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Introduction

In [JLT] it was shown that a bounded cyclic selfadjoint operator in a Pontryagin
space is unitarily equivalent to the operator of multiplication by the independent
variable in some space II(¢), where II(¢) is a Pontryagin space generated by a
distribution ¢ which belongs to a certain class F of linear functionals. In this
thesis we investigate how this result can be generalized to the case of a bounded
cyclic definitizable selfadjoint operator in a Krein space.

In Chapter 1 we give a basic overview of distributions and extend the class
of linear functionals F, introduced in [JLT], to fit the spectral properties of a
bounded definitizable selfadjoint operator in a Krein space. The main difference
to the Pontryagin space case is the real part of the spectrum. For a selfadjoint
operator in a Pontryagin space with only real spectrum there exists a positive
definitizing polynomial, which is no longer true in the situation of a bounded
definitizing selfadjoint operator in a Krein space. This reflects in the definition
of the class of distributions corresponding to the real part of the spectrum, which
is denoted by F(R). The condition in [JLT] that the distribution corresponding
to the real part of the spectrum is a positive measure except on a finite subset
M of R is weakened, to the requirement that on each closed interval which is
a subset of R\ M the distribution is either a positive or negative measure, see
Definition 1.5. The main result of the first chapter is an integral representation
for a distribution of F(R) with a one element exception set, see Proposition
1.21.

In Chapter 2 we build a model for a distribution in ¢ € F(R) with exception
set {0} using the data from some integral representation of . We define an inner
product on the space of all polynomials by means of the distribution ¢, and an
embedding from the set of all polynomials into a space L?(v) @ C*. On this
space we explicitly define an indefinite inner product such that this embedding
becomes isometric. The space obtained by factorizing out the isotropic part of
the closure of the range of this embedding is defined as the model Krein space,
cf. Theorem 2.18. The model multiplication operator is defined such that it
is compatible with the operator of multiplication by the independent variable
on the space of all polynomials. Finally we show that the model spaces and
operators constructed from different integral representations of ¢ are unitarily
equivalent, cf. Theorem 2.19.

The main purpose of Chapter 3 is to construct an operator model for an
arbitrary distribution of F(R), and to add possible non-real spectrum. This is
a rather technical section. Given a distribution ¢, we construct a Krein space
K¢, a bounded cyclic definitizable selfadjoint operator A4, and an embedding
1y of the space of all polynomials into K., such that ¢4 has dense range and Ay
is compatible with the multiplication operator on the space of all polynomials,
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cf. Theorem 3.19 and Corollary 3.20.

In the last chapter, Chapter 4, we investigate the converse question. Given
a bounded cyclic definitizable selfadjoint operator A in a Krein space K, we
construct a distribution ¢. We show that A is weakly unitarily equivalent to
the operator Ay, cf. Theorem 4.4. Being weakly unitarily equivalent means that
there exists an isometric mapping U : 8 — K, with dense domain and dense
range, such that AyU = UA. We show that under some additional properties
on the spectrum of A, namely if each singular critical point of A has finite index,
this weak unitary equivalence is bicontinuous, i.e. a strong unitary equivalence.
Finally, we show that the distribution constructed from a model operator Ay is
nothing but ¢.

In contrast to [JLT], where the situation in a Pontryagin space is treated, we
consider a Krein space and therefore the measure representing the distribution
on intervals without critical points is either a positive or negative measure.
This affects the result known in the Pontryagin space situation in so far that
in general only a weak isometry is obtained. The methods used are mostly the
same as in a Pontryagin space except that we make use of the geometry and
spectral theory of a Krein space. Further we do not restrict ourselves to a fixed
representation for a distribution but show that every representation leads to the
same object.



Chapter 1

Distributions of the class F

1.1 Basic Theory of distributions

Let Q be an open subset of R. By C°°(§2) we denote the space of complex valued
functions on §2 which have derivatives of all orders. As usual we consider on
C°(Q) the topology generated by the seminorms

pn(f) = max{|f™(z)| : 2 € Ky,n < N}, N eNg:=NU{0},feC®0Q),

where K;, i € N, are compact subsets of  such that K; C I%'iﬂ and Q =
Uien . This topology we will denote by 7. For a compact set K C Q
we denote by Dk () the space of all f € C*°(Q2) whose support lies in K. By
D(Q) we denote the union of the spaces D (€2) where K ranges over all compact
subsets of Q and call it the test function space. Consider on each Dy () the
subspace topology induced by the topology 7o, on C*°(2) and denote it by 7.
Further define

N — {W C D) : W is convex and balanced }

W NDg € 1k VK C Q compact

and let 7 be the collection of all unions of sets of the form f+ W, with f € D(Q)
and W € 20. Then (D(Q),T) is a locally convex topological vector space and
2 is a local base for 7. A distribution on 2 is a continuous linear functional on
D(Q) with respect to the topology 7. The space of distributions on Q will be
denoted by D’(Q).

A distribution is called real if it takes real values on real test functions.

For m € Ny denote by C*(2) the space of complex valued functions on
with compact support which have derivatives up to order m. For f € C7*(Q),
m € Ny, we introduce the norms

[ £llm = max{|fP(z)] : z€Q, 0<j<m}=max{]|[fP]: 0<j<m}

where ||.||c denotes the uniform norm.
A linear functional ¢ on D(Q2) belongs to D'(2) if and only if, for every compact
set K in Q, there exists N € Ny := N U {0} and a constant Cx < oo such that

6] < Cicllfllx, for all f € Dic(€2). (11.1)
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If ¢ is such that one N will do for all K, then ¢ is said to have finite order.
In this case the smallest number N € Ny for which (1.1.1) is satisfied for all
K is called the order of ¢. If no N will do for all K, then ¢ is said to have
infinite order. The order of ¢ is denoted by ord(y). To characterize the order
of a distribution it is useful to introduce further function spaces similar to the
spaces Dk () and D(Q), respectively. For a compact subset K of Q and m € Ny
we define

DE(Q) :={f € C™(Q): supp f C K},

D)= |J DR.
KCQ
K compact
Note that D™ () is precisely the space of functions of class C™ having compact
support. Equip the spaces D(§2) with the norm ||.||,,, and denote the induced
topology by 7. Analogously to the construction of the topology on D(£) define

g — {W CDM(Q) : W is convex and balanced }

WNDR e VK CQ compact

and let 7 be the collection of all unions of sets of the form f + W, with
f € D™(Q) and W € 20™. We consider on each space D™(Q2), m € Ny, the
topology 7.

The following table (2 C R open, m € Ny, K C R compact) gives an overview
of the introduced spaces and the local bases for the corresponding topologies.

space  top. local base
C®(Q) T {VN; NEN},with Vy = {feCOO(Q):pN(f)<%}
Dr(Q) 7k {VN: NeN},with Vi = {feDK(Q):||f||N<%}

W is convex and balanced
D) T {W SD): W NDg € Tk VK C ) compact }

DRQ) P {f/;V . Ne N}, with V}, := {f e DR(Q) : | fllw < %}
W is convex and balanced }
W NDE €t VK C 2 compact

DMQ) {W C D(Q):

The distributions of order at most m € Ny can be characterized as follows:

1.1 Proposition. Let ¢ be a distribution on £ and m € Nyg. Then ¢ has order
at most m if and only if ¢ can be extended to a continuous linear functional on
D™(Q). In this case the extension is unique.

The proof uses the fact that D(Q) is dense in D™(Q2) and can be found in
[HL, Proposition 3.1, p. 268]. By this proposition we can identify the space of
distributions of order at most m, m € Ny, on € with the space of continuous
linear forms on D™(f2), which we denote by D" ().

For a locally integrable complex function g in €2, define

eg(f) = [ fgdA, [feDQ),
/

where A denotes the Lebesgue measure. Then for all f € Dk () it holds that
log(f)] < (fK \g|d/\) | fllo, so ¢4 is a distribution of order zero. Similarly we
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can define a distribution of order zero corresponding to a complex or positive
Borel measure p on € by

eul(f) = Q/J"’cm

Recall that a Borel measure is a positive measure p defined on the o-algebra of
all Borel sets in a locally compact Hausdorff space X which satisfies u(K) < oo,
for every compact set K. If a locally compact Hausdorff space X has a countable
base it follows that every Borel measure is regular. Therefore any Borel measure
on any subset of R is regular. If p is a negative or complex measure defined on
the o-algebra of all Borel sets in a locally compact Hausdorff space X we call
it a Borel measure if its total variation |u| is a Borel measure. By () we
denote set of all complex Borel measures on 2 and by 8B(2) the Borel o-algebra
on €.
The support of a distribution ¢ is defined as:

supp ¢ = '\ U{w is an open subset of Q: o(f) =0, Vf € D(w)}.

Of special interest for the next section are distributions with compact support.
They can be characterized as follows:

1.2 Proposition. Let ¢ be a distribution on Q. Then ¢ has compact support
if and only if ¢ can be extended to a continuous linear functional on C*(Q).
In this case the extension is unique.

A proof can be found in [HL, Proposition 3.3, p. 282].
For p € Ny and ¢ € D'(Q2) the formula

P (f) = (=1)Pp(fP),

defines a linear functional on D(2), which is called the p-th (distributional)
deriwative of . If |p(f)| < C||flln for all f € Dg (), then it follows that

@ (N < CI PN < Clflnep,  f € Dr(Q),

which implies that ¢® is a distribution. Further it holds supp ¢® C supp ¢
for all p € Ny, c.f. [HL, Proposition 2.4, p. 294]. Moreover if ¢ € D™ (Q) it
follows that ) € D'™+P((Q).

The following proposition characterizes elements of class D™, m € Ny. A
proof can be found in [E, Theorem 4.8.1, p. 318].

1.3 Proposition. Let m € Ny and ¢ € D' (). Then there exist distributions
0; €DO(Q), j=0,...,m, such that

m
p=> ¢ (1.1.2)
=0

If ¢ has compact support K, the distributions ¢;, 7 = 1,...,m, may be as-
sumed to have their supports contained in any preassigned neighborhood of K.
Conversely, any finite sum of the form (1.1.2) is an element of D'™ ().
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1.4 Corollary. Let ¢ be a distribution on € with compact support. Then the
order of ¢ is finite and there exist regular complex Borel measures uj, j =
0,...,ord(y), with compact support on Q such that

ord(p

)
o=y u
=0

Proof. By [R, Theorem 6.24, p. 164] a distribution with compact support has
finite order. Denote by m € Ny the order of the distribution ¢ and by K C € its
support. Fix compact subsets K/, K" of () such that K C K' CK CK"CK".
By Proposition 1.3 there exist distributions ¢; € D'°(Q), j = 0,...,m, such that
Y= Z;ﬁzo <p;]) and supp ¢; C K’ for Jj=0,...,m. Every ¢; is an element of
D'O(), so every ; is a continuous linear functional on D°(Q2). Hence there
exist constants C;, j = 0,...,m, such that

0i (O < Gjllfllo,  f € Dien ().

Let {w1,ws} be a partition of unity subordinate to the open cover {K”, (K')¢}

Then for f € D°(Q) it holds wy f € DY, and ¢;(f) = @j(wif), j =0,...,m.
This yields

0i (NI < Cillwifllo < Cill fllos,  5=0,....m, fe€DQ).
Therefore ¢;, j =0,...,m, is a continuous linear functional on D°(Q2) = C.(Q).

By the Riesz Representation Theorem there exist regular Borel measures u;,
7 =20,...,m, such that

0;i(f) = /fd,uj, j=0,....m, f€CN).
Q
Therefore ¢; = pj, j =0,...,m, in the distributional sense. a

1.2 Distributions of the class F(R)

Let ¢ be a distribution on R and I C R an interval. We say ¢ restricted to I
is a Borel measure if there exists a Borel measure p supported on a subset of T
such that

o(f) = /fdu, f € D(R) with supp f C I.
T

1.5 Definition. For a finite set M C R denote by F(R, M) the class of real
distributions ¢ with compact support, such that for all [a,b] C R\ M the
distribution ¢ restricted to [a,b] is a finite positive or negative Borel measure.
Then we define
FR) = |J F®M).
MCR
M is finite

If the cardinality of M equals 1, i.e. M = {a}, a € R, we write abbreviatory
F(R,a) for F(R,{a}).
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By Proposition 1.2 every ¢ € F(R) has a unique extension to a continuous
linear functional on C*°(€2). In this sense we can apply ¢ to elements of C°°(£2).

1.6 Definition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). We define 3, as the set of all components of R\ M. We call M
minimal if there exists no N C R such that |[N| < |[M] and ¢ € F(R, N).

Note that for ¢ € F(R) a minimal set M such that ¢ € F(R, M) does not
have to be unique.

1.7 Proposition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). Then for every Z € 3 there exists a positive or negative (possibly
unbounded) Borel measure uyz on Z such that

)= /fduz, f € D(R) with supp f C Z.

Proof. Let Z € 3); and assume first that Z is bounded In this case Z = (a,b)
with a,b € R. For every n € N define a,, := a+ £ and b, = b— +. Then by
definition for every n € N there exists a finite posmve or negative measure Ln
on [an,by] such that

o(f) = / fditn, £ € D(R) with supp f C [an, by].

[an,bn]

For any natural number m less than n and any test function f with supp f C
[@m, b it follows that

/ fdtm = / fawn = [ s

[an7 n [arn; ”m]

By a density argument this implies pi,(A) = pm(A) for all A € %([am,bm]).
Clearly pu,, is a positive (negative) measure if and only if u,, is a positive (neg-
ative) measure. Now we define a measure on (a, b) by
w(A) = nl;rrgo (AN [an, ba]), A€ B((a,b)).

Since (pn)nen is & monotonic sequence, u is a well-defined set function from
(a,b) to [0,00], or [—00,0] respectively. We need to show that p is a Borel
measure on (a,b). Assume that (i, )nen is a sequence of positive (and of course
finite) measures. In the case where all measures pu,, n € N, are negative just
consider the sequence (— iy, )nen and the same argument applies. Now consider a
disjoint countable collection (4;);en of members of B((a, b)) then the monotone
convergence theorem shows that

_anl_)ngoﬂn(A N [an, by] Z“ ).

i=1
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Let K be a compact subset of (a,b), then there exists a natural number n such
that K C [an,by]. Since p, is a finite measure it follows that

w(K) < U([anvbn]) = Mn([anvbn]) < 00,

thus p is a Borel measure on (a,b). Further for every f € D(R) with supp f C
(a,b) it holds that

when n is chosen such that supp f C [an,b,]. The cases Z = (—o0,b) or
Z = (a,00), a,b € R, can be proven similarly using the fact, that ¢ has compact
support. If the only component is Z = R the assertion of this proposition follows
immediately by definition. Q

1.8 Definition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). For any a € M denote by ZF the components of R\ M such that
supZ, = a =inf Z}. For a € R\ M we denote by Z, the element of 35, such
that a € Z,. For Z € 3, we denote by pz the measure from Proposition 1.7
corresponding to the component Z.

1.9 Corollary. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). Define M := M Nsupp g, then it holds

suppp = | J supppz, UM.
Ze€3m

1.10 Remark. Let ¢ € F(R) and M a finite subset of R such that ¢ € F(R, M).
Assume that M consists of one element @ € R. If M is not minimal, i.e.
v € F(R,0), then ¢ is either a positive or negative measure on R and clearly
the support of ¢ coincides with the support of ug. If M = {a} is minimal, then
pz+ and piy- can have different sign. In this case the following situations can
occur:

« is an element of supp p 7+ and supp Kz
« is an element of supp pi,+ or supp -,

« is not an element of supp p 7+ and supp p 7 but an element of supp ¢,

)
)
)
-) « is not an element of supp [z SUPD [y - and supp .

It follows that the set supp ¢\ (supp [z+Usupp p Z;) is either empty or consists
of the element .

We want to consider the question how we can restrict an element of F(R)
to real intervals. Let ¢ € F(R, M), where M is a finite subset of R. Let
A be an open, half-open or closed interval of R such that 9A N M = () and
uz(0ANZ) =0 for every Z € 3. We denote the set of all these intervals with
D, m. For A € D\ we define

o ~ Qs an open interval of R, a,b € R,
B = {{(~00,a), 2, (b,0)} : MhAcheacA )
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Now we can define the restriction of ¢ to elements of D, ps. Let A € D,y
and I' € &4, i.e. there is an open interval  and a,b € R such that M N A C
[a,b] € Q and T' = {(—00,a),Q,(b,00)}. Let v := {w;,wp,w,} € D(R) be a
partition of unity subordinate to the cover I', then we define

olalf) == o(fwo) + | fwixaduz, +/ferAdMZb, f € D(R),
Zq Zy

where xa denotes the indicator function on A. We have to show that this
construction is independent of the choice of I' and . This is the assertion of
the following lemma:

1.11 Lemma. Let p € F(R) and M a finite subset of R such that p € F(R, M).
For each A € D, a1 the functional ¢|a is independent of the choice of the open
cover I' € & and the partition of unity . Further ¢|a is a distribution on R.

Proof. For i = 1,2 let €; be open intervals of R and a;,b; € R, such that T'; :=
{(—00,a;),, (b;,00)} € B and choose partitions of unity v; :={w; 1, wi 0, Wi r}
subordinate to I';. Now define a := max{ai,as}, b := min{b;,bs} and Q :=
01 Uy, then clearly T' := {(—o0,a),Q, (b,00)} € &a. For a partition of unity
v := {wy, wo,w; } subordinate to I" it holds

Wy = Wi —w +wio+w, —we, =12

Clearly Z,, = Z, and Z,, = Z, for i = 1,2. Further supp(w; ;—w;) C [inf Q, a] C
A and supp(w; »—w,) C [b,supQ] C A, ¢ = 1,2 and therefore for every f € D(R)
it follows that

p(fwo) = ¢(fwio) + (f(wip —wi)) + o (f(wir —wr)) =

= p(fwio) + /f(wz',l —wi)xadpuz, + /f(wi,r —wp)xadpz,, =12
Za Zy

This implies that the definition of ¢|a is independent of the choice of the open
cover I' and the partition of unity . It remains to show that ¢|a € D'(R). Let
K C R be a compact set, then there exists a constant Cx > 0 and N € Ny such
that |o(f)| < Ck|| flln for f € Di(R), since ¢ is a distribution. This implies

lola ()] < lo(fuo)| + / Florxadluz,| + / Flomxadliz,) <
Zq Zy

< Crcllfwolln + 1w (112, 1((—00,a] N A)) + |z, |(1b,50) N A)), f € D (R).

By the Leibniz formula it follows that there exists a constant C’ > 0 such that
| fwolly < C'||f||n. This gives the following estimate

[pla ()] < (CxC"+luz, (=50, aln8))+luz, (1b,50)NA) ) v, f € Dic(R),

which shows that ¢|a is a distribution on R. a

1.12 Definition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). A system of disjoint ordered intervals A; € Dy, i = 1,...,n, ie.
A; <Ajpq fori=1,...,n—1, such that R\ U;.Lzl Aj is a finite set is called a
p-M -decomposition of R.
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1.13 Lemma. Let p € F(R) and M a finite subset of R such that ¢ € F(R, M)
and A, A" € D, rr. Then it holds:

(i) If ANM =0, then there exists Z € 35 such that A C Z and

olalf) = /fduz, f € D).

A

(ii) The support of p|a is a subset of A.

(iii) The functional p|a belongs to the class F(R, M N A) and |a(f) = ¢(f)
for f € D(R) with supp f C A.

) (¢la)la = ¢la.

) ela =z = ¢lx-

(vi) IFANA" =0 and AUA" € Dy, p then o|xgar = ¢la +¢lar-
)

Let Aq,..., A, be a p-M-decomposition of R. Then the distribution ¢
can be written as

(p(f) = Z¢|Aj (f)’ S D(R)

Proof.

ad (i) : The existence of Z € 3, with A C Z is obvious. Choose a partition of
unity v := {wj, wo, w, } subordinate to the cover I' := {(—00, a), 2, (b,0)} € Ga.
Then Z, = Z, = Z and for f € D(R) it holds

ela(f) = ¢(fwo) +/leXAdMZ +/ferAdMZ = /fduz.
zZ zZ A

ad (ii) : For any open set O C R\ A it clearly holds ¢|a(f) = 0 for every
f € D(0), hence supp ¢|a C A.

ad (¢i1) : By Lemma 1.11 ¢|a is a distribution and by (ii) ¢|a has compact
support. We have to show that for every [a,b] € R\ (M N A) the distribution
©|a restricted to [a,d] is a finite positive or negative Borel measure.

Let [a,b] € R\ (M NA) and f € D(R) with supp f C [a,b]. If MNA =0 by (i)
there exists Z € 3,7 such that A C Z and

elalf) Z/fdMZZ /fXAﬁ[a,b]d,UZ-
A

[a,b]

Hence ¢|a restricted to [a,d] is a finite positive or negative Borel measure.
If M NA # @, then there exists an element a € R such that M N A = {a}.
Choose an open interval Q and ¢,d € R such that a € (¢,d) C [¢,d] T Q C A

and QN [a,b] = . Assume first b < infQ and choose a partition of unity
v := {wi,wo,w,} subordinate to the cover I' := {(—00,¢),9, (d,00)} € Sa.
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Then w; = 1 on [a, b] and wp, w, vanishes on [a, b]. Therefore we have for every
f € D(R) with supp f C [a, b

olalf) :/fleAd,UZC = /fXZcmAﬁ[a,b]dﬂZc>
Ze

[a,b]

which shows that ¢|a restricted to [a, b] is a finite positive or negative measure.
The case a > sup (2 is proven analogously. Therefore ¢[a € F(R,M NA).
If f € D(R) with supp f C A, then it holds

ola(f) = o(fwn)+ / furduz, + / Fonpiz, = o foo) T fer) +o(fwr) = o(f).

Ze Zq

ad (v) : Assume AN M = (). Choose an element I' := {(—00,a),, (b,c0)} €
& with corresponding partition of unity v := {w;, wo,w;}. Let Z € 3 such
that A C Z. Since ANM = 0 we have Z, = Z, = Z. By (i) it follows that

(0la)a(f) = pla(fwo) + / Jorxadiz + / Foorxadiz = / fdpz = pla(f).
A A A

If ANM # 0, then there exists « € R such that AN M = {a}. Choose an
element I' := {(—00,a),Q, (b,00)} € B with corresponding partition of unity
v := {wy, wo,wr }. The restriction of ¢ to A is given by

elalf) =<P(fwo)+/fleAduza +/ferAduzbv [ € D(R),
Za Zy

Denote the measures corresponding to ¢|a on the elements of 3p/na, i.e. on
{(—o0, @), (a;00)}, by piq— and pa+. By (i) it follows that u;, (uf) and pz,
(tz,) coincide on A. Therefore for every f € D(R) it holds

(¢1a) A () = @la(fwo) + / foradia- + / Forxadia:
@,00)

= ¢(fwowo) +/ fwowr +wi)xadpz, +/f(w0wr +wr)xadpz, = ¢|alf),
Za Zy

(—O0,0() ( )

since {wow; + wy, wowo, Wowy + wy-} is a partition of unity subordinate to T'.

ad (v) : This follows immediately from the definition of the restriction and the
fact that puz(0A N Z) for every Z € 3.

ad (vi) : Assume A < A’. Since A, A’ and AUA’ are elements of Dy, ps
and AN A’ = ( it follows that A N A’ consists exactly of one element which
we will denote by z. By (v) we can assume that ¢ A and ¢ A’. Let
I':={(-00,a),Q,(b,00)} € Ba, I'" := {(—00,d'), ¥, (V/,00)} € Bas and choose
corresponding partitions of unity v = {w;,wo,wr}, 7' = {w],wp,w,.} subordi-
nate to I' and T", respectively. Further let T':= {(—00,a), Q, (V',00)} € Gxxr,
where € is the smallest open interval which contains Q U €. Since A < A’ the
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components Z, and Z, coincides. Further w,w) = w} and w,w, = w.. This
implies that

/ / / / / / /
wo + wyrw; +wy + wp +w, = wo + Wy — Wrwy — Wpw, +wy + wp +w, =1,

hence {w;, wo + wrw] + wp,wl} is a partition of unity subordinate to the cover
I'. Then for f € D(R) it holds

ola(f) + olar(f) = o(fuo) + / furxaduz, + / Forxadiz, +
Za Z

+s0(fw6)+/fw{>mfduza, +/fw§~>mfduzb, =
le/ Zb/

= ‘p(fWO) + / f (WTXA + wl/XA’ + X{:L’}) dMZb + @(fwé)—i_
Zy

wrw]

+/fleAd,uZa +/fW:~XA’dﬂZb/ =
Za Zy

= o(f(wo + wrw; + wp)) + / fuixadpz, + / fwixardpz, = Qlagar
Za Zy

ad (vii) : This follows directly from (v) and (vi). d

1.14 Lemma. Let 8 € C*(R) be a monotone function with supp 8 C (0, 00)
such that B|(1—c,0c) = 1, for some e > 0. For a € R and k € N define functions
/Bk,our (t) = 6(k;(t - Oé)), ﬁk,af (t) = 6k,a+(_t) and ﬁk,(x(t) =1- Bk,a, (t) -
Br,a, (). Then

(i) For every compact subset K of R and m € Ny there exists a constant
Ck,m > 0 such that

maX{H((t )" Bra,)? 0<j< m} < Cm, keN,

m?
where ||.||co,x denotes the uniform norm of a function restricted to K.

(ii) For every f € D(R) with f9(a) =0, 0 < j < m, there exist constants
Cm >0, ko € N such that

”f/Bk,a”m S énu k 2 k0~
(iii) For every k € N the family {Br.a_, Br,a> Br,as } 15 a C™ partition of unity.

Proof.

ad (i) : Let K be a compact subset of R and m’ € Ng, m’ < m. For k € N it
follows that

((t = @)™ Br.a, ()™ () = Z <m> (m!)!(t — )™ R 8O (k(t - ).
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For j = O the addend is bounded by 2% ||(t — )™ ") 8|, k. If j > 0 then

m”

supp 3U) C [0,1], so the addend may be non zero only if 0 < k(t—a) < 1. There-
fore the j-th summand can be estimated by ("} ) ;77 _] eyl —= a)(m ™) B0 o,
This implies the existence of constants C’Km/ >0,m =0,...,m, such that

| (¢ = @B )

< Ckm, keN,m e€Ny,m <m.
oo, K

Now define Ck ,, := max{Cgk m : m' € Ng,m’ < m} which gives the desired
estimate. The case for f; o_ can be proven analogously.

ad (i) : Let f € D(R) such that fU)(a) =0,0< j <m, and k € N. Then for
every n > 0 there exists a § > 0 such that

‘f(j)(t)] <t —a|™ I, jt—al <6, j=0,...,m. (1.2.1)

This can be proven by induction. For j = m the assertion follows by con-
tinuity. Suppose 1 < j < m and assume |fU)(t)| < n|t — a|™ 7. For ev-
ery t € R by the mean value theorem there exists an intermediate value & €
(min{a, t}, max{«a,t}) such that

790

t—«

f(j)(ft) =
If |t — «| < 6 then |¢ — a| < ¢ and our induction hypothesis implies that

[f (&)

ool St ol <d

190 @)] =

This shows (1.2.1). Define So(t) := 1—B(t)— B(—t), then By o (t) = Bo (k(t—)),
k € N. It follows that

(m’) _m m'\ L) (m—7) ok
(fBr.a) (t)—j:0<j>f )8 (k(t — ) k™.

Since supp 8o C (—1,1) this sum vanishes if k|t — «| > 1. If k|t — o] < 1 define
ko := (%] + 1, then it holds

1
|t*0[|<E§5, k> k.

Using inequality (1.2.1) it follows that

(FBra) ™t §j< >nt o ™7 B (k(t = ) ——

t—ami
m’ / )
= (m, )nam—iﬁgm”(k;(t —a)), k> k.
im0 \J

Therefore the j-th summand is bounded by ( ) oM jHﬁom 7 lloo if & > ko.
This yields the existence of a constant C,, such that 1fBr.allm < Cpn if k> k.
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ad (¢i7) : This assertion is immediate. d

1.15 Definition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). Choose T € ¥ such that [M NA| < 1 for every A € Jr. For an
element « € M N A we define the order of the distribution ¢ at « as

ord(p; ) := ord(pa).
1.16 Proposition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). For every interval I C R with INM = {a} and dist(I, M\ {a}) >0

it holds
d(¢p;
of " dpge |

are finite measures.

Proof. Set m := ord(yp; ) and assume that p1,+ is a positive measure. If i+
is a negative measure, simply consider —p z+ We show that (t—a)™du 7+ isa
finite measure. Therefore fix some a € R with a > |a| and suppp NI C (—a,a).
For k € Nlet 4 %, be as in Lemma 1.14. Abbreviatory we will write 3, instead
of Bak,. Since fBi(t) = 1if t > a+ 1 L for all k € N, it follows that

a

((t=a)dugg ) (a+ goal) = [ =0 dugs = [ Bu(o)t - ) duyy <

atg at
< [ ot - ) dug; = p(t-a)"8). kEN.

By Proposition 1.4 there exist complex Borel measures y;, j = 0,...,m, on R
such that ¢ = Z;n:o ,ugj) on I N Z}. This yields for every k € N

| ((t—a m/Bk | = ‘ZM(J) mﬂk ‘ < Z)“J( mﬁ )(J))‘

<5 Jlie- o < S om0

According to Lemma 1.14 the terms |[((t — &)™ B8k) 9 || jasa]> 4 = 0, ..., m, are
uniformly bounded with respect to k and since the measures |u;|, j =0,...,m,
are finite there exists a constant M > 0 such that |¢((t — a)™Bx)| < M for all
k € N. Now it follows that

1451 ([ev, al).

s[a,a]

‘((t — oz)mduzi) ([Oz + %,a])‘g M, kecN,

hence (t — a)™dp,+ is a finite measure on (a, a).
The claim that |¢t— a\ord(”?a)du 7o isa finite measure can be proven analogously.

Q

1.17 Definition. Let M C R be a finite set and ¢ € F(R, M). For o € M and
an interval I C R with 7N M = {«a} and dist(I, M \ {a}) > 0 we define

. + . .
I mln{mf €No: [t —a|™dpy|;ny+ is a finite measure}7

and k, := max{k7, k; }.
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1.18 Remark. This definition is independent of the choice of the interval I.
Moreover for ¢ € F(R,a), a € R, Proposition 1.16 shows that k, < ord(y;a) <
ord(yp).

1.19 Proposition. Let o € R and ¢ € F(R,«). Further assume that f € D(R)
is such that fO(a) = --- = frd@)(a) = 0. Then

0= [ sdug + [ saug;.
Za Vs

Proof. For k € Nlet i o_, By, and P o, as in Lemma 1.14. Since f € D(R)
and {Br,a_,Br.as Br,ay } is a C°° partition of unity for every k € N it follows
that

o(f) = o(fBra) +o(fBra) +o(fBriar) =
/ FBre iy + o(fBr) + / [Bra, diigs.

Z=

Define fo, = (t — oz)_kgf, then f,, is continuous, and hence bounded on
[,00). We have fq, Bra, — fayXz+ pointwise on Z,+ for k — oo, and the
dominated convergence theorem yields

hm /fﬁka+duz+— lim /fa+ﬁka+(t—a) d“z+—

/ for (=)t du e = / Fiz

Similarly it follows that
din [ oy, = [ fdu.
Zs Zo

Set m := ord(y) and denote by u;, j = 0,...,m, the complex Borel measures

on R as in Proposition 1.4 such that ¢ = Ej —0 ujj) We have

m

#(/Br.0) Zu“’ (FBi) = SV [ (58) Vi

j=0 R
For each j =0, ..., m, the integrand converges pointwise to zero when k tends to
o0. According to Lemma 1.14 the integrand is uniformly bounded with respect
to k for every j = 0,...,m, hence we can apply the dominated convergence

theorem and obtain

lim Sa(fﬂk,oz) = 07
k— o0

which completes the proof. a
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1.20 Remark. If p € F(R, ), a € R, then, by definition, ¢ has compact support.
By Proposition 1.2 the distribution ¢ can be extended in a unique way to a linear
functional on C*°(R). Therefore the last proposition implies that

plit-ay) = [(t=aPdus + [(t=aPdug;. i>ord(e).
Za z&
For a function f which possess a n-th derivative at ¢t = a we use the notation

£t) if n =0,
{amn} gy .—
/ (t): {f(t)—Z” 1 (t—a)" a) FD(a) ifn>1.

If o is clear from the context we may just write fi7}.

1.21 Proposition. If a € R and ¢ € F(R,a), then there exist constants
ke Np, l e NoU{-1}, co,...,c1 € R, and a signed finite Borel measure o with
compact support, o({a}) =0 and o|z_, has the same sign as jiz_, , such that

f{a Qk} Ci o )
o(f) = / = )+ Z D), feDR). (1.2.2)
J !
The data k,l, cg,...,c;,0 can be chosen such that

(IR-1) ¢ #0 if 1 >0,

(IR-2) if k > 0 the function t — ﬁ s mot o-integrable,

and with these requirements k,l,cq,...,c;,0 are unique. In fact, they can be
computed by means of ¢ as follows
e %k if ko 1s even
(ko +1), ifke isodd ’

o is the measure corresponding to the distribution (t—a)**p restricted to R\{a},
ie. do(t) = (t — a)%duzg () + (t = cu)2’“al/QLZ;r (1),
o((t— ), i=0,...,2k—1,
cii=L o((t —a))—
—(fZ; (t— a)iduZ; + fzj; (t— a)iduzz) ’

and | :=max{j € N: ¢; # 0} U{-1}.

i=2k2k+1,...,

Note that by Remark 1.20, ¢; = 0 if ¢ is larger than the order of .

Proof. Define k,l,cg,...,c;,0 as given by means of the distribution ¢ in the
formulation of this proposition. By Remark 1.18 the measure o is a signed
finite Borel measure with compact support and clearly it has no point mass at
«. Further define X as

. {ord(;’)H if ord(¢p) is odd,
ord(p)+2

5 if ord(¢p) is even.
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Now let f € D(R) and apply Proposition 1.19 to the function f{*2*} then it
follows that

= )
Mﬁ=¢ﬁm”ﬂ+§:m@—@gf;®:
=0 .
22—1 i
= /f{a,Qk}dMZ /f{a 2)‘}d,u + + Z t— f()(Oé) _
zy
22—1
:/f{aZk}du /f{a2k}d‘u++z ((t = a) f()( )
Za
22—-1 .
. 9 (a)
- (t—a)'dp (t—a)du,+ ) —— =
z%c [ Za Z[ Z”) Z!
{a,2k} l o
=/(tf_a)2kd0(t) +> 59 ).
=0

R

This gives the desired integral representation of ¢. Condition (IR-1) is satisfied
by the definition of [. In order to show that (IR-2) holds let k¥ > 0 and assume
that the function ¢ — =y )2 is o-integrable. This would imply

_ ol(t) = _ )26 - _ )2h2 . ~
!@apﬂ|w [t 0P 0+ [ €= ™ g6 < .

zz zd

This is a contradiction to the minimality of k.. The uniqueness is immediate.

a

1.22 Remark. Let p € F(R,a), « € Rand k € Ny, Il € NgU{—1}, ¢g,...,¢; €R
and o as in the preceding proposition satisfying 1.21 (IR-1), (IR-2). The integral
representation (1.2.2) implies that « € supp if K > 0 or ! > 0 and « € suppo
if £ > 0 (condition 1.21 (IR-2)). By Corollary 1.9 and Remark 1.10 it follows
that

suppy =suppo if k=0Al=—-1ork>0.

If £ = 0 then the situation o € supp o and « & supp o can occur. Therefore we
have

suppp =suppoU{a} if k=0A1>0.

1.3 Distributions of the class F(C\ R)

As in [JLT] we introduce a class F(C \ R, B) as follows. Let B C C\ R be
a finite set such that B is symmetric with respect to the real axis, i.e. B =
{B1,-+ s Bm, B, Bm} with B; € C*, i = 1,...,m. Further fix some v; €
N,i=1,...,mand dj; € C, i =1,...,m, j =0,...,v; — 1 and define for
locally holomorphic functions on B the linear functional

m v;—1

=ZZ(W“@ %%@. (13.1)
i=1 j=0 .
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We write ¢ € F(C\ R, B) if ¢ is a linear functional on H(B), the space of
all locally holomorphic functions on B, of the form (1.3.1). By a corollary of
Runge’s Theorem [C2, Corollary 1.15, p.200] every f € H(B) can be uniformly
approximated by polynomials on B, hence every ¢ € F(C \ R) is uniquely
determined by its restriction to P.

The minimal set B such that ¢ € F(C\ R, B) is denoted by oo(¢).

1.23 Definition. We define F(C\R) := U F(C\R, B), where B runs through
all finite R-symmetric subsets of C\ R, and the class F of linear functionals by

F = F(C\R) x F(R).
Every ¢ € F can be represented as ¢ = (p,9) with ¢ € F(R) and ¢ €
F(C\R).

1.24 Lemma. Let [a,b] C R, k € Ny and A a subalgebra of C*([a,b]) that
separates points, is closed under complex conjugation and is nowhere vanishing.
If for every f € A and z € C there exists an element g € A such that ¢ = f
and g(0) = z then A is dense in C*([a,b]), where C*([a,b]) is endowed with the
norm ||.||x-

Proof. Let f € C*(|a,b]) and ¢ > 0. We have to show that there exists an
element g € A such that ||f — g|» < e. Since f*) € C([a,b]) by the Stone-
Weierstrass theorem there exists an element g € A such that || f*) —gg||e < €.
By assumption there exists an element g € A with g] = go and ¢1(0) =
f*=1(0). For z € [a,b] it follows that

x

/ (F®(t)—go(t))dt = fED(z) = FED(0) — g1(2) +91(0) = F* D (2) — g1().

Without loss of generality assume b — a > 1, then the last equation implies

k=1 g1l < ®)(#) — go(B)]dt < ——— <.
154 ~gilke < s [1700) ~ sl < oy <

Inductively it follows that there exist elements g; € A with ¢} = g;_1, g;(0) =
f*=9)(0), j =2,...,k, such that

[f* ) —gills <&, §=0,...,k
Define g := gi, then we have
1f = gllx = max{[|fV = gP |l : i =0,....k} <&,
which completes the proof. Q
1.25 Lemma. The set of all polynomials C[z] is dense in C*°(R).
Proof. Recall that a local base for the topology on C*°(R) is given by
W(0) = (UL (0): ¢ >0,N e N,m e Ny},

where {lIm =NV (0) = {9 € C®R) : [ fllm,-~,n) < €} By Lemma 1.24 for
any set W C 23(0) and f € C*°(R) it holds (f+W)NCJ[z] # 0. This implies that
f € clos,__(P), hence the space of all polynomials is dense in (C'°° (R), Too). a



Chapter 2

Model spaces for
distributions of class F(R,0)

2.1 Representations for elements of F(R,0)

2.1 Definition. By © we denote the set of all tuples (k,l, o, co,. .., c;) where
) ke Npand ! € NgU {—1},
-) o is a finite signed measure on R with compact support and o({0}) =0,

-) each of the the restrictions o|g+ and o|g- is either a positive or a negative
measure,

) coy--- 0 €ER.

For ¥ € © we define

{2k} Lo
col) = [ L0+ %500, repm). (2.1.1)

2 i=0
Note that if I = —1 the constants ¢ does not appear, i.e. (k,—1,0) € ©.
2.2 Definition. We call 9 = (k,l,0,co,...,c;) € © a minimal representation if
) k=0andl=—1or
) k>0, [; %do(t) =00 and | = —1 or
) k=0and !l =max{n € Nyg: ¢, # 0} or
) k>0, [ #5do(t) = oo and | = max{n € Ny : ¢, # 0}.
2.3 Lemma. If 9 € ©, then vy € F(R,0).

Proof. Clearly @y is a linear functional on D(R). Let A := suppo and define
for f € D(R)

{2}
o)=L Zk(t), te A\ {0},

19
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Then by Taylor’s theorem there exists for every t € A an intermediate value

¢; € (min{0,t}, max{0,t}) such that f{?}(t) = f(%)(g}) : k,. It follows that
lim; 0 g(t) = %. Therefore the function g has a continuous extension to

A, which we also denote by g. Clearly we have ||g|loo < @Hf(%)ﬂm. Let

:{feD(R): sup |f<i)<t)|g1},

0<i<max{2k,l}

then we have for all f € V

{2k} L
o0 = | [ Lo Do)+ max 170013~ ) < [lgoaelco
R

i=0 A
l
) el 1w @ leil
+, max [f7(0)] ; HERNOTAT 17 looler|(A) + max [f(0)] ; S
l
<
< ( -
Since V is a neighborhood of 0 it follows that (y is a distribution and obviously
vy belongs to F(R,0). Q

If ¢ € F(R,0), an element ¥ € © is called a representation of ¢, if ¢ =
wy. We know from Proposition 1.21 that for each ¢ € F(R,0) there exists
a representation. This representation, however, is not unique. The set of all
representations of a fixed distribution ¢ € F(RR,0) is denoted by ©, i.e. ©, :=
{0e®: vy =9p}

For some density arguments we will need a corollary of the Stone-Weierstrass
Theorem (see [C1, Corollary V.8.2, p.146]):

2.4 Corollary. If X is compact and A is a closed subalgebra of C(X) that
separates the points of X and is closed under complex conjugation, then either
A = C(X) or there is a point xg € X such that A= {f € C(X) : f(zo) = 0}.

2.5 Remark. Let v be a positive Borel measure on R with compact support such
that ©({0}) = 0 and N € Ny. Then for any compact set X which contains the
support of v the set A := {t — tVp(t) : p € P} C C¥ is dense in L?(v). Note
that A is the set of all polynomials on X such that the derivatives up to order
N — 1 vanishes at t = 0.

Obviously A is a subalgebra of C(X). Further it separates point, since the
polynomial p(t) := t2N*! is an element of A, and clearly A is closed under
complex conjugation. By Corollary 2.4 it follows that

CIOS\|~\|OO(A) ={feC(X): f(0) =0}.

Since convergence in (C(X), |.]lo) implies convergence in (L2(v), ||| z2()) we
have

{feC(X): f(0)=0} = CIOS\|~\|OO(A) - CIOS”'HL%V) (A).

Since v({0}) = 0, the L?(v)-closure of the left hand side equals L?(v), hence A
is dense in L?(v).
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2.6 Lemma. Let p € F(R,0) and let ¥, = (k,l,0,c0,...,c1) and 99 = (k,i,c},
Co, .-, C;) be representations of ¢ with I <1. Then o =6, ¢; = ¢, i=0,...,1,
andél_H ::é[:O

Proof. Since g, = py,, by relation (2.1.1), for f € C*°(R) it follows that

l

{2k) o {2k) Lo
/f Qk(t)da(tHZﬁf(”(O)Z/ka(t)d5<t)+§:ﬁfm(o)' (2.1.2)
J : 2 i=0

t ;
=0

Let X be a compact subset of R which contains the support of ¢ and & and
define r := max{2k — 1,1}. Then for every polynomial p whose derivates vanish
up to order r at ¢t = 0, it holds p{?*} = p and (2.1.2) implies

/%da(t) = /%d&(t).

R R

By Remark 2.5 the set of functions ¢ — %, t € X, is dense in L*(o) and L%(5),
therefore ¢ = . Hence the integrals in (2.1.2) cancel, and we obtain

l d o .
S SO0 =3 S0, feox®),

i=0 i=0
which implies ¢; = ¢&;, i =0,...,l,and éy1 =--- = ¢ = 0. a

2.7 Definition. Let ¢ € F(R,0) and let ¥ = (k,l,0,co,...,c;) be a represen-
tation of . If k is as in the minimal representation we say ¥ is a representation
of v with minimal k.

2.8 Definition. For a fixed distribution ¢ € F(R,0) we define a relation <
on O, as follows: Let 01 = (k,l,0,¢0,...,¢) and ¥ = (k,1,5,¢0,...,¢;) be
representations of ¢, then

V1 <0 & [<land k <k
2.9 Remark. The relation < is a partial order on ©,. Further the minimal
element in (@gm 4) is exactly the minimal representation.
2.2 Linear Spaces associated to a representation

Let o be a finite signed measure on R with compact support and o({0}) = 0
such that the restrictions o|g+ and o|g- are either positive or negative measures.
Then the linear space L?(|o|) endowed with the inner product

(£, 9)jo = / fgdiol,  f.g€ L*(lo]).
R

is a Hilbert space. Denote by Pr+ the orthogonal projection onto the subspace
L?(|o])|r=. Then we can write L?(|o|) = Pg- L?(|o|)®Pr+ L*(|o|). Now consider
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the operator J : L%(|o|) — L?(|o|) defined by

I sign(o|gp+) = sign(o|g-) =1,

Pr+ — Pr-  sign(o|p+ 1 and sign(o|g-) = —

(olr+)
=—-1

. ( ) . ’ (2.2.1)
Pr- — Pg+ sign(o|g+) = —1 and sign(o|g-) = 1,

—I sign(o|g+) = sign(o|g-) = —1.

Obviously the operator J is a fundamental symmetry, i.e. J~! = J* = J, and
(L2(|0\)7 (J., .)|U|) is a Krein space. The J-inner product is explicitly given by

(.o == (] 9)jo| = / fgdo, 1.9 € I2(o]).
R

Abbreviatory we will write L?(c) for the Krein space (L?(|a|),(.,.)s). By
(.,.)cn, m € Ny we denote the usual euclidean inner product on C". We de-
fine an inner product on the space L%(|o|) ® C™ by

((f7f)7 <g§ C))L2(|U|)$Cn = (fa g)\al + (ga C)(C”a (fag)v (g; C) € L2(0) ®C".

Clearly (L2(lo|) ® C™, (.,.)12(joy@cn ) is a Hilbert space.

2.10 Definition. Let ¢ € F(R,0) and ¥ = (k,l,0,¢cp,--- ,¢1) € O,. We define
a linear space £y and two inner products (.,.)y and [.,.]y on £y by

L9 1= L2(|0'|) e (Cmax{l+1,k}+k’

(.7 .)19 = (., .)L2(|g‘)®cmax{z+1,k}+k,

[., .]19 = (G, .)19,
where G is the Gram operator given by
J
Co C1 . Cr—1 Ck e Ck—2 ... (O 1
C1
Cr—1 Cok—2 1
Ck
Cok—2
Cl
1
1

k-columns l—k+1-columns k-columns
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Note that if &k = 0 and [ = —1 then £y = L?(|o|) and the inner product

[, o is just (., ),
If I < k — 1 then the finite dimensional part of the Gram operator has the form

( gk EO’“ ), where E} denotes the k X k unit matrix and C' the Hankel matrix
which contains the constants cg, ..., ¢ as in the above scheme.

Obviously, it holds that £y = L?(|o|)[+]yC™>IHLEI+E - Further it is practically
to write f € £y as

—

f=(fia0,...,a;;b0,...,by_1) € L*(|o]) @ Cmax{+1k}E gy CF,

2.11 Remark. Let ¢ € F(R,0), 9 = (k,l,0,co,...,c1) € O, and M := max{j €
Np : ¢; #0}U{—1}. The isotropic part of £y with respect to the inner product
[.,.]Jo equals the kernel of G. It is sufficient to consider the restriction of G to
its finite dimensional part. Denote this restriction by G. Tt follows immediately
from the structure of G that every element in the kernel must be 0 in the first
k entries. If [ < k then clearly the G is regular. If [ > k we have to compute
the kernel of the matrix

Cl oo Cl—k | Cl—k+1 .-+ ... Q 1

G = k-1 .. Ci—1 C] 1
Cok Cy
Cl

QIearly Gisal—k+1xI +1 dimensional matrix. If M < k—1 then an element
f € £y is in the kernel of G if and only if

—

f=00;0,...,0,50,...,40-;0,...,007, 5, €C,i=0,...,1—k.
N—_—— N——
k-times k-times

If M > k, define Cy, ) as the Hankel matrix of the form

Cmax{k,M—k+1} --- CM
Cr,m = : (2.2.2)

CM 0

Then Cypris (M —k+1) x (M —k+1) dimensional if M < 2k —1 and k x k
dimensional if M > 2k — 1. Since cjr # 0 it follows that Cj as is regular. To
compute the kernel of the above matrix it is useful to write it in block matrix
form. For 4,5 € Ny denote by 0, ; € C**J the i x j dimensional zero matrix and
by I; € C*** the unit matrix. Then for M < 2k — 1 the matrix G writes as

Cr,m Or— k11— M Ing ki1 Opf—kt1,26—M—1
Ook—nr—1,m—k+1 Ook—nv—10-m | O2k— -1, M—kt1 Iop_p—1 ’
and for M > 2k + 1 we have
Ch,M—2k+1 ‘ Cr,m Or1—m ‘ Iy
!
Ch—oky1m—2k+1 | Ov—26+16  Onv—2k41,0-M | Om—2k41% |
01—, M—2k+1 01—k 0 pMi—m 01—k
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with
Ck oo CM—k 2k ... Cpf
C = : : and C' =
c2k—1 ... CpM-—1 CM 0

Note that €’ is regular. Consider the case M < 2k — 1 first. Let & € CM—F+1,
B eCl-M 5 e CM-k+l and § € C2F—M-1 then (@, 3,9, g)T is in the kernel of
G if and only if

Crm@=—7 and 6 = Og_nr_1,

where 6n, n € N, denotes the n-dimensional zero vector. Therefore the kernel
is given by

keré = {(64', g, —Ck’MO_Z, O‘Qkafl)T rae CM7k+l, 56 (CliM}.
Obviously, it holds that dimker G =1—k+1. B
In the case M > 2k — 1 consider & €~(CM*2’“+1, peCk 7eC—M and § € CF,
then (@, 3,7,9)7 is in the kernel of G if and only if
&=0p_oks1 and Ck,Mg: -,
so the kernel in this case is given by

keré - {(6M72k+1»g>’?7 _Ck,ngT . /6_;6 (Cka ’7 S Cl_M}a

and clearly dimker G = k + [ — M.
The isotropic part of £y with respect to the inner product [.,.]y is given by

{(0;0%; )T}, I<k—1,

{005 0k, G115 08) T}, M<k-1,1>kF,

eyl = = . k—1<M
01 9 z — ) H— 7_0 r — 50 —M— T ) ’
{( ks LM —k+1,Yi—M k,MIM—k+1,Y2k—M 1) } M < 2%—1,
{005 0ns—1t1, T, Go—ar; —Crot @) T 1, E—1< M, M>2k—1,

where 6, Z, i are row vectors whose index corresponds to their dimension and
Cr.ur is the regular Hankel matrix defined in (2.2.2).

Note that an element (ao, ..., Gmax{i,k—1}; b0, - --be—1)" € Cmax{l+k+1,2k}
is in ran G if and only if there exists (T0s - Tmax{lh—1}3 Y0 - - s Yk—1)T €
Cmax{l+k+1.2k} gych that

max{l,k—1}
aj: Z Cil'i—j+yj, j:O,...,k—:l,
i=j
max{l,k—1}
aj = Z Cixi—jv ] = :ZC7 .. .HlaX{l7 ]C — 1},
=]
bjzl‘j, jZO,...,k‘—l.

This implies that G is injective on ran G.
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Now we endow the space of all polynomials P with an inner product which
derives from a distribution ¢ € F(R,0):

2.12 Definition. For a fixed distribution ¢ € F(R,0) we define an inner prod-
uct on P, the space of all complex valued polynomials, by

[p.dle == ©(Pq), p,qeP.

By A, t € R, we denote the multiplication operator on P, i.e. A(p) = tp(t),
pEP.

2.13 Definition. Let ¢ € F(R,0), ¢ = (k,l,0,¢cp,...,c;) be a representation
of ¢ and N := max{l,k — 1}. Then we define an operator on £y by

219%219

(f;a()v"'7aN;b07"'abk—l)TH(tf+ak—1;07a’07"'7aN—l;

bl,...,bk_l,/f(t)dor(t))T

R

Ay -

and call it the multiplication operator on Ly.

Since the measure o has compact support, the multiplication operator 2Ly is
everywhere defined and bounded. Also note that if & = 0, then £y = L?(|o|) ®
C"! and the multiplication operator is understood as

ng((f;ao,...,al)T) = (tf;0,a0,...,a1—1)T.

The operator 20y admits the following matrix representation

t o ... 0 1
0
1
0
1 0
0 0 1]/0 0
0 0 01
0
0 0 0 1 0
0 0 0/0 1 0
0 : 1
(- 1)o 0 0o

k-columns N —k+1-columns k-columns
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2.14 Definition. Let ¢ € F(R,0) and ¢ = (k,[,0,cq,...,c;) be a representa-
tion of . For any polynomial p € P we define

{2k—j}
~k,o p (t) .

R

The notation .[*7] is to distinguish between different representation of ¢. If
there are only representations under consideration with the same k and same o

we just write p; instead of ﬁgk’a].

2.15 Proposition. Let ¢ € F(R,0) and ¥ = (k,l,0,co,...,¢;) be a represen-
tation of ¢. Then the mapping

(Pv ['7 ]SO) — (21% [~7 ~]19)
p{k} . p(O) (0) p(max{l,k—l})(o)

Ly - ~ ~ T
pH( 0l "“’(max{l,kf1})!’p0"“’pk71>

is isometric and the following diagram commutes

P8

Atl |

P— L

If £ = 0 then ¢y is understood as the mapping

p(0) p(0)
o T

T 2 +1
= (b, ) eL*(o)oCH, peP.

In order to proof this Proposition we need a rather technical result first.

2.16 Lemma. Forp,q € P, a € R and k € Ny the following identity holds

k—1

() 2 (1) = pH (TR D)+ Y (t—a) (pia™ (@) +gpt 7 p))
j=0

()
7

()
where p; := pii!(a)

, 1€ Ny, and q; := , 1 € Np.

Proof. If k = 0 the statement of this lemma writes as (pg)(t) = p(t)q(t) which is
trivial. For k € N this lemma can be proved using induction on k. Abbreviatory
we will write p{™} (¢{™}) instead of pt*™} (¢l®™}) m € Ny. For k = 1 the
right side of the equation yields

P () (1) + pog3 (1) + Qo' (1) = p(1)7(t) — pod(t) — Qop(t) + podo+
+po(q(t) —Go — (t — a)qy) + o (p(t) —po — (t — a)p1) =
= p(t)q(t) — poGo — (t — @)(poqy + p1Gy) = (p@{Q}(t)a
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hence the equation holds in the case kK = 1. Now using the inductive hypothesis
we have

(222 ()= (pg) 24 1) — L2 my gy = L= ™ i )
(2k)! (2k + 1)!
k—1
=p* g ) + Yt —a) (paP IO +7p () -
=0
2k 2k+1
a)?* Zpﬁzk—j — (t—a)* Z Pidak+1—j =
Jj=0 j=0
= U () g TI(2) + (t — 0) prg T (£) + (t — a)*gpt ™+ 1)+
k—1
(= )P+ (8= ) [y (a@ T + (¢ — a)* gy, ) +
=0

7, (P + (0 - ) pae )| = (0= ) b -

2k+1

_ (t _ a)2k+1 Z pja2k+1—j —
=0

k
PP g0 + 3 (¢ - a) ( PR} (f )Jrqu{%fjﬂ}(t)) n
7=0

k—1
+(t— ) oy + (= )** > (0T + TUp2k—5)—
7=0
2%-+1
(t—a) ZPJQ% _j— (t—a)* Z Pjd2k+1-5 =
=0

k
— I g () + 3 (- ) ( QPRI (f) 4 q,p{2hi 2 (t))
7=0

and the equation is proved. a

Proof (Proposition 2.15). By Lemma 2.16 it holds

(pq){%}( t) = {k} q{k} ) + Zt] (W-F ‘1(7])!(0) {2k— J}( )> ’

therefore we obtain from (2.1.1)

-\ {2k} Lo ()
e = o00) = [P+ 3o P00

R =0
{k} () g1k} k=1 G)(0) gl2k—iY k=105 0oy  {2k—j}
™ ()gt* (t) P(0) ¢ (t) ¢ (0) p (t)
:/ T—’_Z i £2k—j + 3 P, do(t)+
j=0 J: j=0 J:

R
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' (M) (0) gG—h) (0)
Yy P -
e 1,000) [ 7B
N Wda(thp( )(0)/q{ Lo )+

R J=0 R

k—1 2h—j 0 < 4l (0)
N / pl t’;k_};(t) do(t) q9)(0) + Z N p(h)FO) w (2.2.3)
R

Let N := max{l,k — 1}, then clearly

(R} () R)
p(t)qth (1)
/Tda@)z
R
{k} T {k} T
_ | (P, . qa . .
_ l( T ,o,...,o,o,...,o) ( o ,0,...,0,0,...,0) ] ,
9
k—1

- [(0;0,...,o;f)o,...,ﬁk_l)T, (o; q(o(;l(o),...,Q(EEO);O,...,O)T]

In the case | < k — 1 we set ¢, := 0, n > [. Then we have

l i Gy N ) () 7 G=R) ()
p"M(0) ¢=M(0) PM(0) ¢i=M(0)
Zc; h (i—h) =22 e Gi—h)l

A (i— )l : il
h=01i=h h=0 1=0
©)(0 M) (0) T ©)(0) (N)(0) T
_ (0.2 P 4 q
—[(0, e P00 0) (s e S, o) .

Hence by (2.2.3) it follows that [p, ¢], = [te(D), ts(q)]v, i-e. Ly is an isometry.
It remains to prove that the operator 20y satisfies the diagram. Let p € P and
define ¢(t) := Ayp(t) = tp(t), then we have

() , N . 0 =0
q"’(0) 1 ©)) 12(3)() (G—4) ) J
- = — t t 0 = — B tl — J— 0 = j—
J! J!(p( )70) gt \i li—op™ " (0) DO s,

(-0t >

Using this relation we can rewrite the regularized term ¢t*}. For k > 0 it follows
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that

=1 @) <« pli=1(0) ,
q{k} (t) _ (t) . Z q Z'(O) th = tp(t) — Z p(z_l()o')tl =
i=0 i=1 .

tl’) = tplF—1}(¢).

Then we have for j =0,...,k—1, k>0,

tp{2k7j71} (t)

{2k—j}
_ q (t)
6= [ Ty o) = [P dott) -
R R
{2k—(j+1)}
P (t) _
- [P i =
R
Now clearly ty(q) writes as
() (1-1) T
tp; 0, B2, B k=0,
(p{k:—l}' p(O)(O) p(max{l,k—l}—l)(o) .
w(q) = th=1 777 ol 7 (max{l, k — 1} — 1)V
(K} (¢ T k>0
D1y aﬁk—la/p tk( )da(t))
R
Since p{k;}l(t) = tp{ki(t) er(k__l)(?) for k > 0 it follows that ty(Ap) = Ay (Lo (p
7 7 (—1)!
for all p € P.
a

2.17 Corollary. Let ¢ € F(R,0), ¥ = (k,l,0,c0,...,¢) € O, and N :=
max{l + 1,k}. Then

(i) Ay (Tancy) C Taniy,
(ii

) Blyz,yly = [2,Agyly, =,y € Tanty,
(7i7) Ay (m[o]ﬁ) C ranzglo?,
)

(iv) for all z € £y it holds e[A) ™z, AV 2]y > 0, where € := sign(o|g+)
and v := 1| sign(o|g+) — sign(olz-)|.

Proof. ad (i) : By Proposition 2.15 we have 2g(ranty) = ranty. Since the
operator 20y is bounded it follows that %Ay (ran Lg) C ranty.

ad (#i) : By Proposition 2.15 the mapping 1y : P — £y is an isometry and
g oty = Ly o Ay on P. Therefore it follows for every p,q € P

2Ly 1o (p), Lo(@)]o = [(Ao oLe)p, Lo ()] = [(to © A)p, o ()l = [Ap. dly =
= [p, Aeqly = [to (D), (L © At)qly = [Lo(p), Ry oty)qly = [ta(p), Av Lo (q)]s-
This implies that 2y is symmetric on ranty. Since the inner product [.,.]y is

obtained from the Hilbert space inner product (.,.)y via the Gram operator G
it follows by continuity that 2y is symmetric on Tan ¢y.
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ad (#4) : Let x € Tanigl°l?, then [z, 2]y = 0 for all z € Tamzy. By (i) and (i)
it follows that [y z,yly = [z, Ay yly = 0 for all y € Taniy. This implies that
Ay x € Tan Lﬂ[o]ﬁ.

ad (iv) : Let f: (f;a0,...,an;bo,...,bp_1)T € £ and define g(t) := tVH1f +
tNag_1 +tV lag_o + -+ tV*F1gy, then for some by, by € C* it holds

E[QLQHHV ]?,QII,JYH ﬂg = e[(t"g; 0,...,0; gl)T, (g; 0,...,0; gg)T]ﬁ =

= [#190Pdo) = ¢ [ lg(oPdols 0 + ¢ [ 190 Pdos (1) > 0

R R- R+

This completes the proof. a

2.3 Model space for F(R,0)

Our aim in this section is to construct a Krein space to a given distribution
» € F(R,0) such that the space of all polynomials can be embedded isometri-
cally and that there exists a bounded selfadjoint definitizable operator which is
compatible with the multiplication operator on the polynomials.

In the beginning we choose some representation ¥ € ©,, and consider the space
Tan i /s lels endowed with the factor space inner product'. That this factor
space is a Krein space is one assertion of the following theorem:

2.18 Theorem. Let ¢ € F(R,0) and ¥ € ©,. Then Ky = Tali iy /mmpsiols »
endowed with the factor space inner product [.,.]x,, is a Krein space. The
operator Ay induces a bounded, selfadjoint, definitizable operator Ay in Ky.
There exists a real definitizing polynomial p for Ay such that x = 0 is the only
zero of p. There exists an isometry ty : P — Ky with dense range such that the
following diagram commutes

P Ky (2.3.1)

Ati |

P—Ky.
Ly

Then we will show that the Krein space Ky is independent up to unitary
equivalence. This is is the main theorem of this section:

2.19 Theorem. Let ¢ € F(R,0) and V1,92 € ©,. Then there exists a unitary?
mapping Uy, 9, : Ko, = Ky, such that Uy, 9, Ay, = Ag,Usy, 9, and the following
diagram commutes

Upy,94

Ky, —————— Ky,
P.

et (E, [ ]) be an inner product space, M be a linear subspace of £°, and denote by
7w : L — L/ the canonical projection. Then an inner product, the factor space inner product
is well-defined on the factor space by [rz,7y]z,,, = [z,y] for 2,y € L.

2Let (8, [, ]s;), i = 1,2, be Krein spaces and U € B(f1,82). We say U is unitary if U is
surjective and isometric, i.e. [Uz,Uylg, = [,y]g, for all z,y € R1.

(2.3.2)
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This justifies the following definition:

2.20 Definition. Let ¢ € F(R,0) and choose a representation ¢ € ©,. Define
Ky =Ky, Ay := Ay and 1, := iy. The triple (s, Ay, 1) will be the model
for the distribution ¢ € F(R,0). We refer to K, as the model space, to A, as
the model operator and to v, as the model embedding.

By the main theorem K, is well-defined up to unitary equivalence and the
following diagram commutes

P—2>K, (2.3.3)

P?KW.

Recall that an operator A in a Krein space (&, [.,.]g) is called cyclic if there
exists a generating element uy € K such that cls{A™ug : n € No} = 8&, where
cls denotes the closed linear span and the closure is taken with respect to the
topology induced by a fundamental decomposition.

2.21 Corollary. Let ¢ € F(R,0) and IC,, be the corresponding model space with
model operator A,. Then A, is cyclic with generating element 1,(1).

Proof. By diagram 2.3.3 it follows that p(A#,)(Lw(l)) = 1,(p) for every p € P.
Further Theorem 2.18 implies that ran¢, is dense in K,. This shows that A,
is cyclic with generating element ¢, (1). a

Before we are able to prove these theorems, we need some auxiliary results.

2.22 Lemma. Let (X, (., )X) and (Y, (., )y) be Hilbert spaces and B : X —
Y be a bounded operator. Further let [.,.]x be a (.,.)x-continuous indefinite
inner product on X and [.,.]y be a (.,.)y-continuous indefinite inner product
onY. If B(XlFlx) € B(YIv), then there exists a unique bounded operator
B: X/ xiolx = Y/yioly , such that the diagram

x—2 oy (2.3.4)

X/ xto1x ——Y/y0y

commutes, where mx and my denote the respective quotient maps.
If X/ xio1x and Y/yiey are a Krein spaces it holds

(i) B is isometric if [Bx, Byly = [z,y]x for allz,y € X.
(ii) B is unitary if B is surjective and [Bx, Byly = [z, y]x for all z,y € X.
If in addition the spaces X and Y coincide we have

(iii) B is selfadjoint if [Bx,y]x = [z, Bylx for all z,y € X.
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Proof. First note, that X[°lx and YIly are closed, since [.,.]x and [.,.]y are
continuous. Define a mapping B : X/ y1x — Y/y 1oy by

B(m—i—X[O]X) =Bz +Ylly zeX.

If o + XlIx = o/ + XloIx 2 2/ € X, then z — 2’ € X[°Ix | and therefore we have
B(x) — B(z') = B(z — 2’) C Y°l¥. Now it follows that

B(a+ X9x) — B(a! — XLIx) =0 4 ylol,

SO B is well-defined. Clearly B is linear. Note that my o B = Bo mx, and that
it B': X/ xiix = Y/y10ly is such that my o B = B’ o x, then

B’(erX[O]X) = B’(WX(J:)) =ny(Bz) = E(x+X[°]X)

for each member = + X[°1x of X/ xt1x , thus Bis unique. Since wx and 7y are
continuous open mappings it follows that B is a bounded linear operator.
Now suppose X/ yro1x and Y/y1e, are a Krein spaces.

ad (i) : For z,y € X it follows

[B(mx(2)), B(mx ()] Y/,

= [Bx,By]Y = [z,y}X = [WX(m)’ﬂY(y>]X/X[o1x'

= [ny (Bz, 7y (By)] Y/ytoly

loly

ad (i) : Clearly, if B is surjective so is B and using part (i) gives (ii).

ad (#i7) : Since X =Y denote the quotient map mx : X — X/ w15 just by .
For z,y € X we have

[B(ﬂ'(l‘)),ﬂ(y)] X/ ol x = [W(Bl?),ﬂ(y)] X/ = [Bxay]x =

= [2.BY] = [r@),n(By)]y, = [r(@).B(x(w))]

xlolx

X/ ylolx

Since 7 is surjective the operator B is selfadjoint. Q

2.23 Lemma. Let (X, |.|x), (Y,]|.|ly) be Banach spaces and X = X1+ X5 such
that dim Xy < oo and X7 is closed. Then it holds:

(1) If P: X — X is the projection with ker P = X, then P(Z) is closed in
(X1, ||-llx) for every closed subspace Z C X.

(74) If T € B(X,Y), kerT = X5 and |Tz|ly > v||z|lx for all z € X1 and a
constant v > 0, then T(Z) is closed in (Y,|.||y) for every closed subspace
Z CX.

Proof.

ad (i) : The quotient space (X/x,, H~||X/x2) is a Banach space and the topology
induced by the quotient norm |.|[x/,, coincides with the final topology on
X/x, with respect to the canonical projection 7 : X — X/x,. The mapping
7lx, : X1 — X/x, is bijective and, as a restriction of w, continuous. Since X;
is closed, (X 1, || X) is a Banach space and the open mapping theorem implies
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that 7|x, is a homeomorphism. Let Z be a closed subspace of X, then we have
m|x, (P(Z)) = n(Z) € X/x,. The space m(Z) is closed in X/x, with respect to
the final topology, because 7! (7(Z)) = Z 4+ X and dim X, < co. Since 7|x,
is a homeomorphism it follows that P(Z) = 7r|;(1 (m(Y)) is closed in (X1, ||| x)-

ad (77) : Assume first that Z is a closed subspace and Z C X;. Let (yn)nen be a
sequence in T(Z) with y, — y € Y. Then for each n € N there exists a x,, € Z
such that y, = Tz,, n € N. We have

1
Hxn_meX S ;”yn_ymHYz nvaNa

hence (z,,)nen is a Cauchy sequence in X, thus (z,,),en converges to an element
x € X. Since Z is closed it follows that x € Z. The boundedness of T" implies
that y, = Tz, — Tx. Therefore y = Tx with x € Z, thus T'(Z) is closed.

If Z is an arbitrary closed subspace of X, then T(Z) = T(P(Z)). By the first
part of this lemma P(Z) is closed and a subspace of X;. By the preceding
argument it follows that T'(Z) is closed. a

Now we are able to prove the first theorem of this section.

Proof (Theorem 2.18). Assume ¢ = (k,l,0,¢9,...,¢). Let H := Tanig and
denote by Py : £9 — H the orthogonal projection onto the closed subspace H.
Define Gy := PyG|y, then G is a bounded and selfadjoint operator on H.
The Hermitian sesquilinear form [.,.]Jy := (G%.,.)9 defines an indefinite inner
product on ‘H which satisfies

[, Yl =(Guw,y)o=(PuGr,y)9=(Gz, Pry)y=(Gr,y)o=[z,yly, Y,y € H.
(2.3.5)
The isotropic part [ is given by

H[O]ﬂ — {.’I} e 7—[ : [%y}ﬂ =0 vy & H} = kerGH.

In order to show that #/, ), is a Krein space it is sufficient to show that
ran G9; is closed (see [AI, 6.13 page 40]). Denote by G the restriction of G to
the finite dimensional subspace C™@*{k+1+1.2k} = Define X, := L?(|o|)4ran G
and s := dimranG. Then we have £9 = X1+ kerG and clearly dim ker G =
max{k—+1+1,2k}—s < co. Since G is injective on ran G (see Remark 2.11) there
exists a constant v > 0 such that ||Gal|cs > v|a]cs. Then for z = (f;a) € X;
it follows

IGzllo =117 fllL2(0)y +Gal

co = min{1, v} (I flz2op+llallcs) =min{1,v}|z] .

By Lemma 2.23 (i7) we obtain that G(#) is closed in £y. Since ker Py is finite
dimensional Lemma 2.23 (i) yields that Py (G(H)) is closed. Therefore ran Gy
is closed.

Since (H, (., )9 |3 x) is a Hilbert space and the inner product [., ]y is continuous
with respect to the inner product (.,.)y we can apply Lemma 2.22. By Corollary
2.17 (i44) and Lemma 2.22 the operator 2y induces a bounded operator Ay on
Ko = H /401, Denote by my; : H — Ky the quotient map and by vy : Ky — H
the natural embedding. The factor space inner product on Ky is given by

[ﬂ-’Hxvﬂ—’Hy]’Cﬂ = [.’E, y]?—lv x,y € H.
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By (2.3.5), Corollary 2.17 (i), (ii), Lemma 2.22 (iii) and the fact that Ay =
Ty Ay Ly, for z,y € H it holds

[Avz, Y|k, = [mn Ay oy, Tnylc, = Ry tnx, tqylu = Ry oy, tnylo =
= [z, Ao tuylo = [tnx, Ao tnyln = [Trine, Ty Qo iuylc, = [T, Avylr,,
hence Ay is selfadjoint.

Since Ay = 73 Wy 1 it follows that AT = (mgy Wy tyy)™ = 7w AY 194, form € N,
which implies that

[AVz, x|, = [mu AY vy, Tyinxlc, = [AY tuz, tyzly, =€ Ky, meN.

By Corollary 2.17 (iv) it follows immediately that p(z) = ez2NV+2+v

is a definitiz-
ing polynomial for Ay, where € := sign(c|g+)m v := 3|sign(o|g+) — sign(o|z-)|
and N := max{l + 1, k}. Clearly p is real and z = 0 is the only zero of p.

Let iy := 73 o Ly, then by Proposition 2.15 it follows that

Lo, Loqlic, = [ (top)s T (toq)|c, = [op, togln +0=[p,qlp, p,q €P.
Hence iy : (P, [, ']w) — (ICg7 [, -])Ca) is an isometry. Further we have
Agoly = Ayomy oLy = T 0%y oLy om0ty = T 0y oLy = M 0Lyo Ay = Lyo Ay,
thus the diagram commutes. Q

We now turn to the proof of the main result of this section.

2.24 Lemma. Let ¢ € F(R,0) and let ¥, = (k,1,0,¢0,...,¢) and Y2 = (k,i, g,
¢o,---,¢;) be representations of ¢ with | < I. Let N := max{l,k — 1} and
N := max{[, k — 1}, then the mapping

‘I)E @ . (2’192?["']192) — (’21917['7']191) .
2 (.f;aOa"'aaN;b07"~7bk—l) '_>(f;a/(),--.7(1N;b0,...,bk_1)

is a continuous isometry from £y, onto Ly, and the following diagram commutes

P (2.3.6)
VN
Lo, ﬁsﬂzl

<
, L

v1

Proof. Lemma 2.6 implies 0 = 6, ¢; = ¢&;, 1 =0,...,[,and ¢11=---=¢ = 0.
Since N < N the mapping ® 24,89, 18 always surjective and clearly ®¢, e,
is continuous. In the case that [ < k — 1 the spaces Ly, and Ly, as well as the
inner products (.,.)y, and (.,.)y, coincide. Thus ®g¢, e, is the identical map
and therefore an isometry.

Now suppose | < k— 1 and [ > k — 1: Let f: (f;ao,...,a[;bo,...,bk_l)T
and § = (g;0,-..,05 Bo, ..., Bk—1)T bein Ly,. By Remark 2.11 it follows that
ﬁo]ﬁz = (O;O,...,O,ak,...,aZ;O,...,O)T and glolv: = (0,0,...,0,ak,...,04
0,...,0)T are in the isotropic part of £y,. Therefore we have

[ o = [f — fl12, G — glV2]y, = [®e,, o, . e, .00, Flo,-
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It remains to prove the Case Il > k—1. Let j? and ¢ be as in the previous
case, then the elements f = (0;0,...,0,a141,...,a30,... ,0)T and glolve =
(0,0,...,0, 0041, ., 03 0, e O)T are in the isotropic part of £y,. It follows
that

F. o, = [f = fT

2, g — [0102]192 = [CI)E@Q Loy I (1)219272"91‘61191 ’
To prove that ey, .20, (Lo, (p)) =

9, let p € P. Then we have

(K} (0) by T
pt*r p(0) p™(0) - N
%oz,zal(wz(p))‘sz,ml(( o gy PP 1) =

(£} 50 (0 N(o T
p p p 5 5
:( o ; 0'( )7..., ]V(');p()w"vpk—l :Lﬂl(p)' Q

2.25 Lemma. Let ¢ € F(R,0) and let 91 = (k,l,0,co, ..., 1) and 92 = (k, 1,6,
Co, ..., ¢;) be representations of ¢ with | < [. Consider the mapping g, ¢,
(ran Ly, + Q[O 192) =Tanig, + 2[01’91 .

from the previous lemma, then ey, 00,

Proof. By (2.3.6) it follows that ®¢, e, (raniy,) = raniy, and by continuity
we have &g, ¢, (Taliy,) C Taniy,. Define a mapping @ : £y, — £y, by

q)/((f;a()a"'7aN;b07--~7bkfl)T) = (f;a()a"'7a/N707"'70;b07"'7bk71)Ta
(2.3.7)
where N := max{l,k — 1}. Then the mapping ®’ is continuous and clearly
®g,, .2, 0P =idlg, . Further ® is isometric with respect to the indefinite
inner products [., ]y, and [, ]y, . Since g, o, (ng%) = 2[01]191 it follows that
[ ]192 [ ] 91

ey, .20, (ran Lo, + Ly, ) =ranty, + £, " and continuity of ®¢, e, implies

e, 2y, (ran Ly, + 21[902}192) Cranty, + 2[0]01. (2.3.8)

Further we have ®'(ran tg, +££9} 1) Crantg, +££9]‘92 and since @' is continuous

it holds

o’ (ran Ly, + 25’3%) Crantyg, + Sg’joz

Let « € ranty, + 21[901} C £y, and define y := ®'(x), then ®g¢, ¢, (y) =z, hence
(2.3.8) yields

Do (ran Ly, + EE;;M) =ranty, + £, ]191.

99,209,
Obviously the following inclusions holds

ram Ly, +2£9] ¢ Craniy, —|—2£9] * Cranuy, +£[o] , 1=1,2.

Since Sg]” ¢ = 1,2, is finite dimensional Tan ¢y, + 25]19 is closed and therefore

ranty, +££;j =Tan iy, +£[O]’9 , 1=1,2.

It follows that ®g, e, :Tanty, + 25;’;”2 — Tantyg, + 2{;1]191 is surjective. a
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2.26 Lemma. Let ¢ € F(R,0) and 91 = (k,l,0,c9,...,¢) and ¥ = (l%,l,&,
Co, - - - 761) be representations of ¢ with k < k and l > 2k + 1. Then it holds
dé = t**=Pdo and

G i=0,...,2k—1
¢ = Ci+(ti_2k71)aa i:2k>"'72f€_1’
ci’ Z:2]%7,l
R 2(=k)=1 o its) 0) .
ﬁgk,o] —pgk ol p ( )(tl,l)g, j=0,... k.

s (2k—j+i)

Proof. Since Y1, € ©, we have by relation (2.1.1) for all f € D(R)

9 l i 2 g
/f{ k}(t)do—(t)Jchif(?(O) /f{ 0 +Z f() - (23.9)

t2k ‘ i
R =0 R

The integral on the left side of this relation can be rewritten as

()
f{Zk:}( /f{Qk} 2k 1 f Z(O)tz
12k

t2l~c

do(t) =

/f{Qk}( )t2(k k)d (t) 2k2:1 f()( )(tz 2k 1)

2k 2!
R t =2k

Now relation (2.3.9) writes as
2k—1

{2k} (4 (@) L 4
/f 7f%( ) 2(6-1) g M+ / Z!( )(tz % 1), +§Cif .!( ) _

(3
R =2k

R L 90

For every f € D(R) with f()(0)=0,i=0,...,1, it follows that

/ D) 1oy = /f{”“}( ) 26K 4o (1),
R

tQk t2k

Therefore we have dé = t2-~%)do. Further we have the following relationship
between ¢; and ¢é;, 1 =1,...,1:

ci i=0,...,2k—1
=R+t 1), i=2k...  2k—1.
ci, i=2k,...,1
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Forj:O,...,l%wehave

- {2k—j} {2k—j}
kel [P ) on_ [P (t) _
p; = /7,521% ’ dé(t) = = do(t) =

R
{2k} (¢ kil ) 20—R)=1 )

P p(0)do(t) ko] P (0) i
/ 12k—j t)i/ Z N 2= P Z i (t',1)o.
2 % i=2k—j i=0

This completes the proof. Q

2.27 Lemma. Let ¢ € F(R,0) and ¥, = (k,l,0,c0,...,¢) and 92 = (k + 1,
1,6,¢0,...,¢) be representations of ¢ with | > 2k + 1. Define a mapping

(21917 [, -]191) - (‘Qﬁz? [, ']192)

T 1 - -
(f;aoa~--,al;b0>-~~,bk—1) — (E(f*ak);ao,~~~7al§boa~-~7bk—1a

T
(f:De = ai(1,1)s = a1 (t1)s ) -

\1’2191,2192 :

where Bj =0 —ask—;(1,1)6 — asp41-(t, 1), j=0,...,k—1. Then Vg
18 a continuous isometry and the diagram

191/ NQ
e Lo,
L9100,

91:L09,

(2.3.10)

91

commutes.

Proof. By Lemma 2.26 we have dé = t?>do and

Ci, 1=0,...,2k—-1
R Cor + (1,1)0—, i =2k
Cok+1 + (5, 1)y, i=2k+1
Ciy 1>2k+2

Let fz (f;ao, ... a1 bo,---,br_1)T € £y, then it follows that

1£(2) >
L2<\ D / d|t dol(t) =

- / £ — aiPdlo|(t) = 1 — allZ -
R

|50 —av)

Therefore the mapping f — +(f —ay) from £y, — L?(|6]) is continuous. Since
the inner product (., .), is continuous with respect to the Hilbert space topology
it follows that the mapping Ve, ¢, Is continuous.

Denote by G the Gram operator of £y, and by G’ the restriction to the finite
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dimensional subspace CFH!+1, Let G and @' be defined analogously. Hence we
have

A G e
G = ( T karl) + (1,1)6Top+1 + (t, 1) o Top+2

Ch+1
where e 1 = (0,...,0,1,0,...,0)7 denotes the k+ 1 unit vector in C¥++1 and
T, 0 k142
T,=("" Crti+
(50
with T}, := (enlen—1|---|e1) € C"*". Abbreviatory for Ve, ¢, We just write

¥. For f: (f;a(]v"wa'l;b(h"‘7bk71)T7 g‘: (g;a()a'"aal;ﬂ()v"'aﬁkfl)T S
Ly, it follows that

(UF 0g)e,, = (GUF0G) = (1(f —a). (g — aw)) + (G WY, (3g)).

t t &

(2.3.11)
where (U f)" denotes the restriction of ¥ f to C¥T1*2 and (¥g)’ respectively. It’s
useful to define \I/f:: (ao, - .-, ap; bo, .., l;k_l)T, then we have

wfy = ( vf ).
( f) (fyl)a7ak(111)a7ak+1(t»1)a

Analogously we define Wg. The first term of the right side of relation (2.3.11)
leads to

(30 - a1 -an) = [HL= 9000 g~

Z/(f(t) —ai)(9(t) — ar)do(t) = (f,9)s — arlg, 1), — @(f, 1o + axar(L, 1),

R

Further we have

(Geufy. wgy) = (¢'vF,vg) + o (9.1, — w8 1), — a6, 1), ) +
+ @ (£, Do = a1, Do = @i (6 D) ) + (1 D (o (UFY', (95 )+
+ (Do (Torsa (9)', (1)),
Hence equation (2.3.11) writes as
(UF, ¥G)e,. = (f.9)e — art(1,1)e — arGri1(t,1)e — Tapii(t, 1o+
+(GUFT7) + (1o (Lot (VFY, (99)) + (0, Do (Tora (WY (83) ).

We define 0,, := (0,...,0)7 € C"*! and for m,n € N, m > n let a,,, =
(@m, Gm—1, - - .,an)T e Cm—nt+1x1

(w7 wg) = (67 = 0.6 (21) — 0.6 (W21, ) 99) =
(0 7.58) - (557, 8) - . (). ).
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— —

Since T2k+1(\:[ff)/ = (an,o, Ol_k+1)T and T2k+1(\:[/f)/ = (a2k+170, Ol_k)T we have

(607 97) + (1, 1) (Torsn (WY, (09)) + (0,1 (Tovsa(F), (29)') =
— (¢'f9g) + (., m((;‘ig 1 ) (93)) + (¢ 1>g(<g;‘1§+g ) (¥g)) =
= (0'7.9) - WD, (¢'F (22 ) = D, (T (i) +
([ o ) (@) + 1)0((&’;:1:)1 ) (@)) =
_(@Fg) 40, 1)6[((0;&3 1),<w>f) ()]
e [((35s ) o) - (7 () -

= (Glf’ §) + (1, 1) ara, + (t, 1) o (apt10% + arQpg1)-

It remains to show that the diagram (2.3.10) commutes. For every p € P we
have

T
{k} (0) O]
p p0) PO ke ko
Lﬂl(p): ( tk ; o [T 7p£) ]a"'apggfl] )

T
{k+1}  (0) @) . .
p p (0) p (0) ~[k+1,6 ~[k+1,6
LﬁQ(p): ( tht1 5 o N EPBJF ]w-wPL ] .

By Lemma 2.26 it follows that

_ el _ p#9)(0) pPEHI)(0)

_[k+1,5] .
/ - 1L,1)y — o (t 1)y, §=0,....k,
j i oh =g Ve~ @it e
and since
LR p)y _ pE
E( R )_ tht1
it follows that We, o, (o, (p)) = to,(p) for every p € P. a

2.28 Lemma. Let ¢ € F(R,0) and 91 = (k,1,0,co,...,¢) and 93 = (k + 1,
[,6,¢,...,6) be representations of ¢ with | > 2k + 1. Denote b; = b; +
ask—;(1,1)6 + aokt1—j(t,1)e, 5=0,...,k — 1, and define a mapping

Y . (21927["']192) — (2191»[~;~L91)
Lo,,L0, - (f;ao,...,al;bo,...,bk)T — (t-f+ak;a0,...,al;g’o,...,~;€_1)7?

y . / . . .
Then \112192,2,01 oW, ¢, =ide, and \1120272191 lramey, 18 @ continuous isometry

- !
with Ve o, (tanyg,) = Tan iy, -

’
Lo5,L09,

By (2.3.10) we have Wgo, ¢, (ranty,) = ranty, and applying ¥ .  yields
91 ,L9 1 2 L9,,L09,

/ . . .
Proof. Clearly we have \112192 Lo, oWg, ¢, =idg, and ¥ is continuous.
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\11/219272191 (ranty,) = ranty,. By continuity it follows that \11&19272191 (tanzg,) C
raniy, . On the other hand it holds

ran L'l91 = \11/2792 7}:191 (\Ijgﬂl a£192 (ra’n L"91 )) g \112:192 ,2,191 (ran ["192 )7

thus ‘113302’2191 (tanzy,) = Tan iy,. Again, by (2.3.10), we have Ve, o, oy, =
Lty,, and the mappings ty,, : P — £y, , are isometric with respect to the
indefinite inner product [.,.]Js,, on £y, ,. Applying \11'21927201 yields ¢y, =
\11’2192’ ¢, © v, and therefore \1113192 ¢, 18 Isometric on ran ty,. By continuity this

property extends to the closure of ran ty,. Thus, we have proven the lemma. U

Let 9, = (k,l,0,c0,...,¢) and Yo = (l%,l,&,éo, ..., ¢;) be representations

of ¢ € F(R,0), with k < k and [ > 2k + 1. Let n := k — k, then there

exists numbers céj), .. .,cl(j) and signed measures o;, j = 0,...,n, such that

0; = (k —|—j,l7oj,céj), .. .,cl(j)) belong to O, for j =0,...,n. Clearly we have
Yog=0g <0, <--- <0, =1s.
The previous lemma suggests to define a mapping from £y, to £y, by
Ye, 2y, = Ve, g, 0 0Wg, o, 0Wg, o, . (2.3.12)

Obviously Te, e, is an isometry and the following diagram commutes

P (2.3.13)
v N\
2191 2’[92'
£9,:C0,

As the composition of continuous mappings Yg, ¢, is continuous.

2.29 Corollary. Let ¢ € F(R,0) and 91 = (k,l,0,co,...,¢c1) and ¥ = (lAc,l, g,
¢o, - .., C1) be representations of ¢ with k < k and | > 2k + 1. Then there exists
a linear mapping Y' : £y, — Ly, such that T/|W s a continuous isometry
and Y’ (Tanty,) = Taniy,. Further the following diagram

P
A
Lo, <T—, Lo,

commutes.

Proof. This follows immediately from the considerations above and Lemma 2.28.

Q
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2.30 Lemma. Let ¢ € F(R,0) and 91 = (k,l,0,cq,...,¢1) and 92 = (l%,l,(f
o, - - ., C1) be representations of ¢ with k < k and l > 2k + 1. Denote

2k—j—1
bi=bj— > a(tTF1) =0, k-1,
i=2k—j
~ ] ~
dj::< ) Z (ERD ) =k k- L
=k

Then the mapping Ye, e, 1is explicitly given by

(21913 ['7 ']191) - (31923 ['7 ']192)
1 )
Te,, .00, (f§a07...,al§b07...7bk—1)T — (tk—_k(f - Zaitz_k);ao,...,al;

i ) . . \T
bo,...,bk—ladka"ﬂdicfl) :

Proof. Let n := k — k and 0; = (k —l—j,l,oj,cgj),...,cl(j)), j=0,...,n, be
representations of ¢ such that

Pg=0p <01 < <6, =1s.

We prove this lemma by induction. For n =1 we have Tg¢, ¢, = Ve, e, -

For the induction step n — 1 — n let f: (fiao,- .. abo, ..., b—1)T € Lq,.
Then we have

T
aOa"'70'1;507'"a/gk—la(gka"'a(sfgfg) )

Teg, .20 (f) = (

n—1

where 3 := bj—Z?i;,g:;’ a;i(t=Ck=) 1), §=0,...,k—1and §; := (f, =7 )oo
- E% I73 st~ @k~ 1), j =k,...,k —2. Using the induction hypothesis
it follows that

‘1/29,”29,1,,1 0---0 \I/L'el,ﬂeg ° \112907291( ) = \Ilﬂen Lo,y © T290,29n 1( )=
1 1 k-2
—_ ) — i—k .
- \Ilﬂgn,£97L71 (T290,£97L71( )) - (t (ticflfkr (f - art a/itz ) - afc_l)a
i=

a07~";al;ﬂov"'aﬂk—laékaék_ga

k—2 T
1 o
(tfcflfk (f o Zaitz k)’ 1>a 1 B afcfl(l’ Do,y — al%(t’ 1)0n1> )
i=k "

where 3 i= 8; — ay;_,_ Lo,y —agp (6, 1)0, 1, 5 =0,...,k—1 and
0j =10 —ag; 5 j(L,1)o, =g,y ;(t,1)g, 1, =k,...,k—2. The first term
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on the right side of this relation can be rewritten as

k2 k=2 -1k
! L i—k _ 1 i—k aj_qt _
z(tkilik (f B ;azt ) - ak_l) o thk (f - i=k it ) =k
k-1
1 a
Gk (f -2t k)
t i=k

Since (1,1),,_, = (tQ(f“*l’k), 1o, and (t,1), , = (tz(’;*l*k)“, 1)4, it follows
that l;j :Bj for j=0,...,k and ch :Sj for j :k,...7lA€—2. Further we have

k—2
(o (= et ™).1)  —ap (LD, — gt ), =
i=k

t};‘—l—k On—1

1 k-2 R
_ (f 7) N a (ti—(Qk—(k—l)) 1) _
’ tkf(k*l) g0 —k ’ oo

7=

_afcfl(tZ(ic_l_k% 1)00 _ a];(tQ(lAf—l—k)+17 1)00 — JIACfl'

Thus we have shown that

\Ijﬂewﬂen_l ©--0 \IjﬂeerZ °© \113907291 = Tﬂﬁlyﬁoz' d
Now it is possible to give the proof of Theorem 2.19.

Proof (Theorem 2.19). Let 91 = (k1,l1,01,c¢0,...,¢1,) and VYo = (ka,l2, 09, ¢,
..., C1,). Without loss of generality we can assume k; < ko. If ky = ko and
lo > 11 we can apply Lemma 2.24. Therefore there exists a continuous surjective
isometry ®e, e, : (L9, [+ Jo.) — (L1 [, Jo,). Owing to Lemma 2.25 it

holds ¢, ¢, (tan g, +21[;2]02) =Tan iy, —|—££901]01 . Since (Tanty, —1—27[;1_]“91' ) el _

FaNT, 0 + £5)% for i = 1,2 and

RS (ran 19, [olos 4 SE;Q]%) Craniy, [oloy 4 251]01

we can apply Lemma 2.22. Denote by @2192,2191 the induced mapping between
the factor spaces with respect to the isotropic parts, then by Lemma 2.22 (i)
the mapping (i)gﬁ2,201 is unitary.

For ¢ = 1,2 there exists unitary mappings

I [o]w;
o]y, — Tall Ly, + 2191 i/

i ’ ran Lty

Ty, :Tanty,/

[oly, +
Tanc i
9 9

i

i[olq‘)i +£
Define Uy, 9, = Tgll o <i>21921,3191 o Ty,, then Uy, », is a unitary mapping from
Ky, onto Ky,. The inverse Uy, y, of U19_21,191 is also unitary.

Now consider the case k; < ky. Let 0y := (kp,1, G1,C1,...,¢) and Dy =
(k2,1,52,¢1,...,¢) such that [ > 2ky + 1. By the first part of the proof there
exists unitary operators Vy 5 : Ky, = K5 and Vj_ K5 — Ky,. According
to Corollary 2.29 there exists a continuous surjective isometry Y’ : L5, = L5,
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Lemma 2.22 (ii) ensures the existence of a unitary operator T Ks, = Kj,-
Now define
Ugy 0, =V, 9, © T 1o Vi, a, + Koy = Ko,

then Uy, g, is unitary.
Combining the diagrams (2.3.6), (2.3.1), (2.3.4), and using continuity, it
follows that

(2.3.14)

Therefore Uy, 9, Ay, = Ag,Uy, 9, and the diagram (2.3.2) commutes. u

2.4 Notes about the minimal representation

Let ¢ € F(R,0) and ¥ € ©, be a representation of ¢. In this section we will
show that the embedding ¢y has dense range if ¢ is representation of ¢ with
minimal k.

2.31 Definition. Let v be a positive finite measure on R and k € Ny. Then
we define a seminorm on the space of all polynomials by

{k} ()12 3
myi(p) == (/ |pt2}(§t)|du(t)> (peP).

R

If not otherwise stated in the rest of this section v will denote a positive
finite measure and k a nonnegative integer.

2.32 Lemma. If g is a linear functional on P which is continuous with respect
to the seminorm my,y, then there exists an element v € Lo(v) such that

{k}(+)
o) = [ ) v ),

tk
R

for allp € P.

Proof. Consider on P the inner product

{k} (4) g 0FY
(7, q)p = / p tk(t) q ‘;k(t) v (t),

R
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then the mapping

P - (Pa ('7 )7’) (-{L2( ) ( 7')L2(V))
p B
is an isometry. Since g is a linear functional on P which is continuous with

respect to the seminorm m, j there exists a constant C' > 0 such that |g(p)| <
Cmy i (p) = C’(p,p);;/2 for every p € P. Define on ®(P) a linear functional g by

- o(P) —»C
T o) — 9(p),

then we have |g(®(p))| < C(p, )1/2 = C(Pp, Pp) /(V), in particular g is well-
defined. By the Hahn-Banach theorem ¢ can be extended to a continuous linear
functional on Ly(v) and hence there exists an element v € Ly(v), such that

for every p € P. a

2.33 Lemma. Let n € N and fi,..., f, be linear functionals on P such that
no linear combination of them is continuous with respect to the seminorm m, .
Then the mapping
P — LQ(V) o C"
L {k} T
p = (B f1(p), - -, fu(D)

has dense range. Here Lo(v) @ C" is understood as the Hilbert space endowed
with the sum inner product of (.,.)r2¢,) and the euclidean inner product on C™.

Proof. To show that « has dense range assume the converse. Then there exists
an element (y;&1,...,&,)T € La(v) ® C™, which is not equal (0;0,...,0)T, such
that «(P) L (y;&1,...,&,)7T. Since the polynomials are dense in Lo (v) and every

polynomial can be written as pi—:}, p € P, this implies that (&1,...,&,)7 #
(0,...,0)T. For every p € P it holds

{k} n -~
(p?’y)m(u) + Y fin& =0, (2.4.1)
i,j=1

which yields

\ij )&

{r}
(%) o =
4,j=1

pt @)
— Iyl e ( [P ®) = ylmaw).
R

for every p € P. This would imply that there exists a non trivial linear com-
bination of the functionals fi,..., f, which is continuous with respect to the
seminorm m,, ;. This is a contradiction and therefore ¢ has dense range. a

lyllz2) =

L2 (v)

N
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2.34 Lemma. Assume v has compact support, v({0}) = 0 and that if k > 0
the function t — t2 is not v-integrable. For i € Ny define linear functionals on

P by &(p) = 2o and if k > 0,

7!

p{zk ]} .
pn—>/ t%f dz/(t)7 i=0,...,k—1,

where €(t) is a function on R such that each of the restrictions €|g+ and €|g— is
either +1 or —1. Then no finite linear combination of the functionals & and, if
k>0, 7; is continuous with respect to the seminorm m,, .

Proof. Assume there exists a finite linear combination of the functionals & and
7; that is continuous with respect to the seminorm m,, ;. Then, by Lemma 2.32,
there would exist an element v € Ly(v) and constants N € Ng, A;, i =0,..., N,
and pj, j =0,...,k—1, not all equal to zero, such that

N k—1 {k} L
Z)\ifi(p) + ZujTj(p) = /p U ) t)dv(t), peP. (2.4.2)
i=0 =0

R

Let p be a polynomial of degree less than k, then we have pt*} = 0, &(p) = 0
fori=4k,k+1,... and 7j(p) =0 for j =0,...,k — 1. Therefore (2.4.2) implies
Ni=0fori=0,...,k—1.

Denote by S the set of polynomials whose derivatives vanish at t = 0 up to

the order r := max{N,2k}. For p € S'it holds & (p) = &kp1(p) = =&-(p) =0
and p{?*=7t = ptft = p §=0,...,k — 1, hence it follows
= p(t)—~

Z / PO it gy ) /tTv(t)du(t). (2.4.3)

Let X be a compact subset of R such that suppr C X. We show that the set
{t — €(t) pt(,f) : p€ S} CCX is dense in La(v). Since p € S it is equivalent to
show that the set

Si={t— et pt): pe Py CC¥
is dense in L2(v). Let f € L%(v) and define f(t) := €(t)f(t). By Remark 2.5

€
there exists polynomials p,, n € N, such that for g, (t) := " "**1p,(t), n € N,
it holds

Jim [|f = gnllL2) =0

Define G, (t) := €(t)qn(t), n € N, then §, € S, n € N, and since €2 = 1 v-a.e. it
follows that for n € N it holds

1f = @nllizw) = 1€ f = eanllizw) = / (¢ e(t)qn ()] dv(t) =

/ () F () — gu(®)Pdu(t) = IF — aullZ2(0)-
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This shows that S is dense in L?(v). Hence and since €2 = 1 v-a.e. equation
(2.4.3) implies that

k—1

Z pit * 9 = €t € Ly(v).

§=0

Since t~2 is not v-integrable it follows pu; =0,7=0,...,k—1. To complete the
proof put p(t) := t~Fpikh(t) = Z?iipi!_lti_kp(i)(O). Then we have 5™ (0) =
n!(k 4+ n)!~1pE+t1)(0), n = 0,...,max{l,k — 1}, and it follows

N (z+k: l) 0 L —
Z)\ifi Z /\erk Z )‘z+k /p(t)v(t)dz/(t).
i=k 2

This yields \; =0, j = k,..., N, because v({0}) = 0. u

2.35 Corollary. Let ¢ € F(R,0) and ¥ = (k,l,0,co,. ..
sentation of ¢ with minimal k. Then Tanity = Ly.

,¢1) € O, be a repre-

Proof. By Lemma 2.34 and 2.33 it follows that ran iy is dense in £y. d

Note that if k = 0 and [ = —1 then Ky = L%(0), Ay is the usual multiplica-
tion operator on L?(c), i.e. Ay(f)(t) =tf(t), f € L?*(0), and iy is the canonical
embedding P — L?(0).

2.5 The spectrum of A,

2.36 Lemma. Let ¢ € F(R,0) and ¥ = (k,l,0,co,...,¢1) € O be the minimal
representation of . Then 0 is an eigenvalue of A, and a mazimal Jordan chain
at 0 is given by

20 = (0;0,...,0;1,0,0,...,0)7,
z1 = (0;0,...,0;0,1,0,...,0)7,

zp—1 = (0;0,...,0;0,0,...,0,1)%,

if 1 <2k, and
20 = (0;0,...,0,0,1;0,...,0)7,
21 = (0;0,...,0,1,0;0,...,0)7,
z_x = (0;0,...,0,1,0,...,0;0,...,0)7,
N—_——
k-times
if 1> 2k + 1.
Proof. Assume an element (f;aq,...,an;bo,...,bx_1)7 € £y, N = max{l, k —

1}, is in the kernel of 2y, then it must hold that tf + ax—1 = 0. For f # 0
it follows that f = —%ak,l, but this is not possible since % ¢ L?(0) if ¥ is
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the minimal representation. Now it follows that the kernel of 2y is given by
ker Ay = {(0;0,...,2;y,0,...,0)T : x,y € C}. Therefore two maximal Jordan
chains of 2y are given by

zo = (0;0,...,0,0,1;0,...,0)7, yo = (0;0,...,0;1,0,0,...,0)T,
z1 = (0;0,...,0,1,0;0,...,0)7, y1 = (0;0,...,0;0,1,0,...,0)T,

zy_ = (0;0,...,0,1,0,...,0;0,...,0)T.
N——
k-times

Since ¥ is minimal, by Corollary 2.35 we have that £y = Tanzy. Therefore by
Theorem 2.18 the operator Ay : £y — £y induces an operator Ay : &9/2[0]19 —
9

219/2511,. Clearly we have that

dim (€5 Aran2y) = dim €5 — 1 and  dim (€5 Nker2Ay) = 1.

Since Ay (21[;]”) C Ss]ﬁ it follows that ran (2[,9 |£[o]19) - 25]’9 Nranf2y. Because
9
of

dim ran (2, E’[5]19) = dim £l — 1 = dim (€} Nran2Ay),

we have ran(% |£[o]19) = SE;]” NranfAy. Now it follows that
9

ker A7 = (23) " (25“) [ gt = ker 03 / .

This shows that 0 is an eigenvalue of Ay and that a maximal Jordan chain of
Ay is given by yo,...,yx—1 if | < 2k and by zq,...,z;_k if | > 2k + 1. Due to
unitary equivalence this assertion follows for A,. a

2.37 Proposition. Let ¢ € F(R,0), then the spectrum of the multiplication
operator A, is given by o(A,) = supp ¢ U {0}.

Before we launch into the proof, we need some basic facts about the essential
spectrum. More can be found in [GGK, Chapter XI]. For A € B(X), where X is
a Banach space, the essential spectrum of A, denoted by o.ss(A), is by definition
the set of all A € C such that A — X is not a Fredholm operator. Recall that A €
B(X) is a Fredholm operator if ker A and X /ran A are finite dimensional. Note
that the condition X /ran A is finite dimensional implies that ran A is closed. The
essential spectrum is invariant under compact perturbations. Further oess(A)
is compact and if C\ 0.s5(A) is connected, then o(A) \ 0ess(A) consists of
eigenvalues of finite type only, cf. [GGK, Corollary XI.8.5, p. 204].

Proof (Proposition 2.37). Let ¥ = (k,l,0,co,...,¢;) € O, be the minimal rep-
resentation and consider the operator 2y, the multiplication operator on £y.
Assume that & > 0. Recall that for f = (f;a0,---,an;bo, ..., bk—1), N :=
max{l, k — 1}, the multiplication operator is given by

—

9(19( ): (tf—&—ak,l;O,ao,...,aN,l;bl,...,bk,l,/f(t)da(t)),
R
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Clearly (0;0,...,0;1,0,...,0)T € ker 2y, so 0 € 0,(2Ay) and since this vector is
not in the isotropic part of £y it follows that 0 € o,(Ay), the point spectrum

of the factor operator. For A # 0 and o({A}) = 0 the equation (Ay —\)f =y €
25]19 yields

tf + a1 —Af =0,

0— /\CLQ = 0,
ai,l—)\ai:Q izl,...,l—k’,
Ql—f — AQ—k+1 x1
aj—1 — Aq Tk
b1 — )\b() I
: = —Chy
bp_1 — Abp_o Th—1
fR fdo — )\bk,1 T

Therefore a;, i =0, ..., — k, are equal to zero. This implies (¢t — A) f = 0, thus
f =0 since o({\}) = 0. Now we have

0 aj— g1 T by bo 1
Gl—k+1 : : : :
: —A ) -1 .| b . A = O
. . k—1 .
-1 a T 0 br—1 Tk

Define linear mappings Ly, Ry by

- 0 ... 0 - 1 0
L)\ = L ) R)\ = 0 )
N (| : IR |
0 1 =X 0O ... 0 =X
then these conditions can be written as L d = 7, R,\l_; = —C %, where @ =
(@—ns1s---,a)T, b= (bo,...,bpg_1)T and & = (z1,...,25)T. This implies that

—CraLlyd = R\b & —R{'Cy Lyrd = b,

Easy computation gives Cj; Ly = R\C},; and therefore it holds b= —Cjaa. It
follows that if f € £4 such that Ay —)\)fe 2516 then f € ﬂgg]ﬂ. This shows
that the factor operator (Ay —\) is injective if and only if A # 0 and o({A}) = 0.
Therefore 0,(Ay) = {\ € suppo : 6({A}) # 0} U {0}.

Now define linear operators M, T : £y3 — £y by

M((f;ao,...,an;bo, ..., bp_1)) := (t- f;0,...,0),
T((f;a0,...,an:bo, ..., bp_1)):= (ak—l;O,ao,---,aN—l;b17--~,bk—1,/fd0)-
R
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Then we can write the multiplication operator as 2y = M +T. Since T is a finite
rank operator it follows that 7" is compact. Therefore o.s5(21y) = 0ess(M). Let
A€ Cand f: (f;a0,...,an;bg,...,bg—1), then it follows that (M — A)f: 0if
and only if (t—X)f = 0. Hence 0,(M) = {\ € C: o({\}) # 0}. For X € supp(o)
and o({A}) = 0 define S,, ;== (A= L, X+ 1) n €N, then [o|(S,) > 0 for all
neNand [t — Al <L forallte S, neN. Denote by xg, the characteristic
function on S,,, then for n € N it follows that

1 1
1M = N)xs, I* = 1t = Mxs, |17 :/It = APdlol() < —lol(Sn) = —llxs. II*
S’!L

Therefore M — X is not boundedly invertible. We show that ran(M — \) is dense
in L2(|o]). Let f € L*(|o]), then the functions

fu(t) = LX]R\Sn(t)f(lt), n €N,

t— A
belong to L?(|o|). By the Lebesgue dominated convergence theorem (M —
N fn — f in L*(|o]). Therefore it follows that A € o.(M). If A\ € suppo then
clearly A € p(M). Summarizing we have shown that

op(M) = {A € C: o({A}) # 0},
o.(M)={AeC: XAesuppo, c({\}) =0},
p(M)={AeC: \N¢gsuppo}.

For A € o.(M) the range ran(M — \) can not be closed and therefore o.(M) C
Oess(M). Since the spectrum of M is a subset of the real line and the essen-
tial spectrum is compact it follows that C \ oess(M) is connected. Therefore
C \ 0ess(y) is also connected. Tt follows that o(RUy) \ cess(RAy) consists of
eigenvalues of finite type only. We have already shown that o,(y) = {\ €
supp ¢ : o({A}) # 0} U {0}, hence o(2y) = supp(c) U {0}. By Remark 1.22 we
have 0 € supp o and supp o = supp ¢, hence o(A,) = 0(Ay) = supp ¢.

If £ = 0 and ¥ is the minimal representation £y is non degenerated (see Re-
mark 2.11), hence by Corollary 2.35 we have that I, = £y and A, = Ay. If
k =0 and [ = —1, then the multiplication operator 2y is just the usual multi-
plication operator on the Krein space £9 = L?(c). Therefore the spectrum of
Ay equals the support of 0. By Remark 1.22 we have supp ¢ = supp o, hence
o(Ay) = supp .

If K =0 and [ = 0 then the multiplication operator is given by

Ay ((f;a0)) = (t£30).

Clearly (0;1) € ker 2y and the same reasoning as above gives o(20y) = suppo U
{0}. By Remark 1.22 it follows that o(A,) = supp ¢.
If k=0 and ! > 0 then the multiplication operator is given by

Qlﬁ((f;@(),...,@l)) = (tf;0,a0,...,a;-1).

Again the argument that the essential spectrum is invariant under compact
perturbations yields o(2ly) = suppo. Q
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2.38 Definition. Let (&, [.,.]) be a Krein space and A € B(R) be a selfadjoint
definitizable operator. Denote by 9(A) the set of all definitizing polynomials for
A and by N(p) the zero set of the polynomial p. The set of the (finite) critical
points of A is defined as

c(4) = ﬂ N(p)no(A)NR.
pED(A)

Further denote for p € 9(A) by Q, the semi-ring of all Borel subsets of R the
boundaries of which are bounded away from N(p) and by Q, the sets A C Q,

such that N(p) N A = 0.

The following formulation of the spectral theorem is due to M.A. Dritschel,
see [D, Theorem 18, p. 100].

2.39 Theorem. Let R be a Krein space and T € B(R) be a selfadjoint op-
erator with definitizing polynomial p, and assume that the set Z of zeros of p
is contained in the real line R. Then there exists a unique spectral function
E : Q, — B(R) with the following properties:

(i) For A € Q,, E(A) € B(R) is an orthogonal projection.

(1) E(0) =0 and E(R) = 1.

(iii

)
)
) For A,A' € Q,, E(ANA') = E(A)E(A).
)

If {0322, CQ, are pairwise disjoint and |J,—; A, € Q,, then

o(5.) - £ris0
n=1 n=1

(v) Let A € Qp and E(A) = ran E(A). If for all t € A we have p(t) > 0,
then E(A) is uniformly positive, and if p(t) < 0, then E(A) is uniformly
negative.

(iv

(vi) For A € Q,, E(A) € {T'}", the double commutant of T
(vii) If A € Q, and E(A) =ran E(A), then o(T|ga)) € A.

Moreover, if ¢ is a Borel measurable function which is bounded on o(T), then
the integral

/ HNPNAE()
X

is a strongly convergent improper integral, where X = R\ Z. Finally, the
operator ¢(T)p(T) may be expressed as

VvEZ

HT)p(T) = / SOPVAEN) + 3 6(v)N,

where N, € B(R) is a positive selfadjoint operator, N2 = 0, and E(A)N, =
N,E(A) =0 for every A€ Q, andv e Z, v g A.
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Recall that a subspace £ of a Krein space (£, [., .]) is called uniformly positive
(uniformly negative) if there is a number § > 0 such that

[, x] > 5||J:||27 x € L, ([x,a:] < —5||3L‘||27 T € E)

where ||.|| is a norm on K which is induced by some fundamental decomposition.
A subspace £ of (&, [.,.]) is uniformly positive (uniformly negative) if and only
if & admits a fundamental decomposition & = &, [+]&_ such that £ C &,
(£ C R_), see [B, Theorem V.5.6, p. 108]. So a closed subspace £ of (&, [.,.])
is uniformly positive (uniformly negative) if and only if it is a Hilbert (anti-
Hilbert) space with the inner product [.,.] of K. Since orthogonal projections in
a Krein space have closed range these considerations yield:

2.40 Corollary. Let (R,].,.]) be a Krein space and A € B(R) be a selfadjoint
operator with a real definitizing polynomial p with only real zeros and A € Q,
such that signp|a is either +1 or —1. Further denote by E the spectral function
of A according to Theorem 2.39. Then the decomposition

R=EA)RH(I - E(A)8

reduces® A, and the restriction Ap := Alpays s a linear bounded selfadjoint
operator in the Hilbert space (E(A)R, (., .)A), where the inner product is defined
as (.,.)a :=signp|a - [, J|pa)axBa)s-

2.41 Definition. Let A be a selfadjoint definitizing operator in a Krein space
£,[.,.]) and E the spectral function of A. If a € ¢(A) and for arbitrary Ao, \; €
R\ ¢(A) the limits

}%E([A()v)\]) and )%I\(HiE([A’ A1])

exist in the strong operator topology, « is called a regular critical point of A,
otherwise « is called a singular critical point. Denote by ¢.(A), cs(A) the sets
of regular critical points, singular critical points of A, respectively. A point
a € ¢(A) is said to be a critical point of finite index of A if there exists an open
interval A containing « such that E(A)R is a Pontryagin space. The set of all
critical points of finite index, singular critical points of finite index, is denoted
by ¢f(A), cs¢(A), respectively.

2.42 Remark. These limits always exists if o & ¢(A), see [L, Section IL.5, p. 39].

2.43 Proposition. Let p € F(R,0) and (k,l,0,co,...,c;) € O, be the minimal
representation of . Then

k=0,l=—-1 A {signo|g+,signo|g-} = {+1, -1},

. k=0,l=0 A {signo|g+,signo|g-,signco} 2 {+1,—1},
c(Ag) = {0} if { K= 0I=0 A dsignolus signole, signco} 2 {1, 71}

k>0,

3Let (#,[.,.]) be a Krein space, £ a linear subspace of & and A € B(R). If AL C L
and ALH] C £ then we say £ reduces A. If £1, Lo are linear subspaces of & such that
R =L1][+]L2 and AL; C L;, i = 1,2, then we say that this decomposition reduces A.
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and c¢(A,) = 0 otherwise. For A € Q) the spectral function E(A) has the
following matriz representation:

/ XA- tikXA t7k+1XA tilXA 0]0
0 0 00
0 0 0|0
(ot Fxa)o (Lt xa)e (Lt xa)e ... (Lt " xa)s
(5 xa)e | (L xa)e (L 2xa)e o (Lt xa)s
: : : . : 0]0
(t7'xa)e | (LtT"'xa)e  (LETFxa)e . (Lt %xa)s

If ¢c(Ay) = {0}, then the point 0 is a regular critical point of A, if and only if
k=0.

Proof. By Theorem 2.18 there exists a real definitizing polynomial p such that
x = 0 is the only zero of p. By Proposition 2.37 we have 0 € 0(A,) and therefore
it holds ¢(A,) C {0}.

Let p be a real definitizing polynomial of A, with only zero z = 0, see
Theorem 2.18, then Theorem 2.39 implies the existence of a unique spectral
function E : Q, — B(K,). It is sufficient to show the matrix representation of
the spectral function for bounded real intervals such that 0 is not in the closure.
So let A be a bounded real interval with 0 ¢ A. Without loss of generality
assume p > 0 on A, and hence p > 0 on the half real axis containing A. Then
by Corollary 2.40 for any closed interval A such that 0 ¢ A and A C A the space
Hx := E(A)K, endowed with the inner product (.,.)z := [, '}|E(A)IC¢><E(A)IC¢
is a Hilbert space and A¢|HA is a bounded linear selfadjoint operator on H3.
Hence there exists a unique spectral measure F on the Borel subsets of oA |3, )
such that

F(A) = / xadF = Bp(xa),
o(Aply)

where @ denotes the x-homeomorphism from B(o (A3 ), A)t— B(Ha), ¢ —
J ¢dF, see [C1, Theorem 2.3, p. 264]. Let n € N, n is odd, and consider the set

P, = {peClz]: 3qg€Clz]:p(x)=qz") zcA}.

Then P, is a linear subspace of the space of bounded complex valued functions
on A. Further P, is nowhere vanishing, separates point and is closed under
complex conjugation, hence by the Stone-Weierstrass Theorem P, is dense in
C(A).

Clearly there exists a sequence of continuous functions ( fx)ren which converges
pointwise to xa on A. Since P, is dense in C(A) for each k € N there exists a

sequence (gl(k))leN in P,, which converges uniformly to fi. Then by a diagonal

argument the sequence p,, = g converges pointwise to xa on A. Further

the sequence (pm)men is uniformly bounded, i.e. sup,,cy ||Pm|lcc < co. By the
definition of P, there exists a sequence of polynomials ¢,,, € C[z], m € N, such
that pp,(z) = gm(2™), x € A. In particular it holds lim,, 00 gm(2") = xa(2),

x € A. By the properties of &5 it follows that (@F(pm))meN converges to

4 A is the Borel o-algebra on U(ALleA) and B(O’(ALP"HA),A) is the set of A-measurable
complex valued functions on o (Ap|s 4 )-
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®r(xa) in the strong operator topology. By the spectral theorem it holds
Pr(pm) = [ pmdF = pm(AwlnA)~ This implies that

i g ((Aplag)")g = Pr(xa)g = F(A)g, g€ Ha.

Hence we can obtain F'(A) as a strong limit of a sequence of polynomials in
(Apl# )", n odd. For sufficiently large n € N we have

. tnfk tnkarl o tn,1 olo
0 0 00
0 0 00
52[3: ('7tn_k)a (17tn_2k)o (1,tn_2k+1)0 (l,tn_k_l)o_ ’
(LR | (1, 2Ry (1 2R (1R,
; : 1 g : 00
(.,tn—l)g (17tn—k—1)a (Ltn—k—Q)g (Ltn—z)o

with respect to the decomposition £y = L?(0)@CF@C!I=*+1@Ck. This operator
leaves the isotropic part 21[90 lo (see Remark 2.11) invariant, hence the operator
Af and its restriction to Hx admits a similar matrix representation. In fact

it is given by the same scheme except, that this time the decompositions is
L?(0) @ C* @ C" @ CF, where

. 0, l<2k—1
T l—2k+1, 1>2k—1"

By the linearity of the inner product and since in each term of the matrix
representation we can isolate the factor t" and g, (t") converges to A we obtain
the following representation for F(A)

XA- tikXA t7k+1XA tile 010
0 0 0]0
0 0 0]0
(ot "xa)e | (Lt xa)e (Lt 7 'xa)e ... (Lt F 'xa)s
(7 %A)e | (L xa)e (L7 Pxa)e ... (Lt "xa)s
: : : : 0l0
(b t7'xa)e | (LET*'xa)e  (LET*2xa)e o (Lt %XA)s

Let E be the Krein space spectral function and Ag a bounded real interval such
that 0 € Ag. Then F(A) := E(ANAp), A € Q,, is a spectral measure for the
selfadjoint operator A, |y A, 10 the Hilbert space Ha,. By the uniqueness of the

spectral measure it follows that F = F. This proves the matrix representation
for E(A), A € Q.
If k> 0, then for ¥ = (0;1,0,...,0)T we have

B > 1B > (1t *xa)el = | [ gzdatt)

By the minimality of k the function t — t%k is not o-integrable on R and
therefore the limits limy »o E([—1, A]) and limy o E([A, 1]) does not exist in the
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strong operator topology. This implies that 0 € c(A,) (see Remark 2.42) and
that 0 is a singular critical point.

It remains to consider the case k = 0. Note that if £ = 0 and ¢ is the minimal
representation £y is non degenerated (see Remark 2.11), hence by Corollary
2.35 we have that K, = £y and A, = 2y. According to [L, Proposition 4.2,
p.35] 0 is a critical point of A, if and only if for each A € Q, with 0 € A the
scalar product [.,.]x is indefinite on E(A)K,. So let A € Q, such that 0 € A.
Since R € €2, and because of the semi-ring property of €2, there exists A; € ,,
j=1,...,n, pairwise disjoint, such that

A°=R\A= OA]-.
j=1

Since 0 € A it follows that 0 ¢ A;, j =1,...,n, hence A; € QF, j=1,...,n.
Now Theorem 2.39 implies that

XAc 0 [P O
" 0 |1
E(A) = ER)-E(A%) = I-) E(A)=| . . e L2(o)aC!H,
j=1 . .
0 1
This shows that, in the case [ > 0, the scalar product [., .|, is indefinite on

E(A)K,, hence 0 € ¢(A,). If | = —1, then the spectral function E(A) is simply
the multiplication with the characteristic function xyae on L?(o) and therefore
the scalar product is indefinite on E(A)KC,, if and only if {sign o|g+,signo|g-} =
{41, -1}, i.e. both signs were attained. If [ = 0 elements of E(A)K, are of the
form (fxae;aop) with f € L?(0) and ag € C and the scalar product computes as

(7)) = [ 1#Pdo + colaol.
» R

Which implies that the scalar product on E(A)KC, is indefinite if and only if
{signo|p+,signo|g-,signco} = {+1, —1}.
Finally assume k = 0 and 0 € ¢(Ay). Then it holds

IEA)] < ol(A%) +1 < [o[(R), Ae€,0eA,

and since ¢ is a finite measure by [L, Proposition 5.6, p.40] it follows that 0 is
a regular critical point of A,. This completes the proof. Q

2.44 Remark. Note that the above Proposition shows that for ¢ € F(R,0) it
holds that ¢(A,) = 0 if and only if p € F(R,0).



Chapter 3

Model spaces for
distributions of class F

In this chapter we construct the model space for distributions of class F. We
start by defining a model for distributions of class F(R). Therefore we will make
use of Lemma 1.13 (vii), which states that if ¢ € F(R) and M a finite subset
of R such that ¢ € F(R, M) and Aq,...,A,, n € N, be a ¢-M-decomposition
of R, then we can write the distribution ¢ as

f) = Zwlaj(f), f € D(R).

We can choose the p-M-decomposition of R such that [MNA;| <1,j=1,...,n
By Lemma 1.13 (ii7) it follows that ¢[n, € F(R,q;), for some o; € R, or
¢la, € F(R,0). So we will construct model spaces for distributions of class
F(R,a), a € R, and F(R, D).

3.1 Model for distributions of class F(R, «)

In order to construct the model space for distributions of class F(R, ), a € R,
we consider the translation operator on C'*° which is defined by

Tof(t) = f(t—a), feC?MR).

3.1 Definition. For p € F(R,a), a € R, we define a mapping 7, : F(R, o) —
F(R,0) by (ra@)(f) = ¢(Tef), f € C=(R).
First we show that 7, is well-defined. According to Proposition 1.21 there

exist constants k,l € Ny, cg,...,¢; € R and a signed finite Borel measure o with
compact support, o({a}) =0 and o|z_, has the same sign as uz ., such that

{(x2k}
w(f)—/{t_ +Zcff“ , [ €DR).
R

%)
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For ¢t € R set 6(t) := o(t + «), then it holds 6({0}) = 0, &|g+ and &|g- are
either positive or negative measures. Now, for f € D(R), it follows that

{o2k} Loe .
(o) () = e(Taf) = [ FLE o)+ 3 5 (1.0 ta) =
R 1=0
o) -yl ) g Ly
e e e S SE TR
R i=0
{0,2k} (4 ! Ci i
:/ka()d&(s)+Zﬁf(’)(0).

R =0

Lemma 2.3 implies that 7, is an element of F (R, 0).
We are ready to define the model space and model operator for p € F(R, ).

3.2 Definition. Let ¢ € F(R, ), then we define
Ko =Koy Ap:=A;,+al and i,:=1,,0T_,.

3.3 Lemma. Let ¢ € F(R,«), then 0(A,) = supp ¢ U {a} and the following
diagram commutes:

P—" 5K, (3.1.1)
‘ti iAV,
P—r Ke.

Proof. The assertion about the spectrum of A, is an immediate consequence of
Proposition 2.37. To see that the diagram commutes, let p € P, then we have

Au(1p(p) = Aropte(P) + aty(p) = Arptr, o (P(E+ @) + atr, o (p(t + @)).
On the other hand it holds for every p € P

Lo (tp(t)) =l ((t + a)p(t + a)) =lryp (tp(t + a)) + atryp (p(t + a)).
Since T, € F(R,0) diagram (2.3.3) yields

Aragtrar (Pt + @) = trp (tp(t + @),
which implies (3.1.1). Q

3.2 Model for distributions of class F(R,)

Let ¢ € F(R,?) and choose an arbitrary element o € R \ supp ¢. Then we can
understand the distribution ¢ as an element of F(R, a), and we define the model
space, model operator and model embedding simply as the corresponding triple
for the distribution ¢ considered as an element of F(R, ). Because a ¢ supp ¢
this definition does not depend on the choice of a.

Since ¢ € F(R, () there exists a Borel measure o on R such that ¢(f) = [ fdo,
f € D(R). Hence the model space is explicitly given by L?(c), the model
operator is the multiplication operator on L?(¢), and the model embedding is
the canonical embedding P < L?(0).
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3.3 Model for distributions of class F(C \ R)

Let ¢ € F(C\ R) and assume oo(¢) = {3,3}. For p € P the distribution 1
admits the following representation (see equation (1.3.1))

v—1 dj ) dj .
o= 3 (590 + 593).

VE

where d; € C, 5 =0,...,v —1 and d,—1 # 0. We equip P with the inner
product [p, ¢l := ¥(pgq). Further define

dy di -+ dy_1

- . di dy - 0

W:Z(V(T)/ ﬂé), with W :=
dy1 0 - 0

3.4 Definition. Let ¢ € F(C\ R) and o¢(p) = {3, 3}. We define an operator
on C¥ by

(CQV - (CQV
Ay {(ag, - ap-15bo, ... by—1) = (Baog, ao + Bai, ..., a, 2 + Bay;
ﬁbOa bO + Bblv ceey bl/72 + Bbufl)
(3.3.1)
and call it the multiplication operator on C".

3.5 Remark. The multiplication operator A, admits the following matrix rep-
resentation

6 0 0 - 0

R 1 5 0 0

A¢:<B 9>,WithBZ: 0 :
0 B )

: - . .0

0 --- 0 1 B

3.6 Theorem. Let ¢ € F(C\R) and oo(p) = {B,3}. Then the mapping

P — C*
by : PO Ve p0@ @)
b= ( O o @Dl o o =D )
is an isometry of (73, [, ]1/,) onto the finite dimensional non-degenerated inner

product space ((CQ”, (W, .)(C2V) and therefore induces an isometric isomorphism
of (P/P°[.,.]y) onto (C*,(W.,.)cev). Further the following diagram com-
mutes

'Pi>(c2”

Atl ifw

'PT>C2”.
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Proof. Since d,,_1 # 0 the matrix W is regular which implies that the linear
space ((CZ”, (W., .)CZV) is non-degenerated. For n € N denote by P,, the space of
polynomials with degree less or equal than n. Clearly Ps, 1 is a 2v dimensional
subspace of P. By the fundamental theorem of algebra it follows that the
mapping ty|p,, , is injective. This implies that ¢y|p,, , and therefore ¢y is
surjective.

Let p,q € P, then we have

i
(wap, qu)(cm/.

Since (C?¥, (W.,.)cav) is non-degenerated there exists an isometric isomorphism
of (73/77 [, ]y) onto (C*, (W.,.)cav).

It remains to show that the operator A, satisfies the diagram. Let p € P and
define ¢(t) := Ayp(t) = tp(t), then we have

498 Z y Bp(B). j=0
,! ]' Z < >t( ‘t— )(B) {5;00)(5 (J—l)(ﬁ) j Z 1

(G-D! >

Hence t(g) is given by

OF) 2B pOE) e pA(E
“"(q):(ﬁp 0! 6" 1!( +p0!( p(l/l() +p(u2)');
p(o)(ﬂ) p(l)(ﬂ) p(o)(ﬁ) VB, 2 (B)
v P o ﬁ( —)r T w2 )
This implies that Ay (ty(p)) = 1y (Ae(p)). d

3.7 Definition. For v € F(C \ R) with oo(¢0) = {8,8} we define the model
space Ky as the space C* with the inner product [, .Jx, := (W.,.)czv, the
model operator Ay as in (3.3.1) and the embedding ¢y, as in Theorem 3.6.

3.8 Proposition. Let ¢ € F(C\ R) and o¢(v)) = {B,8}. Then the operator
Ay is bounded, selfadjoint and definitizable in KCy,. Further the spectrum of Ay

is given by o(Ay) = {8, B}.

Proof. Clearly, Ay is a bounded operator. In order to show that Ay, is selfadjoint
with respect to the 1ndeﬁn1te inner product (W.,.)c2v it is sufficient to show that
WB = B*W. Since WT = W it follows that

WB = 0 @ ETW: 0 (WB)T
WB 0 )’ wB* o )
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For W B we have

di  da dy—1 0
dy ds 0
WB=pW+| 0 :
d,_1 0
0

which implies that (WB)T = W B. Therefore Ay is selfadjoint with respect to
the inner product (W.,.)czv. By the theorem of Cayley-Hamilton it follows that
Ay is definitizable.

By definition of the operator A, its spectrum coincides with og(¢). Q

3.9 Definition. Let ¢ € F(C\ R) and o0(¢)) = {B1,---,Bn,B1,---,5,}. For
i=1,...,n, denote by (ICy,, Ay, , ty,) the model space, model operator and the
embedding corresponding to the distribution 1; with oo(v;) = {8:,3;}. Then
we define

Ky = él@,i, Ay = ETLBA% and ¢y = éwi.
i=1 i=1 i=1

3.10 Proposition. Let ¢y € F(C\ R) and oo(v)) = {B1,---,BnB1s---,Bn}-
Then the operator Ay is bounded, selfadjoint and definitizable in Ky. Further
the spectrum of Ay is given by o(Ay) = oo(¢).

Proof. As the orthogonal sum of bounded and selfadjoint operators A, is a
bounded and selfadjoint operator in KCy. Since Ky is finite dimensional by the
theorem of Cayley-Hamilton there exists a polynomial p such that p(A4,) = 0.
Therefore Ay, is definitizable. The assertion about the spectrum is immediate.

a

3.4 Model for distributions of class F(R)

3.11 Definition. Let ¢ € F(R) and M a finite subset of R such that ¢ €
F(R,M). Further let Aq,...,A,, n € N, be a p-M-decomposition of R such
that |[M NA; < 1,1 < i < n. Now we define the model space, the model
operator and the model embedding for the distribution ¢ as

n n n
Ky = @KW‘AN Ap = @AWAL' and ¢, 1= @LV’W'
i=1 i=1 i=1

We have to show that this definition is (up to unitary equivalence) indepen-
dent of the p-M-decomposition of R. This is the assertion of the next lemma.

3.12 Lemma. Let ¢ € F(R) and M a finite subset of R such that ¢ € F(R, M).
If Ay,..., A, n € N, and Al,...,Am, m € N, are p-M-decompositions of
R such that [ M NA;] < 1,1 <i<mn, and  MNA;| <1,1<j <m,
then there exists a unitary mapping U : @], ’Cwm - P, IC@|&£ such that

Ui, Agla, = SoL A‘P|AiU'
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Proof. Without loss of generality we can assume that Ay, ..., A, Aq,..., A,
are open intervals, see Lemma 1.13 (v), and that for every ¢ € {1,...,n} there
exists r; € N, j1,..., 4, €{1,...,m}, j1 < -+ < jp,, such that

X, U-UA, -4,
It is sufficient to show, that there exists a unitary mapping
s
U:Kga — P Kols, - (3.4.1)
J=J1
Assume 7; = 2 and let A, = Ajl = (a,b), Ay = Ah = (b,c), then A := A; =
(a,c). I AN M = Consider the case ANM = {a}, o € R, and a € A;.
The case o € Ay is proven analogously. We start with the special case o = 0.
Choose a representation ¢ = (k, [, 0, co, . .., ¢;) for the distribution ¢|a such that
! > 2k. For the distribution ‘P|A1 fix a representation ¥; = (k,{,6,¢co,...,c1)
and clearly ¢ = of(q). Since |, is a bounded measure and ol ) ({0}) = 0
the triple ¥ = (0,0,7) with @ = o], is a representation for @‘Az' Let
T = (T390, -+, Y1; 20, - - - » 2k—1) and

2k—j—1

. 1 A .
Zj = zj—/m(x(t)— Z yit" k)da(t), j=0,....k—1
i=k

R
supp o> '

First note that ¢ is surjective. To see this, let § € £y, & £y, and assume
g = (f1;a0,...,a1;b0,...,bk_1; f2). Define

k—1 ;
f2 - 21‘:0 aitl

Now we can define a mapping ¢ from £y onto £y, & £y, by

k—1
L(J_,“) = <x|supp&; Yo, ---5Yly 207 sy gk—l; (x(t)tk + Zyzﬂ)
=0

f= flel + t—kXA27
1 2k—j—1
Zj = bj -+ / tki—j(f(t) — Z ait”k)dﬁ(t).
R i=k

then f € L%(6) and L((f;ao, ey QU 20y ,zk,l)) =g

Further ¢ is injective. Let f = (f590s- Y1205+ -5 2k—1) € Ly, f # 0, and
assume (f) = 0. It follows that 2[5, =0and yo = ... =y = 0. This implies
that x(t)tk|A2 = 0, hence = 0 and therefore zy = - -+ = 21 = 0. This shows
that ¢ is bijective.

Let & := (2;Y0,---,Y1;205--+,2k—1) € Ly such that ||F||¢, = 1. Since t%,
m € N, is bounded on [b,c] there exists constants Cy,Cy > 0 such that for
7j=0,....,k—1and C:=1+4 C;1 + Cs it holds

2k—j—1

- 1 _ 1
i< lal+ [ [arolamo s 3l [ =
R = R

< |z + Cill2||L2(z)) + C2(k — 7) ek __I_n2akx—j—1} lyil <14 C1+ Co(k—j) < C.

dfa|(t) <
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Further there exists a constant D > 0 such that
k—1 k—1
ot + Y uit'l3,, < [ le@t]aole) + 3 Il [ I¢laei) < D
i=0 2 i=0 ®

Therefore it follows that

k-1
@), ee,, = I(@iv0, w5 Z0r- -, Zan) 13, + llat™ + > yit|3, =
1=0
k-1
= 1272060 + 1o, - ) e + 1(Zos - -, Ze—1) 18 + lzt* + Zyitll %192 <
i=0

<1+ (+1)+kC+D.

This implies that ¢ is a bounded linear operator from £4 onto £y, ® £4,. Since
¢ is bijective it follows that ¢:~! is bounded.
Further the mapping ¢ satisfies the following diagram

L - Lo, ® Ly, (3.4.2)
X %@LM
P

To see this, let p € P, then

vo(p) = (p{k}.p(O)(Q) plmax{lLE=1}) () 5 5 )T
9 tk 0! ’”"(max{hk—l})!’ 05 -y Pk—1 ’

with p; = ﬁgk’a] = fR %da(t), and

Lo, (p) = (p;:} A, p(O())!(O)w“, gi:j:ll,kk i})l(f))!;ﬁo,~~',ﬁk1)T,
Lo, (P) = pla,-
Since
pEU@ 1 pMe) N pO0) iy
poT :tkﬂ‘( e ; it ) j=0,....k—1.

it follows that
p{k}
tk

.p(O)(O) p(max{l,k—l})(o) '2 Zk 'p|A )
A 00 T (max{l k — 1)U 0 TR EAL )

o)) = (

which implies diagram (3.4.2).

Now let &, 7 € ranty then there exists elements p,q € P such that & = ty(p)

and § = ty9(¢). By diagram (3.4.2) and Lemma 1.13 (v), (vi) it follows that
[fvmﬂ = [Lﬂ(p)7L19(Q)]’l9 = [ 7q}§0|A = [ ’q]‘P‘AI + [ aq]tp\A2 =

= [Lﬂl (p)a by (Q)]ﬁl + [le (p)a Ly (Q)L% = [L(p), L(q)}}:ﬁl BSLy, -
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Therefore ¢ is an isometry from (rany, [, .Js) onto (ran(ey, ®tv,), [, |2, @2,, )-
Since ¢ and ¢~! are continuous this property extends to the closure, i.e. the
mapping

L (m, [., ],9) — (ran(wl D ng), [., .]2191@1:'02)

is an isometric isomorphism. By Lemma 2.22 (i¢) ¢ induces a unitary operator
U between the factor spaces
U : Tal iy [ rpglols — Tan(ty, © Ly,)/

lole, @we. -
ran(te; Loy ) 9100,

It remains to show that

ran(ty, D ty,)/ Slog me,, = Il Lﬂl/m[o]ﬂ @ L (7). (3.4.3)

———[0]
ran(ty, Do, ) L

First note that ran(ty, ® tg,) C ranty, & L?(7) and therefore ran(ty, ® tg,) C
Tan iy, ® L?(7). To prove the other inclusion let f be a continuous function
with supp f C (b,c] and N := max{l + 1,2k}. Then the function

Ft) = {o t € [a,b]

% t e (b

is continuous on [a,c]. Now we can approximate the function f uniformly on
[a, ] by polynomials, i.e. there exists p, € C[z] such that p,, — f uniformly on
[a,c]. Now it follows that p,, := t¥p, — t¥ f = f uniformly on [a,c]. Clearly
all derivatives of p,, up to the order N — 1 vanishes at ¢ = 0. Hence

b b
Palt Pnlt
(L191 D L192)pn = (pn|[a,b]; 0,...,0; / tg(k)do—(t)7 s 7/ tk‘-s-l) d(f(t)) D (pn|(b,c])'

a a

Since p,, converges uniformly to f and supp f C (b, ¢] we obtain (19, iy, )(Pn) —
03 f € ran(uy, ® ty,). If f € L?(7) then we can approximate f by continuous
functions in the L? sense. This means that there exists continuous f, with
supp fn C (b,c] such that f,, — f with respect to the L? norm and therefore
0® f » 0@ fin Ly, ® Ly,. This yields

{0} @ L%(7) C ran(tg, @ tg,).

If f € (ranwy,) ® L?(7) then there exists a polynomial p € P and an element
g € L?(7) such that f = 1y, p ® g. Further it holds

= (wlEBL192)p+(6@(g—bg2p|(b,c])) € ran(wl@bgz)—i—{ﬁ}@L?(E) C ran(ty, ® g, )-
Now clearly tTanzy, ® L?() C ran(g, ® tg, ), thus we have

fanty, ® L3(7) = ran(tg, ® vy, ). (3.4.4)
Since (fanzy; @ L2(7))**0 920 = (ramzy;) 1" @ {0} equation (3.4.3) follows.

This shows the existence of a unitary operator U : Ky — Ky, & Ky, .
Owing to Theorem 2.18 there exists isometries iy g, , : P — Ky 9, , with dense
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range such that diagram (2.3.1) holds. Therefore we have (Ag, ® Ay,)((ig, ®
i9,)(p)) = (Lo, D i9,)(As(p)) and it follows that

i U Ly, Dlo,
At A19 Aﬁl ®A192 At
P - K Ky, & Ky, <————
by v U ! 2 i, @i, P

By continuity we obtain (Ay, & Ay,)U = AgU.
Now consider the case a # 0. By definition K
ICTW|A1.
support that coincides with cp|A2 on Ay and the space Ky, can be identified
2
with L?(s). Clearly the space K, ,, can be identified with L?(&) where
2

G(t) = o(t + ). The existence of a unitary mapping U between KC,|, and
Ko, @® Ky, is obtained by the considerations above and special case a = 0.
1 2

=K and similar IC%D\AI =

Since M N Ay = () there exists a signed measure o with compact

ela Tapla

The general case for r; > 2 follows by induction. a

3.13 Remark. Let ¢ € F(R), M a finite subset of R such that ¢ € F(R, M)
and Aq,...,A,, n €N, be a o-M-decomposition of R. Since ¢|a, € F(R), 1 <
1 < n, it is clarified what model we associate to this distribution. Therefore we
can define a model for p-M-decompositions without the additional requirement
[MNA; <1,1<1<n, analogously to Definition 3.11.

3.14 Lemma. Let (ﬁi, [7]g), t=1,...,n, be Krein spaces and A; € L(R;),
i =1,...,n, definitizable selfadjoint operators with respective definitizing poly-
nomials p;, i = 1,...,n. Denote by N(p;) the zero set of the polynomial p;,
i =1,...,n, and set m; := inf N(p;), M; := supN(p;), i = 1,...,n, and
My := —00, mpy1 = +o0. If

(Z) M;_4 <mi,i:1,...,n,
(i) M;—1 <mino(4;) <maxo(4;) <mit1,i=1,...,n, and
(m) Signpi|(M¢,mi+1) = Signpi+1|(M¢,mi+1)7 i=1,...,n—1,

then the operator @;_; A; € L(D]_, &) is definitizable with definitizing poly-
nomial p := 6 - [[;_, pj, where § := SIgN P | (—o0,mn) -

Proof. We prove the existence of a definitizing polynomial p for A; @ Ay. Then
we show that the operator A; @ Ay with definitizing polynomial p satisfies
the requirements (i)-(¢iz) of the lemma. The general statement will follow by
induction.

Let § := sign pa|(—oo,m,), and define p := 0p; - p2, then for x = 21 + 22 € &1 © KRy
it follows that

[p(A; ® Ad)x, 2] g, 5, = [(p(x(‘)h) p(f‘)b)) (2) , (i;)}ﬁl@ﬁz -
= [p1(A1) - 3pa(An)ar, 21] o + [0p1(As) - pa(A)wa, ] -
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The function z — dp2(z) is positive on (—oo, mg). By (i7) we have 0(A41) < mq
and therefore there exists a open set U D o(A;) such that f : z — +/dpa2(z)
is holomorphic on U. By the Riesz-Dunford functional calculus there exists a
linear operator B; such that B? = dpa(A;). Now we have

[pl(Al) : 6p2(A1)I1,1‘1:|ﬁ1 = [pl(Al)Bfl'l,Il]ﬁl - [pl(Al)Bllfl,Blml]Rl Z O,

since p; is definitizing for A;. By (éit) it follows that signp|(M;,00) = 0.
Therefore the function z — 0p1(z) is positive on (M, 00). Again there exists
an open set U D o(As) such that f : z — /dpi(z) is holomorphic on U. The
Riesz-Dunford functional calculus ensures the existence of an operator By such
that B3 = dp1(Az). This yields

[0p1(A2) - pa(Az)az, 22] o = [BSPQ(AQ)Iz,Iz]RQ = [p2(A2)Bawa, Bowo| o > 0,
since po is definitizing for As. Now we have shown that
[p(Al D Ag)x,x]ﬁl@gz >0, x€ R PR,

Therefore A; @ As is definitizable with definitizing polynomial p = dp; - p2.
Clearly min N(p) = mq, max N(p) = My and o(A1) < (A1 @ Ay) < o(As).
Since dp; is positive on (M7, 00) by (ii7) it follows that

SIZNP|(My,ms) = SIENOP1P2] (Mo ,ms) = SIEN P2|(015,ms) = SIEN D3| (My,mes)-

We have shown that the operator A; @ Ay with definitizing polynomial p satisfies
the requirements (7)-(744). d

3.15 Lemma. Let (R, [.,.]a,), (Ro,[s.]a,) be Krein spaces and A; € B(RK;),
1 = 1,2, be definitizable selfadjoint operators with only real spectrum such that
the operator A .= A1 @ Ay € B(R1 ® Ra) is definitizing with real definitizing
polynomial p. Further assume that there exists a closed interval A € Q, such
that (A1) € A and 0(A3) C R\ A and E(OA) = 0, where E denotes the
spectral function of A. If A1 and As are cyclic with generating elements uy and
ug, respectively, then A is cyclic with generating element u := uy @ us.

Proof. Clearly, A is selfadjoint in the Krein space £; @ R2 and has only real
spectrum. Therefore there exists a spectral function E, see Theorem 2.39. Let
£ :=cls{A™u : n € Np}. Since A is a bounded operator it holds that

C=cls{(A—2)"tu:z€p(A)},

Further E(A) is the strong limit of a contour integral over the resolvent and
therefore it holds F(A)£ C £. By the same reasoning we have that E(R\A)£ C
£. Since E(0A) = 0 it follows that

Then we have

E(A)L=E(A)cls{A"u:n € No} =cls{E(A)A"u:n € No} =
=cls{ATus : n € No} = &;.

Analogously it follows that (I — E(A))S = Ry. This implies that £ = R; & Ko,
i.e. A is cyclic with generating element wu. Q
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3.16 Remark. If X is a Banach space and T1,T> € B(X) are cyclic operators
with generating element u; and wue, respectively, such that their spectra can
be separated, i.e. there exists closed disjoint subsets A, Ay of C such that
o(T;) C A;, i = 1,2, then Ty @ Ty is cyclic with generating element uy @ us.
The proof works in the same way, just the spectral function E is replaced by
the Riesz Idempotent, see [C1, p. 210].

3.17 Proposition. Let ¢ € F(R) and K, the corresponding model space with
model operator A,. Then A, is bounded selfadjoint and definitizing in KCy.
Further A, is cyclic with generating element ¢, (1).

Proof. Let M be a finite subset of R such that ¢ € F(R, M) and Aq,--- A,
n € N, be a ¢-M-decomposition of R. By definition we have A, = @, AwIA,_»'
As an orthogonal sum of bounded selfadjoint operators A, is bounded and self-
adjoint in IC,. In order to prove that A, is definitizable we have to show that
the operators AW‘Ai, 1 =1,...,n, satisfy the requirements of Lemma 3.14. Ow-
ing to Proposition 2.37 it follows that O’(AmAi) CA;fori=1,...,n.

For ¢ € {1,...,n} denote by o; the measure with supp(o;) C A; correspond-
ing to the distribution p|a,. If A; N M = «, a € R, then by definition A,, =
A, s, +d. Therefore by Theorem 2.18 the polynomial p(z) = e(z—a)?N+2ty,
with € = sign(0;](a,00)), ¥ = 3] 8i80(04](a,00)) — 5igN(0i|(—s0,a))| and N € No, is
definitizing for A, .

In the case A;NM = () either p(z) =1 or p(z) = —1 is a definitizing polynomial
for Ay, -

It remains to show that A, is cyclic. Let A := A, ® A,,, then clearly A is self-
adjoint and has real spectrum. By Lemma 3.14 A is definitizing and since A,
and A, have real definitizing polynomials there exists a real definitizing poly-
nomial p for A. By Lemma 3.3 and the choice of the ¢-M-decomposition of R
there exists a closed interval A € €2, such that 0(A4,,) € A and o(A,,) C R\ A.
For example A := Z% is a possible choice. Denote by E the spectral function
of A, then E(OA) = 0, since the measure corresponding to the distribution ¢
has no mass at OA. By Corollary 2.21 ¢,, (1) is a generating element for A,,,
i = 1,2. Now Lemma 3.15 implies that A is cyclic with generating element
Loy (1) @ 1y (1) = Ly @iy, (1)- Repeating this argument with A and A, etc., it

follows that that A, is cyclic with generating element ¢, (1). a

3.5 Model for distributions of class F

Now we are able to define the model space and model operator for a distribution
¢ e F.

3.18 Definition. Let ¢ € F with ¢ = (¢, ) where ¢ € F(R) and ¢p € F(C\R).
Denote by (Ko, Ay, ) and (KCy, Ay, 1) the model space, model operator and
embedding corresponding to the distribution ¢ and v respectively. Then we
define

’C¢ = /CWEB/Cw, A¢ = A<P@Aw, Lp = Ly D Ly

3.19 Theorem. Let ¢ € F then Ky is a Krein space and Ay is a bounded,
selfadjoint and definitizable operator on K. Further Ay is cyclic with generating
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element 14(1) and the following diagram commutes

Ko —225 K,

%T T%

'Pﬁp.

Proof. We can write the distribution ¢ as (¢, ) where ¢ € F(R) and ¢ € F(C\
R). Denote by Ko, Ay, t, and Ky, Ay, ¢y the Krein space, model operator and
model embedding corresponding to ¢ and v respectively according to definition
3.11 and 3.9. The space Ky is the orthogonal sum of Krein spaces and therefore
a Krein space. By Proposition 3.17 and 3.10 the operators A, and A, are
bounded, selfadjoint and definitizable. Clearly the operator Ay = A, ® Ay is
bounded and selfadjoint in IC, @ Kyp.

To show that Ay is definitizable let p; be a definitizable polynomial for A,,. Since
Ky is finite dimensional there exists a polynomial ps such that pa(Ay) = 0 and
clearly p; is definitizing for Ay. Then for x € Ky withz =21 @22 € K, @ Ky
it follows that

[(p1p2P2)(Ag)x, 2] Ko = [(p1p2Dy)(Agp)z1, 2]k, + [(P1p2D2)(Ay)z2, 2]k, =
= [pl(Aw)m(Aw)fl7P2(Ago)$1];cv, + [Pl(Aw)pZ(Aw)fﬂzapz(Azp)wﬂ,Cw >0,

>0 =0

since p; is definitizing for A,. Therefore p(z) := p1(2)p2(2)Py(2) is a definitizing
polynomial for Ag.

Since the real and non-real spectrum of a selfadjoint operator in a Krein space
can be separated, it follows from Remark 3.16 that A, is cyclic with generating
element ¢4(1). d

3.20 Corollary. Let ¢ € F, then the model embedding 1y has dense range in
the model space K.

Proof. By Theorem 3.19 it follows that Ay is cyclic with generating element
t$(1) and that
tp(t = 1") = Ajig(1), n € No.

This implies that ¢4(P) = span{Afis(1) : n € No} and since A, is cyclic it
follows that t4(P) is dense in K. Q



Chapter 4

Cyclic definitizable
selfadjoint operators in
Krein spaces

In order to prove the main assertions of this chapter, some basic definitions of
spectral theory are needed. Let X be a Banach space and T€B(X). For a closed
and relatively open subset A of o(A) denote by Er(A) the Riesz Idempotent,
ie.
1
En(8) = Er(ai4) = 5 [ (= 4) e
2me
r

where T is a positively oriented Jordan system! such that A is in the inside? of
[ and o(A)\ A is in the outside® of I' (see [C1, p. 210]). For A € C the number

v(A):=inf{n e Ng: (T — A\)"Er({A}) =0} € Ng U {+00}

is called the Riesz index corresponding to A with respect to T. A point with
finite positive Riesz index is necessarily an eigenvalue, but it could have infinite
multiplicity.

The Riesz Idempotent is a useful tool to separate the real and non-real
spectrum of a definitizable selfadjoint operator in a Krein space. The non-real
part of the spectrum of an operator A is denoted by oo(A). A proof of the
following proposition (even in the unbounded case) can be found in [J, Lemma
1, p. 122}

4.1 Proposition. Let A be a bounded definitizable selfadjoint operator in a
Krein space (8&,][.,.]g). Then for a non-real number zy we have zo € o(A) if and
only if zg is a zero of each real definitizing polynomial of A.

In particular, o9(A) consists of no more than a finite number of points, sym-
metric with respect to the real axis.

Mf T = {y1,...,vm} is a collection of closed rectifiable curves, then T' is positive oriented
if (2) {71} N {2} = 0, i # 5i (b) for a € C\UT {35}, n(Tia) i= 7, n(7;5a) is cither 0 or
1, where n(v; a) denotes the winding number of a closed rectifiable curve v in C; (c) each ~;
is a simple curve.

2The inside of T, insT, is defined by insT" := {a : n(I';a) = 1}.

3The outside of T', out T, is defined by outT := {a : n(T;a) = 0}.

67
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Moreover, every real definitizing polynomial p of A has a real definitizing divisor
po such that the set of non-real zeros of py coincides with oo(A) and the orders
of the non-real zeros of py coincide with their Riesz indices with respect to A,
respectively.

4.2 Remark. Let A be a bounded definitizable selfadjoint operator in a Krein
space (8,[.,.]s) and denote by Eg the Riesz Idempotent, i.e. the mapping
defined for a closed and relatively open subset A of o(A) by According to
Proposition 4.1 the decomposition

&= (I - Egr(00(A)))[+sEr(00(A) R

reduces the operator A. The operator A|g, (4,(4))s is bounded and its spectrum
consists of a finite number of eigenvalues with finite Riesz index. The operator
Al1—Er(oo(A))s is bounded selfadjoint with only real spectrum and there exists
a real definitizing polynomial for A|;_ g, (0(4))2 With only real zeros.

4.3 Proposition. Let A be a bounded definitizable selfadjoint operator in a

Krein space (&, [.,.]g). Then the linear functional
P —-C
Cu: , uef (4.0.1)
p = [p(A)u, ulg

induces a unique element ¢, := (Cru,Cc\r,u) € F, such that

Cu(p) = Ru(P) + Co\ru(p), pEP.

In particular (g € F(R,c(A)) and (c\r, € F(C\R,00(A)), and the sets c(A)
and o¢(A) are minimal (see Definition 1.6).

Denote by E the spectral function for A|g, (a)nr)s and by pz the Borel mea-
sure on a component Z of R\ ¢(A) corresponding to Cr,., (see Proposition 1.7).
Then pz(A) = [E(A)u,ulg =: Ey.(A) for A € BR), A C Z. Therefore we
have

Goulf) = [ fdBuu f€D®) with swpfCZ  (102)
zZ

Proof. According to Remark 4.2 for p € P it holds
[p(A)u,ulsz = [p(A)Er(c(A) NR)u, ua + [p(A) Er(00(A))u, u]a.

The latter inner product can be written as

p(A)Er(oo(A)u,ula = Y ([p(A)ER({ﬁ})u,U]ﬁJr[p(A)ER({B})u,U]ﬁ)-

Bea(A)NCT

Recall that the non-real spectrum of A consists only of eigenvalues with finite
Riesz index, hence for every 8 € o(A) \ R there exists kg € Ng such that
(A — BI**Er({B}) = 0. Note that ks = kz. Every polynomial p € P can be
written as

L p(B)

p(w)Zj:O 7 (x —B)’,
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which implies that

(A= BI) Er({B})u, ulz, pEP.

[P(A)Er({B8})u,ulg = Z

J=0

Since for € oo(4) it holds Ex({8})A = AER({8}), En({8})" = Er({B}) and
A is selfadjoint it follows that

[(A = BIY Er({B})u, ulg = [(A — BI)TEr({B})u, ulg-

This gives

k/g 1

[P(A)Er(oo(A)u,ulg = > E:(

Bea(A)NCH j=0

p(J)

(A= BI) Er({B})u, ula+

@)
LP (ﬁ)

[Mﬂmmmmm)

Since the non-real spectrum of A is a finite set this equation implies that the
functional
p— [p(A)Er(o0(A))u,uls, peP, (4.0.3)

is of the form (1.3.1). Since every element of F(C \ R) is uniquely determined
by its restriction to P it follows that this functional induces a unique element
Ce\ru € F(C\R,00(A)) such that
<(C\R,u(p) = [p(A)ER(UO(A))uvu]ﬁ7 pe P.
Clearly there is no proper subset N of o¢(A) such that {c\r,, € F(C\ R, N).
It remains to show that the functional
p [p(A)Er(a(A) NR)u,uls, peP, (4.0.4)

belongs to F(R,c(A)). Define Ay := Alg,(oa)nr)s, then Ag is a bounded
definitizing selfadjoint operator in Fr(c(A) NR)R. Set ug := Er(c(4) NR)u,
then it is sufficient to show that the functional

“ ) p = [p(Ao)uo, uola

induces a unique element (g, € F(R,c(A)), such that (g u,(p) = Cup(p) for
p € P. Denote by pg a real definitizing polynomial for Ay with only real zeros
i, ...,on of orders py, ..., uy,. By uniqueness of the partial fraction expansion
of ( ) there exists unique real constants c;; such that

}:}: oo tER e an

=1 j=1
For arbitrary p € P we define the polynomials
- . G-1(a; ,

11]1

n

>:22%wmwwmm

i=1 j=1
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Therefore we have

n

p(t) = po(OR(E D) = p(t) — 7o) 33 et — a0)

i=1 j=1

and hence any p € P can be written as

p(t) = g(t;p) + po(t)h(t; p).
Choose a bounded open interval A such that o(Ag) C A and define the set S
by
S = {p €P: sup fp(k)(t)| < 1},
teEA
0<k<u

where p := max{y1, ..., i, }. The polynomial g(.; p) depends on p only through
the numbers pU) (), i =1,...,n, 5=0,...,u; — 1, therefore ||g(Ag;p)|| < oo
for p € S which implies that

sup{|[g(Ao: p)uo, uolg| : p € S} < oo.

To estimate the remaining terms |[po(Ao)h(Ao; p)uo, uo]| we introduce on £ the
inner product {.,.} := [po(Aop)., .]Jg. This inner product is nonnegative, since py
is a definitizing polynomial for Ay and further Ay is symmetric with respect to
{.,.}. Therefore # := (R/8°,{.,.}) is a Hilbert space and Ay induces a bounded
selfadjoint operator Ay in M. Since for A € p(Ao) the operator Ry(Ag) :=
(Ag — M)~! is bounded on £ it can be extended to an operator Ry(Ag) on H.
Further it holds

R (Ao)(Ag — AI) = (Ao — AI)Rx(Ag) = 1

on a dense subset of H and it follows \ € p(Ag), hence p(Ag) C p(Ap). Moreover
o(Ap) is contained in A. By the spectral theorem there exists a measure v
supported on A, such that for ¢ € P it holds

{%%me}:WNMMMMWAMﬁ:/mﬁW@)

A
Using Taylor’s formula we obtain for any p € P
]71
p{auj} (k) o) =

k=0

pni—1 k )
t—aq; t— o)

=3 ot 00y + Lo g,
P ! il

for a proper intermediate value &;. This yields

Wt p)] = \Zicij<t - aiw‘p{ai’j}(t)\ <

i—1 j*l
< ’22623 Z Olz + ’ZZCU 7,‘~ Jp(#l)(gz) )

1=1 j=1 1=1 j=1
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therefore the polynomials h(.;p), p € S, are uniformly bounded on A and hence

sup{|[po(Ao)h(Ag; p)ug, uo]| : p € S} < 0.

It follows that R

sup{Cu, (p) : p € S} < 0.
Because S is a neighborhood of 0 in the subspace topology of C*°(R) on P,
the functional (,, is continuous. By Lemma 1.25 the polynomials are dense
in C*°(R), hence CNUO has a unique continuous extension to a linear functional
on C*°(R) which induces a distribution with compact support C~R-,U0' We will
denote the extension to C°°(R) also with Cg_y,-
Clearly 5R,uo is real. Let M = {a1,...,a,} C R, the zeros of the definitizable
polynomial for Ay, and f € C* with supp f C [a,b] € R\ M. According
to Lemma 1.25 there exists a sequence of polynomials (p,)nen such that p,
converges to f in (C*°(R), 7o ). Now we have

CRouo (f) = Hm Croug (pn) = nli_{I;o[pn(AO)quUO]ﬁ = nh_{léo [/ pndEumuo}ﬁ =

n—oo
[ / fdBuo,u| = / FdE s .
(0]

Since E,, ., is a positive or negative measure it follows that @R’UO € F(R,M).
Clearly ¢(A) C M, hence if there is an index iy with 1 < iy < n such that
a;, € c(A), then there exists a real definitizing polynomial p;, with p;, (a;,) # 0.
Using the same construction as for the definitizing polynomial py and the argu-
mentation above shows that (g, € F(R, M \ {ei,}). Repeating this process
yields Cg.u, € F(R,c(A)). The characterization of a critical point (see [L, Propo-
sition 4.2, p.35]) states that for any real interval A containing a critical point of
A the scalar product [.,.]« is indefinite on E(A)&, where E denotes the spectral
function of Ag. This shows that there exists no proper subset M of ¢(A) such
that (g, € F(R, M). a

Let (84, [, ]a,) and (&2, [., .]r,) be Krein spaces and A; € B(&;),i=1,2. We
say that A is weakly unitarily equivalent to Ao if there exists a linear isometry
U:D C & — K with dense domain and dense range such that 4;(D) C D
and UAl = AQU on D.

4.4 Theorem. Let A be a cyclic bounded definitizable selfadjoint operator in a
Krein space (&, [.,.]g) with generating element u € K. Denote by ¢, the unique
element of F induced by the functional ¢, as in (4.0.1), Proposition 4.3. Then
A is weakly unitarily equivalent to the operator Ay, in Kg,. A weak unitary
equivalence is given by the mapping

. (Ldm (P)v [" '})Cqm) — (.R, [-7 ]R)
U{ on(0) > (A (105)

Proof. Write ¢, as (¢u,¥y) € F, then by Theorem 3.19 and Proposition 4.3 for
p,q € P it holds

[Ld)u (p)7 Loy, (Q)]K(b“ = [ 7q}¢u = @u(pQ) + wu (pg) =
— (Al = pAng(Als. (406)
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If ¢ € P such that 4, (¢) = 0, then the last equation implies that
[p(A)u, ¢(A)ulz =0, peP.

Since u is a generating element, it follows that {p(A)u : p € P} is dense in K.
Further for every y € £ each of the functionals [, y] is continuous and therefore
it holds [z, ¢(A)u]lg = 0, x € K. This shows that ¢(A)u is isotropic and because
as a Krein space £ is non-degenerated we have g(A)u = 0. On the other hand if
q € P such that ¢(A)u = 0, similar argumentation, using the fact that ran g, is
dense in Ky, (see Theorem 3.19), yields ¢4, (¢) = 0. Thus we have shown that
for g € P it holds ¢4, (¢) = 0 if and only if ¢(A)u = 0.

Therefore the mapping

U {(quu (P), [ Jk,,) = (R [ ]s)
Ly, (p) = p(A)u

is well-defined. Clearly U is linear and equation (4.0.6) shows that U is isometric.
Further the domain of U is dense in K4, and the range of U is dense in .

By Theorem 3.19 we have Ay, o 1, (P) = tg, 0 A:(P) and therefore we have
Ay, (t4,(P)) C 1y, (P). Further for p € P it holds

UAs, (16, () = Utg, Ae(p) = Ap(A)u = AU (14, (p))-
This shows that A is weakly unitarily equivalent to Ag, . d

This theorem raises the question under what conditions the weak unitary
equivalence can be be extended to the whole space, i.e. whether the isometry U
constructed in proof is continuous and its continuation is surjective or not. We
give sufficient conditions depending on the type of critical points.

4.5 Remark. It is sufficient to consider bounded definitizable selfadjoint oper-
ators in a Krein space with only real spectrum and only critical point 0. To
see this, let A be a bounded definitizing selfadjoint operator in the Krein space
(R,[.,.]) and denote by E the spectral function of A. According to Remark
4.2 we can assume that A has only real spectrum. Let o € ¢(A) and choose
an open interval A containing « but no other critical point of A. Then the
decomposition
fR=E(Q)RHI - EA)R

reduces A, and for the restriction Ax := A|ga)g we have ¢(Aa) = {a}. Re-
placing A by A — a we can assume « = 0.

Due to [J, Lemma 3, p. 128] there exists a real definitizing polynomial pg of Aa
whose zeros are real such that

C(AA) = N(po) N O'(AA),

where N(pg) denotes the zeros of pg. If A is a sufficiently small interval con-
taining o but no other zeros of pg we can assume that the polynomial pg is of
the form pg(z) = £29, ¢ € Ny. Therefore we can restrict ourselves to a bounded
definitizable selfadjoint operator A in a Krein space with only real spectrum
such that ¢(A) = {0} and po(z) = £29, ¢ € Ny is a definitizing polynomial or
c(4) = 0.
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The next proposition ensures the existence of a unitary equivalence under
sufficient conditions on the spectrum of the operator.

4.6 Proposition. Let A be a cyclic bounded definitizable selfadjoint operator
in a Krein space (R, [.,.]a) with generating element u € K. Denote by ¢,, the
unique element of F induced by the functional ¢, as in (4.0.1), Proposition 4.35.
If cs(A) = cs¢(A) then A is unitarily equivalent to the operator Ag, in Ky, .

Proof. According to Remark 4.2 we can divide the proof into the cases that A
has only complex and only real spectrum. By Remark 4.5 the latter case can be
reduced to the case that ¢(A) = {0} with definitizing polynomial pg(z) = £29,
q € Ny, and the case c¢(A) = (). The case that A has a critical point at zero will
be distinguished further into the case that 0 is a singular critical point of finite
index, case 2a, and the case that 0 is a regular critical point, case 2b. Write ¢,
as (¢u, ¥y) € F and note that in these cases it is sufficient to consider K, and
Ky, respectively. Denote by U the weak unitary mapping which establishes the
weak unitarily equivalence as in (4.0.5).

Case 1, (0(A) = 09(A)): Clearly, the mapping U : vy, (P) — Ky, is already
unitary.

Case 2a, (c(A) = cy(A) = {0}, 09(A) = 0): Since 0 is the only critical
point of A and it is of finite index it follows that (&, [.,.]s) is a Pontryagin
space. Further the domain and the range of U are dense, hence their closures
are non-degenerated. Following [B, Theorem 3.1, p. 188] this implies that U is
invertible and that U and U~! are continuous. This yields the existence of a
unitary extension U of U from Ky, onto £ such that UA% = AU.

Case 2b, (c(A) = ¢,.(A) = {0}, 00(A) = 0): Since 0 is the only critical point
of A it follows that ¢, € F(R,0).
Equation (4.0.2) and the fact that 0 is a regular critical point implies that k£ = 0
in the minimal representation.
Denote by pg a real definitizing polynomial for A and by E the spectral function
of A as in Theorem 2.39. Further let A(po) be the order of the zero 0 of the
definitizing polynomial pg. By Remark 4.5 we can assume that pg(z) = +22(P0),
Let ¥ = (0,1,0,cp,...,¢1) € Oy, be a representation of ¢, such that I > A(po).
Recall that the mapping ¢y : P — £y, see Proposition 2.15, is given by

) (o OOI\NT
Lﬁ(p)Z(p;pO!(),~~-7p“()) , PEP.

Corollary 2.35 implies that Tanzy = £y. The space £y can be decomposed as
Ly = L* (o) [+HsCH [Ho L (o),
where o4 = |O’||Ri. Similar to Theorem 4.4 define a mapping U by

- {(’/19(7))7 ['7' 20) - (’Q7 [’]ﬁ) )

to(p) = p(A)u

As in the proof of Theorem 4.4, using Proposition 2.15, it follows that U is
linear, isometric and has dense domain and dense range.
For n € N define the intervals A, := (—oo,—1] A, := (-1 1) and A} =

n
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[%, +00), then they are elements of ,, and their union is R, hence Theorem
2.39 (iv) yields
B(A) =1 E(A]) - B(A}).

Since A is bounded and 0 is a regular critical point of A the limits F_ :=
lim,, 0 E(A,‘L) and Fy = lim, e E(A;‘L‘) exists in the strong operator topol-
ogy. Therefore Fy := lim, o F (An) exists in the strong operator topol-
ogy. By Theorem 2.39 (iii) the family of bounded projections (E(A"))nGN
is monotone decreasing?. Therefore for m,n € N, m < n, we have that
ran F(A,,) C ran E(A,,) which implies that

ran Fy C ﬂ ran E(A,,).
neN

This shows that Egf C (Nacq, E(A)R] =: Sp.
0eA
Consider the mappings

)

Lg(P — R
H

Ai : (0) (1) T
0 (p; P 0!(0),...,1’ l!(o)) p(A)E%u

then U writes as U = A_ + Ag + A
Denote by ||.|| the Hilbert space norm on £ induced by some fundamental de-
composition and let n € N. Then for p € P it holds

A (eo()) Il = Ip(A) E-ul| <
< [|p(A) (B- = E(A))u| + [[p(A) E(A, ul- (4.0.7)

Define on 8- := E(A; )R an inner product by (.,.)_ := signpg|g—, then
(R-,(.,.)—) is a Hilbert space. Setting u,, := E(A; )u the second norm can
be computed using the spectral theorem for a bounded selfadjoint operator in
a Hilbert space by

(A EAL || = [p(Aunl” = / p2dE,, .., peP,
Ay

where Eg;,(A) := (E(A)g,h)_ for g,h € R and A a Borel set of o(Alg_).
Since Ey, 4, = 0— on A7 it follows that

[p(AEAD ]| < Ipllzzoy, peEP.

Since n € N was arbitrary and E_ is the limit of E(A,) in the strong operator
topology, equation (4.0.7) implies that

1A= (co@)Il < lIpllz2oy < lea®)lls, P € P,

where ||.||y denotes the norm induced by the inner product (.,.)y. This shows
that the mapping A_ : 1y(P) — £ is continuous. Similar it follows that the

4Two projections E1, Eo in a Banach space X are said to be ordered in their natural order
E\ < By if E1Ey = E2E = Ej, see [DS, Definition 4, p. 481]. This definition requires that
EiX CExX and (I —E1)X O (I — E2)X.
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mapping Ay : ty9(P) — R is continuous.
By [L, Proposition 5.1, p.37] Sy is the algebraic eigenspace of A corresponding
to the eigenvalue 0 and moreover A*Po)*1G, = {0}, Therefore there exists

U, -+ Un(py) € So and ag, ..., ax\(p,) € C such that Equ = > (po)aiui. By

&) A
Taylor’s theorem any polynomial p € P can be written as p(x) = Z?:o waﬂj.
Hence for p € P it holds

d A(po) A(po) p(j)(()) X(po) _
A)Eou = iU = - o; A,

Since [ > A(po) and by Holder’s inequality the last equation yields the following
estimate for p € P

A(po) (j)( A(po)
180 (o (@) || = lIp(A)Eoull < Y |2 7 AN fluil| <
=0
A(po) @ (0 2\ % A(po) ‘
<<A<p0>+1><z pj,“ ) S Jeall Al lul <
j=0 . i=0

::5]-
< (A +1) _max 55 @)l

,,,,

This shows that the mapping Ag : ty(P) — K is continuous. Now it follows that
the mapping U = A_ + A + A, is continuous. Further the domain of U is dense
in the space £y hence there exists a continuation by continuity U: gy — R
Clearly U is isometric and since (R, [,.]s) is as a Krein space nondegenerated

it follows that 0(2{;]‘9) = {0}. Since Tanty = £y, Theorem 2.18 shows that

Lo/ aloly = Ky, . According to Lemma 2.22 U induces an continuous isometric
9

operator with dense range on the factor space, i.e. U : K,, — K. Following

[B, Lemma 3.9, p. 127] implies that U~ 1is continuous. This yields the existence
of a unitary extension U of U from Ky, onto £ such that UA = AU.

Case 3, (09(4) = 0, ¢c(A) = 0): In this situation we have a Hilbert or anti
Hilbert space, hence the assertion is well known. a

Recall that for ¢ € F by Theorem 3.19 the model operator Ay is cyclic with
generating element ¢4 (1).

4.7 Corollary. Let ¢ € F and Ay be the model operator in the model space
Kg. Denote by & the unique element of F induced by the functional 5(p) =
[P(Ag)ie(1),04(1)]k,, p € P, i.e. the distribution corresponding to Ay and
generating element 14(1) as in (4.0.1), Proposition 4.3. Then ¢ = o.

Proof. Write ¢ as (¢,1) € F(R) x F(C \ R) and denote by (g and fc\R the
real and non-real part of ¢ as in Proposition 4.3. Let B be a subset of C \ R
which is symmetric with respect to the real axis such that o¢(¢p) = B, i.e
¢ € F(C\R,B). By Proposition 3.10 it follows that o(As) = B. Since
o(Ay) = 09(Ay) Proposition 4.3 implies that (o\g € F(C \ R,0(Ay)), thus
Covg = ¥
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If ¢ is an element of F(R,}) then by Proposition 4.3 fR is a positive or negative
measure on R and equation (4.0.2) implies that 5R = . Otherwise let n € N
and M := {ay,...,a,} a n-element subset of R such that ¢ € F(R, M) and
M is minimal. Using Lemma 1.13 we can write ¢ as sum of distributions
Yo, € F(R,a;),i=1,...,n. Therefore and according to the construction of A,
we can assume that ¢ € F(R,0) \ F(R,0). Let ¥ = (k,l,0,cq,...,¢) € O, be
the minimal representation of ¢. By Proposition 2.43 and Remark 2.44 it holds
¢(A,) = {0} and by Proposition 4.3 it follows that (g € F(R,0) \ F(R, ).

Denote by k, [, co, ..., c; and o the unique data satisfying (IR-1) and (IR-2) from

the integral representation as in Proposition 1.21 of ¢ and by k,, ¢y, ..., ¢; the
unique data of (g. Then it holds
f{Qk} Ci
o) =[5 Z 100, feD®)
J !
and }
I .
- f{%} i
r(f) = / s Z )(0), feDR).
R =

Denote by E the spectral function of A, and by pg+ the measure corresponding
to ¢ as in Proposition 1.7. Then by Proposition 4.3 it follows that prp+(A) =
E11(A) for A € B(R), A C R*. Therefore equation (4.0.2) yields that

— [ fduss = [ B =G £ € D) with supp f C R,
RE RE

This shows that pgr+ = FEj1|g+ which implies that k = kand o = 6. Setting
p;(t) :=1t7, j € Ny, we have since k = k and o = & that

G Cr(pi), i=0,...,2k—1,
T\ Gralp) — (7 1)y, i=2k,2k 41,

Let my : £9 — K, the canonical projection and # := m;"'(1,(1)). Note that
7 = (0;1,0,...,0;0,...,0)" if £ > 0 and that & = (1;1,0,...,0)" if & = 0.
Since A%, (1) =y (A Z), i € Ny, we have

G (pi) = [Pi(Ap)eg (1), to(Dlic, = [ALes(1), 1o (D]k, =
= [ (%y 7). moa] . = [} 7.7,
Easy computation gives that

i 72 = | i=0,...,2k—1,
T Y e 4 (2R 1), i=2k,2k+ 1.,

where ¢; = 0 if ¢ > [. This shows that ¢; =¢;,¢=0,...,land | = [. Therefore
the integral representations of ¢ and ER coincide and by the uniqueness of the
data satisfying (IR-1) and (IR-2) it follows that ¢ = (z. Thus we have shown
that ¢ = ¢. Q
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