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Preface

Scattering theory has two sides. One is the direct investigation of scatter-
ing for Schrodinger equations intensively developed in quantum physics. The
other side is called abstract scattering theory and is developed in an operator-
theoretic framework. In this frame the Schrédinger operator is replaced by an
arbitrary selfadjoint operator. Abstract scattering methods rely mainly on the
concept of wave operators and scattering operators.

The first objective of the present work is to give a systematic construction of
abstract scattering by presenting conditions for the existence and complete-
ness of wave operators. Once this is achieved, our aim is to obtain explicit
formula for the scattering operator in the general case, similar to the one used
in quantum mechanics.

We have divided this thesis in five chapters. After a brief introduction dedi-
cated to physical motivations and definition of wave and scattering operators,
we present in a second chapter preliminary facts about spectral theory and
perturbation theory. The third chapter is dedicated to the study of abstract
scattering in a single Hilbert space. There, we introduce simple wave oper-
ators and discuss their properties which we illustrate via practical examples
taken from quantum scattering. In the fourth chapter, we set the stage for
the extension of wave operators to scattering on two Hilbert spaces. In this
view, we introduce identification operators in a very natural and physically
relevant way known as algebraic scattering. The last chapter constitutes the
main part of this thesis and is devoted to the study of wave operators in the
frame of two-space scattering. After some general considerations, we focus on
the investigation of existence and completeness of wave operators. We develop
first time-dependent methods in which we deal essentially with time limits be-
fore turning to stationary techniques. Thanks to stationary representations,
we derive in the very last part explicit formulas for scattering operators and
scattering matrix.

Comprehensive accounts on abstract scattering theory in a single-volume book
are rather rare in the litterature. Among the sources we used, the book [11]
and the third volume of the course [14]| cover the issue of simple scattering.
The book [1] and the monograph [18| give a systematic presentation of two-
space scattering.

I would like to thank Prof. Harald Woracek for his support and helpful
suggestions.

Vienna, October 2009
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1 Introduction

As an introduction we shall first consider the case of quantum scattering by the
one-dimensional potential barrier. The time-dependent Schrédinger equation
describing the system reads :

i a,1) = Hopla 1 1)

where H is the Hamiltonian operator of the system,

d2

H=-%
dz?

+ V(x)

the reduced Planck’s constant A and the mass m of the particle described by
the wave function ¢ were arbitrarily set to 1. V(z) is the scattering potential

Vo € RT <
0, lz| > a

Assuming we are looking for solutions op(x,t) = u(t)y(z), ¥ € C*(R), with
Hy(z) = Ev(x), E € R representing the energy of the wave function, the
time-independent Schrodinger equation reads :

[_dz ; m)] (@) = B () @)

dz?

We choose for instance to examine the case £ < Vj corresponding to a
tunnelling effect. The general solution is given by a linear combination of
fundamental solutions :

Ae~r 4 Beikr g < —q

Y(z) = Ce ™ + De  |z| <a
Fe~ ke 4 Getke 1> q

where we have introduced k = VE and k = /Vj — E. The plane wave so-
lutions in the domains |z| > a are not normalisable - for instance, square
integrable - but may be physically interpreted as a superposition of a right-
oriented and left-oriented particle flux.

With the conditions at the rands issued from 1 € C1(R) :

Jim, () = Jim ()

r>a r<a

: ! 1 /
lim @' (+2) = lim ¢'(+)
r>a x<a

we are able to determine M € M?(C) so that



It appears natural to express the out-going amplitudes in term of the incoming

ones with S € M?(C)
B A
(7) =2 (c)

We call S(E) the scattering matriz. This S-matrix correlates the coordinate
asymptotics of incoming and out-going particle flux. Here we have directly
investigated the problem (2) not depending on time and have obtained explicit
expression of S. This is the explicit approach of scattering theory carried out
in quantum physics. There is an other approach to scattering theory which
does not involve the solving of Schrédinger equations.
In this frame, we are interested in examining the time evolution of a particle
coming in a region where it interacts with a pertubation potential and then
leaves this region again. Considering that the potential is negligible out of the
region, we shall expect that the particle looks asymptotically free for ¢ — +oc.
Let be Hy and H selfadjoint operators respectively in Hilbert spaces Hgy and H,
respectively describing the free and interactive systems. As shown by Stone’s
theorem, they generate unitary evolution groups Up(t) = e~ and U(t) =
o—iHt
Now we define a quantum state ¢ of the system (Hy,Hy) as one-dimensional
subspace of Hg. That is, a normalized quantum state is represented by a
unique vector ¢ € {u € Ho :|ul| =1} of the unit sphere of Ho up to phase
factors. If ¢ solves (1) with the initial condition ¢(0) = f, then p(t) = e *H!f.
Further, we suppose there exists some linear bounded operator J € L(Hg, H)
connecting the states of the free system Hy and the perturbed system H. J is
denoted as the identification operator.

That ¢(t) € H looks asymptotically free as ¢ — co means that we expect
to have :

Jpo ™t (t) € Ho : tli{goHSO(t) - J<P0+(75)HH =0, ot (t)=e"ft (3)

that is,

Jim et (f - ethJefiHotfoJr)H —0 (4)
- g = g
since et is unitary.

It seems now meaningful to define the so-called wave operator Q4 : Hgp — H
to describe this behaviour :

D(Qy) = {g@ € 'Hoztlim et Je~tHot 5 exists inH}
—00

Vo € D(Q4), Qpp = lim ettt Je—itot ,

That is, a state looks asymptotically free when its initial data is the image
by Q7 of the initial data of some free state. Similarly, we define :

D(Q-) = {cp € Ho: . lim e Jem ol exists inH}

——00

Vo € D(Q-), Q_¢p= lim €thJe_iH0tgo

t——o00



Furthermore, it is convenient to consider the action of wave operators only
onto certain subspaces of the Hilbert spaces Hg and H. Let f € H and let
ps = (Eu(-)f, f) be its associated spectral measure on the spectrum o(H).
As the Lebesgue decomposition theorem provides a unique decomposition of
¢ in its absolutely continuous and singular parts, we gain the representation
H = H* @& H?®, where H* (H?) is the subspace of vectors whose spectral
measures are absolutely continuous (singular) with respect to the Lebesgue
measure. Physically, the singular subspaces shall be interpreted as the set of
bound or physically irrelevant states whereas the absolutely continuous sub-
spaces relates to the scattering states. One can convince oneself of this fact by
refining the Lebesgue decomposition of the singular part ps = fisc + ftpp into
a singular continuous and a pure point part, whose associated subspace HPP
corresponds obviously to quantificated bound states. Moreover, for practical
purposes of scattering, the singular continuous part will often be absent. A
really demonstrative picture of this is the hydrogen atom where the spectrum
splits in a discrete negative part describing electron orbits and an absolutely
continuous one o, = [0, oo) related to ionized atom.

Consequently, we define P§¢ the (orthogonal) projection onto the absolutely
continuous subspace H{¢. The proposition for the existence of wave operators
now is

Vo € D(Qr), Quip= lim et je—tHot pocy,

t—+oo

along with Ran(Qy) C H. A further assumption is that each scattering state
f € H* looks asymptotically free, that is Ran(Q+) = H%. Then the wave
operators are said to be complete.
Investigation of the existence and completeness of wave operators is the main
content of scattering theory.

The other object of interest is the scattering operator
D(S) = {go €eD):Q_pe Ran(§2+)}

S - Q+*Q,

which puts directly the foT, namely the incoming and outcoming waves, in
relation without computing the perturbed wave function.

The main issue for physics in the study of S is to obtain explicit formulas in
order to determine its behaviour according to the energy of incoming wave
functions. As there holds for wave operators a so-called intertwining property
HQy = QLHy, S and Hy commute. The spectral theorem for selfadjoint
operators provides through a unitary equivalence a representation of Hg¢ in
which Hjy is diagonal and acts as a multiplication by the variable A taking
values in o4.(Hp). As S commutes with Hy, S acts in this representation
as multiplication by some function S(A). The scattering matrix S(\) can be
interpreted as the projection of S onto an energy shell h; C H§¢ like in the
example above.



2 Preliminaries

2.1 Measures

In scattering theory, we require a classification of the spectrum of selfadjoint
operators based on properties of the spectral measure. We are interested in
properties regarding Borel measures on R.

2.1.1 Definitions

Borel sets on R are obtained by countable unions and intersections of open and
closed sets and form the Borel-o-algebra Bgr of R. A non-negative countably
additive set function p on (R, Bg) is called a (Borel) measure u. If for some
Borel set A, pu(A) = 0 then A is called a p-nullset. When needed one can
add every subset of the p-nullsets to the Borel-o-algebra on which pu is defined,
which forms a new og-algebra. In this case, the extension of the measure is called
a complete measure. The Lebesgue measure denoted by |-| is the completion
of a Borel measure.

Any set X of full p-measure, that is u(R\ X) = 0, is called a Borel support.
There exists a smallest closed set of full measure, called the support of 1 and
denoted by supp p. The restriction of a measure p; onto a Borel set X is
denoted by ju1x(A) = p1 (AN X).

A measure p is said to be finite if u(X) < oo for any Borel set X and o-finite
if each Borel set is a countable union of finite sets for pu. Borel measures are
o-finite.

2.1.2 Lebesgue decomposition

A measure p1 on (R, Br) is called absolutely continuous with respect to the
measure 2, in symbols p; < pe, if for any Borel set A, pus(A) = 0 implies
that p1(A) = 0. By the Radon-Nikodym theorem, p; is absolutely continuous
with respect to g if and only if there is a non-negative po-measurable function
f so that for Borel sets A

i1 (A) = /A SN () (6)

f is called the Radon-Nikodym derivative, is uniquely defined ps-almost every-
where. If p; is finite, then f € L1(R, duz). Two measures which are absolutely
continuous with respect to one another are called equivalent. The equiva-
lence class with respect to mutual absolute continuity in the set of measures
on (R, Bg) is called the type of the measure. Types together with the rela-
tion < build a complete distributive lattice in which every countable subset is
bounded.

p1 and pg are called mutually singular if they have disjoint Borel supports.
The Lebesgue decomposition theorem states that given two measures p; and
1o, 1 can be uniquely represented in the form

pr = pic + (7)

where p{¢ is absolutely continuous with respect to ps and pf singular with
respect to uo. Unless explicitely stipulated otherwise, absolute continuity and



singularity are understood to be with respect to the Lebesgue measure. The
support of a singular measure is a nullset. A measure pu is called continuous
if u1({A}) = 0 for any singleton. If py({A}) > 0, A is called a pure point.

2.1.3 Generating functions

Let F' be a left-continuous non-decreasing function on R and for each interval
[A1, A2) define the non-negative set function u([A1, A2)) = F(A2) — F(A1) which
extends to a Borel measure on R by countable additivity. Conversely, given a
measure p, take FI(\) = p([—o0, A)) so that p([A\1,A2)) = F(A2) — F(A\1). Fis
called the generating function of p and is uniquely defined up to an additive
constant.

F' is almost everywhere differentiable with derivate f € Lll"c(]R) almost every-

where defined and pu(A) = / dF(\) = / f(A)dA. As the Lebesgue decompo-
A A

sition also gives
n(A) = /Ap(A)dAJruS(A) (8)

we have that f coincides a.e. with the Radon-Nikodym derivative of the ab-
solutely continuous part of u. The generating functions of  and p* coincide
a.e. up to additive constants.

2.1.4 Borel supports

A Borel support of u* can be characterized in terms of f(\). Consider f(\) as
the symmetric derivative of the generating function f(\) = slggo (2e) Y F(\ +
g) — F(A —¢)). Then the singular part of u is concentrated on the Lebesgue
nullset where f(\) exists and is infinite. Further the set A, = {A, f(\)
does not exist} is a nullset by definition, that is pu%(A.) = 0. For the set
Ao = {A, f(A) =0}, we have pu“(Ag) = [, f(A\)dA = 0. Then pu® is concen-
trated on the Borel support X, = {\, f(\) exists and f(X\) # 0}.

Given a measure u, a Borel support X, of u is called minimal if for any
other Borel support X of u, there holds ‘Xm \ X ‘ = 0. A minimal Borel sup-
port always exists and might not be unique: given X, a minimal Borel support
and | Xo| = 0, X, U Xy is a minimal Borel support.

In the special case of an absolutely continuous measure, one can even sub-
stract any Lebesgue nullsets from a minimal Borel support X2 of pu® since
p*(X) =0 for | X| = 0. In the case of singular measures, minimal Borel sup-
ports are nullsets. Hence, a minimal Borel support for p is also a minimal
Borel support for puc.

The support of a measure x4 may not be a minimal Borel support for this mea-
sure since it has to be closed. Nevertheless, a minimal Borel support X,, can
be chosen to belong to the support of u. Then the support is the closure of X,,.

These results extend to signed measures (Hahn decomposition) and to
complex-valued measures. This can also be extended to measures taking val-
ues on a separable Hilbert space H. In particular for a measure p taking



values on H, the Radon-Nikodym property still holds and strong and weak
p-measurability are equivalent.

2.2 Spectral measures
2.2.1 Definition

Let be H a closed possibly unbounded selfadjoint operator with dense domain
of definition D(H ) in a separable Hilbert space H. The spectral theorem grants
a one-to-one correspondance between H and a partition of the unity F(-) so
that

L D) = {1, [ NaENLL) <)

2. (Hf.g) = / M(EN)f, g)

where E()\) = E((—o00, A)) denotes the generating function of the projection-
valued measure E(-). The support of E(-) coincides with the spectrum of H
o(H) =R\p(H), where p(H) = {\, H—\I bijective mapping from D(H) to H}
is the resolvent set of H. For z € p(H), the inverse mapping R(z) = (H—zI)~!
is defined on ‘H and is bounded by the closed graph theorem.

E(-) is called the spectral measure of H. For any f,g € H, puy = (E(:)f, f)
defines a non-negative measure with support o(H). Note for a restriction,
there holds p1px = pp(x)s- By the polarization identity, pyy, = (E()f,g9) =
1/4(pfrg — pf—g + iftf1ig — iftf—ig) is a complex-valued measure with same
support.

2.2.2 Classification of spectra

Definition f € H is called absolutely continuous (respectively singular) with
respect to H if puy is absolutely continuous (respectively singular). The set
of absolutely continuous (respectively singular) elements is denoted by H%
(respectively H*).

Lemma 2.1 For any f € H® (resp. H®) and arbitrary g € H, the measure
fg is absolutely continuous (resp. singular).

Proof By the Schwarz inequality and E(A)? = E(A), we have for any Borel
set A

s (AP = |[(B(A) £, 9)] < (BA), E(D)g. ) < ug(D)llgl> (9)

If f e H, then for|A| =0, up(A) =0 then pf4(A) = 0 and g4 is absolutely
continuous. Conversely if f € H?, there is a set|X| = 0 so that us(R\ X) = 0.
Hence by (9), pf¢(R\ X) =0 and py4 is singular. O

Proposition 2.2 H% and H® form orthogonal subspaces and H* & H® = H.
Proof g = pif+pg+ g g+ g, r imply together with the preceeding lemma

that the sets H? and H* are linear. Taking f € H* and g € H?*, the same
lemma states that jir 4 is absolutely continuous and singular, that is identically

10



zero. In particular, pr4(R) = (f,g) = 0. Then H* and H® are orthogonal.
For any ¢ € H, pup = py + pg. Let be X, a Borel support of pg, then
p, can be represented as the restriction p,x, = pEg(x,),- By unicity of the
Lebesgue decomposition, pug® = pgm\x, = HE®\X)e- Note f = E(R\ Xs)p
and g = F(X;)p. Then we have the wanted decomposition ¢ = f + g and
H*®H =H. O

A subspace X of H is called a reducing subspace for H if X and its orthog-
onal X' are invariant subspaces for H. From the representation of (H f,g)
provided by the spectral theorem, this is fulfilled if X is invariant for the
spectral measure E(-). If X is a reducing subspace, then X+ also reduces H.

Proposition 2.3 H* and H® reduce the operator H.

Proof If f € H%, then pupa)f = py|a is absolutely continuous and E(A)f €
H? for any Borel set A. Then H% reduces H and so does H*®. [J

Definition We denote by P% and P® the projections respectively onto the
subspaces H% and H®. The parts H* = P H and H® = P°H are called the
absolutely continuous and singular parts of H. The spectrum of H%¢ is called
the absolutely continuous spectrum of H, denoted by c%(H). Similarily the
singular spectrum o*(H) is the spectrum of H*.

The subspace spanned by the eigenvectors of H is called the spectrally dis-
crete subspace, denoted by HP. Its projection is denoted by PP. The spectrum
oP of the operator HP = PP H coincides with the closure of the set of eigenval-
ues of H.

A minimal Borel support of the spectral measure E(-) of H is called a
spectral core of the operator H and is denoted by 6(H). The spectral core
inherits the properties of minimal Borel supports. The spectral core of H
is also a spectral core for the absolutely continuous part of E(-), that is, a
spectral core for H denoted ¢ (the converse may not hold). The closure
of the spectral core of H coincides with the spectrum of H.

Adding Lebesgue nullsets to a spectral core of H gives a spectral core of H.
Substracting Lebesgue nullsets to a spectral core of H% gives a spectral core
of H%. Therefore, 6%¢ is defined up to Lebesgue nullsets.

2.2.3 Properties of the absolutely continuous subspace

If there is a f € H such that ;s is a representant for a type [u1| of measures on
the space (R, Bgr), then the type [u] is called a spectral type for E(-). puy or f
are said to have spectral type. If H is separable, one can show that the set of
spectral types is at most countable, then bounded. There is then a maximal
spectral type, that is there exists g € ‘H such that py < pg for any f € H. For
the measure pig, p1g(X) = 0 implies p1(X) = 0 for any f € H, then E(X) =0.
That is, uy has the type of the projection-valued measure E.

Proposition 2.4 P% is a spectral projection, that is P = E(Xg.) for some
Borel set X .

11



Proof In proposition 1.2, we had that P*f = E(X(f))f. Thanks to an
element of maximal spectral type g, we can get rid of the dependance in f.
Let X be a Borel support of y5. Then|X;| = 0 and for any f € H, the measure
Lpix, = HE(X,)f is singular. Then E(X;)f is singular. Note X4 = R\ X, then
fg|Xae = Hg"- Then for|A[ =0, and any f € H, pp(x,.r)(A) = pr(ANXqe) = 0
since f1(A N Xoe) = pg°(A) = O and py < pg. Then E(Xqc)f is absolutely
continuous. We can now choose P% = E(X,.). O

As the Borel support of yj is not unique, X is not unique.

Let f and g be arbitrary. The generating function of uy 4 is
A — (E((—00,)))f,g) abbreviated in (E(\)f,g). Since the measure fiyq is
finite (lﬂf,g| (R) <|[Iflllgll), the derivative w exists a.e. and belongs to
Li(R)
From Cauchgf—Schwarz, we ha2ve
(EA)f.9)]” = [(EQ)f,9)]" < (BE(A)f, f)(B(A)g,g) for any Borel set A
which implies that there holds almost everywhere

‘d(E(A)f,g) L _dENS S AENg,9)
U dx

(10)

The Lebesgue decomposition of pif 4 is given by pf g = ppacy g + pipsy4. Since
the Radon-Nikodym derivative for ,uj}fg and the derivative of the generating
function of yy 4 coincide, there holds

A(EW.g) _ d(EQY)P™ ], P*eg)

dA dA (11)
for any f,g € H. Moreover
acp +_ [ AENS9)
(Pt = [ SRy (12)

More generally, for any f € H?®, we note that there holds for any Borel sets
A X

BB g = [ AEOED gy [ o dERL0g,

dA dA
_ [ AENEA)f,9)
= /X Y dA
then we have almost everywhere
dENEA)f9) _ d(EN)f,9)
S o () SRR (13)

2.2.4 Functional calculus

The spectral theorem implies a functional calculus for selfadjoint operators.
Namely, if ¢ is measurable and essentially bounded with respect to the spectral
measure, we can construct the function ¢(H) on the domain D(¢(H)), dense
in H, defined by

Detin) = {2 [ Jo] aE0s.0}

12



©(H) is defined by its sesquilinear form on D(p(H)) x H by

(p(H)f.g) = /R SNAEMNf.9) (14)

Note that for real ¢, p(H) is selfadjoint; for bounded ¢, ¢(H) is bounded and

extends to D((H)) = H. A function of special importance is p(A) = e~
defining the unitary group U(t) = e~*t. For any f,g € H,
Uf.9) = [ e MEWS.0) (15)

is the Fourier transform of the spectral measure py,. Another important
function is the resolvent R(z) = (H — 2I)~!. For any f,g € H,

(R(2)f.g) = / (A= 2)Wd(EN) £, g) (16)

R

If the spectrum of H has two gaps, the spectral measure between the gaps can
be directly retrieved by means of the resolvent. Let be A C o(H) a bounded
interval and I" a closed contour enclosing one time counterclockwise A so that
the intersection of the interior of T" with o(H) is A (that is also T'No(H) = 0).
Then we have the following formula called the Riesz projection

B(A) = —(2m) ! /F R(2)d> (17)

The next lemma is essential for scattering theory.

Lemma 2.5 The relation w-, ligl U(t)P* = 0 is valid. Moreover, if K is a
—Fo0

compact operator, then

s— lim KU(t)P% =0 (18)

t—+oo

Proof For any f,g € H

(U(H)P*f.g) = /

eii)\td(E()\)Pacf, g) — / efi)\td(E()‘)fvg) d\
R

R X

since pupac f 4 is absolutely continuous, with % € L1(R). By the Riemann-

Lebesgue lemma, (U(t)P%f,g) — 0 as t — d+oo. Compact operators turn
weak convergent sequences to strong convergent ones. So KU(t)P*f — 0
strongly as t — 4o0. [

2.3 Analytic properties of resolvents

2.3.1 Cauchy-Stieltjes transforms

Given a complex function of bounded variation F', its Cauchy-Stieltjes trans-
form is defined by

C(z) = /]R(V —2) YdF(v) (19)

which is an analytic function on the upper (lower) half-plane. We are interested
in the boundary values of €(z) as z tends to A € R, more precisely we consider
radial limit values lim (A £ ie). The key result in this investigation is the

E—>

Priwalow theorem (see [13], p.139)
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Theorem 2.6 Given a complex function of bounded variation F', the radial
limit values of €(z) exists for almost every A € R

ii—% C (X tie) = £miF'(N\) + p.v. /OO (v—N)"1dF(v) (20)

— 00

where the integral on the right-hand side exists also for almost every A € R and
1s understood as the Cauchy principal value

A=d oo
%1_1}1(1) (/_Oo (v —2A) dF(V)+/>\+5(V_)\) dF(V))

The function F is the generating function of a finite complex-valued measure
w1 which can be retrieved by means of the Cauchy-Stieltjes inversion formula:
given an open interval A on the real line

w(A) + p(A) = (i) lim [ (€ +ie) — C(A — ic)) dA (21)

e—=0 A

2.3.2 Boundary values of resolvents

The resolvents can be expressed in terms of the unitary evolution groups. For
any z € p(H), z = X tig, £ > 0, there holds

R(\ +ig) = +i / e EENY (1) dt (22)
0

Indeed we have for any f,g € H

i Ooe—at:ti)\t = 44 > e—at:l:i()\—u)t v
. /0 (U (1) f.g)dt = + /0 /R d(EW)f, g)dt
— i [ o d(BW)f0) = [ - (£ i0) dEC).9)

R

where the interchange in the order of integration is justified by Fubini’s theorem
since the integral absolutely converges to —e~1(f, g).
Further, we define the operator on H

§(\,e) = (2mi) 1 (R(A +ig) — R(A — ig)) (23)

By (23), we obtain for any f,g € H

(6(0e)f.g) = (2mi) ! / 2ie d(E(v)uf.g)

(7 @)~ (i)
=n"le T - v
—rle [ (=N +2) dBWL) (2

We note that if f or g is absolutely continuous, d(\, ) is the Poisson integral
of the function %. (24) implies that (6(\,e)f, f) > 0, that is (), €) is
a positive operator. By the functional calculus, (24) also implies that

S\, ) =7 teR(\ +ig)R(\ — ie) (25)
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This implies immediately that for any f € H
| R £ ie) fII* = (5N ) f, f) (26)

Note further

Jenargn=rte [ [ (w-n+2) adEwit.o =t

e~ lrn

(27)
That is [, 6(A,e)d\ = I. The interchange of the integrals in (27) is justified
by Fubini’s theorem, since the integrand is positive.
By the formula (16), given the resolvent R(z) of a selfadjoint operator H,
(R(z)f,g) is the Cauchy-Stieltjes transform of the finite complex-valued mea-
sure fif 4. Then the results of the first section hold. That is, for almost every
A € R, there exists

;iir[l)(R(A tief,g) = :twi(i(E(;\))\f’g) + p.v. /R(V — N YEW g (28

and in particular, (23) implies that there exists for almost every A € R

m(3(3,2)..9) = CEILD)

li 9
=20 X (29)

By the Priwalow theorem, the sets of full Lebesgue measure on which the limits
(28), (29) are defined depend on fif4. Then the existence of these limits do
not imply the existence of weak limits for R(\ £ ie) or 0(\, €).

From the existence of the limit (29) and from the general form of (6(A, €)f, g)
given in (24), (6(\,e)f, f) has to be uniformly bounded in . For a.e. A € R,
there exists C'(\, f) such that for any € > 0

O\ f, f) < CAf) (30)

Lastly, we note that the Cauchy-Stieltjes inversion formula applied to (R(\ +
i€) f,g) provides for any f,g € H and open interval A C R

lim [ (5(\e)f,9)dx = 1/2 ((B(A)f.9) + (BD)f.9))

e—0 A

2.4 Representation as multiplication operators
2.4.1 Commutants

We denote by com(7) the algebra of bounded operators on H commuting with
a set of operators 7. If 7 is a set of bounded operators, then com(7) is a
von Neumann algebra. Moreover, given a von Neumann algebra 2, there holds
A C com () and A = com(com(2)) (von Neumann bicommutant theorem).

2.4.2 Direct integrals

Let be a measure space (X, %, u) and a family of Hilbert spaces by, endowed
with the scalar products (-, -), and norms||-||,. We note [||-|||x for the operator

norms. The direct integral of Hilbert spaces by, denoted by b = / @ hadu(N)
X
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is the Hilbert space of vector-valued functions h: A — h(\) € b that are p-a.e.
defined and square integrable, supplied with the scalar product [ (-,-), du(X).
X

We call N(\) = dim b the dimension function, taking values in NU oo and we
assume that the level sets of N(\) are p-measurable.

For any vector f € H, we denote by f (\) its image under the unitary trans-
formation in hy. Important operators on h are the multiplication operators by
essentially bounded scalar functions with respect to u. When a € Loo (X, p),
we denote by M, the operator defined by the equation

(Maf)(A) = (M) f(A)

for any f € H. The set of these operators is a von Neumann algebra, denoted
M.

Another set of importance is the set of operators A on h defined by the equation

(AN)A) = AN (V)

where A(-) is an operator-valued function almost everywhere defined with
IIHA(MN)|||lx essentially bounded with respect to p. It can be shown that the
set of all these operators A is a von Neumann algebra 2l and moreover there
holds A = com(9Mn).

2.4.3 Direct integral representation

Given a selfadjoint operator H on the separable Hilbert space H, H is uni-

tarily equivalent to a direct integral h of Hilbert spaces h) on the measure

space (R,Bg,p) in which p has the spectral type of E(-) and N(XA) coin-

cides with the multiplicity of the spectrum of H at the point A (zero when

A ¢ o(H)). We note m(H) = p-esssup { N(\)} the multiplicity of the spec-
AER

trum of H. In this representation, H is unitarily equivalent to the multipli-
cation operator by the variable A. For any Borel set A, E(A) is unitarily
equivalent to multiplication by the characteristic function ya. In other words,
the von Neumann algebra 20(E(A), A € Br}) generated by the spectral mea-
sure E(-) is unitarily equivalent to 9. Since com(com(H)) = 20(E(A)) and
then com(H) C com(2(E(A)), then for any T' € com(com(H)), T is unitarily
equivalent to an operator M; of 9 and for any S € com(H), S is unitarily
equivalent to an operator S of 2.

In scattering theory, it is sufficient to have a direct integral representation
for the absolutely continuous part H*¢ of H. We construct this direct integral
on the basis of the absolutely continuous part E% of the spectral measure
E(-). We recall that the spectral core ¢ of H is also a spectral core of E%.
Hence, for any Borel set A with E(A) = 0, we have |[AN&| = 0 since 7 is
a minimal Borel support. This means that £ has the spectral type of |-|;,
the restriction of the Lebesgue measure on the set 6. Then a possible direct
integral representation of H%¢ is

o = | s (31)

Moreover we save the following lemma for later use.
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Lemma 2.7 Suppose that a(-) is an operator-valued function defined for a.e.
A € 6 with a(X\) bounded operator on . If for any ui,us € © dense in H

{a(N)iy,T2) =0 (32)

for almost every A € 6, then a(\) =0 for a.e. A€

2.4.4 Simple spectrum

H is said to have simple spectrum if N(\) = 1 p-a.e. Note that by identifying
each of the spaces by to spaces hy(y) and considering the sets of, = {\ e R,
N (M) = k}, the direct integral representation turns to

m(H)
P Lalor, 1. br)
k=1

by identifying La(og, ik, i) with the set {h € b, h(A) = 0 p-a.e. on R\ oy }.
If H has simple spectrum, then H is unitarily equivalent to multiplication by
A in the space La(R, dp).

Moreover, since the hy are one-dimensional, M = A = com(M). Then
com(H) =W({E(A), A € Br}). This leads to the following technical lemma

Lemma 2.8 Let H have simple spectrum and Py, Py be projections commuting

Proof The indirect way is obvious. Conversely, let 6(HP;) = 6(HP>) = Ao,
Borel set. Since com(H) = 25(E(A)) and Py, P, are projections, there are
Borel sets A1, Ag such that P, = F(A;)) and P» = E(Ag). Obviously A; and
Ay can be taken respectively as spectral cores of the restrictions HP; and HP,

since spectral cores are sets of full spectral measure. Then P; = E(Ag) = P.
d

2.5 Classes of compact operators

The spectrum of a compact operator consists of real eigenvalues; non zero
eigenvalues have finite multiplicity.

2.5.1 Schmidt representation

Given Hilbert spaces H and K, let K be a compact operator from H to K

with polar decomposition A = UP. A has a Schmidt representation K =

o

> sn(K)(+, on)tn where s, are the eigenvalues of the positive operator P =

n=1

(K*K )1/ 2 listed with account of multiplicity in decreasing order, ¢, are the

corresponding eigenvectors and ¢, = Uyy,. s, are called the singular numbers

of K. For any 1 < p < oo, we denote by &, the set of all compacts operators K
. & . . & 1/p

for which nzl sn(K)P < co. The sets &, equipped with ||-||, = nzl sn ()P

are Banach spaces. Note that for K € &, and A, B bounded operators, AKB €

&, and [|AK B[, < [[[A[||[[|B[[|[[K||,- Moreover, if K € &, then K* € &, too.

Ifpl+gt=1and A€ &, Be G, then AB € & and | AB|; < 1A[[, I Bll,-
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2.5.2 Hilbert-Schmidt operators

The set &4 is called the set of Hilbert-Schmidt operators. For any orthogonal
system {u, }, [|Al5 = Z | Auy||? < co. 9 can be equivalently defined as the

set of operators A for Wthh there exists an orthonormal system {u,, } such that

Z | A |* < oo.

When the Hilbert spaces H and K are realized as spaces Lo(X, i) and Lo(Y,v),
it can be shown that the Hilbert-Schmidt operators are the integral operators
of the form

(MN@ZA@%@ﬂ@W@)

with a kernel a(z,y) defined p x v-a.e. on X x Y satisfying

Mﬁzélm@wﬁwwww<w

2.5.3 Trace class operators

The set &1 is called the set of trace class operators. For A € &1, one can define
o0

the function Tr which generalizes matrix traces by Tr A = > (Auy, uy) inde-
n=1
pendent from the choice of the orthonormal system {uy}. There always holds

Tr A <||A]|;, the equality being obtained for non- negative A. More generally,
given two orthonormal system {uw,}, {v,}, there holds Z |(Aug, vn)| <Al
There are sufficient criteria for an operator A to be trace ClaSb In particular, if

for any orthonormal systems {u,}, {v,}, Z (Auy, vy) converges, then A € &;.

n=1

We have already seen that, given A, B € &5, AB € &;. Moreover, for
any K € &1, there exists a factorization K = AB with A, B Hilbert-Schmidt
operators. In the polar decomposition K = UP, it suffices to take A = UP/2,
B = P2, Indeed, s, (P) = A\ (P) = s,(K) which implies P € &;. Note that
$n(P) = sp(P'/?)? and PY/? € &,. U being bounded, A € &,.

2.6 Conditions for selfadjointness

2.6.1 Relative boundedness

Definition Given two operators A: H — K and B: H — K', B is called
relatively bounded with respect to A, or A-bounded, if D(A) C D(B) and
there exist a,b non-negative constants such that for any u € D(A)

[Bul| < a| Aul] + bf|u| (33)

The smallest non-negative constant b such that (33) holds is called the A-bound
of B.

We already note that if B is a bounded operator with D(A) C D(B), then
B is A-bounded with A-bound zero. Note that, since Ra(z) = (A — 2I)~! i
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a bounded bijective mapping from K to D(A) for z € p(A), this definitions
implies for any f € K

|BRA(2)f|| < al| ARA(2) f[|+b]| Ra(2) f|| < allfll+(al2l+D) || Ra(2) f|| < CII /]

that is, BR4(z) are bounded operators from K to K'.

Note further that, if A and B are closed operators, the inclusion D(A) C D(B)
already implies that B is A-bounded. Since A is closed, the set D(A) equipped
with the norm |lul| , =||u||+|Au| turns to a Banach space and the restriction of
B to D(A) can be seen as an operator B from D(A) to K'. Since D(A) C D(B)
and B is closed, B is closed and everywhere defined on D(A), hence bounded
by the closed graph theorem. That is, for any u € D(A)

1Bull < Cllull 4 < CllAul| + Cllu]

and B is A-bounded. This implies in particular that if B is a bounded operator
with domain of definition H, then B is A-bounded for any closed operator A
on H.

Note further that the condition (33) can be equivalently expressed as
| Bull® < a”|lul® + b7 dul” (34)
Clearly (34) implies (33) with a = a' and b = V'. Conversely (33) implies

1Bull* < a®ful* + 6% Aul” +2ab]lul|| Aull = a®(1+&72) ul| + 5% (1 + &%) | Aul?
— (ae™Hlull = bellAul))® < a®(1 + &2 full” + 0*(1 + %) | Aul?

for arbitrary € # 0. Then the A-bound can be equivalently taken as the
smallest " such that (34) holds.

2.6.2 Kato-Rellich theorem

In abstract scattering theory, criteria for existence and completeness of wave
operators are given with respect to selfadjoint operators H and Hj represent-
ing respectively the real and free Hamiltonians of a system. Conversely, in
applications, we know how the free Hamiltonian Hy looks like and we apply
a perturbation V to it. In order to apply abstract results, we have to know
under which conditions the sum Hy + V is a selfadjoint operator. One can
show that relative bounded perturbation preserve the closedness. The next
theorem states that relatively bounded symmetric perturbations preserve self-
adjointness.

Theorem 2.9 Let Hy and V be operators on H. Suppose that Hy is selfadjoint
and V' is symmetric and Hy-bounded with Hy-bound smaller than 1, then Hy+V
1s also selfadjoint.

Proof From the assumptions, Hy + V' has domain D(7T) and is closed sym-
metric. Since Hy is symmetric, there holds for any u € D(V)

2 2 2 . 2
IVl < a®|lull® + b%|| Houl|* =||(bHo + ia)ul|
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with a > 0and 0 < b < 1. Since Ry(z) is a bijective mapping from H to D(Hj),
we obtain that for any f € H ||V Ro(%ic)f|| < b]|f||, noting ¢ = a/b. Hence,
V Ry(+ic) are bounded operators on ‘H with |||V Ro(Lic)||| < b < 1. Then
we can define (I + V Ro(dic))~! by the series > (V Ro(ic))” as a bounded
mapping on H. Then I+ V Ry(%ic) maps bijectively H on itself. It remains to
note that (Ho+ V') +ic = (I + VRy(+ic))(Hy Fic). Since Ran(Hy Fic) = H,
Ran(Hp + V +ic) = H, that is the deficiency indices of Hy + V vanish and
Ho +V is selfadjoint. [

Similarily it can be shown that if Hy is selfadjoint and bounded below, then
given a relatively bounded symmetric perturbation V' with Hg-bound smaller
that 1, Hy + V is selfadjoint and bounded below.

2.6.3 Schrodinger operators with relatively bounded potentials

We recall that the Laplacian operator Hy = —A on H = Ly(R3) is a selfadjoint
operator when considered on the set D(Hg) = {f € Lao(R3, dx), |£|* f(€) €
Lo(R3,d¢)} where we note Ff = f the Fourier transform of f. The domain of
the Laplacian coincides with the Sobolev space D(Hy) = H?(R3) = W22(R3).
Let V' be a maximal multiplication operator, that is defined on D(V) = {f €
Ly(R3), Vf € La(R?)}, by the real-valued function v = vy + vy with vy €
Ly(R?) and vy € Loo(R?). Since, for any u,@ € D(V), |(Vu, @)| < [fullo][Vull,
and v is real, we have (Vu, @) = (u, V@) and V is symmetric.

For any u € D(Hy), ||vaully <||va]| |||, and by Cauchy-Schwarz inequality

(.

for an arbitrary a > 0. Then

|u(z)| < (277)3/2/

which implies ||u||, < oo. Then |lviull, <||v1y]|ullo- Hence, D(Hg) € D(V)
and for any u € D(Hp), (33) is fulfilled with a = [|va]|, + Ca®/?||v;], and
b = Ca='/?||v1]|,. Choose a large enough so that b < 1, then we can apply
the Kato-Rellich theorem.

Hy+V is then selfadjoint. Moreover it is well-known that Hy is bounded below
with bound zero, then Hy + V is bounded below.

2
w9l de) < [ 6+ oty 2 [ (6P +aPluco)f dg

= 7r2a*1H(Ho + OJQ)UHQ < oo (35)

a(8)] de < C’a’l/QH(Ho + a2)uH
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3 Simple scattering

We already motivated in the introduction the definition of the following object.

Definition The (strong) wave operator for a pair of selfadjoint operators
H, Hy respectively in Hilbert spaces ‘H and Hy and a bounded identification
operator J : Hp — H is defined by :

D(Qy) = {f € Ho: s lim U(~1)JUn(t)P5“f exists}

Qu(H, Ho,J) = s lim U(=t)JU(t)F* (36)

In this section, we consider Ho = H. The spaces H and H{ are subspaces
of the same Hilbert space H. One-space scattering theory constitutes the first
frame in which the concepts of wave-operators were developed, along with
the study of scattering of a single particle by a potential in H = La(R3). In
this frame, we first expect that J turns to the identity operator. The goal
of this section is to underline that the necessity of considering non-trivial J
quickly occurs. We illustrate this by considering more and more spread out
potentials, for which the Coulomb potential constitutes a limit case. We note
Q4 (H,Ho;I) = Q4 (H, Hy). Moreover, the investigation of Q4 (H, Hy) can also
be motivated by the following fact.

3.1 Reduction to one-space problem

Let H, Hy be two selfadjoint, respectively on H and Hy, and J : Hy — H
be unitary. Then ffo = JHyJ* is a selfadjoint operator on H and we define
Up(t) = e~iHot,

We introduce the pre-wave operator Q(H, Hy, J)(t) = U(—t)JUy(t). As J is
unitary,

Q(H, Ho, J)(t) = eIt JemiHot = ciflte=ifot 1 — ([ [o)(t)] (37

Thus, the wave operator Q. (H, Ho, J) exists iff Q4 (H, ffo) exists and
Q4 (H, Ho; J) = Q4 (H, Hg)J. The problem is reduced to one-space scattering
on H with a new free Hamiltonian Hy.

3.2 Properties

We assume here the wave operator Q. (H, Hy) exists and we collect some useful
properties. When no confusion may occur, the dependence on H, Hy and J of
Q4+ may be omitted.

Proposition 3.1 Q4 (H, Hy) are partial isometries with initial subspace H3C.
Proof For any t € R and f € Hy we have
1) P fI| = [|U(=t)Uo(t) F5“ f1I = | P5“ f

which implies that ||Q4f] = ||P§f]|. Then Q4 are partial isometries with
initial subspace Hy. O
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Proposition 3.2 Q4 (H, Hy) are intertwining operators for H and Hy, that is
HQ.(H, Hy) = Q+(H, Ho)Ho (38)
Proof
VfeHo Quf = tlggo U(—t)Uo(t)P5 f
= tlggo U(s —t)Uo(t — s)Py°f
= U(s)Q+Uo(—s)f
that is U(s)Qx = Q1.Up(s).

From Stone’s theorem, we have
)

VfeD(Hy): —iQiHof = lim Q:Uo(s)f — Qs f

s—0 S
Qif—Q
~ lm U(s)Qef — Qs f — iHOLS
S— S

Thus, Qi(H, H())H() = HQi(H, H()). O

The intertwining property has important consequences. It implies first that Q4
maps the domain of definition D(Hy) into D(H). Moreover, Vf € Ran(Q4),
dg € Ho, f = Q+g and 38 imply that Hf = Q4 Hyg € Ran(Q+). Conversely,
if feker(QL), QLHf = HoQLf=0. Then Ran(Q24) is a reducing subspace
for H.

We obtain then an interesting spectral property. The restriction of 2+ on
HGC is an isometry and then the mapping Q4: H{¢ — Ran(€Qy) is unitary.
Explicitely, the initial projection of Q4 yields 21 Q4+ = FPj¢ and QF is a left
inverse of 21 on H{¢. Clearly for any f € Ran(Q+)

dg € Hg®: 1A = [1949gll = [|1Fgll = llgll = [|Qx9ll = |I£1]
Vg € H§®: g = Py°g = Q1019 € Ran(Q})

and the restriction of Q% on Ran(Q4) onto H{ is an unitary mapping. We
recall that H3¢ is a reducing subspace for Hy. Let H{¢ and H™ be respectively
the restrictions of Hy on H§¢ and of H on Ran(€+). Then 38 implies

HY = QL HT Oy (39)

and H§¢ and HT are unitarily equivalent. Hence, H* is absolutely continuous.
Then, if we let H be the absolutely continuous part of H, HT is a part of
H?¢. This is equivalent to the fact that the domain of definition Ran (1) of
H™ is a subspace of H%,

HT is maximal when HT = H%, which motivates the following definition,
together with the introduction:

Definition Suppose that the wave operator Qi (H, Hy) exists. We say that
Q. (H, Hy) is complete if Ran(Q4) = H*.

If Q4 is complete, then HT = H% and the absolutely continuous parts of H
and Hy are unitarily equivalent.

We now see that the direct investigation of the completeness of )4 is not
necessary for practical purposes. We need the following lemma
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Lemma 3.3 (Chain rule) Let H, Hy, and H; be self-adjoint operators on H.
If the wave operators Q. (H, Hy) and Q. (Hy, Hy) exist, then Qy(H, Hy) exists
and

O (H, Ho) = Qu(H, Hy)Qy (Hy, Ho) (40)

Proof We write Pj* for the orthogonal projection on the subspace of absolute
continuity of Hy and Uy(t) = e 1t for the unitary group generated by H;.
We can rewrite the prewave operator Q(H, Hy)(t) as

VieR,  Q(H, Ho)(t) = U(—t)Ui(t) [Pfc + (I P{“’)] Ur(—t)Up(t) PS¢
= Q(H, Hy)(t)Q(Hy, Ho)(t) + U(=t)Us(t) (I — P{€) Q(Hy, Ho)(t)
If Q4 (Hy, Ho) exists, then Ran(Q4(Hy, Hy)) C H{¢, that is P{“Qy(Hy, Hy) =
Q4 (Hy, Hy). Hence, we have the strong limit
s — lim (I — P{)Q(Hy, Ho)(t) =0

t—oo

Moreover, under the assumptions of existence, Q(H, Hy)(t) and Q(Hy, Hp)(t)
converge strongly respectively to Q4 (H, Hy) and Q(Hy, Hp). Therefore their
products and subsequently Q(H, Hy)(t) converge strongly to the products of
their limits, which implies that Q4 (H, Hy) exists and is equal to

O (H, H))Q (Hy, Ho). O

Proposition 3.4 Suppose that Q4 (H, Hy) exists. Then Qi (H, Hy) is com-
plete iff Qi (Ho, H) exists.

Proof Suppose that Q4 (H, Hy) and Q4 (Hp, H) exist. The chain rule implies
Oy (H,Hy)Q2e(Hy, H) = Q4 (H,H) = P* (41)

Then, Vf € H*, f = P*f = Qu(H,Hy)Q+(Ho,H)f € Ran(Qy(H, Hp)).
That is H* C Ran(Q+(H, Hp)). As Ran(2+(H, Hp)) € H* by existence of
the wave operator, the two sets are equal and Q4 (H, Hy) is complete.

Conversely, if Q4 (H, Hy) exists and Ran(Q4(H, Hp)) = H*, then
VfeH™, 3g € Ho: lim ||f = U(=t)Uo(t) Fy gl| = 0 (42)

As the mapping Q4 (H, Hy): H3® — Ran(Q(H, Hp)) is one-to-one and onto,
g can be chosen to be the unique preimage of f in H3¢ and (7) is equivalent to

VFeH, Ag e M Tim [[Up(—UMPCf —gll =0 (43)

Thus, the wave operator Q4 (Hy, H) exists on H* and therefore on H with
Q4 (Ho, H) = 0 elsewhere. O

Remark The chain rule has granted us (41) and conversely
Q:I:(H(LH)Q:I:(H)HO) = ch (44)

Then, if they exist, the wave operators Q4 (H, Hy) and Q4 (Hy, H) are unitary,
mutually inverse mappings between H3¢ and H?. Moreover, this property
shows that if one can find sufficient conditions for the existence of wave operator
Q4 (H, Hy) which are symmetric in H and Hj, then Q4 (H, Hy) is already
complete. We now discuss a sufficient condition for the existence.
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3.3 First investigation of existence of wave operators

Our goal is to obtain the existence of €21 by showing the convergence in the
strong topology of the pre-wave operator Q(H, Hy)(t) for a set of elements
dense in its support Hg°.

Theorem 3.5 (Cook’s criterion) Let Hy and H be self-adjoint operators. Sup-
pose that there exists ® C D(Hy), dense set in HE¢, and ty € Ry

1. Yt € [tg,£o0) and f € D, Uy(t)f € D(H)
+00

2 / [(H — Ho)Uo(t) fldt < oo
to

then Q4 (H, Hy) ezists.

Proof For any f € ©, we define the vector-valued function

we(t) = Q(H, Ho)(t)f. As ® C D(Hp) and condition (1) hold, U(—t)Uy(t)f
is differentiable in ¢, that is for any f € ©, wy is differentiable. Vg € D(H),
U(t)g is differentiable in ¢ and (g, w}(t)) = %(g,wf)(t).

§i(9.wr) = GUDg,Uo(t)f) = (—iHU(t)g, Uo(t) f) + (U(t)g, —iHoUo(1) f)
= (9,iU(=t)HUo(t)f) — (g,iU(=t)HoUo(t)f) = (g,iU(=t)(H — Ho)Uo(t) f)

H is densely defined in H, then w'(t) = iU(~t)(H — Ho)Uo(t) f. As ||} (t)]| =
|(H — Ho)Uo(t)f||, condition (2) implies that w} is absolutely integrable on
+o0
Ry. Thus, tliim l|lws(t) —wr(to)]| < / |[w}(t)||dt. As the norm is strongly
—+o0
to
continuous, the wave operator )+ exists on ®, dense subset in Hg¢, and the
following estimate holds:

+oo

Q2+ = Q(t0)) fI < / |(H — Ho)Uo(t) f]|dt (45)

Then Vf € HEC, Ve > 0, 3g € ©: [|Qt)f — Q#)gl| = ||f —g|| < € and Q4
exists on whole H§¢. [

We also remark that the Cook’s criterion is not symmetric in H and Hy. More-
over, in order to show the condition (2), we need explicit formula of the unitary
group, which are much more accessible for the free Hamiltonian than for the
interacting one.

In order to understand the practicability of this, let take the case of two inter-
acting quantum particles described by wave functions in Ly(R?), which equiv-
alently reduces to the scattering of a particle in an external potential. Let be
H = Lo(R3), Hy = —A, D(Hy) = H*(R?), self-adjoint extension of the lapla-
cian on H and H = Hy + V. V is a multiplication operator by a real-valued
function.

Application 3.6 The scattering system is the one described above. If V is a
multiplication operator by some potential v in Lo(R3), then Qi (H, Hy) exists.
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Proof We treat the case of Q. Q_ is similar. As v € La(R?), H is self-
adjoint with same domain of definition D(H) = D(Hy) and the condition (1)
is fulfilled. We want to estimate ||VUy(t)f||2. Let S denote the Schwartz
space. For f € S C L1(R3) N Ly(R3), we have the representation for the free
unitary evolution group

1 jle—ul?

Uo(0f ) = s [ 1wy (16)
and |Up (t) f ()| < (47T|t1|)3/2 /ﬂ@‘f(y)} dy. Then, for fixed ¢, Uy(t) f is bounded

and

Uo(t) flloo < (47)

1
(@l 111
By Hoélder’s inequality,

[[VUo(t) fll2 < [|v]l2]|Uo(t) flloo

< 00

Ji [ 2[Jv][2[|fI]x
Th VUy(t dt < dt =
en, /|| o(t) fll2dt < Hv\lele/ (drt)3/2 5(dr)3/?
1 1

As S lies dense in Ly(R3), the condition (2) is fulfilled and 2 (H, Hp) exists
on D(Hp). O

In fact, one can push the estimate of ||[VUy(t)f||2 a little further to obtain a
slight refinement of the previous corollary, in order to allow a little more spread
out potentials.

Application 3.7 The scattering system is the one described above. If V is a
multiplication operator by some potential v = vy + v, with va € La(R®) and
vy € L.(R3) for some 2 <1 < 3, then Q4 (H, Hy) exists.

Proof Again with the same estimate and Holder’s inequality, we have Vf € S,
for t > 0,

VU fll2 < |loaUo(t) fll2 + lo-Uo(®) £ll2 < Nloall2ll F111672 + [[or|l+[|Uo(€) £

with ' = (3 — 1)71. On Ly(R3), Up(t) is a bounded operator with the norm
estimate due to its unitarity ||Up(t)f|l2 = ||f||2, for any f € La(R3). By the
estimate (47), Up(t): L1(R3) — Loo(R3) is also bounded, and the Riesz-Thorin
interpolation holds. That is, for any 2 < ¢ < oo and p = (1 — %)_1,

Uo(t): LP — LY is a bounded operator with the estimate

1Uo(t)fllq < (72?1111,

with @ =1—2. As 7/ = (3 —;)7' € [2,00), there holds

_3
HUO(t)fHT’ <t THfH(l_i_%)—l

2
and s ,
IVUo () fll2 < [fo2ll2lFll1t™2 + [for [l fl 24 1y 27"

Asr <3, ||[VUy(t)f]|2 lies in L1([1,00)) and the condition (2) holds again. [J
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Remark Let consider radial potentials v(z|) = O(z| ), then a necessary
condition for v to be in L,(R?) is a > 3/r. Since the condition r < 3 is
crucial to ensure the integrability of ||V Uy(t) f||2 on [1, 00), this method covers
potentials up to falloffs O(z|~*7¢), e > 0. The next theorem states that local
singularities of the potential do not influence the existence of wave operators.

Theorem 3.8 (Kupsch-Sandhas) Let Hy and H be self-adjoint operators and
© C D(Hy) dense in H{C. Let moreover A be a bounded operator and top € R
such that

1. Vt € [tg,E+o0) and f €D, (I — A)Us(t)f € D(H)

+o00
2 [ =) = (1= MV fdt < o

3. Ine N, A(Hy +i)™" is compact and © C D(H})

then Q4 (H, Hy) ezists.

Proof The proof is more or less a reproduction of the original Cook’s criterion
proof but is interesting since it introduces an auxiliary identification operator
J = 1—A. We introduce Q;(t) = U(—t)JUp(t) and we define Vf € D,
we(t) = Qy(t)f, which is differentiable according to the assumptions and,
similarly to the previous proof, we obtain & (t) = iU(~t)(HJ — JHp)Up(t).
By condition (2), ||@}(t)|| is integrable on (fo, &00); therefore the strong limit
of U(—t)(I — A)Uy(t) when t — +o0 exists on D, that is on H3® by density.

We recall that Vf € H§, W_tliimoo Up(t)f = 0 and that Ran(Hp+ i) = H since

Hy is self-adjoint. Then Vf € H¢
Vg €M, lim (Us(t)f,9) =0 =Yg € D(Hy), T (Uo(t)f, ((Ho—)3) =0

and by density and boundedness of Up(t) w-, ligl (Ho +i)Up(t)f = 0. By
iterating the same idea, we obtain Vm € N, w- lirin (Ho+0)"Up(t)f = 0. In

particular, for m = n, A(Hy + ¢)~" is compact. Then AUy(t), and therefore
U(—t)AUy(t), converge strongly to 0 on H{¢. Hence U(—t)Uy(t) converges
strongly on H§¢ and Q4 (H, Hy) = Qi (H, Ho, I — A). O

Remark In application, one sets A to the identity on a neighbourhood of the
singularities of V' so that their contribution vanishes in ||(H(I — A) — (I —
A)Ho)Up(t) f]|. We give below an example.

Application 3.9 Let H = Lo(R3), Hy = —A with D(Hy) = H?*(R3) and
V' be a multiplication operator by a potential v, measurable and decreasing
asymptotically faster than the Coulomb potential, that is AR € Ry, C € R, € >
0 so that V|z| > R, |v(z)| < Clz| ™75, In other words, local singularities are
allowed on an arbitrary neighbourhood of 0. Then Q4 (H, Hy) exists.

Proof Condition (1) is fulfilled according to the results in the preliminaries.
We define naturally A as a multiplication operator by the function ¢ € C§°(R?)
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with V|z| < R, ¢(x) =1 and ¢(x) < 1 elsewhere. We gain that

[e.e]

/Rs‘v(x)(l ()| de < 477/ (sligys?ds < oo

R

and v(1 — ¢) € L,.(R3) for some 2 < r < 3. Moreover, Vf € S, we denote
f(t) =Up(t)f and compute

(H(I = A)— (I =AHp)) Up(t)f = (mA+v)[A—9)f(t)] + (1 —d)Af(L)
= o(1—=9¢)f(t) +A(of(t)) — dASf(?)
= v(1-9)f(t) + f()Ap+2Ve- V()

We already now that |[v(1—¢)f(t) + f()Adll2 < ||f(O)l](1_1)-1[[o(1 = )], +
|AB|[2]| f(£)]]oo lies in Ly ([1,00)). As VAF = AV, for t >0

VOV (D)2 < [IVEll2l|Uo(H)V flloo < IVoll2] |V fl1

Wt%
lies in Ly ([1,00)). Furthermore, we claim that A(Ho +4)~" is compact. Note
that A is self-adjoint as bounded multiplication operator by real-valued ¢. We
compute

F(Ho — i) 'Af = F(Hy — i) 'F1FAf

1

with F(Hp — i)~'F~! being a multiplication operator by ¢ \§|27 That
-

is,

efixf

F(Hy — i) AS(€) = / o(2) f (z)dz

r3 €% — i
4 (2)

is an integral operator with kernel k(x,{) = —————= such that

€]* —

2 2 1
/W/Rs\k(:c,f)\ drde < Héllg/RgWde@o (48)

Then F(Hy — i)' A is Hilbert-Schmidt, and so is A(Hp +i)~! by unitarity of
F and adjointness. Hence, A(Hp + i)~ is compact and one applies (3.8). [J

We now want to extend our simple scattering theory to systems (H, H, Hy) for
which Q4 (H, Hy) do not exist, such as in the case of the Coulomb potential.
That is, we want to find some bounded linear operator J in H such that the
strong limit lim;_,oo U(—t)JUp(t) exists.
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4 Identification operators

We recall that H and Hj are seen as Hamiltonian operators of a quantum
mechanical system in some Hilbert space H. Equations with £+ are to be un-
derstood as couples of independent equations for + and —. We recall that we
denote by com(H) the algebra of bounded operators which commute with H.

4.1 Basic ideas

In the introduction, we motivated the definition of the wave operator as a way
to compare the evolutions of the free and interacting dynamics asymptotically.
Physically one is often more interested in comparing the corresponding time
evolutions of some physical observable X which corresponds to a measure of the
scattering experiment. In the Heisenberg picture related to the dynamics U(t),
the observable X is naturally given by Xy (t) = U(—t)XU(t). In particular, we
are interested in observables which are compatible with the free motlon that
is, X commutes with Hy. For such X (e.g. impulsion P momentum P x X
or spin), we have Xp,(t) = X and then we expect that X is an asymptotic
constant for H as the particle scatters in regions of negligeable perturbations.
Namely, there exist X4 such that we have tl}rinoo Xg(t)P* = X4 in the sense

of strong limits. As it concerns only scattering states, we take the projection
onto the absolutely continuous subspace with respect to the real Hamiltonian.

In order to characterize completely the scattering states, we turn to a set
of observables O = {X;, Xs,...,X,,...} which commute with Hy and are
asymptotic constants of the U(t) dynamics. This set generates a C*-algebra

O = ) A, A C*algebras, such that O C com(Hy) and, if we denote pu:
OCA

X — X4, O C D(p*H). In the scattering frame, it is convenient to consider
only the absolutely continuous parts of observables with respect to H or Hy.
An equivalent picture is to restrict directly our *-algebras of observables: given
a *-algebra 2, we define the restrictions A% = {X € A : X P% = P*X = X}
similarly 2Ag°.

Proposition 4.1 p*#: X — X4 are *~homomorphisms from O to p(9).

Proof Clearly, VX1, X5 € D(/FH), Yai,as € C: /FH(ale + agXo) =
alﬂiH(Xl) + &QuiH(XQ).

We claim that Ran(u*) = com(H)®. Indeed, if X € com(H )%, then
Vi € R, X = U(—t)XU(t)P* and X = p*(X) € Ran(u™). Conversely,
if X € Ran(u*™), then 3X, such that s—tlirglo U(—t)XoU(t)P* = X. Hence
X = XP% as P is an orthogonal projection. Moreover, like in the proof
of the intertwining property, we get Vs € R, XU(s) = U(s)X, which implies
XH = HX. As P% is a spectral projection of H, P and X commute, and
X = XP = PX. So X € com(H)
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Now, VX1, X2 € D(utH):

U(—t) X1 XU () P% = U(—t) X U (t) P*U(—t) XU (t) P
FU(=t) X U (£)(I — P*)U(—t) X U (t) P

As Ran(ut) = com(H)*, s—tlim (I — P*)U(—t) XU (t)P* = 0 and the
—00
sum converges strongly to the product p (X1)u*(Xz)) = (X1 X3).

Let X, X* € D(pt). As Ran(p™) = com(H)*, Vf,g € H
(W=1(X)f.9) = lim (PUU(-t)XU(t)P*f,g)
= i (4, PUU(-OX T P) = (£, (X)g)

Hence p*H are *-homomorphisms from D(u*) to Ran(u*H). O

Then, we would like to perform a scattering experiment on a state fi € H
and gather informations X4 fi, X € O, which determine completely H*. This
is fulfilled if p=H(9)% is cyclic, that is, f € H is such that {Xif, X4 €
pFH (D)} is dense in H. Similarly, we assume that 92 is cyclic for some
preparated state f € H{C so that {Xf, X € O§°} characterizes completely
‘Hi¢. Then the fundamental scattering relation between H§¢ and H can now

be given by a relation between X f and the X4 f..

Proposition 4.2 Assume that Of° and pH (D)€ are cyclic, respectively with

generating vectors f € HGC and f+ € H*. Assume moreover that VX € O,
(fs Xf) = (fr, X fx).

Then pt: 98 — (D)% are isometric *-isomorphisms. Moreover there
exist isometries Wy: HA® — H such that p™(X) = WoXW;.

Proof If we have the representation pu4(X) = W XWJ for X € Of°, we
extend W4 to partial isometries with support H§¢ and if Ran(W3) are dense
in ‘Hg¢, then

WL XWif XWif
ol = s WEXWEL o, IXTET
FEH\{0} |1 £] fervior WIS

= s P yxg

geHE\{0} llgll

Hence, i+ is isometric and then one-to-one. Then p*: 98¢ — FH (D)€ is
a *-isomorphism. It remains only to construct the operators Wa..

We define Wy densely on H§® by Wi Xf = X4 fy for all X € © and
elsewhere by W4 (HSCJ‘) = 0. As p*H is *-homomorphism and by assumption,
VXY € O,

(f, XY f) = (f+, XiY3 f+)

which implies (X f,Yf) = (X+f+,Ysft+) and, using the definition of Wy,
(WeXfiW.LYf) = (Xf,Yf). Then Wy are isometries on {Xf; X € O},
which we extend by continuity on H3¢. Therefore Vu € H§, (u, WiWiu) =
(u,u), that is

WilWe = F° (49)
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As Wi X[ = X4 f+ and since the sets of vectors X4 f+ lie dense in H%, we
have that Wi ({X f, X € O3°}) is dense in H*. The vectors X f are dense in
HG¢ and Wy are isometries on H{C, then it follows that Ran(WW4) are dense in

Hee.
Vu € H: (u, WilWiu) = (u,u) = (Wiu, WoWilWiu) = (Wiu, Wiu)
Then, by density, Vv € H*: (v, WoWiv) = (v,v) and
WoWi = P (50)

(49) and (50) characterize W as partial isometries with initial subspace H{¢
and final subspace H®¢.

We have W XY f = XY, fi. Further, we have B§°Y =Y forall Y € O§°.
Hence

Yf=WIWLYf=WiYife = WoXWIYefy = XYy fy

As the sets of vectors Y5 f1 are dense in H*¢, we obtain W XW} = pH (X))
forall X € ©. O

Definition We denote the partial isometries Wy as generalized wave operators
with respect to {H, Hop, O}.
4.2 Algebraic scattering systems

Without considering the particular physical criteria of proposition 4.2, we now
give the following definition.

Definition Let be H, Hy self-adjoint operators on H and 2 a C*-algebra.
{H, Hy,} is called an algebraic scatering system if

1. 2 C com(Hp) and g C D(u*H)

2. ™ are injective on A

3. pHH: uae — pFH(A)9¢ are isometric *-isomorphisms with the represen-
tations ptH (X) = WoeXWi, Wy partial isometries with support H{¢
and final subspace H®.

Proposition 4.3 Given an algebraic scattering system {H, Hy,2}, the gen-
eralized wave operators Wi are unique up to multiplications from the right by
partial isometries with initial and final subspace HG¢, and commuting with 2A.

Proof Let be a couple of partial isometries U+ on H§¢ commuting with L.

Let be Wi = WiUx. Then
WoeWi = WalUsULWE = WoPEWE = WoeWiWaWE = p

Similarly, Wiﬁi =UIWIWLUys = ULPyUL = ULULULUL = P§°.
Moreover, VA € %3¢, Wi AWE = WoULUL AWE = WL AW = 1 (A).
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Conversely, assume there are generalized wave operators Wi. (50) implies
that Yo € H®*, WiWN/;U = v and WoWiv = v. Let be Ui the mapping
Wiv — Wiv for all v € H. Then ||[UsWiv|| = ||v|| = ||[Wiv||. Moreover
(49) and (50) imply that Ran(Wi) = Ran(Wﬂ*:) = H§¢. Then Uy can be
extended to a partial isometry with support and final subspace H§¢. We have
Vu € Hg¢, Jv € H:

Wolu=WeUsWiv = WiWio = WoWiv = Wau

Then Wi = WiUs. Moreover, VA € A, pH(A) = W ULAULWE =
Wi AWZX. Then U+ AUL = P§°AP§¢ = APg°, which implies UL AF§¢ =
AP§U4. Since A commutes with Hy and Uy are partial isometries on H§¢,
we have U A = AU4. O

Given an algebraic scattering system {H, Ho,2} with generalized wave
operators W, we recall that the time-evolution operator U(t) = et de-
scribes the real dynamics and we investigate the properties of the operators
Vi(t) = WiU@)Wi + (I — P§€). Vi(t) are defined on H. Moreover, as Wy
are partial isometries with support H§¢, we have Wi (I — P§¢) = 0, so that
th, ts € R:

Vit)Va(te) = WiU(t)WeWiU(t)Wy + (I — P§©)?
W;U(tl)PGCU(tg)Wi + (I — Péw) = Vj:(tl + tg)
where we used HP% = PH and Ran(Wx) = H* in the last equation.
Moreover, Vf € H:

M [[(WEU ()W + (I = Pg9)) f = fll = [[((WEW + (I = F5)) f = fI| =0

As we further have Vi(t)* = Vi(—t) = Vi(t)~!, the following proposition
holds.
Proposition 4.4 Vi (t) = WiU(t)Wx + (I — P§¢) are two strong continuous
unitary groups. There exist two self-adjoint operators Ky on H so that Vi (t) =
e—in:t'
We now remark some interesting properties of K.
Proposition 4.5 The following assertions hold:

1. Ke(HEH) =0

2. A C com(K+)

3. Wy are intertwining operators for K+ and H.

Proof We have Vf € HSCJ‘, Vt € R, Vi(t)f = f. By definition of the infinites-
imal generator,

Ky f = lim =

V(h)f_f_ . acly __
lim =555 = 0, that is, K (HG) = 0.
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VA € 3¢, H§¢ and chJ_ are invariant subspaces for A. Together with
K4 (HEL) = 0, this implies that it is enough to show AKy = KA on HEC.
As WiptH(A)Wy = AP§, we have Vf € H3, Vt € R:

Vi(t)Af = WiU ) WaWi p (A Wef = WipmT(AWeWiU (W f
N——

Pac

= AVi(t)f

where we used Ran(u*) = com(H)%. Then A commutes also with K4 and
A3¢ C com(K4).

Finally, according to the definition of V4 (¢), we have
WiVi(t) = P*“U(t)Wy =U(t)Wy

Like in the proof of the intertwining relation, it implies that Wy Ky = HW.
O

Because of the striking similarities between K in the generalized frame and
Hy in the classical one, one calls K1 renormalized free Hamiltonians.

4.3 Relation to wave operators

The simple scattering theory granted us Q4 (H, Hy) = Q_(—H,—Hy). In other
words, the scattering of a particle in positive time direction was equivalent to
the scattering of its antiparticle in negative time direction. For general K.,
this is obviously here not the case since we have different asymptotic dynamics.
That’s why we wish to have K1+ = Kj in physical applications. Indeed, under
this assumption, the generalized wave operators can be given under a familiar
form.

Proposition 4.6 Let {H, Hy, A} be an algebraic scattering system with gen-
eralized wave operators W. If the renormalized free Hamiltonians are given
by Ky = K_ = Ky, then there exists a bounded operator J on 'H such that
Wy =Q4(H, Ky, J).

We first turn to two technical lemmas which constitute the core of the proof
of this proposition.

Lemma 4.7 Let be a projection P € D(u*) such that p*(P) = P and
p~H(P) =0. Let further be a_projection Q, commuting with H, with QQ < P,
Then there is a projection P < Q with P € D(p*), p(P) = P* and
pH(P)=0

Proof If we consider P = QPQ, then Pisa projection with ]5Q = Q]5 = P.
vt € R, U(=t)QPQU(t)P* = QU(~t)PU(t)P*Q. So P € D(ptH) and
p(P) = Qu(P)Q =QP*“Q =Q. O

Lemma 4.8 There erists a projection P € D(u™) with P < P such that
pH(P) = P and p=H(P) = 0.
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Proof There is a representation of H as a direct sum of subspaces H2C,
reducing H, so that the restrictions of H on H%¢ have simple spectrum and are
absolutely continuous. We note P?¢ the projections onto H. As P < P% it
suffices to construct the projection P separately in each H.

Moreover the spectral representation implies that H%¢ is unitary equivalent to
La(A,,dE) with A, C 0% Borel set. Let denote T: HI — Lo(A,,dE) this
unitary transformation, then THY™* acts as multiplication by & and TP*T*
acts as multiplication by the characteristic function ya,,.

In the view of applying lemma (4.7), we note that La(A,,, d€) can be regarded as
the subspace of the Hilbert space La(R, d€) constituted by functions in Le with
support A,. The associated projection @) onto La(A,,, d€) is the multiplicative
operator by ya,,. @ commutes with THY* and @Q < YP*YT* since A,, C 0.
Further, via inverse Fourier transform F*: Ly(R,d{) — La(R,dz), we have
H=F"YHY*F = —i%. We now note 7[g,o0) for the multiplication operator
by the function (g o) and remark that Yu € La(R, dx):

110 00y (@) () = 30 0 (2 + L&) = Y[t,00) (@)ul)
Then s- lim eiﬁt'y[o Oo)e’iﬁt = [ and s- lim ethfy[O oo)e’iﬁt = 0. By Fourier
t—o0 ’ ‘ *t—>—oo ’ i .
transform follow s- lim e THY t}"v[om)}"*e*mHT t =1, resp. 0. As

t—o00, resp. —oo
these equations hold in particular on Ran(YTP*Y*), we obtain

1 (Frjo ooy FF) = TP Y, = H(Frypo0)F*) =0

We can now apply 4.7 and turn back to ‘H%¢. P is given by
> 2, F 0,00 F 12, D
n

O

Proof of /.6 Let P be the projection of 4.8 with respect to Kg. We define the
bounded operator J = W, P 4+ W_(1 — P) and we note Vy(t) = e~ 0ot P
the projection on the absolutely continuous subset of H with respect to K .
Thanks to the intertwining property of W, we obtain:

U= Vot P = U(—H)W. PVo(t) P + U(—t)W_(1 — P)Vy(t) PEe
= W Vo(—t)PVo(t) PR + W_PE, — W_Vo(—1) PYo(t) PE
which implies

lim U(~0)JVo(t) P, = W0 (P) + W_ PR, — W0 (P)

t—=+o0
According to the assumptions on P, Q4 (H, Ky, J) = WiPg = P*“Wy =Wy
O
4.4 Application to Coulomb scattering

For practical purposes, our strategy in the investigation of the existence of
generalized wave operators is the following:

1. Find a C*-algebra A such that A C com(Hy) and A2 C D(ptH).
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2. Show that {H, Hp, A} is an algebraic scattering system.
3. Eventually, investigate if the renormalized free Hamiltonians are equal.

Steps (2),(3) and the last part of (1) are equivalent to finding explicite partial
isometries Wy such that u=H(A) = WL AWZ. In this view, the next proposi-
tion states that admissible W, can be constructed as strong limits of operators.
Equations with £ are understood as two independent equations of + and —.

Proposition 4.9 Let A be a C*-algebra with A C com(Hyp). If there is a
strongly continuous family of operators T;: Ry — L(H) such that:

1. TyP§¢ is asymptotically unitary on HG¢ as t — F+oo. That is, Yu € H§S,
3 acCrjix J— 3 aCrJx —
i BRI = T BT T =
2. T, € com()

3. There exists Yu € H: . lirin U(—t)T;P§u = Viu and VL Vi = Po.
Then, VA € 3¢: A € D(p*) and p*H(A) = VL AV},

Proof In the case Tj: Ry — L(H): From (1) and (3), Vu € H, ||[Viu|| =
tlim |Ty P¢cul| = |Jul]. Yu € HEL, Viu = 0. Then V, is a partial isometry
— 00

with ViV, = B¢ and V, Vi = P?. Further, Vu € H:

(ST} U ()P — Vi)ul? = || P§eT; U (8) Peul [ + [[Viul?
— (PE°TyU(t) Pu, Viu) — (Viu, PSTFU () P*u)

V[ being a partial isometry with support H* and Py“I}" being asymptotically
unitary, it holds:

Jim [(PGeT; U (1) P~V )u||* < 2|\P“CuH2—tlim 2R{(PS°T,; U (t) P u, Viu)}
< 2||P™ul)? — Jlim 2R{(P*u, U(—t)T, P§°Viu)}

2| Pocu2
Hence, Vi = lim P§eT;U(t)P. Then, VA € 23
lim U(=)AUH)P* = lim U(=)T,P§°T; AU (1) P
—00 —00
= lim U(-) L P{°APST; U (1) P™ = V3 AV

Proceed similarly in the case —.

We can now turn to the investigation of the Coulomb case.

Application 4.10 Let be H = Lo(R3), Hy = —A on H*(R3) and H = —A +
c\$|_1, c€R. Then {H, Hy,com(Hy)} is an algebraic scattering system.

Proof It remains to find two strong continuous families Tti: R4 — H fulfilling
4.9. We define TF = T, = e+ with
t
_ 1 1/2) \—1
Xy =tHy+ 3 c(Hy'"18]) ™ V(0,00) (4]s| Ho — 1)ds (51)
0
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As Xy = f(Hy), A commutes with X; for any A € com(Hy). As f(-) is real-
valued, X; is self-adjoint and 7} is unitary. Thus our choice satisfies (1) and
(2) of proposition 4.9. We obtain the last assumption by a Cook’s criterion-like
argument.

The characteristic function in (51) is here to avoid singularities of X; when
t = 0. In the momentum space Lo(R3,d¢), the Fourier transform X, is multi-
plication by

t
A 1 - i 1
F0(€) = e + 2/CQ£HSD 000 (ISIIEF) — 1)ds. That is, forll] > 1oy,
0

71(6) = el + e(2l¢)) ™" (log(t]) + log(4l¢[*)) (52)

2 is singular in & = 0 so that X; can be defined on C§°(R3\ {0}). We note
D = {u € Ly(R3dx); @ € C(R?\ {0})}. D is dense in ‘H and lies in
D(Hy) = D(H). Hence, Yu € @, and for sufficiently large ¢, > 0, we have
V|t| > ty:

Xow = (tHo + e(2Hg/*) ™ (10g(1]) + log(4H)) ) u

—i (tHo+c(2Hé/2)*1 (log(|t|)+log(4H0))> "

Tiu=e (53)

Moreover, we have $34(€) =[€* + c(2|¢]|]) . Then C§°(R*\ {0}) € D(X7)

and © C D(X]) for all ¢ > t,. Further the form (52) of the multiplicative
operator implies that X;(®) C ©, and then 73(®) C ©. Then U(—-t)T; is
strongly differentiable on ® and Vt > t,:

4y (—t)Tu = U(—t) (ZH —idx ) u = iU(—t) (H — Hy— c(2H1/2|t|)_1> Ty
dt t dr <t 0 0 t
We now restrict ourselves to the study of ¢ — co. As in Cook’s method, we
use the estimate V¢ > s > ¢,

t
|U(=)Tyu — U(—s)Tsul| < / I(H — Hy — c(2HY*¢) ") Toul|dt' (54)

T; and Ho_l/2 commute and we set Vu € ©, u; = Ho_l/zu, that is also u1(&) =
€|t 4(€). Then it follows:
((H — Hy — c(2HY*t) ™) Tou)(z) = cja| ™ Tyu(z) — c(2t) "Touy (z)  (55)
For all u € ® and, we consider the quantity
Dy(z,t) = Tyou(z) — (2it) 32l /At—clal " oglel*/0) 41 19¢)

Then the definition of 47 implies that

((H = Hy — c(2HY*t) ") Tyu)(z) = c|z| "' Dy(x,t) — c(2t) Dy, (x,t) (56)
We claim that the following estimate holds for ¢t > max{t,, 2}

|Dy(,t)| < @ log(t])t=22(1 + (x| /t))™™ (57)
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where m is an arbitrary integer and s,, € N, a,, , € R. Then

e~ Du(- Ol < 4M%@,u10g(lt|)2s’”t_5/ (1 + (| /£)) 7" d]a]

R4

IN

Clog(t])*m ¢

and similarly |[c(2t)71 Dy, (+,t)|] < Cylog(t|)**t=%. Hence, the Lo-norm of

the right side of (56) lies in L; ([max{ty,2},00)) and, by (54), 1tlim U(—t)Tiu
— 00

exists for all u € ©. By density of © and unitarity of U(—t)T}, the strong limit

exists on H and this proves the first half of (3) in proposition 4.9. The case

t — —o0 is similar.

Then we shall show (57). For u € ©, we note u(x,t) = T;Up(—t)u(x). That
is, for |t| > t,, u(¢,t) = e‘ic(%')_llog(‘th'Q)ﬂ(f). Thus we have

Tyu(e) = Un(OTil(~t)ula) = (aimt) 2 [ el ay

Du(,1) = (dimt)~5/2 / A=Yty () )y — (208) =327 Mg (5 /21, 1)
R3

that is

D(z,t) = (dimt) 321" /4t /

N2 (1) uly, tydy  (58)
R3

We consider S(R3) equiped with the usual seminorms

Pa,p(v) = sup
z€R3

an’gv(x)‘

and we use a property of the Fourier transform on S(R?). The Fourier trans-
form and its inverse are continuous linear mappings from S(R?) to S(R?)
and, for any multiindices «, [, there exist multiindices «;, [; such that

Pa,p(v) = '%1]9%’5].(@). Then, as & € CP(R?\ {0}), a(-,t) € S(R3) and
j=

therefore u(-,t) € S(R3), for t > t, and arbitrary multiindices, we estimate

Do p(ii(, ) = sup|e@DPeie(2E) " loa (el ¢
7 EeA

with A compact in R?\ {0}. As we have for t > t,,

Ofé(ﬂ(& 1) = ic(2€[°) 7 (2 + log(4ltl|E*)a(E, 1) + §E(&: 1)

then, for ¢ > max{t,, 2} and sufficiently large C,C € R:

B

Pays(ii(- 1) < Clog(t)? >~ pai() < Clog ()"
i={0,0,0}

Hence, it also holds for some sg € N:

Pa.p(u(- 1)) < Capulog(t])* (59)
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We now return to (58), namely we estimate

2m 2m
<x> Dy (z,t) (47715)3/2/ (x) e i@y)/2t (eiy2/4t - 1) u(y, t)dy
t R \ L

< ‘t—3/2 /RS(Azme—i(m,y)/%) (eiy2/4t _ 1) U(y,t)dy‘

As u(-,t) € S(R?), this provides by partial integration:

2m
|(°””) Dutet) <l [
t R3

Using Leibnitz’s rule, we obtain that

Ay (62@2/ - 1) u(y, t)’ dy (60)

‘AZL (eiy2/4t _ 1) u(y,t)’ _ ‘(eiyg/% _ 1) Ay, t) +

+ Y DT cape My D u(y,t)

0<]er|<2m 0<|B|<2m

where |Ca”@} = Caplt|™" for some n € N*. For t > ty, |cag| < ka7g|t|_1.
Moreover, using ‘ein/‘“ - 1‘ <|y?/4t|:

m iy? - «a
’Ay (et~ 1) u(y,t)‘ <[t kaly D%(yvt)’

o,

We rewrite it so that (60) converges:
A7 (1) )| < 4D S haapaalul0) (01
&76
Using (59) and (60), we obtain for arbitrary m

‘(f)m Dy (x, 1)

which implies (57). We now note Wy = . lirin U(—t)e ™8t Then WiWy =1
— 00

follows.

< CJt| ™52 log(t])*™ (62)

It remains to prove that Wo Wi = P?%. The special form of W4 implies
the intertwining property Wi Hg = HW_.. Indeed

U(—s)U(=t)e XtUy(s) = U(—(s 4 t))e~ FrrseTiXera=iXegyy (s)
For u € @, |t| > t, and |t + s| > ty,

o FiXess—iXy Us(s)u = eic(gHgﬂ)ﬂ log(|1+s/t]),,

. —1/2 . . . . . o
As eHo " is strongly continuous in a, we have thrin etiXers—iXe g (s)u =
— 00

u. By density of ® and unitarity, this holds on H. Hence, there holds for
any s U(—s)W1Up(s) = Wy which implies the intertwining property. This
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implies that WL W3 commutes with H. Moreover, Wi HyWi = HW,1WJ and
Hy =WiHW WiWy imply that c(HWLWY) = 0(Hy) = o(HP*) = [0, 00),
which are absolutely continuous spectra. Then HP% and HW1WJ enjoy the
same spectral core. If we find a decomposition of H as a direct sum of subspaces
reducing H and Hj so that H and Hj are simple on them and have o(Hj) =
0% (H) = [0,00), then we conclude by lemma 2.8 that P = W,WZ on each
subspace and then on the whole space. The spherical potential suggests the
decomposition H = @ Hj,,, into subspaces generated by spherical harmonics
{t,m}

Hl,m = {f € L2<R37dx> cdu € LQ(R-HCZT): f(.%') - ‘x’_l u(l'ﬂ)%,m(& 90)} As
Hy and H are rotational invariant, the H; ,, reduce H and Hy. Moreover, Hy
and H have the required properties on H;,, (see [17]). Then we have shown
that W, are generalized wave operators. [J

Further, e” 8+t = Uy(t)WiWy + (I — P§¢) = Up(t) and then, Ky = Hy, as
F§¢ = I. Hence there exists a bounded linear operator J on H and wave op-
erators Q4 (H, Hy, J) = W.

It was not clear in §1 whether Q4 (H, Hp) do no exist for Coulomb potentials
or our estimates were not accurate enough. This can now be answered.

w— lim U(=t)Up(t)P¢u = w — lim U(—t)e” X eXtUy(t)Piu=0 (63)

[t|—o0 [t|—o0

Indeed, we note that for © € ©, the Riemann-Lebesgue lemma implies that

. ; . ; 1/2y-1 . - .
W_| |hm €ZXt Uo(t)u = W—| ‘hm QZC(QHO ) (IOg(‘t|)+10g(4HO))u = 0’ since HO 1/2 1S
t|—o0 t|—o0

absolutely continuous on H. As s- lim U(—t)e™™** = W4 on H, (63) follows.

|t| =00

Hence the strong limits Q4 (H, Hy) do not exist.

Remark The fact that KL = Hj suggests that the renormalization of Hy is a
little special. We consider for a better understanding the classical scattering of
a particle, described by (r,r), by an attractive Coulomb force. The interacting
orbits of interest are branches of hyperbola lying in the plane orthogonal to
I x r. Moreover, as the conservation of energy E gives |[f| = vV2E — 2r—1 —
V2E = |Ffree|, interacting particles have naturally free asymptotics in the phase
space and we shall not need to adapt the structure of free dynamics, which is
related to K4+ = Hy. Nevertheless, considering the time parametrization, free
orbits (straight lines) are given by ree(t) = ct + b. As interacting orbits have
free asymptotics in phase space, there holds for large ¢, #(t) = ¢+ o(1), that is
r(t) = ct + o(t). Further,

t(t) = V2E — 2r—1 = V2E(1 4 (2Ect) ™" + o(t™))

Then r(t) = ct 4+ dlog(t) + O(1). Because of this log(t) slippage, free asymp-
totics cannot catch up the interacting motion and the renormalization consists
in adapting the time scale of free dynamics. This motivates the choice of (53).
Further, the choice of the quantum mechanical analogue of d, (2CH3/ 2)_1 is
related to the cancellation of the integrand in the right-hand side of (54) as
|t| — co. Indeed, on the basis of classical results, H — Hy = ||~ shall look

like (2|pgrect|) ™t as|t| — co (Note that Hy = p? implies m = 1/2).
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5 Two space scattering

5.1 Definition and first properties
5.1.1 Basic properties of wave operators

Like in §1, we assume the existence of Q4 (H, Hy, J) and collect useful proper-
ties.

Proposition 5.1 Q4 (H, Hy,J) is intertwining for H and Hy. That is
HQy(H,Hy,J)=Q4y(H,Hy, J)Hy. In particular, if A CR, Borel set, then

E(A)Q+(H, Ho, J) = Q4. (H, Ho, J)Eo(A) (64)
Then for any bounded Borel function ¢,

¢(H)Q+(H, Ho, J) = Q+(H, Ho, J)p(Ho) (65)
Proof Similarly to the intertwining property in simple scattering, we obtain

Ut)Qe = Q1Uy(t) from which we derive HQy = Qi Hy. Using the form

expression of unitary groups, we have for any f € H§° and g € H

U+ f,9) = /e_ixtd(E(A)Qif,g) = /e_md(Eo(/\)f,ng)

= (Uo(t)f,%0g)

We note that the integrals are Fourier-Stieltjes transforms respectively of the
complex-valued functions of bounded variation on R (E(-)24 f, g) and

(Eo(-)f,2%g). Because of the continuity in A of these functions and of the
inversion formula for Fourier-Stieltjes transforms, there is a constant C' so
that (E(1)Q4+f,9) = (Eo(-)f,2Lg) + C. As these are generating functions
of the spectral measures, we have for any Borel set A that (E(A)Q4f,g) =
(QLEp(A)f,g). This implies (64). (65) follows from the functional calculus

o

formula (p(H)f,9) = [ »(Nd(E(N)f,g). O

—00

Proposition 5.2 (Chain rule) Let H, Hy, Hy be selfadjoint operators respec-
tively on H, Ho and H1, and be Jo: Ho — H1, Ji: H1 — H. If Qe (H, Hy, J1)
and Q4 (Hy, Hy, Jo) exist, then, for J = Ji1Jy, Qv (H, Hy, J) exists and

Q. (H,Ho,J) = Q4 (H, Hy, J1)Q4(Hy, Ho, Jo).

Proof Similar to the proof of the chain rule in simple scattering. [

5.1.2 Asymptotical equivalence of identifications

We have seen before that the inclusion of J extends the existence of wave
operators to new pairs (H, Hp). For instance, in the extreme case of a compact
J, we obtain that JUy(t) P§¢ strongly converges to zero and then Q4 (H, Hy, J)
exist for any pair of selfadjoint operators (H, Hy). Conversely, for practical
purposes, the choice of J given a system (H, Hp) is far from being unique.
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Definition Two identifications operators Jy, Jo are called asymptotically equiv-
alent (with respect to the operator Hy and the sign +) or Hyp-equivalent if

s— lim (Jl - JQ)U()(t)PSLC =0 (66)

t—+oo
and we note Jp R, Jo.

This defines equivalence classes of identification operators. We see that the
wave operators Q4 (H, Hy, J) depend only on the equivalence class defined by
J.

Proposition 5.3 If J1 ~, J» and Q4 (H, Hy, J1) exists, then Qi (H, Hy, J2)
exists and Q. (H, Hy, J1) = Q4 (H, Hy, J2). Conversely if both wave operators
exist and are equal, then Ji i, Jo.

Proof The assertions follow from
|2(H, Ho, J1)(t) f — QUH, Ho, J2)(t) fI| = [(J1 — J2)Uo(t) F5“ £
O

In particular, the intertwining property implies ||U(—t)Q4+Up(t) P§¢ f|| = ||+ f||
and Q4 (H, Hy,J) = Q4+ (H, Hy, Q+). Then Q4 Ry - Then a choice of J re-
duces to finding the wave operator up to Hg-equivalence. We also note that,
since Ran(Q2+) C H, we have also P*J &, J, and trivially J =, JF*.
Further, we see that the equivalence class defined by J contains the operators
of the form J + K, with K compact. This brings the following test for the
Hy-equivalence of two identifications.

Proposition 5.4 Two identification operators Ji and Jo are Hy-equivalent if,

for any bounded interval A C R, (Jy — J2)Eo(A) is compact. If J; — Jo is even

compact, this holds for any selfadjoint operator Hy.

Proof If (J; —J2)Eg(A) is compact, then 5 ligl (J1—J2)Eo(A)Up(t)Py¢ = 0.
— 00

As Ey(A) commutes with Hy and with P§¢, there holds for any f € Hy that

i (Jy = Jo)Uo(8) Py“Eo(A) f = 0 (67)

It remains to note that the set {Eo(A)f, f € Ho, A bounded interval in R}
lies dense in Hy. This implies by density that J; Ry, J2- U

5.1.3 Partial isometricity of wave operators

In view of the unitary equivalence of parts of H and Hp, we turn to the partial
isometricity of Q. (H, Hy, J) which is not automatic like in §1 because of the
presence of J. One does not even know if the wave operators are not trivial
on HG¢. There only holds H§ C ker(€21+). That’s why we now need some
assumptions on J. There still holds

1027 = lim_[Q()PEF] = Jim || JU(6)PES|

As J is bounded and Up(t) unitary, we obtain by the way the boundedness of
Q4 with the estimate ||[Qx f|| < |[[J]|[I|P§€f]|- This shows also that
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Lemma 5.5 €4 s isometric on HGC iff for any f € HEC
i | U] = ] (68)
— 00

that is also, iff J Ry, V with V' partial isometry on HGC.

Proof It remains to show the second necessary and sufficient condition for

partial isometricity. If J a2, V/, then 1tlurinooﬂ JUO)fIl = IVU() fll = || f]]-

Conversely, if 21 is partial isometric, J Ry Q4 concludes the proof. [J

Because of . liim | JUo(t)f]l = || fll, if Q4 is isometric on HG®, then necessarily
— 400

IIl7]]] > 1. As it is more convenient to have assumptions depending only on J,
there is also the following sufficient criterion which we develop with the same
ideas as in (5.4).

Proposition 5.6 Q. is isometric on H§C if

s- lim (J*J — DUp(t)P =0 (69)

t—+o00

which is fulfilled if (J*J —I)Eo(A) is compact for any bounded interval A € R.
If J*J — I is compact, this even holds for any selfadjoint Hy.

Proof We have
1T FII? = (J*TUs(8) £, Uo(t).f) = ((J*J = DUo(t).f, Uo(t) f) + | fI* (70)
and (67) implies (66) for J; = J*J and Jy = I. Then Q4 is isometric on H3®

by 5.5. The sufficient conditions involving compacity are like in 5.4. [

Note that for |||J||| = 1, (67) is a necessary and sufficient condition for the
isometricity of Q4. Indeed ((I—J*J)u,u) = |Jul|®>—||Jul|®> > (1—|||J]]|*)|ju|? >
0 and I — J*J is selfadjoint. Note that

((J*T = DUo(t) f, Uo(t) ) = —||(I — J* )2 Up(t) f||? (71)

Then, because of (68) and (70), both sides of (71) converge to 0 as t — 400 if
Q4 is isometric on HG¢. By boundedness of J, this implies (69).

5.1.4 Unitary equivalence of Hamiltonians

For arbitrary Q4 (H, Hy, J), Ran(€4) is not necessarily closed. We define the
sets Hi = Ho © ker(Q+) and H* = Ran(Qx).

Lemma 5.7 H(jf and H*E are respectively reducing subspaces for Hy and H.

Proof By the intertwining property, we immediately obtain that ker(24) is
an invariant subspace for Hy and that Ran(€y) is an invariant subspace for
H. By taking the adjoint in the intertwining relation, we obtain Hp2} =
% H. This immediately provides that ker(£2% ) is invariant for H and Ran(2})
invariant for Hy. We now use that H = Ran (24 )@®ker(Q} ) and similarly Hy =
Ran(Q%) @ ker(24). Then HS—L and H* are respectively reducing subspaces
for Hy and H. O
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It is to note that H§ C ker(Q+) implies that HE C Hac.

If €24 is a partial isometry on H{¢, then we obtain immediately from the
intertwining relation (65) that H$¢ and H* are unitary equivalent. Though its
convenience, the partial isometricity has a rather weak role in the investigation
of unitary equivalence. The unitary equivalence of H* and HS—L is in fact only
provoked by the intertwining relation.

Proposition 5.8 Let be HSE and H* respectively the restrictions of Hy on H(jf
and H on H*. HOi and HT are unitarily equivalent.

Proof Consider the unique polar decomposition Q24 = UiPy with Py =
(Q.94)Y? and Uy partial isometry with initial subspace Ran(Py) = Ran(Q%)

= 'HF and final subspace Ran(Q4). According to (65) and its adjoint, we ob-
tain for Borel functions ¢

QL Qrp(Ho) = QLp(H)Qte = ¢(Ho)QL Q4

27 Q4 is a non negative selfadjoint operator, and then, similarly to the proof of
5.1 by considering the measures (Eqs o, (1)¢(Ho)f, g) and (Eqsa. f,?(Ho)g),
we obtain that for any Borel function v

P4 )p(Ho) = (Ho)p(212+)

and in particular Pyyp(Hy) = @(Hp)Py. Then o(H)ULPy = Usrp(Ho)Px.
Moreover, the partial isometricity of Uy implies that, for any f € ker({24),
Urf =0and Urp(Hy)f = 0 as ker(€Qy) reduces Hy. Hence, we have shown
that, on Ran(Py) ®ker(Qx) = HE @ ker(Qx) = Ho, o(H)Ux = Usp(Hyp). As
U+ maps unitarily ’H% onto H*, it concludes the proof. [J

As Héﬁ C Hae, Héﬁ and therefore H* are absolutely continuous. Then HE C
H, that is also P*“QL = Q4. We also note that the unitary equivalence of
H§¢ and H * is equivalent to

ker(Qy) = H; (72)

Further, if 24 has closed range, then Q4: H§® — H™ is continuously invertible.
Of course, the assumption of partial isometricity on H{¢ is more convenient
and explicites the inverse mapping by Q41 Q4 = F§°.

5.1.5 Completeness of wave operators

As seen before the completeness is related to the unitary equivalence of H§*
and H%, which motivates this slightly adapted definition for wave operators
with identifications.

Definition Q4 (H, Hyp,J) is said to be complete if (72) and
Ran(Qy) = H* (73)

are fulfilled.
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If Q4+ is continuously invertible on H§¢, then it has trivial kernel on H§¢ and the
definition of completeness reduces to the condition (73). This is in particular
the case if 24 is partially isometric on Hg°.
According to 5.8, the unitary equivalence is not necessarily realized by .4
itself. Nevertheless it happens if 24 is partially isometric on H{¢. Since the
final projection Q4% is the projection on Ran (€4 ), completeness in this case
is equivalent to

Q0% = P* (74)

Like in simple scattering it is convenient to reduce the completeness of
Q4 (H, Hp, J) to the investigation of the existence of a related wave operator.
We first treat our favorite special case.

ac

Proposition 5.9 Assume that Q4 (H, Ho, J) is a partial isometry on H§¢ and
Q4 (Ho, H,J*) exists. Then the completeness of Q4 (H, Hy, J) is equivalent to
the partial isometricity of Q4 (Hy, H, J*) on H.

Proof For arbitrary Q4 (H, Hy, J), if Q4 (Hy, H, J*) exists, then we have
Qi (Ho, H,J*) = Q4. (H,Hp,J). Indeed, as the strong limit exists and as
P*Qy(H,Hy,J) = Q4 (H, Hy, J), we can compute

(Q:I:(Hv H07 J)f7 g) = tl}gloo(PaCU(_t)JUO(t)chfvg) = <f7 Q:I:(]q-(% H7 J*)g)

for any g € H. The completeness of Q4 (H, Hy, J) is equivalent to (74), that
is, to Q4 (Ho, H, J*)*Q4(Hy, H, J*) = P, which defines the partial isometry.
]

In this special case, Q4 (H, Hy, J) and Q4 (Hy, H, J*) are unitary and mutually
inverse as mappings between H§¢ and H.

We now turn to the general case. Similarly to Hp-equivalence, we note A ~,, B
for s—tggloo(A— B)U(t)P* = 0, which also defines equivalence classes. We first

note a lemma

Lemma 5.10 If there is some bounded J,"H — Hy so that J1J o I, then
Q4 is countinuously invertible on HEC.

Proof The estimate ||J1 JUy(t) P§e f|| < |||J1]|[|[JUo(t)Py€ f]| holds. The right-
hand side tends to |||J1]||||Q2+f]| as ¢ — foo and the left-hand side to || B§¢f||
because of J1J A, I and the unitarity of Up(t). Then [|Fg¢f|| < ||[Ja[[|[|2+],
that is, for any f € H3¢, |QxfI| = |[J1ll 72 f]l- So Q4 is continuously invert-
ible on H{¢ with left inverse T' and norm estimate |||T]|| < |||/1]||. O

Proposition 5.11 Suppose that Qi (H, Hy,J) exists and for some JiH —
Ho, J1J ~y, 1. Then Q4 (H, Ho, J) is complete iff Qi (Ho, H, J1) ezists and
JJl %H I.

Moreover, Qy(Hy, H,Jy) is complete, and Q4+ (H,Hy,J) and Q4+ (Hy, H, Jy)

are mutually inverse mappings between HG and H*.

Proof Note Qy = Q4 (H, Hy,J) and Q= Q4 (Hy, H, J1). Because of lemma
5.10, the completeness of Q1 reduces to the condition (73) under the assump-
tions of the proposition. The chain rule implies

QLQy = Qu(H, H,JJy) = P*
Q404 = Qu(Ho, Ho, J1J) = P§° (75)
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where we have used JiJ ~, I and JJi ~, I. Since Ran(Qy) C H, it
remains to show H% C Ran(Q4), that is also ker(2%) C H®. This is clear by
taking the adjoint in the first relation of (75): QL% = P,

Conversely, if Ran(Q1) = H, then for any f € H, there exists fo € Ho
such that
lim |f = U(=t)JUo(t) F5* fol| = 0 (76)

t—too

As [[f =U(=t)JUo(t) F5< foll = [Uo(=t) LU (t) f — Uo(=t)J1JUo(t) g fol| and
J1J ~2, 1, this implies that tligl |Uo(—t) LU (t) f — Py fol| = 0 and then Q4

exists.

Multiplying the equation defining J;J Ry, I on the left by J, we obtain

s- lim (JJ1 = D)JUp(H)F§ = 0 (77)

(76) implies that for any f € H,

(JJo = DU(t)f = (JJ1 = DU () F5“ fol = 0

lim ||
t—=+oo
for some fp. Using (77), this shows JJ; ~, I. O

Corollary 5.12 Assume that J is continuously invertible, then the complete-
ness of Q+(H, Hy, J) is equivalent to the existence of Q+(Ho, H, J™1)

Proof If J is continuously invertible, then the conditions involving asymptot-
ical equivalence in 5.11 are trivially fulfilled. [J

(75) is a decisive condition in order to prove sufficient conditions. This moti-
vates the following variant

Proposition 5.13 If Qi and Qi = Qi (Hy, H,J*) exist and are both left
invertible on HG¢ and ‘H, then they are complete.

Proof Q4 exists, then Oy = QF. Q4 is left invertible on H{®, then com-
pleteness reduces to (73). There exists 7' with TQy = T4} = P. Then
ker(§2%) € 'H*® which proves (73). O

Corollary 5.14 Assume that J is continuously invertible. If Q4 exists, then
Q4 and Q4 are complete.

Proof By lemma 5.10, if J is continuously invertible (as J*), then Q4 is

continuously invertible on H§¢. Similarly, by switching the roles of ‘H and Hy
in lemma 5.10, we have that 24 is continuous invertible on H%. [

44



5.2 [Existence and completeness of wave operators I: Cook’s
criterion

Time-dependent techniques are concerned with the estimation of ||Q(t)f —
Q(s) f]] as t — too, where Q(t) = U(—t)JUp(t) and f € HEC. We first turn to

a generalization of the Cook’s criterion.

5.2.1 Cook’s criterion

If we remain in the frame of single-particle scattering by a potential, this part
is closely related to the algebraic scattering and in some sense is a concur-
rent technique. There we modified the free dynamics to force a simple Cook’s
estimate. Here we rather adapt our estimates to a larger bunch of problems
involving identifications.

Like in simple scattering the idea is to obtain the convergence in L1 ([tg, £00))
of [[(HJ — JHy)Uy(t)f|| for some ty € R and for f in a dense set of H{¢. Of
course the presence of J implies a little annoyance.

Proposition 5.15 Let Hy and H be self-adjoint operators respectively on Hy
and ‘H. Suppose that there exists ® C D(Hy), dense set in H{C, and ty € R
such that

1Y)t > to, Up(t)(D) C D
2. J(D(Ho)) € D(H)

+oo
5. VfeD, / (T — JHo)Uo(t) fldt < oo
to

then Q4 (H, Hy, J) ezist.

Proof For any f € ©, we define wy(t) = U(—t)JUy(t)f. Because of ® C
D(Hy) and conditions 1 and 2, wy is differentiable for any f € ®. The rest of
the proof is similar to the proof in the simple space case with the derivative
wi(t) = iU(—t)(HJ — JHo)Uo(t)f and the boundedness estimate [|Q(¢)(f —
I <IN = gll- B

If J does not map D(Hy) into D(H ), then H.J — JHj is not well-defined on D.
In this case or if HJ — JHj is unbounded, a similar condition can be given in
terms of the resolvent operators Ro()\) = (Ho—AI)~! and R(\) = (H—\I)~%:
H — D(H).

Proposition 5.16 Suppose that there exists ® dense set in HE and z €
p(Ho) N p(H) such that for any f € D

+oc0
/ I(R(2) — JRo(2))Ua(t) flldt < oo (78)
0

then Qi (H, Hy, J) ezist.
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Proof We have on the way to the second resolvent equality

R(2)J — JRo(z) = R(z)J(Hop — zI)Ro(z) — (H — zI)R(z) JRy(2)
= R(z)JHoRo(z) — HR(2)JRy(z) = (JHy — HJ)Ry(2)
with J = R(z).J. Note that J(D(Hy)) € D(H) and let be the set D spanned
in Ho by the set of vectors {Ro(2)Up(t)u, u € ©, t € [0,4+00)}. For any
weD CHE, Ro(2)Up(t)u lies in HE ND(Hp). Then D C HE N D(Hy).
Moreover Ry(z)(®) € D and Ro(z)(®) is dense in H{¢, then © is dense in
Hge. By definition, we also have Up(t)(D) C D for any ¢ € [0, +00) Then (78)
implies for any u € ©
+oo
/ I(HLJ — JHo)Uo(t)ulldt < oo
0

and we can apply the standard Cook’s criterion for the identification J and
the dense set ©. That is 5, lirin U(—t)R(z)JUy(t)Ps¢ exists on Ho.
— 00

We have also for any u € ®
[U(=t)R(2)JUo(t)u — U(—=t)JUs(t)Ro(2)ul| = [[(R(2)] — JRo(2))Uo(t)ul

The right-hand side has to tend to 0 as ¢ — +oo because of (43). Then we
obtain that the strong limit s liin U(—t)JUy(t)u exists for u € {Ro(z)v, v €
—+o0

©} and coincides with Q4 (H, Ho, J)v. As Ry(z)(®) is dense in H{¢, the wave
operators Q4 (H, Hy, J) exist in Hy. O

We now see that this proposition can be simplified if we use some property of
the perturbation.
5.2.2 Factorization of perturbation

Let be K an auxiliary Hilbert space. The objective is to express existence
conditions when the perturbation HJ — JHy can be formally written as

HJ — JHy = G*G, (79)

where G: H — K and Gy: Hy — K are respectively H- and Hp-bounded. As
HJ— JHy may not be well-defined, (79) is always considered in the form sense
on dense sets, that is, for any v € D(Hp) and v € D(H)

(Ju, Hv) — (JHou,v) = (Gou, Gv) (80)

If (80) holds, then for any f € Ho, g € Hand z € p(H)Np(Hy), Ran(R)(z)) =
D(H )) implies

(GoRo(2)f, GR(2)g) = (JRo(2)f, HR(Z)g) — (JHoRo(2) f, B(2)g)
= (JRo(2)f,9) = (Jf, R(2)9) + (JRo(2)f, ZR(2)g) — (2J Ro(2) f, R(2)g) (81)

As GR(z): 'H — K is bounded, (GR(z))* is a bounded mapping from K to
H. Then all the operators in (81) are bounded and well-defined and we obtain
((JRo(2) — R(2)J)f, 9) = (GR(2))"GoRo(2)f, g) for any f,g. That is

JRo(2) — R(2)J = (GR(2))*GoRo(2) (82)
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The equation (82) shows in particular that the factorization (80) always exists.
Indeed, take for any z € p(H) N p(Hp), Go = (JRo(z) — R(2)J)(Hy — 2I)
and G = (H — zI), hence K = H. As for any ( € p(Hp), GoRo(() =
(JRo(z) — R(2)J) ((¢ — 2)Ro(¢) + I), Gy is Ho-bounded. Similarly, GR(¢) =
(C—=2)R(C) + I for any ¢ € p(H) and G is H-bounded.

For such choice of G and Gy, (82) is automatically fulfilled and the factoriza-
tion formula (80) follows.

The factorization is not unique. If HJ — JHj is bounded and well-defined on
D(Hy), hence on Hy, we have the trivial choice Go = HJ — JHy and G = 1.

We now have this variant of the last proposition.

Proposition 5.17 Let (H, Hy,J) be a scattering system. If there is a factor-
ization (G, Go) of the perturbation and some set ® C D(Hy) dense in H{¢ such

that
+oo

VueD, Ity >0 : / 1GoUo(£)f 1t < o (83)
£t
then Q4 (H, Hy, J) exist.
Proof Let be z € p(Ho)Np(H ), (Ho—=21): D(Hp) — Ho is a bijective mapping
reduced by Hi. As D is dense in H{, then © = (Hy — 2I)(D) is dense in
H§e. Further, for any u € D(Hy), (82) provides
I(R(2)J = JRo(2))Uo(t)(Ho — 2)ull < [(GR(Z)"|[H|Golo(t)ull

Then for any v € D, note v = (Hy — z)u. Then, by boundedness of R(z).J —
JRy(z) and (83), we obtain

/ll 2)J = JRo(2)Us(t)vlldt < tu]||R(2)J — JRo(2)|[[|v]|dt
+oo
+ [II(GR(2))|l / |GoUp(t)u||dt < oo
+ty

We can now apply the proposition 5.16 for the dense set D and Q4 (H, Hp, J)
exist. U]

Remark The proposition 5.15 constitutes in some sense a special case of 5.17
when Gg = HJ — JHy and G = I represent an admissible factorization of the
perturbation.

5.2.3 Direct investigation of completeness

In the frame of algebraic scattering, if there were a J such that Qi (H, Hy, J)
coincided with a generalized wave operator, then the completeness immedi-
ately followed. For practical purposes, propositions 5.15-5.17 present like be-
fore the inconvenient of calling for rather explicit expressions of Uy(t), which
for instance prevent investigation of completeness by mean of existence of
Q(Hop, H,J1). Nevertheless, it is sometimes possible to investigate directly
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the completeness of wave operators.

If the wave operators Q.4 (H, Hy, J) exist and are partial isometries on H{°,
then completeness reduces to Q1% = P%. This motivates the following
proposition largely inspired from the method employed to prove W Wi = B¢
in the section 4.4.

Proposition 5.18 (Completeness by spectral conditions) Given a scattering
system (H, Hy, J), suppose that Qi (H, Hy,J) erxist and are partial isometries
on HE. Suppose there exist n € NU {oo} and decompositions in direct sums
n n

of Ho = @ Hoj and H = @ H;. Then note Hg; and Hi¢ the restrictions of
j=1 j=1

Hg and H* onto the subspaces Ho; and H;. If

1. Hoj and H; reduce respectively Hy and H
2. J(Hoj) € H;

3. 65¢ C 605

4. Hj¢ has simple spectrum.

then Q4 (H, Hy, J) are complete.

Proof It suffices to prove 2,Q% = F§°. First note that the conditions 1 and
2 imply that €4 map Ho; to H;. Define the projections onto Hy); by Fo);
and Q4+ = Q4 Fy;. Q4 is a partial isometry defined by

Q;j:Qj:I: = POjQ*j:Q:tPOj = P[SICPOJ‘
Qe Q4 = Qe Ry = PP,

This implies that ;4+Q7, < P*P; and HQ;+Q}, is a part of H{. By the
mapping 2+, Hg; and H jSQ;f 4 are unitary equivalent. Then

6o; = 0(HQ+Q7,) C 65°

The condition 3 implies the equality 69¢ = 6(H ;8. ). As Hj¢ has simple
spectrum, we obtain from Lemma 2.8 that jSQ;? 4 = P%P;. This proves
QL =P O

This proposition is meant in the view of scattering by spherical potential v(x|),
with H = Ho = L2(R?) and the decomposition H=&p Hi m into spherical har-

] I,m

monics.

In the application 3.9, we showed the existence of simple (hence partial isomet-
ric) wave operators Q4 (H, Hy) for potentials decreasing asymptotically faster
than the Coulomb potential. If such a potential is moreover spherically sym-
metric, then the assumptions of 5.18 are fulfilled with 6§ = 67.¢ = [0,00)
and Q4 (H, Hy) are complete.

In the case of the Coulomb potential, conditions 1, 3 and 4 also hold. Because
of proposition 5.3, we can make the choice J = W1 = f(H, Hp) in section 4.4,
hence condition 2 holds and Q. (H, Hy, J) is partial isometric. Qi (H, Ho, J)

are complete.
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5.3 Existence and completeness of wave operators II: Trace
class methods

In this section, the existence of the wave operators is derived under the condi-
tion that HJ — JHj is a trace operator. If H.J — JHj is not well-defined, the
trace class property is meant in the form sense: there exists C € &1(Ho, H)
such that

(Ju, Hv) — (JHou,v) = (Cu,v) (84)

5.3.1 Pearson’s theorem

We first need to find a dense set in H{® where we can estimate “(HJ —
J Ho)Uo(t) f

Lemma 5.19 Let H be an Hilbert space and H a self-adjoint operator on it.
Consider the set

Ry = {f € H*, rg(f)* = esssup d(E(;\))\f’ /)

Ry is a dense subspace of H*. Moreover for any f € R and g € 'H, the
nequality

< oo}

LI s at < 2 (1721P%) (55)

holds.
Proof For any f € H%, define the set A,, = {]\, d(E(;\))\f’f) <n}and X, =
d(EA)f, )

R\ A,,. Then X, = ()X, denotes the set where the derivative I\

n
is infinite or not defined. As the Radon-Nikodym derivative lies in L1 (R), X
has to be a Lebesgue-nullset. Hence the sequence | X,,| has to tend to zero as
n — oo. It remains to produce a sequence lying in Ry tending to f. Consider
for any n € N, f,, = E(A,,)f. Then, by

BN b ) _ dEADEWNS ) o dENL) _

d\ d o ="
fn lies in Ry. Further ||f — full = (I — E(AL)) fIl = |1E(X,) f|. As f € He,
(E(X,)f,9) — 0asn — oo for any g. Then ||f — fn|]| — 0 as n — oo. This
proves the first part.

For any f € Ry and g € H, we have

(U(t)f, g) — \/Rei)\t d(E(dAA)fv g) d\

is the Fourier transform of (U(t) f, g) and by Parseval’s equa-

sy [|AENL9)
[lwa@s.gf a2 /R‘ 2
Further we note that (E(\)f,g) = (E(\)f, P*g) and

:_ ‘ AEWS, 1) Hd(E(A)PMg, Py)
dA dA

d(EN) S, 9)

Th
en I

tion
2

dA

’ d(E(\) [, P*g)
X
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Hence we have
d(EMN).9)|? 2 [ d(EQ\)Peg, Pg)
/R dx < ra(f) /]R —

< 2 pac
2 N < (DRI P ]
This proves (85). O

This opens the way to the next lemma

Lemma 5.20 (Rosenblum’s lemma) Let K be an auziliary Hilbert space. Let
H be a selfadjoint operator in H and G : H — K a Hilbert-Schmidt operator.
Then for any f € Ry, there holds

/R |GU®) fI2dt < 2mr i (£)21C2 (36)

Proof As G € &, we have the Schmidt representation
oo
GU(t)f = > sj(U(t)f,uj)v; where {u;} and {v;} are orthonormal systems

j=1
[o¢]
=1

with ||G|3 = 32 s?. Then |GU(t)f|| = > s?‘(U(t)f, uj)‘Q and by lemma 5.19
J=1 J

/ |GU(t) £ |2dt = / S 2|0 )2 dt = 200 ()2 Pus | 3 52
R Rj:1 j=1

where the interchange of time integration and summation on j is justified by
Fubini as the integrand on the right-hand side converges absolutely. With
| Pu;|| <1, we have proved (86). O

We can now investigate the existence of wave operators under trace class con-
ditions. The keys of the next result are an appropriate factorization of the
perturbation and the preceeding lemma.

Theorem 5.21 (Pearson) Let Hy and H be selfadjoint operators respectively
in Ho and H. If HJ — JHy € &1 in the form sense, then Q4 (H, Hy, J) exist.

Proof As HJ — JHj is trace class in the form sense, that is C' € &1, there are
G,Gp € B4 so that C' = G*Gyp. In other words, there is a factorization (G, Gy)
of the perturbation with Hilbert-Schmidt factors. This also implies that

(Ju, Hv) — (JHou,v) = (Cu,v) < [[|C]][[[ull[|v]]

so that the sesquilinear form defined in (84) extends by continuity from D(Hp) X
D(H) to Ho x H. This gives sense to the computation (88). It suffices to show
that ||Q(¢)f — Q(s)f|l — 0 when ¢, s — £oo on the dense set Rp,. We have

190) f = Q(s) 117 < (F, 1) () = Q) F) = (f, 2s)"(2t) = Q(s)) f) (87)

For u € D(Hyp) and v € D(H ), there holds

L(Q(t)u,v) = $(JUs(t)u, U(t)v) = —i(JHoUo(t)u, U(t)v)
+ (JUo(t)u, Hu(t)v) = i(GoUp(t)u, GU (t)v) = i(U(—t)CUp(t)u,v)
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t
Hence ((2(t) — Q(s))u,v) = i/(U(—T)CUo(T)u,’U)dT. By boundedness of all
the operators, this equation extends from D(Hg) x D(H) to Ho x H. We

take arbitrary orthonormal basis {¢;} and {1} respectively in Hg and H. As
|U(=7)CUu(7)||l1 = ||C|)1, there holds

DI - 2)6505)| < /Z\ P)CU(r)6. ;)| dr

t— $)||C)l1 < o0

IN

Hence, Q(t) — Q(s) € &, is compact and so is Q(t)*(Q(t) — Q(s)). We focus on
the first term in the right-hand side of (87). The treatment is similar for the
second term. The compactness above implies

(f; Q(8)* (1) — Q(s))f)
= _lim (£, Q0)"(Qt) = Q(s)) — Uo(=7)8)* (2(t) — Q(s))Vo(7) f)

Put X .(f) = TEI:Eoo(f’ Q(t)*Q(s) —Up(—7)(t)*Q(s)Uo () f) for abbreviation.

Then (f, Q)" (Q2(t)—Q(s)) f) = X¢i(f) =X (f). It suffices to show X, ((f) —
0 as s,t — oo. The form of X, (f) suggests an integral form. For any f €
D(Hy), we have using the definition of (¢)

5=(Uo(7) £, )" Us)Uo(7) f) = —i(HoUo(7) f, (t)*Q(s)Vo(7) f
+i(Uo(7) f, Q(t)"Us)HoUo(7) f

= —i(JHoUo(t + 1) f,U(t — s)JUp(s + 7)

+i(U(s —t)JUo(t + 1) f, JHoUo(s + 7)

=i(CU(t+7)f,U(t —s)JUp(s +T)

1 )

—i(U(s —t)JUop(t +7)f,CUp(s + 7 (88)

where we have used the relation (84) in the last equality. Then
Xsi(f)=—i hrin (Uo(t+p) f, [C*U(t = s)J — J*U(t — s)C] Uo(s+p) f)dp
T— 0

(89)
and by boundedness of all operators, this representation extends to f € H.
Assume now that f € Rpy,. Again the integrand is a sum of two terms and we
focus on the first one. Using C = G*Gg and Cauchy-Schwarz inequality, we
have the estimate

+oo +oo
| e+ 1.0 = 0+ of)ap| < = [ Gt + )1 |

X||GU (t — s)JUy(s + p) f|ldp (90)

Lemma 5.20 grants that both terms of the integrand are square-integrable so
that

e 1/2 e 1/2
(55) < (i/t HGoUo(P)fHQdP) (i/ ||GU(t—S)JUo(P)f\2dP>

-~

<@m)2ra, (HIGI2]I]
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The right-hand side tends to zero as s — 400 uniformly with respect to t. By
conjuging the integrand in (90) and interchanging the role of s and ¢, we obtain
the same estimate for the second term of the integrand in (89). It shows that
Xst(f) — 0 as s,t — +oo and the proof is complete. O

Remark The proof provides the estimate [[(Q(t) — Q(s))f[|> < |Xee(f)| +
| Xt ()] +|Xes(f)| +| Xs,s(f)] for f € Rp,. That is, using (89) and (90),

1(92(t) = Q) FI* < 42m) ()Gl
1/2
_|_

1/2

+oo +oo
X '/t 1GoUo(p) f|I*dp /8 1GoUo(p) f|I>dp (91)

If HJ — JHy € 67 in the sense of (84), we also have
(J*v, Hyu) — (J*Hv,u) = (=C"v,u)

and HyJ* — J*H® in the form sense. Then under the assumptions of the last
theorem, Q4 (H, Hy, J) and Q4 (Ho, H, J*) both exist. Then, under the prac-
tical assumptions J*J ~, I and JJ* =, I, Q4(H, Ho, J) and Q4 (Ho, H, J*)
are complete. This is the main advantage of the trace class method. If J =1,
this proves

Corollary 5.22 (Kato-Rosenblum) Suppose H and Hy are selfadjoint opera-
tors on H and H — Hy € &1. Then Qi (H, Hy) exist and are complete.

Nevertheless, the assumption that the perturbation is trace class is too much
strong for practical purposes. Potential scattering seems to be in particulary
bad shape. The spectrum of multiplication operators by an essentially bounded
function ¢ is the essential range of ¢ and if ¢ is continuous on some interval,
the perturbation cannot even be compact. The next propositions present re-
laxed conditions susceptible to be fulfilled in applications.

5.3.2 Resolvent-based formula

Based on resolvents of H and Hj, we have immediate corollaries of the Pear-
son’s theorem. The key ideas in this part are that Ro(z)(Hp) lies dense in Hy
and the equivalence classes in 5.1.2.

Corollary 5.23 (Kuroda-Birman) Let be H and Hy self-adjoint operators so
that R(z)J — JRo(z) € &1 for some z € p(H) N p(Hy). Then Q4 (H, Hp, J)
(and Q4 (Hy, H, J*)) exist.

Proof Note J = R(z).JRo(z): Ho — D(H). Then

HJ —JHy = (H — 2z + 2)R(2)JRo(2) — R(2)JRy(2)(Hy — 2 + 2)
=JRy(z) — R(z)J € &1 (92)

and we can apply Pearson’s theorem, that is the limits

s— lim U(—t)R(z)JRo(z)Up(t)Pg*

t—*+oo
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exist. Since elements in the dense set D(Hy) are of the form Ry(z)f, we
obtain the existence of Q4 (H, Hy, R(z).J). Since R(z)J — JRy(z) is trace
class, hence compact, R(z).J and JRy(z) are in the same equivalence class and
Q4 (H, Hy, JRy(2)) exist. Again Ro(z)(Hop) lies dense in Hy and Q4 (H, Ho, J)

exist.

The idea that stacking up Ro(z) on the right and R(z) on the left of J does
not change a thing if we have appropriate trace class assumptions generalizes
the preceeding corollary to higher powers of resolvents.

Proposition 5.24 Let be H and Hy self-adjoint operators. Suppose further
that for some z € p(H) N p(Hy) and some p € N, T,,(z) = R(Q)PJ — JRy(¢)P €
&, for any ¢ in a neighbourhood U(z) C p(H)Np(Hop) of z. Then Q4 (H, Hy, J)
(and Q. (Hy, H, J*)) exist.

Proof First recall for an holomorphic function on G the special form of the
Laurent series as Taylor expansion

f (Z) — (27”.)_1/1_‘ (C f(f))n+1d<

n!

where I' C G is a counterclockwise oriented closed contour enclosing z one
time and apply this to Ro(z)? and R(z)? with I" lying in U(z). Note first that
4 R(2)P = pR(2)P*1. Then we have for m > p

R(C)? qm-» p (m—=1)! m
(m —p)!/F = Z()TBLerl d¢ = dszpR(Z) = ((p—l))!R(Z)

and similarily for Ro(2)P, this provides for any integer m > p

27mi(m — 1)! — z)m—p+l

~ p—1 ) ‘
Hence T, (2) is trace class. We define J = R(2)P~1 3_ R(2)/T1JRy(2)P~7 and
j=0

evaluate
~ ~ p_l . . p . .
HJ — JHy=R(z)’"" Y R(z)/JRo(2)P 7 = R(z)P"" Y " R(2)? JRo(2)P ™
j=0 j=1

= R(2)""" (JRo(2)? — R(2)PJ) = R(2)""'Tp(2)
which is trace class. Then Q4 (H, Hy, J) exist. Note J' = p.JRy(2)?. Then

p—1 p—1
J =0 =3 (REPHIR(2P T = JES) = 3 Tpus ()G
=0 =0

is also trace class since the T}, ;(2) are trace class. Hence it is compact, J
and J' are in the same equivalence class so that Qi (H, Hy, JRo(2)?P) exist. It
remains to note 2p times that Ro(z)(Ho) lies dense in Hy.

As our criteria also hold if H and Hy change roles and .J is replaced by J*, the
existence of Q4 (Hop, H, J*) also follows. [
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Assume now that Hyg = H and J = I. For practical purposes, it is easier to use
Ry(z) than R(z) since the first one is often the only to be known explicitely.
This shall not be a problem since R(z) = R(z)(Ho — z)Ro(z) with R(z)(Ho —
z) bounded. We resume the problem of potential scattering treated at the
beginning in order to illustrate this. We have already shown that under certain
conditions on V, Q4 exist. Their completeness was nevertheless still uncertain
except for spherical potentials.

Application 5.25 Let be Hy = —A and H = —A +V on Ly(R3) with V
multiplication operator by v(z). We show that if v € Lo(R3) N L1 (R3), then
Q4 (H, Hy) exist and are complete.

Proof We want to show that Ry(z) — R(z) € &; for some z € p(H) N p(Hyp).
The particular form of H and Hy allows the choice z = ¢ < 0 with |c| large
enough so that R(c) and Ry(c) are defined. Equation (92) with J = I provides

Ro(c) — R(c) = R(c)V Ro(c) = R(c)(Ho — 2)Ro(c)V Ro(c) (93)

It remains to show that Ry(c)V Ry(c) is trace class. Consider the polar decom-
position of V' = UP with P = (V*V)%2 so that P turns to be the multipli-

cation operator by ’U(az)’ and U the multiplication by sign(v(z)). Then U is
‘1/2

)

bounded and we further take the square root P2, multiplication by !v(x)
since P is selfadjoint and non-negative, so that we have

Ro(e)VRo(e) = U (Ro(c)P'/?) (P2 Ro(c))

Note that ®Ry(c)®* is multiplication by é in Ly(R3, d¢) and we have

1 —ix-&
®Ro(c) PY2u(g) = (2n)772 /]Rg 562 — C\v(x)‘lﬂ u(x)dx
iz

as an integral operator with kernel k(z,§) =

e ‘v(w)‘l/z of Hilbert-Schmidt
type since v(z) € L1(R3):
2 _ 1
/R3 Rglk(x,fﬂ dzd§ = /R3|v(ac)|dac/R3 Wdf < o0

then Ro(c)P'/? and its adjoint P'/2Rg(c) are Hilbert-Schmidt, then
Ry(c)V Ry(c) is trace class and by Kuroda-Birman theorem Q4 (H, Hy) and
Q4 (Hp, H) exist and are then complete. O

5.3.3 Spectral cutoffs

A second natural and convenient strenghtening of the existence theorem is to
consider spectral cutoffs of the trace class assumption.

Proposition 5.26 If for any bounded interval A, (HJ — JHy)Eo(A) € &1 in
the form sense, then Qi (H, Hy,J) exist.

Proof Note J' = JEy(A). Then by theorem 5.21, Q(H, Hy, J') exist. It
is then clear that tligl QL (H, Ho, J') f — U(—t)JUy(t)P§°Eo(A) f|| = 0. Tt

remains to note that the set {Eg(A)f, f € Ho, A bounded interval in R} lies
dense in Hy. Then Q4 (H, Hy, J) exist. [
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The inconvenient there is that the assumption is not symmetrical in H and
Hjy and prevent the investigation of completeness. In this view, we consider
the symmetric condition E(A)(HJ — JHy)Eo(A) € &1. If we note J”" =
E(A)JEy(A), then the wave operators Q4 (H, Hy, J"”) exist. In other words,
the limits

s— lim E(A)U(—t)JUy(t)Eo(A)Py° (94)

t—=oo

exist. We now need an additional condition in order to remove the projection
E(A) on the left.

Proposition 5.27 If for any bounded interval A, E(A)(HJ — JHy)Eo(A) €
&1 in the form sense and

s— lim E(R\ A)JUy(t)Eo(A)P =0 (95)

t—+too

then Q4 (H, Hy, J) exists.

Proof The limits (94) exist. Then by (95), we have thim 194 (H, Hoy, J"'f —

U(—t)JUy(t)P§°Ep(A)f|| = 0. Then by density of the elements Ey(A)f,
Q4 (H, Ho, J) exist. [.

Remark The mechanism of spectral cutoffs can be extended to this additional
condition. Namely the equation (95) for an arbitrary interval A is equivalent
to

s— lim E(R\ A)JUy(t)Ey(Ao)P5c =0 (96)

t—=o0

for any strict subinterval Ag C A, since the set {Ep(Ao)f, f € HEC, Ag strict

subinterval of A} lies dense in Ey(A)(HEC).
By the Riemann-Lebesgue lemma, this condition is clearly satisfied if E(R \
A)JE(Ap) is compact. The next lemma points out concrete criteria for this.

Lemma 5.28 E(R\ A)JEy(Ao) is compact for any bounded interval A and
strict subintervals Ag C A if one of the following conditions holds:

1. for any ¢ € C§°(R), ¢(H)J — Jp(Hp) is compact
2. there exists z € p(H) N p(Hy) so that R(z)J — JRo(z) is compact

Proof If the first condition holds, let choose for fixed A and Ag a function
¢ € CP(R) so that o(A) = 1 for A € Ag and p(A) = 0 for A € R\ A.
This is possible since R\ A and A are disjoint. Then recalling the defini-
tion (p(H)E(A)f,g9) = / e(MN)Ya(Nd(E(N)f, g) for any self-adjoint operator
R

H and Borel set A, we obtain E(R\ A)p(H) = 0 and ¢(Hy)Eo(Ap) = 1,
hence E(R\ A)JEy(Ag) = E(R\ A)(Jo(Hy) —o(H)J)Ey(Ap), which is then
compact.

If the second condition holds, then for any ¢ € p(H) N p(Hyp), there holds

R(C)J = JR(C¢) = (H — 2)R(Q)R(2) JRo(¢)(Ho — 242 —C) — (H — 2+ 2 — ()
x R(2)JR(C)Ro(C)Ro(2)(Ho — 2)
= (H — 2)R(¢) [R(2)J — JR(2)] Ro(¢)(Ho — z) (97)
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and R(¢)J — JR(C) is compact. In view of the Riesz projection, we consider
a closed contour I' enclosing Ay one time counterclockwise and leaving the
segments of R\ A outside. Take the self-adjoint operator HyEy(Ag) on the
space Eo(Ao)(Ho) with the resolvent Ry, gy (aq)(2) = Ro(2)Eo(A) (in a precise
sense, this should be defined on R\ A as a limit). Then o(HoEo(Ap))NT =0
and we have

Eo(Ag) = —(2wi)_1ﬁRo(z)E0(A)dz

Similarly, for the operator HE(R\ A) on E(R\ A)(H), we obtain
75 R(2)E(A)dz = 0
since the spectrum of HE(R \ A) lies outside the contour I'. Hence we obtain
PR\ A)JBo(Aa) = (7)™ § BRA A)R(:)T = TRo(2)]Bo(Ao)ds

By assumption, the integrand is continuous and takes compact values. Hence,

E(R\ A)JEy(Ap) is compact. [

A condition similar to (95) can be obtained by other means. We first need a
technical definition.

Definition Let H and Hj be self-adjoint operators. The operator H is called
subordinate (with respect to J) to Hy if there exist a pair of locally bounded
functions f, fo on R such that ‘f()\)‘ > 1, fo()\)’ > 1 and |/\l|i1rn ‘f()\)| =

lim |£(3)] = 0o and J(D(fo(Hy)) € D(f(H)).

|A|—o0
If Hy is simultaneously subordinate (with respect to J*) to H, then H and H
are called mutually subordinate.

Note that the conditions on f and fo imply that fo(Ho) ! and f(H) ! are
bounded mappings from Hy (resp. H) to D(fo(Hop)) (resp. D(f(H))). Then
J(D(fo(Ho)) C D(f(H)) implies that f(H).Jfo(Ho) ' is well-defined and
bounded.

Note further that mutual subordinacy is a quite weak condition. If Hy = H
and J = I, then D(H) = D(Hy) guarantee mutual subordinacy of H and Hy.

Lemma 5.29 Define the interval A, = (—r,r). If H is subordinate to Hy,
then for any bounded interval A

Tim [[[BR\ A)JE(A)]] =0 (98)
Proof We estimate the quantity on the right-hand side by
IIE®R\ A TE (A < IIER\ Ap) f(H) I (H)J fo(Ho) ™|
x ||| fo(Ho)Eo(A)]]]

where f, fo are the functions for which H is subordinate to Hy. Note that
BR\A)F(H) ™ = fy 9 oy (NS LE(A) since f(A) ™ — 0 as|A| — oo,

—>0

r—00
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Then the first factor on the right-hand side tends to zero as r — oo. The second
factor is bounded since H is subordinate to Hy. Further the third factor is
bounded since A is a bounded interval and fo(Hp)Fo(A) is a bounded operator.
Then we obtain (98). O

It is time to put everything together.

Theorem 5.30 Assume that for any bounded interval A,
E(A)(HJ — JHo)Eo(A) € &1 in the form sense and that one of the following
condition is fulfilled:

1. for any ¢ € C§°(R), o(H)J — Jp(Hp) is compact
2. there is z € p(H) N p(Ho) such that R(z)J — JRy(z) is compact
3. H and Hy are mutually subordinate

then Q4 (H, Ho, J) and Qi (Ho, H, J*) exist.

Proof It remains to prove it in the case of the association of the trace class
assumption and mutual subordinacy. Taking the identification operator J =
E(A,)JEy(A), the limit

5 —, 1ig1 E(A)U(—t)JUy(t)Eo(A)PS° (99)
exists for any bounded interval A and r € R4 because of Pearson’s theorem.
Note that for any f € H

Tim [[(Z — E(A))U(~0)Uo(t) P Eo(A) ] < Tim [|ER\ A)TE(A)] ]
where the right-hand side is equal to zero. Then Qi (H, Hy,J) exists on the
dense set {Eo(A)f, f € Ho, A bounded interval in R}, then on Hy. Lastly
we note that if one of the assumptions of the theorem holds, then it holds
also if the operators H and Hy change roles and J is replaced by J*. Then
Oy (Hy, H, J*) exist simultaneously. [

Remark Combination of the trace class condition and mutual subordinacy
appears in the litterature as the Birman’s theorem.
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5.4 Stationary wave operators

In the last part, we have constructed the wave operators in terms of the time-
dependent unitary evolution groups U(t) and Uy(t). The first aim of a station-
ary theory is to express the wave operators in terms of the time-independent
resolvents R(z), Ro(z).

5.4.1 Weak and weak abelian wave operators

Until here, we only considered the limit (1) in the strong sense because it was
the natural frame for developing a time-dependent scattering theory. Resolvent-
based definitions for the wave operators accomodate a much weaker concept
of wave operators. First, weak wave operators are defined by

Q1 = Q4 (H, Hy,J) = w- Jim P (—t)JUp(t) P (100)
Clearly, if Q4 (H, Hp,J) exist, then Q. exist. Moreover, Q. are bounded
with the same estimate [|Qxf| < [[|J]|||lf]|. Contrary to the strong wave
operators, it is clear that Qi(H, Hy, J) and Qi(HO, H, J*) exist simultaneously
and Q4 (H, Hy, J)* = Q4 (Hy, H, J*) holds. Nevertheless, conditions for partial
isometricity like lemma 5.5 do not hold since the norm is not continuous with
respect to weak convergence. More important, we cannot give a chain rule since
the product of weak-convergent sequences is not necessarily weak-convergent.
The fact that a chain rule is an attribute of strong wave operators is illustrated
by the next proposition

Proposition 5.31 The strong wave operator Q4 (H, Hy, J) exists iff
Q4 (H,Hy,J) and Qi (Hy, Hy, J*J) ezist and verify the equality

Q. (H, Ho, J)*Qx(H, Ho, J) = Qu(Ho, Ho, J*J) (101)

Proof Assume that the weak operators exist and (101) holds. Then for any
f € Hp, in the equality
U (=) JUo (1) P5°f — Qe fII* = (B U (=) T* TUG () s f, ) + (|2 f1?
2R () Uo(t) PEF. 0 ) (102)

The first term on the right-side tends as t — +o0 to (@i(Ho,Ho, J*Nf, f)
and the second term tends to —2||Q4 f|| since P*“Q4 = Q4. Since by (101)

(O (Ho, Ho, J* D) f, f) = [|Q+ f]? (103)

the strong wave operators exist and coincide with Q4. Conversely, if the strong
wave operators exist, 24 exist and (102) holds with the left-hand side converg-
ing to zero as t — £oo. Then the wave operators Qi(Ho, Hy, J*J) exist and
(103) holds and implies (101). O

The definition of wave operators can still be weakened.

Definition ¢ is a positive parameter. The non-negative function w, is called
an averaging kernel if w, = ew(et) with [ w(t)dt = 1 and if the Fourier
transform k() of k(t) = e ‘w(e~*) has no real zeros.
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The weak limit X1 of the family of operators X (¢): Hy — H with respect to
the averaging process is defined by

[e.9]

(Xefrg) =lim [ we(t)(X () f, g)dt (104)
—vYJo
for any f € Hg, g € H. If the limits X exist for some averaging kernel w,,
then they exist for any averaging kernel and their value is independent from
the choice of w.. This is a consequence of Wiener’s Tauberian theorem (see
[1], p. 97 and [8], p. 156). In particular, we are interested in the Abel kernel
w. = ge” ¢!, The weak abelian wave operator @7 (H, Hy,J) are then defined
by
o
(tefg) = time [ PEUEOIVEOPES e (109
£—
0
This sesquilinear form is indeed bounded with the estimate
}(dif,g)‘ < I £Nlgll and defines well the operators o7y. Clearly, if the

weak wave operators ()4 exist, we have
(ot = Q) f.9) = lmy [ € (PU(Fs/2) JUn (s =) RS — R f.g)ds =0
0

and Q4 coincide with <7y .

5.4.2 Stationary representations

If the weak abelian wave operators exist, for any v € Hy and v € H, there
holds

(e}

(pu,v) = iin(l) 26/ (et JUo(£t) PyCu, e~ St U (£t) P“v)dt
- 0

We define the functions fu(t) = 7(o,c0)(t)e =" JUo(£t) P§u and

9u(t) = 7)0,00) (t)e ™" U () P*v, which clearly belongs to L1 (R, H) N Ly (R, H).

By (22), the functions f,(t) and g,(t) have Fourier transforms f,(\) = (27)~*

JRo(\ £ i) P§€u and g,(A\) = (2m) "L R(A £ ie) P%v.

Applying Parseval’s equality [5(f(t),g(t))dt = [o(f(N),§(\))d\, we obtain

the representation

(Ayru,v) = lir% nle / (JRo(A £ ie) Pyu, R(A £ ie) P*“v)dA (106)
g— R
for any u € Hp and v € H. If the strong wave operators exist, they coincide
with the weak abelian ones. Then the equation (106) is the stationary repre-
sentation of the sesquilinear form associated to the wave operators. We know
from the preliminaries that radial limit values 1ir% (R(X £ ie)u,v) exist almost
E—

everywhere on the real axis. The first question arising is whether the limit on
e and the integration over A in the expression (106) can be interchanged or
not, assuming the limit of the integrands exist.
When they exist for a pair (u,v) € Hg x H and for some A € R, we denote the
following limits

ax(u,v; \) = lim 7 e(JRo(\ % ie)u, R(\ + ic)v) (107)

e—0
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We now investigate some properties of these limits. We notice that there holds
by Cauchy-Schwarz

2
7 le(JRo(\ £ ie)u, R(A +ig)v)| < ||J|||(7 || Ro(MEie)u|®) (rLe|| R(ALig)v]|?)

By relation (25), we obtain that the right-hand side of (108) tends to
(Eo(Mu, w) d(E(A)v, )
d\ dA

as € — 0. Then, if ay(u,v;\) exist for almost every A € R, (29) implies that
there holds for a.e. A € R

d
117112

(Eo(Nu,u) d(E(N)v,v)
dX dA

In particular, the measures (Ey(-)u, u) and (E(-)v, v) are absolutely continuous
with respect to their respective spectral measures, hence they are respectively
concentrated on the spectral cores 6o and 6. That is, if A belongs to R\ (69N&),
it is necessarily a point of constancy for both generating functions (Ey(\)u, u)
and (E(A)v,v), hence the derivatives of the generating functions exist and are
equal to zero. By taking the limit on ¢ of (108), this implies that for any
u € Ho, v € Hand a.e. A€ R\ (69N&), ax(u,v;\) exist and is equal to zero.
This idea extends to the next lemma, in which the domain of X\ is this time
restrained by arbitrary Borel sets.

2 d
|az (u, v V)] < [I|]]? (108)

Lemma 5.32 For any u € Hy, v € H, Borel sets Ay, A, there holds for a.e.
AeER\ (ApNA)
at(Eo(Ao)u, E(A)v;\) =0 (109)

Moreover, if ax(u,v;\) exists for a pair (u,v) and for a.e. X € R, then there
also exists for a.e. A € R

at+(Eo(Ao)u, E(A)v; N) = yasna(N)ax(u, v; A) (110)

Proof The first part is similar to (108). We write @ = Ep(Ag)u and o
E(A)v. Then the right-hand side of (108) where we replaced (u,v) by (@, )
tends for a.e. A€ Rase — 0 to
(E()()\)EO(A[))U, U) d(E()‘)E(A)Ua U)

d\ d\

= [1711*7a0na (A)

d
17112

d(Eo(Nu,u) d(E(A)v,v)
dA dA

by the equation (13). For a.e. A € R\ (Ag N A), this expression is equal to

zero, hence ay (FEo(Ao)u, E(A)v); \) exists and is equal to zero.

Hence, it remains to show that (110) holds for a.e. A € AgnN A. By the

sesquilinearity of a4, we can formally write

0 (Eo(B0)u, B(A); A) = —a (Fo(R\ Ao)u, E(A)5; A) + az(u, B(A)v; )
— —as(Fo(R \ Ao)u, B(A); \) — as (u, E(R \ Ag)v; A) + ac (u,v; )
where by (109) and assumptions, the three terms on the right-hand side exist

for a.e. A € AgN A, the two first ones being equal to zero. Then we get (110).
O
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Note the decomposition ©v = Ff‘u + Fju in its absolutely continuous and
singular parts. We note like in the preliminaries for the spectral projections
Py¢ = Eg(Xae), P5 = Eo(Xs) where X, is a full Lebesgue measure set and
X a Lebesgue nullset.

Assume that a4 (u,v; A) exist for a.e. A € R. Then, by (110), a+(P§u,v; \)
exist and coincide for a.e. A € R with a4 (u,v; \).

Conversely, assume a4 (FP§u,v;\) exist almost everywhere. Note that by
(109), a+(P§u,v; ) exists and is equal to zero almost everywhere. Then by
sesquilinearity of a+, at(u,v;A) exist and coincide with a4 (P*u,v; \) almost
everywhere. The same facts holds for v.

Hence, the existence of ay(u,v; A) almost everywhere is equivalent to the ex-
istence of a4 for the pairs (Py‘u,v), (u, P*v) or (Pj‘u, P*v). The values
of a for the four pairs coincide almost everywhere. The set of full Lebesgue
measure on which it happens depends on u, v and the spectral measure E(-).

Moreover, if ai(u,v; \) exists almost everywhere for a pair (u,v), there

holds by (108)

d(Eg(\) Pseu, Pacu)\ /2 ( d(E(X)P%v, Pay)\ /2
A A

las (v )] < 1] (

Hence, by Cauchy-Schwarz inequality and equation (12), as(u,v;\) is abso-
lutely integrable with the estimate

/R\ai(u,v;A)! dA < ([T 5wl P*vll (111)

We can now conclude the question of the interchange of limit and integral in

(17)

Lemma 5.33 Suppose that ai(u,v;\) exists almost everywhere for the pair
(u,v). Then

lin(l)wla/(JRo()\iz’a)ﬂ, R(/\iis)f;)d)\—/ai(u,v;)\)d)\ (112)
e— R R

where the pair (4, D) on the left-hand side is one of the three pairs (P§u,v),
(u, P*v) or (P§‘u, P*v).

Proof We note for simplicity
f-(\) = 7 Le(JRo(\ £ ie)it, R(\ % ie))

and we choose without loss of generality © = P%uv. Then, by (108), Cauchy-
Schwarz inequality and (27), we obtain for any Borel set X C R

/\feO)\dAg H!J!H/ ((6o(N €)@, @) " (81, £)7,)) " d
X X
1/2
< 171l ( /X (6(>\,e)6,5)dA>

This relation implies that the f. are integrable with the estimate [ ’ fs()\)‘ d) <
I 7I@l/]]o]]. Moreover, since © € H®*, (6(A,€)v,0) is the Poisson integral of
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d(E(N)v, v d(E(\N)v, v

the function AEN?,0) Since ((d)M belongs to Li(R), (6(\, e)v,0)
d(E(\N)v, v

converges to ((d)w as € — 0 in Li-norm (see [10], p. 123). This implies

that the limit on the left-hand side of (112) exists with

.0 1/2
iLI%/X\faMdA < |17/}l (/X CZ(E%)’)M

Together with the fact that (6(\,e)0,0) < C(A,0) for any € > 0, this implies
that [ X‘ fe()\)‘ d\ tends to zero uniformely with respect to ¢, when | X| — 0
or when X = R\ (—n,n) with n — oco. We can now apply the Vitali’s
convergence theorem and interchange the limit on € and the integral over A in
(112). The relation (112) is immediately proved since for any admissible pair
(4,0), ax(,0;A) = ax(u,v;A). O

We are now in position to define stationary wave operators.

Definition Assume that for any v € ®g and v € D, Dg and © dense sets
respectively in Hp and H, the limits a4 (u, v; \) exist almost everywhere. Then
we define on ®g x ® the following sesquilinear forms

ui(u,v)—Aai(u,v;A)dA (113)

It is of course equivalent to take the integral only onto 69 N &.

Note that by the estimate (111), [us (u,v)| < |||J|||[|P$°ul|[|P*“v]|. Therefore,
to the bounded forms uy correspond bounded operators %y = %+ (H, Hy, J)
so that (Ztu,v) = uy(u,v). There holds the norm estimate |||Z+|]| < |||J]||-
We call %+ (H, Hy,J) the stationary wave operators for the operators H and
Hy and the identification J.

Using the notations of lemma 5.33, we can define a bounded operator
U+ (e): Ho — H by the sesquilinear form

(% (e)0, D) = /IR f-(\)dA (114)

defined on Hy x H. Indeed, we showed during the proof the boundedness
estimate |(%+(g)a, )| < [||J|||||@[|||5]]. We hence have a uniform in & norm
estimate |||Z+(¢)||| < |||J]||. Then, by applying lemma 5.33 in the special case
u = Pf‘u and v = v, we obtain

Proposition 5.34 Assume that the stationary wave operators %+ exist, then
Uy = w— hH(l) Uy (e)FP5° (115)
£—

and %4 is then independent of the choice of the dense sets ¢ and ®. Be-
cause of the relation (110), we assume from here that D¢ and © are invariant
respectively with respect to the spectral measures Ey(-) and E().
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5.4.3 Properties of stationary wave operators

Proposition 5.35 The stationary wave operators %+ (H, Hy, J) and
Uy (Hy, H, J*) exist simultaneously. Moreover, we have

U (Ho, H,J*) = U (H, Hy, J)* (116)

Proof It suffices to note that the limits ay(u,v;\) = lir%w_la(JRo(/\ +
ie)u, R(A £ ie)v) and ag(u,v;\) = liH(l) 7 le(J*R(\ % ie)v, Ro(\ £ ie)u) si-
e—

multaneously exist and are obviously conjugate. [J

Proposition 5.36 If the wave operators %y = %+ (H, Hy, J) exist, then there
holds H{ C ker(%+) and Ran(%y) C H™.

Proof Recall that %4 is a bounded operator. From
|, 0)| < [P ull[|[ P
we get that H§ C ker(%4) and H® C ker(%4). O

Proposition 5.37 The operators %+ are intertwining for H and Hy, that is
for any Borel set A, we have H%+ = %+ Hy or equivalently

E(A)Ws = U+Eo(A) (117)

Proof By definition of %4 and by (110), we have for any Borel sets Ag, A the
representation on the dense set Dy x D

(%yEo(Ao)u, E(A)v) :/ at (u, v; X)dA (118)
AgNA

This implies that (%4 Eo(A)u,v) = (Z+u, E(A)v) on the dense set Dy x D.

This extends by continuity to Ho x H and we obtain %4 Ey(A) = E(A)Zx. O

By considering the stationary representation for weak abelian wave operators
and the special case (4, 0) = (P§°u, P*v) in the lemma 5.33, we immediately
obtain

Proposition 5.38 Suppose that the stationary wave operators Uy exist, then
the weak abelian wave operators oy exist and coincide with X .

63



5.5 Existence and completeness of wave operators 111: station-
ary methods

We can now develop a strategy for an investigation of existence of strong
wave operators based on stationary methods. The first step is to obtain
conditions for the existence of %+ = % (H, Hy,J) (that is for the exis-
tence of the limits ay). Then we shall see that under a little stronger as-
sumptions, we can get %4 (Hy, Ho, J*J) to exist with the chain rule relation
ULUy = Us(Ho, Ho, J*J). The third step consists in expressing conditions for
the existence of the weak wave operators Qi(H, Hy, J) and Qi(Hg, Hy, J*J).
If all these conditions are fulfilled, we obtain the existence of the strong wave
operators by theorem 5.31 since stationary, weak abelian and weak wave op-
erators coincide.

5.5.1 Existence of the stationary wave operators

The existence of %4 is equivalent to the existence of the limits a4+ on a dense
set Do x . Like in the previous parts, the existence of a1 shall depend on the
perturbation “HJ — JHy”. We use the technique of factorization of the per-
turbation already developed in 3.2.2. Namely, we consider some factorization
of the perturbation (Go, G), with Gy Hyp-bounded and G H-bounded, defined
by the relation (45). Then by relation (47), we obtain

7 e(JRo(Atie)u, R(ALie)v) = n'e (GoRo(A £ ie)u, GR(\ F ie) R(A £ ig)v)
+r L e(R(Axie)Ju, R(Atie)v) = (6(\, €)Ju,v)+(GoRo(Axie)u, GS(\, )v)
(119)

The first term on the right-hand side has a limit as ¢ — 0 for almost every
A € R. Then the existence of ay for a pair (u,v) reduces to the existence of
limits on ¢ for the functions GoRo(A £ ie)u and G§(\, €)v (or equivalently for
GR(\ £ ie)v and Gpdp(A, €)u by the simultaneous existence of the conjugate
limit ay). Precisely one of the limits can be weak while the other remains
strong. Because of the definition of %, we have

Lemma 5.39 Suppose that for u € g, dense set in Hg and for v € O, dense
set in 'H, there exist

s— lir% GoRo(A L ig)u, w— hH(l) Gé(\ e)v, for a.e X €R (120)
E— E—

or
s — lir% GR(\ tic)v, w— lir% Goo(A, e)u, for a.eX € R (121)
g— g—

then %+ exist.

On the way to the chain rule relation, we shall need the following intermediate
result which will also be useful in the investigation of the scattering operator.

Lemma 5.40 Suppose that the conditions (120) of 5.39 hold with © = H.
Assume further that G: ' H — K is bounded. Then there holds for u € Dy

w—lim G6(A, &) e = w— lim 7 YeGR(\ Fie)JRo(\ % ie)u (122)
E—> E—>
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where both limits exist for almost every A € R. Moreover, for any uy,us € Do,
we have the representation

(Usrur, Uin) — / lim 7 <(JRo(A & de)ur, JRy(A £ isyun)dA  (123)
RE™

Proof By lemma 5.39 the stationary wave operators %4 exist, and since © =

H, w— liII(l] G(\, e)u exists for any v € H. Then the limit on the left-hand

side of (122) exists for any u € Hy.
For the right-hand side, we have to study the convergence of the scalar product

7 e(JRo(\ £ ig)u, R(\ + ie) G*w) (124)

for w € K. To obtain the desired expression, the full measure set of A where
the scalar product converges has to be independent of the choice of the element
w. We consider a basis {w;} of the Hilbert space K. Because the conditions
(120) hold, we have that the limit when ¢ — 0 of the expression (124) exists
for w = w; and for any u € ®g on a set of full measure A;. Notice that
As = (); A; remains a set of full measure. Then we have that the limit of
(124) exists for any u € g and any w belonging to the linear span S of the
basis {w;}, always on the full measure set Ay. It remains to show that for
a given u € Dy, fo = 7 'eGR(\ F ie)JRo(\ + ig)u is a bounded sequence.
Indeed we have for a.e. A

_ . 1/2 _ . 1/2
LN < NG (72l RO £ iolIP) ™ (7~ ellRo(A £ ig)ul?) T < C(\)

where we used the relation (26) and (29). We remove the nullset on which
the bounded estimate does not hold from A, and then obtain the weak-
convergence still on a set of full measure. This concludes the proof of existence
of the limits on both sides of (122).

Under the conditions (120), we have for any Borel set A, u € ®g and v € H

/ lHm (6(A, e)%ru,v)d\ = (E(A)Usu,v)
AE—0

because of the relation (29) and Zru € H*. By the intertwining relation and
the representation (118), we obtain for any Borel set A and v € H

/ lim (6(\, €)%, v)d\ = / lim 7 Le(R(\ F ie) JRo(\ + ie)u, v)dA
A A

e—0 e—0

hence the integrands are equal. As this holds in particular for any v = G*w,
this proves the equality (122).

Writing the equality of the integrands with v = Juy and u = ue, we get
lim (Juy, 6(), &) %sup) = lim 7 te(Juy, RO\ Fie)JRo(\ £ie)ug)  (125)
e— e—s

where the limits on both sides exist. Since GoRy(\ =+ ic)u converges strongly
and (122) holds, we obtain

hII(l](GQR()()\ + is)ul, G5()\, 8)%iUQ)
= lim 7 te(GoRo(\ £ ie)uy, GR(A F ie)JRo(\ £ ie)us)  (126)
E—
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Taking the limit as € — 0 in the expression (119) with u = u; and v = Ztus
and substituting the terms on the right-hand side thanks to the relations (125)
and (126), we obtain in view of the resolvent identity for any ui,us € Dy

ax(u, Zev; \) = lim e [((GR()\ F i) GoRo(A £ ig)ur, JRo(A + ig)us)

E—

+(R(\ + ie)Jur, JRo(A £ z’s)uQ)} = lim 7 e (JRo(X £ ie)ur, JRo(\ £ ie)us)
E—
with proves relation (123). O

Under the conditions of lemma 5.40, the integrand on the right-hand side of
(123) exists for a dense set in Hy x Ho, this is exactly the condition for the
existence of the wave operator %4 (Hy, Hy, J*J). Then we get

Proposition 5.41 Suppose that the conditions of lemma 5.40 holds. Then the
stationary operators Uy = %+ (H, Ho, J) and %+ (Hy, Hy, J*J) exist and there
holds

%:E%i = Uy (Ho, Ho, J*J) (127)

We can now turn to the third step of our investigation.

5.5.2 Existence of weak wave operators by stationary means

The factors Gp, G are still assumed to be respectively Hp-bounded and H-
bounded. The first lemma establishes the connection between stationary con-
ditions and time-falloff ones.

Lemma 5.42 Suppose H selfadjoint on H and assume that G is bounded.
Suppose that further that there is a dense set ® in H such that for any u € D,
w— lin(l) G\, e)u exists for almost every A € R.

e—

Then, there exists a dense subset & of H* such that for any v € €
/ 1GU (t)o]|2dt < oo (128)
R

Proof Fix u € © and denote I(u,\) € K for the weak limit of GJ(\, e)u.

We define the set An, = {A, |A| < n and [[l[(u, )| < N}. Define Xy, =

(n,n) \ Ann. Then X, = () Xn,n denotes the set where I(u, A) is infinite
N

or not defined. By definition, }Xoom = 0. Then for any n € N, XN,n‘ —

0 as N — oo. Consider for any N,n € N, un, = E(Any)P%u. Then

| P*u—un || = [|[E(R\ANy,)P*ul|| = lim (E(Xny,)P%u,u) — 0as N — oo,
n—oo

since (E(-)P®u,u) is absolutely continuous.

We denote €& the linear span of all elements of the form E(Ay ,)P*u for all

possible N,n and u € ©. Then € is dense in P*®, which is itself dense in

H(ZC.

For arbitrary IV, n take an element uy , = E(Apy,,)P*u in € and a basis {w;}

in the Hilbert space K. Then we get

(GU()unpyw;) = /R e "M BN E(AN ) P™u, G*w;)

i d(E(Mu, G*w;
[l
R

_ / Moy (N (s A), wp)dA
R
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(GU(t)un n,w;) is the Fourier transform of ya, , (M) (I(u, A), w;). By Parseval
2
equality, we obtain [p|(GU (t)un n, wi)‘Q dt = 2w fR"yAN’n()\)(l(u, A),w;)| dA.

Since [|v]| = S2|v, wi|?, we obtain
i

/ |GU (#un n|2dt = 277/ 11w, A)|2d) < 4rnN? < 0o
R AN,n

by construction of the set Ay ,. Then for any v € &, (128) holds. O

Proposition 5.43 Assume that the conditions of lemma 5.42 hold for both
bounded GQ and G, respectively on dense sets Dy and 2. Then the weak wave
operators Q4 (H, Hy, J) exist.

Proof In the time-dependent proof of Pearson’s theorem, we showed that
t
((Q(t) — Q(s))vo,v) < / (GoUo(7)vo, GU(T)v)dT (129)

By the definition Q. =w-, ligl PQ(t)P§¢ and the uniform bound in ¢ pro-
— 00

vided by |||P*Q(t)Psc||| < |||]]|], it suffices to verify that the left hand side of
(129) tends to zero as t,s — 400 on dense sets of elements vy, v respectively
in ‘Hg¢ and H.

Under the conditions of lemma 5.42, there are dense subsets €y and & respec-
tively in ‘H{¢ and H* such that for any vy € €y and v € €&, ||GoUo(t)vol|
and [|GU (t)v|| are square integrable. For such elements vy, v, we obtain by
Cauchy-Schwarz

t t 1/2
|(129) < (/ ||G0U0(T)v0||2d7-/ HGU(T)szdT) — 0

s,t—+o0
which closes the proof. [

It now remains to express conditions for the existence of the weak wave operator
Q4 (Ho, Ho, J*J).

Proposition 5.44 Suppose that Gy and G are bounded and that for u € Dy,
dense set in Ho and v € H, there exist

w— lin% GoRo(A L ig)u, w—lim GR(A tie)G*v, for a.e. X\€R (130)
E—

e—0

then the weak wave operators Qi(Ho, Hy, J*J) emist.

Proof The idea is to adapt the preceeding proof by finding an appropriate
factorization of the perturbation “HyJ*J — J*JHy”. By the boundedness of
G, we can write for any z € p(H) N p(Hp)

JRo(2) — R(2)J = (GR(2))"GoRo(2) = R(2)G*GRo(2) (131)

Hence JRy(z) = R(z) (J + G*GoRo(z)), which implies that J maps D(Hy)
into D(H). This gives sense to the operator HJ — JHy = G*Gy as a bounded
mapping on Hg. We can compute the perturbation

HoJ*J — J*JHy = J*(HJ — JHy) — (HJ — JH)*J = (GJ)*Go — G5 (GJ)
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We note Q(t) = Up(—t)J*JUp(t). Similarly to (129), we obtain by derivating
the quantity (Q(t)u,v)

((2(t) — Q(s))vo,v) < /t(GoUo(T)Uo, GJUy(1)v) — (GJUp(T)vo, GoUp(T)v)dT

By our assumptions, the conditions of lemma 5.42 hold for Gy. It suffices
to show that they also hold for GJ. Then we can conclude like in the last
proposition that Qi (Ho, Hy, J*J) exist.

GJ is bounded. Since G is H-bounded, we can multiply (131) on the left by
G which gives

GJRy(z) = GR(z)J + GR(2)G*GoRy(2)
Multiplying on the right by Ry(Z) and setting z = A+ie, we get for any u € Hy
GJIso(\ e)u = 7 'eGR(A+ie) JRy(AFie)u+GR(A+ic)G*Godo (A, e)u (132)

For any w € KC, (GJJ(\, €)u, w) has a limit for almost every A. Like in lemma
5.40, the set of full measure on which the limit exists is taken independent from
the choice of w in the dense set S. It then remains to find an uniform bound in
e holding almost everywhere for GJ§(\, £)u. By our assumptions, there exists
also w—hn% G6(X,e)G* for a.e. \. The existence of the limit implies that for

any v € H [|[G6(\, €)G*v|| is uniformly bounded in € by the Banach-Steinhaus
theorem. Hence |||Gd(\, e)G*||| < C1(A) for a.e. A. Similarly, |||GR(ALie)G*||]
and Godg(\, €)u for u € D are uniformly bounded in € for a.e. A. Further for
any v € Hy

7| RO F i) G*v||? = (GS(\, e)GFu,v) < Cr(N)||v]|? (133)

which shows e'/2|||GR(\=%ie)||| < C2(\) for a.e. X. Further || 'Ry(AFie)ul| <

C3()) for a.e. A by relations (26) and (30).

Hence, there exists W—lin% GJd(A\ e)u for any u € Dp and a.e. A. By lemma
E—>

5.42 we conclude that Q- (Ho, Ho, J*J) exist. [J

This concludes the last step. We can now sum up the conditions. By assem-
bling propositions 5.41, 5.43 and 5.44, we obtain the existence of the strong
wave operators Q4 (H, Hy, J) under the following conditions

1. G and Gy are bounded

2. 3 S—lil% GoRo(\ £ ie)u for a.e. A for any u € Dy, dense in Hy
e—

3. 3 W—lin% G(\, e)v for a.e. A for any v € H
e—

4. 3 w—lin(l) GR(\ £ ie)G*v for a.e. A for any v € H
e—

This can be simplified.

Lemma 5.45 Condition 4 implies condition 3.
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Proof Fix u € Hy. Since (G(\, e)u, w) converges on a full measure set in-
dependent of the choice of w in S, it suffices to find an uniform bound in e
holding almost everywhere for Go(A, €)u. Condition 4 implies the existence of
the weak limit of Go(A,)G*. In the equality

IGS(A, e)ull < 7 (V2GR — ie)[) (" *IIR(A + ie)ul) (134)

the first factor on the right is uniformly bounded by the existence of the weak
limit of Go(\,e)G* while the second is bounded uniformly by relations (26)
and (30). O

Thus we have proved

Theorem 5.46 Assume that the factors of the perturbation G and Gg are
bounded and that for elements u € g, dense set in Hy, and v € H there exist

s — liH(l) GoRo(A £ ie)u, w— liII(l) GR(A +ie)G* v, for a.e. A (135)
E— E—

then the strong wave operators Q4 (H, Hy, J) exist.
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5.6 Scattering operators
5.6.1 Basic properties of the scattering operator

Definition Given a scattering system (H, Hy, J), the scattering operator S:
Ho — Ho is defined by S = Q* (H, Ho, J)U_(H, Hy, J).

Since H{ C ker(Q4 ), we see that Hg C ker(S) and Ran(S) C H§¢. Some basic
properties follow from this definition.

Proposition 5.47 S commutes with Hy.
Proof The intertwining relation implies SHy = Q% HQ_ = HyS. U
Proposition 5.48 S is a bounded operator of Hy.

Proof Since [ fl| < [[JIIFG I, [192:[] = WL < 171 Then J1S[] =
ez Q- < [lJ11%. B

Interesting properties of S are isometricity on H{¢ (outcoming states are nor-
malized) and unitarity (convenient for the inversion of scattering).

Proposition 5.49 Assume that Q)+ are partial isometries on HGC. S is iso-
metric iff Ran(2=) C Ran(Q4). S: HI — HE® is an unitary mapping iff
Ran(Q_) = Ran(Qy).

Proof ||Sf| = ||Q1Q_f] = |Q-f| = ||f| for any f € HG. Then the iso-
metricity of S on H{® is equivalent to ||} g|| = ||g|| for any g € Ran(Q2_). By
assumption and adjointness, €7 is a partial isometry on Ran (€24 ). Then the
isometricity of S on HG¢ is equivalent to Ran(Q2_) C Ran(f24).

If S: H§® — HES is a unitary mapping, then Ran(Q_) C Ran(Q4) by
isometricity and Ran(S) = H§® by surjectivity. Then, for any g € H{¢, 3h €
HE: QL Q_h = g, that is Q, Q1 Q_h = Q,g. Note that Q2,Q% is the final
projection on Ran(21) D Ran(Q_), then for any g € H3¢, Q49 € Ran(2-).
Then Ran(Q_) = Ran(4).

Conversely, if Ran(€y) = Ran(£2_), S is isometric on H{¢ and for any f € HG°,
dg e H§: Qi f =Q_g, that is Q1 Q_g = P§°f = f, and § is surjective, hence
unitary on Hg¢. U

Corollary 5.50 If Q)1 are partial isometric on H§S and complete, then S is
unitary, with SS* = S*S = P§°.

Proof In this case, Ran(Q_) = Ran(€2y) = H{¢. And we have

SS* = QLO0_QFQ, = QL P, = 00, = P
S5 = Q00 = QPO = Q5 Q. = P°

0.

We now consider the decomposition of Hi¢ into a direct integral of Hilbert
spaces f[}o P hadA. Since S commutes with H§¢, it goes over into multiplica-
tion by an operator-valued function S(\). S(A) is called the scattering matrix.
Before turning to stationary representations of S and S(\) we discuss a nec-
essary technical issue.
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5.6.2 Integral operators on direct integral representation

In this part, we still consider G: H — K bounded and H-bounded and we
assume that there exist W—liH(l) GR(\ +ie)G* for almost every A € R.
e—

In the view of expressing the scattering matrix by stationary means we are
interested in writing operators on an Hilbert space H3¢ as integral operators
with respect to the direct integral of Hilbert spaces h*¢ = f P hadA.

We denote by % the unitary transformation from H% to h*¢ extended on the
whole space H by setting .#(H*) = {0}. Given u € H, we note when it is
possible .Fu = % P*u = @. We require a few preliminary facts.

Lemma 5.51 For any u,v € 'H, there holds for almost every A € &

lim (8(X, €)u, v) = (@(X),5(N)), (136)

e—0
Proof We know that

) _d(E(MNu,v)  d(E(N)P*u,v)
lim (O(A, e)u,v) = === = X

Further, there holds for any Borel set A

R i S

since & is also a spectral core for the absolutely continuous part of E(-). We
also have

(E(A)P*u,v) = /MA (a(X), 5(N)), dA

Since this holds for any Borel set A, comparison of the two equations concludes
the proof. [J

Lemma 5.52 Under the assumptions of this part, there exist for any u € 'H
and for almost every A € R
w-lim GS(\, e)u = w-1im (26) 'G(E(\ +¢) — E(\ —¢))u (137)

e—0 e—

Proof We have already proved before that the existence of w- hm GR(\tie)G*

implies the existence of the limit on the left-hand side. On the right-hand
side, we apply the standard scheme. Given a basis {w;} of K, the measure
(E(-)u, G*w;) has the symmetric derivative of its generating function almost
everywhere defined on a full measure set A; depending on w;. By taking
Ass =), A, we obtain the existence of ii_r)r(l)(Qs)_l(G(E()\—l—e) —E(A—¢))u,w)
on a full measure set independent of the choice of w in S. It then remains
to find an uniform bound in ¢ holding almost everywhere. It is based on the
inequality

2¢?
(n=A)?+¢?
for any p € R. This implies by the spectral theorem that for any v € ‘H

Y A=, +e) (:u) <

(EA—¢e, X+ e)u,u) < 2me(d(\, )u, u)
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that is also ||E(A—&, A\ +¢&)ul| < v2¢||R(\+ie)ul. In particular, for u = G*w,

we get the estimate ||E(\ — &, A + &)G*w| < v2¢|||R(A £ ig)G*|||||w]|.

We have proved before that the existence of W—lin’(l) GR(\ £ ie)G* implies the
E—

norm estimate £/2(||GR(X £ i¢)||| < C()\). Hence we obtain
[IGEA =, A +e)[| < Cr(N)et/?

Further on the full measure set on which the symmetric derivative is defined
the sequence (2¢)"1(E(\ — &, A + ¢)u,u) has to be bounded, that is [|[E(\ —
e, A +e)ul| < Ca(N)el/2.

We can now compute for any v € ‘H
(2e) IG(EM+e)=E(—e)ul| < (26) T [GE(A—¢, Ae)[[l| E(A—e, Ate)u]

By the estimate we computed, we obtain the uniform bound.
The equality of the two limits now follows directly from (29). O

We now turn to the construction of integral operators. In particular we are
interested in operators of the form A = G*BG with B bounded operator on
K.

Given a basis {w;} on K we denote by A; the set of full measure in ¢ for which
F G*w; is defined. Note that since G is bounded, ||.% G*u||pec < |||G]||||v|| and
F G*w; belongs to the direct integral.
On the dense set of elements w € S for A € Ay = (), Aj, we then define the
operator ®;(A) by

Pa(Nw = (FG w)(N)

By lemma 5.51, we obtain for any wq,ws € S

(@a(N)wr, Ba(Nws)y = lim (G, )G wy, ws) (138)

on a set A of full measure in 6. Since the G§(\,e)G* are a bounded family
of operators, ®;(\) is bounded for A € A and its domain of definition ex-
tends by continuity to H. The relation (138) then turns to @ (A\)*Pq(N) =w-
;i_r)r(l) Go(A, e)G* for X € A.

Note that for any u € H and w € S, there holds by lemma 5.51 and definition
of D (A)

d(E(N)u, G*w)
dA

for a.e. A € 6. By the boundedness of G and ®g()), this extends to any
w e K.

We now define the operators a(u,v) = ®q(p)BPa(v)* for (u,v) € A x A.
By this definition, these are bounded mappings on b, into h,. Then for any
uy, ug € H*

= (u(A), ZGw)x = (Pa(A)"u(A), w)

(Aur, uz) = (P Auy, up) = / d(E(’LL)Au1,u2)du _ / d(G*BGuy, E(p)us)

d
& dp 5 dp a

By relation (139), this gives

MMWﬁZ/@&mQMN®MMM

72



Similarly, there holds

(BGuy, ®a(p)iz) = (P*ur, G*B ®q(p) ta(p))

L[ A, OB ) ),
& dv

_ /(@G(y)*ﬂl(u),B*‘I)G(M)*f@(ﬂ))d’/

= [ el )0, )

Substituting this in the first relation we obtain

(ur,u) = [ [ ol )0, (o)) v (139)

We can clearly extend this scheme to the case A = G7BG2 where G and
G satisfy the same assumptions as G. Then for any A € A all the proper-
ties of ¢ (A) copy to @i, (M) and Pg,(N). By defining the kernel ajo(u,v) =
O, (1) BPq, (v)*, we obtain (139) just in the same way.

Similarly, we can extend this to finite sums of operators A = G%*BG% + ...+
G'1*BGj.

We return to the case A = G7BG2. We intend to obtain a more useful
representation of the sesquilinear form corresponding to the kernel a(u,v).

(@12 (p; v)un (v), a2 (p))u = (Pa, (v) tn (v), B* g, (1) ta(p))
By relation (139) this is equal to

d d d

—(F sB*® U = ——

dV( (V)U17G2 Gl (/’L)UQ(/’L)) dl/ d,LL(
for (u,v) € A1 x Ay where A; and Ag are sets of full measure in 6. By lemma
5.52, this is equal to

d

— lim (BG2E(v)u1, 0(p, €)uz) = lim lim (B (v, n)u1, 6 (i, €)) (140)
dv e—0 n—0e—0

GTBGQE(V)ul, E(M)Ug)

for (u,v) € Ay x Ay where A and As are sets of full measure in 6.
We conclude this part

Theorem 5.53 Suppose that G1 and G are bounded, H-bounded operators
for which there exists for any uw € H, any j € {1,2} and almost every A € &

w—ii_r%Gjé()\,a)G;u (141)
Suppose further that there exist both of the strong limits
s- lin% G16(\, e)ug, s- lin% G20 (N, e)uq (142)
E—> E—>

Suppose there is a family B(¢) of bounded operators on K such that B(()
converges weakly to B. Define further the operator A(¢) = G1B(¢)G%. Then
the kernel aia of the operator A = G{BG2 exists in the sense of relation (139)
and there exists the limit

ili% (A(5)5(V7 5)u1, 5(:“’7 5)u2) = <a12 (H’ l/)ﬂl(V), aQ(N’)))\ (143)

for a.e. p €& and a.e. v EG.
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Proof We study the convergence of the term
(A(e)d(v,e)ur, 6(p, €)ug) = (B(e)Gad (v, €)ur, G16(p, €)usz) (144)

The right factor on the right-hand side converges strongly for a.e. A € 6 by
assumptions. The left factor B(e) converges weakly and G2d(v,e) converges
strongly so that B(e)G2d(v,€) converges weakly for a.e. A € . Then the limit
of the scalar product exists and coincides with

liII(l] (BG20(v, e)ur, G16(p, €)uz) (145)

Under the assumptions the iterated limit (140) exists and coincides with the
limit (145). O

When A = (1 BG5 does not depend on an additional parameter, the conditions
can be relaxed.

Theorem 5.54 Suppose that G1 and G are bounded, H-bounded operators
for which there exists for any u € H, any j € {1,2} and almost every \ € &

w— lin’(l) Gjo(Ne)Giu (146)
E—>
Suppose further that there exists one of the strong limits

s-lim G10(A, e)ug, s- lin% G20 (N, e)uy (147)
e—

e—0

Suppose that B is a bounded operator on IC. Then the kernel a2 of the operator
A = GiBGy exists in the sense of relation (139) and there exists the limit

lim (Ad(v, e)ur, 8(p, e)ug) = (ar2(p, v)t (v), to(p))x (148)

e—0

for a.e. p €6 and a.e. v EG.

Proof Similar to the proof of 5.53. By our assumptions, one strong limit in
(147) is replaced with a weak one. Since A does not depend on an additional
parameter, it is sufficient to obtain the convergence of the scalar product. [

In anticipation of the computation carried in section 5.6.4, we define the fol-
lowing operators for any z € p(H)

Ti(2) = (J* — GIGR(2))G*Go, T_(2) = GiG(J — R(2)G*Go)

We assume that the conditions of theorem 5.46 hold. Assume further that
there also exists w-lir% GoG§. Tx (X + ie) splits in two parts. For instance,
e—
Ty (A+ie) = (GJ)*"Go — G5(GR(A +ie)G*)Gp. Under our assumptions, there
exists w- liH(l) GR(A+1ie)G* and the conditions of theorem 5.53 are fulfilled with
E—

G1 = Gy = Gy for any u1,us belonging to the dense set ®g. It remains to
prove that there exists under our conditions w- liH(l)(GJ)(S()\, e)(GJ)*. Then the
E—>

conditions of theorem 5.54 are fulfilled with G; = GJ and G9 = G¢ for any
u1, u2 belonging to the dense set Dg.
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Lemma 5.55 Suppose that there exist w-lin(l] GoRo(A\tie)Gf and w-lin% GR(\
E— e—
ie)G*. Then there exist w—lir%(GJ)Ro()\ +ie)(GJ)*.

Proof It is sufficient to find a bound of (GJ)J(A,&)(GJ)* uniform in ¢ and
holding almost everywhere. By the resolvent identity, we have

G Ro(ALie)ll| < [IGR £ de)|[| [[[ ]|+ |GR(X £ ie)G7||| [[[GoRo(A + ie)]]
N———

§871/201()\) §C2(/\) §571/203()\)

where the bounds were already computed before under these assumptions and
hold together almost everywhere. Hence

[IGIS(N, e)(GI)* ||| = 7 tel||GTRo(A + ie) ||| < Ca(A)
holding for a.e. A € R. O

Then by theorems 5.53 and 5.54 W—hH(l] T+ (A +ie) are integral operators on hi®
E—>
with kernels t4 (u, v; A) for a.e. A € R. For any uj, ug € ®g, there holds

lim (T (A +i2)3(v, €)ur, 6(p, €)uz) = (b (p, v; Al (v), @) (149)
for a.e. u € 69 and a.e. v € &y.

5.6.3 Stationary representation of the scattering operator

We assume that the conditions of theorem (5.46) hold so that the strong wave
operators Q4 (H, Hy, J) exist. We recall that the existence and the equality of
the limits we compute are defined for almost every A. Under these assumptions,
we can compute by the resolvent identity for any u;, ue in ®g, dense set of Hy

7 te(JRo(\ — ie)uy, RO\ — ie)Upug) = (Juy, 6(\, &) %pus)
+ (GQRU()\ - ie)ul, G(S()\, 5)%+U2)

We have already shown that the first term on the right-hand side has a limit,
namely

lim (Juy, 0(A, €)%y uz) = lim 7 te(Juy, R(\ —ig) JRy(\ + ie)us)
For the second term on the right-hand side, we know that

w = lim G3(A, &) %su = w — lim 7 LeGR(\ Fig)JRo(\ +ic)u
E— E—

and under our assumptions, GoRo(A — ic€)u; converges strongly. Hence we
obtain

a_(uy, Uy uz; N)
— lim 7 Le ((J + G*GoRo(A — ie)) up, R\ — ie) JRo(A + ie)u2> (150)

e—0
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Substituting this in the integral representation of %_, we obtain for any Borel

set A

(Z_-Eo(A)uy, Xy us)
_ /A lim 7% ((J + G GoRo(A — i€)) ut, RO\ — ie)TRo(A + ie)uz ) A
(151)
Since S = O Q_ = %[ %_, we have in particular for A =R
(Sui,u2)
_ /Rg% 7l (7 + G*GoRo(A — i€)) ur, RO\ — ie).J Ro(A + ie)uz ) dX
(152)

We now note for simplicity R = R(A +i¢) and R* = R(\ — ie) and similarly
for Rg. Note that the integrand can be transformed by means of the relation

7 YRS T*R(J + G*GoRy) = nte(J*R* + R G{GR*)R(J + G*GoR})
= (JH+R,G5G)o (N, e)(J+G*GoRY) = n te(J*+ R, GEG)R(R* J+ R*G*Go Ry
=1 'e(J* + R{G{G)RI R},

Substituting it in the integral representation, we obtain another stationary
representation for the scattering operator.

5.6.4 Stationary representation of the scattering matrix

We resume our computation of the integrand of the integral representation by
using JRy — RJ = RG*GoRy a couple of times

7 le(J* + RyGyG)RI R},
=71 e(J* + RoG{G)RIRS + 7 te(Rf — Ro)GyGRJI R

By the relation J*R + RyG{GR = RoJ* and by the definition of §(A,¢), we
obtain

7 Ye(J* + R,G{G)RJR;, = m 'eRgJ*JR} — 2icdo(\,e)GiGRJIR;

By the relation RJ = JRy — RG*GoRy and by the definition of T (A +ic), we
obtain

7 Ye(J* 4+ REGoG)RIR], = m e Ry J* TRy, — 2mido(\, €)T_ (X +ig)do (N, €)
Similarly we have

7 LeRET*R(J + G*GoR})
=1 YeR,J*R(J + G*GoRy) + n 'eR5J*RG*Go(Rf — Ro)  (153)

7 YeRGT*R(J + G*GoRY) = 7 'e Ry J*J Ry — 2mido(\, €) T (X +ig)do(Ae)
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All in all, we have shown

7 te ((J + G*GoRy)u1, R* JRous)

= 7T_1€(JR0()\:|:i€)U1, JRo()\:Ei€)UQ) —QWi(Ti()\—I—’L'E)(So()\, €)U1, 50()\, €)UQ)
(154)

Under our assumptions the second term on the right-hand side has a limit
as € — 0 since the two other terms of the equality have one. We take
the limit in (154) and integrate over A on a Borel set A. Using the inte-
gral representations we already gathered for the scattering operator and for
UL = U (Hy, Hy, J*J), we obtain for any Borel set A

(%_E()(A)ul, 02/4_’11,2) = (%:EE()(A)’UJ, UQ)

— 27Ti/ lim (Tj:()\ + iE)&o(/\, 5)u1, 50()\, E)UQ)d)\
A

e—0

We recall that in fact the integral is taken over A N &y. Indeed the integrand
vanishes outside of ¢ as the difference of a_(Ey(A)uy, Z+uz; \) and
Q?E(EQ(A)’LH, U2) = III%(J*JR()()\ + i&)Eo(A)ul, Ro()\ + i&)UQ).

E—

% commutes with HS¢ by its intertwining property and by H§ C ker(%),

Ran(% ) C HE. Then to % corresponds an operator-valued function ul ()

in the direct integral of Hilbert spaces f&o @ hrdA. The operators u.()\) are
bounded for almost every A € 69. We note again @;1(A) and aa(\) the vector-
valued functions images respectively of Py“u; and Fj°us by the unitary trans-
formation H{¢ — f&o @ hrdA. This unitarity implies that

(P§cur,ug) = f&O (@1(N),@2(N)), dX. In particular, there holds in our case for
any Borel set A

(o) = ) = [ (2SO =) (). 22, )

_ /&m ((50) = w2 ()@ (), w())_dx

A

As this holds for any Borel set A, we obtain by comparison with the precedent
relation for almost every A € &g

((SO) = u& )i (V). a2() )
= —2mi ;Lr%(Ti(A + €)oo (A, €)ur, do(\, e)uz)  (155)

Since A € G, there is some set of full measure in &y on which we can write the
relation (149) in the special case p = v = A. By substituting this relation in
(155), we obtain for any uj,us € Dp and a.e. A € 69

((B() =L NN, B2(N) | = —27i (e (0, X Vi (V) B2(V)),

D is dense in Hg and S(\), uL()\) and t£ (A, X\; \) are bounded for a.e. A € &,
then we obtain by lemma (2.7)

S(A) =ul (\) = 2mit (A, A 0) (156)

In quantum physics the kernel ty (A, A\; \) is called the transfer matrix.
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