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Introduction

The purpose of this master thesis is to develop a spectral theorem for definitizable linear
relations on Krein spaces, c¢f. Theorem 3.4.4. In 1981, Dr. Peter Jonas has already
considered the case of a self-adjoint and densely defined linear operator A : dom A <
K — K, cf. [Jon].

In the first chapter, we give a brief introduction to Krein spaces and discuss the notion
of a linear relation, which is a generalization of linear operators.

In the second chapter, we show how r(T") can be defined for a linear relation 7' on
a Krein space K and a rational function r whose poles lie in p(7"). This elementary
functional calculus can easily be obtained by using an extension of the Riesz-Dunford
functional calculus for linear relations. We also outline an elementary approach in Section
2.2.

At the beginning of the third chapter, we recall the spectral theorem for self-adjoint
operators on Hilbert spaces and show how it can be extended to self-adjoint linear
relations, cf. Theorem 3.1.3.

In Section 3.2, we show how linear relations can be moved from one space to another if
a linear mapping between theses spaces is on hand. The theory developed in this section
is the main tool in the proof of Theorem 3.4.4.

In the next section, we introduce and study the notion of a definitizable linear relation
A with definitizing polynomial p. Probably, there are definitizable linear relations which
do not have a real definitizing polynomial, cf. Remark 3.3.4. In the following, we
assumed to have a real definitizing polynomial. Furthermore, it seems that it is, in
general, not possible to divide out the non-real zeros of a definitizing polynomial which
do not belong to the spectrum of the operator, as done in [Jon]|. This is the reason why
we only get o(A) € RUp~1({0}), whereas equality prevailed in the case of a densely
defined operator for a certain polynomial p. Hence, there occur non-real zeros in general,
which could belong to the spectrum.

In Section 3.4, we give the construction of our functional calculus E!, and formulate
the main-result Theorem 3.4.4. It states that for every definitizable linear relation on
a Krein space with real definitizing polynomial, there exists a x-homomorphism from
a certain space of function, namely F!, to the bounded operators on the Krein space,
B(K), which is an extension of the functional calculus for rational functions. The proof,
in a nutshell: We construct a Hilbert space and a linear mapping between the Krein
space and this Hilbert space, and then use the theory developed in Section 3.2 to move
our definitizable linear relation to a self-adjoint linear relation in the Hilbert space, where
we have a spectral theorem at hand.

In the last section, we show that this functional calculus E is continuous, at least on
a subspace Fyy with respect to a certain norm ||.||7, and we show that the support of E
coincides with the spectrum of A.
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1 Preliminaries

1.1 Krein Spaces

Definition 1.1.1. Let X be a linear space together with a map [.,.] : X x X — C, such
that for all z,y,2z € X and \,u € C

[/\I‘ + 1y, Z] - /\[.7], Z] + :u[yv Z]

[z,y] = [y, z].

We call [.,.] an inner product and (X, [.,.]) an inner product space.

An element x € X is called positive/negative/neutral if the real number [z, z] is pos-
itive/negative/zero. A linear subspace ) < X is called positive (semi)definite if the
inequality [y, y] > (>)0 holds for all elements 0 # y € ). Accordingly, ) can be negative
(semi)definite or neutral. By saying that ) is (semi)definite, we mean that it is either
positive or negative (semi)definite. The inner product [.,.] is called positive/negative
(semi)definite if the subspace X < X has the corresponding property.

An element x € X is called isotropic if [z,y] = 0 for ally € X. By (X, [.,.])°, or shorter
X°, we denote the set of all isotropic elements, called the isotropic part of X. The inner
product is called degenerated if X° # {0}, otherwise it is called nondegenerated.

Lemma 1.1.2. Let (X,[.,.]) be a semidefinite inner product space. Then, the Schwarz
inequality holds,
e, y]]* < [z,2] - [y,y], forallz,y e X.

Proof. We assume that X is positive semidefinite.
Take xz,y € X and let A € C, |A\| =1 be such that Ay, x| = |y, z]| = |[z,y]|. We have

0< [z — &y, x — ENy] = [z,2] — EA[y, 2] — EX[z, ] + €[y, v]
= [z, 2] — 2¢|[z,y]| + &[y,y], forall £ ER.

If [y, y] = 0, this inequality applied to large £ give |[z,y]| = 0. In the case [y,y] # 0, we

_ Nyl

i.e.
[y,y]

can choose & = % € R. This reduces the above inequality to 0 < [z, z]

[z, yl[* < [2,2] - [y, ).
The case of a negative semidefinite inner product X can be handled by considering
(X, —[.,.]. O

Clearly, the Schwarz inequality does not hold in general inner product spaces, since
the right-hand side of the inequality gets negative for a positive x and a negative y.

Corollary 1.1.3. Let (X,[.,.]) be a semidefinite inner product space. Then, the set of
all neutral elements is a subspace and coincides with the isotropic part, i.e.

N :={z € X :z is neutral } = X°.
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Proof. An isotropic element is always neutral. The other inclusion follows directly from
the Schwarz inequality,
0 <[z, ]l <[z,2]-[y,y] = 0.

O]

Definition 1.1.4. Let (X, [.,.]) be an inner product space.

If 2,y € X satisty [z,y] = 0, we call them orthogonal, and write x[L]y. Two subsets
A, B C X are called orthogonal if [x,y] = 0 for all z € A and y € B, denoted by A[L]B.
For a subset Y C X we set YH := {z € X|[z,y] =0 for all y € Y}, and call Y the
orthogonal companion of Y. If explicit notation of the inner product is not needed, we
will write z Ly, A L B and Y.

Remark 1.1.5. Let (H,(.,.)) be a Hilbert space, and let M < H be a closed linear
subspace. Recall that there always exists a unique orthogonal projection P : H — H
onto M, namely the one corresponding to the decomposition of H into the direct and
orthogonal sum H = M (+)M+.

In inner product spaces X, the existence and uniqueness of orthogonal projections, i.e.
projections P with ran P | ker P, onto a given subspace M fail in general. We could
have M + M+ # X or M N M+ # {0}, or both.

However, if a direct and orthogonal decomposition X = M[+]N with N < X is
available, we can, without difficulty, consider the corresponding projection P : X — X
along N onto M, which is orthogonal.

Definition 1.1.6. Let (X, [.,.]) be an inner product space.
A pair (X4, X_) consisting of a positive definite subspace X} and a negative definite
subspace A_ such that X can be expressed as the direct and orthogonal sum

X=X e [ A

is called fundamental decomposition of X. The space X is called decomposable, if there
exists a fundamental decomposition. The orthogonal projections Py along X_ [+] X°
onto Xy, and P_ along X, [+] X° onto X_ are called fundamental projections. The linear
map J := Py —P_ is called fundamental symmetry. Furthermore, we set (z,y); := [Jz, y]

for z,y € X, and ||z||; := /(z, ) for z € X.

The next lemma states some elementary properties, which reveal the usefulness of a
fundamental decomposition.

Lemma 1.1.7. Let (X,].,.]) be a decomposable inner product space, with fundamental
symmetry J. Then the following assertions hold true.

(i) [Jz,y] = [z, Jyl, (J,y)y = (x,Jy); for allz,y € X
(i) (.,.)s is a positive semidefinite inner product, with the property
lz|l; =0 < ze(X,[,.])° =X, (,.))°.

Hence, ||.||l; is a norm, or equivalently (.,.) is positive definite, if and only if the
space X is nondegenerated.
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=1

(i) J|xy =Tx,, Jlxo = —Tx_ and (J]y 5 )* =

A
Especially, we have J> =1 if X is nondegenerated.
For all z,y € X we have
(i) [JJx,y] = [, 4], (JJz,y)5 = (2, 9)
(v) (Ja,y)s = [, y]
(vi) [Tz, Jy] = [2,y], (Jo,Jy); = (x,y)s

Proof. Every x € X can be written as x = Prx+ P_x+x for a certain isotropic element
xo. Since isotropic elements can be omitted in the inner product, we have for all z,y € X

[Ja,y] = [Pra — Pz, Pyy + P_y] = [Pyx, Pyy] — [Pz, P_y] =
- [P+m+P_x,P+y—P_y] = [(L‘,Jy]

The same property holds true for (.,.) 7, due to
(Jz,y)y = [Tz, y] = [T, Jy] = (2, Jy). (1.1)

Since J is linear, we clearly have that (.,.) is linear in the first argument. In fact, (.,.)s
is an inner product, due to

(xay)J = [J.%',y] = [.%', Jy] = [Jya I’] = (ya x)Ja

for all z,y € X. The inner product (.,.); is positive semidefinite, since we have for all
reX

(x,z)y = [Jz,2] = [Pyo — P_x,Pyx + P_x| = [Pyx, Prx] — [P_x, P_x] > 0.

>0 <0

Furthermore, an element z is neutral with respect to (.,.)s, i.e. (z,z); = 0, if and
only if [Pyxz, Pyx] = 0 and [P_z, P_x] = 0. This is the case, by definition of a definite
subspace, if and only if Pyx = 0= P_x, ie z € (X,].,.])°.

This proves that the neutral subspace with respect to (.,.); coincides with (X, [.,.])°.

By Corollary 1.1.3, this is further equal to (X, (.,.)s)°. The calculation
J2= (P, —P)(P, —P.)=P.P, —P,P_— PP, +P.P_ =P, +P._,

shows (747). This directly implies (iv), since isotropic elements can be omitted in both
inner products. Item (v) follows from equation (1.1) together with (iv). Finally, (vi)
follows from (iv) and (4)

[(Jz, Jy| = [JJz,y] = [z,y]
(Jx7Jy)J = (JJHZ’,y)J = (x7y)J-
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In order to study continuous linear operators, we need to endow an inner product space
with a topology. A good topology on an inner product space fits not only to the vector
space but also to the inner product.

Definition 1.1.8. A triple (X,][.,.],7) consisting of an inner product space (X, ][.,.])
and a topology 7 on X is called a topological inner product space, if

(i) (X,T) is a topological vector space, i.e. vector addition and scalar multiplication
are continuous.

(7) the map [.,.] : X x X — C is continuous with respect to the product topology on
X x X.

Remark 1.1.9. For a subset of an inner product space Y C X, the orthogonal companion
Y can be written as

YW ={ze X |[z,y)=0 forally e Y} = () kex(f,),
yey

using the linear maps

X — C
fy:{ r =[x,y

This shows that Y+ is a linear subspace of X. Moreover, if we have a topology on
X, such that f, is continuous (for example, in a topological inner product space), we
conclude that Y is closed.

Under which conditions does a topology on a given inner product space exists such that
(X,[.,.], T) is a topological inner product space and is it unique? We will not discuss
this question in general, since we are mainly interested in the special case of a Krein
space. We want to refer to [Bog, III, IV] for a general discussion of this topic.

One approach on decomposable inner product spaces X is to take the topology induced
by the semi-norm ||z|| s := \/(x, x) s, cf. Definition 1.1.6. It can be shown that X becomes
a topological inner product space if endowed with that topology. But if one chooses a
different fundamental decomposition, one may get a different semi-norm, which may not
be equivalent to the previous one and could, therefore, induce a different topology. In
order to overcome these difficulties, we need more assumptions on the inner product
space.

Definition 1.1.10. An inner product space (K, [.,.]) is called Krein space, if it is non-
degenerated and decomposable, such that the positive inner product space (K, (.,.)) is
complete for some fundamental symmetry J.

Remark 1.1.11. We know by Lemma 1.1.7 that (.,.); is positive for every fundamental
symmetry J if the space is nondegenerated. Thus, we have a family of pre-Hilbert
spaces (I, (.,.) 7) attached to a nondegenereated and decomposable inner product space
K where J runs through all fundamental symmetries. The inner product space is a Krein
space, per definitionem, if one of these pre-Hilbert spaces is actually a Hilbert space.

In fact, the situation is as follows: Either none or all of those pre-Hilbert spaces are
complete. In the last case, all Banach space norms ||.|| ; are equivalent, and therefore
induce the same topology on K.
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Theorem 1.1.12. Let K be a Krein space, and let J denote the fundamental symmetry
from Definition 1.1.10. Let J' be an arbitrary fundamental symmetry. Then the norms
I.Il; and ||.|| ; are equivalent.

Consequently, also ||.||; is complete and Definition 1.1.10 does not depend on the
specific fundamental decomposition.

Proof. At first, we want to show that both P and P’ and, therefore, also J' = P| — P’ :
K — K are continuous with respect to |.||;. In fact, we will show that P as well as P”
have closed graphs. Then, the continuity follows directly from the closed graph theorem,
since ||.|| 7 is complete.

So take a sequence of pairs (x,, P} xy), such that x, — = and P}z, — y with respect
to ||.|[; for n — co. We have to show Pz = y. Note that both ran(P}) = K/_ and

ker(P}) = K. are closed with respect to |.||;. This follows from /C/JFM = K’ and

K= ', using Remark 1.1.9. We deduce y € K',. Moreover, z,, — P, z,, € K’_ for all
n € N implies limy, o0 2 — Pz, =2 —y € K, i.e. PLa = Py =y. We conclude that
P! has a closed graph, and is, therefore, continuous with respect to [.||;. An similar
argument shows that P’ is continuous as well.

The continuity of J’ and the property ||Jz||; = ||z| s, cf. Lemma 1.1.7 (vi), give

2[5 = [J'z, 2] = (JT'@,2) < | T2l gllzlls = [Tl ll2lls < Cllz)3,
which yields to the first inequality
2] < Cll2]l.- (1.2)

To achieve the other inequality, we consider the linear operator T := J'J. Clearly, T
is continuous with respect to ||.||s, since we have just shown that J’ is continuous and
J is even an isometry with respect to |.||;. We claim that T" is also continuous with
respect to ||| j-. First, we note

(T, y)y = (J'Jx,y)p = [Jo,y] = [, Jy] = [v, J'Ty] = [J'=,Ty] = (z,Ty),.
From this, we derive for m € N
T2 )| = (1" 2, 7" 2) = (T2 w,2) p < | T 2] )20 (1.3)
Now, we use induction to show
1722 < |72 ] ollzlZ " (1.4)

In the base case n = 1, (1.4) follows directly from (1.3), setting m = 0. Assuming (1.4)
to be true for n, we get

n+1 ny 2 (1.4) n 2(2" —1 (1.3)
T2 = (IT2)%)" < 172 )% ||l 3 <
n+1 2(2m—1 +1 n+1 n+1_
<% | g | IO = T | )2

Thus, (1.4) is true for all n € N. We rewrite this identity in order to get the asserted
continuity of T
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n —n _9—n (12) —n n —-n _9o—n
Tzl < T lf ")l < C* T alF "l 57" <

—n n 2—n _9—n —n —n _9—n —
< (ITIP N2l 2l = O T 2lF el = T el
Using the continuity of T’
2|5 = [Jz, 2] = [J'Tw,2] = (Ta,z) 0 < |Tzllpllz]y < T2l

gives the desired inequality ||z|; < D||z||;/, for some constant D > 0.
O

If not stated differently, we will always endow a Krein space K with the Krein space
topology induced by (.,.)s, for some fundamental symmetry J.

Lemma 1.1.13. Let (K,[.,.]) be a Krein space. Then, for all subsets M C K, we have
M+t =M.

Proof. Let J be a fundamental symmetry. Due to [z,y] = (z,Jy); = (Jz,y)s, we
have z € M* if and only if € (JM)W), and if and only if Jz € M. Here,
(L) denotes the orthogonal complement in the Hilbert space (I, (.,.)s). The identity
M+t = (JM)D) = JME) gives

(L)

M = (JM(“)L = (JJM(L>> = MWW =77,

O]

Ezxample 1.1.14. We want to give an example of a Krein space.

Consider a Hilbert space (H,(.,.)) and a self-adjoint bounded operator G € B(H)
with 0 € p(G). The map [z,y] := (Gz,y) defines an inner product on H, since G is
self-adjoint

[z,y] = (Gz,y) = (z,Gy) = (Gy, x) = [y, z].
We claim that (,[.,.]) is a Krein space.

For a x € (H,[.,.])° we have [z,y] = (Gz,y) = 0 for all y € H, which implies Gz = 0.
Since G is injective, we get = 0. Therefore, (H,|[.,.]) is nondegenerated.

In order to show that our space is in fact a Krein space, we are going to construct a
fundamental decomposition.

Due to the spectral theorem, there exists a spectral measure F on R, such that G =
fU(G) t dE(t). We define orthogonal projections via

Py := E(R") and P_:= E(R").

Clearly, we have PLP_ = E(R"TNR™) = E(®) =0 and P, + P~ = ERTUR™) =
E(R\{0}) = E(R) =1, as ran E({0}) = ker G = {0}. This decomposes H into the
direct and, with respect to (.,.), orthogonal sum

H =ran(P}) + ran(P_).
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This decomposition is also orthogonal w.r.t [.,.], since we have
[Pix, P_y] = (GPyx, P_y) = (P-GPix,y) = 0,

due to
PGP, — / g () dE(t) / LAE(t) / g () dE(t) = / £ 1y (1) dE(t) = 0.

Hence, we have found a fundamental decomposition with corresonding fundamental sym-
metry J = Py — P_. It remains to show that the positive inner product

(@) = [Ja,y] = (GJz,y)
is complete. This is true, since ||.|| and ||.||; are equivalent:
I2]1F = (z,2)5 = (GJz,z) < |G|l J][||z]* = Cll=||*.
The other inequality follows from
|z]* =(z,2) =[G ,2] = (JG a,2); < [JG el ]lz]ls =
=G 2l lzlls < CIG allzlly < CIUGT llzlllzl5 = Dllzllll].s,

after dividing by ||z|.

This is not only an example but rather a different approach to Krein spaces. It is
possible to start with a Hilbert space together with a so-called Gram operator G with
certain properties, and then define an inner product like above, rather than starting with
an inner product, like we did, and obtaining a Gram operator J and a Hilbert space in
the aftermath.

10



1 Preliminaries

1.2 Linear Relations

The main source for this section was [Kal2]. Without much effort, we generalized some
notions and results to Krein spaces. Other brief introductions to linear relations are
presented in [Sch] and [Neu].

Definition 1.2.1. Let X, Y be vector spaces. We call T" a linear relation between X
and Y if T is a linear subspace of the Cartesian product X x Y, ie. T'< X x Y.

Remark 1.2.2. Linear relations are a generalization of linear operators, simply by identi-
fying an operator 7' : X — Y with its graph. Clearly, not all linear relations are graphs
of operators. Just consider the linear relation X x Y or {0} x Y.

Definition 1.2.3. For a linear relation T' < X x Y, we define

domT :={x € X:3yeY: (z;y) € T}, the domain of T,
ranT :={yeY:3x €Y : (x;y) € T}, the range of T,
kerT := {x € X : (x;0) € T}, the kernel of T,
mul7 :={y €Y : (0;y) € T}, the multi-valued part of T.

Remark 1.2.4. All these sets are linear subsets of X or Y. If T is in fact a linear
operator, the above defined notions, excluding the multi-valued part, contain nothing
new and match to the usual ones.

Clearly, we have mul7T" = {0} if T" is an operator. On the other hand, the next lemma
states that the condition mul 7" = {0} ensures that 7' can be interpreted to be the graph
of a linear operator.

Lemma 1.2.5. Let T < X XY be a linear relation. For each (x;y) € T we have
{zeY:(2;2) €T} =y+mulT.

Proof. For a z € Y with (z;z) € T we have (z;2) — (x;y) = (0;z — y) € T. Therefore,
z—y€emulT,ie z€y+mulTl.

On the other hand, take m € mul7. The calculation (z;y) + (0;m) = (z;y+m) € T
shows that y + m is contained in the left-hand side. O

Definition 1.2.6. Let X, Y, Z be vector spaces, S, T < X xY, R<Y x Z and a € C.
Then we define

S+T:={(f;9) € X xY 391,020 €Y :g=g1+ 92, (f;01) € S,(f;92) € T}
ol :={(f;ag) € X XY : (f;9) €T}
T7'={(g;f) €Y x X :(f,g) €T} and
RS :={(f;h) e X xZ:3g€Y :(f;9) €S,(g;h) € R}.

Remark 1.2.7. These notions are a direct generalization of the corresponding ones for
linear operators. One easily verifies that each of these lines defines a linear relation. As
usual, we are going to use the shortcut 7'+ « for T+ al.

11
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Next, we want to present a way to transform linear relations, using 2-by-2 matrices.

Definition 1.2.8. For M := (: ?) € C2*2 we define

. .{XXX - XxX
M (f;9) = (6f +vg;:8f + ag)

Lemma 1.2.9. We have the following properties for M, N € C?*2.

(i) This is obvious.
If one writes the elements of X x X as vectors, i.e. (f;g) = (5), we can write Ty
in block-operator form,

o (f) _ <5IX le> (f) _ <5f 79)
g Blx alx)\g) \Bf ag)’
(i) Consider M := (: g) and N := (2%). With the notation from (i), we have

5IX "}/I_)(> <dIX Clx) .

TNOTM:(ﬁIX aIX bIX aIX

_((0d+Ab)Ix  (bc+7va)Ix )
“\(Bd+ab)Ix (Be+aa)lx) VM

(4ii) This follows from (iz), due to

TMO Ty —1 = Tarm-1 = T1 = Ixxx = Tpy—1 0 T

(iv) The continuity of 7p/ is clear, since its components consist of scalar multiplications
and vector additions only.

O

Remark 1.2.10. For a linear relation 7' < X x X and a matrix M € C?*2, we can look
at the subset 73/(7T) € X x X. Since 7ps is a linear mapping, and since 7' is a linear
subset, we get that 757(T") is also a linear subset of X x X, i.e. a linear relation on X.
Directly from the definition of s we see

dom7y (T) ={6f +~g:(f;9) €T}, ran(ry(T)) ={Bf +ag: (f;9) €T}

12
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Remark 1.2.11. One can use the properties stated in Lemma 1.2.9 to perform elementary
calculations with linear relations. For example, we have

Tﬁl:T 01 (T)7
10
)\T:T A0 (T)’
01
1p
01

T +s) =7(1sy(10) (D) =7(15)(T),
01/7\01 01
1 _ —
N (F S [ER 0 KA (Y
71_ _
ARSI CHTCEN R (Y

Later on, we are going to expand this idea of “moving” linear relations, using more
general linear mappings from X x X to Y x Y, cf. Section 3.2.

Remark 1.2.12. We suppose that 73, adapts its domain and codomain to its argument, in
the sense that we write 7a7(R) and 737(.S) for linear relations on different vector spaces,
R<XxXand S<Y xY.

Furthermore, in the special case M = (8‘ g), we can interpret 7a; to have domain and
codomain X x Y. Then, 7p/(T) < X x Y is well-defined for a T'< X x Y.

Similarly, if M = (2§) and T < X x Y, we get 7y (T) <Y x X,

Definition 1.2.13. Let X be a Banach space, and let T' < X x X be a linear relation.
Then we call

p(T) :={AeCU{oo}: (T—-N"teB(X)} the resolvent set,
o(T):= (CU{oo}) \ p(T) the spectrum,
r(T) :={A€ CU{oo}: (T — A~ € B(dom(T))} the set of points

of regular type,

where we set (T'— oo)~! := T, dom(T — 00)~! = dom T

Remark 1.2.14. Notice that (T — \)~! always exists as a linear relation. By definition,
we have A € p(T) if and only if this linear relation is in fact an everywhere defined
bounded operator.

Furthermore, we want to remark that co € p(T) if and only if ' € B(X). Although it
is not necessary to take also the point co into consideration when studying the spectrum,
this gives an harmonious overall picture.

For an invertible M = (: g ) € C**2, the mapping defined by

az+
o (2) = vz + 4
is known as the Mdbius transformation. By setting ¢ps(o0) := %, qﬁM(—%) = 00, we get

a bijection from C U {oco} to CU {oo}. For another matrix N, one can easily verify the
well-known facts

prvodn =dun and (par) ' = gprr.

13



1 Preliminaries

Comparing these identities with Lemma 1.2.9, one could suspect that the objects 7/

and ¢p; are related in some way. The proof of the next proposition can be found in
[Kal2] (Korollar 4.2.10.).

Proposition 1.2.15. Let T be a linear relation on X, and let M = (3 g) € C?*2 pe
invertible. Then we have

—
~—
~—

More relations between 7); and ¢ will follow in Proposition 2.1.4 and Remark 2.1.7.

1.2.1 Linear Relations between Krein Spaces
Let (K1,].,.]1) and (Ka,[.,.]2) be two Krein spaces.
Definition 1.2.16. For a linear relation T' < K1 x K9 we denote by
T* :={(z;y) € Ko x K1 : [z,v]2 = [y, u]; for all (u;v) € T}

the adjoint relation of T. Where confusion may arise, we write T or 70 to indicate
with respect to which inner product we take the adjoint.

Remark 1.2.17. If both T" and T™* happen to be operators, which exactly is the case for
operators T with dense domains, as we will learn in Lemma 1.2.18, we can write v = Tu
and y = T*x in Definition 1.2.16, and get the familiar-looking equation

[z, Tuly = [T*x,uly,
which holds for all ©w € dom T, x € dom T™.
Lemma 1.2.18. Let T be a linear relation between two Krein spaces, T < K1 x K.
(i) mulT* = (domT)*, ker T* = (ranT)*
(i6) (T71)* = (T%)7"
Proof.
(2) « 1
mul 7% ={y € K1 : [0,v]2 = [y,u]; for all (u;v) € T} = (domT)
ker T* = {x € Ky : [z,v]y = [0,u]; for all (u;v) € T} = (ranT)*
(ii) We have (z;y) € (TH* if and only if [z,u]; = [y,v]z for all (v;u) € T, or

equivalent [z, u]; = [y,v]s for all (u;v) € T. This is just the definition of (y;z) €
T, or (;9) € (T%) 1.

O
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1 Preliminaries

We examine the situation for bounded operators.

Proposition 1.2.19. Let (K,[.,.]) be a Krein space and let T be a bounded operator
T € B(K). Let J be a fundamental symmetry, and let T® denote the adjoint of T in
the Hilbert space (KC, (.,.) ).

Then, we have T = JT® J. In particular TH is again a bounded operator on K.
Furthermore, we have |TH|| = ||T||, where ||.|| denotes the operator norm with respect
to |1

For S,T € B(K) and A\, u € C we have

(AS + puD)B = Xst 4 gt (b =1 (s = 7l gk,
Proof. With Lemma 1.1.7, we have
(2, Tu] = (Ja,Tu); = (TW Jz,u); = [JT® Jz,u],

which gives TP D JT™ J. Equality prevail due to mul7t = (dom7T)* = {0}. By
Lemma 1.1.7, J is an isometry with respect to ||.||;. This gives

[+] (%) (%)
I7H| = sup [ sup T Jzly _ sup 1T T ||.r

7 = [|T™.
e20  lzlls w20 |1zl e20 ||Jxlls

The proposed calculation rules follow directly from the appropriate ones in the Hilbert
space. ]

Remark 1.2.20. For bounded linear operators 7' : K1 — Ko one can show, analo-
gously to Proposition 1.2.19, T = J;7® J,. Here, J; and J, denote the fundamental
symmetries of K; and Ko respectively, and T denotes the Hilbert space adjoint of

T: (K, () m) = (Ko, (50)m)-

The next lemma will be needed later.

Lemma 1.2.21. For a bounded linear operator R : K1 — Ko between two Krein spaces
and a subset L C Ko, we have

(R*(L))" = R7'(LY).

Hereby, the symbol L on the left-hand side refers to K1, and on the right-hand side refers
to Ky. With R~Y(LY), we denote the inverse image of L*.

Proof. Clearly, we can write both sets as

(R (L) ={z €Ky :[z,R*]; =0, foralll € L}
RYLY) ={z €Ki :[Ra,l2=0, foralll € L}.

Obviously, these sets coincide, due to [Rz,l]2 = [z, R*{];. O

15



1 Preliminaries

We collect some more properties.

Lemma 1.2.22. Let T be a linear relation between two Krein spaces, T < K1 x Ks.
(i
(i

) (RT)* 2 T*R* for all linear relations R < Kq X K3
)

(i) (T'+ B)* =T* + B* for all bounded operator B € B(K1,K2)
)
)

(RT)* =T*R* for all bounded linear operators R : Ko — K3

(iv) T* is closed.

(v
Proof.

(1) =

(i) Take an arbitrary pair (z;2) € T*R*, i.e. (z;y) € R* and (y; z) € T* for a certain

y € Ko. We want to show (z;2) € (RT)*. To this end, we need to verify

[z,e]3 = [z,¢] for all pairs (c;e) € RT.

For a fixed (c;e) € RT we have (¢;d) € T and (d;e) € R with a certain d € Ks.

Now, we have
[1:,6]3 = [ya d]? - [Z,C]l.

The first equality sign holds due to (z;y) € R* and (d;e) € R, and the second

equality sign holds due to (y,z) € T* and (¢;d) € T

(#4) Fix an arbitrary pair (z;z) € (RT)*, i.e

[z,cl]s = [z,a]1  for all pairs (a;c) € RT. (1.5)

We have to find an y € Ks, such that (z;y) € R* and (y;2) € T*, to conclude
(z;z) € T*R*. Since R* is an everywhere-defined operator, we have to take y :=

R*z. In order to show (y;z) € T*, we need to verify

[y,bl2 = [z,a]1  for all pairs (a;b) € T

Due to [z, Rb|3 = [R*z, b]2 = [y, b]2, this follows from equation (1.5) applied to the

pair (a; Rb) € RT.

(7i) We have (x;y) € (T'+ B)*, per definition, if [z,v]s = [y, u]; for all (u;v) € B+ T,

or [x,v + Bu]s = [y, u]; for all (u;v) € T. Due to
[,v4+ Buls = [y,ul1 < [z,v]2 =[y— Bz, uli,

this is equivalent to (x;y — B*z) € T, and finally to (x,y) € T* + B*.

16



1 Preliminaries

(iv) By definition, we have (z;y) € T* if and only if
[goult — [, 0l2 = [(@3 ), (~vs )y, =0, for all (uiv) € T,

where [(a;b), (¢;d)]2,1 == [a, c]a+[b, d]; for a,c € K2,b,d € K1 denotes the sum inner
product on the product space Ko X k1. Since we can write {(—v;u) : (u;v) € T} as
the image of 7" under the linear operator 737 : K1 X Ko — Ko X K1, (f59) — (—9g; f)
with M := (? *01), we get

T* = (rm(T))",
where L refers to the Krein space Ko x 1. In particular, T* is closed, cf. Remark
1.1.9.

(v) AElieasy calculation yields (7n)* = 7y« for any matrix N = (:‘ g ), where N* :=
ay
(53)-
We set again M := (
(tar<) "' = 7a7. Lemm

1 ) Elementary matrix calculus gives mp/« = 73,-1 and

0 —
10
a 1.2.21 applied to R = 7+ and L = T yields

T* = (rar(T)) = ((rar=)* (1)) = (rag=) " (TF) = mar (T). (1.6)

Since for M? = (Bl _01) we have 7);2(R) = R for all linear relations R, we get

L _
(T*)* — (TM(T*))J_ — (TM(TM(TL))) il _ 7
The last identity follows from Lemma 1.1.13.
O

Lemma 1.2.23. For M = (f: 'g) € C?*2 det M # 0 and a linear relation T < K x K
we have

m(T)" = m37(T7),

with M := (@

I

). In particular, this gives

2

(T =N =@ =N forallXeC, (1.7)

which yields o(T*) = o(T).

Proof. The elements of 757(T™*) can be written as (du + yv; fu + av) with (u;v) € T*.
The elements of 73/(T) can be written as (dx + yy; Bz + ay) with (z;y) € T. The
calculation

[bu+7v, Br + ay] =

I

[SSTIR=Y1!

R @I
Y
2l

[u, ] + 3P, 2] + dalu, ]

[u, 2] +3Pu, y] + dafv, ]

shows that (1) C 7 (T)*, for all matrices M and linear relations 7.

B afv,y] =
ﬁ_ alv

_|_
+7yalv,y] = [Bu+ av, bz + vy,

S Sl

+ +
+ +

.Y
.Y

17
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In order to show the other inclusion, we use, what we have just proven, with the

matrix M~ and the linear relation 757 (7),
T (v (T)*) C mpp—1 (rag (1)) =T
Applying 757 on both sides, and using M~—1 = M_l, reveals Tar(T)* C m7(T7).

Equation (1.7) follows now by taking the matrix M := ({ ) for all A € C, cf.
Remark 1.2.11.

Furthermore, we have A € p(T) N C if and only if (T — \)~! € B(K). By Proposition
1.2.19, this is equivalent to ((7'— A)~!)" being a bounded operator on K, i.e. X € p(T*).
At last, oo € p(T) means T' € B(K), which is equivalent to 7% € B(K), i.e. oo €
p(T™). O

Remark 1.2.24. We want to remark that equation (1.7) also directly follows from Lemma
1.2.18 and Lemma 1.2.22,

(T=N)" =T =) =T -N""
Definition 1.2.25. We call a linear relation T < K1 x Ko
\) isometric if T—1 C T*.
) unitary if T-1 = T*.
In the case K1 = Ko, we call T
-) symmetric if T C T*.
-) self-adjoint if T = T*.

By Lemma 1.2.23, we know that the spectrum of self-adjoint linear relations on Krein
spaces is symmetric with respect to the real line. In Hilbert spaces, self-adjointness gives
us even more.

Lemma 1.2.26. For a self-adjoint linear relation T < H x H on a Hilbert space H, we
have o(T) C RU {oo}.

Sketch of proof. We will not give a detailed proof, since this result is well-known. Still,
we want to give a sketch of this proof, because it is interesting to see why the proof fails
for Krein spaces.

The Cayley-transform is nothing but s for the matrix M := %(i 7) More about
the notion of the Cayley-transform and a detailed version of this proof can be found in
[Kal2] (Korollar 4.3.16.).

The main idea is to look at the Cayley-transform of T', denoted by U. By the general
theory, the Cayley-transform maps self-adjoint linear relations to unitary linear relations,
i.e. U is unitary. One can show that all unitary linear relations on a Hilbert space are in
fact everywhere defined unitary linear operators. Being on a Hilbert space, the spectrum
of U is contained in the unit circle. One concludes the proof by calculating the spectrum
of the inverse-Cayley-transform of U, which is T', with the help of Proposition 1.2.15. [
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Remark 1.2.27. The proof of Lemma 1.2.26 fails for Krein space, because there actually
are unitary linear relations U on Krein spaces whose spectrum is not contained in the
unit circle.

Ezample 1.2.28. Let B be a bounded operator on a Hilbert space H. We are going
to construct a Krein space K and a bounded self-adjoint operator A on K, such that

o(A) = o(B)Ua(B).

This shows that the situation in Krein spaces really is more complex. Probably, one
can understand now better, why we need further assumptions about the linear relation
on a Krein space, besides being self-adjoint, in order to establish a spectral theorem.

As in Example 1.1.14, we start with a Hilbert space, namely the product space H x H
endowed with the sum scalar product (.,.), and define a self-adjoint Gram-operator G
with 0 € p(G) via G((z;y)) := (y;z). The operator G' can be written in block-operator

form as
(0 Iy
6= (p 0
As in Example 1.1.14, we get a Krein space (H x H,[.,.]) by setting [.,.] := (G.,.).
Consider the operator A defined by A(z;y) := (Bx; B*y), i.e.

B 0
A‘(o B*>'

Easy manipulations on (A(z;y), (f;g)) show that the H x H-Hilbert space adjoint of A
is given by
(*) _ B* 0
A < ’ B) |

But with the Krein space inner product, one can verify [A(z;y), (f;9)] = [(z;v), A(f; 9)],
i.e. A is self-adjoint in the Krein space K.
Due to the block-diagonal-form we have 0(A) = o(B) U o (B*) = o(B) Uo(B).
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2 The Functional Calculus for Rational
Functions

Consider a linear relation 7" on a Banach space X with non-empty resolvent set, and let
r be a rational function whose poles are in p(7'). The goal of this chapter is to define
the expression r(A) € B(X), and show some properties, cf. Corollary 2.1.11.

Definition 2.0.1. Let r be a rational function, and let p,q € C[z] be two relatively
prime polynomials such that r = p We call A € C a pole of r, if g(\) = 0. We define oo
to be a pole of r if the condition degp > deg q holds true.

Remark 2.0.2. Let r be a rational function, and denote by P C CU {oo} the set of all
poles of r. Clearly, r is continuous on C \ P, in fact even holomorphic.

We remark that 7 can be continuously extended on (CU{oo})\ P, by setting r(oc0) :=
lim|,| 00 7(2) if 00 & P. Technically, CU {oc} is the one-point, or Alexandroff compact-
ification of C. The limit exists due to degp < deggq, and the continuity of r at oo is
clear by definition of r(c0). In the sequel, we will interpret r as a continuous function
on (CU{oo})\ P.

We present two approaches.

First, one can use an extension of the classical Riesz-Dunford functional calculus to
linear relations with non-empty resolvent sets. We will give a brief introduction to the
classical case and show how it can be extended to linear relations. This might feel a bit
unsatisfying, since we are going to use this powerful tool with rational functions only.
But if one is already familiar with this subject, it is a fast way to obtain the desired
functional calculus with all needed properties.

Secondly, we give an elementary approach using the partial fraction decomposition.

2.1 The Riesz-Dunford Functional Calculus

2.1.1 Classical Version

Definition 2.1.1. Let A be a unital Banach algebra, and fix a € A. If f: G — C is
holomorphic on an open set G 2 o(a), and I' is a finite set of paths, such that

|0, z € C\G
(T, 2) = { 1, ze€o(a)’

we define

1
fla): 2m/f (Ce—a) "d¢ € A.
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2 The Functional Calculus for Rational Functions

The mapping f — f(a) is called Riesz-Dunford functional calculus. Formally, the domain
of this calculus is defined as

( U H(G)) / — H(o(a)),
o(a)CG ~

G open

where H(G), for an open set G C C, denotes the set of all holomorphic functions f :
G — C, and where ~ is the equivalence relation

f~g <= JOCCopen:o(a) COCGrNGyand flo = glo,
whereby G and Gy denote the domains of f and g respectively.

Lemma 2.1.2. The Riesz-Dunford calculus is well-defined and has the following prop-
erties.

(1) (Af + pg)(a) = Af(a) + pgla) for f,g € H(o(a)) and A, u € C
) (f - 9)(a) = f(a)g(a) for f,g € H(o(a))
) fla)™' = f~Y(a) for f € H(o(a)) such that f(z) # 0 for all z € o(a)
() o(f(a)) = f(o(a)) for f € H(o(a))
)
)
)

(i1

(4ii

(v) (fog)a)= f(g(a)) for g € H(o(a)), f € H(o(g(a)))
(vi) fla) =d* if f(z) =2 keN

(vit) If A is a Banach-*-algebra, then

fla)" = f*(a"),

with f#(z) == f(Z).

Proof. These are classical results. We refer to [Rud, 240 ff.].

Properties (i) and (i2) are stated in [Rud, Theorem 10.27], for (4ii) and (iv) see [Rud,
Theorem 10.28], for (v) see [Rud, Theorem 10.29] and (vi) is located in [Rud, Theorem
10.25]. We are going to give an explicit proof for the last statement (vii).

Recall that the line integral is defined as the limit of Riemann sums with respect to
tagged partitions such that the mesh converges to zero. Let a = § < ... < &) = b be
a partition of the interval with tags a; € [§;,&;+1]. We have

Y
1 ‘ n(R) .
__2m'< R 2:3 (v(@)) (v(@s)e = a) 7 (4(&) = (& m) =
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2 The Functional Calculus for Rational Functions

N AT Z FOr(a)) (v (e — a*) T (v(&)) —v(&-1)) =

27m \RHO

Z Zf# (0) (Fleg)e — a*) " (F(E) = F(&1)) =
omi \R\—>0

2mz/f# (Ce—a") L de =

— o | O e e = Ha),

with —T := {—7% | v € T'}. In order to justify the last equality, we have to show that -T
is a suitable set of paths for a* € A. This follows from o(a*) = o(a) C G together with
n(—75,%) = n(y, z) for all z € C\y([a,b]), since we have

L A O N S A )

_ = dt = n(v,z) = .
27t ), Y(t) —Z 27t J, Y(t) — 2 n(,2) =n(7,2)

TL(—W, E) = -

O

Remark 2.1.3. Most commonly, Definition 2.1.1 is applied to the Banach algebra B(X)
of bounded operators on a Banach space X.

In order to get a Banach-*-algebra and enrich the theory, cf. Lemma 2.1.2 (vii),
consider B(H) for a Hilbert space H, which constitutes in fact a C*-algebra.

Finally, one can look at the set B(K) for a Krein space K. One possibility is to think
of K as a Hilbert space (IC, (.,.)s) and take the Banach-*-algebra B(K) as stated above.
Alternatively, by replacing the Hilbert-space adjoint T(*) with the Krein-space adjoint
T, one gets a different involution T — T, which also turns B(K) into a Banach-*-
algebra, since we have ||T|| = ||T|, cf. Proposition 1.2.19. Due to Lemma 2.1.2 (vii),
we have f(A)®) = f#(AM) and f(A)H = f#(AM).

For a bounded operator B € B(X) and a regular matrix M € C?*2, we have on the
one hand the operator 7p/(B), cf. Definition 1.2.8, and on the other hand the bounded
operator ¢y (B), using the Riesz-Dunford calculus with the Mobius transformation ¢y
which fulfills ¢p; € H(o(B)) if ¢pr-1(00) € p(B). The same assumption gives co €
om(p(B)) = p(tar(B)), cf. Lemma 1.2.15, which means that also 73/(B) is a bounded
operator. In fact, these operators coincide:

Proposition 2.1.4. For a bounded operator B € B(X) and a reqular matriz M € C?*2,
such that ¢pr—1(00) € p(B), holds

om(B) = v (B).

Proof. 1t is a classical result, see e.g. [Con, III Proposition 3.6, that every Mobius
transformation can be written as a composition of translations z — z + u, dilations

z — Az, and the inversion z — % These mappings correlate to the matrices (1 “),

01 01
(6\(1)) and (10)'
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Therefore, we can write the matrix M as a product M = LIR, where L, R € C?*?
are decompositions of dilations and translations and where I denotes the inversion,
I:.= ? (1) .

At (ﬁrst), we point out that for N := ((1) 1) we have ¢n(T) = 7n(T) for all bounded
operators T" and all 4 € C. Due to Remark 1.2.11, we have 7/(T) = T 4 p, and Lemma
2.1.2 applied to ¢pr(z) = z + p gives exactly the same. For matrices N corresponding
to a dilation, we can show ¢n(T') = 7n(T) analogously.

Recall that we have both 74 078 = Tap and ¢4 0 ¢ = ¢ap for all A, B € C**2. We
start by deducing ¢r(B) = Tr(B).

For the inversion I, one has to be a bit more carefully. Since z — % is not holomorphic
at z = 0, we have to make sure that 0 ¢ o(¢r(B)) = ¢r(c(B)). Assume 0 € ¢pr(c(B)),
i.e. ¢p-1(0) € o(B). Due to ¢r-1(c0) = 0, this would give ¢pr-1(dr-1(c0)) € o(B).
Since oo is a fixpoint of every dilation and translation, we have co = ¢-1(00) and arrive
at the contradiction ¢pr-1(¢r-1(pr-1(00))) = dpr-1(0) € o(B).

Therefore, the expression ¢7(¢r(B)) is well-defined and coincides with (¢r(B)) ™" due
to Lemma 2.1.2 (277). This is further equal to 77(¢r(B)) = 77(7r(B)) due to Remark
1.2.11.

Since L is only a composition of dilations and translations, we conclude

¢m(B) = ¢L(01(9r(B))) = ¢r(11(Tr(B))) = TL(T1(TR(B))) = T: (B).

2.1.2 An Extension to Linear Relations

There is a way to define the Riesz-Dunford calculus for linear relations 7' < X x X with
non-empty resolvent set, although they do not form a Banach algebra anymore.

Definition 2.1.5. Let T' < X x X be a linear relation with non-empty resolvent set,
and let f : G — C be a holomorphic function with ¢(T") C G C CU {o0}, f € H(G).
For an invertible M € C?*2 such that ¢,;-1(c0) € p(T), we define

F(T) = (f o ¢p-1) (T (T)) € B(X).

Remark 2.1.6. If G contains the point oo, which is part of the assumption in the above
definition if 7" is not a bounded operator on X, we mean by “f is holomorphic on G,
f € H(G)” that f is holomorphic on the open set GNC and that z — f (%) is holomorphic
at z = 0.

We have to verify that f(T') in Definition 2.1.5 is well-defined:

Since ¢pr-1(00) € p(T), we have oo € dum(p(T)) = p(tm(T)), cf. Lemma 1.2.15.
This means that 75,(7T") is a bounded operator on X. Now, we can apply the functional
calculus from above since

fodmu—1:om(G)\{oo} = C
is holomorphic on the open set ¢5r(G)\{oo}, which contains o(7as(T)):

G20(T) = om(G) 2 om(a(T)) = o(Tar(T)).
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Note that co ¢ o(rar(T)). Thus, f(T) is a well-defined element of B(X), for fixed M.
We have to show that the definition is independent of M. Take N, M € C?*2 with
dn-1(00), ppr—1(c0) € p(T'). Due to Proposition 2.1.4, we have

™N(T) = vy (Tu(T)) = dnn— (T (7)) -

This gives

(foon—1) (tn(T)) = (f o on-1) (dnm—1 (Tm(T))) =
= (foon-100Ny-1) (Tu(T)) = (f o dpr-1) (T (T)) -
Hence, the definition of f(7') is independent of M.

Remark 2.1.7. The equality from Proposition 2.1.4 also holds true in this generalized
setting. In fact, for ¢p,-1(00) € p(T') we have

om(T) = (o1 © Ppr—1) (e (1)) = (de) (T (1) = 7 (T).
Most properties, stated in Lemma 2.1.2, also hold true for linear relations.

Lemma 2.1.8. Let T < X x X be a linear relation on X with non-empty resolvent set.
Then, the following properties hold true.

(1) A+ pg)(T) = Af(T) + pg(T) for A,p € C and f,g € H(o(T))
(ir) (f-9)(T) = f(T)g(T) for f,g € H(o(T))

(i) o(f(T)) = f(o(T)) for f € H(o(T))

(i) (fog)(T) = f(g(T)) for g € H(a(T)), f € H(o(9(T)))

(v) If X is a Krein space and f € H(a(T)), we have f(T)* = f#(T*)

Proof. Most properties follow more or less directly using the corresponding property
from Lemma 2.1.2.

v (Af 4+ ug)(T) = (Mf + pg) o par—) (e (T)) =

(f o drr—) 4+ plg o ga—1)) (T (T)) =
(fodn—) (T (T)) + pl(g o dpr—1) (T (T)) =
f(T) + ug(T)

= (A
A(f
by

(7) Analogous to (7).
(i)

o(f(T) = o ((f o prr-1)(raa(T))) = (f © par—1)(o(ra(T

= (fodu—1)(du

~—

))=

ﬂ
5
I
=
2
3

) o)) = (Fogo bu)m(T)) = F((g0 b1 (rar(T)) = F(o(T)
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2 The Functional Calculus for Rational Functions

(v) F@) = ((f o opr-1)(rua(T)))" = (f 0 dpr—1)* (raa (1))
Lemma 1.2.23 states 7a7(1)* = 757(T*). Furthermore, the following easy property

(g0 h)*(2) = g(h(2)) = g% (h(z)) = g7 o k¥ (2),
together with d)ﬁ = ¢x, and M1 = Mt gives

FT)" = (fF 0 1) (757(T)) = fH(T).

The last equality uses the fact, that f# is holomorphic on o(T*) = ¢(T) and that
the matrix M is suitable for the operator 7%, in the sense that ¢37-1(00) € p(T™),
which follows directly from ¢j,-1(00) € p(T).

O

Remark 2.1.9. The property from Lemma 2.1.2, concerning the function f(z) = 2* with
k € N, can obviously not be transformed, since f(z) is not holomorphic at oo, and
therefore f(7') cannot be defined if co € o(T).

Before we formulate the desired functional calculus, we give an almost trivial remark.

Remark 2.1.10. Let r be a rational function and let K C C U {oo} be a closed and,
therefore, compact subset. We claim that r is bounded on K, denoted by r € B(K), if
and only if all poles of r are contained in (CU {oo}) \ K.

Assume r € B(K). Obviously, K does not contain any poles of r, since r is not even
defined at poles.

On other hand, assume P C (CU{oc}) \ K, or equivalent K C (CU {o0}) \ P, where
P denotes the set of all poles of r. Recall that r : (CU {occ}) \ P — C is continuous, cf.
Remark 2.0.2. Clearly, also the restriction r : K — C is continuous. As an image of a
compact set under a continuous map, r(K) is a compact subset of C, i.e. r is bounded
on K.

Corollary 2.1.11. Let T < X x X be a linear relation on a Banach space X, with
nonempty resolvent set. Then, we have a functional calculus for rational functions,

J Clx)NB(e(T)) — B(X)
Q)rat'{ r o— r(T).

For all r,r9 € C(2) N B(a(T)) and A\, € C, we have
(1) (Ar1 4 pro)(T) = Ari(T) + pro(T).
(i) (rir2)(T) = ri(T)r2(T).
) o(r(T)) =r(ca(T)).
(iv) r(T)* = r#(T*) if X is a Krein space.

(4ii

In fact, (i) and (ii) state that oy constitutes an algebra homomorphism.
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2 The Functional Calculus for Rational Functions

Proof. Take r € C(z) N B(o(T)). In order to apply the extended version of the Riesz-
Dunford calculus, we have to show that there exists a open subset G of ¢(7T") such that
r is holomorphic on G.

For G we naturally take (C U {oo}) \ P, where P denotes the set of all poles of .
Clearly, p is holomorphic on CN G. In the case co € G, i.e. 0o is no pole of r, it is left
to show that z — r(%) is holomorphic at z = 0. Setting m := deg ¢ > degp, we have

Note that p(z) :=p (%) 2™ and q(z) :==¢q (%) Z™ are again polynomials. Furthermore,
the leading coefficient of ¢ becomes the constant term of ¢, i.e. g(0) # 0. Due to the
continuity of ¢ there is actually an open neighborhood of zero, such that § is not zero
on that neighborhood. Since p is just a polynomial, this gives that r is holomorphic at
z = 0.

This proves C(z) N B(o(T")) C H(o(T')). Also, C(z) N B(a(T)) is a linear subspace of
the Banach-algebra B(o(T')), endowed with the supremum norm. But note that this is
not a closed subset. Also, B(o(T)) is in general not a Banach-*-algebra with r — r#,
since r# € B(o(T)).

Still, @rat(r) = (1) € B(K) is well-defined, and all stated properties follow directly
form Lemma 2.1.8. O

Remark 2.1.12. For linear relations with empty resolvent set, we have that C(z) N B(CU
{o0}) consists only of constant functions. In this trivial case, Corollary 2.1.11 is still
true if we manually set (z — \)(T) := AL
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2 The Functional Calculus for Rational Functions

2.2 An Elementary Approach

Let T' < K x K be a linear relation on a Krein space IC, and let r € C(z) N B(c(T)) be
a rational function. We assume oo € o(T'). Denote by «; for i = 1,...,n the poles of r
with multiplicity =;. A partial fraction decomposition of r gives

r(z):c+zi:(z_c’;)j, (2.1)

i=1 j=1

for some constants ¢, ¢;; € C. Since we have o; € p(T') for all i = 1,...,n, we can define
r(T) via

no

r(T):=cl+ Z ZCij(T —a;) 7.

i=1 j=1
Clearly, r(T') is a bounded operator, and this definition coincides with the one from
above. We have to check all properties, stated in Corollary 2.1.11, by hand.

Obviously, we have A\r(T)) = (Ar)(T) for all A € C. To show the linearity, take

ri1,72 € C(z) N B(o(T). Consider the partial fraction decomposition of both rational
functions,

Tl(Z)_C‘FZZI(ZI’_C’in)j,

i=1 j=1
mo T dij

7'2(2) = d+22m
i=1 j=1 ¢

Of course, we could have a; = 3; for some ¢ and j. If we add up these two equation,
and sum up those fractions which have the same denominator, we get just the partial
fraction decomposition of the sum r; + ro. Trivially, rearrangement of that form can be
done without difficulty, since we have for a; = 8; =: 1

ci(T = )~ + d(T — )" = (ca +dj)(T = )"

Therefore, we have r1(T") + r2(T") = (r1 + r2)(T'). Also, this calculus is compatible with
taking adjoints, since we have

r(T)" = (c1+§n:§:cij(T_ ai)_j>* =

i=1 j=1
=T+ 30 (T —an) = (T).

The last equality sign follows directly from line (2.1) by complex conjugation. Finally,
we show the multiplicity of the calculus. Again, let r1 be

7’1(2’):04—22#,

i=1 j=1
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2 The Functional Calculus for Rational Functions

As a first step, we show

Z—

<7~1 At > (T) = r1(T)(T — )", (2.2)

for o € p(T'). By linearity, we have

(ne 15) :<<C+i22_az ) fa><T>:

i=1 j=1
:< Z—@+ZZ z—aCZ]Z—a)>(T):
i=1 j=1
_ 1N Cij
N +;;<z—a z—a)>(T)

Therefore, in order to prove (2.2), it is sufficient to show
((z = ) (2 — )™ (T) = (T — a)) (T — ) (2.3)

Though this seems to be trivial, it requires a proof. Recall that the left-hand side is
defined via the partial fraction decomposition of (z — a;) ™/ (z — a)~!. We are not going
to give a detailed proof of (2.3). One can compute the partial fraction decomposition
of the left-hand side of (2.3). If you use j-times the resolvent identity on the right-hand
side of (2.3), you end up with exactly the same expression.

By induction, we also have

1 —J
(n(z) . M) (T) = r1(T)(T — &) . (24)

Now consider
mom

RIS D) e

11]1

Since we already know that the calculus is linear, we get, by equation (2.4),

(r1 - 72)(T) = ( <d+§m:§m: —@ )) (T) =

1=1 j5=1
mo 1
(d 7”1 +ZZ’F1 ) )(T)I
i=1 j=1
mo 1
= dn(T +;j21<7“1 z—ﬂz) >(T):
mo 1
=dr(T)+ Y dgr(T)(T - )7 =
=1 j=1
m. T
=r1(T) <d1+zzdij(T—ﬁi)_j> =r1(T)r2(T).
=1 j=1
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3 Spectral Theorem for Definitizable Linear
Relations on Krein Spaces

We are going to make some final preparations and then approach the construction of the
spectral theorem in Krein spaces.

3.1 Spectral Theorem for Self-Adjoint Linear Relations on
Hilbert Spaces

We want to recall the well-known spectral theorem for unbounded self-adjoint operators
A:domA C H — H on a Hilbert space H.

A proof can be found, for example, in [Rud, Theorem 13.30 on page 348], in [Wer,
Theorem VII.3.2 on page 357], or in [Kal2, Satz 4.6.1 on page 96].

Theorem 3.1.1. Let H be a Hilbert space, and let A : dom A C H — H be a self-adjoint
linear operator. Then, there exists a spectral measure E for (o(A)NR,B(c(A)NR), H),
such that

A= / tdE(t). (3.1)
R
FEspecially, for pn € p(A)\{oo}, we have

(A—p)t = / 1 B, (3.2)
(AR T — 1

Remark 3.1.2. Notice that the integrand on the right-hand side of (3.1) is not bounded.
In the classical case for bounded operators on a Hilbert space, we did only declare how
to integrate bounded and measurable functions with respect to a spectral measure. We
want to point out that it is not trivial to expand this functional calculus to unbounded
measurable functions.

Since we will not integrate unbounded measurable functions in the sequel, we are not
going to introduce this notion here. Again, we want to refer to [Rud], [Wer] or [Kal2].
In fact, we are only going to use (3.2).

Theorem 3.1.3. Let H be a Hilbert space, and let B be a self-adjoint linear relation
on H, with co € o(B). Then, there ezists a spectral measure E for (o(B),B(c(B)),H)
such that

- = [ " B

holds for all u € p(B). Moreover, we have

r(B) = /U PRCEEC

for all rational functions r which are bounded on o(B), r € C(z) N B(o(B)).
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

Proof. The idea of this proof, in a nutshell, is to look at the part of B which is actually
a self-adjoint linear operator (later called C') by dropping the multi-valued part. The
spectral measure for C, which exists by Theorem 3.1.1, can then be extended by taking
the multi-valued part into account, in order to obtain a spectral measure for B.

By Lemma 1.2.18, we have mul B = mul B* = (dom B)*. We can write the Hilbert
space H as the direct and orthogonal sum H = dom B(+) mul B. For (x;%) € B, Lemma
1.2.5 gives

{z:(x;2z) € B} =y +mul B = yg + mul B,
if one decomposes y in y = yq + ym with yg € dom B and y,, € mul B.

This motivates to look at the linear relation C' := B N (dom B x dom B). In fact, C
is a linear operator, since (0,y) € C gives y € mul BN dom B = {0}, i.e. mulC = {0}.
Furthermore, we have

B =C 8 ({0} x mul B), (3.3)

where H denotes the sum of linear subspaces. (We cannot use the symbol +, because it
already stands for the sum of two linear relations, cf. Definition 1.2.6.) The right-hand
side of (3.3) is trivially contained in the left-hand side. To see the other inclusion, take
(z;y) € B and mind the decomposition of y in y = yg+ ¥y, with y4 € dom B, y,,, € mul B,
which gives (z;y) = (;ya) + (0; ym)-

Additionally we get from C' C dom B x dom B and {0} x mul B C mul B x mul B that
the sum in (3.3) is a direct sum. The linear mapping 7as, cf. Definition 1.2.8, applied
to equation (3.3) gives

m:v(B) = 7 (C) B 7py ({0} x mul B), (3.4)

for all M e C2x2,

We want to apply Theorem 3.1.1 to the linear operator C'. But C is not necessarily
self-adjoint anymore, if you interpret C as a linear relation on H. In general, C is only
symmetric on H, since we have C' C B = B* C C*. But we can interpret C as a linear
relation on the Hilbert subspace dom B with the associated adjoint,

C*? = {(u;v) € dom B x dom B | (u,y) = (v,z) for all (z;y) € C}. (3.5)

Obviously, we have C*% = C* N dom B x dom B, which implies C C C*.
Moreover, (3.4) applied to M := (é ) gives

(B+p) = (C+p) B ({0} x mulB). (3.6)

Since B is self-adjoint, we know that both defect indices of B are zero, i.e. dimran(B —
i)t =0 and dimran(B + i)+ = 0. Equation (3.6) gives

ran(B + p) = ran(C + p) + mul B,

for all u € C. Hence, ran(B + p) being dense in H is equivalent to ran(C + ) being
dense in dom B. We conclude that the symmetric and closed operator C has also defect
indices (0,0), and is, therefore, self-adjoint on the Hilbert space dom B.
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

In order to locate the spectrum of C, we make use of (3.4) one more time, with M :=
(? _1#), and get

(B—p)™ ' =(C—p)~ ' 8 (mul B x {0}). (3.7)

Note that mul B x {0}, interpreted as a linear operator, is nothing but the zero-
operator on mul B and is trivially continuous. Therefore, the linear relation (C'—pu)~! <
dom B x dom B is a bounded operator on dom B if and only if the linear relation (B —
1)~ < H x H is a bounded operator on H, i.e. o(C) U {oc} = o(B). Clearly, we have
o(C)NR =0(B)NR and p(C) \ {oc0} = p(B).

Due to the spectral theorem for unbounded self-adjoint operators on Hilbert spaces,
Theorem 3.1.1, applied to C, there exists a unique spectral measure E for (o(B) N
R,%B(c(B) NR),dom B), such that

(C—p) ! = / . t_lﬂ dE(1) (3.8)

holds for all u € p(B).

We extend E to a spectral measure E for (o0(B),B(c(B)),H). To do so, denote by P
the orthogonal projection P : H — mul B onto mul B along dom B and set E({c0}) := P.
More precisely, we define

B(o(B)) — B(?—é)( ’ | )
E: E(AY(I - P if co ¢ A
& {E(AHR)(I—P)+P if co€A.

It is elementary to check that F is indeed a spectral measure.
Finally, we are going to prove

r(B) = /U(B)r(t) dE(t), (3.9)

for all rational functions whose poles are in p(B), i.e. 7 € C(z)NB(o(B)). Considering a
partial fraction decomposition of r, and having in mind that both the left- and right-hand
side of (3.9) are linear and multiplicative in r, we see that it is enough to prove

1
(B—p)™* :/ ——dE(t), and I :/ 1dE(t),
o(B)t— M o(B)
for all ;1 € p(B). The second relation is clear due to
/ 1dE(t) = E(o(B)) = E(o(B)NR)(I = P) + P=I—5(I - P)+ P=1.
o(B)
Now fix a 1 € p(B) and write (3.7) as (B — pu)~! = (C — p)~1(I — P). This gives

- = [ . = dE() (T - P).

For the complex measures associated with the spectral measures, the relation

Ex,y(A) = (E(A):an) = (E(A)(I - P)i’,y) = E(I—P)z,y(A)
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

holds true, for z,y € H and measurable A C ¢(B) N R. Therefore, for a bounded
measurable function ¢ € B(o(B)) with ¢(c0) = 0, we have

(/cde:c,y) — [6dE., = [ 0dBu ppy - </<z>dE<I—P):c,y),

for all 2,y € H, which implies [ ¢dE = [ ¢dE (I — P). We conclude
1 =
(B—p) " = ——dE(t) (I - P) =
o(B)

nrt—p
_ / 1 iBw) = / L i,
o(B)NR T — 1 oB) t— 1
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

3.2 Moving Linear Relations

Let V and K be two Krein spaces, and let T : V — K be a bounded linear operator. We
can consider T x T :V xV — K x K, (z;y) — (Tx;Ty). Clearly, also T' x T is linear
and bounded. Since both the inverse image and the image of a linear subspace under a
linear mapping are again linear subspaces, the map 7' x T' can be used to "move” linear
subspaces, i.e. linear relations.

A linear relation A on K can be transformed to a linear relation (T x T)~!(A) on V.
Analogously, a linear relation B on V can be moved to a linear relation (7' x T')(B) on
K.

The study of this process yields useful tools, that we are going to use later in the
construction of the functional calculus. The whole section originates from [Kall].

Lemma 3.2.1. LetT : V — K be a continuous linear mapping between two Krein spaces,
and let A and B be linear relations on K and B respectively.

(1) (T x T)(B) coincides with the composition of linear relations TBT ",

(i

)
) (T x T)"Y(A) coincides with the composition of linear relations T~ AT
(iii) For all M € C**2 we have (T x T) o1y = a0 (T x T).
(iv) For invertible M € C**? we have (T x T)™'(ta(A)) = 7 (T x T)71(A)).
)

(v
Proof.

(T x T)"Y(A) is closed if A is closed.

(i) By the definition of compositions of relations, we have

(T'xT)(B) ={(T%;Ty) : (z;y) € B}
={(w;v) e K?* |3z, y e K: (u;2) e T, (z;9) € B, (y;v) € T}
=TBT .

(7) Similarly, we have

(T x T)"HA) = {(z;y) €V x V: (Tx;Ty) € A}
= {(z;y) € V? | Bu,v € K : (z;u) €T, (w;v) € A, (v;y) € T}
=T71AT.

(#1) For M = (3 g) we have

e (8 )= )

_ (k. Ak _
_ (BIK ak) o (T xT) =7ar 0 (T x T).
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

(iv) Due to 7;,' = T37-1, we have

(T x T) " (rag=1(A)) = (T x T) " (155(A)) = (rar o (T x T)) "' (A) =
=((T'xT)o TM)_l(A) =713 (T xT)"HA) =1y (T xT) 1 (A)) .
Substitute M for M1,

(v) As a inverse image of a closed subset under a continuous function (7" x T)~!(A) is
closed.

O
Corollary 3.2.2. For a linear relation A on K we have
ker (T x T) ™' (A) = A) =T ker (A - \),

for all A € CU {oc}. In particular, for A = oo, i.e. mul(T x T)~"1(A) = T~ (mul A).
Furthermore, we have o, ((I' x T)"1(A)) C 0,(A) if T is injective.

Proof. For A = oo, the claim follows from
zemul(T x T) " HA) & (0,Tz) € A & z €T ' (mul A),

minding the convention (R — oo)~! := R. In order to treat the case A € C, we set
M := (9 1) such that 7a7(R) = (R — A)~*! for all linear relation R, cf. Remark 1.2.11.
Lemma 3.2.1 gives

ker (T x T)"H(A) = A) = muly (T x 7)1 (A)) =
mul(T x T) ! (s (A)) = T7 (mul 77 (A)) = T ker(A — N).

The last statement holds, since T~ 'ker(A — \) # {0} implies ker(A — \) # {0}, for
injective T O

Lemma 3.2.3. Let T :V — K be a bounded linear operator between two Krein space V
and K, and let A and B be linear relations on K, u € C\ {0}. Then we have

(T x T)7H(pA) = (T x T)~'(4),
(T xT) YA+ B) D (T xT) ' (A) + (T xT)"Y(B),
(T x T)"Y(AB) 2 (T x T) Y (A)(T x T)"Y(B).
Proof. The first identity follows from Lemma 3.2.1, by considering 7,s for M := ((1) 2)
To verify the second one, take an element (z;y) € (T x T)"Y(A) + (T x T)"}(B).
We have (Tx;Tu) € A and (Txz;Tv) € B for some u,v € V with u + v = y. Since

Tu+ Tv =Ty, we get (Tz;Ty) € A+ B, ie. (x;y) € (T xT) (A + B).
The last claim follows from Lemma 3.2.1 and TT~! C I:

(T x T) " YW(A(T x T)"Y(B) = (T7YAT)(T™'BT) C T"'ABT = (T x T)"}(AB)
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

Remark 3.2.4. Let S : C — D be a linear operator between two vector spaces C and D,
and let A <C x C and B <D x D be two linear relations.

The condition (S x S)(A) C B, which will arise in the sequel, clearly is equivalent to
AC(Sx8)"'B=S"1BS. Applying S from the left yields SA C SS~1BS C BS, due
to S~ C I, for operators S.

On the other hand, SA C BS gives S71SA C S7!BS = (S x S)~1(B), which yields
AC(Sx8)YB),since I C S71S if dom S = C.

We have seen that (S x S)(A) C B is equivalent to the intertwining condition SA C
BS. If A and B are everywhere defined operators, this condition is further equivalent
to SA = BS.

Remark 3.2.5. With the notation from Remark 3.2.4, let M € C?*2 be any regular
matrix. We have

(SxS)A)CB < (Sx9(m(A)) Cma(B).

This equivalence holds true due to the fact that 7y, from Definition 1.2.8, is bijective
with 737 7! = 73;-1, and due to Lemma 3.2.1.

Together with Remark 3.2.4 we have shown SA C BS if and only if Stp(A) C
T (B)S, for all regular matrix M € C2*2.

We already know that the spectrum of self-adjoint linear relations on Krein spaces -
in contrast to the situation in Hilbert spaces - is not contained in the real line. In fact,
this is not even true for bounded self-adjoint operators on Krein spaces, cf. Example
1.2.28.

Recall that for a positive operator A on a Hilbert space, we have o(A) C [0,00). The
next result states what is known about the spectrum of positive operators on Krein
spaces.

Theorem 3.2.6. Let (K,[.,.]) be a Krein space, and let A : K — K be a bounded and
self-adjoint linear operator, such that [Ax,xz] > 0 for allx € K, i.e. A is positive . Then
o(A) CR.

Proof. We define by (z,y) := [Az, y] a positive semidefinite inner product on K. In order
to get a pre-Hilbert space, we have to factor out the N := {z € K | (z,z) = 0}, which
is a closed subspace since it coincides with the isotropic part, cf. Corollary 1.1.3.
Hence, the inner product, again denoted by (.,.), is well-defined on the factor space
K/N by
(+N,y+N):=(z,y) forax,yek,

and is positive definite. The pre-Hilbert space (IC/N,(.,.)) has a Hilbert space comple-
tion, denoted by (V, (., .)).

Now, consider the canonical embedding ¢ : (K,[.,.]) = (V,(.,.)) which denotes the
composition of the canonical surjection x — z+N and the canonical embedding /N —
VY coming along with the completion. The linear operator ¢ is bounded and has dense
range.

Thus, T :=* : (V,(,,.)) = (K,[.,.]) is an injective operator due to ker T' = ker /* =
(rant)t = {0}, cf. Lemma 1.2.18. Furthermore, for z,y in K we have

[TTz,y| = (T"2, T"y) = (uz,y) = (z,y) = [Az, ],
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3 Spectral Theorem for Definitizable Linear Relations on Krein Spaces

which gives TT* = A. From
(T xT) Y A) =T AT =T7'TT*T = T*T,

we learn that (T' x T)~!(A) is a bounded and self-adjoint operator on V. Being on a
Hilbert space, we have o((T x T)"}(A)) C R, cf. Lemma 1.2.26. For that reason, we
can set M := (% _0/\), for arbitrary A € C\R, and get a bounded operator on V via

mar (T % T)7H(A)) = (T x T) ™" (rar(4)) =: B,

cf. Remark 1.2.11. Clearly, B can be written as B = I+\(T*T—\)"! = T*T(T*T—\)~!
Until now, we constructed a Hilbert space V, moved A to V, and applied s to get
B. Now, we move B back to the Krein-space using 7% : K — V. In fact, we set
C:= (T* x T*)"YB).
The idea is, basically, to calculate dom C' in two different ways. By definition of C'
and by Lemma 3.2.1, we get

C = (T*)"'BT* = (T*)"'T*T(T*T = \)"'T* 2 T(T*T — \)~'T™.

Note that the right-hand side is a bounded operator on V for all A € C\ R. This gives
dom C' = K, since the domain of a superset can only get larger.
FEasy manipulations give

C = (T* x T*) 1y ((T x T)"HA)) =y (T* x T*)"HT x T)H(A)) =
=7 (TT* x TT*) ' (A)) = s (A x A)71(A)) = 7; (A1 AA) =
:TM((IEE({O}xkerA) A) = 7o (AB ({0} x ker A))

Now, we can use Remark 1.2.10 to compute the domain of C, and get

dom C' = dom 7 (A B ({0} x ker 4)) =
={-XN+g:(f;9) € AB ({0} xker A)} =ran(A — \) + ker A

We have shown ran(A — \) + ker A = K for all A € C\ R. Note that we have
ker A C ran(A — \) for all A # 0. For = € ker A simply set y := —%.ﬁ and note
(A— XNy =uz,ie ker A Cran(A — \). We deduce ran(A — ) = K for all A € C\ R.

Since A is self-adjoint, Lemma 1.2.18 gives ker(A — X) = ran(A — \)H = {0} for all
A € C\R. By the closed graph theorem, we get (A—\)~! € B(K),i.e. C\R C p(4). O

Lemma 3.2.7. Let T : V — K be a bounded linear operator between two Krein spaces
V and K. For a linear relation A < K x K, we have

(T* x T*)(A)" = (T x T)~H(A").

In particular, (T x T)_l(A*))* is the closure of (T* x T*)(A).
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Proof. For the proof, we need the following two facts.

First, we apply Lemma 1.221 to R=T xT :V xV — K x K, whereby V x V and
K x IC are endowed with the respective sum inner product, and to L = A C K x K. This
gives

((T* x T*)(4))™ = (T x T)~}(4").

10
relation S, cf. (1.6). This gives

Secondly, setting M := (9 7'), we have S* = 73/(S+) = 7a(S)*, for any linear

(T % T*)(A4)" =7 (7" x TYA)) = s (7 x )7 (1)) =
— (T x T)"} (TM(AL)) — (T x T)"}(A%).
O

Proposition 3.2.8. Let T : V — K be a bounded linear operator between two Krein
spaces V and IC, and let A < K x K be a closed linear relation on K satisfying

(TT* x TT*)(A*) C A.

Then the linear relation (T x T)~1(A)* is symmetric and coincides with the closure of
(T* x T*)(A*).

If V is in fact a Hilbert space, T is injective, and if C\op(A) contains points from
both C* and C~, the relation (T x T)~1(A) is self-adjoint.

Proof. (TT* x TT*)(A*) = (T x T)(T* x T*)(A*) C A implies (T* x T*)(A*) C (T x
T )~1(A). Since the right-hand side is closed, we obtain from Lemma 3.2.7, using A** =

A=A,
(T x T)(4))" = (T7 x T)(A) € (T x T) " (A).

Now let V be a Hilbert space, and assume that (7' x T)~!(A)* is not self-adjoint, or
equivalently, not both defect numbers are zero. We know that for an arbitrary linear
relation R, we have ran(R — \)* = ker(R* — \) for A € C. For a symmetric linear
relation R and non-real A, the dimension of these subspaces of V only depends on the
half-plane which contains A. Thus, a defect number of (T x T)~!(A)* being unequal to
zero, results in ker((T x T)~1(A) — X) not being the nullspace for all A in a half-plane,
i.e. op((T x T)"1(A)) contains a half-plane. Since T is injective, Corollary 3.2.2 gives
op((T x T)71(A)) C 0,,(A), which contradicts the assumption concerning C\o,(A). O

Remark 3.2.9. We are going to to recall some well-known facts, which will be needed in
the proof of the next lemma.

Let P € B(H) be a positive operator on a Hilbert space H, i.e. (Pz,z) > 0 for all
x € H. We write P, < P, if P, — P is positive, i.e. ((P» — Pj)x,z) > 0 or equivalently
(Piz,z) < (Pyx,x) for all x € H. Every positive Operator has a unique square root,

which can be declared via
VP = / VtdE(t),
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where E denotes the spectral measure of P. Loewner’s Theorem states that P, < Py
implies v/P; < /P, for all positive operators P;, P,. A proof of this theorem can be
found here [Mur, Theorem 2.2.6].

We want to remark that the square of a self-adjoint operator is always positive. Its
square root is denoted by |A|,

VA = 1//t? dE(#) —/tdE(t) —"

Hereby, for all self-adjoint operators A and all x € H the following inequality holds true,

(A2, 2)| = \ / tdEx,xa)] < [ HdBeutt) = (1Al2.2)

Lemma 3.2.10. Let T : V — K be a bounded and injective linear operator between a
Hilbert space (V,[.,.]Jy) and a Krein space (K,[.,.]x) and assume A : K — K to be a
bounded linear operator, with (TT* x TT*)(A*) C A.

Then (T x T)"1(A) is a bounded and self-adjoint linear operator on V with

I(T > T)~H(A)]| < [1A].

Here, ||.|| on the left-hand side refers to the operator norm in V, and |.|| on the right-
hand side refers to the operator norm in (K, |.||s) for any fundamental symmetry J on

K.

Proof. Since 0,(A) € o(A) C K|4(0), we have C\o,(A4) 2 C\K4(0). Therefore,
C\op(A) contains points from both C* and C~. By Proposition 3.2.8, the linear relation
(T x T)~1(A) is self-adjoint and is the closure of (T* x T*)(A*). Due to Corollary 3.2.2,
we have mul(T x T)"}(A) = T-}(mul A) = ker T = {0}. Hence, (T x T)"!(A) is an
operator.

Take an arbitrary pair (z;y) € (T x T%)(A*). Since we have z € dom (7™ xT™*)(A*) =
dom T*A*(T*)™" C dom (T*)™! = ranT*, we can write 2 = T*u for some u € K. Due
to (T* x T*)(A*) C (T x T)"1(A), we get (Tz; Ty) = (TT*w; Ty) € A, and hence

[y,x]y = [y, T*u]v = [Ty,u];c = [ATT*U, U]]C.

Due to Remark 3.2.4, the assumption (77 x TT*)(A*) C A is equivalent to TT*A =
ATT*, i.e. B:= ATT* € B(K) is self-adjoint.

Take any fundamental symmetry J on K. We have B®*) = JB*J, ¢f. Proposition
1.2.19, which gives (BJ)*) = JB®) = JJB*J = B*J = BJ, ie. BJ € B(K) is self-
adjoint with respect to (.,.)s. Moreover, by definition of B and by Remark 1.2.20, we
have BJ = ATT*J = ATT®),

[ATT*u, ulx = [Bu,ulx = (Bu, Ju); = (BJJu, Ju); = (ATT™ Ju, Ju) ;

Consider

(ATTUN? = ATTWATT® = ATT™ JJATTY) = ATT* JATT®™ =
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=TT*A*JATT®) = TT*JJA* JATT® =TT AN ATT . (3.10)
As a square of a self-adjoint operator, the operator in (3.10) is positive. The calculation
(TTHADATTN 2, 1) ; = (ATTW 2, ATTW ) ; = |ATTW 2| <
<JAIPITTD 2|5 = [|APH(TTW2, TT®2) ; = |AHTTHOTTY 2, 2),,

shows that we have (ATT™))2 < [|A|?PTTHTT™, where ||A]| is the operator norm of
A with respect to |.|;. By Loewner’s Theorem, cf. Remark 3.2.9, we get |ATT™| <
|A|TT™. Hence, for all (z;y) € (T* x T*)(A*) we have

ly, z]y| = |(ATTY Ju, Ju) ;| < (|ATT®|Ju, Ju); < |A||(TT™ Ju, Ju);
= AT w, Ju)y = [|A|[[TT u, ulc = [|A|[[T"u, T uly = [|A [z, z]y.

Since (T* x T*)(A*) is dense in (T x T)~!(A), the inequality
|y, zlv| < [|A[| [z, 2]y (3.11)

even holds true for all (z;y) € (T x T)~!(A).

The spectral theorem for unbounded self-adjoint operators in Hilbert spaces, Theorem
3.1.1 applied to (T x T)"(A) gives a spectral measure E for (R,B(R),V). In the
following, we need the well-known result that an element g € V is in the domain of
[¢dE if and only if [|¢|?dE, 4 < 0o, see [Kal2, Lemma 4.5.4.] or [Rud, Lemma 13.23].

For any natural number n > ||A| 4 1, consider the interval A, := [||A|| + 1,n] C R.
For x € ran E(A,,), we have

St dBeatt) = [ P dEwa() < .
Ap
which gives x € dom(T x T)~1(A). Inequality (3.11) yields

1Az, ]y > [[(T x T)"' (A)z, 2]y =/ tdEqg . (t) >

An
> (Al + DB,y = (14] + )l aly,

We conclude x = 0, i.e. ran E(A,,) = 0 and, therefore, E(A,,) = 0 for all n > [|A]|. Since
E is o-additive we also get E(U,,~ 4 An) = E(([|A4]],00)) = 0.

In the same matter, we can show FE((—oo,—||Al)) = 0. So E and, therefore, all
complex measures E, , are concentrated on the interval [—||Al|, || A[]]. Also, for all mea-
surable functions ¢ the operators | ¢ dE depend only on the values of ¢ on [—||A4]|, [ A]].

Due to
/\t\QdEm(t):/ 42 dE,s. (1) < oo,
R =1Ll

we have dom(7T x T)~(A) = V. Since integrating bounded measurable functions with

respect to a spectral measure always gives bounded everywhere-defined operators, we
deduce (T x T)~1(A) € B(V) from

@ x1) )= [

tdE(t) = /t L papan (t) dE)
R
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The numerical radius of (T' x T)"!(A), i.e. the supremum of the absolute values of
the numbers in the numerical range, coincides with the operator norm ||(T' x T)~1(A)||,
because (T x T)~!(A) is self-adjoint. Inequality 3.11 gives

(T < T) " (Al = sup { |[y, 2]v| : (z59) € (T x T)7H(A), [lzlly = 1} < [|A]l.
O

Theorem 3.2.11. Let T : V — K be a bounded and injective linear operator between a
Hilbert space (V, (.,.)y) and a Krein space (K, |.,.]x). Then

o. ] IT) CBK) — (I"T) C B(V)
{ C — (TxT)"'(C)

constitutes a x-algebra homomorphism from the C*-algebra (TT*) C B(K) of all bounded
linear operators on K that commute with TT*, into (T*T) C B(V) with [|©| < 1.
Furthermore, we have ©(I) =1, ©(TT*) =T*T and

ker© = {C € (TT*) :tanC C ker T* = ker TT"}.

Additionally, (T* x T*)(C) is densely contained in ©(C) for all C € (TT*)", and we
have
T°C =06(C)T". (3.12)

Proof. By Lemma 3.2.1, we have ©(I) = (T x T)"}(I) = T7'T = I and O(TT*) =
T~YTT*T = T*T. It is also elementary to check, that for A, B € (TT*) and p € C we
have uA, A+ B, AB, A* € (T'T*)". Likewise, also (T*T)" is a C*-subalgebra of B(V).

We start by taking a self-adjoint A = A* € (TT*) C B(K). In order to apply Lemma
3.2.10, we need to verify (TT* x TT*)(A*) C A. According to Remark 3.2.4 this is
equivalent to TT*A* = ATT*, which holds true for a self-adjoint operator A € (TT*)'.
Hence, Lemma 3.2.10 gives that (T' x T)"!(A) is a bounded and self-adjoint linear
operator on V. Also, (T x T*)(A) is densely contained in it. This yields

(T*T x T*T)(T x T) " (A) C (T* x T*)(A) C (T x T)"L(A),

which is, again due to Remark 3.2.4, equivalent to (T x T)~1(A) € (T*T)'.
A general C' € (T'T*) can be written as C = ReC' +iIm C, with
C+Cr c-cr

ImC = .
» 2

ReC =

Since Re C and Im C are self-adjoint operators in (7TT*)’, we deduce that (TxT)~!(Re C)
and (T x T)~}(Im C) are self-adjoint operators in (7*T)’. Furthermore, Lemma 3.2.3
gives

(T xT) ™ C)=(T xT) " (ReC +iImC) D
(T xT)" ' (ReC)+i(T x T)"'(ImC), (3.13)
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where the right-hand side is an everywhere defined operator, and the left-hand side is
an operator, due to mul(T x T)~1(C) = T='(mul ©), cf. Corollary 3.2.2. Thus, we
obtain equality in (3.13). This yields ©(C) € (T*T)’. Repeating the argument with
C* =Re(C —¢Im C unveils

(T xT)™HC*) = (T xT)"(ReC —iImC) D
(T xT) Y (ReC) —i(T x T)"{ImC) = (T x T)"}C)*.

Once more, we obtain equality and conclude ©(C)* = ©(C*).

The linearity follows in the same manner. For a u € C\{0} and an A € (TT*)’ Lemma
3.2.3 gives O(uC) = pO(C). For = 0, O(0) = 0 is checked by hand. Furthermore,
for A,B € (TT*) we have O(A + B) D ©(A) + ©(B) and O(AB) D ©(A)O(B). As
before, we have everywhere defined operators on both sides, and, therefore, get equalities.
Hence, O is well-defined, linear, multiplicative and compatible with taking adjoints.

In order to find an estimate for the operator norm of ©(C'), we can reduce the situation
to self-adjoint C' and use Lemma 3.2.10:

I8(C)z]3; = (6(C)z,0(C)x),, = (B(C*C)a, ), < [O(C*C)z|lyllally <
<o O)llzl} < IC*Clllzll < T3

This yields ||©] < 1.
Lemma 3.2.7 states

((T" x T*)(C))" = (T x T)7/(C") = B(C*) = O(C)".

Taking adjoints gives (T* x T*)(C) = ©(C). In particular, ©(C) = 0 is equivalent to
ran((T* x T*)(C)) = {0}, i.e. T*y = 0 for all y € ran(C), or equivalently ran(C) C
ker T* = ker T'T™.

For all C € (T'T*)" we have (T* x T*)(C) C ©(C). By Remark 3.2.4, this is equivalent
to T*C = ©(C)T™. 0

Corollary 3.2.12. In the setting of the last theorem, we have o(©(C)) C o(C), or
equivalently p(©(C)) 2 p(C), for all C € (TT*)'.

Proof. We take a A € p(C), so (C — M)~! € B(K). Further, this operator also belongs
to (TT*): Since C,Ix € (TT*)', we have that also (C' — M) is an element of the
C*-algebra (TT*)', i.e.

TT*(C — MNx) = (C — N)TT™.

We multiply this equation by (C — Ax)~! from the left and from the right-hand side,
and obtain (C — Mx)~! € (TT*)'.
Now consider ©((C' — M)™!). The calculation,
O((C — M) O ((C — M) =0 ((C — M) HC = M) = O(Ik) = Iy,

reveals that ©((C' — Alx)™) = (6(C — Mx)) ™' = (6(C) — Aly) ™" hold, ie. A €
p(©(C)). O
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The next theorem is a version of Theorem 3.2.11 for linear relations.

Theorem 3.2.13. Let T : V — K be a continuous and injective mapping between a
Hilbert space (V, (.,.)y) and a Krein space (K, |.,.]x). Define the sets

(TT*)ie == {C <K x K|p(C) #0,TT*C C CTT*} and
(T*T)! {D<VxV|p(D)#0,T*TD C DT*T}.

rel *—

These sets are closed under taking adjoints, and

L TT)g = (T7T),
Orel : { C1 — (T x T)l‘l(C)

fulfills ©(C)r,; = 61e1(C*), and 0(6,a(C)) € o(C).
Furthermore, for all C € (TT*)., and all regular M € C**? such that Ty(C) is a
bounded operator on K, we have

T*ma(C) = 7ar (Ora(C)) T
For all rational function h whose poles are in p(C), i.e. h € C(z) N B(o(C)), we have
T*h(C) = h(Ba(C))T™.

Proof. Note that the sets (TT*)’ , and (T*T)’,, are not linear any more, since p(C1C3)

rel rel’

and p(Cy + C3) could be empty for C1,Cy € (TT*). ;. But still, we have C* € (TT*)’

rel* rel

for C € (TT*). . The resolvent set is not empty due to p(C*) = p(C), c¢f. Lemma

rel*

1.2.23. Taking adjoints yields

C*TT* = (TT*C)* 2 (CTT*)* 2 TT*C*,

cf. Lemma 1.2.22. Analogous, (T*T)!, is closed under taking adjoints.
For all C € (TT*)!, and all regular M € C?*2, we have

@rcl(c) = Tp-1 (@rel (TM(C))) )

due to Lemma 3.2.1. This identity is especially useful if you choose M such that 73,(C)
is a bounded operator on K. This can always be achieved by taking M := ([1) —lu) for
p € p(C)NC. Note that the case p(C) = {oo} cannot occur, since the resolvent set is
always an open subset of C U {oco}.

We claim that 73,(C) € (T'T*)', whenever 73/(C) is a bounded operator on K. Note
that C € (TT*)., gives TT*C C CTT*, which is, by Remark 3.2.5, equivalent to
TT*m(C) C 7y (C)TT*. Under the assumption 7/(C) € B(K), we have everywhere-
defined operators on both sides and, therefore, equality holds, i.e. 7/(C) € (TT*)". In
this case, we can write

Ore1(C) = Tp1-1 (O (Tar(C))) - (3.14)

Making use of Theorem 3.2.11, we get that © (7a/(C)) = 7Tas (Ore1(C)) is an element
of (T*T), ie. T*T a1 (©1e1(C)) = 7Tar (Oraa(C)) T*T. Again, Remark 3.2.5 applied
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to Tar-1 gives T*T O (C) C O(C) T*T, ie. O (C) € (T*T) ;. This shows that

= rel*
Orel : (TT*)!,, — (T*T).,, is well-defined.

In order to show that ©,¢ is compatible with taking adjoints, fix C' € (T'T*),, and
choose M according to C, such that 73/(C) € (T'T*)'. Equation (3.14), Lemma 1.2.23

and Theorem 3.2.11 give

0:e1(C)* = (Tar-1 0© 0 s (C)) " = 717-1 (O(7as (C))

~—
*
I

In the same fashion, we get

7(0:a(C)) = 7(rar-1 00 0 1(C)) = day1 (0 (O (C)))) €
C -1 (0 (11 (C)) ) = dar—1 (dar (0(C))) = 0 (C),

cf. Proposition 1.2.15.

For the next statement, consider again C' € (T'T*)' ; and M € C?*2 such that 73/ (C) €
B(K). Recall that we actually have 73,(C) € (T'T*)". Using equation (3.14) and the
appropriate result from Theorem 3.2.11 gives

T 7 (C) = O(ras (C))T* = 741 (€,a(C)) T™. (3.15)

Finally, let h be a rational function whose poles are in p(C) C p(©,¢(C)). Both h(C)
and h(O.(C)) are bounded operators.

In the case co € o(C), a partial fraction decomposition of h reveals that it is sufficient
to prove

TH(C =)™ = (0w(C) — ) 'T7, (3.16)

for all p € p(C). For the constant term, which may appear in the partial fraction
decomposition, we trivially have T*I = IT*. Equation (3.16) follows directly from
(3.15), setting M := (9 1))

In the case oo € p(C), i.e. C € B(K), the situation is different, because h could have
a pole at co. However, in this case equality holds in TT*C C CTT*, i.e. C € (TT*)".
The assertion follows now directly from Theorem 3.2.11.

O]
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3.3 Definitizable Linear Relations

Remark 3.3.1. For a linear relation A and a polynomial p € C|[z], we can define a linear
relation p(A) by using the definition of the sum and the composition of linear relations,
as well as the multiplication by scalars, cf. Definition 1.2.6.

In fact, for p(z) = > 1, biz" with b, # 0, we define the p(A4) := Y ,b;A’. Clearly,
we have dom p(A) = (L, dom A" = dom A™.

Be warned that e.g. p(A4) + ¢(A) # (p+ q)(4) if deg(p + ¢) < max{degp,degq}.

Definition 3.3.2. A self-adjoint linear relation A < K x K on a Krein space K is called
definitizable if there exists a polynomial p(z) € C|[z] of degree n, such that

ly,2] >0 (3.17)
holds for all pairs (z;y) € p(A). In this case, p is called a definitizing polynomial of A.

The next lemma is a generalization of [Jon, Lemma 1].

Lemma 3.3.3. Let p € C[z] be a polynomial with degp = n, and let A < K x K be
a self-adjoint linear relation on o Krein space K with non-empty resolvent set. For an
arbitrary p € p(A), consider the rational function

p(2)

&)= TG e

and the corresponding bounded operator r(A).

Then we state that r(A) is positive, i.e. [r(A)z,x] >0 for all x € IC, if and only if A
1s definitizable, with definitizing polynomial p.

In this case, and under the additional assumption p € R[z], we have 0(A) C R U
p~t({0}). In particular, c(A)\R consists of only finitely many points lying symmetrically
with respect to the real axis.

Proof. For z € K we have ((A — p) " 1a; (A — p) ™"z + p(A — p)~""'z) € A4, and in

turn
k

E\ . .
(- ey ( .)M(A —p)a) e A",
=0
Writing p(z) = by + - - - + by 2™ with by, # 0, this gives
(A= Son Y (5)ita - o) € pa), (3.15)
k=0 j=0 \J
To improve the readability, we denote the pair in (3.18) as ((A — p) "a; V(A)x), with
the bounded linear operator W(A) := by Z;’?:O (I;)uj (A — p)=i—ntk,
In fact, W(z) for a complex variable z, is nothing but the partial fraction decomposition
p(2)

(z—p)™?
cf. Corollary 2.1.11. What we have done so far, basically, was utilizing the fact p(A)(A—

of the rational function z —

and W(A) is the corresponding bounded operator,
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©)~™ D W(A), which follows from (A — u)(A — p)~! D I. Because the functional calculus
for rational functions is multiplicative, cf. Corollary 2.1.11, we have

W(A)z,(A—p) "z =[(A—p) " V(A)z,z] = [r(A)z,z] forall z € K. (3.19)

Now suppose that p is a definitizing polynomial of A. For all x € K, we have
[r(A)z,xz] > 0 due to (3.19) and by definition of a definitizing polynomial applied to
the pairs in (3.18).

Before we prove the other implication, fix 2 € o(A4) \ R and assume p(z) # 0 for a
real definitizing polynomial p. As we have just seen, r(A) is positive for all pu € p(A).
In order to point out the dependence of u, we are going to write r, := r. Due to
ru(A)* = r#(A*) =ru(A), cf. Corollary 2.1.11, r,(A) is also self-adjoint. Theorem 3.2.6
gives o(r,(A)) € R. Due to o(r,(A)) = ru(c(A)), cf. again Corollary 2.1.11, we deduce
ru(z) € R for all € p(A).

Express r, as

1 ni(= —7\n
p(z)(Z — pw)"(2 - [t) (3.20)
o= Pz — P

ru(z) =

The mapping p(A4) \ {R, 2,2} > p— (2 — n)(Z — i), as a mapping from an open subset
of R? into R?, is a local diffeomorphism, due to the inverse function theorem. Hence, it
is open, as well as p(A) \ {R,z,z} > p— p(z)(Z — u)"(z — @)". Since the denominator
is real, this contradicts r,(z) € R for all p € p(A). We conclude o(A4)\R C p~1({0}).

Now, for the proof of the other implication, assume that r(A) is positive. We have
to show that [v,u] > 0 for all (u;v) € p(A). For pairs of the form (3.18), this is
immediately clear due to (3.19). We conclude the proof by showing that indeed all pairs
of (u;v) € p(A) can be written as (3.18) for suitable z € K:

Fix (u;v) € p(A), and set ¥ := W(A). Since u € domp(A) = dom A" = dom(A—p)" =
ran(A — )", we can find a 2’ € K such that u = (A — p) "2’. So far, we have

(A= p) "2’ Wa’) — (u;0) = (0;w) € p(A),

for w := ¥a’ —v € mulp(A) = ker(A — p)~"™. We want to achieve w = 0 by choosing
2’ € K more carefully. Define [ := min{i € N: (A — p)~w =0} , I < n, and let L be
the linear span of the set of vectors

L= span{w, (A - M)ilw; (A - /14)7211), ey (A — M)ilJrlw}_

Clearly, we have L < mulp(A). Note that these vectors are linearly independent: If we

have
-1

D A(A—p)Tw=0, ) €C, (3.21)
i=0
we can apply the linear operator (A — 1)~/ on both sides and get A\g(A — p)~+lw =0,
which implies Ao = 0, due to the definition of I. Similarly, the operator (A — p)~+2
applied to equation (3.21) gives A\; = 0, and induction shows the asserted linear inde-
pendence.
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Since W is just a linear combination of the operators (A — u)~% i = 0,...n, we have
U (L) < L. Furthermore, it is clear that ¥ commutes with the operator (A — u)~!. Now
we claim ¥|; : L — L to be bijective. Consider an arbitrary element of the kernel of
VL.

-1 -1 -1
0= Q(Z Ai(A— ,u)*’w> = Z AN (A= p)'w) = Z Ai(A—p) " w

i=0 i=0 =0
This is similar to (3.21). In fact, we can repeat the same argumentation once we know
I = min{i € N: (A — p)~®Ww = 0}. This is true, since we have (A — p) ' Uw =
V(A - p)~'w =00 =0 and (A — p) 1w = V(A - )" Hlw = b, (A — p)Hlw #0.

Hence, V|, is bijective. So, we find an m € L < mulp(A), such that ¥m = w. Now

x := 2’ —m € K has the desired property,

(A —p) "2 ¥x) — (u;0) = ((A — p) "2 —u; ¥z’ —w —v) = (0;0).

This completes the proof, since all pairs (u;v) € p(A) can now be written as (3.18)
and the positivity of r(A) gives [v,u] > 0, due to (3.19). O

Remark 3.3.4. In the following, we need the property o(4) € R U p~1({0}), i.e. we
would like to have a real definitizing polynomial. Given a definitizable linear relation
A < K x K with a definitizing polynomial p € C(z) - is it possible to pass over to a real
definitizing polynomial?

With the notation from Lemma 3.3.3, let r denote the rational function corresponding
to p. Due to

0 < [r(A)z,2] = [z,r" (A)z] = [r7 (A)z,a],

we see that r7(A) is also positive. Since r# is the rational function corresponding to
p#, Lemma 3.3.3 states that p# is also definitizing for A.

We are tempted to proclaim that a real definitizing polynomial was found with p+ p*.
Obviously it is real, but it is not clear whether it is still definitizing for A or not.

In the special case deg(p + p?) = max{degp, degp*}, i.e. the leading coefficient of p
is not an element of iR, we can actually show that p + p# is again definitizing for A.

In fact, let p and ¢ be two arbitrary definitizing polynomials for A, and assume deg(p+
q) = max{degp,degq} =: n. We claim that p + ¢ is definitizing for A. Without loss of
generality assume deg g =: m < n = degp. Consider

_ p)+alz) p(2) p(z)
r(z) = Y P P e v T T
(=—pwrz—mp"  E—prE-—p"  (z—p"(z—-H[
By Lemma 3.3.3, it is sufficient to show that r(A) is positive. Let r, and r, denote the
rational functions corresponding to p and ¢, i.e.

_ p(2) o (2)
S P AR

Obviously, we have 7(2) = 1,(2) + 74(2)(z — )~ (z — @)~ »=™). Due to

[r(A)a, @] = [rp(A)z, 2] + [rg(A)NA = )" (A = g)~ 0"z, 2] =
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= [rp(A)z, 2] + [rg(A)(A — )", (A — )" ™a] > 0,

p + ¢ is definitizable for A.
This proof fails if the leading coefficients cancel out. There may be definitizable linear
relations which only have definitizing polynomials with leading coefficient in ¢RR.

Remark 3.3.5. In order to overcome the difficulties discussed in Remark 3.3.4, one could
try to change the definition of a definitizable linear relation. In fact, we could define
a self-adjoint linear relation A < IC x I to be a definitizable if there exists a rational
function r € C(z) N B(c(A)) such that r(A) is positive. The rational function r could
be called definitizing rational function of A.

In this setting, r# is also a definitizing rational function of A, since r#(A) is again
positive. We can consider the sum 7 + r#, which is definitizing for A as well, due to
the linearity of the functional calculus for rational functions. Hence, without loss of
generality, we can assume to r = r#.

It should also be possible to establish a spectral theorem for definitizable linear rela-
tions with this generalized notion.
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3.4 The Functional Calculus

Let A be a definitizable linear relation on K with a real definitizing polynomial p of
degree n. By Lemma 3.3.3 we know o(A) C RUp~1({0}).

We fix the following notation for the rest of the chapter:

Denote by N(p) := {ai,...,ap} the set of all distinct zeros of p which belong to
o(A), and let ~; be the multiplicity of the zero «y, i = 1,..., M. The zeros of p which
belong to p(A) will only play a minor part. We denote them by 1, ..., B, and write 7;
for the multiplicity of the zero ;. We also set ¢(z) := [\, (z — £8;)™. Then

m M M
p(z) = [[(z= 8" [](2 — i) = q(2) [ [ (z — i)™
=1 =1 =1

Fix a non-real point A\g € p(A)\N(p) and consider, as in Lemma 3.3.3,

&)= o = € 6

We want to treat oo as a zero of r. Thus, we set apr11 := 00, Yar4+1 := n and N(r) =
N(p) U {oo}.

Definition 3.4.1. For a Borel set L C CU {oco}, we denote by B(L) the space of all
bounded and measurable functions g : L — C.
We define the space of functions for which we will develop our functional calculus,

Fl.=C(z)NB(c(A)UI) +r-B(o(A)UI)..

Hereby, let I be a subset of p(A), which is symmetric with respect to the real line, such
that all points in N(r) are accumulation points of o(A) U I. We define B(c(A) U I). to
be the set of all bounded and measurable functions on o(A) U I which are continuous at
all points of N(r). See Figure 3.1 and Figure 3.2 for a schematic illustration.

Remark 3.4.2. The aim of this remark is to give an idea why we introduced the set I.
The representation of a function f € F! as f = h 4 rg with h € C(2) N B(a(A) U I)
and g € B(o(A) U I), is not unique, since we have

h+rg=(h+rk)+r(g—k),

for all k € C(z) N B(o(A)UI). Thus, given a f € F!, we cannot expect to find a unique
g. But, up to a rational function, the function g is uniquely determined,

hi+rgi=ha+rg = g1—9g2€ C(z)NB(c(A)UI). (3.22)

This implication, which will later on guarantee that our functional calculus is well-
defined, does not hold true if one does not introduce the set I. The main reason for
the need of the set I is that the continuity of g at isolated points of o(A), in particular
non-real points of (A), is a trivial condition.

We also want to point out that the continuity of g at the points N(r) is necessary,
because we divide by r in the proof of the implication in line (3.22), which, by the way,
is contained in the proof of Theorem 3.4.4, cf. (3.27).
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|

|

Figure 3.2: o(A)U I

Remark 3.4.3. The space F! is a vector space. Once endowed with the pointwise mul-
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tiplication of functions and the mapping F! — FI, f — f#, it actually becomes a
*_algebra:
We check that F! is closed under multiplication by taking fi = hi+rg1, fo = ha+7rgs €
F! and calculating
fife = hiha +r (g1he + g2h1 +79192) -

Clearly, hihg is in C(z) N B(o(A) U I). Since g1hy + ga2hi + rg192 is bounded and
measurable on o(A)U I and is continuous at every point of N(r), we conclude f; fo € F.

It is easy to check that f — f# is a conjugate-linear involution. In order to show that
F!is closed under this mapping, consider

(h+rg)®* = 0¥ 41 g = ¥ 4 rg*.

Note that we have r = 7%, since both enumerator and denominator are real polynomials.
Clearly, h# has no poles in 0(A)UI = o(A) U I, and also g7 is still bounded and
measurable.

Now, we will give the algebraic construction of the functional calculus.

Theorem 3.4.4. Let A be a definitizable linear relation on a Krein space K. Then,
there exists a *-homomorphism ET : FI — B(K), which is an extension of ®ra, i.e.
El(h) = h(A) for all h € C(z) N B(a(A) UI).

Moreover, we have 0(01(A)) C supp E! C (A). Hereby, O was defined in Lemma
3.2.18 and the support of E! is defined as the smallest closed subset C C o(A)U I with
the property

feFlsuppfnC=0 = FEi(f)=0. (3.23)

Remark 3.4.5. Note that there exists the smallest closed set C' with that property, namely
the intersection of all closed C' that fulfill (3.23). The fact that this intersection actually
has property (3.23) is not trivial, but can be shown using a smooth partition of unity.

Proof. (of Theorem 3.4.4)
We define for z,y € K,

(z,y) = [r(A)z,y].

The inner product (.,.) is positive semidefinite due to Lemma 3.3.3. We construct a
Hilbert space by factoring out the neutral subspace N := {x € K | (z,z) = 0}, which
is a closed linear subspace since it coincides with the isotropic part, cf. Corollary 1.1.3.
Hence, the inner product, again denoted by (., .}, is well-defined on the factor space K /N
by

(x+ N,y +N):=(z,y) forxz,yek,

and is positive definite. The pre-Hilbert space (K/N,(.,.)) has a Hilbert space comple-
tion, denoted by (V, (., .)).

Now consider the canonical embedding ¢ : (K,[.,.]) — (V,(.,.)) which denotes the
composition of the canonical surjection x — 2+N and the canonical embedding /N —
V coming along with the completion. The linear operator ¢ is bounded and has dense
range.
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Thus, T = * : V,(,.)) = (K,[.,.]) is an injective operator kerT = ker:* =
(ran:)® = {0}, cf. Lemma 1.2.18. Furthermore, for x,y in K we have

[TT x,y] = (T2, T"y) = (uw, y) = (2,y) = [r(A)z,y],

which gives TT* = r(A).

In Theorem 3.2.13, we have studied a way of moving linear relations on a Krein space to
linear relations on a Hilbert space, with the help of a linear and injective map between
these spaces. We apply Theorem 3.2.13 to the map T : V — K which we have just
constructed and obtain the mapping Oy : (TT*).,; = (T*T).y-

We have to verify that A is in the domain of this mapping. The condition p(A) # () is
obviously true. It is left to show TT*A C ATT*, i.e. r(A)A C Ar(A). Due to Remark

3.2.5 applied to M := ({ ,lu) for p € p(A), this is equivalent to
r(A)(A = )" = r(A)7ar(4) C T (A)r(A) = (A — )~ 'r(A).

This holds true, since the functional calculus for rational functions is multiplicative,
cf. Corollary 2.1.11.

We set B := Op¢(A). By Theorem 3.2.13, we have B* = O.(A)* = O.q(A*) = B,
i.e. B is self-adjoint in the Hilbert space V. Furthermore, we have o(B) C o(A).

By the spectral theorem for self-adjoint linear relations on Hilbert spaces, Theorem
3.1.3, applied to B, we get a spectral measure F for (o(B),B(0(B)), V), such that

r(B) = /(, . r(t) dF (t) (3.24)

holds for all rational functions r € C(z) N B(o(B)). Recall that B(c(B)) denotes the
set of all bounded and measurable functions g : (B) — C. Now consider

G-{ B(e(B)) — B(K)
' g = T [, p9t)dF(t)T".

Clearly, G is a well-defined linear operator, which is even bounded with norm less
or equal to ||T||?. Moreover, G is compatible with taking the complex conjugate of a
function, with taking adjoints respectively, meaning

(3.25)

G@) =1  gdreT =1 ( [ a0 dF(t)) T = Glo)"
o (0(A)) a(6(4))
Furthermore, take a rational function h € C(z)NB(c(A)) and look at G(h). Equation
(3.24) and the last statement from Theorem 3.2.13 reveal
G(h) =Th(B)T* =TT*h(A) = r(A)h(A), (3.26)
for all h € C(z) N B(o(A)).

Finally, we are able to define our functional calculus. We write f € F! as f = h+rg,
with h € C(2) N B(o(A)UI) and g € B(c(A) U )., and define

E'(f) == h(A) + G(glon))-
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We have to show that E is well-defined. For f = h; +rg1 = ho + rg2, we need to
verify hi(A) + G(g1) = h2(A) + G(g2). Since both the rational functional calculus and
G are linear, it is sufficient to show h(A) + G(g|s(p)) = 0, whenever h +rg = 0.

So let us assume h + rg = 0. The equality

h(z

g(z) = —@ (3.27)

~—

clearly holds for all z, with 7(2) # 0, i.e. z € (c(A)UI)\N(r).

We want to show that the rational function —% does not have any poles in o(A) U I.
All potential poles which belong to o(A) U I have to originate from zeros of r. Assume
that o € N(r) is a pole of —2. Since « is a accumulation point of o(4) U I, we can find
a sequence z, € o(A) U I with z, — « for n — co. We get

n—oo
— 00,

|g(zn)| =

which contradicts the boundedness of g.

The right-hand side of (3.27) is a rational function, whose poles are not in o(A4) U I,
and is therefore continuous on o(A) U I. By definition, the left-hand side of (3.27)
is continuous at all points of N(r). Thus, the identity (3.27) holds actually for all
zeo(A)UI.

Since ¢ turns out to be equal to a rational function, in particular on o(B) C o(A)UI,
we can use (3.26) to get

h(A) + G(gla(m) = h(A) = G( 2], ) = h(4) = r(4) (L) (4) =0. (3.28)

r

Thus ET : FI — B(K) is a well-defined linear operator, which obviously is an extension
of (I)rat'

Next we prove that E! is a *-algebra homomorphism. It is compatible with taking
the complex conjugate of a function, with taking adjoints respectively, since for h4+1rg =
f € FI we have

E(f*) = B(h* +rg") = h" (A) + G(3lo(p)) = h(A)" + G(glo(r)" = E(f)".

In particular, E'(f) is self-adjoint for every real-valued f € F'.
In order to show that F! is multiplicative, take two functions f; = h; + rg; and
fo = hg +1rgo, with f1, fo € FI. The decomposition of the product fi fo into

fifo = hiha + 1 (g1ha + g2h1 +79192)
gives

E(fi1f2) = (hih2)(A) + G(g1h2|oB) + 92h1lo(B) + 79192|0(B)) =
= h1(A)h2(A) + G(g1h2|s(B)) + G(92M0B)) + G(19192|05(B))- (3.29)

On the other side, we have

E(f1)E(f2) = [h(A) + G(g1l(p))] [h2(A) + G(g2lom))] =
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= h1(A)h2(A) + G(g1l5(B))h2(A)+ (3.30)
+ h1(A)G(92]0()) + G(91]0(8)) G (92]0(B))- (3.31)

In order to see that the lines (3.29) and (3.31) actually coincide, we need two more
properties.

First, we argue that G(gh|s(p)) = G(gle(B))h(A) = h(A)G(g|5(p)) for all g € B(a(A))
and h € C(z) N B(o(A)). Using h(B)T™* = T*h(A), cf. Theorem 3.2.13, we obtain

g(t) dF(t) / h(t)dF(t) T* =

o(B)

G(ghls(B)) = T/

o(B)

B)
= G(glo(m))h(A). (3.32)

= T/J(B) g(t)dF(t) h(B)T" = T/g( g(t) dF(£) T* h(A) =

In order to show also G(gh|,(B)) = MA)G(gls(B)), We take adjoints in h(B)T* = T*h(A)
and get
Th#(B) = W (A)T, (3.33)

for all h € C(z) N B(c(A)). Now we can more or less repeat (3.32), but pull out h(A)
on the left-hand side,

G(ghlop)) = T/ h(t) dF(t) / g(t)dF () T* =

o(B) o(B)
=Th(B) / g(t)dF(t) T* = h(A)T/ g(t)dF(t) T* =
o(B) o(B)
=h(A)G(9lsB))- (3.34)

Secondly, we claim G(rg192|+(B)) = G(91ls(B))G(92|s(B)) for all g1, g2 € B(a(A)). We
apply (3.33) to h* = r and get

Tr(B) = r(A)T = TT*T.

Since T is injective, this gives r(B) = T*T. The claim follows from

G(rg192l0(8) =T G1(t)r(t)g2(t) dF () T" =

/
_7 /g L, ADAED D) /U L PO =
_ T/a

g (t) AF(H) T*T / L POAEOT =

= G(91l0())G(9200(B))- (3.35)

Finally, (3.32), (3.34) and (3.35) imply that (3.29) and (3.31) coincide, i.e. E is multi-
plicative.

Lastly, we want to show 0 (Oc(A)) C supp E C o(A).
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To this end, take a function f € F! with supp fNo(A) = 0. Since CU{oc} is normal,
we can find an open superset U 2 o(A) such that even supp fNU =0, i.e. f(z) =0 for
all z € U. Now, the set I’ := I N U has again the property that all points of N(r) are
accumulation points of o(A) U I’. Hence, we can consider B/ : FI" — B(K). Note that
the function f]J(A)Up e FI' is zero on o(A)UTI'. Hence, we are exactly in the situation
of (3.27). Just as in (3.28), we deduce EI/(f|J(A)Up) = 0, and also get E/(f) = 0, cf.
Remark 3.4.6.

Now, we take an arbitrary closed C' C o(A) U I, such that property (3.23) holds.

Fix a A € (0(A) U I) which is not in the closed set C, and choose an open set
A C o(A)UI, open in the subspace topology of o(A)UI, with A € A and ANC = (). Since
N(r) contains only finitely many points, we can also find such a A with JANN(r) = 0.
The function z — 1A (z) is obviously bounded and measurable, and due to 9ANN () = ()
also continuous at all points in N(r). This gives that f := r1a € F! for all possible sets
I, with supp(f)NC =ANC =10. So

0= E(f) = G(1a) = TF (AN 0(0,a(A))) T".

Since T is injective, we have 0 = F (AN o (O (A4))) T*. Recalling that 7% = ¢ has dense
range implies F' (A N o (Oe1(A4))) = 0. We conclude A N o (O (A4)) = 0, or equivalently
A C p(©re(A)), since the spectral measure of a non-empty set, which is open in the
subspace topology of o(Oye1(A)), always gives an operator unequal to the null operator,
which can be seen by Urysohn’s Lemma. In particular, we have A € p(©,¢(A)), which
implies C' D 0(Oye1(4)).

O

Remark 3.4.6. Does the functional calculus E! : F!' — B(K) depend on the set I?
Obviously, at least the domain, F/, depends on I.

We recall that for h 4+ rg = f € F' we defined E'(f) = h(A) + G(gly(5))- The
expression h(A) is well-defined for all h € C(z) N B(0o(A)) and independent of the choice
of I. The term G(g|,(p)) does obviously depend on the values of g on o(B) only. So
G(g) is also independent of the choice of I.

Note that it is not possible, at least not for general sets I, to pass over to equivalence
classes of functions by defining f ~ g if f coincides with g on o(A)U (If N 1,), since the
intersection of Iy and I, may be empty.

Still, for I C I and f € F'2, we have flocayun € FIand

E"™(floayon) = E2(f).
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3.5 The Continuity of the Functional Calculus

We are going to prove that our functional calculus is continuous, at least on a subclass
Fu,e with respect to a certain norm ||.||y.

We want to recall some notation. Still, A < K x K denotes a definitizable linear
relation on a Krein space K with a real definitizing polynomial p with degree n. We
split the set of all zeros of p into those zeros which belong to o(A), denoted by «; for
i = 1,... M with multiplicity 7;, and the remaining zeros of A, which belong to p(A),
denoted by f; for ¢ = 1,...,m with multiplicity ;. We set N(p) := {a1,...,an}, and

we defined the function ¢(z) := [[;~, (2 — ;)" and r(z) := %, for Ao € p(4).

In the sequel, we will need the functions f € B(o(A)) to be not only continuous, but
even differentiable, at all points of N (r). In order to achieve that the continuity is a non-
trivial condition, we introduced a set I, such that all points of N(r) are accumulation
points of o(A) U I.

Now, the set I even needs to contain some form of neighborhoods of these points, in
order to be able to talk about differentiability. We could ask for open neighborhoods in
C and take holomorphic functions, but we only need a weaker notion of differentiability.

Figure 3.3: 0(A)

Definition 3.5.1. Set I,, := {a; +t : t € R, |t| < €}, for ¢ = 1,...,M, € > 0.

Additionally, set I, := R\ [~1,2]. We assume that € > 0 is small enough such that

€’ e

the sets I,, do not overlap and such that % > max;—1_ || + 1. By I(€) we denote
the union I(€) := Uf\i M I,.. We further assume that I(e) does not contain any zeros
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Figure 3.4: o(A) U I(e)

of p which belong to p(A), which is the case for sufficiently small €. See Figure 3.3 and
Figure 3.4 for a schematic illustration.

Define the charts ¢; : (—€,¢) - CU {oo},t — a; +t for i = 1,...,M as well as
dri1 : (—€,€) > CU{oo}, t — 1. Note ran ¢; = I,.

We define Fyy as the set of all functions f € B (0(A) U I(e)),, such that f is differen-
tiable at all points in N(7), in the following sense:

Fue = {fEB(U(A)UI(e))C fod; € CTi(—e,e€) forizl,...,M+1}.

We declare a norm on the linear space Fy, by setting for f € Fy.

/]

Ue := Max <{Hf\|oo}U{H(fogb,;)(l)Hoo:i: L,....,M+1;l= 1,...,%}).

Here we mean by ||.||s on the left-hand side the supremum norm on o(A) U I(e) and on
the right-hand side the supremum norm on the interval (—e, €).
Finally, we set

a(z) € Clz],dega < n — degq} +

{r)m() ‘ b(2) € C[2], degb < n,b(0) =0}
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Remark 3.5.2. We want to show that the sum, in the definition of £, is actually a direct
sum. Suppose
q(z)a(2)

—— =1(2)b(2),
2z -0 (2)b(2)
or equivalently ¢(z)a(z) = p(z)b(z). Note that the left-hand side is a polynomial of degree
at most n — 1. This means that b has to be the zero-polynomial, because otherwise the
right-hand side would be a polynomial of degree at least n, which implies that a and,
therefore, b are zero.

Remark 3.5.3. We do not want to introduce the general notion of a differentiable man-
ifold. However, there is no way around this topic, since the domain of the functions
f e F19 is a subset of the manifold C U {o0}. The subspace Fy consists, basically, of
those functions in FX(9) which are ~;-times continuously differentiable in a neighborhood
of a; fori =1,..., M + 1. A satisfying answer to the question of how to differentiate f
at 0o, is given by the theory of differentiable manifolds.

Of course, it is possible to choose a compatible atlas and adopt the definition of F,
and ||.||e accordingly.

Definition 3.5.4. We define an equivalence relation on J o F 1) via
f~gi= f(2) =g(z) forall zeo(A)U(ef) N1(eg)).

An equivalence class is also called germ of a function. We denote the set of all germs by

().

Now, we can define E : F — B(K) by setting E([f]~) := E'©)(f), where f denotes any
representative of the equivalence class [f]~.. Note that E is well-defined due to Remark
3.4.6.

Remark 3.5.5. All rational functions in £ have at most one pole, namely A\g. An impor-
tant property of the set £ is that it is a finite dimensional subspace of C(z) U B(c(A) U
I(€)). Thus all norms are equivalent on £ and every linear operator on £ is continuous.

We are going to replace the space F!(©) = C(2) N B(a(A)UI(e)) + 7 B(a(A)UI(€))e.
by £+ r- B(o(A) U I(€))., which helps to obtain continuity. Proposition 3.5.6 tells us,
among other things, that this replacement does not make the space of functions smaller.

Proposition 3.5.6. The following holds true.
(i) Fue CE+r-B(o(A)UI(e))e
(i) FIO =& 4 r. B(o(A)UI(e))e

(iii) Let X denote the bijection X : F1() — £ x B(a(A)UI(€))e, which maps f = h+1rg
to A(f) = (h,g). Then, the restriction X|r, is continuous.

The space Fy is equipped with the norm ||.||v., cf. Definition 3.5.1. The product
space ExB(o(A)UI(€)). is endowed with the sum norm, where both £ and B(o(A)U
I(€))c carry the supremum norm on o(A) U I(e).
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(iv) For a Borel set A C CU {oc}, we have La € F if and only if
O (AN(c(A)UI(e)) =0
for some € > 0. The symbol O, refers to the topological boundary in the topological
subspace o(A) U I(e) of CU {oo}.
For the proof, we need the following Lemma.

Lemma 3.5.7. Let I C R be an interval, « € I and v € N. FEvery bounded f :
dom(f) — C, such that I C dom(f) € CU{oc}, 0 < ¢ = inf,cqom(p)\1 | — 2| and
feCV(I), can be written as

f(z) = hz) + (2 — a)7g(2), 2 € dom(f) \ {oc},
with the (v — 1)-th Taylor polynomial h of f at the point «, i.e.

y—1
M (o
h(z) =Y L@ - a),
=0

and a bounded function g : dom(f) — C, which is continuous on I with ||g|r]|cc <
201717 llo-
— f(2)=h(2)

Proof. First consider a real-valued function f. We have to show that g(z) := G=a)'
z € dom(f)\{a} can be extended to dom(f), such that g|; is continuous. Notice, that if
oo € dom(f), the above definition conveys g(co) := 0, since f is bounded and degh < 7.

Taylor’s Theorem, in fact the Lagrange form of the remainder, states that for every

t € I there exists a £ € I between ¢ and «, such that g(t) = %fﬁ) (€). From lim;_,, g(t) =

% f(a), we conclude that g can be continuously extended to I.

The estimation ||g|]|co < %H f |(I7)HOo is also a consequence of the Lagrange form of
the remainder. The boundedness of g on dom(f)\I follows from

lglomnilloe =  sup  |LE_ __h2)
em(F)\ cedom(p | (z— @)Y (z—a)
Ml o |
67 Ledom(p\I | (2 — )7

&L f0(a))

- kL o=k
k=0

(3.36)

In the general case of a complex-valued f, we apply the first part of this proof to Re f
and Im f and get Re f(z) = h1(2) + (z — @)7g1(2) and Im f(z) = hao(2) + (2 — @) g2(2)
respectively. Taking the sum of the first and i-times the second equation, gives the
desired decomposition h := hy + ihs, g := g1 + igs. Note that f) = Re f) 4 iIm f®.
One can easily give a bound of g on [

) 2
19l1lloe = llg1lr +igal1lloc < J\If(”)lloo-
To verify that ¢ is bounded on dom(f)\I, use the boundedness of g; and go, or simply
repeat the calculation done in (3.36). O
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Proof. (of Proposition 3.5.6) Take an arbitrary f € Fy.. We are going to construct a
decomposition f = h+rg with h € £ and g € B(c(A4) U I(€))e.

We are going to use the functions ¢; : CU{c0} - CU{o0}, 2z +— a;+zfori=1,..., M
as well as ppr41 : CU{oo} = CU{oo}, 2+ 1.

We apply Lemma 3.5.7 to the function f := foy; with dom(f) := ¢; *(a(A)UI(e)), 0 €
(—€,€) C dom(f). As required, we have f € C7(—e,e) fori=1,...M andy=1,...,7:.
Moreover, due to our assumption on I,,, the condition 0 < § := d (a, (6(A) U I(€)) \ Iq;)
is satisfied and also holds true when everything is translated by «;.

Lemma 3.5.7 gives a polynomial FLM of degree at most v — 1 and a bounded function
G dom(f) — C, which is continuous on (—¢, €), such that

F(w) = hipy(w) + 0 giq(w), w € dom(f)\{oo},

or, after the substitution w = gol-_l(z) =z —

F(2) = higy(z = i) + (2 = @) i (2 — i), 2 € (0(A) UI(€))\{oo},

holds. Setting h;(z) := izm(z — o) and g;,(2) == gi~(2 — o) gives

f(2) = hiy(2) + (2 = i) 9i4(2), 2 € (0(A) UI(e)) \{oo}, (3.37)

with deg h;, < v and a bounded function g; , : 0(A) UI(e) — C, which is continuous on
ei((—€€)) = Lo

To show that g; - is also continuous at the points «; for j € {1,..., M}, j # i, simply
rearrange (3.37) to

f(z) = hin(2)

CE € o(A)UI(e). (3.38)

9iny(2) =
By definition of Fy, f is continuous on I,;. The denominator is not zero on I,;, and
hi~ is just a polynomial. So g;. is continuous at «;, and equation (3.38) also reveals
that g; 4 is measurable.

In order to get g;, € B(c(A) U I(€))., we have to show the continuity of g;, at oco.
Take a sequence (zp)nen C R with |2,| — oo. The right-hand side of (3.38) converges
to zero, since f is bounded and the degree of h;. is strictly smaller than «. Notice
that (zn)n>m C 0(A) U I(€) if M is large enough. Together with g; ,(c0) = 0, cf. the
beginning of the proof of Lemma 3.5.7, we get the continuity of g;, at co, and conclude
Giy € B(o(A)UI(€))e.

We treat the point apr+1 = oo analogously. Again, we make use of Lemma 3.5.7
applied to the function f(z) := f o oary1(z) = f(2) with dom(f) = @pry1(o(A) U
I(e)) D IZ' = (—€,€) 3 0. We have f € CV(—¢,¢) for v = 1,...,n. The condition
0<d:=d(0,(c(A)UI(e))"M\(—e€,¢)) is fulfilled too, because |z| > L for z € o (A)UI(e)
implies z € R\[-1,1] = I..

Lemma 3.5.7 gives a polynomial hps41 ~ of degree at most v—1 and a bounded function
IM+41, dom(f) — C, which is continuous on (—¢, €), such that

Fw) = har1q(w) + 0 gariq(w),  w € dom(f)\{oo},

99
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or, after the substitution z := @y 1(w) = &

w’?

1 1
) = harein (2) +20r010(5), 2 € (0(A) VL) \{0},
holds. Setting gas+1,4(2) := Gars1,(2), with dom(gars1,) := o(A) U I(e), gives

£ =haria (3) + 2 oni1a(2), = € (9(4) UT()\{0). (3.39)

Clearly, gar41, is bounded on o(A) U I(e), and continuous on pur+1((—€,€)) = Io.
Rearranging (3.39) gives

276) = s (D) Foraa (), 2 € (0(4) V), (3.40)

and
gurs1(2) = F)7 ~ haraas (1)1, 2 € (0(A)UT(E). (3.41)

Notice, that hps41, (1) z7 is indeed a polynomial of degree at most -y, lacking a constant
term, i.e. z = 0 is a root. Equation (3.41) directly reveals that gps41, is measurable,
and continuous at the points «; for i = 1 , M. We note grr41,4 € B(o(A))e.

A partial fraction decomposition of ( 3 ylelds

M v m.
ZZ R ZZ 8 +a(z), (3.42)
i=1 y=1 i=1~y=1

with constants cj,d;y € C and a polynomial a of degree at most n. We split the partial
fraction decomposition into two parts. The first one is related to the zeros of p which
belong to o(A), i.e. N(p). The second part is related to the remaining zeros, denoted
by f; with corresponding multiplicity n;, ¢ = 1,...,m. We write a(z) = Zzzo a,z".
Bringing together (3.37), (3.40) and (3.42) gives

1) =X
M % civhy
<ZZ (Z_’; +Z%Z hars1q(2) + (3.43)
i=1 v=1
=:hy(z)
M v m Mg
)0 cingin(z +ZZ 2) 4 aof(z +Za,ng+1 ()), (3.44)
=1 vy=1 =1 y=1 =1

=:g5(2)

for all z € (6(A)UI(e)) \ {oo}. For these z we have, by definition,

f(2) = hg(z) +r(2)g¢(2). (3.45)
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As a linear combination of elements of B(c(A) U I(€)). we have gy € B(o(A) U I(€))e.
Since both sides of (3.45) are continuous at co, we see that this equation actually holds
true for all z € o(A) U I(e).

We have to show that hy € £. We observe that hy is a linear combination of the
rational functions

hig(z)  a(2)hiy(2)(z — o) H?ij:l (z —ay)

r(z) = — ) (3.46)
(z —a;)7 (z = Ao)™"(z — Ao)"
fori=1,...,M and y=1,...,, as well as
r(2)2 hars10(2),  fory=1,...,n. (3.47)

The numerators in all fractions of (3.46) are polynomials of degree at most n — 1,
and always contain the factor ¢(z). Also the rational functions in (3.47) are in €&.
Recall that z — thMH,Y(%) is actually a polynomial of degree at most -y, which has
a zero at z = 0. Since £ is linear, we conclude hy € &, which completes the proof of
Fue CE+r-Blo(A)UI(e))e.

The inclusion £ + r - B(o(A) UI(e)). € F is trivial. In order to prove the other
inclusion, it is sufficient to show C(z) N B(o(A) U I(€)) € E +r- B(o(A) U I(€)).. This
follows from the first step, since we have C(z) N B(o(A) U I(€)) C Fy.

Now take an s € ENr- B(o(A) U I(¢)).. For all z € o(A) U I(e) we have

q(z)a(z)

)= =y

+7(2)b(2) = r(2)g(2),

for polynomials a and b, with dega < n — degq and degb < n, b(0) = 0, and a function
g € B(o(A)UI(€)).. Dividing by r(z) gives

a(z)alz) +b(z) =g(z) forall ze€ (o(A)UI(e))\N(r). (3.48)

Take a sequence (z)pen With 2, € R, |2,] > % and |z,| — oo for n — oco. Since

(zn)nen C (0(A) U I(€)) \N(r), we can look at equation (3.48) for z,. Since g is bounded,
we have |g(z,)| < C for all n € N, for a constant C' > 0. The term % converges
to zero, since deg g+ dega < n = degp. We get to know that |b(z,)| is also bounded for
all n € N. This can only be the case if degb = 0. Due to b(0) = 0, we have b = 0. The
continuity of g at co gives 0 = g(oc0).

The boundedness of the rational function q(;)(zgz) on I, \ {a;} for i = 1,... M, which

follows from (3.48), implies that «; is not a pole of %. This means that both sides
of the equation (3.48) are continuous at «;, and hence (3.48) even holds true for all
z€o(A)UI(e).

Furthermore, the fact that % has no pole at «; implies that «a; is a zero of the
polynomial a with multiplicity at least ~; for i = 1,... M. We learn that the polynomial
q(2)a(z) has the same zeros as p(z), with the same or even higher multiplicities. In view

of deg q + dega < n = degp this means a = 0, and thus s = 0.
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Now consider the linear bijection A : F/(©) — £ x B(c(A) U I(€)), which corresponds
to the direct sum F(9 = & 4 r. B(6(A)UI(¢)).. We claim that there exists a constant
C > 0 such that [|A(f)]| < C| fllv,e holds for all f € Fy,, i.e. A|x,, is continuous.

Since we endow £ x B(o(A) U I(€)). with the sum norm, where &, B(o(A) U I(¢)). <
B(o(A) U I(e)) are equipped with the supremum norm on o(A4) U I(e), we have

IXOI = [I(r; 9)ll = Al + llgllo = sup  |h(z)[+ sup  [g(2)].
z€o(A)UI(€) z€0(A)UI(€)

Take an arbitrary f € Fy,., and consider the decomposition of f in f = hy + rgy,
which we constructed at the beginning of this proof. Clearly, we have (hys;gr) = A(f).
We are going to show ||hf||ec < C| fllve and [|g¢]|co < C||f||v,e separately.

First, consider the bounded and measurable function gy, defined in (3.44). We see that
g is a linear combination of the functions g; 5 fori € {1,...,M+1}andy € {1,..., v},
aswell as (z— ;)7 f(z) fori = {1,...,m} and v € {1,...,n;}. Note that the coefficients
of this linear combination, namely c¢;,, d;y and a,, originate from the partial fraction
decomposition of %, cf. (3.42), and are, therefore, independent of f.

For the term (z — B3;)77f(z), we have the estimate |(z — 5;) 7 f(2)] < 677||f|loc <
S fll,e for all z € o(A)UI(e), where 6 > 0 denotes the distance from j; to o(A)UI(e).
Recall that the numbers ; denote the zeros of p which belong to p(A). The distance &
does not depend on f but only on e.

Fixani € {1,...M} and v € {1,...,7;} and consider g;,, declared in (3.37). On the
set I,,, an estimation is on hand coming from Lemma 3.5.7,

o], o < 25 4152 < O

In fact, we have seen in the proof of Lemma 3.5.7, cf. equation (3.36), that g; y is even
bounded on o (A) U I(e),

||f||oo

HQW}(U(A UI(e))\ o, Hoo =

The case i = M + 1 and v € {1,...,n} follows in a similar matter. With the notation
introduced in the paragraph above (3.39), Lemma 3.5.7 gives

loarsaly N = larriol ol < 5 A < €l
The estimate from (3.36) gives

HgM_"L'Y‘(U(A)UI(e))\IOOHoo = H§M+177|(U(A)Ul(e))*1\l_lHoo =

(k
< Wl Z‘f; Ol < ol

All in all, we have shown ||gf|lec < C|fl|Ue-
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Now, we consider the rational function hy, defined in (3.43). We can use the equality
f(2) = hy(z) +7(2)gs(2), cf. (3.45), to get

12flloe < [ flloe + I7llocllgslion < 1fllve + IrllocCll fllve < Cll fllre-

This completes the proof of the continuity of Az, ..

Let A C€ CU {00} be a Borel set, and assume 1 € F, i.e. 1o € F( for some € > 0.
Hence, we can write 1o = h+rgforah € C(z)NB(c(A)UI(e)) and g € B(o(A)UI(e))e.
Then, we have

-0 for e AN (0(A)UI(e)), =z¢ N(r)

B C)
9(z) A o s e A (o(A) U I(e), =& N(r).

r(z)

Now suppose that there exists an a; € N(r) which is an accumulation point of both

AN(o(A)UI(e)) and A°N (a(A) U I(e€)), i.e. N(r)Nde (AN (c(A)UI(€))) # 0. The

symbol O, refers to the subspace topology on o(A) U I(e).

1—h(z2)
r(z)

are bounded near «;. The denominator of these fractions is zero at z = «;,

The boundedness of g on I,, and the continuity at o; would imply that both
h(z)

r(z
which ir(ni)lies h(ci) = 1 and h(a;) = 0. This contradiction proves that we cannot find
such an o € N(r) , i.e. I ANN(r) = 0.

On the other hand, d.((AN(c(A)UI(e))) = 0 for some € > 0 means that we have
either a; € A or a; € A° for all i = 1,..., M. Here, the closure and the interior refer
to the subspace topology on o(A) U I(e). We can make e > 0 sufficiently small, such
that we have even I, C A° or I,, C A° respectively. Obviously, this gives 1a € Fye C
Flocr , since 1 is now constant on every set ;.

and —

O

Definition 3.5.8. With the equivalence relation ~ from Definition 3.5.4, we set

= (Ur) /-

Since Fye is a linear subspace of F 1(€) Fiy is a linear subspace of F.

Hereby, we equip the disjoint union |J ., Fv,e with the final topology of all canonical
injections t¢ : Fye — Uesg Fu,e, and equip Fy with the final topology of the canonical
projection 7 : .o Fu,e = Fu-

Corollary 3.5.9. Let A be a definitizable linear relation on a Krein space K with a real
definitizing polynomial.

The restriction of the functional calculus E : F — B(K), constructed in Theorem 3.4.4
and Definition 3.5.4, to the subspace Fy is continuous with respect to the topology on
Fu described in Definition 3.5.8, and the operator norm on B(K).

Proof. Proposition 3.5.6 states that the map X : Fy. — &€ x B(o(A) U I(¢€))., with
A(f) = (h,g) for f = h+rg, is continuous. Hereby, Fy¢ is equipped with |||y, and
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E x B(o(A) U I(e). is endowed with the product topology of the supremum norm on
a(A)UI(e).

We can write E/(9)|z, as

B9 5, (f) = Trat(M(f)) + GOo(f)), for f € Fue.

Clearly, @, : £ — B(K) is continuous, since £ is finite dimensional. The continuity of
G was already remarked in the proof of Theorem 3.4.4, cf. (3.25). Therefore, F!(¢)] Fu. s
continuous for all € > 0 since it can be written as a composition of continuous operators.

By a well-known property for the final topology, the continuity of E|r, : Fyr — B(K)
is equivalent to the continuity of all functions E|z, o7 ot = E/)] Fue: O

Using the continuity of our functional calculus, we can now precisely determine the
support of F.

Corollary 3.5.10. We have supp E = o(A).
Here, we define the support of E as the smallest closed subset C C CU {oo} with the
property
felJF 9 suppfnC=0 = E(fl~)=0. (3.49)
e>0

Proof. First, we claim supp E C o(A), i.e. C = o(A) fulfills (3.49). Take f € F() for
some € > 0 and assume supp f No(A) = (). By Theorem 3.4.4 applied to I = I(e), this
gives 0 = EO(f) = B((f].).

In order to show the other inclusion, take \ ¢ supp E and assume A € o(A). Since
the support of E is closed, there is an s > 0 such that the ball with radius s and center
A, denoted by Ug()), is still disjoint from supp E.

In the case A € N(r), take an e > 0 sufficiently small such that Iy C U%()\). If
A ¢ N(r), we may assume I(e) N Us(A) = () for sufficiently small s > 0 and sufficiently
small € > 0.

Let ¢ : CU {00} — [0,1] be a bump function, i.e. a smooth function such that
¥(Us (X)) = {0} and ¥ ((C U {oc})\Us(A)) = {1}. Take a sequence A, € p(A) \ I(e)
which converges to A, such that (An)nen C Us(A). Consider the sequence of functions
fn(z) = w(z)ﬁ. Since the functions f, are smooth everywhere, we have f, € Fy,.
The pointwise limit of f,, clearly is f(2) := ¢(2) Zi 3 € Fu,e- Note that the bump function
1) is necessary, since z — ZiA ¢ Fue.

One can elementarily verify that f,, converges not only pointwise to f, but even with
respect to ||.||e. This gives

E([fl~) = E(lim [fu]~) = lim B((fa]~) = lim B (f" = YE); —1AJ~) -

n—o0 n—oo

o 1 o I(e) 1 o —1
= ([ oy ]) = (e ) =

Hereby, we used the fact that z_l/\n and ¥(z) Z_l/\n only distinguish themselves on Us(A) C

(supp E)¢. We realize that (A — \,)~! converges to the bounded operator E([f]~) in
the operator norm and arrive at the contradiction
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1

Tt o(A)) IECAD < (A= X)) = B <

< l(A= )~ = B0 =0,

since (dist(Ap, 0(A))) ™ = oo for n — co.

Therefore, we have A € p(A), and in turn supp E = o(A4).
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