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Introdu
tionThis thesis deals with Sturm-Liouville Theory, the vast area of mathemati
al resear
hbased on the examination of se
ond-order linear ordinary di�erential equations of thekind
−(py′)′ + qy = �ry on (a, b) ⊆ ℝ (0.1)and named after J. Sturm1 and J. Liouville2. Their work in the 1830s was the beginningof a systemati
 approa
h to equations of the form (0.1) and the question of �nding thevalues of the (
omplex-valued) spe
tral parameter � for whi
h there exists a non-trivialsolution satisfying 
ertain boundary 
onditions (Sturm-Liouville problem).Today Sturm-Liouville Theory plays an important part in applied mathemati
s andespe
ially in mathemati
al physi
s, where equations of the form (0.1) (
alled Sturm-Liouville equations) o

ur very often, in parti
ular after separation of the variables inlinear partial di�erential equations. We just 
ite the wave equation or the S
hrödingerequation as examples, additional ones 
an be found in [Wei87℄.In 1837 Liouville introdu
ed a transformation (today known as Liouville transforma-tion) whi
h enables redu
ing the general Sturm-Liouville equation (0.1) to the morespe
ial and simpler one
−y′′ + q̃y = �y on (ã, b̃) ⊆ ℝ. (0.2)It is the main task of this thesis to systemati
ally dis
uss Liouville�s transformation ina rather general way, i.e. we will not only 
onsider the Liouville transformation whi
htransforms (0.1) into (0.2), but 
onsider related transformations (whi
h we also 
alla Liouville transformation) transforming (0.1) into another equation of this kind (i.e.

p, q, r and (a, b) repla
ed by p̃, q̃, r̃ and (ã, b̃)). Liouville�s original transformation isthen obtained as a spe
ial 
ase.In this thesis we examine invarian
e properties of the equation (0.1) under a Liouvilletransformation and deal with the question to whi
h extent a Liouville transformation
an be used to transform a given equation into a simpler one. We will see that a Liouvilletransformation gives rise to a unitary mapping between Hilbert spa
es and that 
ertainoperators asso
iated with Sturm-Liouville equations are unitarily equivalent via thismapping. A main result of this thesis is an inverse theorem stating su�
ient 
onditionsfor the existen
e of a Liouville transformation su
h that two 
onsidered operators areunitarily equivalent via it (
onsidered as a mapping between the asso
iated Hilbertspa
es).It should be mentioned that - 
learly - depending on the underlying situation one 
anexpe
t the fun
tions p, q an r to satisfy di�erent 
onditions. Many attempts have been1Ja
ques Sturm (1803-1855)2Joseph Liouville (1809-1882) iii



Introdu
tionmade to keep ne
essary 
onditions for mathemati
al treatment as general as possibleand going so far that the fun
tions p, q and r 
an be repla
ed by abstra
t Borel measures(see, e.g., [ET℄ and the referen
es therein). On the other hand, Liouville�s originaltransformation requires 
onsiderable restri
tions on the 
oe�
ients p, q and r for itsfeasibility. In this thesis we 
onsider the 
lassi
al right-de�nite 
ase of Sturm-LiouvilleTheory (see Se
tion 1.1 for a de�nition) and then tempt to keep additional restri
tionsfor working with the 
on
ept of a Liouville transformation as lean as possible.The 
ontents of this thesis are as follows: After giving some notations and 
ommentingsome basi
 
on
epts in the next se
tion, we give an introdu
tion into Sturm-LiouvilleTheory in Chapter 1. This in
ludes Sturm-Liouville di�erential expressions and theirrealizations in Hilbert spa
es, endpoint 
lassi�
ation and a des
ription of selfadjointrealizations via boundary 
onditions. We 
ite some results needed later on, in parti
u-lar 
on
erning spe
tral theory of selfadjoint realizations of Sturm-Liouville di�erentialexpressions (Se
tion 1.5). The following Chapter 2 is rather short. There we establish a
onne
tion between the generalized Fourier transform of Se
tion 1.5 and an in
reasing
hain of de Branges' spa
es, whi
h is of 
ourse interesting on its own, but for us mainlyserves as a preparation for the proof of the inverse result in the following 
hapter. How-ever, sin
e the assertions there 
an be shown under the weak assumptions of Chapter1 (other than the inverse result itself), this is an own 
hapter.In Chapter 3 we introdu
e the 
on
ept of a Liouville transformation and des
ribe itsbasi
 properties. We see that 
ertain operators introdu
ed in Chapter 1 are unitarilyequivalent via a Liouville transformation and formulate and prove the above mentionedinverse Theorem 3.2.1. Chapter 4 is then 
on
erned with the task of transformingSturm-Liouville equations by a Liouville transformation.Finally, we 
olle
t some important assertions 
on
erning absolutely 
ontinuous fun
-tions whi
h we essentially use in Chapter 3 and give a brief review of de Branges' theoryof Hilbert spa
es of entire fun
tions in the appendix.A
knowledgements. At this point I want to thank my thesis adviser Harald Wora
ekfor his 
onstant, helpful and kind support as well as Jonathan E
khardt for some helpfulhints.
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Notations and Basi
 Con
eptsThe real and 
omplex �elds are denoted by ℝ and ℂ, respe
tively; ℝ+ (ℝ−) denotes thepositive (negative) reals without zero, ℂ+ (ℂ−) denotes the open upper (lower) 
omplexhalf plane. ℕ denotes the natural numbers without zero, ℕ0 the natural numbers withzero in
luded. An open interval I ⊆ ℝ is denoted by (a, b), with −∞ ≤ a < b ≤ ∞;
[a, b] denotes the 
losed interval I ⊆ ℝ ∪ {−∞,+∞} whi
h in
ludes the left endpoint
a and the right endpoint b, regardless of whether these are �nite or in�nite. There is a
orresponding notation for half open intervals.For z ∈ ℂ its 
onjugate 
omplex number is denoted by z. For any 
omplex-valuedfun
tion f we denote the pointwise 
onjugate fun
tion by f . Whenever we write √

zfor some z ∈ ℂ we mean the prin
ipal bran
h of the 
omplex root (i.e. if z = rei� with
r ≥ 0 and � ∈ (−�, �], then √

z = r
1
2 ei

�

2 ), thus for z ∈ ℝ+ ∪ {0} this 
oin
ides withthe 
ommon de�nition of the square root.Let U ⊆ ℂ be open. By ℋ(U) we denote the 
lass of 
omplex-valued fun
tions de�nedand holomorphi
 on U .Byℳ((a, b);ℂ) we denote the set of 
omplex-valued Borel measurable fun
tions de�nedon (a, b).For I = (a, b) and f ∈ ℳ((a, b);ℂ) the Lebesgue integral of f - if it exists - is writtenin one of the following equivalent forms
∫

I

fd� =

∫

I

f(x)d�(x) =

∫

I

f(x)dx =

∫ b

a

f(x)dx =

∫ b

a

fdx.More general, if � is a Borel measure on I, we write
∫

I

fd� or ∫

I

f(x)d�(x)for the integral of f with respe
t to the measure � - again, this assumes that the integralexists. For J = (c, d) ⊆ (a, b) = I and f ∈ ℳ((a, b);ℂ) we write - as 
ustomary -
∫ d

c

f(x)dx instead of ∫ d

c

f
∣∣
(c,d)

(x)dx,similarly for the other representations.For p ∈ [1,∞) and a Borel measure on I = (a, b) by Lp(I;�) we denote the Bana
hspa
e (of equivalen
e 
lasses) of fun
tions f ∈ ℳ((a, b);ℂ) whose absolute value raisedto the p-th power has �nite integral, i.e.
∫

I

∣f ∣pd� <∞. v



Notations and Basi
 Con
eptsWe write ∥⋅∥Lp(I;�) for the norm in Lp(I;�). The inner produ
t of the Hilbert spa
e
L2(I;�) is denoted by (⋅, ⋅)L2(I;�). Re
all that

∥f∥Lp(I;�) =

(∫

I

∣f ∣pd�
) 1

p and (f, g)L2(I;�) =

∫

I

fgd�.A weight fun
tion w on I is a Borel measurable fun
tion w : I → ℝ satisfying w(x) > 0for almost all x ∈ I. We additionally assume that w is integrable on all 
ompa
tsubintervals [c, d] ⊆ I (i.e. w ∈ L1
loc(I), see below). If � is the Borel measure w�,where w� is given by
w�(B) =

∫

B

wd�,we write Lp(I;w) instead of Lp(I;w�) and if w ≡ 1, i.e. � = �, we only write Lp(I)or3 Lp(a, b).By Lp
loc(I;�) we denote the ve
tor spa
e of fun
tions f ∈ ℳ((a, b);ℂ) whi
h satisfy

f ∣J ∈ Lp(J ;�∣J ) for all 
ompa
t sub-intervals J ⊆ I; again, if � = w� or � = � wewrite Lp
loc(I;w) and Lp

loc(I), respe
tively.
L∞(a, b) denotes the Bana
h spa
e (of equivalen
e 
lasses) of fun
tions f ∈ ℳ((a, b);ℂ)whi
h are essentially bounded with respe
t to the Lebesgue measure, i.e. bounded upto a set of Lebesgue measure zero.Let (a, b) ⊆ ℝ and k ∈ ℕ0 ∪ {∞}. By Ck(a, b) (Ck((a, b);ℂ)) we denote the 
lass ofreal-valued (
omplex-valued) fun
tions whi
h are k-times 
ontinuously di�erentiable on
(a, b). In parti
ular C0(a, b) (C0((a, b);ℂ)) denotes the 
lass of 
ontinuous fun
tions on
(a, b), C∞(a, b) (C∞((a, b);ℂ)) denotes the 
lass of smooth fun
tions on (a, b). Ck

0 (a, b)(Ck
0 ((a, b);ℂ)) denotes the 
olle
tion of fun
tions f ∈ Ck(a, b) (f ∈ Ck((a, b);ℂ)) with
ompa
t support in (a, b).If a, b are �nite, i.e. [a, b] ⊆ ℝ is a 
ompa
t interval, by Ck[a, b] (Ck([a, b];ℂ)) we meanthe 
lass of fun
tions k-times 
ontinuously di�erentiable on [a, b], where 
ontinuityand di�erentiability at an endpoint have to be understood as one-sided 
ontinuity anddi�erentiability, respe
tively.Let [a, b] ⊆ ℝ be a 
ompa
t interval. Then AC[a, b] (Lip[a, b]) denotes the ve
tor spa
eof all 
omplex-valued and absolutely 
ontinuous (Lips
hitz 
ontinuous) fun
tions on

[a, b]. However, in this thesis more often we en
ounter the ve
tor spa
e of lo
ally abso-lutely 
ontinuous fun
tions ACloc(a, b) for some interval (a, b) ⊆ ℝ, i.e. the 
olle
tionof fun
tions f whi
h satisfy f ∣[c,d] ∈ AC[c, d] for all 
ompa
t subintervals [c, d] ⊆ (a, b).If f ∈ ACloc(a, b) then, of 
ourse, f ∈ C0((a, b);ℂ). Furthermore, it has a uniquederivative almost everywhere, whi
h we denote by f ′. We have f ′ ∈ L1
loc(a, b) and, for

c ∈ (a, b),
f(x) = f(c) +

∫ x

c

f(t)dt, x ∈ (a, b).3We should mention that in general: If F is any spa
e of fun
tions de�ned on an open interval
I = (a, b), we write F (a, b) instead of F ((a, b)) (whi
h is F (I)).vi



As for the Lp spa
es, in any normed ve
tor spa
e X the norm is denoted by ∥⋅∥X ,however, in a general Hilbert spa
e H (whi
h is not a L2 spa
e) the inner produ
t isdenoted by ⟨⋅, ⋅⟩H .Let T be a linear operator. By D(T ) we denote the domain of T , by ker T its kerneland by ranT its range. If T is a densely de�ned operator a
ting on a Hilbert spa
e,by T ∗ we denote its adjoint. For a 
losed operator T a
ting on a Bana
h spa
e X wewrite �(T ) to denote the spe
trum of T .If S is a set of ve
tors in a ve
tor spa
e, we write span(S) in order to denote the linearspan of S. If S is �nite, S = {v1, . . . , vn}, we also write span(v1, . . . , vn).Let � be a measure on (ℝ,B(ℰ)), where ℰ denotes the Eu
lidean topology and B(ℰ)the asso
iated Borel �-algebra on ℝ. By U(x) we denote the neighborhood �lter of
x ∈ ℝ (equipped with ℰ). Then we de�ne the support of � as the set

supp� = {x ∈ ℝ : ∀U ∈ U(x) ∩B(ℰ) ⇒ �(U) > 0}.One 
an show that supp� is always a 
losed subset of ℝ. If � is a Borel measure, i.e.
�(K) <∞ for all 
ompa
t K ⊆ ℝ, we have, sin
e (ℝ, ℰ) is a lo
ally 
ompa
t Hausdor�spa
e satisfying the se
ond axiom of 
ountability, �(ℝ ∖ supp�) = 0.Let f ∈ ℳ((a, b);ℂ). By U(x) we denote the neighborhood �lter of x ∈ (a, b) (equippedwith the indu
ed topology from (ℝ, ℰ)). We de�ne the support of f as the set

supp f = {x ∈ (a, b) : ∀U ∈ U(x) ∩B(ℰ) ⇒ �({x ∈ U : f(x) ∕= 0}) > 0}.One 
an show that supp f is always 
losed in (a, b). Sin
e (a, b) is a lo
ally 
ompa
tHausdor� spa
e satisfying the se
ond axiom of 
ountability, we have f = 0 in (a, b) ∖
supp f almost everywhere. Clearly, if f = g a.e., then supp f = supp g and hen
e thede�nition makes sense for f ∈ L2((a, b);w). If f is 
ontinuous on (a, b), this de�nition
oin
ides with the 
lassi
al one,

supp f = {x ∈ (a, b) : f(x) ∕= 0},where the 
losure is taken in (a, b). In general, supp f is nothing else than (a, b) ∩
supp�f , where uf is the measure given by

�f (A) =

∫

A∩(a,b)

∣f ∣d�, A ∈ B(ℰ).

vii





Chapter 1PreliminariesThis 
hapter is an introdu
tion into the basi
 notions and 
on
epts of Sturm-LiouvilleTheory and 
olle
ts some results needed later on. We mainly 
ite [Zet05℄, [Tes09℄ and[Wei03℄ as the sour
es of the results given in the �rst four se
tions; however, a
tuallythese se
tions are based on [E
k09b℄, where most of the proofs omitted here 
an befound too. Se
tion 1.5 is based on [BE05℄.1.1 Sturm-Liouville Di�erential Expressions and EquationsLet (a, b) ⊆ ℝ be any open interval, �nite or in�nite, and (p, q, r) be a tuple of fun
tionsde�ned on (a, b) and satisfying
⎧
⎨
⎩

(i) p, q, r : (a, b) → ℝ

(ii) p−1, q, r ∈ L1
loc(a, b)

(iii) r(x) > 0 for almost all x ∈ (a, b).

(1.1.1)We then 
all (p, q, r) a tuple of Sturm-Liouville 
oe�
ients (SL 
oe�
ients).We de�ne the asso
iated Sturm-Liouville di�erential expression (SL di�erential expres-sion) � = �(p, q, r) by
D(�) = {u ∈ ACloc(a, b) : pu

′ ∈ ACloc(a, b)},

�u =
1

r

[
− (pu′)′ + qu

]
, u ∈ D(�).Note that D(�) is the maximal fun
tion spa
e su
h that this di�erential expression iswell-de�ned on D(�). Furthermore, note that r�u ∈ L1

loc(a, b) for all u ∈ D(�).We will 
onsider equations of the kind
(� − �)u = �u− �u = f, (1.1.2)where f is a 
omplex-valued fun
tion on (a, b) and � ∈ ℂ. By a solution of (1.1.2)we mean a fun
tion u ∈ D(�) ful�lling (1.1.2) a.e. on (a, b). Sin
e r > 0 a.e., this isequivalent to

−(pu′)′(x) + (q(x)− �r(x)) u(x) = r(x)f(x) for almost all x ∈ (a, b). 1



Chapter 1. PreliminariesIn parti
ular, for f ≡ 0 we obtain the equation
(� − �)u = 0 or �u = �u,whi
h is equivalent to
−(pu′)′ + qu = �ru on (a, b). (1.1.3)We 
all equation (1.1.3) the asso
iated1 Sturm-Liouville equation (SL equation) withspe
tral parameter � ∈ ℂ.Let us say some words on the 
onditions (1.1.1). The se
ond 
ondition guarantees that,for ea
h � ∈ ℂ, the equation (1.1.3) together with some initial 
onditions has a uniquesolution - see Theorem 1.1.1 and Corollary 1.1.2, respe
tively. In fa
t, this 
onditionis ne
essary for Theorem 1.1.1 or Corollary 1.1.2 to hold (see [Zet05℄, Theorem 2.2.2).The third 
ondition is 
ru
ial sin
e it allows applying Hilbert spa
e theory in the Hilbertspa
e L2((a, b); r) to study Sturm-Liouville problems, i.e. the question of �nding thevalues of � for whi
h there exists a non-trivial solution of (1.1.3) satisfying 
ertainboundary 
onditions. Now, due to the �rst 
ondition, the linear operators appearingthere are self-adjoint (see below).Hen
e, 
onditions (1.1.1) are usually 
onsidered as the standard minimal 
onditions on

(p, q, r), leading to standard Sturm-Liouville Theory of so 
alled right-de�nite problems.In this thesis we do not 
onsider the �non-standard� 
ase where r is allowed to 
hangesign, leading to so 
alled left-de�nite problems (see [Zet05℄, Chapter 5 and Chapter 12,for an introdu
tion) and always assume a tuple of SL 
oe�
ients to satisfy (1.1.1). InChapter 3 and Chapter 4 we will tighten these 
onditions.Obviously, � is a linear di�erential expression. Sin
e its 
oe�
ients are real-valued, itis a real di�erential expression, by whi
h we mean that
u ∈ D(�) ⇒ u ∈ D(�) and then �u = �u.In general, the �rst derivative u′ of a fun
tion u ∈ D(�) only satis�es u′ ∈ L1

loc(a, b),whereas pu′ satis�es pu′ ∈ ACloc(a, b) - we refer to pu′ as the �rst quasi-derivative of
u. Note that therefore equation (1.1.3) 
annot be written as

−pu′′ − p′u′ + qu = �ru.Nevertheless, we want to speak of (1.1.3) as a se
ond-order linear ordinary di�erentialequation.Con
erning existen
e and uniqueness of solutions of (1.1.2) and (1.1.3) we have thefollowing results.Theorem 1.1.1 ([Zet05℄, Theorem 2.2.1 together with Theorem 2.5.2, [Tes09℄, Theo-rem 9.1, [Wei03℄, Corollary 13.3). Let f : (a, b) → ℂ su
h that rf ∈ L1
loc(a, b). Thenfor arbitrary � ∈ ℂ, c ∈ (a, b) and d1, d2 ∈ ℂ the initial value problem

(� − �)u = f together with u(c) = d1, (pu
′)(c) = d21asso
iated with (p, q, r)2



1.1. Sturm-Liouville Di�erential Expressions and Equationshas a unique solution u(⋅, �). For ea
h x ∈ (a, b) we have that � 7→ u(x, �) and
� 7→ (pu′)(x, �) are entire fun
tions, i.e. u(x, ⋅), (pu′)(x, ⋅) ∈ ℋ(ℂ). Moreover, if f isreal-valued and d1, d2 ∈ ℝ, then u(x, �) ∈ ℝ for all x ∈ (a, b) and � ∈ ℝ.Note that in Theorem 1.1.1 the assumption rf ∈ L1

loc(a, b) is ne
essary sin
e we have
r(� − �)u ∈ L1

loc(a, b) for all u ∈ D(�).Corollary 1.1.2. For arbitrary � ∈ ℂ, c ∈ (a, b) and d1, d2 ∈ ℂ there is a uniquesolution u(⋅, �) of the initial value problem
−(pu′)′ + qu = �ru together with u(c) = d1, (pu

′)(c) = d2.For ea
h x ∈ (a, b) we have u(x, ⋅), (pu′)(x, ⋅) ∈ ℋ(ℂ). If d1, d2 ∈ ℝ, then u(x, �) ∈ ℝfor all x ∈ (a, b) and � ∈ ℝ.Corollary 1.1.3. For ea
h � ∈ ℂ the solution spa
e of (� − �)u = 0 is two-dimensional.Suppose that in addition to (1.1.1) we have p−1∣(a,c), q∣(a,c), r∣(a,c) ∈ L1(a, c) for some(and hen
e for all) c ∈ (a, b). Then we say that � is regular at a or that a is a regularendpoint (for �). Otherwise, we say that � is singular at a or that a is a singularendpoint (for �). Analogously we de�ne regular/singular for the endpoint b and saythat � is regular if it is regular at a and regular at b. The SL di�erential expression �is said to be singular whenever it is not regular.Remark 1.1.4. Note that this 
lassi�
ation of an endpoint as a regular or singularendpoint does not depend on whether it is a �nite or in�nite endpoint - unlike in mu
hof the literature (see [Zet05℄, Remark 2.3.1).Solutions and their �rst quasi-derivatives 
an be 
ontinuously extended to a regularendpoint.Proposition 1.1.5 ([Zet05℄, Theorem 2.3.1). Let a be a regular endpoint and f :
(a, b) → ℂ su
h that (rf)∣(a,c) ∈ L1(a, c) for some c ∈ (a, b). Then for any solution
u(⋅, �) of (1.1.2) the limits

u(a, �) := lim
x→a+

u(x, �) and (pu′)(a, �) := lim
x→a+

(pu′)(x, �) (1.1.4)both exist and are �nite. Corresponding assertions hold for the endpoint b.Sometimes it is quite useful to 
onsider � only on a subinterval of (a, b). For �, � ∈ [a, b],
� < �, by � ∣(�,�) we mean the SL di�erential expression whi
h is asso
iated with
(p∣(�,�), q∣(�,�), r∣(�,�)). If �, � ∈ (a, b), then, of 
ourse, � ∣(�,b) is regular at �, � ∣(a,�) isregular at � and � ∣(�,�) is regular. 3



Chapter 1. PreliminariesFor u, v ∈ D(�) we de�ne the (modi�ed) Wronskian W (u, v) : (a, b) → ℂ by
W (u, v)(x) =

u(x) v(x)
(pu′)(x) (pv′)(x)

= u(x)(pv′)(x)− (pu′)(x)v(x).The following properties are easy to prove.Proposition 1.1.6.- Let u, v ∈ D(�). Then W (u, v) ∈ ACloc(a, b) and
W (u, v)′ = r(v�u− u�v). (1.1.5)- W (⋅, ⋅) is linear in both arguments.- W (⋅, ⋅) is skew-symmetri
, i.e. W (u, v) = −W (v, u) for u, v ∈ D(�).- W (u, v) =W (u, v) for all u, v ∈ D(�).- Let � ∈ ℂ. If both u and v are solutions of (� −�)u = 0, then W (u, v) is 
onstantand one has

W (u, v) ≡ 0 ⇔ u and v are linearly dependent.Let � ∈ ℂ and u, v be two linearly independent solutions of (� − �)u = 0. We then
all {u, v} a fundamental system of the equation (� − �)u = 0. By Corollary 1.1.3 anyfundamental system of (� − �)u = 0 is a basis of the solution spa
e of (� − �)u = 0.From Theorem 1.1.1 and Proposition 1.1.6 we have the following 
orollary.Corollary 1.1.7. For arbitrary � ∈ ℂ and c ∈ (a, b) there exists a fundamentalsystem {u, v} of the equation (� − �)u = 0 satisfying W (u, v) ≡ 1. If � ∈ ℝ, then thisfundamental system 
an be 
hosen to be real, i.e. u and v are real-valued.Fundamental systems 
an be used to gain a representation of solutions of the inhomo-geneous equation (� − �)u = f . The following proposition is the key for 
omputingresolvents of selfadjoint realizations of � .Proposition 1.1.8 ([Tes09℄, Lemma 9.2, [Wei03℄, Se
tion 13.1). Let � ∈ ℂ and {u, v}be a fundamental system of (� − �)u = 0. Let c ∈ (a, b), d1, d2 ∈ ℂ and f : (a, b) → ℂsu
h that rf ∈ L1
loc(a, b). Then there exist c1, c2 ∈ ℂ su
h that the solution y of
(� − �)u = f together with u(c) = d1, (pu

′)(c) = d2is given by
y(x) = c1u(x) + c2v(x) +

∫ x

c

u(x)v(t) − v(x)u(t)

W (u, v)(c)
f(t)r(t)dt.Finally, we want to show that the initial value problem at a regular endpoint 
an besolved.4



1.2. Operator TheoryTheorem 1.1.9. Assume that a is a regular endpoint and let f : (a, b) → ℂ su
hthat rf ∈ L1(a, c) for all c ∈ (a, b). Then for arbitrary �, d1, d2 ∈ ℂ the initial valueproblem
(� − �)u = f together with u(a) = d1, (pu

′)(a) = d2,where u(a) and (pu′)(a) have to be understood as in (1.1.4), has a unique solution
u(⋅, �). For ea
h x ∈ [a, b) we have that � 7→ u(x, �) and � 7→ (pu′)(x, �) are entirefun
tions, i.e. u(x, ⋅), (pu′)(x, ⋅) ∈ ℋ(ℂ). Again, if f is real-valued and d1, d2 ∈ ℝ,then u(x, �) ∈ ℝ for all x ∈ [a, b) and � ∈ ℝ. Corresponding assertions hold for theendpoint b.Proof. Let, a

ording to Corollary 1.1.7, {v,w} be a fundamental system of (� −
�)u = 0 with W (v,w) ≡ 1 and whi
h is real if � ∈ ℝ. By Proposition 1.1.5 thelimits v(a), (pv′)(a), w(a) and (pv′)(a) all exist and are �nite, where the ℂ2-ve
tors
(v(a), (pv′)(a)) and (w(a), (pw′)(a)) are linearly independent sin
e otherwise we had

0 = v(a)(pw′)(a)− (pv′)(a)w(a) = lim
x→a+

W (v,w)(x) = 1.Thus, given any solution û of (� − �)u = f (whi
h we assume to be real-valued if
� ∈ ℝ and f is real-valued), a solution u satisfying the initial 
onditions is given by
u = c1v + c2w + û for 
ertain c1, c2 ∈ ℂ. In order to see that u is unique, assumethat u1, u2 are two solutions of (� − �)u = f satisfying the same initial 
onditionsat a. Then u1 − u2 is a solution of the homogenous equation (� − �)u = 0 satisfying
(u1 − u2)(a) = (pu′1 − pu′2)(a) = 0. By Proposition 1.1.6 we infer that u1 − u2 and anyother solution of (� − �)u = 0 are linearly dependent and hen
e that u1 − u2 ≡ 0. Theother assertions are 
lear (
ompare Theorem 1.1.1). □Corollary 1.1.10. Assume that a is a regular endpoint. For arbitrary �, d1, d2 ∈ ℂthere is a unique solution u(⋅, �) of the initial value problem

−(pu′)′ + qu = �ru together with u(a) = d1, (pu
′)(a) = d2.For ea
h x ∈ [a, b) we have u(x, ⋅), (pu′)(x, ⋅) ∈ ℋ(ℂ). If d1, d2 ∈ ℝ, then u(x, �) ∈ ℝfor all x ∈ [a, b) and � ∈ ℝ. Corresponding assertions hold for the endpoint b.Remark 1.1.11. It is easy to see that all assertions of Corollary 1.1.10 hold true ifthe initial values d1, d2 ∈ ℂ are repla
ed by entire fun
tions with argument �, i.e. one
onsiders the initial value problem −(pu′)′ + qu = �ru together with u(a, �) = d1(�)and (pu′)(a, �) = d2(�) for d1, d2 ∈ ℋ(ℂ).1.2 Operator TheoryWe want to 
onsider SL di�erential expressions as operators in appropriate Hilbertspa
es. To this end let (p, q, r) be a tuple of SL 
oe�
ients de�ned on (a, b) ⊆ ℝ. TheHilbert spa
e L2((a, b); r) turns out to be appropriate. 5



Chapter 1. PreliminariesWe de�ne the asso
iated2 maximal operator
Tmax = Tmax(p, q, r) : D(Tmax) ⊆ L2((a, b); r) → L2((a, b); r) by

D(Tmax) = {u ∈ D(�(p, q, r)) : u, �u ∈ L2((a, b); r)},
Tmaxu = �(p, q, r)u, u ∈ D(Tmax),and the asso
iated preminimal operator T0 = T0(p, q, r) : D(T0) ⊆ L2((a, b); r) →

L2((a, b); r) by
D(T0) = {u ∈ D(Tmax(p, q, r)) : suppu is 
ompa
t in (a, b)},
T0u = �(p, q, r)u, u ∈ D(T0).Clearly, we have

u ∈ D(Tmax) ⇒ u ∈ D(Tmax) and then Tmaxu = Tmaxu.A 
orresponding assertion holds for T0.We want to use the following 
onvenient notation: A fun
tion u ∈ ℳ((a, b);ℂ) is saidto lie in L2((a, b); r) at a if for every c ∈ (a, b) the restri
tion of u to (a, c), u∣(a,c), isin L2((a, c); r∣(a,c)). A fun
tion u ∈ D(�(p, q, r)) is said to lie in D(Tmax) at a if u and
�(p, q, r)u lie in L2((a, b); r) at a. There is a 
orresponding notation for the endpoint
b. Clearly, we have u ∈ L2((a, b); r) if and only if u lies in L2((a, b); r) at a and at band u ∈ D(Tmax) if and only if u lies in D(Tmax) at a and at b.Lemma 1.2.1.- For any u, v ∈ D(�(p, q, r)) and �, � ∈ (a, b), � < �, we have the Lagrangeidentity

∫ �

�

(v�u− u�v) rdx =W (u, v)(�)−W (u, v)(�). (1.2.1)- If u and v lie in D(Tmax) at a, then the limit
W (u, v)(a) := lim

�→a+
W (u, v)(�)exists and is �nite. A 
orresponding assertion holds for the endpoint b.- If u, v ∈ D(Tmax), then

(Tmaxu, v)L2((a,b);r) − (u, Tmaxv)L2((a,b);r) =W (u, v)(b)−W (u, v)(a).Proof.- This is due to (1.1.5).2asso
iated with (p, q, r) or with � (p, q, r)6



1.2. Operator Theory- If u and v lie in D(Tmax) at a, then in (1.2.1) the limit for �→ a+ exists and is�nite. Hen
e, the limit of the assertion exists and is �nite.- This 
an be 
on
luded from the previous points.
□Now we may de�ne the asso
iated minimal operator Tmin = Tmin(p, q, r) : D(Tmin) ⊆

L2((a, b); r) → L2((a, b); r) by
D(Tmin) = {u ∈ D(Tmax(p, q, r)) : W (u, v)(a) =W (u, v)(b) = 0, v ∈ D(Tmax(p, q, r))}and

Tminu = �(p, q, r)u u ∈ D(Tmin).We have the following theorem linking T0, Tmin and Tmax.Theorem 1.2.2 ([Tes09℄, Lemma 9.4). The preminimal operator T0 is densely de�ned,its adjoint is Tmax and its 
losure is given by Tmin.Note that it is by no means 
lear that T0 is densely de�ned (whi
h implies that Tminand Tmax are densely de�ned) sin
e in general we do not have C∞
0 ((a, b);ℂ) ⊆ D(T0)(
ompare Se
tion 4.2).Also note that, sin
e Tmin is the 
losure of T0, we have

u ∈ D(Tmin) ⇒ u ∈ D(Tmin) and then Tminu = Tminu.We want to summarize:Corollary 1.2.3.- The preminimal operator T0 is densely de�ned and symmetri
.- The minimal operator Tmin is densely de�ned, 
losed and symmetri
.- The maximal operator Tmax is densely de�ned and 
losed.- We have
T0 ⊆ Tmin ⊆ Tmax, Tmin = T0, T ∗

0 = T ∗
min = Tmax, T ∗

max = Tmin.The following theorem yields the existen
e of selfadjoint extensions of Tmin.Theorem 1.2.4 ([Zet05℄, Se
tion 10.4, [Wei03℄, Theorem 13.10). The minimal oper-ator Tmin has equal de�
ien
y indi
es3 n := n+ = n− with 0 ≤ n ≤ 2.Clearly, any selfadjoint extension S of Tmin satis�es Tmin ⊆ S ⊆ Tmax.3(n+, n−) = (dimker(T ∗
min + i),dimker(T ∗

min − i)) = (dimker(Tmax + i),dimker(Tmax − i)) 7



Chapter 1. PreliminariesLater on we will need the following assertions.Lemma 1.2.5 ([Zet05℄, Lemma 10.4.3). Assume that a is a regular endpoint. Then,for any f ∈ D(Tmax), the limits
f(a) := lim

x→a+
f(x) and (pf ′)(a) := lim

x→a+
(pf ′)(x) (1.2.2)both exist and are �nite. A 
orresponding assertion holds for the endpoint b.Remark 1.2.6.- The assertion of Lemma 1.2.5 holds true if instead of f ∈ D(Tmax) we onlyassume that f lies in D(Tmax) at a.- Lemma 1.2.5 implies that for f, g ∈ D(Tmax) (for f and g whi
h lie in D(Tmax)at a) the limit W (f, g)(a) is given by f(a)(pg′)(a)− (pf ′)(a)g(a).- If, in addition, a is a �nite endpoint, we even have4 f, pf ′ ∈ AC[a, c] for every

c ∈ (a, b): Sin
e f ∈ D(Tmax) (f lies in D(Tmax) at a), we have �f ∣(a,c) ∈
L2((a, c); r∣(a,c)). The measure r� is �nite on (a, c), thus we also have �f ∣(a,c) ∈
L1((a, c); r∣(a,c)). However, this just means (−(pf ′)′ + qf)∣(a,c) ∈ L1(a, c). Wehave q∣(a,c) ∈ L1(a, c) and ∣f(x)∣ < C, x ∈ (a, c), for some C ∈ ℝ+, implyingthat (pf ′)′∣(a,c) ∈ L1(a, c) and hen
e pf ′ ∈ AC[a, c]. We also have p−1∣(a,c) ∈
L1(a, c) and ∣(pf ′)(x)∣ < C, x ∈ (a, c), for some C ∈ ℝ+, implying that f ′∣(a,c) =
p−1pf ′∣(a,c) ∈ L1(a, c) and hen
e f ∈ AC[a, c].Clearly, if a and b are both regular and �nite, these arguments 
an be adapted toyield f, pf ′ ∈ AC[a, b].Corresponding assertions hold for the endpoint b.Lemma 1.2.7 ([Zet05℄, Lemma 10.4.4). Assume that a and b are both regular end-points, i.e. � is regular. Then for any d1, d2, e1, e2 there exists a fun
tion g ∈ D(Tmax)su
h that

g(a) = d1, (pg′)(a) = d2, g(b) = e1, (pg′)(b) = e2,whereas this has to be understood as in (1.2.2). Furthermore, for f ∈ D(Tmax) we have
f ∈ D(Tmin) if and only if f(a) = (pf ′)(a) = f(b) = (pf ′)(b) = 0.Lemma 1.2.8. Let fa ∈ D(�) be lying in D(Tmax) at a and fb ∈ D(�) be lying in
D(Tmax) at b. Then there exists f ∈ D(Tmax) equaling fa near a and fb near b.Proof. Let �, � ∈ (a, b), � < �, su
h that

fa
∣∣
(a,�)

, �fa
∣∣
(a,�)

∈ L2((a, �); r∣(a,�))4To be pre
ise: With this we mean that f and pf ′, respe
tively, restri
ted to (a, c] and extended to
[a, c] by (1.2.2) is in AC[a, c].8



1.3. Endpoint Classi�
ationand
fb
∣∣
(�,b)

, �fb
∣∣
(�,b)

∈ L2((�, b); r∣(�,b)).A

ording to Lemma 1.2.8, there exists a fun
tion g ∈ D(Tmax(p∣(�,�), q∣(�,�), r∣(�,�)))satisfying5
g(�) = fa(�), (pg′)(�) = (pf ′a)(�), g(�) = fb(�), (pg′)(�) = (pf ′b)(�).Clearly, g, � ∣(�,�)g ∈ L2((�, �); r∣(�,�)) and by Remark 1.2.6 we have g, pg′ ∈ AC[�, �].De�ne f : (a, b) → ℂ by

f(x) =

⎧
⎨
⎩

fa(x), x ≤ �,

g(x), � < x < �,

fb(x), � ≤ x.Then it is easy to 
he
k that f, pf ′ ∈ ACloc(a, b) and f, �f ∈ L2((a, b); r) meaning that
f ∈ D(Tmax). □1.3 Endpoint Classi�
ationTheorem 1.3.1 (Weyl's alternative) ([Zet05℄, Theorem 7.2.2, [Wei03℄, Theorem13.18). For any SL di�erential expression � = �(p, q, r) de�ned on (a, b) ⊆ ℝ it holdsthat either(i) for every � ∈ ℂ all solutions of (� − �)u = 0 lie in L2((a, b); r) at aor(ii) for every � ∈ ℂ there exists at least one solution of (� − �)u = 0 whi
h does notlie in L2((a, b); r) at a.A 
orresponding assertion holds for the endpoint b.If the 
ase (i) is a

urate in Theorem 1.3.1, we say that a is in the limit-
ir
le 
ase orthat a is limit-
ir
le (for �). Otherwise, i.e. if the 
ase (ii) is a

urate, we say that
a is in the limit-point 
ase or that a is limit-point (for �). There is a 
orrespondingnotation for the endpoint b.Proposition 1.3.2. If a is a regular endpoint for � , then a is limit-
ir
le for � . A
orresponding assertion holds for the endpoint b.Proof. If a is a regular endpoint for � , � ∈ ℂ and u a solution of (� − �)u = 0,then by Proposition 1.1.5 the limit u(x) as x → a+ exists and is �nite. In parti
ular,for c ∈ (a, b) we have

∣u(x)∣ < C, x ∈ (a, c),5pg′ should rather be written as p∣(�,�)g
′. 9



Chapter 1. Preliminariesfor some 
onstant C ∈ ℝ+ (depending on c) and hen
e
∫ c

a

∣u∣2rdx < C2
∥∥r
∣∣
(a,c)

∥∥
L1(a,c)

<∞.

□Proposition 1.3.3 ([Zet05℄, Lemma 10.4.1). The endpoint a is limit-point for � ifand only if W (u, v)(a) = 0 for all u, v ∈ D(Tmax(p, q, r)). Hen
e, the endpoint a islimit-
ir
le if and only if there exists u ∈ D(Tmax(p, q, r)) su
h that W (u, v)(a) ∕= 0 forsome v ∈ D(Tmax(p, q, r)). A 
orresponding assertion holds for the endpoint b.Note that if W (u, v)(a) ∕= 0, then W (Re u, v)(a) ∕= 0 or W (Imu, v)(a) ∕= 0. Clearly, wehave Reu, Im u ∈ D(Tmax) and W (Reu,Re u) =W (Reu,Re u) = 0 and
W (Imu, Imu) =W (Imu, Im u) = 0. Hen
e, we 
an state Proposition 1.3.3 as follows:Corollary 1.3.4. The endpoint a is limit-
ir
le for � if and only if there exists
u ∈ D(Tmax(p, q, r)) su
h that W (u, u)(a) = 0 and W (u, v)(a) ∕= 0 for some v ∈
D(Tmax(p, q, r)). A 
orresponding assertion holds for the endpoint b.1.4 Selfadjoint RealizationsWe have already seen in Se
tion 1.2 that there exist selfadjoint extensions of Tmin or,equivalently, selfadjoint restri
tions of Tmax. These are pre
isely the n-dimensional,symmetri
 extensions of Tmin or the n-dimensional, symmetri
 restri
tions of Tmax if
Tmin has equal de�
ien
y indi
es (n, n) (
ompare Theorem 1.2.4 and see [Wei00℄, The-orem 10.10). We want to 
all su
h a selfadjoint extension and restri
tion, respe
tively,a selfadjoint realization (of � = �(p, q, r)).We need the following notation: We say that v ∈ D(Tmax) satis�es (1.4.1) if

W (v, v)(a) = 0 and W (ℎ, v)(a) ∕= 0 for some ℎ ∈ D(Tmax). (1.4.1)Correspondingly, we say that v ∈ D(Tmax) satis�es (1.4.2) if
W (v, v)(b) = 0 and W (ℎ, v)(b) ∕= 0 for some ℎ ∈ D(Tmax). (1.4.2)By Corollary 1.3.4 we see that the endpoint a is in the limit-
ir
le 
ase for � if and onlyif there exists v ∈ D(Tmax) satisfying (1.4.1) - similarly for the endpoint b.Proposition 1.4.1.- For all f1, f2, f3, f4 ∈ D(�) we have the Plü
ker identity
W (f1, f2)W (f3, f4) +W (f1, f3)W (f4, f2) +W (f1, f4)W (f2, f3) ≡ 0 (1.4.3)on (a, b).10



1.4. Selfadjoint Realizations- Let v ∈ D(Tmax) be satisfying (1.4.1). For f lying in D(Tmax) at a we have
W (f, v)(a) = 0 ⇔ W (f, v)(a) = 0 (1.4.4)and for f and g lying in D(Tmax) at a we have

W (f, v)(a) =W (g, v)(a) = 0 ⇒ W (f, g)(a) = 0. (1.4.5)Corresponding assertions hold for the endpoint b.Proof.- A 
al
ulation shows that the left side of (1.4.3) equals the determinant
1

2

∣∣∣∣∣∣∣∣

f1 f2 f3 f4
pf ′1 pf ′2 pf ′3 pf ′4
f1 f2 f3 f4
pf ′1 pf ′2 pf ′3 pf ′4

∣∣∣∣∣∣∣∣
,whi
h is obviously vanishing.- Let v ∈ D(Tmax) be satisfying (1.4.1). Then there exists ℎ ∈ D(Tmax) su
h that

W (ℎ, v)(a) ∕= 0. Choosing f1 = v, f2 = v, f3 = ℎ and f4 = ℎ in (1.4.3), one seesthat also W (ℎ, v)(a) ∕= 0. Now 
hoosing f1 = f , f2 = v, f3 = v, f4 = ℎ in (1.4.3)yields (1.4.4), 
hoosing f1 = f , f2 = g, f3 = v, f4 = ℎ yields (1.4.5).
□The next theorem gives a 
hara
terization of all selfadjoint realizations depending onendpoint 
lassi�
ation.Theorem 1.4.2 ([Zet05℄, Theorem 10.4.1, [Wei03℄, Theorem 13.19 together with The-orem 13.20).- Neither endpoint is limit-
ir
le, i.e. both endpoints are limit-point: This is the
ase if and only if n = 0. The minimal operator Tmin = Tmax itself is self-adjointand hen
e the only selfadjoint realization of � .- One endpoint is limit-
ir
le and the other one limit-point: This is the 
ase if andonly if n = 1.Let a be limit-
ir
le and b be limit-point. An operator S is a selfadjoint realizationof � if and only if there exists v ∈ D(Tmax) satisfying (1.4.1) su
h that

D(S) = {f ∈ D(Tmax) :W (f, v)(a) = 0},
Sf = �f, f ∈ D(S).Let a be limit-point and b be limit-
ir
le. An operator S is a selfadjoint realizationof � if and only if there exists v ∈ D(Tmax) satisfying (1.4.2) su
h that

D(S) = {f ∈ D(Tmax) : W (f, v)(b) = 0},
Sf = �f, f ∈ D(S). 11



Chapter 1. Preliminaries- Both endpoints are limit-
ir
le: This is the 
ase if and only if n = 2.An operator S is a selfadjoint realization of � if and only if there exist v,w ∈
D(Tmax) satisfying(i) v and w are linearly independent modulo D(Tmin), i.e. no nontrivial linear
ombination of v and w is in D(Tmin)and6(ii) W b

a(v, v) =W b
a(w,w) =W b

a(v,w) = 0su
h that
D(S) =

{
f ∈ D(Tmax) : W

b
a(f, v) =W b

a(f,w) = 0
}
, (1.4.6)

Sf = �f, f ∈ D(S).In this thesis we mainly 
onsider selfadjoint realizations with separated boundary 
on-ditions. With these we mean all selfadjoint realizations of � if pre
isely one endpoint islimit-
ir
le or, if both endpoints are limit-
ir
le, those selfadjoint realizations S whosedomain is given by
D(S) = {f ∈ D(Tmax) :W (f, v)(a) =W (f,w)(b) = 0} (1.4.7)for some v ∈ D(Tmax) satisfying (1.4.1) and some w ∈ D(Tmax) satisfying (1.4.2). Inorder to 
he
k that ea
h operator S with domain (1.4.7) and a
ting as � is indeedselfadjoint, one may simply show that (1.4.7) 
an be written in the form of (1.4.6)(or see [Wei03℄, Theorem 13.21): A

ording to Lemma 1.2.8, there exist v0 equaling vnear a and the zero fun
tion near b and w0 equaling the zero fun
tion near a and wnear b. Sin
e v and w satisfy (1.4.1) and (1.4.2), respe
tively, it is easy to prove that

v0 and w0 are linearly independent modulo D(Tmin) and that these fun
tions satisfy
W b

a(v0, v0) =W b
a(w0, w0) =W b

a(v0, w0) = 0. Clearly, we have
{f ∈ D(Tmax) : W (f, v)(a) =W (f,w)(b) = 0} =

{
f ∈ D(Tmax) : W

b
a(f, v0) =W b

a(f,w0) = 0
}
.By Proposition 1.4.1 one sees that a selfadjoint realization S with separated boundary
onditions has the property

f ∈ D(S) ⇒ f ∈ D(S) and then Sf = Sf.This does not hold true for all selfadjoint realisations7.We want to des
ribe boundary 
onditions of the formW (f, v)(a) = 0 andW (f,w)(b) =
0, respe
tively, where v,w ∈ D(Tmax) satisfy (1.4.1) or (1.4.2), also in an alternativeway. This is the 
ontent of Proposition 1.4.3 and Corollary 1.4.5.6We use W b

a(⋅, ⋅) as an abbreviation for W (⋅, ⋅)(b)−W (⋅, ⋅)(a).7Selfadjoint realizations of � (where both endpoints are limit-
ir
le) whose domain (1.4.6) 
annot bewritten in the form of (1.4.7) are 
alled selfadjoint realizations with 
oupled boundary 
onditions.12



1.4. Selfadjoint RealizationsProposition 1.4.3. Assume that the endpoint a is in the limit-
ir
le 
ase for �and let � ∈ ℝ and {
, �} be a real fundamental system of (� − �)u = 0 satisfying
W (
, �) ≡ 1.- Let v ∈ D(Tmax) be satisfying (1.4.1). Then there exists a unique � ∈ [0, �) su
hthat we have8

W (f, v)(a) = 0 ⇔W (f, cos� 
 + sin� �)(a) = 0, f ∈ D(Tmax). (1.4.8)- Conversely, given a linear 
ombination cos� 
+sin� � for some � ∈ [0, �), thereexists v ∈ D(Tmax) (whi
h is surely not unique) satisfying (1.4.1) and su
h thatwe have (1.4.8).Corresponding assertions hold for the endpoint b.Proof.- Let ℎ ∈ D(Tmax) su
h that W (ℎ, v)(a) ∕= 0. Then the Plü
ker identity (1.4.3)
W (ℎ, v)W (
, �)︸ ︷︷ ︸

≡1

+W (ℎ, 
)W (�, v) +W (ℎ, �)W (v, 
) ≡ 0yields
0 ∕=W (ℎ, v)(a) =W (ℎ, 
)(a)W (v, �)(a) −W (ℎ, �)(a)W (v, 
)(a), (1.4.9)implying that

(
W (v, �)(a),W (v, 
)(a)

)
=
(
W (v, �)(a),W (v, 
)(a)

)
∕= (0, 0).The Plü
ker identity also yields (repla
e ℎ by v in the right equation of (1.4.9))

0 =W (v, v)(a) =W (v, 
)(a)W (v, �)(a) −W (v, �)(a)W (v, 
)(a)

=W (v, 
)(a)W (v, �)(a) −W (v, 
)(a)W (v, �)(a)

= 2i Im(W (v, 
)(a)W (v, �)(a)),implying that W (v, 
)(a)W (v, �)(a) ∈ ℝ.Hen
e, we have
D

(
W (v, 
)(a)
W (v, �)(a)

)
∈ ℝ2∖

{(
0
0

)}
,where D = W (v, �)(a) if W (v, �)(a) ∕= 0 and D = W (v, 
)(a) else, and thereexist a unique � ∈ [0, �) and a unique B ∈ ℝ∖{0} su
h that

D

(
W (v, 
)(a)
W (v, �)(a)

)
= B

(
sin�

− cos�

)8Note that the assumption of a being limit-
ir
le implies that 
 and � (and hen
e also every linear
ombination) lie in D(Tmax) at a. 13



Chapter 1. Preliminariesand
(
W (v, 
)(a)
W (v, �)(a)

)
=
B

D

(
sin�

− cos�

)
.Now, for f ∈ D(Tmax) (repla
e ℎ by f in the right equation of (1.4.9))

W (f, v)(a) =W (f, 
)(a)W (v, �)(a) −W (f, �)(a)W (v, 
)(a)

=W (f, 
)(a)W (v, �)(a) −W (f, �)(a)W (v, 
)(a)

= −W (f, 
)(a)
B

D
cos�−W (f, �)(a)

B

D
sin�and hen
e (1.4.8).It remains to show that � is unique in (1.4.8). Suppose that there is �̃ ∈ [0, �)su
h that, for f ∈ D(Tmax),

W (f, cos� 
 + sin� �)(a) = 0 ⇔W (f, cos �̃ 
 + sin �̃ �)(a) = 0.By Lemma 1.2.8 there exists f0 ∈ D(Tmax) equaling cos� 
 + sin� � near a.Clearly,
W (f0, cos� 
 + sin� �)(a) =W (cos� 
 + sin� �, cos� 
 + sin� �)(a) = 0and thus (W (
, �) ≡ 1, W (
, 
) ≡W (�, �) ≡ 0)
0 =W (f0, cos �̃ 
 + sin �̃ �)(a) =W (cos� 
 + sin� �, cos �̃ 
 + sin �̃ �)(a)

= cos� sin �̃− sin� cos �̃.We 
on
lude that
(

cos �̃
sin �̃

)
=

(
cos�
sin�

)and hen
e �̃ = �.- Choose v ∈ D(Tmax) equaling cos� 
 + sin� � near a, whi
h is possible due toLemma 1.2.8. Then, 
learly, we have (1.4.8) and W (v, v)(a) = 0. Furthermore,for ℎ1 ∈ D(Tmax) equaling 
 near a we have W (ℎ1, v)(a) = sin� and for ℎ2 ∈
D(Tmax) equaling � near a we have W (ℎ2, v)(a) = − cos�, thus there 
ertainlyexists ℎ ∈ D(Tmax) with W (ℎ, v)(a) ∕= 0, and v indeed satis�es (1.4.1).

□Proposition 1.4.4. Assume that the endpoint a is regular. Then for any � ∈ ℝ thereexists a real fundamental system {
, �} of (� − �)u = 0 satisfying W (
, �) ≡ 1 and
W (f, 
)(a) = f(a), W (f, �)(a) = (pf ′)(a)for all f lying in D(Tmax) at a. A 
orresponding assertion holds for the endpoint b.14



1.5. Spe
tral TheoryProof. Let 
 be the solution of (�−�)u = 0 together with u(a) = 0 and (pu′)(a) = 1and � be the solution of (� − �)u = 0 together with u(a) = −1 and (pu′)(a) = 0, seeCorollary 1.1.10. Then {
, �} has the 
laimed properties. □Corollary 1.4.5. Assume that the endpoint a is regular.- Let v ∈ D(Tmax) be satisfying (1.4.1). Then there exists a unique � ∈ [0, �) su
hthat we have
W (f, v)(a) = 0 ⇔ f(a) cos�+ (pf ′)(a) sin� = 0, f ∈ D(Tmax). (1.4.10)- Conversely, for � ∈ [0, �) there exists v ∈ D(Tmax) (whi
h is surely not unique)satisfying (1.4.1) and su
h that we have (1.4.10).Corresponding assertions hold for the endpoint b.In parti
ular, 
hoosing � = 0 in f(a) cos� + (pf ′)(a) sin� = 0 leads to the Diri
hletboundary 
ondition f(a) = 0; 
hoosing � = �/2 leads to (pf ′)(a) = 0, whi
h is 
alledthe Neumann boundary 
ondition.1.5 Spe
tral TheoryThroughout this se
tion let � = �(p, q, r) be a SL di�erential expression de�ned on

(a, b) ⊆ ℝ.Boundary 
onditions as des
ribed in the previous se
tion lead to an extension of theinitial value problem at a regular endpoint (see Corollary 1.1.10) to the 
ase of anendpoint in the limit-
ir
le 
ase.Theorem 1.5.1 ([BE05℄, Theorem 5.1, [ESSZ97℄, Theorem 2). Assume that the end-point a is in the limit-
ir
le 
ase for � , let, for some � ∈ ℝ, {
, �} be a real fundamentalsystem of (� − �)u = 0 satisfying W (
, �) ≡ 1 and let �, � ∈ ℋ(ℂ). Then there exists aunique mapping  : (a, b) × ℂ → ℂ with the properties-  (⋅, �) is a solution of (� − �)u = 0 for every � ∈ ℂ- W ( (⋅, �), 
)(a) = �(�) and W ( (⋅, �), �)(a) = �(�) for all � ∈ ℂ-  (x, ⋅), (p ′)(x, ⋅) ∈ ℋ(ℂ) for all x ∈ (a, b).A 
orresponding assertion holds for the endpoint b.Remark 1.5.2. In the 
ase of a regular endpoint a and a 
hoi
e {
, �} as in Propo-sition 1.4.4, Theorem 1.5.1 redu
es to Corollary 1.1.10 together with Remark 1.1.11.Proposition 1.5.3 ([BE05℄, Corollary 5.1). If in the hypotheses of Theorem 1.5.1the initial value fun
tions � and � are repla
ed by real numbers, i.e. �(⋅) ≡ � ∈ ℝ and15



Chapter 1. Preliminaries
�(⋅) ≡ � ∈ ℝ, then

 (⋅, �) =  
(
⋅, �
) and (

p 
′)
(⋅, �) = (p ′)

(
⋅, �
)
, � ∈ ℂ.From now on always assume that the endpoint a is in the limit-
ir
le 
ase for � and that

S is a selfadjoint realization of � with separated boundary 
onditions. Fix some realfundamental system {
, �} of (� − �)u = 0 for some � ∈ ℝ satisfying W (
, �) ≡ 1. ByTheorem 1.4.2 and Proposition 1.4.3 there is a unique � ∈ [0, �) su
h that the domainof S is given by
D(S) = {f ∈ D(Tmax) : W (f, cos� 
 + sin� �)(a) = 0} (1.5.1)if b is limit-point, or by

D(S) = {f ∈ D(Tmax) : W (f, cos� 
 + sin� �)(a) =W (f,w)(b) = 0} (1.5.2)if b is in the limit-
ir
le 
ase too, where w ∈ D(Tmax) satis�es (1.4.2).Let, a

ording to Theorem 1.5.1, � = �(⋅, ⋅) and ' = '(⋅, ⋅) be the solutions of (�−�)u =
0, � ∈ ℂ, satisfying

W (�(⋅, �), 
)(a) = cos�, W (�(⋅, �), �)(a) = sin�,

W ('(⋅, �), 
)(a) = − sin�, W ('(⋅, �), �)(a) = cos�.
(1.5.3)We refer to � and ' as the basi
 solutions. Obviously, '(⋅, �) satis�es the boundary
ondition of S at a, i.e. W ('(⋅, �), cos � 
 + sin� �)(a) = 0, for every � ∈ ℂ.Proposition 1.5.4. The basi
 solutions � and ' have the following properties:- �(⋅, �) and '(⋅, �) lie in D(Tmax) at a for ea
h � ∈ ℂ.- For all x ∈ (a, b) and � ∈ ℂ we have

�(x, �) = �
(
x, �

) and '(x, �) = '
(
x, �

)
. (1.5.4)- For all � ∈ ℝ it holds that �(⋅, �) and '(⋅, �) are real-valued.- For all � ∈ ℂ∖ℝ it holds that �(⋅, �), (p�′)(⋅, �), '(⋅, �) and (p'′)(⋅, �) do not haveany zeros.- For ea
h x ∈ (a, b) we have �(x, ⋅), (p�′)(x, ⋅), '(x, ⋅), (p'′)(x, ⋅) ∈ ℋ(ℂ).- For all � ∈ ℂ we have

W (�(⋅, �), '(⋅, �)) ≡ 1. (1.5.5)- For all �1, �2 ∈ ℂ we have
W ('(⋅, �1), '(⋅, �2))(a) = 0. (1.5.6)16



1.5. Spe
tral TheoryProof.- This is 
lear sin
e a is assumed to be in the limit-
ir
le 
ase.- This immediately follows from Proposition 1.5.3.- This follows from Corollary 1.1.2 on examination of the proof of Theorem 1.5.1given in [ESSZ97℄.- Let � ∈ ℂ ∖ ℝ. If '(⋅, �) or (p'′)(⋅, �) had any zero, let us say c ∈ (a, b),then '(⋅, �)∣(a,c) would be an eigenfun
tion (with eigenvalue �) of the selfadjointrealization of � ∣(a,c) provided with the boundary 
ondition of S at a and theDiri
hlet or the Neumann boundary 
ondition at c. However, the spe
trum ofany selfadjoint operator is real (see, e.g., [Wei00℄, Theorem 5.14).It may be seen similarly that �(⋅, �) and (p�′)(⋅, �) do not have any zeros.- This immediately follows from Theorem 1.5.1.- This is (6.14) in [BE05℄, however, simply follows from the Plü
ker identity (1.4.3),Proposition 1.1.6 and the initial 
onditions (1.5.3).- This is (6.15) in [BE05℄.
□Theorem 1.5.5 ([BE05℄, Theorem 8.1 together with Remark 8.1). There is a uniquefun
tion m : ℂ ∖ ℝ → ℂ with the properties- m is holomorphi
 on ℂ ∖ℝ, i.e. m ∈ ℋ(ℂ ∖ℝ)- m(�) = m(�), � ∈ ℂ ∖ ℝ- The solution  =  (⋅, ⋅) of (� − �)u = 0 de�ned by

 (⋅, �) = �(⋅, �) +m(�)'(⋅, �) for � ∈ ℂ ∖ ℝsatis�es
 (⋅, �) ∈ L2((a, b); r), � ∈ ℂ ∖ℝ,and in addition, if b is in the limit-
ir
le 
ase for � too,
W ( (⋅, �), w)(b) = 0, � ∈ ℂ ∖ℝ,i.e.  (⋅, �) satis�es the boundary 
ondition of S at b for every � ∈ ℂ ∖ℝ.We refer to the fun
tion m as the Tit
hmarsh-Weyl m-fun
tion and to  as the Weylsolution (for S).Remark 1.5.6. The Tit
hmarsh-Weyl m-fun
tion is uniquely determined by the lastproperty in Theorem 1.5.5 and hen
e so is the Weyl solution  (assuming that it is ofthe form �(⋅, �) +m(�)'(⋅, �), � ∈ ℂ ∖ℝ): Assume that, for arbitrary � ∈ ℂ ∖ℝ, thereis another solution �(⋅, �) + m̃(�)'(⋅, �) with this property. Sin
e

W (�(⋅, �) +m(�)'(⋅, �), �(⋅, �) + m̃(�)'(⋅, �)) ≡ m̃(�)−m(�), 17



Chapter 1. Preliminarieswe see (
ompare Proposition 1.1.6) that m(�) ∕= m̃(�) if and only if �(⋅, �)+m(�)'(⋅, �)and �(⋅, �) + m̃(�)'(⋅, �) are linearly independent. However, if b is in the limit-point
ase, due to Corollary 1.1.3 and Theorem 1.3.1, the two solutions have to be linearlydependent a

ording to the de�nition of an endpoint in the limit-point 
ase. If b is in thelimit-
ir
le 
ase, the two solutions are linearly dependent by (1.4.5) (and Proposition1.1.6).Proposition 1.5.7 ([BE05℄, Corollary 8.1). We have
0 <

∫ b

a

∣ (x, �)∣2r(x)dx =
Imm(�)

Im�
, � ∈ ℂ ∖ ℝ.Proposition 1.5.7 implies thatm is a Nevanlinna fun
tion, with what we mean a fun
tion

m : ℂ ∖ ℝ → ℂ satisfying9
⎧
⎨
⎩

(i) m is holomorphi

(ii) m

∣∣
ℂ+ : ℂ+ → ℂ+ and m

∣∣
ℂ− : ℂ− → ℂ−

(iii) m(�) = m(�), � ∈ ℂ ∖ ℝ.As a Nevanlinna fun
tion, m has an integral representation of the following form (
om-pare [BE05℄, Se
tion 10, or [E
k09a℄, Appendix A.1, where also several referen
es toliterature 
on
erning Nevanlinna fun
tions 
an be found), where A,B ∈ ℝ with B ≥ 0,
m(�) = A+B�+

∫

ℝ

(
1

t− �
− t

1 + t2

)
d�(t), � ∈ ℂ ∖ ℝ. (1.5.7)Herein � is a uniquely determined Borel measure on ℝ satisfying

∫

ℝ

1

1 + t2
d�(t) <∞. (1.5.8)We want to 
all � the spe
tral measure of the Tit
hmarsh-Weyl m-fun
tion or (due tothe next theorem) the spe
tral measure for S.Theorem 1.5.8 ([BE05℄, Theorem 11.1 together with Corollary 11.2, Lemma 17.1).Let f ∈ L2((a, b); r) be a fun
tion with 
ompa
t support [�, �] ⊆ (a, b). De�ne a fun
tion

F by
F (t) =

∫ �

�

f(x)'(x, t)r(x)dx, t ∈ ℝ. (1.5.9)Then F ∈ L2(ℝ; �) with ∥F∥L2(ℝ;�) = ∥f∥L2((a,b);r) and the mapping U0 : D →
L2(ℝ; �) : f 7→ F , where D = {f ∈ L2((a, b); r) : f has 
ompa
t support in (a, b)},uniquely extends to a unitary mapping U : L2((a, b); r) → L2(ℝ; �).9Often one de�nes a Nevanlinna fun
tion as a holomorphi
 fun
tion m : ℂ+ → ℂ+. However, bysetting m(�) = m(�) for � ∈ ℂ− one obtains a Nevanlinna fun
tion a

ording to our notation.18



1.5. Spe
tral TheoryLet G ∈ L2(ℝ; �) be a fun
tion with 
ompa
t support [�′, �′] ⊆ ℝ. De�ne a fun
tion gby
g(x) =

∫ �′

�′

G(t)'(x, t)d�(t), x ∈ (a, b).Then g ∈ L2((a, b); r) with ∥g∥L2((a,b);r) = ∥G∥L2(ℝ;�) and the mapping V0 : D′ →
L2((a, b); r) : G 7→ g, where D′ = {G ∈ L2(ℝ; �) : G has 
ompa
t support in ℝ},uniquely extends to a unitary mapping V : L2(ℝ; �) → L2((a, b); r).The mapping V is the inverse of the mapping U (and vi
e versa) and the operator Sis unitarily equivalent to the operator of multipli
ation10 Mid in L2(ℝ; �) via U , i.e.
U(L2((a, b); r)) = D(Mid) and

S = VMidU.In parti
ular, we have
�(S) = supp �. (1.5.10)We refer to the mapping U as the generalized Fourier transform and for f ∈ L2((a, b); r)to Uf as the generalized Fourier transform of f . The mapping V is referred to as thegeneralized inverse Fourier transform.Remark 1.5.9.- Note that in the above 
onstru
tion the basi
 solutions � and ' and 
onsequentlythe Tit
hmarsh-Weyl m-fun
tion m, the Weyl solution  , the spe
tral measure �and the generalized Fourier transform U depend on the 
hoi
e of the real funda-mental system {
, �}.- One would like to have, on
e a SL di�erential expression � with a limit-
ir
leendpoint a and some selfadjoint realization S with separated boundary 
onditionsare �xed, a unique 
onstru
tion, i.e. to be able to uniquely determine these obje
ts.There seems to be no (
anoni
al) way of generally adapting the 
onstru
tion inorder to a
hieve this, however, we 
an at least adapt it in su
h a manner that

� and U (whi
h are the obje
ts of ultimate interest) are determined up to a real
onstant:Given � and S, 
hoose {
, �} as real fundamental system of (� − �0)u = 0 sat-isfying W (
, �) ≡ 1, where �0 ∈ ℝ is a priori �xed, e.g. always assume �0 = 0,and su
h that � = 0 in (1.5.1) or (1.5.2). This is always possible11 and it isstraightforward to see that any other fundamental system {
̃, �̃} of (� − �0)u = 0has the same properties if and only if it is of the form

̃ = e
, �̃ =

1

e
� + f
, e, f ∈ ℝ, e ∕= 0.10Mid denotes the operator of multipli
ation with the fun
tion id : t 7→ t, i.e. Mid : D(Mid) →

L2(ℝ; �) : G 7→ (t 7→ tG(t)), where D(Mid) = {G ∈ L2(ℝ; �) : (t 7→ tG(t)) ∈ L2(ℝ; �)}.11Given any real fundamental system {
, �} of (�−�0)u = 0 with W (
, �) ≡ 1 and � ∈ [0, �) su
h thatthe boundary 
ondition of S at a is given by W (f, cos� 
 + sin� �)(a) = 0, the real fundamental19



Chapter 1. PreliminariesNow, if the 
onstru
tion starting from {
, �} yields the basi
 solutions � and ',the Tit
hmarsh-Weyl m-fun
tion m, the Weyl solution  , the spe
tral measure �and the generalized Fourier transform U , it is easy to 
he
k that the 
orrespondingobje
ts obtained from the 
onstru
tion starting from {
̃, �̃} are given by
�̃ =

1

e
� − f', '̃ = e', m̃(⋅) = 1

e2
m(⋅) + 1

e
f, �̃ =

1

e2
� and Ũ = eU.- If we additionally assume the endpoint a to be regular, we are able to eliminatethe dependen
e on the 
hoi
e of the real fundamental system {
, �} and thus touniquely determine �, ', m,  , � and U :By Corollary 1.4.5 there is a unique � ∈ [0, �) su
h that the boundary 
onditionof S at a is given by

f(a) cos�+ (pf ′)(a) sin� = 0.Now we may uniquely determine the basi
 solutions � and ' by the initial 
ondi-tions (
ompare Corollary 1.1.10)
�(a, �) = cos�, (p�′)(a, �) = sin�,

'(a, �) = − sin�, (p'′)(a, �) = cos�,
(1.5.11)whi
h in fa
t means nothing else than 
hoosing {
, �} as in Proposition 1.4.4.The 
ase of a regular endpoint a is the 
lassi
al one for the above 
onstru
tion,whi
h is most often dealt with in the literature. There the 
onstru
tion of m,  ,

� and U always starts from the basi
 solutions determined by (1.5.11) (possiblywith some minor alterations 
on
erning signs). Also in this thesis, wheneverwe en
ounter a SL di�erential expression whi
h is regular at a and speak of thebasi
 solutions or the Tit
hmarsh-Weyl m-fun
tion, the Weyl solution, et
. ofa selfadjoint realization with separated boundary 
onditions, we mean the basi
solutions determined by (1.5.11) or the obje
ts 
onstru
ted from these. However,note that in most of the literature the endpoint a is even assumed to be �nite(
ompare Remark 1.1.4) - an assumption that we 
ertainly do not need.Remark 1.5.10. The only assumption on the SL di�erential expression � for thefeasibility of the above 
onstru
tion is that the endpoint a is in the limit-
ir
le 
ase.Unsurprisingly, the 
onstru
tion works analogously if the endpoint b is assumed to bein the limit-
ir
le 
ase for � instead. However, in this 
ase one has to make the ansatz
 (⋅, �) = �(⋅, �)−m(�)'(⋅, �)for the Weyl solution in order to obtain m being a Nevanlinna fun
tion (
ompare[Tes09℄, Se
tion 9.6, p. 211).system {
̂, �̂} given by

{
̂, �̂} =

{

{

cos� 
 + sin� �, 1
cos�

�
} if � ∕= �

2

{�,−
} if � = �
2has the 
laimed properties.20



1.5. Spe
tral TheoryGiven a SL di�erential expression � with a limit-
ir
le endpoint a and some selfadjointrealization S with separated boundary 
onditions, the following assertions hold for thebasi
 solutions, the Tit
hmarsh-Weyl m-fun
tion, et
. as 
onstru
ted above, indepen-dently of the 
hoi
e of real fundamental system {
, �} the 
onstru
tion has startedfrom.The following two lemmas will be 
ru
ial for Chapter 2.Lemma 1.5.11. Let c ∈ (a, b) and f ∈ L2((a, b); r) be a fun
tion vanishing outside of
(a, c] almost everywhere. Then the generalized Fourier transform Uf of f is given by

Uf(t) =

∫ c

a

'(x, t)f(x)r(x)dx, t ∈ ℝ. (1.5.12)Proof. First of all note that the integral is absolutely 
onvergent for every t ∈ ℝsin
e f ∈ L2((a, b); r) and '(⋅, t) lies in D(Tmax) at a (even for all t ∈ ℂ). Now 
onsiderthe sequen
e of fun
tions fn = 1[�n,c]f , n ∈ ℕ, where (�n)n∈ℕ is a sequen
e of realssatisfying �n ∈ (a, b), n ∈ ℕ, and limn∈ℕ �n = a. Then, of 
ourse, limn∈ℕ fn = f in
L2((a, b); r) and hen
e limn∈ℕ Ufn = Uf in L2(ℝ; �). However, sin
e

Ufn(t) =

∫ c

�n

'(x, t)f(x)r(x)dx, t ∈ ℝ,we see that, for every t ∈ ℝ, Ufn(t) 
onverges to ∫ c

a
'(x, t)f(x)r(x)dx as n → ∞ andinfer that Uf is given by (1.5.12). □Lemma 1.5.12 ([BE05℄, Lemma 9.3). Let c ∈ (a, b) and f ∈ L2((a, b); r) be arbitrary.Then

z 7→
∫ c

a

'(x, z)f(x)r(x)dx, z ∈ ℂ,is an entire fun
tion, i.e. in ℋ(ℂ). A 
orresponding assertion holds for the basi
solution �.For the proof of the inverse Theorem 3.2.1 in Se
tion 3.2 we will need the followinglemma.Lemma 1.5.13 ([BE05℄, Lemma 18.1). The generalized Fourier transform of the Weylsolution  (⋅, �) is given, for all � ∈ ℂ ∖ℝ, by
U (⋅, �)(t) = 1

t− �
, t ∈ ℝ.Furthermore, we will need asymptoti
 formulas for the basi
 solution '. 21



Chapter 1. PreliminariesProposition 1.5.14 ([Ben89℄, Corollary 6.2). Let, for ea
h � ∈ ℂ, u(⋅, �) be asolution of
−(py′)′ + qy = �ry on (a, b) ⊆ ℝ,where, as before, p, q and r satisfy (1.1.1), and, additionally, a is a �nite and regularendpoint. Assume that u(a, ⋅)/(pu′)(a, ⋅) (restri
ted to ℂ∖ℝ) is a Nevanlinna fun
tion.Then, for any 
onstants A,B ∈ ℂ and any x ∈ (a, b) for whi
h Au(x, �)+B(pu′)(x, �)does not vanish identi
ally in �, we have

Au(x, �) +B(pu′)(x, �) = u(a, �) exp

{∫ x

a

√
−�/(pr) rdt+ o

(√
∣�∣
)}

,unless u(a, �) vanishes for all �, in whi
h 
ase the �rst fa
tor is repla
ed by (pu′)(a, �).The estimate holds as � → ∞ in any non-real se
tor, and the error in the exponent islo
ally uniform in x ∈ (a, b).Corollary 1.5.15. For ea
h x̂, x̃ ∈ (a, b) the basi
 solution ' satis�es
lim
t→∞

√
2

t
ln

∣∣∣∣
'(x̃, it)

'(x̂, it)

∣∣∣∣ =
∫ x̃

x̂

√
r

∣p∣dx. (1.5.13)Proof. There is nothing to show when x̂ = x̃. W.l.o.g. let x̃ > x̂ (after proving theassertion for this 
ase, the assertion for the 
ase x̃ < x̂ immediately follows by reversingthe roles of x̂ and x̃).In order to apply Proposition 1.5.14, we have to show that '(x̂, ⋅)/(p'′)(x̂, ⋅) (restri
tedto ℂ ∖ ℝ) is a Nevanlinna fun
tion. To this end 
onsider the fun
tion
 ̂(⋅, �) : x 7→ '(x, �)

(p'′)(x̂, �)
, � ∈ ℂ ∖ℝ,on (a, x̂). Note that  ̂ is well-de�ned, i.e. the denominator in the fra
tion never equalszero, due to Proposition 1.5.4. Sin
e  ̂ satis�es the boundary 
ondition of S at a and

(p ̂′)(x̂, �) = 1, it equals the Weyl solution of the selfadjoint realization (whi
h willbe referred to as Ŝ) of � ∣(a,x̂) with the same boundary 
ondition as S at a and theNeumann boundary 
ondition at x̂, where we 
onsider x̂ as the initial point (
ompareRemark 1.5.10). Hen
e,
 ̂(x, �) = �̂(x, �)− m̂(�)'̂(x, �),where m̂ is the Tit
hmarsh-Weyl m-fun
tion for Ŝ and '̂ and �̂ are the basi
 solutionsof Ŝ, satisfying the initial 
onditions
�̂(x̂, �) = 0, (p�̂′)(x̂, �) = 1,

'̂(x̂, �) = −1, (p'̂′)(x̂, �) = 0,
ompare Remark 1.5.9.22



1.5. Spe
tral TheoryNow, obviously,  ̂(x̂, �) = m̂(�) and hen
e
 ̂(x̂, ⋅) = '(x̂, ⋅)

(p'′)(x̂, ⋅)

∣∣∣∣
ℂ∖ℝis indeed a Nevanlinna fun
tion.Clearly, '(x̂, ⋅) and '(x̃, ⋅) do not vanish identi
ally (by Proposition 1.5.4 they onlyhave real zeros) and thus by Proposition 1.5.14 one gets (with a = x̂, x = x̃, A = 1,

B = 0 and � = it, t > 0)
'(x̃, it) = '(x̂, it) exp

{∫ x̃

x̂

√
−it/(pr) rdx+ o

(√
t
)} as t→ ∞.This leads to

ln

∣∣∣∣
'(x̃, it)

'(x̂, it)

∣∣∣∣ =
√
t

2

∫ x̃

x̂

√
r

∣p∣dx+ o
(√

t
) as t→ ∞,whi
h shows the assertion. □We 
on
lude this se
tion with a proposition whi
h will be essential in Se
tion 3.2 too,but is also interesting on its own.Proposition 1.5.16. For ea
h x ∈ (a, b) the entire fun
tions

�(x, ⋅), (p�′)(x, ⋅), '(x, ⋅) and (p'′)(x, ⋅) (1.5.14)belong to the Cartwright 
lass12.Proof. We already know from Proposition 1.5.4 that these fun
tions are entire andprove the 
laim only for the fun
tion '(x, ⋅) where x ∈ (a, b) is arbitrary. The 
laimfor the other fun
tions may be proved similarly.Be
ause of (1.5.5), i.e. W (�(⋅, �), '(⋅, �)) ≡ 1, � ∈ ℂ, we have
1

'(x, �)2
=
�(x, �)

'(x, �)

(
(p'′)(x, �)
'(x, �)

− (p�′)(x, �)
�(x, �)

)
, � ∈ ℂ ∖ ℝ, (1.5.15)where all fra
tions are well-de�ned due to Proposition 1.5.4. In the proof of Corollary1.5.15 we have seen that

� 7→ '(x, �)

(p'′)(x, �)
, � ∈ ℂ ∖ ℝ,12An entire fun
tion f belongs to the Cartwright 
lass C (see [Lev96℄, Se
tion 16.1) if it is of exponentialtype and satis�es

∫

ℝ

ln+ ∣f(�)∣

1 + �2
d� < ∞,where ln+ is the positive part of the natural logarithm, i.e. ln+(x) = max{ln x, 0}. In parti
ular,the 
lass C 
ontains all entire fun
tions of exponential order less than one. 23



Chapter 1. Preliminariesis a Nevanlinna fun
tion. Similarly, one 
an show that
� 7→ �(x, �)

(p�′)(x, �)
, � ∈ ℂ ∖ ℝ,is a Nevanlinna fun
tion. Sin
e the re
ipro
al of a Nevanlinna fun
tion multiplied by

−1 is a Nevanlinna fun
tion too, we infer that the se
ond and the third fra
tion on theright-hand side of (1.5.15) are Nevanlinna fun
tions up to sign.Now, the fun
tion
 ̂(⋅, �) : t 7→ �(t, �) +

(
− �(x, �)

'(x, �)

)
'(t, �), t ∈ (a, x), � ∈ ℂ ∖ℝ,equals the Weyl solution of the selfadjoint realization of � ∣(a,x) with the boundary
ondition of S at a and the Diri
hlet boundary 
ondition at x (note that other thanin the proof of Corollary 1.5.15 we 
onsider a as the initial point for the 
onstru
tionof the basi
 solutions), and we infer that the �rst fra
tion on the right-hand side of(1.5.15) is a Nevanlinna fun
tion up to sign too.We 
laim that any Nevanlinna fun
tion m satis�es an estimate of the kind

∣ ±m(�)∣ ≤ C
1 + ∣�∣2
∣ Im�∣ ≤ exp

(
M

1 +
√

∣�∣
4
√

∣ Im�∣

)
, � ∈ ℂ ∖ℝ,for some 
onstants C,M ∈ ℝ+. The �rst inequality follows from the representation(1.5.7): Be
ause of, for t ∈ ℝ and � ∈ ℂ ∖ ℝ,

∣∣∣∣
1 + �t

t− �

∣∣∣∣ ≤
1

∣t− �∣ + ∣�∣ ∣t∣
∣t− �∣ ≤

1

∣ Im �∣ + ∣�∣
(
1 +

∣�∣
∣t− �∣

)
≤ ∣�∣+ 1 + ∣�∣2

∣ Im�∣ ,we have
∣m(�)∣ =

∣∣∣∣A+B�+

∫

ℝ

(
1

t− �
− t

1 + t2

)
d�(t)

∣∣∣∣

≤ ∣A∣+B∣�∣+
∫

ℝ

∣∣∣∣
1 + �t

(t− �)(1 + t2)

∣∣∣∣ d�(t)

≤ ∣A∣+B∣�∣+
(
∣�∣+ 1 + ∣�∣2

∣ Im�∣

)∫

ℝ

1

1 + t2
d�(t)

≤ C
1 + ∣�∣2
∣ Im�∣ ,where C = ∣A∣+B + 2C̃ with C̃ =

∫
ℝ
1/(1 + t2)d�(t) <∞ due to (1.5.8).The se
ond one simply follows from the elementary inequality x ≤ exp(2 4

√
x) for x ≥ 0:

C
1 + ∣�∣2
∣ Im�∣ ≤ exp

(
2

4
√
C

4
√

1 + ∣�∣2
4
√

∣ Im�∣

)
≤ exp

(
2

4
√
C
1 +

√
∣�∣

4
√

∣ Im�∣

)
, � ∈ ℂ ∖ℝ.Consequently, '(x, ⋅) satis�es

∣∣∣∣
1

'(x, �)2

∣∣∣∣ ≤ 2 exp

(
2M̃

1 +
√

∣�∣
4
√

∣ Im �∣

)
, � ∈ ℂ ∖ ℝ,24



1.5. Spe
tral Theoryand
∣'(x, �)∣ ≥ 1√

2
exp

(
−M̃ 1 +

√
∣�∣

4
√

∣ Im�∣

)
, � ∈ ℂ ∖ℝ,for some M̃ ∈ ℝ+, and a theorem by Matsaev (see [Lev96℄, Se
tion 26.4, Theorem 4)implies that '(x, ⋅) belongs to the Cartwright 
lass. □Remark 1.5.17. In the 
ase of a regular endpoint a (where the basi
 solutions � and

' are given as the solutions of the 
lassi
al initial value problem (� − �)u = 0 togetherwith (1.5.11), 
ompare Remark 1.5.9), there is an elementary proof even showing thatthe entire fun
tions in (1.5.14) are of exponential order at most 1/2 (see, e.g., [Zet05℄,Theorem 2.5.3).
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Chapter 2Asso
iated de Branges Spa
esIn this 
hapter we retain the notation of Se
tion 1.5: � = �(p, q, r) is a SL di�erentialexpression de�ned on (a, b) ⊆ ℝ where a is in the limit-
ir
le 
ase and S a selfadjointrealization with separated boundary 
onditions. By � and ' we denote the basi
 solu-tions, by � the spe
tral measure and by U : L2((a, b); r) → L2(ℝ; �) the 
orrespondinggeneralized Fourier transform 
onstru
ted as in Se
tion 1.5.2.1 Generalized Fourier Transform and its Conne
tion tode Branges Spa
esFor c ∈ (a, b) by L2((a, c); r) we denote the linear subspa
e of L2((a, b); r) 
onsistingof all fun
tions vanishing outside of (a, c] almost everywhere and by (⋅, ⋅)L2((a,c);r) theindu
ed inner produ
t (equaling (⋅, ⋅)L2((a,b);r)). Clearly, this is a 
losed subspa
e whi
his isometri
ally isomorph to L2((a, c); r∣(a,c)). For f ∈ L2((a, c); r) the generalizedFourier transform Uf of f is given by
Uf(t) =

∫ c

a

'(x, t)f(x)r(x)dx, t ∈ ℝ,
onsidered as an element of L2(ℝ; �), 
ompare Lemma 1.5.11.Now, due to Lemma 1.5.12, we may also 
onsider - for ea
h �xed c ∈ (a, b) - the lineartransformation Ûc : L
2((a, b); r) → ℋ(ℂ) : f 7→ Ûcf with Ûcf given by
Ûcf(z) =

∫ c

a

'(x, z)f(x)r(x)dx, z ∈ ℂ. (2.1.1)Obviously, Ûcf is an (a
tually natural) entire 
ontinuation of Uf , i.e. Ûcf
∣∣
ℝ
= Uf , for

f ∈ L2((a, c); r). Therefore, we have
U
∣∣
L2((a,c);r)

= (% ∘ Ûc)
∣∣
L2((a,c);r)

, (2.1.2)where % is restri
ting to ℝ. Clearly, we have Ûcf = Ûc̃f for f ∈ L2((a, c); r), c, c̃ ∈ (a, b)and c < c̃.Note that Ûcf is not ne
essarily the only entire 
ontinuation of Uf (
onsidered as anelement of L2(ℝ; �)) for f ∈ L2((a, c); r). For example, if the spe
trum of S is purelydis
rete (as it is the 
ase when both endpoints are limit-
ir
le, see, e.g., Theorem 9.10in [Tes09℄) so that supp � 
onsists of isolated points (
ompare (1.5.10)), a

ording to27



Chapter 2. Asso
iated de Branges Spa
esthe Weierstrass theorem, there exist entire fun
tions vanishing pre
isely on supp�, andtherefore an entire 
ontinuation never 
an be unique in this 
ase.Using the transformation Ûc, we now want to link the sub-Hilbert spa
e
U(L2((a, c); r)) ⊆ L2(ℝ; �) to a de Branges spa
e - see Appendix A.2 for a shortintrodu
tion into de Branges' theory of Hilbert spa
es of entire fun
tions as far as wewill need it. The ideas presented here are taken from [E
k℄, where the author himselfrefers to [Rem02℄, with the slight di�eren
e that we 
onsider general right-de�nite SLdi�erential equations, i.e. we do not assume that p = r ≡ 1.For c ∈ (a, b) 
onsider the entire fun
tion

Ec(�) = '(c, �) + i(p'′)(c, �), � ∈ ℂ,
ompare Proposition 1.5.4. Note that Ec does not have any real zero �0 be
auseotherwise both '(c, �0) and (p'′)(c, �0) would vanish (sin
e these numbers are bothreal, 
ompare Proposition 1.5.4), implying that ' would equal zero. Ec is a
tually ade Branges fun
tion.Lemma 2.1.1. Ec satis�es the inequality
∣Ec(�)∣ > ∣Ec

(
�
)
∣, � ∈ ℂ+, (2.1.3)and hen
e gives rise to a de Branges spa
e B(c). The reprodu
ing kernel Kc(⋅, ⋅) of

B(c) is given by
Kc(z, �) =

∫ c

a

'(⋅, z)'(⋅, �)r(⋅)dx =

∫ c

a

'(⋅, z)'(⋅, �)r(⋅)dx, z, � ∈ ℂ. (2.1.4)Proof. We 
laim that
Ec(�)E

#
c (z)− Ec(z)E

#
c (�)

2i(z − �)
=

∫ c

a

'(⋅, z)'(⋅, �)r(⋅)dx

=

∫ c

a

'(⋅, z)'(⋅, �)r(⋅)dx, �, z ∈ ℂ.

(2.1.5)Taking z = � ∈ ℂ+, this shows
∣Ec(�)∣ − ∣Ec

(
�
)
∣

4 Im�
=

∫ c

a

'(⋅, �)'(⋅, �)r(⋅)dx > 0and hen
e inequality (2.1.3). Be
ause of (A.2.1) the reprodu
ing kernel is then givenby (2.1.4).Let us show now (2.1.5). Sin
e '(c, z) = '(c, z) and '(c, �) = '(c, �) by (1.5.4), oneimmediately gets
Ec(�)E

#
c (z)− Ec(z)E

#
c (�)

2i(z − �)
=

1

z − �

(
'(c, z)(p'′)(c, �) − '(c, �)(p'′)(c, z)

)

=
1

z − �
W ('(⋅, z), '(⋅, �))(c).28



2.1. Generalized Fourier Transform and its Conne
tion to de Branges Spa
esUsing the Lagrange identity (1.2.1) and �'(⋅, �) = �'(⋅, �), � ∈ ℂ, we obtain
Ec(�)E

#
c (z)− Ec(z)E

#
c (�)

2i(z − �)
=

∫ c

a

'(⋅, z)'(⋅, �)r(⋅)dx +
1

z − �
W ('(⋅, z), '(⋅, �))(a),where the se
ond summand vanishes be
ause of (1.5.6). □The assertion of the next theorem is the main result of this 
hapter. Together with(2.1.2) it shows the 
onne
tion between the generalized Fourier transform and a familyof de Branges spa
es.Theorem 2.1.2. For every c ∈ (a, b) the transformation Ûc is unitary from

L2((a, c); r) onto B(c). In parti
ular, we have
B(c) =

{
Ûcf : f ∈ L2((a, c); r)

}
.Proof. For ea
h � ∈ ℝ we 
onsider the fun
tion f� ∈ L2((a, c); r) given by

f�(x) =

{
'(x, �), x ∈ (a, c],

0, x ∈ (c, b).Due to (2.1.1) and (2.1.4), we have, for z ∈ ℂ,
Ûcf�(z) =

∫ c

a

'(x, z)f�(x)r(x)dx =

∫ c

a

'(x, z)'(x, �)r(x)dx = Kc

(
�, z
)
= Kc(�, z),and hen
e Ûcf� = Kc(�, ⋅) ∈ B(c) for � ∈ ℝ. Furthermore, we have for all �1, �2 ∈ ℝ

(f�1 , f�2)L2((a,c);r) =

∫ c

a

f�1(x)f�2(x)r(x)dx =

∫ c

a

'(x, �1)'(x, �2)r(x)dx

= Kc(�1, �2) = ⟨Kc(�1, ⋅),Kc(�2, ⋅)⟩B(c),whi
h shows that Ûc is an isometry on the linear span D of all fun
tions f�, � ∈ ℝ.However, in order to show that D is dense in L2((a, c); r), 
onsider the restri
tionof S to (a, c), whi
h we refer to as Sc, with a Diri
hlet boundary 
ondition at c(i.e. Sc is the selfadjoint realization of � ∣(a,c) with the boundary 
ondition of S at
a and a Diri
hlet boundary 
ondition at c). Its eigenfun
tions are pre
isely (the s
alarmultiples of) the fun
tions '(⋅, �)∣(a,c) = f�∣(a,c), � ∈ ℝ, whi
h satisfy '(c, �) = 0.Sin
e a and c are both limit-
ir
le for � ∣(a,c), the span of the eigenfun
tions of Sc isdense in L2((a, c); r∣(a,c)) (there is an orthonormal basis of eigenfun
tions of Sc, see,e.g., Theorem 9.10 in [Tes09℄), and by applying the isometri
 isomorphism between
L2((a, c); r∣(a,c)) and L2((a, c); r) we see that D is indeed dense in L2((a, c); r).Moreover, the linear span of all transforms Ûcf� = Kc(�, ⋅), � ∈ ℝ, is dense in B(c)be
ause if ℎ ∈ B(c) su
h that

0 = ⟨ℎ,Kc(�, ⋅)⟩B(c) = ℎ(�), � ∈ ℝ, 29



Chapter 2. Asso
iated de Branges Spa
es
ℎ must vanish identi
ally be
ause of the identity theorem for holomorphi
 fun
tions.Thus, Ûc restri
ted to D uniquely extends to a unitary map V from L2((a, c); r) onto
B(c).We have to show that Ûc∣L2((a,c);r) equals V . Note that for ea
h �xed z ∈ ℂ both
f 7→ Ûcf(z) and f 7→ V f(z) are 
ontinuous on L2((a, c); r). This is 
lear for the se
ondmap sin
e V is 
ontinuous and B(c) is a reprodu
ing kernel Hilbert spa
e. For the �rstone this follows from

∣∣Ûcf1(z)− Ûcf2(z)
∣∣ =

∣∣∣∣
∫ c

a

'(x, z)(f1(x)− f2(x))r(x)dx

∣∣∣∣
≤
∥∥'(⋅, z)

∣∣
(a,c)

∥∥
L2((a,c);r∣(a,c))

∥f1 − f2∥L2((a,c);r) .Hen
e, for all f ∈ L2((a, c); r) and z ∈ ℂ we have
Ûcf(z) = lim

n→∞
Ûcfn(z) = lim

n→∞
V fn(z) = V f(z),where fn is a sequen
e of fun
tions in D 
onverging to f . □We have the following two 
orollaries.Corollary 2.1.3. For ea
h c ∈ (a, b) the de Branges spa
e B(c) is isometri
allyembedded in L2(ℝ; �), where the embedding is just restri
ting to ℝ, i.e.

∫

ℝ

∣ℎ(t)∣2d�(t) = ∥ℎ∥2B(c), ℎ ∈ B(c).Moreover, the union of the spa
es B(c), c ∈ (a, b), is dense in L2(ℝ; �), i.e.
∪

c∈(a,b)
B(c) = L2(ℝ; �), (2.1.6)where we suppress the embedding.Proof. For ea
h c ∈ (a, b) we have the following 
ommutative diagram, where

U ∣L2((a,c);r) is an isometry and Ûc∣L2((a,c);r) is unitary:PSfrag repla
ements %

Ûc

∣∣
L2((a,c);r) U

∣∣
L2((a,c);r)

L2(ℝ; �)B(c)

L2((a, c); r)This immediately shows the embedding. Sin
e
∪

c∈(a,b)
L2((a, c); r) = L2((a, b); r)30



2.1. Generalized Fourier Transform and its Conne
tion to de Branges Spa
esand U : L2((a, b); r) → L2(ℝ; �) is unitary, we have (2.1.6). □Corollary 2.1.4. If c1, c2 ∈ (a, b) with c1 < c2, then B(c1) ⊊ B(c2) (in
ludinginner produ
t).Moreover, for ea
h c ∈ (a, b) we have
∪

x∈(a,c)
B(x) = B(c) =

∩

x∈(c,b)
B(x). (2.1.7)Proof.

B(c1) = Ûc1(L
2((a, c1); r)) = Ûc2(L

2((a, c1); r)) ⊊ Ûc2(L
2((a, c2); r)) = B(c2)and

⟨g, ℎ⟩B(c1) =
((
Ûc1

∣∣
L2((a,c1);r)

)−1
g,
(
Ûc1

∣∣
L2((a,c1);r)

)−1
ℎ
)
L2((a,c1);r)

=
((
Ûc1

∣∣
L2((a,c1);r)

)−1
g,
(
Ûc1

∣∣
L2((a,c1);r)

)−1
ℎ
)
L2((a,c2);r)

=
〈
Ûc2

(
Ûc1

∣∣
L2((a,c1);r)

)−1
g, Ûc2

(
Ûc1

∣∣
L2((a,c1);r)

)−1
ℎ
〉
B(c2)

= ⟨g, ℎ⟩B(c2), g, ℎ ∈ B(c1),whi
h shows the �rst 
laim.The se
ond 
laim follows from
∪

x∈(a,c)
L2((a, x); r) = L2((a, c); r) =

∩

x∈(c,b)
L2((a, x); r).

□
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Chapter 3The Liouville TransformationWe 
onsider the SL equation
−(p1y

′)′ + q1y = �r1y on (a1, b1) ⊆ ℝ, (3.0.1)where 
ompared to the two previous 
hapters (see Se
tion 1.1) the SL 
oe�
ients1
(p1, q1, r1) 
omply with the stronger requirements

⎧
⎨
⎩

(i) p1, q1, r1 : (a1, b1) → ℝ

(ii) p1, r1 ∈ ACloc(a1, b1), q1 ∈ L1
loc(a1, b1)

(iii) p1, r1 > 0 on (a1, b1).

(3.0.2)For the treatment of the Liouville transformation (as we will introdu
e it below) these
onditions seem to be appropriate minimal 
onditions, whi
h turn out to be 
ru
ialrepeatedly. Hen
e we make the following 
onvention:Till the end of this thesis the minimal 
onditions (1.1.1) are repla
ed by the 
onditions(3.0.2), i.e. every tuple of SL 
oe�
ients (p1, q1, r1) is assumed to satisfy (3.0.2).Note that in this 
ase the domain of an asso
iated SL di�erential expression �1 =
�(p1, q1, r1) is given by D(�1) = {y ∈ ACloc(a1, b1) : y

′ ∈ ACloc(a1, b1)} sin
e one has
y′ ∈ ACloc(a1, b1) if and only if p1y′ ∈ ACloc(a1, b1) a

ording to Theorem A.1.1 andthat (p1y′)′ equals p1y′′+p′1y′. In parti
ular, note that the domain of any SL di�erentialexpression depends on its 
oe�
ients only by means of its interval of de�nition.One 
an do the transformation

y(z) = v(z)w(u(z)), (3.0.3)where u, v : (a1, b1) → ℝ are appropriate fun
tions. As we will see, this leads to a SLequation
−(p2w

′)′ + q2w = �r2w on (a2, b2) ⊆ ℝ (3.0.4)for the unknown fun
tion w su
h that y is a solution of equation (3.0.1) if and only if
w is a solution of equation (3.0.4). In this 
hapter we want to systemati
ally dis
ussthe transformation (3.0.3).1In this 
hapter we will relate equation (3.0.1) to another SL equation and hen
e the subs
ript. 33



Chapter 3. The Liouville Transformation3.1 The Liouville TransformationDefinition 3.1.1. Let (a, b) ⊆ ℝ and v and u be two fun
tions de�ned on (a, b) andsatisfying
⎧
⎨
⎩

(i) v, u : (a, b) → ℝ

(ii) v, u ∈ C1(a, b) and v′, u′ ∈ ACloc(a, b)

(iii) v ∕= 0 and u′ > 0 in (a, b).

(3.1.1)Given any 
omplex-valued fun
tion f de�ned on I ⊇ u((a, b)), by the Liouville transformof f we mean the fun
tion g de�ned by
g(x) = v(x)f(u(x)), x ∈ (a, b).For any linear fun
tion spa
e ℐ of 
omplex-valued fun
tions de�ned on I ⊇ u((a, b)) werefer to the linear map

L : ℐ ∋ f 7→ gas the Liouville transformation (belonging to v and u).Remark 3.1.2.- Sin
e u′ > 0 on (a, b), there exists a unique 
ontinuous extension of u (to whi
h wealso may refer as u sin
e we 
an identify u with this extension) to u : [−∞,∞] ⊇
[a, b] → [−∞,∞]. Then u is a stri
tly in
reasing bije
tion between (a, b) and
(u(a), u(b)) (or between [a, b] and [u(a), u(b)], respe
tively) and has an also stri
tlyin
reasing and 
ontinuously di�erentiable inverse fun
tion u−1 : (u(a), u(b)) →
(a, b) with derivative (u−1)′(x) = 1

u′(u−1(x))
. Be
ause of Theorem A.1.1 it is

(u−1)′ ∈ ACloc(u(a), u(b)).- It is easy to see that L is a bije
tion between the 
omplex-valued fun
tions de�nedon (u(a), u(b)) and those de�ned on (a, b). Theorem A.1.1 shows that its inverse
L−1 is a Liouville transformation (belonging to 1

v
∘ u−1 and u−1) as well. Thesame theorem shows that the 
omposition of two Liouville transformations is aLiouville transformation too.- Sin
e v is assumed to be real-valued, we have Lf = Lf .- If v̂ : (a, b) → ℝ, v̂ ∈ C1(a, b), v̂′ ∈ ACloc(a, b), v̂ ∕= 0 in (a, b), then (sin
e

(v̂v)′ ∈ ACloc(a, b) by Theorem A.1.1) Mv̂L, where Mv̂ is multipli
ation by v̂, isa Liouville transformation (belonging to v̂v and u). In parti
ular, cL is a Liouvilletransformation for c ∈ ℝ ∖ {0}.Now we have the following theorem linking (3.0.1) to (3.0.4).Theorem 3.1.3. Let (p1, q1, r1) be a tuple of SL 
oe�
ients de�ned on (a1, b1) ⊆
ℝ and subje
t to (3.0.2) and let �1 = �(p1, q1, r1) be the asso
iated SL di�erential34



3.1. The Liouville Transformationexpression. Let v, u : (a1, b1) → ℝ be two fun
tions satisfying (3.1.1) and L be theLiouville transformation belonging to 1
v
∘ u−1 and u−1, i.e. the inverse of the Liouvilletransformation belonging to v and u (see De�nition 3.1.1 and Remark 3.1.2).Set a2 = u(a1), b2 = u(b1) and de�ne the fun
tions p2, q2, r2 : (a2, b2) → ℝ by

p2 = (v2p1u
′) ∘ u−1, q2 =

[ v
u′
(q1v − (p1v

′)′)
]
∘ u−1, r2 =

v2r1
u′

∘ u−1. (3.1.2)Then:- (p2, q2, r2) is a tuple of SL 
oe�
ients de�ned on (a2, b2) ⊆ ℝ satisfying 
onditions(3.0.2).- Set �2 = �(p2, q2, r2). Then we have y ∈ D(�1) if and only if Ly ∈ D(�2) and
L�1y = �2Ly, y ∈ D(�1).- A fun
tion y is a solution of −(p1y

′)′ + q1y = �r1y on (a1, b1) if and only if thefun
tion w = Ly is a solution of −(p2w
′)′ + q2w = �r2w on (a2, b2).- The map L is a unitary mapping of L2((a1, b1); r1) onto L2((a2, b2); r2).- We have y ∈ D(Tmax(p1, q1, r1)) if and only if Ly ∈ D(Tmax(p2, q2, r2)) and

LTmax(p1, q1, r1)y = Tmax(p2, q2, r2)Ly, y ∈ D(Tmax(p1, q1, r1)),i.e. Tmax(p1, q1, r1) and Tmax(p2, q2, r2) are unitarily equivalent operators. Thesame assertions hold for the preminimal operators T0(p1, q1, r1) and T0(p2, q2, r2),respe
tively.Proof.- Under the assumptions for p1, q1, r1, v and u, for p2 and r2 this is an immediate
onsequen
e of Theorem A.1.1, and for q2 this immediately follows from thesubstitution rule and the fa
t that u maps 
ompa
t intervals in (a1, b1) onto
ompa
t intervals in (a2, b2).For the following let y always be a fun
tion de�ned on (a1, b1) and set w = Ly. By zwe always mean a variable in (a1, b1), whereas x denotes a variable in (a2, b2) and let
z and x be related by u(z) = x. The following relations hold:

w(x) = Ly(x) =
1

v(u−1(x))
y(u−1(x)),

y(z) = L−1w(z) = v(z)w(u(z)),

u(z) = x and z = u−1(x).- Let y ∈ D(�1) = {y ∈ ACloc(a1, b1) : y
′ ∈ ACloc(a1, b1)}. By Theorem A.1.1 wehave w ∈ ACloc(a2, b2). Now 
al
ulate

y′(z) = v′(z)w(u(z)) + v(z)w′(u(z))u′(z),

y′(u−1(x)) = v′(u−1(x))w(x) + v(u−1(x))w′(x)u′(u−1(x)). 35



Chapter 3. The Liouville TransformationRearranging (and again Theorem A.1.1) shows that w′ ∈ ACloc(a2, b2), and hen
ewe have w ∈ D(�2). If given w ∈ D(�2), then an analogous argument gives
y ∈ D(�1).Now 
al
ulate
(p1y

′)′(z) = (p1v
′(w ∘ u) + p1v(w

′ ∘ u)u′)′(z)
= (p1v

′)′(z)w(u(z)) + (p1v
′)(z)w′(u(z))u′(z) + (p1u

′)′(z)v(z)w′(u(z))

+ (p1u
′)(z)v′(z)w′(u(z)) + (p1u

′)(z)v(z)w′′(u(z))u′(z).Hen
e,
�1y(z) =

1

r1(z)
(−(p1y

′)′ + q1y)(z)

=
1

r1(z)

[
− (p1v(u

′)2)(z)w′′(u(z)) + (−2p1v
′u′ − v(p1u

′)′)(z)w′(u(z))

+ (−(p1v
′)′ + q1v)(z)w(u(z))

]and
1

v(u−1(x))
(�1y)(u

−1(x)) =
1

vr1
∘ u−1(x)

[
− (p1v(u

′)2) ∘ u−1(x) ⋅ w′′(x)

+ (−2p1v
′u′ − v(p1u

′)′) ∘ u−1(x) ⋅ w′(x)

+ (−(p1v
′)′ + q1v) ∘ u−1(x) ⋅ w(x)

]
,where the expression on the left-hand side is just L�1y(x). On the right-handside we have a general se
ond-order linear di�erential expression

a(x)w′′(x) + b(x)w′(x) + c(x)w(x),whi
h we have to rearrange as a SL di�erential expression.Setting
p̃2 = e

∫
b
a
dx, r̃2 = −p2

a
, q̃2 = −cp2

a
, (3.1.3)where ∫ b

a
dx denotes an arbitrary antiderivative of b

a
, one gets

a(x)w′′(x) + b(x)w′(x) + c(x)w(x) =
1

r̃2(x)

[
− (p̃2(x)w

′(x))′ + q̃2(x)w(x)
]
.(3.1.4)Note that the 
hoi
e (3.1.3) is ne
essary for (3.1.4) to hold for any w ∈ L(D(�1)),but (sin
e ∫ b

a
dx is unique only up to an additive 
onstant C ∈ ℝ) is unique onlyup to a multipli
ative 
onstant eC ∈ ℝ+ - see Remark 3.1.5 after the proof of thistheorem.36



3.1. The Liouville TransformationIn our 
ase we have
a =

(
− p1
r1

(u′)2
)
∘ u−1,

b =
(
− 2p1v

′u′

vr1
− (p1u

′)′

r1

)
∘ u−1,

c =
(q1
r1

− (p1v
′)′

vr1

)
∘ u−1and hen
e obtain

∫
b

a
dx =

∫
2p1v

′u′ + v(p1u
′)′

vp1(u′)2
∘ u−1(x)dx =

∣∣∣∣
x = u(z)
dx = u′(z)dz

∣∣∣∣

=

∫
2p1v

′u′ + v(p1u
′)′

vp1u′
(z)dz =

∫
2v′

v
(z)dz +

∫
(p1u

′)′

p1u′
(z)dz

= ln v2(z) + ln(p1u
′)(z) = ln(v2p1u

′)(u−1(x))as one parti
ular antiderivative of b
a
. Note that in here ln v2 and ln p1u

′ are indeedwell-de�ned and elements of ACloc(a1, b1) a

ording to Theorem A.1.1.It follows that
p̃2 = (v2p1u

′) ∘ u−1 = p2,

q̃2 =
[ v
u′
(q1v − (p1v

′)′)
]
∘ u−1 = q2,

r̃2 =
v2r1
u′

∘ u−1 = r2and
L�1y =

1

r2

[
− (p2w

′)′ + q2w
]
= �2Ly.- This is an immediate 
onsequen
e of the previous assertion.- Let y ∈ L2((a1, b1); r1). Then

∫ b2

a2

∣w(x)∣2r2(x)dx =

∫ b2

a2

∣∣∣ 1

v(u−1(x))
y(u−1(x))

∣∣∣
2
⋅ v

2r1
u′

∘ u−1(x)dx

=

∣∣∣∣
z = u−1(x)
dz = (u−1)′(x)dx

∣∣∣∣

=

∫ b1

a1

∣y(z)∣2r1(z)dz

= ∥y∥2L2((a1,b1);r1)
,where we have used that (u−1)′(x) = 1

u′(z) . Hen
e, w ∈ L2((a2, b2); r2) and
∥w∥L2((a2,b2);r2)

= ∥y∥L2((a1,b1);r1)
.If given w ∈ L2((a2, b2); r2), then the argument may be reversed to give y ∈

L2((a1, b1); r1) and hen
e L is unitary from L2((a1, b1); r1) onto L2((a2, b2); r2).37



Chapter 3. The Liouville Transformation- The assertion for the maximal operators is a 
onsequen
e of the previous pointsas D(Tmax(p1, q1, r1)) = {y ∈ L2((a1, b1); r1) : y ∈ D(�1), �1y ∈ L2((a1, b1); r1)}and Tmax(p1, q1, r1)y = �1y for y ∈ D(Tmax(p1, q1, r1)) and the same relationshold for the maximal operator and the SL di�erential expression asso
iated with
{p2, q2, r2}.The assertions for the preminimal operators follow from this by the observationthat supp y is 
ompa
t in (a1, b1) if and only if suppw is 
ompa
t in (a2, b2).

□Theorem 3.1.3 motivates the following de�nition.Definition 3.1.4. We say that the SL equation
−(p1y

′)′ + q1y = �r1y on (a1, b1) ⊆ ℝ
an be transformed into
−(p2w

′)′ + q2w = �r2w on (a2, b2) ⊆ ℝby a Liouville transformation (or by the Liouville transformation y = v ⋅ (w ∘ u)) if theSL 
oe�
ients (p1, q1, r1) and (p2, q2, r2) are related as in (3.1.2) for some fun
tions
v, u : (a1, b1) → ℝ satisfying (3.1.1). In this 
ase we write (p1, q1, r1) ∼K (p2, q2, r2).We de�ne K as the set of all tuples of SL 
oe�
ients satisfying 
onditions (3.0.2),

K = {(p, q, r) : (p, q, r) is a tuple of SL 
oe�
ients de�ned onsome interval (a, b) ⊆ ℝ and satisfying 
onditions (3.0.2)},and 
onsider ∼K as a relation on K.Remark 3.1.5.- In the proof of Theorem 3.1.3 we have seen that we have
L�(p1, q1, r1)y = �(p2, q2, r2)Lyand hen
e

−(p1y
′)′ + q1y = �r1y ⇔ −(p2w

′)′ + q2w = �r2w(y ∈ D(�1), w = Ly) not only for the SL 
oe�
ients (p2, q2, r2) given by (3.1.2),but pre
isely for those SL 
oe�
ients di�ering from these by a positive multi-pli
ative 
onstant. However, only the 
hoi
e (3.1.2) leads to a unitary mapping
L : L2((a1, b1); r1) → L2((a2, b2); r2).Note that if (p̃2, q̃2, r̃2) = (Cp2, Cq2, Cr2) for some C ∈ ℝ+, then �(p̃2, q̃2, r̃2) =
�(p2, q2, r2), but the asso
iated SL equations

−(p̃2!
′)′ + q̃2! = �r̃2!,

−(Cp2!
′)′ + Cq2! = �Cr2!

(3.1.5)38



3.1. The Liouville Transformationand
−(p2w

′)′ + q2w = �r2w (3.1.6)di�er by multipli
ation with C. However, (3.1.5) 
an be transformed into (3.1.6)by the Liouville transformation ! = 1√
C
w in terms of De�nition 3.1.4 and there-fore a SL equation 
an be transformed into (3.1.6) by a Liouville transformationif and only if it 
an be transformed into (3.1.5) by a Liouville transformation -this is due to the fa
t that transformability is an equivalen
e relation, see the nextitem of this remark.- Using Theorem A.1.1, it is easy to 
he
k that ∼K is a
tually an equivalen
e rela-tion on K.For the following we retain the notation of Theorem 3.1.3.Proposition 3.1.6. Let W 1 be the Wronskian asso
iated with �1 and W 2 be theWronskian asso
iated with �2, respe
tively. Let y, s ∈ D(�1). Then

W 2(w, t)(x) =W 1(y, s)(u−1(x)), x ∈ (a2, b2),if w = Ly and t = Ls.If y, s ∈ D(Tmax(p1, q1, r1)) (and hen
e w, t ∈ D(Tmax(p2, q2, r2))) we also have
W 2(w, t)(a2) =W 1(y, s)(a1) and W 2(w, t)(b2) =W 1(y, s)(b1).Proof. W 2(w, t)(x) = W 1(y, s)(u−1(x)) for x ∈ (a2, b2) is shown by a simple
al
ulation. For y, s ∈ D(Tmax(p1, q1, r1)) we then have

W 2(w, t)(a2) = lim
x→a+2

W 2(w, t)(x) = lim
x→a+2

W 1(y, s)(u−1(x))

= lim
z→a+1

W 1(y, s)(z) =W 1(y, s)(a1)and
W 2(w, t)(b2) = lim

x→b−2

W 2(w, t)(x) = lim
x→b−2

W 1(y, s)(u−1(x))

= lim
z→b−1

W 1(y, s)(z) =W 1(y, s)(b1).

□Corollary 3.1.7. The endpoint a1 is limit-point (limit-
ir
le) for �1 if and only if
a2 is limit-point (limit-
ir
le) for �2. Corresponding assertions hold for the rightendpoint b1. 39



Chapter 3. The Liouville TransformationProof. We use the 
riterion of Proposition 1.3.3. From Proposition 3.1.6 andTheorem 3.1.3 it follows that W 1(y, s)(a1) = 0 for all y, s ∈ D(Tmax(p1, q1, r1)) isequivalent to W 2(w, t)(a2) = 0 for all w, t ∈ D(Tmax(p2, q2, r2)). Sin
e ea
h endpointis either limit-point or limit-
ir
le, this shows the assertion. □Corollary 3.1.7 states an important invarian
e property of the Liouville transformation:Endpoints whi
h are limit-point (limit-
ir
le) are transformed into endpoints whi
hare limit-point (limit-
ir
le). Considering the de�nition of an endpoint being limit-point (limit-
ir
le) this is not all that surprising sin
e we know that the Liouvilletransformation maps solutions of �1y = �y to solutions of �2w = �w and that it is anisometri
 isomorphism between L2((a1, b1); r1) and L2((a2, b2); r2).However, there is obviously no invarian
e of endpoints 
on
erning their nature of being�nite or in�nite as, e.g., the Liouville transformation belonging to v ≡ 1 and u(z) =
tan(−�

2 + z−a1
b1−a1

�) (in the 
ase that both a1 and b1 are �nite) shows. Furthermore,there is no invarian
e of endpoints 
on
erning their nature of being regular or singularas we will see in the following example.Example 3.1.8. Consider the Bessel equation
(−z 1

2 y′(z))′ = �z
1
2 y(z) on (0, 1),where a1 = 0 and b1 = 1 are both regular endpoints sin
e the fun
tions 1

p1
: z 7→ z−

1
2and r1 : z 7→ z

1
2 are integrable on [0, 1].Applying the Liouville transformation w(x) = x

1
4 y(x), i.e. u(z) = z, v(z) = z−

1
4 , oneobtains the transformed equation

−w′′(x)− 3

16
x−2w(x) = �w(x) on (0, 1),where b2 = 1 is still a regular endpoint, but a2 = 0 is now a singular endpoint sin
e

q2 : x 7→ − 3
16x

−2 is not integrable near 0.Remark 3.1.9. Under additional assumptions one 
an guarantee that a regularendpoint is transformed into a regular endpoint: Assume that 0 < C1 < v(z) < C2 <
∞, z ∈ (a1, c), and (p1v

′)′ ∈ L1(a1, c) for some c ∈ (a1, b1) and C1, C2 ∈ ℝ. Then one
an show that, provided a1 is a regular endpoint for �1, then a2 is a regular endpointfor �2. Corresponding assertions hold for the right endpoint.Clearly, in Example 3.1.8 both of these assumptions are not satis�ed.We 
olle
t further properties of the Liouville transformation: The minimal operatorsasso
iated with �1 and �2, respe
tively, are unitarily equivalent via L too. Selfadjointrealizations of �1 (with separated boundary 
onditions) 
orrespond to selfadjoint re-alizations of �2 (with separated boundary 
onditions) su
h that - loosely speaking -asso
iated spe
tral measures 
oin
ide.40



3.1. The Liouville TransformationTheorem 3.1.10. Let (p1, q1, r1) be a tuple of SL 
oe�
ients de�ned on (a1, b1) ⊆
ℝ and subje
t to (3.0.2) and let �1 = �(p1, q1, r1) be the asso
iated SL di�erentialexpression. Let v, u : (a1, b1) → ℝ be two fun
tions satisfying (3.1.1) and L be theLiouville transformation belonging to 1

v
∘ u−1 and u−1, i.e. the inverse of the Liouvilletransformation belonging to v and u. Let a2 = u(a1) and b2 = u(b1), (p2, q2, r2) bethe tuple of SL 
oe�
ients de�ned on (a2, b2) given by (3.1.2) and �2 = �(p2, q2, r2)(
ompare Theorem 3.1.3).Then:- We have y ∈ D(Tmin(p1, q1, r1)) if and only if Ly ∈ D(Tmin(p2, q2, r2)) and hen
e

Tmin(p1, q1, r1) and Tmin(p2, q2, r2) are unitarily equivalent via L too.- Let S1 be a selfadjoint realization of �1. Then L(D(S1)) is the domain of someselfadjoint realization S2 of �2 su
h that S1 and S2 are unitarily equivalent via L.If S1 is a selfadjoint realization with separated boundary 
onditions, then S2 is aselfadjoint realization with separated boundary 
onditions too.- Assume that the endpoint a1 is limit-
ir
le for �1 (and hen
e so is a2 for �2), let
S1 be a selfadjoint realization of �1 with separated boundary 
onditions and let S2be the selfadjoint realization of �2 of the previous point. If we start with the real-valued fundamental system {
, �} in the 
onstru
tion of the spe
tral measure for
S1 (
ompare Se
tion 1.5 and Remark 1.5.9) and with {L
,L�} in the 
onstru
tionof the spe
tral measure for S2, then we obtain the same Tit
hmarsh-Weyl m-fun
tion and hen
e also the same spe
tral measure � for S1 and S2.Proof.- Re
all the de�nition of the minimal operator in Se
tion 1.2.Let y ∈ D(Tmin(p1, q1, r1)), then W 1(y, f)(a1) = 0 and W 1(y, f)(b1) = 0 for all
f ∈ D(Tmax(p1, q1, r1)).Set w = Ly, then w ∈ D(Tmax(p2, q2, r2)) a

ording to Theorem 3.1.3. Let nowbe t ∈ D(Tmax(p2, q2, r2)) arbitrary, then t = Ls for some s ∈ D(Tmax(p1, q1, r1))again a

ording to Theorem 3.1.3. Now we have (see Proposition 3.1.6)

W 2(w, t)(a2) =W 1(y, s)(a1) = 0 and W 2(w, t)(b2) =W 2(y, s)(b1) = 0and hen
e w ∈ D(Tmin(p2, q2, r2)). Given w = Ly ∈ D(Tmin(p2, q2, r2)), theargument may be reversed to get y ∈ D(Tmin(p1, q1, r1)).- We have S1 = Tmax(p1, q1, r1)∣D(S1) and LTmax(p1, q1, r1)L
−1 = Tmax(p2, q2, r2)and hen
e

LS1L
−1 = LTmax(p1, q1, r1)

∣∣
D(S1)

L−1

= LTmax(p1, q1, r1)L
−1
∣∣
L(D(S1))

= Tmax(p2, q2, r2)
∣∣
L(D(S1))and

Tmax(p2, q2, r2)
∣∣
L(D(S1))

∗
=
(
LS1L

−1
)∗

= LS∗
1L

−1

= LS1L
−1 = Tmax(p2, q2, r2)

∣∣
L(D(S1))

(3.1.7)41



Chapter 3. The Liouville Transformationin terms of linear relations, where we have used in (3.1.7) that L is a unitaryoperator and S1 a densely de�ned, selfadjoint operator (see [Wei00℄, Theorem2.43). This shows the �rst assertion with S2 = Tmax(p2, q2, r2)∣L(D(S1)).Now assume S1 to be a selfadjoint realization of �1 with separated boundary 
on-ditions so thatD(S1) = {f ∈ D(Tmax(p1, q1, r1)) : W
1(f, v)(a1) = 0} if a1 is limit-
ir
le and b1 is limit-point (D(S1) = {f ∈ D(Tmax(p1, q1, r1)) : W

1(f, u)(b1) = 0}if a1 is limit-point and b1 is limit-
ir
le) or D(S1) = {f ∈ D(Tmax(p1, q1, r1)) :
W 1(f, v)(a1) = W 1(f, u)(b1) = 0} if a1 and b1 are both limit-
ir
le, for some
v, u ∈ D(Tmax(p1, q1, r1)) ful�lling

W 1(v, v)(a1) = 0 and W 1(ℎ1, v)(a1) ∕= 0, (3.1.8)
W 1(u, u)(b1) = 0 and W 1(ℎ2, u)(b1) ∕= 0 (3.1.9)for some ℎ1, ℎ2 ∈ D(Tmax(p1, q1, r1)) - re
all Se
tion 1.4. Note that a

ording toCorollary 3.1.7 the endpoint a1(b1) is limit-point if and only if a2(b2) is limit-point.Now, by Theorem 3.1.3 and Proposition 3.1.6 we have
Lv,Lu,Lℎ1, Lℎ2 ∈ D(Tmax(p2, q2, r2)),

W 2(Lv,Lv)(a2) =W 2(Lv,Lv)(a2) =W 1(v, v)(a1) = 0,

W 2(Lℎ1, Lv)(a2) =W 2(Lℎ1, Lv)(a2) =W 1(ℎ1, v)(a1) ∕= 0,
(3.1.10)

W 2(Lu,Lu)(b2) =W 2(Lu,Lu)(b2) =W 1(u, u)(b1) = 0,

W 2(Lℎ2, Lu)(b2) =W 2(Lℎ2, Lu)(b2) =W 1(ℎ2, u)(b1) ∕= 0,
(3.1.11)

f ∈ D(Tmax(p1, q1, r1)) ⇔ Lf ∈ D(Tmax(p2, q2, r2))and
W 1(f, v)(a1) = 0 ⇔W 2(Lf,Lv)(a2) = 0, f ∈ D(Tmax(p1, q1, r1)),

W 1(f, u)(b1) = 0 ⇔W 2(Lf,Lu)(b2) = 0, f ∈ D(Tmax(p1, q1, r1)).This shows that D(S2) = L(D(S1)) = {g ∈ D(Tmax(p2, q2, r2)) :
W 2
(
g, Lv

)
(a2) = 0} if a1 is limit-
ir
le and b1 is limit-point (D(S2) = L(D(S1)) =

{g ∈ D(Tmax(p2, q2, r2)) : W 2
(
g, Lu

)
(b2) = 0} if a1 is limit-point and b1 islimit-
ir
le) or D(S2) = L(D(S1)) ={g ∈ D(Tmax(p2, q2, r2)) : W

2
(
g, Lv

)
(a2) =

W 2
(
g, Lu

)
(b2) = 0} if a1 and b1 are both limit-
ir
le, where Lv,Lu ∈

D(Tmax(p2, q2, r2)) ful�ll (3.1.10) and (3.1.11), respe
tively.- Suppose that a1 is limit-
ir
le for �1 and let S1 be a selfadjoint realization of �1with separated boundary 
onditions. We use the 
hara
terization of D(S1) asdes
ribed in Proposition 1.4.3:
f ∈ D(S1) ⇔ cos�1 W

1(f, 
)(a1) + sin�1 W
1(f, �)(a1) = 042



3.1. The Liouville Transformationand, in addition, W 1(f, u)(b1) = 0, if b1 is limit-
ir
le too, for some �1 ∈ [0, �)and some u ∈ D(Tmax(p1, q1, r1)) ful�lling (3.1.9), where {
, �} is some �xed, real-valued fundamental system of (�1 − z)y = 0 (for some z ∈ ℝ) with W 1(
, �) ≡ 1.Similarly to the proof of the previous point one 
on
ludes that fun
tions g ∈
D(S2) are 
hara
terized by

cos�1 W
2(g, L
)(a2) + sin�1 W

2(g, L�)(a2) = 0and, in addition, W 2
(
g, Lu

)
(b2) = 0 if b1 is limit-
ir
le. Note that indeed (The-orem 3.1.3 and Proposition 3.1.6) {L
,L�} is a real-valued fundamental systemof (�2 − z)w = 0 with W 2(L
,L�) ≡ 1.Now let �1(⋅, �) and �1(⋅, �) be the basi
 solutions for S1 ful�lling equation
−(p1y

′)′ + q1y = �r1ytogether with
W 1(�1(⋅, �), 
)(a1) = cos�1, W 1(�1(⋅, �), �)(a1) = sin�1

W 1(�1(⋅, �), 
)(a1) = − sin�1, W 1(�1(⋅, �), �)(a1) = cos�1.Let m1 : ℂ∖ℝ → ℂ be the Tit
hmarsh-Weyl m-fun
tion for S1, i.e. m1(�) is theunique 
omplex number su
h that the Weyl solution
 1(⋅, �) = �1(⋅, �) +m1(�)�1(⋅, �)satis�es  1(⋅, �) ∈ L2((a1, b1); r1) and, if b1 is limit-
ir
le, W 1( 1(⋅, �), u)(b1) = 0for all � ∈ ℂ∖ℝ.From Theorem 3.1.3 it follows that L�1(⋅, �) and L�1(⋅, �) are solutions of

−(p2w
′)′ + q2w = �r2w.From Proposition 3.1.6 it follows that

W 2(L�1(⋅, �), L
)(a2) = cos�1, W 2(L�1(⋅, �), L�)(a2) = sin�1

W 2(L�1(⋅, �), L
)(a2) = − sin�1, W 2(L�1(⋅, �), L�)(a2) = cos�1,and hen
e L�1(⋅, �) and L�1(⋅, �) are the basi
 solutions for S2.Finally, by the linearity of L and by Theorem 3.1.3 we have
L�1(⋅, �) +m1(�)L�1(⋅, �) = L 1(⋅, �) ∈ L2((a2, b2); r2),and, if b1 is limit-
ir
le, a

ording to Proposition 3.1.6 it holds that

W 2
(
L 1(⋅, �), Lu

)
(b2) = 0, � ∈ ℂ∖ℝ. This shows that L 1(⋅, �) is the Weylsolution and m1 is the Tit
hmarsh-Weyl m-fun
tion for S2.

□43



Chapter 3. The Liouville TransformationRemark 3.1.11. The assertion 
on
erning the minimal operators 
ould have alsobeen proved by using
Tmin(p1, q1, r1) = T0(p1, q1, r1)

= L−1T0(p2, q2, r2)L

= L−1T0(p2, q2, r2)L = L−1Tmin(p2, q2, r2)Lin terms of linear relations.3.2 An Inverse ResultIn this se
tion we want to prove the 
onverse of Theorem 3.1.10. We show that, iftwo selfadjoint realizations with separated boundary 
onditions of some SL di�erentialexpressions �1 and �2 have the same spe
tral measure, there is a Liouville transformationtransforming �1 into �2. Under several di�erent hypotheses this result is known fromthe literature. For the 
ase of �nite and regular left endpoints and r ≡ 1 it 
an be foundin [Ben03℄ or for the left-de�nite 
ase in [BBW09℄ or [E
k12℄. See also [E
k℄, whi
h isthe sour
e the ideas presented here are mainly taken from (parts 
ome from [Ben03℄),but as mentioned above this paper only deals with the 
ase p = r ≡ 1 and hen
ethe 
on
ept of a Liouville transformation redu
es to a simple shift of the underlyinginterval.In this se
tion let �1 = �(p1, q1, r1), �2 = �(p2, q2, r2) be two SL di�erential expressionson intervals (a1, b1) respe
tively (a2, b2) su
h that a1 is limit-
ir
le for �1 and a2 is limit-
ir
le for �2 and let S1, S2 be two asso
iated self-adjoint realizations with separatedboundary 
onditions. We provide every asso
iated quantity and obje
t of Chapter 1and Chapter 2 with a subs
ript or supers
ript to indi
ate its a�liation, e.g. by �1 wedenote a spe
tral measure 
onstru
ted as in Se
tion 1.5 asso
iated with S1, whereas �2denotes the spe
tral measure asso
iated with S2.Theorem 3.2.1. Let (p1, q1, r1) and (p2, q2, r2) be two tuples of SL 
oe�
ients de�nedon (a1, b1) respe
tively (a2, b2) and both subje
t to (3.0.2). Let �1 = �(p1, q1, r1) and
�2 = �(p2, q2, r2) be the asso
iated SL di�erential expressions and assume that a1 islimit-
ir
le for �1 and that a2 is limit-
ir
le for �2. Let S1 and S2 be two self-adjointrealizations of �1 respe
tively �2 with separated boundary 
onditions and let �1 and �2be spe
tral measures 
onstru
ted as in Se
tion 1.5 asso
iated with S1 respe
tively S2.Suppose that �1 = �2. Then there exists a Liouville transformation L su
h that S1 and
S2 are unitarily equivalent via L, i.e. S2 = LS1L

−1. The Liouville transformation L isthe inverse of a Liouville transformation belonging to fun
tions v and u, where v and
u a
tually satisfy (3.1.1). Furthermore, the SL 
oe�
ients (p1, q1, r1) and (p2, q2, r2)are related as in (3.1.2) and hen
e we even have L�1y = �2Ly for all y ∈ D(�1)(
ompare Theorem 3.1.3). In parti
ular, the SL equation asso
iated with (p1, q1, r1) 
anbe transformed into the one asso
iated with (p2, q2, r2) by a Liouville transformation.We state the �rst part of the proof as a separate lemma.44



3.2. An Inverse ResultLemma 3.2.2. Let the hypotheses of Theorem 3.2.1 hold. Then there exists a fun
tion
u mapping (a1, b1) bije
tively onto (a2, b2) su
h that the de Branges spa
es (
ompareChapter 2) asso
iated with S1 and S2, respe
tively, satisfy B1(x1) = B2(u(x1)), x1 ∈
(a1, b1). We have u ∈ C1(a1, b1), u′ ∈ ACloc(a1, b1) and u′ > 0 on (a1, b1).Proof. We 
laim that for ea
h x1 ∈ (a1, b1) and ea
h x2 ∈ (a2, b2) the quotientof the de Branges fun
tions E1

x1
and E2

x2
is of bounded type in ℂ+: A

ording toProposition 1.5.16, for ea
h x1 ∈ (a1, b1) the fun
tions '1(x1, ⋅) and (p'′

1)(x1, ⋅) belongto the Cartwright 
lass C and so does
E1

x1
= '1(x1, ⋅) + i(p'′

1)(x1, ⋅).The same holds for the de Branges fun
tion E2
x2
, x2 ∈ (a2, b2). By a theorem of Krein(see [Lev96℄, Se
tion 16.1, Theorem 1 or [BS01℄, Theorem A) the 
lass C 
onsists ofall entire fun
tions f for whi
h the fun
tion ln+ ∣f ∣ has (positive) harmoni
 majorantsin both the upper and the lower 
omplex half-planes ℂ+ and ℂ−. These fun
tions, inturn, are pre
isely the entire fun
tions whi
h are of bounded type in ℂ+ and ℂ− (see,e.g., [Wor04℄, Se
tion 3.1). A
tually, this equivalen
e is often used for an alternativede�nition of being of bounded type. However, we see that E1

x1
and E2

x2
are of boundedtype in ℂ+ for ea
h x1 ∈ (a1, b1) and ea
h x2 ∈ (a2, b2) and so is their quotient E1

x1
/E2

x2be
ause E2
x2

does not have any zeros in ℂ+.Now �x some arbitrary x1 ∈ (a1, b1). By Corollary 2.1.3, for ea
h x2 ∈ (a2, b2), both
B1(x1) and B2(x2) are isometri
ally embedded in L2(ℝ; �) (� := �1 = �2), and weinfer from Theorem A.2.1 that B1(x1) is 
ontained in B2(x2) or B2(x2) is 
ontained in
B1(x1). Note that E1

x1
/E2

x2
has indeed no real zeros or singularities sin
e E1

x1
and E2

x2do not have real zeros.Set (at the moment x1 is still �xed)
u(x1) = inf{x2 ∈ (a2, b2) : B1(x1) ⊆ B2(x2)}.First, note that the set on the right-hand side is not empty be
ause otherwise we had

B2(x2) ⊊ B1(x1) for all x2 ∈ (a2, b2). By Corollary 2.1.3 this would mean that B1(x1) isdense in L2(ℝ; �), 
ontradi
ting Corollary 2.1.4. Hen
e, we always have u(x1) ∈ [a2, b2).However, u(x1) = a2 if and only if B1(x1) ⊆ B2(x2) for all x2 ∈ (a2, b2). This wouldimply that for every fun
tion ℎ ∈ B1(x1) and � ∈ ℂ we had
∣ℎ(�)∣ = ∣⟨ℎ,K2

x2
(�, ⋅)⟩B2(x2)∣ ≤ ∥ℎ∥B2(x2)⟨K2

x2
(�, ⋅),K2

x2
(�, ⋅)⟩

1
2

B2(x2)

= ∥ℎ∥B1(x1)K
2
x2
(�, �)

1
2for ea
h x2 ∈ (a2, b2). Sin
e K2

x2
(�, �)

x2→a2−−−−→ 0 by (2.1.4), we then had B1(x1) = {0},
ontradi
ting Theorem 2.1.2. So we have u(x1) ∈ (a2, b2).Now, from (2.1.7) we infer that
B2(u(x1)) =

∪

x2<u(x1)

B2(x2) ⊆ B1(x1) ⊆
∩

u(x1)<x2

B2(x2) = B2(u(x1)) 45



Chapter 3. The Liouville Transformationand hen
e even
B1(x1) = B2(u(x1)), (3.2.1)in
luding the inner produ
t.Now we may vary with x1 and 
onsider u as a fun
tion u : (a1, b1) → (a2, b2) : x1 7→

u(x1). Note that u is uniquely de�ned by (3.2.1). It remains to show that u has the
laimed properties. By Corollary 2.1.4 it is 
lear that u is stri
tly in
reasing. Therefore,to show that u is 
ontinuous let x, xn ∈ (a1, b1), n ∈ ℕ, and xn ↑ x. By Corollary 2.1.4we have
B1(x) =

∪

n∈ℕ
B1(xn) =

∪

n∈ℕ
B2(u(xn)) = B2

(
sup
n∈ℕ

u(xn)

)
= B2

(
lim
n∈ℕ

u(xn)

)and hen
e u(x) = limn∈ℕ u(xn). Similarly, if xn ↓ x, we obtain
B1(x) =

∩

n∈ℕ
B1(xn) =

∩

n∈ℕ
B2(u(xn)) = B2

(
inf
n∈ℕ

u(xn)

)
= B2

(
lim
n∈ℕ

u(xn)

)
,meaning that u(x) = limn∈ℕ u(xn).To show that u is a
tually a bije
tion it is su�
ient to show that u(x1) → a2 as x1 ↓ a1and that u(x1) → b2 as x1 ↑ b1. However, the �rst 
laim follows from (
ompare (2.1.4))

K2
u(x1)

(�, �) = K1
x1
(�, �)

x1→a1−−−−→ 0, � ∈ ℂ,the se
ond one is again a simple 
onsequen
e of (2.1.6) and (2.1.7). Indeed, assumethat u(x1) ↛ b2 as x1 ↑ b1. Then we had supx1∈(a1,b1) u(x1) = c < b2 and
L2(ℝ; �) =

∪

x1∈(a1,b1)
B1(x1) =

∪

x1∈(a1,b1)
B2(u(x1)) = B2(c) ⊊ L2(ℝ; �).Now, be
ause of K2

u(x1)
(z, z) = K1

x1
(z, z), z ∈ ℂ, and using (2.1.4) we get

∫ u(x1)

a2

∣'2(⋅, z)∣2r2(⋅)dx =

∫ x1

a1

∣'1(⋅, z)∣2r1(⋅)dx, x1 ∈ (a1, b1).Herein, due to the 
onditions (3.0.2), both integrands are 
ontinuous. If z ∈ ℂ∖ℝ, bothintegrands, in parti
ular the �rst one, do not vanish and hen
e the impli
it fun
tiontheorem yields that u is 
ontinuously di�erentiable and that
∣'2(u(x1), z)∣2r2(u(x1)) ⋅ u′(x1) = ∣'1(x1, z)∣2r1(x1), x1 ∈ (a1, b1). (3.2.2)Note that this holds for all z ∈ ℂ. However, for z ∈ ℂ ∖ ℝ we have

u′(x1) =
∣'1(x1, z)∣2r1(x1)

∣'2(u(x1), z)∣2r2(u(x1))
> 0, x1 ∈ (a1, b1), (3.2.3)and Theorem A.1.1 shows that u′ ∈ ACloc(a1, b1). □46



3.2. An Inverse ResultFor the proof of Theorem 3.2.1 we need another lemma.Lemma 3.2.3. Suppose H is a unitary map on a weighted L2-spa
e L2((a, b); r) withthe property that
sup(suppHy) = sup(supp y), y ∈ L2((a, b); r). (3.2.4)Then H is multipli
ation by a fun
tion ℎ ∈ L∞(a, b) of absolute value 1 almost every-where.Proof. W.l.o.g. we may assume r ≡ 1. Otherwise, 
onsider the map THT−1 where

T : L2((a, b); r) → L2(a, b) : y 7→ r
1
2 y.Obviously, T is unitary and preserves supports and hen
e THT−1 : L2(a, b) → L2(a, b)is unitary and has the assumed property. If then THT−1 =Mℎ is multipli
ation by ℎ,so is H = T−1MℎT =Mℎ.Let H : L2(a, b) → L2(a, b) be unitary and satisfy (3.2.4). Clearly, H−1 has the sameproperty as H and thus H(L2(a, c)) = L2(a, c) for every c ∈ (a, b). Hen
e, if y = 0in (a, c) a.e., then so is its image sin
e it is orthogonal to L2(a, c), and H a
tuallypreserves 
onvex hulls of supports.Let (c, d) ⊆ (a, b) be an arbitrary open subinterval of (a, b). For y ∈ L2(a, b) we have

y = 1(a,c)y + 1(c,d)y + 1(d,b)y a.e.and 1(a,c)Hy + 1(c,d)Hy + 1(d,b)Hy = Hy = H1(a,c)y +H1(c,d)y +H1(d,b)y a.e..Be
ause of the previous observation we 
on
lude that
H1(c,d)y = 1(c,d)Hy, (3.2.5)and hen
e we have

∫ d

c

∣Hy∣2dx =

∫ d

c

∣y∣2dx, a ≤ c < d ≤ b, y ∈ L2(a, b). (3.2.6)Now let ((cn, dn))n∈ℕ be an in
reasing sequen
e of subintervals of (a, b) su
h that every
(cn, dn) is �nite and

∪

n∈ℕ
(cn, dn) = (a, b).We then may de�ne a fun
tion ℎ ∈ L∞(a, b) by de�ning it on every (cn, dn) as follows:Let yn = 1(cn,dn). Sin
e (cn, dn) is �nite, we have yn ∈ L2(a, b) and we 
an set ℎ = Hynon (cn, dn). Be
ause of (3.2.6) we obtain from the Lebesgue di�erentiation Theoremthat ℎ has absolute value 1 a.e. in (cn, dn), and (3.2.5) shows that ℎ is indeed well-de�ned on all of (a, b). We even have 1(c,d)ℎ = H1(c,d) for every �nite subinterval47



Chapter 3. The Liouville Transformation
(c, d), however, this just means Mℎ1(c,d) = H1(c,d), where Mℎ is multipli
ation by ℎ.By linearity it follows that Mℎy = Hy for every integrable step fun
tion y. Sin
e theset of integrable step fun
tions is dense in L2(a, b) and both Mℎ and H are 
ontinuouson L2(a, b), we 
on
lude that Mℎ = H.

□Proof of Theorem 3.2.1. Let u be the fun
tion from Lemma 3.2.2. De�ne
v : (a1, b1) → ℝ by

v(x) =

√
u′(x)

r2(u(x))

r1(x)
, x ∈ (a1, b1). (3.2.7)Note that v(x) > 0, x ∈ (a1, b1). By (3.2.3) we have, for � ∈ ℂ ∖ ℝ,

v(x) =

√
∣'1(x, �)∣2

∣'2(u(x), �)∣2
=

∣'1(x, �)∣
∣'2(u(x), �)∣

, x ∈ (a1, b1). (3.2.8)Sin
e the radi
and is 
ontinuously di�erentiable with absolutely 
ontinuous derivative(by Theorem A.1.1) and greater than zero for all x ∈ (a1, b1), we see that v ∈ C1(a1, b1)with v′ ∈ ACloc(a1, b1) (by Theorem A.1.1).So the fun
tions v and u indeed satisfy (3.1.1) and hen
e give rise to a Liouville trans-formation whose inverse we want to denote by L, i.e. L is the Liouville transformationbelonging to 1
v
∘ u−1 and u−1. From (3.2.7) we obtain the relation

r2 =
v2r1
u′

∘ u−1, (3.2.9)and hen
e using Theorem 3.1.3 we see that L is a unitary mapping of L2((a1, b1); r1)onto L2((a2, b2); r2).Now 
onsider the generalized Fourier transforms U1 and U2 belonging to S1 and S2,respe
tively. The assumption �1 = �2 (in the following we write � = �1 = �2) impliesthat U1 and U2 have the same target spa
e, so we may 
onsider the 
omposition V =
U−1
2 U1 and obtain a unitary map V : L2((a1, b1); r1) → L2((a2, b2); r2).PSfrag repla
ements

V

L2(ℝ; �)

U1

L2((a1, b1); r1)

U−1
2

L2((a2, b2); r2)We will show that V = ±L. Sin
e
S1 = U−1

1 MidU1, S2 = U−1
2 MidU248



3.2. An Inverse Result(remember, Mid is multipli
ation with id : t 7→ t in L2(ℝ; �)), we have
S2 = U−1

2 U1S1U
−1
1 U2 = V S1V

−1 = LS1L
−1.The main step in proving V = ±L is to note that V maps L2((a1, x1); r1) onto

L2((a2, u(x1); r2) for ea
h x ∈ (a1, b1). However, this follows from (see the diagrambelow and 
ompare with the proof of Corollary 2.1.3)
U1(L

2((a1, x1); r1)) = %(B1(x1)) = %(B2(u(x1)) = U2(L
2((a2, u(x1)); r2)). (3.2.10)PSfrag repla
ements

% %

Û1
x1

Û2
u(x1)U1 U2

L2(ℝ; �)

B1(x1) B2(u(x1))

L2((a1, x1); r1) L2((a2, u(x1)); r2)

=

In parti
ular, (3.2.10) implies that2
sup(suppV f) = u(sup(supp f)), f ∈ L2((a1, b1); r1).Consider the Liouville transformation L−1 : L2((a2, b2); r2) → L2((a1, b1); r1) : f 7→

v ⋅ (f ∘ u). Sin
e v ∕= 0 in (a1, b1) and u : (a1, b1) → (a2, b2) is a di�eomorphism, wehave
suppL−1f = u−1(supp f), f ∈ L2((a2, b2); r2).It immediately follows that the unitary map L−1V : L2((a1, b1); r1) → L2((a1, b1); r1)satis�es the assumption of Lemma 3.2.3, i.e.

sup(suppL−1V f) = sup(supp f), f ∈ L2((a1, b1); r1),and we infer that L−1V =Mℎ is multipli
ation by a fun
tion ℎ ∈ L∞(a1, b1) of absolutevalue 1 almost everywhere.Now, by (1.5.9) and Proposition 1.5.4 it is 
lear that U1 maps real-valued fun
tions
f ∈ L2((a1, b1); r1) with 
ompa
t support to real-valued fun
tions in L2(ℝ; �). Sin
ethe set of real-valued fun
tions in L2(ℝ; �) is a 
losed subspa
e of L2(ℝ; �) and U1f =
limn→∞U1fn for every f ∈ L2((a1, b1); r1), where (fn)n∈ℕ is a sequen
e of fun
tions in
L2((a1, b1); r1) with 
ompa
t support 
onverging to f , we see that U1 maps real-valuedfun
tions to real-valued fun
tions. The same holds for U2 and so it does for V and evenfor L−1V sin
e L−1 obviously maps real-valued fun
tions to real-valued fun
tions. Weinfer that ℎ must be real-valued and hen
e ℎ = ±1 almost everywhere.2If sup(supp f) = b1, this equation has to be understood in terms of Remark 3.1.2. 49



Chapter 3. The Liouville TransformationFrom Lemma 1.5.13 it follows that V  1(⋅, �) =  2(⋅, �), � ∈ ℂ ∖ℝ, and hen
e that
L−1 2(⋅, �) = ℎ ⋅  1(⋅, �).In here the fun
tion on the left-hand side is absolutely 
ontinuous and so is the fun
tionon the right-hand side. Be
ause  1(x, �) ∕= 0, x ∈ (a1, b1), � ∈ ℂ ∖ ℝ, ℎ 
annot haveany points of dis
ontinuity, meaning ℎ ≡ 1 or ℎ ≡ −1 a.e., thus L−1V = ± Id and

V = ±L indeed.We have to show that (p1, q1, r1) and (p2, q2, r2) are related as in (3.1.2). For r1 and r2this is (3.2.9). In order to show the 
laim for p1 and p2, we use Corollary 1.5.15. By(1.5.13) we have
lim
t→∞

√
2

t
ln

∣∣∣∣
'1(x̃, it)

'1(x̂, it)

∣∣∣∣ =
∫ x̃

x̂

√
r1
p1
dx, x̃, x̂ ∈ (a1, b1),

lim
t→∞

√
2

t
ln

∣∣∣∣
'2(ỹ, it)

'2(ŷ, it)

∣∣∣∣ =
∫ ỹ

ŷ

√
r2
p2
dy, ỹ, ŷ ∈ (a2, b2).

(3.2.11)From (3.2.2) and (3.2.7) it follows that we have
∣'1(x1, �)∣2 = v(x1)

2∣'2(u(x1), �)∣2, x1 ∈ (a1, b1), � ∈ ℂ, (3.2.12)and hen
e
∣'1(x̃, it)∣
∣'1(x̂, it)∣

=
v(x̃)

v(x̂)

∣'2(u(x̃), it)∣
∣'2(u(x̂), it)∣

, x̃, x̂ ∈ (a1, b1), t > 0.From (3.2.11) we infer that
∫ x̃

x̂

√
r1
p1
dx =

∫ u(x̃)

u(x̂)

√
r2
p2
dy, x̃, x̂ ∈ (a1, b1).Di�erentiating with respe
t to x̃ yields

√
r1
p1

(x̃) =

√
r2
p2

∘ u(x̃) ⋅ u′(x̃), x̃ ∈ (a1, b1),and using (3.2.9) we �nally get after a simple 
al
ulation
p2 = (v2p1u

′) ∘ u−1. (3.2.13)It remains to show that q1 and q2 are related as in (3.1.2).By (3.2.12) we have
'1(x1, �)

2 = (v(x1)'2(u(x1), �))
2, x1 ∈ (a1, b1), � ∈ ℝ.Sin
e the zeros of every nontrivial solution of a SL equation with real spe
tral parameterare isolated in the interior of the underlying interval, 
ompare Theorem 2.6.1 in [Zet05℄,we may take logarithmi
 derivatives and obtain

'′
1(x1, �)

'1(x1, �)
=

(v(x1)'2(u(x1), �))
′

v(x1)'2(u(x1), �)
for almost all x1 ∈ (a1, b1), � ∈ ℝ, (3.2.14)50



3.2. An Inverse Resultand hen
e
p1(x1)'

′
1(x1, �)

'1(x1, �)
=
p1(x1)v

′(x1)'2(u(x1), �)

v(x1)'2(u(x1), �)
+
p1(x1)v(x1)'

′
2(u(x1), �)u

′(x1)
v(x1)'2(u(x1), �)

=
p1(x1)v

′(x1)
v(x1)

+
p2(u(x1))'

′
2(u(x1), �)

v2(x1)'2(u(x1), �)
a.e., � ∈ ℝ,where the se
ond equality is due to (3.2.13).Di�erentiating and using that

−(p1'1(⋅, �)′)′ + q1'1(⋅, �) = �r1'1(⋅, �) a.e. in (a1, b1),

−(p2'2(⋅, �)′)′ + q2'2(⋅, �) = �r2'2(⋅, �) a.e. in (a2, b2),we obtain
q1(x1)− �r1(x1)− p1(x1)

(
'′
1(x1, �)

'1(x1, �)

)2

=
(p1v

′)′(x1)
v(x1)

− p1(x1)

(
v′(x1)
v(x1)

)2

+
u′(x1)
v(x1)2

q2(u(x1))− �
u′(x1)r2(u(x1))

v(x1)2
− 2

p2(u(x1))v
′(x1)

v(x1)3
'′
2(u(x1), �)

'2(u(x1), �)

−p2(u(x1))u
′(x1)

v(x1)2

(
'′
2(u(x1), �)

'2(u(x1), �)

)2(3.2.15)for almost all x1 ∈ (a1, b1) and all � ∈ ℝ.By (3.2.9) we have, for � ∈ ℂ,
−�r1(x1) = −�u

′(x1)r2(u(x1))
v(x1)2

, x1 ∈ (a1, b1),and using (3.2.13) it is easy to verify that
−p1(x1)

(
v′(x1)
v(x1)

)2

− 2
p2(u(x1))v

′(x1)
v(x1)3

'′
2(u(x1), �)

'2(u(x1), �)

−p2(u(x1))u
′(x1)

v(x1)2

(
'′
2(u(x1), �)

'2(u(x1), �)

)2

= −p1(x1)
(
(v(x1)'2(u(x1), �))

′

v(x1)'2(u(x1), �)

)2for almost all x1 ∈ (a1, b1).Hen
e, using (3.2.14), we obtain from (3.2.15)
q1(x1) =

(p1v
′)′(x1)

v(x1)
+
u′(x1)
v(x1)2

q2(u(x1)) a.e. in (a1, b1),whi
h is equivalent to
q2 =

[ v
u′
(q1v − (p1v

′)′)
]
∘ u−1 a.e. in (a1, b1),so that the proof is 
omplete. □51





Chapter 4Transforming Sturm-Liouville Equations by aLiouville TransformationOrigin of our 
onsiderations of the Liouville transformation at the beginning of Chapter3 was the transformation
y(z) = v(z)w(u(z))in

−(p1y
′)′ + q1y = �r1y on (a1, b1) ⊆ ℝ, (4.0.1)leading to the SL equation

−(p2w
′)′ + q2w = �r2w on (a2, b2) ⊆ ℝ, (4.0.2)where the SL 
oe�
ients (p1, q1, r1) and (p2, q2, r2) are related as in (3.1.2).Solving equation (4.0.1) is then equivalent to solving equation (4.0.2), and hen
e onemay tempt to 
hoose u and v in su
h a way that the transformed equation (4.0.2) iseasier to deal with than the original equation (4.0.1). For example, if we 
ould 
hoose

u and v su
h that (p2, q2, r2) is a tuple of 
onstant SL 
oe�
ients, (4.0.2) is alwaysexpli
it solvable and hen
e so is (4.0.1).Furthermore, there are several spe
ial forms of the general SL equation (like, e.g., thepotential form, see the following se
tion), and some assertions of Sturm-Liouville The-ory may only (or at least easier) be shown for equations in one (or some) of these spe
ialforms. Using an appropriate Liouville transformation (and having the knowledge of theprevious 
hapter about it), one 
an try to transfer su
h an assertion to the 
ase of ageneral SL equation.In the following we des
ribe transformability by the equivalen
e relation ∼K on theset of SL 
oe�
ients K as introdu
ed in De�nition 3.1.4. We present some spe
ialforms of SL equations and deal with the question whether a general SL equation 
anbe transformed into them1 and - if so - how this 
an be done. We tempt to identify�
anoni
al representative systems� (see De�nition 4.1.5) and give ne
essary and su�-
ient 
onditions for a SL equation in order to 
an be transformed into an equation with
onstant 
oe�
ients. Finally, we show in Se
tion 4.2 that for a restri
ted 
lass of SL
oe�
ients the equivalen
e relation ∼K 
orresponds to an equivalen
e relation on theset of asso
iated maximal operators.1In this 
hapter, if we speak of transforming a SL equation, we always mean transforming by aLiouville transformation. 53



Chapter 4. Transforming Sturm-Liouville Equations by a Liouville Transformation4.1 Spe
ial Forms of Sturm-Liouville EquationsIn this se
tion we present some spe
ial forms of SL equations and deal with the ques-tion whether a general SL equation 
an be transformed into them. To this end let2
(p1, q1, r1) ∈ K (de�ned on (a1, b1)) always be a tuple of general SL 
oe�
ients (i.e.satisfying only 
onditions (3.0.2)) - however, sometimes additional requirements will bene
essary. By the notation (p, q, 1) (as it appears in the next subse
tion) we mean atuple (p, q, r) ∈ K where r ≡ 1 - the meaning of similar notations should be 
lear then.4.1.1 (p, q, 1)-FormIn order to obtain (p1, q1, r1) ∼K (p, q, 1) for some p and q, we have to solve

1 =
v2r1
u′

∘ u−1or equivalently
1 =

v2r1
u′

.This 
an always be done, e.g., by 
hoosing v ≡ 1 on (a1, b1) and
u(x) =

{∫ x

c
r1(t)dt+ d, c ≤ x < b1,

−
∫ c

x
r1(t)dt+ d, a1 < x < c,for some c ∈ (a1, b1) and d ∈ ℝ. Sin
e r1 ∈ ACloc(a1, b1) and r1 > 0 on (a1, b1), weindeed have u ∈ C1(a1, b1), u

′ = r1 ∈ ACloc(a1, b1) and u′ > 0 on (a1, b1).Hen
e, we then have (p1, q1, r1) ∼K (p1r1 ∘ u−1, q1
r1

∘ u−1, 1).However, if r1 is not only out of ACloc(a1, b1) but instead r1 ∈ C1(a1, b1) with r′1 ∈
ACloc(a1, b1), we also 
an 
hoose u to be the identity on (a1, b1), u = id(a1,b1), and
v =

√
1
r1
. We then have (p1, q1, r1) ∼K (p, q, 1) with

p =
p1
r1

and q =
q1
r1

+
1

2

√
1

r1

(
p1r

− 3
2

1 r′1

)′
.Finally, it is easy to 
he
k that (1, 1, 1) ∼K (x 7→ 4x, x 7→ 1 +

√
2
4 x

− 3
4 , 1), where bothtuples are de�ned on (0, 1) (v(z) = √

2z, u(z) = z2), and so we see that there are tuples
(p1, q1, 1) and (p2, q2, 1) both de�ned on the same interval with (p1, q1, 1) ∼K (p2, q2, 1)but (p1, q1) ∕= (p2, q2).2For the following it is essential to re
all De�nition 3.1.4 and the se
ond item of Remark 3.1.5.54



4.1. Spe
ial Forms of Sturm-Liouville Equations4.1.2 (1, q, r)-FormSimilarly to above we see that (p1, q1, r1) ∼K (1, q, r) for some q and r if we 
hoose
v ≡ 1 on (a1, b1) and

u(x) =

{∫ x

c
1
p1
(t)dt+ d, c ≤ x < b1,

−
∫ c

x
1
p1
(t)dt+ d, a1 < x < c,for some c ∈ (a1, b1) and d ∈ ℝ and that we then have (p1, q1, r1) ∼K (1, q1p1∘u−1, r1p1∘

u−1).Like above, if p1 is not only out of ACloc(a1, b1) but instead p1 ∈ C1(a1, b1) with
p′1 ∈ ACloc(a1, b1), we 
an 
hoose u to be the identity on (a1, b1), u = id(a1,b1), and
v =

√
1
p1
. We then have (p1, q1, r1) ∼K (1, q, r) with

q =
q1
p1

+
1√
p1

(
√
p1)

′′ and r =
r1
p1
.Again, one 
an easily �nd an example of tuples (1, q1, r1) and (1, q2, r2) both de�nedon the same (�nite) interval with (1, q1, r1) ∼K (1, q2, r2) but (q1, r1) ∕= (q2, r2).4.1.3 Potential FormA SL equation of the form

−y′′ + qy = �y,i.e. p ≡ r ≡ 1, is usually 
alled a potential equation or a SL equation in potential formor S
hrödinger form with potential q - due to its appli
ation in physi
s.In order to obtain (p1, q1, r1) ∼K (1, q, 1) for some q, we have to solve
1 = v2p1u

′,

1 =
v2r1
u′

.
(4.1.1)For u and v to solve (4.1.1) it is ne
essary that u′ = √

r1
p1

and that v = ±(p1r1)
− 1

4 .However, in order to have v ∈ C1(a1, b1) with v′ ∈ ACloc(a1, b1), this in general requires
p1, r1 ∈ C1(a1, b1) with p′1, r′1 ∈ ACloc(a1, b1). If this is the 
ase, we may 
hoose

v = (p1r1)
− 1

4 (4.1.2)and
u(x) =

⎧
⎨
⎩

∫ x

c

√
r1
p1
(t)dt+ d, c ≤ x < b1,

−
∫ c

x

√
r1
p1
(t)dt+ d, a1 < x < c,

(4.1.3)55



Chapter 4. Transforming Sturm-Liouville Equations by a Liouville Transformationfor some c ∈ (a1, b1) and d ∈ ℝ.We then have (p1, q1, r1) ∼K (1, q, 1) with
q =

(
q1
r1

+
1

4
4

√
p1
r31

(
4

√
1

p1r51
(p1r1)

′
)′)

∘ u−1. (4.1.4)On
e again, we want to point out that this only works for a restri
ted 
lass of tuplesof SL 
oe�
ients (p1, q1, r1) ∈ K, namely those satisfying p1, r1 ∈ C1(a1, b1) with
p′1, r

′
1 ∈ ACloc(a1, b1) (in fa
t, it is ne
essary and su�
ient that (p1r1) ∈ C1(a1, b1)with (p1r1)

′ ∈ ACloc(a1, b1)).The Liouville transformation belonging to v and u from (4.1.2) and (4.1.3), respe
tively,or rather its inverse is the one originally invented by Liouville and often referred to asthe Liouville transformation, and in this 
ontext a potential equation is also 
alledan equation in Liouville normal form. In the literature dealing with the Liouvilletransformation one �nds rather di�erent assumptions on the endpoints a1, b1 and theSL 
oe�
ients (p1, q1, r1). Some authors assume a1 and b1 to be �nite, q1 ∈ C0[a1, b1],
p1, r1 ∈ C2[a1, b1] and p1, r1 > 0 on [a1, b1] (e.g. [Tesed℄, Problem 5.13; similarly[She05℄) or a1, b1 to be �nite, q1, r1 ∈ C0[a1, b1], p1 ∈ C1[a1, b1] with (p1r1) ∈ C2[a1, b1]and p1, r1 > 0 on [a1, b1] (e.g. [Yos60℄). Under these assumptions a2, b2 
learly are �nitetoo and, a

ording to Remark 3.1.9, the Liouville transformation transforms regularendpoints into regular endpoints. Furthermore, note that under these assumptions one
an 
hoose c = a1 in (4.1.3), whi
h is usually done then. In general, 
hoosing c = a1 in(4.1.3) works whenever √r1/p1 is integrable near a1 - similarly for b1.In [DKS76℄ the authors' assumptions are a1, b1 being �nite, q1 ∈ C0[a1, b1] and p1, r1 ∈
C2[a1, b1] with p1, r1 > 0 on (a1, b1) and the slight di�eren
e of assuming p1, r1 > 0only on (a1, b1) (
ompared to p1, r1 > 0 on [a1, b1]) brings that the properties statedin the paragraph above do not hold anymore. In [Eve82℄ the assumptions on theendpoints a1, b1 and the SL 
oe�
ients (p1, q1, r1) are the same as ours, i.e. arbitrary
a1, b1 ∈ ℝ∪{−∞,∞} (of 
ourse a1 < b1), (p1, q1, r1) satisfying (3.0.2) and additionally
p1, r1 ∈ C1(a1, b1) with p′1, r′1 ∈ ACloc(a1, b1).Finally, let (1, q1, 1) ∼K (1, q2, 1). Then it immediately follows from (4.1.1) that v2 ≡ 1and u′ ≡ 1, and we infer that u is a shift mapping (a1, b1) onto (a2, b2).4.1.4 String FormAn equation of the form

−y′′ = �ry, (4.1.5)i.e. p ≡ 1 and q ≡ 0, is usually 
alled a string equation or a SL equation in string form,and the weight fun
tion r is then 
alled the density fun
tion of (4.1.5).The question of whether a general SL equation 
an be transformed into an equation instring form is a bit more subtle to deal with than in the previous 
ases. In order to56



4.1. Spe
ial Forms of Sturm-Liouville Equationsobtain (p1, q1, r1) ∼K (1, 0, r) for some (1, 0, r) ∈ K, we have to �nd fun
tions v and usatisfying (3.1.1) and solving
1 = v2p1u

′,

0 =
v

u′
(q1v − (p1v

′)′),
(4.1.6)and then we had (p1, q1, r1) ∼K (1, 0, v

2r1
u′ ∘ u−1) or, using the �rst equation of (4.1.6),

(p1, q1, r1) ∼K (1, 0, v4p1r1 ∘ u−1). Sin
e v has to satisfy v ∕= 0 in (a1, b1), the se
ondequation of (4.1.6) is equivalent to 0 = q1v − (p1v
′)′.We want to note two things: Finding an appropriate v requires �nding a real-valued,zero free solution of the given SL equation with spe
tral parameter � = 0 - in gen-eral, if ever, this is not expli
itly feasible. Having found an appropriate v, �nding anappropriate u is no further di�
ulty - one 
an (and in fa
t has to) 
hoose

u(x) =

{∫ x

c
1

v2p1
(t)dt+ d, c ≤ x < b1,

−
∫ c

x
1

v2p1
(t)dt+ d, a1 < x < c,for some c ∈ (a1, b1) and d ∈ ℝ.However, we are able to state a su�
ient 
ondition for having (p1, q1, r1) ∼K (1, 0, r)for some (1, 0, r) ∈ K.Theorem 4.1.1. Assume that q1 ≥ 0 a.e. on (a1, b1). Then we have (p1, q1, r1) ∼K

(1, 0, r) for some (1, 0, r) ∈ K.Proof. Sin
e we always have (p1, q1, r1) ∼K (1, q1p1 ∘ u−1, r1p1 ∘ u−1) (
ompareSubse
tion 4.1.2), where q1 ≥ 0 a.e. if and only if q1p1 ∘ u−1 ≥ 0 a.e., we may assumethat p1 ≡ 1. Now, as we have seen above, all we have to show is that there is areal-valued, zero free solution of
−v′′ + q1v = 0 on (a1, b1). (4.1.7)To this end let � be the solution of the initial value problem

−v′′ + q1v = 0, v(c) = 1, v′(c) = 0for some c ∈ (a1, b1). This solution uniquely exists and is real-valued, 
ompare Corol-lary 1.1.2. Suppose that �(z) = 0 for some z ∈ (a1, b1). Clearly, then there is z0 ∈ (c, b1)su
h that �(z0) = 0 and �(z) > 0 for z ∈ [c, z0) or z0 ∈ (a1, c) su
h that �(z0) = 0 and
�(z) > 0 for z ∈ (z0, c] (of 
ourse, both 
ould be true - for di�erent z0). We suppose
z0 > c, the other 
ase 
an be treated in a similar way. Then we have

�′(z) = �′(c)︸︷︷︸
=0

+

∫ z

c

�′′(t)dt =
∫ z

c

q1�︸︷︷︸
≥0

dt ≥ 0, z ∈ [c, z0],

�(z) = �(c)︸︷︷︸
=1

+

∫ z

c

�′(t)︸︷︷︸
≥0

dt > 0, z ∈ [c, z0], 57



Chapter 4. Transforming Sturm-Liouville Equations by a Liouville Transformation
ontradi
ting3 �(z0) = 0. □As an example 
onsider the tuple (1, q, 1) de�ned on (a, b) where q ≡ c for some c < 0.In this 
ase the real-valued solutions of (4.1.7) are pre
isely the fun
tions
v(z) = d1 cos(

√
∣c∣ z) + d2 sin(

√
∣c∣ z), d1, d2 ∈ ℝ. (4.1.8)Now, if √∣c∣b−

√
∣c∣a > � or equivalently c < − �2

(b−a)2
, we have

∪

z∈(a,b)
span

((
cos(

√
∣c∣ z)

sin(
√

∣c∣ z)

))
= ℝ2,and hen
e for all d1, d2 ∈ ℝ there is some z ∈ (a, b) su
h that

〈(
d1
d2

)
,

(
cos(

√
∣c∣ z)

sin(
√

∣c∣ z)

)〉

ℝ2

= d1 cos(
√

∣c∣ z) + d2 sin(
√

∣c∣ z) = 0,meaning that there is not any real-valued, zero free solution of (4.1.7). Thus a potentialequation with 
onstant potential q ≡ c 
annot be transformed into a string equation if
c < − �2

(b−a)2
.Conversely, let 0 > c ≥ − �2

(b−a)2
. Then, sin
e

sinx sin y =
1

2
(cos(x− y)− cos(x+ y)),

cos x cos y =
1

2
(cos(x− y) + cos(x+ y)), x, y ∈ ℝ,we have, for z ∈ (a, b),

cos

(√
∣c∣ a+ b

2

)
cos(

√
∣c∣ z) + sin

(√
∣c∣ a+ b

2

)
sin(

√
∣c∣ z) =

cos
(√

∣c∣︸︷︷︸
≤ �

b−a

( a+ b

2
− z

︸ ︷︷ ︸
∣⋅∣< b−a

2

))
∕= 0,meaning that there is a real-valued, zero free solution of (4.1.7). Consequently, apotential equation with 
onstant potential q ≡ c, 0 > c ≥ − �2

(b−a)2
, 
an be transformedinto a string equation. Be
ause of Theorem 4.1.1 this also holds for c ≥ 0.In parti
ular, the example of a potential equation with 
onstant potential shows twointeresting things whi
h we want to state as a remark.Remark 4.1.2.- The assumption of Theorem 4.1.1 that q1 ≥ 0 a.e. on (a1, b1) is not ne
essary inorder to have (p1, q1, r1) ∼K (1, 0, r) for some (1, 0, r) ∈ K.3In fa
t, one sees that � is 
onvex on (a1, b1) with global minimum at z = c.58



4.1. Spe
ial Forms of Sturm-Liouville Equations- There are SL equations whi
h 
annot be transformed into a string equation.At this point let us 
on
lude with an example of tuples (1, 0, r1) and (1, 0, r2) bothde�ned on the same interval with (1, 0, r1) ∼K (1, 0, r2) but r1 ∕= r2. Let (a1, b1) =
(a2, b2) = (1, 2), r1 ≡ 1 and r2(x) = 4x−4. Then it is easy to 
he
k that (1, 0, r1) ∼K
(1, 0, r2) (v(z) = 1√

2
z − 3√

2
and u(z) = −(12z − 3

2 )
−1).4.1.5 Impedan
e FormA SL equation asso
iated with 
oe�
ients of the form (p, 0, p), i.e p = r, is 
alled anequation in impedan
e form.We 
laim that (p1, q1, r1) ∼K (p, 0, p) for some p if and only if (p1, q1, r1) ∼K (1, 0, r)for some r, i.e. a SL equation 
an be transformed into impedan
e form if and only ifit 
an be transformed into string form (see Subse
tion 4.1.4). To this end it su�
esto show that ea
h tuple (1, 0, r1) ∈ K satis�es (1, 0, r1) ∼K (p, 0, p) for some p and -
onversely - ea
h tuple (p1, 0, p1) ∈ K satis�es (p1, 0, p1) ∼K (1, 0, r) for some r.Let (1, 0, r1) ∈ K. Choosing v ≡ 1 on (a1, b1) and

u(x) =

{∫ x

c

√
r1(t)dt+ d, c ≤ x < b1,

−
∫ c

x

√
r1(t)dt+ d, a1 < x < c,for some c ∈ (a1, b1) and d ∈ ℝ, one sees that (1, 0, r1) ∼K (

√
r1 ∘ u−1, 0,

√
r1 ∘ u−1). If

(p1, 0, p1) ∈ K, 
hoosing v ≡ 1 on (a1, b1) and
u(x) =

{∫ x

c
1
p1
(t)dt+ d, c ≤ x < b1,

−
∫ c

x
1
p1
(t)dt+ d, a1 < x < c,for some c ∈ (a1, b1) and d ∈ ℝ leads to (p1, 0, p1) ∼K (1, 0, p21 ∘ u−1).In order to see that there are tuples (p1, 0, p1) and (p2, 0, p2) both de�ned on the sameinterval with (p1, 0, p1) ∼K (p2, 0, p2) but p1 ∕= p2, 
onsider, e.g., p1(z) = z2 and p2 ≡ 1on (1, 2) (v(z) = 1

z
and u = id(1,2)).4.1.6 Canoni
al Representative Systems and Equations with ConstantCoe�
ientsFor the following it is essential to noti
e that ea
h shift u(z) = z + d, d ∈ ℝ, gives riseto a Liouville transformation belonging to v ≡ 1 and u, transforming

−(p1y
′)′ + q1y = �r1yvia

y(z) = w(u(z)) 59



Chapter 4. Transforming Sturm-Liouville Equations by a Liouville Transformationinto
−((p1 ∘ u−1)w′)′ + (q1 ∘ u−1)w = �(r1 ∘ u−1)w,i.e. (p1, q1, r1) ∼K (p1 ∘ u−1, q1 ∘ u−1, r1 ∘ u−1).Definition 4.1.3. Let (p1, q1, r1), (p2, q2, r2) ∈ K. We say that (p1, q1, r1) and

(p2, q2, r2) are equal up to some shift if (p2, q2, r2) = (p1 ∘ u−1, q1 ∘ u−1, r1 ∘ u−1) forsome shift u.Remark 4.1.4. Clearly, if (p1, q1, r1) is de�ned on (a1, b1), (p2, q2, r2) is de�ned on
(a2, b2), where a1 = a2 is �nite and (p1, q1, r1) and (p2, q2, r2) are equal up to someshift, then (p1, q1, r1) = (p2, q2, r2). Note that in general this does not hold true if
a1 = a2 = −∞.Definition 4.1.5. Let A ⊆ ℬ ⊆ K. We say that A is a 
anoni
al representativesystem (
.r.s.) for the tuples of SL 
oe�
ients in ℬ (in short, A is a 
.r.s. for ℬ) if(i) ea
h tℬ ∈ ℬ satis�es tℬ ∼K tA for at least one tA ∈ Aand(ii) if tA ∼K t̃A for tA, t̃A ∈ A, then tA and t̃A are equal up to some shift.Example 4.1.6. Let A = {(1, q, 1) ∈ K}, ℬ = {(p, q, r) ∈ K : p, r ∈ C1 with p′, r′ ∈
ACloc}. Then the 
onsiderations above (Subse
tion 4.1.3) show that A is a 
.r.s. for ℬ.However, by using Remark 4.1.4, we see that none of the other des
ribed spe
ial formsgives rise to a 
anoni
al representative system.Example 4.1.7. Let (p1, q1, r1) be a tuple of 
onstant SL 
oe�
ients on (a1, b1) ⊆ ℝ.Clearly, then p1, r1 ∈ C1(a1, b1) with p′, r′ ∈ ACloc(a1, b1) and hen
e (p1, q1, r1) ∼K
(1, q, 1) for some (1, q, 1) ∈ K. By (4.1.4) q is 
onstant. Consequently, A = {(1, q, 1) ∈
K : q ≡ c for some c ∈ ℝ} is a 
. r. s. for ℬ = {(p, q, r) ∈ K : (p, q, r) is a tuple of
onstant SL 
oe�
ients}.From Example 4.1.7 we infer that a SL equation with 
oe�
ients (p1, q1, r1) ∈ Kde�ned on (a1, b1) 
an be transformed into a SL equation with 
onstant 
oe�
ients (bymeans of a Liouville transformation) if and only if it 
an be transformed into Liouvillenormal form with 
onstant potential. This is equivalent to (p1r1) ∈ C1(a1, b1) with
(p1r1)

′ ∈ ACloc(a1, b1) and (see (4.1.4))
q1
r1

+
1

4
4

√
p1
r31

(
4

√
1

p1r51
(p1r1)

′
)′

≡ cfor some c ∈ ℝ. In parti
ular, every SL equation with 
oe�
ients (p1, q1, r1) ∈ K where
p1r1 ≡ c1 for some c1 ∈ ℝ+ and q1/r1 ≡ c2 for some c2 ∈ ℝ 
an be transformed intoan equation with 
onstant 
oe�
ients.60



4.2. Equivalen
e Relation on the Set of Maximal OperatorsExample 4.1.8. Consider the Cau
hy-Euler equation
z2y′′(z) + zy′(z) + �y(z) = 0 on (0, b1) (4.1.9)or - equivalently - in SL form

−(zy′(z))′ = �
1

z
y(z) on (0, b1). (4.1.10)We have q1 ≡ 0 and p1r1 ≡ 1 (p1 : z 7→ z, r1 : z 7→ 1

z
) and infer that (4.1.9) or (4.1.10),respe
tively, 
an be transformed into a SL equation with 
onstant 
oe�
ients. Indeed,applying the Liouville transformation w(x) = y(ex), i.e. u(z) = ln z, v ≡ 1, yields thetransformed equation

−w′′(x) = �w(x) on (−∞, ln b1).

4.2 Equivalen
e Relation on the Set of Maximal OperatorsWe may 
onsider the set T of all maximal operators asso
iated with SL 
oe�
ients
(p, q, r) ∈ K,

T = {Tmax(p, q, r) : (p, q, r) ∈ K},and de
lare an equivalen
e relation ∼T on T by
Tmax(p1, q1, r1) ∼T Tmax(p2, q2, r2) ⇔ ∃ Liouville transformation L su
h that

Tmax(p1, q1, r1) and Tmax(p2, q2, r2)are unitarily equivalent via L.We want to make a 
onne
tion between the relation ∼K on the set of SL 
oe�
ientsand the relation ∼T on the set of asso
iated maximal operators. For a restri
ted 
lass
Kr of SL 
oe�
ients this is possible:Let Kr be the subset of K whi
h 
onsists of all tuples of SL 
oe�
ients satisfying notonly 
onditions (3.0.2) but additionally p′, q ∈ L2

loc(a, b),
Kr = {(p, q, r) ∈ K : (p, q, r) is de�ned on (a, b) ⊆ ℝ and p′, q ∈ L2

loc(a, b)}.The additional assumptions on the SL 
oe�
ients guarantee that smooth fun
tionswith 
ompa
t support are in the domain of asso
iated maximal operators (in fa
t, of
ourse, even in the domain of asso
iated preminimal operators): Let (p, q, r) ∈ Kr bede�ned on (a, b) and y ∈ C∞
0 ((a, b);ℂ) with supp y = [c, d] ⊆ (a, b). Clearly, y and y′61



Chapter 4. Transforming Sturm-Liouville Equations by a Liouville Transformationare in ACloc(a, b) and hen
e y ∈ D(�(p, q, r)), and y ∈ L2((a, b); r). Furthermore,
∫ b

a

∣�(p, q, r)y∣2rdx =

∫ b

a

∣∣∣1
r

[
− (py′)′ + qy

]∣∣∣
2
rdx =

∫ d

c

1

r

∣∣−py′′ − p′y′ + qy
∣∣2 dx

≤ 3 max
x∈[c,d]

1

r(x)

(∫ d

c

∣∣p
∣∣2∣∣y′′

∣∣2dx+

∫ d

c

∣∣p′
∣∣2∣∣y′

∣∣2dx+

∫ d

c

∣q∣2∣y∣2dx
)

≤ 3 max
x∈[c,d]

1

r(x)
max
x∈[c,d]

(∣∣y(x)
∣∣2 +

∣∣y′(x)
∣∣2 +

∣∣y′′(x)
∣∣2
)

(
(d− c) max

x∈[c,d]
∣p(x)∣2 +

∫ d

c

∣∣p′
∣∣2dx+

∫ d

c

∣q∣2dx
)
<∞.This property, i.e. C∞

0 ((a, b);ℂ) ⊆ D(Tmax(p, q, r)), is 
ru
ial for the proof of Theorem4.2.1.Note that other than K the set Kr is not 
losed under applying a Liouville transfor-mation, meaning that if we start with (p1, q1, r1) ∈ Kr and de�ne (p2, q2, r2) by (3.1.2)for v and u satisfying (3.1.1), then in general (p2, q2, r2) /∈ Kr. To this end one had toassume that v′′, u′′ ∈ L2
loc(a, b).Theorem 4.2.1. Let (p1, q1, r1), (p2, q2, r2) ∈ Kr. Then

(p1, q1, r1) ∼K (p2, q2, r2) ⇔ Tmax(p1, q1, r1) ∼T Tmax(p2, q2, r2).Consequently, we have
Kr/∼K

=̂ Tr/∼T
,where Tr ⊆ T is the set of maximal operators asso
iated with SL 
oe�
ients (p, q, r) ∈

Kr,
Tr = {Tmax(p, q, r) : (p, q, r) ∈ Kr}.Proof. If (p1, q1, r1) ∼K (p2, q2, r2), it follows from Theorem 3.1.3 that

Tmax(p1, q1, r1) ∼T Tmax(p2, q2, r2). This even holds if (p1, q1, r1), (p2, q2, r2) ∈ K in-stead of (p1, q1, r1), (p2, q2, r2) ∈ Kr.Conversely, assume that Tmax(p1, q1, r1) ∼T Tmax(p2, q2, r2). Assume that (p1, q1, r1)is de�ned on (a1, b1) and (p2, q2, r2) is de�ned on (a2, b2) and let L be a Liouville trans-formation (belonging to some � and �) su
h that L : L2((a1, b1); r1) → L2((a2, b2); r2)is unitary, L : D(Tmax(p1, q1, r1)) → D(Tmax(p2, q2, r2)) is bije
tive and
LTmax(p1, q1, r1)y = Tmax(p2, q2, r2)Ly, y ∈ D(Tmax(p1, q1, r1)).We write � = 1

v
∘ u−1 and � = u−1 (with u = �−1 and v = 1

�
∘ u). Sin
e L :

D(Tmax(p1, q1, r1)) → D(Tmax(p2, q2, r2)) is bije
tive, it is 
lear that u maps bije
-tively (a1, b1) onto (a2, b2). Consequently, v is de�ned on (a1, b1). By de�nition ofa Liouville transformation (De�nition 3.1.1) u and v satisfy u, v ∈ C1(a1, b1), u
′, v′ ∈

ACloc(a1, b1), u
′ > 0 and v ∕= 0 in (a1, b1).62



4.2. Equivalen
e Relation on the Set of Maximal OperatorsWe use that L : L2((a1, b1); r1) → L2((a2, b2); r2) is unitary. On the one hand we have
∥f∥2L2((a1,b1);r1)

=

∫ b1

a1

∣f(z)∣2r1(z)dz =

∣∣∣∣
z = u−1(x)
dz = (u−1)′(x)dx

∣∣∣∣

=

∫ b2

a2

∣f(u−1(x))∣2r1(u−1(x))
1

u′(u−1(x))
dx,on the other hand we have

Lf =
1

v ∘ u−1
⋅ (f ∘ u−1), ∥Lf∥2L2((a2,b2);r2)

=

∫ b2

a2

1

v2(u−1(x))
∣f(u−1(x))∣2r2(x)dxand therefore

∫ b2

a2

∣f(u−1(x))∣2r1(u−1(x))
1

u′(u−1(x))
dx =

∫ b2

a2

1

v2(u−1(x))
∣f(u−1(x))∣2r2(x)dxfor f ∈ L2((a1, b1); r1).In parti
ular, for f = 1(u−1(c),u−1(d)), a2 < c < d < b2, this yields

∫ d

c

r1(u
−1(x))

1

u′(u−1(x))
dx =

∫ d

c

1

v2(u−1(x))
r2(x)dx, a2 < c < d < b2,and hen
e we infer from the Lebesgue di�erentiation theorem that

r1(u
−1(x))

1

u′(u−1(x))
=

1

v2(u−1(x))
r2(x) for almost all x ∈ (a2, b2).Sin
e in here both sides 
ontinuously depend on x, we even have

r1
u′

∘ u−1 =
1

v2
∘ u−1 ⋅ r2or equivalently

r2 =
v2r1
u′

∘ u−1. (4.2.1)For the following let �(c,d), a1 < c < d < b1, be a fun
tion su
h that �(c,d) ∈ C∞
0 (a1, b1),

0 ≤ �(c,d) ≤ 1 on (a1, b1) and �(c,d)(z) = 1 for z ∈ [c, d] (it is widely known that su
ha fun
tion exists, see, e.g., [Alt06℄, Se
tion 2.18).For y ∈ D(�(p1, q1, r1)) su
h that �(c,d)y ∈ D(Tmax(p1, q1, r1)) we then have
L�(p1, q1, r1)�(c,d)y = �(p2, q2, r2)L�(c,d)yand also

(
L�(p1, q1, r1)�(c,d)y

) ∣∣
(u(c),u(d))

=
(
�(p2, q2, r2)L�(c,d)y

) ∣∣
(u(c),u(d))

. 63



Chapter 4. Transforming Sturm-Liouville Equations by a Liouville TransformationHowever, this is equivalent to
L
∣∣
(u(c),u(d))

�(p1, q1, r1)
∣∣
(c,d)

y
∣∣
(c,d)

= �(p2, q2, r2)
∣∣
(u(c),u(d))

L
∣∣
(u(c),u(d))

y
∣∣
(c,d)

, (4.2.2)where by L∣(u(c),u(d)) we mean L restri
ted to (u(c), u(d)), i.e. the Liouville transfor-mation belonging to 1
v
∘ u−1∣(u(c),u(d)) and u−1∣(u(c),u(d)).If y is the fun
tion whi
h is 
onstant to 1, i.e. y ≡ 1 on (a1, b1), then �(c,d)y ∈

C∞
0 (a, b) ⊆ C∞

0 ((a, b);ℂ) ⊆ D(Tmax(p1, q1, r1)) and we obtain
L
∣∣
(u(c),u(d))

q1
r1

∣∣∣∣
(c,d)

= �(p2, q2, r2)
∣∣
(u(c),u(d))

(
1

v
∘ u−1

) ∣∣∣∣
(u(c),u(d))and hen
e

1

v(u−1(x))

q(u−1(x))

r(u−1(x))
=

1

r2(x)

[
−
(
p2

(
1

v
∘ u−1

)′)′
(x) + q2(x)

1

v(u−1(x))

]

=
1

r2(x)

[(
p2 ⋅

v′

v2u′
∘ u−1

)′
(x) + q2(x)

1

v(u−1(x))

] (4.2.3)for almost all x ∈ (u(c), u(d)). Sin
e c, d (a1 < c < d < b1) were arbitrary, (4.2.3) evenholds for almost all x ∈ (a2, b2).Similarly, for y = id(a1,b1) we obtain from (4.2.2)
L
∣∣
(u(c),u(d))

(
1

r1

[
− p′1 + q1 id(a1,b1)

]) ∣∣∣∣
(c,d)

=

�(p2, q2, r2)
∣∣
(u(c),u(d))

(
1

v ∘ u−1
⋅ u−1

) ∣∣∣∣
(u(c),u(d))

,leading to
1

v(u−1(x))

1

r1(u−1(x))

[
− p′1(u

−1(x)) + q1(u
−1(x))u−1(x)

]
=

1

r2(x)

[(
p2u

−1 ⋅ v′

v2u′
∘ u−1 − p2 ⋅

1

vu′
∘ u−1

)′
(x) + q2(x)

1

v(u−1(x))
u−1(x)

]for almost all x ∈ (a2, b2).After a lengthy 
al
ulation using (4.2.1) and (4.2.3) we obtain from this
(
p2 ⋅

1

v2u′
∘ u−1

)′
= (p1 ∘ u−1)′ a.e. in (a1, b1)and hen
e

p2 ⋅
1

v2u′
∘ u−1 = p1 ∘ u−1 + cfor some c ∈ ℝ.64



4.2. Equivalen
e Relation on the Set of Maximal OperatorsFinally, we do the same as for y ≡ 1 and y = id(a1,b1) for y with y(z) = z2 yielding(again after a lengthy 
al
ulation) that c = 0, i.e.
p2 = (v2p1u

′) ∘ u−1. (4.2.4)Putting (4.2.1) and (4.2.4) into (4.2.3) then yields
q2 =

[ v
u′
(q1v − (p1v

′)′)
]
∘ u−1,and together with (4.2.1) and (4.2.4) this shows (p1, q1, r1) ∼K (p2, q2, r2). □
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Appendix AA.1 Absolutely Continuous Fun
tionsThe following theorem is essential throughout Chapter 3 and Chapter 4.Theorem A.1.1. Let f, g ∈ AC[a, b] and � ∈ ℂ. Then �f, f, ∣f ∣, f+g, f ⋅g ∈ AC[a, b].Furthermore, if g ∕= 0 in [a, b], then f/g ∈ AC[a, b].Let f ∈ AC[a, b] be real-valued and ℎ ∈ Lip[c, d] or f ∈ AC[a, b] be real-valued andmonotone and ℎ ∈ AC[c, d] su
h that f([a, b]) ⊆ [c, d]. Then ℎ ∘ f ∈ AC[a, b].Proof. Clearly, �f and f are absolutely 
ontinuous. The fun
tion ∣f ∣ being abso-lutely 
ontinuous 
an be easily seen by using the "-�-de�nition of absolute 
ontinuityand the reverse triangle inequality. In the 
ase of real-valued fun
tions f, g and ℎ, theremaining assertions 
an be found, e.g., in [App09℄ (Theorem 4.21 and Theorem 4.28)or [Bog07℄ (Lemma 5.3.2, Corollary 5.3.3 and Exer
ise 5.8.59). However, for 
omplex-valued fun
tions f, g and ℎ the assertions follow from these sin
e a 
omplex-valuedfun
tion is absolutely 
ontinuous (Lips
hitz 
ontinuous) if and only if its real part andits imaginary part are absolutely 
ontinuous (Lips
hitz 
ontinuous). □A.2 Hilbert Spa
es of Entire Fun
tionsWe want to brie�y dis
uss the 
on
ept of de Branges1 spa
es and state some mainresults as far as we need them in Chapter 2 and Se
tion 3.2. We refer to de Branges'book [dB68℄ for a detailed des
ription.We say a fun
tion f whi
h is analyti
 in the upper 
omplex half-plane is of boundedtype in ℂ+ if
f(z) =

p(z)

q(z)
, z ∈ ℂ+,where p and q are both bounded and analyti
 in the upper 
omplex half-plane and q isnot identi
ally zero2. Clearly, if � ∈ ℂ and f, g are of bounded type, so are �f, f+g, f ⋅gand (if f/g is analyti
 in ℂ+) f/g.If f is a fun
tion of bounded type in ℂ+ and f does not vanish identi
ally, the quantity

lim sup
y→∞

ln ∣f(iy)∣
y

∈ [−∞,∞]1Louis de Branges de Bour
ia (*1932)2There is a 
orresponding notation for other simply 
onne
ted 
omplex domains. 67



Appendix A.is referred to as the mean type of f . It 
an be shown that this number in fa
t is �niteand the mean type of f ≡ 0 is then taken to be −∞.A de Branges fun
tion is an entire fun
tion E whi
h satis�es the inequality
∣E(z)∣ > ∣E(z)∣, z ∈ ℂ+.Obviously, a de Branges fun
tion does not have any zeros in ℂ+. Given su
h a fun
tion

E, the asso
iated de Branges spa
e B is the ve
tor spa
e of all entire fun
tions ℎ su
hthat
∫

ℝ

∣ℎ(t)∣2
∣E(t)∣2 dt <∞and su
h that both ℎ/E and ℎ#/E are of bounded type in ℂ+ and of non-positivemean type, where ℎ# is the entire fun
tion given by

ℎ#(z) = ℎ(z), z ∈ ℂ.An inner produ
t is de�ned on B by
⟨ℎ, g⟩B =

1

�

∫

ℝ

ℎ(t)g(t)

∣E(t)∣2 dt, ℎ, g ∈ B,and equipped with this inner produ
t the de Branges spa
e B 
an be proven to be aHilbert spa
e (see [dB68℄, Theorem 21, but note that the s
ale fa
tor �−1 is missingthere).For ea
h � ∈ ℂ point evaluation in � is a 
ontinuous linear fun
tional on B, hen
e B isa reprodu
ing kernel Hilbert spa
e and point evaluation in � 
an be written as
ℎ(�) = ⟨ℎ,K(�, ⋅ )⟩B , ℎ ∈ B.The reprodu
ing kernel K is given by, 
ompare [dB68℄ (Theorem 19),

K(�, z) =
E(z)E#(�)− E(�)E#(z)

2i(� − z)
, �, z ∈ ℂ. (A.2.1)Note that though there is a multitude of de Branges fun
tions giving rise to the samede Branges spa
e (in
luding the inner produ
t), e.g. �E for ∣�∣ = 1, the reprodu
ingkernel K is of 
ourse independent of the a
tual de Branges fun
tion.In Se
tion 3.2 we need the following subspa
e ordering theorem.Theorem A.2.1 ([dB68℄, Theorem 35). Let E1, E2 be two de Branges fun
tions and

B1, B2 be the asso
iated de Branges spa
es. Suppose B1, B2 are isometri
ally embeddedin L2(ℝ, �) for some Borel measure � on ℝ. If E1/E2 is of bounded type in ℂ+ andhas no real zeros or singularities, then B1 
ontains B2 or B2 
ontains B1 (in
ludingthe inner produ
t).Furthermore, we need the following 
onverse statement.68



A.2. Hilbert Spa
es of Entire Fun
tionsLemma A.2.2. Let E1, E2 be two de Branges fun
tions and B1, B2 be the asso
iatedde Branges spa
es. If B1 ∩B2 ∕= {0} (whi
h is surely the 
ase if B1 
ontains B2 or B2
ontains B1 sin
e any de Branges spa
e 
ontains nonzero elements, 
ompare [dB68℄, p.50), then E1/E2 is of bounded type in ℂ+.Proof. For ea
h ℎ ∈ B1 ∩ B2 ∖ {0} the fun
tions ℎ/E2 and ℎ/E1 are of boundedtype by de�nition and hen
e so is their quotient, whi
h equals E1/E2 (and is indeedanalyti
 in ℂ+ sin
e E2 does not have any zeros there). □
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