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Preface

Let p be a complex Borel measure on the unit circle. In this work we study integral
transforms of p on the unit disk, namely the well-known Cauchy transform as well as the
closely related Poisson and conjugate Poisson transforms. These transforms are of partic-
ular interest in function theory, as certain classes of analytic functions allow for integral
representations of this type, and they are important tools in many function theoretic proofs.
We are concerned with the behavior of the transforms near the support of the measure
. In the case of measures absolutely continuous with respect to Lebesgue measure on
the circle, this topic has been thoroughly studied. The results are well-known and can be
found for instance in [10].

If the measure p is singular with respect to Lebesgue measure, its Cauchy transform tends
to infinity as the function argument approaches points lying in the support of the measure.
The mode of growth of the transforms in this case became the object of deeper study very
recently. In [2], A. Poltoratski introduced a classification of measures based on the relative
speed of growth of their Poisson and conjugate Poisson transforms. Several results on this
subject have been published in the recent years, and there are a number of open questions
at this point.

In this thesis we give an overview of the developments in this field. In the first chapter, we
provide necessary definitions and preliminary results. Chapter 2 deals with the classical
results on absolutely continuous measures.

In Chapter 3, we turn to the study of the normalized Cauchy transform of a measure,
which is an operator defined on the space of u-integrable functions. The main result is a
statement about the boundary behavior of the image functions of the normalized Cauchy
transform that is due to A. Poltoratski [1]. In the first two sections of this chapter, we
present a construction that actually originates in a different direction of study but leads to
important results on the normalized Cauchy transform, and was introduced by D.N. Clark
[5] and taken up by A.B. Aleksandrov [6]. The rest of the chapter follows A. Poltoratski’s
paper [1].

In Chapter 4 it is shown how the results from Chapter 3 can be applied in the study of the
boundary behavior of the Poisson and conjugate Poisson transforms of singular measures.
We present the classification from [2] and state some results characterizing those classes
that were obtained by A. Poltoratski and P.W. Jones in [2], [3] and [4].

At this point I want to thank my advisor Harald Woracek for his support and helpful
suggestions.

Vienna, May 2013
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Chapter 1

Preliminaries

1.1 The Hardy Spaces on the unit disk

We use the following notational conventions throughout.

D :={z € C:|z| < 1} denotes the open unit disk, T := OD is the unit circle.

M (T) denotes the set of all finite regular complex Borel measures on T, and My (T) is the
subset of all finite positive measures.

The normalized Lebesgue measure on the unit circle is denoted by o, and speaking of
absolutely continuous or singular measures we mean with respect to o unless explicitly
stated otherwise.

We introduce the Hardy Spaces on the unit disk: For 0 < p < oo, H? denotes the space of
holomorphic functions on D which satisfy

1/p
£l = s | [Ireerar@©) < oc, (1.1)
o<r<1
T
if 0 < p < o0, and in the case p = 0
| £l oo := Suglf(Z)l < +o0, (1.2)
ze

i.e., H* is the space of bounded analytic functions in D.

If p > 1, the space HP is a Banach space, if 0 < p < 1, it is a complete metric space. We
state some properties of the functions lying in Hardy spaces that will be relevant in the
following.

(i)  Every function f € HP has boundary values almost everywhere on T, and the bound-
ary function f lies in L? (¢), with ||f|lze = ||f|le. Thus HP is isomorphic to a closed
subspace of LP (0); see [13, Chapter II, Theorem 3.1]. Thanks to this correspondence, we
will usually not distinguish between f € HP and its boundary function in LP (o).

(i) Let 1 < p < oo. Then we have the following characterization of the elements of
HP? in terms of their boundary function (|12, Theorem 4.25|): f € LP (o) is the boundary
function of a function in HP? if and only if for all n € N

/ CF () do () = 0. (1.3)
T



(iii) If 1 < p < o0, every function f € HP has the Cauchy representation

_ [ f©)

B 1—2€
T

f(2) do (§), ze€D. (1.4)

(iv) We set
HY:={fe€HP|f(0)=0} and HP = {feLl(o) | feH}.
In terms of boundary functions, these are the spaces (p > 1)

(1.3) holds for all n € Ny}, (1.5)
(1.3) holds for all n < 0}. (1.6)

H{)’ = {feLp(a)
Hf = {fell(o)

| (1.
|
If 1 < p < oo, we have the decomposition L? (o) = HP @Fg, see e.g. [15, Chapter 9].
(v) The dual space of HP, 1 < p < oo, can be identified with H?, where ¢ is the conjugate

index of p, i.e., the unique positive number such that %—F% = 1 holds; see [14, Section 3.6].
The duality product for f € HP and g € HY is given by

Uﬂ%Z/f@M@WﬁO-
T

1.2 Harmonic functions

A function v which is continuous on D and twice continuously differentiable on D is called
gi@‘ + 3273 = 0 in . We state some facts about harmonic
functions we will need later on. Proofs of the statements can be found in [13], [17], [21,

Chapter 11].

harmonic if Au(x +iy) =

(i) If f is a function continuous on D and analytic in D, and we write f (2) = u (2) +iv (2)
with real-valued v and v, then v and v satisfy the Cauchy-Riemann differential equations,

ou  Ov ou ov

From these equations we infer that v and v are harmonic functions:

82u_ dov 0 dv 0%u
9z Oxdy Oydow Oy
0%v B Oou  00u 0%v
922 Owdy  Oyox Oy

By the linearity of the derivative, f itself is harmonic.

(ii) Conversely, every real-valued harmonic function u on D is the real part of some ana-
lytic function on . The corresponding imaginary part, which is then called a harmonic
conjugate of u, can be constructed from the Cauchy-Riemann differential equations. Har-
monic conjugates are unique up to a constant and we call a harmonic conjugate v satisfying
v (0) = 0 the harmonic conjugate of w.



(iii) For positive harmonic functions we have Harnack’s inequality (see [22, Theorem 1.18]):
Theorem 1.2.1. Suppose that u is positive and harmonic in the open ball Ug (zo) := {z €
C:|z— 20| < R}. For z € Ug(20), set r := |z — zo|. Then the inequality

R—r R+r
< <
Rert@=sul) =5

u(§) (1.8)

holds.

1.3 Integral transforms of measures

Let u € M (T). We define the Cauchy transform K [u] of  on the unit disk by

K0 () = [ g @) (1.9)
T

The Cauchy transform is an analytic function in . Moreover, it lies in the Hardy spaces
HP for p < 1, see [19, Theorem 3.5].

We further define the Poisson- and conjugate Poisson transform of p, P [u] and Q [u],
respectively, through

Pl (z) = / il / P (2.6) du (€). (1.10)

€= |
ZIIn fz
Qul(z) = / Q2 (1.11)
€ —
Here, P (z,¢) = |‘2 is the Poisson kernel, and @ (z,¢) = 2m (§§> is the conjugate Poisson

\&
kernel. These transforms are harmonic functions in D.

If p € M(T) is a real-valued measure, its Poisson and conjugate Poisson transforms are
real-valued harmonic functions. The name conjugate Poisson transform is due to the fact
that in the case of a real-valued measure, @ [u] is precisely the conjugate function of P [u]:

The Poisson kernel P (z, &) is the real part of the function %, and the conjugate Poisson

l§—=|

kernel @ (z,€) is its imaginary part. Hence we have
E+ 2z

PUl () +iQU () = [ £

which is analytic in . Obviously @ [u] satisfies the condition @ [u] (0) = 0.

For arbitrary complex measures, the Poisson and conjugate Poisson transform are not
necessarily real-valued, but we still have (1.12), and also in this case @ [] is called conjugate
function of P [u].

Since 1 + ?j = _2&, we further have the relation

i (), (112)

K[l () = 5 [ du 3P0 (2)+ 5Q0 () (113

between the Cauchy and the Poisson and conjugate Poisson transforms of u.



1.4 Further results

We state some results here that are important tools in following proofs and give references
on where to find further details and proofs of the statements.

The first statement is Fatou’s jump theorem (see [14, Section 2.4]), which establishes a
relation between boundary values on T of the Cauchy transform from inside and outside
D. For, although we are mainly concerned with the Cauchy transform as a function on the
unit disk, it is clearly defined for z € C\T, where C := C U {oo}. If we set D, := C\D,
then K [u] is analytic on both D and D, and satisfies K [u] (c0) = 0.

We denote by HP (D), 0 < p < oo, the set of all functions F' that are analytic on D, and
for which z — F (1/z) belongs to HP. The restriction K [u] ’DP lies in the spaces HP (D)
for 0 < p < 1 and thus it has boundary values o-almost everywhere on T from D.. For
more details on the Cauchy transform on D, and the proof of the statement below see
Section 2.4 of [14].

Theorem 1.4.1 Let yu € M (T). Then, for o-almost all £ € T,
liy K 1] (r€) — im K [1] (r€) = % (&)
r,/1 # r\(1 H do '

In particular, if p 1 o, at o-almost every point on T, we have the relation
lim K = lim K . 1.14
tim (] (r€) = Tim K [u] (r€) (1.14)

O

Kolmogorov’s theorem provides us with a weak type estimate for the Cauchy transform of
a measure; see [14, Theorem 3.4.1].

Theorem 1.4.2 Let i € M (T). Then there exists a constant A > 0 such that for every
A > 0 the estimate
Allall

o ({[K[ull > A}) < —

(1.15)
holds.

0

The following two statements are concerned with integral representations of harmonic
functions by means of the Poisson transform and highlight the importance of this transform
in harmonic function theory; see [12, Theorem 1.10, Theorem 1.5].

Theorem 1.4.3. Let u be a nonnegative harmonic function on ID. Then there exists a
measure € My (T) such that

u(z) :/P(z,C)du(C), z € D. (1.16)

T

O

In addition, if a harmonic function « is continuous on the boundary, the measure is explic-
itly given as the absolutely continuous measure with density u‘T:



Theorem 1.4.4. Let u be harmonic on D and continuous on D. Then u has the represen-
tation

u(z)_/P(z,ou(g)da(g), 2eD. (1.17)

T
O
Let E be a subset of RY. We call a collection F of nontrivial closed balls a Besicovitch

covering for E if every x € E is the center of a ball B () € F. For such coverings, we have
the following Besicovitch covering theorem (|23, Chapter I, Theorem 18.1]).

Theorem 1.4.5. Let E C RN be a bounded set, and let F be a Besicovitch covering for
E. Then there exists a positive integer cy depending only on the dimension N such that
there are cy subcollections By, ..., Bey of F with the following properties:

(i) for every k =1,..., cn, the collection By contains countably many disjoint balls;
eN
6 rc U U B
k=1 BEBy
O

Finally we state the Marcinkiewicz interpolation theorem (|13, Chapter I, Theorem 4.5]).

Theorem 1.4.6. Let (X, pu) and (Y,v) be measure spaces, and let 1 < p < co. Suppose
that T is a map defined both on L' (X, ) and LP (X, u) and mapping into the space of
v-measurable functions. Suppose further that T satisfies

@) [T (f+9l <ITfl+[Tg| onY;
(ii) T is of weak type (1,1), i.e., for each X\ >0 and f € L' (X, p),

Aol fllprx g0y

v ({ITf] > A} < S,

(i) if p < oo, then T is of weak type (p,p), i.e., for each X >0 and f € LP (X, u),

AleHZ;Jp(X’#)

v ({ITf > ) £ =,

and if p= oo, T satisfies

1T fll oo vy < Arllfll oo (x)-

Then for each 1 < p/ < p, there is a constant Ay, depending only on Ay, A1, p and p/ such
that for all f € LV (X, )

1T fll 2o vy < Apll fllor x)-



Chapter 2

Absolutely continuous measures

In this chapter we concern ourselves with the boundary behavior of the Poisson and con-
jugate Poisson transforms of an absolutely continuous measure p € M (T). We show that
in this case, boundary values of both transforms exist almost everywhere on T. The first
part of the chapter is dedicated to the symmetric derivative and maximal function of a
measure.

2.1 The symmetric derivative of a measure

For ¢ € Tand r € (0,2] weset [, (§) :==TNU, (&) ={neT| [¢—n| <r} ie, L (£) is
an open subarc of T centered in ¢ that is obtained by intersecting T with the open ball of
radius r € (0, 2] centered at &.

Definition 2.1.1. Let p € M (T). We set

_oel©)
(€)= Ly, d 2.1)
(D) (€)= lim (A0 (©). 2

whenever this limit exists. (D) (€) is called the symmetric derivative of u at §. Further-
more, we define the mazimal function of the measure u by

(Mp) (&) :== sup (Ar|ul)(€), (2.3)

0<r<oco

where || denotes the total variation of p.

We are going to show that if p is absolutely continuous with respect to the Lebesgue
measure, the symmetric derivative coincides o-almost everywhere with the Radon-Nikodym
derivative of p with respect to o, and that for a singular measure u the symmetric derivative
vanishes almost everywhere with respect to o. First we establish some results about the
maximal function M p.

Proposition 2.1.2. Let p € M (T) and K € (0,00]. The function

Skp(§) == sup (Ar|p])(€)

0<r<K

is lower semicontinuous, i.e., for every A € R, the set {Sip > A} is open. In particular,
the mazimal function My is lower semicontinuous.

!Notation: this expression is an abbreviation denoting the set {¢ € T | (Skp) (&) > A}.



Proof. Since Sk u depends only on the total variation of the measure, we may assume
> 0. We fix A > 0, denote E) := {Sxp > A} and fix £ € E). By the definition of the set,
we find r € (0, K) and ¢ > A such that p (I, (€§)) = to (I, (§)). Furthermore, since t/A > 1
and ¢ is regular, there is some § € (0, K — ) for which o (I,15 (§)) < £o (Ir (€)) holds.
Let n € I5 (£), then by the triangle inequality we have I, (§) C I,5 (n). This yields, using
the invariance of ¢ under rotations,

p(Iris (1) 2 p (17 (€)) = to (Ir (§)) > Ao (Lr5 (§)) = Ao (Lrs (1))

and since 7+ 0 < K, n lies in Ey). As n € I5(§) was arbitrary, we see that Is5(§) C Ej,
hence the set is open.

0

We proceed with a statement about the possible size of the set where the maximal function
My is large. We will see that M p can take large values on relatively small sets only. First,
we prove the following covering lemma.

Lemma 2.1.3. Given a finite set of arcs I; = I, (§;),j = 1,...,m, there erists a subset
of indices J C {1,...,m} such that

(i) the collection {I;,j € J} is pairwise disjoint,

(i) UL C U L, (&), and
j=1 jeJ

(iif) a< U Ij) <6 o(l)).
j=1 jeJ

Proof. We order the arcs such that r;1 > ro > ... > r,;,. Now we inductively choose the
indices in J in the following way: We set j; = 1, then remove all I; which intersect I.
We then choose the first remaining index, if there are any remaining arcs, to be ja, and
again remove all of the remaining arcs that intersect I;,. Continuing in this way as long
as possible, we arrive at a set of indices J = {j1, j2,...,Jk}. Clearly, the corresponding
collection of arcs is disjoint. Furthermore, we note that every discarded arc I intersects
some I;, with jo € J, whose radius rj, is larger than that of /. Thus I is contained in the
arc centered at &, with radius 37, by the triangle inequality. This proves ().

In order to prove the third statement, we first derive an estimate of the o-measure of
some subarc of T with that of a smaller subarc: For r € (0,2], a short calculation gives
o (I (§)) = 2 arcsin (5). We note that for such r the inequality 5 < arcsin(}) < r holds,
which leads to the estimate 5
<ol (€)=

™

20

Considering now the arc centered at & with triple radius, we use the right part of this
inequality to estimate o (I3, (£)) and then the left part for o (I, (£)) and thereby obtain

7 (I (6)) < 23r < 60 (I, (€)) (2.4)

With this estimate, using (ii) we get

U(QQ‘) SU(UISrj (53‘)) <D o (I (&) <6 o).

jeJ jeJ jeJ



Theorem 2.1.4. Let u € M (T). Then for every X\ > 0, the inequality

611

o({Mp>A}) < —

(2.5)

holds, where ||p|| = |u| (T) is the total variation norm of p.

Proof. We fix A > 0. As established in Proposition 2.1.2, E) := {My > A} is an open
set. Let K be a compact subset of E). By the definition of My, for each £ € K we
find an arc I = I, (§) such that |u|(lg) > Ao (I¢). The family {I¢, { € K} covers K,
and since K is compact, so does a finite subcollection {Igj,j =1,...,m}. Now, by the
covering lemma, Lemma 2.1.3, we find a subset J C {1,...,m} of indices providing a

disjoint subcollection {I¢;,j € J} such that K C |J I, &)< u Igrgj (&5). We can then
' Jj=1 - JjeJ

estimate the o-measure of K, making use of the inequality (iii) from the covering lemma
and the pairwise disjointness of the arcs I¢;, by

oK) SU(UL@ (gj)> SGZU(I&) < gzw (Ig) < GH/\MH

jedJ jeJ

As o is a regular measure, we have o (E)) = sup{o (K) | K C E), K is compact}, and
since above estimate holds for arbitrary compact subsets of E), we arrive at the desired
conclusion.

O

In the following results we establish properties of the symmetric derivative Dy. A notion
important in the proofs of these and subsequent statements is that of a Lebesgue point:

Definition 2.1.5. Let f € L' (o), and let £ € T. We call ¢ a Lebesgue point of f with
respect to o, if

lim ——— / Q) = F(©)]do () =0. (2.6)

lim L / F(Q)do (¢) = f(6), (2.7)

since, by the triangle inequality,

1 1 1
M/fda—f(i)“ow/f—f(f)da < SO / |f = £ (€)] do.
I(¢) I(8) 1,(€)

(ii) If f € C(T), every & € T is a Lebesgue point with respect to f. Indeed, if f is
continuous at & € T, for any € > 0 we can find a radius > 0 such that on the arc I, (£)
the estimate |f () — f (§)| < € holds, and consequently for all 7’ < r,

1
"““”4) 7O - FOldo Q) < =

10



For an arbitrary function in L! (¢), the existence of Lebesgue points may not seem so clear.
But in fact we have the following remarkable statement.
Theorem 2.1.7. Let f € L' (o), then o-almost every € € T is a Lebesque point of f.

Proof. For £ € T and r > 0 we define

(T.f) (€) == / F(Q) — 1 ()] do Q)

IT ©

and

(T'f) (&) := limsup (T;.f) (£) -

r—0

We have to show that (T'f) (§) = 0 at o-almost every £ € T, equivalently, for any € > 0,
the set {T'f > e} is a o-nullset. To this end, we fix some € > 0 and n € N. Since C'(T) is
dense in L' (), we can find a function g, € C(T) with || f — gull11(0) < 1. We choose a
representative, also denoted by f, of the equivalence class of f in L' (o) (two representatives
are equal up to a nullset with respect to o, thus the choice is of no concern, for we want
to prove that the statement holds everywhere up to a o-nullset) and set h, = f — gp.

As gy, is continuous, T'g, = 0 by Remark 2.1.6 (ii). Furthermore, for £ € T we have

(Tohn) (€) < /|h O)ldo (€) + [l )],

hence, denoting by u, the absolutely continuous measure with density function |hy,|,
(Thn) (§) < (Mpn) (€) + [hn (§)] -
Since T, f < T,gn + Ty hy, this implies T'f < Mpu, + |hy|, and therefore
{Tf>2e} C{Mp,>e}U{|hy| >e} =1E(e,n).

For the first set on the right-hand side we can apply Theorem 2.1.4 to obtain

6 n 6 hn o 6
o (0 > o) < Sl _ Wl 6

€ en’

Furthermore we have, setting B = {|h,| > ¢},

1
/!h |d0</|h [do = [|hnllLro) < =,
n

and therefore o ({|h,| > ¢}) < L. We infer
c({Tf > 2)) < o (E (e,n)) < Eln (2.8)

As the set {T'f > 2¢} is independent of n € N, we conclude that it must be contained
in every E (e,n) and hence also in the intersection (), .y £ (€,n). But (2.8) implies that

a(ﬂneN E (E,TL)) = 0, and since o is a complete measure, also {T'f > 2¢} is a o-nullset.
As € > 0 was arbitrary, this concludes the proof.

O

11



Theorem 2.1.8. Let u € M (T) be absolutely continuous with density f € L' (o). Then
Dup = f almost everywhere with respect to o, and for all Borel subsets E C T we have

uum::/kDuﬁcww<o.
E

Proof. By the Radon-Nikodym theorem (see |21, Theorem 6.10]), f satisfies

=/f@MMO
E

for every Borel set E. Let £ € T be a Lebesgue point of f, then by Remark 2.1.6 (i) and
the definition of the symmetric derivative we have

F©)=lim /fcw ) = lim 28 = (D) (6),

r—0 O'

thus, Du exists and equals f at every Lebesgue point of f.

Theorem 2.1.9. Let u € M (T) be singular with respect to o. Then
(Dp) (§) =0  for o-almost every & € T.

Proof. As the symmetric derivative is linear, we may confine ourselves to the case u > 0,
for the Jordan decomposition theorem (see |18, Theorem 11.2(v)]), applied to the real and
imaginary parts of the measure, provides a representation pu = puj — o +1i (g — pa), where
the p;, ¢ =1,...,4, are nonnegative singular measures. We consider the function

(Dp) (&) := lim | sup (App)(€)

=0 | o<r<1/n

The functions supg, <1/, (Arp) (§) are lower semicontinuous by Proposition 2.1.2. Thus
they are in particular measurable, and therefore their limit function Dy is measurable
too. We fix A > 0 and € > 0. As pu is singular and regular, we find a compact subset
K C T such that o (K) = 0 and p (K) > ||u]| — . We define two measures by p; (E) =
p (K N E) for Borel sets E C T and p2 := g — . Then ||p1]| = p (K) and consequently
2]l = [lull = llpall < e. For § & K we have

(Dp) (€) = (Dp2) (€) < (Mp2) (€).
This yields the inclusion {D,u > )\} CKU {M,ug > )\}, and hence, using Theorem 2.1.4,

6lpall _ 6
A TN

o ({Dp>A}) <o (K)+o({Mpz>A}) <

Since € was arbitrary, we conclude o ({D,u > )\}) = 0, and as also A > 0 was arbitrary,
Dp =0 at o—almost every point.

0

12



Combining Theorems 2.1.8 and 2.1.9, we obtain

Theorem 2.1.10. Let p € M (T) with Lebesque decomposition i = fo + ps. Then, for
o-almost every € € T,

(Dp) (§) = f(£)-
O

We also have the following result for the symmetric derivative on the support of a measure
singular with respect to o.

Theorem 2.1.11. Let p € My (T) be a singular measure. Then for p-almost every { € T

(Dp) (§) = oc.

Proof. Since p is singular, there is a Borel set S C T with o (S) = 0 and p (T\S) = 0, and
by the regularity of o we can find open Borel sets V; D S with o (V}) < %, jeN.
For N € N we denote by Eyn the set of £ € S for which there is a sequence of radii

{ri = r; (§)} with r;, — 0 and p (I, (§)) < No (I, (€)). Then for all £ € S\ | En, we
NeN
have (Dp) (§) = co. We show that this set contains a set of full y-measure.

We fix N and j. Since Vj is open, for every { € Ey C V; we can choose an open arc
I¢ centered at £ and contained in Vj such that p(I¢) < No (I¢) holds. By Jg we denote
the arc centered at £ whose radius is one third of that of Iz. Then we have

ExC |J Je=w, cv;
§€eEN

Furthermore, the estimate M(WJJV) < % holds: To see this we employ the covering lemma

2.1.3. Let K C W]]V be compact, then finitely many of the arcs J¢ cover K. By the covering
lemma we find a finite subset M C Ey such that the collection {J¢, £ € M} is disjoint

and the union |J I¢ covers K. Thus we obtain the following estimate for the y-measure
ceM
of K, using the estimate (2.4) and the fact that the arcs J¢, £ € M are disjoint subsets of

V.

6N
<Y ule) <N o(le) 6N Y o(Je) <6No(V;) < —.
¢eM ceM ceM J

As p is regular, we have ,u(W]]V) =sup{p(K)| K C W]{f, K compact} < %.
Weset Qn = jeN W]]V Then Enx C Qp, since Fy is contained in every W]]V Furthermore,
w1 (2x) = 0, whence u( U QN) =0, and at every point £ € S\ |J Qn C S\ U En we

NeN NeN NeN
have (Dp) (§) = oo.

2.2 The Poisson transform

Now we turn to the study of the Poisson transform of a measure, defined for z € D by

\S—Z!
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With z = re® € D and € = ¢ € T, we can rewrite the Poisson kernel as follows.

E+z_1-|2 1—r?
P(z6) = = = :
(2,€) Reg_z \§—z|2 1+ 72— 2rcos (¥ —t)

For simplicity of notation, we sometimes write P, (¢) := P (rew, 1).
Proposition 2.2.1. The Poisson kernel P (z,§) has the following properties:
(i) P(2,§) >0onD xT.

(ii) For everyn €T and § >0, [ P(z,&)do(§) — 0 as z tends to 1.
|&=n|>6

(i) [ P(2,€)do(§) =1 for all z € D.
T

Proof. Properties (i) and (ii) follow immediately from the definition of the kernel, property
(iii) follows from the representation formula (1.17) from Theorem 1.4.4 if we set u = 1.

O

Now we come to the main results on the boundary behavior of P [u]. The kernel function
P (z,€) becomes singular as z approaches £ € T, but as we see in the following theorem, the
integral has finite limit at o-almost every point £ € T, if £ is approached nontangentially:

Definition 2.2.2. Let £ = e € T. We say that z converges to & nontangentially and
write z e &, if z tends to ¢ from within the cone region A? C D (see Figure 2.1). K is

the positive constant such that all z = re? € A? satisfy the inequality
-t < K(1—r).
We have another useful estimate for z € A? :

€ — 2|
1 -]

<K+1. (2.10)

Indeed,
1€ — z| = }eit—rew‘ < ’eit—em’ + |ew—rem} <|[t—=d+Q-r)<(K+1)(1-7).

A? is symmetric about the radius terminating at £ and has an opening angle ¢ € (0, )
increasing with K. We will sometimes also write Af for this region, when the angle ¢ is
a more convenient characteristic than the constant K.

If h is a complex-valued function on D and ¢ € T, then we say that h has the nontangential
limit A at &, if h(z) > A as z z)f.

Theorem 2.2.3. (Fatou.) Let p € M (T) with Lebesgue decomposition = fo+ us. Then
for o—almost every £ € T,

Plu(z) = f(€) asz—& (2.11)
Proof. Let a be a distribution function for u,

at)=p({e™ 7€ (0,4}), 0<t<2m

14



Figure 2.1: The region A? for £ = 1.

We note that

son .at+h)—alt—h) p({e™ T e (t—h,t+h]}) 1 it
Oé(t)_}lg%) 2h _%%271'0'({6”ZTE(t—h,t—i-h}})_%( ) ()

whenever the limit exists. So, by Theorem 2.1.10, o/ (t) exists and equals f (§) /27 at
o-almost every ¢ = e € T, and if we can show that (2.11) holds for every point at which
we have o (t) = f (§) /27, we are done.

Now let £ = €%° be such a point. Without loss of generality we assume ¢y = 0 (otherwise
consider the rotated measure ¢ (B) = pu (£B)). We fix a sector AKX C D with K € (0,00).
Let £ > 0. We show that there is some § > 0 such that |P [u] (z) — 27’ (0)] < € if only
z € A with |1 - 2| < 4.

Using the properties of the Poisson kernel, we write the difference P [u] (2) — 27’ (0) as
Riemann-Stieltjes integrals and then integrate by parts, obtaining

Plu] (2) —2ma’ (0) = /P (z,€") do (t) — /P (z,e") d/ (0)dt

= (a(t)—a'(0)t) P (z,€") e / (a(t) — ' (0)¢) gtP (z,€")dt
= ‘11 +‘z}2 (a () — a(—m) — 2a’ (0) 7T>

—Tr

Clearly the first term tends to zero as z approaches 1. We choose §; > 0 such that the
modulus of the term becomes less than /3 if |1 — 2| < §;. We split the remaining integral
into two parts: We choose n € (0,7) such that for t € (—n,n) we have

a(t)

- o (O)' < eM, (2.12)

15



n
/ (a(t) — o/ (0)t) %P (, eit) dt = /Jr / (c(t) — & (0)¢) %P (, eit) dt =I1+11.

- -0 p<lt|<w

We write z = re®. The partial derivative of the Poisson kernel with respect to the angle
tis ) )
0 1-— 1—7°)2rsin(t — 9
2P (") == 2 - - ( ) ( : 2°
ot 0t 1+ 12 —2rcos (¥ —t) (1472 = 2rcos (9 — 1))

For |t| € (n, |, this term is bounded by (1+r2(—12;T:0)52(:9_77))2' The argument ¥ of z becomes

small when z is sufficiently close to 1, so we can find d2 > 0 such that || < n/2 if only
|1 — z| < d2. We see then that the integrand in I7 tends to zero uniformly in ¢ as z — 1.

By eventually making d2 smaller we have that [II| < /3 if |1 — z| < do.
It remains to estimate the integral I. We use (2.12) to get

U
\I</ dt<5M/
-

As before we choose d3 > 0 such that |9 < /2 if |1 — z|] < d3. Furthermore, without loss
of generality we assume that ¢ > 0. Then we split the last integral into three more parts,

EM/ M///

= M (A + B+ C).
We show that each of these integrals is bounded. In order to deal with C, note that for
t € (29,n) we have t < 2(t — ), so we can estimate ¢ in the integrand accordingly and
then replace t by t + 9. Using the positivity of the resulting integrand on (0, 7) we widen

r?) 2rsin (t — V)

dt.
(1+ 72 —2rcos(19—t))2

alt)
t

Ht ze)

(1—7?%)2rsin(t —9)
(1472 —2rcos (9 —t))*

(1 —7?%)2rsin(t — V)

dt
(1472 —2rcos (9 — t))?

the range of integration and thus obtain

7 _ 2 : . n ) .
o < / (1 —7r?)2rsin (¢ Zﬁ)dt:2/t (1 r)2r81n(t)2dt
A 1—|—r2—2rcos(19—t)) (1472 —2rcos(t))
(1—r2) 2rsin (¢ 1 — 2 o7 .
< / r Tsm()zdt:2 <—t — ) +/P(r,€“)dt
) (1472 —2rcos(t)) 1+72—2rcos(t)/ | s

=2 —P(reit)

27 ‘
= 2 —7T(1T)+/P(r,e”)dt
0

(1+7)°

The left term is bounded by 7 and tends to zero as z tends to 1, and the integral is equal
to 7, so the expression in brackets is bounded by 2, hence |C| < 4.

For deriving an estimate for |A|, we proceed similarly, noting that since 9 is positive,
[t| < |t — V| for t € (—n,0), so that we can estimate the integral analogously and arrive at
|A| < 2m.
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On the remaining interval (0,21), we estimate the trigonometric functions with their re-
spective maximal values and obtain

1B §79t2 (1—r2) sin(??)dt 2(1—|—r)sin(19)47192 - {93 y
( 2 (1—r)

1—r)? o a=r)?

0

In the sector AKX the quotient % is bounded by K, and we arrive at |B| < 8 K3. Thus,

1] < eM(|A| + |B| +|C|) < eM (67 + 8K?) :%

by the choice of M. If we now set § = min{dy, 62,93}, then for all z € AK with |1 — 2| <,
we have the estimate |P [u] (z) — 2ma’ (0)] < &, which is what was to be proved.

O

As an immediate consequence of Theorem 2.1.11 we obtain the following statement on the
boundary behavior of the Poisson transform of a singular measure.

Theorem 2.2.4. Let p € My (T) be a singular measure. Then for p-almost every & € T,

Plu](z) — oo as zz)f.

Proof. Let & € T be such that Dy (§) = oo. By Theorem 2.1.11, this holds for p-almost
every point on T. For z = re?’ € A? we have the estimate Ié:ZI > ﬁ by (2.10), hence
we can estimate the Poisson kernel from below by

1—r21—7r 1 1—|—r> 1

P = T T WPl S B ) )

We set h = 1 — r and consider the arc I, C T centered at & with o (I},) = h, then we can
estimate the Poisson transform by

) ] 1 1 _ 1 p()
P[u](z)—T/P( 7§)d/~L>T/(K+1)2(1_T)dMZ/(K+1)2hdu_ (K +1)*0 (In)’

I,

As z approaches &, h tends to zero, and by Theorem 2.1.11 the right-hand term tends to
infinity.

0

2.3 The conjugate Poisson transform

Recall the definition of the conjugate Poisson transform of a measure p € M (T),

[ 2Im (gz)
=l

Q [u] (=) du (€).

The conjugate Poisson kernel Q (z, &), with (2,£) = ('rem, eit) €D x T, can be written as

&4z 2Im (zg) _ 27 sin (9 — t)
Q(Z7£>_Imé—72 - |£—z|2 1472 —2rcos(V—t)

(2.13)
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For the sake of convenience we denote @, (9) = Q (rem, 1) = W%Tj%. Then, for

v #0,

2r sin ¥ sin 2sin (5) cos (%)
lim Q, (9) = i = = 2 22 = cot (9/2) =: Q1 (9).
rl—>niQ () r1—>ml1—#7“2—27“(:0815l 1 —cos? 2 sin? (g) cot (9/2) =: Q1 (V)

The conjugate Poisson kernel is an odd function and ||@Q, (9) (|11 (—rx) — 00 as 7 — 1:

T T 2rsint
t)|dt = dt
/|QT()| /‘1+r2—2rcost
—T —T

s

sint
=4 dt
7n/ 1472 —2rcost
0

1 (1+r) 9
1 1 1
= 4r/d7':41" / —duz?ln%r—%oo.
1472 —2rr 2ru (1—r)
] (1-7)?

Thus, the behavior of the conjugate Poisson transform of a measure is quite different
from that of its Poisson transform and depends on different properties of the measure in
question. Since we have no absolute convergence of the integral, convergence to boundary
values can only occur as a consequence of cancellation of the negative and positive portions
of the integral. However, if p is an absolutely continuous measure we have the existence
of boundary values in the sense of principal value integrals almost everywhere:

Theorem 2.3.1. Let u € M (T) be absolutely continuous with density f € L' (o). Then
W ¢ T, the conjugate Poisson transform Q [u] () tends to a
boundary value f (§) as z approaches £ nontangentially, and

for o-almost every £ = e

f(em) = ;1_13[1) % / cot (?)f (™) dt. (2.14)
[9—t|>e

Proof. We may assume p > 0. We first prove the existence of the nontangential bound-
ary values. To this end, we consider the function P [u](z) + iQ [p] (2) =: g (z), which is
an analytic function in D with nonnegative real part by virtue of the nonnegativity of u.

Therefore, G (z) := 1 i(gZ(L) is a bounded analytic function in D, and thus it has nontangen-
tial boundary values G (§) at o-almost every £ € T. Furthermore, G (§) = 1 for at most a

o-nullset by the Lusin-Privalov theorem ([11, p.212, 2.5]). Hence, g (2) = 15;6(5&) has finite

nontangential limits almost everywhere, and the same must hold for its imaginary part,

Q [p]-

It remains to verify the stated formula for the limit function. Let & = ¢ be a Lebesgue

point of f. We show that the conjugate Poisson transform of p tends to the function in
(2.14) as z = re™ approaches ¢ radially.

We denote F (9) = f (¢’) and set € = 1—r. We then consider the difference of @ [u] (re™)
and the integral on the right-hand side of (2.14). We first substitute ¢ by ¥ — ¢. Since the
kernel functions @, and cot (£) = Q1 (t) are odd functions, we can replace F by F—F (¥) in
the integrals without changing their value. We then rearrange the difference in two integrals

18



according to the respective integration intervals, thus we obtain
t

Q 1] (rew) — % / cot (%)F(t) dt

[9—t|>e

s
e<|t|<m

:;r/er(t)F(ﬁ—t)dt—; / cot () F (9~ ) de

:;T/Qr(t) [F(9—t)— F(9)]dt

*% / (@) —Qi())[F(W—t)—F@)]dt=I+1II.
e<|t|<m

For |t| < e, we use the inequality |sint| < |¢| to estimate the conjugate Poisson kernel by

2sint 1
Qr (1) < ——— < =
£

(1 —7")2 o

Hence, for I we get
€
1
IN<— [ |[F(W—1t)— F(9)|dt
1125 [IFO-0-Fw)a,

which tends to zero for r — 1 since € is a Lebesgue point. We still have to deal with I7.
Using trigonometric identities we rewrite

Qr (t> - Ql (t)

2rsint sint —e2sint

T 24 drsin (¢/2)  2sin? (¢/2)  2sin? (¢/2) (2 + 4rsin? (£/2))

For |t| € (0, 7) we can estimate ’sin (1) ’ > %, and for r sufficiently large, say, r > 1/2, we

thus have
2 |sint| < g2t 64e?

sin (¢/2) ~ 4(t/0)* |t

Qe ()~ Q1 ()] =
This yields
1 64c>
11| < — — |F (U —t)— F(9)|dt.
sy [ SSIR@-0-Fo)
e<|t|<m

We set C' := ?;Tz We now consider the integral over the positive interval and integrate by
parts to obtain

C/ PO F W,

[ [ [TIF(W—t)—F(9)|dt
= Cé’ /!F(ﬁ—t)—F(ﬁ)dtlg‘ +4/f0’ ( )4 Wldt
S< le S

0

_ce? 7:3/\F(z9—t)—F(z9)|dt—;/!F(ﬂ—t)—F(z?)\dt
0 0

+4/f5\F(z9—tS)4—F(z9)|dtds
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Since f is integrable, the first resulting integral is bounded and the term tends to zero as
e — 0, and the second term tends to zero because e is a Lebesgue point of f. For given
§ > 0 choose n > 0 such that 1 [J|F (9 —t)— F(Y)|dt < §if 0 < s < n (again this is
possible since € is a Lebesgue point). Then, if € < 7, the last integral becomes

T n
/fo |F(19—z;)4—F(q9)ydtdS - /

s
s

7T1 S
ds+/774/\F(19—t)—F(19)\dtds
n 0

1) 1 1 T h
< | _ = _ 1) —
< <n2 €2>+n4/|F(19 t) — F(9)|dt
0
. 0 Kr
— 252 7’4’

Hence the last of the above terms is bounded by 2C9 + 40‘2#. Since § was arbitrary, this
expression becomes arbitrarily small as € — 0. We can treat the integral over the interval
(—m, —¢) in the same way and conclude |II| — 0, which ends the proof.

0
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Chapter 3

The normalized Cauchy transform

In this chapter we examine the normalized Cauchy transform V), associated with a measure
p € M (T). It is an operator defined for f € L' (1) by

_ K[ful(2)

(Vuf) () = ey (31)
If w € My (T), its Poisson transform is positive in D and the relation (1.13) yields
|K [u] (2)] > |Re K [p] (2)] > ”‘—QLH Therefore, if p is a positive measure, V, f is a holo-
morphic function on D. As the quotient of two HP-functions (p < 1), it has boundary
values almost everywhere on T with respect to o. If p is an arbitrary complex measure,
V,.f is a meromorphic function of bounded type and has thus boundary values o-almost
everywhere on T. The goal of this chapter is a result on the boundary behavior of the
function V,,f which is due to A. Poltoratski [1]| and states that nontangential boundary
values of this function exist almost everywhere with respect to u also. We first treat the
case of a singular measure for which we provide the necessary means in the following two
sections. We use a relation between singular measures and inner functions and construct a
unitary operator such that the adjoint of this operator is precisely the normalized Cauchy
transform of the singular measure. Using the special properties we have from this construc-
tion, we can prove Poltoratski’s theorem for singular measures, and we can then reduce
the proof of the general result to this special case.

3.1 Inner functions and singular measures

A function 8 € H™ is called inner, if |6 (§)| = 1 for o-almost every £ € T. For p > 1, with
each inner function we associate the space

0*(HP) := {f € H? | f0 € HY}, (3.2)

i.e., the set of those functions f € HP whose boundary function is of the form f(§) =
€0 (€)1 (€) for some h € HP. The motivation for this definition stems from the study
of the backward shift operator S* : HP — HP, (S*f)(z) = M, for it turns out
that for 1 < p < oo, the spaces 0*(HP) are precisely the closed subspaces of HP that are
invariant under S*: The invariant subspaces of its conjugate operator, the forward shift
S : HP — HP, (Sf)(z) = zf (2), are identified as the spaces § HP, where # is an inner

function, by Beurling’s theorem (see e.g. [13, Chapter II, Section 7|, [19, Section 7.3|).
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Now, if A is a subspace of HP, we have the relation
SAC Ae S*At C A

and hence the closed invariant subspaces of S* in HP are of the form (GHq)l, where ¢ is
the conjugate index of p. Let us convince ourselves of the relation

0*(HP) = (0H)™ .

We start with the inclusion "C": Let f € 6*(HP), then f = 0h for some h € H} almost
everywhere on T, and if g € HY, we have

(1.60) = [ (61) Gghdo = [ Tgdo = Thg) @) =0,
T T
since |0 = 1 o-almost everywhere on T and hg € HL. Hence we have f € (0H?)".
For the other inclusion, let f € (HHQ)L, then [ f0¢"do = 0 for all n > 0, and this implies

foe ?6’ by the characterization (1.6), and thus we have f € 60*(HP).
U

Also, the following construction and several of the results presented here have their origin
in the study of the backward shift operator S*. See [16] and [5] for more information on
this subject.

With each nonconstant inner function 6 we can associate a family of nonnegative singular

measures {V4 }aeT, called the Clark measures of 6, in the following way. Let o € T, then

2
the function 3—1‘2 is analytic in D, and Reg%rz = Iloj—‘z‘IQ
in D. Therefore, by Theorem 1.4.3, it is the Poisson integral of some positive measure

Vo € M+ (T),

is a positive harmonic function

a+0(z)
a—0(z)
By Theorems 2.2.3 and 2.2.4, the absolutely continuous part of v, is supported on the set
of points where P [v,] has finite nontangential limit, and the singular part is supported

Re = Plva] (2). (3.3)

on the set of points & where P [v,] () tends to infinity as z nontangentially approaches .

2
Since P [v4] (2) = % tends to infinity at all points where 6 (£) = «, and tends to zero
o-almost everywhere else on T, we see that the measures v, are supported on {6 (§) = a}.
Hence, they are singular with respect to Lebesgue measure, and also pairwise mutually

singular.

Remark 3.1.1. By the above approach we can relate a singular positive measure v; to
every inner function. In fact, the converse works too: every singular positive measure is a
Clark measure for some inner function. To see this, let a singular measure v € My (T) be
given and consider the function h defined on D by
¢(+=z
h(z)= dv (€).

(—=z
T

Then Reh = P[v] > 0 in D. Since w ~ %=1 maps the half plane {Rew > 0} onto the

w+1
h(z)—1

unit disk, the composition function O (z) := )T is an analytic function mapping D
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into D. Solving for h yields h (z) = }fggg, and thus P [v] (z) = Reh(z) = Re }fgg =
1-16(2)|?

60" Since v is singular, its Poisson transform tends to zero o-almost everywhere on
- z

the boundary, and we infer that |©| = 1 almost everywhere on the boundary. So, © is an

inner function and v = v for ©.

We now obtain a simple formula for the Cauchy transform of the measures v,.

Propostion 3.1.2. Let 0 be a nonconstant inner function and let {vy ot be the associated
family of singular measures. Then the following relations hold for z € D.

C+ =z a+6(z) Im (@b (0))
>——dy, = — 2t , 3.4
T/Cz ©) a—0(z) la — 6 (0)]? (34)
1 [vall =1 _ Tm (@6 (0))
Klv,(z) = — — 1 . 3.5
[val (2) 1—ab(z) 2 la — 6(0)]? (35)
Proof. In splitting g—fz into its real and imaginary parts we get
a+0(z) 1—10(2))* . Im (@d(z))
= 5 + 21 5
a=0(2) la—0() la =6 (2)]
Furthermore, we have
+ 2 .
v (€)= Plal () +1Q 1) ().
T
We know that P [v,] (z) = \104 _JZ((?)‘;, so from above relations we conclude that both 252‘7(3?

and @ [v,] are harmonic conjugates of P [v,], and harmonic conjugates are unique up to
an additive constant, hence

JIm (a0 (2))

o0 (z)\Q =Q[va] (2) +c.
Setting z = 0 we get ¢ = 2I|I;1_(§(9(§§]|)2), and thus
a+0(z) 11— 16 (2)) Z,I]rn (@b (z)) L1 (o) 0 T ( Z,I]rn (@b (0))
704—9(2’) = ‘a—@(z)‘Q +2 ‘a—@(z)lz —P[ a]( )+ Q[ a]( )"‘2 4’0[_9(0)‘2
C+z JIm (@ (0)
= dv,, 20—,
J == O o

which proves (3.4). The formula (3.5) for the Cauchy transform now follows from this if
we recall the relation —— = % (<+Z + 1>for z€Dand ¢ € T. For then we have

1—-Cz (—=z
Kl @) = [z @ = [5(EE+1)m©

T T

1 a+0(2) B Z_Im (@b (0)) ,

2 (a—f?(z) 2 la — 6 (0))? * “”)

_ (2 @)

o2 <1a9(z) a0 “l "”)

_ 1 lval =1 _Im (@ (0))
1—ab(2) 2 o — 0 (0)*
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O
Corollary 3.1.3. If 6 (0) = 0, the Clark measures are probability measures and we have

C+=z a+0(z)

Q_Zdlja(C) = a0 and
T
Kval(z) = 1_0149(@

Proof. Setting z = 0 in (3.3), we have ||v,| = P[va](0) = Re f_rzgg; = 1,50 vy is a

probability measure, and the above formulas follow immediately from Proposition 3.1.2.
O

There is an interesting connection between angular derivatives of an inner function and
the point masses of the associated singular measures.

Definiton 3.1.4. Let 6 : D — D be analytic. We say that 0 has an angular derivative at
a point £ € T, if for some a € T the limit

lim 0(z)—a (2)—a
2t 2—¢

exists and is finite. Whenever this is the case, we call the limit the angular derivative of
at & and denote it by 8’ (£).
Clearly, if 6 has an angular derivative at £, we have 6 () = .

Lemma 3.1.5. Let 0 be a nonconstant inner function and let & € T be such that the
angular derivative 0’ (€) exists. Then 6’ () # 0.

Proof. We set o = 6 (£) and consider z = r¢{ lying on the radius terminating at &, where
we have the estimate

11069 1=

0(ré) —a
‘5 T b (36)

(1=r)
We now show that the expression on the right is bounded away from zero in . From the
Schwarz lemma (|21, Theorem 12.2]) we first derive that an inner function satisfies

'9(2)—9(0)
1—0(0)0(2)

’ <|z|, z€D. (3.7)

Indeed, if 6 (0) = 0, this is precisely the statement of the Schwarz lemma. If 6 (0) = a,
note that the function

z—a
b = D 3.8

a (Z) 1 —az’ z el ( )

is an automorphism on DD mapping a to zero (see [21, Theorem 12.4]). Hence, the compo-

sition function b, 0 0 (z) = 1952)9_(2) is an inner function that fixes 0 and we can apply the

lemma for b, o § to obtain (3.7).
Next, we note that for any two complex numbers p and ¢ the relation (1 — ]p|2 ) (1 — |q[2 ) =
11— pg|> — |p — ¢/ holds. This yields

(=)0 —1af) _ | lp—aP

11— pgl® 11— pgl*

24



We use this equation with p = 6 (0) and ¢ = 0 (2), and apply the reverse triangle inequality
on the left as well as the estimate (3.7) on the right side. Thus we get

(L= 16OP)(1=10()) _ (1= 1)) (1~ @F)_mea—em>2

1-10@o)))*> —  1-00)0() [

Rewriting this relation and making use of the fact that |6 (z)| < 1, we arrive at the estimate

L0 S (1=10(x)0 )" [ 1-10(0)] _

1—]z2 = 1—-10(0)) ~ 1416(0)]
It remains to notice that L La‘il)g‘ = uz'fﬂi};%i}z‘()z)‘) < 2(1f_|?£f)‘) to see that
1-10(=), 1-16(0)]
> =:c>0
L=1]zl —2(1+16(0)])
for all z € D. From (3.6) we now conclude that ‘0(7"5)6@ > cfor r € (0,1) and hence

0 (€)1 = lim | 25922 >
([l

Theorem 3.1.6. Let 6 € H>® be a nonconstant inner function. Further, let o € T and let

Vo be the corresponding Clark measure, and let £ € T be given. Then v, has a point mass
at & if and only if
limf(z) =a and |0 (§)| < oo.

=8
Furthermore, in this case, vy ({£}) = m.
Proof. We first show that for & € T the relation
E-z
a—0(2)

holds. With this it will be easy to prove the statement of the theorem. We start from the

formula
a+6(z) 2iIm (@b (0))
a=0(z) a0

lim (a+6(2)) = 2va ({€})- (3.9)

(+z
(—z

T

dva (¢) =

we have from Proposition 3.1.2. Multiplying this equation by ({ — z) we obtain

E—=2 — (o ; -z . Z,Im(@Q(O))
!kc+@g_zd%<o—« P00 T €2 B0

If we let z nontangentially tend to £ in this relation, the rightmost term tends to zero. The
integrand on the left side of (3.10) satisfies

‘E_Z N {267 lfngv
z—¢&

(—z 0, otherwise.

(C+2)
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2] <2l < 2(K 4+ 1), Thus,

by applying the Lebesgue dominated convergence theorem we obtain

Furthermore, for z € A?, we have the estimate | + z|

iy [ €9 v (0) = 26 ({€)),

hence passing to the limit in (3.10) we arrive at (3.9).
Now we come to the proof of the theorem. First we assume v, ({{}) > 0, then equation
(3.9) yields that 0 (2) — « as z 2 ¢ and

o img(z)_a: 20 af
0" (&) = ;?g -z (&) e =

Conversely, if we assume |0’ ()| to be finite, then by Lemma 3.1.5, the angular derivative

must be nonzero. Together with the assumption that lirré 0 (z) = «, we conclude from (3.9)
z—r
<

that

2va ({€}) = 20575 #0.

(5)
1

Since v, is a positive measure and « and € lie on T, we infer v, ({{}) = ZRIE
([l

The formulas for v, we established in the previous statements take a much simpler shape
if 6(0) = 0. Indeed, we are able to confine ourselves to this case in the following consid-
erations: Suppose that the inner function 6 satisfies 6 (0) = a for some a € D\{0}. We
consider the composition function

0(z)—a

U (z) :=baob(2) = 1-ab(z)

where b, is the function defined in (3.8). Then also ¥ is an inner function, and it maps 0
to 0. If we denote by {74 }aer the family of singular measures for ¥, these measures are
connected to the singular measures {v,}aer associated with 6 in the following way: Let
a € T and set § = by («), then Dg is carried on the set {¥ = g} = {b,00 = B} = {§ = a},
hence g is carried on the same set as v,. Moreover, if £ € T is such that ll_)n%@ (2) =«

and the angular derivative exists, Theorem 3.1.6 gives us the relation

1 1 1
O e R AT GG A K

Furthermore, we have a one-to-one correspondence between functions in 6*(H?) and those
in ¥* (HP). The operator A mapping f € 0*(HP) to ==, f is a bijection from 6*(HP) to
U* (HP): Since ==; € H™, the image function clearly lies in H?. Furthermore, f € 0*(HP)
satisfies | fOhdo =0 for all h € H9. Let h € HY, then we get

T

/1—1a0f1— /f ehda

—hdJ—O

/Af\Ifhda
T
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since ﬁh lies in HY. Conversely, g € U* (HP) satisfies [ g¥hdo = 0 for all h € HY, and
T
thus

/g(l —af) Ohdo = /glg_aag (1—af) hdo = /g\I/ (1—af) hdo =0

T T T
since (1 —af)h € H? for h € HY. Hence, f := (1 —af)g lies in 8*(HP) and satisfies
Af =g, so A is surjective.
These correspondences allow us to assume that § maps 0 to 0 in what follows.

3.2 Construction of the unitary operator U,

Let a nonconstant inner function 6 satisfying 6 (0) = 0 be given. With each Clark measure
Vo We can associate a unitary operator Uy, : 0*(H?) — L? (v4) which we construct in the
following.

For A € D consider the functions k) defined on D by

k =7 11
A () = — (3.11)
As for z € D, }l@\ (2) | < IJ{‘_L&“)', these are bounded analytic functions on D, moreover,
they lie in the space 0*(H?). Indeed, if g € H?,
1—9(/\)9(6) /9(09(0—9(/\)9(()
(09 52) /’ FoE o (0 Lo (0
T

by the Cauchy formula (1.4), and hence k) L §H?. Furthermore, for f € 6*(H?), we have

(s = [ 108 a0 = oy - [HELOH a0 ¢ — v,
T T

as the last integral is zero because f lies in 0*(H?). Thus, (., k)2 is the point evaluation
functional on 0*(H?), and the family {kj}xep, has dense span in §*(H?). We denote the
span of {kx}xep by K.

We define an operator U, from K into the space L (v,) by linearity and

1—%&

Uakn) (€) = —— % e (3.12)

We now show that this operator can be extended to a unitary operator from 6*(H?) onto
L? (v,). First we note that the image of U, contains the Cauchy kernels C) (¢) = ﬁ
We denote the span of this family of kernels by C. This space has the following useful

property.
Lemma 3.2.1. The family of Cauchy kernels {C\}xcp has dense span in L? (v,).
Proof. Suppose that there is a function g € L? () such that

<g’ C>‘>L2(zxa) = / 19_(C)3<dya (€)= K [gval (A) =0
T
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for all A € D, i.e., the Cauchy transform of g, vanishes on all of D. Since for any measure

Kie = [ = /Z ORZGEDY /C”du

T n>0

© we have

the vanishing of the Cauchy transform implies that for each n > 0

/c” ¢)dva () =0

and using the theorem of F. and M. Riesz (|12, Theorem 4.27]) we conclude that gv, = ¢o
for some ¢ € H&. But since v, is singular, ¢ must be the null function and gv, the zero
measure, and we conclude that ¢ = 0 almost everywhere with respect to v, and the C)
have dense span in L? (v,).

O
Theorem 3.2.2. The operator U, defined by linearity and

1-6(Na

(Uak)\) (5): 1_5\5 ’ )\GD,

can be extended to a unitary operator from 6*(H?) onto L?(v,). The adjoint operator
Uk : L% (vy) — 0*(H?) acts as

K [fva] (2)
K [va] (2)

Proof. We first show that U, is an isometry from K to C. To this end, we note that for
any two complex numbers z and w we have the relation

Ual) (2) = , feL?(va). (3.13)

1 1 1—
+ 2 +w:2 ZW ' (3.14)
l—2z 1-w (1—-2)(1—w)

Using this, we calculate for A\,n € D,

1 1
<C/\7C77>L2(,,a) = /——dva(C)

1-=AC1—=n¢
T
B 1 1+X  1+nC
- 2(1—%7)T/(l—ﬂg+1—n§)d”“(o'

Applying Corollary 3.1.3 and then once again relation (3.14), the last integral becomes

L+A¢ 14nC\ o _1+af(N) 1+ab(n) _ 1—6(A)0(n)
/<1_x+1—n§)da“>‘1_ae<>+1—ae<n>‘2(1—am>(1—ae<n>>’
and inserting this above, we get

1 (A)G() _ 1
P 1—)\77(1—a9 N0 () (a1 —abim) ™
_ 1 _ kx ky
(1—am)(1—ae<n>)<k”k">m <1—ae<A>’1—ae<n>>H2'



m
From this relation we now derive the isometry of U,. Let g = ) ¢ky, be an element of K,
=1

then

2
a(l—af(N))Cy, L)

I
Mz

||Uag”%2(ya)
1

I
NgER

cjer(1 - O‘W) (1—a8(N\) )<C>\]. O >L2(1/a)

<

T~
Il
—

k}\j k)‘l >
1—af()) ) 1—ab(\)

|

eja(1—al Oy) (1 —aG(/\l))<

=1

2

= gl
We see that U, is isometric from the span of {ky} to that of {C\}. As K is dense in the
space 0*(H?), the operator can be extended to an isometry on 0*(H?). Furthermore, since
the functions Cy, A € D, lie in the image of U,, the image has dense span in L? (v,) and
we conclude that U, is unitary from 6*(H?) to L? (vq).

It remains to verify the stated formula for the adjoint of U,. Let f € L? (v,) and A € D,
then

2O = (U e = (o Uaka) o, / FO) (1= () =5z (€

[fVa]( )

= (1@ )K [ ) = T S

using that K [va] = (1 — @)~ by Corollary 3.1.3.

Theorem 3.2.3. Let f € 0*(H?). Then Uyf is the L? (vy)-limit of the functions

B 1-6(rQ)a
©= (10555810

as r tends to 1.

Proof. For f € 0*(H?), we have the formula

FO) = (£k2) 0 =<U £ Uakx) 2y

_ o a
- /Uf T (0)

We denote F (¢) = Uyf (¢) € L?(vs). Note that since U, is a bijection, every function
in L? (v,) can be written as U, f for some f € §*(H?). For every r € (0,1) we define an
operator T : L? (vy) — H? by

(T,F) (2) = f (r2) = / F(o = tE)ay,

T
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We observe that since || T F|| g2 = || f (7.) g2 < | fllg2 = [[Fl|lL2(v,) by the isometry of Uy,
the operators T, are uniformly bounded with ||7;.|| < 1. We now determine the adjoint T)F.
To this end, let F € L% (v,), g € H?, then

(PT79) 120y = (TF9) . = / / Lo O)8 () g o (2)

1—rz¢
_ /F(O/liizgag (2)do (2) dva (C)
T T

_ <F,ﬂ/mg (2)do (z)>L2w.

Here we used Fubini’s theorem (|23, Chapter III, Theorem 14.1]) to change the order of
1-0(rz)a .
1—rz
bounded as a function of ¢ € T, and as the measures are finite, F' and g are integrable with
respect to v, and o, respectively, therefore the function F' (¢) % g (z) is integrable with
respect to the product measure and the resulting integrals after changing the integration

order exist. The above relation shows that T)*g () = <g (2), 1713(:25>H2.
As for F € L? (v,) we have UF = f € H?, we see that

integration. This is valid since is a bounded analytic function of z € D as well as

lim |T.F — Uy F||g2 = lim || f (r.) = fllz2 =0,
r—1 r—1

hence the operators T, converge to U} in the strong operator topology. Consequently, the
converge to U, in the weak operator topology, since for any f € L? (v,)

and g € 9*(H2) we have

<f, T:g>L2(Va) = <T7"fag>H2 — <U;fag>H2 = <f’ UO‘g>L2(Va)'

We now show that the operators T converge in the strong operator topology in H? as
r — 1. Since the family {7}’ },¢ (o 1) is uniformly bounded with ||7;7|| = ||| < 1, it suffices
to show that the functions T*g converge in the norm of L? (v,) for all g lying in a complete
subset of H2, which then implies strong convergence of the operators 7% on all of H2.

So we consider the complete subset of reproducing kernels C) (z) = ﬁ, A €D, of H?.

Then * 1-0(r2)a 1-0(r\)a
TrCy (€) = <C)\ (2),1_%>H2 - <1—M§>

l—ma
1-XE
norm of L?(v,). So the operators T converge in the strong operator topology. Since

and since A € D, this function converges to uniformly in £ and hence in the

strong convergence implies weak convergence and the limit is unique, we conclude that the
operators T

o+ (m2) Converge strongly to Uy, and this yields the statement of the theorem.

O
Remark 3.2.4. The formula (3.13) we obtained for the adjoint operator is precisely the
normalized Cauchy transform V,,_ for the measure v,. We now establish a result on the

mapping properties of the operators V,, which in turn yields statements about the operators
Ua. The following results are due to A.B. Aleksandrov [6].
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Theorem 3.2.5. Let u € M, (T). The operator V, is of weak type (1,1), i.e., there is a
constant A > 0 such that for every A > 0 and every f € L' (i) we have

Allfll
s (1] > 3} < A2,

Furthermore, for p € (1,2] the operator is continuous from LP (u) to LP (o).

(3.15)

Proof. As p is a positive measure, its Cauchy transform satisfies |K [u]| > @ Thus, we

obtain the inclusion
(Wl > A} = {IK [ful | > AlK [l [} € { | [ful | > AIlzull}

The Cauchy transform of a measure satisfies a weak-L' estimate by Kolmogorov’s theorem
(Theorem 1.4.2), so above inclusion yields the following weak estimate for V,:

I 240l A0 gl 240
o (111> A)) <o ({519 > AL ) < 2l < SRR - SR,

Now we prove the continuity of V,, : L? (1) — L* (o). The statement for p € (1,2) then
follows immediately from the Marcinkiewicz interpolation theorem (Theorem 1.4.6): V), is
a linear operator, and so the weak estimate for p = 1 and continuity for p = 2 together

imply continuity for all p € (1,2).

Without loss of generality we may assume that g is a probability measure. Let us first
consider the case that p is singular. Then p = 14 for some inner function 6 (see Remark
3.1.1) that satisfies #(0) = 0. Theorem 3.2.2 then implies that V,, = U; is a unitary
operator from L? (i) to 0*(H?) and thus 1Vifllzzo) = 1 fll22(u)-

If 1 is an arbitrary probability measure, there exists a sequence of singular probability
measures { i, fnen converging to p in the weak™ topology (see [18, Theorem 12.11]). For
these measures we have ||V, fllr20) = Ifllz2(u,) on L% (uy,) from the first part of the
proof. Furthermore, the weak™® convergence yields pointwise convergence of the Cauchy
transforms in D, K [uy,] (2) — K [u] (2) as n — oo, as well as for f € C(T),

K [funl (2) = K [ful (2)

pointwise as n — oo. Hence we also have li_)m Vi f (2) = V,,f (2) pointwise for all contin-
n—oo

uous functions. Now we can use Fatou’s lemma (|21, Lemma 1.28|) to obtain an estimate
for ||V, fll12(s)- Recall here that V,,, f € H? and the operators V,,, are isometries. Thus,
we get for 0 <r <1 and f e C(T)

[WseoRds©) = [t Vi, f 0O do ) < timint [V, £ (r0) o (0
T T

T

IN

iimint [ Vi, (€)1 do (¢) = imint [ 17 (Q)f dun ()
T

T

_ / £ QP du () = £,
T

We now choose a sequence {ry, },en of positive numbers monotonically increasing to 1 and
apply Fatou’s lemma once more to obtain

IVif 1320y = / Jim |V, f (raQ)[ do (¢) < lim inf / Ve (rnQ)* dor () < I1F 172
T T
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for all f € C(T). As the continuous functions are dense in L? (1), we come to the desired
conclusion.

0

Theorem 3.2.5 yields the following statements about the operators U,.

Corollary 3.2.6. Let 1 < p <2 and let 6 € H*® be an inner function satisfying 6 (0) = 0.
Then U, (LP (v,)) C 6% (HP).

Proof. By Theorem 3.2.5, U;! = V,,_, which is originally defined on L? (v,), can be
extended to a continuous operator from LP (vq) to LP (¢). We have Uy' (L? (va)) =
0*(H?) C 6*(HP), and the density of L?(v,) in LP (v,) now yields the stated inclusion
since the space 60*(HP) is closed.

0

Corollary 3.2.7. Let 2 < p < 0o and 0 € H™ an inner function satisfying 6 (0) = 0.
Then Uy, (0*(HP)) C LP (vy)-

Proof. In this case we use duality. Let ¢ be the conjugate index of p, then ¢ € (1,2].
Hence we have U, ' (L9 (v,)) C 6*(HY) from the previous corollary. Now note that the
conjugate operator of the extension of U, ' to L7 (v4) is the restriction of U, to 6*(HP).
Since for conjugate operators we have the relation UA C B < U*B+ C A+, we conclude
Uy (0*(HP)) C LP (vg).

0

3.3 Boundary behavior of functions in ¢*(H?)

Now we examine the elements of the spaces 0*(HP), p > 2, and their nontangential bound-
ary functions. We always assume that 6 is an inner function with 6 (0) = 0. We eventually
show that the nontangential boundary function of f € 0*(HP) equals U, f almost every-
where with respect to v,.

First we introduce the Hardy-Littlewood maximal function. Recall that the support of a
measure p € M (T) is defined as supp o := T\|J{I C T | I is open and p (I) = 0}.
Definition 3.3.1. Let y € M, (T) and f € L' (u). By f/iw we denote the Hardy-Littlewood

mazimal function of f,

SUP — A d , if&esu ,
fliv‘[ () = 6>%) (K- (&) Kg{f) £ (Ol dp(C) 3 pp p (3.16)
0, otherwise.

with K. (§) = TN B: () and B: (£) being the closed ball of radius ¢ centered at &.

Our next goal is to prove the Hardy-Littlewood maximal theorem that states integrability
properties of this function. First, we have to show that f/i\/[ is measurable, for which we
need the following auxiliary result.

Lemma 3.3.2. Let p € M, (T) and r > 0. The function

] TR,
w'{ £ s (5, (6))
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1§ upper semicontinuous, hence in particular Borel measurable.

Proof. The function 1 is upper semicontinuous if for every ¢t > 0, the set {¢) < t} is open.
An equivalent condition is that for every £ € T and every sequence {&,}nen C T\{¢}
tending to &,

limsup ¢ (&) < ¢ (€) .-

n—oo

Let r > 0, £ € T and a sequence {&, }nen as above be given. As the K, (§) are closed arcs,

we have
limsup xk, (¢,) (€) < Xk,e) (), (€T,
n—oo
and with the relation lim inf(—x,) = — limsup z,,, this yields
n—00 n—o00

L= X < liminf (1= i, (e)) -

Note that for large enough indices n € N we have ,, € K, (§) and hence, by the triangle
inequality, K, (&,) C Ko, (£). We now use Fatou’s lemma (|21, Lemma 1.28|) to estimate

n(Kar (€)) = u(Kr (§)) = / (1= xx(e) dp < / timinf (1= xrc ) b
K27‘(£) K27‘(§)
K2r(£)
= liminf (4 (Ko (€)) — o (Kr (60)))

= IU(KQT ))—hmsup,u(K (fn))7

and we see that limsup p (K, (&) < p (K, (§)), as was to be shown.

n—oo

Corollary 3.3.3. Let p,v € My (T) and r > 0. Then for every t > 0 the set

By ={{eT | n(K () > tv (K, (§)) }

1s Borel measurable.
Proof. The set Eg = { € T | p (K, (€)) > 0} is measurable by Lemma 3.3.2. If ¢t > 0, we
can write the set as

B= ({eeTint @) zafn{ceT vK ©) <1}).
q€Q
q>0

and by Lemma 3.3.2, the sets on the right side are measurable.

Now we come to the Hardy-Littlewood maximal theorem.

Theorem 3.3.4. Let p € M, (T) and f € LP (u), 1 <p < oo. Then the Hardy-Littlewood
mazimal function fl])/[ s finite p-almost everywhere and
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(i) ifp=1, f,i\/[ belongs to the weak L', i.e., there is a constant ¢ > 0 independent of f
such that for every A > 0

w ({8 >A) < Sl

(i) if p > 1, then fi\/f belongs to LP (u) and we have the estimate

172 N oy < el f oo
where ¢ is independent of f.

Proof. We first show that fi” is Borel measurable. To this end, we consider the functions

f%., which are defined for r > 0 by

1 .
—e [ |f(O)ldp (), if € € suppp,

0, otherwise.

We show that these functions are Borel measurable and that

Y =sup { £} () 1 ¢ € Q,q> 0} (3.17)

which then implies that also fljy is measurable. Thus, let ¢ € R and set

B = {€€T| fu5(€) > t}.
Ift <0, By, =T. If t >0, we define the positive measure v by v (B) = [ |f|du for Borel
B

subsets B C T. Then FE}, can be written as

By =supppn{§ €T | v (K, (€)) > tn (K (§)) },

which is measurable by Corollary 3.3.3. Hence F;, is measurable and consequently the
ar
Now we come to the proof of (3.17). From the definition of f;i\/[ it follows that surely

= sup { £ 1 ¢ € Q,q> 0}

functions are Borel measurable.

For the reverse inequality, let » > 0 and £ € supp u be given, and choose a decreasing
sequence {7y, }neny € Q tending to r as n — oo. Then X, (€) 2 XKy (6) = 2 Xkp(e) 2 0,
and since the K, (&) are closed arcs,

lim xg, (¢ (C) = Xk, (), ¢€T.

n—oo

The bounded convergence theorem now gives us
lim p (K, (§) = w(Kr(£))
n—oo

H( r )
im [ |F(Qdu(Q) = /If(C)Idu(C)-
)

n—oo
K (§) Kr(§

Since £ € supp p, we have u (K, (£)) # 0, so we obtain li_>m /%’n &) = f/%" (£), and this
implies

wr <sup{f) | ¢ €Q,q>0}.
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As r > 0 was arbitrary, we deduce that also

S <sup{f) | q€Q,q>0}.

We now show the stated LP estimates for the Hardy-Littlewood maximal function. Let
f € L' (u), then we have to show that fljy satisfies a weak-L! estimate. To this end fix
A > 0 and consider the set

Ey:={¢eT| f}"(&)>A}.

For each £ € E) we can thus find a radius r¢ > 0 such that |f]dp > A. The

1
@
u(Kr (€)) Ko (0
collection

&= {Krg (INRS E)\}

is a Besicovitch covering for Ey. Therefore, we can apply the Besicovitch covering theorem,

Theorem 1.4.5, to obtain a finite number of subcollections By, ..., By of £ such that each
N

By, contains countably many elements that are pairwise disjoint and |J |J B covers E).

k=1 BEBy
Now we can estimate

N N
p(Ey) < M(U U B> <> > uB

N
1 N
< ZXHfHLl(u) = XHf”Ll(u)v
k=1

which is what was to be shown.

If f € L*®(u), clearly ||fl]tMHLoo(u) < [[fllzee(n)- We note that for any f,g € L' (u),
(f—l—g)i\f < fli\/[ + gl]y. The statement for p € (1,00) now follows by applying the
Marcinkiewicz interpolation theorem, Theorem 1.4.6, to the operator f — fy.

O

The Hardy-Littlewood maximal function is of particular importance as many other func-
tions of f can be majorized by it. The first statement of this kind is the following result
relating the Hardy-Littlewood maximal function and the Poisson transform.

Lemma 3.3.5. Let v € M (T), f € L' (v) and ¢ € (0,7). Then there is a positive
constant C such that for v-almost all £ € T and for all z € Af the estimate

IP[fv](2)| < CH (€ PV (2) (3.18)
holds.

Proof. Since |P[fv]| < P[|f|v] and the maximal function depends on |f| only, we may
assume f > 0. Let £ € T such that lirréP [1] (z) # 0. By Theorems 2.2.3 and 2.2.4 this is
z—
<

satisfied at v-alomst every point. Without loss of generality let £ = 1 (otherwise consider
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the rotated measure u¢ (B) = u (€B)).
We first prove the statement for z lying on the radius terminating at £. We fix r € (0,1)

and consider the Poisson kernel P, (9) = P (r,e") = Wﬁ% as a function of the angle

¥ only. This is a symmetric function which decreases for 9 € [0, 7]. We approximate P, ()
by step functions: For given m € N we set Iy = T and choose symmetric arcs about 1
satisfying Iy 2 Iy D --- D I,,,. We denote the characteristic function of the arc I by yx and
choose numbers hy, € Ry such that hy is the largest number for which hyxx (6“9) < P, (V)
on T. Then the hj are increasing and the function

¢(e”) = ho-i-z hi, = hi—1) X (€”) ZCka )

k=1

is a positive step function with ¢ = hy on I and ¢ < P.. For given § > 0, by choosing
m € N sufficiently large we get a step function ¢ which satisfies

P.(9) =6 < ¢(e) < P (9). (3.19)

Multiplying the left inequality by f and integrating over T with respect to v we obtain

Pl (r) =olflw < ch/f(C)dV ZCW Ix) /f )dv (¢
B=0 7

< WY arm) = £10) [6©d )
k=0 T
< )P,

where in the last inequality we used the right side of (3.19). Since 6 was arbitrary, we
conclude that for z lying on the radius terminating at 1

Pfv](2) < £" () P[] (),

or equivalently,
Plfr](2)
Pv](2)
Pfv](2)

To finish the proof it now suffices to show that we can estimate the values PRI for

< ().

arbitrary z € AY by those along the radius terminating at 1. To this end we use a
construction as in [10, Chapter I, Section D|. We choose @2 € (p,m), then AT C A¥2.
Furthermore, we fix a point zg = rg on the radius terminating at 1, and denote by ID; and
Dy the disks with center at 2o inscribed into the sectors AY and AY?, respectively, see Figure
3.1. Hence, Dy C Do, and for the respective radii of the disks we have r; = (1 — ) sin %
and ry = (1 —rp)sin 5. Thus the ratio v = 7L < 1 depends on the angles ¢ and 2 only,
but not on zj.

Now we recall that for a positive measure € My (T), the Poisson transform P [n] is a
positive harmonic function on D, therefore Harnack’s inequality (Theorem 1.2.1) gives us
for z lying in any open disk U, (z9) C D with center at zp and radius r,

r—lz =zl r+lz -zl

Pn] (z0) el
r— |z — 2

< Pn](2) < P[n](20)

3.20
r+|z— 20| T (3.20)
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Figure 3.1: Construction of the disks Dy and Ds.

We use the right-hand estimate for P [fv] in the disk Dy to obtain

ro + |z — 20|
ro — |2 — 20|

P[fv](z) < P[fv](20)
For z € Dy we have ro — |z — 29| > ro — r1 and ro + |2 — 29| < 72 + 71, and noting that
% = i_% this leads to

puqa)gpuw@@1+} 2Dy,

We then use the reciprocal of the left inequality in (3.20) for P [v] in D2 and again estimate

the factor 22712720l < 147 £, » € ) to obtain
ro—|z—z0| 1—v

1 1 1+

PG PRl 2 S0T

Combining the last two inequalities we arrive at

Plfv)(z) _ (1+~\? P[fv] ()
'S P S<1—7> P ()

(3.21)

forall z €Dy C A‘f. Since every z € Af lies in D for some zg on the radius, we have thus
obtained the desired estimate.

O

Corollary 3.3.6. Let u,v € My (T), f € L' (u+v) and ¢ € (0,7). Then for (u + v)-
almost all £ € T and for all z € A? the following estimate holds with the same constant as
i Lemma 3.3.5.

[P fu] ()| < Cfk, (€) Plu+v] (). (3.22)

Proof. Again we assume f > 0. We apply Lemma 3.3.5 to the measure u + v to obtain
that for (u + v)-almost every £ € T and all z € A?

Pf(n+v)](2) <O (€ Plu+v](2).

It remains to note that since p and v are positive measures and f > 0, for z € D the
estimate P [fu] (z) < P[f (u+ v)] (2) holds.
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O

We proceed with two results concerning the boundary behavior of quotients of Poisson

transforms.
Proposition 3.3.7. Let u € M (T) and f € L' (). Then for |u|-almost all € € T we have
Pfu] (2)
— f(§) asz—E&.
Pl T ®ES

Proof. First, let p € My (T). Since the transform is linear, it suffices to consider non-
negative f, as every L'-function can be written as a linear combination of nonnegative
L'-functions.

We have proved the statement if we can show that for any A > 0 we have

’P [f1l (2)

_ f(g)‘ > A}) —0. (3.23)

u<{§ € T | limsup P (2)

z;){
Note that by the linearity of the Poisson transform, Z)D[f;f]‘}((;)) —f = W.
We first recall that the nontangential limit of P [u] is nonzero p-almost everywhere by
Theorems 2.2.3 and 2.2.4. Now let £ € T be such that lin%P (1] (z) > 0.
z—

We use the density of C (T) in L! (11) to approximate f by a sequence {gy }nen of continuous
functions such that || f — gn|[11(,) < 2. We choose a representative of the equivalence class
of fin L' (p) (the choice of the representative is of no concern for the proof since the
elements of an equivalence class are equal up to p-nullsets), which we also denote by f,
and set hy, := f —gn. Then ||hy[|11(,) — 0, and by choosing a subsequence, we can assume
that h, — 0 pointwise p-almost everywhere on T (|21, Theorem 3.12]).

We first consider the behavior of the quotient % for the continuous functions ¢,,. The
continuity of g, implies that for given ¢ > 0 we find an arc I¢ centered at £ such that
sup |gn (€) — gn (§)| < &. We can then split

cel;

P (g0 — g0 () 1] (2) = /+/ P(2.0) (gn (€)= 9 (€) ) (Q) = T+ 1.

™ I¢

The sets A? and T\I¢ have positive distance d, so for z € A? and ¢ € T\I¢ we have
|z — (| > d. Therefore, using the boundedness of g,, we can estimate the integrand in I
by

T a2 (gn (C) — Gn (5)) < C(l - |z|2)7

and we see that the integrand tends to zero uniformly in { as z approaches €. Consequently,
the integral I tends to zero. Furthermore, |II| < eP [u] (z), and so we get

‘P [(gn — 9n (§)) 1] (2) |1
Plul(2) ~ Pl (z)

Since the first summand tends to zero as z nontangentially tends to & and e was arbitrary,

lim P [(gn —0n (5)) :u] (z)
228 Plp] (2)

+e.

we conclude that
=0.
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We see that the statement of the proposition holds for continuous functions. Writing
FQ)=f&) = gn(Q) —gn(§) + hn({) — hyp (&) and using the linearity of the Poisson

transform we now obtain

PGS @ME| - Pl ke (@14 )
T P | T T PG
Pl ()

< hril;p Pl 2) + |hn (€]

(hn)3" (€) + |hn (O]

where we used Lemma 3.3.5 in the last estimate. Now fix A > 0. From the above estimate
we infer

{g o hgl?s?p‘P[(f;ﬁZ))“] (z)’ - )\} L () > %} o { hal > g} (3.24)

We now estimate the p-measure of the sets on the right-hand side. To this end, let € > 0
be given. As the functions h,, converge to zero pointwise p-almost everywhere, by Egorov’s
theorem ([23, Chapter III, Theorem 2.2]), there is a set ¥ C T with u (T\E) < § such that
the sequence h,, tends to zero uniformly on E. Therefore we find an index Ny € N such
that |h,| < 3 on E for all n larger than Ny. Thus {|h,| > 3} C T\E for n > Ny and we

get the estimate

p({Ihal > 5)) <umm) < 5 0> N (3.25)

By making Ny larger if necessary, we can also assume that ||hn| 11, < % for all n > Ny,
where c is the constant in the weak-L! estimate of the Hardy-Littlewood maximal function
in Theorem 3.3.4 (i). Then this theorem yields

p({0 > 1) < Xl < 45 =5 nz N (3.26)

With the estimates (3.25) and (3.26) we derive from (3.24) that

PI(f £ ()] (2)
‘ PG | A}) <&

u({§ €T | limsup

2—
€

and as € was arbitrary, this finishes the first part.

Now let p be an arbitrary measure in M (T), and let g be a y-measurable function with
lg| = 1 on T such that u = g |u| (for the existence of such a function see e.g. |21, Theorem
6.12]). We then have

Plful(z) _ Plfglpll(z) Plpl] (=)
P[] (2) Pllull(z)  Plglull ()

If we let z nontangentially approach £ € T, by the first part of the proof the right-hand

side converges to (fg) (€) - ﬁ = f (&) at |ul-almost every £ € T.

0

Lemma 3.3.8. Let u,v € M (T). The following conditions are equivalent.

39



(1) lirré 1;%83 = 0 for |v|-almost every £ € T;
Z—r

(ii) lirré lemgg = 0 for |pu|-almost every & € T;
Z—>

(i) p L .

Proof. We start with the implication (iii)=-(i). Let p and v be mutually singular, and
first assume that both are positive measures. Let f be a function on T such that f =0
almost everywhere with respect to p and f = 1 almost everywhere with respect to v. Then
f (v + p) = v almost everywhere with respect to v. Applying Proposition 3.3.7 we see that
for (v 4 p)-almost every £ € T,

Plfv+wl(z)
Plv+pl(2)

— f(§)

as z nontangentially tends to £, and in particular, at v-almost every € € T we have

PUI() P +p)(2) L
Ph+u(s) - Pwra(s) O=L 228

Using the linearity of the Poisson transform, we infer that for v-almost every £ € T

Plul(z)  Plu+v() P (2) o
Pl (z) P[] (2) PM(Z)_>1 =0

as z approaches £ nontangentially.
For arbitrary measures u, v € M (T), we note that g L v implies |u| L |v| and write
v = h|v| with |h| =1 on T as in the proof of the previous proposition. Then,

Plu(z) _ Pluf(z)  Pllpll(z)  Plvl(2)
PRI(z)  Pllell(z) Plvii(z) PlrIvI(2)

For z nontangentially tending to £ € T, the first factor on the right-hand side is bounded
since we have |P [u]| < P|[|p|]. By Proposition 3.3.7 the last factor tends to % for |v|-
almost every € € T, and by the previous part of the proof the term in the middle tends to
zero almost everywhere with respect to |v|, so we arrive at (i).

For the implication (i)=-(iii), write u = fv + ps with f € L' (|v|) and pus L v. Then, by
assumption we have at |v|-almost every £ € T

Plul(z) _ PlfvI(z)  Plpsl(2)
P(z)  Pl(z)  P(2)

— 0, zjg.

But at |v|-almost every point, the first term on the right-hand side tends to f(£) by
Proposition 3.3.7 and the second term tends to O by the implication (iii)=-(i) we just
proved. We conclude that f (£) = 0 at |v|-almost every £ € T, and hence v L p.

The equivalence (ii)<(iii) is shown in the same way exchanging the roles of v and u.

O

We now consider the map f — 0f =: f for f € 6 (HP). It follows from the definition of
6*(HP) that f lies in Hf. We set

0" (Hg) = {f € 0"(H") | £(0) =0}.
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If f € 0* (HY), then f € HY. Thus, it follows from f0 = f00 = f € HE, that f € 0*(HP).
Moreover, the map f — f induces an involution on this space. We call f € 6* (H]) a
Hermitian element if it satisfies f = f.

Now we are going to establish a useful property of Hermitian elements. We make use of
the following auxiliary statement.

Lemma 3.3.9. Let v € M (T) be a real-valued singular measure. Furthermore, let F' €
L' (v) be such that [ F (¢)dv (¢) = 0. Then the following statements are equivalent.
T

(1) }1/111 K [Fv](r§) = 71,1\Hi —K [FV] (7€) for o-almost every £ € T.

(ii) F is real-valued almost everywhere with respect to v.

Proof. The Cauchy transform of Fv lies in the spaces HP, 0 < p < 1 for both D and D,
and consequently has nontangential boundary values o-almost everywhere on T from both
within D and D.. Let £ € T be such that the boundary values from both sides exist. We
first derive the following relation between those limits.

. . 1 . €¢
lim K [Fv](r§) = lim =F'(¢)dv(¢) = lim [ +=
r 1 r/1) 1 —ré& ) 8¢ —1

T T

_ oy 601 1
- A <i£<—1+,%€<—1>”0d”<<>

F(¢)dv(¢)

N1 1—7EC
T

- /F(C)du(()—l—%im(—/ ! F(C)CMC))
T

N1 1—7EC
T

- /F(()du(()—i—%im(—/ ! F(C)dv(o>
T

— [ FQdv(Q)+ i ~K [Fo] (€).
T
T
By our assumption on F, the integral on the right side vanishes, hence F' satisfies the

relation

hfrri K [Fv](r§) = h\ni —K [Fv] (€). (3.27)

(ii)=-(i). Supposing that F' = F almost everywhere with respect to v, the relation (3.27)
immediately yields (i).
(i)=(ii). Inserting (i) in (3.27) we obtain

lim K [FV] (7€) = lim —K [Fv] (7€),

equivalently

0=lim-K[(F-F FE) = 24 lim K [Im Fv] (7
lin K [(F — F) v] () = 2 lom K 1 o] 79
for o-almost every & € T. We see that K [Im Fv] has vanishing radial limits o-almost
everywhere on T from outside D. As v is singular, the Fatou jump theorem, Theorem
1.4.1, gives us

lim K [Im F = lim K [Im F

li K [1m v (r€) = lim K [m ] (r6).
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hence K [Im Fv| has zero limit also from within D at o-almost every £ € T. Applying the
Lusin-Privalov theorem ([11, p.212, 2.5]) we get that K [Im Fv] = 0 in D. But this implies
that Im F'v is absolutely continuous with respect to o (see [14, Proposition 2.1.5]), and
since v is singular, we infer that Im F' = 0 almost everywhere with respect to v.

0

Proposition 3.3.10. Let f € 0* (HY), p > 2, and let o € T. Then f is a Hermitian
element if and only if argUs f = #5% almost everywhere with respect to vg.

Proof. First, let @ = 1 and let f € 0* (H]) be given. We have to show that Uy f is real-
valued vi-almost everywhere on T if and only if f is Hermitian. Now, the function Uj f lies
in LP (v1) by Corollary 3.2.7, and since f (0) = 0, it is orthogonal to constants: recall the
functions k) introduced in Section 3.2. We have kg = 1 and U1kg = 1, so by the isometry
of Ul,

[ 011 ©dn (€)= W1 V) 2y = (fo oz = £ 0) =0

T
Consequently, the statement in the case o = 1 can be reformulated in the following way:
If F e LP(v), p>2, and [ F(¢)dvi(¢) = 0, then Uy F is a Hermitian element if and
only if F' is real-valued vj-almost everywhere.
Thus, let F' € LP (v1) be orthogonal to constants, and suppose first that F is real-valued
vi-almost everywhere. We have to show that UF = (1 —60) K [Fv] is Hermitian. We
calculate ﬁi“f and examine its radial boundary values from within D, making use of the
relation in Lemma 3.3.9 (i) that holds in this case. We thus have for o-almost every £ € T,

UTF(§) = I UTF () = im0 (ré) (1-00) lim K [Fn] (7€)
= (09— 1) lim (= K [Fu] (7))
= (1-06() h{fi K [Fu] (7€) .

Since 14 is singular, relation (1.14) from the Fatou jump theorem, Theorem 1.4.1, yields
that the last term equals (1 — 6 (€)) I%K [Fvi] (ré) = U F (§) at o-almost every point.
T

We see that U F'is a Hermitian element.
Conversely, if we suppose that U] F' is Hermitian, we have

UF(©) = lmb(r) (1= 09) im K[Fn](r¢)
- (9<£>—1);1/H}W
= (1-6(9) lim K [Fi] (r€) = UFF (&)

at o-almost every £ € T and hence

}%K[Fljl] = _}%K[Fl/l]

By Fatou’s jump theorem, the left-hand side equals h\rri K [Fuv], and we see that F satisfies
T

condition (i) from Lemma 3.3.9. We conclude that F is real-valued almost everywhere with
respect to vy, which proves the statement for a = 1.
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Now, if @ # 1, consider the inner function 6 := af. Then 6* (HP) = 6*(H?) and we have
the relation v, = 1, where 4 is the singular measure corresponding to 6, since

a+9_R gl—i—@&_
a—0 eal—@ﬁ_

P vs] = Re Pin].

Furthermore, for A € D,

ik (€)= 12 = 1720 — Va0,

and since the ky are a complete subset of §*(H?), we have U, = U, on 0*(H?).
The Hermitian elements with respect to 6 (i.e., g € 0* (H}) which satisfy g := afg = g)
are precisely the functions @'/2f, where f is a Hermitian element with respect to 6:

al/2 f= afgal/? f = a'/%6f,

and this equals @'/2f if and only if f = 6.

Combining this with the first part of the proof we see that f is Hermitian with respect to
0 if and only if Ul@l/2f is real valued, and using the relation U, = U, and the linearity of
the operators we infer

0 = arg (Ula1/2f> = arg (541/2(711")

= arg (@1/2Uaf> = arg al’? 4+ arg Uy f
_argo

+arg U, f.
O

Note that if f € 6* (HY), then the functions f + f and i(f — f) are Hermitian elements.
This is obvious for the first function since the map is an involution, and for the second
function we compute

((F= 1) =0i(F-0f)==i(o = 1) =i(r - 6F).

Now we have everything available to prove the main theorem of the section.

Theorem 3.3.11. Let f € 0* (HP), p > 2, and let o € T. Then for vy-almost every § € T,
F2) > Uaf)(€) aszo€

Proof. We start with some preparatory observations. By Theorem 3.2.2, we have for any
o, eT,

K [Ua fva] K [Usfvg]

K [Va} - U; (Uaf) =f= UE (Uﬁf) - K [V,B] (328)
Furthermore, by Corollary 3.1.3, K [v,] = (1 — 60)71, and thus
Ky, — /30
K (Vo foe] = gy K WUsfvs) = 1=K W . (3.29)
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As the operators U, are unitary, we have for any f € 0*(HP) that satisfies f (0) = 0 (recall
that ko = 1 and Uykg = 1)

[ Uaf (€ v (©) = (Wat Unk) 2y = (L) =1 @) =0, (330
T
In particular we infer from (1.13) that for such f
2K [Uagfva] = PUafva] +1Q [Uafra] - (3.31)
We now make the following assumptions. Without loss of generality, let f satisty f (0) =0.
Since we can write f = % + %, and both f+ f and z'(f — f) are Hermitian elements,
we can further suppose that f is a Hermitian element. We set o = 1 (the case a # 1 then

follows from considering the inner function 6 = @b as in the proof of Proposition 3.3.10),
and let £ € T be such that

() HRS) S oy (o),

.\ PllU-1fPv-1](2)
(ll) % — 0, and
(iii) 0(z) — 1,
as z = ¢. By Proposition 3.3.7 and Lemma 3.3.8, conditions (i) and (ii) are satisfied by

vi-almost every £ € T (recall that v; and v_; are mutually singular), and (iii) holds v;-
almost everywhere since v is supported on the set of points at which 6 has nontangential
limit 1.

Using (3.28) and (3.31) we can write f(z) as

fz) = (ULU-f) (2) = (1+0(2) ) K [U-1fra] (2)
1 .

= (1+0@) (P fra] @ +iQU-tfral (), (332)
so we have proved the statement of the theorem for a = 1 if we show that this expression
tends to Uy f (§) as z nontangentially tends to £&. We start from the Poisson transform of
Ui fvy and rewrite it in terms of P [U_; fv_1] and Q [U-1 fv_1].
As we assume f to be Hermitian, by Proposition 3.3.10 the function U f is real-valued al-
most everywhere with respect to vq, and U_; f is purely imaginary v_;-almost everywhere,

so we infer from (3.31) that

Re K [Ulfyl] = %P [Ulfyl]; Im K [Ulfyl] = %Q [Ulfl/l];

Re K [U_lfV_l] = %Q [U_lfV_l], Im K [U_lfy_ﬂ = %ZP [U_lfl/_l] .

We now use these relations to rewrite P [Uy fiq], further making use of (3.29) with a = 1

and 8 = —1, and the fact that the real and imaginary parts of % are the Poisson and
conjugate Poisson transforms of vy, respectively (Corollary 3.1.3). We then obtain
146
P[Ulfljl] = QRGK[UlfVl] = 2Re <1+0K [U_lfV_1]>

1 1
= 2 <Re . i_ ZReK [U_1fr_1] —Im %_ZImK [Ulfl/l]>

= 2 (P 1] %Q [U_1fv_1] — Q[vi] ;P [U_lfu_1]>
= i (PIAQIU-fval + Q] P[U-1fv-1] ).
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Dividing this equation by P [11] and applying condition (i) we get

Q] (2) PU-1fv-1](2)\ _ PUifwn](z)
P (2) ) T Pl(z) ot Unf (&) (3:33)

i(@ Uafva] (o) +

We continue by estimating P [U_1fv_1]. Since U_1f € L?(v_1), we may apply Holder’s
inequality to obtain

P fr] (2)| = \ / VPOV GOV () dvar (O ]

( /P s ) T/P<z,<>rU_1f<<>|2du_1<c>)

= (Pi] (z)>é<P [yU_lfy%_l} (z)) .

Now condition (ii) yields

IN

[ NI

IPIU_1fv4](2)| = <\/Py1 1]()), 13

Moreover,

Lo 1-jop (1-10F)

Pl Plv_q] = — ,
R T R R TR

whence we further get

2
IP[U_1fva]| = o <’11 _|Z‘2|> zoE (3.34)

With this we can estimate the second term on the left side of (3.33) by

2
_ [ [mo| e _, ( Hmo| s
- 11— 6] 1= |9|§ oo\ —e2) T <>
1

[1-0]

Q] PlU_1fr_]
P ]

Now [Im @] = [Im (1 — 6)| and the quotient ‘hﬁ(j@}lg)' ‘(‘Im ()1(1%)‘ isO(1) as z —>£ Thus,
the second summand on the left-hand side of (3.33) tends to zero as z nontangentlally

tends to £ and we infer

QU -Afra] () — Ui (€), ==& (3.35)

As = |9|2‘ < :g:z = 1 by the reverse triangle inequality, we further get from (3.34) that
[PU-1fra] () =0(1), 22 (3.36)

Applying (3.35) and (3.36) as well as condition (iii) in the expression (3.32) we obtained
for f, we see that as z nontangentially tends to &,

1) =5(1+0)) (PIU-1fv-1) () +1QIU-1fv1] () ) — UiF (€).
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O
Theorem 3.3.11 yields the following statement about the normalized Cauchy transform,
which is an interesting analogue to Proposition 3.3.7.

Corollary 3.3.12. Let u € M (T) be a positive singular measure and f € L?(u). Then
for p-almost every € € T we have

— f(&) as zﬁf.

Proof. As was shown in Remark 3.1.1, every positive singular measure y is the measure v
for some inner function. Thus, by Theorem 3.2.2 we have the relation V,, = U Yon L? (u),
where Uj is the associated unitary operator. Since the operator is continuous on L? (u),
the statement now follows from Theorem 3.3.11.

O

3.4 The nontangential maximal function

In order to generalize the results we established in the last section to arbitrary measures,
we need a maximal theorem about the nontangential maximal function of an element of
0* (HP), p > 2. For the definition of this function, we consider approach regions as shown

Figure 3.2: The region I'{ for { = 1.

in Figure 3.2, denoted by Fg. For a subset E C T, we denote I', = F?.
1359

Definition 3.4.1. Let f € H?, p > 0. We define the nontangential mazimal function f of
[ by
fo (&) :==sup [f(2)], £€T. (3.37)

7}
zEFE

We now use the Hardy-Littlewood maximal theorem to derive a similar statement for the
nontangential maximal function.

Theorem 3.4.2. Let f € 0* (HP), p > 2. Furthermore, let o € T and ¢ € (0,7). Then
[ 18 finite vo-almost everywhere, and

(i) ifp>2, f; € LF(va);
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(i) if p =2, then f; belongs to the weak L? of v, i.e., for every A > 0, the inequality

Va ({fso > )‘}) — )\2
holds, where ¢ > 0 is a constant independent of .

Proof. Tt suffices to consider the case @ = 1. Let £ € T be such that

| PLEv)
(1) ‘ Pinl(2)

<CfM(¢) and

() |PIfPva] ()| < (), @ Pl +val(2)

for z € F"O Note that by Theorem 3.3.11, for each @ € T we have f = U,f almost
everywhere with respect to v, therefore f € L?(v,). Hence, conditions (i) and (ii) are
satisfied by vq-almost every & € T by Lemma 3.3.5 and Corollary 3.3.6.

Furthermore, on D we have the relation

e Klfval _
/= U;Uaf =U,f = K [Va] = (1 - 0“9) K [fVa] :
Assuming without loss of generality that f(0) = 0, we use this relation with & = —1 and

(1.13) to write f as follows.

FE) = (466K vl () =5 (1+60)) (PIval () +iQIfva](2)). (339

Our first goal is to estimate the absolute values of the Poisson and conjugate Poisson
transforms on the right-hand side in terms of the Hardy-Littlewood maximal function of
f at & The estimates we apply are similar to those used in the proof of Theorem 3.3.11.
Since (g + h); < gy thyand any f € 6*(H{)) can be written as a linear combination of
Hermitian elements, we may assume f is a Hermitian element. Then we have the following
relation we established in the proof of Theorem 3.3.11,

PUMIE) (o QL) PLr](2)
i) QU (] + =TS,

Using condition (i), we get

Q[n](2) Pfra](2)
Pln](2)

We apply Hélder’s inequality to obtain |P[fr_]] < (P [1/,1])1/2(P[|f\2u,1})1/2. By
virtue of condition (ii), this yields the estimate

Q1)+ <Cpi(e), sett (3.39)

P [fraa] (2)] < /O (DM, (€ Plor+v] (2) P lvoa) (2)

for z € F?. We further estimate the Poisson transforms in the last expression.

-6 116\ 1-]6
Plvy+v_q|Plv_ = +
it vl Pl (\1—9|2 —1—0P) |-1— 0P
Pt -eP) (- loP)’
I1—62%|1 46 T -0+
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This gives us, with C7 = v8C,

1 o] M
<C———s——— 2 . :
|P [fl/,lﬂ — Cl ‘1 o 92‘ ’1 + 0‘ (f )y1+y_1 (f) (3 40)
We can now estimate the second summand in (3.39) by
QVl fV 1] 1+6 \1— 1—\9’2 9
1
< 2
— Cl|1+9| (f )V1+V,1 (g)’

so by applying the reverse triangle inequality in (3.39) and using this estimate we obtain
the following estimate for Q [fv_1] on I‘?.

QU () < €AY O + g P @ (3.41)
Furthermore, (3.40) yields
P ()] < gV U, O (3.42)

With (3.42) and (3.41) we can now estimate the Poisson and conjugate Poisson transforms
n (3.38), arriving at

7)< %\1+0<z>| (cfff@) -

[1+6(=)
< CHNE+ O (0, (©).

Taking the supremum over z € I'Y, we get an estimate for the nontangential maximal

(0, ©)

function fZ:

Fo(&) < CRMI(&) + O/ (f2)M,, (€. (3.43)

We now show that the right-hand side lies in LP (1) for p > 2 and in the weak L? (1) for
p = 2, which finishes the proof. We make use of the Hardy-Littlewood maximal theorem
3.3.4.

We first consider the case p > 2 and recall that the boundary function of f lies in the
space LP (11) as well as LP (v_1) by Corollary 3.2.7. By the Hardy-Littlewood maximal
theorem, f% then belongs to LP (v1). Furthermore, since § > 1, (J‘"Q)ﬁirk1 belongs to

L% (11 4+ v_1) and consequently to LZ (v1). Thus, \/(fz)%ﬂ/_l lies in LP (1), and we see
from (3.43) that the nontangential maximal function also lies in L ().
In the case p = 2, the Hardy-Littlewood maximal theorem implies that f% € L? (1), and

(fQ)i\irV_l lies in the weak L' of (v; +v_1), so we have the estimate

v ({ (P, > M) S v (L), > A)) <

and consequently
21 ({ \/ (fQ)yl—H/ 1 > A}) )\2

Since every L’-function also satisfies the weak-L? inequality, we deduce that in this case
f; lies in the weak L? and the proof is complete.

>/\<3

O
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3.5 Boundary behavior of the normalized Cauchy transform

We now take up the discussion of the nontangential boundary behavior of functions V,, f,
p being a measure in M (T) and f € L' (). In the case of singular positive measures v,
we saw in Section 3.3 that V, f nontangentially tends to f almost everywhere with respect
to v. The following lemma states that for any positive measure p € My (T) there is a
singular positive measure close to p in an appropriate sense. We will use this to generalize
the statement on the boundary behavior of V, f to arbitrary measures from the result for
singular measures we already proved.

Lemma 3.5.1. Let p € M, (T) and let I C T be an open subarc of the unit circle such that
pu(T\I) =0. Set J =T\I. Furthermore, let f € L> () and ¢ € (0,7) be given. Then for
each € > 0 there is a discrete measure g with po (J) = 0, and a function fo € L™ (o), with
the following properties:

(1) luoll < fleell,

(i1) |[follzoo(uo) < 11l zoo ()

(iii) |K [1] (2) = K [uo] (2) | <&, z €T,
(iv) |K[ful(2) = K [fopo] (2) | <&, 2 €T,

Proof. We may assume that I is bounded by the points 1 and e*® for some a € (0,7
(if & = 0, p itself is a discrete measure and there is nothing to do). We start with the
following observation: Given ¢ > 0, there is a sequence {agtren, C (0, ] which satisfies
the conditions

(a) ap =
(
(c

(d) for each k € N, setting Fy := [ag, ag—1],

)

b) a1 < ap for k>0, and o — 0 as k — oo,
) 1 ({e’*}) =0 and p({ei?e=2)}) =0, k >0,
)

1 1 <5
su - . .
zer% 1—ze % 1 —ze ‘o

teFy

Such a sequence can be obtained in the following way: Since any measure can have only
countably many point masses, we can find a sequence {ay}ren, that satisfies (a), (b) and
(¢) of the above conditions, and which further tends to zero sufficiently slowly such that

also W — 0. We now consider the function
k
1 1 z(e7 — emton)
D (t,z,a) = - — —| = . . , te By, z€I%.
( k) 1—ze 1 —ze ' (1—ze ) (1 — ze~iw) g J

If 2 is bounded away from the arc {e*,t € E}, the denominator is bounded away from zero
and this function becomes small if only ¢ is sufficiently close to aj. But the denominator
becomes small if z is close to this arc. So in order to obtain an estimate as in (d), it will
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be crucial to estimate the denominator from below in the part of F? closest to the arc
{e",t € (0,a)}. We set w:= % and ro := sinw and define the set Q2 as

Q=190 {z=re” | ro<r, 9| < T —w, andifd >0, TS%}’

see Figure 3.3. Our goal now is to derive an estimate of D (¢, z, ay;) independent of t € Ej,

Figure 3.3: The region €.

and z € ). We define the following constants.

1—e¢t
M; = sup ) ; , |t < 2mp; (3.44)
. N
mi = nfdSR@HDosime oL (3.45)
t 2
P inf{Sltnt, |t|§72T}. (3.46)

Each of the functions above is continuous and nonzero at ¢t = 0, and we see that these are
continuous positive functions on the respective closed intervals. Consequently M7, m and
mg are finite and positive.

We further note that for any 7 € R we get the estimate for r € (0, 1)

|1 - 7“6”}2 =(1- rcos7)2 +r?sin®T =1—2rcosT +7r% > 1—cos’ 1T =sin®7. (3.47)

We fix an index kg € N such that

Qpy—1 < w and oy, < g (3.48)
Let k > ko. We estimate the denominator of D (t,z,a3) for z = re’’ € Q and t € Ej,
considering three cases depending on the argument of z:
1. 9 > SE. In this case we get for any ¢ € R, using the estimate |z| < % as well as
(3.45),

—it —ia

> (1-12)° > <1_sinizlifl9)>2

‘l—ze

‘1—2’6

1 sin(w + 9) — sinw _]? 90 M3

= 9| > 9° > —as.

[sin(w +9) 0 ] =Mt =%
2\7:11
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2. |9| < 5. We employ the estimate (3.47) to get

11— zeiitml — ze o ‘2 > sin®(¥ — t) sin? (I — ay,). (3.49)
As the aj are monotonically decreasing, we can use (3.48) and we see that the difference
ap — ¥ is now bounded from below and above by

3
o= 0] > g = [0 > T and oy =] S @+ ]9 < TE < 7,

and letting t € [ay, 5 — w] we further obtain

o, s o 77
t—9>— d t—9< - — — < —.
Z 5 an <35 w+2 5

Hence, with the constant mgo from (3.46) we have

oy
. .o sinSFag  mo
sin(t —19) > sin — = - > _=

( )2 2 —O‘zk 2 — 2

A,
as well as [sin(ay, — 9)| > "S2ag. Applying these estimates in (3.49), we obtain

t - m3
|1 —ze "||1 — ze7"| > 1 (3.50)
3. 9 < =% Letting t € [oy, agy—1] we get the estimates, making use of (3.48) again,

™ ™

oy T s
— Sap V<ot 5 -w< g 5 5"

ok
5 5 5 and 7§t—z9§ako,1+

and as in the previous step we see that in this case (3.50) holds for ¢ € [ag, ag,—1]. Setting

2 2
m := min {%, %}, we infer that if £ > kg, for all z € Q and ¢t € E}, we can estimate the
denominator of D (¢, z, ay) by

11— zeﬂ't‘ }1 - Zefm’“} > mas. (3.51)

Note that since for z € I'7\Q and t € Ej, we have |1 — ze™%| > dist(I'7\(2, Ex) > 0, by in
case modifying m > 0, we may assume this estimate holds for all z € I‘i‘,’ and t € Ey.

Furthermore, for z € I' and ¢t € Ej we can use (3.44) to estimate the numerator of
D (t, 2, ax) by

‘z(e*it — e*m’f)‘ < ‘1 — ei(a’“*t)‘ < Mllak — t‘ < M (ak,l — ak). (3.52)

We set M := Mym~! and note that this constant depends only on the angle ¢. We now
obtain the estimate for k > kg

2 e*it _ e*iozk =
sup D (t,z,ax) = sup ( , ) SMak 12 i
zer? zer [ (1—2ze7) (1 — ze~iox) o?
teEy teby

By our choice of the sequence {ay}, for given g9 > 0 there is an index k1 > ko such that
W < gg for k > ki. So if we choose g < %, we get that
k

sup D (t,z,a1) < ¢
zel?
teby,
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if only £ > k1. We now redefine the first part of the sequence to obtain such an estimate
for all indices. On the interval [y, , a] we have

inf{ [1—ze |, z€D%, te [akl,a]} =K >0.
We choose equidistant points 5o := a, 51, ..., BL = g, in [ayg,, @] such that 5i_; — 5 <
KWZI‘S. Using the estimate (3.52) for the numerator, we obtain for [ =1,... L
z(e7 — e~ My (Bi-1 — Bi
sup D(t,z,0) < sup ’ ( 702 >‘§ ( 72 )<5.
zel'y zelY
te(Br,B1-1] te(Br,B1-1]

By if necessary shifting the points §; slightly, we can assume that they satisfy condition
(c) above. Now the sequence {dy }ren defined as

4 __{ B, k=0,...,L,
ke Qg +k—L, k> 1L,
satisfies the conditions (a)-(d).

Now let € > 0 be given. We choose § < min {m, W} and a sequence {ag}ren
"

satisfying (a)-(d). We use this sequence to partition I into subarcs Iy, k € Z, and then
construct a discrete measure with point masses on the boundary points of those arcs that
satisfies the required conditions.

For k € N we denote a_j, = 2a — oy, and set I, := {e ¢t € (o, ap_1)} and I_;, = {e' t €
(—g+1,0—-k)}. We define a discrete positive measure po by

po ({€'°*}) = p(lx) and  po ({e"**}) =pu(Ix), keN,

and the function fy by

iay —L an ek} — 1
fole )—M(Ik)/f(C)du(C) a fole o) N(I_k)l/f(odu(o, Fen.

Now we verify that o and fp have the properties (i)-(iv) stated in the lemma. As by the
choice of {ay}, the measure u has no point masses at the points e, k € Z, we have

ol = / dro = 3" (u () + i (1)) = lul.
T

keN

We can estimate the L°°-norm of the function fy by

. 1
foll e = sup |fo (e"**)| = sup /f{d ¢
I ollz o) keZ\{O}‘ o (¢™)] keZ\ {0} M(Ik)l ()i ()
k
1
< sup |——— 00 Ip)| = (1) - 3.93
b M(Ik)HfHL wh k)| = I Fllzoe () (3.53)
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Furthermore, using again the fact that y has no point masses at e’®*, k € Z, and that pu is
a positive measure, we get for z € F?

> </1_1§Zd“(o_”(lk)1_zle—m>‘

kezZ\{0} \j,

K (1] (2) = K [po] (2) | =

1 1
< — — .
> /I—Cz 1_Zemkd,u(§)'
keZ\{0} ' 7,
< 3 ) sup|— —
< k =— — —| < .
keZN{0) cel, |1 —Cz 1 —ze '

The same estimates and the use of the essential boundedness of f yield

K [fu] (2) = K [foro] (2) | < | fllzoouylluelld <e,
and we see that the measure pg and function fy satisfy the required conditions.
O

Theorem 3.5.2. Let € M (T) and f € L' (u). Then for p-almost every &€ € T the limit

lim V, f (2)

z2—
7€

exists. Furthermore, the limit equals f (§) almost everywhere with respect to the singular
component of (.

Proof. We do the proof in three steps: The first and crucial part is to prove the statement
for € My (T) and f € L> (u). Then it is easy to pass to the case of f € L' (i) for positive
p, and in the third step to the general case of an arbitrary u € M (T) and f € L' (u).

So let us start with p € M4 (T), f € L> (u). We denote V, f by F. Theorem 3.2.5 tells us
that in this case F € H?, consequently F has nontangential limits almost everywhere with
respect to o, and hence also with respect to the absolutely continuous component of . We
denote the singular component of u by ps. What we have to show now is that boundary
values of F also exist us-almost everywhere, and that they equal f almost everywhere with
respect to us. We will do this by employing Lemma 3.5.1 to construct sequences of singular
measures, for which we can apply Theorem 3.3.11, and then using a limit argument. The
lemma requires a measure supported on an open subarc, so we have to consider appropriate
restrictions of u to such sets.

To this end, let E C T be such that us (E) = ||us]| and o (F) = 0. Since pg is regular
and finite, we can find a sequence {En}yen of closed subsets of E such that ps (E) =
NS(UNGN EN). Hence, ey En is a support of p15, and we may assume without loss of
generality that £ = (Jycy EN-

We now fix some N € N. The set T\Ey is open, therefore it can be written as ey Ik
with pairwise disjoint open subarcs I of T. Now we apply Lemma 3.5.1 to each of the I
and the restriction of p to these arcs: Given € > 0 and ¢ € (0,7), for every k € N we get a
discrete measure pj, supported on I} and a function fi € L (uj) such that ||ug| < p (1),
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HfliHL”(ui) < ||f||Loo( and, for each z € I‘T\I ,

K] ()~ K ) ()] = ‘/1_@ /Flgzduz<c>\<;,

fk €
2’“'

\K [fuln] (2) — K [fip) ()| = '/1_
Iy,

We define a singular measure as pe = Y uj, + XEyis, and let fo be such that f. = f
keN

almost everywhere with respect to ,us‘ Ex and f. = f; almost everywhere with respect to
pr- Then pi. satisfies

el <3 (T) + ps (Bx) < p(T\EN) + e (En) < |||
keN

and since Hfli”LOO(M;) < [ fllpee (), for fe we have || fellpoo(uy < || fllLoo(u). We also have

the following estimate for all z € F%\Ulk =T%,

Kl -K1 ()| = X [ == uk+/1 = [
T

keNy.
1 1
_ Z(/ dﬂi—/-dﬂ)
1—-(z 1—-Cz
1 1
G- | ——a
+/1—§z“ /1—@“
EN EN
=0
g
< D m=e
keN

and analogously |K [fu] (2) — K [fpe] (2)| < e. Using |K [u]| > 3||ull, we now get the
following estimate for the difference of the normalized Cauchy transforms F' and F; = V,_f.

on F%N.
e K[ful(z) [fa/f«a] (2)
‘K [fu]( ) [fs,UJe] (Z) K [feﬂe] (z) . K [feﬂa] (z)
KW (z)  Kld(2) Klu(z) Kl (2)
— wl]"f( [fu] (z) — K [fepe] (2) ‘
+|]‘(F|‘K )—K[u](Z)‘
< ”(1+IF()!)
This yields
FEl< ||(1+IF (2)]) +1F= (2)].-
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If we let £ € En and take the supremum over z € I'?, we obtain

Fr () < =

< W(l + (Fo)5 (8)) + (F)5 (6) -

Since p is a positive singular measure and f. € L (1), Theorem 3.2.5 and its Corollary
3.2.6 imply that F. € 0*(H?), and thus by Theorem 3.4.2 its nontangential maximal
function (F:)7 is finite almost everywhere with respect to . As Ma’EN = “‘EN’ (Fe), is
finite p-almost everywhere on Exn. Above estimate now shows that also F is finite u-
almost everywhere on Ey.

Furthermore, we can apply Corollary 3.3.12 for the measure p. and function f., which

gives us that for p.-almost every & € T,
F€(Z):Vugfa (2) — f(§) as Z?f.

As by construction g, and f.

¢ € En we have

=f ‘ £, this implies that for y-almost every

}EN = M‘EN ‘EN

lim 7. (2) = £ (). (3.54)

We fix an angle ¢ € (0,7) and let {¢;},cn be a sequence of positive numbers tending to
zero. For each €; we construct a singular measure pi. : and the functions fej and F;, as
above for ¢. Let £ € Ex be a point which satisfies F}; (§) < +oc and at which for every
JeN,

liy £, (2) = 1), (3.55)
As established above, this is satisfied by p-almost every point in E (note that a countable

union of nullsets is a nullset). Using the estimate ’K [,ugj} ‘ > @ > @, we then have

for z € Ff
) A — Kfp](2) K [fe;0e,] ()
FEO-F @ = 1R ~ Kk @)
< K(fu] ()  Kl[fu(z) L Klful() K [fe1e,] (2)
T KG) K [I“Ej] (2) K [pe;] (2) K [pe;] (2)
F(2)
- Kol el @ - K1)
1
+ W‘K[fld (2) = K [ fe;pe,] (2) ‘
2€j - 26] *
< M(EN)(|F( ) +1) < B (F36)+1).

The right-hand side is finite and we see that F;; tends to F uniformly in the region F? as
ej — 0. Thus, by the theorem on uniform convergence (|20, Theorem 7.11]) we obtain for
z tending to & from within Ff

lim lim |F (2) — f ()| = lim lim |F — I ‘ = lim lim ‘F - I (Z)| =0,

j—o00 z2—¢& j—00 z2—¢& z—E€ j—00

ie., F(z) tends to f (§) from within the set F?. Since the angle ¢ was arbitrary in (0, ),
we conclude that for p-almost every £ € En, F(z) tends to f(§) as z nontangentially
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approaches . This holds for each N € N, so recalling that (J Ey = E and that E
NeN

supports us, this finishes the first part of the proof.

Now let y € M4 (T) and f € L'(u). As V, is linear, we can assume f > 0. Then
the function g = ﬁ is a bounded holomorphic function. We consider the measure v =
(1 + f) p which is absolutely continuous with respect to p, and note that g € L™ (v).
By the first part of the proof, V, g has the nontangential limit g almost everywhere with
respect to vy, and the support of v, is the same as that of us;. We use the linearity of the
Cauchy transform and calculate

Klg[(z) _  Klp(z)  _ ! _ 1
KV (2) _K[(1+f)u](2)_1+Vuf(Z)z§g(€)_1+f(£)’

Vig (2) =

hence V,, f (2) = f (&) as z nontangentially approaches &, for ps-almost every £ € T.
We finally come to the general case of 4 € M (T) and f € L' (u). Let g € L' (Ju|) be such
that g |u| = p. Then |g| = 1 almost everywhere with respect to p. We note the relation

K[fglul]
Vimlg — Kl  Klfglul]

= = —V,f.
Vi Klglul] K #
19 e (g |pl]

By the previous parts of the proof (note that g is essentially bounded), the fraction on the

left-hand side tends to % = f (&) nontangentially at |us|-almost every point, and this

completes the proof.

0
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Chapter 4

Measures with singular components

4.1 Definition of the Classes I-IV

We now continue the discussion of the boundary behavior of the Poisson and conjugate
Poisson transform that we started in Chapter 2, where we showed that for absolutely
continuous p € M (T) both transforms have finite boundary values almost everywhere on
T. We also already saw that the Poisson transform tends to infinity at almost every point
on T with respect to the singular component of the measure. We now take a closer look at
the mode of growth of the transforms, precisely, we want to compare the speed of growth of
the Poisson and conjugate Poisson transform and try to provide classifications of the sets
of measures for which either transform grows faster than or at least as fast as the other.

Definition 4.1.1. A measure u € M (T) belongs to Class N, N = I,11,111 or IV, if for
p-almost every £ € T the following condition holds:

(1) Plul(z)=0@[u(2) as 22
(1) QU (z)=0o(Pu(2)) as 22
(III) Pl (2) =0 (Q[u (2)) as 2 =&
(V)  Qu(z)=0(Pul(2) as z—

In the following sections we examine each of those classes, collect properties of the mea-
sures therein, and give conditions which insure that a measure belongs to a certain class.
As of now, a complete description of most of them is lacking.

What we can say about all four classes is that for each singular measure p lying in Class
N, all measures absolutely continuous with respect to u also belong to the same class, i.e.,
for any f € L' (Ju|), fu also lies in Class N. This is a consequence of Theorem 3.5.2; we
provide the following somewhat stronger formulation.

Theorem 4.1.2. Let u € My (T), f € L' (u) and let v be the measure absolutely contin-
uwous with respect to p with density f. Then, at vs-almost every £ € T,

. <gm Ez§> (Q[u] (Z))_1 1
22 \P[V] (2

In particular, if ps belongs to Class N in Definition 4.1.1, v belongs to the same class.
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Proof. We decompose v = Vye + Vs = fliae + fits- By Theorem 3.5.2, we have that

K] (2)
lim ————~< = 4.1
I ICIA -y
at ps-almost every £ € T, and consequently also vs-almost everywhere. Using (1.13), we
can write this limit as

limM = limP[V](Z)"‘iQ[V](Z)‘i‘deV

2= K 4] (2) 226 Plu](2) + Q1] (2) + fpdp
L4 Qe | Jpdv
_ i 2M() DT TPRIG) T PG

P (2 Qlu|(z) | Jpdn
¢ Pl () 14 i3S + 2

=:A

By Proposition 3.3.7, lemgg tends to f (&) as z ? ¢ almost everywhere with respect to

1, hence also almost everywhere with respect to v. Furthermore, we know from Theorem
2.2.4 that P [u] and P [v] tend to infinity at almost all £ € T with respect to ps and v,
respectively. Now let & € T such that

(i) £(&)#0;
(1) R = /(€ and 54E = [ () as 2 =2 &

(iii) P[u](z) = oo and P[v](z) — o as z 2 €.

Note that vg-almost every £ € T has these properties. For such &, we see from the above
relation that the quotient A must tend to 1, equivalently,

i (12 - GE2) + (s - e

e e Q[u]( P[fy]f;) L =0 e —-& (42
T
L+ i3 + Pl
We now consider the possible cases of asymptotic behavior of gmgg and the conclusions
we can draw for the behavior of gmgg

Q[u](z)
Case 1. Pl

Under this assumption, the denomlnator of B tends to some finite nonzero value. The
right summand in the numerator tends to zero as the Poisson transforms tend to infinity.

—ce |0, oo)asz—)f

So, for B to converge to zero, we conclude that gmgg Q) 0, which implies that

Plpl(2)
gHEZ; even converges to the same value c as gmgg

Case 2. Q% %Eg—mxaaszéf
Qlu) (=)

In this case we divide the numerator and denominator of B by Pl to obtain

(3 (F) ™ - 1) + Gt - i) ()™

QI t L . Jrdn (QUul(x)\
(P[u]( )) it Bl (P[u](Z))
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The denominator now tends to 1, and in order for the whole expression to become zero

-1
gmgg (g%gg) must converge to 1, thus gmgg must tend to infinity at the

Q[u](2)
same rate as Pla()-

we see that

We see that at vs-almost every point on T, the measure v satisfies the same condition (N)
as p. In particular, if ug belongs to Class N, i.e., condition (N) holds almost everywhere
with respect to ug, the same condition holds almost everywhere with respect to vs and
thus vg belongs to the same class.

0

By virtue of this statement, it suffices to consider positive measures in the proofs of many
of the following statements, since any complex measure p is absolutely continuous with
respect to its total variation |pul.

4.2 Class 1

We start with the consideration of Class I, i.e., the measures u € M (T) such that
Plul(z) =0(Qlul(2)) as z =€ (D)

at p-almost every £ € T.

We first observe that if u is absolutely continuous, u = fo with f € L' (¢), condition (I)
can only hold for a p-nullset: For in this case, Theorem 2.3.1 tells us that @ [u] has a finite
limit at p-almost every boundary point. So in order for (I) to be satisfied, P [u] would have
to tend to zero at p-almost every point. But by Theorem 2.2.3, the nontangential limit
of the Poisson transform equals the density f which is nonzero almost everywhere with
respect to pu. Consequently, Class I does not contain any absolutely continuous measures.
Now if we consider a measure p € M (T) with singular component us, the Cauchy trans-
form of u tends to infinity at almost every boundary point with respect to the singular
component. There is no immediate answer to whether the relation (I) can hold for singular
measures. We shall see eventually that no singular measure u € M (T) can satisfy condi-
tion (I) on a set with positive p-measure either, whence we deduce that Class I is empty.
Before we come to the main result we have some preparatory work to do.

Let p be a positive measure, then P [u](z) > 0 in D, and hence K [u] maps D into the
right half plane {w € C | Rew > 0}. Consequently, the rotated function iK [p| maps D
into the upper half plane H := {w € C | Imw > 0}. We start with a statement about the
images of nontangential approach regions in D under the map i K [u]. We need the Poisson
transform of a measure on the real line:

Let v € M (R) be a complex measure satisfying [ -
R

1+¢2

d|v|(t) < oco. The Poisson transform
of v in the upper half plane is defined as

P ()= [ 0%

- Wdu (t). (4.3)
2 z

We also introduce the following notion: Let B C T and £ C D. We say that E nontan-
gentially approaches the set B, if for every £ € B there is a sequence {z,}nen € F such
that znjﬁasn%oo.
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Theorem 4.2.1. Let p € M4 (T) and denote the singular component of p by pus. Further-
more let B C T and E C D be such that E approaches B nontangentially. Suppose that
there exists a nonnegative Lipschitz continuous function g : R — Ry which satisfies

/ 1gft)2 dt < oo, (4.4)

R

and such that the set iK [u] (E) = {iK [u] () | z € E} lies under the graph of g, i.e.,
iK [p)(B) C{z=a+iyly<g(a)}
Then ps (B) = 0.

Proof. We define the positive measure dv = gdt on R. By assumption on g, v satisfies
Jz 1JrLﬁdu () < o0.

For a point = + iy € iK [u] (E) we have y < g (x), and since ¢ is Lipschitz continuous, we
can find an interval I, := (z — c1y,x + c1y) C R, where ¢; depends only on the Lipschitz
constant L of g, such that for all ¢t € I, we have g(t) > §. Indeed, using the Lipschitz

condition for g, we get for ¢t € I,
g(x)—g(t) <lg(z) —g@t)| < L|z—t| < Lay,

and hence y < g(z) < Leyy + g (t). So if we choose ¢ > 5, we get g(t) > ¥ in the
interval I,. This gives us the estimate (note that the integrand is nonnegative)

Pl](z+iy) = /Mg(t)dtZ/mg(t)dt

2 1 2 1
> y/2dt = y—72cly = Cily.
2 J (ay)” +y? 2 y c

x

We infer that for x + iy € iK [p] (E),
y=0 (P[] (x+1iy)) as x4+ iy — oo. (4.5)

We now want to translate this asymptotic relation on iK [u] (E) into a relation on the set
E. To this end, we consider the composition function P [v] (iK [u] (2)), z € D. Since v is a
positive measure, this is a positive harmonic function in D, and therefore it is the Poisson
transform of some positive measure n € M, (T) by Theorem 1.4.3. Furthermore, since pu
is also positive, we infer from (1.13) that the asymptotic behavior of y = ImiK [u] (z) as
z7 ¢ is determined by that of P [u] (z). By means of these observations, the relation (4.5)

can now be translated into
Plul(z) =0 (Pn](z)) as z— & € B from within E. (4.6)

We examine the asymptotic behavior of P [n]. By Theorem 2.2.4, we have that for ps-
almost every £ € T,
Plu)(z) — o0 as z 2 g, (4.7)

hence, for ps-almost every £ € T, the imaginary part of K [u] (z) tends to infinity as z
nontangentially approaches . Furthermore, (4.3) shows that

Pv](w) — 0 as Imw — oo, (4.8)

60



since the integrand tends to zero. Now (4.7) and (4.8) imply that for ps-almost every &,
Pj(z) = P[] (K [g] () — 0, 22 &

Hence n L ps by Lemma 3.3.8. But for pu we have that

PUl(E) _ ., Plud@®

Plud(z) Pl (2)

at us-almost every point by Lemma 3.3.8, and so we get

Pl)() _ Pl)() Pl ()

Pnl(z)  Plusl(z) Pnl(z)

as z approaches & for pg-almost every & € T. Since this contradicts condition (4.6), we
conclude that B is a nullset with respect to us.

0

Theorem 4.2.2. Let p € M (T). Denote by B the set of £ € T for which there exists a
continuous nontangential path v¢ C D terminating at £ such that

— 0

as z approaches § along v¢. Then |u| (F) = 0.

Proof. We denote the absolutely continuous and singular parts of p by pe. and pg, respec-
tively.

At pge-almost every € € T, the nontangential limit of P [u] exists and equals f(§) # 0
by Theorem 2.2.3, and the nontangential limit of @ [u] is finite by Theorem 2.3.1, so the
condition of the statement can only hold for a 4. —nullset.

We suppose now that ps (B) # 0. By Theorem 4.1.2, it suffices to assume p is a positive
measure. By assumption, we find a function ¢ : [0,00) — [0,00) with ¢ (z) = o(x) as
x — oo, and a set By C B with us (By) > 0, such that for every £ € By we have

Plu) (2) + [[ull < ¢ (1Q [u] (2)]) = o (1Q[1] (2)]) (4.9)

and
Plu](z) — o0 (4.10)

as z approaches { along v¢. The latter is satisfied at pg-almost every £ € T by Theorem
2.2.4.

Our goal is to construct a suitable function g in order to apply Theorem 4.2.1. We choose
a sequence {ay}ren of positive numbers monotonically tending to infinity such that

3 ¢ (S’“) < . (4.11)
k

a
keN

o)

This is possible as tends to zero as x — 0o, and so we can choose numbers a; such

¢lar) 1
that =7 < .

For k € N we denote a_j := —ay. For each k € Z\{0} we define the function gy : R — R4
by gk (x) = max{0, ¢ (|ag|) — |z — ag|}. The function g is a hat function with maximal
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value ¢ (Jag|) at ag. The support of g is the interval [ar — ¢ (Jag|) , ar + ¢ (Jak|)] and the

area under the graph of g equals ¢? (Jax|). We set g (x) = kr%%?}{gk ()} and verify that
€zZ\{0

this function satisfies the conditions required in Theorem 4.2.1. First we note that the hat
functions gy, are Lipschitz continuous, and so g, being the maximum of Lipschitz functions,

is Lipschitz continuous too. We have to show now that [ 1945?2 dzx is finite. We can assume
R

that for all £ € N the estimate %}f) < 3 holds, this yields 0 < % < a; — ¢ (ax) and so

1

2
! < 1 <

Pa? 7 (= p(a)?) ~ (%)

on the support of g; and, by the symmetry of the domain and the function, on the support

of g_i as well. We get the estimate ﬂ{ {’“T(fgda: < ¢? (Jag|) % for k € Z\{0}, and for g this

[a—

yields

/ g(@) . 3 /gk(x)dx<82¢(ak)2<oo
1+ a2 - 1+x2 " — a2
R kEZ\{O} R keN

by (4.11). We denote by Ay, k € Z\{0}, the triangle bounded by the graph of g and the

real axis, and set E := (iK [u]) U Ak>. We claim that this set nontangentially
keZ\{0}
approaches By: To see this, let £ € By. Since by construction g (ax) = ¢ (Jag|), conditions

(4.9) and (4.10) imply that we can find a sequence {25} C 7¢ nontangentially approaching
¢ such that for every k € N, iK [u] (z) lies in Ag. Hence the sequence {zj} lies in F
and thus E nontangentially approaches By. Now we have fulfilled all the requirements for
Theorem 4.2.1, which yields us (Bp) = 0, a contradiction. B must be a nullset with respect
to ps and the proof is complete.

O

Corollary 4.2.3. Class 1 is empty.

Proof. A measure u € M (T) belongs to Class I if lin% gBﬁ %Eig = 0 holds for p-almost every
zZ—r

& € T. But, by Theorem 4.2.2, the set of points satisfying this condition is even a nullset
with respect to p (in order to apply the theorem, choose, for instance, radial approach
paths).

0

4.3 Class 11

We now take a look at the class of measures p € M (T) that satisfy the relation
Qlul(z) =o(Pu(2)) as 22¢ (IT)

at p-almost every & € T.

This class does not contain any measures with singular components. The following result
is stated and proved in Theorem 1.2 of [3] for complex measures on the real line. However,
the problems are equivalent if one uses the usual transformation between the unit disk and
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the upper half plane to translate the statements. The transformations can be found in [12,
Chapter 5]. We state the result in the form applicable to our case.

Theorem 4.3.1. Let p € M (T) and let B C T be the set of points £ € T for which
|Q (1] (2)] = o(P[u](2)) as z nontangentially approaches . Then |us| (B) = 0, i.e., the
restriction of yu on B is absolutely continuous.

O

If w € M (T) is absolutely continuous, the Poisson transform P [u](z) tends to a finite
nonzero value p-almost everywhere on T. Thus, an absolutely continuous measure lies in
Class II only if its conjugate Poisson transform tends to zero at p-almost every boundary
point. At this point there is no complete description of the class of measures with this
property. In [4], the corresponding class of measures defined on the real line is studied, and
a description of the subclass of positive absolutely continuous measures in Class 11 is given.

4.4 Class II1

Class III is the collection of measures p € M (T) for which
Plul(2) =0(Qlul(2)) as z2¢ (I1T)

holds at p-almost every £ € T.

If 4 € M (T) is absolutely continuous, both its Poisson and conjugate Poisson transforms
have finite limits p-almost everywhere on T, and for P [u] we further know that this limit
is nonzero p-almost everywhere. Thus, Class III contains those absolutely continuous
measures whose conjugate Poisson transform has nonzero limit p-almost everywhere on T.
It does not contain any discrete measures, as we conclude from the following result.

Proposition 4.4.1. Let p € M (T), and let £ € T be such that p({&}) # 0. Then

iy @M E) _

r=1 P {u] (r€)
Proof. We consider the radial behavior of (1 —r) P [u] (7€) and (1 —r) Q [u] (r€). We first
calculate for the Poisson kernel
-r)(1-r%) r .
@l =ho, g6
(1-n P& =1 (508

—r)(1-r?) » .
% 11) 2, lfczf

Furthermore, |(1 —7) P (r&,¢)] < %

a bound uniform in r for the functions (1 —r) P (r¢,.) on T. Therefore we can apply the

< 2, and since the measure is finite we have

dominated convergence theorem and obtain

lim (1 —7) P [u] (r§) = /QX{s} (€) dp (¢) =21 ({}) - (4.12)

r—1
T

For the conjugate Poisson kernel we get

(1—7)2Im (rfg) 7il> 0 lfc#f
1-nQue0=1 o« Sileny
% =0, if¢=¢.
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As [Im (r&€)| = [Im (1 —r&C)| = |Im ({(¢—7€))| < |¢ —r€|, we have the estimate
(1=7r)Q (r&, Q)| < %’glﬁ' < 2, and the dominated convergence theorem yields
lim (1 —7) Q [u] (r€) = 0. (4.13)
We infer that for & € T with p ({€}) # 0
Qlul(rg) .. (1—7r)Qu](rf)

lim =———% = lim =0.

r—1 P [M] (7“{) r—1 (1 — T’) P [,u] (7“5)

0

The proposition shows that along every radius terminating at a discrete point of u we have
the relation @ [u] = o (P [u]), hence no discrete measure belongs to Class III.

Concerning singular continuous measures, we can draw some conclusions from the following
result (the proof of the corresponding statement for measures on the real line can be found
in [4, Theorem 3.1]).

Theorem 4.4.2. Let € M (T) be a real-valued measure. Denote by B the set of € € T for
-, C

which there are an angle ¢ > 5 and € > 0 such that Q [u] (2) # 0 for all z € AfﬁUl,E (0) .
Then B is a nullset with respect to the singular component of L.

0

Suppose now u € M (T) is a positive singular measure. The theorem implies that for u-
almost every £ € T, the conjugate Poisson transform @ [u] takes the value zero arbitrarily
close to ¢ in any sufficiently large sector Af. Hence, if ¢ > 7, we can find a sequence
{zk}ken C A? with zp — £ as k — oo such that @ [u](zx) = 0 for all & € N. But
the Poisson transform of a positive measure is always positive in . Therefore we have
lim | Elel(z)
koo | QH(zk)
condition (III) is satisfied for no singular measure except on a nullset. Whether this

= 00. Thus, if we consider convergence from within sufficiently large sectors,

statement holds true for all angles ¢ > 0 remains an open question at this point.

4.5 Class 1V

We recall that Class IV is the class of measures y € M (T) such that
Qlul(2) =0(Plul(2)) as z2¢ (IV)

holds at p-almost every & € T.

Class IV contains all absolutely continuous measures p € M (T), as for such measures the
transforms P[] and @ [p] tend to finite values and the limit of P [u] is nonzero p-almost
everywhere on T.

As was pointed out in [2], all discrete measures belong to Class IV. It does not contain
all singular continuous measures, as can be shown by constructing examples of singular
continuous measures that do not satisfy condition (IV). Such measures are found for
instance in the family of Clark measures associated with an inner function with particular
boundary behavior. An inner function with the following property was constructed by W.
Rudin in [§].
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Proposition 4.5.1. There is an inner function 6 that takes o-almost every radius into a
path that is not nontangential, i.e., there is a set B C T with o (B) = 1 such that for every
€ € B, the set {6 (r&), r € (0,1)} is not contained in any sector Ag(g) with ¢ € (0,7).

0

Denote by {v4 }aer the Clark measures corresponding to this inner function. One can now
show that for o-almost every o € T, the set of points £ € T such that

Qval (r8) = O (P [va] (r€)) as 7 — 1

is a nullset with respect to v,, see [2]. An example of a singular continuous measure on
the real line that does not belong to Class IV is constructed in [4].
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