
DISSERTATION
Sturm-Liouville operators withsingular potentials

ausgef�uhrt zum Zwe
ke der Erlangung des akademis
hen Grades einesDoktors der te
hnis
hen Wissens
haften unter der Leitung vono.Univ. Prof. Dr. Heinz LangerE 114Institut f�ur Analysis und Te
hnis
he Mathematikeingerei
ht an der Te
hnis
hen Universit�at WienTe
hnis
h-Naturwissens
haftli
he Fakult�atvonDipl.-Ing. Bernhard Ernst Bodenstorfer9025205Bu
henweg 31170 Wien�Osterrei
h
Wien, am



2 I seem to have been only like a boyplaying on the seashore and diverting myselfin now and then finding a smoother pebbleor a prettier shell than ordinary,whilst the great o
ean of truthlay all undis
overed before me.Isaa
 Newton
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3Abstra
tThis dissertation deals with Sturm-Liouville di�erential equations of the form�y00(x) + (V1(x)� �)y(x) = f(x); x 2 [a; b℄; a < 0 < b; (0.1)where � 2 C and the fun
tion f 2 Lp([a; b℄) with 1 � p � 1. Boundary 
onditionsin the boundary points a and b are �xed, for instan
e the Diri
hlet 
onditionsy(a) = y(b) = 0. In the standard theory, (see [N℄, [AG℄, [W℄, or [EE℄), the potentialV1 is required to be lo
ally integrable on the whole open interval (a; b). In thisdissertation, V1 is admitted to be singular in the inner point 0 of the interval [a; b℄.The potential V1 is required to be lo
ally integrable on the half open intervals [a; 0)and (0; b℄ but not ne
essarily on the whole of [a; b℄.The whole dissertation is divided into three parts. The �rst part, Se
tion 2,demonstrates a way to interpret the singular Sturm-Liouville problem in the 
ontextof the Hilbert spa
e L2([a; b℄). The idea is to 
onsider the equation (0.1) �rst onthe intervals [a; 0) and (0; b℄ and then mat
h solutions by interfa
e 
onditions in 0.The se
ond part, Se
tion 3, provides a strong approximation result. The singularpotential V1 
an be approximated by regular potentials Vj 2 L1([a; b℄), j 2 N.To these potentials Vj 
orrespond di�erential operators Tj , j 2 N. Under 
ertainassumptions, it is possible to 
ompute the limit of these operators if j ! 1. Itis a di�erential operator for the singular potential V1 with parti
ular interfa
e
onditions in 0. These depend on the sequen
e of regular potentials Vj , j 2 N.The third part, Se
tion 4, proves for a parti
ular 
lass of interfa
e 
onditions in0 that the spe
trum �(T1) of the 
orresponding di�erential operator T1 
onsistsof isolated eigenvalues. These eigenvalues obey an asymptoti
 formula of the kind�n � �2n2(b�a)2 if n!1. An asymptoti
 formula for the eigenfun
tions shows that theeigenfun
tions and generalized eigenfun
tions of T1 
an be 
hosen to form a Baribasis of the spa
e L2([a; b℄) under 
ertain 
onditions on V1.



4 Sturm-Liouville Operatoren mit singul�arem PotentialZusammenfassungDiese Dissertation untersu
ht Sturm-Liouville-Di�erentialglei
hungen der Form(0.1) wobei � 2 C und die Funktion f 2 Lp([a; b℄) mit 1 � p � 1. An denIntervallenden a und b werden �xe Randbedingungen angenommen, etwa Diri
hlet-Randbedingungen y(a) = y(b) = 0. In der �ubli
hen Theorie (siehe [N℄, [AG℄, [W℄,oder [EE℄) wird das Potential V1 auf dem gesamten o�enen Intervall (a; b) als lokalsummierbar vorausgesetzt. In dieser Dissertation darf V1 im inneren Punkt 0 desIntervalls [a; b℄ singul�ar sein. Verlangt wird, da� V1 auf den halbo�enen Intervallen[a; 0) und (0; b℄ lokal summierbar ist, aber ni
ht notwendigerweise auf ganz [a; b℄.Die Dissertation gliedert si
h in drei Teile. Der erste, Abs
hitt 2, zeigt eineM�ogli
hkeit, eine singul�are Sturm-Liouville-Aufgabe im Hilbertraum L2([a; b℄) zuinterpretieren. Grundgedanke ist, die Glei
hung (0.1) erst auf den Teilintervallen[a; 0) und (0; b℄ zu betra
hten und dann die L�osungen dur
h �Ubergangsbedingungenin 0 zu verbinden. Der zweite Teil, Abs
hnitt 3, liefert ein starkes Approximations-resultat. Das singul�are Potential V1 kann dur
h regul�are Potentiale Vj 2 L1([a; b℄),j 2 N, angen�ahert werden. Diesen Potentialen entspre
hen Di�erentialoperatorenTj, j 2 N. Unter bestimmten Voraussetzungen ist es m�ogli
h, den Grenzwert dieserOperatoren f�ur j ! 1 zu bere
hnen. Es ist dies ein Di�erentialoperator zum sin-gul�aren Potential V1 mit bestimmten �Ubergangsbedingungen in 0. Diese h�angenvon der Folge der regul�aren Potentiale Vj , j 2 N, ab. Der dritte Teil, Abs
hnitt 4,beweist f�ur eine gewisse Klasse von �Ubergangsbedingungen in 0, da� das Spektrum�(T1) aus isolierten Eigenwerten besteht. Diese Eigenwerte weisen f�ur n!1 eineAsymptotik der Gestalt �n � �2n2(b�a)2 auf. Eine asymptotis
he Formel f�ur die Ei-genfunktionen zeigt, da� unter gewissen Voraussetzungen �uber V1 eine Bari-Basisin L2([a; b℄) aus Eigenfunktionen und verallgemeinerten Eigenfunktionen von T1gebildet werden kann.



51 Introdu
tionParti
ular Sturm-Liouville equations with a singularity in the interior of the 
onsideredinterval were studied as early as in [L℄. The S
hr�odinger equation of the one-dimensionalhydrogen atom was treated there. This equation has roughly the form�y00(x)� y(x)jxj = �y(x); x 2 R: (1.1)In [Bo℄, the very similar di�erential equation�y00(x)� y(x)x = �y(x); x 2 [a; b℄; a < 0 < b; (1.2)with boundary 
onditions y(a) = y(b) = 0 was 
onsidered. In both 
ases, the usualapproa
h was to �nd expli
it solutions on the subintervals left and right of 0 in termsof Whittaker fun
tions. These solutions then were mat
hed in 0 by interfa
e 
onditions.Regularly, there was some dis
ussion as to whi
h fun
tions should be admitted as solutionsbe
ause solutions with a logarithmi
 singularity at 0 in the derivative o

ur, see [EGZ℄ or[Ne℄.Even when su
h solutions are admitted, it was not 
lear whi
h interfa
e 
onditions shouldbe imposed in 0. In the 
ase of (1.1), the Diri
hlet 
onditions y(0�) = y(0+) = 0were favoured. In the 
ase of (1.2), interfa
e 
onditions of the form y(0�) = y(0+),limx!0 (y0(x) � y0(�x)) = 
y(0) with 
 = 0 (see [M1℄) or 
 = �i� (see [Bo℄) wereproposed. This was sometimes justi�ed by a limit pro
edure, where the singular potentialwas approximated by regular potentials; see [G℄ and [Bo℄. However, in [Gu℄ it was pointedout that di�erent ways to approximate the singular potential may yield di�erent sets ofinterfa
e 
onditions in 0. As to the author's opinion on this subje
t see Remark 3.63.Other ideas to justify interfa
e 
onditions 
an be found in [Ku℄, where distributions areused, and in [FLM℄. There, boundary 
onditions for (1.1) are formulated �rst with a linearrelation in C2 as parameter, whi
h must be 
hosen. All 
hoi
es are equally a

eptablefrom the mathemati
al point of view. Then it is shown that a parti
ular sto
hasti
interpretation of (1.1) 
orresponds to Diri
hlet boundary 
onditions in 0.The operator studied in [Bo℄ was not selfadjoint in spite of the opposite 
laim. This 
laimwas based on a bilinear inner produ
t on L2([a; b℄). In fa
t, the operator is J-selfadjoint inthe sense of [EE℄. Anyway, the question was raised in [Bo℄, but remained open wether it ispossible to �nd a basis of L2([a; b℄) of eigenfun
tions and generalized eigenfun
tions. Thisquestion was solved in [BDL℄. An asymptoti
 formula for the eigenvalues was provedthere. This and dissipativity helped to show that the eigenfun
tions and generalizedeigenfun
tions 
an be 
hosen to form a Bari-basis of L2([a; b℄).This dissertation speaks about three topi
s:� How to 
ope with singularities of the potential in the interior of the interval?� Whi
h operators emerge when the potential is approximated by regular ones?� Is there a basis of eigenfun
tions and generalized eigenfun
tions?Although some additional assumptions must be made, several 
omparable theorems to befound in the literature are superseded by the theorems presented here (su
h theorems 
anbe found in [Gu℄, [BDL℄, [G℄, and [Kl℄).



6 Introdu
tion B. BodenstorferSe
tion 2 treats real valued singular potentials V1 in the Hilbert spa
e 
ase. This 
aseis the nearest to the standard theory as it is presented in [N℄, [AG℄, [W℄, [CL℄, or [EE℄.To de�ne a di�erential operator T1 in L2([a; b℄) from the singular potential V1, minimaland maximal di�erential operators �rst are 
onsidered in the subspa
es L2([a; 0℄) andL2([0; b℄). From these, a symmetri
 minimal operator S is 
onstru
ted for the Sturm-Liouville equation (0.1) in the whole interval. Its adjoint S� is the 
orresponding maximaloperator. The interesting 
ase is that the equation (0.1) is in the limit-
ir
le 
ase at 0 onboth intervals. Then the operator S has de�
ien
y index (2; 2). Di�erential operators forthe equation (0.1) are 
hara
terized by interfa
e 
onditions in 0. These operators extend Sand are restri
itons of S�. Those interfa
e 
onditions whi
h imply selfadjoint or maximaldissipative di�erential operators are 
hara
terized. For similar ideas see [EZ℄, where onlyselfadjoint interfa
e 
onditions are 
onsidered, and [BDL℄, where the parti
ular equation(1.2) is studied.The results obtained in Se
tion 3 form a synthesis and strengthening of results obtainedin [Gu℄ and [Kl℄. Some restri
tive te
hni
al assumptions previously imposed turn out tobe super
uous, or at least their meaning be
omes understandable. The method seems tobe new, is quite elementary, and works �ne for many 
omplex valued singular potentials.Its 
ore me
hanism is the use of a family of integral series whi
h is invoked to 
ontrolsolutions of the di�erential equation near the singularity. Results are �rst obtained on a
ompa
t interval [a; b℄, a < 0 < b, and then similar statements on R are proved. To get a�rst impression of this 
hapter, read Corollary 3.58 and the examples following.Se
tion 4 takes up a vision expressed in [Bo℄ and supplies a useful basisness result for
omplex valued singular potentials on a 
ompa
t interval [a; b℄, a < 0 < b, and a parti
ular
lass of interfa
e and boundary 
onditions. For (1.2), a 
omparable result 
an be foundin [BDL℄. The basisness result in Se
tion 4 is proved from an asymptoti
 formula for theeigenvalues of the form �n � �2n2(b�a)2 , n!1, whi
h also shows that the resolvent set of theoperators in 
onsideration 
annot be empty. It turns out that under suitable 
onditions,the eigenfun
tions are asymptoti
ally equal to sin n�(��a)b�a if n ! 1 uniformly on theinterval [a; b℄. The whole se
tion heavily relies upon the tools developed in Se
tion 3 toa

ess the singularity.1.1 A
knowledgementResear
h for this dissertation was started during my stay in Groningen in the year 1996,whi
h was partially funded by a grant of the ERASMUS program. The main part of thisdissertation was funded by the Fonds zur F�orderung der Wissens
haftli
hen Fors
hung,proje
t P 12176MAT.Let me devote a word of thankfulness to the professors Heinz Langer, Te
hnis
he Uni-versit�at Wien, and Aad Dijksma, Rijksuniversiteit Groningen, who raised my interest insingular di�erential equations and in multiple ways helped me to 
arry out this work.Their e�orts and indefatigable patien
e formed the ideal ground to grow for the ideaspresented in this dissertation. Also Mrs. Gabriele S
huster should be mentioned, who isthe sun of the uniquely warm-hearted 
limate at the Institut f�ur Analysis und Te
hnis
heMathematik, Te
hnis
he Universit�at Wien.Finally, I do not want to miss to thank my parents, too, who enabled and en
ouraged meto follow my various studies.



Notation 71.2 NotationLet N be the set of nonnegative integers, Z the set of integers, R the set of real numbers,and C the set of 
omplex numbers. In the 
ontext of a 
omplex ve
tor spa
e, 
omplexnumbers are also used as the 
orresponding s
alar multipli
ation operators on these spa
es.The upper 
omplex halfplane is C+ = fz 2 C : =z > 0g, the lower one is C� = fz 2C : =z < 0g. Closures in a topologi
al spa
e are expressed by overlining, for instan
eC+ = fz 2 C : =z � 0g is the 
losed upper 
omplex halfplane. Nevertheless, denote thewellknown 
ompa
ti�
ation of C on the set C [ f1g by C. The symbol C will also beused to denote the underlying set C [ f1g. A lo
al base of 1 2 C 
an be 
hosen to
onsist of the open sets fz 2 C : jzj > kg [ f1g, k 2 N. Subsets of C like N [ f1gare equipped with the tra
e topology. Limits in the 
ompa
t spa
e C are denoted by thesymbol Clim. Similarly, [0;1)sup denotes a supremum in the usual linear ordering on the set[0;1) of nonnegative real numbers.Let the fun
tion � be the identity on R, this means �(x) = x for all x 2 R. The 
onstantfun
tion 1 is denoted by 1. For x 2 R de�ne the intervalIx = 8><>: [x; 0) if x < 0; if x = 0(0; x℄ if x > 0 :For 0 < r � 1 let `r(Z) be the spa
e of 
omplex valued sequen
es 
 = (
k)k2Z withindi
es in Z su
h that the normk
k`r(Z) = rsXk2Z j
kjr <1if r 6=1, and k
k`1(Z) = supk2Z j
kj <1:Note here that k�k`r(Z) does not ful�ll the triangle inequality if r < 1. Nevertheless, it is
alled \norm" here. Analogously de�ne the spa
e `r(N) and k�k`r(N).For 0 < r � 1 and a measurable set M � R let Lr(M) be the Lebesgue spa
e withexponent r on M , that is the spa
e of measurable fun
tions f su
h thatkfkLr(M) = rsZM jf(x)jrdx <1if r <1, and kfkL1(M) = supx2M jf(x)j <1;with the usual identi�
ation of fun
tions whi
h 
oin
ide almost everywhere. The supre-mum sup means the essential supremum in this 
ontext. If f is a fun
tion su
h that itsdomain D(f) �M , the expression f 2 Lr(M) should express that the restri
tion of f toM is in this spa
e. Analogously, the norm kfkLr(M) then means the respe
tive norm ofthe restri
tion of f to M . As for `r(Z), k�kLr(M) is 
alled \norm" even if r < 1.For 0 < r � 1 and a measurable set M � R let Lrlo
(M) be the spa
e of fun
tions on Mwhi
h are in Lr(M 0) for all 
ompa
t subsets M 0 �M . Also de�ne the setMr(M) = fu 2 Lr(M) : u(�) � u(x) � 0 if x 2M and � 2 Ix \Mg



8 Introdu
tion B. Bodenstorferof nonnegative real valued fun
tions in Lr(M) whi
h are in
reasing when the fun
tionargument tends to zero.For an interval I � R let AC(I) be the set of all absolutely 
ontinuous fun
tions y onI. For a �nite union M � R of intervals let AC lo
(M) be the set of all fun
tions onM whi
h are in AC(I) for all 
ompa
t subintervals I � M (
ompare [EE, III.10.1℄). Fory 2 AClo
(M), the derivative y0 is de�ned in the Radon-Nikodym sense almost everywherein the interior of M . SetAC2(I) = fy 2 AC(I) : y0 2 AC(I)g; AC2lo
(M) = fy 2 AClo
(M) : y0 2 AC lo
(M)g:For the fun
tions y 2 AC2lo
(M), the se
ond derivative y00 is de�ned almost everywherein the interior of M . Identify a fun
tion de�ned only on a subset of I with its extensionwhi
h is zero on the rest of I. Parti
ularly, if y 2 AC2lo
(I n f0g), then y0 and y00, whenthey are unde�ned in 0, are treated as if they were 0 there. This 
onvention 
onsiderablysimpli�es the notation when di�erential expressions with singular potentials are studied.No distributions are 
onsidered, like it is done in [Ku℄.For a number r 2 R [ f1g let r̂ 2 R [ f1g ful�ll 1r + 1̂r = 1. This number 
an be
omputed as r̂ = rr�1 with the understanding that 11�1 =1 and 11�1 = 1. Sometimes itwill be 
onvenient to use the formal rules1�1 =1, x0 = 1px = 1, x1 = 0, and 1x =1for x 2 R n f0g.Let X be a Bana
h spa
e. De�ne the the 
losed unit ball B(X ) = fv 2 X : kvkX � 1g.Let X and Y be Bana
h spa
es. Then a linear relation T from X to Y is a linear subspa
eof the produ
t spa
e X �Y. Parti
ularly, a linear operator T from X to Y is 
anoni
allyidenti�ed with the linear relation f(u; Tu) : u 2 D(T )g. Many notions extend naturallyfrom linear operators to linear relations, see [Br℄. In the following, the attribute \linear"will be omitted when speaking about operators and relations. The domain D(T ) of arelation T is its proje
tion to the �rst 
omponent, thus D(T ) � X ; the range R(T ) of Tis the proje
tion of T to the se
ond 
omponent, thus R(T ) � Y. When X = Y, T is saidto be a relation in X .Assume that T is a relation in X . The resolvent set �(T ) is the set of all numbers � 2 Csu
h that (T � �)�1 is a bounded operator on X . The spe
trum of T is �(T ) = C n �(T ).The operator norm of a bounded linear operator T from X to Y is denoted by kTkX!Y .If X = Y, the abbreviation kTkX is used. When there is no possibility of 
onfusion, thenorm may simply be denoted by kTk.Let X be a metri
 spa
e, v 2 X , and U � X . Then dist (v;U) is the in�mum of alldistan
es of elements u 2 U from v.Assume that H is a Hilbert spa
e. Then its inner produ
t is denoted by h�; �iH. Whenthere is no possibility of 
onfusion, the inner produ
t may simply be denoted by h�; �i.This sesquilinear form is linear in its �rst argument and 
onjugate linear in its se
ond. Fora subspa
e U � H the orthogonal 
omplement is U?. If u; v 2 H, then the orthogonalityrelation hu; viH = 0 is written as u ? v.Let I � R be a possibly unbounded interval su
h that 0 is an inner point of I. SetI� = I \ (�1; 0) and I+ = I \ (0;1). Assume V1 2 L1lo
(I n f0g) and de�ne thedi�erential expression l1 by l1[y℄ = �y00 + V1yfor all y 2 AC2lo
(I n f0g). Equivalently, l1 
an be de�ned �rst on the spa
es AC2lo
(I�)and then be extended to their dire
t sum. Compare [EZ℄ and [BDL℄.



Basi
 results 9Finally, 
hoose a number p 2 [1;1℄. The 
anoni
al identi�
ationLp(I) = Lp(I n f0g) = Lp(I�) _+Lp(I+) (1.3)will always be used.1.3 Basi
 resultsThe following result is [W, Theorem 2.1℄.Result 1.1 Assume m 2 N, that A is a family of m �m matri
es on a real interval Iwith entries in L1lo
(I), and f 2 L1lo
(I). Consider the di�erential equationy0(x) = A(x)y(x) + f(x); x 2 I: (1.4)Then the following assertions hold:1. For every number x0 2 I and ve
tor y0 2 Cm, there is a unique solution y of (1.4)satisfying the initial 
ondition y(x0) = y0.2. If A has the form A = A1 + �A2 where A1 and A2 are families of m�m-matri
eson I with entries in L1lo
(I) and � 2 C is a parameter, then the solution y(z; x) isan entire fun
tion of z for every x 2 I.3. If Aj ! A and fj ! f in L1lo
(I) and yj;0 ! y0 in Cm if j ! 1, then the
orresponding solutions yj 
onverge to y in L1lo
(I).This result will frequently be used in the following adapted version.Corollary 1.2 Assume that I 0 � R is a 
ompa
t interval, that Vj 2 L1(I 0), fj 2 L1(I 0),xj;0 2 I 0, and ~yj;0 2 C2 for j 2 N [ f1g. Consider the di�erential equations�y00j;� + (Vj � �)yj;� = fj; x 2 I 0: (1.5)Then for all j 2 N[f1g and � 2 C there is a unique solution yj;� of (1.5) satisfying theinitial 
ondition  yj;�(xj;0)y0j;�(xj;0) ! = ~yj;0:For all numbers j 2 N [ f1g and x 2 I 0, the fun
tions mapping � 2 C to yj;�(x) areentire. If the 
onvergen
e relations Vj ! V1 and fj ! f1 in L1(I 0), ~y0;j ! ~y1;0 in C2,and xj;0 ! x1;0 in I 0 hold if j !1, then yj;� ! y1;� and y0j;� ! y01;� in L1(I 0).Proof. Sket
hed. The assertion is obtained from Result 1.1 when the se
ond order lineardi�erential equations are written as linear �rst order systems y0j;�(x)y00j;�(x) ! =  0 1Vj(x)� � 0 ! yj;�(x)y0j;�(x) !�  0f(x) ! ; x 2 I 0;of di�erential equations for all j 2 N[f1g. To see that the solutions depend 
ontinuouslyalso on the numbers xj;0, note that the shift operators form a 
ontinuous group of operatorsin L1(I 0). Apply a shift by x1;0 � xj;0 to the fun
tions Vj and fj and its inverse to thesolution yj;�. This redu
es the original problem to a problem with �xed initial point. 2



10 Introdu
tion B. Bodenstorfer1.4 Table of notationThe following table gives the page referen
es of most symbols introdu
ed. The symbolsN, Z, R, C, C�, C, Ix, I�, 1, �, `r, Lr, Lrlo
, AC, Mr, k�k, h�; �i, ?, D(�), and R(�) havebeen de�ned in Se
tion 1.2.[�; �℄H2 11 [�; �℄x 14 d�; �
x 21b 16 b� 15 bj;�;x 31Bj;�;x 31 B 68 Fj;�;x 23gj;�;1;x 29 g1;�;1;x 29 gap 35Gj;�;x 49 Hj;�;n;x 23 Hj;�;1;x 23I 8 J 17 J0 15Kj;� 33 � 19 lj[�℄ 19l1[�℄ 8 L� 58 M� 68� 19, 58 �̂ 67 � 46p 9, 19 q 46, 58 S� 15S 16 S�� 14 S� 16T1 68 v� 68 xb 61X 19 Xj;�;�x 62 �j;�;x;� 58z� 37, 68



112 Singular di�erential operators in the Hilbert spa
eThroughout this se
tion assume that the potential V1 2 L1lo
(I n f0g) is real valued.2.1 Extensions of a symmetri
 operatorDe�nition 2.1 Assume that H is a Hilbert spa
e and T a relation in H. Then theadjoint of T is the relationT � = f(u; v) 2 H �H : hf; ui = hy; vi for all (y; f) 2 Tg:De�nition 2.2 Assume that H is a Hilbert spa
e. Then the relation D inH is dissipatveif = hf; yi � 0; (y; f) 2 D:It is maximal dissipative if it does not admit a dissipative proper extension. Similarly,the relation S in H is symmetri
 if S � S�. This means that= hf; yi = 0; (y; f) 2 S:It is maximal symmetri
 if it does not admit a symmetri
 proper extension. The relationA in H is selfadjoint if A = A�.De�nition 2.3 Assume that X is a Bana
h spa
e and T a relation in X . A 
anoni
alextension of T is a relation T 0 � T in X . Throughout this thesis, only 
anoni
al extensionsare 
onsidered. So the word \
anoni
al" is omitted when speaking about extensions. Inthe 
ase that an extension T 0 of T is an operator, it is 
alled an operator extension ofT . If T 0 6= T , T 0 is 
alled a proper extension of T . The relation T is 
alled a restri
tionof a relation T 0, if T � T 0. If T 6= T 0, it is a proper restri
tion. If T � T 0 and n is thedimension of the fa
tor spa
e T 0=T , then T 0 is 
alled an n-dimensional extension of T andT is 
alled an n-dimensional restri
tion of T 0.De�nition 2.4 Assume that H is a Hilbert spa
e and that S is a symmetri
 relation inH. An extension T of S is 
alled a regular extension of S if T � S�.Assume that H is a Hilbert spa
e. Consider the spa
e H2 = H � H with the inde�niteinner produ
t [�; �℄H2 given by[(y1; f1); (y2; f2)℄H2 = hf1; y2i � hy1; f2ii ; (y1; f1); (y2; f2) 2 H2:As to inde�nite inner produ
t spa
es see [B℄.De�nition 2.5 A subspa
e U of H2 is 
alled [�; �℄H2-positive, [�; �℄H2-negative, or [�; �℄H2-neutral if [u; u℄H2 � 0, [u; u℄H2 � 0, or [u; u℄H2 = 0, respe
tively, for all u 2 U . It is
alled maximal [�; �℄H2-positive, if there is no [�; �℄H2-positive spa
e U 0 � H2 su
h that Uis properly 
ontained in U 0. The de�nitions for maximal [�; �℄H2-negative and maximal[�; �℄H2-neutral are analogous.Assume that U is a subspa
e of H2. Then the [�; �℄H2-orthogonal 
ompanion of U is thespa
e fv 2 H2 : [v; u℄H2 = 0 for all u 2 Ug:



12 Singular differential operators in the Hilbert spa
e B. BodenstorferEasy 
omputation shows that a relation is (maximal) dissipative if and only if it is a(maximal) [�; �℄H2-positive subspa
e ofH�H, and it is (maximal) symmetri
 if and only if itis a (maximal) [�; �℄H2-neutral subspa
e. The adjoint of an operator is its [�; �℄H2-orthogonal
ompanion. For longer proofs of the following statement see [GG, Theorem III.1.3℄ or [Kz,Lemma I.3.7℄.Lemma 2.6 Assume that H is a Hilbert spa
e, S a symmetri
 relation in H, and D adissipative extension of S. Then D is a regular extension of S.Proof. Sin
e D is [�; �℄H2-positive semide�nite and S � D is [�; �℄H2-neutral, the S
hwarzinequality yields (
ompare [B℄, Lemma I.4.4)���[(y1; f1); (y2; f2)℄H2 ��� � q[(y1; f1); (y1; f1)℄H2q[(y2; f2); (y2; f2)℄H2 = 0;for all pairs (y1; f1) 2 S and (y2; f2) 2 D. So D is [�; �℄H2-orthogonal to S, whi
h meansD � S�. 2Now the following standard assertion (see [GG, p. 150℄) 
an be proved easily without theuse of de�
ien
y indi
es.Lemma 2.7 Assume that H is a Hilbert spa
e and A a relation in H. Then A is selfad-joint if and only if both A and �A are maximal dissipative.Proof. If A is selfadjoint, it is dissipative. Moreover, Lemma 2.6 implies that it hasno dissipative proper extensions. Hen
e, A is maximal dissipative. The same argumentapplies to �A.Conversely, if �A are maximal dissipative, A is symmetri
, whi
h means A � A�. More-over, the spa
e A � H2 is maximal [�; �℄H2-positive and maximal [�; �℄H2-negative. So by [B,Lemma I.6.3℄, its orthogonal 
ompanion A� is [�; �℄H2-negative and [�; �℄H2-positive. Hen
e,the maximality properties of �A prove A� � A. 2Lemma 2.8 Assume that H is a Hilbert spa
e and D a dissipative relation in H withdense domain D(D). Then D is an operator.Proof. Assume (0; u) 2 D for some u 2 H. Then for all ve
tors (y; f) 2 D and numbers� 2 C, the dissipativity of D implies0 � =h�u+ f; yi = = h�u; yi+ = hf; yi :For large numbers �, the se
ond term 
an be negle
ted, whi
h proves0 � =h�u; yi ; � 2 C:This is only possible if u ? y. Sin
e this must hold for all y 2 D(D), u = 0, and thus Dis an operator. 2Note here that a dissipative operator T may have dissipative extensions whi
h are properrelations, but may admit no dissipative operator extensions. The following Corollary 2.9shows that the notion \maximal dissipative" 
an be handled without the use of relationswhen speaking about densely de�ned operators.



Extensions of a symmetri
 operator 13Corollary 2.9 Assume that H is a Hilbert spa
e and D a dissipative operator in H. ThenD is maximal dissipative if and only if it is densely de�ned and has no dissipative properoperator extension.Proof. If D is densely de�ned, then all dissipative extensions are so, too, and thus areoperators by Lemma 2.8. So D is maximal dissipative if and only if it has no dissipativeproper operator extension.If D is not densely de�ned, then the relationD0 = D _+f(0; u) : u ? D(D)gis a dissipative proper extension of D. 2De�nition 2.10 (see [GG, p. 159℄) Assume that X is a Bana
h spa
e and T a relationin X . Then T is solvable if its resolvent set �(T ) is not empty.The proof of the following standard assertion is based on the proof of [GG, Theo-rem III.1.2℄ for the operator 
ase. Also 
ompare the de�nitions and 
omments in [K,p. 279℄.Lemma 2.11 Assume that H is a Hilbert spa
e and D a maximal dissipative relation inH. Then D is solvable.Proof. Choose a number � 2 C�. Dissipativity of D implies that the numeri
al range�(D) = fhf; yi : (y; f) 2 D; kyk = 1gis 
ontained in the 
losed upper halfplane C+. Sin
e a pair (y; f) 2 D with kyk = 1 ful�llskf � �yk � hf � �y; yi = hf; yi � � � dist (�;�(D));the resolvent (D � �)�1 is a bounded operator on the spa
e R(D � �) � H. The 
losureof a dissipative relation is dissipative again, thus the maximal dissipative relation D is
losed and so is the range R(D � �).Assume that (D � �)�1 is not de�ned everywhere on H. So there is a nonzero ve
torv 2 (R(D � �))?. Then the proper extension D0 = D _+span f(v; �v)g of D is dissipativeagain be
ause every pair (y; f) 2 D ful�lls hf � �y; vi = 0 and hen
e the imaginary partof the expressionD�v + f; v + yE = hf; yi+ hf; vi+ D�v; yE+ D�v; vE= hf; yi+ hf; vi+ h�y; vi+ � hv; vi= hf; yi+ hf; vi+ hf; vi+ � hv; vi = hf; yi+ 2< hf; vi+ � hv; viis positive. This 
ontradi
ts the assumption that D is maximal dissipative. 2As to the 
onverse of Lemma 2.11 note that solvable extensions of symmetri
 operatorsneed not even be regular as the 
onstru
tion in the following example shows.



14 Singular differential operators in the Hilbert spa
e B. BodenstorferExample 2.12 Assume that H is a Hilbert spa
e and S a densely de�ned 
losed sym-metri
 operator in H with de�
ien
y index (1; 1). Choose a number � 2 C n R and ave
tor g 2 H n R(S � �). Then 
hoose a ve
tor u 2 D(S) su
h that hg; ui 6= 0. Finally
hoose a ve
tor y 2 H n D(S) su
h thathg; ui 6= Dy; (S � �)uE : (2.1)This is possible be
ause the set H n D(S) is dense in H. Consider the extension T � Sde�ned by D(T ) = D(S) _+span fyg;Tu = Su; u 2 D(S);T y = g + �y:Then (2.1) implieshTy; ui = hg + �y; ui = hg; ui+ Dy; �uE 6= Dy; (S � �)uE+ Dy; �uE = hy; Sui :Thus T is not 
ontained in S�. For f 2 H de�ne the fun
tional � su
h that f = f0+�[f ℄gwith f0 2 R(S � �). Then � is 
ontinuous be
ause R(S � �) is 
losed. The equality(T � �)�1f = (S � �)�1(f � �[f ℄g) + �[f ℄y; f 2 H;shows that T is solvable. Of 
ourse by Lemma 2.6, neither T nor �T is dissipative.2.2 The di�erential expression on the subintervalsThe di�erential expression l1 on ea
h of the intervals I� indu
es a minimal operator S�and a maximal operator, whi
h is the adjoint S�� of S�, 
ompare [EE, Theorem III.10.7℄.For simpli
ity assume that l1 is in the limit point 
ase at the nonzero end points of I�.To �nd similar results if l1 is regular at the nonzero end points of I�, suitable selfadjointboundary 
onditions in these end points must be imposed. These 
ould be of the formy(a) = y(b) = 0, for instan
e, if I = [a; b℄. The maximal operator S�� on I� is given byD(S��) = ny 2 L2(I�) \ AC2lo
(I�) : �y00 + V1y 2 L2(I�)o ;S��y = V1y; y 2 D(S��):For x; x1; x2 2 I� de�ne the sesquilinear forms [�; �℄x and [�; �℄x2x1 by[u; v℄x = u(x)v0(x)� u0(x)v(x); [u; v℄x2x1 = [u; v℄x2 � [u; v℄x1; u; v 2 D(S��):Then Green's Formula[u; v℄x2x1 = Z x2x1 �l1[u℄(x)v(x)� u(x)l1[v℄(x)� dx (2.2)holds for u; v 2 D(S��) and x1; x2 2 I�, see [EE, III.10.1℄ or [W, Theorem 2.2℄. Sin
eS�� � L2(I�)2, (2.2) implies that the limits [u; v℄inf I� = limx!inf I�[u; v℄x, [u; v℄sup I� =limx!sup I�[u; v℄x exist and are �nite for u; v 2 D(S��). Moreover,[y1; y2℄sup I�inf I� = DS��y1; y2E� Dy1; S��y2E ; y1; y2 2 D(S��): (2.3)



The di�erential expression on the subintervals 15Sin
e S� is the adjoint of S��, the domain of the minimal operator S� 
an be des
ribed asD(S�) = ny 2 D(S��) : [y; u℄0� = 0 for all u 2 D(S��)o : (2.4)By (2.3) and (2.4), the operator S� is symmetri
. If the di�erential expression l1 is inthe limit point 
ase at 0� in I�, then S� = S�� is a selfadjoint operator. Else S� is asymmetri
 operator with de�
ien
y index (1; 1), and S�� is a two dimensional extensionof S�. For the rest of this se
tion assume this latter 
ase for I�. Then the fa
tor spa
eD(S��)=D(S�) is two-dimensional. It is spanned by the equivalen
e 
lasses of two fun
tionsv� and w� in D(S��): D(S��) = D(S�) _+span fv�; w�g: (2.5)The von Neumann formula (see [GG, III, Theorem 1.1℄)D(S��) = D(S) _+ ker(S�� � �) _+ ker(S�� � �); � 2 C nR; (2.6)implies that the fun
tions v� and w� 
an be found from the solutions of the equationsl1[y℄ = �y and l1[y℄ = �y on I�. Sin
e V1 was assumed to be real valued, the 
onjugatey of a solution y of the equation S��y = �y solves S��y = �y. Moreover, by (2.6), thefun
tions y and y are linearly independent moduloD(S�). Now assume y� 2 ker(S����)nf0g and de�ne the real valued fun
tions v� = y� + y� and w� = �i(y� � y�). Withoutloss of generality, it is assumed that [v�; w�℄0� = �1. This 
an always be a
hieved bymultipli
ation of y with a suitable 
omplex number. Note that [v�; w�℄0� = 0 is impossiblebe
ause the sets fv�; w�g are linearly independent modulo D(S�). The antisymmetri
de�nition of the sesquilinear form [�; �℄x, x 2 I�, then yields[w�; v�℄0� = �[v�; w�℄0� = 1; [v�; v�℄0� = [w�; w�℄0� = 0: (2.7)From (2.4), it followsD(S�) = fy 2 D(S��) : [y; v�℄0� = [y; w�℄0� = 0g: (2.8)De�ne the boundary operators b� : D(S��)! C2 byb�y =  �[y; v�℄0��[y; w�℄0� ! ; y 2 D(S��): (2.9)Lemma 2.13 Assume that J0 is the 2� 2-matrixJ0 =  0 �ii 0 ! :Then ker b� = D(S�);R(b�) = C2;DS��y1; y2E� Dy1; S��y2Ei = �(b�y2)�J0b�y1; y1; y2 2 D(S��):



16 Singular differential operators in the Hilbert spa
e B. BodenstorferProof. The equality (2.8) implies the �rst assertion. The se
ond one follows from theproperties (2.7) of v� and w� and (2.9) sin
eb�v� =  0�1 ! ; b�w� =  �10 ! : (2.10)Assume y1; y2 2 D(S��). These ve
tors by (2.5) 
an be de
omposed asyk = uk + �kv� + �kw�; k 2 f1; 2g;where u1; u2 2 D(S�). Then the relations uk 2 ker b� and (2.10) yieldb�yk =  ��k��k ! ; k 2 f1; 2g;and from (2.9), it follows[y1; y2℄0� = �1�2[v�; v�℄ + �1�2[w�; v�℄ + �1�2[v�; w�℄ + �1�2[w�; w�℄= � ��2 �2 � 0 1�1 0 ! ��1�1 ! = i(b�y2)�J0b�y1:Now (2.3) yieldsDS��y1; y2E� Dy1; S��y2Ei = [y1; y2℄sup I�inf I�i = � [y1; y2℄0�i = �(b�v)�J0b�u; u; v 2 D(S��);sin
e the terms [�; �℄inf I and [�; �℄sup I vanish as a 
onsequen
e of the limit point 
ase in theend points of I. 22.3 Interfa
e 
onditions in 0De�ne the 
losed symmetri
 operator S = S��S+ in L2(I). Its adjoint is S� = S���S�+.This se
tion starts the study of the regular extensions of S. Other extensions than regularones are not 
ontained in the orthogonal sum of the maximal operators. So they arenot 
onsidered to represent the di�erential expression l1. For example, an extension
onstru
ted from S with the help of the method used in Example 2.12 typi
ally is su
han extension. The ve
tor y used there might be a dis
ontinuous fun
tion and its image
hosen rather arbitrarily.The 
ases when the di�erential expression l1 is in the limit point 
ase at 0 in one of theintervals I� are not interesting in the present 
ontext of a di�erential expression on adire
t sum spa
e. This was pointed out in [EZ℄. For instan
e assume that l1 is in thelimit point 
ase at 0 in I�. Then S� is selfadjoint in L2(I�) and all regular extensions Tof S are of the form S� � T+, where T+ is a regular extension of S+. Hen
e the study ofregular extensions of S redu
es to that of regular extensions of S+ in L2(I+). In the 
asewhere l1 is in the limit point 
ase at 0 in both intervals I�, S itself is selfadjoint.The assumption is made that l1 is regular or in the limit 
ir
le 
ase at 0� in I�. So theoperators S� are symmetri
 with de�
ien
y index (1; 1) ea
h and S has de�
ien
y index(2; 2). De�ne the boundary mapping b : D(S�)! C4 byby =  b�y�b+y+ ! = 0BBB� [y; v�℄0�[y; w�℄0��[y; v+℄0+�[y; w+℄0+ 1CCCA ; y = y� + y+; y� 2 D(S��):



Maximal dissipative and selfadjoint interfa
e 
onditions 17Lemma 2.13 yields R(b) = C4; ker b = D(S): (2.11)So the boundary mapping b has the important property that every regular extension Tof S 
an be determined by a 
omplex 4-
olumn-matrix B su
h thatD(T ) = ker(Bb): (2.12)2.4 Maximal dissipative and selfadjoint interfa
e 
onditionsLet J0 be the 2� 2-matrix de�ned in Lemma 2.13 and J be the 4� 4-matrixJ =  J0 00 �J0 ! :Lemma 2.14 Assume y1; y2 2 D(S�). Then it holdshS�y1; y2i � hy1; S�y2ii = (by2)�Jby1:Proof. Lemma 2.13 yields for yk = yk;� + yk;+, yk;� 2 D(S��), k 2 f1; 2g,hS�y1; y2i � hy1; S�y2ii = DS��y1;�; y2;�E� Dy1;�; S��y2;�Ei+DS�+y1;+; y2;+E� Dy1;+; S�+y2;+Ei= (b�y2;�)�J0b�y1;� � (b+y2;+)�J0b+y1;+ = (by2)�Jby1: 2De�nition 2.15 A subspa
e U of C4 is 
alled J-positive, J-negative, or J-neutral if andonly if u�Ju � 0, u�Ju � 0, or u�Ju = 0, respe
tively, for all u 2 U . A J-positive subspa
eU � C4 is 
alled maximal J-positive, if all J-positive subspa
es U 0 of C4 with U � U 0equal U . The de�nitions of maximal J-negative and maximal J-neutral are analogous.Corollary 2.16 Assume that T is a regular extension of S and U = fby : y 2 D(T )g.Then T is (maximal) dissipative if and only if U is (maximal) J-positive, �T is (maximal)dissipative if and only if U is (maximal) J-negative, and T is (maximal) symmetri
 if Uis (maximal) J-neutral.Proof. Lemma 2.14 implies0 � 2= hTy; yi = hTy; yi � hy; Tyii = hS�y; yi � hy; S�yii = (by)�Jby; y 2 D(T ):(2.13)So T is dissipative if and only if U is J-positive. Next assume that T 0 is a dissipativeproper extension of T . Then it is a regular extension of S sin
e T 0� � T � � S� andthus also fby : y 2 D(T 0)g � U is J-positive. Hen
e U is not maximal J-positive.Conversely, if U is not maximal J-positive, there is a J-positive subspa
e U 0 � U of C4.As a 
onsequen
e of (2.11), this subspa
e is the image of a subspa
e T 0 � S of S� under



18 Singular differential operators in the Hilbert spa
e B. Bodenstorferthe mapping b. Then T 0 is a dissipative proper extension of T . The proof for the assertionon �T follows the same pattern, only the symbol \�" in (2.13) must be repla
ed by \�".Symmetri
 extensions are treated analogously using the equality symbol \=" in pla
e ofthe inequality symbol in (2.13). 2Corollary 2.17 Assume that T is an extension of S su
h that T or �T is maximaldissipative. Then the domain D(T ) 
an be given by (2.12) with a 2 � 4-matrix B whi
hhas rank 2.Proof. Lemma 2.6 implies that T is a regular extension of S and therefore its domain 
anbe given by (2.12) with some 4-
olumn matrix B. Sin
e the matrix J has the eigenvalues�1, ea
h of multipli
ity 2, the maximal J-positive and maximal J-negative subspa
es ofC4 are of dimension 2, see [B, Lemma IX.1.2℄. This and Corollary 2.16 yield that thesubspa
e U = fby : y 2 D(T )g = kerB of C4 is two-dimensional. This implies that thematrix B has rank 2, and without loss of generality, B is a 2� 4-matrix. 2Theorem 2.18 Assume that T is a regular extension of S and that its domain is givenby (2.12) with a 2� 4-matrix B whi
h has rank 2. Assume that B is de
omposed asB = � B� B+ � ;where B� are 2� 2-matri
es. Then T or �T is maximal dissipative if and only ifB�J0B�� � B+J0B+� or B�J0B�� � B+J0B+�;respe
tively. The operator T is selfadjoint if and only ifB�J0B�� = B+J0B+�:Proof. It suÆ
es to prove the 
riterion for T to be maximal dissipative. The 
orresponding
riterion for �T is proved analogously. The assertion about selfadjointness then followsfrom these 
riteria using Lemma 2.7.The spa
e U = kerB in Corollary 2.16 is maximal J-positive if and only if its J-orthogonal
ompanion fv 2 C4 : hJu; vi = 0 for all u 2 Ug = R(JB�)is J-negative, 
ompare [B, Theorem V.4.4℄. Sin
e J = J� = J�1, the spa
e R(JB�)J-negative if and only if R(B�) is. This 
ondition is equivalent to B�J0B�� � B+J0B+�.2



193 Approximation by regular potentialsFor the potentials Vj, j 2 N [ f1g, assumeVj 2 L1lo
(I); j 2 N; V1 2 L1lo
(I n f0g); (3.1)ZI0 jV1(x)� Vj(x)j dx ! 0; j !1; for all 
ompa
t sets I 0 � I n f0g; (3.2)Z 0x j�Vj(�)jd� ! 0 (3.3)uniformly with respe
t to j 2 N[f1g if x! 0. The 
onditions (3.1) and (3.3) 
ontain arestri
tion for the potential V1 to whi
h the following theory is appli
able. The 
ondition(3.2) only expresses that the regular potentials Vj, j 2 N, 
onverge to V1 in the sense ofL1lo
(I n f0g). For j 2 N [ f1g, the di�erential expression lj is given bylj[y℄ = �y00 + Vjyfor all y 2 AC2lo
(I n f0g). Equivalently, the di�erential expressions lj 
an �rst be de�nedfor y 2 AC2lo
(I�). Then lj 
an be extended to all y 2 AC2lo
(Inf0g) using the identi�
ation(1.3). The Sturm-Liouville equations 
orresponding to lj are�y00 + (Vj � �)y = 0; (3.4)�y00 + (Vj � �)y = f; (3.5)where f 2 Lp(I) and � 2 � � C. The set � is some suÆ
iently large bounded subsetof C with 0 2 �. For the purposes of this se
tion, � = fz 2 C : jzj � 1g suÆ
es. The
onditions (3.1), (3.2), and (3.3) are understood as impli
it premises in all statements ofthis se
tion. The same is true for the properties of the set � and the 
onstant p 2 [1;1℄whi
h de�nes the 
onsidered spa
e of fun
tions Lp(I), 
ompare (1.3).3.1 Some integral inequalities and the fun
tion �Lemma 3.1 Assume j 2 N [ f1g and x 2 I. Then it holdsZ 0x Z �x jVj(&)jd&d� = ����Z 0x j�Vj(�)jd�����! 0uniformly with respe
t to j 2 N [ f1g if x! 0.Proof. Reverse the order of integration inZ 0x Z �x jVj(&)jd&d� = Z 0x Z 0& jVj(&)jd�d& = � Z 0x &jVj(&)jd&:Then the assumption (3.3) yields the 
onvergen
e asserted. 2De�ne �(x) = supj2N[f1g Z 0x Z �x jVj(&)jd&d� (3.6)for all x 2 I. Lemma 3.1 implies �(x) ! 0 if x ! 0. Let X � I be a symmetri
 openinterval around 0 with sup�2�;x2X(�(x) + x2j�j) < 12 .



20 Approximation by regular potentials B. BodenstorferLemma 3.2 Assume r 2 [1;1℄, x 2 R n f0g, u 2 Lr(Ix), and � 2 Ix [ f0g. Then itholds �����Z �x u(&)d&����� � r̂qjxj kukLr(Ix) :Proof. To simplify the notation, assume x < 0. If 1 < r <1, H�older's inequality yields�����Z �x ju(&)jd&����� � ����Z 0x ju(&)jd&���� � r̂sZ 0x 1d� rsZ 0x ju(&)jrd& = r̂qjxj kukLr(Ix) :If r 2 f1;1g, the assertion of the lemma is trivial. 2Corollary 3.3 Assume r 2 [1;1℄, x 2 R n f0g, u 2 Lr(Ix), and � 2 Ix [ f0g. Then itholds �����Z �x rp&u(&)d&����� � jxj kukLr(Ix) :Proof. Lemma 3.2 yields�����Z �x rp&ju(&)jd&����� � ���� rpx Z 0x ju(&)jd&���� � rqjxj r̂qjxj kukLr(Ix) = jxj kukLr(Ix) : 2Corollary 3.4 Assume r; s 2 (0;1℄, r � s, x 2 R n f0g, and u 2 Lr(Ix). Then it holdskukLs(Ix) � jxjs�1�r�1 kukLr(Ix)Proof. Without loss of generality assume s < 1. Consider the fun
tion us 2 L rs .Appli
ation of Lemma 3.2 yieldskukLs(Ix) = sqkuskL1(Ix) � ss 
r=sqjxj kuskL rs (Ix)= jxjs�1(1� sr ) kukLr(Ix) = jxjs�1�r�1 kukLr(Ix) : 2Lemma 3.5 Assume r 2 (0;1℄, x 2 R n f0g, and u 2 Mr(Ix). Then it holdsj rpxu(x)j � kukLr(Ix) :Proof. If r =1, the statement is trivial. If 0 < r <1, monotoni
ity of u impliesjxur(x)j = ����Z 0x ur(x)d����� � ����Z 0x ur(�)d����� = kukrLr(Ix) : 2



Basi
 properties of the solutions of (3.5) 213.2 Basi
 properties of the solutions of (3.5)Lemma 3.6 Assume j 2 N[f1g, � 2 �, x 2 X nf0g, f 2 Lp(Ix), and that the fun
tiony is a solution of (3.5) on Ix. ThenkykL1(Ix) � jy(x)j+ jxy0(x)j+ jx p̂pxj kfkLp(Ix)1� �(x)� x2j�j � 2jy(x)j+ 2jxy0(x)j+ 2jx p̂pxj kfkLp(Ix) :Proof. In the following, all fun
tions Cn(: : :) whi
h are applied for error estimation ful�lljCn(: : :)j � 1. The di�erential equation (3.5) and the Lemmas 3.1 and 3.2 for � 2 Iximply y(�) = y(x) + (� � x)y0(x) + Z �x Z &x (Vj(�)� �)y(�)� f(�)d�d&= y(x) + (� � x)y0(x) + C1(x; �; f)x p̂px kfkLp(Ix)+C2(j; �; x; �; y)(�(x) + x2j�j) sup&2IxnI� jy(&)j:For the supremum sup&2IxnI� jy(&)j this yields the equationsup&2IxnI� jy(&)j = C3(x; �; y)y(x) + C4(x; �; y)xy0(x) + C5(x; �; f)x p̂px kfkLp(Ix)+C6(j; �; x; �; y)(�(x) + x2j�j) sup&2IxnI� jy(&)j:It 
an be solved when �(x) + x2j�j < 1 and then givessup&2IxnI� jy(&)j = C3(x; �; y)y(x) + C4(x; �; y)xy0(x) + C5(x; �; f)x p̂px kfkLp(Ix)1� C6(j; �; x; �; y)(�(x) + x2j�j)� jy(x)j+ jxy0(x)j + jx p̂pxj kfkLp(Ix)1� �(x)� x2j�j :This implies the assertion be
ause x 2 X and the last expression on the right side isindependent of � 2 Ix. 2Corollary 3.7 Assume j 2 N [ f1g, � 2 �, x 2 I n f0g, and f 2 Lp(Ix). Then allsolutions y of (3.4) and (3.5) are bounded on Ix.Proof. Choose � 2 X \ Ix. First 
onsider a solution y on Ix n I�. Sin
e Vj 2 L1(Ix n I�),both y and y0 are bounded there. On the interval I�, Lemma 3.6 proves that y is bounded.2If p = 2 and Vj is real valued, this implies that the di�erential expression lj on I� isregular or in limit 
ir
le 
ase at 0�. If p = 2 and Vj is 
omplex valued, this implies thatthe di�erential expression lj on I� is regular or in 
ase II or III at 0�. For the de�nitionof 
ase II and III see [EE, p. 159℄.Assume x 2 I n f0g. Then de�ne the bilinear form d�; �
x bydy1; y2
x = y1(x)y02(x)� y01(x)y2(x);



22 Approximation by regular potentials B. Bodenstorferfor all y1; y2 2 AC2lo
(I n f0g). Then Green's formulady1; y2
x2 � dy1; y2
x1 = Z x2x1 l1[y1℄(x)y2(x)� y1(x)l1[y2℄(x)dx (3.7)holds if both x1; x2 2 I�, or x1; x2 2 I+. See, for instan
e, [EE, III, (10.6)℄, but note thatit is more 
onvenient in the present 
ontext to use a bilinear form d�; �
x instead of thesesquilinear form [�; �℄x introdu
ed in (2.2). The reason is that the potentials dealt withare 
omplex valued now.Corollary 3.8 Assume j 2 N [ f1g, � 2 �, x 2 X n f0g, f1; f2 2 Lp(Ix), and that thefun
tions y1 and y2 are solutions of (3.5) on Ix for f = f1 and f = f2, respe
tively. Thenthe limits lim�!0� dy1; y2
�exist and are �nite.Proof. Lemma 3.6 implies y1; y2 2 L1(Ix). Moreover, lj[y1℄ = f1; lj[y2℄ = f2 2 Lp(Ix) �L1(Ix). Hen
e, Green's formula (3.7) yields the assertion. 2Corollary 3.9 Assume j 2 N [ f1g, � 2 �, x 2 I n f0g, f 2 Lp(Ix), and that thefun
tion y is a solution of (3.5) on Ix. Then there exists a fun
tion u 2 M1(Ix) withkukL1(Ix) � (�(x) + x2j�j) kykL1(Ix) + jx p̂pxj kfkLp(Ix)su
h that jy0(�)� y0(x)j � u(�) for � 2 Ix. Parti
ularly, y0 2 L1(Ix).Proof. By Corollary 3.7, kykL1(Ix) is �nite. For � 2 Ix, it holdsy0(�)� y0(x) = Z �x y00(&)d& = Z �x (Vj(&)� �)y(&)� f(&)d&:Let the fun
tion u for � 2 Ix be given byu(�) = �����Z �x jVj(&)j+ j�jd&����� kykL1(Ix) + p̂qjxj kfkLp(Ix) :Then jy0(�)�y0(x)j � u(�) for all � 2 Ix by Lemma 3.2. Lemma 3.1 and the relation (3.6)imply the assertions on u. 2Corollary 3.10 Assume � 2 �, x 2 I n f0g, f 2 Lp(Ix), and that the fun
tion y is asolution of (3.5) on Ix [ I�x. Then the limitsy(0�) = limx!0� y(x)exist and are �nite.For a result similar to Lemma 3.6, see [EE, Theorem III.10.17℄, where estimates for thesolutions in the 
ase of a nonsingular potential are given. For a result 
omparable toCorollary 3.7 see [W, Theorem 6.4℄.



The operators Hj;�;n;x and their properties 233.3 The operators Hj;�;n;x and their propertiesFor j 2 N [ f1g, � 2 �, x 2 I n f0g, and n 2 N de�ne the integral operators Fj;�;x andHj;�;n;x on L1(Ix) by(Fj;�;xy)(�) = Z �0 Z &x (Vj(�)� �)y(�)d�d&; � 2 Ix; y 2 L1(Ix); (3.8)Hj;�;n;x = n�1Xm=0Fmj;�;x: (3.9)Similar operators are well known from the Pi
ard-Lindel�of pro
edure, also 
ompare Corol-lary 3.17 below. The de�nition of Hj;�;n;x implies the re
ursion formulasHj;�;0;x = 0; (3.10)Hj;�;n+1;x = 1 + Fj;�;xHj;�;n;x; n 2 N: (3.11)Lemma 3.11 Assume j 2 N [ f1g, � 2 �, and x 2 I n f0g. Then it holdskFj;�;xkL1(Ix) � �(x) + x2j�j:Proof. For y 2 L1(Ix), Lemma 3.1 and (3.6) implyj(Fj;�;xy)(�)j � Z 0x Z &x (jVj(�)j+ j�j)jy(�)jd�d& � (�(x) + x2j�j) kykL1(Ix) : 2Corollary 3.12 Assume j 2 N [ f1g, � 2 �, and x 2 X n f0g. Then F nj;�;x ! 0 andHj;�;n;x 
onverges if n ! 1. These 
onvergen
e relations are uniform with respe
t toj 2 N [ f1g, � 2 �, and x 2 X n f0g.For j 2 N [ f1g, � 2 �, and x 2 X n f0g de�ne Hj;�;1;x asHj;�;1;x = limn!1Hj;�;n;x = 1Xm=0Fmj;�;x: (3.12)Lemma 3.13 Assume � 2 �, n 2 N [ f1g, and x 2 X n f0g. ThenFj;�;x ! F1;�;x; Hj;�;n;x ! H1;�;n;xif j !1, uniformly with respe
t to all other variables.Proof. For � 2 Ix, it holdskF1;�;x � Fj;�;xkL1(Ix) � Z 0x Z &x jV1(�)� Vj(�)jd�d&= Z �x Z &x jV1(�)� Vj(�)jd�d& + Z 0� Z �x jV1(�)� Vj(�)jd�d&+ Z 0� Z &� jV1(�)� Vj(�)jd�d&:



24 Approximation by regular potentials B. BodenstorferFor � > 0 
hoose the number � 2 Ix su
h that the absolute value of the last integral onthe right side is less than � for all j 2 N. This is possible be
ause of Lemma 3.1. The�rst two integrals on the right side then tend to zero if j !1 in 
onsequen
e of (3.2).Consequently for n 2 N, F nj;�;x ! F n1;�;x if j !1, and this 
onvergen
e is uniform withrespe
t to � 2 � and x 2 X n f0g. The 
onvergen
e assertion on Hj;�;n;x, n 2 N [ f1gnow follows be
ause these operators are de�ned as sums with an absolutely 
onvergentupper bound by Lemma 3.11. 2Lemma 3.14 Assume j 2 N [ f1g, �1; �2 2 �, n 2 N [ f1g, x 2 X n f0g, andy 2 L1(Ix). Then it holdsj(Hj;�1;n;xy �Hj;�2;n;xy)0(�)j � 4jx(�1 � �2)j kykL1(Ix) ;j(Hj;�1;n;xy �Hj;�2;n;xy)(�)j � 4j�x(�1 � �2)j kykL1(Ix) ;and if j ! 1, the di�eren
es (Hj;�1;n;xy � Hj;�2;n;xy)0(�) and (Hj;�1;n;xy � Hj;�2;n;xy)(�)
onverge uniformly with respe
t to n 2 N [ f1g, � 2 Ix, and y 2 B(L1(Ix)).Proof. Without loss of generality assume j�1j � j�2j. By interla
ed indu
tion on m 2N n f0g, �rst the following two pairs of hypotheses are proved. Firstly,j(Fmj;�1;xy � Fmj;�2;xy)0(�)j � ���(�1 � �2)x(�(x) + x2j�2j)m�1���m kykL1(Ix) ;and if j ! 1, the expression (Fmj;�1;xy � Fmj;�2;xy)0 
onverges in L1(Ix) uniformly withrespe
t to y 2 B(L1(Ix)). Se
ondly,j(Fmj;�1;xy � Fmj;�2;xy)(�)j � ���(�1 � �2)x(�(x) + x2j�2j)m�1����m kykL1(Ix) ;and if j !1, the quotient (Fmj;�1;xy�Fmj;�2;xy)(�)� 
onverges uniformly with respe
t to � 2 Ixand y 2 B(L1(Ix)). It holds(Fj;�1;xy � Fj;�2;xy)0(�) = Z �x (�2 � �1)y(&)d&;j(Fj;�1;xy � Fj;�2;xy)0(�)j � jx(�1 � �2)j kykL1(Ix) ;whi
h proves the �rst pair of hypotheses for m = 1. If the �rst pair of hypotheses holdsfor m 2 N, the se
ond pair follows by integration. Now assume that the se
ond pair ofhypotheses holds for m 2 N. For � 2 Ix 
ompute(Fm+1j;�1;xy � Fm+1j;�2;xy)0(�) = (Fj;�1;x(Fmj;�1;x � Fmj;�2;x)y + (Fj;�1;x � Fj;�2;x)Fmj;�2;xy)0(�)= Z �x (Vj(&)� �1)& (Fmj;�1;xy � Fmj;�2;xy)(&)& d& + (�2 � �1) Z �x (Fmj;�2;xy)(&)d&:If j ! 1, the se
ond pair of hypotheses, (3.2), and (3.3) imply that the �rst integral
onverges and Lemma 3.13 yields that the se
ond integral 
onverges. Both 
onvergen
erelations are uniform with respe
t to � 2 Ix. Moreover, the se
ond pair of hypothesesimplies that for all j 2 N [ f1g, it holdsj(Fm+1j;�1;xy � Fm+1j;�2;xy)0(�)j�  �����(�1 � �2)mx(�(x) + x2j�2j)m�1 Z �x jVj(&)� �1j j&jd&�����+ �����(�1 � �2) Z �x (�(x) + x2j�2j)md&����� ! kykL1(Ix)� j(�1 � �2)(m+ 1)x(�(x) + x2j�2j)mj kykL1(Ix)



The operators Hj;�;n;x and their properties 25for m 2 N n f0g using (3.3). For Hj;�1;n;x and Hj;�1;n;x, this and x 2 X yieldj(Hj;�1;n;xy �Hj;�2;n;xy)0(�)j � n�1Xm=0 ���(Fmj;�1;xy � Fmj;�2;xy)0(�)���� j(�1 � �2)xj kykL1(Ix) nXm=1m(�(x) + x2j�2j)m�1= j(�1 � �2)xj(1� �(x)� x2j�2j)2 kykL1(Ix) � 4j(�1 � �2)xj kykL1(Ix) :The se
ond assertion of the lemma follows by integration. The 
onvergen
e of the dif-feren
es follow be
ause the expressions are sums of terms whi
h 
onverge if j ! 1 andwhi
h admit an absolutely 
onvergent upper bound. 2Lemma 3.15 Assume j 2 N [ f1g, � 2 �, n 2 N, x 2 I n f0g, f 2 Lp(Ix), and thatthe fun
tion y is a solution of (3.5) on Ix. Let the fun
tion u be given by the formulau(�) = Z �0 Z &x f(�)d�d&; � 2 Ix: (3.13)Then for all � 2 Ix it holdsy(�) = y(0)(Hj;�;n;x1)(�) + y0(x)(Hj;�;n;x�)(�)� (Hj;�;n;xu)(�) + (F nj;�;xy)(�):Proof. If y ful�lls (3.5), then Corollary 3.9 implies y0 2 L1(Ix). For � 2 Ix, it followsy(�) = y(0) + Z �0 y0(&)d& = y(0) + �y0(x) + Z �0 Z &x y00(�)d�d&= y(0) + �y0(�) + Z �0 Z &x (Vj(�)� �)y(�)� f(�)d�d&= y(0) + �y0(x)� u(�) + (Fj;�;xy)(�): (3.14)Now the proof of the Lemma is by indu
tion on n. For n = 0, the assertion is implied by(3.10). For arbitrary n 2 N, (3.14), the indu
tion hypothesis, and (3.11) implyy(�) = y(0) + �y0(x)� u(�)+y(0)(Fj;�;xHj;�;n;x1)(�) + y0(x)(Fj;�;xHj;�;n;x�)(�)� (Fj;�;xHj;�;n;xu)(�)+(Fj;�;xF nj;�;xy)(�)= y(0)(Hj;�;n+1;x1)(�) + y0(x)(Hj;�;n+1;x�)(�)� (Hj;�;n+1;xu)(�) + (F n+1j;�;xy)(�): 2Corollary 3.16 Assume j 2 N [ f1g, � 2 �, x 2 X n f0g, f 2 Lp(Ix), and that thefun
tion y is a solution of (3.5) on Ix. Let the fun
tion u be given by the double integralformula (3.13). Then for � 2 Ix, it holdsy(�) = y(0)(Hj;�;1;x1)(�) + y0(x)(Hj;�;1;x�)(�)� (Hj;�;1;xu)(�):Proof. If n!1 in the assertion of Lemma 3.15, then F nj;�;x ! 0, and Hj;�;n;x ! Hj;�;1;xby Corollary 3.12. 2



26 Approximation by regular potentials B. BodenstorferCorollary 3.17 Assume j 2 N [ f1g, � 2 �, and x 2 X n f0g. Then the fun
tionsHj;�;1;x1 and Hj;�;1;x� are solutions of (3.4) with the boundary 
onditions(Hj;�;1;x1)(0)=1; (Hj;�;1;x1)0(x)=0;(Hj;�;1;x�)(0)=0; (Hj;�;1;x�)0(x)=1:Assume additionally f 2 Lp(Ix) and that the fun
tion u is given by the double integralformula (3.13). Then the fun
tion �Hj;�;1;xu is a solution of (3.5) with the boundary
onditions (�Hj;�;1;xu)(0) = 0; (�Hj;�;1;xu)0(x) = 0:Remark 3.18 The fun
tion �Hj;�;1;xu whi
h is de�ned in Corollary 3.17 solves theboundary value problem stated there for all � 2 �. Hen
e, if x 2 Xnf0g, � is 
ontained inthe resolvent set of the di�erential operator on Lp(Ix) whi
h 
orresponds to this boundaryvalue problem.Corollary 3.19 Assume j 2 N [ f1g, � 2 �, x 2 X n f0g, and � 2 Ix. Then on I� itholds Hj;�;1;�1 = Hj;�;1;x1� (Hj;�;1;x1)0(�)(Hj;�;1;x�)0(�)Hj;�;1;x�;Hj;�;1;�� = 1(Hj;�;1;x�)0(�)Hj;�;1;x�:Proof. Corollaries 3.16 and 3.17 implyHj;�;1;x� = (Hj;�;1;x�)(0)Hj;�;1;�1 + (Hj;�;1;x�)0(�)Hj;�;1;�� = (Hj;�;1;x�)0(�)Hj;�;1;��:This proves the se
ond assertion. Corollaries 3.16, 3.17, and �nally the se
ond assertionof the lemma implyHj;�;1;x1 = (Hj;�;1;x1)(0)Hj;�;1;�1 + (Hj;�;1;x1)0(�)Hj;�;1;��= Hj;�;1;�1 + (Hj;�;1;x1)0(�)Hj;�;1;�� = Hj;�;1;�1 + (Hj;�;1;x1)0(�)(Hj;�;1;x�)0(�)Hj;�;1;x�:This proves the �rst assertion. 2Also the following two-sided variant of Corollary 3.16 will be used. It provides a veryuseful de
omposition of solutions y of (3.5) near x = 0.Corollary 3.20 Assume j 2 N[f1g, � 2 �, x 2 X \ I+, f 2 Lp([�x; x℄), and that thefun
tion y is a solution of (3.5) on [�x; x℄ n f0g. Then for � 2 [�x; x℄ n f0g, it holdsy(�) = ( y(0�)(Hj;�;1;�x1)(�) + y0(�x)(Hj;�;1;�x�)(�)� (Hj;�;1;�xu)(�) if � 2 I�xy(0+)(Hj;�;1;x1)(�) + y0(x)(Hj;�;1;x�)(�)� (Hj;�;1;xu)(�) if � 2 Ix ;where the fun
tion u for � 2 [�x; x℄ is given byu(�) = ( R �0 R &�x f(�)d�d& if � 2 I�xR �0 R &x f(�)d�d& if � 2 Ix : (3.15)



The operators Hj;�;n;x and their properties 27Lemma 3.21 Assume j 2 N [ f1g, � 2 �, n 2 N, x 2 I n f0g, and y 2 AC(Ix) withy(0) = 0 and y0 2 L1(Ix). Then for � 2 Ix, it holdsj(F nj;�;xy)0(�)j � (�(x) + x2j�j)n ky0kL1(Ix) ;j(F nj;�;xy)(�)j � j�j(�(x) + x2j�j)n ky0kL1(Ix) :Proof. The proof is by interla
ed indu
tion for both assertions. For n = 0, the �rstassertion is jy0(�)j � ky0kL1(Ix) for � 2 Ix. This is true.If the �rst assertion holds for n 2 N, the se
ond one for n dire
tly follows by integration.If the se
ond assertion holds for n 2 N, it followsj(F n+1j;�;xy)0(�)j = �����Z �x (Vj(&)� �)(F nj;�;xy)(&)d&������ (�(x) + x2j�j)n ky0kL1(Ix) Z �x (jVj(&)j+ j�j)&d& � (�(x) + x2j�j)n+1 ky0kL1(Ix)by (3.6) and Lemma 3.1. 2Lemma 3.22 Assume j 2 N [ f1g, � 2 �, n 2 (N n f0g) [ f1g, x 2 X n f0g, andf 2 Lp(Ix). Let the fun
tion u be given by the double integral formula (3.13). Then forall � 2 Ix, it holds j(Hj;�;n;x1)(�)� 1j � 2(�(x) + x2j�j);(Hj;�;n;x1)0 2 L1(Ix);k(Hj;�;n;x1)0kL1(Ix) � 2(�(x) + x2j�j);j(Hj;�;n;x�)(�)� �j � 2j�j(�(x) + x2j�j);j(Hj;�;n;x�)0(�)� 1j � 2(�(x) + x2j�j);j(Hj;�;n;xu)(�)j � 2j�j p̂qjxj kfkLp(Ix) ;j(Hj;�;n;xu)0(�)j � 2 p̂qjxj kfkLp(Ix) :Moreover, the absolute value of the fun
tion (Hj;�;n;x1)0 is bounded by a fun
tion v 2M1(Ix) with kvkL1(Ix) � 2(�(x) + x2j�j).Proof. Lemma 3.11 for m 2 N implies j(Fmj;�;x1)(�)j � (�(x) + x2j�j)m. Summationa

ording to (3.9) or (3.12) and x 2 X yieldj(Hj;�;n;x1)(�)� 1j � �(x) + x2j�j1� �(x)� x2j�j � 2(�(x) + x2j�j):For the derivative, (3.11) yieldsj(Hj;�;n;x1)0(�)j = �����Z �x (Vj(&)� �)(Hj;�;n�1;x1)(&)d&������ (1 + 2(�(x) + x2j�j)) �����Z �x jVj(&)j+ j�jd&����� � 2 �����Z �x jVj(&)j+ j�jd&����� :



28 Approximation by regular potentials B. BodenstorferCall the rightmost expression v(�). Now Lemma 3.1 and (3.6) imply the assertions on vand (Hj;�;n;x1)0.Lemma 3.21 for m 2 N implies j(Fmj;�;x�)0(�)j � (�(x) + x2j�j)m. Summation a

ording to(3.9) or (3.12) and x 2 X yieldj(Hj;�;n;x�)0(�)� 1j � �(x) + x2j�j1� �(x)� x2j�j � 2(�(x) + x2j�j);The assertion on Hj;�;n;x� follows from this by integration.Lemma 3.2 yields ku0kL1(Ix) � p̂qjxj kfkLp(Ix). This and Lemma 3.21 for m 2 N implyj(Fmj;�;xu)0(�)j � (�(x) + x2j�j)m p̂qjxj kfkLp(Ix) :Summation a

ording to (3.9) or (3.12) and x 2 X yieldj(Hj;�;n;xu)0(�)j � p̂qjxj kfkLp(Ix)1� �(x)� x2j�j � 2 p̂qjxj kfkLp(Ix) :The assertion on Hj;�;n;xu follows from this by integration. 2Corollary 3.23 Assume j 2 N[f1g, � 2 �, n 2 N[f1g, x 2 Xnf0g, and f 2 Lp(Ix).Let the fun
tion u be given by the double integral formula (3.13). Then it holds(Hj;�;n;x�)0(�) ! (Hj;�;n;x�)0(0);(Hj;�;n;xu)0(�) ! (Hj;�;n;xu)0(0)if � ! 0.Proof. The 
ase n = 0 is trivial by (3.10). If n > 0 use (3.11) and, if n =1, additionally(3.12). With Lemma 3.22 and (3.3) 
omputej(Hj;�;n;x�)0(0)� (Hj;�;n;x�)0(�)j = ����Z 0� (Vj(&)� �)(Hj;�;n�1;x�)(&)d&����� 2 Z 0� (jVj(&)j+ j�j)&d& ! 0:The assertion about (Hj;�;n;xu)0(�) is proved in the same fashion with � repla
ed by u. 2Lemma 3.24 Assume j 2 N [ f1g, � 2 �, x 2 X n f0g, and � 2 Ix. Thenj�(Hj;�;1;x1)0(�)j � 2(�(x) + x2j�j):Proof. By Lemma 3.22, j(Hj;�;1;x1)0(�)j � u(�) for some fun
tion u 2 M1(Ix) withkukL1(Ix) � 2(�(x) + x2j�j). Then Lemma 3.5 yieldsj�(Hj;�;1;x1)0(�)j � j�u(�)j � kukL1(Ix) � 2(�(x) + x2j�j): 2



De�nition of gj;�;n;x and interfa
e 
onditions in 0 293.4 De�nition of gj;�;n;x and interfa
e 
onditions in 0For j 2 N, � 2 �, n 2 N [ f1g, and x 2 X n f0g de�negj;�;n;x = (Hj;�;n;�x1)0(0)� (Hj;�;n;x1)0(0) (3.16)and for all numbers � 2 �, n 2 N [ f1g, and x 2 X n f0g where the limit exists in the
ompa
t spa
e C de�ne g1;�;n;x = Climj!1 gj;�;n;x: (3.17)Lemma 3.25 Either g1;�;1;x is de�ned for all � 2 � and x 2 X n f0g, or it is unde�nedfor all � 2 � and x 2 X n f0g. Moreover in the �rst 
ase, if � 2 �, x 2 X, and � 2 Ix,then it holds g1;�;1;� � g1;�;1;x = (Hj;�;1;x1)0(�)(Hj;�;1;x�)0(�) (Hj;�;1;x�)0(0)�(Hj;�;1;�x1)0(��)(Hj;�;1;�x�)0(��) (Hj;�;1;�x�)0(0);jg1;�;1;x � g1;0;1;xj � 8jx�j:Parti
ularly, if g1;�;1;x =1 for one 
hoi
e of numbers � 2 � and x 2 X n f0g, then thisis so for all su
h 
hoi
es.Proof. Trivially, g1;�;1;0 = 0 is always de�ned. Assume x 2 X n f0g and � 2 Ix. Forj 2 N, the relation (3.16) and Corollary 3.19 implygj;�;1;� � gj;�;1;x = (Hj;�;1;��1)0(0)� (Hj;�;1;�x1)0(0)�(Hj;�;1;�1)0(0) + (Hj;�;1;x1)0(0)= �(Hj;�;1;�x1)0(��)(Hj;�;1;�x�)0(��) (Hj;�;1;�x�)0(0) + (Hj;�;1;x1)0(�)(Hj;�;1;x�)0(�) (Hj;�;1;x�)0(0):The terms on the right side 
onverge if j !1. Note that the terms in the denominatorson the right side by Lemma 3.22 
annot tend to zero if x 2 X n f0g. So the de�nition(3.17) of g1;�;1;x and g1;�;1;� implies that one of these numbers is de�ned if and only ifthe other is too. Moreover in this 
ase, the above equality also holds for j =1.As to the dependen
e on �, the proof is similar. The de�nition (3.16) for j 2 N impliesgj;�;1;x�gj;0;1;x = (Hj;�;n;�x1)0(0)�(Hj;0;n;�x1)0(0)�(Hj;�;n;x1)0(0)+(Hj;0;n;x1)0(0) (3.18)and Lemma 3.14 proves that the right side 
onverges if j !1. So g1;�;1;x is de�ned ifand only if g1;0;1;x is. The estimate for the expression jg1;�;1;x � g1;0;1;xj also followsfrom (3.18) and Lemma 3.14. 2Assume j 2 N[f1g, � 2 �, x 2 X nf0g and f 2 Lp(I�x[ Ix). Now interfa
e 
onditionsin 0 are formulated for a solution y of (3.5) in dependen
e of gj;�;1;x. If gj;�;1;x 2 C, then
onsider the pair y(0�) = y(0+); (3.19)lim�!0 ((Hj;�;1;��)0(0)y0(�)� (Hj;�;1;���)0(0)y0(��)� gj;�;1;�y(0)) = 0 (3.20)of interfa
e 
onditions. If gj;�;1;x =1, then 
onsider the Diri
hlet interfa
e 
onditionsy(0�) = y(0+) = 0: (3.21)



30 Approximation by regular potentials B. BodenstorferLemma 3.26 Assume j 2 N[ f1g, � 2 �, x 2 X n f0g, f 2 Lp(I�x [ Ix), and that thefun
tion y is a solution of (3.5) on I�x [ Ix. Further assume gj;�;1;x 2 C and that ~g and~h are fun
tions on I�x [ Ix su
h thatlim�!0 (gj;�;1;� � ~g(�)) = 0; lim sup�!0 �����(Hj;�;1;��)0(0)� ~h(�)� ����� <1:Then the 
ondition lim�!0 (~h(�)y0(�)� ~h(��)y0(��)� ~g(�)y(0)) = 0 (3.22)is equivalent to (3.20).Proof. By Corollary 3.9, the absolute value of the derivative y0 is bounded by a fun
tionin M1(I�x [ Ix). Then Lemma 3.5 and the assumption on ~h imply ((Hj;�;1;��)0(0) �~h(�))y0(�)! 0 if � ! 0. This and the assumption on ~g �nally yieldlim�!0 (~h(�)y0(�)� ~h(��)y0(��)� ~g(�)y(0))= lim�!0 ((Hj;�;1;��)0(0)y0(�)� (Hj;�;1;���)0(0)y0(��)� gj;�;1;�y(0)): 2The following result ensures that that the 
onsidered boundary 
onditions do not dependon �.Corollary 3.27 Assume j 2 N [ f1g, � 2 �, x 2 X n f0g, f 2 Lp(I�x [ Ix), and thatthe fun
tion y is a solution of (3.5) on I�x [ Ix. Further assume gj;�;1;x 2 C. Then yful�lls (3.20) if and only if it ful�lls (3.20) with � repla
ed by an arbitrary number in �.Proof. The asserted independen
e follows from Lemmas 3.14, 3.25, and 3.26. 2Corollary 3.28 Assume j 2 N, � 2 �, x 2 X n f0g, f 2 Lp(I�x [ Ix), and that thefun
tion y is a solution of (3.5) on I�x [ Ix. Then y ful�lls (3.19) and (3.20) if and onlyif y(0�) = y(0+) and y0(0�) = y0(0+).Proof. The formulas (3.1), (3.11), (3.12), and Lemma 3.22 implyj(Hj;�;1;�1)0(0)j = ����Z 0� (Vj(&)� �)(Hj;�;1;�1)(&)d&���� � 2 kV1 � �kL1(Ix) ! 0and hen
e gj;�;1;� ! 0 if � ! 0. Additionally use Corollary 3.3 to provej(Hj;�;1;��)0(0)� 1j = ����Z 0� (Vj(&)� �)(Hj;�;1;��)(&)d&���� � 2 Z 0� (jVj(&)j+ j�j)&d& � 2j�j:So the 
onstant fun
tions ~g = 0 and ~h = 1 ful�ll the assumptions of Lemma 3.26. Sin
ej 2 N, (3.1) implies that the di�erential expression lj is regular in 0 and the limits



De�nition of gj;�;n;x and interfa
e 
onditions in 0 31y0(0�) exist by Corollary 1.2. Hen
e, the 
ondition (3.22) 
an be written in the formy0(0�) = y0(0+). 2Assume j 2 N[ f1g, � 2 �, and x 2 X \ I+. De�ne the boundary operator bj;�;x for ally whi
h solve (3.5) on [�x; x℄ n f0g for some f 2 Lp([�x; x℄) bybj;�;xy = lim�!0+0BBBBBBB� dy;Hj;�;1;�x�
��(Hj;�;1;�x�)0(0)dy;Hj;�;1;�x1
���dy;Hj;�;1;x�
�(Hj;�;1;x�)0(0)�dy;Hj;�;1;x1
�
1CCCCCCCA : (3.23)Note that bj;�;x is well de�ned by Corollary 3.8.Lemma 3.29 Assume j 2 N[f1g, � 2 �, x 2 X\I+, f 2 Lp([�x; x℄), that the fun
tionu is given by (3.15), and that the fun
tion y is a solution of (3.5) on [�x; x℄ n f0g. Thenit holds bj;�;xy = 0BBB� y(0�)�(Hj;�;1;�x�)0(0)y0(�x) + (Hj;�;1;�xu)0(0)�y(0+)(Hj;�;1;x�)0(0)y0(x)� (Hj;�;1;xu)0(0) 1CCCA :Proof. Use Lemma 3.22, Corollary 3.23, and Lemma 3.24 to 
ompute the following ex-pressions.lim�!0+ dHj;�;1;x1; Hj;�;1;x�
�= lim�!0+ ((Hj;�;1;x1)(�)(Hj;�;1;x�)0(�)� (Hj;�;1;x1)0(�)(Hj;�;1;x�)(�)) = (Hj;�;1;x�)0(0);lim�!0+ dHj;�;1;x1; Hj;�;1;xu
�= lim�!0+ ((Hj;�;1;x1)(�)(Hj;�;1;xu)0(�)� (Hj;�;1;x1)0(�)(Hj;�;1;xu)(�))= (Hj;�;1;xu)0(0);lim�!0+ dHj;�;1;x�; Hj;�;1;xu
�= lim�!0+ ((Hj;�;1;x�)(�)(Hj;�;1;xu)0(�)� (Hj;�;1;x�)0(�)(Hj;�;1;xu)(�)) = 0:Further note that only the sign of d�; �
�, � 2 Ix, 
hanges if the arguments are ex
hanged.These equalities and the de
omposition of y a

ording to Corollary 3.20 provelim�!0+ dy;Hj;�;1;x1
 = �y(x)(Hj;�;1;x�)0(0) + (Hj;�;1;xu)0(�);lim�!0+ dy;Hj;�;1;x�
 = y(0+)(Hj;�;1;x�)0(0):The analogous formulas hold for �x in pla
e of x, when the limits � ! 0+ are repla
edby the limits � ! 0�. Together, these formulas prove the assertion. 2Assume j 2 N [ f1g, � 2 �, x 2 X, and that gj;�;1;x is de�ned. Then de�ne the2� 4-matrix Bj;�;x byBj;�;x = 8>>>><>>>>:  1 0 1 00 1 gj;�;1;x 1 ! if gj;�;1;x 2 C 1 0 0 00 0 1 0 ! if gj;�;1;x =1 :



32 Approximation by regular potentials B. BodenstorferLemma 3.30 Assume j 2 N [ f1g, � 2 �, x 2 X \ I+, f 2 Lp([�x; x℄), and thatthe fun
tion y is a solution of (3.5) on [�x; x℄ n f0g. If gj;�;1;x 2 C, then the interfa
e
ondition Bj;�;xbj;�;xy = 0is equivalent to the pair (3.19) and (3.20) of interfa
e 
onditions; if gj;�;1;x =1, then itis equivalent to the interfa
e 
onditions (3.21).Proof. The assertion on the 
ase gj;�;1;x =1 is obvious from Lemma 3.29. Now 
onsiderthe 
ase gj;�;1;x 2 C, whi
h is always true if j 2 N. By Lemma 3.29, the interfa
e
ondition (3.19), whi
h means 
ontinuity, is equivalent to� 1 0 1 0 � bj;�;xy = 0: (3.24)This 
orresponds to the �rst row of the matrix Bj;�;x. As to the se
ond row of this matrixand (3.20), it now suÆ
es to 
onsider the 
ase that y is 
ontinuous. So y(0) may be usedinstead of separate values y(0�). Use the de
omposition proved in Corollary 3.20 andwith the help of Corollary 3.19 and Lemma 3.25 
ompute for � 2 Ix(Hj;�;1;��)0(0)y0(�)� (Hj;�;1;���)0(0)y0(��)� gj;�;1;�y(0)= (Hj;�;1;x�)0(0)(Hj;�;1;x�)0(�)(y(0)(Hj;�;1;x1)0(�) + y0(x)(Hj;�;1;x�)0(�)� (Hj;�;1;xu)0(�))� (Hj;�;1;�x�)0(0)(Hj;�;1;�x�)0(��)(y(0)(Hj;�;1;�x1)0(��) + y0(�x)(Hj;�;1;�x�)0(��)�(Hj;�;1;�xu)0(��))� gj;�;1;x � (Hj;�;1;�x1)0(��)(Hj;�;1;�x�)0(��) (Hj;�;1;�x�)0(0) + (Hj;�;1;x1)0(�)(Hj;�;1;x�)0(�) (Hj;�;1;x�)0(0)! y(0)= (Hj;�;1;x�)0(0)(Hj;�;1;x�)0(�)(y0(x)(Hj;�;1;x�)0(�)� (Hj;�;1;xu)0(�))� (Hj;�;1;�x�)0(0)(Hj;�;1;�x�)0(��)(y0(�x)(Hj;�;1;�x�)0(��)� (Hj;�;1;�xu)0(��))� gj;�;1;xy(0)= (Hj;�;1;x�)0(0)y0(x)� (Hj;�;1;x�)0(0)(Hj;�;1;x�)0(�)(Hj;�;1;xu)0(�)�(Hj;�;1;�x�)0(0)y0(�x) + (Hj;�;1;�x�)0(0)(Hj;�;1;�x�)0(��)(Hj;�;1;�xu)0(��)� gj;�;1;xy(0):Now take the limit � ! 0 and note that then(Hj;�;1;�x�)0(�)! (Hj;�;1;�x�)0(0) 6= 0; (Hj;�;1;�xu)0(�)! (Hj;�;1;�xu)0(0)by Corollary 3.23 and Lemma 3.22 to obtainlim�!0+ ((Hj;�;1;��)0(0)y0(�)� (Hj;�;1;���)0(0)y0(��)� gj;�;1;�y(0))= (Hj;�;1;x�)0(0)y0(x)� (Hj;�;1;xu)0(0)� (Hj;�;1;�x�)0(0)y0(�x) + (Hj;�;1;�xu)0(0)�gj;�;1;xy(0)= � 0 1 gj;�;1;x 1 � bj;�;xy:



The integral operator Kj;� 33Here Lemma 3.29 has given the last equality. Hen
e, (3.20) is equivalent to� 0 1 gj;�;1;x 1 � bj;�;xy = 0if one of the equivalent 
onditions (3.19) or (3.24) holds. This 
orresponds to the se
ondrow of the matrix Bj;�;x. 23.5 The integral operator Kj;�The following lemma allows to 
ompute a solution of (3.5) on a 
ompa
t interval around0.Lemma 3.31 Assume j 2 N [ f1g, � 2 �, a; b 2 I with a < 0 < b, and f 2 L1([a; b℄).Then the solution y of (3.5) on [a; b℄nf0g with boundary 
onditions y(a) = y0(a) = y(b) =y0(b) = 0 is given by y(x) = (Kj;�f)(x) = Z ba kj;�(x; �)f(�)d�;where the kernel kj;�(�; �) is uniformly bounded with respe
t to x; � 2 [a; b℄, j 2 N [ f1g,and � 2 �.Proof. De�ne the kernel kj;� on [a; b℄ � [a; b℄ in the following way. Assume � 2 [a; b℄. Ifx 2 [a; b℄ n I�, then set kj;�(x; �) = 0: (3.25)On the interval I� let kj;�(�; �) be the unique solution of the initial value problem��2kj;��x2 (x; �) + (Vj(x)� �)kj;�(x; �) = 0;kj;�(�; �) = 0;�kj;��x (��; �) = �1;where the lower sign holds if � < 0 and the upper one if � > 0. By (3.2), and Corol-laries 1.2, and 3.7, this fun
tion is uniformly bounded as asserted. The integral kernelkj;� is de�ned in analogy to that in [BDL℄. The stru
ture of this integral kernel (
ompareFigure 1) implies that the integral Z ba kj;�(x; �)f(�)d�equals Z xa kj;�(x; �)f(�)d� or Z bx kj;�(x; �)f(�)d�if x < 0 or x > 0, respe
tively. Assume x 2 [a; 0), the 
ase x 2 (0; b℄ 
an be treatedanalogously. Then(Kj;�f)0(x) = Z xa �kj;��x (x; �)f(�)d� + kj;�(x; x�)f(x):



34 Approximation by regular potentials B. Bodenstorfer
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Figure 1: The kernel kj;�(�; �), sket
hed. (In general, it is 
omplex valued, of 
ourse.) Leftif � < 0, right if � > 0; the pi
ture in the middle shows, where kx;� is not identi
ally zero.The kernel kj;� is 
ontinuously di�erentiable on the set f(x; �) 2 [a; b℄2 : x 6= 0; x 6= �g,and 
ontinuous on the set f(x; �) 2 [a; b℄2 : x 6= 0g [ f(0; 0)g.The last term vanishes be
ause kj;� is 
ontinuous in all points (x; �) 2 [a; b℄2 with x = �and vanishes there. Hen
e(Kj;�f)00(x) = Z xa �2kj;��x2 (x; �)f(�)d� + �kj;��x (x; x�)f(x):Sin
e �kj;��x (x; �) 
ontinuously depends on the pair (x; �) if � < x and sin
e �kj;��x (�+; �) =�1, it holds �kj;��x (x; x�) = �1. That Kj;�f ful�lls (3.5), now follows from�(Kj;�f)00(x) + (Vj(x)� �)(Kj;�f)(x)= Z[a;b℄nf0;xg  ��2kj;��x2 (x; �) + (Vj(x)� �)kj;�(x; �)! f(�)d� + f(x) = f(x):Now prove the boundary 
onditions in a and b. It suÆ
es to 
onsider a, the proof for b isanalogous. By Corollary 1.2, there is a number x0 2 [a; 0) su
h that jkj;�(x; �)j � 2 andj�kj;��x (x; �)j � 2 if x; � 2 [a; x0℄. This and (3.25) yieldj(Kj;�f)(x)j = �����Z ba kj;�(x; �)f(�)d������ = ����Z xa kj;�(x; �)f(�)d����� � 2 kfk[a;x℄if x 2 [a; x0℄. The right side of this equality tends to zero if x! a proving (Kj;�f)(a) = 0.The analogous argument applies to the derivative to show (Kj;�f)0(a) = 0. 2Lemma 3.32 Assume � 2 �, a; b 2 I with a < 0 < b, x 2 X \ I+, and that for allj 2 N[f1g, Kj;� is the integral operator introdu
ed in Lemma 3.31. Then the mappingsbj;�;xKj;�, j 2 N[f1g, from L1([a; b℄) to C4 are 
ontinuous and the 
onvergen
e relationbj;�;xKj;� ! b1;�;xK1;� holds if j !1.



The 
onvergen
e results 35Proof. From Corollary 1.2 and Lemma 3.31, it follows that the fun
tionals mapping fto (Kj;�f)(�x) and (Kj;�f)0(�x) are 
ontinuous and that (Kj;�f)(�x) ! (K1;�f)(�x)and (Kj;�f)0(�x) ! (K1;�f)0(�x) if j !1. Let the fun
tion u be given by the doubleintegral formula (3.15). Then Corollary 3.20 impliesy(0�) = y(�x)� y0(�x)(Hj;�;1;�x�)(�x) + (Hj;�;1;�xu)(�x)(Hj;�;1;�x1)(�x) ; (3.26)and the denominator of this expression is nonzero by Lemma 3.22. So also the numbers(Kj;�f)(0�) depend 
ontinuously on f and (Kj;�f)(0�)! (K1;�f)(0�) if j !1. The
ontinuous dependen
e of (Hj;�;1;�xu)0(0�) on f follows from Lemma 3.22, the 
onver-gen
e of these numbers if j !1 from Corollary 3.23. So Lemma 3.29 yields the assertion.2Lemma 3.33 Assume � 2 �, a; b 2 I with a < 0 < b, x 2 X \ I+, and that forall j 2 N [ f1g, Kj;� is the integral operator introdu
ed in Lemma 3.31. Then thereare four fun
tions f1; f2; f3; f4 2 L1([a; b℄) su
h that the ve
tors bj;�;xKj;�f1, bj;�;xKj;�f2,bj;�;xKj;�f3, and bj;�;xKj;�f4 form a basis of C4 for ea
h suÆ
iently large j 2 N [ f1g.Proof. Choose four fun
tions yk 2 AC2lo
([a; b℄nf0g), k 2 f1; 2; 3; 4g, whi
h are linearly in-dependent solutions of (3.4) with j =1 on ha3 ; b3inf0g and whi
h vanish on ha; 2a3 i[h 2b3 ; bi.Then their images b1;�;xyk, k 2 f1; 2; 3; 4g, form a basis of C4. This is a 
onsequen
e ofCorollary 3.20 and Lemma 3.29. The fun
tions l1[yk℄ � �yk, k 2 f1; 2; 3; 4g, vanish on[a; 2a3 )[(a3 ; b3)[(2b3 ; b℄. This and (3.1) imply l1[yk℄��yk 2 L1([a; b℄), k 2 f1; 2; 3; 4g. More-over, the equalities K1;�(l1[yk℄� �yk) = yk, k 2 f1; 2; 3; 4g, hold by Lemma 3.31. FromCorollary 1.2 and Lemma 3.32, it follows that the mapping b1;�;xK1;� from L1([a; b℄) toC4 is 
ontinuous. Sin
e L1([a; b℄) is dense in L1([a; b℄), there are fun
tions fk 2 L1([a; b℄)near l1[yk℄��yk, k 2 f1; 2; 3; 4g, su
h that the ve
tors b1;�;xK1;�fk, k 2 f1; 2; 3; 4g, forma basis of C4. Lemma 3.32 implies that bj;�;xKj;� ! b1;�;xK1;� if j ! 1. Hen
e theve
tors bj;�;xKj;�fk, k 2 f1; 2; 3; 4g, form a basis of C4 for all suÆ
iently large numbersj 2 N [ f1g. 23.6 The 
onvergen
e resultsIn the �rst pla
e, 
onvergen
e results will be proved as 
onvergen
e in the generalizedsense. This is 
onvergen
e in the gap topology, whi
h 
an be de�ned by the Hausdor�metri
 applied to the interse
tions of the respe
tive operators with the unit sphere. Closelyrelated to this metri
 and better suited to 
omputation is the gap fun
tion, whi
h is nometri
 itself, but de�nes the same topology, see [K, IVx2.1℄.De�nition 3.34 Let X be a Bana
h spa
e. For a ve
tor v 2 X and a subset V � Xde�ne the distan
e dist (u;V) = infv2V ku� vkX :For two subspa
es U and V of X de�ne the gapgap (U ;V) = max supu2B(U) dist (u;V); supv2B(V)dist (v;U)! :



36 Approximation by regular potentials B. BodenstorferThe topology de�ned by gap (�; �) on the set of subspa
es of X is 
alled the gap topology.For two relations S and T from X to Y de�ne gap (S; T ) as their gap as subspa
es of theprodu
t spa
e X � Y with the norm given byk(u; v)kX�Y = max(kukX ; kvkY); (u; v) 2 X � Y:A sequen
e of relations Tj, j 2 N, 
onverges to a relation T1 in the generalized sense ifgap (Tj; T1)! 0 if j !1.The de�nition of the gap given here is a slight simpli�
ation of that given in [K, IVx2℄,where also the basi
 properties of the gap topology are proved. Although only operatorsare 
onsidered there, most de�nitions and statements 
on
erning the generalized 
onver-gen
e straightforwardly extend to linear relations. Note that the norm on X �Y may bede�ned di�erently without 
hange of the gap topology, 
ompare [K, p. 164, Footnote 2℄.Also note that here the gap has been de�ned without the reqirement that the argumentsare 
losed sets. This is te
hni
ally advantageous.Lemma 3.35 Assume that X and Y are Bana
h spa
es, that U1 and U2 are subspa
es ofX , and that X1 and X2 are inje
tive operators from X to Y su
h thatC = max supx2Xnf0g kxkXkX1xkY ; supx2Xnf0g kxkXkX2xkY ! <1:Thengap (X1U1; X2U2) � 2C kX1 �X2kX!Y + Cmin(kX1kX!Y ; kX2kX!Y)gap (U1;U2):Proof. Without loss of generality assume kX1kX!Y � kX2kX!Y . Choose a ve
tor y1 2B(X1U1). Thus there is a ve
tor x1 2 U1 su
h that y1 = X1x1 and kx1kX � C. Choose � >0 arbitrarily. Then there is a ve
tor x2 2 U2 su
h that kx1 � x2kX � C(gap (U1;U2) + �).Thus kx2kX � C(1 + gap (U1;U2) + �) � (2 + �)C. and for y2 = X2x2, it holdsky1 � y2kY = kX1x1 �X2x2kY � kX1x1 �X1x2kY + kX1x2 �X2x2kY� C kX1kX!Y (gap (U1;U2) + �) + (2 + �)C kX1 �X2kX!Y : (3.27)Sin
e the 
hoi
e of � > 0 was arbitrary, this provessupy12B(X1U1) dist (y1; X2U2) � 2C kX1 �X2kX!Y + Cmin(kX1kX!Y ; kX2kX!Y)gap (U1;U2):The 
omplementary relation to estimate gap (X1U1; X2U2) follows similarly, but now startfrom an arbitrary ve
tor y2 2 B(X2U2). Then there is a ve
tor x2 2 U2 su
h that y2 = X2x2and kx2kX � C. For ea
h � > 0 there is a ve
tor x1 2 U1 su
h that kx1 � x2kX �C(gap (U1;U2) + �). Then kx1kX � C(1 + gap (U1;U2) + �) � (2 + �)C. Now �nish theproof using (3.27) as above. 2Corollary 3.36 Assume that X and Y are Bana
h spa
es, that T1 and T2 are 
losedoperators from X to Y, and that S1 and S2 are bounded operators from X to Y. Thengap (T1 + S1; T2 + S2) � (1 + max(kS1kX!Y ; kS2kX!Y))(2 kS1 � S2kX!Y+(1 + min(kS1kX!Y ; kS2kX!Y))gap (T1; T2)):



The 
onvergen
e results 37Proof. Consider the operators X1 and X2 in X �Y mapping a pair (y; f) to (y; f +Sky),k 2 f1; 2g. Their inverses map a pair (y; f) to (y; f � Sky), k 2 f1; 2g. Evidently,kXkkX�Y � 1 + kSkkX!Y , 


X�1k 


X�Y � 1 + kSkk for k 2 f1; 2g, and kX1 �X2kX�Y =kS1 � S2kX!Y . Sin
e Tk + Sk = fXk(y; f) : (y; f) 2 Tkg for k 2 f1; 2g, Lemma 3.35proves the assertion. 2Corollary 3.37 Assume � 2 �, x 2 X\I+, and that g1;�;1;x is de�ned. Then the kernelspa
es ful�ll the 
onvergen
e relationkerBj;�;x ! kerB1;�;xin the gap topology if j !1.Proof. If g1;�;1;x 2 C, then kerBj;�;x = R(Xj) with the matri
esXj = 0BBB� 1 00 1�1 0gj;�;1;x �1 1CCCA ; j 2 N [ f1g:The mappings Xj from C2 to C4 
onverge to X1 if j ! 1. From the �rst and se
ondrow of Xj, it 
an be seen thatC = supj2N[f1g supx2Xnf0g kxkXkXjxkY � 1:Hen
e, Lemma 3.35 
an be applied to estimate the gap between the ranges of the operatorsX1 and Xj, j 2 N. This yieldsgap (kerB1;�;x; kerBj;�;x) � 2C kX1 �XjkC2!C4+Cmin(kX1kC2!C4 ; kX2kC2!C4)gap (C2;C2):Sin
e the gap between a spa
e and itself is always zero, the rightmost term vanishes andthe relation Xj ! X1 proves the assertion for the 
ase g1;�;1;x 2 C.The proof for the 
ase g1;�;1;x =1 is similar, using the matri
esXj = 0BBB� (gj;�;1;x)�1 (gj;�;1;x)�11 0�(gj;�;1;x)�1 �(gj;�;1;x)�10 1 1CCCA ; j 2 N; X1 = 0BBB� 0 01 00 00 1 1CCCA : 2In the 
ase of a 
ompa
t interval I = [a; b℄ with �1 < a < 0 < b < +1, (3.1) impliesthat the di�erential expressions lj, j 2 N [ f1g, are regular at a and b. So boundary
onditions are introdu
ed in these points. They are of the formy0(a) = z�y(a); y0(b) = z+y(b); (3.28)where z� 2 C, always with the understanding that su
h a boundary 
ondition is to be readas Diri
hlet boundary 
ondition y(a) = 0 or y(b) = 0 if z� =1 or z+ =1, respe
tively.



38 Approximation by regular potentials B. BodenstorferTheorem 3.38 Assume that the potentials Vj, j 2 N [ f1g, on the 
ompa
t intervalI = [a; b℄, a < 0 < b, ful�ll (3.1), (3.2), and (3.3). Assume z� 2 C. De�ne the operatorsTj, j 2 N, byD(Tj) = fy 2 AC2([a; b℄) : �y00 + Vjy 2 Lp([a; b℄); y0(a) = z�y(a); y0(b) = z+y(b)g;Tjy = �y00 + Vjy; y 2 D(Tj):For those x 2 [a; b℄ \ [�b;�a℄ where the series 
onverge and, in the 
ase of ~g, the limitexists in the 
ompa
t spa
e C, de�ne~g(x) = Climj!1 1Xm=1 " Z 0&m=�x Vj(&m) Z &m�m�1=0 " Z �m�1&m�1=�x Vj(&m�1) Z &m�1�m�2=0 " : : :: : : " Z �2&2=�x Vj(&2) Z &2�1=0 " Z �1&1=�x Vj(&1)d&1#d�1d&2# : : :: : : #d�m�2d&m�1#d�m�1d&m#� 1Xm=1 " Z 0&m=x Vj(&m) Z &m�m�1=0 " Z �m�1&m�1=x Vj(&m�1) Z &m�1�m�2=0 " : : :: : : " Z �2&2=x Vj(&2) Z &2�1=0 " Z �1&1=x Vj(&1)d&1#d�1d&2# : : :: : : #d�m�2d&m�1#d�m�1d&m#!;~h(x) = 1 + 1Xm=1 " Z 0x V1(&m) Z &m0 " Z �m�1&m�1=x V1(&m�1) Z &m�1�m�2=0 " : : :: : : " Z �2x V1(&2) Z &20 " Z �1x V1(&1)&1d&1#d�1d&2# : : :: : : #d�m�2d&m�1#d�m�1d&m#;The fun
tion ~h is always de�ned and �nite in a neighbourhood of 0. Additionally de�ne theset D1 as the set of all fun
tions fy 2 AC2lo
([a; b℄nf0g) su
h that �y00+V1y 2 Lp([a; b℄),y0(a) = z�y(a), y0(b) = z+y(b), and y(0�) = y(0+). Then exa
tly one of the followingthree 
ases holds:1. The fun
tion ~g is de�ned in a neighbourhood of 0 as a 
omplex valued fun
tion.Then the sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to theoperator T1 given byD(T1) = �y 2 D1 : limx!0 (~h(x)y0(x)� ~h(�x)y0(�x)� ~g(x)y(0)) = 0� ;T1y = �y00 + V1y; y 2 D(T1):2. The fun
tion ~g is 
onstantly equal to in�nity in a deleted neighbourhood of 0. Thenthe sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to the oper-ator T1 given by D(T1) = fy 2 D1 : y(0�) = y(0+) = 0g ;T1y = �y00 + V1y; y 2 D(T1):



The 
onvergen
e results 393. The fun
tion ~g is unde�ned in a deleted neighbourhood of 0. Then the sequen
e ofoperators Tj, j 2 N, has two subsequen
es with di�erent limits in the generalizedsense.Proof. It holds ~g(x) = g1;0;1;x and ~h(x) = (H1;0;1;x�)0(0). So the fun
tion ~h is de-�ned on the neighbourhood X of 0 and Lemma 3.25 shows that the fun
tion ~g is either
omplex valued, 
onstantly in�nite, or everywhere unde�ned on X n f0g. Sin
e X is aneighbourhood of 0 and every neighbourhood of 0 interse
ts X n f0g, exa
tly one of thethree alternative 
ases mentioned in the assertion holds true. It remains to prove the
onvergen
e assertions. First assume that g1;�;1;x 2 C for x 2 X n f0g.From now on �x an arbitrary number � 2 �. Choose for j = 1 two nonzero solutionsy1;� of (3.4) whi
h satisfy the boundary 
onditions (3.28) and vanish on I� su
h thaty1;�(�x) = 1 for some number x 2 X \ I+. Fix this number x. Then 
hoose for all j 2N[ f1g two nonzero solutions yj;� of (3.4) whi
h satisfy the boundary 
onditions (3.28)and vanish on I�. For large j 2 N[f1g impose the additional requirement yj;�(�x) = 1.To show that this 
an be ful�lled 
onsider the fun
tions yj;�, the argument for yj;+ isanalogous. De�ne solutions ~yj;�, j 2 N, of (3.4) on [a; 0) whi
h ful�ll ~yj;�(a) = y1;�(a)and ~y0j;�(a) = y01;�(a)�. Now (3.2) and Corollary 1.2 show that ~yj;�(�x) ! y1;�(�x).Sin
e x has been 
hosen su
h that y1;�(�x) 6= 0, the fun
tions yj;� 
an be de�ned bydivision of ~yj;� by ~yj;�(�x). These fun
tions ful�ll the boundary 
onditions (3.28) sin
ey1;� does.and additional inhomogeneous boundary 
onditions in a and b whi
h 
an be 
hosen to
onverge. Then apply Corollary 1.2. This also implies yj;� ! y1;� uniformly if j !1.Choose a number � > 0 and a number j0 2 N su
h thatyj;�(�x) = 1; (3.29)ky1;� � yj;�kL1[a;b℄ < �; (3.30)kK1;� �Kj;�kLp([a;b℄)!L1([a;b℄) < �; (3.31)kb1;�;xy1;� � bj;�;xyj;�kC4 < �; (3.32)kb1;�;xK1;� � bj;�;xKj;�kLp([a;b℄)!C4 < �; (3.33)gap (kerB1;�;x; kerBj;�;x) < �; (3.34)for all j � j0. This is possible in 
onsequen
e of Corollary 1.2, Lemmas 3.29, 3.31,3.32, and Corollary 3.37. Lemma 3.30 and Corollary 3.28 yield that the domains of theoperators Tj, j 2 N[f1g, are the sets D(Tj) of all fun
tions y 2 AC2lo
([a; b℄nf0g) whi
hful�ll lj[y℄ 2 Lp([a; b℄), (3.28), and Bj;�;xbj;�;xy = 0. Choose (y1; f1) 2 B(T1 � �), thismeans (T1 � �)y1 = f1; max �ky1kLp([a;b℄) ; kf1kLp([a;b℄)� � 1:Then y1 = 
�y1;� + 
+y1;+ +K1;�f1;where the 
omplex numbers 
� 
an be 
omputed as 
� = y1(�x) � (K1;�f1)(�x) bythe assumptions on y1;�. From (3.29) and Corollary 1.2, it follows j
�j � C1 for some
onstant C1 2 R whi
h is independent of the 
hosen j � j0, y1, and f1. To �nd a pair(yj; fj) 2 Tj � � near (y1; f1) use the ansatzfj = f1 + f�; yj = 
�yj;� + 
+yj;+ +Kj;�f1 +Kj;�f�;



40 Approximation by regular potentials B. Bodenstorferwhere the fun
tion f� has to be 
hosen su
h that Bj;�;xbj;�;xyj = 0.The inequality (3.34) implies that there is a ve
tor v 2 kerBj;�;x su
h thatkv � b1;�;xy1k � � kb1;�;xy1k � C2�;where the bound C2 2 R 
an be 
hosen independently of the 
hosen j, y1, and f1.Choose the fun
tion f� su
h that bj;�;xyj = v. It followskbj;�;xf�k = kv � 
�bj;�;xyj;� � 
+bj;�;xyj;+ � bj;�;xKj;�f1kC4� kv � b1;�;xy1k+j
�j kb1;�;xy1;� � bj;�;xyj;�k+ j
+j kb1;�;xy1;+ � bj;�;xyj;+k+ kb1;�;xK1;�f1 � bj;�;xKj;�f1k� C2�+ 2C1� + � = C3�;using (3.32) and (3.33). Lemma 3.33 implies that for suÆ
iently large j 2 N [ f1g, sayj � j1 � j0, f� may be found as a linear 
ombination of four �xed fun
tions f1; f2; f3; f4 2L1([a; b℄) � Lp([a; b℄). The 
oeÆ
ients of this linear 
ombination 
onverge if j ! 1 asa 
onsequen
e of Lemma 3.32; so parti
ularly, they stay bounded. The bound 
an be
omputed as C4� = C3� maxk2f1;2;3;4g kfkkLp([a;b℄) supj�j1 


A�1j 


 ;where the 4� 4-matri
es Aj are given by their 
olumns bj;�;xKj;�fk, k 2 f1; 2; 3; 4g. Thisproves kf�kLp([a;b℄) � C4�, and together with (3.30) and (3.31) the 
onvergen
esup(y1;f1)2B(T1��) dist ((y1; f1); Tj � �)! 0; j !1:The 
omplementary relationsup(yj ;fj)2B(Tj��) dist ((yj; fj); T1 � �)! 0; j !1follows in the same fashion if the symbols j and1 are ex
hanged in the above estimates.Together with Corollary 3.36, these relations yield the assertion gap (T1; Tj) ! 0 ifj !1.The divergen
e assertion for the third 
ase, when the fun
tion ~g is unde�ned near 0,follows from the �rst and se
ond 
ase and the fa
t that the spa
e C is 
ompa
t and thusthe sequen
e of numbers gj;0;1;x, j 2 N, has 
onvergent subsequen
es with di�erent limits.2Remark 3.39 Sin
e the interval [a; b℄ is 
ompa
t and thus solutions of (3.5) 
onvergeuniformly on this interval, the proof of Theorem 3.38 in fa
t shows the slight strengtheningof the generalized 
onvergen
e whi
h is obtained if the fun
tion dist (�; �) in the de�nitionof the gap is de�ned from the metri
 of the spa
e L1([a; b℄) � Lp([a; b℄) in pla
e of thatof Lp([a; b℄)� Lp([a; b℄). In the 
ontext of di�erential operators, this is not surprising.Lemma 3.40 If r 2 [p;1℄ then `p(Z) � `r(Z) and k
k`r(Z) � k
k`p(Z) for all 
 2 `p(Z).



The 
onvergen
e results 41Proof. The assertion for r = 1 is evident, so assume r < 1. Then for a sequen
e
 2 `p(Z), the Minkowski inequality in the spa
e ` rp (Z) yieldsk
k`r(Z) = 0�Xk2Z j
kjr1A 1r = 0B�0�Xk2Z(j
kjp) rp1A pr1CA 1p � 0�Xk2Z j
kjp1A 1p = k
k`p(Z) : 2In [Kl℄, integral kernels are used whi
h are similar to that in the following lemma.Lemma 3.41 Assume that the operator A is given byD(A) = ny 2 AC2lo
(R) \ Lp(R) : y00 2 Lp(R)o ;Ay = �y00; y 2 D(A):Further assume � 2 C nR, f 2 Lp(R), r 2 [p;1℄, and x 2 R. Then((A� �)�1f)(x) = �12ip� sgn=� ZR eij��xjp� sgn=�f(�)d� (3.35)and (A � �)�1 is 
ontinuous from Lp(R) to Lr(R). Additionally, the linear fun
tionalmapping f to ((A� �)�1f)0(x) is 
ontinuous.Proof. For simpli
ity assume =� > 0. The 
ase =� < 0 
an be treated analogously. Forx 2 R let the fun
tion y be given by the integral expression on the right side of (3.35).Theny(x) = �12ip� Z x�1 ei(x��)p�f(�)d� + 12ip� Z 1x ei(��x)p�f(�)d�;y0(x) = �12 Z x�1 ei(x��)p�f(�)d� + 12 Z 1x ei(��x)p�f(�)d�; (3.36)y00(x) = �f(x)� ip�2 Z x�1 ei(x��)p�f(�)d� � ip�2 Z 1x ei(��x)p�f(�)d� = ��y � f(x):To estimate kykLr(R), write y as y = Pk2Z yk where yk, k 2 Z, is given byyk(x) = �12ip� Z k+1k eij��xjp�f(�)d�; x 2 R:Lemma 3.2 for k 2 Z and x 2 R yieldsjyk(x)j � e�dist (x;[k;k+1℄)=p�2qj�j Z k+1k jf(�)jd� � e�dist (x;[k;k+1℄)=p�2qj�j kfkLp([k;k+1℄) : (3.37)In the 
ase r <1, this and the Lemmas 3.2 and 3.40 implykykLr(R) = rsXm2Z kykrLr([m;m+1℄) � rsXm2Z kykrL1([m;m+1℄)� psXm2Z kykpL1([m;m+1℄) � psXm2ZXk2Z kykkpL1([m;m+1℄)� 12qj�j psXk2Z kfkpLp([k;k+1℄) Xm2Z e�p=p�min(jk�mj;jk+1�mj)� pp2 kfkLp(R)2qj�j pq1� e�p=p� :



42 Approximation by regular potentials B. BodenstorferThe assertion for the 
ase r =1 follows dire
tly from (3.37) viajy(x)j � Xk2Z jyk(x)j � 12qj�j Xk2Z e�dist (x;[k;k+1℄)=p� kfkLp(R) � kfkLp(R)qj�j(1� e�=p�)for all x 2 R. The assertion on the expression ((A � �)�1f)0(x) similarly follows from(3.36). 2Theorem 3.42 Assume that the potentials Vj, j 2 N [ f1g, on I = R, ful�ll (3.1),(3.2), (3.3), and that there is an interval [a; b℄, a < 0 < b, su
h thatVj 2 L1(R n [a; b℄); j 2 N [ f1g;kV1 � VjkL1(Rn[a;b℄) ! 0; j !1:De�ne the operators Tj, j 2 N, byD(Tj) = fy 2 AC2(R) \ Lp(R) : �y00 + Vjy 2 Lp(R)g;Tjy = �y00 + Vjy; y 2 D(Tj):For those x 2 R where the series 
onverge and, in the 
ase of ~g, the limit exists inthe 
ompa
t spa
e C, de�ne the fun
tions ~g(x) and ~h(x) by the same formulas as inTheorem 3.38. Additionally de�neD1 = fy 2 AC2lo
(R n f0g) \ Lp(R) : �y00 + V1y 2 Lp(R); y(0�) = y(0+)g:Then exa
tly one of the following three 
ases holds:1. The fun
tion ~g is de�ned in a neighbourhood of 0 as a 
omplex valued fun
tion.Then the sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to theoperator T1 given byD(T1) = �y 2 D1 : limx!0 (~h(x)y0(x)� ~h(�x)y0(�x)� ~g(x)y(0)) = 0� ;T1y = �y00 + V1y; y 2 D(T1):2. The fun
tion ~g is 
onstantly equal to in�nity in a deleted neighbourhood of 0. Thenthe sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to the oper-ator T1 given by D(T1) = fy 2 D1 : y(0�) = y(0+) = 0g ;T1y = �y00 + V1y; y 2 D(T1):3. The fun
tion ~g is unde�ned in a deleted neighbourhood of 0. Then the sequen
e ofoperators Tj, j 2 N, has two subsequen
es with di�erent limits in the generalizedsense.



The 
onvergen
e results 43Proof. In its main part, the proof is nearly the same as that of Theorem 3.38. Therefore,only the di�eren
es are noted here. Parti
ularly, only the 
ase is treated when the fun
tion~g is de�ned in a neighbourhood of 0, sin
e the divergen
e assertion then follows from the
ompa
tness of C.Assume Vj(x) = 0 for all j 2 N[ f1g and x 2 R n [a; b℄. The original assertion then 
anbe proved with Corollary 3.36 from the assumptions 
on
erning the potentials on Rn[a; b℄.Fix � 2 � su
h that =� > 0. Then the fun
tions mapping x to e�ip�x are solutions of(3.5) on R n [a; b℄. Choose the parameters z� = �ip�. Then 
hoose the solutions yj;�,j 2 N[ f1g, on [a; b℄ as in the proof of Theorem 3.38 and 
ontinue them onto R settingyj;�(x) = yj;�(a)e�ip�(x�a); x < a;yj;�(x) = yj;�(b)eip�(x�b); x > b:These fun
tions are 
ontained in all spa
es Lr(R), r 2 [p;1℄. Let P[a;b℄ be the 
anon-i
al proje
tion of Lp(R) onto Lp([a; b℄). Using the notation of Lemma 3.41, de�ne theoperators ~Kj;� for j 2 N [ f1g by( ~Kj;�f)(x) = ( Kj;�P[a;b℄f + yf if x 2 [a; b℄((A� �)�1(1� P[a;b℄)f)(x) if x 2 R n [a; b℄ ;where the fun
tion yf is that solution of (3.4) on [a; b℄ n f0g whi
h ful�lls boundary
onditions in a and b su
h that ~Kj;�f 2 AC2lo
(R n f0g). Lemma 3.41 and Corollary 1.2imply that yf depends 
ontinuously on f 2 Lp(R). Similar 
onsiderations as in the proofof Theorem 3.38 prove that the operator ~Kx;� has all properties required there from Kj;�.Parti
ularly, for every number � > 0 there is a number j0 2 N su
h that the 
onditions(3.29), (3.30), (3.31), (3.32), (3.33), and (3.34) hold when K�;� is repla
ed by ~K�;� andevery pair (yj; fj) 2 Tj � �, j 2 N [ f1g, ful�llsyj = 
�yj;� + 
+yj;+ + ~Kj;�f1;with the fun
tions yj;� on R de�ned above. The remainder of the proof then is easilyperformed rewriting the proof of Theorem 3.38 a

ordingly. Only note that the spa
esLr(R) have to be 
onsidered separately for all values r in pla
e of L1([a; b℄), whi
h suÆ
esin the 
ase of a 
ompa
t interval. 2A se
ond approximation theorem on R is obtained from slightly 
hanged assumptions onthe potentials Vj, j 2 N [ f1g.Theorem 3.43 Use the notation of Theorem 3.42. Assume that the potentials Vj, j 2N [ f1g, on I = R, ful�ll (3.1), (3.2), (3.3), andlimjxj!1 supj2N[f1g jVj(x)j = 0:Then the 
on
lusion of Theorem 3.42 holds true.Proof. Assume that the fun
tion ~g is de�ned in a neighbourhood of 0. The divergen
eassertion follows again from the 
ompa
tness of C.Choose a number � > 0 and numbers a; b 2 R, a < 0 < b, su
h thatsupx2Rn[a;b℄ supj2N[f1g jVj(x)j < �:



44 Approximation by regular potentials B. BodenstorferFor j 2 N [ f1g de�ne the potentials Wj byWj(x) = ( Vj(x) if x 2 [a; b℄Wj(x) = 0 if x 2 R n [a; b℄and de�ne operators _Tj from them like the operators Tj are de�ned from the potentials Vj.Then _Tj ! _T1 if j !1 by Theorem 3.42. This and Corollary 3.36 yield gap (T1; Tj) < 5�if j 2 N is suÆ
iently large. 2A ni
e appli
ation of Theorem 3.43 is the following generalisation of the result obtainedin [Kl℄. Note that pointwise 
onvergen
e of the potentials is used there and a uniformbound of the form 
1+jxj
��jxj
 with 0 < 
 < 2, 0 < � < 
, and 
 2 R. These assumptionsimply (3.2) and (3.3) whi
h are used here.Corollary 3.44 Use the notation and assumptions of Theorem 3.43. Additionally assumethat for some number x > 0,C = lim supj!1 R x�x jVj(�)jd�R x�x Vj(�)d� < 1;Z x�x Vj(�)d� ! 1; j !1;in C. Then the operators Tj 
onverge in the generalized sense to the operator T1 givenby D(T1) = fy 2 D1 : y(0�) = y(0+) = 0g ;T1y = �y00 + V1y; y 2 D(T1):Proof. First note that the limit relationsZ x�x Vj(�)d� !1; Z x�x jVj(�)jd�!1; j !1;in C are independent of the 
hoi
e of x as long as x 6= 0. As a 
onsequen
e of this andthe assumption (3.2), the number C is independent of x as long as x 6= 0. So without lossof generality assume x 2 X n f0g and �(x) < (5C)�1. For j 2 N, the relations (3.16),(3.11), and (3.12) implygj;0;1;x = Z 0�x Vj(�)(Hj;0;1;�x1)(�)d� � Z 0x Vj(�)(Hj;0;1;x1)(�)d�= Z x�x Vj(�)d�+ Z 0�x Vj(�)(Fj;0;1;�xHj;0;1;�x1)(�)d� � Z 0x Vj(�)(Fj;0;1;xHj;0;1;x1)(�)d�:Due to Lemmas 3.11 and 3.22 the two rightmost integrals 
an be estimated by����Z 0�x Vj(�)(Fj;0;1;�xHj;0;1;�x1)(�)d����� � 2�(�x) ����Z 0�x jVj(�)jd����� :So the assumptions imply����gj;�;1;x � Z x�x Vj(�)d����� � 2�(�x) ����Z x�x jVj(�)jd����� � 2C�(x) ����Z x�x Vj(�)d����� � 12 ����Z x�x Vj(�)d�����



The 
onvergen
e results 45for all suÆ
iently large numbers j 2 N. Hen
e, ~g(x) = g1;0;1;x =1. Then Theorem 3.43yields the assertion. 2As it is seen from the proofs of Theorems 3.42 and 3.43, the di�eren
e between the 
asesof a 
ompa
t interval I = [a; b℄ and an unbounded interval I = R is not essential as to theinterfa
e 
onditions in 0. In fa
t, Theorems 3.42 and 3.43 have been given to demonstratethis similarity. It is possible to get better results, for instan
e the assumption that V1 isbounded on Rn[a; b℄ for some interval [a; b℄ is an arti�
ial restri
tion. It should be possibleto 
hange all potentials by arbitrary fun
tions in L1(R) and still get similar results. Alsoit is not diÆ
ult to �nd analogous theorems on semibounded intervals like [a;1) witha < 0. In the following, statements will only be formulated for the 
ase I = [a; b℄. Notethat in 
ontrast to the situation in this se
tion, the results of Se
tion 4 indeed depend onthe 
ompa
tness of the underlying interval.De�nition 3.45 A sequen
e of operators Tj 
onverges to T1 in the norm resolvent sense(in the strong resolvent sense) if, �rstly, �(T1) 6= ;, se
ondly, for one and hen
e everynumber � 2 �(T1) the resolvent (Tj � �)�1 is de�ned if j 2 N is suÆ
iently large, and,thirdly, (Tj � �)�1 ! (T1 � �)�1 in the operator norm topology (in the strong operatortopology) if j !1.Compare the de�nition in [RS, VIII.7℄ for the 
ase of selfadjoint operators in a Hilbertspa
e. Norm resolvent sense is equivalent to the generalized 
onvergen
e if the limithas nonempty resolvent set. The advantage of norm resolvent 
onvergen
e is its intu-itive simpli
ity. The following is the norm resolvent version of Theorem 3.38 also usingRemark 3.39.Corollary 3.46 Assume the 
onditions and use the notation of Theorem 3.38. If thefun
tion ~g is de�ned in a neighbourhood of 0, de�ne the operator T1 byD(T1) = �y 2 D1 : limx!0 (~h(x)y0(x)� ~h(�x)y0(�x)� ~g(x)y(0)) = 0� ;T1y = �y00 + V1y; y 2 D(T1);if the fun
tion ~g is de�ned in a neighbourhood of 0 as a 
omplex valued fun
tion, or byD(T1) = fy 2 D1 : y(0�) = y(0+) = 0g ;T1y = �y00 + V1y; y 2 D(T1);if the fun
tion ~g is 
onstantly equal to in�nity in a deleted neighbourhood of 0.Then the sequen
e of operators Tj, j 2 N, 
onverges in norm resolvent sense if and onlyif the fun
tion ~g is de�ned in a neighbourhood of 0 and �(T1) 6= ;. The norm resolventlimit of the sequen
e is T1. Moreover, the stronger 
onvergen
e relationlimj!1 supf2B(Lp([a;b℄)) 


(Tj � �)�1f � (T1 � �)�1f


L1([a;b℄) = 0holds for all numbers � 2 �(T1).Corollary 3.47 Assume the 
onditions and use the notation of Theorem 3.38. Addition-ally assume �(T1) 6= ;. Then the sequen
e of operators Tj 
onverges in the norm resolventsense if and only if it 
onverges in the strong resolvent sense for j !1.



46 Approximation by regular potentials B. BodenstorferFa
ed with eigenvalue problems with singular potential, many authors require eigenfun
-tions to be 
ontinuous in the singularity. This psy
hologi
 automatism now has found amotivation:Corollary 3.48 Assume that T1 is a di�erential operator su
h that T1y = l1[y℄ andthe boundary 
onditions (3.28) hold for all y 2 D(T1). Next assume that the operator T1is approximable in the generalized sense by a sequen
e of di�erential operators Tj de�nedas in Theorem 3.38 from regular potentials Vj, j 2 N. Further assume that for thesepotentials the relations (3.1), (3.2), and (3.3) hold. Then all fun
tions y 2 D(T1) are
ontinuous in the singularity.However, this is not true under more general 
onditions than (3.1), (3.2), and (3.3) usedin this se
tion. Parti
ularly, if (3.3) is omitted, there may be fun
tions in the domainof the limit operator T1 whi
h are not 
ontinuous in 0. This should not be surprisingbe
ause then the derivative of Dira
's Æ-distribution 
an be approximated.3.7 Computation of the interfa
e 
onditionsThroughout this se
tion assume (3.1), (3.2), andZ 0x �����Z �x jVj(&)jd&�����q d� ! 0 (3.38)uniformly with respe
t to j 2 N [ f1g if x ! 0 for some �xed real number q � 1.The Lemmas 3.1 and 3.2 show that (3.38) implies (3.3) and that both assumptions areequivalent in the 
ase q = 1. For x 2 I de�ne�(x) = sup�2� supj2N[f1g �����Z 0x �����Z �x jVj(&)j+ j�jd&�����q d������ : (3.39)Then (3.38) implies �(x)! 0; x! 0: (3.40)Lemma 3.49 Assume s 2 (0; 1℄, x 2 R, v 2 Ms(Ix), and that the fun
tion w is givenby w(�) = Z �x v(&)d&; � 2 Ix: (3.41)Then for r = s1�s , it holds w 2 Lr(Ix);kwkLr(Ix) � kvkLs(Ix) :Proof. Monotoni
ity implies v 2 L1lo
(Ix), hen
e w is de�ned. For s = 1, the assertionis trivial. The relation 0 < s < 1 implies 1 < r < 1. Hen
e Lr(Ix) and Lr̂(Ix) are thedual spa
es of ea
h other by [DS, Theorem IV.8.1℄. Let u 2 Lr̂(Ix) be arbitrary. Theninter
hange of the order of integration yieldsZ 0x u(�)w(�)d� = Z 0x u(�) Z �x v(&)d&d�= Z 0x Z 0& u(�)d�v(&)d& = Z 0x Z 0& u(�)d�v(&)1�sv(&)sd&:



Computation of the interfa
e 
onditions 47Lemma 3.2 gives Z &0 ju(�)jd� � rq� kukLr̂(Ix) ; & 2 Ix:The relation sr = 1� s implies v1�s 2 Mr(Ix) and Lemma 3.5 yieldsj rp&v(&)1�sj � 


v1�s


Lr(Ix) = kvk1�sLs(Ix) ; & 2 Ix:Thus, ����Z 0x u(�)w(�)d����� � kukLr̂(Ix) kvk1�sLs(Ix) ����Z 0x jv(�)jsd����� = kukLr̂(Ix) kvkLs(Ix) :Hen
e w 2 Lr(Ix) andkwkLr(Ix) = supu2Lr̂(Ix)nf0g ���R 0x u(�)w(�)d����kukLr̂(Ix) � kvkLs(Ix) : 2Lemma 3.50 Assume r 2 [1;1℄, x 2 R, and u 2 Lrlo
(Ix). Then there is a fun
tionv 2 Mr(Ix) su
h that kukLr(Ix) = kvkLr(Ix) ; (3.42)�����Z �0 u(&)d&����� � �����Z �0 v(&)d&����� ; � 2 Ix: (3.43)Proof. For 
 2 [0;1) de�ne the fun
tion m bym(
) = measure (f& 2 Ix : ju(&)j � 
g);where measure (�) means the Lebesgue measure on R. The fun
tion m is monotonouslyin
reasing, 
ontinuous from the right side, and lim
!1m(
) = jxj. For � 2 Ix de�ne thefun
tion v by v(�) = [0;1)supf
 2 [0;1) : m(
) < jx� �jg:The supremum should be taken in the linear ordering [0;1), where the supremum of theempty set is 0. Then for all d 2 [0;1), the relationmeasure (f� 2 Ix : v(�) � dg)= measure (f� 2 Ix : [0;1)supf
 2 [0;1) : m(
) < jx� �jg � dg)= measure (f� 2 Ix : m(d) � jx� �jg)= measure (f� 2 Ix : m(d) � j�jg) = m(d)holds, whi
h proves (3.42) and kvkL1(Ix) = kukL1(Ix) : (3.44)



48 Approximation by regular potentials B. BodenstorferFrom (3.42) and the de�nition of v, it follows v 2 Mr(Ix). Now assume � 2 Ix. Whathas been proved so far, parti
ularly (3.44), applied to u on the interval I� in pla
e of ofIx, implies that the fun
tion w de�ned byw(&) = [0;1)supf
 2 R : measure (f� 2 I� : ju(�)j � 
g) < j� � &jgful�lls kwkL1(I�) = kukL1(I�). Sin
emeasure (f� 2 I� : ju(�)j � 
g) + jx� �j � measure (f� 2 Ix : ju(�)j � 
g);the 
ondition measure (f� 2 I� : ju(�)j � 
g) < j�� &j implies measure (f� 2 Ix : ju(�)j �
g) < jx� &j for 
 2 [0;1). Hen
e w(&) � v(&) for all & 2 I�, whi
h yields (3.43). 2Lemma 3.51 Assume x 2 R and that v 2 L1lo
(Ix) is a nonnegative real valued fun
tionsu
h that the fun
tion w whi
h is given by (3.41) lies in Lq(Ix). Assume 1 � r � q̂ andu 2 Lr(Ix). Then s = (q�1 + r�1 � 1)�1 2 [1;1℄ and the fun
tion h given byh(�) = Z �x v(&) Z &0 u(�)d�d&; � 2 Ix;ful�lls h 2 Ls(Ix);khkLs(Ix) � 2 kwkLq(Ix) kukLr(Ix) :Proof. Assume u 2 Mr(Ix). Lemma 3.50 implies that this is no loss of generality. Changeof the order of integration or, equivalently, integration by parts yieldsh(�) = Z �0 u(&)d&w(�)| {z }h1(�) � Z �x u(&)w(&)d&| {z }h2(�) ; � 2 Ix:Lemma 3.2 implies �����Z �0 u(&)d&����� � r̂qj�j kukLr(Ix) ; � 2 Ix:Lemma 3.5 applied to the absolute value of the fun
tion w yieldsqqj�jjw(�)j � kwkLq(Ix) ; � 2 Ix:So using the relation 1� q̂r = 1� q + qr = q (q�1 + r�1 � 1) = qs ,jh1(�)j = �����Z �0 u(&)d&����� jw(�)j q̂r jw(�)j1� q̂r� kukLr(I�) kwk q̂rLq(I�) jw(�)j1� q̂r = kukLr(I�) kwk1� qsLq(I�) jw(�)j qsfor all � 2 Ix, it followskh1kLs(Ix) � kukLr(I�) kwk1� qsLq(I�) 


w qs 


Ls(Ix) = kukLr(Ix) kwk1� qsLq(I�) kwk qsLq(Ix) :



Computation of the interfa
e 
onditions 49Thus kh1kLs(Ix) � kukLr(Ix) kwkLq(Ix). As to h2, H�older's inequality implies that theprodu
t uw 2 M(q�1+r�1)�1(Ix) andkuwkL(q�1+r�1)�1(Ix) � kukLr(Ix) kwkLq(Ix) :The assumption r � q̂ yields (q�1 + r�1)�1 � (q�1 + q̂�1)�1 = 1, hen
e Lemma 3.49 giveskh2kLs(Ix) � kukLr(Ix) kwkLq(Ix) : 2For j 2 N [ f1g, � 2 �, and x 2 I n f0g de�ne the integral operator Gj;�;x on L1(Ix) by(Gj;�;xy)(�) = Z �x (Vj(&)� �) Z &0 y(�)d�d&for y 2 L1(Ix). The operator Gj;�;x is de�ned su
h that (3.8) implies(F nj;�;xy)0 = Gn�1j;�;x(Fj;�;xy)0 (3.45)for n 2 N n f0g and y 2 L1(Ix).Corollary 3.52 Assume j 2 N [ f1g, � 2 �, x 2 I n f0g, r 2 [1;1℄, ands = ( (q�1 + r�1 � 1)�1 if r < q̂1 if r � q̂ :Then Gj;�;x maps Lr(Ix) to Ls(Ix) andkGj;�;xkLr(Ix)!Ls(Ix) � ( 2�(x) if r � q̂2xq̂�1�r�1�(x) if r > q̂ :Proof. If r � q̂, then the assertion is a dire
t 
onsequen
e of Lemma 3.51 and (3.38). Ifr > q̂ and y 2 Lr(Ix), then Corollary 3.4 implies y 2 Lq̂ and kykLq̂ � xq̂�1�r�1 kykLr̂ . Thisand the assertion for the 
ase r � q̂ prove the general assertion. 2Corollary 3.53 Assume � 2 �, n 2 N [ f1g, x 2 X n f0g, r 2 [1;1℄ and s as inCorollary 3.52. Then Gj;�;x ! G1;�;xin norm as operators from Lr(Ix) to Ls(Ix) if j !1, uniformly with respe
t to all othervariables.Proof. For y 2 Lr(Ix), & 2 Ix, and � 2 I& , it holdsjG1;�;xy �Gj;�;xyj(&) = ����Z &x (V1(�)� Vj(�)) Z �0 y(�)d�d� ����� Z �x jV1(�)� Vj(�)j Z �0 jy(�)d�jd� + ����Z &� (V1(�)� Vj(�)) Z �0 y(�)d�d� ����� Z �x jV1(�)� Vj(�)jd� kykL1(Ix) + jG1;�;�y �Gj;�;�yj (&)� Z �x jV1(�)� Vj(�)jd� kykL1(Ix) + jG1;�;�yj (&) + jGj;�;�yj (&): (3.46)Now 
hoose � > 0 arbitrarily. Fix the number � 2 I& so small that kG1;�;�kLr(I�)!Ls(I�) < �and kGj;�;�kLr(I�)!Ls(I�) < �. This is possible by Corollary 3.52 and (3.40). Moreover, the�rst integral term in (3.46) tends to 0 if j !1. 2



50 Approximation by regular potentials B. BodenstorferLemma 3.54 Assume j 2 N [ f1g, � 2 �, n 2 N n f0g, x 2 I n f0g, and y 2 L1(Ix).De�ne qn = ( (1� n̂q )�1 if n < q̂1 if n � q̂ :Then it holds (F nj;�;xy)0 2 Lqn(Ix); (3.47)


(F nj;�;xy)0


Lqn(Ix) � 8<: (2�(x))n kykL1(Ix) if n � q̂� q̂qjxj�n�q̂ (2�(x))n kykL1(Ix) if n > q̂ : (3.48)Moreover, (F nj;�;xy)0 ! (F n1;�;xy)0 in Lqn(Ix), if j !1.Proof. The proof is by indu
tion on n. For n = 1, the relationj(Fj;�;xy)0(�)j � �����Z �x jVj(&)j+ j�jd&����� kykL1(Ix) ; � 2 Ix;and (3.39) imply (3.47) and (3.48). To prove the 
onvergen
e assertion for j !1, 
hoosea number � > 0 and de
ompose the integralZ 0x j(F1;�;xy � Fj;�;xy)0(&)jq d& = Z 0� j(F1;�;xy � Fj;�;xy)0(&)jq d&+ Z �x j(F1;�;xy � Fj;�;xy)0(&)jq d&with a number � 2 Ix 
hosen su
h that the �rst integral on the right side is less than� kykL1(Ix). This is possible be
ause of (3.38). The se
ond integral on the right side tendsto 0 if j !1 due to (3.2).Next assume that the assertions have been proved for n�1. Use r = qn�1 in the premisesof Corollary 3.52. Then the inequalityr = qn�1 =  1� n� 1q̂ !�1 <  1� q̂ � 1q̂ !�1 = (1� q�1)�1 = q̂holds if and only if n < q̂. In this 
ase, the 
orresponding number s equals 1q + 1qn�1 � 1!�1 =  1q + 1� n� 1q̂ � 1!�1 =  1� 1̂q � n� 1q̂ !�1 =  1� n̂q!�1 = qn:Else, s =1 = qn, so s = qn in both 
ases. Now (3.45) and Corollary 3.52 yield (3.47) and(3.48) for n. The 
onvergen
e assertion for the limit j !1 follows from Corollary 3.53.2The following is a strengthening of Lemma 3.26 for the 
ase q > 1.Lemma 3.55 Assume j 2 N[ f1g, � 2 �, x 2 X n f0g, f 2 Lp(I�x [ Ix), and that thefun
tion y is a solution of (3.5) on I�x [ Ix. Further assume gj;�;1;x 2 C and that ~g and~h are fun
tions on I�x [ Ix su
h thatlim�!0 (gj;�;1;� � ~g(�)) = 0; lim sup�!0 �����(Hj;�;1;��)0(0)� ~h(�)qp� ����� <1:Then the 
ondition (3.22) is equivalent to (3.20).



Computation of the interfa
e 
onditions 51Proof. The proof is analogous to that of Lemma 3.26, but now the absolute value of thederivative y0 is bounded by a fun
tion in Mq(I�x [ Ix). This follows from the 
ondition(3.38) in the same way as Corollary 3.9 has been proved. 2Lemma 3.56 The asymptoti
 relations�(x) = o � q̂px�holds if x! 0.Proof. The assumption (4.2) means that the fun
tion w given byw(x) = ( R xa jV1(�)jd� if x < 0R bx jV1(�)jd� if x > 0 (3.49)is 
ontained in Lq([a; b℄). So Lemma 3.2 helps to prove�(x) � ����Z x0 w(�)d����� � q̂qjxj kwkLq(Ix) = o� q̂qjxj� : 2Theorem 3.57 Assume that the potentials Vj, j 2 N [ f1g, on the 
ompa
t intervalI = [a; b℄, a < 0 < b, ful�ll (3.1), (3.2), and (3.38) for a number q > 1. Assumez� 2 C. De�ne the operators Tj, j 2 N, and the set D1 as in Theorem 3.38. For thosex 2 [a; b℄ \ [�b;�a℄ where the limit de�ning ~g(x) exists in the 
ompa
t spa
e C, de�ne~gq(x) = Climj!1 X1�m<q̂ " Z 0&m=�x Vj(&m) Z &m�m�1=0 " Z �m�1&m�1=�x Vj(&m�1) Z &m�1�m�2=0 " : : :: : : " Z �2&2=�x Vj(&2) Z &2�1=0 " Z �1&1=�x Vj(&1)d&1#d�1d&2# : : :: : : #d�m�2d&m�1#d�m�1d&m#� X1�m<q̂ " Z 0&m=x Vj(&m) Z &m�m�1=0 " Z �m�1&m�1=x Vj(&m�1) Z &m�1�m�2=0 " : : :: : : " Z �2&2=x Vj(&2) Z &2�1=0 " Z �1&1=x Vj(&1)d&1#d�1d&2# : : :: : : #d�m�2d&m�1#d�m�1d&m#!;~hq(x) = 1 + X1�m<q̂�1 " Z 0x V1(&m) Z &m0 " Z �m�1&m�1=x V1(&m�1) Z &m�1�m�2=0 " : : :: : : " Z �2x V1(&2) Z &20 " Z �1x V1(&1)&1d&1#d�1d&2# : : :: : : #d�m�2d&m�1#d�m�1d&m#:Then exa
tly one of the following three 
ases holds:



52 Approximation by regular potentials B. Bodenstorfer1. The fun
tion ~gq is de�ned in a neighbourhood of 0 as a 
omplex valued fun
tion.Then the sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to theoperator T1 given byD(T1) = �y 2 D1 : limx!0 (~hq(x)y0(x)� ~hq(�x)y0(�x)� ~gq(x)y(0)) = 0� ;T1y = �y00 + V1y; y 2 D(T1):2. The fun
tion ~gq is 
onstantly equal to in�nity in a deleted neighbourhood of 0. Thenthe sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to the oper-ator T1 given by D(T1) = fy 2 D1 : y(0�) = y(0+) = 0g ;T1y = �y00 + V1y; y 2 D(T1):3. The fun
tion ~gq is unde�ned in a deleted neighbourhood of 0. Then the sequen
e ofoperators Tj, j 2 N, has two subsequen
es with di�erent limits in the generalizedsense.Proof. Set n = minfm 2 N : m � q̂g. Assume j 2 N [ f1g, � 2 �, and x 2 X withjxj � 1 and �(x) < 12 , Then Lemma 3.54 implies(Hj;�;1;x1�Hj;�;n;x1)0 = 1Xm=n(Fmj;�;x1)0;k(Hj;�;1;x1�Hj;�;n;x1)0k � 1Xm=n(2�(x))m = (2�(x))n1� 2�(x) :So both series are absolutely 
onvergent in L1(Ix). From this and the 
onvergen
e relation(Fmj;�;x1)0 ! (Fm1;�;x1)0 in L1(Ix) if j !1 for all m � n, it follows(Hj;�;1;x1�Hj;�;n;x1)0 ! (H1;�;1;x1�H1;�;n;x1)0in L1(Ix) if j !1. This and (3.16) yields the 
onvergen
e of the expressiongj;�;1;x � gj;�;n;x = (Hj;�;1;�x1)0(0)� (Hj;�;n;�x1)0(0)� (Hj;�;1;�x1)0(0) + (Hj;�;n;x1)0(0)if j !1. Hen
e, similar to the ideas used in the proof of Lemma 3.25, g1;�;n;x is de�nedif and only if g1;�;1;x is. Moreover for x 2 X \ I+, it holdsjg1;�;1;x� g1;�;n;xj � k(Hj;�;1;�x1)0 � (Hj;�;n;�x1)0kL1(Ix)+ k(Hj;�;1;x1)0 � (Hj;�;n;x1)0kL1(Ix)� 2n+1�(x)n1� 2�(x) :As to ~hq observe that (3.9) or (3.11) and the Lemmas 3.11, 3.22, and �nally 3.56 implyj(H1;�;1;x�)0(0)� (H1;�;n�1;x�)0(0)j = ���(F n�11;�;xH1;�;1;x�)0(0)��� � 2�(x)n�1 � C ��� q̂pxn�1���



Computation of the interfa
e 
onditions 53for some 
onstant C. The 
hoi
e of n yieldsn� 1q̂ � q̂ � 1q̂ = 1qand thus ��� q̂pxn�1��� � j qpxj if jxj � 1. Sin
e ~gq(x) = g1;0;n;x and ~hq(x) = (H1;0;n�1;x�)0(0),this and the 
onvergen
e relation (3.40) provelimx!0(~gq(x)� g1;0;1;x) = 0; lim supx!0 �����~hq(x)� (H1;0;1;x�)0(0)qpx ����� <1:Re
all the fun
tions ~g and ~h de�ned in Theorem 3.38. The equalities ~g(x) = g1;0;1;x, and~h(x) = (H1;0;1;x�)0(0) for x 2 X n f0g, Lemma 3.55 and Theorem 3.38 �nally yield theassertion. 2In the 
ase q � 2, Theorem 3.57 be
omes the following more 
onvenient statement.Corollary 3.58 Assume that the potentials Vj, j 2 N [ f1g, on the 
ompa
t intervalI = [a; b℄, a < 0 < b, ful�ll (3.1), (3.2), and (3.38) with q � 2. Assume z� 2 C. De�nethe operators Tj, j 2 N, and the set D1 as in Theorem 3.38. For those x 2 [a; b℄ wherethe limit exists in the 
ompa
t spa
e C de�ne~g2(x) = Climj!1 Z x�x Vj(�)d�;Then exa
tly one of the following three 
ases holds:1. The fun
tion ~g2 is de�ned in a neighbourhood of 0 as a 
omplex valued fun
tion.Then the sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to theoperator T1 given byD(T1) = �y 2 D1 : y(0�) = y(0+); limx!0 (y0(x)� y0(�x)� ~g2(x)y(0)) = 0� ;T1y = �y00 + V1y; y 2 D(T1):2. The fun
tion ~g2 is 
onstantly equal to in�nity in a deleted neighbourhood of 0. Thenthe sequen
e of operators Tj, j 2 N, 
onverges in the generalized sense to the oper-ator T1 given by D(T1) = fy 2 D1 : y(0�) = y(0+) = 0g ;T1y = �y00 + V1y; y 2 D(T1):3. The fun
tion ~g2 is unde�ned in a deleted neighbourhood of 0. Then the sequen
e ofoperators Tj, j 2 N, has two subsequen
es with di�erent limits in the the generalizedsense.



54 Approximation by regular potentials B. Bodenstorfer3.8 ExamplesThe following problem was studied in [Bo℄, [Gu℄, and [BDL℄.Example 3.59 Consider the di�erential operators Tj, j 2 N, in L2([a; b℄), a < 0 < b,de�ned by D(Tj) = fy 2 AC2([a; b℄) : y00 2 L2([a; b℄); y(a) = y(b) = 0g;(Tjy)(x) = �y00(x)� y(x)x+ ij ; y 2 D(Tj); x 2 [a; b℄:The 
orresponding potentials Vj, j 2 N [ f1g, are given byVj(x) = � 1x� ij ; x 2 [a; b℄:Their limit in the sense of (3.2) is given byV1(x) = �1x; x 2 [a; b℄ n f0g:The potentials Vj, j 2 N, are regular and V1 is singular only in 0, hen
e the 
ondition(3.1) is ful�lled. Sin
e for all j 2 N [ f1g, x 2 [a; b℄ n f0g, and � 2 Ix, it holds�����Z �x jVj(&)jd&����� � �����Z �x 1j&jd&����� = jln � � lnxj ;and sin
e the logarithm is square integrable near 0, (3.38) holds with q = 2.The fun
tion ~g2 is given by~g2(x) = � Climj!1 Z x�x 1� � ij d� = Climj!1 ln �x� ij!� ln x� ij!! = ��i (3.50)for all x 2 (0;min(�a; b)℄ and 
hanges only its sign if x 2 [max(a;�b); 0). That ~g2 is
onstant on these intervals is a 
onsequen
e of the odd symmetry of the potential V1. Ingeneral, this is not true. Now Corollary 3.58 yields that the operators Tj 
onverge in thegeneralized sense to the operator T1 whi
h is given by(T1y)(x) = �y00(x) + V1(x)y(x) = �y00(x)� y(x)x ; x 2 [a; b℄ n f0g; (3.51)for all y 2 D(T1). The domain D(T1) 
onsists of all fun
tions y 2 AC2lo
([a; b℄nf0g) su
hthat the fun
tion on the right side of (3.51) is in L2([a; b℄),y(0�) = y(0+); limx!0+ (y0(x)� y0(�x)) = ��iy(0);and y(a) = y(b) = 0. The one-sided limit is a way to 
ope with the sign 
hange of ~g2 at0. Sin
e the operator �T1 is dissipative, see [BDL℄, and thus T1 has nonempty resolventset, Tj ! T1 also in the norm resolvent sense. Note that the nonempty resolvent set 
analso be proved by Corollary 4.18.



Examples 55The following problem was dealt with in [BDL℄ for the 
ase 
 2 C.Example 3.60 For a number 
 2 C 
onsider the di�erential operators T
;j, j 2 N, inL2([a; b℄), a < 0 < b, de�ned byD(T
;j) = fy 2 AC2([a; b℄) : y00 2 L2([a; b℄); y(a) = y(b) = 0g;(T
;jy)(x) = �y00(x)� 12 0�1 + 
=i�x + ij + 1� 
=i�x� ij 1A y(x); y 2 D(T
;j); x 2 [a; b℄:Like in Example 3.59, the 
orresponding potentials V
;j, j 2 N [ f1g, given byV
;j(x) = �12 0�1 + 
=i�x + ij + 1� 
=i�x� ij 1A ; x 2 [a; b℄; V1(x) = �1x; x 2 [a; b℄ n f0g;ful�ll (3.1), (3.2), and (3.38) with q = 2. Using the limit 
omputed in (3.50), the fun
tion~g
;2 is seen to be given by~g
;2(x) = �1 + 
=�i2 limj!1 Z x�x 1� + ij d� � 1� 
=�i2 limj!1 Z x�x 1� � ij d�= (1 + 
=�i)�i� (1� 
=�i)�i2 = 
for all x 2 (0;min(�a; b)℄. Now Corollary 3.58 yields that the operators T
;j 
onverge inthe generalized sense to the operator T
;1 whi
h is given by(T
;1y)(x) = �y00(x)� y(x)x ; x 2 [a; b℄ n f0g; (3.52)for all y 2 D(T
;1). The domain D(T
;1) 
onsists of all fun
tions y 2 AC2lo
([a; b℄ n f0g)su
h that the fun
tion on the right side of (3.52) is in L2([a; b℄),y(0�) = y(0+); limx!0 (y0(x)� y0(�x)) = 
y(0);and y(a) = y(b) = 0. Sin
e one of the operators �T
;1 is dissipative, see [BDL℄, T
;1has nonempty resolvent set and T
;j ! T
;1 also in the norm resolvent sense. As inExample 3.59, also Corollary 4.18 yields �(T1) 6= ;.Next 
onsider the \diagonal" sequen
e of operators Tj;j2, j 2 N. FromZ x�x 1 + j�i� + ij2 = �1 + j�i� ln x + ij2!�  ln �x + ij2!!!= �1 + j�i� ���i +O(j�2)�= �j � �i+O(j�1)and the 
omplex 
onjugate of this equality, it follows~g2(x) = Climj!1 ��j � �i+O(j�1)2 � �j + �i+O(j�1)2 ! =1



56 Approximation by regular potentials B. Bodenstorferfor all x 2 (0;min(�a; b)℄. So Tj;j2 ! T1;1 in the generalized sense if j ! 1, whereT1;1 is given by (T1;1y)(x) = �y00(x)� y(x)x ; x 2 [a; b℄ n f0g; (3.53)for all y 2 D(T1;1). The domain D(T1;1) 
onsists of all y 2 AC2lo
([a; b℄ n f0g) su
h thatthe fun
tion on the right side of (3.53) is in L2([a; b℄) andy(0�) = y(0+) = y(a) = y(b) = 0:This operator is selfadjoint and hen
e Tj;j2 ! T1;1 also in the norm resolvent sense ifj !1.The following examples are formulated on the real lineR. Sin
e the additional assumptionof Theorem 3.43, is ful�lled here, this is possible. Treatment of the next problem 
an befound in [L℄ and [G℄.Example 3.61 Consider the di�erential operators Tj, j 2 N, in L2(R), de�ned byD(Tj) = fy 2 L2(R) \ AC2(R) : y00 2 L2(R)g;(Tjy)(x) = �y00(x)� y(x)jxj+ 1j ; y 2 D(Tj); x 2 R:Like in Example 3.59, the 
orresponding potentials Vj, j 2 N [ f1g given byVj(x) = � 1jxj + 1j ; x 2 R; V1(x) = � 1jxj ; x 2 R n f0g;ful�ll (3.1), (3.2), and (3.38) with q = 2. Evidently, ~g2(x) = 1 for all x 2 R n f0g.Hen
e Corollary 3.58 yields that the operators Tj 
onverge in the generalized sense to theoperator T1 whi
h is given by(T1y)(x) = �y00(x) + V1(x) = �y00(x)� y(x)jxj ; x 2 R n f0g; (3.54)for all fun
tions y 2 D(T1). The domain D(T1) 
onsists of all fun
tions y 2 L2(R) \AC2lo
(R n f0g) su
h that the fun
tion on the right side of (3.54) is in L2(R) andy(0�) = y(0+) = 0:A di�erent way to prove the approximation result would be the appli
ation of Corol-lary 3.44. Sin
e the operator T1 is selfadjoint and thus has nonempty resolvent set,Tj ! T1 also in the norm resolvent sense.Example 3.62 Consider operators Tj as in Example 3.61 but with potentials Vj, j 2N [ f1g, given byVj(x) = ( � 1jxj if jxj � 1jj ln j if jxj < 1j ; j 2 N; x 2 R; V1(x) = � 1jxj ; x 2 R n f0g:



Examples 57Then due to the even symmetry of the potentials,~g2(x) = Climj!1 2 Z j�10 j ln jd� � 2 Z xj�1 1j�jd�! = 2 Climj!1 (ln j � lnx� ln j) = �2 lnx;for all numbers x 2 (0;1). Consequently, the operators Tj 
onverge in the generalizedsense to the operator T1 whi
h is given by(T1y)(x) = �y00(x)� y(x)jxj ; x 2 R n f0g; (3.55)for all y 2 D(T1). The domain D(T1) 
onsists of all y 2 L2(R) \ AC2lo
(R n f0g) su
hthat the fun
tion on the right side of (3.55) is in L2(R) andy(0�) = y(0+); limx!0+ (y0(x)� y0(�x) + y(0) lnx) = 0:Remark 3.63 There was a dis
ussion 
on
erning the di�eren
e of the potentials given by�x�1 and �jxj�1 for x 2 R n f0g, see [M1℄, [Ne℄, [M2℄, and [Ku℄. The apparent di�eren
ewas seen that �jxj�1 implied Diri
hlet interfa
e 
onditions in 0 whereas �x�1 impliedboundary 
onditions of the formy(0�) = y(0+); limx!0 (y0(x)� y0(�x)) = 0; (3.56)whi
h physi
ally bears the possibility of a parti
le travelling through the origin. This
on
lusion was proposed using a distributional interpretation of both potentials in [Ku℄.The distributional interpretation of �jxj�1 would not de�ne a selfadjoint operator inL2(R), so Diri
hlet interfa
e 
onditions were suggested.The Examples 3.61 and 3.62 o�er a di�erent view: The proper 
hoi
e of the interfa
e
onditions is no mathemati
al matter, but depends on the physi
al 
ontext. As to theone-dimensional hydrogen atom, one would expe
t that due to quantum phenomena thetrue potential is some regular potential, but rather one of a single-signed form like thepotentials treated in Example 3.61 than some potential with a funny shape like the positivepeak near 0 as in Example 3.62. Corollary 3.58 then states that the solutions for su
h a\reasonable" 
hoi
e of potential are similar to those of the potential �jxj�1 with Diri
hletinterfa
e 
onditions in 0. (This holds for \not all too high energies" be
ause of therestri
tion � 2 �.)Analogous 
onsiderations apply to the potential given by �x�1, x 2 R n f0g. Now, forinstan
e, the physi
al 
ontext 
ould motivate the assumption that the original regularpotential is an odd fun
tion. Sin
e odd potentials Vj always yield ~g2(x) = 0 for x 2 R,boundary 
onditions (3.56) may be a good 
hoi
e to approximate the original problem.



58 Resolvent and basisness B. Bodenstorfer4 Resolvent and basisnessThroughout this se
tion, I = [a; b℄, a < 0 < b, is a 
ompa
t interval. For the potentialV1 assume V1 2 L1lo
([a; b℄ n f0g); (4.1)Z 0x �����Z �x jV1(&)jd&�����q d� ! 0 (4.2)if x ! 0. The number q 2 [1;1) is �xed throughout the whole se
tion like the numberp 2 [1;1℄, whi
h de�nes the 
onsidered spa
e of fun
tions Lp(I), 
ompare (1.3). Sin
ethe potentials Vj of Se
tion 3 are not needed here, it is 
onvenient to set Vj = 0, j 2 N.The fun
tion � then 
an be 
omputed from V1 only:�(x) = Z 0x Z �x jV1(&)jd&d�:When the whole spe
trum and eigenfun
tions of the di�erential operator T1 is examinedin this se
tion, it is no longer appropriate to restri
t the eigenvalue parameter to a boundedset � � C. So the following extension of notation be
omes ne
essary. The operatorsHj;�;1;x, j 2 f0;1g, are used for numbers � 2 C of arbitrarily large absolute value. Theseries (3.12) de�ning the operator H1;�;1;x 
onverges if �(x) + x2j�j < 1 that de�ningH0;�;1;x 
onverges if x2j�j < 1. Note that the results in Se
tion 3, have been proved for� and x in �xed sets � and X. When su
h a result is needed in the present 
ontextfor numbers � 2 C and x 2 [a; b℄, �rst set � su
h that it in
ludes all numbers � whi
hare mentioned in the result. For instan
e � = f0; �g is adequate in many 
ases. Thende�ne X in dependen
e of this set � as before and su
h that x 2 X. This is possible, if�(�x) + x2 sup�2� j�j < 12 or under the weaker 
ondition x2 sup�2� j�j < 12 for H0;�;1;x.Thus, su
h a 
ondition on x must and always will be assured.4.1 Estimates 
on
erning the fundamental matri
esAssume j 2 f0;1g, � 2 C, x; � 2 I�, and that y1 and y2 are solutions of (3.4) su
h thaty1(x) = 1, y01(x) = 0, y2(x) = 0, and y02(x) = 1. Then de�ne the 2�2 fundamental matrix�j;�;x;� to be �j;�;x;� =  y1(�) y2(�)y01(�) y02(�) ! :Sin
e V0 = 0 and thus (3.4) for j = 0 be
omes �y00 � �y = 0, it is easy to see that�0;�;x;� = 0� 
os �p�(� � x)� p��1 sin �p�(� � x)��p� sin �p�(� � x)� 
os �p�(� � x)� 1A (4.3)if � 2 C n f0g. Additionally, for � 2 C de�ne the diagonal 2� 2-matrixL� =  1 00 p� ! :Then L�1� �0;�;x;�L� = 0� 
os �p�(� � x)� sin �p�(� � x)�� sin �p�(� � x)� 
os �p�(� � x)� 1Aif � 2 C n f0g, x 2 [a; b℄, and � 2 Ix.



Estimates 
on
erning the fundamental matri
es 59Lemma 4.1 Assume that X is a Bana
h spa
e, n 2 N, and that Ak, A�1k , and Bk,k 2 f1; : : : ; ng, are bounded operators on X . Then




 nYk=1(Ak +Bk)� nYk=1Ak




 �  exp nXk=1 


A�1k Bk


� 1! nYk=1 kAkk :Proof. The proof is by indu
tion on n. For n = 0, the produ
t terms are equal to theidentity operator on X and the sum expression is zero. So the hypothesis is ful�lled. Forarbitrary n 2 N and sequen
es of operators Ak, Bk, k 2 f1; : : : ; n + 1g, the indu
tionhypothesis for n implies




n+1Yk=1(Ak +Bk)� n+1Yk=1Ak




= 




(An+1 +Bn+1) nYk=1(Ak +Bk)� (An+1 +Bn+1) nYk=1Ak +Bn+1 nYk=1Ak




� kAn+1k 


1 + A�1n+1Bn+1


 




 nYk=1(Ak +Bk)� nYk=1Ak




+ 


A�1n+1Bn+1


 




 nYk=1Ak




!� kAn+1k �1 + 


A�1n+1Bn+1


� exp nXk=1 


A�1k Bk


� 1! nYk=1 kAkk+ 


A�1n+1Bn+1


 nYk=1 kAkk!=  �1 + 


A�1n+1Bn+1


� exp nXk=1 


A�1k Bk


� 1!+ 


A�1n+1Bn+1


! n+1Yk=1 kAkk=  �1 + 


A�1n+1Bn+1


� exp nXk=1 


A�1k Bk


� 1! n+1Yk=1 kAkk�  exp 


A�1n+1Bn+1


 exp nXk=1 


A�1k Bk


� 1! n+1Yk=1 kAkk=  exp n+1Xk=1 


A�1k Bk


� 1! n+1Yk=1 kAkk ;sin
e 1 + 
 � e
 for all numbers 
 � 0. 2Lemma 4.2 Assume z 2 C. Then the Eu
lidean norm




 
os z sin z� sin z 
os z !




C2 = exp j=zj:Proof. De�ne the matrix J1 =  0 1�1 0 !. Then the matrix identity 
os z sin z� sin z 
os z ! = exp (zJ1)is valid. Sin
e the matrix J1 is normal and has the eigenvalues �i,kexp (zJ1)kC2 = max �jeizj; je�izj� = ej=zj: 2



60 Resolvent and basisness B. BodenstorferLemma 4.3 Assume �; � 2 C n f0g and � > 0. Then there is a number Æ > 0 su
h thatfor all z 2 C with jzj � Æ the Eu
lidean norm





 1 00 ��1 ! 
os(�z) ��1 sin(�z)�� sin(�z) 
os(�z) !�1  
os(�z) ��1 sin(�z)�� sin(�z) 
os(�z) ! 1 00 � !� 1 00 1 !




 � ������2 � �2� ����� jzj+ �jzj: (4.4)Proof. The Taylor expansions of the 
osine and sine fun
tions yield that there is a numberÆ0 > 0 su
h that j 
os z � 1j � jzj2; j sin z � zj � jzj3;if jzj � Æ0. Set 
 = max(j�j; j�j�1; j�j) and assume 
jzj � Æ0. Thenj 
os(�z)� 1j � j�zj2; j sin(�z)� �zj � j�zj3;and similarly for sin(�z) and 
os(�z). Use these relations to estimate the 
onsidered norm




 
os(�z) ���1 sin(�z)sin(�z) ��1 
os(�z) ! 
os(�z) ���1 sin(�z)�� sin(�z) � 
os(�z) !�  1 00 1 !




C2� 




 1 �z�z ��1 ! 1 �z��2z � !�  1 00 1 !




C2+ (j�2j+ j�2j)jzj2 + j�2�2jjzj4 + (j�2�2j+ j�4j)jzj4 + j�2�4jjzj6+ (j�3j+ j��2j)jz3j+ j�3�2jjzj5 + (j�3j+ j��2j)jzj3 + j�3�2jjzj5+ (j�3j+ j��2j)jzj3 + j�3�2jjzj5 + (j��2j+ j��1�4j)jzj3 + j��4jjzj5+ (j�4j+ j�2�2j)jzj4 + j�4�2jjzj6 + (j�2j+ j�2j)jzj2 + j�2�2jjzj4� 




 1 + �2z2 0(�� ��1�2)z 1 + �2z2 !�  1 00 1 !




C2+ 4
2jzj2 + 8
3jzj3 + 6
4jzj4 + 4
5jzj5 + 2
6jzj6� ������2 � �2� ����� jzj+ 6
2jzj2 + (7
3 + 
5)jzj3 + 6
4jzj4 + 4
5jzj5 + 2
6jzj6:From this, it follows that for every � > 0 there is a 
onstant Æ > 0 with 
Æ � Æ0 su
h that(4.4) holds. 2The following important lemma shows that o� the singularity the e�e
t of the potentialtends to zero if �!1.Lemma 4.4 Assume � 2 C n f0g, x 2 [a; b℄ n f0g, and � 2 Ix. Then


L�1� (�1;�;x;� � �0;�;x;�)L�


C2 � 0�exp kV1kL1(IxnI�)qj�j � 11A exp ���(� � x)=p���� :Proof. To simplify the notation, assume x < 0. The expression on the left side ofthe asserted inequality is 
ontinuous in V1 with respe
t to the norm of L1([x; �℄) as a
onsequen
e of Corollary 1.2. The expression on the right side trivially is 
ontinuous withrespe
t to that norm. Sin
e the set of step fun
tions whi
h are 
ontinuous from the right
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on
erning the interfa
e 
onditions 61side is dense in the set of 
ontinuous fun
tions and thus in L1([x; �℄), it suÆ
es to provethe inequality for su
h fun
tions V1. Moreover, it may be assumed that V1(&) 6= � for all& 2 [x; �℄ be
ause also the set of step fun
tions whi
h do not attain the value � is densein L1([x; �℄).Let V1 be a step fun
tion whi
h is 
ontinuous from the right side and 
hoose a number � >0. Then there is a number n 2 N and a �nite sequen
e of numbers &k, k 2 f1; : : : ; n+1g,su
h that x = &1 < &2 < : : : < &n < &n+1 = �and su
h that V1 is 
onstant on the intervals [&k; &k+1), k 2 f1; : : : ; ng. Moreover, theintervals [&k; &k+1), k 2 f1; : : : ; ng, 
an be 
hosen so small that the estimate (4.4) holdsfor � = p�, � = q�� V1(&k) and z = &k+1 � &k for ea
h k 2 f1; : : : ; ng.The properties of fundamental matri
es yieldL�1� �j;�;x;�L� = nYk=1 �L�1� �j;�;&k;&k+1L�� ; j 2 f0;1g: (4.5)In order to apply Lemma 4.1, setAk = L�1� �0;�;&k;&k+1L�;Bk = L�1� �1;�;&k;&k+1L� � L�1� �0;�;&k;&k+1L�for k 2 f1; : : : ; ng. Then Lemma 4.3 helps to bound the norm


A�1k Bk


C2 = 



�L�1� �0;�;&k;&k+1L���1 �L�1� �1;�;&k;&k+1L� � L�1� �0;�;&k;&k+1L��



C2= 


L�1� ��10;�;&k;&k+1�1;�;&k;&k+1L� � 1


C2�  �����V1(&k)p� �����+ �! (&k+1 � &k):By Lemma 4.2, kAkkC2 = ej(&k+1�&k)=p�j. Now (4.5) and Lemma 4.1 imply


L�1� �1;�;x;�L� � L�1� �0;�;x;�L�


� 0�exp0� nXk=10�V1(&k)qj�j + �1A (&k+1 � &k)1A� 11A nYi=1 exp ���(&k+1 � &k)=p����= 0�exp0�kV1kL1([&k;&k+1℄)qj�j + �j� � xj1A� 11A exp ���(� � x)=p���� :Sin
e this inequality holds for all � > 0, the assertion is proved. 24.2 Estimates 
on
erning the interfa
e 
onditionsTo des
ribe interfa
e 
onditions in 0, �x a positive number xb 2 [a; b℄\ [�b;�a℄ su
h that�(�xb) < 12 . This determines a boundary operator bj;0;xb.



62 Resolvent and basisness B. BodenstorferLemma 4.5 Assume j 2 f0;1g, � 2 C, x 2 (0; xb℄, su
h that �(�x) + x2j�j < 1, andthat the fun
tion y is a solution of (3.4) on [�x; x℄ n f0g. Thenbj;0;xby = 0BBBB� Xj;�;�x y(�x)y0(�x) !�Xj;�;x  y(x)y0(x) ! 1CCCCA ;where the 2� 2-Matri
es Xj;�;�x are given by0� 1(Hj;�;1;�x1)(�x) � (Hj;�;1;�x�)(�x)(Hj;�;1;�x1)(�x)hj;�;�x(Hj;�;1;�x1)(�x) �(Hj;�;1;�x�)0(0)� (Hj;�;1;�x�)(�x)hj;�;�x(Hj;�;1;�x1)(�x) 1Awith hj;�;�x = lim�!0� dHj;�;1;�x1; Hj;0;1;�xb1
�.Proof. It suÆ
es to 
onsider the third and fourth 
omponent of the ve
tor bj;0;xby. Theasserted equalities for the �rst and se
ond one are proved in the same way when x isrepla
ed by �x and xb by �xb.The equality (3.26) and Corollary 3.16 implyy = y(x)� y0(x)(Hj;�;1;x�)(x)(Hj;�;1;x1)(x) Hj;�;1;x1 + y0(x)Hj;�;1;x�: (4.6)Use Lemma 3.22, Corollary 3.23, and Lemma 3.5 to 
ompute the following expressions.lim�!0+ dHj;�;1;x�; Hj;0;1;xb�
�= lim�!0+ ((Hj;�;1;x�)(�)(Hj;0;1;xb�)0(�)� (Hj;�;1;x�)0(�)(Hj;0;1;xb�)(�)) = 0;lim�!0+ dHj;�;1;x1; Hj;0;1;xb�
�= lim�!0+ ((Hj;�;1;x1)(�)(Hj;0;1;xb�)0(�)� (Hj;�;1;x1)0(�)(Hj;0;1;xb�)(�))= (Hj;0;1;xb�)0(0);lim�!0+ dHj;�;1;x�; Hj;0;1;xb1
� = �(Hj;�;1;x�)0(0): (4.7)Also 
ompare the proof of Lemma 3.29. This, (4.6), and the de�nition (3.23) of theboundary operator yield the statement. 2The following statement is similar to Lemma 3.13.Lemma 4.6 Assume � 2 C and x 2 [a; b℄ \ [�b;�a℄ n f0g su
h that �(�x) + x2j�j < 12 .Then it holds kH1;�;1;x �H0;�;1;xkL1(Ix) � 4�(x):Proof. From (3.11), (3.12), and Lemma 3.11, it followskH1;�;1;x �H0;�;1;xkL1(Ix) = k1 + F1;�;xH1;�;1;x � 1� F0;�;xH0;�;1;xkL1(Ix)� kF1;�;x � F0;�;xkL1(Ix) kH1;�;1;xkL1(Ix)+ kF0;�;xkL1(Ix) kH1;�;1;x �H0;�;1;xkL1(Ix)� �(x)1� �(x)� x2j�j + j�jx2 kH1;�;1;x �H0;�;1;xkL1(Ix)



Estimates 
on
erning the interfa
e 
onditions 63using the inequalities kF0;�;xkL1(Ix) � x2j�j and kH0;�;1;xkL1(Ix) � (1 � x2j�j)�1. Thisinequality for kH0;�;1;xkL1(Ix) implies the assertion. 2Lemma 4.7 Assume � 2 C and x 2 [a; b℄ \ [�b;�a℄ n f0g su
h that �(�x) + x2j�j < 12 .Assume that hj;�;x, j 2 f0;1g are the numbers de�ned in Lemma 4.5. Then it holdsjh1;�;�x � h0;�;�xj � 2 j(H1;0;1;�xb1)0(�x)j + 8�(x)jx�j:Proof. For j 2 f0;1g and � 2 Ix, (3.11), (3.12), (3.8), and Corollary 3.19 imply(Hj;�;1;x1)(�) = 1 + (Fj;�;xHj;�;1;x1)(�)= 1 + Z �0 Z &x Vj(�)(Hj;�;1;x1)(�)d�d& � � Z �0 Z &x (Hj;�;1;x1)(�)d�d&= 1 + (Fj;0;xHj;�;1;x1)(�) + (F0;�;xHj;�;1;x1)(�)= 1 + (Fj;0;xHj;0;1;x1)(�) + (Fj;0;x(Hj;�;1;x �Hj;0;1;x)1)(�) + (F0;�;xHj;�;1;x1)(�)= (Hj;0;1;x1)(�) + (Fj;0;x(Hj;�;1;x �Hj;0;1;x)1)(�) + (F0;�;xHj;�;1;x1)(�)= (Hj;0;1;xb1)(�)� (Hj;0;1;xb1)0(x)(Hj;0;1;x�)(�) (4.8)+(Fj;0;x(Hj;�;1;x �Hj;0;1;x)1)(�) + (F0;�;xHj;�;1;x1)(�): (4.9)For the terms in the line (4.8), the properties of the bilinear form d�; �
�, 
omputation likein (4.7), and �nally Lemma 3.22 imply���� lim�!0� dHj;0;1;xb1� (Hj;0;1;xb1)0(x)Hj;0;1;x�; Hj;0;1;xb1
�����= ����(Hj;0;1;xb1)0(x) lim�!0� dHj;0;1;x�; Hj;0;1;xb1
����� = j(Hj;0;1;xb1)0(x)(Hj;0;1;x�)0(0)j� j(Hj;0;1;xb1)0(x)j (1 + 2�(x)) � 2 j(Hj;0;1;xb1)0(x)j :Note that this expression vanishes if j = 0. For the left term in the line (4.9), theLemmas 3.14 and 3.21 implyj(Fj;0;x(Hj;�;1;x �Hj;0;1;x))0(�)j � 4�(x)jx�j;j(Fj;0;x(Hj;�;1;x�Hj;0;1;x))(�)j � 4�(x)j�x�j:Hen
e, using Lemma 3.22, Corollary 3.23, and Lemma 3.5, it follows���� lim�!0� dFj;0;x(Hj;�;1;x�Hj;0;1;x)1; Hj;0;1;xb1
�����= ��� lim�!0� ((Fj;0;x(Hj;�;1;x �Hj;0;1;x)1)(�)(Hj;0;1;xb1)0(�)�(Fj;0;x(Hj;�;1;x�Hj;0;1;x)1)0(�)(Hj;0;1;xb1)(�))��� � 4�(x)jx�j:For the right term in the line (4.9), Lemma 4.6 and then integration implyj(F0;�;xH1;�;1;x1)0(�)� (F0;�;xH0;�;1;x1)0(�)j= ������ Z �x (H1;�;1;x1)(&)� (H0;�;1;x1)(&)d&����� � 4�(x)jx�j;j(F0;�;xH1;�;1;x1)(�)� (F0;�;xH0;�;1;x1)(�)j � 4�(x)j�x�j:



64 Resolvent and basisness B. BodenstorferHen
e, again using Lemma 3.22, Corollary 3.23, and Lemma 3.5,���� lim�!0� dF0;�;xH1;�;1;x1; H1;0;1;xb1
� � lim�!0� dF0;�;xH0;�;1;x1; H0;0;1;xb1
����� � 4�(x)jx�j:Also 
ompare the 
omputation in the proof of Lemma 3.29. Using the above estimates,it follows���� lim�!0� dH1;�;1;x1; H1;0;1;xb1
� � lim�!0� dH0;�;1;x1; H0;0;1;xb1
������ 2 j(Hj;0;1;xb1)0(x)j+ 4�(x)jx�j+ 4�(x)jx�j = 2 j(Hj;0;1;xb1)0(x)j+ 8�(x)jx�j: 2Lemma 4.8 Assume � 2 C and x 2 [a; b℄ \ [�b;�a℄ n f0g su
h that �(�x) + x2j�j < 14 .Let Xj;�;x, j 2 f0;1g, be the matri
es de�ned in Lemma 4.5. Then it holds


L�1� (X1;�;x �X0;�;x)L�


C2 � 454�(x) + 16qj�j�1 j(H1;0;1;xb1)0(x)j :Proof. Consider and bound all entries of the matrix X1;�;x � X0;�;x. Assume that xis positive. The proof for negative x is similar; only xb then must be repla
ed by �xband the limits � ! 0+ be
ome limits � ! 0�. As to the left and right upper entries,Lemmas 4.6 and 3.22 help to prove����� 1(H1;�;1;x1)(x) � 1(H0;�;1;x1)(x) ����� = �����(H0;�;1;x1)(x)� (H1;�;1;x1)(x)(H1;�;1;x1)(x)(H0;�;1;x1)(x) ������ 4�(x)(1� 2(�(x) + x2j�j))2 � 16�(x);����� (H1;�;1;x�)(x)(H1;�;1;x1)(x) � (H0;�;1;x�)(x)(H0;�;1;x1)(x) �����= �����(H1;�;1;x�)(x)(H0;�;1;x1)(x)� (H0;�;1;x�)(x)(H1;�;1;x1)(x)(H1;�;1;x1)(x)(H0;�;1;x1)(x) ������ �����((H1;�;1;x�)(x)� (H0;�;1;x�)(x))(H0;�;1;x1)(x)(1� 2(�(x) + x2j�j))2 �����+ �����(H0;�;1;x�)(x)((H0;�;1;x1)(x)� (H1;�;1;x1)(x))(1� 2(�(x) + x2j�j))2 ������ 4((4�(x)jxj)2 + 2jxj(4�(x))) = 64�(x)jxj:As to the left lower entry, Lemmas 3.22, 4.7, and 4.6 help to prove����� h1;�;x(H1;�;1;x1)(x) � h0;�;x(H0;�;1;x1)(x) ������ �����(H0;�;1;x1)(x)h1;�;x1� (H1;�;1;x1)(x)h0;�;x(H1;�;1;x1)(x)(H0;�;1;x1)(x) ������ �����(H0;�;1;x1)(x) (h1;�;x � h0;�;x)(1� 2(�(x) + x2j�j))2 �����+ �����((H0;�;1;x1)(x)� (H1;�;1;x1)(x))h0;�;x(1� 2(�(x) + x2j�j))2 ������ 4(2(2 j(Hj;0;1;xb1)0(x)j+ 8�(x)jx�j) + 4�(x)2jx�j)= 16 j(H1;0;1;xb1)0(x)j+ 96�(x)jx�j: (4.10)



Con
lusive 
omparison with the zero potential 65Here, the relation���dH0;�;1;x1; H0;0;1;xb1
���� = j(H0;�;1;x1)0(0)j = ������ Z �x (H0;�;1;x1)(&)d&����� � 2jx�j (4.11)has been used, whi
h follows from Lemma 3.22. As to the right lower entry, (3.8), (3.11),(3.12), and the Lemmas 3.21, 4.6, and 3.22 yieldj(H1;�;1;x�)0(0)� (H0;�;1;x�)0(0)j= j(F1;0;xH1;�;1;x�)0(0) + (F0;�;x(H1;�;1;x�H0;�;1;x)�)0(0)j� 2�(x) + jx�j4�(x)jxj = (2 + 4x2j�j)�(x):Next, (4.10) and the Lemmas 4.6 and 3.22 help to prove�����(H1;�;1;x�)(x)h1;�;x(H1;�;1;x1)(x) � (H0;�;1;x�)(x)h0;�;x(H0;�;1;x1)(x) ������ �����(H1;�;1;x�)(x) h1;�;x(H1;�;1;x1)(x) � h0;�;x(H0;�;1;x1)(x)!�����+ �����((H1;�;1;x�)(x)� (H0;�;1;x�)(x)) h0;�;x(H0;�;1;x1)(x) ������ 2jxj (16 j(H1;0;1;xb1)0(x)j+ 96�(x)jx�j) + 4�(x)jxj4jx�j= 32 jx(H1;0;1;xb1)0(x)j+ 208�(x)x2j�j:again using (4.11). Hen
e, sin
e the assumptions imply x2j�j < 1 and using Lemma 3.24,


L�1� (X1;�;x �X0;�;x)L�


C2� 16�(x) + 64�(x)jxjqj�j+qj�j�1(16 j(H1;0;1;xb1)0(x)j+ 96�(x)jx�j)+(2 + 4x2j�j)�(x) + 32 jx(H1;0;1;xb1)0(x)j + 208�(x)x2j�j� (16 + 64 + 96 + 6 + 64 + 208)�(x) + 16qj�j�1 j(H1;0;1;xb1)0(x)j= 454�(x) + 16qj�j�1 j(H1;0;1;xb1)0(x)j : 24.3 Con
lusive 
omparison with the zero potentialLemma 4.9 Assume � 2 C, x 2 [a; b℄ \ [�b;�a℄ n f0g su
h that x2j�j < 1, and � 2 Ix.Then (H0;�;1;x1)(�) = ( 
os �p���+ tan �p�x� sin �p��� if � 6= 01 if � = 0(H0;�;1;x�)(�) = 8<: sin(p��)p� 
os(p�x) if � 6= 0� if � = 0



66 Resolvent and basisness B. BodenstorferProof. By Corollary 3.17, the fun
tions H0;�;1;x1 and H0;�;1;x� solve the di�erentialequation �y00 = �y. First 
onsider the 
ase � 6= 0. Apply the ansatz(H0;�;1;x1)(�) = 
1 
os �p���+ d1 sin �p��� ;(H0;�;1;x�)(�) = 
� 
os �p���+ d� sin �p��� ;and determine the 
onstants from the boundary 
onditions stated in Corollary 3.17:1 = 
1;0 = �
1p� sin �p�x�+ d1p� 
os �p�x� ;0 = 
�;1 = �
�p� sin �p�x�+ d�p� 
os �p�x� :Pro
ede similarly in the 
ase � = 0, using an ansatz as linear 
ombination of the 
onstantfun
tion 1 and the identity fun
tion �. 2Corollary 4.10 Assume � 2 Cnf0g, x 2 [a; b℄\[�b;�a℄ su
h that x2j�j < 1, and � 2 Ix.Then X0;�;x = 0� 
os �p�x� �p��1 sin �p�x��p� sin �p�x� � 
os �p�x� 1A :Proof. Compute all entries of the 
onsidered matrix with the help of Lemma 4.9. Forsimpli
ity assume x > 0. The 
ase x < 0 is treated analogously; only some signs 
hange.1(H0;�;1;x1)(x) = 1
os �p�x�+ tan �p�x� sin �p�x� = 
os �p�x�
os2 �p�x�+ sin2 �p�x�= 
os �p�x� ;� (H0;�;1;x�)(x)(H0;�;1;x1)(x) = � sin �p�x�p� 
os �p�x� 
os �p�x� = �sin �p�x�p� ;lim�!0+ dH0;�;1;x1; H0;0;1;xb1
�(H0;�;1;x1)(x)= lim�!0+ l
os �p���+ tan �p�x� sin �p��� ; 1k� 
os �p�x�= lim�!0+ �p� sin �p���� tan �p�x�p� 
os �p���� 
os �p�x� = �p� sin �p�x� ;�(H0;�;1;x�)0(0)� (H0;�;1;x�)(x) lim�!0+ dH0;�;1;x1; H0;0;1;xb1
�(H0;�;1;x1)(x)= � p�p� 
os �p�x� + sin �p�x�p� 
os �p�x�p� sin �p�x� = sin2 �p�x�� 1
os �p�x�= � 
os �p�x� : 2



Con
lusive 
omparison with the zero potential 67Corollary 4.11 Assume � 2 C n f0g and x 2 (0; xb℄. ThenL�1� X0;�;�x�0;�;a;�xL� = 0� 
os �p�a� � sin �p�a�� sin �p�a� � 
os �p�a� 1A ;L�1� X0;�;x�0;�;b;xL� = 0� 
os �p�b� � sin �p�b�� sin �p�b� � 
os �p�b� 1A :Proof. Corollary 4.10 and (4.3) yieldL�1� X0;�;x�0;�;b;xL�= 0� 
os �p�x� � sin �p�x�� sin �p�x� � 
os �p�x� 1A0� 
os �p�(x� b)� sin �p�(x� b)�� sin �p�(x� b)� 
os �p�(x� b)� 1A= 0� 
os �p�(�b)� sin �p�(�b)�sin �p�(�b)� � 
os �p�(�b)� 1A = 0� 
os �p�b� � sin �p�b�� sin �p�b� � 
os �p�b� 1A :This gives the se
ond assertion. The proof for the �rst one is analogous. 2For x 2 [a; b℄ n f0g de�ne the fun
tion �̂ by�̂(x) = 8><>: ���x kV1kL1([a;x℄)��� if x < 0���x kV1kL1([x;b℄)��� if x > 0 :The Lemmas 3.1 and 3.5 prove �̂(x)! 0 if x! 0; hen
e set �̂(0) = 0.Lemma 4.12 Assume � 2 C n f0g and x 2 (0; xb℄ with �(�x) + x2j�j < 14 . Then


L�1� (X1;�;�x�1;�;a;�x �X0;�;�x�0;�;a;�x)L�


C2� 0��454�(�x) + 16qj�j�1 j(H1;0;1;�xb1)0(�x)j� exp �̂(�x)jxjqj�j + exp �̂(�x)jxjqj�j � 11A� exp ���a=p����


L�1� (X1;�;x�1;�;b;x �X0;�;x�0;�;b;x)L�


C2� 0��454�(x) + 16qj�j�1 j(H1;0;1;xb1)0(x)j� exp �̂(x)jxjqj�j + exp �̂(x)jxjqj�j � 11A� exp ���b=p���� :Proof. The Lemmas 4.4, 4.8, 4.2, and Corollary 4.10 help to estimate


L�1� (X1;�;x�1;�;b;x �X0;�;x�0;�;b;x)L�


C2� 


L�1� (X1;�;x �X0;�;x)L�


C2 


L�1� �1;�;b;xL�


C2+ 


L�1� X0;�;xL�


C2 


L�1� (�1;�;b;x � �0;�;b;x)L�


C2� �454�(x) + 16qj�j�1 j(H1;0;1;xb1)0(x)j� exp kV1kL1([x;b℄)qj�j exp ���(x� b)=p����



68 Resolvent and basisness B. Bodenstorfer+exp ���x=p���� 0�exp kV1kL1([x;b℄)qj�j � 11A exp ���(x� b)=p����� 0��454�(x) + 16qj�j�1 j(H1;0;1;xb1)0(x)j� exp �̂(x)jxjqj�j + exp �̂(x)jxjqj�j � 11A� exp ���b=p���� :The proof for the �rst inequality is analogous. 24.4 Resolvent, eigenvalues, and eigenve
torsAssume z� 2 C and B =  1 0 1 00 1 g 1 ! with g 2 C. Let the operator T1 be given byT1y = l1[y℄; y 2 D(T1);where the domain D(T1) 
onsists of all fun
tions y 2 AC2lo
([a; b℄ n f0g) su
h that l1[y℄ 2Lp([a; b℄), y0(a) = z�y(a), y0(b) = z+y(b), and Bb1;0;xby = 0. Assume � 2 C and thaty�;� 2 AC2lo
([a; b℄ n f0g) are two solutions (3.4) for j =1 whi
h vanish on I� and satisfythe boundary 
onditions  y�;�(a)y0�;�(a) ! = ~v�;  y�;+(b)y0�;+(b) ! = ~v+in a and b, where the ve
tors ~v� 2 C2 are ~v� =  1z� ! if z� 2 C and ~v� =  01 !if z� = 1. Then y�;� satisfy (3.28). Su
h fun
tions have been used in the proof ofTheorem 3.38. Sin
e �1;�;�;� is a fundamental matrix for (3.4), it holds y�;�(x)y0�;�(x) ! = �1;�;a;xv�; x 2 [a; 0);  y�;+(x)y0�;+(x) ! = �1;�;b;xv+; x 2 (0; b℄: (4.12)De�ne the 
hara
teristi
 matrixM� = � Bb1;0;xby�;� Bb1;0;xby�;+ � : (4.13)Lemma 4.13 A number � 2 C is in the resolvent set �(T1) if and only ifM� is invertible.In this 
ase, the resolvent (T1 � �)�1 
an be 
omputed using the formula((T1 � �)�1f)(�) = (K1;�f)(�)� � y�(�) y+(�) �M�1� Bb1;0;xbK1;�f;for all f 2 Lp([a; b℄) and � 2 [a; b℄. Here K1;� is the integral operator introdu
ed inLemma 3.31. Otherwise, � is an eigenvalue of T1 and the eigenfun
tions of T1 for � areall fun
tions y = 
�y�;� + 
+y�;+;  
�
+ ! 2 kerM�:



Resolvent, eigenvalues, and eigenve
tors 69Proof. Assume f 2 Lp([a; b℄). If (T1��)y = f for a ve
tor y 2 D(T1), then Lemma 3.31and the properties of y�;� imply that y 
an be written asy = 
�y�;� + 
+y�;+ +K1;�f; (4.14)where 
� 2 C. The 
ondition Bb1;0;xby = 0 then translates to the equationM�  
�
+ !+Bb1;0;xbK1;�f = 0 (4.15)for the numbers 
�. If M� is invertible, this equation has a unique solution. Using (4.14),the fun
tion y then 
an be 
omputed and the equality (T1��)y = f holds. Now assumethat M� is singular. If (
�; 
+) 2 kerM�, then (4.15) is ful�lled when f = 0. Theproperties of y�;� imply that the fun
tion 
�y�;� + 
+y�;+ then is an eigenfun
tion for �and it is nonzero if (
�; 
+) 6= (0; 0). 2Lemma 4.14 The asymptoti
 relation̂�(x) = o � q̂px�holds if x! 0.Proof. The assumption (4.2) means that the fun
tion w given by (3.49) is 
ontained inLq([a; b℄). Sin
e w 2 Mq([a; b℄), Lemma 3.5 yields�̂(x) = jxw(x)j = jxj1�q�1 qqjxjw(x) � jxjq̂�1 kwkLq(Ix) = o� q̂qjxj� : 2Lemma 4.15 The following asymptoti
 relations hold if � ! 1. The left 
olumn ofL�1� M� equals 0� 
os �p�a�� sin �p�a� 1A+ o� �2q̂p� exp ���a=p�����if z� 6=1, and p��10� � sin �p�a�� 
os �p�a� 1A+p��1o� �2q̂p� exp ���a=p�����if z� =1. Analogously, the right 
olumn of L�1� M� equals0� � 
os �p�b�sin �p�b� 1A+ o� �2q̂p� exp ���b=p�����if z+ 6=1, and p��10� sin �p�b�
os �p�b� 1A+p��1o� �2q̂p� exp ���b=p�����if z+ =1.



70 Resolvent and basisness B. BodenstorferProof. Set x = �8qj�j��1 : (4.16)Let Xj;�;� be the matrix de�ned in Lemma 4.5. For j 2 f0;1g, the properties of Xj;�;�,�j;�;�;�, and yj;�;�, implybj;0;xbyj;�;� = 0B� Xj;�;�x�j;�;a;�x~v�00 1CA ; bj;0;xbyj;�;+ = 0B� 00�Xj;�;x�j;�;b;x~v+ 1CA :This, the de�nition (4.13) of M�, and the stru
ture of the matrix B implyM� =   1 00 1 !X1;�;�x�1;�;a;�x~v� � 1 0g 1 !X1;�;x�1;�;b;x~v+ !=  L�L�1� X1;�;�x�1;�;a;�x~v� �L�L�1�  1 0g 1 !X1;�;x�1;�;b;x~v+ != L�  L�1� X1;�;�x�1;�;a;�xL�L�1� ~v� � 1 0gp� 1 !L�1� X1;�;x�1;�;b;xL�L�1� ~v+ ! :Consider the right 
olumn of the last matrix. The left 
olumn 
an be treated analogouslyup to the 
onstant g, whi
h must be repla
ed by zero. Together, (4.16) and Lemma 3.24imply qj�j�1 j(H1;0;1;xb1)0(x)j = 8x j(H1;0;1;xb1)0(x)j � 16�(x):Thus, Lemma 4.12 and (4.16) and �nally Lemmas 3.56 and 4.14 yield


L�1� X1;�;x�1�;b;xL� � L�1� X0;�;x�0;�;b;xL�


C2� ((454 + 256)�(x) exp (8�̂(x)) + exp (8�̂(x))� 1) exp ���b=p����=  710� �8qj�j��1! exp 8�̂ �8qj�j��1!!+ exp 8�̂ �8qj�j��1!!� 1!� exp ���b=p����= O � �8qj�j��1!+ �̂ �8qj�j��1!! exp ���b=p���� = o� �2q̂p� exp ���b=p�����(4.17)for the limit �!1. The assumptions q <1 and hen
e q̂ > 1 imply the estimatep��1 = o� �2q̂p�� ; �!1: (4.18)This, Corollary 4.11, Lemma 4.2, and (4.17) yield




 1 0gp��1 1 !L�1� X1;�;x�1�;b;xL� � L�1� X0;�;x�0;�;b;xL�




C2= o� �2q̂p�j exp ���b=p����� + gp��1O �exp ���b=p����� = o� �2q̂p� exp ���b=p����� :



Resolvent, eigenvalues, and eigenve
tors 71If z+ 2 C, Corollary 4.11, Lemma 4.2, and (4.18) yield 1 0gp� 1 !L�1� X1;�;x�1;�;b;xL�L�1� ~v+= �L�1� X0;�;x�0;�;b;xL� + o� �2q̂p� exp ���b=p������L�1� ~v+= 0� 
os �p�b� � sin �p�b�� sin �p�b� � 
os �p�b� 1A 1p��1z+ !+ o� �2q̂p� exp ���b=p�����= 0� 
os �p�b�� sin �p�b� 1A+ z+p��1O �exp ���b=p�����+ o� �2q̂p� exp ���b=p�����= 0� 
os �p�b�� sin �p�b� 1A+ o� �2q̂p� exp ���b=p����� :If z+ =1, then similarly 1 0gp� 1 !L�1� X1;�;x�1;�;b;xL�L�1� ~v+= 0�0� 
os �p�b� � sin �p�b�� sin �p�b� � 
os �p�b� 1A+ o� �2q̂p� exp ���b=p�����1A 0p��1 != p��10� � sin �p�b�� 
os �p�b� 1A+p��1o� �2q̂p� exp ���b=p����� : 2For the following lemma also 
ompare [BDL℄.Lemma 4.16 Assume that u is an entire fun
tion su
h that the asymptoti
 formulau(z) = sin z + o � �q̂pz exp j=zj� ; z !1;holds. Then the zeros zk, k 2 Z, of u 
an be enumerated su
h that the asymptoti
 formulazk = k� + o� �q̂pk� ; k ! �1holds. Moreover, all but �nitely many zeros of u are simple.Proof. For z 2 C, it holds��� exp j=zj��� � ���ej=zj + �1� e�j=zj���� = 1 + 2 sinh j=zj;sinh j=zj = j sinh=zj = 12 ���e=z � e�=z���� 12 ���e�i<ze=z � ei<ze�=z��� = 12 ���e�iz � eiz��� = j sin zj; (4.19)whi
h is seen from geometri
 
onsideration. The assumption on u implies that there is a
onstant C � 1 su
h thatju(z)� sin zj < 14 exp j=zj � 14 + 12 j sin zj (4.20)



72 Resolvent and basisness B. Bodenstorferfor all z 2 C with jzj > C. If j=zj � 1, (4.19) implies j sin zj > 1. This impliesju(z)� sin zj < j sin zj; z 2 C; jzj > C; j=zj � 1: (4.21)Parti
ularly, the fun
tion u has no zeros z 2 C su
h that jzj > C and j=zj � 1. Now
onsider numbers k 2 Z and z 2 C with <z = �k + 12��. For su
h numbers z, theproperties of the sine fun
tion yieldj sin zj = ����sin��2 + i=z����� = j 
os i=zj = j 
osh=zj � 1:This and (4.20) implyju(z)� sin zj < j sin zj; z 2 C; jzj > C;<z = �k + 12� �: (4.22)Rou
h�e's theorem and the relations (4.21) and (4.22) prove that the fun
tion u has exa
tlyone zero in the re
tangleRk = fz 2 C : �k � 12�� < <z < �k + 12� �; j=zj < 1gif k 2 Z ful�lls jkj � k0, where k0 2 N is some number su
h that k0 � 12 > C� . Moreover,this zero is simple. Denote the zero of u in Rk by zk, jkj � k0. Moreover, in the re
tangulararea Rk = fz 2 C : ��k0 + 12�� < <z < �k0 � 12� �; j=zj < Cgthere are exa
tly 2k0 � 1 zeros, 
ounting multipli
ity. Enumerate them in an arbitraryorder to be the numbers zk, k 2 f�k0 + 1; : : : ; 0; : : : ; k0 � 1g. It is seen from (4.21) thatthe fun
tion u has no other zeros than the numbers zk, k 2 Z.To prove the asymptoti
 formula, it suÆ
es to 
onsider k su
h that jkj � k0. Thenj=zkj < 1 and thus supz2Rk ju(z)� sin zj = o � �q̂pz� = o� �q̂pk� (4.23)if k ! �1. Sin
e k� is the only zero of the sine fun
tion in Rk, the minimumminz2Rk;jzj� 12 j sin zjis positive and independent of k 2 Z. So (4.23) yields that for all numbers k 2 Zwith suÆ
iently large absolute value, say k � k1 � k0, the fun
tion u has no zero inRk n nz 2 C : jz � k�j � 12o. This proves jzk � k�j < 12 if jkj � k1. The Taylor expansionof the sine fun
tion yieldsj sin z � zj � jzj36 11� jz2j ; z 2 C; jzj < 1;and thus, using the properties of the sine fun
tion,j sin zj � 12 jz � �kj; z 2 C; jz � �kj < 12 ; k 2 Z:



Resolvent, eigenvalues, and eigenve
tors 73This and (4.23) yieldju(z)j � 12 jz � �kj+ o� �q̂pk� ; z 2 C; jz � �kj < 12 ;if k � k1. Finally apply this estimate to z = zk, whi
h yields the statement. 2The following theorem only 
overs the 
ase of Diri
hlet boundary 
onditions in a and b,hen
e z� = z+ =1. Using a version of Lemma 4.16 also for the 
osine fun
tion it is nottoo diÆ
ult to get similar statements for other boundary 
onditions of the form (3.28) inthese points.Theorem 4.17 Assume that the fun
tion V1 2 L1lo
([a; b℄ n f0g) ful�lls (4.1) and (4.2)for some number q 2 [1;1). Let the operator T1 be given byT1y = l1[y℄; y 2 D(T1);where the domain D(T1) 
onsists of all fun
tions y 2 AC2lo
([a; b℄ n f0g) su
h that l1[y℄ 2Lp([a; b℄), y(a) = y(b) = 0, and Bb1;0;xby = 0. Then the spe
trum of T1 
onsists ofisolated eigenvalues only. They 
an be enumerated su
h that the asymptoti
 formula�n = �2n2(b� a)2 + o �n �q̂pn�holds, where �n, n 2 N, is the n-th eigenvalue of T1.Proof. Lemma 4.15 impliesdetM� = p� det �L�1� M��= p��1 ������ � sin �p�a� sin �p�b�� 
os �p�a� 
os �p�b� ������+p��1o� �2q̂p� exp ���(b� a)=p�����= p��1 �
os �p�a� sin �p�b�� sin �p�a� 
os �p�b��+p��1o� �2q̂p� exp ���(b� a)=p�����= p��1 sin �(b� a)p��+p��1o� �2q̂p� exp ���(b� a)=p����� :Now the Lemmas 4.16 and 4.13 prove the assertion. 2Corollary 4.18 Use the notation and assumptions of Theorem 4.17. Then the operatorT1 has nonemtpy resolvent set.Remark 4.19 Let the di�erential operator T1 be given as in Theorem 4.17. Using alemma presented in [BDL℄, it even follows that all but �nitely many eigenvalues of T1are simple and that all degenerate eigenvalues have �nite algebrai
 multipli
ity. In fa
t,the multipli
ity of a zero � of the 
hara
teristi
 determinant detM� equals the algebrai
multipli
ity of � as an eigenvalue of T1.



74 Resolvent and basisness B. BodenstorferRemark 4.20 In [BDL℄, the potential V1 given by V1(x) = 1x was 
onsidered withinterfa
e 
onditions in 0 as in Theorem 4.17. It was shown that the eigenvalues behaveasymptoti
ally as �n = �2n2(b� a)2 +O(lnn); n!1:Sin
e the potential V1 ful�lls (4.2) for all q <1, Theorem 4.17 shows�n = �2n2(b� a)2 + o (n�) ; n!1;with arbitrarily small � > 0. That the error term is in fa
t logarithmi
, 
an be shownusing a more 
areful treatment of the fun
tions � and �̂ in the above analysis. Note that�(x) = jxj and �̂(x) � jx ln jxjj if x! 0 for that parti
ular potential V1.Corollary 4.21 Assume that �n, n 2 Z, are the eigenvalues of T1, enumerated as inTheorem 4.17. Thensup�2[a;a�b8�n ℄ 




L�1�2n2(b�a)2  �1;�n;a;� � �0; �2n2(b�a)2 ;a;�!L �2n2(b�a)2 




C2 = o � �q̂pn� ;sup�2[ b�a8�n ;b℄ 




L�1�2n2(b�a)2  �1;�n;b;� � �0; �2n2(b�a)2 ;b;�!L �2n2(b�a)2 




C2 = o � �q̂pn�if n!1.Proof. Apply Lemma 4.4 for � = �n2(b�a)2 and the potential V1 � �n + � im pla
e of V1.This and Theorem 4.17 for x = �8qj�j��1 = b�a8�n and the Lemmas 3.56 and 4.14 yield forall � 2 [x; b℄


L�1� (�1;�n;b;� � �0;�;b;�)L�


C2� 0�exp kV1kL1([x;b℄) + (b� x)j�� �njqj�j � 11A exp ���(� � b)=p�n���� 0�exp jxj�1�̂(x) + (b� x)j�� �njqj�j � 11A exp ���(x� b)=p�n���= �exp o � �q̂pn�� 1� exp ���(x� b)o � �q̂pn���� = o � �q̂pn� ; (4.24)and the estimate evidently is uniform in �. The other assertion 
an be proved similarly.2Lemma 4.22 Assume �j 2 C, x 2 [a; b℄ \ [�b;�a℄ n f0g su
h that �(�x) + x2j�jj < 12 ,and that the fun
tions yj are solutions of (3.4) on Ix for j 2 f0;1g. Thenky1 � y0kL1(Ix) � 4jy1(x)� y0(x)j+ 10j(y01(x)� y00(x))xj+(40jy0(x)j+ 100jy00(x)xj)(�(x) + x2j�1 � �0j):



Resolvent, eigenvalues, and eigenve
tors 75Proof. The equality (4.6) for j 2 f0;1g impliesky1 � y0kL1(Ix) � 




 y1(x)(H1;�1;1;x1)(x)H1;�1;1;x1� y0(x)(H0;�0;1;x1)(x)H0;�0;1;x1




L1(Ix)+ 




y01(x)(H1;�1;1;x�)(x)(H1;�1;1;x1)(x) H1;�1;1;x1� y00(x)(H0;�0;1;x�)(x)(H0;�0;1;x1)(x) H0;�0;1;x1




L1(Ix)+ ky01(x)H1;�1;1;x�� y00(x)H0;�0;1;x�kL1(Ix) :As to the terms on the right side, the Lemmas 3.14, 4.6, and 3.22 yield




 y1(x)(H1;�1;1;x1)(x)H1;�1;1;x1� y0(x)(H0;�0;1;x1)(x)H0;�0;1;x1




L1(Ix)� jy1(x)� y0(x)jkH1;�1;1;x1kL1(Ix)(H1;�1;1;x1)(x)+jy0(x)j j(H0;�0;1;x1)(x)� (H1;�1;1;x1)(x)j(H1;�1;1;x1)(x)(H0;�0;1;x1)(x) kH1;�1;1;x1kL1(Ix)+ jy0(x)j(H0;�0;1;x1)(x) kH1;�1;1;x1�H0;�0;1;x1kL1(Ix)� 4jy1(x)� y0(x)j+jy0(x)j4(4�(x) + 4x2j�1 � �0j)2 + jy0(x)j2(4�(x) + 4x2j�1 � �0j)= 4jy1(x)� y0(x)j + 40jy0(x)j(�(x) + x2j�1 � �0j);




y01(x)(H1;�1;1;x�)(x)(H1;�1;1;x1)(x) H1;�1;1;x1� y00(x)(H0;�0;1;x�)(x)(H0;�0;1;x1)(x) H0;�0;1;x1




L1(Ix)� 4jy01(x)(H1;�1;1;x�)(x)� y00(x)(H0;�0;1;x�)(x)j+40jy00(x)(H0;�0;1;x�)(x)j(�(x) + x2j�1 � �0j)� 4j(y01(x)� y00(x))(H1;�1;1;x�)(x)j+4jy00(0)((H1;�1;1;x�)(x)� (H0;�0;1;x�)(x))j+80jy00(0)xj(�(x) + x2j�1 � �0j)� 8j(y01(x)� y00(x))xj+4jy00(0)xj(4�(x) + 4x2j�1 � �0j) + 80jy00(0)xj(�(x) + x2j�1 � �0j)= 8j(y01(x)� y00(x))xj + 96jy00(0)xj(�(x) + x2j�1 � �0j)ky01(x)H1;�1;1;x�� y00(x)H0;�0;1;x�kL1(Ix)� jy01(x)� y00(x)j kH1;�1;1;x�kL1(Ix) + jy00(x)j kH1;�1;1;x��H0;�0;1;x�kL1(Ix)� 2j(y01(x)� y00(x))xj + jy00(x)xj(4�(x) + 4x2j�1 � �0j):Now summation yields the statement. 2Theorem 4.23 Use the notation and assumptions of Theorem 4.17. Then there is asequen
e of root ve
tors yn, n 2 N, of T1 su
h that for ea
h n 2 N, yn is a root ve
torfor the eigenvalue �n. This sequen
e 
an be 
hosen su
h that




yn � sin �n(� � a)b� a 




L1([a;b℄) = o � �q̂pn� ; n!1:



76 Resolvent and basisness B. BodenstorferProof. Consider y�;+, the arguments for y�;� are similar, only b must be repla
ed by a.The equality (4.12), Corollary 4.21, and (4.3) for x = b�a8�n yieldL�1�n2(b�a)2  y�n;+(x)y0�n;+(x) ! = L�1�n2(b�a)2�1;�n;b;x~v+= L�1�n2(b�a)2�0; �n2(b�a)2 ;b;x~v+ + o � �q̂pn�L�1�n2(b�a)2 ~v+=  
os �n(x�b)b�a b�a�n sin �n(x�b)b�a� sin �n(x�b)b�a b�a�n 
os �n(x�b)b�a ! 01 !+ n�1o � �q̂pn�= b� a�n  sin �n(x�b)b�a
os �n(x�b)b�a !+ n�1o � �q̂pn� ; (4.25)




 �nb� ay�n;+ � sin �n(� � b)b� a 




L1([x;b℄) = o � �q̂pn� :As to the interval Ix, Lemma 4.22 and (4.25) yield




y�n;+ � sin �n(� � b)b� a 




L1(Ix) = 4o � �q̂pn�+ 10jxj �nb� ao � �q̂pn�+�40 + 100jxj �nb� a� �o � q̂px�+ x2o �n �q̂pn��= o � �q̂pn� :Put together the estimate and the analogous ones for y�n;�. So it has been proved




 �nb� ay�n;� � sin �n(� � a)b� a 




L1([a;0)) = o � �q̂pn� ;




 �nb� ay�n;+ � sin �n(� � b)b� a 




L1((0;b℄) = o � �q̂pn� :The eigenfun
tions of T1 
an be written as yn = 
n;�y�n;� + 
n;+y�n;+. So it remains todetermine the 
onstants 
n;� and 
n;+. By Lemma 4.13, the relationM�  
�
+ ! = 0 musthold for the 
oeÆ
ients 
�. By Lemma 4.15, Theorem 4.17, and uniform boundedness ofthe derivatives of the trigonometri
 fun
tions for all arguments with bounded imaginarypart, this equation is0 = 0� � sin �p�na� sin �p�nb�� 
os �p�na� 
os �p�nb� 1A 
�
+ !+
�o� �2q̂p�n exp ja=�nj�+ 
+o� �2q̂p�n exp jb=�nj�=  � sin �nab�a sin �nbb�a� 
os �nab�a 
os �nbb�a ! 
�
+ !+ (j
�j+ j
+j)o � �q̂pn� :Multipli
ation from the left side with the regular matrix  � sin �nab�a � 
os �nab�a
os �nab�a � sin �nab�a ! yieldsthe equivalent equation0 =  1 � 
os �n(b�a)b�a0 sin �n(b�a)b�a ! 
�
+ !+ (j
�j+ j
+j)o � �q̂pn�



Resolvent, eigenvalues, and eigenve
tors 77=  1 (�1)n+10 0 ! 
�
+ !+ (j
�j+ j
+j)o � �q̂pn� :Now set 
� = 1; then 
+ = (�1)n + o � �q̂pn�. Consider the 
orresponding eigenve
tor,whi
h is given by y(�) = 8<: sin �n(��a)b�a + o � �q̂pn� if � 2 [a; 0)(�1)n sin �n(��b)b�a + o � �q̂pn� if � 2 (0; b℄ :The properties of the sine fun
tion �nally yield for � 2 (0; b℄(�1)n sin �n(� � b)b� a = (�1)n sin �n(� � a)b� a + �n(b� a)b� a != (�1)n sin �n(� � a)b� a + �n! = sin �n(� � a)b� aand thus the statement is proved. 2For the de�nition of a Bari basis 
ompare [GK, VI℄.De�nition 4.24 Assume that H is a separable Hilbert spa
e. A basis of H is a sequen
eof ve
tors yn 2 H, n 2 N, su
h that ea
h ve
tor f 2 H 
an uniquely be written as seriesf = Xn2N 
nyn;with 
oeÆ
ients 
n 2 C, n 2 N, su
h that this series 
onverges in the norm of H.A basis of H is 
alled a Riesz basis of H if it is the image of an orthonormal basis mappedby a bounded and boundedly invertible operator.A basis of H is 
alled a Bari basis of H if it is quadrati
ally 
lose to an orthonormal basisof H. This means that there is an orthonormal basis of H 
onsisting of ve
tors en, n 2 N,su
h that Xn2N kyn � enk2H <1:Corollary 4.25 Assume the 
onditions and use the notation of Theorem 4.23. If p = 2and q > 2, then the operator T1 has a Bari basis of root ve
tors.Remark 4.26 It may well be that a re�ned treatment of the fun
tions � and �̂ in theestimations (4.17) and (4.24), whi
h have led to the Theorems 4.17 and 4.23, 
an yield aslightly stronger result. Among other things, the Hardy inequality must be applied to �.In the end, as it seems, the widespread error terms of the form o � �q̂pn� in fa
t would liein `q(N) if q � 2. Using this, for example Bari basisness 
ould be obtained even in the
ase q = 2.Con
lude this se
tion with the observation that the results obtained are formulated forinterfa
e 
onditions given by a 2 � 4-matrix of the stru
ture B =  1 0 1 00 1 g 1 ! withg 2 C. This 
overs almost all operators whi
h have been obtained in Se
tion 3 as limits ofregular Sturm-Liouville operators. The only ex
eption are Diri
hlet interfa
e 
onditions



78 Resolvent and basisness B. Bodenstorferin 0 whi
h are given by the matrix B =  1 0 0 00 0 1 0 !. However, it is not diÆ
ult toperform similar analysis also for this 
ase. Even other 2� 4-matri
es B of rank 2 may bestudied. Then, however, the behaviour of the eigenvalues may be more 
ompli
ated, sin
ethe 
hara
teristi
 determinant detM� then may asymptoti
ally equal the sum of two sinefun
tions.
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Wie nur dem Kopf ni
ht alle Hoffnung s
hwindet,Der immerfort an s
halem Zeuge klebt,Mit gier'ger Hand na
h S
h }atzen gr }abt,Und froh ist, wenn er Regenw }urmer findet!Johann W. Goethe


