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Abstract

This dissertation deals with Sturm-Liouville differential equations of the form
=y (z) + (Voo(z) = Ny(z) = f(z), 7€ [a,b],a<0<D, (0.1)

where A € C and the function f € £P([a,b]) with 1 < p < oc. Boundary conditions
in the boundary points a and b are fixed, for instance the Dirichlet conditions
y(a) = y(b) = 0. In the standard theory, (see [N], [AG], [W], or [EE]), the potential
Vs is required to be locally integrable on the whole open interval (a,b). In this
dissertation, V., is admitted to be singular in the inner point 0 of the interval [a, b].
The potential V, is required to be locally integrable on the half open intervals [a, 0)
and (0, b] but not necessarily on the whole of [a, b].

The whole dissertation is divided into three parts. The first part, Section 2,
demonstrates a way to interpret the singular Sturm-Liouville problem in the context
of the Hilbert space £2([a,b]). The idea is to consider the equation (0.1) first on
the intervals [a,0) and (0,b] and then match solutions by interface conditions in 0.
The second part, Section 3, provides a strong approximation result. The singular
potential Vo can be approximated by regular potentials V; € £!([a,b]), j € N.
To these potentials V; correspond differential operators T}, j € N. Under certain
assumptions, it is possible to compute the limit of these operators if j — oc. It
is a differential operator for the singular potential V., with particular interface
conditions in 0. These depend on the sequence of regular potentials V;, j € N.
The third part, Section 4, proves for a particular class of interface conditions in
0 that the spectrum o(Ty) of the corresponding differential operator T, consists
of isolated eigenvalues. These eigenvalues obey an asymptotic formula of the kind
Ap ~ % if n = 0o0. An asymptotic formula for the eigenfunctions shows that the
eigenfunctions and generalized eigenfunctions of T, can be chosen to form a Bari
basis of the space £2([a,b]) under certain conditions on V.



Sturm-Liouville Operatoren mit singularem Potential

Zusammenfassung

Diese Dissertation untersucht Sturm-Liouville-Differentialgleichungen der Form
(0.1) wobei A € C und die Funktion f € £P([a,b]) mit 1 < p < oo. An den
Intervallenden a und b werden fixe Randbedingungen angenommen, etwa Dirichlet-
Randbedingungen y(a) = y(b) = 0. In der tiblichen Theorie (siehe [N], [AG], [W],
oder [EE]) wird das Potential V. auf dem gesamten offenen Intervall (a, b) als lokal
summierbar vorausgesetzt. In dieser Dissertation darf V. im inneren Punkt 0 des
Intervalls [a, b] singulér sein. Verlangt wird, daf V auf den halboffenen Intervallen
[a,0) und (0, b] lokal summierbar ist, aber nicht notwendigerweise auf ganz [a, b].

Die Dissertation gliedert sich in drei Teile. Der erste, Abschitt 2, zeigt eine
Moglichkeit, eine singulire Sturm-Liouville-Aufgabe im Hilbertraum £2([a,b]) zu
interpretieren. Grundgedanke ist, die Gleichung (0.1) erst auf den Teilintervallen
[a,0) und (0, ] zu betrachten und dann die Losungen durch Ubergangsbedingungen
in 0 zu verbinden. Der zweite Teil, Abschnitt 3, liefert ein starkes Approximations-
resultat. Das singulire Potential Vy kann durch regulire Potentiale V; € £!([a, b)),
j € N, angendhert werden. Diesen Potentialen entsprechen Differentialoperatoren
Tj, j € N. Unter bestimmten Voraussetzungen ist es moglich, den Grenzwert dieser
Operatoren fiir j — oo zu berechnen. Es ist dies ein Differentialoperator zum sin-
guliren Potential Vi, mit bestimmten Ubergangsbedingungen in 0. Diese hingen
von der Folge der reguldren Potentiale V}, j € N, ab. Der dritte Teil, Abschnitt 4,
beweist fiir eine gewisse Klasse von ﬁbergangsbedingungen in 0, dafl das Spektrum
0(T) aus isolierten Eigenwerten besteht. Diese Eigenwerte weisen fiir n — oo eine
Asymptotik der Gestalt A, ~ % auf. Eine asymptotische Formel fir die Ei-
genfunktionen zeigt, dafl unter gewissen Voraussetzungen tiber V. eine Bari-Basis
in £%([a,b]) aus Eigenfunktionen und verallgemeinerten Eigenfunktionen von T
gebildet werden kann.



1 Introduction

Particular Sturm-Liouville equations with a singularity in the interior of the considered
interval were studied as early as in [L]. The Schrodinger equation of the one-dimensional
hydrogen atom was treated there. This equation has roughly the form

—y'(x) — —= = My(x), ze€R. (1.1)
In [Bo], the very similar differential equation

—y"(z) — @ = My(z), =z €la,bl,a<0<b, (1.2)
with boundary conditions y(a) = y(b) = 0 was considered. In both cases, the usual
approach was to find explicit solutions on the subintervals left and right of 0 in terms
of Whittaker functions. These solutions then were matched in 0 by interface conditions.
Regularly, there was some discussion as to which functions should be admitted as solutions
because solutions with a logarithmic singularity at 0 in the derivative occur, see [EGZ] or
[Ne].

Even when such solutions are admitted, it was not clear which interface conditions should
be imposed in 0. In the case of (1.1), the Dirichlet conditions y(0—) = y(0+) = 0
were favoured. In the case of (1.2), interface conditions of the form y(0—) = y(0+),
lim, o (¢y'(2) — ¥'(—2x)) = vy(0) with v = 0 (see [M1]) or v = —im (see [Bo]) were
proposed. This was sometimes justified by a limit procedure, where the singular potential
was approximated by regular potentials; see [G] and [Bo]. However, in [Gu] it was pointed
out that different ways to approximate the singular potential may yield different sets of
interface conditions in 0. As to the author’s opinion on this subject see Remark 3.63.
Other ideas to justify interface conditions can be found in [Ku], where distributions are
used, and in [FLM]. There, boundary conditions for (1.1) are formulated first with a linear
relation in C? as parameter, which must be chosen. All choices are equally acceptable
from the mathematical point of view. Then it is shown that a particular stochastic
interpretation of (1.1) corresponds to Dirichlet boundary conditions in 0.

The operator studied in [Bo| was not selfadjoint in spite of the opposite claim. This claim
was based on a bilinear inner product on £?([a, b]). In fact, the operator is J-selfadjoint in
the sense of [EE]. Anyway, the question was raised in [Bo|, but remained open wether it is
possible to find a basis of £2([a, b]) of eigenfunctions and generalized eigenfunctions. This
question was solved in [BDL]. An asymptotic formula for the eigenvalues was proved
there. This and dissipativity helped to show that the eigenfunctions and generalized
eigenfunctions can be chosen to form a Bari-basis of £%([a, D]).

This dissertation speaks about three topics:

e How to cope with singularities of the potential in the interior of the interval?
e Which operators emerge when the potential is approximated by regular ones?
e Is there a basis of eigenfunctions and generalized eigenfunctions?

Although some additional assumptions must be made, several comparable theorems to be

found in the literature are superseded by the theorems presented here (such theorems can
be found in [Gu], [BDL], [G], and [KI]).
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Section 2 treats real valued singular potentials V,, in the Hilbert space case. This case
is the nearest to the standard theory as it is presented in [N], [AG], [W], [CL], or [EE].
To define a differential operator Ty, in £?([a,b]) from the singular potential V., minimal
and maximal differential operators first are considered in the subspaces £?([a,0]) and
L£2([0,b]). From these, a symmetric minimal operator S is constructed for the Sturm-
Liouville equation (0.1) in the whole interval. Its adjoint S* is the corresponding maximal
operator. The interesting case is that the equation (0.1) is in the limit-circle case at 0 on
both intervals. Then the operator S has deficiency index (2,2). Differential operators for
the equation (0.1) are characterized by interface conditions in 0. These operators extend S
and are restricitons of S*. Those interface conditions which imply selfadjoint or maximal
dissipative differential operators are characterized. For similar ideas see [EZ], where only
selfadjoint interface conditions are considered, and [BDL], where the particular equation
(1.2) is studied.

The results obtained in Section 3 form a synthesis and strengthening of results obtained
in [Gu] and [KI]. Some restrictive technical assumptions previously imposed turn out to
be superfluous, or at least their meaning becomes understandable. The method seems to
be new, is quite elementary, and works fine for many complex valued singular potentials.
Its core mechanism is the use of a family of integral series which is invoked to control
solutions of the differential equation near the singularity. Results are first obtained on a
compact interval [a, b], a < 0 < b, and then similar statements on R are proved. To get a
first impression of this chapter, read Corollary 3.58 and the examples following.

Section 4 takes up a vision expressed in [Bo] and supplies a useful basisness result for
complex valued singular potentials on a compact interval [a, b], a < 0 < b, and a particular
class of interface and boundary conditions. For (1.2), a comparable result can be found
in [BDL]. The basisness result in Section 4 is proved from an asymptotic formula for the
eigenvalues of the form A, ~ %, n — 0o, which also shows that the resolvent set of the
operators in consideration cannot be empty. It turns out that under suitable conditions,
the eigenfunctions are asymptotically equal to sinw if n — oo uniformly on the
interval [a,b]. The whole section heavily relies upon the tools developed in Section 3 to
access the singularity.
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1.2 Notation

Let N be the set of nonnegative integers, Z the set of integers, R the set of real numbers,
and C the set of complex numbers. In the context of a complex vector space, complex
numbers are also used as the corresponding scalar multiplication operators on these spaces.
The upper complex halfplane is C* = {z € C : Sz > 0}, the lower one is C~ = {z €
C : 3z < 0}. Closures in a topological space are expressed by overlining, for instance
Ct ={z € C: 3z >0} is the closed upper complex halfplane. Nevertheless, denote the
wellknown compactification of € on the set C U {oc} by €. The symbol C will also be
used to denote the underlying set € U {oc}. A local base of oo € € can be chosen to
consist of the open sets {z € C : |z| > k} U{oc}, k € N. Subsets of C like N U {cc}
are equipped with the trace topology. Limits in the compact space C are denoted by the

symbol liq;n. Similarly, [ghof)) denotes a supremum in the usual linear ordering on the set
[0, 00) of nonnegative real numbers.

Let the function ¢ be the identity on R, this means ¢((z) = x for all x € R. The constant
function 1 is denoted by 1. For x € R define the interval

[2,0) if z <0
I, = 0 ifx=0 .
(0,z]ifx >0

For 0 < r < oo let {"(Z) be the space of complex valued sequences ¢ = (cx)pez With
indices in Z such that the norm
lellerzy = 7/ 3 lexl™ < o0
keZ

if r # oo, and
el gz = sup || < oo
keZ

Note here that ||-[|,,z) does not fulfill the triangle inequality if r < 1. Nevertheless, it is
called “norm” here. Analogously define the space ¢"(N) and [[-[|,, ).

For 0 < r < oc and a measurable set M C R let L7 (M) be the Lebesgue space with
exponent r on M, that is the space of measurable functions f such that

/]

e = {1 @)lrde < o0

if r < 00, and
1l oo (ary = sup | f ()] < o0,
zeM

with the usual identification of functions which coincide almost everywhere. The supre-
mum sup means the essential supremum in this context. If f is a function such that its
domain D(f) D M, the expression f € L7"(M) should express that the restriction of f to
M is in this space. Analogously, the norm || f[|;,,, then means the respective norm of
the restriction of f to M. As for £(Z), ||-[| ;s is called “norm” even if r < 1.

For 0 < 7 < oc and a measurable set M C R let £] (M) be the space of functions on M
which are in £7(M") for all compact subsets M’ C M. Also define the set

M (M)={ue L' (M):u(&) >u(x)>0ifxe M and £ € I, N M}
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of nonnegative real valued functions in £"(M) which are increasing when the function
argument tends to zero.

For an interval I C R let AC(I) be the set of all absolutely continuous functions y on
I. For a finite union M C R of intervals let AC),.(M) be the set of all functions on
M which are in AC(I) for all compact subintervals I C M (compare [EE, 111.10.1]). For
y € ACoc (M), the derivative y' is defined in the Radon-Nikodym sense almost everywhere
in the interior of M. Set

AC(I) = {y € AC(I):y € AC(I)}, ACZ (M) = {y € ACie(M) : y € ACioe(M)}.

For the functions y € AC (M), the second derivative y” is defined almost everywhere
in the interior of M. Identify a function defined only on a subset of I with its extension
which is zero on the rest of I. Particularly, if y € AC} (I \ {0}), then ¢’ and ", when
they are undefined in 0, are treated as if they were 0 there. This convention considerably
simplifies the notation when differential expressions with singular potentials are studied.
No distributions are considered, like it is done in [Ku].

For a number 7 € R U {oo} let # € R U {oo} fulfill + + 1 = 1. This number can be

computed as 7 = =5 with the understanding that L =00 and === = 1. Sometimes it

-1 %o—1
will be convenient to use the formal rules cot1 =00, 2° = Yz =1, £ =0, and 2 = o
for x € R \ {0}.

Let X be a Banach space. Define the the closed unit ball B(X) = {v e X : ||v[|, < 1}.
Let X and Y be Banach spaces. Then a linear relation 7" from X to ) is a linear subspace
of the product space X x ). Particularly, a linear operator 7" from X to ) is canonically
identified with the linear relation {(u,Tu) : u € D(T)}. Many notions extend naturally
from linear operators to linear relations, see [Br|. In the following, the attribute “linear”
will be omitted when speaking about operators and relations. The domain D(T) of a
relation T is its projection to the first component, thus D(T') C X; the range R(T) of T
is the projection of T to the second component, thus R(T) C Y. When X = Y, T is said
to be a relation in X.

Assume that T is a relation in X'. The resolvent set p(7T) is the set of all numbers A € C
such that (T'— \)~! is a bounded operator on X'. The spectrum of T is o(T) = C \ p(T).
The operator norm of a bounded linear operator 7' from & to ) is denoted by ||T,_, .
If X =Y, the abbreviation ||T'||, is used. When there is no possibility of confusion, the
norm may simply be denoted by ||T|.

Let X be a metric space, v € X, and Y C X. Then dist (v,U) is the infimum of all
distances of elements v € U from v.

Assume that H is a Hilbert space. Then its inner product is denoted by (-,-),,. When
there is no possibility of confusion, the inner product may simply be denoted by (-, -).
This sesquilinear form is linear in its first argument and conjugate linear in its second. For
a subspace U C H the orthogonal complement is . If u,v € H, then the orthogonality
relation (u,v),, = 0 is written as u L v.

Let I C R be a possibly unbounded interval such that 0 is an inner point of I. Set
I_ = 1N (-0c,0) and I, = I N (0,00). Assume V,, € LL.(I\ {0}) and define the
differential expression [, by

looly] = =" + Vacy

for all y € AC..(I\ {0}). Equivalently, o, can be defined first on the spaces AC} (1)
and then be extended to their direct sum. Compare [EZ] and [BDL].
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Finally, choose a number p € [1,0c]. The canonical identification
Lr(I) = LP(I\{0}) = LP(I-)+LP (1) (1.3)

will always be used.

1.3 Basic results

The following result is [W, Theorem 2.1].

Result 1.1 Assume m € N, that A is a family of m X m matrices on a real interval I
with entries in Ll..(I), and f € L, (I). Consider the differential equation

Y (z) = Alz)y(z) + f(z), zel (1.4)
Then the following assertions hold:

1. For every number xg € I and vector yo € C™, there is a unique solution y of (1.4)
satisfying the initial condition y(xy) = yo.

2. If A has the form A = Ay + AAy where Ay and Ay are families of m x m-matrices
on I with entries in L} .(I) and X € C is a parameter, then the solution y(z,z) is
an entire function of z for every x € I.

8. If Ay — A and f; — [ in LL.(I) and yj0 — yo in C™ if j — oo, then the
corresponding solutions y; converge to y in L5, (I).

This result will frequently be used in the following adapted version.

Corollary 1.2 Assume that I' C R is a compact interval, that V; € LY(T'), f; € LY(I'),
zj0 € I', and §j0 € C* for j € NU {oo}. Consider the differential equations

—y;i)\ + (V} — )\)yj,,\ = fj, xel. (15)
Then for all j € NU{oo} and A € C there is a unique solution y; x of (1.5) satisfying the
initial condition
( Yin(wio) ) .
?J},A(xj,O) 7
For all numbers j € N U {oo} and x € I', the functions mapping A € C to y;,(x) are

entire. If the convergence relations V; — Vo and fj — fo in LYI"), Jo; = Jsoo in C?,
and Tjp — T i 1" hold if j — 00, then yjx — Yoor and yj, — Yoy in L(I').

Proof. Sketched. The assertion is obtained from Result 1.1 when the second order linear
differential equations are written as linear first order systems

U@ Y _ (0 1Y wp@ (0 Y

Yir(z) Vitg) = A 0 )\ yja(z) flx) )’ ’
of differential equations for all j € NU{oc}. To see that the solutions depend continuously
also on the numbers z, ¢, note that the shift operators form a continuous group of operators

in £L1(I"). Apply a shift by .0 — 20 to the functions V; and f; and its inverse to the
solution y; . This reduces the original problem to a problem with fixed initial point. O
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1.4 Table of notation

B. Bodenstorfer

The following table gives the page references of most symbols introduced. The symbols
AC, M) |||, (-,+), L, D(+), and R(-) have

N: Za ]R: Ca Ci; @; Ixa [i; 17 Ly ZT: [’Ta T

been defined in Section 1.2.

loc?

[., ']7—[2
b
Bjre
gj,)\,oo,x

Gjre

11
16
31
29
49

X ta

46,

14
15
68
29
23
17
19
58
67
58
14
68
62

21
31
23
35
23
15
19
68
46
15
16
61
58
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2 Singular differential operators in the Hilbert space

Throughout this section assume that the potential V,, € £L.(I'\ {0}) is real valued.

2.1 Extensions of a symmetric operator

Definition 2.1 Assume that H is a Hilbert space and T a relation in #. Then the
adjoint of T is the relation

T = {(u,v) € H xH: (f,u) = (y,v) forall (y, f) € T}.

Definition 2.2 Assume that # is a Hilbert space. Then the relation D in H is dissipatve
if

S(f,y) >0, (y,f)eD.

It is maximal dissipative if it does not admit a dissipative proper extension. Similarly,
the relation S in H is symmetric if S C S*. This means that

S(f,y) =0, (y.f)€S.

It is maximal symmetric if it does not admit a symmetric proper extension. The relation

A in H is selfadjoint if A = A*.

Definition 2.3 Assume that X is a Banach space and T a relation in X. A canonical
extension of 7" is a relation 7" O T in X'. Throughout this thesis, only canonical extensions
are considered. So the word “canonical” is omitted when speaking about extensions. In
the case that an extension 7" of T is an operator, it is called an operator extension of
T. IfT'# T, T is called a proper extension of T. The relation T is called a restriction
of a relation 7", if T' C T'. If T' # T', it is a proper restriction. If 7" C T" and n is the
dimension of the factor space T'"/T, then T" is called an n-dimensional extension of 7" and
T is called an n-dimensional restriction of 7",

Definition 2.4 Assume that H is a Hilbert space and that S is a symmetric relation in
H. An extension T of S is called a regular extension of S if T C S*.

Assume that H is a Hilbert space. Consider the space H? = H x H with the indefinite
inner product [, ]3> given by

(f1,y2) - (y1, f2)

?

[(y1, 1) (Y2, fo)]az = o (, f1), (y2, fo) € HE

As to indefinite inner product spaces see [B].

Definition 2.5 A subspace U of H? is called [, -]y2-positive, [+, -]yz-negative, or [, ]ye-
neutral if [u,uly2 > 0, [u,uly2 < 0, or [u,u]y2 = 0, respectively, for all v € U. Tt is
called maximal [+, -]y2-positive, if there is no [+, :]y2-positive space U’ C H? such that U
is properly contained in U’. The definitions for maximal [-, -]y2-negative and maximal
[-, -]32-neutral are analogous.

Assume that U is a subspace of #?. Then the [-, -]y2-orthogonal companion of I is the
space

{veH: [v,ulye =0 for all u € U}.
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Easy computation shows that a relation is (maximal) dissipative if and only if it is a
(maximal) [, -]2-positive subspace of H xH, and it is (maximal) symmetric if and only if it
is a (maximal) [+, -]y2-neutral subspace. The adjoint of an operator is its [+, -]2-orthogonal
companion. For longer proofs of the following statement see [GG, Theorem II1.1.3] or [Kz,
Lemma 1.3.7].

Lemma 2.6 Assume that H is a Hilbert space, S a symmetric relation in H, and D a
dissipative extension of S. Then D is a reqular extension of S.

Proof. Since D is [+, |y2-positive semidefinite and S C D is [, |y2-neutral, the Schwarz
inequality yields (compare [B], Lemma 1.4.4)

<Vl £, W1 )l [ fo), (g2, fo)lae = 0,

for all pairs (yi, f1) € S and (ya, fo) € D. So D is [+, :]y2-orthogonal to S, which means
D C S*. a

11, 1), (9, o))

Now the following standard assertion (see [GG, p. 150]) can be proved easily without the
use of deficiency indices.

Lemma 2.7 Assume that H is a Hilbert space and A a relation in H. Then A is selfad-
joint if and only if both A and —A are mazimal dissipative.

Proof. If A is selfadjoint, it is dissipative. Moreover, Lemma 2.6 implies that it has
no dissipative proper extensions. Hence, A is maximal dissipative. The same argument
applies to —A.

Conversely, if £ A are maximal dissipative, A is symmetric, which means A C A*. More-
over, the space A C H? is maximal [+, -]y2-positive and maximal [-, -]y2-negative. So by [B,
Lemma 1.6.3], its orthogonal companion A* is [-, -]y2-negative and [-, -]2-positive. Hence,
the maximality properties of FA prove A* C A. a

Lemma 2.8 Assume that H is a Hilbert space and D a dissipative relation in H with
dense domain D(D). Then D is an operator.

Proof. Assume (0,u) € D for some u € H. Then for all vectors (y, f) € D and numbers
A € C, the dissipativity of D implies

0<SQMu+fry) =S Au,y) +3(f,y)
For large numbers A, the second term can be neglected, which proves
0< S (A\u,y), MeC.

This is only possible if u L y. Since this must hold for all y € D(D), u = 0, and thus D
is an operator. O

Note here that a dissipative operator 7" may have dissipative extensions which are proper
relations, but may admit no dissipative operator extensions. The following Corollary 2.9
shows that the notion “maximal dissipative” can be handled without the use of relations
when speaking about densely defined operators.
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Corollary 2.9 Assume that H is a Hilbert space and D a dissipative operator in H. Then
D is maximal dissipative if and only if it is densely defined and has no dissipative proper
operator extension.

Proof. If D is densely defined, then all dissipative extensions are so, too, and thus are
operators by Lemma 2.8. So D is maximal dissipative if and only if it has no dissipative
proper operator extension.

If D is not densely defined, then the relation

D' = D+{(0,u) : u L D(D)}

is a dissipative proper extension of D. O

Definition 2.10 (see [GG, p. 159]) Assume that X" is a Banach space and T a relation
in X. Then T is solvable if its resolvent set p(T') is not empty.

The proof of the following standard assertion is based on the proof of |GG, Theo-
rem II1.1.2] for the operator case. Also compare the definitions and comments in [K,
p. 279).

Lemma 2.11 Assume that H is a Hilbert space and D a mazimal dissipative relation in
H. Then D is solvable.

Proof. Choose a number A\ € C~. Dissipativity of D implies that the numerical range

O(D) = {(f,y): (v, f) € D, |yl = 1}

is contained in the closed upper halfplane C*. Since a pair (y, f) € D with ||y|| = 1 fulfills

If =Myl = (f = Ay, ) = (f,y) — A = dist (A, ©(D)),

the resolvent (D — \)~! is a bounded operator on the space R(D — \) C H. The closure

of a dissipative relation is dissipative again, thus the maximal dissipative relation D is

closed and so is the range R(D — \).

Assume that (D — \)~! is not defined everywhere on H. So there is a nonzero vector
€ (R(D — \))*. Then the proper extension D' = D+span {(v, \v)} of D is dissipative

again because every pair (y, f) € D fulfills (f — Ay, v) = 0 and hence the imaginary part

of the expression

v+ foty) = (fy)+ (Fo)+ (v, y>

= (i +{fiv)+ >
= (fim)+{f,v) +(/, > > (fy) +2R(f,v) + A (v,v)
is positive. This contradicts the assumption that D is maximal dissipative. O

As to the converse of Lemma 2.11 note that solvable extensions of symmetric operators
need not even be regular as the construction in the following example shows.
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Example 2.12 Assume that A is a Hilbert space and S a densely defined closed sym-
metric operator in H with deficiency index (1,1). Choose a number A € C \ R and a
vector g € H \ R(S — A). Then choose a vector u € D(S) such that (g,u) # 0. Finally
choose a vector y € H \ D(S) such that

(g, u) # (¥, (S = Nu). (2.1)

This is possible because the set H \ D(S) is dense in H. Consider the extension 7' D S
defined by

D(T) = D(S)+span{y},
Tu = Su, wu€D(S),
Ty = g+ \y.

Then (2.1) implies

(Ty,u) = (g+ My, u) = (g,u) + (y, M) # (y, (S = Nu) + (y, 2u) = (y, Su).

Thus T is not contained in S*. For f € H define the functional x such that f = fo+x[flg
with fo € R(S — A). Then x is continuous because R(S — A) is closed. The equality

(T—=XN"f=6=-N"(f—xIflg) +xfly, feH,

shows that T is solvable. Of course by Lemma 2.6, neither 7" nor —7 is dissipative.

2.2 The differential expression on the subintervals

The differential expression [, on each of the intervals /. induces a minimal operator S
and a maximal operator, which is the adjoint S% of Sy, compare [EE, Theorem II1.10.7].
For simplicity assume that [, is in the limit point case at the nonzero end points of 1.
To find similar results if [, is regular at the nonzero end points of I, suitable selfadjoint
boundary conditions in these end points must be imposed. These could be of the form
y(a) = y(b) = 0, for instance, if I = [a,b]. The maximal operator S§ on Iy is given by

D(S3) = {ye LX) NAC(I1) : —y" + Vaey € L2(11)}
Siy = Vy, y€D(SL).
For z, 21,25 € I define the sesquilinear forms [-, -], and [-,-]7? by
fu, 0]a = u(@)o (@) — ' (@)o@), [0, 012 = [u,0]ay — [10,0]as w0 € D(SY).
Then Green’s Formula

]z = [ (1l @@ — (@ R](@) do 22)

holds for u,v € D(S%) and z1,z9 € I, see [EE, I11.10.1] or [W, Theorem 2.2]. Since
St C L%(14)?%, (2.2) implies that the limits [u, v]iner, = limg yine 1, [, V]2, (U, V]supry =
limy ysup 14 [1, v], exist and are finite for u,v € D(S%). Moreover,

[ylay2]isrlllfpllf = <Siy1, y2> - <y17 Siy2>; Y1,y2 € D(SY). (2.3)
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Since Sy is the adjoint of S}, the domain of the minimal operator S1 can be described as
D(S:) = {y € D(S}) : [y, ulox = 0 for all u € D(S1)}. (2.4)

By (2.3) and (2.4), the operator Sy is symmetric. If the differential expression [, is in
the limit point case at 0% in Iy, then Sy = S% is a selfadjoint operator. Else Si is a
symmetric operator with deficiency index (1,1), and S% is a two dimensional extension
of S4. For the rest of this section assume this latter case for I.. Then the factor space
D(S%)/D(S4) is two-dimensional. It is spanned by the equivalence classes of two functions
vy and wy in D(SY):

D(S%) = D(Sy)+span {va, wy}. (2.5)

The von Neumann formula (see [GG, III, Theorem 1.1])
D(S;) = D(S)+ ker(S; — M)+ ker(St —12), NeC\R, (2.6)

implies that the functions vy and w4 can be found from the solutions of the equations
lsoly] = Ay and I [y] = Ay on L. Since V., was assumed to be real valued, the conjugate
7 of a solution y of the equation Sy = My solves Siy = Aj. Moreover, by (2.6), the
functions y and 7 are linearly independent modulo D(S1). Now assume y4 € ker(ST —\)\
{0} and define the real valued functions vy = y4 +7, and wy = —i(y+ — 7). Without
loss of generality, it is assumed that [vi, wi]ox = —1. This can always be achieved by
multiplication of y with a suitable complex number. Note that [vy, wi]ox = 0 is impossible
because the sets {vy, w4} are linearly independent modulo D(S1). The antisymmetric
definition of the sesquilinear form |-, -],, x € I, then yields

(Wi, velos = —[ve, welox =1, [va, vefos = [wa, wilos = 0. (2.7)
From (2.4), it follows
D(Si) = {y € D(Si) : [y,vi]()i = [y,wi]gi = 0} (28)
Define the boundary operators by : D(S%) — C? by
:F[ya v:l:]O:l: %
by = .y eD(SL). 2.9
= (Feike ),y enisy 29

Lemma 2.13 Assume that Jy is the 2 X 2-matriz
0 —1
(09

kerbi = D(Si),
R(by) = C?
<S:*ty1, y2> - <y1, Siy2>
l

Then

= F(bry2)"Jobay1, Y1,y2 € D(SI).
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Proof. The equality (2.8) implies the first assertion. The second one follows from the
properties (2.7) of vx and wy and (2.9) since

0 1
bivi = < +1 ) s biwi = ( :'E) ) . (210)

Assume ¥y, Yo € D(S%). These vectors by (2.5) can be decomposed as
yr = up + ogvs + Prwe, k€ {1,2},
where uy, uy € D(S1). Then the relations u; € ker by and (2.10) yield
_ | FbB
biyk—<iak>a kE{l,Q},
and from (2.9), it follows

Y1, Yoloxr = ainva, va] + Bidlwe, va] + a1 Balve, wi] + Bi Bolwa, wa]
= ( —Ba 04_2) ( _01 (1] > ( _Ofl ) = i(bxy2)" Job1y1.
Now (2.3) yields

Sty y2) — (w1, Sty Yl
< +U1 2> < 1y P4 2> _ Y1, o] s ::F[ylay.Q]Oi — F(bsv) Jobou, u,v € D(SL),

i i i
since the terms [+, Jinf; and [+, *Jsup s vanish as a consequence of the limit point case in the
end points of 1. O

2.3 Interface conditions in 0

Define the closed symmetric operator S = S_ & S, in £2(I). Its adjoint is S* = S* @& S%.
This section starts the study of the regular extensions of S. Other extensions than regular
ones are not contained in the orthogonal sum of the maximal operators. So they are
not considered to represent the differential expression l,,. For example, an extension
constructed from S with the help of the method used in Example 2.12 typically is such
an extension. The vector y used there might be a discontinuous function and its image
chosen rather arbitrarily.

The cases when the differential expression /4, is in the limit point case at 0 in one of the
intervals I, are not interesting in the present context of a differential expression on a
direct sum space. This was pointed out in [EZ]. For instance assume that [, is in the
limit point case at 0 in I_. Then S_ is selfadjoint in £?(I_) and all regular extensions T
of S are of the form S & T, where T, is a regular extension of S,. Hence the study of
regular extensions of S reduces to that of regular extensions of Sy in £?(7,). In the case
where [, is in the limit point case at 0 in both intervals I, S itself is selfadjoint.

The assumption is made that [, is regular or in the limit circle case at 0+ in I.. So the
operators Sy are symmetric with deficiency index (1,1) each and S has deficiency index
(2,2). Define the boundary mapping b : D(S*) — C* by

[yav—]ﬂ—
b—y— [yaw—]ﬂ— *
by — _ Y=y +yys € D(S)
Y ( byt ) [y, v4los Y= e (S3)

—[y, wilo+



Maximal dissipative and selfadjoint interface conditions 17

Lemma 2.13 yields
R(b) =C*,  kerb=D(9). (2.11)

So the boundary mapping b has the important property that every regular extension T
of S can be determined by a complex 4-column-matrix B such that

D(T) = ker(Bb). (2.12)

2.4 Maximal dissipative and selfadjoint interface conditions

Let Jy be the 2 x 2-matrix defined in Lemma 2.13 and J be the 4 x 4-matrix

[ Jo 0
=(0 )
Lemma 2.14 Assume y1,ys € D(S*). Then it holds

(S*y1,y2) — (y1, S*y2)
7

= (bys)* Jby;.

Proof. Lemma 2.13 yields for yx = yr,— + Y.+, ye,+ € D(S%), k € {1,2},

(S*y1,y2) — (Y1, S*Ya) _ <Sfy1,—,y2,—> - <yl,—, Sf?JQ,—>
1 1
+<Siy1,+ay2,+> - <y1,+7 Siy2,+>
1
= (b-y2,-)"Job_y1,— — (byya,1)"Jobiyi 4 = (by2)" Jby:.

O

Definition 2.15 A subspace U of C* is called .J-positive, J-negative, or .J-neutral if and
only if u*Ju > 0, u*Ju < 0, or u*Ju = 0, respectively, for all u € U. A .J-positive subspace
U C C* is called maximal J-positive, if all J-positive subspaces U’ of C* with U C U’
equal U. The definitions of maximal J-negative and maximal J-neutral are analogous.

Corollary 2.16 Assume that T is a regqular extension of S and U = {by : y € D(T)}.
Then T is (mazimal) dissipative if and only if U is (mazimal) J-positive, —T is (mazimal)
dissipative if and only if U is (maximal) J-negative, and T is (maximal) symmetric if U
is (mazximal) J-neutral.

Proof. Lemma 2.14 implies

0< 23 (Ty.y) = S0 =W Ty) _ (S'y.9) = (1, S"y) _

1 1

(by)*Jby, y € D(T).
(2.13)
So T is dissipative if and only if U is J-positive. Next assume that 7" is a dissipative
proper extension of 7. Then it is a regular extension of S since T"* C T* C S* and
thus also {by : y € D(T')} D U is J-positive. Hence U is not maximal J-positive.
Conversely, if I is not maximal J-positive, there is a .J-positive subspace U’ D U of C*.
As a consequence of (2.11), this subspace is the image of a subspace 7" 2 S of S* under



18 SINGULAR DIFFERENTIAL OPERATORS IN THE HILBERT SPACE B. Bodenstorfer

the mapping b. Then T" is a dissipative proper extension of 7. The proof for the assertion
on —T follows the same pattern, only the symbol “<” in (2.13) must be replaced by “>".
Symmetric extensions are treated analogously using the equality symbol “=" in place of
the inequality symbol in (2.13). O

Corollary 2.17 Assume that T is an extension of S such that T or —T is maximal
dissipative. Then the domain D(T) can be given by (2.12) with a 2 X 4-matriz B which
has rank 2.

Proof. Lemma 2.6 implies that 7" is a regular extension of S and therefore its domain can
be given by (2.12) with some 4-column matrix B. Since the matrix J has the eigenvalues
+1, each of multiplicity 2, the maximal .J-positive and maximal .J-negative subspaces of
C* are of dimension 2, see [B, Lemma IX.1.2]. This and Corollary 2.16 yield that the
subspace U = {by : y € D(T)} = ker B of C* is two-dimensional. This implies that the
matrix B has rank 2, and without loss of generality, B is a 2 X 4-matrix. O

Theorem 2.18 Assume that T is a reqular extension of S and that its domain is given
by (2.12) with a 2 X 4-matriz B which has rank 2. Assume that B is decomposed as

B=(B. B ),
where By are 2 x 2-matrices. Then T or =T is mazimal dissipative if and only if
B Jy,B *<B,JyB,* or B_JyB *>B,JyB.",
respectively. The operator T is selfadjoint if and only if
B JyB_* =B, JyB,".

Proof. 1t suffices to prove the criterion for 7' to be maximal dissipative. The corresponding
criterion for —7 is proved analogously. The assertion about selfadjointness then follows
from these criteria using Lemma 2.7.

The space U = ker B in Corollary 2.16 is maximal J-positive if and only if its J-orthogonal
companion

{veC*: (Ju,v) =0 for all u € U} = R(JB*)

is J-negative, compare [B, Theorem V.4.4]. Since J = J* = J~', the space R(JB*)
J-negative if and only if R(B*) is. This condition is equivalent to B_.JoB_* < B, .JyB.".
O
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3 Approximation by regular potentials

For the potentials V}, j € NU {oo}, assume

V S [’loc( )7 .7 € N V € [’loc([ \ {0}): (31)
/ Vol (z)|dz — 0, j — oo, for all compact sets I' € T\ {0}, (3.2)
L AGIIEN (33)

uniformly with respect to j € NU{oc} if z — 0. The conditions (3.1) and (3.3) contain a
restriction for the potential V,, to which the following theory is applicable. The condition
(3.2) only expresses that the regular potentials V}, j € N, converge to V. in the sense of
Ll (I\{0}). For j € NU{oc}, the differential expression /; is given by

Lyl = =y" + Vjy

for all y € ACp.(I\ {0}). Equivalently, the differential expressions I; can first be defined
fory € AC: . (I+). Then [; can be extended to all y € ACp.(T\{0}) using the identification
(1.3). The Sturm- L10uv111e equations corresponding to [; are

"+ (V; =Ny = 0, (3.4)
"+ (V; =Ny = [, (3.5)

where f € LP(I) and A € A C C. The set A is some sufficiently large bounded subset
of C with 0 € A. For the purposes of this section, A = {z € C : |2]| < 1} suffices. The
conditions (3.1), (3.2), and (3.3) are understood as implicit premises in all statements of
this section. The same is true for the properties of the set A and the constant p € [1, oc]
which defines the considered space of functions £P(I), compare (1.3).

3.1 Some integral inequalities and the function pu

Lemma 3.1 Assume j € NU{oo} and x € I. Then it holds

[ [ Wi lasae =| [ levice)la| - o

uniformly with respect to j € N U {oc} if z — 0.

Proof. Reverse the order of integration in

[ [Fviorasaz = [ [ violazas = - [ vito)ias

Then the assumption (3.3) yields the convergence asserted. O
Define
pu(z) = sup / / V;(s)|dsd€ (3.6)
jeENU{oo}

for all x € I. Lemma 3.1 implies p(z) — 0 if z — 0. Let X C I be a symmetric open

interval around 0 with sup (pu(z) + 22|A|) < 2
AeAxeX
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Lemma 3.2 Assume r € [1,00], x € R\ {0}, v € L7(I,), and £ € I, U{0}. Then it

holds
£ P
[Futerds) < il ol

Proof. To simplify the notation, assume z < 0. If 1 < r < oo, Holder’s inequality yields

< [ o < [ vaef] [ s = el e

If r € {1,000}, the assertion of the lemma is trivial. O

[ luts) s

Corollary 3.3 Assume r € [1,00], x € R\ {0}, u € L"(1,), and £ € I, U{0}. Then it
holds

/x 6 Vesu(s)ds

< x| [lullzrz,) -

Proof. Lemma 3.2 yields

U ~
< ‘\/E/x lu(Q)lds| < |z ull g,y = =l [ull 2oz, -

[ luts)ds

Corollary 3.4 Assumer,s € (0,00], r > s, z € R\ {0}, and u € L"(I,). Then it holds

11
lull gory < 1277 Hluller

Proof. Without loss of generality assume s < oco. Consider the function u® € L5.
Application of Lemma 3.2 yields

S/ S rls
£s()  — \/||U ||cl(11) < \/ |2 [|us]

—1 _ S -1_.,.-1
= |27 D)l gy = 2T Nl -

|u 5 (1,)

Lemma 3.5 Assume r € (0,00, z € R\ {0}, and u € M"(I,). Then it holds
|Vru(@)] < lull g,y -

Proof. If r = oo, the statement is trivial. If 0 < r < oc, monotonicity of u implies

[ we] <| [ (€)de] = u

au” (z)] = (1)
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3.2 Basic properties of the solutions of (3.5)

Lemma 3.6 Assume j € NU{oo}, A € A, z € X\{0}, f € LP(I,), and that the function
y is a solution of (3.5) on I,. Then

y(@)| + oy (@)| + 1o 2l 11l o,

) / D
Il < TG ey < 2ly(a)] + 2o/ ()] + 2 o 1 -

Proof. In the following, all functions C,(...) which are applied for error estimation fulfill
|Cy(...)| < 1. The differential equation (3.5) and the Lemmas 3.1 and 3.2 for £ € I,

imply
WE) = v+ €@+ [ [ i) = () - Fr)ards
)

= y(2)+ (£ —2)y'(x) + Ci(x, &, f)x\/EHfHEP(Iz)
+C5(5, A 2, &, y) () + 22[A]) sup [y(s)).

CGI::\I§

For the supremum sup |y(s)| this yields the equation
CEIz\I&

sup [y(<)| = Cs(x, & y)y(@) + Calx, & y)ay' () + Cs(, &, f)x%HfHEP(IE)

§EII\I§
+Cs(j, A, x, & y) ((x) + 2*|A]) sup [y(c)l.
§EII\I§

It can be solved when pu(z) + 2?|A| < 1 and then gives

Cala.&,y)y(x) + Cula, & y)ay/ () + Cs(a, &, Nr V7 1l oo

su ¢ = ]
Sup 1<) 1= Cali X7, &, ) (u(@) + 220
9(@)| + Loy’ @) + (2051 | oy
: T— @) =22\ |

This implies the assertion because z € X and the last expression on the right side is
independent of £ € I,. O

Corollary 3.7 Assume j € NU {oo}, A € A, z € I\ {0}, and f € LP(I,). Then all
solutions y of (3.4) and (3.5) are bounded on I,.

Proof. Choose & € X N I,. First consider a solution y on I, \ Iz. Since V; € L1(I,\ I¢),
both y and y' are bounded there. On the interval /¢, Lemma 3.6 proves that y is bounded.
O

If p = 2 and Vj is real valued, this implies that the differential expression [; on Iy is
regular or in limit circle case at 0+. If p = 2 and Vj is complex valued, this implies that
the differential expression /; on I, is regular or in case II or IIT at 0%. For the definition
of case IT and III see [EE, p. 159].

Assume z € I\ {0}. Then define the bilinear form [-,-| by

T

[y, 92, = vi(2)ys (@) — i (@) ya(2),
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for all y;,y, € ACL.(I'\ {0}). Then Green’s formula

€2

[y, 2., — Ty1.92),, = / loo[y1](@)y2 () — Y1 () oo [yo) (x)d (3.7)

z1

holds if both zy, 29 € I, or xy, 29 € I,. See, for instance, [EE, 111, (10.6)], but note that
it is more convenient in the present context to use a bilinear form [-, -] instead of the
sesquilinear form [-, -], introduced in (2.2). The reason is that the potentials dealt with
are complex valued now.

Corollary 3.8 Assume j € NU{oc}, A € A, x € X\ {0}, fi1, fo € LP(I,), and that the
functions y; and yo are solutions of (3.5) on I, for f = f1 and f = fo, respectively. Then
the limits

gl_lgli (Y1, yQJg

exist and are finite.

Proof. Lemma 3.6 implies y;,y2 € L2(1,). Moreover, L;[y1] = f1,1[y2] = fo € LP(I,) C
L'(I,). Hence, Green’s formula (3.7) yields the assertion. O

Corollary 3.9 Assume j € N U {occ}, A € A, x € T\ {0}, f € LP(I,), and that the
function y is a solution of (3.5) on I,. Then there exists a function u € M'(I,) with

lullgrr,y < (@) + @A) 1Yl o 1, + 12Vl 2o,
such that |y' (&) — y'(x)| < u(&) for £ € I,,. Particularly, y' € L}(I,).

Proof. By Corollary 3.7, ||y||£oo(lm) is finite. For & € I, it holds

£ £

y'(©ds = [ (Vi(€) = 0y(6) = F()ds.

x

v© -y =

X

Let the function u for £ € I, be given by

Iyl goer,y + V12N N oga,y -

Then |y'(§) —y'(x)] < u(§) for all € € I, by Lemma 3.2. Lemma 3.1 and the relation (3.6)
imply the assertions on u. a

@) = | [ 101+ s

Corollary 3.10 Assume A € A, x € I\ {0}, f € LP(I,), and that the function y is a
solution of (3.5) on I, UI_,. Then the limits

y(0£) = lim y(z)

exist and are finite.

For a result similar to Lemma 3.6, see [EE, Theorem III.10.17], where estimates for the

solutions in the case of a nonsingular potential are given. For a result comparable to
Corollary 3.7 see [W, Theorem 6.4].
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3.3 The operators H;),, and their properties

For j e NU{oc}, A € A, 2 € I'\ {0}, and n € N define the integral operators F} ), and
H],)\nac on EOO( ) by

(Fpa)(©) = [ / (r)drds, €€ lyye L),  (38)

Hj,/\,n,z — Z 3)\1 (39)

Similar operators are well known from the Picard-Lindel6f procedure, also compare Corol-
lary 3.17 below. The definition of Hj ), , implies the recursion formulas

Hj’/\’g’x - 0, (310)
Hj,/\,n+1,z = 1+Fj,)\,:rHj,/\,n,z: n € N. (311)

Lemma 3.11 Assume j € NU{oo}, A € A, and x € I\ {0}. Then it holds
I Finall goor,y < m@) + %A

Proof. For y € L*(1,), Lemma 3.1 and (3.6) imply

(FEpan) @1 < [ [ V] + NIy (ldrds < () + 227D [l -

O

Corollary 3.12 Assume j € NU {oc}, A € A, and v € X \ {0}. Then F}y , — 0 and
H

iama converges if n — oo. These convergence relations are uniform with respect to
j€NU{oo}, A€ A, and z € X \ {0}.

For j e NU{oo}, A € A, and z € X \ {0} define Hj ) o, as
Hjxocw = lim Hjj oo = 2_:0 F .. (3.12)

Lemma 3.13 Assume A € A, n € NU {oo}, and x € X \ {0}. Then
Fj,)\,m — Foc,/\,:u Hj,)\,n,z — Hoc,/\,n,m

if § — oo, uniformly with respect to all other variables.

Proof. For £ € I, it holds

IN

//\v ()| drds
_ //\VOO(T) |drdg+/ / Vio(7) = V()| drds
+/ / Vo (7) — Vi(7)|drds.

[ Foopne = Finall ooz,
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For € > 0 choose the number £ € I, such that the absolute value of the last integral on
the right side is less than € for all 7 € N. This is possible because of Lemma 3.1. The
first two integrals on the right side then tend to zero if j — oo in consequence of (3.2).

Consequently for n € N, F'y . — F , . if j — 00, and this convergence is uniform with
respect to A € A and z € X \ {0}. The convergence assertion on H; ., n € NU {oo}
now follows because these operators are defined as sums with an absolutely convergent
upper bound by Lemma 3.11. O

Lemma 3.14 Assume j € N U {oo}, A, 2 € A, n € NU {0}, z € X\ {0}, and
y € L2(I,). Then it holds

(Hipinay = Hinonay) () < 4lz(Ar = Ayl oo »
[(Hjxinay = Hiponay) ()] < 4€x(AM = X) [ Y]l zoo 1,y »

and Zf] — 00, the diﬁerences (Hj,)\l,n,zy - Hj,/\z,n,zy)l(é-) and (Hj,)q,n,zy - Hj,/\z,n,zy) (6)
converge uniformly with respect to n € N U {oo}, € € I, and y € B(L>(I,)).

Proof. Without loss of generality assume |[\;| < |\y|. By interlaced induction on m €
N \ {0}, first the following two pairs of hypotheses are proved. Firstly,

(FP s = F o) ()] < |1 = Ao)a(u(@) + 2?2} m lyll gy,

and if j — oo, the expression (F/3 .y — FI%, ,y)" converges in £*(I,) uniformly with
respect to y € B(L>(I,)). Secondly,

(F7, 0y = Fuat) (@] < [ = Ma)a(ua) + 2 D)™ mlyl i

(P72 Y= Fi, o9

and if 7 — oo, the quotient converges uniformly with respect to & € I,

and y € B(L>(I,)). It holds

3
(Fuwa = Fiauat)'(©) = [ O = M)yl(©)de,

(Fiaay = Finay) (O < e = 2) [ Yl gz, »

which proves the first pair of hypotheses for m = 1. If the first pair of hypotheses holds
for m € N, the second pair follows by integration. Now assume that the second pair of
hypotheses holds for m € N. For £ € I, compute

(Fj,,?‘;:,lxy - F]i’i\‘;,lm )I(S) = (Fjsklzx(F]?:nAl,iE - F‘]?:nAQ,I)y + (Fja)\lzm - Fj)\?yx)F]?:nAQ,Zy)I(S)

3 FN\ 2y — F, 2y)(s &
= [0 - a R =R g o,y [, (6

If j — oo, the second pair of hypotheses, (3.2), and (3.3) imply that the first integral
converges and Lemma 3.13 yields that the second integral converges. Both convergence
relations are uniform with respect to & € I,. Moreover, the second pair of hypotheses
implies that for all j € N U {oc}, it holds

(Fiy oy — Fingay)'(©)]

< (| = dmstuta) +-22 ) [0 =l

£
0 =30 )+ by ) Wl

< (A = A2)(m + Da(u(@) + 2% )™ Iyl g1,
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for m € N\ {0} using (3.3). For H; ), no and Hj x, .2, this and 2 € X yield

‘(Hja)‘lynazy - H \A2,m Iy Z ‘ ]s)\ls B FJ’?lAst/y)l(f)‘
< (A1 = A2l [1Yll g7,y 22 M) + 2%|A2])™
m=1
(A1 = Ao)z|

= (1 — ,U/(x) — xQ‘)\QDQ ||y||L°°(Iz) < 4‘()‘1 - )\2)$| ||y||L°°(Iz) :

The second assertion of the lemma follows by integration. The convergence of the dif-
ferences follow because the expressions are sums of terms which converge if j — oo and
which admit an absolutely convergent upper bound. a

Lemma 3.15 Assume j € NU{oc}, A € A, n e N, z € T\ {0}, f € LP(I,), and that
the function y is a solution of (3.5) on I,. Let the function u be given by the formula

/ / r)drds, €€ l,. (3.13)
Then for all & € I, it holds

(&) = y(0)(Hjpna) (&) + ' (@) (Hjpnat) () — (Hjamaw) () + (Fjh2y) (&)

Proof. 1f y fulfills (3.5), then Corollary 3.9 implies 3 € £L'(I,). For £ € I, it follows

y(&) = +/ S)ds = y(0) + &y'(z +// 7)drds
= YO+ &/ @+ [ [ W50 = Ny(r) — f(r)ards
= y(0) +&/'(x) — u(©) + (Faay)(©). (3.14)

Now the proof of the Lemma is by induction on n. For n = 0, the assertion is implied by
(3.10). For arbitrary n € N, (3.14), the induction hypothesis, and (3.11) imply

y(€) = y(0) +&y'(x) —u(§)
+Y(0)(FjraHjnma1)(€) + ' (@) (FjpoHjnnat) () — (FjxaHjmau)(§)
+(FjpaFiney) (&)
= Y(O)(Hjrni121)(E) + ' (@) (Hjrni1.20) () = (Hjnnt1.2w) (€) + (F5y) (€).

O

Corollary 3.16 Assume j € NU {oo}, A € A, z € X \ {0}, f € LP(I,), and that the
function y is a solution of (3.5) on I,. Let the function u be given by the double integral
formula (3.13). Then for & € I, it holds

y(€) = ¥(0)(Hjx00.21)(€) + ¥ (%) (Hjr00,00) (§) = (Hjr0at) (§)-

Proof. If n — oc in the assertion of Lemma 3.15, then Fi'y.— 0, and Hjynaz — Hjxoon

by Corollary 3.12. O
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Corollary 3.17 Assume j € NU {oo}, A € A, and x € X \ {0}. Then the functions
H;)o0oxl and Hj )y oozt are solutions of (3.4) with the boundary conditions

(Hjxo021)(0)=1, (Hjxo001) () =0,
(Hj,)\,OO,IL) (0):07 (H]’A’OO’IL)’(ZL‘) 1'

Assume additionally f € LP(I,) and that the function u is given by the double integral
formula (3.13). Then the function —Hjx conu s a solution of (3.5) with the boundary
conditions

(_H],)\,OO,ZU)(O) = 07 (_H]’A’OO’IU)’(ZLA) = 0'

Remark 3.18 The function —Hj ) - ,u which is defined in Corollary 3.17 solves the
boundary value problem stated there for all A € A. Hence, if x € X'\ {0}, A is contained in
the resolvent set of the differential operator on £(I,) which corresponds to this boundary
value problem.

Corollary 3.19 Assume j € NU{oc}, A € A, x € X\ {0}, and & € I,. Then on I it

holds
(Hj A,00 xl)l(f)
H; 1 = H, 1 — 22 A00T7/ A5
]5)‘70055 ],)\,OO,J? (HJ’A’OO"TL)/(é') j,/\,OO,CELa
1
Hixogt = 77— Hireoat

(Hj,A,oo,zL)'(f) ’

Proof. Corollaries 3.16 and 3.17 imply

Hjxooat = (Hjxoowt) (0)Hjxooel + (Hjxooat) (§) Hixooet = (Hjxooat) (§) Hjroo el

This proves the second assertion. Corollaries 3.16, 3.17, and finally the second assertion
of the lemma imply

Hjrooxl = (Hjxoowl)(0)Hjxcoel + (Hjxoowl) (§)Hjx oot

H; ooz1 ' 5
= Hjrooel + (Hjnooul) (&) Hjnool = Hjxooel + MH',A,OO@L-

(Hjxo0at) (§) ’
This proves the first assertion. O

Also the following two-sided variant of Corollary 3.16 will be used. It provides a very
useful decomposition of solutions y of (3.5) near z = 0.

Corollary 3.20 Assume j € NU{oc}, A€ A,z € X NI, f € LP([—x,x]), and that the
function y is a solution of (3.5) on [—x,x] \ {0}. Then for & € [—x,z]\ {0}, it holds

1) = { VO N a4 V) oot~ (i) € L
90+) (Hip ) (©) + 9/ (0) (Hiriet) () = (Hipmat) (©)  ifE€ T,

where the function u for £ € [—x, x| is given by

S f(n)drds if € e 1,
“(5)_{ JES f(r)drds if €T, (3.15)
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Lemma 3.21 Assume j € NU{oo}, A€ A, n € N, z € I\ {0}, and y € AC(I,) with
y(0) =0 and y' € L>(I,). Then for & € I, it holds

(Finay) O < (@) + 2> M) 191l g 1,
(Fiaam)©1 < 18l(ulz) + 22 AN Y]] e, -

Proof. The proof is by interlaced induction for both assertions. For n = 0, the first
assertion is [y'(§)| < ||yl zoo (s, for & € L. This is true.

If the first assertion holds for n € N, the second one for n directly follows by integration.
If the second assertion holds for n € N, it follows

£
E @ = | [ 156 = NEL)€)ds

¢
< (u(x) +2*|A)" IIy’||goo(zw>/x (Vi) + [ADsds < (u(@) +2*(A)" [yl oo 1,

by (3.6) and Lemma 3.1. O

Lemma 3.22 Assume j € NU{oc}, A € A, n € (N\ {0}) U {oc}, z € X\ {0}, and
f € LP(I,). Let the function u be given by the double integral formula (3.13). Then for
all £ € I, it holds

(Hipna)(€) =11 < 2(u(x) + 27| A)),
(Hj,/\,n,ml)' S »Cl(lx)a
I(Hjpmal) ler,y < 2(0(x) + 27| A)),
((Hjpnat)(§) — €] < 20€|(u(x) +2%A]),
((Hjpnat)' (€) =11 < 2(u(x) + 27| A)),

(Hipma)©] < 20/ {/J2 1l eoir,y
(Hipnaaw)'©)] < 2|2l 11l o, -

Moreover, the absolute value of the function (Hjxn.l)' is bounded by a function v €
M (L) with |[v]] g1,y < 2(p(2) +22(A]).

Proof. Temma 3.11 for m € N implies [(F[} ,1)(§)] < (u(x) + 2®|A[)™. Summation

according to (3.9) or (3.12) and z € X yield

) TN o) + 22,

(Hjnna1)(€) =1 < 77 OEERE

For the derivative, (3.11) yields

\(Hj,,\,n,xl)’(f)‘ =

/;(V}'(O ~ N (Hjrn 121)(s)ds

IN

£
<1+2<u<x>+x2u>>{/x Vi) + Alds

¢
<2 [ W9 + e
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Call the rightmost expression v(¢). Now Lemma 3.1 and (3.6) imply the assertions on v
and (Hj,/\,n,xl)’-

Lemma 3.21 for m € N implies [(F]5 ,¢)'(€§)] < (u(z) +2*|A[)™. Summation according to
(3.9) or (3.12) and z € X yield

p(@) + 2%
— p(z) — 227l
The assertion on Hj  , ¢ follows from this by integration.

Lemma 3.2 yields ||t/ soo (1, < /12| [[fll zo(s,)- This and Lemma 3.21 for m € N imply

|(Hjnnat) (€) =1 < 1 < 2(p(w) + 2*[A]),

() (©)] < (@) + 22 M)™ Yl 1] gogr,y -

Summation according to (3.9) or (3.12) and x € X yield

[ Sl 2o
(Hy s (6) f” leri o 0l v

— () = 22[A|

The assertion on Hj y, ,u follows from this by integration. O

Corollary 3.23 Assume j € NU{oo}, A € A, n € NU{oo}, z € X\{0}, and f € LP(I,).
Let the function u be given by the double integral formula (3.13). Then it holds

(Hj,)\,n,xL)’(g) — (Hj,)\,n,xL),(O)a
(Hj,/\,n,mu)l(g) - (Hj,)\,n,xu)’(o)

if € — 0.

Proof. The case n = 0 is trivial by (3.10). If n > 0 use (3.11) and, if n = oo, additionally
(3.12). With Lemma 3.22 and (3.3) compute

(Hinnat)O) = (ianat €)= | [ 056 = V(10
< 2/g (1Vi()] + [Al)sds — 0.
The assertion about (H; ) (§) is proved in the same fashion with ¢ replaced by u. O

Lemma 3.24 Assume j € NU{oo}, A€ A, x € X\ {0}, and & € I,. Then
[€(Hjro021)'(§)] < 2(n(@) + 22| A).

Proof. By Lemma 3.22, |(Hjxc021)'(€)] < u(§) for some function u € M'(I,) with
[ull g1,y < 2(p(w) + 2?[A[). Then Lemma 3.5 yields

E(Hjpo021) ()] < [€u(€)] < llull gy, < 2(u() +22(A)).
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3.4 Definition of g;),. and interface conditions in 0
For j e N, A € A, n e NU{oo}, and z € X \ {0} define
Ginna = (Hipam-21)'(0) = (Hjxn,21)'(0) (3.16)

and for all numbers A € A, n € N U {oco}, and x € X \ {0} where the limit exists in the
compact space C define

C
JooA\n,x = hm 9jxn,z- (317)
j—o0

Lemma 3.25 Either goo ... i defined for all A € A and x € X \ {0}, or it is undefined
for all X\ € A and x € X \ {0}. Moreover in the first case, if N\ € A, x € X, and £ € I,
then it holds

- _ Hipeool)©)
Poteme Tiborse 2 (Hjxoomt) (5)( H; ) 000t) (0)
C(Hipeo V(=)
(Hjx00,—at)' (=€ )(HJ,A,oo,fg;)(O),

|gOO,/\,OO,I_goo,0,oo,x‘ < 8|zl

Particularly, if gooc0x = 00 for one choice of numbers A € A and x € X \ {0}, then this
s so for all such choices.

Proof. Trivially, geor 000 = 0 is always defined. Assume x € X \ {0} and ¢ € [,. For
J € N, the relation (3.16) and Corollary 3.19 imply

gj,A,OO,f - gj)‘socax = (szAaooz_g]')l(O) - (Hj)‘soca_x]')’(o)
—(Hjx0061)"(0) 4+ (Hjr0,01)'(0)
H;yoo 1) (— H;»ooul)
= - ( ]’A’ ’ )I( 5) (Hja)‘zoos_xL)l(O) + ( J’)\’ ’ )I (5)
(Hj,/\,oo,—:cL) (_5) (Hj)‘sooaxl') (5)
The terms on the right side converge if j — oo. Note that the terms in the denominators
on the right side by Lemma 3.22 cannot tend to zero if x € X \ {0}. So the definition
(3.17) of goorc0.z a0d goo a,00,¢ implies that one of these numbers is defined if and only if
the other is too. Moreover in this case, the above equality also holds for j = oo
As to the dependence on A, the proof is similar. The definition (3.16) for j € N implies

and Lemma 3.14 proves that the right side converges if j — 00. S0 goo )00,z 15 defined if
and only if g 0002 1. The estimate for the expression |geox.c00 — 9o0,0,00,2] also follows
from (3.18) and Lemma 3.14. O

Assume j € NU{oc}, A€ A,z € X\ {0} and f € £P(I ,UI,). Now interface conditions
in 0 are formulated for a solution y of (3.5) in dependence of g; ) s.z- If gjr 000 € C, then
consider the pair

(Hj,k,oo,xb)l (0).

y(0—) = y(0+), (3.19)
lim ((Hjxo0,et) (0)y'(€) = (Hjpo0,-t) (0)Y' (=€) = gjrooey(0)) = 0 (3.20)

£—0

of interface conditions. If ¢; ) 0+ = 00, then consider the Dirichlet interface conditions

y(0—) =y(0+) = 0. (3.21)
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Lemma 3.26 Assume j € NU{oo}, A € A, z € X\ {0}, f € LP(I_, UI,), and that the
function y is a solution of (3.5) on I_, U I,. Further assume g;x0ox € C and that g and
h are functions on I_, U I, such that

H‘ 00 ! 0 - iL
lim (gj,)\,oc,f — g(f)) = 0’ lim sup ( I, 951’) ( ) (5) < oo,

Then the condition

lim (h(£)y'(£) — B(=&)y' (=€) — §(£)y(0)) = 0 (3.22)

£—0
is equivalent to (3.20).

Proof. By Corollary 3.9, the absolute value of the derivative ¢’ is bounded by a function
in M'(I_; UI;). Then Lemma 3.5 and the assumption on % imply ((Hjxeet)'(0) —
h(€))y'(§) — 0 if &€ — 0. This and the assumption on g finally yield

lim (A(€)y'(€) = h(=£)y' (=€) — §(€)(0))
= lim ((Hjxo06t) (0)5(§) = (Hjnoo-¢) (005 (=€) = gir.ooy (0))-
O

The following result ensures that that the considered boundary conditions do not depend
on A.

Corollary 3.27 Assume j € NU{oo}, A€ A, z € X\ {0}, f € LP(I_, U 1,), and that
the function y is a solution of (3.5) on I_, U I,. Further assume g oo € C. Then y
fulfills (3.20) if and only if it fulfills (3.20) with X\ replaced by an arbitrary number in A.

Proof. The asserted independence follows from Lemmas 3.14, 3.25, and 3.26. O

Corollary 3.28 Assume j € N, A € A, z € X\ {0}, f € £P(I ,UI,), and that the
function y is a solution of (3.5) on I_,UI,. Then y fulfills (3.19) and (3.20) if and only
if y(0—) = y(0+) and y'(0—) = y'(0+).
Proof. The formulas (3.1), (3.11), (3.12), and Lemma 3.22 imply

(el (0) = | [ (50) = N(Hip e )] <2V = Al s = 0

and hence ¢; 0, — 0 if £ = 0. Additionally use Corollary 3.3 to prove
(i) 0) =1 =| [ 05(6) = NHirmer) | <2 [ (V0] + )l < 2l

So the constant functions § = 0 and i = 1 fulfill the assumptions of Lemma 3.26. Since
j € N, (3.1) implies that the differential expression /; is regular in 0 and the limits
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y'(0£) exist by Corollary 1.2. Hence, the condition (3.22) can be written in the form
y'(0-) = y'(0+). -
Assume j € NU{oo}, A € A, and z € X NI. Define the boundary operator b, ) , for all
y which solve (3.5) on [—z,z] \ {0} for some f € LP([—z,z]) by
|-y’Hj,A,oo,7:L'LJ _¢
[ (P%x,oo,—zb)’(ﬂj
, IR T Y, j,)\,oo,fz1 —¢
bjray = gl_1>r(§1+ |-yaHj,A,oo,:cLJ£
~ (Hjx00.20)(0)
- [ya Hj,)\,oo,11J£

Note that bj ), is well defined by Corollary 3.8.
Lemma 3.29 Assumej € NU{oc}, N € A,z € XN, f € LP([—xz,z]), that the function

u is given by (3.15), and that the function y is a solution of (3.5) on [—x,z]\ {0}. Then
it holds
y(0-)

—(Hjroo,-0t)'(0)y' (=) + (Hj00,-01)'(0)
—y(0+)
(Hjpo00t) (0)y'(2) = (Hjp00.21) (0)
Proof. Use Lemma 3.22, Corollary 3.23, and Lemma 3.24 to compute the following ex-
pressions.

51331 [Hjxooal, Hinoouwt] e

= gli%ﬂr ((Hj,k,oc,xl)(f)(Hj,/\,oo,xL)'(f) - (Hj,k,oc,xl)l(f)(Hj,k,oc,xb)(f)) = (Hj,k,oc,xb)'(o)a

lim [H; 1,H; u
5_)0+[ ‘],A,OO,I ) ],)\,OO,I J

¢
= Jim ((Hjx0021) (&) (Hjx00.21) (€) — (Hjxooxl) (§) (Hjxcoxtt) (£))

= (Hjs)‘socaxu)l(o)7
lim [Hj,/\,oo,zL; Hj’,\’oo’zuj

€50+ ¢
m ((Hjxo0,0t) (§) (Hjxo0,21) (§) = (Hjo0.2t) (§) (Hj002t) (€)) = 0.

i
E—0+

(3.23)

bjxay =

Further note that only the sign of [, -Jg, & € I, changes if the arguments are exchanged.
These equalities and the decomposition of y according to Corollary 3.20 prove

§1i%l+ |-ya Hj,/\,oo,x” = _y(x)(H]',A,oc,xL)’(O) + (HjJ\,OO,ﬂCUY(g)’
611}1,514» |-y7 ijA;Onyl’J = y(0+)(HJ7ASOO!xL>’(O)'

The analogous formulas hold for —x in place of x, when the limits £ — 0+ are replaced
by the limits & — 0—. Together, these formulas prove the assertion. O

Assume j € N U {oc}, A € A, z € X, and that g; ), is defined. Then define the
2 x 4-matrix Bj , by

1 0 1 0
Bj,/\,z — ( O 1 gj,/\,oo,x 1 ) gj,)\, ,

Lo0o0Y o
001 0) Ieos=5
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Lemma 3.30 Assume j € NU{oc}, A € A, z € X NI, f € LP([—x,x]), and that
the function y is a solution of (3.5) on [—x,x] \ {0}. If gjrecon € C, then the interface
condition

Bjxabjray =0

is equivalent to the pair (3.19) and (3.20) of interface conditions; if gjxcox = 00, then it
is equivalent to the interface conditions (3.21).

Proof. The assertion on the case g; x . = 00 is obvious from Lemma 3.29. Now consider
the case g )00 € C, which is always true if j € N. By Lemma 3.29, the interface
condition (3.19), which means continuity, is equivalent to

(101 0)bjaay=0. (3.24)

This corresponds to the first row of the matrix B, ) ;. As to the second row of this matrix
and (3.20), it now suffices to consider the case that y is continuous. So y(0) may be used
instead of separate values y(0+). Use the decomposition proved in Corollary 3.20 and
with the help of Corollary 3.19 and Lemma 3.25 compute for £ € I,

(Hjp00,et) (0)9'(€) = (Hjno0,-1) (0)y' (=€) — gjr,00,69(0)
_ (Hj,)\,OO@L)I(O) . ! o ‘ L) . . w)
= (Hj,/\,oo,zb)'(f) (?J(O)(HJ,A,OO,xl) (&) +y'( )(HJ,/\,oo,m )'(€) (HJ,A,oo,x )'(€))
o (Hj,/\,OO,—JCL)I(U) ‘ 1 " ‘ D (—
i O (00) (H 1) (=€) 4 (=) (B ) ()

- (Hj,)\,oo,fzu)’(_f))

o ) o (Hj,)\,oo,—xl)’(_g) ) . / (Hj,/\,oo,ml)l(g) ‘ . ’

(gg,/\,oo,m (Hj,/\,oo,—acL)’(_f) (H])\,OO,—I ) (0) + (Hj,A,oo,acL)l(f) (HJ,/\,OO,I ) (0)> y(O)
_ (H]’)\’OO’IL)I(O) ! T . L ! _ . U !

= W7 (©) Y 0 o) (O = (Hinooat (€)

_ (Hjro0,-2t)'(0)
(Hj,/\,oo,fxb)l(_f)

= (Hjrcoat) (0)y'(z) —

(y’(_x)(Hj,)\,oo,—xL)l(_g) - (Hj,)\,oo,—xu)’(_g)) - gj,/\,oo,my(o)

Hipooat)(0) o
(Hyr oo )1(8) Hioeatt) (€)

_(H. ) T (Hj,/\,oo,—xb)’(o)
e ot O T 70

Now take the limit £ — 0 and note that then
(Hjxo042) () = (Hjnoo2at) (0) # 0, (Hjxrcoxatt) (§) = (Hjxo0+21) (0)

by Corollary 3.23 and Lemma 3.22 to obtain

(Hj,/\,oo,fxu)’(_g) - gj,/\,oo,zy(o) .

gl_if& (Hjxpooet) (004 () = (Hjroo, €)' (0)Y (=€) = 9jro0ey(0))

= (Hjroowt) (0)y (x) = (Hjxo0021) (0) = (Hjxoo,—at) (0)y'(=2) + (Hjx00,—ott)'(0)
_gj,)\,oo,xy(o)
= ( 01 gj 00,z 1 )bj,/\,xy-
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Here Lemma 3.29 has given the last equality. Hence, (3.20) is equivalent to

( 0 1 gjirooa 1 )bj’/\’xy =0

if one of the equivalent conditions (3.19) or (3.24) holds. This corresponds to the second
row of the matrix B; ) ;. O

3.5 The integral operator K )

The following lemma allows to compute a solution of (3.5) on a compact interval around
0.

Lemma 3.31 Assume j € NU{oc}, A€ A, a,b €T witha <0< b, and f € L'([a,b]).
Then the solution y of (3.5) on [a,b]\ {0} with boundary conditions y(a) = y'(a) = y(b) =
y'(b) = 0 is given by

o) = (Ksaf)(a) = [ Kyalwr )€1,

where the kernel k; (-, ) is uniformly bounded with respect to x,£ € [a,b], j € N U {oo},
and \ € A.

Proof. Define the kernel k;, on [a,b] x [a,b] in the following way. Assume & € [a,b]. If
z € [a,b] \ I¢, then set
kj’)\(x,f) = 0. (325)

On the interval I¢ let £, (-, £) be the unique solution of the initial value problem

82/{],
5 2.) + (V) = Vbale.9) = 0,
kj,)\(f,f) = 0,
Ok;j 5 B

where the lower sign holds if £ < 0 and the upper one if £ > 0. By (3.2), and Corol-
laries 1.2, and 3.7, this function is uniformly bounded as asserted. The integral kernel
kj is defined in analogy to that in [BDL]. The structure of this integral kernel (compare
Figure 1) implies that the integral

JCRINGL:

equals
T b
[ ka1 o [ kit €5

if x < 0 or z > 0, respectively. Assume z € [a,0), the case x € (0,b] can be treated
analogously. Then

(Ko@) = [ 2520 6) ) + a2 ()
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Figure 1: The kernel k; (-, ), sketched. (In general, it is complex valued, of course.) Left
if £ <0, right if £ > 0; the picture in the middle shows, where k, ¢ is not identically zero.
The kernel k;  is continuously differentiable on the set {(z,¢) € [a,b]* : x # 0,z # £},
and continuous on the set {(z,€) € [a,b]? : & # 0} U {(0,0)}.

The last term vanishes because k;, is continuous in all points (z,&) € [a,b]* with z = £
and vanishes there. Hence

" z 821%")\ akj’,\
(ij)\f) (SC) - 0 Ox2 (xaf)f(g)df—i_ﬁ(x:x_)f(x)
Since %{%(x, ¢€) continuously depends on the pair (z,¢) if £ < x and since %{%(f-i—, £) =

—1, it holds %{%(z,x—) = —1. That K, f fulfills (3.5), now follows from

—(K5af)" (@) + (Vi(z) = A (K;nf) ()
0%kj () — (r R
- /[a,m\{o,x} (‘ gp2 (@0 8) + (Vi) = AJkja ,5)> FE)dE+ f(2) = f(x).

Now prove the boundary conditions in a and b. It suffices to consider a, the proof for b is
analogous. By Corollary 1.2, there is a number zy € [a,0) such that |k;\(x,&)| < 2 and

Mad(z,€)| < 2if z,€ € [a, 2], This and (3.25) yield

(N @) = | [ b kj,m,»s)f(f)dé‘ — | [ ki@, O £(©de] < 211 s

if € [a, zg]. The right side of this equality tends to zero if  — a proving (K f)(a) = 0.
The analogous argument applies to the derivative to show (K, f)'(a) = 0. O

Lemma 3.32 Assume A € A, a,b € I witha < 0 < b, x € X N1, and that for all
j € NU{oo}, K, is the integral operator introduced in Lemma 3.31. Then the mappings
bjaaKix, 7€ NU{oo}, from L' ([a,b]) to C* are continuous and the convergence relation
bj’,\’sz’,\ — boo’)\’IKoo’)\ holds Zf] — Q.
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Proof. From Corollary 1.2 and Lemma 3.31, it follows that the functionals mapping f
to (K, f)(£x) and (K, f) (£z) are continuous and that (K;,f)(£z) = (K f)(£2)
and (K f) (£2) = (Koo f)'(£x) if j — oco. Let the function u be given by the double
integral formula (3.15). Then Corollary 3.20 implies

y(£z) — y'(F2) (Hjpo0,2at) (£7) + (Hjpo0,40) (£7)
(Hj,k,oo,ixl) (£m) ,

and the denominator of this expression is nonzero by Lemma 3.22. So also the numbers
(K;f)(0£) depend continuously on f and (K;,f)(0+) = (Ko f)(0£) if j — oo. The
continuous dependence of (H; 0o1,%) (0£) on f follows from Lemma 3.22, the conver-
gence of these numbers if 7 — oo from Corollary 3.23. So Lemma 3.29 yields the assertion.

O

y(0%) = (3.26)

Lemma 3.33 Assume A € A, a,b € [ witha < 0 < b, v € X NI, and that for
all j € N U {oo}, Kj, is the integral operator introduced in Lemma 3.31. Then there
are four functions fi, fa, f3, fa € L°([a,b]) such that the vectors b\ Kjxfi, bjraKixfo,
bjreKixfa, and by Kjxfi form a basis of C* for each sufficiently large j € N U {oo}.

Proof. Choose four functions y;, € ACp.([a,b]\ {0}), k € {1,2, 3,4}, which are linearly in-
dependent solutions of (3.4) with j = oo on [%, g] {0} and which vanish on {a, %‘1] U [%b, b].
Then their images be x .Uk, k € {1,2,3,4}, form a basis of C*. This is a consequence of
Corollary 3.20 and Lemma 3.29. The functions Iy [yx] — Ay, & € {1,2,3,4}, vanish on
[a, 22)U(%, 5)U(2,b]. This and (3.1) imply leo[yx] —Ayx € £'([a,8]), k € {1,2,3,4}. More-
over, the equalities Koo z(loo|yx] — AUk) = yk, k € {1,2,3,4}, hold by Lemma 3.31. From
Corollary 1.2 and Lemma 3.32, it follows that the mapping be » 2 Koo s from L'([a,b]) to
C* is continuous. Since £>([a,b]) is dense in L' ([a, b]), there are functions f; € L>([a, b])
near Lo [yr] — Ayk, k € {1,2,3, 4}, such that the vectors boe ) 2 Koo 2 [k, £ € {1, 2,3, 4}, form
a basis of C*. Lemma 3.32 implies that biraHjx = Yoo e if 7 — 0o, Hence the
vectors b . Kjxfr, k € {1,2,3,4}, form a basis of C* for all sufficiently large numbers
j € NU {oo}. O

3.6 The convergence results

In the first place, convergence results will be proved as convergence in the generalized
sense. This is convergence in the gap topology, which can be defined by the Hausdorff
metric applied to the intersections of the respective operators with the unit sphere. Closely
related to this metric and better suited to computation is the gap function, which is no
metric itself, but defines the same topology, see [K, TV§2.1].

Definition 3.34 Let X be a Banach space. For a vector v € X and a subset V C X
define the distance
dist (u, V) = 1161]{; lu— ]y -

For two subspaces U and V of X’ define the gap

gap (U, V) = max < sup dist (u, V), sup dist (U,Z/{)> )
ueB(U) vEB(V)
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The topology defined by gap (-, -) on the set of subspaces of X is called the gap topology.
For two relations S and T from X to ) define gap (S, T) as their gap as subspaces of the
product space X x ) with the norm given by

1, 0) [ 3y = max({fully . [0lly),  (u,0) € X x Y.

A sequence of relations Tj, j € N, converges to a relation T, in the generalized sense if
gap (T}, Te) — 0 if j — oo.

The definition of the gap given here is a slight simplification of that given in [K, TV§2],
where also the basic properties of the gap topology are proved. Although only operators
are considered there, most definitions and statements concerning the generalized conver-
gence straightforwardly extend to linear relations. Note that the norm on X x ) may be
defined differently without change of the gap topology, compare [K, p. 164, Footnote 2].
Also note that here the gap has been defined without the reqirement that the arguments
are closed sets. This is technically advantageous.

Lemma 3.35 Assume that X and Y are Banach spaces, that U, and Us are subspaces of
X, and that X, and X5 are injective operators from X to Y such that

szax( sup m, sup m> < .
zeX\{0} ||X1$||y zeX\{0} ||X2$||y

Then
gap (Xqly, Xolly) < 2C || X — Xol| o,y + Cmin([[ X1y, , [ Xoll v yp)gap (Un, Us).

Proof. Without loss of generality assume || X;[|,_,,, < [|X2|,_,y. Choose a vector y; €
B(X, U, ). Thus there is a vector z; € U, such that y; = Xyz; and ||z||,, < C. Choose € >
0 arbitrarily. Then there is a vector zo € Uy such that ||z — z2||, < C(gap (Us,Us) + €).
Thus ||z2||, < C(1+ gap Uy, Us) +€) < (2+¢€)C. and for y, = Xy, it holds

1 —12lly = Xz = Xomoy, < [[Xazy — Xizolly, + [[Xaze — Xozs||y,
< Ol Xy (gap (U, Uz) +€) + 2+ €)C || Xy — Koy, (3.27)

Since the choice of € > 0 was arbitrary, this proves

s?p )diSt (51, Xolhy) < 2C || Xy = Xof| y_yy + O min(|| X0 ][y, | X[ xoy)gap (U, Us).
y1 €B(X 11Uy

The complementary relation to estimate gap (X Uy, Xolly) follows similarly, but now start
from an arbitrary vector yo € B(XoUy). Then there is a vector zo9 € Uy such that yo = Xoxo
and ||z3]|, < C. For each € > 0 there is a vector x; € U; such that [|z; — 25|, <
C(gap (U, Us) + €). Then ||z,], < C(1 + gap (Uh,Us) +€) < (2+ €)C. Now finish the
proof using (3.27) as above. O

Corollary 3.36 Assume that X and Y are Banach spaces, that Ty and Ty are closed
operators from X to Y, and that Sy and Sy are bounded operators from X to Y. Then

gap (Ih + 51,1, + S3) < (1+ maX(||Sl||X~>y ) ||52||Xay))(2 151 — SQHX%))
+(1 + min(|[Si][ vy, |92/l v y))gap (T, T2)).
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Proof. Consider the operators X; and X, in X x ) mapping a pair (y, f) to (v, f + Sky),
k € {1,2}. Their inverses map a pair (y, f) to (y,f — Sxy), k¥ € {1,2}. Evidently,
| Xellzxy < T+ UISellanys | X',y < 14 UISel for k € {1,2}, and [ X1 = Xaf|y,y =
|51 = Sally_y- Since T + S, = {Xi(y, f) : (v, f) € Ty} for k € {1,2}, Lemma 3.35
proves the assertion. O

Corollary 3.37 Assume A € A, x € XN, and that gog x cc» @S defined. Then the kernel
spaces fulfill the convergence relation

ker Bj,/\,ac — ker Boc,)\,x
in the gap topology if 7 — oo.

Proof. If goo r00,s € C, then ker B, , = R(X;) with the matrices

0
0 1 .
1 0o | JE€ N U {oo}.
gj,/\,oo,m -1

The mappings X; from €C? to C* converge to X, if j — oc. From the first and second
row of Xj, it can be seen that

o [ER

sup sup <1.
jeNU{oo} ze\ (o} [| X2,

Hence, Lemma 3.35 can be applied to estimate the gap between the ranges of the operators
X and X, j € N. This yields
gap (ker Booy 0, ker Bjn,) < 20 || X — Xj|@2 e
+C min([| X || e g+ [ Xl o0)gap (€, €%).
Since the gap between a space and itself is always zero, the rightmost term vanishes and

the relation X; — X, proves the assertion for the case go x 00,2 € C.
The proof for the case g 100, = 00 is similar, using the matrices

(gj,)\,oo,z)_l (gj,/\,oo,z)_l 0 0
1 0 10

Xj = - - ) | € N, Xoo =
’ —(gjacea) ™ —(girces) ! / 0 0
0 1 0 1

O

In the case of a compact interval I = [a,b] with —oo < a < 0 < b < 400, (3.1) implies
that the differential expressions /;, 7 € N U {oc}, are regular at a and b. So boundary
conditions are introduced in these points. They are of the form

y'(a) =z2-yla), y'(b) = zy(b), (3.28)

where z; € C, always with the understanding that such a boundary condition is to be read
as Dirichlet boundary condition y(a) = 0 or y(b) = 0if 2. = 0o or z; = o0, respectively.
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Theorem 3.38 Assume that the potentials V;, 7 € N U {oo}, on the compact interval
I =]a,b], a<0<b, fulfill (3.1), (3.2), and (3.3). Assume z, € C. Define the operators
T3, j €N, by

D(T;) = {yec AC*([a,b])) : —y" + Vjy € L7([a,b]),y'(a) = z_y(a),y'(b) = z,y(b)},
Tyy = —y"+Viy, yeDTy).

For those x € [a,b] N [=b, —a] where the series converge and, in the case of g, the limit
exists in the compact space C, define

o = i (S [ v [ L[ e [
' l/:izv}(gg) /:_0 [/:_I‘/}(gl)dﬁ] d&tkg]

. ] dfm_2d§m_1] dgm—ldgm]

x 0 V Sm gm—l V Sm—1
_mZ:1 [Zm—z ](gM) /ﬁm—l—o [Zm—l_z ](gmil) /ﬁm—Q—O [ o

. [ :;V}(g?) /;:0 [/j;x‘/}(q)dq]d&dgl

s ] dfm_2d§m_1] dfm—ldgm] ) ,

i) = 13| [ vt [T [ vt [ ]
[ ;2 VOO(Q)/OQ [/g Voo(gl)gldg] dglde]

e ] dfm_2d§m_1] dgm—ldgm] )

The function h is always defined and finite in a neighbourhood of 0. Additionally define the
set Do as the set of all functions {y € ACp.(la,b]\{0}) such that —y" +Vyy € LP([a,b]),

y'(a) = z_y(a), ¥ (b) = z1y(b), and y(0—) = y(0+). Then exactly one of the following
three cases holds:
1. The function g is defined in a neighbourhood of 0 as a complex valued function.

Then the sequence of operators T}, 7 € N, converges in the generalized sense to the
operator Ty, given by

D(T.) = {y €Dt lim (h(w)y' (@) — =2}y (=) — §(2)y(0)) = 0}
Twy = —y'+Vuy, y€D(Tw).
2. The function g is constantly equal to infinity in a deleted neighbourhood of 0. Then

the sequence of operators Tj, j € N, converges in the generalized sense to the oper-
ator Ty given by

D(Tw) = {y€ Do :y(0-) =y(0+) =0},
Twy = =y +Vuy, ye€D(Tx).
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3. The function g is undefined in a deleted neighbourhood of 0. Then the sequence of
operators T;, j € N, has two subsequences with different limits in the generalized
sense.

Proof. Tt holds §(z) = gsc0.00e and h(z) = (Hao004t)'(0). So the function & is de-
fined on the neighbourhood X of 0 and Lemma 3.25 shows that the function g is either
complex valued, constantly infinite, or everywhere undefined on X \ {0}. Since X is a
neighbourhood of 0 and every neighbourhood of 0 intersects X \ {0}, exactly one of the
three alternative cases mentioned in the assertion holds true. It remains to prove the
convergence assertions. First assume that gu e € C for z € X \ {0}.

From now on fix an arbitrary number A € A. Choose for j = oo two nonzero solutions
Yoo,+ Of (3.4) which satisfy the boundary conditions (3.28) and vanish on I+ such that
Yoo+ (£x) = 1 for some number z € X N I;. Fix this number z. Then choose for all j €
N U {oo} two nonzero solutions y; + of (3.4) which satisfy the boundary conditions (3.28)
and vanish on 7. For large j € NU{oo} impose the additional requirement y; . (£z) = 1.
To show that this can be fulfilled consider the functions y;_, the argument for y; . is
analogous. Define solutions g; 1+, j € N, of (3.4) on [a,0) which fulfill §; _(a) = yeo,—(a)
and ¢ _(a) = yy _(a)-. Now (3.2) and Corollary 1.2 show that ; (—z) = Yoo, (—2).
Since = has been chosen such that y. _(—z) # 0, the functions y;_ can be defined by
division of §j; _ by §; _(—x). These functions fulfill the boundary conditions (3.28) since
Yoo,— does.

and additional inhomogeneous boundary conditions in ¢ and b which can be chosen to
converge. Then apply Corollary 1.2. This also implies y; + — Yoo+ uniformly if j — oo.
Choose a number ¢ > 0 and a number j; € N such that

yi+(tz) = 1, (3.29)

Yoot = Yjtllpoorany < 6 (3.30)

1o = Kialleoampsexqary < € (3.31)
|Poc,r2¥so,t — bjralitllos < € (3.32)

Do e Koo = BinaKjnll coappsce < 6 (3.33)
gap (ker By 2, ker Bjy,) < e, (3.34)

for all 7 > jyo. This is possible in consequence of Corollary 1.2, Lemmas 3.29, 3.31,
3.32, and Corollary 3.37. Lemma 3.30 and Corollary 3.28 yield that the domains of the
operators T}, 7 € NU{oc}, are the sets D(T}) of all functions y € AC;.([a, b]\ {0}) which

fulfill 1;{y] € L£P([a,b]), (3.28), and Bj.bj .y = 0. Choose (Yo, foo) € B(Too — A), this
means

(Too = Nyoe = oo maax (1ol ooy - ool cogoy) < 1
Then
Yoo = C- Yoo, + C4Yoot + Koo rfoo,
where the complex numbers ci can be computed as ¢y = yoo(£2) — (Koo foo) (£7) by
the assumptions on Yoo 1. From (3.29) and Corollary 1.2, it follows |cy| < C for some

constant C'; € R which is independent of the chosen j > jg, ¥, and fo. To find a pair
(yj, f;) € Tj — A near (Yoo, foo) use the ansatz

fi=fotfa, yj=cyj+ciyjr+ Kjrfoo + Kjnrfa,
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where the function fa has to be chosen such that B; ;b\ .y; = 0.
The inequality (3.34) implies that there is a vector v € ker B; 5 , such that

||U - boo,)\,zyooH S € ||boo,/\,xyoo|| S 0267

where the bound C3 € R can be chosen independently of the chosen j, y., and f.
Choose the function fa such that bj,,y; = v. It follows

[bjxafall = [v—cbjrayi- — cibjnajs — Pirajnfoollga
S ||U - boo,)\,zyooH
e[ [booraYoo,— — Bina¥i, || + lci| [Ooora¥oo,+ — Bjrali+l]

+ boop e Koo afoe = Binakinfos
Coe + 2C e + € = Cse,

IN

using (3.32) and (3.33). Lemma 3.33 implies that for sufficiently large ;7 € N U {oc}, say
j > j1 > Jjo, fa may be found as a linear combination of four fixed functions fi, fo, f3, f4 €
L>=([a,b]) C LP([a,b]). The coefficients of this linear combination converge if j — oc as
a consequence of Lemma 3.32; so particularly, they stay bounded. The bound can be
computed as

Y

— -1
Ore = O, s Wellergom 300 |45
where the 4 x 4-matrices A; are given by their columns b; ) , K\ fi, k € {1,2,3,4}. This
proves || fallzo(ap) < Ca€, and together with (3.30) and (3.31) the convergence

sup dist ((Yoos foo), Tj — A) = 0, j — oo.
(Yoo 1fo0 )EB(Too—A)

The complementary relation

sup dist ((y;, f;), Teo = A) = 0, j — 00
(Y5 f5)EB(T;=X)

follows in the same fashion if the symbols j and oo are exchanged in the above estimates.

Together with Corollary 3.36, these relations yield the assertion gap (T, 7j) — 0 if

j — oo.

The divergence assertion for the third case, when the function g is undefined near 0,

follows from the first and second case and the fact that the space C is compact and thus

the sequence of numbers ¢, .4, J € N, has convergent subsequences with different limits.
O

Remark 3.39 Since the interval [a, b] is compact and thus solutions of (3.5) converge
uniformly on this interval, the proof of Theorem 3.38 in fact shows the slight strengthening
of the generalized convergence which is obtained if the function dist (-, -) in the definition
of the gap is defined from the metric of the space £>([a,b]) x LP([a,b]) in place of that
of LP([a,b]) x LP([a,b]). In the context of differential operators, this is not surprising.

Lemma 3.40 Ifr € [p,oc] then (P(Z) C {"(Z) and [|c||prz) < |lc|l ez for all c € (F(Z).
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Proof. The assertion for r = oo is evident, so assume r < oo. Then for a sequence
c € (P(Z), the Minkowski inequality in the space (7 (Z) yields

Z) = (Z Ckr> = ((Z(Ckp);) ) < (Z |Ck|p)p = el ez,
keZ keZ keZ

<

O
In [KI], integral kernels are used which are similar to that in the following lemma.
Lemma 3.41 Assume that the operator A is given by
D(4) = {ye ACL.(R)NL’(R):y" € L”(R)},
Ay = —y". yeD(A).
Further assume A € C\ R, f € LP(R), r € [p,<], and x € R. Then
(A=) = g [ ey 3.39

and (A — \)7" is continuous from LP(R) to L"(R). Additionally, the linear functional
mapping f to (A — X)"Lf)(z) is continuous.

Proof. For simplicity assume S\ > 0. The case A < 0 can be treated analogously. For
x € R let the function y be given by the integral expression on the right side of (3.35).

Then
1 x

- HVA
ya) = go= | ORI+ o f A F(€)de,
V@) = 5 [N fgae g [T e, (3.36)
y'(@) = —f(2) - f N —Mﬂs)dﬁ—g [ e s = —xy = ().

To estimate ||y cr(Ry> Write y as y = Ypcz yp where yy, k € Z, is given by
1 ket
vele) = 2iv/\ Jk
Lemma 3.2 for k € Z and = € R yields
efdist (@, [k, k+1])SVX —dist (z,[k.k+1])SVX

k+1 e
d ) . (3.37
Wil f e < —— o Mo @7

In the case r < oo, this and the Lemmas 3.2 and 3.40 imply

ele=eVAr()de, € R.

||y||U(IR) = Z ||y||rcr([m,m+1]) <7 Z ||y||2w([m,m+1})
meZ meZ
< A 2 e mmry < 7 D2 D0 Nkl e pmma
meZ meZ ke?Z

IN

Z efp%ﬁmin(\kfm\,\lrklfm\)

D (N
2\/‘ keZ meZ
V2 fll o)y

2 /A1 — e VA
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The assertion for the case r = oc follows directly from (3.37) via

. ~ f
Z efdlst (z,[k,k+1})\sﬁ||f||£p(]R) < || ||£p(]R)

@)<Y ) < —

KeZ 2\/IA rez [A[(1 = e=Sv2)

for all z € R. The assertion on the expression ((A — A)~'f)(z) similarly follows from
(3.36). O

Theorem 3.42 Assume that the potentials V;, j € N U {oc}, on I = R, fulfill (5.1),
(5.2), (3.3), and that there is an interval [a,b], a < 0 < b, such that

V, € L2R\[ab)), jeNU oo},
Voo = Vill oor\jayy = 00 7 — 00

Define the operators Tj, j € N, by

D(Ty) = {yc AC*(R)NLP(R): —y" + Viy € L7(R)},
Tyy = —y"+Viy, yeDT)).

For those x € R where the series converge and, in the case of g, the limit exists in
the compact space C, define the functions §(x) and h(x) by the same formulas as in
Theorem 3.38. Additionally define

Do ={y € ACEL.(R\ {0}) N LP(R) : —y" + Viy € LP(R), y(0—) = y(0+)}.
Then exactly one of the following three cases holds:

1. The function g is defined in a neighbourhood of 0 as a complex valued function.
Then the sequence of operators T, j € N, converges in the generalized sense to the
operator Ty, given by

D(T) = {y€Du: lim (h@)y'(x) — h(=2)y'(~2) = §(@)y(0) = 0}
Ty = —y'+Vey, y€D(Ty).

2. The function ¢ is constantly equal to infinity in a deleted neighbourhood of 0. Then
the sequence of operators Tj, j € N, converges in the generalized sense to the oper-
ator Ty given by

D(Tw) = {y€ Do :y(0-) =y(0+) =0},
Twy = —yY" +Vuy, ye€D(Tx).

3. The function g is undefined in a deleted neighbourhood of 0. Then the sequence of
operators T;, j € N, has two subsequences with different limits in the generalized
sense.
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Proof. In its main part, the proof is nearly the same as that of Theorem 3.38. Therefore,
only the differences are noted here. Particularly, only the case is treated when the function
g is defined in a neighbourhood of 0, since the divergence assertion then follows from the
compactness of C.

Assume Vj(z) =0 for all j € NU {oc} and z € R\ [a, b]. The original assertion then can
be proved with Corollary 3.36 from the assumptions concerning the potentials on R\ [a, b].
Fix A € A such that S\ > 0. Then the functions mapping z to e*V*® are solutions of
(3.5) on R \ [a,b]. Choose the parameters z,+ = 4iv/A. Then choose the solutions y; +,
j € NU{oo}, on [a,b] as in the proof of Theorem 3.38 and continue them onto R setting

yie(r) = yia(a)e VA0
ivA(z—b)

yi+r(x) = y;+(b)e’ ., x>b.

, x<a,

These functions are contained in all spaces L"(R), r € [p,o0]. Let P, be the canon-
ical projection of LP(R) onto LP([a,b]). Using the notation of Lemma 3.41, define the
operators K, for j € NU {oc} by

7 L) = KixPayf +yy if x € [a, b]
(Kiaf) (@) {«A—Mlﬂ—ﬁmﬁﬂwﬁxGR\MH’

where the function y; is that solution of (3.4) on [a,b] \ {0} which fulfills boundary
conditions in a and b such that K;f € ACL.(R \ {0}). Lemma 3.41 and Corollary 1.2
imply that y; depends continuously on f € £LP(R). Similar considerations as in the proof
of Theorem 3.38 prove that the operator IN(I,A has all properties required there from Kj ).
Particularly, for every number ¢ > 0 there is a number j, € N such that the conditions
(3.29), (3.30), (3.31), (3.32), (3.33), and (3.34) hold when K, is replaced by K., and
every pair (y;, fj) € T; — A, j € NU {oc}, fulfills

y] = C_yjs_ + C+y]s+ + K‘,)\fOO)

with the functions y;. on R defined above. The remainder of the proof then is easily
performed rewriting the proof of Theorem 3.38 accordingly. Only note that the spaces
L"(R) have to be considered separately for all values r in place of £>([a, b]), which suffices
in the case of a compact interval. O

A second approximation theorem on R is obtained from slightly changed assumptions on
the potentials V;, 7 € N U {oc}.

Theorem 3.43 Use the notation of Theorem 3.42. Assume that the potentials V;, j €
N U {oo}, on I =R, fulfill (3.1), (3.2), (5.83), and

lim  sup |Vj(z)|=0.

2[00 jeNU{o0}
Then the conclusion of Theorem 3.42 holds true.

Proof. Assume that the function g is defined in a neighbourhood of 0. The divergence
assertion follows again from the compactness of C.
Choose a number € > 0 and numbers a,b € R, a < 0 < b, such that

sup sup |Vi(z)] <e
z€R\[a,b] jeNU{oo}
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For j € NU {oo} define the potentials W; by

Vi(z) ifx € [a,b]
W(x) = { W;(z) =0ifz € R\ [a,b]

and define operators T] from them like the operators T; are defined from the potentials V.
Then T; — Ty if j — oo by Theorem 3.42. This and Corollary 3.36 yield gap (T, T;) < 5e
if 7 € N is sufficiently large. O

A nice application of Theorem 3.43 is the following generalisation of the result obtained
n [Kl. Note that pointwise convergence of the potentials is used there and a uniform

bound of the form c% with 0 < v < 2,0 <€ <7, and ¢ € R. These assumptions

imply (3.2) and (3.3) which are used here.

Corollary 3.44 Use the notation and assumptions of Theorem 3.43. Additionally assume
that for some number x > 0,

2 Vi(€)]d
C:Iimsup s Vi(E)]dS

) .
LP T Ve T

[ vi©ds - o, jo,

in C. Then the operators T; converge in the generalized sense to the operator To, given
by

D(Tw) = {y € Du :y(0—)=y(0+) =0},
Twy = -y +Vuy, y€D(Ty).

Proof. First note that the limit relations

[ Vi@ e, [ Wi©)de o0, j o0,
in C are independent of the choice of z as long as # # 0. As a consequence of this and
the assumption (3.2), the number C' is independent of = as long as = # 0. So without loss
of generality assume z € X \ {0} and p(z) < (5C)"'. For j € N, the relations (3.16),
(3.11), and (3.12) imply

Guoea = [ VO Hynee, 1) ~ [ Vi(E)(Hyo1) ()

—I

= [ v

0
[ Vi FrooesHioo o) (EAE = [ Vi€ (FyoooaHio ) ()

—T

Due to Lemmas 3.11 and 3.22 the two rightmost integrals can be estimated by

[ wite) g

/:x V(&) (Fj0,00,20H;,0,00,421)(§)dE| < 2p(£7)

So the assumptions imply

Girooa— | " Vi(e)de| < 2u(+a)

—I

[ 1vi()ide| < 20u(w)

—T

[ vitde < 5| [ vier
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for all sufficiently large numbers j € N. Hence, §(7) = ¢oo,0,00, = 00. Then Theorem 3.43
yields the assertion. a

As it is seen from the proofs of Theorems 3.42 and 3.43, the difference between the cases
of a compact interval I = [a, b] and an unbounded interval I = R is not essential as to the
interface conditions in 0. In fact, Theorems 3.42 and 3.43 have been given to demonstrate
this similarity. It is possible to get better results, for instance the assumption that V is
bounded on R\ [a, b] for some interval [a, b] is an artificial restriction. It should be possible
to change all potentials by arbitrary functions in £!(R) and still get similar results. Also
it is not difficult to find analogous theorems on semibounded intervals like [a, 00) with
a < 0. In the following, statements will only be formulated for the case I = [a,b]. Note
that in contrast to the situation in this section, the results of Section 4 indeed depend on
the compactness of the underlying interval.

Definition 3.45 A sequence of operators T} converges to T, in the norm resolvent sense
(in the strong resolvent sense) if, firstly, p(T) # 0, secondly, for one and hence every
number A € p(T,) the resolvent (7; — A)~! is defined if j € N is sufficiently large, and,
thirdly, (T; — A)™" = (T — A\)~" in the operator norm topology (in the strong operator
topology) if j — oc.

Compare the definition in [RS, VIIL.7] for the case of selfadjoint operators in a Hilbert
space. Norm resolvent sense is equivalent to the generalized convergence if the limit
has nonempty resolvent set. The advantage of norm resolvent convergence is its intu-
itive simplicity. The following is the norm resolvent version of Theorem 3.38 also using
Remark 3.39.

Corollary 3.46 Assume the conditions and use the notation of Theorem 3.38. If the
function g is defined in a neighbourhood of 0, define the operator Ty, by

D(T) = {y€Du:lim (h@)y'(x) — hl=2)y'(~2) - §la)y(0)) = 0}
Tooy - _y” + Vooya ye D(TOO)J
if the function ¢ is defined in a neighbourhood of 0 as a complex valued function, or by
D(Tx) = {y € Dw:y(0-)=y(0+) =0},
Tocy = _y'/ + Vocya ye D(Too)a

if the function g is constantly equal to infinity in a deleted neighbourhood of 0.

Then the sequence of operators T;, j € N, converges in norm resolvent sense if and only
if the function § is defined in a neighbourhood of 0 and p(Tw) # 0. The norm resolvent
limit of the sequence is Ty,. Moreover, the stronger convergence relation

lim  sup H(Tj A = (T — A)ilfHEOO([a,b}) =0

17720 feB(LP([ab]))
holds for all numbers X € p(Tx).

Corollary 3.47 Assume the conditions and use the notation of Theorem 3.38. Addition-
ally assume p(T) # 0. Then the sequence of operators T; converges in the norm resolvent
sense if and only if it converges in the strong resolvent sense for j — oc.
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Faced with eigenvalue problems with singular potential, many authors require eigenfunc-
tions to be continuous in the singularity. This psychologic automatism now has found a
motivation:

Corollary 3.48 Assume that Ty, is a differential operator such that Ty = loo[y] and
the boundary conditions (3.28) hold for all y € D(Ty). Next assume that the operator Ty,
is approzimable in the generalized sense by a sequence of differential operators T; defined
as in Theorem 3.38 from regular potentials V;, j € N. Further assume that for these
potentials the relations (3.1), (3.2), and (3.8) hold. Then all functions y € D(Ty) are
continuous in the singularity.

However, this is not true under more general conditions than (3.1), (3.2), and (3.3) used
in this section. Particularly, if (3.3) is omitted, there may be functions in the domain
of the limit operator T, which are not continuous in 0. This should not be surprising
because then the derivative of Dirac’s d-distribution can be approximated.

3.7 Computation of the interface conditions

Throughout this section assume (3.1), (3.2), and

0
I
uniformly with respect to 7 € N U {oo} if z — 0 for some fixed real number ¢ > 1.

The Lemmas 3.1 and 3.2 show that (3.38) implies (3.3) and that both assumptions are
equivalent in the case ¢ = 1. For x € I define

r

/§ Vi(s)lds| d§ — 0 (3.38)

v(x) =sup sup

4
Vi) + \lds
A€A jeNU{oo} T

ng. (3.39)

Then (3.38) implies

v(iz) -0, z—0. (3.40)
Lemma 3.49 Assume s € (0,1], z € R, v € M*(1,), and that the function w is given
by
w(@) = [‘v(c)ds, €€l (3.41)
Then for r = >, it holds
w € LN(IL),
lwllgrry < Mollsqr,) -

Proof. Monotonicity implies v € L] .(I,), hence w is defined. For s = 1, the assertion
is trivial. The relation 0 < s < 1 implies 1 < r < oo. Hence L7(I,) and L£"(I,) are the
dual spaces of each other by [DS, Theorem IV.8.1]. Let u € L"(I,) be arbitrary. Then
interchange of the order of integration yields

[Eou(f)w(f)dﬁ = /IU u(§) /;U(ngdf
= /: /gOU(S)dfv(g)dgz /: /gou(f)dgv(g)lsv(g)sdg_
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Lemma 3.2 gives
< r
[ 1u©ld < felullgrr,y . < € L

The relation £ =1 — s implies v'~* € M"(I,) and Lemma 3.5 yields

r —s —s 1—s
|\/EU(§)1 ‘ < Hvl £r (L) = ||U £5(I,) G E Ix
Thus,
0 1-s 0 s
[E u(§w(§)dE < [lu L7 (Iy) v L5 (1) /I () [*dE = [|u L7 (1) v £5(Iy)
Hence w € L7(I,) and
| 7 u(€u(€)de] _ ||
Wilgr(r,) = < vl psery -
L (Iz) uEEi(Iz)\{O} ||'LL [,7:(]1;) C (Iz)

Lemma 3.50 Assume r € [1,00], © € R, and u € L] .(I;). Then there is a function
v € M"(I,) such that

lullrery = Mollerryy s (3.42)
£ £
/Ou(g)dg /Ov(g)dg

Proof. For ¢ € [0,00) define the function m by

IN

. el (3.43)

m(c) = measure ({¢ € I : |u(s)| < c}),

where measure (-) means the Lebesgue measure on R. The function m is monotonously
increasing, continuous from the right side, and lim,._,,, m(c) = |z|. For £ € I, define the
function v by

v(€) = Sip{e € [0,00) s m(e) < |z — €[}

The supremum should be taken in the linear ordering [0, c0), where the supremum of the
empty set is 0. Then for all d € [0, 0c), the relation

measure ({§ € I, : v(§) < d})

— measure ({€ € I, : Sip{c € [0,00) : m(c) < |z — €|} < d})
= measure ({ € I, : m(d) > |z — &|})
= measure ({£ € I, : m(d) > |£]}) = m(d)

holds, which proves (3.42) and

1ol = el 21,y - (3.44)
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From (3.42) and the definition of v, it follows v € M"(I,). Now assume ¢ € I,. What
has been proved so far, particularly (3.44), applied to u on the interval I¢ in place of of
I, implies that the function w defined by

w(s) = [gilof)){c € R : measure ({7 € I : |u(r)| < c¢}) < | —<|}
fulfills ||wl|z1 7,y = llull 21z, Since
measure ({7 € I¢ : |u(7)| < ¢}) + |z — &] > measure ({7 € I, : |u(1)| < ¢}),

the condition measure ({7 € I¢ : |u(7)| < ¢}) < |£ — | implies measure ({7 € I, : |u(7)| <
c}) < |z —<| for ¢ € [0,00). Hence w(s) < v(s) for all ¢ € I, which yields (3.43). O

Lemma 3.51 Assume z € R and that v € L}, (I,) is a nonnegative real valued function
such that the function w which is given by (3.41) lies in L(I,). Assume 1 < r < § and
u€ L (). Thens= (¢ +r"— 1)_1 € [1,0¢] and the function h given by

h(e) = /:v(g) /Ogu(T)deg, cel,

fulfills
h € L(I,),

1Al gsry < 2M[wll o,y lu

Lr(Iy)

Proof. Assume u € M"(I,). Lemma 3.50 implies that this is no loss of generality. Change
of the order of integration or, equivalently, integration by parts yields

w(e) = [ ulo)dsul@) - [“uouls)ds, €€,

h1(€) ha(€)

[ uto)ds| < el

Lemma 3.5 applied to the absolute value of the function w yields

VIEllw©l < llwllgory . € € L.

So using the relation 1 =4 =1—-¢+2=q(¢ ' +r'1-1)=1

Lemma 3.2 implies

,CT(Iz) y 5 € Iz

(€)= ‘ [ ey w(e) Fogo) -

< u

* 1-4¢ 1-4 [l
o) 101 2oy w7 = llull 2o gy 1]l 2oy 1w (€)]5

for all £ € I, it follows

1-4

1-4 q a
[ w?],....) = Tellrgry o lzagrgy ool o, -

||h1||cs(1m) < ||u||m(1§) ||w||£q(}§) ws
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Thus (|2l zeryy < lullzry lwllzogr,)- As to he, Holder’s inequality implies that the
product uw € M@+ (1,) and

[wwl piq=1e0-1-1 1,y < Nullgrryy Wl 2ar,y -

The assumption r < ¢ yields (¢7' +r 1) b < (¢ '+ (j’l)fl = 1, hence Lemma 3.49 gives

1hellzsr,y < Null ey 1wl zagr, ) -
O
For j e NU{oo}, A € A, and z € T\ {0} define the integral operator G, , on L' (I,) by

£ S
(Ginat)(€) = [ (Vi) =) [ y(r)drds
for y € L£1(I,). The operator G, is defined such that (3.8) implies
(Fisay)' = Gixa(Fjaay) (3.45)
for n € N\ {0} and y € £>*(1,).
Corollary 3.52 Assume j e NU{oc}, A€ A, z € I'\ {0}, r € [1,00], and
D R D)7 ifr<g
a o0 ifr>q
Then G\, maps L7(I,) to L5(1,) and
2v(x) ifr <q
[ONVRPAES B AR

Proof. If r < §, then the assertion is a direct consequence of Lemma 3.51 and (3.38). If
r>Gandy € L(I,), then Corollary 3.4 implies y € £7 and ||y s < 27~ ||y||z+. This

and the assertion for the case r < ¢ prove the general assertion. 0O

Corollary 3.53 Assume A € A, n € NU {oc}, x € X\ {0}, r € [1,00] and s as in
Corollary 3.52. Then
Gj,)\,m — Goc,)\,m

in norm as operators from L"(I,) to L3(I) if ] — oo, uniformly with respect to all other
variables.

Proof. For y € L™(I;), s € I, and £ € I, it holds

[ Velr) = Vi) [ y(w)dvdr

Gooray — Ginayl(s) =

¢
S/m Voo ™) = Vi(M)ldT [yl 211, + [Goor eyl (€) + 1Gineyl ()- (3.46)

Now choose € > 0 arbitrarily. Fix the number £ € I so small that |G\ ¢ it —Le(re) < €
and [|Gja¢ £r(1e)»ex(re) < € This is possible by Corollary 3.52 and (3.40). Moreover, the
first integral term in (3.46) tends to 0 if j — oc. O
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Lemma 3.54 Assume j € NU{oo}, A€ A, n e N\ {0}, z € I\ {0}, and y € L®(,).
Define

%:{(L—®1Un<d

00 ifn>q
Then it holds

(Fih.y) € L™(IL), (3.47)
{ 20(@)" 1Yl gre(r,) ifn<g

> G n—q . -
Lon (L) (V1)) @) [yl g,y if > 4

Moreover, (F7\ ,y)' — (F% 5 .y)" in L(1,), if j — oo.

|(F700) (3.48)

Proof. The proof is by induction on n. For n = 1, the relation

£
(Fiaay)©1 < | [ 1V0)] + \lds

1Yl gz, € € Lo,

and (3.39) imply (3.47) and (3.48). To prove the convergence assertion for j — oo, choose
a number € > 0 and decompose the integral

/‘ oo/\acy F,/\xy ‘ng /| ochy J,/\xy)(”ng

+/ oo)\zy ])\zy)()‘ng

with a number ¢ € I, chosen such that the first integral on the right side is less than
€ ||y||goo(fm>. This is possible because of (3.38). The second integral on the right side tends
to 0 if j — oo due to (3.2).

Next assume that the assertions have been proved for n—1. Use r = ¢,,_; in the premises
of Corollary 3.52. Then the inequality

n—1\" g—1\""
T:qn1:<1— (j > <<1— (j > :(1_q—1)—1:q

holds if and only if n < ¢. In this case, the corresponding number s equals

—1 —1 —1 —1
1 1 1 -1 1 -1
q Qgna q q q q q

Else, s = 00 = ¢y, 50 s = ¢, in both cases. Now (3.45) and Corollary 3.52 yield (3.47) and
(3.48) for n. The convergence assertion for the limit j — oo follows from Corollary 3.53.
O

The following is a strengthening of Lemma 3.26 for the case ¢ > 1.

Lemma 3.55 Assume j € NU{oo}, A € A, x € X\ {0}, f € LP(] ,UI,), and that the
function y is a solution of (3.5) on I_, U I,. Further assume g;x0ox € C and that g and
h are functions on I_, U I, such that

Hj o0 (0 —iL
ing (0~ 9(6) =0, Timasup 2=y BN oo

Then the condition (3.22) is equivalent to (3.20).
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Proof. The proof is analogous to that of Lemma 3.26, but now the absolute value of the
derivative 3’ is bounded by a function in M?(I_, U I,)). This follows from the condition
(3.38) in the same way as Corollary 3.9 has been proved. O

Lemma 3.56 The asymptotic relations

u(z) = o (V)
holds if x — 0.

Proof. The assumption (4.2) means that the function w given by

_ LS Vee(@)ldg iz < 0
)= { (S 0~ o (349
is contained in £7([a, b]). So Lemma 3.2 helps to prove
o) < |[Mw@de < Yol wlengs,y = o (Val)
O

Theorem 3.57 Assume that the potentials V;, j € N U {oo}, on the compact interval
I =la,b], a < 0 < b, fulfill (3.1), (3.2), and (3.38) for a number ¢ > 1. Assume
2. € C. Define the operators T;, 7 € N, and the set Dy as in Theorem 3.38. For those
x € [a,b] N [~b, —a] where the limit defining §(x) exists in the compact space C, define

~ E 0 Sm Em—1 Sm—1
i) = I (g [ [ v [ [ [ v [T [ .
. [/ji_xv}'(Q) /;2:0 [/j;_xv}(gl)dq] dfldg2‘|
- ] dgm—ngm—1‘| dfm_ldgm]
0 sm Em—1 Sm—1
-5 [ [ v [ [ [ v [ [ }
. [ c-im Vi) /;2:0 [/gix V}(gl)dgll dgld%] .
- ] dgm—ngm—1‘| dfm_ldgm] ) ,
7 0 Sm Em—1
(o) = ”KEM[ vt [T [0 et [ ]
&2 S2
) l i Voo(§2)/0 l §1 gldgll dfldggl

.. ] dgm—ngm—1‘| dgm—ldgm] .

Then exactly one of the following three cases holds:



52 APPROXIMATION BY REGULAR POTENTIALS B. Bodenstorfer

1. The function g, is defined in a neighbourhood of 0 as a complex valued function.
Then the sequence of operators T;, j € N, converges in the generalized sense to the
operator Ty, given by

D(T) = {y€Duc: lim (hy(@)y' () = hy(=2)y/ (=) = )y (0)) = 0}
Twy = _y” +Vey, ye€ D(Too)
2. The function g, is constantly equal to infinity in a deleted neighbourhood of 0. Then

the sequence of operators Tj, j € N, converges in the generalized sense to the oper-
ator Ty given by

D(Tw) = {y€ Do :y(0-) =y(0+) =0},
Twy = -y +Vuy, y€D(Ty).

3. The function g, is undefined in a deleted neighbourhood of 0. Then the sequence of
operators T;, j € N, has two subsequences with different limits in the generalized
sense.

Proof. Set n. = min{m € N : m > ¢}. Assume j € NU {oc}, A € A, and z € X with
|z| <1 and v(z) < 3, Then Lemma 3.54 implies

1),

WK

(I{j,/\,oo,z1 - Hj,/\,n,:rl)l = (Fm

JAT

3
Il
3

o) =125

K

[(Hjr 000l = Hianal)'ll <

m

n

So both series are absolutely convergent in £°°(1I,). From this and the convergence relation
(F™ 1) — (F2, 1) in £2(1,) if j — oo for all m > n, it follows

JAe o0\
(Hjnoowl = Hixnzl) = (Hoopoozl = Hoornzl)
in £>°(I,) if j — oo. This and (3.16) yields the convergence of the expression
Gincow = Giama = (Hjxeo—21)'(0) = (Hjam,-21)"(0) = (Hjx00,-21)"(0) + (Hjrn,21)'(0)

if 7 — oo. Hence, similar to the ideas used in the proof of Lemma 3.25, g s n,¢ is defined
if and only if goo x 00z iS. Moreover for z € X N I, it holds

‘goo,/\,oo,x - goc,)\,n,:v| < ||(Hj,A,oo,—x1)' - (Hj,A,n,—xl)IHgmuz)
+ ||(Hj,/\,oo,x1)' - (Hj,/\,n,ml)IHLw(Im)
2n+1y(x)n
1—2u(z)’

As to h, observe that (3.9) or (3.11) and the Lemmas 3.11, 3.22, and finally 3.56 imply

(Hoop002)'(0) = (Hoopn 140)'(0)] = |[(FI L Hoo p oo.20)' (0)] < 2pa(2)™ 1 < €|/
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for some constant C'. The choice of n yields

-1 -1 1
n >qA 1
q q

PR
and thus ‘\‘j/:f"_l‘ < |z| if |z < 1. Since §o(2) = goooma and he(z) = (Has0m_1.44)'(0),
this and the convergence relation (3.40) prove

. |
lim (§,(7) — goopoos) =0, limsup "a@) = %mww O] . .

z—0 z—0

Recall the functions g and h defined in Theorem 3.38. The equalities §(z) = 00,0,00,2> and
h(z) = (Heo0,002t) (0) for z € X \ {0}, Lemma 3.55 and Theorem 3.38 finally yield the
assertion. a

In the case ¢ > 2, Theorem 3.57 becomes the following more convenient statement.

Corollary 3.58 Assume that the potentials V;, j € N U {oo}, on the compact interval
I=1la,b], a<0<b, fulfill (3.1), (3.2), and (3.38) with q > 2. Assume zy+ € C. Define
the operators T;, j € N, and the set Dy, as in Theorem 3.38. For those x € [a, b] where
the limit exists in the compact space C define

C (2
ga(r) = lim [ Vi(©)de.

Then exactly one of the following three cases holds:

1. The function Gs is defined in a neighbourhood of 0 as a complex valued function.
Then the sequence of operators T}, j € N, converges in the generalized sense to the
operator Ty, given by

D(T.) = {y€Du:y(0-) = y(04), I (4/(2) o/ (~2) — Bla)y(0)) = 0}
Ty = —y' +Vay, y€D(Tw).

2. The function go 1s constantly equal to infinity in a deleted neighbourhood of 0. Then
the sequence of operators Ty, j € N, converges in the generalized sense to the oper-
ator Ty given by

D(Tw) = {y € Dw:y(0-)=y(0+) =0},
Tocy = _y” + Vocya ye D(Too)

3. The function go is undefined in a deleted neighbourhood of 0. Then the sequence of
operators T;, j € N, has two subsequences with different limits in the the generalized
sense.
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3.8 Examples
The following problem was studied in [Bo], [Gu], and [BDL].

Example 3.59 Consider the differential operators Tj, j € N, in £2([a,b]), a < 0 < b,
defined by

D(T;) = {y € AC*([a,b]) : y" € L*([a,b]), y(a) = y(b) = 0},

T)@) = ') - L yenm)aela,

The corresponding potentials V;, j € N U {oo}, are given by

, T €la,b).

Vo (a) = —é, 2 € [a,b]\ {0}.

The potentials Vj, 7 € N, are regular and V is singular only in 0, hence the condition
(3.1) is fulfilled. Since for all j € NU {oc}, x € [a,b] \ {0}, and £ € I, it holds

€1
[ L
BN
and since the logarithm is square integrable near 0, (3.38) holds with ¢ = 2.
The function g5 is given by

Boe) =~ Jim [ —de = lim (ln (—:c _ ?) —In (:c _ ?)) = —mi (3.50)

for all x € (0, min(—a,b)] and changes only its sign if © € [max(a, —b),0). That g is
constant on these intervals is a consequence of the odd symmetry of the potential V. In
general, this is not true. Now Corollary 3.58 yields that the operators 7 converge in the
generalized sense to the operator T, which is given by

¢
| mio)lds < — |In€ —Ina|,

T
(Ta)(z) = ') + Valey@) = —v'(@) - "2 wea\ (0, @5
for all y € D(T,). The domain D(T,,) consists of all functions y € AC;([a, b]\ {0}) such
that the function on the right side of (3.51) is in £2([a, b]),

y(0-) = y(04).  lim ((2) — y/(~2)) = ~miy(0)
and y(a) = y(b) = 0. The one-sided limit is a way to cope with the sign change of g, at
0. Since the operator —Ty, is dissipative, see [BDL], and thus Ty, has nonempty resolvent
set, T; — T also in the norm resolvent sense. Note that the nonempty resolvent set can
also be proved by Corollary 4.18.
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The following problem was dealt with in [BDL] for the case v € C.

Example 3.60 For a number v € C consider the differential operators T, ;, j € N, in
L2([a,b]), a < 0 < b, defined by

D(T,;) = {y € AC*([a.b]) :y" € L2([a,b]), y(a) = y(b) = 0},

1 (1+~v/ir 1—~/ir
T . — _ " = i :
Ta)@ = —v'@ 2(x+§+ =

) y(z), yeD(T,;),x € lab.

Like in Example 3.59, the corresponding potentials V, ;, 7 € N U {oo}, given by

i _ i
2 x-i-j T =2

V¢@=—1C+W”+1‘%”) velall, Valr)=-> o€\ {0}

fulfill (3.1), (3.2), and (3.38) with ¢ = 2. Using the limit computed in (3.50), the function
g2 is seen to be given by

_ 1+v/mi . z ] 1—v/mi . |
_ Ly e~y J
Gr.2(x) L B § LY B 3
(14 ~v/mi)mi — (1 — /mi)mi
- 5 -

for all # € (0, min(—a,b)]. Now Corollary 3.58 yields that the operators T, ; converge in
the generalized sense to the operator T, o, which is given by

y(zx

(T o)) = o) - 22 2 e fa,b]) {0}, (352
for all y € D(T, ). The domain D(T, ) consists of all functions y € ACy,.([a,b] \ {0})
such that the function on the right side of (3.52) is in £?([a, D]),

y(0-) =y(04), lim (/' (z) —y'(=2)) = y(0),
and y(a) = y(b) = 0. Since one of the operators +T, ,, is dissipative, see [BDL], T,
has nonempty resolvent set and 7, ; — T, also in the norm resolvent sense. As in
Example 3.59, also Corollary 4.18 yields p(Ty,) # 0.
Next consider the “diagonal” sequence of operators 7 j2, 7 € N. From

Tl (44 i i
L ) ) ()

= (1 + i) (~mi+0(™)

T
= —j—m+0@GY

and the complex conjugate of this equality, it follows

al) = lfém =T+ 0GY) 4T+ oG e
? 2 2

J—00
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for all z € (0, min(—a,b)]. So T;;2 = Ts o in the generalized sense if j — oo, where
Two,00 is given by

(Tooooy) () = =y"(x) = ==, @ € [a,b] \ {0}, (3.53)

for all y € D(T ). The domain D(T, ) consists of all y € ACL.([a,b]\ {0}) such that
the function on the right side of (3.53) is in £?([a, b]) and

y(0—-) = y(0+) = y(a) = y(b) = 0.

This operator is selfadjoint and hence T} ;> — T o also in the norm resolvent sense if
j — oo.

The following examples are formulated on the real line R. Since the additional assumption
of Theorem 3.43, is fulfilled here, this is possible. Treatment of the next problem can be
found in [L] and [G].

Example 3.61 Consider the differential operators T}, j € N, in £L?(R), defined by
D(T) = {ye LXR)NACAR):y" € LA(R)},

T = /(@) - 2y yepm)aeR

Like in Example 3.59, the corresponding potentials V, j € N U {oo} given by

1
zeR, Vilz)=—-——,
j k4
fulfill (3.1), (3.2), and (3.38) with ¢ = 2. Evidently, g»(z) = oo for all z € R\ {0}.

Hence Corollary 3.58 yields that the operators 7T} converge in the generalized sense to the
operator T, which is given by

z € R\ {0},

(Tooy) () = —y"(2) + Voo (2) = =" (x) — %, z € R\ {0}, (3.54)
for all functions y € D(T). The domain D(T,) consists of all functions y € L%(R) N
AC: (R \ {0}) such that the function on the right side of (3.54) is in £2(R) and

y(0=) = y(0+) = 0.

A different way to prove the approximation result would be the application of Corol-
lary 3.44. Since the operator T, is selfadjoint and thus has nonempty resolvent set,
T; — T also in the norm resolvent sense.

Example 3.62 Consider operators T as in Example 3.61 but with potentials Vj}, j €
N U {0}, given by

—‘71‘ if |z| >

jln]lf‘$|< ) jEN,l‘E]R, Voo(x):_

Vj(x)z{ z € R\ {0}.

BN N

1
|’
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Then due to the even symmetry of the potentials,

C i1 z 1 C
Go(2) = lim (2/J jlnjd§—2/ 1?d5> — 2 lim (Inj —Inz —Inj) = —2Inz,
0 7

J—00 J—00

for all numbers z € (0,00). Consequently, the operators T; converge in the generalized
sense to the operator T,, which is given by

(Tooy) (&) = —y'(2) — # e R\ {0}, (3.55)

for all y € D(Ty). The domain D(T,,) consists of all y € L2(R) N ACL.(R \ {0}) such
that the function on the right side of (3.55) is in £?(R) and

y(0-) =y(0+),  lim (y'(z) - y'(==) +y(0) Inz) = 0.

r—0+

Remark 3.63 There was a discussion concerning the difference of the potentials given by
—r~"and —|z|7! for x € R \ {0}, see [M1], [Ne], [M2], and [Ku]. The apparent difference
was seen that —|z|~! implied Dirichlet interface conditions in 0 whereas —z~! implied
boundary conditions of the form

y(0-) = y(04+), lim (4/(x) — ¢/ (~)) = 0, (3.56)

which physically bears the possibility of a particle travelling through the origin. This
conclusion was proposed using a distributional interpretation of both potentials in [Kul].
The distributional interpretation of —|z|~" would not define a selfadjoint operator in
L?(R), so Dirichlet interface conditions were suggested.

The Examples 3.61 and 3.62 offer a different view: The proper choice of the interface
conditions is no mathematical matter, but depends on the physical context. As to the
one-dimensional hydrogen atom, one would expect that due to quantum phenomena the
true potential is some regular potential, but rather one of a single-signed form like the
potentials treated in Example 3.61 than some potential with a funny shape like the positive
peak near 0 as in Example 3.62. Corollary 3.58 then states that the solutions for such a
“reasonable” choice of potential are similar to those of the potential —|z|~! with Dirichlet
interface conditions in 0. (This holds for “not all too high energies” because of the
restriction A € A.)

Analogous considerations apply to the potential given by —z~', z € R\ {0}. Now, for
instance, the physical context could motivate the assumption that the original regular
potential is an odd function. Since odd potentials V; always yield go(z) = 0 for z € R,
boundary conditions (3.56) may be a good choice to approximate the original problem.
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4 Resolvent and basisness

Throughout this section, I = [a,b], a < 0 < b, is a compact interval. For the potential
V. assume

Voo € Lige([a,0]\ {0}), (4.1)
a — 0 (4.2)

0] ¢
L[ Va©)lds
if x — 0. The number ¢ € [1,00) is fixed throughout the whole section like the number
p € [1,00], which defines the considered space of functions £P(I), compare (1.3). Since
the potentials V; of Section 3 are not needed here, it is convenient to set V; =0, j € N.
The function g then can be computed from V,, only:

o) = [ [ Vs

When the whole spectrum and eigenfunctions of the differential operator T, is examined
in this section, it is no longer appropriate to restrict the eigenvalue parameter to a bounded
set A C €. So the following extension of notation becomes necessary. The operators
H; )0 j € {0,00}, are used for numbers A € C of arbitrarily large absolute value. The
series (3.12) defining the operator Hy o, converges if u(z) + 2?|A\| < 1 that defining
Ho )00,z converges if 22|\ < 1. Note that the results in Section 3, have been proved for
A and z in fixed sets A and X. When such a result is needed in the present context
for numbers A € C and z € [a, b], first set A such that it includes all numbers A which
are mentioned in the result. For instance A = {0, A} is adequate in many cases. Then
define X in dependence of this set A as before and such that x € X. This is possible, if
1(£x) + 2% supyey [A| < 3 or under the weaker condition 22 supye, [A| < 3 for Hox ss-
Thus, such a condition on x must and always will be assured.

4.1 Estimates concerning the fundamental matrices

Assume j € {0,00}, A € C, z,& € I, and that y; and y, are solutions of (3.4) such that
yi(z) =1, yi(z) =0, yo(z) = 0, and y4(z) = 1. Then define the 2 x 2 fundamental matrix

Ej,/\,z,g to be
= ( yi(€) y2(6) )
PRSI i(€) (6
Since Vy = 0 and thus (3.4) for j = 0 becomes —y" — Ay = 0, it is easy to see that
- B cos (\/X(f - :c)) VA sin (\/X(f — :c))
—oAme —/Asin (\/X(f — :c)) cos (\/X(f — :c))
if A € €\ {0}. Additionally, for A € C define the diagonal 2 x 2-matrix

(1 0).

LS, — ( oS (\/X(f - x)) sin (\/X(f - x)) )
A O — sin (\/X(f - :r:)) cos (\/X(f - :r:))
if A e C\ {0}, z € [a,b], and & € I,.

(4.3)

Then
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Lemma 4.1 Assume that X is a Banach space, n € N, and that Ay, A.', and By,
ke {1,...,n}, are bounded operators on X. Then

ﬁ(Ak + By) — H Al < <exp§n; |Act By - 1> H 1| Agl| -
k=1 k=1 k=1

Proof. The proof is by induction on n. For n = 0, the product terms are equal to the
identity operator on X' and the sum expression is zero. So the hypothesis is fulfilled. For
arbitrary n € N and sequences of operators Ay, Bg, k € {1,...,n + 1}, the induction
hypothesis for n implies

n-I—l n+1
k= 1

- H(An-l—l + Bn+1 H Ak + Bk (An—l—l + Bn-l—l) H Ak + Bn+1 H Ak
k=1 k=1

S ||An+1|| (Hl + A;—Il—an-I-lH

II(Ax + By) — H Ap
k=1

A B H Igt

)

< Bl {1+ [zt ) (o0 3 ] = 1) TT
=1 =1
B | TT 10 )

- <(1 + HA;}ranHH) <exp i HAEIBkH - 1) + HAn—il—anJdH) nff || Akl
k=1 k=1

(b B ) oo 3 [ 1) TT 1

n+1

< (e [0 B ex0 3 ] = 1) TL )
<exp S| artB - 1) H [EN[E

since 1 + ¢ < e for all numbers ¢ > 0. O
Lemma 4.2 Assume z € C. Then the Fuclidean norm
cosSz sinz
—sinz cosz

0 1
-1 0

= exp |Jz|.
C?2

Proof. Define the matrix J; = ( > Then the matrix identity

cosz sinz
—sinz cosz

> = exp (2.1)

is valid. Since the matrix .J; is normal and has the eigenvalues 41,

RE]

lexp (21) | = max (|e*], [e7]) = e
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Lemma 4.3 Assume o, 5 € C\ {0} and € > 0. Then there is a number § > 0 such that
for all z € C with |z| < § the Euclidean norm

(o) (e e ) (ol 7o) (0 0)

1 0 a? — B2
L0 1

!
Proof. The Taylor expansions of the cosine and sine functions yield that there is a number
0o > 0 such that

<

2| + €|z]. (4.4)

lcosz — 1| < |2]%, |sinz — 2| < |23,

if 2| < 8p. Set v = max(|al, |a|7!,|3]) and assume y|z| < §. Then
[cos(az) — 1] < |azl?, [sin(az) — az| < |az]?,
and similarly for sin(5z) and cos(f8z). Use these relations to estimate the considered norm

H( coséag —a~sin(az) )( cos(Bz)  af~'sin(Bz) ) - (1 0)

sin(a a~! cos(az) —fBsin(fz)  acos(fz) 0 1

1 —z 1 %4 1 0

az ol %2 o ) 01 C>
(I + [B2)]2* + [o?B2]|2]* + (|28 + [B*])]2]* + |o®BY]|2]°
(lo®| 4+ 1ap?)|2°| + [ B2 2° + (|| + |af?])|2]* + |o® 57| |2]°
(lo®| + aB?])| 2]’ + [®B%||2° + (|aB?] + [ BY)|2* + || 2]

(la] +la?B2)|2l" + a8 2]° + (o] + [B2]) |2]* + |a*B?]|=|*

< 1+ 3222 0 (10

=\ (a—a 1Yz 1+ a?2? 0 1 )|co
+ 4922 4 89% 2 + 697 2|* + 49°]2)° 4 297
CYQ _ ﬁQ

«

C?2

<

+
_|_
+
_|_

<

2] 4+ 672 2" + (T7* +7°) 2> + 67* 2] + 49° 2" + 29°]2/°.

From this, it follows that for every ¢ > 0 there is a constant § > 0 with vJ < §y such that
(4.4) holds. O

The following important lemma shows that off the singularity the effect of the potential
tends to zero if A — oo.

Lemma 4.4 Assume A € C\ {0}, = € [a,b] \ {0}, and £ € I,. Then

|3 Eorwe = Zorad) |

Vol /1
P (exp HHC% - 1) exp ‘(f — x)%\/X‘ :

Proof. To simplify the notation, assume x < 0. The expression on the left side of
the asserted inequality is continuous in V., with respect to the norm of £([z,¢]) as a
consequence of Corollary 1.2. The expression on the right side trivially is continuous with
respect to that norm. Since the set of step functions which are continuous from the right
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side is dense in the set of continuous functions and thus in £'([x, £]), it suffices to prove
the inequality for such functions V.. Moreover, it may be assumed that Vi, (s) # A for all
¢ € [x,&] because also the set of step functions which do not attain the value X is dense

in £1([z, £]).
Let V4 be a step function which is continuous from the right side and choose a number € >
0. Then there is a number n € N and a finite sequence of numbers ¢, k € {1,...,n+ 1},
such that

T=6g<@<... <G <Gy =¢
and such that V. is constant on the intervals [¢, ¢y1), & € {1,...,n}. Moreover, the
intervals [¢g, sx41), K € {1,...,n}, can be chosen so small that the estimate (4.4) holds

for o = VA, B = /A — Vie(sx) and z = ¢,y — g for each k € {1,...,n}.
The properties of fundamental matrices yield

n
N Einwely = T (3 Ejnqan In) 4 € {0, 00} (4.5)
k=1
In order to apply Lemma 4.1, set
Ak = L;1505A7§k5§k+1 LA’

— -1z —1=
By = Ly Zecxaanlr — Ly Zoxcan I

for k € {1,...,n}. Then Lemma 4.3 helps to bound the norm

— — — _1 — — — —
HAk lBk‘ﬂy — H( )\1*:0,/\,Ck,§k+1L)\) ( )\1*:00,/\,Ck,<k+1[’/\ — L/\l:O,)\,ck,Ck+1L/\) o
- HLKlEO_,}\,Ck,CkHEocs)‘:gksgkﬂL)‘ - 1‘ 2
Voo (S
< ( O\O/(Xk) + 6> (Sk+1 — Sk)-
By Lemma 4.2, ||A;||q2 = ¢lGr1=s)SVA Now (4.5) and Lemma 4.1 imply
HLK15oo,A,x,sLA - LK150,A,x,§LAH
< lexp | oo <) +e| (1 —se) | = 1) J]exp ‘(§k+1 - Ck)%\/X‘
k=1 Al i=1
Vool 22t 441 SV
= | exp 3 +el—z] -1 exp‘(f—x)\s )\‘.
Since this inequality holds for all € > 0, the assertion is proved. O

4.2 Estimates concerning the interface conditions

To describe interface conditions in 0, fix a positive number xy, € [a, b] N [—b, —a] such that
p(tm,) < % This determines a boundary operator b; g 4, .
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Lemma 4.5 Assume j € {0,00}, A € C, z € (0, 2], such that u(+x) + 2*|\| < 1, and
that the function y is a solution of (3.4) on [—xz,z]\ {0}. Then

bjzoaxby = )
A
~ X ( v )
y'(z)

where the 2 x 2-Matrices X 1, are given by

1 - (Hz',k,oo,izL)(:tx)
(Hj,xhoo,izl)(il) (Hj,k,oo,:(l:ﬁl)(ix) J(Ea)h
__hinge (g, 1 _ (Hinoo o) (E2)hjx do
(Hjx o00,+21) (%) ( J’A’oo’izL) (0) (Hjx 00,42 1) ()

with hj,)\,:l:ac = 1im§_>01 |—Hj,/\,oo,:l:x17 Hj,O,oo,:l:xbljg'

Proof. 1t suffices to consider the third and fourth component of the vector b 4y. The
asserted equalities for the first and second one are proved in the same way when x is
replaced by —z and xy, by —zy.

The equality (3.26) and Corollary 3.16 imply

(@) o/ (@) (Hyp ) (2)
(Hjxo0021)(2)

Use Lemma 3.22, Corollary 3.23, and Lemma 3.5 to compute the following expressions.

Hj,/\,oo,zl + yl(x)Hj’,\’oo’zL. (46)

lim |—Hj,)\,oo,acL7 H‘,O,OOambLJ

£—0+ 3
= dim ((Hjo0,00) (€) (Hj0,000,) (§) = (Hjnoeat) (§) (Hipc,a00)(€)) = 0,
gl_i)TgleHJAooz Uoozng
= dim ((Hjooa1) (€) (Hj0.00) (§) = (Hjnoeal)'(§) (Hip.00000) (€))
= (Hj0,00,t) (0),
gllr[gr [Hjxoomls 111T<,(),0<,,,Cbljg = —(Hj0zt) (0). (4.7)
Also compare the proof of Lemma 3.29. This, (4.6), and the definition (3.23) of the
boundary operator yield the statement. O

The following statement is similar to Lemma 3.13.

Lemma 4.6 Assume A € C and x € [a,b] N [—b, —a] \ {0} such that u(+z) + 22|\ < %
Then it holds
||Hoo,/\,00,:r - HO’/\7OO’I||C°°(IZ) S 4[[,&(,]3)

Proof. From (3.11), (3.12), and Lemma 3.11, it follows

||Hoo,)\,oo,x - HU,)\,oo,xHﬂoo(Iz) = ||1 + Foo,)\,zHoo,)\,oo,x -1- FO,)\,IHO,/\,OO,I||EO<>(]I)
S ||Foo,/\,x - FO,/\,xHﬂoo(]I) ||Hoo,)\,oo,x||£oo(]m)
+ ||F0,/\,x||coo(1z) [ Hoop 00,0 — HO,A,oc,ngoo(]z)

p(z)
1 — p(z) — 22[A|

+ |[M2? | Hoop00,0 = Hopvool| oo 1)
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using the inequalities || Fo ol e,y < 2% and [|[Hopooullpoeqr,y < (1 —2?A)7". This
inequality for ||HU,,\,oo,x||£oo (1, implies the assertion. O

Lemma 4.7 Assume A € C and x € [a,b] N [~b, —a] \ {0} such that p(+z) + 2°|A| < 3.
Assume that hj ., j € {0,00} are the numbers defined in Lemma 4.5. Then it holds

|hfoo,)\,iz - hf[],)\,iz| S 2 ‘(Hoo,(],oo,ixbl)’(:l:x)‘ + 8/L(l‘)‘$}\‘
Proof. For j € {0,00} and € € I, (3.11), (3.12), (3.8), and Corollary 3.19 imply

(HJ,Aocxl)(g) =1+ (FJ,/\ xH /\ooml)(f)

—1+/ / Mocx drdg—)\/ / Hj oozl T)drds

=1+ (FJ,O,IJHJ,/\,OO,QJl)(g) (FO,/\,:UHJ,X,oc,xl)(f)

=1+ (Fj0.0Hj0.0021)(&) + (Fjo2(Hjxo0e — Hjo,002)1) (&) + (ForaHjnooal)(§)

= (Hj0,00,21)(§) + (Fi02(Hjx000 — Hjo,002)1)(§) + (ForaHjx0021)(E)

= (Hj 0,002, 1)(§) = (Hj0,000,1) (2) (Hj0,00,24) (§) (4.8)
+(Fjoa(Hjrooa = Hjooow)1)(€) + (FopaHjncoal)(§). (4.9)

For the terms in the line (4.8), the properties of the bilinear form |-, -Jg, computation like
n (4.7), and finally Lemma 3.22 imply

hm [H] 0,00 Ibl — (Hj,O,oo,zbl)’(x)Hj,U,OO,:EL; Hj,U,oo,zleg‘

£—=0+£
‘ ]50 o8 xb I ‘/L‘) §li>rgli |—Hj705009ml/7 H',O,oo,mbljg‘ = ‘(Hy,O,oo,xbl)’(x)(H],O,oc,:cL)’(O)‘
< [(Hj0,00,2, 1) () (1 + 20(2)) < 2|(Hj0,00,0,1) ()]

Note that this expression vanishes if j = 0. For the left term in the line (4.9), the
Lemmas 3.14 and 3.21 imply

|(Fj0,0(Hjpoom — Hjpoow)) (E)] < dp(x)|zA,
|(Fj,0,x(Hj,>\,oc,x - HJ,Ooom))( §) < dp(x)[EzAl.

Hence, using Lemma 3.22, Corollary 3.23, and Lemma 3.5, it follows

A [Fioa(Hjncow = Hiocow)l Hipoom 1l

= | im ((Fj00(Hjxc0n = Hijo02)1)(€) (Hj0,0021) (€)

E—

~(Fjoa(Hjxo0m — Hj,o,oc,:c)l)'(f)(Hj,o,oc,xbl)(f))\ < Ap(z)|zAl.

For the right term in the line (4.9), Lemma 4.6 and then integration imply
‘(FU,)\,:EHOC,/\,OC,:El)I(f) - (FU,)\,:EHU,)\,OO,:El)I(gﬂ

3
M [ (Hoepoea)(S) = (Hopoal)(5)ds

‘(FU,)\,IHOC,/\,OC,Il)(S) - (FU,)\,IHO,A,OC,ZE]‘)(é-)‘ S 4M($)|5l')\|

< dp(r)]zA],
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Hence, again using Lemma 3.22, Corollary 3.23, and Lemma 3.5,

< dp(x)|zAl.

lim (FO AaHoox 00,21 Hoo,U,OO,:L‘bH

€50+ s ¢ hm [FOAIHOAOOI:l HOUoozleg

Also compare the computation in the proof of Lemma 3.29. Using the above estimates,
it follows

llm |-Hoc,)\,oc,:c]-7 HOO,O,OO,Ib]‘Jg §‘
E—0+

< 2[(Hjp01) ()| + dp(z )W\+4M( )zAl = 2[(Hjo.002,1) (z)] + 8pu(x) |zAl.

hm I-HO/\ooxl HOOooxle

Lemma 4.8 Assume A € C and x € [a,b] N [=b, —a] \ {0} such that p(+x) + 2%|A| < §
Let Xz, j € {0,00}, be the matrices defined in Lemma 4.5. Then it holds

|3 (K sone = Xora) I | e < 4540(c )+ 16y [(Haonmoml)'(z)]

Proof. Consider and bound all entries of the matrix Xy, — Xoxz. Assume that z
is positive. The proof for negative x is similar; only x, then must be replaced by —x
and the limits & — 0+ become limits & — 0—. As to the left and right upper entries,
Lemmas 4.6 and 3.22 help to prove

1 _ 1 :(HUAOOI )(®) = (Hoop00,21) (%)
(Hoopooa1) (@) (Hopoo1)(T) (Hoon00,21) () (Ho 00,2 1) ()
p(z)

= 0= 2w + oy = O
(Hoo\00,24) (%) _ (Hop,00,2t) ()
(Hoopo0x1) () (Hopoo21)(7)

_ (Hoo00,t) () (Hop00,21) () = (Hoc0,2t) () (Hoop00,21) (2)

(Hoon00,21) () (Ho o 00,21) ()
(Hoop,00,2) (7) — (Hop00,24) (7)) (Hop 0,2 1) (7)
(1= 2(u(z) +22[A])>
I ‘ (Ho00,00) (%) (Hop00,21) (2) = (Hoop00,21) (7)) ‘
(1= 2(u(z) + 22[A])
< 4((4p(2)[x])2 + 2[z[(4p(2))) = 64p(z)|z].

As to the left lower entry, Lemmas 3.22, 4.7, and 4.6 help to prove

<

hoo,)\,fr . hO,/\,x
(Hoo,/\,oo,:rl)(x) (HO,/\,oo,zl)(x)

< (HU,)\,oo,xl)(x)hoo,/\,xl - (Hoo,)\,oo,xl)(x)ho,/\,x
- (Hoo,)\,oo,xl)(x)(HU,)\,oo,xl)(x)
< (HO,)\,oo,xl)(x) (hoo,)\,z - hO,/\,x)

(1= 2(p(z) + 22 |A]))?
(Hop021) () = (Hoo M 00,21) (%)) o
(1= 2(p(z) + 22|A]))?

< 4(2(2|(Hj0,00,0, 1) (2) ] + 8p(x) [2A]) + dpa()2|2A])
=16 |(Hoo 0,002 1) ()| + 96 () [z A|. (4.10)

+ ‘
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Here, the relation

3
[Hopooals Hoosom1]e| = [(Hoxpeal)'(0)] = ‘A / (Hopoou)()ds| < 2JaA|  (4.11)

has been used, which follows from Lemma 3.22. As to the right lower entry, (3.8), (3.11),
(3.12), and the Lemmas 3.21, 4.6, and 3.22 yield

|(Hoo,/\,oo,:rb)l(0) - (HO,/\,oo,zL)’(O)‘
= ‘(Foo,O,xHoo,/\,oo,xL)’(O) + (FO,/\,x(Hoc,)\,oc,x - HO,/\,oo,a:)L)’(O)|
< 2u(x) + |zA[4p()|z] = (2 + 42?| A ().

Next, (4.10) and the Lemmas 4.6 and 3.22 help to prove

‘ (Hoo,/\,oo,zL) (x)hoo,/\,x (HO,/\,oo,zL) (x)h[],)\,z

(Hoo00.21) () (Hox00,21)(2)
hoo,/\,ac hO,)\,x
< 01 (72 ~ )

((Hoox,00,20) (2) = (Ho00,00) (7)) m

< 2|x| (16 |(Hoo 0,002, 1) ()| + 96(2)|2A]) + 4pa(2) |z]4] 2]
= 32|2(Hoo000.2,1) ()] + 2084 () 2% ]

_|_

again using (4.11). Hence, since the assumptions imply z%|\| < 1 and using Lemma 3.24,
|3 (X aona = Xora) I
< 16p(x) + 64p(z)|z[y/[A]

A (16 [(Hae0.0m 1) (2)] + 96p1(x) 2]
(2 + 422 A ju(e) + 32 [ mOMn'( )|+208u( 22|

(m+ﬁ4+96+6+64+2% ) +16\/[Al  [(Hoo0,00201) ()]
= 454u(x) + 164/ | H e ,0,00,21 )'($)| :

4.3 Conclusive comparison with the zero potential

Lemma 4.9 Assume A € C, x € [a,b] N [=b,—a] \ {0} such that x*|\| < 1, and £ € I,.
Then

(Hopo0a1)(§) = { cos (VAE) + tan (V) sin (V) #f A # 0
o ! ifA=0
Sm(\fg) )
(Hoo0ut)(§) = { Vrcos(Vz) ifA#0
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Proof. By Corollary 3.17, the functions Hy 21 and Hyy et solve the differential
equation —y"” = \y. First consider the case A\ # 0. Apply the ansatz

(Hoxrooul)(&) = ccos (\/XS) + d; sin (\/Xg) ,
(Hopcout)(§) = ¢, cos (\/Xf) +d, sin (\/Xg) ,

and determine the constants from the boundary conditions stated in Corollary 3.17:

; —,1\/Xsin (\/X:c) + dy VX cos (\/X:c) ,

= C

1
0
0 L
1 = —cL\/Xsin (\/X:r) + dL\/Xcos (\/Xa:) )

Procede similarly in the case A = 0, using an ansatz as linear combination of the constant
function 1 and the identity function . a

Corollary 4.10 Assume X € C\{0}, z € [a,b]N[—b, —a] such that 2*|\| < 1, and £ € I,.

Then
B CoS (\/X:r) —\/X_1 sin (\/X:r)
Koo = ( —v/Asin (\/X:r) — COS (\/X:r) .

Proof. Compute all entries of the considered matrix with the help of Lemma 4.9. For
simplicity assume x > 0. The case x < 0 is treated analogously; only some signs change.

1 1 oS (\/XSU)

(Hopoozl)(T)  cos (\/Xx) + tan (\/Xx) sin (\/X:r:)  cos? (\/Xx) + sin? (\/Xx)
= cos (\/Xa:) ,
sin (\/XSU)

_Hopooat)(z) _ oS r)=—
(Hopooxl)(®)  /Xcos (\/X:r:) (\/X )

1im§_>0+ |—H0,)\,oo,:c]-a HO,O,OO,CCb ]-J I3

sin (\/XSU)
A

(Hoxc0,1)(7)
= glir& {cos (\/X) + tan (\/Xx) sin (\/X) , 1J£ cos (\/Xx)
= glir& (\/X sin (\/Xf) — tan (\/Xx) VA cos (\/Xf)) COS (\/Xx) — —V/\sin (\/Xx) :

(Hopc0,0t) (@) limeyo4 [Ho o021 Ho 00,2, 1] ¢
(Hox00.01) (2)

- VA sin( )\:E) n ) -

= reos (V3] Veon () (V) =

= — COS (\/XZU) .

- (HO,/\,oo,zL)I(O) -

sin? (\/Xx) -1
cos (\/XSU)
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Corollary 4.11 Assume A € C\ {0} and = € (0,xy]. Then
B — _ cos (\/Xa) —sin (\/Xa)
L,\lXO,/\,—a:HO,/\,a,—xL/\ — ( _sin (\/Xa) oS ( y
cos (\/Xb) —sin (
—gin (\/Xb) — COoS (\/Xb)

1 -
LY " XoxaZoxp2Ll

Proof. Corollary 4.10 and (4.3) yield

1 —_
Ly XoxaZoxp,aln

(= :2;2( AT i Vo

S S B G N B e i VA B

This gives the second assertion. The proof for the first one is analogous. O

For = € [a,b] \ {0} define the function /i by

ifz <0

. { 2 [Veoll 21 o)

T Vel 120

The Lemmas 3.1 and 3.5 prove ji(z) — 0 if x — 0; hence set 1(0) = 0.

Lemma 4.12 Assume A € C\ {0} and z € (0, zy] with p(+x) + 2?|A| < . Then

-1 = =
HL,\ (Xoo,)\,thoo,)\,a,fz - XU,)\,fx*—*O,/\,a,fx)L)\

((454u )+ 16\/7 Hy Um,xbl)'(—x)) exp ,a(—x)?| + exp 'a(_“r; — 1)

|| ||
- exp ‘a%\/X‘

1 —_ —_
HLA (XoorazZoorbe — XorzZorbz) D

( fi(x) fi(z)
((454u +16\/7 Hoop00m1) SU)|> expm+exp :r:|\/|7_1)
- exp ‘b%\/X‘

Proof. The Lemmas 4.4, 4.8, 4.2, and Corollary 4.10 help to estimate

HLil(Xoo,/\,xEoo,/\,b,x — XoxaZoaba) L C
<23 (Kora = Xona) L
+ L3 XopeLa

-
A :*oo,/\,b,xL/\‘

C? C2
Lil (Boorpe — EO,/\,b,x)L/\‘

CQ

Voo -
(454u + 164/|A Hoo 0,00, )’(LE)|> exp ””M exp ‘(x — b)%\/X‘
VIAl
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Voo
+ exp ‘x%\/X‘ (exp ”Hw - 1) exp ‘(x - b)%\/X‘
A

< [ (4540(2) + 16N [(Ho0mn1)(2)]) ex M) e ) —1)
(( (@) + 16N (ocoean)) (0)]) W iRy

-exp‘b%\/X‘.

The proof for the first inequality is analogous. O

4.4 Resolvent, eigenvalues, and eigenvectors

1 010

AssumeziECandB:<0 1 g1

> with g € C. Let the operator T,, be given by

Tooy = loo[y]a ye D(Too);

where the domain D(T,,) consists of all functions y € AC?.([a, ]\ {0}) such that I [y] €

loc
LP([a, b)), ¥'(a) = z_y(a), y'(b) = z1y(b), and Bbu sy = 0. Assume A € C and that
yr+ € ACE ([a,b] \ {0}) are two solutions (3.4) for j = oo which vanish on I+ and satisfy

the boundary conditions
( - (a) ) _ ( .+ (0) ) _
! - ’U_’ / — +
y/\’f(a) y/\,+(b)

. . . 1 ) . 0
in a and b, where the vectors ¥y € C? are ¥y = , if z4 € C and 73 = ( 1 )
+

if z; = oo. Then y, 4 satisfy (3.28). Such functions have been used in the proof of
Theorem 3.38. Since Z ... is a fundamental matrix for (3.4), it holds

_\T . T _
< zi’ El‘g > — :oo,A,a,mv_a X E [aa 0); < zi’+ El‘g > = *:OO,A,b,Iv+J X 6 (0, b] (412)
T +

Define the characteristic matrix

My = ( Bboo,O,:Eby/\,f Bboo,[),xby)\,+ ) . (413)

Lemma 4.13 A number A € C is in the resolvent set p(Ty,) if and only if M)y is invertible.
In this case, the resolvent (T, — A)™' can be computed using the formula

(Too = V7' F)E) = Boop£)E) = (4-(€) 41(€) ) My ' Bbogpa, Kaon f,

for all f € LP([a,b]) and & € [a,b]. Here K is the integral operator introduced in
Lemma 3.31. Otherwise, A is an eigenvalue of Ty, and the eigenfunctions of Ty for A are
all functions

c_
Y= C_Yr— + CLYx 4, ( . ) € ker M.
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Proof. Assume f € L£P([a,b]). If (Too — Ny = f for a vector y € D(Ty,), then Lemma 3.31
and the properties of yy + imply that y can be written as

Y=c_yr-t it + Koo/, (4.14)

where ¢y € C. The condition Bby o,y = 0 then translates to the equation

M, ( E* ) + Bbagay Koorf =0 (4.15)
+

for the numbers cy. If M, is invertible, this equation has a unique solution. Using (4.14),
the function y then can be computed and the equality (T — A)y = f holds. Now assume
that M), is singular. If (¢ ,c;) € ker My, then (4.15) is fulfilled when f = 0. The
properties of yy 4+ imply that the function c_y, _ + cyyy + then is an eigenfunction for A
and it is nonzero if (c_,cy) # (0,0). O

Lemma 4.14 The asymptotic relation
jir) = 0 (V)
holds if x — 0.

Proof. The assumption (4.2) means that the function w given by (3.49) is contained in
L9([a,b]). Since w € M([a, b]), Lemma 3.5 yields

. -1 A1 §
fle) = (@) = o0 Ylelo(e) < o7 fulleng,, = o (Vo).

O

Lemma 4.15 The following asymptotic relations hold if A\ — oc. The left column of

L;lM,\ equals
( cos (\/Xa)

~in (VAa) ) +o( Vaesp|as Vi)

if z_ # oo, and

\/Xi1 ( ::Z; ((\é_;:% ) + \/Xﬂo ( _Q{j/Xexp ‘a%ﬁ)

if 2_ = 0o. Analogously, the right column of L' My equals

( — cos (V/Ab)

s (V) ) +o( Vaew Vi)

if 2, # 00, and

\/Xi1 ( :;r; ((gzg ) + \/Xﬂo < 72{1A/Xexp b%\/XD

if 2, = 00.
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Proof. Set

r = (8\/|7>_1 . (4.16)

Let Xj . be the matrix defined in Lemma 4.5. For j € {0, 00}, the properties of X, .,
Zja» and y; +, imply

stkz_x:‘ja)‘zas_xv_ 0
bjsoszyjs)\y_ = 0 ) bj,O,.’Ebyj,)\,+ = 0
0 —XjnaZjapals

This, the definition (4.13) of M), and the structure of the matrix B imply

10 - . 10 o rbal
M)\ = ( ( 0 1 >Xoo,)\,x:oo,)\,a,zv - ( g 1 >XOO,/\,Z‘:OO,)\,b,Iv+ )

_ - - _ 1 0 - S
= ( L)\L)\IXOO,)\,fx:*oo,/\,a,fxvf _L/\L,\l ( g 1 )Xoo,)\,:r:oo,)\,b,zUJr )

N _ 1L 1 0 _ _ 14
= Ly ( L,\lXoc,)\,—ac:oo,/\,a,—xL/\L)\lv— - ( \/i_ 1 > L,\lXoc,)\,a::‘oc,)\,b,xL/\L,\lv-l— > .
A

Consider the right column of the last matrix. The left column can be treated analogously
up to the constant g, which must be replaced by zero. Together, (4.16) and Lemma 3.24
imply

AL 1(Hoo 0.00.2,1) (%) | = 82 [(Hoo 0,00.2,1) (%) < 16p().
Thus, Lemma 4.12 and (4.16) and finally Lemmas 3.56 and 4.14 yield

—1 — -1 —
HLA Xoo,A,x:ooA,b,xLA - LA XO,/\,x:U,)\,b,zLA‘

C2
< (454 + 256)u(x) exp (8j1(w)) + exp (8/i()) — 1) exp bV

- <710u <<8\/7|)1> exp (8/1 ((8\/701)) +exp (8;2 <(8\/|7>1>> - 1)

- exp ‘b%\/X‘
1 -1 o
—0 (M ((8\/|)\> ) i <<8\/|)\> >> exp B3V = 0 ( U exp ‘b%ﬁbﬁl.l?)
for the limit A — oo. The assumptions ¢ < oo and hence ¢ > 1 imply the estimate
Vi =0 ( _Q{j/X) . A —oc. (4.18)

This, Corollary 4.11, Lemma 4.2, and (4.17) yield

1 0 _ _ _
H( g\/xfl 1 ) L,leoo,,\,z:oo,\,b,zL,\ — L,\lXU,,\,:L-Zo,A,b,xLA

C?2

=0 < _Q\Q/X\ exp b%\/XD + g\/X_lO (exp ‘b%\/XD =0 < _Q\Q/Xexp b%\/XD .
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If z, € C, Corollary 4.11, Lemma 4.2, and (4.18) yield

( ; (1) > L;1XOO,)\,IEOO,)\,b,:rL)\L;177+

= <L§1X0,A,x50,x,b,xLA +o ( _Q\Q/X exp ‘b%ﬁ)) L',
cos (VAb)  —sin (VAb) 1

— sin (\/Xb) — coS (\/Xb) ( vV

O ) o 0 o v <o Ve v

cos (\/Xb)

—sin (\/Xb)

If 2, = oo, then similarly

>

> +o0 ( _Qg/Xexp ‘b%ﬁ)

—1
2+

) +o0 < 72\q/Xexp b%\/XD )

1 0 B _ L
( 9 1 >L/\1)(oo,)\,;L-:oo,)\’b’gﬁL/\L/\1UJr
VA

= (( con (¥20) - —sin VAl )-I-o(_Q%exp‘b%\/X))( i )

— sin (\/Xb) — COoS (\/Xb) \/X71

- — si b - —24
=V ' o (\/_) +VA 10( Q\q/XeXpb%\/XD.
— cos (\/Xb)
For the following lemma also compare [BDL)].
Lemma 4.16 Assume that u is an entire function such that the asymptotic formula
u(z) =sinz+o ( Vzexp \%z|) . 2= 00,
holds. Then the zeros z, k € Z, of u can be enumerated such that the asymptotic formula
zk:kﬂ+0<%>, k — +oo
holds. Moreover, all but finitely many zeros of u are simple.
Proof. For z € C, it holds
‘exp \%z” < ‘e‘gz‘ + (1 — 6_\9,2\)‘ = 1+ 2sinh [Jz|,

R¥ R

1
sinh [Jz| = |sinhSQz| = B ‘e —e ?

—iz iz
— €

T |
< 5‘6 zﬂ?ze\sz_ezﬂ?ze Sz 25‘6

= | sin 2/, (4.19)

which is seen from geometric consideration. The assumption on u implies that there is a
constant C' > 1 such that

1 1 1
lu(z) —sin z| < 7P |Sz] < Yl §| sin z| (4.20)
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for all z € C with |z| > C. If |Jz| > 1, (4.19) implies |sin z| > 1. This implies
lu(z) —sinz| < |sinz|, z€C,|z|>C, |3z > 1. (4.21)

Particularly, the function u has no zeros z € C such that |z| > C' and |3z > 1. Now

consider numbers £ € Z and z € C with Rz = (k + %) m. For such numbers z, the
properties of the sine function yield

|sin z| = [sin <g —1—2'%,2) = |cosiz| = | cosh Jz| > 1.
This and (4.20) imply
. . 1
lu(z) —sinz| < [sinz|, z2€C,|z| >C,Rz = <k+§> . (4.22)

Rouché’s theorem and the relations (4.21) and (4.22) prove that the function u has exactly
one zero in the rectangle

Rk:{ze(E:<k—%>7r<§ﬁz<<k+%>7r,%z|<1}

if k£ € Z fulfills |k| > ko, where ky € N is some number such that ko — % > % Moreover,
this zero is simple. Denote the zero of u in Ry, by z, |k| > ko. Moreover, in the rectangular
area

1 1
Rk:{zeC:(—k0+§>7r<§)?z<<kg—§>7r,|%z<C}

there are exactly 2kq — 1 zeros, counting multiplicity. Enumerate them in an arbitrary
order to be the numbers 2y, k € {—ko+1,...,0,...,ky — 1}. It is seen from (4.21) that
the function u has no other zeros than the numbers z;, k € Z.

To prove the asymptotic formula, it suffices to consider k such that |k| > ko. Then
|z < 1 and thus

sup |u(z) —sinz| = o ( _\q/E) =0 < %) (4.23)

2ERy,

if k — 4o00. Since k7 is the only zero of the sine function in Ry, the minimum

min | sinz|
2€Ry|2|>5

is positive and independent of k € Z. So (4.23) yields that for all numbers k& € Z
with sufficiently large absolute value, say k > k; > kg, the function u has no zero in
Ry \ {z €eC:|z—kn|> %} This proves |z, — kn| < 5 if |k| > k1. The Taylor expansion
of the sine function yields

kN

|sinz — 2| §?1—|22\’

zeC, |z <1,
and thus, using the properties of the sine function,

1 1
| sin z| ZE‘Z—WM, zeC,\z—ﬂk|<§,k€Z.
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This and (4.23) yield

1 —§ 1
u(z)|2§z—7rk|+o< (’/E> €€ sk <,

if £ > ky. Finally apply this estimate to 2 = z;, which yields the statement. O

The following theorem only covers the case of Dirichlet boundary conditions in a and b,
hence 2z = z, = 0o. Using a version of Lemma 4.16 also for the cosine function it is not
too difficult to get similar statements for other boundary conditions of the form (3.28) in
these points.

Theorem 4.17 Assume that the function Vo € L ([a,b] \ {0}) fulfills (4.1) and (4.2)
for some number q € [1,00). Let the operator Ty, be given by

Tooy = loo[y]: ye D(Too);

where the domain D(Ty) consists of all functions y € ACy.([a,b]\ {0}) such that I.[y] €
LP(la, b)), y(a) = y(b) = 0, and B sy = 0. Then the spectrum of Ty consists of
1solated eigenvalues only. They can be enumerated such that the asymptotic formula

5 +o (n —%)
holds, where \,, n € N, is the n-th eigenvalue of T,.
Proof. Lemma 4.15 implies

det My = VAdet (Ly'M,)

_ \/X_l —sin (\/_a s1n \/Xb
— COoS (\/Xa cos \/Xb

+V2 o (TVXexp (b - awx)
— V" (cos (VAa) sin (VD) — sin (VAa) cos (VAB))
+0 o (Ve (b - a3V
= VA sin ((b—a)VA) + VA o ( “Vexp (b - Q)WXD .

Now the Lemmas 4.16 and 4.13 prove the assertion. O

Corollary 4.18 Use the notation and assumptions of Theorem 4.17. Then the operator
Ty has nonemtpy resolvent set.

Remark 4.19 Let the differential operator T, be given as in Theorem 4.17. Using a
lemma presented in [BDL], it even follows that all but finitely many eigenvalues of T
are simple and that all degenerate eigenvalues have finite algebraic multiplicity. In fact,
the multiplicity of a zero A of the characteristic determinant det M, equals the algebraic
multiplicity of A as an eigenvalue of T..
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Remark 4.20 In [BDL], the potential V. given by Vi (z) = 1 was considered with
interface conditions in 0 as in Theorem 4.17. It was shown that the eigenvalues behave
asymptotically as

wn?

(b—a)?
Since the potential V,, fulfills (4.2) for all ¢ < oo, Theorem 4.17 shows

An =

+O(Ilnn), n — oco.

with arbitrarily small ¢ > 0. That the error term is in fact logarithmic, can be shown
using a more careful treatment of the functions x and /i in the above analysis. Note that
p(z) = |z| and f(x) ~ |zln|z|| if z — 0 for that particular potential V..

Corollary 4.21 Assume that \,, n € Z, are the eigenvalues of Ty, enumerated as in
Theorem 4.17. Then

-1 = =
‘L 2n2 (‘—‘OO,/\n,a,g ) n2n2 ) L n2n?2

—q
sup we = o ( \/ﬁ) ,
ge[a,g_*b] (b—a)2 T(b-a)2"7 (b-a)? || 2
n
sup L;12n2 Eoo,/\n,b,g — EO 22n2 b L 22n2 = 0 ( _{I/ﬁ)
ge[gf_a b] (b—a)2 T(b—a)?’” (b-a)? || 2
n’

if n — oo.

Proof. Apply Lemma 4.4 for A\ = ﬁ and the potential V, — A, + A im place of V.
-1

This and Theorem 4.17 for = = (8\/|)\\) = %% and the Lemmas 3.56 and 4.14 yield for
all £ € [z, 0]

HL;1 (Zoc bt = Zonbe) L)\‘ o
) (exp Woellesuay + (= 1A = A

Ry

- 1) exp ‘(f — )3V,

< (exp ‘$|71/l($) + (b)\_| 1‘)‘)\ — )\n| N 1) exp ‘(l‘ . b)%\/xn

= (expo(f\q/ﬁ) - 1) exp‘(x—b)o(f\q/ﬁ)‘ :0(7%) , (4.24)
and the estimate evidently is uniform in £. The other assertion can be proved similarly.

O

Lemma 4.22 Assume \; € C, z € [a,b] N [—b,—a] \ {0} such that p(+x) + 2%|)\;] < 3,
and that the functions y; are solutions of (3.4) on I, for j € {0,00}. Then

1Yoe = Yoll goo(r,) < 4y (@) = w0 ()] + 10/(y () — yo ()2
+(40]yo ()] + 100[yp () ) (1(z) + 2%| Ao — Ao).
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Proof. The equality (4.6) for j € {0,0c} implies

Yoo () yo(z)
Yo — Y S S Hoo, oo,oo,x1 - H, ,oo,z1
Ioe = w0l H (o)) (Hoaea) () 0]
!
o0 o0, T H oo,Tr
N o)) ) (Hasgm)0)
(H. 00, X0 s00, T 1)(x) (HU,Ao,oo,zl)(x) £%(I,)

1950 (2) Hoo 00,28 — ’(x)HO,Ao,oo,xLHEw(Iz) '

As to the terms on the right side, the Lemmas 3.14, 4.6, and 3.22 yield

Yo (1') Yo (LE)
Hor ooal — Hys ool
H (HOO’/\OOsOO@l)(:E) oo (HO,Ao,m,xl)($) 0:20,0¢1

< lynle) — () ozt exallexay
= 1500 (;[ (I;J)O(O,A)m,w&j;)(x) (a)
+|y0(1‘)‘ (HOO’AOO’OO’Il)(x)(H[]’)\O’OO,I]‘)(:U)
\yo(ﬁ)‘
(Ho 0,00,z 1)(z)
< Alyoo() — yo(7)]
+yo(z) [4(4p(z) + 4% Ao — Xol)2 + |yo(2) [2(4p(x) + 42°| Ao — Aol)
Yo(z)
)

L£oo(Iz)

AT AT o

[ Hooroe00:21 = Honoo0w 1l oo,

+

= 4[yoe () — yo()| + 40]yo ()| (1(2) + 2%|Aee = o),
Yoo (T) (Hoo 2o 00,20) () Yo () (Hog,00,24) (%)
(Hoopee)r) 2= ()00
< 41y () (Hoo poo 00,2t) () = Y () (Ho,xg 00,20) (7)]
+40[yy (2) (Ho g oc.0t) (2) | (1(2) + 2%[ Ao = Aol)
< 4 (Yoo () = 46(2)) (Hoo pe 00,00) (%))
+41y(0) ((Hoo oo 00,01) () = (Hoxg,00,20) ()]
+80]yg (0)z[ (1(2) + 2% Asc — Ao)
< 8| (Yoo (@) — yo())x]
+4lyy(0)|(4p(2) + 42% | Aoo = Ao|) + 80yp(0)|(11(w) + 2% Ao — Ao])
= 8/(yoe () — yo(2)) ] + 96y (0)| (11(2) + 2% Aoe — o)
1950 (%) Hoo Mg 00,2t — Yo (@ )HO,/\O,OO,CULHﬁOO(Iz)
< [y (@) — yo(2)] ||H00,/\oc,00,xL||goo(1z) + 9o (@) | Hoo oo 00,0t — HO,/\o,oc,xL”coc([m)
< 2|(y5 () = yo(2))x] + |yo(2)z|(4p(z) + 42 Ao — Aol).

Now summation yields the statement.

L£09(Iz)

O

Theorem 4.23 Use the notation and assumptions of Theorem 4.17. Then there is a
sequence of root vectors y,, n € N, of T such that for each n € N, y,, is a root vector
for the eigenvalue \,. This sequence can be chosen such that

:0(_%), n — oo.

£2°([a,b])

m™m(- — a)

n — Sin
Y b—a
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Proof. Consider yy 4, the arguments for y, _ are similar, only b must be replaced by a.
The equality (4.12), Corollary 4.21, and (4.3) for x = =2 yield

8mn
~1 Yo+ (@) -1 = ﬁ
L et At (T) =L",.2 Zcopnbals
G- \ Y+ -2
-1 = - —q -1 =
=L n? :0 an2 bx’l)+ + O( \/ﬁ) L 2 U4
(b-a)® (bma)? (b-a)
mn(z—b) b—a _:.. mn(z—b)
CoOS ——— —-SIh ——— 0 —§
— b—a ™m b—a + -1 ( \‘1/_)
- . _ _ _ n o n
( —sin 7rnb(z b b @ o mn(z—b) ) ( 1 )
—a ™ b—a

b_ a Sinw _ 4
= ( 7rnb(_zafb) > +n 10( %) ) (425)
b—a
™m . mn(-—b)
— S -————
b_ ayxn,Jr b—a

™ COS

—o ().

‘ £ ([z,b))
As to the interval I, Lemma 4.22 and (4.25) yield

= RIS ORI ED
+ <40 + 100x|b7r_na> (0 (\‘1/5) 122 (n f\q/ﬁ))

— o(¥R).

Put together the estimate and the analogous ones for y,, . So it has been proved

™ ™4 = o(m),
b—a b=t (a0

) »
‘ ™ y,\m_—sinM = 0( %)
b—a b—a £ ((0.8)

The eigenfunctions of T, can be written as y, = ¢, —Yxr,,— + Cn,+Yr,,+- S0 it remains to

determine the constants ¢, _ and ¢, . By Lemma 4.13, the relation M), = (0 must

C+
hold for the coefficients c¢y. By Lemma 4.15, Theorem 4.17, and uniform boundedness of
the derivatives of the trigonometric functions for all arguments with bounded imaginary

part, this equation is
0 - —sin ( )\na) sin (\/an) c_
— COoS (\/Xna) cos (\/an) Ct
+c_o ( 72%71 exp a%)\n|> +cyo < 72%,1 exp |b%)\n>

—gin e gjp mnb c_ g
=( e )( )+<|c_+|c+>o(%).

2

—cos 7% cos c
—gin ™% _ cos T4

Multiplication from the left side with the regular matrix Loa . boa ) yields
COS —a — Sin —a

the equivalent equation

1 — cos Tnlb—a) c_ i
0 = ( cos b2 )( 4 (el +les o ()

c
0 sin—— +
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N ( (1) (_18n+1 ) ( Z ) +(le_| +lesl)o ( Vn).

Now set ¢ = 1; then ¢, = (—=1)" + o ( _\q/ﬁ) Consider the corresponding eigenvector,
which is given by

46 = sin ) 1o ( ‘%) if £ € [a,0)
(—1)"sin ™E 4 o (/) i £ € (0, 1)

The properties of the sine function finally yield for £ € (0, b]

. mn(§ —b) . (m(§—a) mn(b—a)
—1)" e R/, —1)"
(—1)"sin P ( )sm( p— + —
_ no [T —a) _ . —a)
= (-1) s1n< P +7m>—s1n o
and thus the statement is proved. O

For the definition of a Bari basis compare [GK, VI].

Definition 4.24 Assume that # is a separable Hilbert space. A basis of H is a sequence
of vectors y, € H, n € N, such that each vector f € H can uniquely be written as series

f = Z Cn¥Yn,

neN

with coefficients ¢, € C, n € N, such that this series converges in the norm of #.

A basis of H is called a Riesz basis of H if it is the image of an orthonormal basis mapped
by a bounded and boundedly invertible operator.

A basis of H is called a Bari basis of H if it is quadratically close to an orthonormal basis
of H. This means that there is an orthonormal basis of H consisting of vectors e,, n € N,
such that

> Nlyn — enllz, < oo
neN

Corollary 4.25 Assume the conditions and use the notation of Theorem 4.23. If p = 2
and q > 2, then the operator Ty, has a Bari basis of root vectors.

Remark 4.26 It may well be that a refined treatment of the functions p and i in the
estimations (4.17) and (4.24), which have led to the Theorems 4.17 and 4.23, can yield a
slightly stronger result. Among other things, the Hardy inequality must be applied to p.
In the end, as it seems, the widespread error terms of the form o ( _\q/ﬁ) in fact would lie
in ¢?(N) if ¢ > 2. Using this, for example Bari basisness could be obtained even in the
case ¢ = 2.

Conclude this section with the observation that the results obtained are formulated for

. - . . 1 1 .
interface conditions given by a 2 X 4-matrix of the structure B = 0 (1) g (1] with
g € C. This covers almost all operators which have been obtained in Section 3 as limits of

regular Sturm-Liouville operators. The only exception are Dirichlet interface conditions
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1
0
perform similar analysis also for this case. Even other 2 x 4-matrices B of rank 2 may be
studied. Then, however, the behaviour of the eigenvalues may be more complicated, since
the characteristic determinant det M) then may asymptotically equal the sum of two sine
functions.

in 0 which are given by the matrix B = 8 (1) 8 ) However, it is not difficult to
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Wie nur dem Kopf nicht alle Hoffnung schroindet,
Der immerfort an schalem 3euge Elebt,

Mt gier'ger Hand nach Schhitzen grdbt,

$nd froh ist, roenn er Regentolirmer findet!
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