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Preface

Let µ be a complex Borel measure on the unit circle. In this work we study integral

transforms of µ on the unit disk, namely the well-known Cauchy transform as well as the

closely related Poisson and conjugate Poisson transforms. These transforms are of partic-

ular interest in function theory, as certain classes of analytic functions allow for integral

representations of this type, and they are important tools in many function theoretic proofs.

We are concerned with the behavior of the transforms near the support of the measure

µ. In the case of measures absolutely continuous with respect to Lebesgue measure on

the circle, this topic has been thoroughly studied. The results are well-known and can be

found for instance in [10].

If the measure µ is singular with respect to Lebesgue measure, its Cauchy transform tends

to in�nity as the function argument approaches points lying in the support of the measure.

The mode of growth of the transforms in this case became the object of deeper study very

recently. In [2], A. Poltoratski introduced a classi�cation of measures based on the relative

speed of growth of their Poisson and conjugate Poisson transforms. Several results on this

subject have been published in the recent years, and there are a number of open questions

at this point.

In this thesis we give an overview of the developments in this �eld. In the �rst chapter, we

provide necessary de�nitions and preliminary results. Chapter 2 deals with the classical

results on absolutely continuous measures.

In Chapter 3, we turn to the study of the normalized Cauchy transform of a measure,

which is an operator de�ned on the space of µ-integrable functions. The main result is a

statement about the boundary behavior of the image functions of the normalized Cauchy

transform that is due to A. Poltoratski [1]. In the �rst two sections of this chapter, we

present a construction that actually originates in a di�erent direction of study but leads to

important results on the normalized Cauchy transform, and was introduced by D.N. Clark

[5] and taken up by A.B. Aleksandrov [6]. The rest of the chapter follows A. Poltoratski's

paper [1].

In Chapter 4 it is shown how the results from Chapter 3 can be applied in the study of the

boundary behavior of the Poisson and conjugate Poisson transforms of singular measures.

We present the classi�cation from [2] and state some results characterizing those classes

that were obtained by A. Poltoratski and P.W. Jones in [2], [3] and [4].

At this point I want to thank my advisor Harald Woracek for his support and helpful

suggestions.

Vienna, May 2013
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Chapter 1

Preliminaries

1.1 The Hardy Spaces on the unit disk

We use the following notational conventions throughout.

D := {z ∈ C : |z| < 1} denotes the open unit disk, T := ∂D is the unit circle.

M (T) denotes the set of all �nite regular complex Borel measures on T, andM+ (T) is the

subset of all �nite positive measures.

The normalized Lebesgue measure on the unit circle is denoted by σ, and speaking of

absolutely continuous or singular measures we mean with respect to σ unless explicitly

stated otherwise.

We introduce the Hardy Spaces on the unit disk: For 0 < p ≤ ∞, Hp denotes the space of

holomorphic functions on D which satisfy

‖f‖Hp := sup
0<r<1

∫
T

|f (rξ)|p dσ (ξ)

1/p

< +∞, (1.1)

if 0 < p <∞, and in the case p =∞

‖f‖H∞ := sup
z∈D
|f (z)| < +∞, (1.2)

i.e., H∞ is the space of bounded analytic functions in D.
If p ≥ 1, the space Hp is a Banach space, if 0 < p < 1, it is a complete metric space. We

state some properties of the functions lying in Hardy spaces that will be relevant in the

following.

(i) Every function f ∈ Hp has boundary values almost everywhere on T, and the bound-

ary function f̃ lies in Lp (σ), with ‖f‖Hp = ‖f̃‖Lp . Thus Hp is isomorphic to a closed

subspace of Lp (σ); see [13, Chapter II, Theorem 3.1]. Thanks to this correspondence, we

will usually not distinguish between f ∈ Hp and its boundary function in Lp (σ).

(ii) Let 1 ≤ p ≤ ∞. Then we have the following characterization of the elements of

Hp in terms of their boundary function ([12, Theorem 4.25]): f ∈ Lp (σ) is the boundary

function of a function in Hp if and only if for all n ∈ N∫
T

ζnf (ζ) dσ (ζ) = 0. (1.3)
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(iii) If 1 ≤ p ≤ ∞, every function f ∈ Hp has the Cauchy representation

f (z) =

∫
T

f (ξ)

1− zξ̄
dσ (ξ), z ∈ D. (1.4)

(iv) We set

Hp
0 :=

{
f ∈ Hp | f (0) = 0

}
and Hp

0 :=
{
f ∈ Lp (σ) | f̄ ∈ Hp

0

}
.

In terms of boundary functions, these are the spaces (p ≥ 1)

Hp
0 =

{
f ∈ Lp (σ) | (1.3) holds for all n ∈ N0

}
, (1.5)

Hp
0 =

{
f ∈ Lp (σ) | (1.3) holds for all n ≤ 0

}
. (1.6)

If 1 < p <∞, we have the decomposition Lp (σ) = Hp ⊕Hp
0 , see e.g. [15, Chapter 9].

(v) The dual space of Hp, 1 < p <∞, can be identi�ed with Hq, where q is the conjugate

index of p, i.e., the unique positive number such that 1
p + 1

q = 1 holds; see [14, Section 3.6].

The duality product for f ∈ Hp and g ∈ Hq is given by

〈f, g〉 :=

∫
T

f (ξ) g (ξ)dσ (ξ).

1.2 Harmonic functions

A function u which is continuous on D and twice continuously di�erentiable on D is called

harmonic if ∆u (x+ iy) = ∂2u
∂x2

+ ∂2u
∂y2

= 0 in D. We state some facts about harmonic

functions we will need later on. Proofs of the statements can be found in [13], [17], [21,

Chapter 11].

(i) If f is a function continuous on D and analytic in D, and we write f (z) = u (z)+ iv (z)

with real-valued u and v, then u and v satisfy the Cauchy-Riemann di�erential equations,

∂u

∂x
=
∂v

∂y
and

∂u

∂y
= −∂v

∂x
. (1.7)

From these equations we infer that u and v are harmonic functions:

∂2u

∂x2
=

∂

∂x

∂v

∂y
=

∂

∂y

∂v

∂x
= −∂

2u

∂y2
,

∂2v

∂x2
= − ∂

∂x

∂u

∂y
= − ∂

∂y

∂u

∂x
= −∂

2v

∂y2
.

By the linearity of the derivative, f itself is harmonic.

(ii) Conversely, every real-valued harmonic function u on D is the real part of some ana-

lytic function on D. The corresponding imaginary part, which is then called a harmonic

conjugate of u, can be constructed from the Cauchy-Riemann di�erential equations. Har-

monic conjugates are unique up to a constant and we call a harmonic conjugate v satisfying

v (0) = 0 the harmonic conjugate of u.
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(iii) For positive harmonic functions we have Harnack's inequality (see [22, Theorem 1.18]):

Theorem 1.2.1. Suppose that u is positive and harmonic in the open ball UR (z0) := {z ∈
C : |z − z0| < R}. For z ∈ UR (z0), set r := |z − z0|. Then the inequality

R− r
R+ r

u (ξ) ≤ u (z) ≤ R+ r

R− r
u (ξ) (1.8)

holds.

�

1.3 Integral transforms of measures

Let µ ∈M (T). We de�ne the Cauchy transform K [µ] of µ on the unit disk by

K [µ] (z) :=

∫
T

1

1− ξ̄z
dµ (ξ) . (1.9)

The Cauchy transform is an analytic function in D. Moreover, it lies in the Hardy spaces

Hp for p < 1, see [19, Theorem 3.5].

We further de�ne the Poisson- and conjugate Poisson transform of µ, P [µ] and Q [µ],

respectively, through

P [µ] (z) :=

∫
T

1− |z|2

|ξ − z|2
dµ (ξ) =

∫
T

P (z, ξ) dµ (ξ) , (1.10)

Q [µ] (z) :=

∫
T

2Im
(
ξ̄z
)

|ξ − z|2
dµ (ξ) =

∫
T

Q (z, ξ) dµ (ξ) . (1.11)

Here, P (z, ξ) = 1−|z|2

|ξ−z|2 is the Poisson kernel, and Q (z, ξ) =
2Im (ξ̄z)
|ξ−z|2 is the conjugate Poisson

kernel. These transforms are harmonic functions in D.
If µ ∈ M (T) is a real-valued measure, its Poisson and conjugate Poisson transforms are

real-valued harmonic functions. The name conjugate Poisson transform is due to the fact

that in the case of a real-valued measure, Q [µ] is precisely the conjugate function of P [µ]:

The Poisson kernel P (z, ξ) is the real part of the function ξ+z
ξ−z , and the conjugate Poisson

kernel Q (z, ξ) is its imaginary part. Hence we have

P [µ] (z) + iQ [µ] (z) =

∫
T

ξ + z

ξ − z
dµ (ξ) , (1.12)

which is analytic in D. Obviously Q [µ] satis�es the condition Q [µ] (0) = 0.

For arbitrary complex measures, the Poisson and conjugate Poisson transform are not

necessarily real-valued, but we still have (1.12), and also in this caseQ [µ] is called conjugate

function of P [µ].

Since 1 + ξ+z
ξ−z = 2

1−ξ̄z , we further have the relation

K [µ] (z) =
1

2

∫
T
dµ+

1

2
P [µ] (z) +

i

2
Q [µ] (z) (1.13)

between the Cauchy and the Poisson and conjugate Poisson transforms of µ.
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1.4 Further results

We state some results here that are important tools in following proofs and give references

on where to �nd further details and proofs of the statements.

The �rst statement is Fatou's jump theorem (see [14, Section 2.4]), which establishes a

relation between boundary values on T of the Cauchy transform from inside and outside

D. For, although we are mainly concerned with the Cauchy transform as a function on the

unit disk, it is clearly de�ned for z ∈ Ĉ\T, where Ĉ := C ∪ {∞}. If we set De := Ĉ\D̄,
then K [µ] is analytic on both D and De and satis�es K [µ] (∞) = 0.

We denote by Hp (De), 0 < p ≤ ∞, the set of all functions F that are analytic on De and
for which z 7→ F (1/z) belongs to Hp. The restriction K [µ]

∣∣
De lies in the spaces Hp (De)

for 0 < p < 1 and thus it has boundary values σ-almost everywhere on T from De. For

more details on the Cauchy transform on De and the proof of the statement below see

Section 2.4 of [14].

Theorem 1.4.1 Let µ ∈M (T).Then, for σ-almost all ξ ∈ T,

lim
r↗1

K [µ] (rξ)− lim
r↘1

K [µ] (rξ) =
dµ

dσ
(ξ) .

In particular, if µ ⊥ σ, at σ-almost every point on T, we have the relation

lim
r↗1

K [µ] (rξ) = lim
r↘1

K [µ] (rξ) . (1.14)

�

Kolmogorov's theorem provides us with a weak type estimate for the Cauchy transform of

a measure; see [14, Theorem 3.4.1].

Theorem 1.4.2 Let µ ∈ M (T). Then there exists a constant A > 0 such that for every

λ > 0 the estimate

σ ({|K [µ]| > λ}) ≤ A‖µ‖
λ

(1.15)

holds.

�

The following two statements are concerned with integral representations of harmonic

functions by means of the Poisson transform and highlight the importance of this transform

in harmonic function theory; see [12, Theorem 1.10, Theorem 1.5].

Theorem 1.4.3. Let u be a nonnegative harmonic function on D. Then there exists a

measure µ ∈M+ (T) such that

u (z) =

∫
T

P (z, ζ) dµ (ζ) , z ∈ D. (1.16)

�

In addition, if a harmonic function u is continuous on the boundary, the measure is explic-

itly given as the absolutely continuous measure with density u
∣∣
T:
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Theorem 1.4.4. Let u be harmonic on D and continuous on D. Then u has the represen-

tation

u (z) =

∫
T

P (z, ζ)u (ζ) dσ (ζ), z ∈ D. (1.17)

�

Let E be a subset of RN . We call a collection F of nontrivial closed balls a Besicovitch

covering for E if every x ∈ E is the center of a ball B (x) ∈ F . For such coverings, we have

the following Besicovitch covering theorem ([23, Chapter II, Theorem 18.1]).

Theorem 1.4.5. Let E ⊆ RN be a bounded set, and let F be a Besicovitch covering for

E. Then there exists a positive integer cN depending only on the dimension N such that

there are cN subcollections B1, . . . , BcN of F with the following properties:

(i) for every k = 1, . . . , cN , the collection Bk contains countably many disjoint balls;

(ii) E ⊆
cN⋃
k=1

⋃
B∈Bk

B.

�

Finally we state the Marcinkiewicz interpolation theorem ([13, Chapter I, Theorem 4.5]).

Theorem 1.4.6. Let (X,µ) and (Y, ν) be measure spaces, and let 1 < p ≤ ∞. Suppose

that T is a map de�ned both on L1 (X,µ) and Lp (X,µ) and mapping into the space of

ν-measurable functions. Suppose further that T satis�es

(i) |T (f + g)| ≤ |Tf |+ |Tg| on Y ;

(ii) T is of weak type (1,1), i.e., for each λ > 0 and f ∈ L1 (X,µ),

ν ({|Tf | > λ}) ≤
A0‖f‖L1(X,µ)

λ
;

(iii) if p <∞, then T is of weak type (p,p), i.e., for each λ > 0 and f ∈ Lp (X,µ),

ν ({|Tf | > λ}) ≤
A1‖f‖pLp(X,µ)

λp
,

and if p =∞, T satis�es

‖Tf‖L∞(Y,ν) ≤ A1‖f‖L∞(X,µ).

Then for each 1 < p′ < p, there is a constant Ap′ depending only on A0, A1, p and p′ such
that for all f ∈ Lp′ (X,µ)

‖Tf‖Lp′(Y,ν) ≤ Ap′‖f‖Lp′(X,µ).

�
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Chapter 2

Absolutely continuous measures

In this chapter we concern ourselves with the boundary behavior of the Poisson and con-

jugate Poisson transforms of an absolutely continuous measure µ ∈M (T). We show that

in this case, boundary values of both transforms exist almost everywhere on T. The �rst
part of the chapter is dedicated to the symmetric derivative and maximal function of a

measure.

2.1 The symmetric derivative of a measure

For ξ ∈ T and r ∈ (0, 2] we set Ir (ξ) := T ∩ Ur (ξ) = {η ∈ T
∣∣ |ξ − η| < r}, i.e., Ir (ξ) is

an open subarc of T centered in ξ that is obtained by intersecting T with the open ball of

radius r ∈ (0, 2] centered at ξ.

De�nition 2.1.1. Let µ ∈M (T). We set

(Arµ) (ξ) :=
µ (Ir (ξ))

σ (Ir (ξ))
, and (2.1)

(Dµ) (ξ) := lim
r→0

(Arµ) (ξ) , (2.2)

whenever this limit exists. (Dµ) (ξ) is called the symmetric derivative of µ at ξ. Further-

more, we de�ne the maximal function of the measure µ by

(Mµ) (ξ) := sup
0<r<∞

(Ar |µ|) (ξ) , (2.3)

where |µ| denotes the total variation of µ.

We are going to show that if µ is absolutely continuous with respect to the Lebesgue

measure, the symmetric derivative coincides σ-almost everywhere with the Radon-Nikodym

derivative of µ with respect to σ, and that for a singular measure µ the symmetric derivative

vanishes almost everywhere with respect to σ. First we establish some results about the

maximal function Mµ.

Proposition 2.1.2. Let µ ∈M (T) and K ∈ (0,∞]. The function

SKµ (ξ) := sup
0<r<K

(Ar |µ|) (ξ)

is lower semicontinuous, i.e., for every λ ∈ R, the set {SKµ > λ}1 is open. In particular,

the maximal function Mµ is lower semicontinuous.

1Notation: this expression is an abbreviation denoting the set {ξ ∈ T | (SKµ) (ξ) > λ}.
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Proof. Since SKµ depends only on the total variation of the measure, we may assume

µ ≥ 0. We �x λ > 0, denote Eλ := {SKµ > λ} and �x ξ ∈ Eλ. By the de�nition of the set,

we �nd r ∈ (0,K) and t > λ such that µ (Ir (ξ)) = tσ (Ir (ξ)). Furthermore, since t/λ > 1

and σ is regular, there is some δ ∈ (0,K − r) for which σ (Ir+δ (ξ)) < t
λσ (Ir (ξ)) holds.

Let η ∈ Iδ (ξ), then by the triangle inequality we have Ir (ξ) ⊆ Ir+δ (η). This yields, using

the invariance of σ under rotations,

µ (Ir+δ (η)) ≥ µ (Ir (ξ)) = tσ (Ir (ξ)) > λσ (Ir+δ (ξ)) = λσ (Ir+δ (η)) ,

and since r + δ < K, η lies in Eλ. As η ∈ Iδ (ξ) was arbitrary, we see that Iδ (ξ) ⊆ Eλ,

hence the set is open.

�

We proceed with a statement about the possible size of the set where the maximal function

Mµ is large. We will see thatMµ can take large values on relatively small sets only. First,

we prove the following covering lemma.

Lemma 2.1.3. Given a �nite set of arcs Ij = Irj (ξj) , j = 1, . . . ,m, there exists a subset

of indices J ⊆ {1, ...,m} such that

(i) the collection {Ij , j ∈ J} is pairwise disjoint,

(ii)
m⋃
j=1

Ij ⊆
⋃
j∈J

I3rj (ξj), and

(iii) σ

(
m⋃
j=1

Ij

)
≤ 6

∑
j∈J

σ (Ij) .

Proof. We order the arcs such that r1 ≥ r2 ≥ ... ≥ rm. Now we inductively choose the

indices in J in the following way: We set j1 = 1, then remove all Ij which intersect I1.

We then choose the �rst remaining index, if there are any remaining arcs, to be j2, and

again remove all of the remaining arcs that intersect Ij2 . Continuing in this way as long

as possible, we arrive at a set of indices J = {j1, j2, ..., jk}. Clearly, the corresponding

collection of arcs is disjoint. Furthermore, we note that every discarded arc I intersects

some Ij0 with j0 ∈ J , whose radius rj0 is larger than that of I. Thus I is contained in the

arc centered at ξj0 with radius 3rj0 by the triangle inequality. This proves (ii).

In order to prove the third statement, we �rst derive an estimate of the σ-measure of

some subarc of T with that of a smaller subarc: For r ∈ (0, 2], a short calculation gives

σ (Ir (ξ)) = 2
π arcsin

(
r
2

)
. We note that for such r the inequality r

2 < arcsin( r2) < r holds,

which leads to the estimate
r

π
≤ σ (Ir (ξ)) ≤ 2r

π
.

Considering now the arc centered at ξ with triple radius, we use the right part of this

inequality to estimate σ (I3r (ξ)) and then the left part for σ (Ir (ξ)) and thereby obtain

σ (I3r (ξ)) ≤ 2

π
3r ≤ 6σ (Ir (ξ)) . (2.4)

With this estimate, using (ii) we get

σ

( m⋃
j=1

Ij

)
≤ σ

( ⋃
j∈J

I3rj (ξj)

)
≤
∑
j∈J

σ
(
I3rj (ξj)

)
≤ 6

∑
j∈J

σ (Ij) .

9



�

Theorem 2.1.4. Let µ ∈M (T). Then for every λ > 0, the inequality

σ ({Mµ > λ}) ≤ 6‖µ‖
λ

(2.5)

holds, where ‖µ‖ = |µ| (T) is the total variation norm of µ.

Proof. We �x λ > 0. As established in Proposition 2.1.2, Eλ := {Mµ > λ} is an open

set. Let K be a compact subset of Eλ. By the de�nition of Mµ, for each ξ ∈ K we

�nd an arc Iξ = Irξ (ξ) such that |µ| (Iξ) > λσ (Iξ). The family {Iξ, ξ ∈ K} covers K,

and since K is compact, so does a �nite subcollection {Iξj , j = 1, . . . ,m}. Now, by the

covering lemma, Lemma 2.1.3, we �nd a subset J ⊆ {1, . . . ,m} of indices providing a

disjoint subcollection {Iξj , j ∈ J} such that K ⊆
m⋃
j=1

Irξj (ξj) ⊆
⋃
j∈J

I3rξj
(ξj). We can then

estimate the σ-measure of K, making use of the inequality (iii) from the covering lemma

and the pairwise disjointness of the arcs Iξj , by

σ (K) ≤ σ

(
m⋃
j=1

Irξj (ξj)

)
≤ 6

∑
j∈J

σ
(
Iξj
)
≤ 6

λ

∑
j∈J
|µ|
(
Iξj
)
≤ 6‖µ‖

λ
.

As σ is a regular measure, we have σ (Eλ) = sup{σ (K) | K ⊆ Eλ,K is compact}, and
since above estimate holds for arbitrary compact subsets of Eλ, we arrive at the desired

conclusion.

�

In the following results we establish properties of the symmetric derivative Dµ. A notion

important in the proofs of these and subsequent statements is that of a Lebesgue point:

De�nition 2.1.5. Let f ∈ L1 (σ), and let ξ ∈ T. We call ξ a Lebesgue point of f with

respect to σ, if

lim
r→0

1

σ (Ir (ξ))

∫
Ir(ξ)

|f (ζ)− f (ξ)| dσ (ζ) = 0. (2.6)

Remark 2.1.6. (i) For any Lebesgue point we have

lim
r→0

1

σ (Ir (ξ))

∫
Ir(ξ)

f (ζ) dσ (ζ) = f (ξ) , (2.7)

since, by the triangle inequality,∣∣∣∣ 1

σ (Ir (ξ))

∫
Ir(ξ)

fdσ − f (ξ)

∣∣∣∣ =

∣∣∣∣ 1

σ (Ir (ξ))

∫
Ir(ξ)

f − f (ξ) dσ

∣∣∣∣ ≤ 1

σ (Ir (ξ))

∫
Ir(ξ)

|f − f (ξ)| dσ.

(ii) If f ∈ C (T), every ξ ∈ T is a Lebesgue point with respect to f . Indeed, if f is

continuous at ξ ∈ T, for any ε > 0 we can �nd a radius r > 0 such that on the arc Ir (ξ)

the estimate |f (ζ)− f (ξ)| < ε holds, and consequently for all r′ ≤ r,

1

σ (Ir′ (ξ))

∫
Ir′ (ξ)

|f (ζ)− f (ξ)| dσ (ζ) <
1

σ (Ir′ (ξ))
εσ (Ir′ (ξ)) = ε.
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For an arbitrary function in L1 (σ), the existence of Lebesgue points may not seem so clear.

But in fact we have the following remarkable statement.

Theorem 2.1.7. Let f ∈ L1 (σ), then σ-almost every ξ ∈ T is a Lebesgue point of f .

Proof. For ξ ∈ T and r > 0 we de�ne

(Trf) (ξ) :=
1

σ (Ir (ξ))

∫
Ir(ξ)

|f (ζ)− f (ξ)| dσ (ζ)

and

(Tf) (ξ) := lim sup
r→0

(Trf) (ξ) .

We have to show that (Tf) (ξ) = 0 at σ-almost every ξ ∈ T, equivalently, for any ε > 0,

the set {Tf > ε} is a σ-nullset. To this end, we �x some ε > 0 and n ∈ N. Since C (T) is

dense in L1 (σ), we can �nd a function gn ∈ C (T) with ‖f − gn‖L1(σ) <
1
n . We choose a

representative, also denoted by f , of the equivalence class of f in L1 (σ) (two representatives

are equal up to a nullset with respect to σ, thus the choice is of no concern, for we want

to prove that the statement holds everywhere up to a σ-nullset) and set hn = f − gn.
As gn is continuous, Tgn = 0 by Remark 2.1.6 (ii). Furthermore, for ξ ∈ T we have

(Trhn) (ξ) ≤ 1

σ (Ir (ξ))

∫
Ir(ξ)

|hn (ζ)| dσ (ζ) + |hn (ξ)| ,

hence, denoting by µn the absolutely continuous measure with density function |hn|,

(Thn) (ξ) ≤ (Mµn) (ξ) + |hn (ξ)| .

Since Trf ≤ Trgn + Trhn, this implies Tf ≤Mµn + |hn|, and therefore{
Tf > 2ε

}
⊆
{
Mµn > ε

}
∪
{
|hn| > ε

}
=: E (ε, n) .

For the �rst set on the right-hand side we can apply Theorem 2.1.4 to obtain

σ ({Mµn > ε}) ≤ 6‖µn‖
ε

=
6‖hn‖L1(σ)

ε
≤ 6

εn
.

Furthermore we have, setting B = {|hn| > ε},

εσ (B) ≤
∫
B

|hn| dσ ≤
∫
T

|hn| dσ = ‖hn‖L1(σ) ≤
1

n
,

and therefore σ ({|hn| > ε}) ≤ 1
εn . We infer

σ
(
{Tf > 2ε}

)
≤ σ (E (ε, n)) ≤ 7

εn
. (2.8)

As the set {Tf > 2ε} is independent of n ∈ N, we conclude that it must be contained

in every E (ε, n) and hence also in the intersection
⋂
n∈NE (ε, n). But (2.8) implies that

σ
(⋂

n∈NE (ε, n)
)

= 0, and since σ is a complete measure, also {Tf > 2ε} is a σ-nullset.
As ε > 0 was arbitrary, this concludes the proof.

�
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Theorem 2.1.8. Let µ ∈ M (T) be absolutely continuous with density f ∈ L1 (σ). Then

Dµ = f almost everywhere with respect to σ, and for all Borel subsets E ⊆ T we have

µ (E) =

∫
E

(Dµ) (ζ) dσ (ζ).

Proof. By the Radon-Nikodym theorem (see [21, Theorem 6.10]), f satis�es

µ (E) =

∫
E

f (ζ) dσ (ζ)

for every Borel set E. Let ξ ∈ T be a Lebesgue point of f , then by Remark 2.1.6 (i) and

the de�nition of the symmetric derivative we have

f (ξ) = lim
r→0

1

σ (Ir (ξ))

∫
Ir(ξ)

f (ζ) dσ (ζ) = lim
r→0

µ (Ir (ξ))

σ (Ir (ξ))
= (Dµ) (ξ) ,

thus, Dµ exists and equals f at every Lebesgue point of f .

�

Theorem 2.1.9. Let µ ∈M (T) be singular with respect to σ. Then

(Dµ) (ξ) = 0 for σ-almost every ξ ∈ T.

Proof. As the symmetric derivative is linear, we may con�ne ourselves to the case µ ≥ 0,

for the Jordan decomposition theorem (see [18, Theorem 11.2(v)]), applied to the real and

imaginary parts of the measure, provides a representation µ = µ1−µ2 + i (µ3 − µ4), where

the µi, i = 1, ..., 4, are nonnegative singular measures. We consider the function

(
D̄µ
)

(ξ) := lim
n→∞

[
sup

0<r<1/n
(Arµ) (ξ)

]
.

The functions sup0<r<1/n (Arµ) (ξ) are lower semicontinuous by Proposition 2.1.2. Thus

they are in particular measurable, and therefore their limit function D̄µ is measurable

too. We �x λ > 0 and ε > 0. As µ is singular and regular, we �nd a compact subset

K ⊆ T such that σ (K) = 0 and µ (K) > ‖µ‖ − ε. We de�ne two measures by µ1 (E) :=

µ (K ∩ E) for Borel sets E ⊆ T and µ2 := µ − µ1. Then ‖µ1‖ = µ (K) and consequently

‖µ2‖ = ‖µ‖ − ‖µ1‖ < ε. For ξ /∈ K we have(
D̄µ
)

(ξ) =
(
D̄µ2

)
(ξ) ≤ (Mµ2) (ξ) .

This yields the inclusion
{
D̄µ > λ

}
⊆ K ∪

{
Mµ2 > λ

}
, and hence, using Theorem 2.1.4,

σ
(
{D̄µ > λ}

)
≤ σ (K) + σ ({Mµ2 > λ}) ≤ 6‖µ2‖

λ
≤ 6ε

λ
.

Since ε was arbitrary, we conclude σ
(
{D̄µ > λ}

)
= 0, and as also λ > 0 was arbitrary,

Dµ = 0 at σ−almost every point.

�
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Combining Theorems 2.1.8 and 2.1.9, we obtain

Theorem 2.1.10. Let µ ∈ M (T) with Lebesgue decomposition µ = fσ + µs. Then, for

σ-almost every ξ ∈ T,
(Dµ) (ξ) = f (ξ) .

�

We also have the following result for the symmetric derivative on the support of a measure

singular with respect to σ.

Theorem 2.1.11. Let µ ∈M+ (T) be a singular measure. Then for µ-almost every ξ ∈ T

(Dµ) (ξ) =∞.

Proof. Since µ is singular, there is a Borel set S ⊆ T with σ (S) = 0 and µ (T\S) = 0, and

by the regularity of σ we can �nd open Borel sets Vj ⊇ S with σ (Vj) <
1
j , j ∈ N.

For N ∈ N we denote by EN the set of ξ ∈ S for which there is a sequence of radii

{ri = ri (ξ)} with ri → 0 and µ (Iri (ξ)) < Nσ (Iri (ξ)). Then for all ξ ∈ S\
⋃
N∈N

EN , we

have (Dµ) (ξ) =∞. We show that this set contains a set of full µ-measure.

We �x N and j. Since Vj is open, for every ξ ∈ EN ⊆ Vj we can choose an open arc

Iξ centered at ξ and contained in Vj such that µ (Iξ) < Nσ (Iξ) holds. By Jξ we denote

the arc centered at ξ whose radius is one third of that of Iξ. Then we have

EN ⊆
⋃
ξ∈EN

Jξ =: W j
N ⊆ Vj .

Furthermore, the estimate µ
(
W j
N

)
≤ 6N

j holds: To see this we employ the covering lemma

2.1.3. Let K ⊆W j
N be compact, then �nitely many of the arcs Jξ cover K. By the covering

lemma we �nd a �nite subset M ⊆ EN such that the collection {Jξ, ξ ∈ M} is disjoint
and the union

⋃
ξ∈M

Iξ covers K. Thus we obtain the following estimate for the µ-measure

of K, using the estimate (2.4) and the fact that the arcs Jξ, ξ ∈M are disjoint subsets of

Vj .

µ (K) ≤
∑
ξ∈M

µ (Iξ) < N
∑
ξ∈M

σ (Iξ) ≤ 6N
∑
ξ∈M

σ (Jξ) ≤ 6Nσ (Vj) ≤
6N

j
.

As µ is regular, we have µ
(
W j
N

)
= sup{µ (K) | K ⊆W j

N , K compact} ≤ 6N
j .

We set ΩN =
⋂
j∈NW

j
N . Then EN ⊆ ΩN , since EN is contained in everyW j

N . Furthermore,

µ (ΩN ) = 0, whence µ
( ⋃
N∈N

ΩN

)
= 0, and at every point ξ ∈ S\

⋃
N∈N

ΩN ⊆ S\
⋃
N∈N

EN we

have (Dµ) (ξ) =∞.

�

2.2 The Poisson transform

Now we turn to the study of the Poisson transform of a measure, de�ned for z ∈ D by

P [µ] (z) =

∫
T

1− |z|2

|ξ − z|2
dµ (ξ) .
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With z = reiϑ ∈ D and ξ = eit ∈ T, we can rewrite the Poisson kernel as follows.

P (z, ξ) = Re
ξ + z

ξ − z
=

1− |z|2

|ξ − z|2
=

1− r2

1 + r2 − 2r cos (ϑ− t)
. (2.9)

For simplicity of notation, we sometimes write Pr (ϑ) := P
(
reiϑ, 1

)
.

Proposition 2.2.1. The Poisson kernel P (z, ξ) has the following properties:

(i) P (z, ξ) > 0 on D× T.

(ii) For every η ∈ T and δ > 0,
∫

|ξ−η|>δ
P (z, ξ) dσ (ξ)→ 0 as z tends to η.

(iii)
∫
T
P (z, ξ) dσ (ξ) = 1 for all z ∈ D.

Proof. Properties (i) and (ii) follow immediately from the de�nition of the kernel, property

(iii) follows from the representation formula (1.17) from Theorem 1.4.4 if we set u ≡ 1.

�

Now we come to the main results on the boundary behavior of P [µ]. The kernel function

P (z, ξ) becomes singular as z approaches ξ ∈ T, but as we see in the following theorem, the

integral has �nite limit at σ-almost every point ξ ∈ T, if ξ is approached nontangentially:

De�nition 2.2.2. Let ξ = eit ∈ T. We say that z converges to ξ nontangentially and

write z →̂ ξ, if z tends to ξ from within the cone region ∆K
ξ ⊆ D (see Figure 2.1). K is

the positive constant such that all z = reiϑ ∈ ∆K
ξ satisfy the inequality

|ϑ− t| < K (1− r) .

We have another useful estimate for z ∈ ∆K
ξ :

|ξ − z|
1− |z|

< K + 1. (2.10)

Indeed,

|ξ − z| =
∣∣eit − reiϑ∣∣ ≤ ∣∣eit − eiϑ∣∣+

∣∣eiϑ − reiϑ∣∣ ≤ |t− ϑ|+ (1− r) < (K + 1) (1− r) .

∆K
ξ is symmetric about the radius terminating at ξ and has an opening angle ϕ ∈ (0, π)

increasing with K. We will sometimes also write ∆ϕ
ξ for this region, when the angle ϕ is

a more convenient characteristic than the constant K.

If h is a complex-valued function on D and ξ ∈ T, then we say that h has the nontangential

limit A at ξ, if h (z)→ A as z →̂ ξ.

Theorem 2.2.3. (Fatou.) Let µ ∈M (T) with Lebesgue decomposition µ = fσ+µs. Then

for σ−almost every ξ ∈ T,

P [µ] (z)→ f (ξ) as z →̂ ξ. (2.11)

Proof. Let α be a distribution function for µ,

α (t) = µ
(
{eiτ : τ ∈ (0, t]}

)
, 0 < t ≤ 2π.

14



Figure 2.1: The region ∆K
ξ for ξ = 1.

We note that

α′ (t) = lim
h→0

α (t+ h)− α (t− h)

2h
= lim

h→0

µ
(
{eiτ : τ ∈ (t− h, t+ h]}

)
2πσ ({eiτ : τ ∈ (t− h, t+ h]})

=
1

2π
(Dµ)

(
eit
)
,

whenever the limit exists. So, by Theorem 2.1.10, α′ (t) exists and equals f (ξ) /2π at

σ-almost every ξ = eit ∈ T, and if we can show that (2.11) holds for every point at which

we have α′ (t) = f (ξ) /2π, we are done.

Now let ξ = eit0 be such a point. Without loss of generality we assume t0 = 0 (otherwise

consider the rotated measure µξ (B) = µ (ξB)). We �x a sector ∆K
1 ⊆ D with K ∈ (0,∞).

Let ε > 0. We show that there is some δ > 0 such that |P [µ] (z)− 2πα′ (0)| < ε if only

z ∈ ∆K
1 with |1− z| < δ.

Using the properties of the Poisson kernel, we write the di�erence P [µ] (z) − 2πα′ (0) as

Riemann-Stieltjes integrals and then integrate by parts, obtaining

P [µ] (z)− 2πα′ (0) =

π∫
−π

P
(
z, eit

)
dα (t)−

π∫
−π

P
(
z, eit

)
α′ (0) dt

=
(
α (t)− α′ (0) t

)
P
(
z, eit

) ∣∣∣∣π
−π
−

π∫
−π

(
α (t)− α′ (0) t

) ∂
∂t
P
(
z, eit

)
dt

=
1− |z|2

|1 + z|2
(
α (π)− α (−π)− 2α′ (0)π

)
−

π∫
−π

(
α (t)− α′ (0) t

) ∂
∂t
P
(
z, eit

)
dt.

Clearly the �rst term tends to zero as z approaches 1. We choose δ1 > 0 such that the

modulus of the term becomes less than ε/3 if |1− z| < δ1. We split the remaining integral

into two parts: We choose η ∈ (0, π) such that for t ∈ (−η, η) we have∣∣∣∣α (t)

t
− α′ (0)

∣∣∣∣ < εM, (2.12)
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with M = 1
3

(
6π + 8K3

)−1
, and write

π∫
−π

(
α (t)− α′ (0) t

) ∂
∂t
P
(
z, eit

)
dt =

 η∫
−η

+

∫
η<|t|≤π

(α (t)− α′ (0) t
) ∂
∂t
P
(
z, eit

)
dt = I+II.

We write z = reiϑ. The partial derivative of the Poisson kernel with respect to the angle

t is
∂

∂t
P
(
z, eit

)
=

∂

∂t

1− r2

1 + r2 − 2r cos (ϑ− t)
=

(
1− r2

)
2r sin (t− ϑ)(

1 + r2 − 2r cos (ϑ− t)
)2 .

For |t| ∈ (η, π], this term is bounded by (1−r2)2r
(1+r2−2r cos(ϑ−η))2

. The argument ϑ of z becomes

small when z is su�ciently close to 1, so we can �nd δ2 > 0 such that |ϑ| < η/2 if only

|1− z| < δ2. We see then that the integrand in II tends to zero uniformly in t as z → 1.

By eventually making δ2 smaller we have that |II| < ε/3 if |1− z| < δ2.

It remains to estimate the integral I. We use (2.12) to get

|I| ≤
η∫
−η

∣∣∣∣α (t)

t
− α′ (0)

∣∣∣∣ ∣∣∣∣t ∂∂tP (z, eit)
∣∣∣∣ dt ≤ εM

η∫
−η

∣∣∣∣∣ t
(
1− r2

)
2r sin (t− ϑ)(

1 + r2 − 2r cos (ϑ− t)
)2
∣∣∣∣∣ dt.

As before we choose δ3 > 0 such that |ϑ| < η/2 if |1− z| < δ3. Furthermore, without loss

of generality we assume that ϑ > 0. Then we split the last integral into three more parts,

εM

η∫
−η

∣∣∣∣∣ t
(
1− r2

)
2r sin (t− ϑ)

(1 + r2 − 2r cos (ϑ− t))2

∣∣∣∣∣ dt = εM

 0∫
−η

+

2ϑ∫
0

+

η∫
2ϑ

 ∣∣∣∣∣ t
(
1− r2

)
2r sin (t− ϑ)

(1 + r2 − 2r cos (ϑ− t))2

∣∣∣∣∣ dt
= εM

(
A+B + C

)
.

We show that each of these integrals is bounded. In order to deal with C, note that for

t ∈ (2ϑ, η) we have t < 2 (t− ϑ), so we can estimate t in the integrand accordingly and

then replace t by t+ ϑ. Using the positivity of the resulting integrand on (0, π) we widen

the range of integration and thus obtain

|C| ≤ 2

η∫
2ϑ

(t− ϑ)
(
1− r2

)
2r sin (t− ϑ)

(1 + r2 − 2r cos (ϑ− t))2 dt = 2

η−ϑ∫
ϑ

t

(
1− r2

)
2r sin (t)

(1 + r2 − 2r cos (t))2dt

≤ 2

π∫
0

t

(
1− r2

)
2r sin (t)

(1 + r2 − 2r cos (t))2︸ ︷︷ ︸
= ∂
∂t
−P (r,eit)

dt = 2

(−t 1− r2

1 + r2 − 2r cos (t)

) ∣∣∣∣π
0

+

π∫
0

P
(
r, eit

)
dt



= 2

−π (1− r2
)

(1 + r)2 +

π∫
0

P
(
r, eit

)
dt

 .
The left term is bounded by π and tends to zero as z tends to 1, and the integral is equal

to π, so the expression in brackets is bounded by 2π, hence |C| < 4π.

For deriving an estimate for |A|, we proceed similarly, noting that since ϑ is positive,

|t| < |t− ϑ| for t ∈ (−η, 0), so that we can estimate the integral analogously and arrive at

|A| < 2π.
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On the remaining interval (0, 2ϑ), we estimate the trigonometric functions with their re-

spective maximal values and obtain

|B| ≤
2ϑ∫
0

t
2
(
1− r2

)
sin (ϑ)

(1− r)4 dt =
2 (1 + r) sin (ϑ)

(1− r)3

4ϑ2

2
≤ 8ϑ3

(1− r)3 .

In the sector ∆K
1 the quotient ϑ

1−r is bounded by K, and we arrive at |B| < 8K3. Thus,

|I| ≤ εM
(
|A|+ |B|+ |C|

)
< εM

(
6π + 8K3

)
=
ε

3

by the choice of M. If we now set δ = min{δ1, δ2, δ3}, then for all z ∈ ∆K
1 with |1− z| < δ,

we have the estimate |P [µ] (z)− 2πα′ (0)| < ε, which is what was to be proved.

�

As an immediate consequence of Theorem 2.1.11 we obtain the following statement on the

boundary behavior of the Poisson transform of a singular measure.

Theorem 2.2.4. Let µ ∈M+ (T) be a singular measure. Then for µ-almost every ξ ∈ T,

P [µ] (z) −→∞ as z →̂ ξ.

Proof. Let ξ ∈ T be such that Dµ (ξ) = ∞. By Theorem 2.1.11, this holds for µ-almost

every point on T. For z = reiϑ ∈ ∆K
ξ we have the estimate 1−r

|ξ−z| >
1

K+1 by (2.10), hence

we can estimate the Poisson kernel from below by

P (z, ξ) =
1− r2

|ξ − z|2
1− r
1− r

>
1

(K + 1)2

1 + r

1− r
≥ 1

(K + 1)2 (1− r)
.

We set h = 1− r and consider the arc Ih ⊆ T centered at ξ with σ (Ih) = h, then we can

estimate the Poisson transform by

P [µ] (z) =

∫
T

P (z, ξ) dµ >

∫
T

1

(K + 1)2 (1− r)
dµ ≥

∫
Ih

1

(K + 1)2 h
dµ =

1

(K + 1)2

µ (Ih)

σ (Ih)
.

As z approaches ξ, h tends to zero, and by Theorem 2.1.11 the right-hand term tends to

in�nity.

�

2.3 The conjugate Poisson transform

Recall the de�nition of the conjugate Poisson transform of a measure µ ∈M (T),

Q [µ] (z) =

∫
T

2Im
(
ξ̄z
)

|ξ − z|2
dµ (ξ) .

The conjugate Poisson kernel Q (z, ξ), with (z, ξ) =
(
reiϑ, eit

)
∈ D× T, can be written as

Q (z, ξ) = Im
ξ + z

ξ − z
=

2Im
(
zξ̄
)

|ξ − z|2
=

2r sin (ϑ− t)
1 + r2 − 2r cos (ϑ− t)

. (2.13)
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For the sake of convenience we denote Qr (ϑ) := Q
(
reiϑ, 1

)
= 2r sinϑ

1+r2−2r cosϑ
. Then, for

ϑ 6= 0,

lim
r→1

Qr (ϑ) = lim
r→1

2r sinϑ

1 + r2 − 2r cosϑ
=

sinϑ

1− cosϑ
=

2 sin
(
ϑ
2

)
cos
(
ϑ
2

)
2 sin2

(
ϑ
2

) = cot (ϑ/2) =: Q1 (ϑ) .

The conjugate Poisson kernel is an odd function and ‖Qr (ϑ) ‖L1(−π,π) →∞ as r → 1:

π∫
−π

|Qr (t)| dt =

π∫
−π

∣∣∣∣ 2r sin t

1 + r2 − 2r cos t

∣∣∣∣ dt = 4r

π∫
0

sin t

1 + r2 − 2r cos t
dt

= 4r

1∫
−1

1

1 + r2 − 2rτ
dτ = 4r

(1+r)2∫
(1−r)2

1

2ru
du = 2 ln

(1 + r)2

(1− r)2

r→1−→∞.

Thus, the behavior of the conjugate Poisson transform of a measure is quite di�erent

from that of its Poisson transform and depends on di�erent properties of the measure in

question. Since we have no absolute convergence of the integral, convergence to boundary

values can only occur as a consequence of cancellation of the negative and positive portions

of the integral. However, if µ is an absolutely continuous measure we have the existence

of boundary values in the sense of principal value integrals almost everywhere:

Theorem 2.3.1. Let µ ∈ M (T) be absolutely continuous with density f ∈ L1 (σ). Then

for σ-almost every ξ = eiϑ ∈ T, the conjugate Poisson transform Q [µ] (z) tends to a

boundary value f̃ (ξ) as z approaches ξ nontangentially, and

f̃
(
eiϑ
)

= lim
ε→0

1

2π

∫
|ϑ−t|>ε

cot
(ϑ− t

2

)
f
(
eit
)
dt. (2.14)

Proof. We may assume µ ≥ 0. We �rst prove the existence of the nontangential bound-

ary values. To this end, we consider the function P [µ] (z) + iQ [µ] (z) =: g (z), which is

an analytic function in D with nonnegative real part by virtue of the nonnegativity of µ.

Therefore, G (z) := g(z)
1+g(z) is a bounded analytic function in D, and thus it has nontangen-

tial boundary values G (ξ) at σ-almost every ξ ∈ T. Furthermore, G (ξ) = 1 for at most a

σ-nullset by the Lusin-Privalov theorem ([11, p.212, 2.5]). Hence, g (z) = G(z)
1−G(z) has �nite

nontangential limits almost everywhere, and the same must hold for its imaginary part,

Q [µ].

It remains to verify the stated formula for the limit function. Let ξ = eiϑ be a Lebesgue

point of f . We show that the conjugate Poisson transform of µ tends to the function in

(2.14) as z = reiϑ approaches ξ radially.

We denote F (ϑ) = f
(
eiϑ
)
and set ε = 1−r. We then consider the di�erence of Q [µ]

(
reiϑ

)
and the integral on the right-hand side of (2.14). We �rst substitute t by ϑ− t. Since the
kernel functionsQr and cot

(
t
2

)
= Q1 (t) are odd functions, we can replace F by F−F (ϑ) in

the integrals without changing their value. We then rearrange the di�erence in two integrals
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according to the respective integration intervals, thus we obtain

Q [µ]
(
reiϑ

)
− 1

2π

∫
|ϑ−t|>ε

cot
(ϑ− t

2

)
F (t) dt

=
1

2π

π∫
−π

Qr (t)F (ϑ− t) dt− 1

2π

∫
ε<|t|<π

cot
( t

2

)
F (ϑ− t) dt

=
1

2π

ε∫
−ε

Qr (t)
[
F (ϑ− t)− F (ϑ)

]
dt

+
1

2π

∫
ε<|t|<π

(
Qr (t)−Q1 (t)

)[
F (ϑ− t)− F (ϑ)

]
dt = I + II.

For |t| ≤ ε, we use the inequality |sin t| ≤ |t| to estimate the conjugate Poisson kernel by

|Qr (t)| ≤ 2 sin t

(1− r)2 ≤
1

ε
.

Hence, for I we get

|I| ≤ 1

2πε

ε∫
−ε

∣∣F (ϑ− t)− F (ϑ)
∣∣dt,

which tends to zero for r → 1 since eiϑ is a Lebesgue point. We still have to deal with II.

Using trigonometric identities we rewrite

Qr (t)−Q1 (t) =
2r sin t

ε2 + 4r sin2 (t/2)
− sin t

2 sin2 (t/2)
=

−ε2 sin t

2 sin2 (t/2)
(
ε2 + 4r sin2 (t/2)

) .
For |t| ∈ (0, π) we can estimate

∣∣ sin ( t2) ∣∣ ≥ |t|4 , and for r su�ciently large, say, r ≥ 1/2, we

thus have

|Qr (t)−Q1 (t)| ≤ ε2 |sin t|
4 sin4 (t/2)

≤ ε2 |t|
4 (t/4)4 =

64ε2

|t|3
.

This yields

|II| ≤ 1

2π

∫
ε≤|t|≤π

64ε2

|t|3
|F (ϑ− t)− F (ϑ)| dt.

We set C := 32
π . We now consider the integral over the positive interval and integrate by

parts to obtain

Cε2

π∫
ε

|F (ϑ− t)− F (ϑ)|
t3

dt

= Cε2

 s∫
0

|F (ϑ− t)− F (ϑ)| dt 1

s3

∣∣∣π
ε

+ 4

π∫
ε

∫ s
0 |F (ϑ− t)− F (ϑ)| dt

s4
ds


= Cε2

 1

π3

π∫
0

|F (ϑ− t)− F (ϑ)| dt− 1

ε3

ε∫
0

|F (ϑ− t)− F (ϑ)| dt

+4

π∫
ε

∫ s
0 |F (ϑ− t)− F (ϑ)| dt

s4
ds

 .
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Since f is integrable, the �rst resulting integral is bounded and the term tends to zero as

ε→ 0, and the second term tends to zero because eiϑ is a Lebesgue point of f . For given

δ > 0 choose η > 0 such that 1
s

∫ s
0 |F (ϑ− t)− F (ϑ)| dt < δ if 0 < s < η (again this is

possible since eiϑ is a Lebesgue point). Then, if ε < η, the last integral becomes

π∫
ε

∫ s
0 |F (ϑ− t)− F (ϑ)| dt

s4
ds ≤

η∫
ε

δ

s3
ds+

π∫
η

1

η4

s∫
0

|F (ϑ− t)− F (ϑ)| dt ds

≤ δ

−2

(
1

η2
− 1

ε2

)
+
π

η4

π∫
0

|F (ϑ− t)− F (ϑ)| dt

≤ δ

2ε2
+
Kπ

η4
.

Hence the last of the above terms is bounded by 2Cδ+ 4Cε2Kπ
η4

. Since δ was arbitrary, this

expression becomes arbitrarily small as ε→ 0. We can treat the integral over the interval

(−π,−ε) in the same way and conclude |II| → 0, which ends the proof.

�

20



Chapter 3

The normalized Cauchy transform

In this chapter we examine the normalized Cauchy transform Vµ associated with a measure

µ ∈M (T). It is an operator de�ned for f ∈ L1 (µ) by

(Vµf) (z) :=
K [fµ] (z)

K [µ] (z)
. (3.1)

If µ ∈ M+ (T), its Poisson transform is positive in D and the relation (1.13) yields

|K [µ] (z)| ≥ |ReK [µ] (z)| ≥ ‖µ‖
2 . Therefore, if µ is a positive measure, Vµf is a holo-

morphic function on D. As the quotient of two Hp-functions (p < 1), it has boundary

values almost everywhere on T with respect to σ. If µ is an arbitrary complex measure,

Vµf is a meromorphic function of bounded type and has thus boundary values σ-almost

everywhere on T. The goal of this chapter is a result on the boundary behavior of the

function Vµf which is due to A. Poltoratski [1] and states that nontangential boundary

values of this function exist almost everywhere with respect to µ also. We �rst treat the

case of a singular measure for which we provide the necessary means in the following two

sections. We use a relation between singular measures and inner functions and construct a

unitary operator such that the adjoint of this operator is precisely the normalized Cauchy

transform of the singular measure. Using the special properties we have from this construc-

tion, we can prove Poltoratski's theorem for singular measures, and we can then reduce

the proof of the general result to this special case.

3.1 Inner functions and singular measures

A function θ ∈ H∞ is called inner, if |θ (ξ)| = 1 for σ-almost every ξ ∈ T. For p ≥ 1, with

each inner function we associate the space

θ∗(Hp) :=
{
f ∈ Hp | fθ̄ ∈ Hp

0

}
, (3.2)

i.e., the set of those functions f ∈ Hp whose boundary function is of the form f (ξ) =

ξ̄θ (ξ)h (ξ) for some h ∈ Hp. The motivation for this de�nition stems from the study

of the backward shift operator S∗ : Hp → Hp, (S∗f) (z) = f(z)−f(0)
z , for it turns out

that for 1 < p < ∞, the spaces θ∗(Hp) are precisely the closed subspaces of Hp that are

invariant under S∗: The invariant subspaces of its conjugate operator, the forward shift

S : Hp → Hp, (Sf) (z) = zf (z), are identi�ed as the spaces θHp, where θ is an inner

function, by Beurling's theorem (see e.g. [13, Chapter II, Section 7], [19, Section 7.3]).
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Now, if A is a subspace of Hp, we have the relation

SA ⊂ A⇔ S∗A⊥ ⊂ A⊥,

and hence the closed invariant subspaces of S∗ in Hp are of the form (θHq)⊥, where q is

the conjugate index of p. Let us convince ourselves of the relation

θ∗(Hp) = (θHq)⊥ .

We start with the inclusion "⊆": Let f ∈ θ∗(Hp), then f = θh̄ for some h ∈ Hp
0 almost

everywhere on T, and if g ∈ Hq, we have

〈f, θg〉 =

∫
T

(
θh̄
)

(θg)dσ =

∫
T

hgdσ = (hg) (0) = 0,

since |θ| = 1 σ-almost everywhere on T and hg ∈ H1
0 . Hence we have f ∈ (θHq)⊥.

For the other inclusion, let f ∈ (θHq)⊥, then
∫
T fθζ

ndσ = 0 for all n ≥ 0, and this implies

fθ̄ ∈ Hp
0 by the characterization (1.6), and thus we have f ∈ θ∗(Hp).

�

Also, the following construction and several of the results presented here have their origin

in the study of the backward shift operator S∗. See [16] and [5] for more information on

this subject.

With each nonconstant inner function θ we can associate a family of nonnegative singular

measures {να}α∈T, called the Clark measures of θ, in the following way. Let α ∈ T, then
the function α+θ

α−θ is analytic in D, and Re α+θ
α−θ = 1−|θ|2

|α−θ|2 is a positive harmonic function

in D. Therefore, by Theorem 1.4.3, it is the Poisson integral of some positive measure

να ∈M+ (T),

Re
α+ θ (z)

α− θ (z)
= P [να] (z) . (3.3)

By Theorems 2.2.3 and 2.2.4, the absolutely continuous part of να is supported on the set

of points where P [να] has �nite nontangential limit, and the singular part is supported

on the set of points ξ where P [να] (z) tends to in�nity as z nontangentially approaches ξ.

Since P [να] (z) = 1−|θ(z)|2

|α−θ(z)|2 tends to in�nity at all points where θ (ξ) = α, and tends to zero

σ-almost everywhere else on T, we see that the measures να are supported on {θ (ξ) = α}.
Hence, they are singular with respect to Lebesgue measure, and also pairwise mutually

singular.

Remark 3.1.1. By the above approach we can relate a singular positive measure ν1 to

every inner function. In fact, the converse works too: every singular positive measure is a

Clark measure for some inner function. To see this, let a singular measure ν ∈M+ (T) be

given and consider the function h de�ned on D by

h (z) =

∫
T

ζ + z

ζ − z
dν (ζ).

Then Reh = P [ν] > 0 in D. Since w 7→ w−1
w+1 maps the half plane {Rew > 0} onto the

unit disk, the composition function Θ (z) := h(z)−1
h(z)+1 is an analytic function mapping D
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into D. Solving for h yields h (z) = 1+Θ(z)
1−Θ(z) , and thus P [ν] (z) = Reh (z) = Re 1+Θ(z)

1−Θ(z) =

1−|Θ(z)|2

|1−Θ(z)|2 . Since ν is singular, its Poisson transform tends to zero σ-almost everywhere on

the boundary, and we infer that |Θ| = 1 almost everywhere on the boundary. So, Θ is an

inner function and ν = ν1 for Θ.

We now obtain a simple formula for the Cauchy transform of the measures να.

Propostion 3.1.2. Let θ be a nonconstant inner function and let {να}α∈T be the associated

family of singular measures. Then the following relations hold for z ∈ D.∫
T

ζ + z

ζ − z
dνα (ζ) =

α+ θ (z)

α− θ (z)
− 2i

Im (αθ (0))

|α− θ (0)|2
, (3.4)

K [να] (z) =
1

1− αθ (z)
+
‖να‖ − 1

2
− i

Im (αθ (0))

|α− θ (0)|2
. (3.5)

Proof. In splitting α+θ
α−θ into its real and imaginary parts we get

α+ θ (z)

α− θ (z)
=

1− |θ (z)|2

|α− θ (z)|2
+ 2i

Im (αθ (z))

|α− θ (z)|2
.

Furthermore, we have ∫
T

ζ + z

ζ − z
dνα (ζ) = P [να] (z) + iQ [να] (z) .

We know that P [να] (z) = 1−|θ(z)|2

|α−θ(z)|2 , so from above relations we conclude that both 2 Im (αθ)

|α−θ|2

and Q [να] are harmonic conjugates of P [να], and harmonic conjugates are unique up to

an additive constant, hence

2
Im (αθ (z))

|α− θ (z)|2
= Q [να] (z) + c.

Setting z = 0 we get c = 2 Im (αθ(0))

|α−θ(0)|2 , and thus

α+ θ (z)

α− θ (z)
=

1− |θ (z)|2

|α− θ (z)|2
+ 2i

Im (αθ (z))

|α− θ (z)|2
= P [να] (z) + iQ [να] (z) + 2i

Im (αθ (0))

|α− θ (0)|2

=

∫
T

ζ + z

ζ − z
dνα (ζ) + 2i

Im (αθ (0))

|α− θ (0)|2
,

which proves (3.4). The formula (3.5) for the Cauchy transform now follows from this if

we recall the relation 1
1−ζ̄z = 1

2

(
ζ+z
ζ−z + 1

)
for z ∈ D and ζ ∈ T. For then we have

K [να] (z) =

∫
T

1

1− ζ̄z
dνα (ζ) =

∫
T

1

2

(ζ + z

ζ − z
+ 1
)
να (ζ)

=
1

2

(
α+ θ (z)

α− θ (z)
− 2i

Im (αθ (0))

|α− θ (0)|2
+ ‖να‖

)
=

1

2

(
2

1− αθ (z)
− 1− 2i

Im (αθ (0))

|α− θ (0)|2
+ ‖να‖

)
=

1

1− αθ (z)
+
‖να‖ − 1

2
− i Im (αθ (0))

|α− θ (0)|2
.
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Corollary 3.1.3. If θ (0) = 0, the Clark measures are probability measures and we have∫
T

ζ + z

ζ − z
dνα (ζ) =

α+ θ (z)

α− θ (z)
, and

K [να] (z) =
1

1− αθ (z)
.

Proof. Setting z = 0 in (3.3), we have ‖να‖ = P [να] (0) = Re α+θ(0)
α−θ(0) = 1, so να is a

probability measure, and the above formulas follow immediately from Proposition 3.1.2.

�

There is an interesting connection between angular derivatives of an inner function and

the point masses of the associated singular measures.

De�niton 3.1.4. Let θ : D → D be analytic. We say that θ has an angular derivative at

a point ξ ∈ T, if for some α ∈ T the limit

lim
z→̂ξ

θ (z)− α
z − ξ

exists and is �nite. Whenever this is the case, we call the limit the angular derivative of θ

at ξ and denote it by θ′ (ξ).

Clearly, if θ has an angular derivative at ξ, we have θ (ξ) = α.

Lemma 3.1.5. Let θ be a nonconstant inner function and let ξ ∈ T be such that the

angular derivative θ′ (ξ) exists. Then θ′ (ξ) 6= 0.

Proof. We set α = θ (ξ) and consider z = rξ lying on the radius terminating at ξ, where

we have the estimate ∣∣∣∣θ (rξ)− α
ξ (1− r)

∣∣∣∣ ≥ 1− |θ (rξ)|
1− r

=
1− |θ (z)|

1− |z|
. (3.6)

We now show that the expression on the right is bounded away from zero in D. From the

Schwarz lemma ([21, Theorem 12.2]) we �rst derive that an inner function satis�es∣∣∣∣ θ (z)− θ (0)

1− θ (0)θ (z)

∣∣∣∣ ≤ |z| , z ∈ D. (3.7)

Indeed, if θ (0) = 0, this is precisely the statement of the Schwarz lemma. If θ (0) = a,

note that the function

ba (z) =
z − a
1− āz

, z ∈ D, (3.8)

is an automorphism on D mapping a to zero (see [21, Theorem 12.4]). Hence, the compo-

sition function ba ◦ θ (z) = θ(z)−a
1−āθ(z) is an inner function that �xes 0 and we can apply the

lemma for ba ◦ θ to obtain (3.7).

Next, we note that for any two complex numbers p and q the relation
(
1−|p|2

)(
1−|q|2

)
=

|1− p̄q|2 − |p− q|2 holds. This yields(
1− |p|2

)(
1− |q|2

)
|1− p̄q|2

= 1− |p− q|
2

|1− p̄q|2
.
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We use this equation with p = θ (0) and q = θ (z), and apply the reverse triangle inequality

on the left as well as the estimate (3.7) on the right side. Thus we get(
1− |θ (0)|2

)(
1− |θ (z)|2

)(
1−

∣∣θ (0)θ (z)
∣∣)2 ≥

(
1− |θ (0)|2

)(
1− |θ (z)|2

)∣∣1− θ (0)θ (z)
∣∣2 = 1−

∣∣∣∣ θ (z)− θ (0)

1− θ (0)θ (z)

∣∣∣∣2 ≥ 1−|z|2 .

Rewriting this relation and making use of the fact that |θ (z)| ≤ 1, we arrive at the estimate

1− |θ (z)|2

1− |z|2
≥ (1− |θ (z) θ (0)|)2

1− |θ (0)|2
≥ 1− |θ (0)|

1 + |θ (0)|
> 0.

It remains to notice that 1−|θ(z)|2

1−|z|2 = (1−|θ(z)|)(1+|θ(z)|)
(1−|z|)(1+|z|) ≤ 2(1−|θ(z)|)

1−|z| to see that

1− |θ (z)|
1− |z|

≥ 1− |θ (0)|
2(1 + |θ (0)|)

=: c > 0

for all z ∈ D. From (3.6) we now conclude that
∣∣∣ θ(rξ)−αξ−rξ

∣∣∣ ≥ c for r ∈ (0, 1) and hence

|θ′ (ξ)| = lim
r→1

∣∣∣ θ(rξ)−αξ−rξ

∣∣∣ ≥ c.
�

Theorem 3.1.6. Let θ ∈ H∞ be a nonconstant inner function. Further, let α ∈ T and let

να be the corresponding Clark measure, and let ξ ∈ T be given. Then να has a point mass

at ξ if and only if

lim
z→̂ξ

θ (z) = α and
∣∣θ′ (ξ)∣∣ <∞.

Furthermore, in this case, να ({ξ}) = 1
|θ′(ξ)| .

Proof. We �rst show that for ξ ∈ T the relation

lim
z→̂ξ

(α+ θ (z))
ξ − z

α− θ (z)
= 2ξνα ({ξ}) . (3.9)

holds. With this it will be easy to prove the statement of the theorem. We start from the

formula ∫
T

ζ + z

ζ − z
dνα (ζ) =

α+ θ (z)

α− θ (z)
− 2i

Im (αθ (0))

|α− θ (0)|2

we have from Proposition 3.1.2. Multiplying this equation by (ξ − z) we obtain∫
T

(ζ + z)
ξ − z
ζ − z

dνα (ζ) = (α+ θ (z))
ξ − z

α− θ (z)
− (ξ − z) 2i

Im (αθ (0))

|α− θ (0)|2
. (3.10)

If we let z nontangentially tend to ξ in this relation, the rightmost term tends to zero. The

integrand on the left side of (3.10) satis�es

(ζ + z)
ξ − z
ζ − z

−→
z→̂ξ

{
2ξ, if ζ = ξ,

0, otherwise.
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Furthermore, for z ∈ ∆K
ξ , we have the estimate |ζ + z|

∣∣∣ ξ−zζ−z

∣∣∣ ≤ 2 |ξ−z|1−|z| ≤ 2(K + 1). Thus,

by applying the Lebesgue dominated convergence theorem we obtain

lim
z→̂ξ

∫
T

(ζ + z)
ξ − z
ζ − z

dνα (ζ) = 2ξνα ({ξ}) ,

hence passing to the limit in (3.10) we arrive at (3.9).

Now we come to the proof of the theorem. First we assume να ({ξ}) > 0, then equation

(3.9) yields that θ (z)→ α as z →̂ ξ and

θ′ (ξ) = lim
z→̂ξ

θ (z)− α
ξ − z

=
2α

2ξνα ({ξ})
=

αξ̄

να ({ξ})
<∞.

Conversely, if we assume |θ′ (ξ)| to be �nite, then by Lemma 3.1.5, the angular derivative

must be nonzero. Together with the assumption that lim
z→̂ξ

θ (z) = α, we conclude from (3.9)

that

2ξνα ({ξ}) = 2α
1

θ′ (ξ)
6= 0.

Since να is a positive measure and α and ξ lie on T, we infer να ({ξ}) = 1
|θ′(ξ)| .

�

The formulas for να we established in the previous statements take a much simpler shape

if θ (0) = 0. Indeed, we are able to con�ne ourselves to this case in the following consid-

erations: Suppose that the inner function θ satis�es θ (0) = a for some a ∈ D\{0}. We

consider the composition function

Ψ (z) := ba ◦ θ (z) =
θ (z)− a
1− āθ (z)

,

where ba is the function de�ned in (3.8). Then also Ψ is an inner function, and it maps 0

to 0. If we denote by {ν̃α}α∈T the family of singular measures for Ψ, these measures are

connected to the singular measures {να}α∈T associated with θ in the following way: Let

α ∈ T and set β = ba (α), then ν̃β is carried on the set {Ψ = β} = {ba ◦ θ = β} = {θ = α},
hence ν̃β is carried on the same set as να. Moreover, if ξ ∈ T is such that lim

z→̂ξ
θ (z) = α

and the angular derivative exists, Theorem 3.1.6 gives us the relation

ν̃β ({ξ}) =
1

|Ψ′ (ξ)|
=

1

|b′a (θ (ξ)) θ′ (ξ)|
=

1

|b′a (α)|
να ({ξ}) .

Furthermore, we have a one-to-one correspondence between functions in θ∗(Hp) and those

in Ψ∗ (Hp). The operator A mapping f ∈ θ∗(Hp) to 1
1−āθf is a bijection from θ∗(Hp) to

Ψ∗ (Hp): Since 1
1−āθ ∈ H

∞, the image function clearly lies inHp. Furthermore, f ∈ θ∗(Hp)

satis�es
∫
T
fθ̄h̄ dσ = 0 for all h ∈ Hq. Let h ∈ Hq, then we get

∫
T

AfΨ̄h̄ dσ =

∫
T

1

1− āθ
f
θ̄ − ā
1− aθ̄

h̄ dσ =

∫
T

f
1− āθ
|1− āθ|2

θ̄h̄ dσ

=

∫
T

fθ̄
1

1− aθ̄
h̄ dσ = 0,
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since 1
1−āθh lies in Hq. Conversely, g ∈ Ψ∗ (Hp) satis�es

∫
T
gΨ̄h̄ dσ = 0 for all h ∈ Hq, and

thus ∫
T

g (1− āθ) θ̄h̄ dσ =

∫
T

g
θ̄ − ā
1− aθ̄

(
1− aθ̄

)
h̄ dσ =

∫
T

gΨ̄
(
1− aθ̄

)
h̄ dσ = 0

since (1− āθ)h ∈ Hq for h ∈ Hq. Hence, f := (1− āθ) g lies in θ∗(Hp) and satis�es

Af = g, so A is surjective.

These correspondences allow us to assume that θ maps 0 to 0 in what follows.

3.2 Construction of the unitary operator Uα

Let a nonconstant inner function θ satisfying θ (0) = 0 be given. With each Clark measure

να we can associate a unitary operator Uα : θ∗(H2) → L2 (να) which we construct in the

following.

For λ ∈ D consider the functions kλ de�ned on D by

kλ (z) =
1− θ (λ)θ (z)

1− λ̄z
. (3.11)

As for z ∈ D,
∣∣kλ (z)

∣∣ ≤ 1+|θ(λ)|
1−|λ| , these are bounded analytic functions on D, moreover,

they lie in the space θ∗(H2). Indeed, if g ∈ H2,

〈
θg, kλ

〉
H2 =

∫
T

θ (ζ) g (ζ)
1− θ (λ) θ (ζ)

1− λζ̄
dσ (ζ) =

∫
T

θ (ζ) g (ζ)− θ (λ) g (ζ)

1− λζ̄
dσ (ζ) = 0

by the Cauchy formula (1.4), and hence kλ ⊥ θH2. Furthermore, for f ∈ θ∗(H2), we have

〈
f, kλ

〉
H2 =

∫
T

f (ζ)
1− θ (λ) θ (ζ)

1− λζ̄
dσ (ζ) = f (λ)−

∫
T

θ (λ) f (ζ) θ (ζ)

1− λζ̄
dσ (ζ) = f (λ) ,

as the last integral is zero because f lies in θ∗(H2). Thus, 〈., kλ〉H2 is the point evaluation

functional on θ∗(H2), and the family {kλ}λ∈D, has dense span in θ∗(H2). We denote the

span of {kλ}λ∈D by K.
We de�ne an operator Uα from K into the space L∞ (να) by linearity and

(Uαkλ) (ξ) =
1− θ (λ)α

1− λ̄ξ
, λ ∈ D. (3.12)

We now show that this operator can be extended to a unitary operator from θ∗(H2) onto

L2 (να). First we note that the image of Uα contains the Cauchy kernels Cλ (ζ) = 1
1−λ̄ζ .

We denote the span of this family of kernels by C. This space has the following useful

property.

Lemma 3.2.1. The family of Cauchy kernels {Cλ}λ∈D has dense span in L2 (να).

Proof. Suppose that there is a function g ∈ L2 (να) such that

〈
g, Cλ

〉
L2(να)

=

∫
T

g (ζ)

1− λζ̄
dνα (ζ) = K [gνα] (λ) = 0
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for all λ ∈ D, i.e., the Cauchy transform of gνα vanishes on all of D. Since for any measure

µ we have

K [µ] (z) =

∫
T

1

1− ζ̄z
dµ (ζ) =

∫
T

∑
n≥0

(
zζ̄
)n
dµ (ζ) =

∑
n≥0

zn
∫
T

ζ̄ndµ (ζ),

the vanishing of the Cauchy transform implies that for each n ≥ 0∫
T

ζ̄ng (ζ) dνα (ζ) = 0

and using the theorem of F. and M. Riesz ([12, Theorem 4.27]) we conclude that gνα = φ̄σ

for some φ ∈ H1
0 . But since να is singular, φ must be the null function and gνα the zero

measure, and we conclude that g = 0 almost everywhere with respect to να and the Cλ
have dense span in L2 (να).

�

Theorem 3.2.2. The operator Uα de�ned by linearity and

(Uαkλ) (ξ) =
1− θ (λ)α

1− λ̄ξ
, λ ∈ D,

can be extended to a unitary operator from θ∗(H2) onto L2 (να). The adjoint operator

U∗α : L2 (να)→ θ∗(H2) acts as

(U∗αf) (z) =
K [fνα] (z)

K [να] (z)
, f ∈ L2 (να) . (3.13)

Proof. We �rst show that Uα is an isometry from K to C. To this end, we note that for

any two complex numbers z and w we have the relation

1 + z

1− z
+

1 + w

1− w
= 2

1− zw
(1− z) (1− w)

. (3.14)

Using this, we calculate for λ, η ∈ D,〈
Cλ, Cη

〉
L2(να)

=

∫
T

1

1− λ̄ζ
1

1− ηζ̄
dνα (ζ)

=
1

2
(
1− λ̄η

) ∫
T

(
1 + λ̄ζ

1− λ̄ζ
+

1 + ηζ̄

1− ηζ̄

)
dνα (ζ) .

Applying Corollary 3.1.3 and then once again relation (3.14), the last integral becomes∫
T

(
1 + λ̄ζ

1− λ̄ζ
+

1 + ηζ̄

1− ηζ̄

)
dνα (ζ) =

1 + αθ (λ)

1− αθ (λ)
+

1 + αθ (η)

1− αθ (η)
= 2

1− θ (λ)θ (η)(
1− αθ (λ)

)(
1− αθ (η)

) ,
and inserting this above, we get

〈
Cλ, Cη

〉
L2(να)

=
1

1− λ̄η
1− θ (λ)θ (η)(

1− αθ (λ)
)(

1− αθ (η)
) =

1(
1− αθ (λ)

)(
1− αθ (η)

)kλ (η)

=
1(

1− αθ (λ)
)(

1− αθ (η)
)〈kλ, kη〉H2 =

〈
kλ

1− αθ (λ)
,

kη

1− αθ (η)

〉
H2

.
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From this relation we now derive the isometry of Uα. Let g =
m∑
l=1

clkλl be an element of K,

then

‖Uαg‖2L2(να) =
∥∥∥ m∑
l=1

cl
(
1− αθ (λl)

)
Cλl

∥∥∥2

L2(να)

=

m∑
j,l=1

cj c̄l
(
1− αθ (λj)

)(
1− αθ (λl)

)〈
Cλj , Cλl

〉
L2(να)

=
m∑

j,l=1

cj c̄l
(
1− αθ (λj)

)(
1− αθ (λl)

)〈 kλj

1− αθ (λj)
,

kλl
1− αθ (λl)

〉
H2

= ‖g‖2H2 .

We see that Uα is isometric from the span of {kλ} to that of {Cλ}. As K is dense in the

space θ∗(H2), the operator can be extended to an isometry on θ∗(H2). Furthermore, since

the functions Cλ, λ ∈ D, lie in the image of Uα, the image has dense span in L2 (να) and

we conclude that Uα is unitary from θ∗(H2) to L2 (να).

It remains to verify the stated formula for the adjoint of Uα. Let f ∈ L2 (να) and λ ∈ D,
then

(U∗αf) (λ) =
〈
U∗αf, kλ

〉
H2 =

〈
f, Uαkλ

〉
L2(να)

=

∫
T

f (ζ)
(
1− αθ (λ)

) 1

1− λζ̄
dνα (ζ)

=
(
1− αθ (λ)

)
K [fνα] (λ) =

K [fνα] (λ)

K [να] (λ)
,

using that K [να] = (1− αθ)−1 by Corollary 3.1.3.

�

Theorem 3.2.3. Let f ∈ θ∗(H2). Then Uαf is the L2 (να)-limit of the functions

hr (ξ) =

〈
f (ζ) ,

1− θ (rζ)α

1− rζξ̄

〉
L2(σ)

as r tends to 1.

Proof. For f ∈ θ∗(H2), we have the formula

f (λ) =
〈
f, kλ

〉
L2(σ)

=
〈
Uαf, Uαkλ

〉
L2(να)

=

∫
T

Uαf (ζ)
1− θ (λ)α

1− λζ̄
dνα (ζ).

We denote F (ζ) = Uαf (ζ) ∈ L2 (να). Note that since Uα is a bijection, every function

in L2 (να) can be written as Uαf for some f ∈ θ∗(H2). For every r ∈ (0, 1) we de�ne an

operator Tr : L2 (να)→ H2 by

(TrF ) (z) = f (rz) =

∫
T

F (ζ)
1− θ (rz)α

1− rzζ̄
dνα (ζ).
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We observe that since ‖TrF‖H2 = ‖f (r.) ‖H2 ≤ ‖f‖H2 = ‖F‖L2(να) by the isometry of Uα,

the operators Tr are uniformly bounded with ‖Tr‖ ≤ 1. We now determine the adjoint T ∗r .

To this end, let F ∈ L2 (να) , g ∈ H2, then

〈
F, T ∗r g

〉
L2(να)

=
〈
TrF, g

〉
H2 =

∫
T

∫
T

F (ζ)
1− θ (rz)α

1− rzζ̄
dνα (ζ) g (z)dσ (z)

=

∫
T

F (ζ)

∫
T

1− θ (rz)α

1− rzζ̄
g (z)dσ (z) dνα (ζ)

=

〈
F,

∫
T

1− θ (rz)α

1− rzζ̄
g (z)dσ (z)

〉
L2(να)

.

Here we used Fubini's theorem ([23, Chapter III, Theorem 14.1]) to change the order of

integration. This is valid since 1−θ(rz)α
1−rzζ̄ is a bounded analytic function of z ∈ D as well as

bounded as a function of ζ ∈ T, and as the measures are �nite, F and g are integrable with

respect to να and σ, respectively, therefore the function F (ζ) 1−θ(rz)α
1−rzζ̄ g (z) is integrable with

respect to the product measure and the resulting integrals after changing the integration

order exist. The above relation shows that T ∗r g (ξ) =
〈
g (z) , 1−θ(rz)α

1−rzξ̄

〉
H2

.

As for F ∈ L2 (να) we have U∗αF = f ∈ H2, we see that

lim
r→1
‖TrF − U∗αF‖H2 = lim

r→1
‖f (r.)− f‖H2 = 0,

hence the operators Tr converge to U
∗
α in the strong operator topology. Consequently, the

operators T ∗r
∣∣
θ∗(H2)

converge to Uα in the weak operator topology, since for any f ∈ L2 (να)

and g ∈ θ∗(H2) we have〈
f, T ∗r g

〉
L2(να)

=
〈
Trf, g

〉
H2 −→

〈
U∗αf, g

〉
H2 =

〈
f, Uαg

〉
L2(να)

.

We now show that the operators T ∗r converge in the strong operator topology in H2 as

r → 1. Since the family {T ∗r }r∈(0,1) is uniformly bounded with ‖T ∗r ‖ = ‖Tr‖ ≤ 1, it su�ces

to show that the functions T ∗r g converge in the norm of L2 (να) for all g lying in a complete

subset of H2, which then implies strong convergence of the operators T ∗r on all of H2.

So we consider the complete subset of reproducing kernels Cλ (z) = 1
1−λ̄z , λ ∈ D, of H2.

Then

T ∗r Cλ (ξ) =

〈
Cλ (z) ,

1− θ (rz)α

1− rzξ̄

〉
H2

=

(
1− θ (rλ)α

1− rλξ̄

)
,

and since λ ∈ D, this function converges to 1−θ(λ)α

1−λ̄ξ uniformly in ξ and hence in the

norm of L2 (να). So the operators T ∗r converge in the strong operator topology. Since

strong convergence implies weak convergence and the limit is unique, we conclude that the

operators T ∗r
∣∣
θ∗(H2)

converge strongly to Uα, and this yields the statement of the theorem.

�

Remark 3.2.4. The formula (3.13) we obtained for the adjoint operator is precisely the

normalized Cauchy transform Vνα for the measure να. We now establish a result on the

mapping properties of the operators Vµ which in turn yields statements about the operators

Uα. The following results are due to A.B. Aleksandrov [6].
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Theorem 3.2.5. Let µ ∈ M+ (T). The operator Vµ is of weak type (1,1), i.e., there is a

constant A > 0 such that for every λ > 0 and every f ∈ L1 (µ) we have

σ
({
|Vµf | > λ

})
≤
A‖f‖L1(µ)

λ
. (3.15)

Furthermore, for p ∈ (1, 2] the operator is continuous from Lp (µ) to Lp (σ).

Proof. As µ is a positive measure, its Cauchy transform satis�es |K [µ]| ≥ ‖µ‖2 . Thus, we

obtain the inclusion{
|Vµ| > λ

}
=
{∣∣K [fµ]

∣∣ > λ
∣∣K [µ]

∣∣} ⊆ {∣∣K [fµ]
∣∣ > λ

‖µ‖
2

}
.

The Cauchy transform of a measure satis�es a weak-L1 estimate by Kolmogorov's theorem

(Theorem 1.4.2), so above inclusion yields the following weak estimate for Vµ:

σ
({
|Vµ| > λ

})
≤ σ

({∣∣K [fµ]
∣∣ > λ

‖µ‖
2

})
≤ 2Ã‖fµ‖

λ‖µ‖
≤

2Ã‖f‖L1(µ)‖µ‖
λ‖µ‖

=
2Ã‖f‖L1(µ)

λ
.

Now we prove the continuity of Vµ : L2 (µ) → L2 (σ). The statement for p ∈ (1, 2) then

follows immediately from the Marcinkiewicz interpolation theorem (Theorem 1.4.6): Vµ is

a linear operator, and so the weak estimate for p = 1 and continuity for p = 2 together

imply continuity for all p ∈ (1, 2).

Without loss of generality we may assume that µ is a probability measure. Let us �rst

consider the case that µ is singular. Then µ = ν1 for some inner function θ (see Remark

3.1.1) that satis�es θ (0) = 0. Theorem 3.2.2 then implies that Vµ = U∗1 is a unitary

operator from L2 (µ) to θ∗(H2) and thus ‖Vµf‖L2(σ) = ‖f‖L2(µ).

If µ is an arbitrary probability measure, there exists a sequence of singular probability

measures {µn}n∈N converging to µ in the weak* topology (see [18, Theorem 12.11]). For

these measures we have ‖Vµnf‖L2(σ) = ‖f‖L2(µn) on L2 (µn) from the �rst part of the

proof. Furthermore, the weak* convergence yields pointwise convergence of the Cauchy

transforms in D, K [µn] (z)→ K [µ] (z) as n→∞, as well as for f ∈ C (T),

K [fµn] (z)→ K [fµ] (z)

pointwise as n→∞. Hence we also have lim
n→∞

Vµnf (z) = Vµf (z) pointwise for all contin-

uous functions. Now we can use Fatou's lemma ([21, Lemma 1.28]) to obtain an estimate

for ‖Vµf‖L2(σ). Recall here that Vµnf ∈ H2 and the operators Vµn are isometries. Thus,

we get for 0 < r < 1 and f ∈ C (T)∫
T

|Vµf (rζ)|2 dσ (ζ) =

∫
T

lim
n→∞

|Vµnf (rζ)|2 dσ (ζ) ≤ lim inf
n→∞

∫
T

|Vµnf (rζ)|2 dσ (ζ)

≤ lim inf
n→∞

∫
T

|Vµnf (ζ)|2 dσ (ζ) = lim inf
n→∞

∫
T

|f (ζ)|2 dµn (ζ)

=

∫
T

|f (ζ)|2 dµ (ζ) = ‖f‖2L2(µ).

We now choose a sequence {rn}n∈N of positive numbers monotonically increasing to 1 and

apply Fatou's lemma once more to obtain

‖Vµf‖2L2(σ) =

∫
T

lim
n→∞

|Vµf (rnζ)|2 dσ (ζ) ≤ lim inf
n→∞

∫
T

|Vµf (rnζ)|2 dσ (ζ) ≤ ‖f‖2L2(µ)
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for all f ∈ C (T). As the continuous functions are dense in L2 (µ), we come to the desired

conclusion.

�

Theorem 3.2.5 yields the following statements about the operators Uα.

Corollary 3.2.6. Let 1 < p ≤ 2 and let θ ∈ H∞ be an inner function satisfying θ (0) = 0.

Then U−1
α (Lp (να)) ⊆ θ∗(Hp).

Proof. By Theorem 3.2.5, U−1
α = Vνα , which is originally de�ned on L2 (να), can be

extended to a continuous operator from Lp (να) to Lp (σ). We have U−1
α

(
L2 (να)

)
=

θ∗(H2) ⊆ θ∗(Hp), and the density of L2 (να) in Lp (να) now yields the stated inclusion

since the space θ∗(Hp) is closed.

�

Corollary 3.2.7. Let 2 < p ≤ ∞ and θ ∈ H∞ an inner function satisfying θ (0) = 0.

Then Uα (θ∗(Hp)) ⊆ Lp (να).

Proof. In this case we use duality. Let q be the conjugate index of p, then q ∈ (1, 2].

Hence we have U−1
α (Lq (να)) ⊆ θ∗(Hq) from the previous corollary. Now note that the

conjugate operator of the extension of U−1
α to Lq (να) is the restriction of Uα to θ∗(Hp).

Since for conjugate operators we have the relation UA ⊆ B ⇔ U∗B⊥ ⊆ A⊥, we conclude

Uα (θ∗(Hp)) ⊆ Lp (να).

�

3.3 Boundary behavior of functions in θ∗(Hp)

Now we examine the elements of the spaces θ∗(Hp), p ≥ 2, and their nontangential bound-

ary functions. We always assume that θ is an inner function with θ (0) = 0. We eventually

show that the nontangential boundary function of f ∈ θ∗(Hp) equals Uαf almost every-

where with respect to να.

First we introduce the Hardy-Littlewood maximal function. Recall that the support of a

measure µ ∈M (T) is de�ned as suppµ := T\
⋃{

I ⊆ T | I is open and µ (I) = 0
}
.

De�nition 3.3.1. Let µ ∈M+ (T) and f ∈ L1 (µ). By fMµ we denote the Hardy-Littlewood

maximal function of f ,

fMµ (ξ) :=

 sup
ε>0

1
µ(Kε(ξ))

∫
Kε(ξ)

|f (ζ)| dµ (ζ), if ξ ∈ suppµ,

0, otherwise.
(3.16)

with Kε (ξ) = T ∩Bε (ξ) and Bε (ξ) being the closed ball of radius ε centered at ξ.

Our next goal is to prove the Hardy-Littlewood maximal theorem that states integrability

properties of this function. First, we have to show that fMµ is measurable, for which we

need the following auxiliary result.

Lemma 3.3.2. Let µ ∈M+ (T) and r > 0. The function

ψ :

{
T→ R,
ξ 7→ µ (Kr (ξ))
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is upper semicontinuous, hence in particular Borel measurable.

Proof. The function ψ is upper semicontinuous if for every t > 0, the set {ψ < t} is open.
An equivalent condition is that for every ξ ∈ T and every sequence {ξn}n∈N ⊆ T\{ξ}
tending to ξ,

lim sup
n→∞

ψ (ξn) ≤ ψ (ξ) .

Let r > 0, ξ ∈ T and a sequence {ξn}n∈N as above be given. As the Kr (ξ) are closed arcs,

we have

lim sup
n→∞

χKr(ξn) (ζ) ≤ χKr(ξ) (ζ) , ζ ∈ T,

and with the relation lim inf
n→∞

(−xn) = − lim sup
n→∞

xn, this yields

1− χKr(ξ) ≤ lim inf
n→∞

(
1− χKr(ξn)

)
.

Note that for large enough indices n ∈ N we have ξn ∈ Kr (ξ) and hence, by the triangle

inequality, Kr (ξn) ⊆ K2r (ξ). We now use Fatou's lemma ([21, Lemma 1.28]) to estimate

µ
(
K2r (ξ)

)
− µ

(
Kr (ξ)

)
=

∫
K2r(ξ)

(
1− χKr(ξ)

)
dµ ≤

∫
K2r(ξ)

lim inf
n→∞

(
1− χKr(ξn)

)
dµ

≤ lim inf
n→∞

∫
K2r(ξ)

(
1− χKr(ξn)

)
dµ

= lim inf
n→∞

(
µ (K2r (ξ))− µ (Kr (ξn))

)
= µ

(
K2r (ξ)

)
− lim sup

n→∞
µ
(
Kr (ξn)

)
,

and we see that lim sup
n→∞

µ (Kr (ξn)) ≤ µ (Kr (ξ)), as was to be shown.

�

Corollary 3.3.3. Let µ, ν ∈M+ (T) and r > 0. Then for every t ≥ 0 the set

Et :=
{
ξ ∈ T | µ (Kr (ξ)) > tν (Kr (ξ))

}
is Borel measurable.

Proof. The set E0 =
{
ξ ∈ T | µ (Kr (ξ)) > 0

}
is measurable by Lemma 3.3.2. If t > 0, we

can write the set as

Et =
⋃
q∈Q
q>0

({
ξ ∈ T | µ (Kr (ξ)) ≥ q

}
∩
{
ξ ∈ T | ν (Kr (ξ)) <

q

t

})
,

and by Lemma 3.3.2, the sets on the right side are measurable.

�

Now we come to the Hardy-Littlewood maximal theorem.

Theorem 3.3.4. Let µ ∈M+ (T) and f ∈ Lp (µ), 1 ≤ p ≤ ∞. Then the Hardy-Littlewood

maximal function fMµ is �nite µ-almost everywhere and
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(i) if p = 1, fMµ belongs to the weak L1, i.e., there is a constant c > 0 independent of f

such that for every λ > 0

µ
(
{fMµ > λ}

)
≤ c

λ
‖f‖L1(µ);

(ii) if p > 1, then fMµ belongs to Lp (µ) and we have the estimate

‖fMµ ‖Lp(µ) ≤ c‖f‖Lp(µ),

where c is independent of f .

Proof. We �rst show that fMµ is Borel measurable. To this end, we consider the functions

fMµ,r, which are de�ned for r > 0 by

fMµ,r (ξ) :=


1

µ(Kr(ξ))

∫
Kr(ξ)

|f (ζ)| dµ (ζ) , if ξ ∈ suppµ,

0, otherwise.

We show that these functions are Borel measurable and that

fMµ (ξ) = sup
{
fMµ,q (ξ) | q ∈ Q, q > 0

}
(3.17)

which then implies that also fMµ is measurable. Thus, let t ∈ R and set

Et,r :=
{
ξ ∈ T | fMµ,r (ξ) > t

}
.

If t < 0, Et,r = T. If t ≥ 0, we de�ne the positive measure ν by ν (B) =
∫
B

|f | dµ for Borel

subsets B ⊆ T. Then Et,r can be written as

Et,r = suppµ ∩
{
ξ ∈ T | ν (Kr (ξ)) > tµ (Kr (ξ))

}
,

which is measurable by Corollary 3.3.3. Hence Et,r is measurable and consequently the

functions fMµ,r are Borel measurable.

Now we come to the proof of (3.17). From the de�nition of fMµ it follows that surely

fMµ ≥ sup
{
fMµ,q | q ∈ Q, q > 0}

For the reverse inequality, let r > 0 and ξ ∈ suppµ be given, and choose a decreasing

sequence {rn}n∈N ⊆ Q tending to r as n→∞. Then χKr1 (ξ) ≥ χKr2 (ξ) ≥ · · · ≥ χKr(ξ) ≥ 0,

and since the Krn (ξ) are closed arcs,

lim
n→∞

χKrn (ξ) (ζ) = χKr(ξ) (ζ) , ζ ∈ T.

The bounded convergence theorem now gives us

lim
n→∞

µ (Krn (ξ)) = µ (Kr (ξ)) ,

lim
n→∞

∫
Krn (ξ)

|f (ζ)| dµ (ζ) =

∫
Kr(ξ)

|f (ζ)| dµ (ζ).

Since ξ ∈ suppµ, we have µ (Kr (ξ)) 6= 0, so we obtain lim
n→∞

fMµ,rn (ξ) = fMµ,r (ξ), and this

implies

fMµ,r ≤ sup
{
fMµ,q | q ∈ Q, q > 0

}
.
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As r > 0 was arbitrary, we deduce that also

fMµ ≤ sup
{
fMµ,q | q ∈ Q, q > 0

}
.

We now show the stated Lp estimates for the Hardy-Littlewood maximal function. Let

f ∈ L1 (µ), then we have to show that fMµ satis�es a weak-L1 estimate. To this end �x

λ > 0 and consider the set

Eλ :=
{
ξ ∈ T | fMµ (ξ) > λ

}
.

For each ξ ∈ Eλ we can thus �nd a radius rξ > 0 such that 1
µ(Krξ (ξ))

∫
Krξ (ξ)

|f | dµ > λ. The

collection

E :=
{
Krξ (ξ) | ξ ∈ Eλ

}
is a Besicovitch covering for Eλ. Therefore, we can apply the Besicovitch covering theorem,

Theorem 1.4.5, to obtain a �nite number of subcollections B1, . . . ,BN of E such that each

Bk contains countably many elements that are pairwise disjoint and
N⋃
k=1

⋃
B∈Bk

B covers Eλ.

Now we can estimate

µ (Eλ) ≤ µ

( N⋃
k=1

⋃
B∈Bk

B

)
≤

N∑
k=1

∑
B∈Bk

µ (B)

<
N∑
k=1

∑
B∈Bk

1

λ

∫
B

|f (ζ)| dµ (ζ) =
N∑
k=1

1

λ

∫
⋃

B∈Bk
B

|f (ζ)| dµ (ζ)

≤
N∑
k=1

1

λ
‖f‖L1(µ) =

N

λ
‖f‖L1(µ),

which is what was to be shown.

If f ∈ L∞ (µ), clearly ‖fMµ ‖L∞(µ) ≤ ‖f‖L∞(µ). We note that for any f, g ∈ L1 (µ),

(f + g)Mµ ≤ fMµ + gMµ . The statement for p ∈ (1,∞) now follows by applying the

Marcinkiewicz interpolation theorem, Theorem 1.4.6, to the operator f 7→ fMµ .

�

The Hardy-Littlewood maximal function is of particular importance as many other func-

tions of f can be majorized by it. The �rst statement of this kind is the following result

relating the Hardy-Littlewood maximal function and the Poisson transform.

Lemma 3.3.5. Let ν ∈ M+ (T), f ∈ L1 (ν) and ϕ ∈ (0, π). Then there is a positive

constant C such that for ν-almost all ξ ∈ T and for all z ∈ ∆ϕ
ξ the estimate

|P [fν] (z)| ≤ CfMν (ξ)P [ν] (z) (3.18)

holds.

Proof. Since |P [fν]| ≤ P [|f | ν] and the maximal function depends on |f | only, we may

assume f ≥ 0. Let ξ ∈ T such that lim
z→̂ξ

P [µ] (z) 6= 0. By Theorems 2.2.3 and 2.2.4 this is

satis�ed at ν-alomst every point. Without loss of generality let ξ = 1 (otherwise consider
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the rotated measure µξ (B) = µ (ξB)).

We �rst prove the statement for z lying on the radius terminating at ξ. We �x r ∈ (0, 1)

and consider the Poisson kernel Pr (ϑ) = P
(
r, eiϑ

)
= 1−r2

1+r2−2r cosϑ
as a function of the angle

ϑ only. This is a symmetric function which decreases for ϑ ∈ [0, π]. We approximate Pr (ϑ)

by step functions: For given m ∈ N we set I0 = T and choose symmetric arcs about 1

satisfying I1 ⊇ I2 ⊇ · · · ⊇ Im. We denote the characteristic function of the arc Ik by χk and

choose numbers hk ∈ R+ such that hk is the largest number for which hkχk
(
eiϑ
)
≤ Pr (ϑ)

on T. Then the hk are increasing and the function

φ
(
eiϑ
)

= h0 +
m∑
k=1

(hk − hk−1)χk
(
eiϑ
)

=
m∑
k=0

ckχk
(
eiϑ
)

is a positive step function with φ ≡ hk on Ik and φ ≤ Pr. For given δ > 0, by choosing

m ∈ N su�ciently large we get a step function φ which satis�es

Pr (ϑ)− δ ≤ φ
(
eiϑ
)
≤ Pr (ϑ) . (3.19)

Multiplying the left inequality by f and integrating over T with respect to ν we obtain

P [fν] (r)− δ‖f‖L1(ν) ≤
m∑
k=0

ck

∫
Ik

f (ζ) dν (ζ) =
m∑
k=0

ckν (Ik)
1

ν (Ik)

∫
Ik

f (ζ) dν (ζ)

≤ fMν (1)
m∑
k=0

ckν (Ik) = fMν (1)

∫
T

φ (ζ) dν (ζ)

≤ fMν (1)P [ν] (r) ,

where in the last inequality we used the right side of (3.19). Since δ was arbitrary, we

conclude that for z lying on the radius terminating at 1

P [fν] (z) ≤ fMν (1)P [ν] (z) ,

or equivalently,
P [fν] (z)

P [ν] (z)
≤ fMν (1) .

To �nish the proof it now su�ces to show that we can estimate the values P [fν](z)
P [ν](z) for

arbitrary z ∈ ∆ϕ
1 by those along the radius terminating at 1. To this end we use a

construction as in [10, Chapter I, Section D]. We choose ϕ2 ∈ (ϕ, π), then ∆ϕ
1 ⊆ ∆ϕ2

1 .

Furthermore, we �x a point z0 = r0 on the radius terminating at 1, and denote by D1 and

D2 the disks with center at z0 inscribed into the sectors ∆ϕ
1 and ∆ϕ2

1 , respectively, see Figure

3.1. Hence, D1 ⊆ D2, and for the respective radii of the disks we have r1 = (1− r0) sin ϕ
2

and r2 = (1− r0) sin ϕ2

2 . Thus the ratio γ = r1
r2
< 1 depends on the angles ϕ and ϕ2 only,

but not on z0.

Now we recall that for a positive measure η ∈ M+ (T), the Poisson transform P [η] is a

positive harmonic function on D, therefore Harnack's inequality (Theorem 1.2.1) gives us

for z lying in any open disk Ur (z0) ⊆ D with center at z0 and radius r,

P [η] (z0)
r − |z − z0|
r + |z − z0|

≤ P [η] (z) ≤ P [η] (z0)
r + |z − z0|
r − |z − z0|

. (3.20)
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Figure 3.1: Construction of the disks D1 and D2.

We use the right-hand estimate for P [fν] in the disk D2 to obtain

P [fν] (z) ≤ P [fν] (z0)
r2 + |z − z0|
r2 − |z − z0|

.

For z ∈ D1 we have r2 − |z − z0| ≥ r2 − r1 and r2 + |z − z0| ≤ r2 + r1, and noting that
r2+r1
r2−r1 = 1+γ

1−γ this leads to

P [fν] (z) ≤ P [fν] (z0)
1 + γ

1− γ
, z ∈ D1.

We then use the reciprocal of the left inequality in (3.20) for P [ν] in D2 and again estimate

the factor r2+|z−z0|
r2−|z−z0| ≤

1+γ
1−γ for z ∈ D1 to obtain

1

P [ν] (z)
≤ 1

P [ν] (z0)

1 + γ

1− γ
, z ∈ D1.

Combining the last two inequalities we arrive at

0 ≤ P [fν] (z)

P [ν] (z)
≤
(

1 + γ

1− γ

)2 P [fν] (z0)

P [ν] (z0)
(3.21)

for all z ∈ D1 ⊆ ∆ϕ
1 . Since every z ∈ ∆ϕ

1 lies in D1 for some z0 on the radius, we have thus

obtained the desired estimate.

�

Corollary 3.3.6. Let µ, ν ∈ M+ (T), f ∈ L1 (µ+ ν) and ϕ ∈ (0, π). Then for (µ + ν)-

almost all ξ ∈ T and for all z ∈ ∆ϕ
ξ the following estimate holds with the same constant as

in Lemma 3.3.5.

|P [fµ] (z)| ≤ CfMµ+ν (ξ)P [µ+ ν] (z) . (3.22)

Proof. Again we assume f ≥ 0. We apply Lemma 3.3.5 to the measure µ + ν to obtain

that for (µ+ ν)-almost every ξ ∈ T and all z ∈ ∆ϕ
ξ

P [f (µ+ ν)] (z) ≤ CfMµ+ν (ξ)P [µ+ ν] (z) .

It remains to note that since µ and ν are positive measures and f ≥ 0, for z ∈ D the

estimate P [fµ] (z) ≤ P [f (µ+ ν)] (z) holds.
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We proceed with two results concerning the boundary behavior of quotients of Poisson

transforms.

Proposition 3.3.7. Let µ ∈M (T) and f ∈ L1 (µ). Then for |µ|-almost all ξ ∈ T we have

P [fµ] (z)

P [µ] (z)
−→ f (ξ) as z →̂ ξ.

Proof. First, let µ ∈ M+ (T). Since the transform is linear, it su�ces to consider non-

negative f , as every L1-function can be written as a linear combination of nonnegative

L1-functions.

We have proved the statement if we can show that for any λ > 0 we have

µ

({
ξ ∈ T | lim sup

z→̂ξ

∣∣∣∣P [fµ] (z)

P [µ] (z)
− f (ξ)

∣∣∣∣ > λ
})

= 0. (3.23)

Note that by the linearity of the Poisson transform, P [fµ](z)
P [µ](z) − f (ξ) = P [(f−f(ξ))µ](z)

P [µ](z) .

We �rst recall that the nontangential limit of P [µ] is nonzero µ-almost everywhere by

Theorems 2.2.3 and 2.2.4. Now let ξ ∈ T be such that lim
z→̂ξ

P [µ] (z) > 0.

We use the density of C (T) in L1 (µ) to approximate f by a sequence {gn}n∈N of continuous

functions such that ‖f − gn‖L1(µ) <
1
n . We choose a representative of the equivalence class

of f in L1 (µ) (the choice of the representative is of no concern for the proof since the

elements of an equivalence class are equal up to µ-nullsets), which we also denote by f ,

and set hn := f −gn. Then ‖hn‖L1(µ) → 0, and by choosing a subsequence, we can assume

that hn → 0 pointwise µ-almost everywhere on T ([21, Theorem 3.12]).

We �rst consider the behavior of the quotient P [gnµ]
P [µ] for the continuous functions gn. The

continuity of gn implies that for given ε > 0 we �nd an arc Iξ centered at ξ such that

sup
ζ∈Iξ
|gn (ζ)− gn (ξ)| < ε. We can then split

P [(gn − gn (ξ))µ] (z) =

 ∫
T\Iξ

+

∫
Iξ

P (z, ζ)
(
gn (ζ)− gn (ξ)

)
µ (ζ) = I + II.

The sets ∆ϕ
ξ and T\Iξ have positive distance d, so for z ∈ ∆ϕ

ξ and ζ ∈ T\Iξ we have

|z − ζ| ≥ d. Therefore, using the boundedness of gn, we can estimate the integrand in I

by ∣∣∣∣∣1− |z|2|z − ζ|2
(gn (ζ)− gn (ξ))

∣∣∣∣∣ ≤ C(1− |z|2 ),
and we see that the integrand tends to zero uniformly in ζ as z approaches ξ. Consequently,

the integral I tends to zero. Furthermore, |II| < εP [µ] (z), and so we get∣∣∣∣P [(gn − gn (ξ))µ] (z)

P [µ] (z)

∣∣∣∣ ≤ |I|
P [µ] (z)

+ ε.

Since the �rst summand tends to zero as z nontangentially tends to ξ and ε was arbitrary,

we conclude that

lim
z→̂ξ

P [(gn − gn (ξ))µ] (z)

P [µ] (z)
= 0.
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We see that the statement of the proposition holds for continuous functions. Writing

f (ζ) − f (ξ) = gn (ζ) − gn (ξ) + hn (ζ) − hn (ξ) and using the linearity of the Poisson

transform we now obtain

lim sup
z→̂ξ

∣∣∣∣P [(f − f (ξ))µ] (z)

P [µ] (z)

∣∣∣∣ ≤ lim sup
z→̂ξ

P [|hn − hn (ξ)|µ] (z)

P [µ] (z)

≤ lim sup
z→̂ξ

P [|hn|µ] (z)

P [µ] (z)
+ |hn (ξ)|

≤ (hn)Mµ (ξ) + |hn (ξ)| ,

where we used Lemma 3.3.5 in the last estimate. Now �x λ > 0. From the above estimate

we infer{
ξ ∈ T | lim sup

z→̂ξ

∣∣∣∣P [(f − f (ξ))µ] (z)

P [µ] (z)

∣∣∣∣ > λ

}
⊆
{

(hn)Mµ >
λ

2

}
∪
{
|hn| >

λ

2

}
. (3.24)

We now estimate the µ-measure of the sets on the right-hand side. To this end, let ε > 0

be given. As the functions hn converge to zero pointwise µ-almost everywhere, by Egorov's

theorem ([23, Chapter III, Theorem 2.2]), there is a set E ⊆ T with µ (T\E) < ε
2 such that

the sequence hn tends to zero uniformly on E. Therefore we �nd an index N0 ∈ N such

that |hn| < λ
2 on E for all n larger than N0. Thus

{
|hn| > λ

2

}
⊆ T\E for n ≥ N0 and we

get the estimate

µ
({
|hn| >

λ

2

})
≤ µ (T\E) ≤ ε

2
, n ≥ N0. (3.25)

By making N0 larger if necessary, we can also assume that ‖hn‖L1(µ) <
λε
4c for all n ≥ N0,

where c is the constant in the weak-L1 estimate of the Hardy-Littlewood maximal function

in Theorem 3.3.4 (i). Then this theorem yields

µ
({

(hn)Mµ >
λ

2

})
≤ 2c

λ
‖hn‖L1(µ) ≤

2c

λ

λε

4c
=
ε

2
, n ≥ N0. (3.26)

With the estimates (3.25) and (3.26) we derive from (3.24) that

µ

({
ξ ∈ T | lim sup

z→̂ξ

∣∣∣∣P [(f − f (ξ))µ] (z)

P [µ] (z)

∣∣∣∣ > λ
})

< ε,

and as ε was arbitrary, this �nishes the �rst part.

Now let µ be an arbitrary measure in M (T), and let g be a µ-measurable function with

|g| = 1 on T such that µ = g |µ| (for the existence of such a function see e.g. [21, Theorem

6.12]). We then have

P [fµ] (z)

P [µ] (z)
=
P [fg |µ|] (z)

P [|µ|] (z)
· P [|µ|] (z)

P [g |µ|] (z)
.

If we let z nontangentially approach ξ ∈ T, by the �rst part of the proof the right-hand

side converges to (fg) (ξ) · 1
g(ξ) = f (ξ) at |µ|-almost every ξ ∈ T.

�

Lemma 3.3.8. Let µ, ν ∈M (T). The following conditions are equivalent.
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(i) lim
z→̂ξ

P [µ](z)
P [ν](z) = 0 for |ν|-almost every ξ ∈ T;

(ii) lim
z→̂ξ

P [ν](z)
P [µ](z) = 0 for |µ|-almost every ξ ∈ T;

(iii) µ ⊥ ν.

Proof. We start with the implication (iii)⇒(i). Let µ and ν be mutually singular, and

�rst assume that both are positive measures. Let f be a function on T such that f = 0

almost everywhere with respect to µ and f = 1 almost everywhere with respect to ν. Then

f (ν + µ) = ν almost everywhere with respect to ν. Applying Proposition 3.3.7 we see that

for (ν + µ)-almost every ξ ∈ T,

P [f (ν + µ)] (z)

P [ν + µ] (z)
−→ f (ξ)

as z nontangentially tends to ξ, and in particular, at ν-almost every ξ ∈ T we have

P [ν] (z)

P [ν + µ] (z)
=
P [f (ν + µ)] (z)

P [ν + µ] (z)
−→ f (ξ) = 1, z →̂ ξ.

Using the linearity of the Poisson transform, we infer that for ν-almost every ξ ∈ T

P [µ] (z)

P [ν] (z)
=
P [µ+ ν] (z)

P [ν] (z)
− P [ν] (z)

P [ν] (z)
−→ 1− 1 = 0

as z approaches ξ nontangentially.

For arbitrary measures µ, ν ∈ M (T), we note that µ ⊥ ν implies |µ| ⊥ |ν| and write

ν = h |ν| with |h| = 1 on T as in the proof of the previous proposition. Then,

P [µ] (z)

P [ν] (z)
=

P [µ] (z)

P [|µ|] (z)
· P [|µ|] (z)

P [|ν|] (z)
· P [|ν|] (z)

P [h |ν|] (z)
.

For z nontangentially tending to ξ ∈ T, the �rst factor on the right-hand side is bounded

since we have |P [µ]| ≤ P [|µ|]. By Proposition 3.3.7 the last factor tends to 1
h(ξ) for |ν|-

almost every ξ ∈ T, and by the previous part of the proof the term in the middle tends to

zero almost everywhere with respect to |ν|, so we arrive at (i).

For the implication (i)⇒(iii), write µ = fν + µs with f ∈ L1 (|ν|) and µs ⊥ ν. Then, by

assumption we have at |ν|-almost every ξ ∈ T

P [µ] (z)

P [ν] (z)
=
P [fν] (z)

P [ν] (z)
+
P [µs] (z)

P [ν] (z)
−→ 0, z →̂ ξ.

But at |ν|-almost every point, the �rst term on the right-hand side tends to f (ξ) by

Proposition 3.3.7 and the second term tends to 0 by the implication (iii)⇒(i) we just

proved. We conclude that f (ξ) = 0 at |ν|-almost every ξ ∈ T, and hence ν ⊥ µ.
The equivalence (ii)⇔(iii) is shown in the same way exchanging the roles of ν and µ.

�

We now consider the map f 7→ θf̄ =: f̃ for f ∈ θ∗(Hp). It follows from the de�nition of

θ∗(Hp) that f̃ lies in Hp
0 . We set

θ∗ (Hp
0 ) :=

{
f ∈ θ∗(Hp) | f (0) = 0

}
.
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If f ∈ θ∗ (Hp
0 ), then f̄ ∈ Hp

0 . Thus, it follows from f̃ θ̄ = f̄ θθ̄ = f̄ ∈ Hp
0 , that f̃ ∈ θ∗(H

p
0 ).

Moreover, the map f 7→ f̃ induces an involution on this space. We call f ∈ θ∗ (Hp
0 ) a

Hermitian element if it satis�es f = f̃ .

Now we are going to establish a useful property of Hermitian elements. We make use of

the following auxiliary statement.

Lemma 3.3.9. Let ν ∈ M (T) be a real-valued singular measure. Furthermore, let F ∈
L1 (ν) be such that

∫
T
F (ζ) dν (ζ) = 0. Then the following statements are equivalent.

(i) lim
r↗1

K [Fν] (rξ) = lim
r̂↘1
−K [Fν] (r̂ξ) for σ-almost every ξ ∈ T.

(ii) F is real-valued almost everywhere with respect to ν.

Proof. The Cauchy transform of Fν lies in the spaces Hp, 0 < p < 1 for both D and De
and consequently has nontangential boundary values σ-almost everywhere on T from both

within D and De. Let ξ ∈ T be such that the boundary values from both sides exist. We

�rst derive the following relation between those limits.

lim
r↗1

K [Fν] (rξ) = lim
r↗1

∫
T

1

1− rξζ̄
F (ζ) dν (ζ) = lim

r↗1

∫
T

1
r ξ̄ζ

1
r ξ̄ζ − 1

F (ζ) dν(ζ)

= lim
r↗1

∫
T

(
1
r ξ̄ζ − 1
1
r ξ̄ζ − 1

+
1

1
r ξ̄ζ − 1

)
F (ζ) dν (ζ)

=

∫
T

F (ζ) dν (ζ) + lim
r̂↘1

(
−
∫
T

1

1− r̂ξ̄ζ
F (ζ) dν (ζ)

)

=

∫
T

F (ζ) dν (ζ) + lim
r̂↘1

(
−
∫
T

1

1− r̂ξζ̄
F (ζ)dν (ζ)

)

=

∫
T

F (ζ) dν (ζ) + lim
r̂↘1
−K

[
F̄ ν
]

(r̂ξ).

By our assumption on F , the integral on the right side vanishes, hence F satis�es the

relation

lim
r↗1

K [Fν] (rξ) = lim
r̂↘1
−K

[
F̄ ν
]

(r̂ξ). (3.27)

(ii)⇒(i). Supposing that F = F almost everywhere with respect to ν, the relation (3.27)

immediately yields (i).

(i)⇒(ii). Inserting (i) in (3.27) we obtain

lim
r̂↘1
−K [Fν] (r̂ξ) = lim

r̂↘1
−K

[
F̄ ν
]

(r̂ξ),

equivalently

0 = lim
r̂↘1
−K

[(
F − F̄

)
ν
]

(r̂ξ) = 2i lim
r̂↘1

K [ImFν] (r̂ξ)

for σ-almost every ξ ∈ T. We see that K [ImFν] has vanishing radial limits σ-almost

everywhere on T from outside D. As ν is singular, the Fatou jump theorem, Theorem

1.4.1, gives us

lim
r↗1

K [ImFν] (rξ) = lim
r↘1

K [ImFν] (rξ) ,
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hence K [ImFν] has zero limit also from within D at σ-almost every ξ ∈ T. Applying the

Lusin-Privalov theorem ([11, p.212, 2.5]) we get that K [ImFν] ≡ 0 in D. But this implies

that ImFν is absolutely continuous with respect to σ (see [14, Proposition 2.1.5]), and

since ν is singular, we infer that ImF = 0 almost everywhere with respect to ν.

�

Proposition 3.3.10. Let f ∈ θ∗ (Hp
0 ) , p ≥ 2, and let α ∈ T. Then f is a Hermitian

element if and only if argUαf = argα
2 almost everywhere with respect to να.

Proof. First, let α = 1 and let f ∈ θ∗ (Hp
0 ) be given. We have to show that U1f is real-

valued ν1-almost everywhere on T if and only if f is Hermitian. Now, the function U1f lies

in Lp (ν1) by Corollary 3.2.7, and since f (0) = 0, it is orthogonal to constants: recall the

functions kλ introduced in Section 3.2. We have k0 ≡ 1 and U1k0 ≡ 1, so by the isometry

of U1, ∫
T

U1f (ζ) dν1 (ζ) = 〈U1f, U1k0〉L2(ν1) = 〈f, k0〉H2 = f (0) = 0.

Consequently, the statement in the case α = 1 can be reformulated in the following way:

If F ∈ Lp (ν1), p ≥ 2, and
∫
T F (ζ) dν1 (ζ) = 0, then U∗1F is a Hermitian element if and

only if F is real-valued ν1-almost everywhere.

Thus, let F ∈ Lp (ν1) be orthogonal to constants, and suppose �rst that F is real-valued

ν1-almost everywhere. We have to show that U∗1F = (1− θ)K [Fν1] is Hermitian. We

calculate Ũ∗1F and examine its radial boundary values from within D, making use of the

relation in Lemma 3.3.9 (i) that holds in this case. We thus have for σ-almost every ξ ∈ T,

Ũ∗1F (ξ) = lim
r↗1

Ũ∗1F (rξ) = lim
r↗1

θ (rξ)
(
1− θ (rξ)

)
lim
r↗1

K [Fν1] (rξ)

=
(
θ (ξ)− 1

)
lim
r̂↘1

(
−K [Fν1] (r̂ξ)

)
=

(
1− θ (ξ)) lim

r̂↘1
K [Fν1] (r̂ξ) .

Since ν1 is singular, relation (1.14) from the Fatou jump theorem, Theorem 1.4.1, yields

that the last term equals
(
1 − θ (ξ)

)
lim
r↗1

K [Fν1] (rξ) = U∗1F (ξ) at σ-almost every point.

We see that U∗1F is a Hermitian element.

Conversely, if we suppose that U∗1F is Hermitian, we have

Ũ∗1F (ξ) = lim
r↗1

θ (rξ)
(
1− θ (rξ)

)
lim
r↗1

K [Fν1] (rξ)

=
(
θ (ξ)− 1

)
lim
r↗1

K [Fν1] (rξ)

=
(
1− θ (ξ)

)
lim
r↗1

K [Fν1] (rξ) = U∗1F (ξ)

at σ-almost every ξ ∈ T and hence

lim
r↗1

K [Fν1] = − lim
r↗1

K [Fν1].

By Fatou's jump theorem, the left-hand side equals lim
r̂↘1

K [Fν1], and we see that F satis�es

condition (i) from Lemma 3.3.9. We conclude that F is real-valued almost everywhere with

respect to ν1, which proves the statement for α = 1.
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Now, if α 6= 1, consider the inner function θ̂ := ᾱθ. Then θ̂∗ (Hp) = θ∗(Hp) and we have

the relation να = ν̂1, where ν̂1 is the singular measure corresponding to θ̂, since

P [να] = Re
α+ θ

α− θ
= Re

α

α

1 + ᾱθ

1− ᾱθ
= P [ν̂1] .

Furthermore, for λ ∈ D,

Û1kλ (ξ) =
1− θ̂ (λ)

1− λ̄ξ
=

1− αθ (λ)

1− λ̄ξ
= Uαkλ (ξ) ,

and since the kλ are a complete subset of θ∗(H2), we have Û1 = Uα on θ∗(H2).

The Hermitian elements with respect to θ̂ (i.e., g ∈ θ∗ (Hp
0 ) which satisfy ˆ̃g := ᾱθḡ = g)

are precisely the functions ᾱ1/2f , where f is a Hermitian element with respect to θ:

ˆ̃
ᾱ1/2f= ᾱθα1/2f̄ = ᾱ1/2θf̄ ,

and this equals ᾱ1/2f if and only if f = θf̄ .

Combining this with the �rst part of the proof we see that f is Hermitian with respect to

θ if and only if Û1ᾱ
1/2f is real valued, and using the relation Û1 = Uα and the linearity of

the operators we infer

0 = arg
(
Û1ᾱ

1/2f
)

= arg
(
ᾱ1/2Û1f

)
= arg

(
ᾱ1/2Uαf

)
= arg ᾱ1/2 + argUαf

= −argα

2
+ argUαf.

�

Note that if f ∈ θ∗ (Hp
0 ), then the functions f + f̃ and i

(
f − f̃

)
are Hermitian elements.

This is obvious for the �rst function since the map is an involution, and for the second

function we compute(
i
(
f − f̃

))∼
= θī

(
f̄ − θ̄f

)
= −i

(
θf̄ − f

)
= i
(
f − θf̄

)
.

Now we have everything available to prove the main theorem of the section.

Theorem 3.3.11. Let f ∈ θ∗ (Hp), p ≥ 2, and let α ∈ T. Then for να-almost every ξ ∈ T,

f (z) −→ (Uαf) (ξ) as z →̂ ξ.

Proof. We start with some preparatory observations. By Theorem 3.2.2, we have for any

α, β ∈ T,
K [Uαfνα]

K [να]
= U∗α (Uαf) = f = U∗β (Uβf) =

K [Uβfνβ]

K [νβ]
. (3.28)

Furthermore, by Corollary 3.1.3, K [να] = (1− αθ)−1, and thus

K [Uαfνα] =
K [να]

K [νβ]
K [Uβfνβ] =

1− β̄θ
1− αθ

K [Uβfνβ] . (3.29)

43



As the operators Uα are unitary, we have for any f ∈ θ∗(Hp) that satis�es f (0) = 0 (recall

that k0 ≡ 1 and Uαk0 = 1)∫
T

Uαf (ξ) dνα (ξ) = 〈Uαf, Uαk0〉L2(να) = 〈f, k0〉H2 = f (0) = 0, (3.30)

In particular we infer from (1.13) that for such f

2K [Uαfνα] = P [Uαfνα] + iQ [Uαfνα] . (3.31)

We now make the following assumptions. Without loss of generality, let f satisfy f (0) = 0.

Since we can write f = f+f̃
2 + f−f̃

2 , and both f + f̃ and i
(
f − f̃

)
are Hermitian elements,

we can further suppose that f is a Hermitian element. We set α = 1 (the case α 6= 1 then

follows from considering the inner function θ̂ = αθ as in the proof of Proposition 3.3.10),

and let ξ ∈ T be such that

(i) P [U1fν1](z)
P [ν1](z) → U1f (ξ),

(ii)
P [|U−1f |2ν−1](z)

P [ν1](z) → 0, and

(iii) θ (z)→ 1,

as z →̂ ξ. By Proposition 3.3.7 and Lemma 3.3.8, conditions (i) and (ii) are satis�ed by

ν1-almost every ξ ∈ T (recall that ν1 and ν−1 are mutually singular), and (iii) holds ν1-

almost everywhere since ν1 is supported on the set of points at which θ has nontangential

limit 1.

Using (3.28) and (3.31) we can write f (z) as

f (z) =
(
U∗−1U−1f

)
(z) =

(
1 + θ (z)

)
K [U−1fν−1] (z)

=
1

2

(
1 + θ (z)

)(
P [U−1fν−1] (z) + iQ [U−1fν−1] (z)

)
, (3.32)

so we have proved the statement of the theorem for α = 1 if we show that this expression

tends to U1f (ξ) as z nontangentially tends to ξ. We start from the Poisson transform of

U1fν1 and rewrite it in terms of P [U−1fν−1] and Q [U−1fν−1].

As we assume f to be Hermitian, by Proposition 3.3.10 the function U1f is real-valued al-

most everywhere with respect to ν1, and U−1f is purely imaginary ν−1-almost everywhere,

so we infer from (3.31) that

ReK [U1fν1] =
1

2
P [U1fν1] , ImK [U1fν1] =

1

2
Q [U1fν1] ;

ReK [U−1fν−1] =
i

2
Q [U−1fν−1] , ImK [U−1fν−1] =

−i
2
P [U−1fν−1] .

We now use these relations to rewrite P [U1fν1], further making use of (3.29) with α = 1

and β = −1, and the fact that the real and imaginary parts of 1+θ
1−θ are the Poisson and

conjugate Poisson transforms of ν1, respectively (Corollary 3.1.3). We then obtain

P [U1fν1] = 2ReK [U1fν1] = 2Re

(
1 + θ

1− θ
K [U−1fν−1]

)
= 2

(
Re

1 + θ

1− θ
ReK [U−1fν−1]− Im

1 + θ

1− θ
ImK [U−1fν−1]

)
= 2

(
P [ν1]

i

2
Q [U−1fν−1]−Q [ν1]

−i
2
P [U−1fν−1]

)
= i

(
P [ν1]Q [U−1fν−1] +Q [ν1]P [U−1fν−1]

)
.
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Dividing this equation by P [ν1] and applying condition (i) we get

i

(
Q [U−1fν−1] (z) +

Q [ν1] (z)P [U−1fν−1] (z)

P [ν1] (z)

)
=
P [U1fν1] (z)

P [ν1] (z)
−→
z→̂ξ

U1f (ξ) . (3.33)

We continue by estimating P [U−1fν−1]. Since U−1f ∈ L2 (ν−1), we may apply Hölder's

inequality to obtain∣∣P [U−1fν−1] (z)
∣∣ =

∣∣∣∣ ∫
T

√
P (z, ζ)

√
P (z, ζ)U−1f (ζ) dν−1 (ζ)

∣∣∣∣
≤

(∫
T

P (z, ζ) dν−1 (ζ)

) 1
2
(∫

T

P (z, ζ) |U−1f (ζ)|2 dν−1 (ζ)

) 1
2

=
(
P [ν−1] (z)

) 1
2
(
P
[
|U−1f |2 ν−1

]
(z)
) 1

2
.

Now condition (ii) yields∣∣P [U−1fν−1] (z)
∣∣ = o

(√
P [ν−1] (z)P [ν1] (z)

)
, z →̂ ξ.

Moreover,

P [ν1]P [ν−1] =
1− |θ|2

|1− θ|2
1− |θ|2

|−1− θ|2
=

(
1− |θ|2

)2

|1− θ2|2
,

whence we further get

|P [U−1fν−1]| = o

(
1− |θ|2

|1− θ2|

)
, z →̂ ξ. (3.34)

With this we can estimate the second term on the left side of (3.33) by

∣∣∣∣Q [ν1]P [U−1fν−1]

P [ν1]

∣∣∣∣ = o

 |Im θ|
|1− θ|2

1−|θ|2
|1−θ2|
1−|θ|2

|1−θ|2

 = o

(
|Im θ|
|1− θ2|

)
, z →̂ ξ.

Now |Im θ| = |Im (1− θ)| and the quotient |Im (1−θ)|
|1−θ2| = |Im (1−θ)|

|(1−θ)(1+θ)| is O (1) as z →̂ ξ. Thus,

the second summand on the left-hand side of (3.33) tends to zero as z nontangentially

tends to ξ and we infer

iQ [U−1fν−1] (z) −→ U1f (ξ) , z →̂ ξ. (3.35)

As 1−|θ|2
|1−θ2| ≤

1−|θ|2

1−|θ|2 = 1 by the reverse triangle inequality, we further get from (3.34) that

|P [U−1fν−1] (z)| = o (1) , z →̂ ξ, (3.36)

Applying (3.35) and (3.36) as well as condition (iii) in the expression (3.32) we obtained

for f , we see that as z nontangentially tends to ξ,

f (z) =
1

2

(
1 + θ (z)

)(
P [U−1fν−1] (z) + iQ [U−1fν−1] (z)

)
−→ U1f (ξ) .
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Theorem 3.3.11 yields the following statement about the normalized Cauchy transform,

which is an interesting analogue to Proposition 3.3.7.

Corollary 3.3.12. Let µ ∈ M (T) be a positive singular measure and f ∈ L2 (µ). Then

for µ-almost every ξ ∈ T we have

Vµ (z) =
K [fµ] (z)

K [µ] (z)
−→ f (ξ) as z →̂ ξ.

Proof. As was shown in Remark 3.1.1, every positive singular measure µ is the measure ν1

for some inner function. Thus, by Theorem 3.2.2 we have the relation Vµ = U−1
1 on L2 (µ),

where U1 is the associated unitary operator. Since the operator is continuous on L2 (µ),

the statement now follows from Theorem 3.3.11.

�

3.4 The nontangential maximal function

In order to generalize the results we established in the last section to arbitrary measures,

we need a maximal theorem about the nontangential maximal function of an element of

θ∗ (Hp), p ≥ 2. For the de�nition of this function, we consider approach regions as shown

Figure 3.2: The region Γϕξ for ξ = 1.

in Figure 3.2, denoted by Γϕξ . For a subset E ⊆ T, we denote ΓϕE =
⋃
ξ∈E

Γϕξ .

De�nition 3.4.1. Let f ∈ Hp, p > 0. We de�ne the nontangential maximal function f∗ϕ of

f by

f∗ϕ (ξ) := sup
z∈Γϕξ

|f (z)| , ξ ∈ T. (3.37)

We now use the Hardy-Littlewood maximal theorem to derive a similar statement for the

nontangential maximal function.

Theorem 3.4.2. Let f ∈ θ∗ (Hp), p ≥ 2. Furthermore, let α ∈ T and ϕ ∈ (0, π). Then

f∗ϕ is �nite να-almost everywhere, and

(i) if p > 2, f∗ϕ ∈ Lp (να);
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(ii) if p = 2, then f∗ϕ belongs to the weak L2 of να, i.e., for every λ > 0, the inequality

να
(
{f∗ϕ > λ}

)
≤ c

λ2

holds, where c > 0 is a constant independent of λ.

Proof. It su�ces to consider the case α = 1. Let ξ ∈ T be such that

(i)
∣∣∣P [fν1](z)
P [ν1](z)

∣∣∣ ≤ CfMν1 (ξ) and

(ii)
∣∣∣P [|f |2 ν−1

]
(z)
∣∣∣ ≤ C(f2

)M
ν1+ν−1

(ξ)P [ν1 + ν−1] (z)

for z ∈ Γϕξ . Note that by Theorem 3.3.11, for each α ∈ T we have f = Uαf almost

everywhere with respect to να, therefore f ∈ L2 (να). Hence, conditions (i) and (ii) are

satis�ed by ν1-almost every ξ ∈ T by Lemma 3.3.5 and Corollary 3.3.6.

Furthermore, on D we have the relation

f = U∗αUαf = U∗αf =
K [fνα]

K [να]
= (1− αθ)K [fνα] .

Assuming without loss of generality that f (0) = 0, we use this relation with α = −1 and

(1.13) to write f as follows.

f (z) =
(
1 + θ (z)

)
K [fν−1] (z) =

1

2

(
1 + θ (z)

)(
P [fν−1] (z) + iQ [fν−1] (z)

)
. (3.38)

Our �rst goal is to estimate the absolute values of the Poisson and conjugate Poisson

transforms on the right-hand side in terms of the Hardy-Littlewood maximal function of

f at ξ. The estimates we apply are similar to those used in the proof of Theorem 3.3.11.

Since (g + h)∗ϕ ≤ g∗ϕ + h∗ϕ and any f ∈ θ∗(Hp
0 ) can be written as a linear combination of

Hermitian elements, we may assume f is a Hermitian element. Then we have the following

relation we established in the proof of Theorem 3.3.11,

P [fν1] (z)

P [ν1] (z)
= i
(
Q [fν−1 (z)] +

Q [ν1] (z)P [fν−1] (z)

P [ν1] (z)

)
.

Using condition (i), we get∣∣∣∣Q [fν−1 (z)] +
Q [ν1] (z)P [fν−1] (z)

P [ν1] (z)

∣∣∣∣ ≤ CfMν1 (ξ) , z ∈ Γϕξ . (3.39)

We apply Hölder's inequality to obtain |P [fν−1]| ≤
(
P [ν−1]

)1/2(
P
[
|f |2 ν−1

])1/2
. By

virtue of condition (ii), this yields the estimate

|P [fν−1] (z)| ≤
√
C (f2)Mν1+ν−1

(ξ)P [ν1 + ν−1] (z)P [ν−1] (z)

for z ∈ Γϕξ . We further estimate the Poisson transforms in the last expression.

P [ν1 + ν−1]P [ν−1] =

(
1− |θ|2

|1− θ|2
+

1− |θ|2

|−1− θ|2

)
1− |θ|2

|−1− θ|2

=

(
1− |θ|2

)2( |1 + θ|2 + |1− θ|2
)

|1− θ2|2 |1 + θ|2
≤ 8

(
1− |θ|2

)2
|1− θ2|2 |1 + θ|2

.
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This gives us, with C1 =
√

8C,

|P [fν−1]| ≤ C1
1− |θ|2

|1− θ2| |1 + θ|

√
(f2)Mν1+ν−1

(ξ). (3.40)

We can now estimate the second summand in (3.39) by∣∣∣∣Q [ν1]P [fν−1]

P [ν1]

∣∣∣∣ ≤ C1

∣∣∣∣Im 1 + θ

1− θ

∣∣∣∣ |1− θ|21− |θ|2
1− |θ|2

|1− θ2| |1 + θ|

√
(f2)Mν1+ν−1

(ξ)

≤ C1
1

|1 + θ|

√
(f2)Mν1+ν−1

(ξ),

so by applying the reverse triangle inequality in (3.39) and using this estimate we obtain

the following estimate for Q [fν−1] on Γϕξ .

|Q [fν−1] (z)| ≤ CfMν1 (ξ) +
C1

|1 + θ (z)|

√
(f2)Mν1+ν−1

(ξ). (3.41)

Furthermore, (3.40) yields

|P [fν−1] (z)| ≤ C1

|1 + θ (z)|

√
(f2)Mν1+ν−1

(ξ). (3.42)

With (3.42) and (3.41) we can now estimate the Poisson and conjugate Poisson transforms

in (3.38), arriving at

|f (z)| ≤ 1

2
|1 + θ (z)|

(
CfMν1 (ξ) + 2

C1

|1 + θ (z)|

√
(f2)Mν1+ν−1

(ξ)
)

≤ CfMν1 (ξ) + C1

√
(f2)Mν1+ν−1

(ξ).

Taking the supremum over z ∈ Γϕξ , we get an estimate for the nontangential maximal

function f∗ϕ:

f∗ϕ (ξ) ≤ CfMν1 (ξ) + C1

√
(f2)Mν1+ν−1

(ξ). (3.43)

We now show that the right-hand side lies in Lp (ν1) for p > 2 and in the weak L2 (ν1) for

p = 2, which �nishes the proof. We make use of the Hardy-Littlewood maximal theorem

3.3.4.

We �rst consider the case p > 2 and recall that the boundary function of f lies in the

space Lp (ν1) as well as Lp (ν−1) by Corollary 3.2.7. By the Hardy-Littlewood maximal

theorem, fMν1 then belongs to Lp (ν1). Furthermore, since p
2 > 1,

(
f2
)M
ν1+ν−1

belongs to

L
p
2 (ν1 + ν−1) and consequently to L

p
2 (ν1). Thus,

√
(f2)Mν1+ν−1

lies in Lp (ν1), and we see

from (3.43) that the nontangential maximal function also lies in Lp (ν1).

In the case p = 2, the Hardy-Littlewood maximal theorem implies that fMν1 ∈ L
2 (ν1), and(

f2
)M
ν1+ν−1

lies in the weak L1 of (ν1 + ν−1), so we have the estimate

ν1

({ (
f2
)M
ν1+ν−1

> λ
})
≤ (ν1 + ν−1)

({ (
f2
)M
ν1+ν−1

> λ
})
≤ c

λ
,

and consequently

ν1

({√
(f2)Mν1+ν−1

> λ
})
≤ c

λ2
.

Since every L2-function also satis�es the weak-L2 inequality, we deduce that in this case

f∗ϕ lies in the weak L2 and the proof is complete.

�
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3.5 Boundary behavior of the normalized Cauchy transform

We now take up the discussion of the nontangential boundary behavior of functions Vµf ,

µ being a measure in M (T) and f ∈ L1 (µ). In the case of singular positive measures ν,

we saw in Section 3.3 that Vνf nontangentially tends to f almost everywhere with respect

to ν. The following lemma states that for any positive measure µ ∈ M+ (T) there is a

singular positive measure close to µ in an appropriate sense. We will use this to generalize

the statement on the boundary behavior of Vµf to arbitrary measures from the result for

singular measures we already proved.

Lemma 3.5.1. Let µ ∈M+ (T) and let I ⊆ T be an open subarc of the unit circle such that

µ (T\I) = 0. Set J = T\I. Furthermore, let f ∈ L∞ (µ) and ϕ ∈ (0, π) be given. Then for

each ε > 0 there is a discrete measure µ0 with µ0 (J) = 0, and a function f0 ∈ L∞ (µ0), with

the following properties:

(i) ‖µ0‖ ≤ ‖µ‖,

(ii) ‖f0‖L∞(µ0) ≤ ‖f‖L∞(µ),

(iii)
∣∣K [µ] (z)−K [µ0] (z)

∣∣ < ε, z ∈ ΓϕJ ,

(iv)
∣∣K [fµ] (z)−K [f0µ0] (z)

∣∣ < ε, z ∈ ΓϕJ .

Proof. We may assume that I is bounded by the points 1 and e2iα for some α ∈ (0, π]

(if α = 0, µ itself is a discrete measure and there is nothing to do). We start with the

following observation: Given δ > 0, there is a sequence {αk}k∈N0 ⊆ (0, α] which satis�es

the conditions

(a) α0 = α,

(b) αk+1 < αk for k ≥ 0, and αk → 0 as k →∞,

(c) µ
(
{eiαk}

)
= 0 and µ

(
{ei(2α−αk)}

)
= 0, k ≥ 0,

(d) for each k ∈ N, setting Ek := [αk, αk−1],

sup
z∈ΓϕJ
t∈Ek

∣∣∣∣ 1

1− ze−it
− 1

1− ze−iαk

∣∣∣∣ < δ.

Such a sequence can be obtained in the following way: Since any measure can have only

countably many point masses, we can �nd a sequence {αk}k∈N0 that satis�es (a), (b) and

(c) of the above conditions, and which further tends to zero su�ciently slowly such that

also
αk−1−αk

α2
k
→ 0. We now consider the function

D (t, z, αk) :=

∣∣∣∣ 1

1− ze−it
− 1

1− ze−iαk

∣∣∣∣ =

∣∣∣∣∣ z
(
e−it − e−iαk

)(
1− ze−it

)(
1− ze−iαk

)∣∣∣∣∣ , t ∈ Ek, z ∈ ΓϕJ .

If z is bounded away from the arc {eit, t ∈ Ek}, the denominator is bounded away from zero

and this function becomes small if only t is su�ciently close to αk. But the denominator

becomes small if z is close to this arc. So in order to obtain an estimate as in (d), it will
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be crucial to estimate the denominator from below in the part of ΓϕJ closest to the arc

{eit, t ∈ (0, α)}. We set ω := ϕ
2 and r0 := sinω and de�ne the set Ω as

Ω := ΓϕJ ∩
{
z = reiϑ

∣∣∣ r0 ≤ r, |ϑ| ≤
π

2
− ω, and if ϑ > 0, r ≤ sinω

sin(ω + ϑ)

}
,

see Figure 3.3. Our goal now is to derive an estimate of D (t, z, αk) independent of t ∈ Ek

Figure 3.3: The region Ω.

and z ∈ Ω. We de�ne the following constants.

M1 := sup

{∣∣∣1− et
t

∣∣∣, |t| ≤ 2π

}
; (3.44)

m1 := inf

{
sin(ω + t)− sinω

t
, |t| ≤ π

2
− ω

}
; (3.45)

m2 := inf

{
sin t

t
, |t| ≤ π

2

}
. (3.46)

Each of the functions above is continuous and nonzero at t = 0, and we see that these are

continuous positive functions on the respective closed intervals. ConsequentlyM1, m1 and

m2 are �nite and positive.

We further note that for any τ ∈ R we get the estimate for r ∈ (0, 1)∣∣1− reiτ ∣∣2 =
(
1− r cos τ

)2
+ r2 sin2 τ = 1− 2r cos τ + r2 ≥ 1− cos2 τ = sin2 τ. (3.47)

We �x an index k0 ∈ N such that

αk0−1 < ω and αk0 <
π

3
. (3.48)

Let k ≥ k0. We estimate the denominator of D (t, z, αk) for z = reiϑ ∈ Ω and t ∈ Ek,

considering three cases depending on the argument of z:

1. ϑ ≥ αk
2 . In this case we get for any t ∈ R, using the estimate |z| ≤ sinω

sin(ω+ϑ) as well as

(3.45),∣∣∣1− ze−it∣∣∣∣∣∣1− ze−iαk ∣∣∣ ≥ (
1− |z|

)2 ≥ (1− sinω

sin(ω + ϑ)

)2

=

[
1

sin(ω + ϑ)

sin(ω + ϑ)− sinω

ϑ︸ ︷︷ ︸
≥m1

ϑ

]2

≥ m2
1ϑ

2 ≥ m2
1

4
α2
k.

50



2. |ϑ| ≤ αk
2 . We employ the estimate (3.47) to get∣∣1− ze−it∣∣2∣∣1− ze−iαk ∣∣2 ≥ sin2(ϑ− t) sin2(ϑ− αk). (3.49)

As the αk are monotonically decreasing, we can use (3.48) and we see that the di�erence

αk − ϑ is now bounded from below and above by

|αk − ϑ| ≥ αk − |ϑ| ≥
αk
2

and |αk − ϑ| ≤ αk + |ϑ| ≤ 3αk
2

<
π

2
,

and letting t ∈ [αk,
π
2 − ω] we further obtain

t− ϑ ≥ αk
2

and t− ϑ ≤ π

2
− ω +

αk
2
<
π

2
.

Hence, with the constant m2 from (3.46) we have

sin(t− ϑ) ≥ sin
αk
2

=
sin αk

2
αk
2

αk
2
≥ m2

2
αk,

as well as |sin(αk − ϑ)| ≥ m2
2 αk. Applying these estimates in (3.49), we obtain

∣∣1− ze−it∣∣∣∣1− ze−iαk ∣∣ ≥ m2
2

4
α2
k. (3.50)

3. ϑ ≤ −αk
2 . Letting t ∈ [αk, αk0−1] we get the estimates, making use of (3.48) again,

αk
2
≤ αk − ϑ ≤ αk +

π

2
− ω < π

2
and

αk
2
≤ t− ϑ ≤ αk0−1 +

π

2
− ω < π

2
,

and as in the previous step we see that in this case (3.50) holds for t ∈ [αk, αk0−1]. Setting

m̃ := min
{m2

1
4 ,

m2
2

4

}
, we infer that if k ≥ k0, for all z ∈ Ω and t ∈ Ek we can estimate the

denominator of D (t, z, αk) by∣∣1− ze−it∣∣∣∣1− ze−iαk ∣∣ ≥ m̃α2
k. (3.51)

Note that since for z ∈ ΓϕJ\Ω and t ∈ Ek we have
∣∣1− ze−it∣∣ ≥ dist(ΓϕJ\Ω, Ek) > 0, by in

case modifying m̃ > 0, we may assume this estimate holds for all z ∈ ΓϕJ and t ∈ Ek.
Furthermore, for z ∈ ΓϕJ and t ∈ Ek we can use (3.44) to estimate the numerator of

D (t, z, αk) by∣∣z(e−it − e−iαk)∣∣ ≤ ∣∣∣1− ei(αk−t)∣∣∣ ≤M1

∣∣αk − t∣∣ ≤M1

(
αk−1 − αk

)
. (3.52)

We set M := M1m̃
−1 and note that this constant depends only on the angle ϕ. We now

obtain the estimate for k ≥ k0

sup
z∈ΓϕJ
t∈Ek

D (t, z, αk) = sup
z∈ΓϕJ
t∈Ek

∣∣∣∣∣ z
(
e−it − e−iαk

)(
1− ze−it

)(
1− ze−iαk

)∣∣∣∣∣ ≤Mαk−1 − αk
α2
k

.

By our choice of the sequence {αk}, for given ε0 > 0 there is an index k1 ≥ k0 such that
αk−1−αk

α2
k

< ε0 for k > k1. So if we choose ε0 <
δ
M , we get that

sup
z∈ΓϕJ
t∈Ek

D (t, z, αk) < δ
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if only k > k1. We now rede�ne the �rst part of the sequence to obtain such an estimate

for all indices. On the interval [αk1 , α] we have

inf
{ ∣∣1− ze−it∣∣ , z ∈ ΓϕJ , t ∈ [αk1 , α]

}
= K > 0.

We choose equidistant points β0 := α, β1, . . . , βL := αk1 in [αk1 , α] such that βl−1 − βl <
K2δ
M1

. Using the estimate (3.52) for the numerator, we obtain for l = 1, . . . , L

sup
z∈ΓϕJ

t∈[βl,βl−1]

D (t, z, βl) ≤ sup
z∈ΓϕJ

t∈[βl,βl−1]

∣∣z(e−it − e−iβl)∣∣
K2

≤
M1

(
βl−1 − βl

)
K2

< δ.

By if necessary shifting the points βl slightly, we can assume that they satisfy condition

(c) above. Now the sequence {α̂k}k∈N de�ned as

α̂k :=

{
βk, k = 0, . . . , L,

αk1+k−L, k > L,

satis�es the conditions (a)-(d).

Now let ε > 0 be given. We choose δ < min
{

ε
‖µ‖ ,

ε
‖µ‖‖f‖L∞(µ)

}
and a sequence {αk}k∈N

satisfying (a)-(d). We use this sequence to partition I into subarcs Ik, k ∈ Z, and then

construct a discrete measure with point masses on the boundary points of those arcs that

satis�es the required conditions.

For k ∈ N we denote α−k = 2α− αk and set Ik := {eit, t ∈ (αk, αk−1)} and I−k = {eit, t ∈
(α−k+1, α−k)}. We de�ne a discrete positive measure µ0 by

µ0

(
{eiαk}

)
= µ (Ik) and µ0

(
{eiα−k}

)
= µ (I−k) , k ∈ N,

and the function f0 by

f0

(
eiαk

)
=

1

µ (Ik)

∫
Ik

f (ζ) dµ (ζ) and f0

(
e−iα−k

)
=

1

µ (I−k)

∫
I−k

f (ζ) dµ (ζ) , k ∈ N.

Now we verify that µ0 and f0 have the properties (i)-(iv) stated in the lemma. As by the

choice of {αk}, the measure µ has no point masses at the points eiαk , k ∈ Z, we have

‖µ0‖ =

∫
T

dµ0 =
∑
k∈N

(
µ (Ik) + µ (I−k)

)
= ‖µ‖.

We can estimate the L∞-norm of the function f0 by

‖f0‖L∞(µ0) = sup
k∈Z\{0}

∣∣f0

(
eiαk

)∣∣ = sup
k∈Z\{0}

∣∣∣∣∣∣∣
1

µ (Ik)

∫
Ik

f (ζ) dµ (ζ)

∣∣∣∣∣∣∣
≤ sup

k∈Z\{0}

∣∣∣∣ 1

µ (Ik)
‖f‖L∞(µ)µ (Ik)

∣∣∣∣ = ‖f‖L∞(µ). (3.53)
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Furthermore, using again the fact that µ has no point masses at eiαk , k ∈ Z, and that µ is

a positive measure, we get for z ∈ ΓϕJ∣∣K [µ] (z)−K [µ0] (z)
∣∣ =

∣∣∣∣ ∑
k∈Z\{0}

(∫
Ik

1

1− ζ̄z
dµ (ζ)− µ (Ik)

1

1− ze−iαk

)∣∣∣∣
≤

∑
k∈Z\{0}

∣∣∣∣ ∫
Ik

1

1− ζ̄z
− 1

1− ze−iαk
dµ (ζ)

∣∣∣∣
≤

∑
k∈Z\{0}

µ (Ik) sup
ζ∈Ik

∣∣∣∣ 1

1− ζ̄z
− 1

1− ze−iαk

∣∣∣∣ ≤ ‖µ‖δ < ε.

The same estimates and the use of the essential boundedness of f yield∣∣K [fµ] (z)−K [f0µ0] (z)
∣∣ ≤ ‖f‖L∞(µ)‖µ‖δ < ε,

and we see that the measure µ0 and function f0 satisfy the required conditions.

�

Theorem 3.5.2. Let µ ∈M (T) and f ∈ L1 (µ). Then for µ-almost every ξ ∈ T the limit

lim
z→̂ξ

Vµf (z)

exists. Furthermore, the limit equals f (ξ) almost everywhere with respect to the singular

component of µ.

Proof. We do the proof in three steps: The �rst and crucial part is to prove the statement

for µ ∈M+ (T) and f ∈ L∞ (µ). Then it is easy to pass to the case of f ∈ L1 (µ) for positive

µ, and in the third step to the general case of an arbitrary µ ∈M (T) and f ∈ L1 (µ).

So let us start with µ ∈M+ (T), f ∈ L∞ (µ). We denote Vµf by F . Theorem 3.2.5 tells us

that in this case F ∈ H2, consequently F has nontangential limits almost everywhere with

respect to σ, and hence also with respect to the absolutely continuous component of µ. We

denote the singular component of µ by µs. What we have to show now is that boundary

values of F also exist µs-almost everywhere, and that they equal f almost everywhere with

respect to µs. We will do this by employing Lemma 3.5.1 to construct sequences of singular

measures, for which we can apply Theorem 3.3.11, and then using a limit argument. The

lemma requires a measure supported on an open subarc, so we have to consider appropriate

restrictions of µ to such sets.

To this end, let E ⊆ T be such that µs (E) = ‖µs‖ and σ (E) = 0. Since µs is regular

and �nite, we can �nd a sequence {EN}N∈N of closed subsets of E such that µs (E) =

µs

(⋃
N∈NEN

)
. Hence,

⋃
N∈NEN is a support of µs, and we may assume without loss of

generality that E =
⋃
N∈NEN .

We now �x some N ∈ N. The set T\EN is open, therefore it can be written as
⋃
k∈N Ik

with pairwise disjoint open subarcs Ik of T. Now we apply Lemma 3.5.1 to each of the Ik
and the restriction of µ to these arcs: Given ε > 0 and ϕ ∈ (0, π), for every k ∈ N we get a

discrete measure µεk supported on Ik and a function f εk ∈ L∞ (µεk) such that ‖µεk‖ ≤ µ (Ik),
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‖f εk‖L∞(µεk)
≤ ‖f‖L∞(µ), and, for each z ∈ ΓϕT\Ik ,∣∣K [µ|Ik ] (z)−K [µεk] (z)

∣∣ =

∣∣∣∣ ∫
Ik

1

1− ζ̄z
dµ (ζ)−

∫
Ik

1

1− ζ̄z
dµεk (ζ)

∣∣∣∣ < ε

2k
,

∣∣K [fµ|Ik ] (z)−K [f εkµ
ε
k] (z)

∣∣ =

∣∣∣∣ ∫
Ik

f (ζ)

1− ζ̄z
dµ (ζ)−

∫
Ik

f εk (ζ)

1− ζ̄z
dµεk (ζ)

∣∣∣∣ < ε

2k
.

We de�ne a singular measure as µε =
∑
k∈N

µεk + χENµs, and let fε be such that fε = f

almost everywhere with respect to µs
∣∣
EN

and fε = f εk almost everywhere with respect to

µεk. Then µε satis�es

‖µε‖ ≤
∑
k∈N

µ (Ik) + µs (EN ) ≤ µ (T\EN ) + µ (EN ) ≤ ‖µ‖

and since ‖f εk‖L∞(µεk)
≤ ‖f‖L∞(µ), for fε we have ‖fε‖L∞(µε) ≤ ‖f‖L∞(µ). We also have

the following estimate for all z ∈ ΓϕT\
⋃
Ik

= ΓϕEN ,

∣∣K [µε] (z)−K [µ] (z)
∣∣ =

∣∣∣∣∣∑
k∈N

∫
Ik

1

1− ζ̄z
dµεk +

∫
EN

1

1− ζ̄z
dµs −

∫
T

1

1− ζ̄z
dµ

∣∣∣∣∣
=

∣∣∣∣∣∑
k∈N

(∫
Ik

1

1− ζ̄z
dµεk −

∫
Ik

1

1− ζ̄z
dµ

)

+

∫
EN

1

1− ζ̄z
dµs −

∫
EN

1

1− ζ̄z
dµ

︸ ︷︷ ︸
=0

∣∣∣∣∣
≤

∑
k∈N

ε

2k
= ε,

and analogously |K [fµ] (z)−K [fεµε] (z)| ≤ ε. Using |K [µ]| ≥ 1
2‖µ‖, we now get the

following estimate for the di�erence of the normalized Cauchy transforms F and Fε = Vµεfε
on ΓϕEN .∣∣F (z)− Fε (z)

∣∣ =

∣∣∣∣K [fµ] (z)

K [µ] (z)
− K [fεµε] (z)

K [µε] (z)

∣∣∣∣
≤

∣∣∣∣K [fµ] (z)

K [µ] (z)
− K [fεµε] (z)

K [µ] (z)

∣∣∣∣+

∣∣∣∣K [fεµε] (z)

K [µ] (z)
− K [fεµε] (z)

K [µε] (z)

∣∣∣∣
=

1

|K [µ] (z)|

∣∣∣K [fµ] (z)−K [fεµε] (z)
∣∣∣

+
|Fε (z)|
|K [µ] (z)|

∣∣∣K [µε] (z)−K [µ] (z)
∣∣∣

≤ 2ε

‖µ‖
(
1 + |Fε (z)|

)
.

This yields

|F (z)| ≤ 2ε

‖µ‖
(
1 + |Fε (z)|

)
+ |Fε (z)| .
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If we let ξ ∈ EN and take the supremum over z ∈ Γϕξ , we obtain

F ∗ϕ (ξ) ≤ 2ε

‖µ‖
(
1 + (Fε)

∗
ϕ (ξ)

)
+ (Fε)

∗
ϕ (ξ) .

Since µε is a positive singular measure and fε ∈ L∞ (µε), Theorem 3.2.5 and its Corollary

3.2.6 imply that Fε ∈ θ∗(H2), and thus by Theorem 3.4.2 its nontangential maximal

function (Fε)
∗
ϕ is �nite almost everywhere with respect to µε. As µε

∣∣
EN

= µ
∣∣
EN

, (Fε)
∗
ϕ is

�nite µ-almost everywhere on EN . Above estimate now shows that also F ∗ϕ is �nite µ-

almost everywhere on EN .

Furthermore, we can apply Corollary 3.3.12 for the measure µε and function fε, which

gives us that for µε-almost every ξ ∈ T,

Fε (z) = Vµεfε (z) −→ fε (ξ) as z →̂ ξ.

As by construction µε
∣∣
EN

= µ
∣∣
EN

and fε
∣∣
EN

= f
∣∣
EN

, this implies that for µ-almost every

ξ ∈ EN we have

lim
z→̂ξ

Fε (z) = f (ξ) . (3.54)

We �x an angle ϕ ∈ (0, π) and let {εj}j∈N be a sequence of positive numbers tending to

zero. For each εj we construct a singular measure µεj and the functions fεj and Fεj as

above for ε. Let ξ ∈ EN be a point which satis�es F ∗ϕ (ξ) < +∞ and at which for every

j ∈ N,
lim
z→̂ξ

Fεj (z) = f (ξ) . (3.55)

As established above, this is satis�ed by µ-almost every point in EN (note that a countable

union of nullsets is a nullset). Using the estimate
∣∣K [µεj]∣∣ ≥ ‖µεj ‖2 ≥ µ(EN )

2 , we then have

for z ∈ Γϕξ

∣∣F (z)− Fεj (z)
∣∣ =

∣∣∣∣∣K [fµ] (z)

K [µ] (z)
−
K
[
fεjµεj

]
(z)

K
[
µεj
]

(z)

∣∣∣∣∣
≤

∣∣∣∣∣K [fµ] (z)

K [µ] (z)
− K [fµ] (z)

K
[
µεj
]

(z)

∣∣∣∣∣ +

∣∣∣∣∣ K [fµ] (z)

K
[
µεj
]

(z)
−
K
[
fεjµεj

]
(z)

K
[
µεj
]

(z)

∣∣∣∣∣
=

∣∣∣∣ F (z)

K
[
µεj
]

(z)

∣∣∣∣∣∣∣K [µεj] (z)−K [µ] (z)
∣∣∣

+
1∣∣K [µεj] (z)

∣∣ ∣∣∣K [fµ] (z)−K
[
fεjµεj

]
(z)
∣∣∣

≤ 2εj
µ (EN )

(
|F (z)|+ 1

)
≤ 2εj
µ (EN )

(
F ∗ϕ (ξ) + 1

)
.

The right-hand side is �nite and we see that Fεj tends to F uniformly in the region Γϕξ as

εj → 0. Thus, by the theorem on uniform convergence ([20, Theorem 7.11]) we obtain for

z tending to ξ from within Γϕξ

lim
j→∞

lim
z→ξ
|F (z)− f (ξ)| = lim

j→∞
lim
z→ξ

∣∣F (z)− Fεj (z)
∣∣ = lim

z→ξ
lim
j→∞

∣∣F (z)− Fεj (z)
∣∣ = 0,

i.e., F (z) tends to f (ξ) from within the set Γϕξ . Since the angle ϕ was arbitrary in (0, π),

we conclude that for µ-almost every ξ ∈ EN , F (z) tends to f (ξ) as z nontangentially
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approaches ξ. This holds for each N ∈ N, so recalling that
⋃
N∈N

EN = E and that E

supports µs, this �nishes the �rst part of the proof.

Now let µ ∈ M+ (T) and f ∈ L1 (µ). As Vµ is linear, we can assume f ≥ 0. Then

the function g = 1
1+f is a bounded holomorphic function. We consider the measure ν =

(1 + f)µ which is absolutely continuous with respect to µ, and note that g ∈ L∞ (ν).

By the �rst part of the proof, Vνg has the nontangential limit g almost everywhere with

respect to νs, and the support of νs is the same as that of µs. We use the linearity of the

Cauchy transform and calculate

Vνg (z) =
K [gν] (z)

K [ν] (z)
=

K [µ] (z)

K [(1 + f)µ] (z)
=

1

1 + Vµf (z)
−→
z→̂ξ

g (ξ) =
1

1 + f (ξ)
,

hence Vµf (z)→ f (ξ) as z nontangentially approaches ξ, for µs-almost every ξ ∈ T.
We �nally come to the general case of µ ∈M (T) and f ∈ L1 (µ). Let g ∈ L1 (|µ|) be such
that g |µ| = µ. Then |g| = 1 almost everywhere with respect to µ. We note the relation

V|µ|fg

V|µ|g
=

K[fg|µ|]
K[|µ|]
K[g|µ|]
K[|µ|]

=
K [fg |µ|]
K [g |µ|]

= Vµf.

By the previous parts of the proof (note that g is essentially bounded), the fraction on the

left-hand side tends to (fg)(ξ)
g(ξ) = f (ξ) nontangentially at |µs|-almost every point, and this

completes the proof.

�
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Chapter 4

Measures with singular components

4.1 De�nition of the Classes I-IV

We now continue the discussion of the boundary behavior of the Poisson and conjugate

Poisson transform that we started in Chapter 2, where we showed that for absolutely

continuous µ ∈ M (T) both transforms have �nite boundary values almost everywhere on

T. We also already saw that the Poisson transform tends to in�nity at almost every point

on T with respect to the singular component of the measure. We now take a closer look at

the mode of growth of the transforms, precisely, we want to compare the speed of growth of

the Poisson and conjugate Poisson transform and try to provide classi�cations of the sets

of measures for which either transform grows faster than or at least as fast as the other.

De�nition 4.1.1. A measure µ ∈M (T) belongs to Class N, N = I, II, III or IV, if for

µ-almost every ξ ∈ T the following condition holds:

(I) P [µ] (z) = o (Q [µ] (z)) as z →̂ ξ;

(II) Q [µ] (z) = o (P [µ] (z)) as z →̂ ξ;

(III) P [µ] (z) = O (Q [µ] (z)) as z →̂ ξ;

(IV ) Q [µ] (z) = O (P [µ] (z)) as z →̂ ξ.

In the following sections we examine each of those classes, collect properties of the mea-

sures therein, and give conditions which insure that a measure belongs to a certain class.

As of now, a complete description of most of them is lacking.

What we can say about all four classes is that for each singular measure µ lying in Class

N, all measures absolutely continuous with respect to µ also belong to the same class, i.e.,

for any f ∈ L1 (|µ|), fµ also lies in Class N. This is a consequence of Theorem 3.5.2; we

provide the following somewhat stronger formulation.

Theorem 4.1.2. Let µ ∈ M+ (T), f ∈ L1 (µ) and let ν be the measure absolutely contin-

uous with respect to µ with density f . Then, at νs-almost every ξ ∈ T,

lim
z→̂ξ

(
Q [ν] (z)

P [ν] (z)

)(
Q [µ] (z)

P [µ] (z)

)−1

= 1.

In particular, if µs belongs to Class N in De�nition 4.1.1, νs belongs to the same class.
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Proof. We decompose ν = νac + νs = fµac + fµs. By Theorem 3.5.2, we have that

lim
z→̂ξ

K [ν] (z)

K [µ] (z)
= f (ξ) (4.1)

at µs-almost every ξ ∈ T, and consequently also νs-almost everywhere. Using (1.13), we

can write this limit as

lim
z→̂ξ

K [ν] (z)

K [µ] (z)
= lim

z→̂ξ

P [ν] (z) + iQ [ν] (z) +
∫
T dν

P [µ] (z) +Q [µ] (z) +
∫
T dµ

= lim
z→̂ξ

P [ν] (z)

P [µ] (z)

1 + iQ[ν](z)
P [ν](z) +

∫
T dν

P [ν](z)

1 + iQ[µ](z)
P [µ](z) +

∫
T dµ

P [µ](z)︸ ︷︷ ︸
=:A

.

By Proposition 3.3.7, P [ν](z)
P [µ](z) tends to f (ξ) as z →̂ ξ almost everywhere with respect to

µ, hence also almost everywhere with respect to ν. Furthermore, we know from Theorem

2.2.4 that P [µ] and P [ν] tend to in�nity at almost all ξ ∈ T with respect to µs and νs,

respectively. Now let ξ ∈ T such that

(i) f (ξ) 6= 0;

(ii) K[ν](z)
K[µ](z) → f (ξ) and P [ν](z)

P [µ](z) → f (ξ) as z →̂ ξ;

(iii) P [µ] (z)→∞ and P [ν] (z)→∞ as z →̂ ξ.

Note that νs-almost every ξ ∈ T has these properties. For such ξ, we see from the above

relation that the quotient A must tend to 1, equivalently,

B := |A− 1| =

∣∣∣∣∣∣
i
(
Q[ν](z)
P [ν](z) −

Q[µ](z)
P [µ](z)

)
+
( ∫

T dν
P [ν](z) −

∫
T dµ

P [µ](z)

)
1 + iQ[µ](z)

P [µ](z) +
∫
T dµ

P [µ](z)

∣∣∣∣∣∣ −→ 0 as z →̂ ξ. (4.2)

We now consider the possible cases of asymptotic behavior of Q[µ](z)
P [µ](z) and the conclusions

we can draw for the behavior of Q[ν](z)
P [ν](z) :

Case 1.
∣∣∣Q[µ](z)
P [µ](z)

∣∣∣→ c ∈ [0,∞) as z →̂ ξ.

Under this assumption, the denominator of B tends to some �nite nonzero value. The

right summand in the numerator tends to zero as the Poisson transforms tend to in�nity.

So, for B to converge to zero, we conclude that
∣∣∣Q[ν](z)
P [ν](z) −

Q[µ](z)
P [µ](z)

∣∣∣→ 0, which implies that

Q[ν](z)
P [ν](z) even converges to the same value c as Q[µ](z)

P [µ](z) .

Case 2. Q[µ](z)
P [µ](z) →∞ as z →̂ ξ.

In this case we divide the numerator and denominator of B by Q[µ](z)
P [µ](z) to obtain

B =

∣∣∣∣∣∣∣∣
i

(
Q[ν](z)
P [ν](z)

(
Q[µ](z)
P [µ](z)

)−1
− 1

)
+
( ∫

T dν
P [ν](z) −

∫
T dµ

P [µ](z)

)(
Q[µ](z)
P [µ](z)

)−1

(
Q[µ](z)
P [µ](z)

)−1
+ i+

∫
T dµ

P [µ](z)

(
Q[µ](z)
P [µ](z)

)−1

∣∣∣∣∣∣∣∣ .
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The denominator now tends to 1, and in order for the whole expression to become zero

we see that Q[ν](z)
P [ν](z)

(
Q[µ](z)
P [µ](z)

)−1
must converge to 1, thus Q[ν](z)

P [ν](z) must tend to in�nity at the

same rate as Q[µ](z)
P [µ](z) .

We see that at νs-almost every point on T, the measure ν satis�es the same condition (N)

as µ. In particular, if µs belongs to Class N, i.e., condition (N) holds almost everywhere

with respect to µs, the same condition holds almost everywhere with respect to νs and

thus νs belongs to the same class.

�

By virtue of this statement, it su�ces to consider positive measures in the proofs of many

of the following statements, since any complex measure µ is absolutely continuous with

respect to its total variation |µ|.

4.2 Class I

We start with the consideration of Class I, i.e., the measures µ ∈M (T) such that

P [µ] (z) = o (Q [µ] (z)) as z →̂ ξ (I)

at µ-almost every ξ ∈ T.
We �rst observe that if µ is absolutely continuous, µ = fσ with f ∈ L1 (σ), condition (I)

can only hold for a µ-nullset: For in this case, Theorem 2.3.1 tells us that Q [µ] has a �nite

limit at µ-almost every boundary point. So in order for (I) to be satis�ed, P [µ] would have

to tend to zero at µ-almost every point. But by Theorem 2.2.3, the nontangential limit

of the Poisson transform equals the density f which is nonzero almost everywhere with

respect to µ. Consequently, Class I does not contain any absolutely continuous measures.

Now if we consider a measure µ ∈ M (T) with singular component µs, the Cauchy trans-

form of µ tends to in�nity at almost every boundary point with respect to the singular

component. There is no immediate answer to whether the relation (I) can hold for singular

measures. We shall see eventually that no singular measure µ ∈ M (T) can satisfy condi-

tion (I) on a set with positive µ-measure either, whence we deduce that Class I is empty.

Before we come to the main result we have some preparatory work to do.

Let µ be a positive measure, then P [µ] (z) > 0 in D, and hence K [µ] maps D into the

right half plane {w ∈ C | Rew > 0}. Consequently, the rotated function iK [µ] maps D
into the upper half plane H := {w ∈ C | Imw > 0}. We start with a statement about the

images of nontangential approach regions in D under the map iK [µ]. We need the Poisson

transform of a measure on the real line:

Let ν ∈M (R) be a complex measure satisfying
∫
R

1
1+t2

d |ν| (t) <∞. The Poisson transform

of ν in the upper half plane is de�ned as

P [ν] (z) :=

∫
R

Im z

|z − t|2
dν (t) . (4.3)

We also introduce the following notion: Let B ⊆ T and E ⊆ D. We say that E nontan-

gentially approaches the set B, if for every ξ ∈ B there is a sequence {zn}n∈N ⊆ E such

that zn →̂ ξ as n→∞.
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Theorem 4.2.1. Let µ ∈M+ (T) and denote the singular component of µ by µs. Further-

more let B ⊆ T and E ⊆ D be such that E approaches B nontangentially. Suppose that

there exists a nonnegative Lipschitz continuous function g : R→ R+ which satis�es∫
R

g (t)

1 + t2
dt <∞, (4.4)

and such that the set iK [µ] (E) = {iK [µ] (z) | z ∈ E} lies under the graph of g, i.e.,

iK [µ] (E) ⊆
{
z = x+ iy | y ≤ g (x)

}
.

Then µs (B) = 0.

Proof. We de�ne the positive measure dν = gdt on R. By assumption on g, ν satis�es∫
R

1
1+t2

dν (t) <∞.

For a point x+ iy ∈ iK [µ] (E) we have y ≤ g (x), and since g is Lipschitz continuous, we

can �nd an interval Ix := (x− c1y, x+ c1y) ⊆ R, where c1 depends only on the Lipschitz

constant L of g, such that for all t ∈ Ix we have g (t) > y
2 . Indeed, using the Lipschitz

condition for g, we get for t ∈ Ix,

g (x)− g (t) ≤ |g (x)− g (t)| ≤ L |x− t| ≤ Lc1y,

and hence y ≤ g (x) ≤ Lc1y + g (t). So if we choose c1 >
1

2L , we get g (t) > y
2 in the

interval Ix. This gives us the estimate (note that the integrand is nonnegative)

P [ν] (x+ iy) =

∫
R

y

(x− t)2 + y2
g (t) dt ≥

∫
Ix

y

(x− t)2 + y2
g (t) dt

>
y2

2

∫
Ix

1

(c1y)2 + y2
dt =

y2

2

1(
c2

1 + 1
)
y2

2c1y =
c1

c2
1 + 1

y.

We infer that for x+ iy ∈ iK [µ] (E),

y = O (P [ν] (x+ iy)) as x+ iy →∞. (4.5)

We now want to translate this asymptotic relation on iK [µ] (E) into a relation on the set

E. To this end, we consider the composition function P [ν] (iK [µ] (z)), z ∈ D. Since ν is a

positive measure, this is a positive harmonic function in D, and therefore it is the Poisson

transform of some positive measure η ∈ M+ (T) by Theorem 1.4.3. Furthermore, since µ

is also positive, we infer from (1.13) that the asymptotic behavior of y = Im iK [µ] (z) as

z →̂ ξ is determined by that of P [µ] (z). By means of these observations, the relation (4.5)

can now be translated into

P [µ] (z) = O (P [η] (z)) as z → ξ ∈ B from within E. (4.6)

We examine the asymptotic behavior of P [η]. By Theorem 2.2.4, we have that for µs-

almost every ξ ∈ T,
P [µ] (z) −→∞ as z →̂ ξ, (4.7)

hence, for µs-almost every ξ ∈ T, the imaginary part of iK [µ] (z) tends to in�nity as z

nontangentially approaches ξ. Furthermore, (4.3) shows that

P [ν] (w) −→ 0 as Imw →∞, (4.8)
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since the integrand tends to zero. Now (4.7) and (4.8) imply that for µs-almost every ξ,

P [η] (z) = P [ν] (iK [µ] (z)) −→ 0, z →̂ ξ.

Hence η ⊥ µs by Lemma 3.3.8. But for µ we have that

P [µ] (z)

P [µs] (z)
= 1 +

P [µac] (z)

P [µs] (z)
−→ 1, z →̂ ξ

at µs-almost every point by Lemma 3.3.8, and so we get

P [µ] (z)

P [η] (z)
=

P [µ] (z)

P [µs] (z)

P [µs] (z)

P [η] (z)
−→∞

as z approaches ξ for µs-almost every ξ ∈ T. Since this contradicts condition (4.6), we

conclude that B is a nullset with respect to µs.

�

Theorem 4.2.2. Let µ ∈ M (T). Denote by B the set of ξ ∈ T for which there exists a

continuous nontangential path γξ ⊆ D terminating at ξ such that

P [µ] (z)

Q [µ] (z)
−→ 0

as z approaches ξ along γξ. Then |µ| (F ) = 0.

Proof. We denote the absolutely continuous and singular parts of µ by µac and µs, respec-

tively.

At µac-almost every ξ ∈ T, the nontangential limit of P [µ] exists and equals f (ξ) 6= 0

by Theorem 2.2.3, and the nontangential limit of Q [µ] is �nite by Theorem 2.3.1, so the

condition of the statement can only hold for a µac−nullset.
We suppose now that µs (B) 6= 0. By Theorem 4.1.2, it su�ces to assume µ is a positive

measure. By assumption, we �nd a function φ : [0,∞) → [0,∞) with φ (x) = o (x) as

x→∞, and a set B0 ⊆ B with µs (B0) > 0, such that for every ξ ∈ B0 we have

P [µ] (z) + ‖µ‖ ≤ φ (|Q [µ] (z)|) = o (|Q [µ] (z)|) (4.9)

and

P [µ] (z) −→∞ (4.10)

as z approaches ξ along γξ. The latter is satis�ed at µs-almost every ξ ∈ T by Theorem

2.2.4.

Our goal is to construct a suitable function g in order to apply Theorem 4.2.1. We choose

a sequence {ak}k∈N of positive numbers monotonically tending to in�nity such that∑
k∈N

φ2 (ak)

a2
k

<∞. (4.11)

This is possible as φ(x)
x tends to zero as x → ∞, and so we can choose numbers ak such

that φ(ak)
ak

< 1
k .

For k ∈ N we denote a−k := −ak. For each k ∈ Z\{0} we de�ne the function gk : R→ R+

by gk (x) = max{0, φ (|ak|) − |x− ak|}. The function gk is a hat function with maximal
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value φ (|ak|) at ak. The support of gk is the interval [ak − φ (|ak|) , ak + φ (|ak|)] and the

area under the graph of gk equals φ
2 (|ak|). We set g (x) = max

k∈Z\{0}
{gk (x)} and verify that

this function satis�es the conditions required in Theorem 4.2.1. First we note that the hat

functions gk are Lipschitz continuous, and so g, being the maximum of Lipschitz functions,

is Lipschitz continuous too. We have to show now that
∫
R

g(x)
1+x2

dx is �nite. We can assume

that for all k ∈ N the estimate φ(ak)
ak
≤ 1

2 holds, this yields 0 < ak
2 ≤ ak − φ (ak) and so

1

1 + x2
≤ 1(

ak − φ (ak)
2
) ≤ 1(

ak
2

)2
on the support of gk and, by the symmetry of the domain and the function, on the support

of g−k as well. We get the estimate
∫
R

gk(x)
1+x2

dx ≤ φ2 (|ak|) 4
a2k

for k ∈ Z\{0}, and for g this

yields ∫
R

g (x)

1 + x2
dx ≤

∑
k∈Z\{0}

∫
R

gk (x)

1 + x2
dx ≤ 8

∑
k∈N

φ (ak)
2

a2
k

<∞

by (4.11). We denote by ∆k, k ∈ Z\{0}, the triangle bounded by the graph of gk and the

real axis, and set E := (iK [µ])−1
( ⋃
k∈Z\{0}

∆k

)
. We claim that this set nontangentially

approaches B0: To see this, let ξ ∈ B0. Since by construction gk (ak) = φ (|ak|), conditions
(4.9) and (4.10) imply that we can �nd a sequence {zk} ⊆ γξ nontangentially approaching

ξ such that for every k ∈ N, iK [µ] (zk) lies in ∆k. Hence the sequence {zk} lies in E

and thus E nontangentially approaches B0. Now we have ful�lled all the requirements for

Theorem 4.2.1, which yields µs (B0) = 0, a contradiction. B must be a nullset with respect

to µs and the proof is complete.

�

Corollary 4.2.3. Class I is empty.

Proof. A measure µ ∈M (T) belongs to Class I if lim
z→̂ξ

P [µ](z)
Q[µ](z) = 0 holds for µ-almost every

ξ ∈ T. But, by Theorem 4.2.2, the set of points satisfying this condition is even a nullset

with respect to µ (in order to apply the theorem, choose, for instance, radial approach

paths).

�

4.3 Class II

We now take a look at the class of measures µ ∈M (T) that satisfy the relation

Q [µ] (z) = o (P [µ] (z)) as z →̂ ξ (II)

at µ-almost every ξ ∈ T.
This class does not contain any measures with singular components. The following result

is stated and proved in Theorem 1.2 of [3] for complex measures on the real line. However,

the problems are equivalent if one uses the usual transformation between the unit disk and
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the upper half plane to translate the statements. The transformations can be found in [12,

Chapter 5]. We state the result in the form applicable to our case.

Theorem 4.3.1. Let µ ∈ M (T) and let B ⊆ T be the set of points ξ ∈ T for which

|Q [µ] (z)| = o (P [µ] (z)) as z nontangentially approaches ξ. Then |µs| (B) = 0, i.e., the

restriction of µ on B is absolutely continuous.

�

If µ ∈ M (T) is absolutely continuous, the Poisson transform P [µ] (z) tends to a �nite

nonzero value µ-almost everywhere on T. Thus, an absolutely continuous measure lies in

Class II only if its conjugate Poisson transform tends to zero at µ-almost every boundary

point. At this point there is no complete description of the class of measures with this

property. In [4], the corresponding class of measures de�ned on the real line is studied, and

a description of the subclass of positive absolutely continuous measures in Class II is given.

4.4 Class III

Class III is the collection of measures µ ∈M (T) for which

P [µ] (z) = O (Q [µ] (z)) as z →̂ ξ (III)

holds at µ-almost every ξ ∈ T.

If µ ∈ M (T) is absolutely continuous, both its Poisson and conjugate Poisson transforms

have �nite limits µ-almost everywhere on T, and for P [µ] we further know that this limit

is nonzero µ-almost everywhere. Thus, Class III contains those absolutely continuous

measures whose conjugate Poisson transform has nonzero limit µ-almost everywhere on T.
It does not contain any discrete measures, as we conclude from the following result.

Proposition 4.4.1. Let µ ∈M (T), and let ξ ∈ T be such that µ ({ξ}) 6= 0. Then

lim
r→1

Q [µ] (rξ)

P [µ] (rξ)
= 0.

Proof. We consider the radial behavior of (1− r)P [µ] (rξ) and (1− r)Q [µ] (rξ). We �rst

calculate for the Poisson kernel

(1− r)P (rξ, ζ) =


(1−r)(1−r2)
|ζ−rξ|2

r→1−→ 0, if ζ 6= ξ,

(1−r)(1−r2)
(1−r)2

r→1−→ 2, if ζ = ξ.

Furthermore, |(1− r)P (rξ, ζ)| ≤ (1−r)(1−r2)
(1−r)2 ≤ 2, and since the measure is �nite we have

a bound uniform in r for the functions (1− r)P (rξ, .) on T. Therefore we can apply the

dominated convergence theorem and obtain

lim
r→1

(1− r)P [µ] (rξ) =

∫
T

2χ{ξ} (ζ) dµ (ζ) = 2µ ({ξ}) . (4.12)

For the conjugate Poisson kernel we get

(1− r)Q (rξ, ζ) =


(1−r)2Im (rξζ̄)
|ζ−rξ|2

r→1−→ 0, if ζ 6= ξ,

(1−r)2Im (r|ξ|2)
(1−r)2 = 0, if ζ = ξ.
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As
∣∣Im (

rξζ̄
)∣∣ =

∣∣Im (
1− rξζ̄

)∣∣ =
∣∣Im (

ζ̄ (ζ − rξ)
)∣∣ ≤ |ζ − rξ|, we have the estimate

|(1− r)Q (rξ, ζ)| ≤ (1−r)2|ζ−rξ|
|ζ−rξ|2 ≤ 2, and the dominated convergence theorem yields

lim
r→1

(1− r)Q [µ] (rξ) = 0. (4.13)

We infer that for ξ ∈ T with µ ({ξ}) 6= 0

lim
r→1

Q [µ] (rξ)

P [µ] (rξ)
= lim

r→1

(1− r)
(1− r)

Q [µ] (rξ)

P [µ] (rξ)
= 0.

�

The proposition shows that along every radius terminating at a discrete point of µ we have

the relation Q [µ] = o (P [µ]), hence no discrete measure belongs to Class III.

Concerning singular continuous measures, we can draw some conclusions from the following

result (the proof of the corresponding statement for measures on the real line can be found

in [4, Theorem 3.1]).

Theorem 4.4.2. Let µ ∈M (T) be a real-valued measure. Denote by B the set of ξ ∈ T for

which there are an angle ϕ > π
2 and ε > 0 such that Q [µ] (z) 6= 0 for all z ∈ ∆ϕ

ξ ∩U1−ε (0)
c
.

Then B is a nullset with respect to the singular component of µ.

�

Suppose now µ ∈ M (T) is a positive singular measure. The theorem implies that for µ-

almost every ξ ∈ T, the conjugate Poisson transform Q [µ] takes the value zero arbitrarily

close to ξ in any su�ciently large sector ∆ϕ
ξ . Hence, if ϕ > π

2 , we can �nd a sequence

{zk}k∈N ⊆ ∆ϕ
ξ with zk → ξ as k → ∞ such that Q [µ] (zk) = 0 for all k ∈ N. But

the Poisson transform of a positive measure is always positive in D. Therefore we have

lim
k→∞

∣∣∣P [µ](zk)
Q[µ](zk)

∣∣∣ =∞. Thus, if we consider convergence from within su�ciently large sectors,

condition (III) is satis�ed for no singular measure except on a nullset. Whether this

statement holds true for all angles ϕ > 0 remains an open question at this point.

4.5 Class IV

We recall that Class IV is the class of measures µ ∈M (T) such that

Q [µ] (z) = O (P [µ] (z)) as z →̂ ξ (IV)

holds at µ-almost every ξ ∈ T.

Class IV contains all absolutely continuous measures µ ∈M (T), as for such measures the

transforms P [µ] and Q [µ] tend to �nite values and the limit of P [µ] is nonzero µ-almost

everywhere on T.
As was pointed out in [2], all discrete measures belong to Class IV. It does not contain

all singular continuous measures, as can be shown by constructing examples of singular

continuous measures that do not satisfy condition (IV). Such measures are found for

instance in the family of Clark measures associated with an inner function with particular

boundary behavior. An inner function with the following property was constructed by W.

Rudin in [8].
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Proposition 4.5.1. There is an inner function θ that takes σ-almost every radius into a

path that is not nontangential, i.e., there is a set B ⊆ T with σ (B) = 1 such that for every

ξ ∈ B, the set
{
θ (rξ) , r ∈ (0, 1)

}
is not contained in any sector ∆ϕ

θ(ξ) with ϕ ∈ (0, π).

�

Denote by {να}α∈T the Clark measures corresponding to this inner function. One can now

show that for σ-almost every α ∈ T, the set of points ξ ∈ T such that

Q [να] (rξ) = O (P [να] (rξ)) as r → 1

is a nullset with respect to να, see [2]. An example of a singular continuous measure on

the real line that does not belong to Class IV is constructed in [4].
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