [GG] or [KL]. For
not densely defined symmetric relations, see [KW1].

Throughout this section S is assumed to be a symmetric relation with deficiency index
(1, 1) and Ã denotes a selfadjoint extension of S acting in a possibly larger Hilbert space H̃ ⊇ H .
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As in Section 1.2, let P̃ be the orthogonal projection of H̃ onto H and let P̃+ = (P ;P ) project
H̃+ onto H+. Moreover, denote by (Ẽ(.), Ẽ({∞})) the orthogonal resolution of the identity
associated to Ã and by Rz = P̃ R̃z |H , z ∈ ρ(Ã), its generalized resolvent. In the sequel the
mappings R̃−

z , Ẽ(B)+, Ẽ(B)− as defined in Section 1.2 will refer to the space triplet

H̃+
π̃
→ H̃

ι̃
→ H̃−

associated to S as a symmetric subspace of H̃2. As in Section 1.3 we will not distinguish
between the functionals u ∈ H− and ũ = [P̃+ · , u]± ∈ H̃−.

If u ∈ H , then the function

ru(z) := (Rzu, u), z ∈ ρ(Ã, ) (1.5.1.1)

is called the u-resolvent of S induced by Ã. Note that

(Rzu, u) =

∫

R

1

λ− z
d(Ẽλu, u) =

∫

R

1

λ− z
d‖Ẽ−

λ ιu‖
2.

Thus we can describe all the measures (Ẽλu, u) once we know all compressed resolvents of S.
The latter is effectively done by the Krein formula. For u ∈ H− wether (R−

z u, u) has a meaning,
since R−

z u /∈ H+, nor the integral

∫

R

1

λ− z
d‖Ẽ−

λ u‖
2 =

∫

R

1

λ− z
|λ− i|2d(ẼλR̃

−
i u, R̃

−
i u)

does converge. Note that, for u ∈ H , we find

∫

R

1 + λz

λ− z

d(Ẽλu, u)

λ2 + 1
=

∫

R

1

λ− z
−

1

2

(

1

λ− i
+

1

λ+ i

)

d(Ẽλu, u) = ((Rz −
Ri +R−i

2
)u, u).

1.5.1. Definition. Suppose u ∈ H and Rz is the compressed resolvent generated by some
extension Ã, we define

R̂zu := (Rz −
Ri +R−i

2
)u.

Any function

r̂u(z) := (R̂zu, u) + α, α ∈ R,

is called the regularized u-resolvent of S generated by the selfadjoint extension Ã.

We are going to extend this notion to u ∈ H−. Define, for any generalized resolvent
Rz = P̃ R̃z|H of S generated by an extension Ã, a mapping H− → H2 by

R̂−
z u :=

(

R−
z −

R−

i
+R−

−i

2

zR−
z −

iR−

i
−iR−

−i

2

)

u, z ∈ ρ(Ã). (1.5.1.2)
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1.5.2. Lemma. Suppose u ∈ H−. Then, with the above notation,

R̂−
z u = zP̃+R̃+

−iR̃
−
i u+ (z + i)(z − i)P̃+R̃+

−iR̃zR̃
−
i u, z ∈ ρ(Ã), (1.5.1.3)

hence R̂−
z maps H− into H+.

Proof. For any z, w0, w1 ∈ ρ(Ã) we find, using Lemma 1.2.5 , that

R̃−
z − R̃−

w0
= (z − w0)R̃w1

R̃−
w0

+ (z − w0)(z − w1)R̃w1
R̃zR̃

−
w0
,

and a straightforward computation gives
(

R̃−
z − R̃−

w0

zR̃−
z − w0R̃

−
w0

)

= (z − w0)R̃
+
w1
R̃−

w0
+ (z − w0)(z − w1)R̃

+
w1
R̃zR̃

−
w0
.

Substituting w0 = i, w1 = −i and vice versa, and summing up gives

(

R̃−
z −

R̃−

i
+R̃−

−i

2

zR̃−
z −

iR̃−

i
−iR̃−

−i

2

)

= zR̃+
−iR̃

−
i + (z + i)(z − i)R̃+

−iR̃zR̃
−
i .

Note that P̃ R̃−
z u = R−

z u as one can easily check. Thus, applying P̃+ = (P̃ ; P̃ ) to both sides of
the formula above, we get (1.5.1.3).

1.5.3. Definition. For u ∈ H− and any selfadjoint extension Ã of S, each function

r̂u(z) := [R̂−
z u, u]± + α, z ∈ ρ(Ã), α ∈ R,

is called a generalized u-resolvent of S induced by the extension Ã.

If u ∈ H then Definition 1.5.3 is equivalent as Definition 1.5.1 in the sense that r̂u(z) =
r̂ιu(z) + α with appropriate α ∈ R.

1.5.4. Theorem. Suppose u ∈ H−, r̂u(z) is the generalized u-resolvent induced by the selfad-
joint extension Ã, having (Ẽ(.), Ẽ({∞}) as its orthogonal resolution of the identity. Then

[R̂−
z u, u]± = z (Ẽ({∞})R̃−

i u, R̃
−
i u) +

∫

R

1 + λz

λ− z

d‖Ẽ−
λ u‖

2

λ2 + 1
, z ∈ ρ(Ã). (1.5.1.4)

If u ∈ H ⊆ H−, the term in front of the integral vanishes.

Proof. Using (1.5.1.3), we get

[R̂−
z u, u]± = z(R̃−

i ũ, R̃
−
i u) + (z + i)(z − i)(R̃zR̃

−
i u, R̃

−
i u) =

= z(Ẽ({∞})R̃−
i u, R̃

−
i u) +

∫

R

[

z +
(z + i)(z − i)

λ− z

]

d(ẼλR̃
−
i u, R̃

−
i u) =

= z(Ẽ({∞})R̃−
i u, R̃

−
i u) +

∫

R

1 + λz

λ− z
d(ẼλR̃

−
i u, R̃

−
i u),
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which implies (1.5.1.4). Suppose u ∈ H , then R̃iu ∈ domA and since ran Ẽ({∞}) = A(0)
is orthogonal to domA, the term in front of the integral vanishes. Since (Ẽ(∞)R̃−

i u, R̃
−
i u)

depends continuously on u ∈ H−, the assertion follows.

1.5.5. Lemma. Let Ã be a selfadjoint extension of S acting in a possibly larger Hilbert space
H̃ ⊇ H. Denote by (Ẽ( · ), Ẽ({∞})) its orthogonal resolution of the identity. Then H ⊆ Ẽ(R)
if and only if for all u ∈ H−

Ẽ({∞})R̃−
i u = 0.

Proof. As in Theorem 1.5.4 we have Ẽ({∞})R−
i u = 0 at least for all u ∈ H. Recall that by

Lemma 1.2.4 we have u ∈ H− ⊖H if and only if u has the representation u = ( ·, (0;h))+ with
h ∈ (domS)⊥. Using (1.2.1.4), we obtain

Ẽ({∞})R̃−
i u = Ẽ({∞})(h+ iR̃ih) = Ẽ({∞})h.

Since Ẽ(R) always contains domS, H ⊆ Ẽ(R) if and only if Ẽ({∞})R̃−
i u = 0 for all u ∈ H−⊖H,

and therefore for all u ∈ H .

1.5.6. Remark. If domS is dense in H , then we have H ⊆ Ẽ(R) for any selfadjoint extension
Ã. In this case we also have (Ẽ(R)R̃−

i u, R̃
−
i u) = 0 for all u ∈ H− = H . If domS is not dense

in H , then we can take any u ∈ H−, u /∈ H , to decide whether or not Ẽ(R) contains H : Since
S has deficiency index (1, 1), we have dimH− ⊖H = dimS∗(0) = 1, and therefore

(Ẽ({∞})R̃−
i u, R̃

−
i u) = 0

if and only if Ẽ({∞})R̃−
i v = 0 for all v ∈ H−. This implies that H ⊆ Ẽ(R) if and only if

(Ẽ({∞})R̃−
i u, R̃

−
i u) = 0.

Using theorem Theorem 1.2.7, one immediately gets

1.5.7. Theorem. Fix a canonical selfadjoint extension A◦ of S, and let ϕ(z) and Q(z) have
the same meaning as in Theorem 1.2.7. Then the formula

R̂−
z = R̂◦−

z −
[ · , ϕ+(z)]±
Q(z) + τ(z)

ϕ+(z) +

+
1

2

[ · , ϕ+(−i)]±
Q(i) + τ(i)

ϕ+(i) +
1

2

[ · , ϕ+(i)]±
Q(−i) + τ(−i)

ϕ+(−i)

establishes a one to one correspondence between all regularized resolvents R̂−
z and all functions

τ ∈ N0 ∪ {∞}.

For any 2 × 2-matrix valued function M(z) and any complex valued function τ(z) , we
define

M ◦ τ(z) :=
m11(z)τ(z) +m12(z)

m21(z)τ(z) +m22(z)
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wherever this expression is meaningful. Note that for 2 × 2-matrix valued functions M1(z),
M2(z) and any τ(z),

M1 ◦ (M2 ◦ τ)(z) = (M1M2) ◦ τ(z).

A 2 × 2 matrix U is called iJ-unitary if

UJU∗ = J, (1.5.1.5)

where

J =

(

0 −1
1 0

)

. (1.5.1.6)

The following lemma characterizes all iJ-unitary matrices.

1.5.8. Lemma. A 2 × 2-matrix U = (uij)
2
i,j=1 is iJ-unitary if and only if detU = 1 and the

fractional linear transformation

U ◦ τ =
u11 τ + u12

u21 τ + u22
, τ ∈ C

maps the closed upper halfplane onto the closed upper halfplane.

1.5.9. Definition. Let u ∈ H−. Choose a canonical selfadjoint extension A of S, a
parametrization ϕ(z) associated to S and A, a q-function Q(z) of S and A and a general-
ized u-resolvent r(z) induced by A. For z ∈ ru(S) ∩ ρ(A), we define a 2 × 2-matrix function
W (z) = (wij)

2
i,j=1 by

w11(z) :=
r(z)

[u, ϕ+(z)]±
(1.5.1.7)

w12(z) :=
r(z)Q(z) − [u, ϕ+(z)]±[ϕ+(z), u]±

[u, ϕ+(z)]±
(1.5.1.8)

w21(z) :=
1

[u, ϕ+(z)]±
(1.5.1.9)

w22(z) :=
Q(z)

[u, ϕ+(z)]±
(1.5.1.10)

Note that W (z) is holomorphic on ru(S) ∩ ρ(A).

W (z) clearly depends on the choice of A, ϕ(z), Q(z) and r(z). However, this dependence
is not essential. If we choose another u-resolvent r′(z) = r(z) + α, α ∈ R, then the modified
matrix W ′(z) writes

W ′(z) =

(

1 α
0 1

)

W (z). (1.5.1.11)
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If we choose another Q-function Q′(z) = Q(z) + β, β ∈ R, then W (z) changes into

W ′(z) = W (z)

(

1 β
0 1

)

. (1.5.1.12)

Observe that the additional factor is iJ-unitary. Next, consider two different selfadjoint ex-
tensions A and A′ of S, both canonical. By adding appropriate real constants, we can assume
that the functions ϕ(z), Q(z), r(z) associated to A and ϕ′(z), Q′(z), r′(z) associated to A′ are
chosen such that the following conditions are satisfied:

(A− z)−1 = (A′ − z)−1 −
( · , ϕ′(z))

Q′(z)
ϕ′(z), z ∈ ρ(A) ∩ ρ(A′),

(A′ − z)−1 = (A− z)−1 −
( · , ϕ(z))

Q(z)
ϕ(z), z ∈ ρ(A) ∩ ρ(A′),

r′(z) = r(z) −
[u, ϕ+(z)]±[ϕ+(z), u]±

Q(z)
,

ϕ(i) = ϕ′(i).

An elementary calculation leads to the relations

ϕ′(z) =
Q(i)

Q(z)
ϕ(z), z ∈ ρ(A′) ∩ ρ(A),

ϕ(z) =
Q′(i)

Q′(z)
ϕ′(z), z ∈ ρ(A′) ∩ ρ(A),

and thus

Q′(z) ·Q(z) = Q′(i) ·Q(i), z ∈ ρ(A′) ∩ ρ(A).

Substituting the first condition in the second one, using ϕ(i) = ϕ′(i) and setting z = i, we
obtain

ϕ′(−i) = −
Q′(−i)

Q(−i)
ϕ(−i),

and hence Q(i) = −Q′(−i). According to the definition of W ′(z) and W (z), a straightforward
computation using the above relations shows

W ′(z) = W (z)

(

0 −Q(i)

Q(i)
−1

0

)

, z ∈ ρ(A′) ∩ ρ(A). (1.5.1.13)

Note that the matrix on the right hand side, normed by its determinant, is iJ-unitary. We thus
arrive at the following conclusion:

1.5.10. Lemma. The 2×2-matrix W (z) as defined above can be extended analytically to ru(S).

Proof. According to Lemma 1.1.4 there exists to any z ∈ ru(S) a canonical selfadjoint extension
A′ such that z ∈ ρ(A′). Choose ϕ′(z), Q′(z) and r′(z) associated to A′ and define W ′(z)
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correspondingly. Then, by the preceeding results, there exists an iJ-unitary 2 × 2-matrix U
and numbers α ∈ R, c ∈ C\{0} such that

W (z) = c

(

1 α
0 1

)

W ′(z) U, z ∈ ρ(A) ∩ ρ(A′). (1.5.1.14)

which proves the assertion.

We will not distinguish between W (z) and its continuation to ru(S).

1.5.11. Theorem. Let u ∈ H−. Choose any canonical selfadjoint extension A of S and let
W (z) be defined correspondingly. Then, for any τ ∈ N0 ∪ {∞},

W ◦ τ(z) = [R̂−
z u, u]± + α, z ∈ ru(S), α ∈ R,

for some selfadjoint extension Ã of S, where α depends on τ . Conversely, any generalized
u-resolvent can be represented in this way.

Proof. Choose a parametrization ϕ(z) and a q-function Q(z) of A and S, and set r(z) =
[R̂◦−

z u, u]±, where R̂◦−
z is induced by the canonical resolvent R◦

z = (A−z)−1. Then, with W (z)
as in Definition 1.5.9, Theorem 1.5.7 gives

[R̂−
z u, u]± =

w11(z)τ(z) + w12(z)

w21(z)τ(z) + w22(z)
+ Re

[u, ϕ+(−i)]±
τ(i)Q(i)

[ϕ+(i), u]±, z ∈ ρ(A) ∩ ρ(A′) ∩ ru(S),

where R̂−
z is generated by the extension Ã which is associated to the parameter function τ(z) ∈

N0 ∪ {∞} via the Krein formula.

Observe that for the 2 × 2-matrix function W (z) as in Definition 1.5.9

detW (z) =
[ϕ+(z), u]±
[u, ϕ+(z)]±

6= 0, z ∈ ru(S) ∩ ρ(A),

and hence, due to Lemma 1.5.10, detW (z) 6= 0 for all z ∈ ru(S). Since for any generalized
u-resolvent r(z) we have Im r(z) ≥ 0 for z ∈ C+, Theorem 1.5.11 yields that for z ∈ ru(S) the
mapping

ζ 7→
w11(z)ζ + w12(z)

w21(z)ζ + w22(z)

is a fractional linear transformation that maps the closed upper halfplane C+ onto a circle lying
in C+.

1.5.12. Definition. Let u ∈ H−. Any 2 × 2-matrix valued function W (z), holomorphic on
ru(S) possessing the properties of Theorem 1.5.11 is called a generalized u-resolvent matrix.
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In the following theorem we characterize all u-resolvent matrices. For a proof see [KW1].

1.5.13. Theorem. Let W (z) be defined as in Definition 1.5.9. If W1(z) is a generalized u-
resolvent matrix, then there is a function γ(z) holomorphic on ru(S), γ(z) 6= 0, a constant
α ∈ R, and an iJ-unitary matrix U such that

W1(z) = γ(z)

(

1 α
0 1

)

W (z) U, z ∈ ru(S). (1.5.1.15)

Conversely, any 2× 2-matrix function defined by (1.5.1.15) is a generalized u-resolvent matrix.

Next let us consider the situation where a universal directing functional φ(z), z ∈ C, for
S as defined in Section 1.3 is given. Recall that for u ∈ H−

ru(S) = {z ∈ C : Φu(z) = [u, φ+(z)]± 6= 0}.

Thus W (z) as in Definition 1.5.9 is meromorphic in C, with possible poles only at the zeros of
[u, φ+(z)]±.

1.5.14. Theorem. Let W (z) be as in Definition 1.5.9. Then the u-resolvent matrix Wd(z) =
[u, φ+(z)]± W (z) is entire.

Proof. By Lemma 1.5.10, the matrix functionWd(z) is analytic on ru(S) = {z ∈ C[u, φ+(z)]± 6=
0}. Suppose a ∈ C and [u, φ+(z)]± = 0. Choose a canonical selfadjoint extension A′ of S such
that a ∈ ρ(A′). This is always possible by Lemma 1.1.4, since r(S) = C. As in Lemma 1.5.10
we have

W (z) = U W ′(z) V

for certain iJ-unitary matrices U and V . The functions ϕ′(z), Q′(z), r′(z) connected with A′

are analytic on ρ(A′). We can write ϕ′(z) = c(z)φ(z) for an analytic function c(z) 6= 0 on ρ(A′).
Since

[u, φ+(z)]±
[u, ϕ′

+(z)]±
=

1

c(z)

is analytic on ρ(A′), the matrix function W ′
d(z) = [u, φ+(z)]± W ′(z) is analytic on ρ(A′). In

particular Wd(z) is analytic in a neighborhood of a.

1.6 Representation by (−Q(z);P(z))

The results presented here can also be found in [KL], [St] or [KW1]. As in Section 1.4, we
assume througout the following that S is a closed symmetric operator with deficiency index
(1, 1).
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Suppose u ∈ H−. In Section 1.4 we showed that, chosen a canonical selfadjoint extension
A of S and a parametrization ϕ(z) ∈ Nz connected with S and A, the function

P(z) =
(f, ϕ(z))

[u, ϕ+(z)]±
, z ∈ ru(S) ∩ ρ(A),

has an analytic continuation to ru(S) and that this continuation does not depend on the choice
of A and ϕ(z). Choose a u-resolvent r(z) generated by the extension A and define the vector
function

ψ(z) = R−
z u−

r(z)

[u, ϕ(z)]±
ϕ(z), z ∈ ρ(A) ∩ ru(S).

Moreover, let

Q(z)f = (f, ψ(z)) = [R+
z f, u]± − (P (z)f)r(z), z ∈ ρ(A) ∩ ru(S).

1.6.1. Lemma. The function Q(z) defined above has an analytic continuation to ru(S). This
continuation does not depend on the choice of the canonical selfadjoint extension A and the
parametrization ϕ(z).

Proof. If A′ is another canonical extension of S, then by the Krein formula

R′
z = Rz −

( · , ϕ(z))

τ +Q(z)
ϕ(z), z ∈ ru(S) ∩ ρ(A) ∩ ρ(A′),

for a certain real parameter τ . Suppose r′(z) is a u-resolvent generated by A′ such that

r′(z) = r(z) −
[u, ϕ+(z)]±
τ +Q(z)

[ϕ+(z), u]±, z ∈ ru(S) ∩ ρ(A) ∩ ρ(A′).

We then have

Q′(z)f = [R′
z
+
f, u]± − (P(z)f) r′(z) = [R+

z f −
(f, ϕ(z))

τ +Q(z)
ϕ+(z), u]± −

− P(z)f

(

r(z) −
(f, ϕ(z))

τ +Q(z)
[ϕ+(z), u]±

)

= Q(z)f.

In the following lemma we show that we can view {ϕ(z), ψ(z)} as a parametrization of
the defect spaces of a certain restriction Su of S.

1.6.2. Lemma. Let S be a symmetric operator with deficiency index (1, 1). If u ∈ H− is
chosen such that S * keru, then the symmetric operator

Su = S ∩ keru = {

(

f
g

)

∈ S : [

(

f
g

)

, u]± = 0}
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has deficiency index (2, 2). Moreover, if A is any canonical selfadjoint extension of S and ϕ(z)
and ψ(z) are defined correspondingly, then

ran(Su − z)⊥ = span{ϕ(z), R−
z u} = span{ϕ(z), ψ(z)}, z ∈ ru(S) ∩ ρ(A).

If S ⊆ keru (and therefore Su = S), then there exists a holomorphic function c(z) on ru(S)
such that ψ(z) = c(z)ϕ(z). We then have in particular

Q(z) = c(z) P(z), z ∈ ru(S).

Proof. Let A be a canonical selfadjoint extension of S. Observe that for (f ; g) ∈ S we have

(g − zf,R−
z u) = [R+

z (g − zf), u]± = [

(

f
g

)

, u]±. (1.6.1.1)

This implies that R−
z u belongs to the defect space ran(Su−z)⊥. If S * keru, then codimS Su =

1 and hence Su has deficiency index (2, 2). Moreover, according to (1.6.1.1), the vector R−
z u

does not belong to (S − z)⊥ (otherwise S ⊆ keru). Thus ϕ(z) and R−
z u (and therefore ϕ(z)

and ψ(z)) are linearly independent and

ran(Su − z)⊥ = span{ϕ(z), R−
z u} = span{ϕ(z), ψ(z)}.

If S ⊆ keru, then Su = S has deficiency index (1, 1). Thus R−
z u and therefore ψ(z) must be a

multiple of ϕ(z), i.e. ψ(z) = c(z)ϕ(z), z ∈ ρ(A), for some holomorphic function c(z). Hence

Q(z) = c(z)P(z), z ∈ ρ(A).

Since for each f ∈ H both functions P(z)f and Q(z)f can be continued analytically to ru(S),
also c(z) has a holomorphic continuation to ru(S).

From now on, we shall assume that Su is minimal, i.e. the following relation holds:

cls
⋃

z∈C\R

ran(Su − z)⊥ = H. (1.6.1.2)

Note that this is always the case if S itself is minimal. Denote by Φ the mapping that assigns
to each f ∈ H the analytic vector function

Φf = f(z) =

(

−Q(z)f
P(z)f

)

, z ∈ ru(S).

It follows from the minimality of Su that, if u ∈ H− is chosen such that ru(S) has nonempty
intersection with both halfplanes C+ and C−, Φ is one to one. Define Hu as the space of all
vector functions f = Φf , f ∈ H , equipped with the inner product

(f ,g) = (f, g).
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The space Hu is a Hilbert space of functions analytic on ru(S), and Φ : H → Hu is an isomor-
phism of the Hilbert spaces H and Hu. It is easy to verify that, via the mapping Φ, the operator
Su is transformed into the operator of multiplication by the independent variable. According
to Lemma 1.6.2, the multiplication operator in Hu may have deficiency index (1, 1) or (2, 2),
depending on whether or not S ⊆ keru.

For f ∈ Hu and a ∈ ru(S) define the difference quotient by

R1(a)f =
f(z) − f(a)

z − a
. (1.6.1.3)

Via the isomorphism Φ : H → Hu, the operator S is transformed as follows:

1.6.3. Theorem. Let P(z) and Q(z) be defined as above. Then for any f ∈ domS

Q(z)Sf = z Q(z)f +
[

(

f
Sf

)

, u
]

±
. (1.6.1.4)

Hence the operator Φ(S) is determined by

(Φ(S) − a)−1 = R1(a)|{f : π2f(a)=0}, a ∈ ru(S). (1.6.1.5)

Proof. Suppose f ∈ domS. Note that for any selfadjoint extension A of S,

[R+
z Sf, u]± = z [R+

z f, u]± + [R+
z (S − z)f, u]± =

= z [R+
z f, u]± +

[

(

f
Sf

)

, u
]

±
.

Since P(z)Sf = z P(z)f , the above formula implies (1.6.1.4). Fix a ∈ ru(S) and choose a
canonical selfadjoint extension A of S with a ∈ ρ(A). Since f ∈ ran(Φ(S) − a) if and only if
(f, ϕ(a)) = π2f(a) = 0 we get

ran(Φ(S) − a) = {f : π2f(a) = 0}, a ∈ ru(S).

Together with (1.6.1.4) this immediately implies (1.6.1.5).

1.6.4. Remark. If S is minimal, then Φf(z) is uniquely determined by its second component
π2Φf(z) = P(z)f . According Theorem 1.4.1, S corresponds via Φ to the operator

Φ(S) = {(f ;g) : zπ2f(z) = π2g(z)}.

Observe that for any w ∈ ru(S), x, y ∈ C, the linear functional

f 7→ −xQ(w)f + y P(z)f

is bounded. This implies that in Hu the point evaluation functional f 7→ x π1f(w) + y π2f(w) is
bounded, i.e. Hu is reproducing kernel space. Its reproducing kernel is given by a 2× 2-matrix
function K(w, z) such that for any (x; y) ∈ C2 and w ∈ ru(S) the function

K(w, · )

(

x
y

)
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belongs to Hu and satisfies

(f ,K(w, · )

(

x
y

)

) =

(

x
y

)∗

f(w), f ∈ Hu.

The kernel of Hu can be computed explicitly:

1.6.5. Theorem. For w, z ∈ ru(S) and W (z) as in Definition 1.5.9, the relation

HW (w, z) =
W (z)JW (w)∗ − J

z − w
=

(

−Q(z)
P(z)

)

(−Q(w)∗,P(w)∗), z, w ∈ ru(S), (1.6.1.6)

holds. Hence HW (w, z) is the reproducing kernel of Hu.

Proof. For w ∈ ru(S) the adjoints of the linear functionals f 7→ P(w)f and f 7→ Q(w)f are
given by

P(w)∗y = y
1

[ϕ+(w), u]±
ϕ(w), y ∈ C, (1.6.1.7)

and

Q(w)∗x = x (R−
wu−

r(w)

[ϕ+(w), u]±
ϕ(w)), x ∈ C, (1.6.1.8)

respectively. By Definition 1.5.9 we have

(z − w)P(z)P(w)∗ = (z − w)
(ϕ(w), ϕ(z))

[ϕ+(w), u]±[u, ϕ+(z)]±
=

=
Q(z) −Q(w)

[u, ϕ+(z)]±[u, ϕ+(w)]±
= w22(z)w21(w) − w21(z)w21(w).

Since (w − z)R+
wϕ(z) = ϕ+(w) − ϕ+(z),

−(z − w)P(z)Q(w)∗ = −(z − w)
(R−

wu, ϕ(z))

[u, ϕ+(z)]±
+
r(w) (z − w)(ϕ(w), ϕ(z))

[ϕ+(w), u]±[u, ϕ+(z)]±
=

=
[u, ϕ+(w) − ϕ+(z)]±

[u, ϕ+(z)]±
+

r(w) (Q(z) −Q(w))

[ϕ+(w), u]±[u, ϕ+(z)]±
= −1 +

Q(z)

[u, ϕ+(z)]±

r(w)

[u, ϕ+(w)]±
−

−
r(w)Q(w) − [ϕ+(w), u]±[u, ϕ+(w)]±

[u, ϕ+(z)]±[u, ϕ+(w)]±
= w22(z)w11(w) − w21(z)w12(w) − 1,

and

−(z − w)Q(z)P(w)∗ = −(z − w)
[R+

z ϕ(w), u]±
[ϕ+(w), u]±

+
r(z) (z − w)(ϕ(w), ϕ(z))

[ϕ+(w), u]±[u, ϕ+(z)]±
=

= −
[ϕ+(z) − ϕ+(w), u]±

[u, ϕ+(w)]±
+

r(z) (Q(z) −Q(w))

[u, ϕ+(z)]±[u, ϕ+(w)]±
=
r(z)Q(z) − [ϕ+(z), u]±[u, ϕ+(z)]±

[u, ϕ+(z)]±[u, ϕ+(w)]±
−

−
r(z)

[u, ϕ+(z)]±

Q(w)

[u, ϕ+(w)]±
+ 1 = w12(z)w21(w) − w11(z)w22(w) + 1.
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Moreover, since (z − w) [R+
z R

−
wu, u]± = r(z) − r(w),

(z − w)Q(z)Q(w)∗ =
r(w)r(z) (z − w)(ϕ(w), ϕ(z))

[u, ϕ+(z)]±[u, ϕ+(w)]±
+ (z − w)[R+

z R
−
wu, u]± −

−
r(w)(z − w)[R+

z ϕ(w), u]±
[ϕ+(w), u]±

−
r(z)(z − w)[u,R+

wϕ(z)]±
[u, ϕ+(z)]±

=
r(w)r(z)(Q(z) −Q(w))

[u, ϕ+(z)]±[u, ϕ+(w)]±
+

+r(z) − r(w) −
r(w)[ϕ+(z) − ϕ+(w), u]±

[ϕ+(w), u]±
−
r(z)[u, ϕ+(w) − ϕ+(z)]±

[u, ϕ+(z)]±
=

=

(

r(z)Q(z) − [ϕ+(z), u]±[u, ϕ+(z)]±
)

r(w)

[u, ϕ+(z)]±[u, ϕ+(w)]±
−
r(z)

(

r(w)Q(w) − [ϕ+(w), u]±[u, ϕ+(w)]±
)

[u, ϕ+(z)]±[u, ϕ+(w)]±
=

= w12(z)w11(w) − w11(z)w12(w).

This proves (1.6.1.6). A short computation shows that HW (w, z) is the reproducing kernel for
Hu.

We give some properties of the difference quotient R1(a):

1.6.6. Theorem. The space Hu is invariant under forming difference quotients. Moreover,
the operator R1(a) : Hu → Hu is the resolvent operator of a certain linear relation extending S.
In particular, R1(a) is bounded and R1(a)f depends analytically on a ∈ ru(S). For f ,g ∈ Hu

and a, b ∈ ru(S), the following identity holds.

g(b)∗Jf(a) = (f ,R1(b)g) − (R1(a)f ,g) + (a− b) (R1(a)f ,R1(b)g) (1.6.1.9)

Proof. Let a ∈ ru(S) and choose a canonical selfadjoint extension A of S such that a ∈ ρ(A).
Consider the element R−

a (ιf − P(a)f u). We shall show that

R1(a)f =
f(z) − f(a)

z − a
= Φ(R−

a (ιf − P(a)f u)). (1.6.1.10)

Since, by (1.2.1.18), we have R+
a ϕ(z) = ϕ+(z)−ϕ+(a)

z−a , it follows that

P(z)(R−
a (ιf − P(a)f u)) =

(R−
a (ιf − P(a)f u), ϕ(z)

[u, ϕ+(z)]±
=

[ιf − P(a)f u, ϕ+(z)−ϕ+(a)
z−a ]±

[u, ϕ+(z)]±
=

P(z)f − P(a)f

z − a
.

As one can easily verify, the resolvent identity implies R̂−
z − R̂−

a = (z − a) R+
z R

−
a . Also, since

R−
a ιf = Raf ,

Q(z)(R−
a (ιf − P(a)f u)) = [R+

z R
−
a (ιf − P(a)f u), u]± −

−r(z) P(z)(R−
a (ιf − P(a)f u)) =

[R+
z f, u]± − [R+

a f, u]± − P(a)f r(z) + P(a)f r(a)

z − a
−

−
P(z)f − P(a)f

z − a
=

Q(z)f −Q(a)f

z − a
.
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It follows from (1.6.1.10) that R1(a) : Hu → Hu is bounded and depends analytically on a ∈
ru(S). Since the difference quotient obviously satisfies the resolvent identity R1(a) −R1(b) =
(a− b) R1(a)R1(b), it is the resolvent operator of a certain relation extending S (cf. Theorem
1.1.2). Finally, a computation will prove the identity (1.6.1.9)

(

f,R−
b (ιg − P(b)g u)

)

−
(

R−
a (ιf − P(a)f u), g

)

+

+(a− b)
(

R−
a (ιf − P(a)f u), R−

b (ιg − P(b)g u)
)

= (Rbf, g) − (Raf, g) + (a− b) (RbRaf, g) +

+P(a)f
(

[u,R+
a g]± + (b − a) [u,R+

a Rbg]±
)

− P (b)g
(

[R+

b
f, u]± + (a− b) [R+

b
Raf, u]±

)

+

+(a− b)P(a)fP(b)g [R+

b
R−

a u, u]± = P(a)f
(

[u,R+
b g]± − P(b)g r(b)

)

−

−P(b)g
(

[R+
a f, u]± + P(a)f r(a)

)

= g(b)∗Jf(a).

For the remainder of this section we investigate u-resolvent matrices of symmetric ex-
tensions of S. Most of the proofs will not be carried out in all details, for a more rigorous
treatment see e.g. [KW1].

Suppose S1 is a symmetric extension of S defined in a larger Hilbert space H1. Both S
and S1 are assumed to have deficiency index (1, 1). As before, the space triplet

H+
π
→ H

ι
→ H−

refers to the symmetric operator S, and

H1,+
π1→ H1

ι1→ H1,−

denotes the space triplet associated to S1 ⊆ H2
1 . For our purposes, we need to embed H− into

H1,−: Let P be the orthogonal projection of H1 onto H . As in Section 1.2, it is easy to see
that the projection

P ⊕ P : H2
1 → H2,

(

f
g

)

7→

(

Pf
Pg

)

,

maps H1,+ into H+. Denote by P+ the restriction of P ⊕ P to H1,+. The adjoint P ∗
+ of

P+ : H1,+ → H+ is a mapping of H− into H1,−.

1.6.7. Lemma. Denote by r(S, S1) the set r(S, S1) = {z ∈ r(S1) : H * ran(S1 − z)}. We
then have

P (ran(S1 − z)⊥) = ran(S − z)⊥, z ∈ r(S, S1).

Moreover, if u ∈ H− then

ru(S) ∩ r(S, S1) = rP∗

+
u(S1) ∩ r(S, S1).
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Let A and A1 be canonical selfadjoint extensions of S and S1, respectively. Denote by
R̂z : H− → H+ the regularized generalized resolvent generated by the extension A1, and by
R̂1 : H1,− → H1,+ the regularized resolvent that belongs to A1. It is not difficult to verify that

P+R̂1,zP
∗
+ = R̂z. (1.6.1.11)

Fix u ∈ H−. Let r(z) be the generalized u-resolvent generated by A and r1(z) the generalized
P ∗

+u-resolvent generated by the extension A1. By Theorem 1.5.7 and (1.6.1.11), r(z) and r1(z)
are connected as follows:

r1(z) = r(z) −
[u, ϕ+(z)]±[ϕ+(z), u]±

Q(z) + τ(z)
+ β, (1.6.1.12)

where τ(z) is the parameter function that corresponds to A1 and β is a real constant. Denote
by W (z) (W1(z)) the generalized u- (P ∗

+u-) resolvent matrix as introduced in Definition 1.5.9
using r(z) and r1(z). The following statement shows the connection between W (z) and W1(z).
For the definition of M0 and H(M), see Section 2.2.

1.6.8. Theorem. Let u ∈ H−. With the above notation, the following relations hold:

P1(z)f = P(z)f, Q1(z)f = Q(z)f + β, f ∈ H, z ∈ ru(S) ∩ r(S, S1).

Assume that Su and S1,P∗

+
u satisfy the minimality condition (1.6.1.2) and that ru(S) has

nonempty intersection with both halfplanes C+ and C−. If β = 0, then there exists a ma-
trix function M(z) ∈ M0 analytic on r(S, S1) such that

W1(z) = W (z)M(z), z ∈ ru(S) ∩ r(S, S1).

The matrix function M(z) does not depend on the choice of u.

Proof. Denote by O the set O = ru(S) ∩ r(S, S1). Recall that, according to Lemma 1.6.7, we
have

O = ru(S) ∩ r(S, S1) = rP∗

+
u(S1) ∩ r(S, S1).

Lemma 1.6.7 also implies that for z ∈ O we have (with chosen nonzero n1,z ∈ ran(S1 − z)⊥)

P1(z)f =
(f, n1,z)

[P ∗
+u, n

+
1,z]±

=
(f, Pn1,z)

[u, P+n
+
1,z]±

= P(z)f

and also

Q1(z)f = Q(z)f + β,

where β is as in (1.6.1.12). Assume that both Su and S1,P∗

+
u satisfy the minimality condition

(1.6.1.2), and also that ru(S) ∩ C+ 6= ∅ and ru(S) ∩ C− 6= ∅. Consider the reproducing kernel
spaces Hu and H1,P∗

+
u. As follows from Theorem 1.6.5, the reproducing kernel of Hu and

H1,P∗

+
u is given by HW (w, z) and HW1

(w, z), respectively. If β = 0, then obviously H = Hu|O is
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contained isometrically in H1 = H1,P∗

+
u|O. Define a holomorphic matrix function M(z) on the

set ru(S) ∩ r(S, S1) by

M(z) = W (z)−1W1(z).

The orthogonal projection of H1 onto H maps the reproducing kernel of H1 to the reproducing
kernel of H. Thus

HW1
(w, z) −HW (w, z) =

W1(z)JW1(w)∗ − J

z − w
−
W1(z)JW1(w)∗ − J

z − w
=

= W (z)
M(z)JM(w)∗ − J

z − w
W (w)∗, w, z ∈ O,

is the reproducing kernel of H1 ⊖ H. In particular, this implies M ∈ M0. Once it is proved
that M(z) is independent on the choice of u, it follows immediately that M(z) has an analytic
continuation to r(S, S1), since to any z ∈ r(S, S1) we can find an element u ∈ H− such that
z ∈ ru(S). For a proof of the independence see [KW1].

In the proof of Theorem 1.6.8 we also showed:

1.6.9. Corollary. Let u ∈ H−, S and S1 be as in Theorem 1.6.8, and denote O = ru(S) ∩
r(S, S1). If β = 0 in Theorem 1.6.8, then H = Hu|O is contained isometrically in H1 =
H1,P∗

+
u|O. Moreover, with W (z) and M(z) as in Theorem 1.6.8,

W (z)
M(z)JM(w)∗ − J

z − w
W (w)∗, w, z ∈ O,

is the reproducing kernel of H1 ⊖H. In particular, the mapping f(z) 7→W (z)f(z) is an isomor-
phism of the spaces H(M) and H1 ⊖ H.



Chapter 2

Reproducing Kernel Spaces of

Entire Functions

2.1 Functions of class N0

2.1.1. Definition. Suppose O is an open subset of C. A function f(z) analytic on O is said
to belong to the class N0 if

Q(z) = Q(z), z, z ∈ O, (2.1.2.1)

and if the kernel

K(w, z) =
Q(z) −Q(w)

z − w
, w, z ∈ O, (2.1.2.2)

is positive definite.

Since K(w, z) is positive definite on O, there exists a unique reproducing kernel space
K(Q) of functions analytic on O, such that K(w, z) is its reproducing kernel. Since ImQ(z) =
Im z K(z, z), we have ImQ(z) ≤ 0 for z ∈ O ∩ C−, and ImQ(z) ≥ 0 for z ∈ O ∩ C+, both
inequalities are strict if Q(z) is nonconstant. Thus K(Q) is nontrivial if and only if Q is
nonconstant.

Any function f(z) analytic in C\R, with Im f(z) ≥ 0 for z ∈ C+, belongs to the class
N0. This is easily seen from the Poisson representation

f(z) = α+ βz +
1

π

∫

R

1 + λz

λ− z

dσ(λ)

1 + λ2
,

48
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where α ∈ R and β > 0. In fact, it follows that for any choice of zi ∈ C\R, ζi ∈ C, i = 1, . . . , n,

n
∑

i,j=1

ζi
f(zi) − f(zj)

zi − zj
ζj = β

n
∑

i,j=1

ζiζj +
1

π

∫

R

n
∑

i,j=1

ζiζj
(λ− zi)(λ − zj)

dσ(λ) =

= β
∣

∣

∣

n
∑

i=1

ζi

∣

∣

∣

2

+
1

π

∫

R

∣

∣

∣

n
∑

i=1

ζi
λ− zi

∣

∣

∣

2

dσ(λ).

For any function Q(z) analytic on C\R, denote by ρ(Q) the largest open set O ⊇ C\R
such that Q can be continued analytically to O. The kernel (2.1.2.2) is positive definite on the
entire set ρ(Q) as is seen by an easy continuity argument. Moreover, denote by r(Q) the largest
open set O such that Q has a meromorphic continuation to O.

Let us state some important properties of Q-functions.

2.1.2. Proposition. Suppose S ⊆ H2 is a symmetric relation with deficiency index (1, 1)
and let A be a canonical selfadjoint extension of S. Any Q-function of S and A as defined
in (1.1.1.7) is of class N0 on ρ(A). Assume that S is H-minimal. Then ρ(A) = ρ(Q) and
r(S) = r(Q). Moreover, Q has only real poles in r(Q), and

Q′(t) > 0, t ∈ ρ(Q) ∩ R.

If S − λ is one to one for any λ ∈ r(S) ∩ R, then the poles of Q in r(Q) are simple, and the
spectrum in r(S) of any other canonical selfadjoint extension Aτ is given by

σ(Aτ ) ∩ r(S) = {t ∈ r(S) ∩ R : Q(t) = −τ}, (2.1.2.3)

where τ is the parameter associated with Aτ by the Krein formula (Theorem 1.1.3).

Proof. If Q(z) is a Q-function of S and A, then by definition

Q(z) −Q(w)

z − w
= (ϕ(z), ϕ(w)), z, w ∈ ρ(A),

where ϕ(z) is connected with A. Thus Q ∈ N0. Obviously, ρ(A) ⊆ ρ(Q). We prove that
ρ(Q) ⊆ ρ(A). Let (E( · ), E({∞})) be the spectral resolution of H connected with A. Choose
z0 ∈ C\R and ϕ(z0) ∈ Nz0

. Then

ϕ(z) = ϕ(z0) + (z − z0)(A − z)−1ϕ(z0) = E({∞})ϕ(z0) +

∫

R

λ− z0
λ− z

dEλϕ(z0), z ∈ ρ(A),

and we find for x ∈ R, y > 0,

ImQ(x+ iy) = y‖E({∞})ϕ(z0)‖
2 +

∫

R

y

(λ− x)2 + y2
|λ− z0|

2d(Eλϕ(z0), ϕ(z0)).
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We haveQ(z) = Q(z) for z ∈ ρ(A) and hence, by continuation, also for z ∈ ρ(Q). If x ∈ ρ(Q)∩R,
then ImQ(x) = 0. Thus the left side of the last equation tends to zero as y → 0. Since the
functions

fy(λ) =
1

π

y

(λ− x)2 + y2

form an approximate identity, we may conclude that

|λ− z0|
2d(Eλϕ(z0), ϕ(z0)) ≡ 0 on ρ(Q) ∩ R.

Since the linear span of the ϕ(z0), z0 ∈ C\R, is dense in H , we can conclude that E(·) vanishes
identically on ρ(Q) ∩ R and therefore ρ(Q) ⊆ ρ(A). In particular, we have

Q′(t) = lim
s→t

Q(s) −Q(t)

s− t
= (ϕ(t), ϕ(t)) > 0, t ∈ ρ(Q) ∩ R. (2.1.2.4)

The spectrum of A in discrete in r(Q). Let Aτ be the canonical selfadjoint extension of S
determined by

(Aτ − z)−1 = (A− z)−1 −
(·, ϕ(z))

Q(z) + τ
ϕ(z), z ∈ ρ(A) ∩ ρ(Aτ ).

Obviously,

σ(Aτ ) ⊆ σ(A) ∪ {t ∈ ρ(Q) : Q(t) = −τ}.

Observe that the set {t ∈ ρ(Q) : Q(t) = −τ} and therefore σ(Aτ ) is discrete in r(Q), which
implies that r(Q) ⊆ r(S) (cf. [AG2]). On the other hand, since S has finite deficiency numbers,
any canonical selfadjoint extension has discrete spectrum in r(S) (cf. [AG2]), thus r(S) ⊆ r(Q).
If S−λ is one to one for any λ ∈ r(Q)∩R, we conclude that, since S has deficiency index 1, the
spectrum in r(S) of any canonical selfadjoint extension consists only of simple eigenvalues, and
any two different selfadjoint extensions have no eigenvalues t ∈ r(S) in common. Thus ϕ(z)
and therefore Q(z) have a simple poles at t ∈ σ(A) ∩ r(S), and

σ(Aτ ) ∩ σ(A) ∩ r(Q) = ∅.

From this (2.1.2.3) follows, and the proof is complete.

The following construction of K(Q) is standard and can also be found in [ABDS]. For a
similar method see [LT].

2.1.3. Theorem. Suppose Q ∈ N0 on O and Q is nonconstant. Then H = K(Q) is closed
under forming difference quotients

R1(a)f(z) =
f(z) − f(a)

z − a
, f ∈ H, a ∈ O.

For any f, g ∈ H, a, b ∈ O, the following identity holds.

(R1(a)f, g) − (f,R1(b)g) = (a− b) (R1(a)f,R1(b)g). (2.1.2.5)
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The operator S : f(z) 7→ z f(z) with domS = {f ∈ H : zf(z) ∈ H} is a closed symmetric
operator with deficieny index (1, 1), and R1(a) is the resolvent operator of a canonical selfad-
joint extension A of S. Hence the operator R1(a) : H → H is bounded and R1(a)f depends
analytically on a, in the norm of H. Q(z) is a Q-function of A and S.

Proof. Consider L = span{K(w, · ) : w ∈ ρ(Q)}, endowed with the inner product of K(Q). L
is a pre-Hilbert space, and L = K(Q). A straightforward computation shows that

Ka(z) −Kb(z) = (a− b)
Kb(z) −Kb(a)

z − a
= (a− b) R1(a)Kb(z), a, b ∈ O. (2.1.2.6)

Hence L is closed under R1(a). First we show that (2.1.2.5) is valid for f, g ∈ L. Using (2.1.2.6),
we obtain that for any w, z ∈ O

(Kw,R1(b)Kz) − (R1(a)Kw,Kz) + (a− b) (R1(a)Kw,R1(b)Kz) =
(Kw,Kb) − (Kw,Kz)

b− z
−

−
(Ka,Kz) − (Kw,Kz)

a− w
+ (a− b)

(Ka,Kb) − (Kw,Kb) − (Ka,Kz) + (Kw,Kz)

(a− w)(b− z)
=

=
(b − w)K(w, b) + (z − a)K(a, z) − (z − w)K(w, z) − (b− a)K(a, b)

(a− w)(b − z)
= 0.

This implies that (2.1.2.5) holds for f, g ∈ L, a, b ∈ O. The operator R(a) = R1(a) : L → L
satisfies

(R(a)f, g) = (f,R(a)g), f, g ∈ L,

and therefore R(a)∗ = R(a) as linear manifolds in L2. Moreover, the resolvent identity holds:

R(a)f −R(b)f = (a− b)R(b)R(a)f, f ∈ L.

According to Theorem 1.1.2, R(a) = (AL−a)
−1 for a certain selfadjoint relationAL in L2. Since

L is dense in H, the closure A of AL is selfadjoint in H2. Thus its resolvent R(z) = (A − z)−1

satisfies the identity

(R(a)f, g) − (f,R(b)g) = (a− b)(R(a)f,R(b)g), f, g ∈ H, a, b ∈ ρ(A)

For any a ∈ ρ(A), the mapping f 7→ (AL − a)−1f = R1(a)f , f ∈ L, is continuous. Let f ∈ H

and choose a sequence fn ∈ L that converges to f ∈ H. Then R1(a)fn is convergent, say to
g ∈ H. It follows that

f(z) − f(a)

z − a
= lim

n→∞
R1(a)fn(z) = g(z),

which shows that for any a ∈ ρ(A), H is closed under forming difference quotients R1(a)f ,
f ∈ H. Moreover, R1(a)f = (A−a)−1f possesses all the asserted properties. For any z ∈ C\R,

(S − z)−1 = (A− z)−1|{f :f(z)=0},
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hence S is a closed symmetric operator. Unless Q is constant, K(z, z) > 0 for all nonreal z ∈ O,
whence

H = span{Kz} ⊕ {f ∈ H : f(z) = 0} = span{Kz} ⊕ ran(S − z), z ∈ O\R. (2.1.2.7)

Thus S has deficiency index (1, 1). If we put Kz = ϕ(z), z ∈ O, then by (2.1.2.6) the identity
ϕ(z) = (1 + (z − z0)(A− z)−1)ϕ(z0) holds. Since

Q(z)−Q(w)

z − w
=
Q(w) −Q(z)

w − z
= K(w, z) = (ϕ(z), ϕ(w)), z, w ∈ O,

Q(z) is a Q-function of A and S. Since S is H-minimal, Proposition 2.1.2 shows ρ(A) = ρ(Q) ⊇
O and the proof is complete.

2.1.4. Remark. Since H is closed under forming difference quotients R1(a)f , a ∈ O, for each
a ∈ O there exists f ∈ H with f(a) 6= 0. Thus K(z, z) > 0 for all z ∈ O and hence

H = span{Kz} ⊕ {f ∈ H : f(z) = 0} = span{Kz} ⊕ ran(S − z), z ∈ O. (2.1.2.8)

The following corollary is obvious.

2.1.5. Corollary. If Q(z) : O → C belongs to the class N0, then Q(z) has an analytic contin-
uation to C\R which also belongs to the class N0.

2.2 The Space HS(M)

In the present section we introduce the classes M0 and MS
0 of matrix functions, and the

reproducing kernel spaces K(M) and HS(M) which occur in this context. For our later work
we will just need few results on these spaces. See also [KL], [KW1] or [KW2].

2.2.1. Definition. An analytic 2× 2-matrix function M(z), defined in some open set O ⊆ C,
is said to belong to the class M0, if

M(z) J M(z)∗ = J, z, z ∈ O, (2.2.2.1)

and if the matrix kernel

HM (w, z) =
M(z)JM(w)∗ − J

z − w
, z, w ∈ O, (2.2.2.2)

is positive definite.

The condition (2.2.2.1) implies that HM (w, z) is continuous on O2 and that for each
w ∈ O, the function HM (w, · ) in analytic in O. Note that, if U and V are iJ-unitary matrices,
then U M(z) V belongs to M0 if and only if M(z) ∈ M0.
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To any 2×2-matrix functionM(z) ∈ M0 there exists a unique Hilbert space (K(M), (·, ·))
of vector functions analytic in O, such that HM (z, w) is its reproducing kernel (cf. Section 1.1).
Theorem 1.6.5 shows that the generalized u-resolvent matrix W (z) belongs to the class M0.
The following theorem, which is proved in [KW1] characterizes all M0-matrix functions.

2.2.2. Theorem. Suppose that the 2 × 2-matrix function M(z), z ∈ O, belongs to M0. Then
there exists a Hilbert space H and a symmetric relation S ⊆ H2 with deficiency index (1, 1), a
canonical selfadjoint extension A of S, an element u ∈ H with ru(S) ∩O 6= ∅, and iJ-unitary
matrices U and V , such that

M(z) = V W (z) U, z ∈ ru(S) ∩O,

where W (z) is a generalized u-resolvent matrix associated with S and A.

In paticular this implies

2.2.3. Theorem. For any M(z) ∈ M0, the space K(M) is closed under forming difference
quotients

R1(a)f =
f(z) − f(a)

z − a
, f ∈ K(M).

The operator R1(a) : K(M) → K(M) is bounded, R1(a)f depends analytically on a, in the norm
of K(M), and satisfies the identity

g(b)∗Jf(a) = (f ,R1(b)g) − (R1(a)f ,g) + (a− b) (R1(a)f ,R1(b)g), f ,g ∈ K(M). (2.2.2.3)

Proof. Let be W (z) a conveniently chosen u-resolvent matrix such that M(z) = V W (z)U with
iJ-unitary matrices U and V . Since K(W ) = Hu, the space K(W ) is closed under application
of R1(a), a ∈ O, and the operator R1(a) possesses all the properties listed above. We have

HM (w, z) = V HW (w, z) V ∗,

hence, as discussed in Section 1.1, the mapping f(z) 7→ V f(z) is an isomorphism between the
Hilbert spaces K(W ) and K(M). Since

R1(a)f = V −1R1(a)V f , f ∈ K(M),

also K(M) is closed with respect to R1(a), and the operator R1(a) has all asserted properties.

2.2.4. Definition. Suppose S(z) is a scalar valued entire function. A 2 × 2-matrix valued
function M(z) whose entries are entire functions belongs to the class MS

0 , if

M(z)JM(z)∗ = S(z)JS(z), z ∈ C, (2.2.2.4)

and if the matrix kernel

HM (w, z) =
M(z)JM(w)∗ − S(z)JS(w)

z − w
, z, w ∈ C, (2.2.2.5)

is positive definite.
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Note that for iJ-unitary matrices U and V , we have UM(z)V ∈ MS
0 if and only if

M(z) ∈ MS
0 . For any M(z) ∈ MS

0 , there is a unique reproducing kernel space HS(M) such
that HM is its reproducing kernel. If the matrix M(z) is given by

M(z) =

(

A(z) B(z)
C(z) D(z)

)

,

the kernel HM (w, z) can be written as

HM (w, z) =

(

B(z)A(w)−A(z)B(w)
z−w

B(z)C(w)−A(z)D(w)+S(z)S(w)
z−w

D(z)A(w)−C(z)B(w)+S(z)S(w)
z−w

D(z)C(w)−C(z)D(w)
z−w

)

. (2.2.2.6)

2.2.5. Corollary. Let M(z) ∈ MS
0 , and assume that a ∈ C is such that S(a) 6= 0. Then the

space H = HS(M) is closed with respect to forming difference quotients

RS(a)f(z) =
f(z) − S(z)

S(a) f(a)

z − a
, f ∈ H. (2.2.2.7)

The operator R1(a) : H → H is bounded and R1(a)f depends analytically on a, in the norm of
H. Moreover, it satisfies the identity

1

S(a)S(b)
g(b)∗Jf(a) = (f ,RS(b)g) − (RS(a)f ,g) + (a− b) (RS(a)f ,RS(b)g), (2.2.2.8)

for all a, b ∈ C, f ,g ∈ H.

Proof. Since M ′(z) := 1
S(z)M(z) ∈ M0 on the set O = {z ∈ C : S(z) 6= 0}, and since the

mapping f(z) → S(z)f(z) is an isomorphism of the Hilbert spaces K(M ′(z)) and K(M(z))|O,
the present result is an immediate consequence of Theorem 2.2.3.

2.3 The Space H(A, B)

2.3.1. Definition. Suppose A(z) is an entire scalarly valued function. An entire function B(z)
belongs to the class NA

0 , if

B(z)A(z) −A(z)B(z) = 0, z ∈ C, (2.3.2.1)

and if the scalar kernel

K(w, z) =
B(z)A(w) −A(z)B(w)

z − w
, w, z ∈ C, (2.3.2.2)

is positive definite. The reproducing kernel space generated by K(w, z) is denoted by H(A,B).
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2.3.2. Remark. If both A and B are real functions, i.e. A(z) = A(z) and B(z) = B(z), and if
A and B have no common zeros in the upper halfplane, then K(w, z) as defined above is the
reproducing kernel of a de Branges space H(E), with E(z) = A(z) − iB(z).

Obviously, B ∈ NA
0 if and only if A ∈ NB

0 . Note that

B(z)A(w) −A(z)B(w)

z − w
= A(z)

B(z)
A(z) −

B(w)

A(w)

z − w
A(w).

Hence B(z) ∈ NA
0 if and only if B(z)/A(z) ∈ N0. The transformation f(z) → A(z)f(z) is an

isomorphism between the Hilbert spaces K(B/A) and H(A,B)|ρ(B/A). Therefore H(A,B) is
nontrivial if and only if A and B are linearly independent. Via this isomorphism the mulitpli-
cation operator by the independent variable in K(B/A) is transformed into the mulitplication
operator S : F (z) 7→ zF (z) in H(A,B). According to Theorem 2.1.3, S is a closed symmetric
operator with deficiency index (1, 1). Moreover, B(z)/A(z) is a Q-function of a certain self-
adjoint extension of S, Proposition 2.1.2 shows that r(S) = rB/A = C. We summarize these
facts in the following theorem:

2.3.3. Theorem. Suppose B ∈ NA
0 . Then H(A,B) is nontrivial if and only if A and B are

linear independent. In this case, H = H(A,B) has the following properties:

(H1) H is a reproducing kernel space of entire functions.

(H2) S : F (z) 7→ z F (z) is a closed symmetric operator with deficiency index (1, 1).

Moreover, any z ∈ C is a point of regular type for S.

2.3.4. Remark. Note that, since any w ∈ C is a point of regular type for S,

H = ran(S − w) ⊕ span{K(n)
w }, n = Ordw H.

Suppose H is any Hilbert space of entire functions which possesses the properties (H1)
and (H2). Consider the space triplet

H+
π
→ H

ι
→ H−

associated to S. Since S satisfies the minimality condition (1.3.1.7), we can regard H as a
subspace of H− by identifying F ∈ H with the linear functional (·, (F ; 0)) ∈ H−. If convinient,
we will not distinguish between (F ;G) ∈ H+ and the functional (·, (F ;G))+ ∈ H−. With K+

z

we denote the element (Kz; z Kz) ∈ H+. As in Lemma 1.3.5, we have

cls{K+
z : z ∈ C} = H+. (2.3.2.3)

The following lemma enables us to identify Assoc(H) = H + zH with H−. Its proof is exactly
the same as the one of Lemma 1.3.6.
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2.3.5. Lemma. Let v = ( · , (F ;G))+ ∈ H−. Then, with the above notation,

[v,K+
z ]± = F (z) + zG(z) ∈ Assoc(H). (2.3.2.4)

Conversely, to any H(z) ∈ Assoc(H) there exists a unique element v ∈ H−, such that H(z) =
[v,K+

z ]±.

Note that Lw(z) = (z − w)Kw(z) ∈ Assoc(H). Let P denote the orthoprojector of H2

onto H+. Define

lw = PJK+
w ∈ H+. (2.3.2.5)

Since

(lw,K
+
z ) =

(

P

(

−wKw

Kw

)

,K+
z

)

+
=
(

(

−wKw

Kw

)

,K+
z

)

= (z − w)Kw(z), (2.3.2.6)

the functional (·, lw)+ is the element of H− that corresponds to Lw(z). Since K+
w ∈ H+, JK+

w

and therefore PJK+
w is orthogonal to S, hence (·, lw)+ is a boundary value. We now give an

explicit description of the kernel Kw(z).

2.3.6. Theorem. Assume that a Hilbert space H satisfies (H1) and (H2). Then there exist
entire functions A and B such that

(z − w)Kw(z) = A(w)B(z) −B(w)A(z), w, z ∈ C. (2.3.2.7)

Explicitly, for entire functions A and B, relation (2.3.2.7) holds if and only if A,B ∈ Assoc(H),
and the corresponding functionals (·, a)+ and (·, b)+ are boundary values, such that the vectors
a, ib ∈ H+ are skewly linked (with respect to 〈 ·, · 〉 as defined in Section 1.1).

Proof. First observe that (2.3.2.7) can be written in the form

(z − w)Kw(z) = (A(z), B(z))J(A(w), B(w))∗ .

Thus, if (2.3.2.7) holds for entire functions A, B, then it also holds for the functions

(A1, B1) = (A,B)U,

where U is an arbitrary iJ-unitary matrix. Assume that (·, a)+ and (·, ib)+ boundary values,
and that a and ib are skewly linked with respect to the inner product 〈 ·, · 〉. According to
Proposition 1.2.9, such boundary values always exist. Moreover, it follows from above that
we may assume that a and ib form an orthonormal basis for H+ ⊖ S. Recall that for such
a, b ∈ H+ ⊖ S we have b = Ja and Jb = −a. Since lw is a boundary value, we can write

lw = c1(w)b + c2(w)a.

Now a simple computation gives

c1(w) = (lw, b)+ = (JK+
w , b) = −(K+

w , Jb) = (K+
w , a) = A(w),
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and

c2(w) = (lw, a)+ = (JK+
w , a) = −(K+

w , Ja) = −(K+
w , b) = B(w),

which proves (2.3.2.7). Conversely, suppose A and B are entire functions such that (2.3.2.7)
holds. Since H is nontrivial, the function B

A is nonconstant, or equivalently A and B are linear
independent. Hence we can find w1, w2 ∈ C such that

B(w1)A(w2) −A(w1)B(w2) 6= 0,

which implies that both A and B are a linear combination of Lw1
and Lw2

. Therefore A,B ∈
Assoc(H). Let (·, a)+ and (·, b)+ be the corresponding elements of H−. Since both a and b are
a linear combination of lw1

and lw2
, they actually are boundary values. From

lw = A(w)b−B(w)a

we obtain

(Jlw, b) = A(w)(Jb, b) −B(w)(Ja, b).

Since Jb is also in H+ ⊖ S,

(Jlw, b) = −(PJK+
w , Jb) = −(JK+

w , Jb) = −(K+
w , b) = −B(w).

Together with the above formula, this implies

B(w) ((Ja, b) − 1) = A(w) (Jb, b) for all w ∈ C.

Since A and B are linearly independent, we arrive at the conclusion that (Jb, b) = 0 and
(Ja, b) = 1. An analoguous calculation of (Jlw, a) gives (Ja, a) = 0 and (Jb, a) = −1. This
shows that a and ib are skewly linked with respect to 〈 ·, · 〉.

Together with Theorem 2.3.3, Theorem 2.3.6 immediately yields the following character-
ization of the spaces H(A,B):

2.3.7. Theorem. Suppose B ∈ NA
0 and that A and B are linearly independent. Then H =

H(A,B) posesses the properties (H1) and (H2). Conversely, if H is a (notrivial) Hilbert space
of entire functions satisfying (H1) and (H2), then there exist (linearly independent) entire
functions A and B, B ∈ NA

0 , such that H = H(A,B).

Let H = H(A,B) be nontrivial. By Theorem 2.3.6 A and B are associated functions
which correspond to boundary values (·, a)+ and (·, b)+, respectively, where a and ib are skewly
linked. This observation enables us to characterize all entire functions A and B, B ∈ NA

0 ,
which generate the same space H(A,B):

2.3.8. Proposition. Suppose H(A,B) is nontrivial. Then H(A,B) = H(A1, B1) for entire
functions A1 and B1, B1 ∈ NA1

0 , if and only if there exists an iJ-unitary matrix U such that

(A1, B1) = (A,B) U. (2.3.2.8)
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Proof. Assume that (2.3.2.8) holds. Then

(A(z), B(z))J(A(w), B(w))∗ = (A(z), B(z))UJU∗(A(w), B(w))∗ =

= (A1(z), B1(z))J(A1(w), B1(w))∗,

which shows that H(A,B) and H(A1, B1) have the same reproducing kernel, and hence they
are equal. Conversely, assume that H(A,B) = H(A1, B1). Then

K(w, z) =
B(z)A(w) −A(z)B(w)

z − w
=
B1(z)A1(w) −A1(z)B1(w)

z − w
,

and Theorem 2.3.6 together with Proposition 1.2.9 immediately yields (2.3.2.8).

2.3.9. Remark. In the situation of de Branges spaces the generating functions A and B (and
also A1 and B1) are real functions. Thus, by the linear independence of A and B, the matrix U
in (2.3.2.8) has to be real. Note that a real 2 × 2-matrix is iJ-unitary if and only if detU = 1.

Suppose F ∈ H and Ordw F > Ordw H. By Remark 2.3.4, we also have

F (z)

z − w
∈ H.

Next, assume S ∈ Assoc(H) and Ordw S > Ordw H. We can write S(z) = (z −w)F (z) +G(z),
with F,G ∈ H. Since Ordw F ≥ Ordw H, a simple argument shows that also Ordw G > Ordw H.
Thus

S(z)

z − w
= F (z) +

G(z)

z − w
∈ H.

2.3.10. Theorem. Suppose H = H(A,B) is nontrivial. For arbitrary S ∈ Assoc(H), H is
closed under forming difference quotients

RS(a)F (z) =
F (z) − S(z)

S(a)F (a)

z − a
, F ∈ H, a ∈ {w : Ordw S = Ordw H}.

The operator RS(a) is the resolvent operator of a certain one dimensional extension T of S.
Hence RS(a) : H → H is bounded, and RS(a)f depends analytically on a,in the norm of H. If
(·, s)+, s ∈ H+, is the element of H− that corresponds to S, then the extension T is explicitly
given by

T = S ⊕ span{Js},

and has spectrum σ(T ) = {w : Ordw S > Ordw H}.

Proof. Choose any (H1;H2) ∈ H+. First observe that, since S is symmetric, the element
(−H2;H1) is orthogonal to S. Consider the linear relation T = S ⊕ span{(−H2;H1)}. We have

(T − a)−1 = (S − a)−1 ∔ span{

(

H1 + aH2

−H2

)

}.
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Observe that the relation (T − a)−1 is an operator if and only if H1 + aH2 /∈ ran(S − a). By
Remark 2.3.4, the latter condition is equivalent to

(H1 + aH2,K
(n)
a ) = H

(n)
1 (a) + aH

(n)
2 (a) = S(n)(a) 6= 0,

where n = Orda H. In this case (S − a) and therefore (T − a)−1 is bounded. This shows

ρ(T ) = {w : Ordw S = Ordw H}.

We now compute the resolvent. For any F ∈ H, a ∈ ρ(T ),

F −
F (a)

H1(a) + aH2(a)
(H1 + aH2) ∈ ran(S − a).

Since (T − a)−1 maps H1 + aH2 to −H2,

(T − a)−1F (z) =
F (z) − F (a)

H1(a)+aH2(a) (H1(z) + aH2(z))

z − a
−

F (a)

H1(a) + aH2(a)
H2(z) =

=
F (z) − F (a)

S(a)S(z)

z − a
, a ∈ ρ(T ),

which completes the proof.

We finish this section with some elementary considerations. Recall that K
(n)
w denotes

the kernel that reproduces the n-th derivative of f ∈ H at the point w ∈ C, i.e.

(f,K(n)
w ) = f (n)(w), f ∈ H.

As follows from Proposition 1.1.8, the kernel K
(n)
w (z) is given by

K(n)
w (z) =

∂n

∂wnK(w, z).

2.3.11. Proposition. Suppose H(A,B) is nontrivial. For any w ∈ C the relation Ordw H =
min(Ordw A,Ordw B) holds. If n = Ordw H, we have

K(n)
w (z) =

A(n)(w)B(z) −B(n)(w)A(z)

z − w
, (2.3.2.9)

and

‖K(n)
w ‖2 =







A(n)(w)B(n)(w) −B(n)(w)A(n)(w)

w − w
, w /∈ R

1
n+1

(

A(n)(w)B(n+1)(w) −B(n)(w)A(n+1)(w)
)

, w ∈ R.
(2.3.2.10)
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Proof. Recall that Ordw H = min{n : K
(n)
w 6= 0}. A straight forwardcomputation gives

∂n

∂wnK(w, z) =
∂n

∂wn
K(z, w) =

n
∑

k=0

(

n

k

)

(B(k)(w)A(z) −A(k)(w)B(z))
(−1)n−k

(w − z)n−k+1
=

=

n
∑

k=0

(

n

k

)

A(k)(w)B(z) −B(k)(w)A(z)

(z − w)n−k+1
, z 6= w.

Now, if n = min(Ordw A,Ordw B), then K
(k)
w (z) = ∂k

∂wkK(w, z) = 0 for k < n and

K(n)
w (z) =

∂n

∂wnK(w, z) =
A(n)(w)B(z) −B(n)(w)A(z)

z − w
,

where not both A(n)(w) andB(n)(w) are zero. Since A andB are linearly independent, K
(n)
w 6= 0

and we obtain Ordw H = min(Ordw A,Ordw B). Formula (2.3.2.10) follows immediately from

‖K
(n)
w ‖2 = (K

(n)
w ,K

(n)
w ) = dn

dznK
(n)
w (z)|z=w.

2.3.12. Lemma. Suppose H(A,B) is nontrivial. The functions A and B have the properties

|OrdtA− OrdtB| ≤ 1, t ∈ R,

Ordw A = Ordw B = Ordw H, w ∈ C\R.

The function E(z) = A(z) − iB(z) ∈ Assoc(H) satisfies OrdtE = Ordt H for all real t.

Proof. Recall that the functionB
A ∈ N0. Thus it has only real poles of order one, which im-

mediately proves the assertions on A and B. Recall that, according to Proposition 2.3.11,
Ordt H = min{OrdtA,OrdtB}. If we set n = OrdtH , then

E(k)(t) = A(k)(t) − iBk(t) = 0, k < n,

and

E(n)(t) = A(n)(t) − iBn(t) 6= 0,

since B(t)/A(t) and A(t)/B(t) are real for t ∈ ρ(B/A)∩R and t ∈ ρ(A/B)∩R, respectively.

2.4 Selfadjoint Extensions of S

In this section we will investigate all canonical selfadjoint extensions of S. Throughout the
following we assume that H(A,B) is nontrivial.

Given H(A,B), we define the functions

Sα(z) = sinαA(z) − cosαB(z), α ∈ R. (2.4.2.1)
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Note that Sα is associated to H(A,B) and that

(Sα, Sα+ π

2
) = (A,B)

(

sinα cosα
− cosα sinα

)

.

Since the matrix on the right hand side is iJ-unitary, Sα and Sα+ π

2
correspond to boundary

values (·, sα)+ and (·, sα+ π

2
), respectively, where sα and isα+ π

2
are skewly linked. In particular,

we can write

K(w, z) =
Sα(w)Sα+ π

2
(z) − Sα+ π

2
(w)Sα(z)

z − w
, w, z ∈ C. (2.4.2.2)

Recall that, by Theorem 1.2.10, Aα determined by the boundary condition (·, sα)+ = 0
is a canonical selfadjoint extension of S which can be written explicitly as

Aα = S ⊕ span{Jsα}. (2.4.2.3)

Moreover, any canonical selfadjoint extension of S is obtained in this way by choosing α ∈ [0, π).
By Theorem 2.3.10,

ρ(Aα) = {w : Ordw Sα = Ordw H}

and its resolvent is given by

RSα
(a)F (z) =

F (z) − Sα(z)
Sα(w)F (w)

z − a
, F ∈ H, a ∈ ρ(Aα). (2.4.2.4)

Note that the selfadjoint extension Aα is an operator extension if and only if Sα /∈ H. If S is
densely defined, then all canonical selfadjoint extensions are operator extensions, hence Sα /∈ H
for all α ∈ [0, π). If domS 6= H, then there is one (and only one) selfadjoint extension Aα0

wich
is not an operator extension. The number α0 is the only number α of [0, π) with Sα ∈ H. An
accurate description of the spectral properties will be given in Theorem 2.4.3.

We show that the function Q(z) = Sα+ π

2
(z)/Sα(z) is a Q-function of Aα and S. Choose

any w0 ∈ C\R such that Ordw0
H = 0, and set

ϕ(w0) =
1

Sα(w0)
Kw0

∈ Nw0
.

A straightforward computation using (2.4.2.4) and (2.4.2.2) shows that for w ∈ ρ(Aα)

ϕ(w) = ϕ(w0) + (w − w0)(Aα − z)−1ϕ(w0) =
1

S
(n)
α (w)

K
(n)
w , (2.4.2.5)

where n = Ordw H. It is also easy to verify that

Q(z) −Q(w)

z − w
= (ϕ(z), ϕ(w)), w, z ∈ ρ(Aα).
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Note that implies in particular

Q′(t) = (ϕ(t), ϕ(t)) =
1

|S
(n)
α (t)|2

‖K
(n)
t ‖2, t ∈ ρ(Q) ∩ R, (2.4.2.6)

again with n = Ordt H.

2.4.1. Lemma. The (real-valued) function ϕ(t) = arctanB(t)/A(t), with an appropriate
choice of the branches of arctan, is a C∞-function on the entire real line. Its derivative equals

ϕ′(t) =
1

|A(n)(t)|2 + |B(n)(t)|2
‖K

(n)
t ‖2 =

1

|E(n)(t)|2
‖K

(n)
t ‖2,

where n = Ordt H. Hence ϕ(t) is strictly increasing.

Proof. Write A1 = Sα and B1 = Sα+ π

2
and set Q(t) = B1(t)/A1(t). Since Ordt H is the

minimum of the orders OrdtA1 and OrdtB1, we have Q(t) = B
(n)
1 (t)/A

(n)
1 (t), where n =

Ordt H. Now (2.4.2.6) implies

d

dt
arctanQ(t) =

1

1 +Q2(t)
Q′(t) =

1

|A
(n)
1 (t)|2 + |B

(n)
1 (t)|2

‖K
(n)
t ‖2, t ∈ ρ(Q).

An elementary computation shows that |A
(n)
1 (t)|2 + |B

(n)
1 (t)|2 = |A(n)(t)|2 + |B(n)(t)|2 =

|E(n)(t)|2, hence there exists a real number β such that

arctan
B(t)

A(t)
= arctan

B1(t)

A1(t)
+ β, t ∈ ρ

(B

A

)

∩ ρ
(B1

A1

)

.

This already proves the theorem, since to any real t there exists always a value of α such that
t ∈ ρ(Sα+ π

2
/Sα).

We shall call ϕ(t) as defined in Lemma 2.4.1 the phase function of H(A,B). Note that
the phase function ϕ(t) depends on A and B.

2.4.2. Lemma. Suppose that H(A,B) = H(A1, B1). Then there exist a real constant α such
that ϕ1(t) = ϕ(t) + α, t ∈ R, if and only if

(A1, B1) = (A,B)U

for an iJ-unitary matrix U which satisfies UU∗ = 1.

Proof. By Proposition 2.3.8, there exists an iJ-unitary matrix U such that

(A1, B1) = (A,B)U.

By Lemma 2.4.1, ϕ′
1(t) = ϕ′(t) holds for all real t if and only if

|A
(n)
1 (t)|2 + |B

(n)
1 (t)|2 = |A(n)(t)|2 + |B(n)(t)|2, t ∈ R,
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where n = Ordt H. This condition can be rewritten as

(A(n)(t), B(n)(t))UU∗(A(n)(t), B(n)(t))∗ = (A(n)(t), B(n)(t))(A(n)(t), B(n)(t))∗, t ∈ R.

If UU∗ = 1 then the latter equation obviously holds. On the other hand, since B(t)/A(t)
assumes every real value, every vector (c1, c2) ∈ C2 with c1 6= 0 can be represented as (c1, c2) =
c (A(t), B(t)) for appropriate t ∈ ρ(B/A) and c > 0. This implies that UU∗ = 1.

2.4.3. Theorem. Choose any α ∈ [0, π). If Sα /∈ H, then Aα is an operator extension and its
spectrum is given by

σ(Aα) = {t ∈ R : ϕ(t) ≡ α mod π}.

If Sα ∈ H then Aα is not an operator and its spectrum is

σ(Aα) = {t ∈ R : ϕ(t) ≡ α mod π} ∪ {∞}.

Any t ∈ σ(Aα) (including t = ∞) is a simple eigenvalue of Aα. For finite t ∈ σ(Aα) the
corresponding eigenvector is

K
(n)
t (z) = −S

(n)
α+ π

2
(t)

Sα(z)

z − t
, ‖K

(n)
t ‖2 =

|E(n)(t)|2

ϕ′(t)
,

where n = Ordt H. If Aα is not an operator, then the eigenvector that corresponds to the
eigenvalue t = ∞ is the function Sα(z) itself.

Proof. Since the resolvent of Aα is given by (2.4.2.4), Aα is an operator if and only if Sα /∈
H. By Theorem 2.3.10, the (real) spectrum of Aα consists exactly of all points t ∈ R with
Ordt Sα > Ordt H. Note that Ordt Sα > Ordt H if and only if one of the expressions

Sα(t)

A(t)
,

Sα(t)

B(t)
,

is equal to zero. Since Sα(t) = sinαA(t) − cosαB(t), this is the case if and only if

B(t)

A(t)
= tanα,

which proves the assertion on the spectrum. Since S is one to one and has deficiency index
(1, 1), all eigenvalues t ∈ σ(Aα) (including t = ∞ in case of a proper relational extension) are
simple. In fact the eigenspace that corresponds to t ∈ σ(Aα) ∩ R is

Nt = ran(S − t)⊥ = span{K
(n)
t },

where n = Ordt H. Lemma 2.4.1 gives ‖K
(n)
t ‖2 expressed as above. If Aα is not an operator,

then Sα is (the only) vector of H that is mapped to zero by the resolvent of Aα. This shows
that Sα is the eigenvector that corresponds to t = ∞.
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The following corollary is an immediate consequence of Theorem 2.4.3. For a more
complete version see Theorem 2.5.4.

2.4.4. Corollary. Let ϕ(t) be the phase function of H(A,B). Choose any α ∈ [0, π). If
Sα /∈ H, then

‖F‖2 =
∑

ϕ(t)≡α mod π

∣

∣

∣

∣

F (t)

E(t)

∣

∣

∣

∣

2
1

ϕ′(t)
, F ∈ H.

If Sα ∈ H, which only can happen if S is not densely defined, then

‖F‖2 ≥
∑

ϕ(t)≡α mod π

∣

∣

∣

∣

F (t)

E(t)

∣

∣

∣

∣

2
1

ϕ′(t)
, F ∈ H.

Equality holds if and only if F ∈ domS.

After all, we compute the extended resolvent (Aα − w)−1
− : H− → H. In this place it

seems to be more convinient to identify H− with Assoc(H) and write (Aα −w)−1
− as a mapping

from Assoc(H) into H.

2.4.5. Proposition. Identifying Assoc(H) with H−, the (extended) resolvent (Aα − w)−1
− is

given by

(Aα − w)−1
− F (z) =

F (z) − Sα(z)
Sα(w)F (w)

z − w
, w ∈ ρ(Aα), F ∈ Assoc(H). (2.4.2.7)

Proof. Let (·, f)+, f = (F1;F2) ∈ H+, denote the element of H− that corresponds to F , and
write Rw = (Aα − w)−1. By (1.2.1.4), we have R−

wf = RwF1 + (I + wRw)F2, and therefore,
identifying F and f ∈ H−,

R−
wF (z) =

F1(z) −
Sα(z)
Sα(w)F1(w)

z − w
+ F2(z) + w

F2(z) −
Sα(z)
Sα(w)F2(w)

z − w
=

=
F1(z) + zF2(z) −

Sα(z)
Sα(w)(F1(w) + wF2(w))

z − w
.

Since F (z) = F1(z) + zF2(z), this proves (2.4.2.7).

2.5 Measures Associated to H(A, B)

2.5.1. Definition. Consider the space H = H(A,B), and put E(z) = A(z)− iB(z). We shall
call a nonnegative Borel measure σ associated to H, if

‖F‖2 =

∫

R

∣

∣

∣

F (t)

E(t)

∣

∣

∣

2

dσ(t), F ∈ H.
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Recall that, by Lemma 2.3.12, OrdtE = Ordt H, t ∈ R, thus F/E has no real poles.

Write H(A,B) = H. Choose an entire function U such that Ordw U = Ordw H for all
w ∈ C. Such functions do always exist, they can be constructed as a Weierstrass product.
Note that the function F/U is entire for every F ∈ H, and that (F/U)(w) = 0 if and only if
F ∈ ran(S − w). Thus the family of point evaluation functionals F 7→ (F/U)(w), w ∈ C, is a
universal directing functional for S, in the sense of Section 1.3. The transformation Φ is given
by

ΦF (z) =
F

U
(z), F ∈ H.

and its extension to H− is

Φs(z) =
S(z)

U(z)
, s ∈ H−,

where S(z) = [s,K+
z ]± is the associated function that corresponds to s. The function E =

A − iB ∈ Assoc(H) corresponds to an element e ∈ H−, which is a boundary value for S. By
Lemma 2.3.12, OrdtE = Ordt U for all t ∈ R, hence

E

U
(t) 6= 0, t ∈ R.

By Theorem 1.3.8, all measures associated to H are given by

dσ(t) = d‖Ẽ−
t e‖

2 = |t− i|2 d(ẼtR̃
−
i e, R̃

−
i e), (2.5.2.1)

where Ẽ−
i and R̃−

i correspond to a selfadjoint extension Ã acting in a possibly larger Hilbert
space H̃, with Ẽ(R) ⊇ H. Note that, for any s ∈ H−, we have

d‖Ẽ−
t s‖

2 =
|S(t)|2

|E(t)|2
d‖Ẽ−

t e‖
2. (2.5.2.2)

To describe all those measures, we compute the generalized resolvent matrix of an element
s ∈ H−.

Fix S ∈ Assoc(H), and denote by s ∈ H− its corresponding element of H−. We are
going to compute the matrix W (z) as defined in Definition 1.5.9. There it is required to choose
a canonical selfadjoint extension A of S. We use the one which has the difference quotient

RwF (z) =
F (z) − A(z)

A(w)F (w)

z − w

as its resolvent. Taking ϕ(z) = 1
A#(z)Kz ∈ Nz as appropriate paramatrization of the defect

spaces and Q(z) = B(z)/A(z) as a Q-function , we have

W (z) =
1

S(z)

(

A(z)r(z) r(z)B(z) − S(z)S#(z)
A#(z)

A(z) B(z)

)

, (2.5.2.3)
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where r(z) is a s-resolvent generated by the extension A. Consider the matrix

S(z)W (z) =

(

A(z)r(z) r(z)B(z) − S(z)S#(z)
A#(z)

A(z) B(z)

)

. (2.5.2.4)

Note that all entries of S(z)W (z) are entire function, since S(z)W (z) = U(z)Wd(z), with Wd(z)
as defined in Theorem 1.5.14. Since W (z) ∈ M0, we obviously have S(z)W (z) ∈ MS

0 . By its
construction, the entire matrix function S(z)W (z) is an s-resolvent matrix. For any other
s-resolvent matrix MS(z) of the form

MS(z) =

(

C(z) D(z)
A(z) B(z)

)

,

where C(z) and D(z) are entire functions, there exists a real constant α such that

MS(z) =

(

1 α
0 1

)

S(z)W (z) (2.5.2.5)

This is an immediate consequence of Theorem 1.5.13, and the fact that A and B are linear
independent. Thus C(z) and D(z) are uniquely determined up to adding real multiples of A(z)
and B(z):

C(z) = S(z)w11(z) + αA(z), D(z) = S(z)w12(z) + αB(z).

Note that by (2.5), the entire matrix function MS(z) belongs to the class MS
0 .

2.5.2. Lemma. Given H = H(A,B), let E = A − iB, and denote by e ∈ H− the element of
H− that corresponds to E. The function B(z)/A(z) is an e-resolvent generated by the extension
A as defined above. With S(z) = E(z) and r(z) = B(z)/A(z) in (2.5.2.4) we obtain

S(z)W (z) =

(

B(z) −A(z)
A(z) B(z)

)

. (2.5.2.6)

Proof. by Proposition 2.4.5, we have in the above notation

(R−
we)(z) =

E(z) − A(z)
A(w)E(w)

z − w
= −i

B(z) − B(w)
A(w)A(z)

z − w
=

= −i
B(z) − B#(w)

A#(w)
A(z)

z − w
=

1

iA#(w)
Kw(z).

Hence, by the definition of R̂−
z , it follows that

(R̂−
we)(z) =

1

iA#(w)
K+

w −
1

2i

( 1

A#(i)
K+

−i(z) +
1

A#(−i)
K+

i (z)
)

,

and therefore

[R̂−
we, e]± =

E#(w)

iA#(w)
−

1

2i

(E#(i)

A#(i)
+
E#(−i)

A#(−i)

)

=
B#(w)

A#(w)
−

1

2

(B#(i)

A#(i)
+
B#(−i)

A#(−i)

)

.
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Since B#(z)/A#(z) = B(z)/A(z), the constant B#(i)/A#(i) + B#(−i)/A#(−i) is real, hence
we proved the first assertion. Next, if we substitute S(z) = E(z) and r(z) = B(z)/A(z) in
(2.5.2.4), we get

S(z)W (z) =

(

B(z) B(z)B#(z)−E(z)E#(z)
A#(z)

A(z) B(z)

)

=

(

B(z) −A(z)A#(z)
A#(z)

A(z) B(z)

)

=

(

B(z) −A(z)
A(z) B(z)

)

.

Before we are able to describe all measures associated to H(A,B), we need one more
lemma which states a crucial property of E.

2.5.3. Lemma. Let e denote the element of H− which corresponds to E(z) = A(z) + iB(z).
If S is not densely defined in H, then

H− = H ∔ span{e}.

In particular, e does not belong to the closure of H in H−.

Proof. It follows from Remark 1.2.3 that codimH−
H = 1. Recall that there is (one and only

one) α ∈ [0, π) such that Sα ∈ H, and therefore its corresponding element sα ∈ H− also belongs
to H . Let a and b denote the boundary values that correspond to A(z) and B(z), respectively.
We have

e = a− ib, sα = sinα a− cosα b,

hence span{e, sα} = span{a, b}, which is the space of all boundary values. Therefore e cannot
belong to H, otherwise H is the entire space H−.

2.5.4. Theorem. Suppose H = H(A,B) is nontrivial and set E(z) = A(z)− iB(z). Then for
any function τ ∈ N0 we can write

B(z)τ(z) −A(z)

A(z)τ(z) +B(z)
= α+ βz +

∫

R

1 + tz

t− z

dσ(t)

t2 + 1
(2.5.2.7)

for certain constants α ∈ R, β ≥ 0 and some nonnegative Borel measure σ. The measure σ is
an associated measure if and only if β = 0 , which is always the case when S is densely defined.
Conversely, to any associated measure σ there exists a function τ ∈ N0 such that (2.5.2.7) holds
(with β = 0). If β 6= 0 (which can only happen when domS 6= H) then we have at least

∫

R

∣

∣

∣

F (t)

E(t)

∣

∣

∣

2

dσ(t) ≤ ‖F‖2, F ∈ H, (2.5.2.8)

with equality if and only if F ∈ domS.
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Proof. Denote by e the element of H− that corresponds to the (associated) function E(z). Since
the matrix (2.5.2.6) is an e-resolvent matrix, the mapping

τ 7→ME ◦ τ(z) =
B(z)τ(z) −A(z)

A(z)τ(z) +B(z)

establish a one to one correspondence of all functions τ ∈ N0 ∪ {∞} and all generalized e-
resolvents. Recall that by Theorem 1.5.4, any generalized u-resolvent generated by some self-
adjoint extension Ã of S has the integral representation

α+ (Ẽ({∞})R̃−
i e, R̃

−
i e)z +

∫

R

1 + tz

t− z

d‖Ẽ−
t e‖

2

t2 + 1
,

where (Ẽ−
t , Ẽ({∞})) and R̃−

i correspond to the extension Ã and α ∈ R. This shows (2.5.2.7). It
follows from the discussion in the beginning of this section that, if Ã is any selfadjoint extension
of S, acting in a possibly larger Hilbert space H̃, the relation

‖Ẽ(R)F‖2 =

∫

R

∣

∣

∣

∣

F (t)

E(t)

∣

∣

∣

∣

2

d‖Ẽ−
t e‖

2, F ∈ H, (2.5.2.9)

holds, where Ẽ−
t and R̃−

i belong to the selfadjoint extension Ã. Thus the measure dσ(t) =
d‖Ẽ−

t e‖
2 is associated to H if and only if H ⊆ ran Ẽ(R). Conversely, by Theorem 1.3.8, all

associated measures are obtained in this way. We now consider two cases. If S is densely defined,
we always have H ⊆ ran Ẽ(R). We also have H = H−, and therefore β = (Ẽ({∞})R̃−

i e, R̃
−
i e) =

0. This proves the theorem in the case domS = H. Now assume that domS 6= H. By Lemma
2.5.3, e does not belong to the closure of H in H−. According to Lemma 1.5.5, we have
H ⊆ Ẽ(R) if and only if

β = (Ẽ({∞})R̃−
i e, R̃

−
i e) = 0.

If β 6= 0, then (2.5.2.9) immedately gives the inequality (2.5.2.8). Since domS has codimension
1 and since ran Ẽ(R) 6= H, equality holds in (2.5.2.8) if and only if F ∈ domS.

2.5.5. Remark. Fix α ∈ [0, π). If we choose for τ(z) the constant fucntion τ(z) = − tanα, then
we get

B(z)τ(z) −A(z)

A(z)τ(z) +B(z)
=

sinαB(z) + cosαA(z)

sinαA(z) − cosαB(z)
=
Sα+ π

2
(z)

Sα(z)
.

Hence (2.5.2.7) can be rewritten as

Sα+ π

2
(z)

Sα(z)
= α+ βz +

∫

R

1 + tz

t− z

dσ(t)

t2 + 1

The measure σ is exactly the discrete measure which occurs in Corollary 2.4.4.
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2.6 Transfer Matrices of Subspaces

Suppose H = H(A,B) is nontrivial. In this section we investigate how the generating functions
A1 and B1 of a subspace H1 = H(A1, B1) of H are related to A and B. The present results
follow easily from the results of Section 1.6.

Suppose S ∈ Assoc(H) and denote by s the element of H− which corresponds to S. As
in Section 2.5, there exist entire functions C(z) and D(z) such that

MS(z) =

(

C(z) D(z)
A(z) B(z)

)

is an s-resolvent matrix. Moreover, if W (z) denotes the resolvent matrix associated to the
canonical selfadjoint extension which has the difference quotient RA(a) as its resolvent as in
Definition 1.5.9, we have

MS(z) =

(

1 α
0 1

)

S(z)W (z)

for an appropriate real constant α. Thus MS ∈ MS
0 . Using s as the gauge of the representation

(−Q(z);P(z)), the mapping

Φ : F 7→

(

F−

F+

)

= S(z)

(

−Q(z)F
P(z)F

)

is an isomorphism between the spaces H and HS = HS(MS) as defined in Section 2.2. Note
that rs(S) = {z ∈ C : Ordz S = Ordz H}, and, with n = Ordz H,

P(z)F =
(F,K

(n)
z )

[s,K
(n)
z,+]±

=
F (n)(z)

S(n)(z)
=

(

F

S

)

(z), z ∈ rs(S).

Hence the second component F+ equals F , and the mapping π+ : (F−;F+) 7→ F+ is an isomor-
phism between the spaces HS and H. In particular, for (F−;F+) ∈ HS , the first component
F− is uniquely determined by F+.

The following theorem is the central result of the present section.

2.6.1. Theorem. Suppose that H1 = H(A1, B1) is a subspace of H = H(A,B), and that
Ordz H1 = Ordz H for all z ∈ C. Then there exist an entire 2× 2-matrix function M(z) ∈ M0

such that

(A(z), B(z)) = (A1(z), B1(z)) M(z). (2.6.2.1)

Denote by K(M) be the space that is generated by the matrix function M(z) ∈ M0. Then the
mapping

(

F1(z)
F2(z)

)

7→ F1(z)A1(z) + F2(z)B1(z)

is an isomorphism between the spaces K(M) and H⊖H1.
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Proof. Choose S ∈ Assoc(H1) and denote by s the element of H1,− that corresponds to S(z).
Note that the multiplication operator S in H is a symmetric extension of the multiplication
operator S1 in H1, and, since Ordz H1 = Ordz H, we obviously have r(S1,S) = C. If P denotes
the orthogonal projection of H onto H1, then P+ = P ⊕ P is a mapping of H+ into H1,+. The
element P ∗

+s ∈ H− belongs to the associated function S:

[P ∗s,K+
z ]± = [s, PK+

z ]± = [s,K+
1,z]± = S(z),

since P maps the reproducing kernel Kz of H to the reproducing kernel K1,z of H1. Let W (z)
and W1(z) denote the corresponding P ∗

+s- and s-resolvent matrix, respectively, as introduced
above. Set MS(z) = S(z)W (z) and M1,S(z) = S(z)W1(z). By an appropriate choice of the
the generalized s-resolvent in the definition of W1(z), we can assume that K(W1) is contained
isometrically in K(W ), and therefore that HS,1 = HS(M1,S) is contained isometrically in HS =
HS(MS). By Theorem 1.6.8, there exists a matrix function M(z) ∈ M0 which is holomorphic
on r(S,S1) = C such that

W (z) = W1(z)M(z),

and therefore

MS(z) = S(z)W (z) = S(z)W1(z)M(z) = M1,S(z)M(z)

This shows (2.6.2.1). Moreover, by Corollary 1.6.9, the mapping

f(z) 7→W1(z) f(z)

is an isomorphism between K(M) and K(W ) ⊖ K(W1). This implies that

(

F1

F2

)

7→M1,S(z)

(

F1

F2

)

is an isomorphism between the spaces K(M) and HS ⊖ H1,S . Since the projection π+ is an
isomorphism between HS and H, this completes the proof of the theorem.
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