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Introduction

The general topic of this thesis is the theory of canonical systems. These are certain two-
dimensional linear ordinary differential equations depending on a complex parameter. One of
the many questions concerning canonical systems is the so-called inverse problem: Given initial
values depending on the complex parameter, does there exist a canonical system with a solution
(depending on the complex parameter) that satisfies those initial values?

On the other hand, we consider the Riemann hypothesis claiming that every nontrivial zero of
the Riemann zeta-function has real part 1/2.

As [11] shows, the Riemann hypothesis holds true if the inverse problem can be solved for
certain initial values arising from the Riemann zeta-function and if the solution satisfies a certain
boundary condition. Omitting this boundary condition and slightly restricting the domain of
the complex parameter, [9] proves that the inverse problem arising from the Riemann zeta-
function can be solved. Elaborating the proof (including all the necessary preliminary work) of
this result is the main purpose of this thesis.

To this end, Chapter 1 gives a short overview of the basic results and concepts concerning
canonical systems. Chapter 2 proves the (original) Fredholm alternative and introduces a gen-
eralization of the classical Fredholm theory. This generalization is the base of Chapter 3 which
culminates in the proof of the central Theorem 3.1.9. Lastly, Chapter 4 sketches out the con-
nection between Theorem 3.1.9 and the Grand Riemann hypothesis.
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Notation

Here, we itemize all possibly unclear symbols and notational conventions used in this thesis.

N stands for the positive integers, i.e. N:={1,2,3,...}.

In expressions like € > 0 or (a,b], we omit €,a,b € R and implicitly define €, a,b as real
numbers.

“a.e.” means almost everywhere with respect to the Lebesgue measure A\,,n € N.

By default, “measurable” means measurable with respect to the Borel sets.

A subset N of R",n € N is called a “null set” if \,,(INV) = 0. Here, \,, is the outer Lebesgue
measure defined on P(R").

For n € N, C" and R" are endowed with the Euclidean dot product, norm and distance.
The disjoint union of two sets is denoted by W.

Let (Q1, A1, p1) and (Q9, A, u2) be o-finite measure spaces. We use A1 ® A, as a symbol
for the product space, i.e. the smallest o-algebra containing the semiring

{Al X Ag : A1 S .Al,AQ (S .AQ}

p1 @ pe stands for the unique measure on (21 x Q9,41 ® A2) with 1 ® pa(A; x Ag) =
w1 (A1) ua(Asg) for arbitrary A; € Ay, Ay € As.

LL . ((to, t1], R?*2) stands for functions from (to,t1] to R?*? that are L{ . with respect to
the Borel sets and the Lebesgue measure in each entry.

AC1oc((to, t1], C?) stands for functions from (tg,t1] to C? that are locally absolutely con-
tinuous in each entry.

C(R) stands for C(R, C), i.e. C is the default codomain. The same applies to similar terms
like Li .(R).

For a square matrix M, M > 0 means that M is symmetric and positive definite.
M? denotes the transpose of a matrix M.

With the exception of Section 2.1, integrals are always Lebesgue integrals although they
are generally written like Riemann integrals.

Integrals of vector-valued functions are computed entry by entry.

F stands for the complex Fourier transform. That means we define

(Ff)(2) = /_ () exp(—izt) dt

for a suitable function f : R — C and suitable z € C.
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Chapter 1

Canonical Systems

The bedrock of this thesis is the theory of canonical systems. Thus, we open with a general
introduction to canonical systems, based on [1, Chapter 1], covering the main definitions and a
short discussion on the most important basic results. Everything in this chapter is proved.

1.1 Definition and Solvability

First, we define canonical systems, which are special parameter-dependent ordinary differential
equations.

Definition 1.1.1. A matrix-valued function H € L] .((to,t1],R?*?) for —oo < tg < t; < 00 is

called a Hamiltonian if
H(t) >0and H(t) #0 a.e.

Then, the canonical system associated with H is defined as

d (Alt2)) _ At 2)
dt (B(t,z)) = zJH(t) (B(t, z)) (1.1.1)

where

and z € C. %

In contrast to the classical theory of ordinary differential equations, we cannot expect existence
of continuously differentiable soltutions to (1.1.1) because the Hamiltonian need not be smooth.
Hence, we have to resort to a weaker defintion.

Definition 1.1.2. In the setting of Definition 1.1.1, a function
<A(" Z)> € ACoc((to, t1], C?) for each fixed z € C

is called a solution if (1.1.1) holds a.e. for each fixed z € C. Kk

The following remark is crucial in the proofs of Lemma 1.1.4 and Theorem 1.1.5.

Remark 1.1.3. Recall that all norms on C%,d € N are equivalent and that therefore an integrable
function f : [a,b] — C? satisfies

| [ seras], < [l as <

1



where ||.||y is any norm on C%. In the setting of Definition 1.1.1, we have

H/abH(s) ds|| < /abHH(S)H ds < o0
and b b
| [ e)se)as], < [ 116 s < o

for [a,b] C (to,t1] and a measurable and bounded function f : [a,b] — CZ. /

Under these circumstances, we can solve (1.1.1) for each z € C and a constant initial value:

Lemma 1.1.4. In the setting of Definition 1.1.1, fix ¢ € (to,t1] and a v € C%  Then, the
canonical system (1.1.1) has a unique solution

(A(t’ z)> : (to,tl] xC — (CZ

SN
—~~
S+
N—

with

Proof. This proof is a slight modification of the common proof of the Picard-Lindel6f theorem
using the Banach fixed point theorem, cf. e.g. [2, Chapter 2] or [3, Satz 2.1].
First, fix z € C.
We only prove the theorem for an interval [a,t;] with an arbitrary a € (tp,c|]. Then, we can
extend the absolutely continuous solutions to a unique locally absolutely continuous solution
on
U la.t1] = (to. ]

to<a<c
the following way: For a t € (to,¢1] choose an a € (tg,t) and take the value at ¢ of the unique
solution on [a,?;]. By uniqueness of the solutions on the intervals of the form [a,t;], this is
well-defined and yields the unique solution on (tg, #1].!
Since uniform convergence preserves measurability, the space BM ([a, t1], C?) of measurable and
bounded functions from [a, 1] to C? endowed with the uniform norm is a closed subspace of the
space of bounded functions from [a, 1] to C? and thus a Banach space.

We easily see that

L(t):=
7l = sup FOllzexp (= 1] / ) as])

tela,t1

defines an equivalent norm on BM ([a,t;], C?). The function

i {BM([%tl],@) — BM ([a,t,],C?)
Y o (s v+ [ 2T H(s) f(s) ds)

1Using a standard 1 /n,n € N argument, we only need to choose a countably many times. Since the countable
union of null sets is a null set, this shows that the constructed solution indeed meets (1.1.1) a.e.



even maps to AC([a,t1],C?) because, by definition, the integrand is an L!-function in each
entry. For f,g € BM([a,t1],C?) and a t € [a,t1] with t > ¢ we get

1K (F)(#) = K(g)(@)]l2 exp(=[2]L(t)) <
=1

eXP(-IZIL(t))/ 2l TH (s)I1[f(s) — g(s)l2 exp(—|2|L(s)) exp(|z|L(s)) ds <

eXp(—|Z!L(t))/ |z|||JH (s)]| exp(|z|L(s)) ds||f — gllg <
’ — L exp(l|L(s))
exp(—|z|L(t))(exp(|z|L(t)) = DI f — gllm =
(1 —exp(—=[z| L@ f — gllu-
€[0,1)

The case ¢ > t works similarly. Calculating the supremum over [a, t1] on both sides yields

IK(f) = K@)l < (1= exp (2] / ") 45)IF - gl

€[0,1)

Hence, the Banach fixed point theorem says that there exists a unique f € BM([a,t], C?)
with K(f) = f. In particular, we have f(c) = v and f € AC([a,t1],C?). Therefore, f is
a.e. differentiable, and differentiating K(f) = f yields (1.1.1) on [a,t;]. A solution of (1.1.1)
meeting the initial condition lies in BM ([a,t;], C?) and integrating (1.1.1) shows that it has to
be a fixed point of K. This proves uniqueness. |

We can even show that these unique solutions are entire with respect to z (cf. [1, Theorem 1.1.]).

Theorem 1.1.5. In the setting of Lemma 1.1.4, the unique solution is continuous, and for
arbitrarily fived t € (to,t1] the component functions A(t,.) and B(t,.) are entire.

Proof. This proof is a refined version of the proof of Lemma 1.1.4 (cf. [3, Lemma 2.2, Proposi-
tion 2.3]). This means we once again only consider an interval [a, ¢;] for an a € (to, c].

We first claim that
[/l := sup sup [[f(Z,2)[l2 exp(—k[z|L(t))
2€C t€a,t1]
for any k > 1 defines a complete norm on the space X of all functions f : [a,#;] x C — C? that
are continuous, entire in z for every fixed ¢ € [a,t1] and meet || f||g < co. The set of bounded
functions from [a, ;] x C to C? endowed with the uniform norm is a Banach space. The map

f(t,2) = f(t, 2) exp(—k[z|L(t))

is an isometric isomorphism proving that the space of all functions f : [a,t1] x C — C? with
|| fllz < oo is a Banach space endowed with the norm ||.||z. X obviously is a subspace. For a
sequence (fp)nen in X converging to a bounded f, || f||z < oo with respect to ||.||, we consider
[a,t1] x K for a compact set K C C. Since convergence with respect to ||.||z implies uniform
convergence both on [a,t;] x K as well as on K for every fixed ¢t € [a,t1], we see that f is
continuous on [a, t1] X K and analytic in z on K for every fixed ¢ € [a, t1]. The arbitrary choice
of K C C shows f € X, i.e. (X,|.||z) is a Banach space.



Next, we claim that the function

K_{X — X
f e ((t2) vt [ 2T H(s)f(s,2)ds)

indeed maps to X.
Fix f € X. For (t,21), (r, 22) € [a,t1] x C, we have

IK(f)(t,21) = K(f)(r,z2)]l2 < 1K (F)(t 21) = K(f)(r, 20)ll2 + | K(f)(r, 21) = K (f)(r, 22) ]2 =
H /[r,t]u[t,r] aJH(s)f (s, 2) ds”z + ‘ /C JH (s)(21f (s, 21) — 22 (5, 22)) dsH2 <

t1 t1
/ 1[r,t]u[t,r}(3)||JH(S)HHzlf(svzl)”QdS—l—/ [TH (s)[[[[(21f (s, 21) — z2f (s, 22))[[2ds. (1.1.2)

Fixing (t, z1) and sending (r, z2) to (¢, z1), we see that the integrand of the first integral in (1.1.2)
tends to 0 pointwise and is dominated by an integrable function because ||JH (s)|| is integrable
on [a,t1] and f(s,z1) is continuous in s on [a,t;]. Similarly, z2f(s,22) tends to 21 f(s, 21) for
every s € [a,t1] because f(s,z) is continuous in z on G. The integrand of the first integral
in (1.1.2) is dominated by an integrable function because ||JH(s)|| is integrable on [a, 1] and
|(z1f(s,21) — 22f(s,22))]|2 is bounded above by a constant for s € [a,t1] and |21 — 22| < 1:

[(z1f(s,21) — 22 (s, 22)) ]2 <
lz0f (s, 20)ll2 + (21 = 22) £ (s, 22) |2 + l|21.f (s, 22) |2 <
(2lz1] +1) sup [ f(s, 2)]l2-
s€la,t1]|z[<|z1|+1
The dominated convergence theorem yields that (1.1.2) tends to 0 for (r,z2) — (t,21). This
means K (f) is continuous.

For a fixed s € [a,t1], the intergrand zJH(s)f(s,z) is analytic and for a fixed z € C it is
integrable on [a, t1]. Moreover,

<
Iz JH(s) (s, 2)ll2 < (t’v)éﬁlfi]xK!vHIA(S)HHf(t,v)!b

is a dominating integrable function for every compact set K C C. Thus, T'(f) is entire in z for
every fixed t € [a,t1] by Lemma A.1.3.2

Assuming t € [a,t;] with ¢ > ¢ (the case ¢ > ¢ works similarly) and z € C, we have

1K (F)(E, 2)[l2 exp(—k[2|L(#)) <
=1

eXP(’fIZIL(t))(IvII2+/ 2l TH ()11 (s, 2)l2 exp(*kIZ\L(S))exp(kIZIL(S))dS) =

eXp(*kIZ!L(t))(Ilvllz +/ |21I|.JH (s) || exp(k|z[L(s)) || (5, 2) |2 exp(*k?IZ\L(S))dS) <

=(1/k) L exp(k|z|L(s)) <Iflla
exp(—k|z|L(t))([[v]l2 + (1/F)(exp(k|z|L(t)) — V)| flla) =
€(0,1] €[0,1)

——
exp(—klz|L(®))[vll2 + (1/k) (1 — exp(=k[z[ L) fllz- (1.1.3)

?Recall that a function from an open subset G of C to C™ is analytic iff its component functions are analytic.
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Applying the supremum over [a,t1] x C, we get | K(f)||z < ||v|l2 + (1/k)|| f||ag < oo and, all in
all, K(f) € X.

For f,g € X, starting (1.1.3) with | K(f)(t,2) — K(g)(t, 2)||2 exp(—k|z|L(t)) shows

IT(f) =Tl < (/RIS = glla-
=

Therefore, the Banach fixed point theorem guarantees the existence of a unique f € X with
K(f) = f. In particular, we have f(c,2) = v and f(.,z) € AC([a,t1],C?) for all z € C. Hence,
f(.,2) is a.e. differentiable, and differentiating K (f)(.,z) = f(., 2) yields (1.1.1) on [a,t;]. This

means that f is the unique solution from Lemma 1.1.4. |

1.2 Singular Points and Transformations

In this section, we outline why we prove that the Hamiltonian has determinant 1 and that all
points are regular in the main result of this thesis Theorem 3.1.9. This section is based on
Sections 2 and 3 of [1, Chapter 1].

Definition 1.2.1. In the setting of Definition 1.1.1, a point t € (t¢, t1] is called singular if there
exists a v; # 0,v; € R? with H(s)v; = 0 for almost all s locally around ¢. A point ¢ € (tg, t1]
that is not singular is called regular. ok

Singular points are of particular interest as they are, at least in a certain way, a trivial case,
where the canonical system turns into a difference equation. For singular points, the solution
not only is analytic in z but also linearly depends on the parameter:

Remark 1.2.2. In the setting of Definition 1.1.1, let ¢t € (tp,t1] be a singular point. Because
of H(s) > 0 on (to,t1], we can diagonalize this matrix, and the symmetry implies that we can
always choose two orthogonal eigenvectors. Therefore, we can find an « € [0, 7) such that

(cos(oz))

o= 1| .

sin(a)

is a constant second eigenvector to v locally around ¢. Hence, we find a real-valued function h

defined locally around ¢ mapping to the second eigenvalue. This means the Hamiltonian locally
has the form H(s) = h(s)P, where

P, = ( cos?(ar) cos(a) sin(a))

cos(a) sin(«) sin?(a)

is the projection corresponding to the linear space spanned by e,. Since H is positive semidef-
inite, nonzero a.e. and Llloc, the scalar function h is nonnegative, nonzero a.e. and integrable.
We now use the following ansatz: h(s)P, and h(s')P, commute for any s, s’ locally around ¢.
Thus, if the Hamiltonian were smooth, theory of ordinary differential equations would yield the
solution

exp (/ts zh(r)J Py dr)C’ = exp (z /ts h(r) erPa)C (1.2.1)

where C' € C2. Looking at the definition of the power series of the matrix exponential, we have
to deal with the matrices (JP,)",n € N. As J rotates by a quarter circle and the orthogonal
space to the space spanned by e, is the space spanned by v, we see that P,JP, = 0 holds.
Hence, the power series terminates after the linear term, i.e. (1.2.1) turns into

(1+= / h(r)drJ Py )C. (1.2.2)

5



It can be easily confirmed that (1.2.2) indeed solves the canonical system locally around ¢.
Setting

H, := /SH(r)dr,
t
(1.2.2) is a step in the difference equation
Us — U = 2J Hguy
for u; :=C. /

Definition 1.2.3. In the setting of Definition 1.1.1, a function ¢ : (to,t1] — (te,t3] with
—00 < tg < t3 < oo is called a change of variable if
e ( is bijective.

1

e @ and ¢~ are locally absolutely continuous.

K%

Remark 1.2.4. In the setting of Definition 1.1.1, let p € Li ((to,t1],R), p > 0,p # 0 a.e. and
cE (to,tl].

to,t R
ﬁp:{(Oal] —

t — f; p(s)ds
is then locally absolutely continuous and strictly increasing, i.e. in particular injective. Appar-
ently, the range is an interval (ta,t3] with —oo < t9 < t3 < 0. /

With some work, we also get local absolute continuity of the inverse of a change of variable by
a well-known result. Thus, 9, is a change of variable.

Lemma 1.2.5. An absolutely continuous function f : [a,b] — R with f' >0, f" # 0 a.e. has an
absolutely continuous inverse.

Proof. An immediate consequence of the assumptions is that f is strictly increasing and bijec-
tively maps onto the interval [f(a), f(b)]. Hence, the inverse f~1 : [f(a), f(b)] — [a, b] is strictly
increasing and continuous too. In particular, f~! is of bounded variation. Let A be a subset of
[a,b] such that f’ exists on A and is strictly positive and B := [a,b] \ A4 is a null set. Our as-
sumptions guarantee existence of such an A. By a standard argument, we have differentiability
of f~! on f(A) with a strictly positive derivative. Obviously, [f(a), f(b)] = f(A) W f(B) holds
and f(B) is a null set by Lemma A.3.2. Therefore, we have found a partition of [f(a), f(b)]
into two Lebesgue-measurable sets, of which one is a null set. Any null set N C [f(a), f(b)] can
now be uniquely decomposed into two Lebesgue-measurable sets N4 C f(A) and Np C f(B).
Since Np is mapped to a subset of B, the set f~!(Ng) is a null set. Assuming that f~1(N4)
is a null set for every n € Nand N, := {x € Na : |(f1)(2)] < n}, we get

MfHNan)) =0.

M]3

A ) = AU W) <
n=1

n=1

Thus, f~! has the Luzin N property and Lemma A.3.2 proves that f~! is absolutely continuous.

It remains to show that f~1(Na,) is a null set for every n € N. For this purpose, we adapt the
proof of [4, Chapter VII. Lemma 6.3]. Fix any n € N and any € > 0. Let D,,,m € N denote
the points x of N4, such that

|7 @) = )] < (nte)lz —y)

6



holds for y € N4, whenever |z — y| < 1/m. Because of the differentiability of f=! on N,
with bound n, it is evident that (D,,)men is an ascending sequence with N, = U,,eny Dm- By
definition of the outer Lebesgue measure we find a sequence (I}")ren of intervals covering D,,
such that

i AIM™) < A(Dy) + € (1.2.3)
k=1

holds and every interval is shorter than 1/m for each m € N. The definition of D,,, yields
ASTHDm N I)) < (n+ )AL

for m, k € N. In combination with (1.2.3), this shows
Af Z/\ YD, nI™) n—l—az < (n+e)(MDp) +¢)

for m € N. As outer measures are continuous from below, first m — oo and then € — 0 yield
A (Nan)) < nA(Nay) < nA(N) = 0.
|

The requirements f has to meet in Lemma 1.2.5 are rather specific. Still, there is no obvious
generalization. Recall that every continuous and injective function defined on an interval is
either strictly increasing or strictly decreasing. As [5, Chapter IX. Exercise 13] in combination
with [6] proves, there exist examples of strictly increasing, absolutely continuous functions with
(strictly increasing, continuous) inverse functions that are not absolutely continuous.

Remark 1.2.6. Continuing the considerations of Remark 1.2.4 and using Lemma 1.2.5, we can
motivate the name “change of variable”. By direct calculation, we can easily show that u €
ACoc((to, 1], C?) solves (1.1.1) iff w o 9,1 solves

diit(u 00 )(t) = 2T (9, (1) (wo ;) (t)

on (ta,t3]. In particular, 9, identifies the spaces ACioc((to, 1], C?) and L ((to,t1], C**?) with
the spaces AC)oc((t2,t3],C?) and Li ((t2,t3], C**?) respectively.
Since we have det H(t) > 0 and det H € Li ((to,t1],R), a Hamiltonian with det H(¢) # 0 a.e.

admits the choice p(t) = det H (t). This transforms the canonical system in such a way that
det H(t) =1 a.e. holds. /

Looking at Hamiltonians with det H(t) # 0 a.e., we can thus, without loss of generality, even
restrict to Hamiltonians with determinant 1 a.e.



Chapter 2

Fredholm Theory

One of the most important tools used in this thesis is Fredholm theory of integral operators
with continuous integral kernels. Hence, we first introduce the classical theory and then adapt
it to our purposes. Since this chapter is a fundamental part of this thesis, everything is proved.

2.1 Classical Fredholm Theory

This section is based on [7, Section 24.1] and [8, Chapter V], which follow Fredholm’s original
approach.

Definition 2.1.1. We are considering the integral equation (a < b)

b
z(s) = y(s) + )\/ K(s,t)x(t)dt (2.1.1)

for s € [a,b]. K # 0 and y are given and continuous on [a, b] X [a, b] and [a, b] respectively, and
A is an element of C. A solution of (2.1.1) is a continuous function z : [a,b] — C such that
(2.1.1) holds for the given K, y and . *%

Now, the main idea is to solve finite systems of linear equations arising from (2.1.1) and to hope
that the solutions converge to a solution of (2.1.1).

Remark 2.1.2. For n € N, define a subdivision of [a, b] into n intervals of length d,, :== (b—a)/n,
ie.a<s; <---<s, =0 Writex; := z(s;), yi := y(s;) and Kjj := K(s;,s;) ford,j € {1,...,n}
(we will not evaluate at a). (2.1.1) turns into

b
T =Y —i—)\/ K(s;j,t)x(t)dt fori=1,...,n.
a
Approximation of the integral yields

n
ﬂfi:yi+/\5nZKija:j fori=1,...,n.
j=1

Defining  := (z1,...,2,)" and y, K in an analogous manner, we get the equation

r=y+ N, Kz <
(I - XopK)x =1y.



This equation has a unique solution for every y if and only if

dp(\) == det(I — A6, K)

1-— >\5nK11 *AénKlg s *AénKln
—A0pKo1 1 =X Koo -+ —AI, Ko,
—A0n K1 A0 Kpn2 o 1= MoKy,

£0.

If this is the case, Cramer’s rule states

1 t
=0 cof (I — Ao, K)'y

where cof stands for the cofactor matrix. For i € {1,...,n}, this means

wi = dntk)( Ciiyi + 6n Z Dy,) (2.1.2)

1<j<n On
JFi

where C; is the (i, j)-entry of cof (I—\d, K)". Rearranging the Leibniz formula for determinants,
we get

K K
_1—)\26 Ki+X > o Ky Ko
1<i<j<n
K Kij K

—)\3 Z (52 Kji ij Kjk ++(—1)n)\n52detK
I<i<j<k<n  |Kp; K K

or
—1—)\2(5 K”_i_ ' 252 Kn KZ]
2! i,j=1 JZ ”
K” Kij K., (2.1.3)
Z 53 Kjj K|+ + (=1)" A" det K.

i,5,k=1 Kk;z Ky Ky

In a similar manner, we get

Cij g Kij K| N &K ol ‘
%_A(Kij—A;(sn P > 02Ky Kuw Kie— .. ), (2.1.4)

k=1 | Koy Koo Ky

when ¢ # j. In the case i = j, we delete the row and column of the same number in I — A\é,, K
before calculating the determinant. This does not change the structure of I — A§, K, so we get
an expression structurally similar to (2.1.3). /

Formally sending n to oo, we can expect that (2.1.3) and (2.1.4) turn into series of integral
expressions and that ¢, j in (2.1.4) become two free variables. Furthermore, Cj;/d,, () in (2.1.2)
converges to 1 and d, > turns into an integral over j. This motivates the following



Definition 2.1.3. Considering the integral equation (2.1.1), we define

K(ui,v1) K(ui,ve) -+ K(ui,vp)
K(ug,v1) K(ug,v2) --- K(ug,v
K(ul, ,un> — ( ) ) ( . ) ' ( ) n) (2'1‘5)
V1, ., Un : : .. :
K(up,v1) K(up,va) - K(upn,vy)

for n € Nand a < uj,v; < b for 1 <i <mn. Then, the Fredholm determinant is defined (at least
formally) as the series

d(X) := Y dp A" for A € C, (2.1.6)
n=0

—1) [P b e Un,
dn::( |) // K(“l’ ’u>du1..-dun (2.1.7)
n! a a ULy enwy Uy

for n € N. The first Fredholm minor is defined (at least formally) on [a, b] X [a, b] as the series

where dgp := 1 and

Dy(s,t) :=>_ Dy(s, t)A" for A € C, (2.1.8)

n=0

where Dy(s,t) := K(s,t) and

—1) [P b e Up
Di(s, 1) = & ') // K(S’ul’ ’u>du1-~dun (2.1.9)

n L, Uy, Up

for n € N. Kk

Remark 2.1.4. Since the determinant is a polynomial of the matrix entries (cf. Leibniz formula),
(2.1.5) is continuous on [a, b]**. Therefore, both (2.1.7) and (2.1.9) exist for all n € N and
(s,t) € [a,b] X [a,b]. Moreover, merging the integrals in (2.1.9) to one integral over [a,b]™ by
the virtue of Fubini’s theorem and applying Lemma A.1.1 with respect to the metric space
[a,b] X [a,b] yield the continuity of (2.1.9) on [a,b] X [a,b] for all n € N. /

The most important tool that we need to actually prove convergence is:
Hadamard’s inequality. For any matriz A € C"*" n € N, we have
n n
|det A|2 S H Z|AU|2
i=1j=1
In particular, |Asj| < M €R fori,j=1,...,n implies
|det A|*> < n"M*", (2.1.10)
Proof. We follow the proof of [8, Theorem 5.2].
Define n
=Y |A;PeR (2.1.11)
j=1
with ¢; > 0 for i = 1,...,n. Fix these c1,...,c, and let A vary such that (2.1.11) holds. Then,

A ranges over a compact subset of C"*. Thus, |det A| attains its maximum for a V with (2.1.11).
By Laplace’s expansion, we have

det V =">"V;;Vi;
j=1

10



for i = 1,...,n, where Vij is the (i,7)-cofactor of V. The Cauchy-Schwarz inequality and
(2.1.11) yield

det VI2 < VP DIVl = ¢ DIVl (2112)
j=1 j=1 j=1

for i = 1,...,n with equality if and only if (Vjy, ..., Vin)! and (Vi1, ..., Vi,)! are linearly depen-
dent. Manipulating (Vi1 ..., Vi,)! does not affect (Vﬂ, e Vm)t by the definition of cofactors.
If we make (Vjq, ..., Vi)t and (Vi1, ..., Vi,)! linearly dependent without violating (2.1.11) for V,
(2.1.12) becomes an equality without changing the value of the right side. Hence, maximality of
|det V| demands that (Vi1,...,Vi,)! and (Viy, ..., Vi,)! are linearly dependent for i = 1,...,n.
This and the fact that the determinant of a matrix with two linearly dependent rows vanishes

show by the virtue of Laplace’s expansion that
n _ n _
S ViV =0=> Vi;Vy (2.1.13)
j=1

for k # i. Combining (2.1.12) and (2.1.13) and using the maximality of |det V|, we compute
|det A|? < [det V|? = det Vdet V = det(VV™*)

g 0 - 0
0 &3 -~ 0
0o - ... C?L
_33 2
n n
=TI> 14,
i=1j=1
As an obvious consequence, we get (2.1.10) if |A] is uniformly bounded by M. [ |

Lemma 2.1.5. Considering the integral equation (2.1.1), the Fredholm determinant d(\) and
the first Fredholm minor Dy (s,t) are entire functions for arbitrary (s,t) € [a,b] X [a,b]. In
addition, the convergence of (2.1.8) is uniformly absolute in (s,t,\) as an element of R* if
A is restricted to a compact subset of C, i.e. (2.1.8) is continuous on [a,b] x [a,b] x C. In
particular, we have uniform convergence in (s,t) for a fized X € C, and Dy(s,t) is continuous
on [a,b] x [a,b] for every A € C.

Proof. The proof is based on [8, Theorem 5.3.1].
With M := |||« > 0, Hadamard’s inequality shows

Uty..., U n
‘K Lo tin ‘§n2M”.
Viy.-.yUn

Applying this inequality to (2.1.7), we get

M
\dy| < (b— a)" —— =icn (2.1.14)
for n € N. Because of

i _Cn ) (n+1)n2 _ (n+1)
n—00 Cpy1 n—oo (b o a)M(n + 1)’%1 n—00 (b _ a)M(l + l)%

—(b—a)M exp(1/2)
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the power series with coefficients (¢, )nen has radius of convergence oco. Hence, (2.1.14) proves
that (2.1.6) is entire. Similarly, (2.1.9) turns into

nz Mm"
(n—1)!

|Dp_1(s,t)] < (b—a)"! (2.1.15)

for (s,t) € [a,b] X [a,b] and n € N;n > 2 and (2.1.8) is entire. If we confine A to a compact
subset of C, (2.1.15) yields absolute convergence of (2.1.8) with respect to the uniform norm on
R?%. Thus, continuity follows since the partial sums are continuous (Remark 2.1.4). |

Remark 2.1.6. (cf. [8, Theorem 5.5.1]) For s = t € [a,b], integrating the definition (2.1.9) of
D,,—1(s,t) for n € N with respect to s and applying Fubini’s theorem yields

b
Il e, Up
/Dn—l(s,s)d / / / (S’ul’ o >dU1'“dundS
a n — S,ULy...,Up
Il e, Up
/ / / (S’ul’ U >dsdu1---dun
n—1)! Sy ULy e -y Uy

Thus, we get (Lemma 2.1.5 justifies the use of the dominated convergence theorem to interchange
integral and series.)

=)
(n—1!
_ =)
(

o) (o] b b
dA) =Y nd, A" ==Y /\”/ Dy,(s,s)ds = —/ D)(s,5)ds (2.1.16)
n=1 n=0 a a
for A € C. /

Returning to Remark 2.1.2 anfd Definition 2.1.3, we are now capable of completely solving
(2.1.1) as a result of the following famous theorem (cf. [8, Theorems 5.4.1, 5.4.2, 5.6.1] or [7,
pages 264-268]).

Fredholm alternative. If d(\) # 0 holds, the integral equation (2.1.1) has the unique contin-
uous solution

b
z(s) = y(s) + d(AA)/a Dy (s, t)y(t) dt (2.1.17)
for s € [a,b]. For a zero u € C of the Fredholm determinant, the equation

s) = u/b K(s,t)x(t)dt (2.1.18)

for s € [a,b] has a continuous solution x # 0.

Proof. We begin with the case d(\) # 0. Continuity of (2.1.17) is an immediate consequence of
Lemma A.1.1 as y is continuous by definition and D) by Lemma 2.1.5. Next, we prove

Du(s,t) = dnK (s,1) + / Doy (5. w) K (1) (2.1.19)

12



for (s,t) € [a,b] X [a,b] and n € N. For this purpose, we apply Laplace’s expansion to the first
column in (2.1.9):

) K(s,u1) -+ K(s,un)
b K Ula K(ui,ur) - K(ui,up)
D, (s,t , ) ) duy - - - duy,
(unvt) K(unvul) K(unaun)
K(S7u1) K(Svun)
b Kul, K(ui,wa) - K(ui,up)
=d,K(s . ) ) duq - - - duy,
unat) K(unyul) K(unvun)
=d K(s t)
/ / JK U], )K<S,U1,...,Uj1,Uj+1,...,un> duldun
Uty...,Up
Qn(s,t):=
Renaming w;, jy1,. .., un with w,u;, ..., up—1 in the j-th summand of @Q,(s,t), swapping j —1

adjacent columns such that the column with u is the first one and applying Fubini’s theorem
(cf. Remark 2.1.4), we get

n 1 ”
Qn(s,t) = / / / K(u,t)K (s,ul,...,un1> duq -+ - dup—_q du
U, ULy - -+, Un—1

—Dn—l(svu)

/ / / <87u17~.-7un—1> du1 ---dunfl K(u7t) du
o n—l Uy ULy e v vy Un—1

_ / D1 (s, ) K (u, £) du.

Hence, we have (2.1.19). For fixed (s,t) € [a,b] X [a,b], we multiply (2.1.19) by A" and sum
over n. Lemma 2.1.5 guarantees convergence and justifies the use of the dominated convergence
theorem to interchange integral and series. All in all, (2.1.19) turns into

Dy(s,t) = d(N)K(s,t) + )\/b D) (s,u)K (u,t)du. (2.1.20)

Repeating the whole proof up to now with application of Laplace’s expansion to the first row
n (2.1.9), we also have

Dy(s,t) = d(N)K(s,t) + )\/b K(s,u)Dy(u,t)du. (2.1.21)

In the case d(X) # 0, we define the continuous function Hy(s,t) := Dy(s,t)/d()\) on [a, ] X [a, b],
and (2.1.20) and (2.1.21) now read

b b
Hy(s,t) — K(s,t) = )\/ Hy(s,u)K(u,t)du = )\/ K(s,u)Hy(u,t)du (2.1.22)

13



for (s,t) € [a, b] x [a,b]. Using (2.1.17) and (2.1.22) and Fubini’s theorem (all involved functions
are continuous), we get

s)—i—)\/abK(s,t)x(t +)\/Kst /D,\tr dr) dt

+)\/Kst dt+)\2//KstHAtr) (r)drdt
—i—)\/Kst dt—i—)\/ /KstHA(tr)dty( ) dr

b
—i—)\/ K(s,t)y dt—i—)\/ (Hx(s,r) — K(s,r))y(r)dr

s) + )\/ Hy(s,r)y(r)dr
b
s) + d();‘)/a Dy (s,r)y(r)dr = z(s)

for s € [a,b]. Hence, (2.1.17) defines a solution of (2.1.1). Conversely, a solution z of (2.1.1)

satisfies ,
y(s) = 2(s) — A / K(s,)a(t) dt

for s € [a,b]. Using this and (2.1.22) and Fubini’s theorem (all involved functions are continu-
ous), we get

/ Dy(s,t)y / K(s,t)x dt+)\/bH>\(s,t)y(t)dt
— 2(s) —)\/ K (s, )z (1) dt+)\/bH,\(s,t)x(t) dt

—)\/H)\st /Ktr r)drdt

—:c(s)—)\/ K(s,t)x(t)dt—l—)\/ Hi(s,)a(t) dt
—)\/ /Hkst) (t,r) dt o(r) dr
= / K(s,t)x dt—i—)\/a H) (s, t)z(t)dt

Y / (H(s,7) — K (s,7))a(r) dr
= x(s)

for s € [a,b]. Thus, (2.1.17) is the unique solution of (2.1.1).

Now, we assume d(p) = 0. If there exists a t € [a,b] with D,(.,t) # 0, Lemma 2.1.5 shows
that x := D,(.,t) is a continuous, nontrivial function on [a,b]. Since (2.1.21) then turns into
(2.1.18), we have found the desired solution. In the case D, = 0, we have to recall that there
exists a (so,t0) € [a,b] X [a,b] with K (so,tp) # 0 by definition. D) (so,%p) is analytic in A by
Lemma 2.1.5. Hence, Dy(so,t0) = K(so,to) # 0 implies that u is a zero of finite multiplicity of
D) (so,t0). Thus, we can find (s1,%1) € [a,b] X [a, b] such that the multiplicity m € N of 1 as a
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zero of D)y (s1,t1) is minimal. Expanding Dy (s,t) at u for every (s,t) € [a,b] X [a, b], we get

o0

Dy(s,t) = > Cpls,t)(A— )™, (2.1.23)

n=m

where we compute the coefficients with Cauchy’s integral formula (R > 0 arbitrary)

Ch(s,t) = 1% _Dals:t) dA for n € Nyn > m, (2.1.24)
270 Joup(uy (A — )"

and Cy, # 0 holds. Choosing a parametrization (e.g. ¢ — Rexp(ip)), Lemma 2.1.5 yields
continuity of the integrand in (s, ¢, ¢). Therefore, Lemma A.1.1 shows that C,, (s, t) is continuous
on [a,b] X [a,b] for n € N,n > m. Furthermore, the continuity of Dy(s,t) in (s,¢,A) gives rise
to a constant M such that (2.1.24) has the upper bound

M
|Cn(s,t)] < o for n € N,n > m.

This means that (2.1.23) converges uniformly absolutely for (s,t,\) € [a,b] X [a,b] x Ug(n),
where 0 < S < R. Because R > 0 was chosen arbitrarily, we have uniform convergence of
(2.1.23) if X\ is confined to a compact subset of C, and the continuity of the partial sums
makes (2.1.23) continuous. As a consequence, the dominated convergence theorem justifies
interchanging integral and series when we substitute (2.1.23) in (2.1.16) for a fixed \ € C:

b o 0 b
= —/ Z: Cn(s,s)(A—p)"ds = — Z (A — ,u)“/ Ch(s,s)ds. (2.1.25)

Hence, u is a zero of d'(\) with multiplicity at least m and a zero of d(\) with multiplicity at
least m + 1. Substituting (2.1.23) in (2.1.21), we once again use the dominated convergence
theorem to interchange integral and series, and we get an equality of analytic functions expanded
at

[e%) e’} b
3" Culs, OO = )" = dOVK (5,0) + 1 > (0= )" / K (s5,0)Co (11, )

b
+ Z (A — )t / K(s,u)Cp(u,t)du
for (s,t) € [a,b] X [a,b]. Equating the m-th coefficient and setting ¢ = ¢; yield

'm(S,t1) /Ksu 'm (U, t1) du

for s € [a,b], and by choice of m, we have Cy,(s,t1) # 0. Recalling that this function is
continuous in s on [a, b] concludes the proof. [ |

Remark 2.1.7. In the proof of the Fredholm alternative, we showed (2.1.19) by applying Laplace’s
expansion to the first column in (2.1.9). Applying it to the first row yields

Du(s,8) = d K (s,1) + / K (s.u) Dy (u,1) (2.1.26)
for (s,t) € [a,b] X [a,b] and n € N. /
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2.2 Generalized Fredholm Determinants

This section follows the parts of [9, Section 1] and [10, Section 2] concerning the generalization
of the Fredholm determinant very loosely. Unlike the sources, we define and examine the
generalized Fredholm determinant and minor assuming as few conditions as possible.

Definition 2.2.1. Let G stand for the set of all functions K that meet the following conditions:
(Gl) K € C(R,R)
(G2) K(x) =0 for x > 0.

ok

We are now able to generalize Section 2.1 in the sense that we use the integral kernels G and
integrate from ¢ to oo. This gives rise to the new variable ¢, which turns out to be the main
reason why we study Fredholm theory. In contrast to [9] and [10], we do not use the restriction
t <0, and we do not restrict (z,y) to (t,00) X (t,00).

Definition 2.2.2. Let K € G, A € C and t € R. We define

K(zi+y) K(ri+y) - K(x1+yn)
T K(zo+y1) K(za+y2) - K(x2+yn
K<$17 T ) _ ( 2 1) K( 2 2) | ( J ) (2.2.1)
Yis++ -y Yn : : . :
K(xn+y1) K(xn+y2) - K(zn+yn)

on R?" for n € N. Then, the generalized Fredholm determinant is defined (at least formally) as
the series

Z dn(t)A" for X € C, (2.2.2)

where dp := 1 and

dn(

<x1’ e ) day - day, (2.2.3)
TlyeoeyIp
for n € N. The generalized first Fredholm minor is defined (at least formally) on R? as the series

Dk (z,y,\t) ZD (x,y,t)A\" for X € C, (2.2.4)
n=0

where Dy(z,y,t) := K(x + y) and

Dy (x,y,t)

<l‘, Tlyenn, $n> daq--- d.Z'n (225)

y7$17"'7xn
for n € N. *k

Most of the concepts and theorems of Section 2.1 still hold in a generalized manner for a K € G.
We use the rest of this section to prove them.

Lemma 2.2.3. Fora K € G, (2.2.2) to (2.2.5) exist for x,y,t € R and A € C. Forxz,y >t >0,
dg (AN, t) =1 and Dk (z,y,\,t) = K(z+y) =0 hold. Dg(z,y,\,t) and (2.2.5) are 0 forx,y >t
if either x > —t or y > —t holds.

Furthermore, dg and Dy are continuous on CxR and R? x C xR respectively, and they are both
entire in \. More precisely, (2.2.2) converges uniformly absolutely in (\,t) as an element of R3
on every closed cube and (2.2.4) converges uniformly absolutely in (x,y,\,t) as an element of
RS on every closed cube.
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Proof. Considering (2.2.3) and (2.2.5), we see that z1,...,z, are bounded below by t. Hence,
xj > —tforaj € {1,...,n} and condition (G2) imply that (2.2.1) is the determinant of a matrix
with one row and one column of zeros and thus vanishes. This means that we can replace the
oo boundaries in (2.2.3) and (2.2.5) with —t and the other way around if =,y > t holds. Since
K is a continuous kernel by condition (G1), the whole Section 2.1 holds for a fixed ¢ € R if we
confine x and y to [¢t, —t]. In particular, we get existence of (2.2.2), (2.2.3) and (2.2.5). For the
confined variables, we also have existence of (2.2.4). Moreover, both (2.2.3) and (2.2.5) vanish
for t > 0 and every n € N. Therefore, we have dix(\,t) =1 and Dg(x,y,\,t) = K(x +y) =0
by condition (G2) for x,y >t >0 and X\ € C.

By condition (G2), both K(x + y) and (2.2.5) are 0 for n € N if z,y > ¢ and either x > —t or
y > —t hold. As a consequence, Dg (x,y, A, t) is 0 for x,y > t if either x > —t or y > —t holds.
This shows the existence of (2.2.4) for z,y > t.

Fix any n € N. Since (2.2.1) is continuous on R?" and vanishes if any argument is greater than
—t, Fubini’s theorem can be used to merge the integrals of (2.2.3) to one integral over [t, —t]".
Now, continuity on R follows since the integrand is bounded on every cube and the measure of
[t,—t]™ \ [s,—s]" for s <t and [s, —s|" \ [t, —t]" for s >t tends to O for s — ¢.

For (2.2.5), we want to show continuity at (z,y,t) € R3. Therefore, we consider (z1,%1,s) € R3
and a C' < 0 with C' < z,y,t. Then, we can replace oo in (2.2.5) with —C. In the case t > s,
we have

Dy (,,t) — Dy (21, 31, 8)| < '/ K(x) _K<x1,...> I
t-cpn \Ys--- Yl ...
[s,~CJm\[t,~CJn \YLs -+
[,—C]” Yy.oo Yty - - -

<.
[S,—C]”\[t,—c}"

and in the case t < s we have

ZT,... T1,...
|Dn(2,y,t) — Dn(21,91,5)| < ]/ K< )—K( ' )dm...ajn‘
[s,—C" Yy Yl
[t,—C]™\[s,—C]™ Y, ...
[t,—C]" Yoo Yly-- -
+/ K<m>‘dx1xn
[t,—C]"\[s,—C]" Yy oo

if C < x1,y1,s holds. Since (x1,y1,8) — (z,y,t) implies s — t and since we can assume
(z1,y1) is in a compact ball around (x,y), the second integrals vanish (both at the same rate)
for (z1,y1,s) — (z,y,t) by the argument above that we used for continuity of (2.2.3). As
(v1,91,8) — (z,y,t) implies (71,%1) — (z,y) and as the integrand is continuous on R?%2
the first integral tends to 0 by Lemma A.1.1. All in all, |Dy(z,y,t) — Dyp(x1,y1,s)] — 0 for

(:Ubyla 3) - (.CC, yvt)'
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Let C < 0. For t € R, conditions (G1) and (G2) guarantee that
M(t) ;== 2min(¢,C) sup{|K(z + y)| : (z,y) € [min(¢,C),00) x [min(¢,C),0))}
exists in R, and we have

M (t) = 2min(¢,C) sup |K ()] (2.2.6)
z€[2min(¢,C),0]

It is a well-known fact that this defines a nonnegative, continuous function on R. Hence,
Lemma 2.1.5 holds (after replacing oo with max(—¢, —C') by condition (G2)) with the inequal-
ities n
nz M(t)"

da(0) < 21

and . .

n2 M(t)"~

Dualwt) < 2O K@)
(n =D sepmin(,c)0]

where t € R, (z,y) € [C,—C] x [C,—C] and n € N,n > 2. More precisely, (2.2.2) converges
uniformly absolutely in (),t) as an element of R3 on every closed cube in C x R and (2.2.4)
converges uniformly absolutely in (z,y, \,t) as an element of R on every closed cube in R? x
C x R. Thus, dx and Dg are continuous since we have already proved continuity of d,, and D,
for n € N. In particular, we showed existence of D and that dx and Dg are entire in A. W

Remark 2.2.4. If we fix t € R and replace —t with oo in the integral boundaries by using
condition (G2), we get the following versions of (2.1.20) and (2.1.21) for A € C and (z,y) €
[t, —t] x [t, —t]:

Dg(z,y,\t) =dr(\ ) K(x +y) + )\/ Dg(z,z,\,t)K(z +y)dz (2.2.7)
¢

Dg(z,y,\t) =dg(\ ) K(x +y) + )\/ Dk (z,y, N\, t)K(z + z) d=. (2.2.8)
t

We can expand these integral equations to (z,y) € [t,00) X [t,00) because Lemma 2.2.3 and
condition (G2) say that both sides are 0 if either = or y is bigger than —¢. In fact, we can even
allow (x,7) € R? because the original proof only uses (z,y) € [t, —t] x [t, —t] to justify the use
Fubini’s theorem with continuity. Therefore, we just have to replace the upper bound of the
integral with a —C' > 0, where C' < x,y,t by virtue of condition (G2). Then we can copy the
original proof word by word.

Because of (2.1.18) and condition (G2), we get a nontrivial continuous function f : [t, —t] - C

with
—t

f@) =n [ K@) )y = / T K+ ) (y) dy (2.2.9)

for any p € C with di(u,t) = 0. (We have ¢ < 0 in that case by Lemma 2.2.3.) Condition (G2)
allows us to extend f with 0 to a L?(t,c0) function with (2.2.9).

If we fix t € R and replace —t with oo in the integral boundaries by using Lemma 2.2.3, we get
the following version of (2.1.26) for n € N and (x,y) € [t, —t] x [t, —t]:

Dy (z,y,t) = K(x + y)dy,(t) + /too K(x+ z)Dp_1(z,y,t) dz. (2.2.10)

We can expand this integral equation to (z,y) € [t,00) X [t,00) because condition (G2) and
Lemma 2.2.3 say that both sides are 0 if either « or y is bigger than —t. /
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Chapter 3

Finding Hamiltonians Satisfying
Certain Nonconstant Initial Values

In this chapter, we prove the main theorem of this thesis [9, Theorem 1.1.] with certain adap-
tations. This means we mainly follow the path of [9] and [10]. Since this chapter is the core of
this thesis, everything is proved.

3.1 Definitions and Main Theorem

Ultimately, we want to give a positive answer to the question wheter we can find a canonical
system that has solutions satisfying certain given initial values. The two big differences from
Theorem 1.1.5 is that the initial values depend on the parameter z and that the Hamiltonian
itself is the unknown we chiefly aim to find. In contrast to [9], we stick to the setting of
Chapter 1 for this purpose. That means we do not apply the change of variables ¢t — —t and do
not define H on [tg, 1), which would have been deviations from the traditional Definition 1.1.1
of canonical systems. As a consequence, we have to adapt most of the statements beginning
with the integral kernels introduced in [9] and [10]. Moreover for the sake of convenience, our
condition (K3) is less general.

Definition 3.1.1. Let K stand for the set of all functions K that meet the following conditions:
(K1) K € C(R,R) holds, and there exists a constant ¢(K) > 0 with |K(z)| € O(exp(c(K)|x|)).
(K2) K #0and K(z) =0 for z > 0.

(K3) There exists a closed discrete subset Ax of R such that K is continuously differentiable
on R\ Ag with K" € L2 (R,R). Furthermore, there exists a function gx , € L (R,R)

loc

for every x € R such that

Kx+.)—-K(@&@+.)
‘ p— ‘ < gk a.e.

holds locally around z. (The null set can depend on z.)

(K4) Consider the integral operator

K {LQ(t, 00) — Li()t,oo) '
f = [ K+ y)f(y) dy

Let 7(K) € [—00, 0] be the infimum of all s € R such that K[t] does not have eigenvalues£1
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for s <t <0.

*3k

Remark 3.1.2. Obviously, we have L C G. Thus, Section 2.2 holds for K € K. /

Condition (K4) needs some further discussion. Thus, consolidating [9, page 2] and [10, page 4],
we formulate the following lemma.

Lemma 3.1.3. For K € K, the map K|[t] is a compact and self-adjoint operator on L?(t, o)
fort € R. Furthermore, t > 0 implies K[t] =0 and 7(K) < 0 always holds.

Proof. As an immediate consequence of condition (K2) the operator vanishes for ¢ > 0. Hence,
we can assume t < 0. Since K(x + y) is continuous on (t,00) X (t,00), we can apply Fubini’s
theorem and

/ / |K(z+y |2dxdy—/ / K(z+y)*dzdy < 4t max |K(z)? (3.1.1)
t t z€[2t,0]

shows that K (z+y) € L?((t,00) x (t,00)). Lemma A.4.2 yields that K|[t] is compact on L?(t, 00).
Because K (x + y) is symmetric and real-valued, and f(x)g(y) € L2((t,00) x (t,00)) justifies
Fubini’s theorem, we have

K(x+1)g(y) dy dz

(va[t]g)LzZ/toof(w)/tooK(vary)g(y)dydm:/ / f
//f K(x +y)dz g(y) dy
=[] K as@ s gl ay

]fag)Lz

for f,g € L?(t,0). By applying Holder’s inequality and (3.1.1), we get
00 (3] 2
K5 = [ ] [ K rnfma] o< [T ([TIEG@ o)
<[ [ G nr s do

< 4¢? K 2

< 4t7 max [K( PNz
for f € L?(t,o0). This proves lim;_,o|| K[t]|| = 0. Together with the fact that the spectral radius
is bounded above by the operator norm, this implies 7(K) < 0. [ |

We are now capable of defining certain eligible initial values for the searched canonical system.
A motivation of this definition is given in Chapter 4.

Definition 3.1.4. Let & stand for the set of all pairs (F, K) where E is a function from C to
CW{oo} and K is an element of £ such that the following conditions hold:

(E'1) There exists a closed discrete subset Zg of C with 0 ¢ Zg, Im(Zg) C [—c¢(K), c(K)],
—Zp =2 and Z € Zg for all z € Z such that

E:(C\ZE—>C

is analytic, £ # 0 and E¥(z) = E(—z) for z € C\ Zg.
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(E2) For z € C with Im(z) > ¢(K) the identity

E#(2)
E(2)

= (FK)(2)

holds.
Kok

For the sake of convenience and readability, we write E € £ for the rest of this thesis. Although
this kernel is generally not unique, we omit the explicit choice of a suitable K and write Kg
for an arbitrarily chosen element of K with (E, Kg) € £. Before we get to the next definition,
condition (E2) needs some further discussion.

Remark 3.1.5. For an E € &, conditions (K1) and (K2) yield (cf. Definition A.2.1)
(FKEg)(z / Kg(t)exp(—izt)dt = / Kg(t) exp(—izt)dt

_ /O Kp(—t) explizt) dt = (LKg(—.))(—i2)

with o(Kg(—.)) < ¢(Kg). By Lemma A.2.2, FKf is analytic for —iz € C with Re(—iz) =
Im(2) > ¢(KEg). /
In the next lemma and throughout the rest of the chapter, we often use the continuous differ-
entiability of integrals with integral kernel K. More precisely, we use:

Remark 3.1.6. As K € K is continuous by condition (K1), it is bounded on every closed
interval. The same applies to K’ because of K’ € L{° (R, R) by condition (K3). Both K(z+y)

and K'(x+y) vanish for y > —z by condition (K2). We now claim that the parameter integrals
of the form

—T

/ Kx+y)f(y)dy = K(x+y)f(y)dy and (3.1.2)

—T

/Kx+y Wly= [ K@)y (3.1.3)

are continuous in z € R for f € L{ (R) and s € R and that (3.1.3) is the derivative of (3.1.2)
with respect to x:

Obviously, both (3.1.2) and (3.1.3) exist for every z € R, and K, K’ in the integrands range
over [x + s,0]. Hence, we find a bound M > 0 of |K|,|K’| on [x + s — £,0] for any € > 0. The
function 1f, ., (y)M|f(y)| is integrable and an upper bound of the integrands of (3.1.2) and
(3.1.3) locally around z. Finally, K(.+y) and K'(. +y) are continuous at x for x +y ¢ Ax by
conditions (K1) and (K3). Thus, Lemma A.1.1 yields continuity.

By condition (K3), K(.+y) is differentiable at x for x +y ¢ Ak, and, for a suitable € > 0, the
function 1 ;4 (y)9xk.2|f(y)| is integrable and a.e. an upper bound of

on [s,00) for & € R with |z — Z| < ¢ Thus, Lemma A.1.2 yields differentiability with the desired
derivative. /

Our aim is to construct a Hamiltonian and corresponding solutions in terms of £ and Kg. For
this purpose, we need the following Lemma (cf. [9, Proposition 2.1.]):
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Lemma 3.1.7. For K € K and a fizred t € (7(K),00), the integral equations

L= sla) + [ Ko+ 9)Pucaly) dy (3.1.4)
t
1= Wg(r) - / K(z+y)Vk(y)dy (3.1.5)
¢
have unique solutions in L}OC(R). Furthermore, these solutions have the following properties:

(a.) Smoothness and real codomain: P+, Vi € CH(R,R).

(b.) Limit behavior: Pk (x) =1 = Wi(z) for x > —t and Pg(x), Vi 1(z) € Oexp(d|z]))
for any ¢ > ¢(K).

(c.) Diagonals do not vanish: ®g+(t) # 0 and Vi 4(t) # 0.

In the special case t > 0, we have P (t) =1 = Vi 4(t) and

0
Py p(r) =1- +tK(y) dy (3.1.6)

0
Uii(z) =1+ /HK(y) dy. (3.1.7)

Proof. Apparently, the claims for ®x; and ¥x have analogous proofs, so we consider ®x ;
only. We first deal with the case t < 0. The equation

() = i) + [ Ko+ )Prs) dy (3.18)

has a unique solution in L?(¢, 00) because 1y _y € L*(t,00) and K[t] + 1 is invertible since —1
is not in the spectrum of K[t| as it is no eigenvalue by condition (K4) and K[t] is compact by
Lemma 3.1.3. For K is real, the real part of this solution also is a solution. This shows that
d K.t is real. Now, we claim that the continuous function (cf. Remark 3.1.6)

R —R

v ol [P Rpety)dy— [FK@+ by

(I)K’t(m) . {
is a solution of (3.1.4). For z > —t the integrals in (3.1.9) vanish because of condition (K2) and
—x < —t. Hence, ®f4(x) = 1 holds. For z € [t, —], the first integral in (3.1.9) vanishes because
of —x < —t and (3.1.8) yields ®k ¢(z) = @x¢(x). Finally, for # > —t the integral in (3.1.8)

vanishes because of condition (K2) and the left side vanishes, too. Thus, we have @k ¢(x) =0
and (3.1.9) turns into

€O0(|z| exp(c(K)|x|) €0 (exp(c(K)|z]))
—x —t
Px () =1~— K(z+y)dy — K(z+y)®x(y) dy
—t t
=1- K(z+y)®xr(y)dy =1— / K(z +y)®x(y) dy,
t t

which also shows @k (z) € O(exp(c’|z|)) by the mean value theorem and condition (K1).
Differentiability follows from Remark 3.1.6 because ®f ; € L. (R, R). So,

d(I) xr o0 —x
gi() = _/ K'(z+y)®xsy)dy =~ | K'(z+y)Pry(y)dy (3.1.10)
t t
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holds and this function is also continuous by Remark 3.1.6.

The difference f of two Li .(R) solutions of (3.1.4) solves the equation

/ K(x+vy)f(y)dy. (3.1.11)

In particular, Remark 3.1.6 shows continuity of f. Hence, condition (K?2) yields f(z) = 0 for
r > —t and we get 1y, oo\ f € L?(t,00). The same argument as used for (3.1.8) shows unique
solvability of (3.1.11) on L*(t,00) and therefore 1y, oy f = 0. Looking at (3.1.11) once more, we
conclude f = 0.
Applying integration by parts to (3.1.10), we see

=0

d®r () - d<}ﬁ(i’t(y)dy%—K(m%—t)‘PK,t(t) —/E@‘I’K,t(—ﬂﬁ)- (3.1.12)

= K
i t (z+y) dy
Assuming ®x (t) = 0 and once again using condition (K2) to replace —z by oo in the first

integral, % would solve (3.1.11), i.e. dq)’“ =0and ®x; = C € R. We already proved that
1 is attained by ®x . As a consequence, (3 1.4) would simplify to

0
0= / K(y)dy
x+t

for any = € R, which means K = 0. This would obviously contradict condition (K2).4

Finally, ¢ > 0 and condition (K2) imply K(x +y) =0 for z >t and y > ¢. Hence, a potential
solution of (3.1.4) in L{ (R) must meet ®x ;(x) = 1 for = > ¢, (3.1.4) simplifies to (3.1.6) and
uniqueness holds. On the other hand, (3.1.6) defines a solution that clearly satisfies all claimed
properties. |

Remark 3.1.8. Due to Remark 3.1.6, the identity (3.1.10) remains true for ¢ > 0. Therefore,
integration by parts yields (3.1.12) for arbitrary (¢,z) € (7(K), 00) x R. Similarly, we have

dq/g;(x) - _zK(f”er)(Njg(y) dy — K(z + 1)V (1) (3.1.13)
for (t,x) € (1(F),0) x R. y

Henceforth, we always refer to the solutions of (3.1.4) and (3.1.5) if we use @ ; and Vg ¢ for an
K € Kandt € (7(K),00). If we want to stress the importance of t, we write P (¢, x) := P ()
and Uk (t,z) == Vi (z).

With this, we have all the necessary tools to state the main theorem. Unlike [9, Theorem 1.1.]
where Lemma 3.2.7 is used, we define the Hamiltonian in terms of ®x, and Wg,. The proof
of the theorem is the primary subject of the rest of this chapter.

Theorem 3.1.9. Let E be an element of €. Fort € (1(Kg),00), define

2
Hp(t) = <<I>KE(()t,t) \I/KE((]t7t)2> _ (3.1.14)

Then, Hg, is a continuous Hamiltonian with determinant 1, and everyt € (7(Kpg), 00) is regular.
Next, denote

Ap(t,z) == Ap(z) := —ZE(z)/_ Vg, (t, ) exp(—izx) dx (3.1.15)
Bp(t, z) = Bpy(z) = %E(z) /_ D, (t,7) exp(—izz) da. (3.1.16)

Then, (Ag, Bg)! is the solution to H with initial values E in the following sense:
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(a.) Fizing t € (1(KEg),00), the terms Ag4(z) and Bg(2) are analytic functions for Im(z) >
c¢(KEg), and they can be extended to analytic functions on C\ Zg satisfying:

AL (2) = Aps(2) Aps(—2) = Apy(2) -
B ,(2) = Bpi(2) Bpa(—2) = —Bru(2)

)

(b.) Fizing z € C\ Zg, both Ag and Bg are continuously differentiable with respect to t.

(c.) (Ag,Bg)! solves (1.1.1) for t € (1(Kg),00), 2 € C\ Zg and the Hamiltonian from
(3.1.14).

(d.) For z € C\ Zg, we have

and E(z) = Ag(0,2) —iBg(0, 2).

3.2 Properties of & and Vg

Before we study the integral equations of Lemma 3.1.7 with respect to the variable ¢, we focus
on the solutions of the following strongly related integral equations (cf. [9, Proposition 2.2]).
For this purpose, we only need the kernels .

The structure of this section is based on [10, Section 2].

Lemma 3.2.1. For K € K and a fized t € (7(K),00) the integral equations

Ko +0) = usle) + [ K+ y)braly) dy (3.2.1)

Ko+ = brale) - [ K@+ yhca(y) dy (3.2.2)

have unige solutions in L}OC(R). Furthermore, these solutions have the following properties:
(a.) Continuity and real codomain: ¢ 1, Vi € C(R,R).
(b.) Differentiability: ¢r+, Vit € CHR\ (Ax —t),R).
(c.) Limit behavior: ¢ (z) =0 =Yg (x) forx > —t and g (x), Vi +(x) € O(exp(c(K)|x])).
In the special case t > 0, we have ¢ +(t) =0 =i (t) and dx () = K(x +1t) = Vi ().

Proof. The proof is very similar to the proof of Lemma 3.1.7. Apparently, the claims for ¢x
and ¥ have analogous proofs, so we consider ¢ only. We first deal with the case t < 0.
The equation

K@ +1) =uca(o) + [ Ko+ 0)ncalw) dy (323
t
has a unique solution in L?(¢,00): As K is continuous by condition (K1) and K (x +t) vanishes

for > —t by condition (K2), K(. +t) lies in L?(¢t,00). K]Jt] + 1 is invertible since —1 is
not in the spectrum of K[t| as it is no eigenvalue by condition (K4) and K][t] is compact by
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Lemma 3.1.3. Because K is real, the real part of this solution also is a solution. This shows
that ¢x ¢ is real. Now, we claim that the continuous function (cf. Remark 3.1.6)

" <ac>-{]R o
K.t oy ,_)K(x+t)_ﬁmK(x+y)<5K,t(y)dy

is a solution of (3.2.1). For x > —t the integral and K in (3.1.7) vanish because of condi-
tion (K2). Hence, ¢k (z) = 0 and as a consequence ¢ € L%(t,00) holds. Therefore, the
unique solvability of (3.2.3) proves ¢x; = QEK,t on [t,00). Considering this in the integral in
(3.2.4), we see that ¢x ¢ solves (3.2.1) with

(3.2.4)

€0(exp(c(K)|z|))

€O(exp(e(K)fel)  —

—_——
i) = K@t - / Kz + y)bra(y) dy,

which also shows ¢ +(z) € O(exp(c(K)|z|)) by the mean value theorem and condition (K1).
The difference f of two Li .(R) solutions of (3.2.1) solves the equation

0= f(z)+ /too K(z+y)f(y)dy. (3.2.5)

In particular, Remark 3.1.6 shows continuity of f. Hence, condition (K2) yields f(z) = 0 for
x > —t and we get f € L?(t,00). The same argument as used for (3.2.3) shows unique solvability
of (3.2.5) on L*(t,00) and therefore 1 o) f = 0. Looking at (3.2.5) once more, we conclude
f=0.
Differentiability follows from Remark 3.1.6 because ¢k € Li (R, R). So,

dﬁbK,t(iﬂ)

e K'(z +1t) —/t K'(z +y)or+(y) dy

holds for R\ (Ax —t). This function is also continuous on R\ (Ax —¢) by condition (K3) and
Remark 3.1.6.

Finally, ¢ > 0 and condition (K2) imply K(x +y) = 0 for z > t and y > ¢t. Hence, a
potential solution of (3.2.1) in LL _(R) must meet ¢ (x) = 0 for z > ¢, (3.2.1) simplifies to
¢k t(r) = K(z +t) and uniqueness holds. On the other hand, ¢x(z) = K(z + t) defines a
solution that clearly satisfies all claimed properties. |

From now on, we always refer to the solutions of (3.2.1) and (3.2.2) if we use ¢k + and ¢ ; for an
K e Kandt € (7(K),00). If we want to stress the importance of t, we write ¢ (¢, ) := ¢ ()
and Y (t,x) == Vg (z).

The most delicate claim of Theorem 3.1.9 is differentiability of Ag and Bg with respect to t.
Unfortunately, the integral equations (3.1.4) and (3.1.5) themselves do not just give rise to a
“Lemma 3.1.7 for ¢”. Hence, we use Section 2.2 to get a constructive representation of ¢ and

Y.

Lemma 3.2.2. Foran K € K and x € R, both ¢ (.,x) and Y (.,z) are elements of the spaces
C((1(K),),R) and C((1(K),c0) \ (Ax — x),R).

Proof. The proof of the differentiabilty is based on [10, Lemma 2.5].

Apparently, ¢ and i have analogous proofs, so we only consider ¢x. Setting and fixing y = ¢
and A = —1 for t € (7(K),00) in (2.2.7) yields

Dg(z,t,—1,t) = dg(—1,t)K(xz +t) — /OO Dg(z,z,—1,t)K(z+t)dz (3.2.6)
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for x > t. In Remark 2.2.4, we showed that dx(—1,t) = 0 would imply (2.2.9) with p = —1
for a f € L?(t,00) with f # 0, i.e. K[t] would have the eigenvalue —1. This would contradict
condition (K4).4 Thus, we can divide (3.2.6) by dx(—1,t) and get (3.2.1) for x > t. As the
generalized first Fredholm minor is continuous in = and vanishes for > —t by Lemma 2.2.3,

we have
Dg(.,t,—1,t)

By Lemma 3.2.1, the same applies to ¢k +. As K is continuous by condition (K1) and K (x +1)
vanishes for x > —t by condition (K2), K(. + t) lies in L?(t,00). The operator K[t] + 1 is
invertible since —1 is not in the spectrum of K|[t] as it is no eigenvalue by condition (K4) and
K|t] is compact by Lemma 3.1.3. Hence, we conclude

€ L*(t,00).

DK('ata _17t)
dK(_lat)

as elements of L?(t,c0), and the continuity of both sides shows

= (K[t]+1)7'K(.+1t) = ¢xy

DK(Z‘ t )
W ¢Kt( )

for # > t. This and (3.2.1) yield

DK(ZJ, tv _1> t)
dK(_la t)

for x € R. Replacing oo with —t and —s for an s € (7(K), 0] respectively by Lemma 2.2.3,
setting S := [s, —s] \ [t, —t], T := [t, —t] \ [s, —s] and fixing z, we get

O T Kzt ) ay (3.27)

o D (y,t, D (y, s,
‘/t Kl t9) =0 iy / K= Ifm LI
—t D (,,—1,t) Dk (y,s,—1, Dk (y,s,—1,s)
/t O o f;j(_l,s) ay + /S Ko+ y)| 225 (Ldz .
> D (y,t, D (v, s,
;/t K(z+) ZK< d—/ K(z @K( d\_
—t D(,,—l,t) Dk (y,s,—1,5) D (y,t,—1,1)
/t e e f;j(_l’s) lay + /T Ko+ y)l| 2l (Lo; i

depending on whether s <t or s > t. The second integrals of (3.2.8) and (3.2.9) vanish at the
same rate for s — ¢t because the measures of S and T tend to 0 and the integrand is bounded
for s and y locally around ¢ by continuity (condition (K1) and Lemma 2.2.3). As the integrand
is continuous, the first integral of (3.2.8) and (3.2.9) tends to 0 for s — ¢ by Lemma A.1.1.
Hence, (3.2.7) proves that ¢x(.,x) is continuous on (7(K), c0).

Many arguments for continuity in the rest of this proof are tedious and just slight modifications
or refinements of arguments that we already discussed in detail. We do not carry those out in
full extent and just refer to the respective argument they are based on.

For n € N, we consider (2.2.3), but instead of only ¢, we consider integral boundaries 1, ...,t, €
(T(K),00). Fixing all of these but one t; for a j € {1,...,n}, we can interchange the integrals
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such that the ¢; one is the outmost one and merge all the other ones. This is possible by
the virtue of Fubini’s theorem since the integrand is continuous and vanishes outside a cube.
The same argument also allows us to apply Lemma A.1.1 to see that the merged integral is
continuous in x;. Therefore, the fundamental theorem of calculus yields differentiability at ¢;
with derivative

—1)n-t oo o Tlyerey Tj1,bi, Tigly. -, T
()/ / K b AR A o d$1-"d$j,1d$j+1-"dl‘n.
n! t1 tn xl?'"axjflatjaxj+17"'7$n
An argument similar to the proof of Lemma 2.2.3 shows that this function is continuous on
(1(K),o0)™. Hence, the function is continuously partially differentiable, i.e. continuously differ-

entiable, and the chain rule applied together with the function s+ (s,...,s) at t € (7(K), o0)
yields the continuous derivative

—1)nt oo © (t,xa,...,x
d/t:(i K777 7™ dag---d
n( ) n! </t /t <t,$2,.. c s Ly 2 n
*° *° sy L1, b Tty
+/ / K(ii iﬂ 1ti1+1 2") day ---dejqdzjg - -da,  (3.2.10)
t t yeeeslg=1 by Lj4ly 00y dn

& & .. ~1,¢
—|—/ / K SR rEn=1s da:l---d:vn,l).

t t .Tl,...,.fnfl,t
Setting C' = 0 in (2.2.6), this is bounded by
nz M(t)" !
MO s (K@)

(n—1)! z€[2t,0]

Analogously to the proof of Lemma 2.2.3 or Lemma 2.1.5, the series

d
ad;( (A1) Z d,(t)\" for A € C (3.2.11)

|, (1)] <

converges uniformly absolutely in (A, ¢) on every closed cube in C x (7(K),0), and thus is
continuous. It is a well known fact that the uniform convergence of the continuous derivatives
of the partial sums implies that the series is continuously differentiable with derivative (3.2.11).
Because of the continuity of Dg (Lemma 2.2.3) and condition (K3), we can apply Remark 3.1.6
to (2.2.7) and (2.2.8) and get the partial derivatives
0Dk
dy
0Dk
Oox

for x +y ¢ Ag. An argument similar to (3.2.8), (3.2.9) and Remark 3.1.6 proves that these
partial derivatives are continuous in all variables as long as  + y ¢ Ax holds. The integrals
alone are continuous Without this restriction. Fixing z,y € R and repeating the argument for
(3.2.10) for a t € ( (K) , we get the partial derivative

oD, ” 1 T, t, o, ..., Ty
t 9 ) y d "'d
o (Bt = / / (y,t,:cz,..-,xn rrr i
BN oF ST 7N, o7 W B

+/ / K(x,m, y Lj—1,1, Tj41, ,:cn> dzy - dzj_y dejpy - - dan

t t

[o.¢]
“

t

(2,9, \, 1) = dg (M) K (x4 y) + )\/ Di(z, 2, \)K'(2 +y) dz (3.2.12)
t

(2,9 M 1) = dic (0 K (@ + ) + A / Dic(zys M OK (2 + 2) dz
t

y,l‘l,-.-,ZEjfl,t,lL'jJrl,..-,ﬂfn
o0
Ty T1yeneyTy_1,1
(e s )
¢ Yy L1y ovy, Tn—1,0
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for n € N. An argument similar to the proof of Lemma 2.2.3 shows that this function is
continuous on R? x (7(K), c0). Assuming (x,y) € [C, —C] for a C' < 0 and considering (2.2.6),
this is bounded by

|a§f<scy,>\<<”“() f” (s K@)

z€[2min(¢,C),0]

Analogously to (3.2.11), the series

0Dk >. 0D, n
5 (z,y, A\, t) = nz::oﬁ(m,y,t))\ for A\ e C

converges uniformly absolutely in (z,y, A, t) on every closed cube in R?2xCx (7(K), o) and is the
continuous partial derivative of D with respect to ¢t. Lemma 2.2.3 states that Dg(z,y, A, t)
is entire in A. Together with (2.2.4) and the fact that power series are differentiated term
by term, this shows that the partial derivatives of Dk (x,y, \,t) with respect to Re(\) and
Im()) are continuous in all variables!, too. Summing up, D (z,y, A, t) is continuously partially
differentiable, i.e. continuously differentiable as long as x + y ¢ Ax holds, and the chain rule
applied together with the function s — (0,s,0,0,s) at t € (7(K),o0) yields the continuous

derivative
0Dk 0Dk
dy ot

ddt(DK(g; A1) =

forz+t¢ Ag and A € C.
Fixing € R, we proved that the function

(x,t, A\ t) + ——(z,t, N\, 1) (3.2.13)

DK(I'? ta _L t)
dK(_1> t)

is continuously differentiable in ¢ on (7(K),0) \ (Ax — x). The continuity of the integral in
(3.2.12), condition (K3) and the already shown continuity of dx (A, t) and ag%(x,t, A, t) yield
that the derivative of (3.2.14) with respect to ¢ is measurable and bounded on every closed cube
in R x (7(K),o0). Looking at (3.2.6) and using the mean value theorem for definite integrals
and condition (K3), we can also show existence of an upper bound of the differential quotient
of (3.2.14) similar to the one in condition (K3). Hence, we have all the necessary properties to
apply Lemmas A.1.1 and A.1.2. With a differential quotient version of (3.2.8) and (3.2.9) and
a version with (3.2.13) in the integrand, we can now differentiate the integral in (3.2.7) and get
the continuous derivative

Dg(y,t,—1,t) Dg(t,t,—1,t)
/ K(x+vy dt( I;;/( ) )dy—K(a:th)h.

This and condition (K3) prove ¢k (.,x) € C*((1(K),=) \ (Ax — z),R). [ |

(3.2.14)

Remark 3.2.3. In the proof of Lemma 3.2.2, we showed di(£1,t) # 0 for ¢t € (7(K),0] for an
K € K. By Lemma 2.2.3, we have dg(£1,t) = 1 for t > 0 and that dx(£1,t) is continuous on
(T(K),00). The definition of dy, (2.2.3) and condition (K1) yield that di(£1,t) is a real-valued
function. Therefore, the intermediate value theorem proves dg (+1,¢) > 0 on (7(K), o).

We also have seen that dg (), t) is continuously differentiable with respect to t for any A\ € C
on (7(K),o00) with derivative (3.2.11). /

'For a analytic function f, we have f'(z) = %L (2) = —

.Of
ox v

3y (2), where z =z +iy.
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Remark 3.2.4. For an K € IC, the version of (3.2.7) for i, t € (7(K),0] is
DK(ya l, L t)
for x € R. /!

Before we return to ®x; and ¥, we need one more property of the diagonals of ¢x and Vx.
They turn out to be the logarithmic derivatives of the generalized Fredholm determinant at +1.

Yi(r) = K(x+1t)+ /too K(z+y) (3.2.15)

Lemma 3.2.5. For an K € K and t > 7(K), the identities

L i1y
qp ldx (=1,0) = =€y = er(tY) (3.2.16)
d )y < ade @ !
q mxL0) = Spagy = vr®)
and 0 d bt
exp (/t Vi (s, 8) + P (s, 8) dS) = CZ(((_l’t)) o

hold. In particular, the functions ¢ (t,t) and Vi (t,t) are continuous on (T7(K), c0).

Proof. For t > 0, Lemma 3.2.1 yields ¢¥x(t,t) = 0 = ¢ (¢,t), and by Lemma 2.2.3, we have
di(£1,t) = 1. Thus, all the claimed properties are obvious.

We now consider the case t € (7(K),0). Looking at (2.2.1), we can rewrite (3.2.10) for n € N.
As we have to swap the same amount of adjacent rows and adjacent columns if we want to bring
the two t entries in Kg to the first column, we have

K 3’}1,...,xj_l,t,xj+1,...,l'n - K tvxla"'7xj—laxj+17"~7xn (3218)
Z’l,...,.Tj_l,t,-%'j+1,...,$n tvxla"'7$j—17xj+17"~7xn

for j €{2,...,n—1} and

K fL'l,..-,.’Enfl,t - K tvxla"'al‘nfl '
T1yensTp-1,t b, T1,.. ., Tp—1
Renaming x;_1, 2 41, ..., 2, with 2;,..., 2,1 in (3.2.18), we rewrite (3.2.10) to
—1)"71 & & t,x1,...,Tp_1
d (t :(/ / K| o dzg -+ dx, = Dy_1(t,t,1). 3.2.19
n() (n_l)' t t 1,1, ., Tp—1 2 o " 1( ) ( )

In the case n = 1, the definition of dy and (3.2.19) yield
di(t) = K(t+t) = K(t+t)do(t). (3.2.20)
For n > 2, we use Remark 2.2.4. In our case, the recurrence equation (2.2.10) reads
3(0) = K(t+ 0dua(®) + [ K(t+9)Doalyt,0)dy. (3.221)
t

We now multiply (3.2.20) by —1 and (3.2.21) by (—1)" and sum over n. Lemma 2.2.3 and condi-
tion (K1) guarantee uniform convergence in y of the continuous partial sums of the integrands
since we can replace oo with —t¢ in the integral boundary. Hence, the use of the dominated
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convergence theorem to interchange integral and series is justified. Considering (2.2.2), (2.2.4)
and (3.2.11), the recurrence equation (3.2.21) turns into

d o
&dK( 1,t) = —K(t—l—t)dK(—l,t)—i-/ K(t+y)Dk(y,t,—1,t)dy.
t

Dividing by —dx(—1,t) is possible because of Remark 3.2.3, and we get (3.2.7):

dK( ) DK(y77_ ) _
dK( )— T +t) /K:JH— drc(—10) dy = ¢k (t,1).

If we sum (3.2.20) and (3.2.21) over n without multiplying, the recurrence equation (3.2.21)
turns into

d oo
&dK(l t)=K(t+t)drx(1,t) —|—/ K(t+y)Dk(y,t,1,t)dy.
t
Recalling (3.2.15), this yields
= t) K( dy = t,1).
‘Gey - K@ / T ey W vty

As Remark 3.2.3 states that di(41,t) is continuously differentiable on (7(K),00), we de-
duce continuity of ¢x(t,t) and ¥g(t,t). Furthermore, Remark 3.2.3 shows di(£1,t) > 0
on (7(K),o0). Hence, the logarithm of the generalized Fredholm determinant is defined. Dif-
ferentiating it with respect to ¢, we get (3.2.16). Using these identities, we can calculate

exp (/to Vi (s,8) + oK (s, s) ds) = exp (/to d—iln(dK(le)) — d—i In(dg(—1,s)) ds)

= exp(In(dx(—1,t)) — In(dg(1,t)))
B dr(—1,t)
Cdr(L,t)
|

We are now ready to return to ®x ; and Vg ;. The next theorem (cf. [9, Proposition 2.3.]) shows
a fundamental connection between ® ¢, Vi ; and ¢k ¢,k ¢ that allows us to lift properties that
we just showed.

Theorem 3.2.6. Fiz any K € K. Then, the functions ®x(.,x) and Vi (., z) are continuously
differentiable on (1(K),00) for every x € R. Moreover, the identities

1 0 1 0
O1c(t,0) = Gy (0 = — g g Uk (62) (3.2.22)
1 0 1 9

hold for (t,z) € (7(K),00) x R.
Proof. First, we recall (3.1.12) and Remark 3.1.8. For (¢,z) € (7(K),00) x R, this means

—x

d d
o) = [ Kt y) g @il y)dy+ Ko+ 0®x(t1) (3.2.24)
t
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Because of Lemma 3.1.7, we have ® g (t,t) # 0 and continuity of dcg;{’t () on R for a fixed ¢. In
particular, we have dq)Kt( )/ @k (t,t) € Li (R) for a fixed ¢. Dividing (3.2.24) by ®(t,t) and
replacing —x with oo by condition (K2) yield

1 0 ) 1 P

Together with (3.2.2) and the unigeness statement in Lemma 3.2.1, this proves the first equal
sign of (3.2.23). Similarly, we get the second one of (3.2.22) via (3.1.13) and (3.2.1) and

1 0 1 P
Wa—x\ll K (t, ) / Kx—l—y)\IIK(t 1) o —Uk(t,z)dy — K(z +t).

The continuity in ¢ is just a slight modification of the proof of the continuity of ¢ and ¥k in t
(Lemma 3.2.2). Hence, we only outline it. As ®g(t,2) =1 = Vg (t,z) holds for t € (7(K), o)
and z > —t by Lemma 3.1.7, we can use condition (K2) to rewrite (3.1.4) to

—x

O(t,z) =1 —/ttK(m—i—y)q)K(t,y) dy — K(x+y)dy (3.2.25)

—t
and (3.1.5) to

—x

Ug(t,x) = 1+/ K(z+y)Vk(t,y) dy+ K(x+y)dy (3.2.26)

for (t,z) € (7(K),00) x R. In the case > t, the second integrals vanish because of condi-
tion (K2). Thus, (3.2.25) and (3.2.26) are integral equations of the form (2.1.1) if we fix ¢,
and we can represent @i (¢,x) and Vg (¢, z) for x € [t, —t] in terms of the generalized Fredholm
determinant and first minor (Fredholm alternative, Lemma 2.2.3 and Remark 3.2.3):

t DK(y7 2 _17 t)

Dpl(t,y) =1-— dz
—t /N
DK(y,Z,l,t)
Upty) =1+ | B2 g,

We can extend these identities to x > ¢ since both sides are 1 for x > —t by Lemma 3.1.7 and
by Lemma 2.2.3. Using these expressions in the integrands of (3.1.4) and (3.1.5), we can now
proof continuity in ¢ with a double integral versions of (3.2.8) and (3.2.9).

The proof of continuous differentiability with respect to ¢ for a fixed z € R is just a modified
version of the proof of continuous differentiability in Lemma 3.2.2 using (3.2.27) instead of
(3.2.14). Thus, we omit it and only give the results:

— P (t,x) = _/00 K(:U—Fy)aat@;((t,y) dy + K(z +t)®k(t,t)
(3.2.28)
— Uk (t, ) / K x—i—y)g Uk(t,y)dy — K(x +t)Uk(t,t).

Remark 3.1.6 and condition (K1) even give continuity of (3.2.28) in x on R for a fixed t €
(1(K),00). Because of Lemma 3.1.7, we have ®x(t,t) # 0 # Wi(t,t). The continuity of
%@K’t(m) and %\IJK,t(JU) on R for a fixed ¢t € (7(K), 00) shows

8 q)Kt(.’IJ) 8 \I/Kt(l') 1
-5 — L (R).
Ot Dy (t, 1) Ot Upe(t, 1) toc(R)

Dividing by ®x(t,t) and Wk (¢, ) respectively and comparing (3.2.28) with (3.2.1) and (3.2.2),
the unigeness statement in Lemma 3.2.1 proves the first equal sign of (3.2.22) and the second
one of (3.2.23). [ |
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If we look at (3.1.14) and recall the defintion of a Hamiltonian, the question arises wheter ®
and W are continuously differentiable on the diagonal. We already proved a continuous variant
for ¢ and Yi in Lemma 3.2.5. Luckily, the answer turns out to be yes:

Lemma 3.2.7. For an K € K, the functions @k (t,t) and Vi (t,t) are continuously differen-
tiable on (17(K),o0). Moreover, the identity

Upe(t,t) = <I>K1t,t) = dZ{(E;;) (3.2.29)

holds on (1(K), 0).

Proof. This proof follows the proof of [9, Theorem 1.4.].

The proof of the continuous differentiability is once again a tedious but not difficult modification
of the proof of continuous differentiability in Lemma 3.2.2 using (3.2.27) instead of (3.2.14).
Hence, we omit it and only give the results?:

d 0 0
a@[{(t t / K +y)a (I)K(t Y dy+/ K t—i—y)a ‘I)K(t y)dy+2K(t+t)<I>K(t t)

d 0 0
&\I/Ktt /Kt—i—y)at\IlK(tydy / Kt+y)8 Ui (t,y)dy — 2K (t + t) Wk (t,1)

for t € (7(K),00). Using (3.2.22) and (3.2.23), we have

d

(6.0~ 2KEORK(D) ~ 0ult) [ K+ p)n(tn) — ox(t ) dy =0 (3:230)

and

TR+ 2KV ) + Wictot) [ K0+ 0)0x(tn) - ox(t))dy =0, (3:231)

On the other hand, we can add (3.2.1) and (3.2.2) together and set x =t to get

b (1) + e (1, 7) = 2K (20) + / T K+ y) Wt y) — dx(ty)) dy. (3.2.32)

Substituting (3.2.32) in (3.2.30) and (3.2.31) yields

(%(I)K(t t) — (or(t,t) + Vi (t,t))Px(t,t) =0
d%‘I’K(t )+ (Pxc(t,t) + Y (8, ) T (t, 1) = 0.

By Lemma 3.2.5, we have continuity of ¢ (¢,t) and ¢k (¢,t) on (7(K), c0). Therefore using the
identity (3.2.17), these ordinary differential equations are solvable with solutions

0
P (t,t) = Crexp ( - /t Vi (s,8) + oK (s,s) ds) = dK(<1 ti)
0 —
Ui (t, t) = Cyexp (/t Vi (s,8) + ¢ (s, s) ds) = Cchl;((l;f))

2We can guess these derivatives with the following ansatz: If ®x were continuously differentiable, we could
compute the desired directional derivative with respect to (1,1)" via (3.1.12) and (3.2.28).
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for some C7,Cy € R and t € (7(K), 00). Setting ¢t = 0, Lemma 3.1.7 and Remark 3.2.3 show

dg(1,0)
1=3(0.0)=C, B2 _ ¢
K(7 ) ldK(—].,O) 1

dx(—1,0)
1=Ug(0,0)=Cy— " = (.
K(7 ) 2 dK(170) 2

Remark 3.2.8. Combining Lemma 3.2.1, Lemma 3.2.2, Theorem 3.2.6 and Lemma 3.2.7, we see
that %@K(t,x), %@K(t,x), %\IJK(t, x) and %\DK(t,x) are continuous in t on (7(K), o0) for a
fixed x € R and continuous in x on R for a fixed t € (7(K), o0). /
We close this section with two useful corollaries of Theorem 3.2.6 and Lemma 3.2.7. They are
based on [9, Propositions 2.4. and 2.5.].

Corollary 3.2.9. For an K € K, the integral equations
1 -t 9 &

dp (t, t)2 z at
1 -t 0y

Up(t,1)? /, o

Ug(t,x) =1+ k(t,y)dy (3.2.33)

Op(t,z) =1+ x(t,y)dy (3.2.34)

hold for (t,z) € (T(K),00) x R.
Proof. Integrating (3.2.22) and (3.2.23), Uk (t, —t) = 1 = ®x (¢, —t) by Lemma 3.1.7 yields

—t ]_ \I’K(t,x)

/x Pr(ty)dy = TtD) / oy Kt y)dy = = Vr(t,0) T Ut t)
B 1 -t 6 . 1 q)K(t7$)

’ Vi (t,y)dy = ot ). oy Prc(t,y)dy = Dr(t,t) Pt t)

Multiplying by Wk (¢,t) and @ (t,t) respectively and applying (3.2.29), we get

—t 1 —t
U (t,x) =1+ Vk(t,t) ox(ty)dy =1+ z—— ¢k (t,y) dy
x K(tvt> x
B L (3.2.35)
Bc(tir) =1 0uct) [ vnlty)dy=1- 5o [ vnlt)dy
x K(tﬂt) x
Applying Theorem 3.2.6 shows (3.2.33) and (3.2.34):
Uit z) =1+ — /t 9 bty d
or(t,0) J, dxtor T
1 -t L 9,
Pi(t,r)=1— ——— —_— k(t,y)dy.
[ |
Corollary 3.2.10. For an K € K and t € (7(K),00), we have
dK(lvt) /_t
SR g t,y)d 3.2.36
drc(—1.0) t oK (t,y)dy ( )
dK(_Lt) /_t
i SN LA t,y) dy. 3.2.37
(1) | Urlty)dy (3.2.37)
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Proof. Setting x =t and dividing by Wk (¢,t) and ®x(t,t) respectively in (3.2.35), we get

1 —t
1= Tr(td) +/t ¢x(t,y)dy

1 —t
l=——"—— t,y)dy.
SR /t vk (ty)dy
(3.2.36) and (3.2.37) now follow from Lemma 3.2.7. [ |

3.3 Proof of Theorem 3.1.9
Before we get to the actual proof, we prove yet another useful corollary of Theorem 3.2.6 and
Lemma 3.2.7 (cf. [9, Lemma 2.1.]):

Corollary 3.3.1. Foran E € &, Fizingt € (1(Kg),00), (3.1.15) and (3.1.16) define complex-
valued functions for Im(z) > c¢(Kg). Moreover using the notation of Theorem 3.1.9, we have

Ap(z) = W;E(z)(exp(—izt) +/ O pt(T) exp(—izx) dx) (3.3.1)
; t
Bpi(z) = m2E(2)<exp(—izt) - /_ Vipt(x) exp(—izx) dx). (3.3.2)

for (t,z) € (1(KEg),00) x C with Im(z) > ¢(Kg).

Proof. By condition (E1), E(z) is analytic for Im(z) > ¢(Kg) and therefore defines a function.
The integrals in (3.1.15), (3.1.16), (3.3.1) and (3.3.2) exist for Im(z) > ¢(Kg) and a fixed
t € (1(Kg),00) because Lemma 3.1.7 and Lemma 3.2.1 yield continuous ®x, +(x), Vi, +(x) €
O(exp(c’|z])) for any ¢’ > ¢(Kg) and continuous ¢, +(x), ¥k, +(x) € O(exp(c(KEg)|z|)). More
precisely, we have, for example,

t t
‘/ Vg, t(z) exp(—izx) dx‘ §/ Cexp(c|x])|exp(—izz)| dz (3.3.3)

t o0
< / Cexp(d'x)|exp(—izx)|dz + / Cexp(d'x) exp(Re(iz)x) dx
0 0

for a constant C' > 0. The first integral always exists and the second one for Im(—z) =
Re(iz) < —c. Ignoring the integral signs, this also proves ¥, () exp(—izx) — 0 for & — —o0
and Im(z) > ¢(Kg). Using Theorem 3.2.6 for (t,2) € (7(Kg),00) x C with Im(z) > ¢(Kg), we
get

t t 9
=W (2,
exp(izt) + / Ok (L, x) exp(—izz) do = exp(—izt) — / o Vs (1 2) exp(—izz)dx

o \I/KE (t, t)

0.
exp(izt) — /_t Vi, (t, x) exp(—izx) doz = exp(—izt) — /_t W

Uk, t(z)exp(—ize) — 0 and Pk, (z)exp(—izz) — 0 for £ — —oo and the existence of all
involved integrals allow us to use integration by parts:

exp(—izz)dx.

! bWt
exp(izt) +/ by (t,x) exp(—izx)de = —iz/ Kp(t, exp(—izx)dx

z)
oo U, (1)
t t P t
exp(izt) —/ Vi, (t, x) exp(—izz)de = —iz/ Prp(ts2)

—00 —o0 (I)KE (t, t)
Substituting (3.2.29) in the right integrals and using the results in (3.3.1) and (3.3.2) yield
(3.1.15) and (3.1.16), i.e. Ap and Bpg. m

exp(—izz) dx.
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Now, we get to the core part of this thesis (cf. [9, Section 3)):

Proof. (Theorem 3.1.9)

First, Hp is continuous on (7(Kg),00) by Lemma 3.2.7 and the same lemma shows

@KE( t)? 0

E\D

_ | Prp(t1)? 0 _
0 P (t, )72

for all t € (7(Kpg),o0). A singular point would imply that 0 would locally be an eigenvalue of
the Hamiltonian. Hence, the determinant would locally be 0. Therefore, the constant value 1
of the determinant shows that all ¢ € (7(Kg), c0) are regular points of H.

Fix t € (7(Kg),00). By Corollary 3.3.1, both (3.1.15) and (3.1.16) define complex-valued
functions for Im(z) > ¢(Kg). Thus, we want to find two analytic functions on C \ Zg that
coincide with (3.1.14) and (3.1.15) respectively for Im(z) > ¢(Kg): We claim that

L(coo) (@) Wiy (@) = L(—4,00) (%) = L1,00) (#) VK (8, @) + 10,1 (%)
+ [ Kot ) dy

oo () Prep (8, 7) = 1y 00)(T) = L(,00) (7) Prcyy (E, @) + 1(— oo, (2)
/ Kp(x +y) Pk, (t,y) dy

(3.3.4)

holds for z € R. In fact, (3.3.4) is just an rearrangement of (3.1.4) and (3.1.5) if we consider
these two equations once for <t and once for > t and then take the sum. By Lemma 3.1.7,
we have

(I)KE(t, (E) =1= \I'KE(t,:c)

for x > —t which proves

1(t00) (%) = L(g,00) (X)W Ry (8, 2) = =gy () U pc (¢, )

and
100 (x) — 1(4,00) (2)Px,(t,x) = B () Pxp(t,x).
Applying the complex Fourier transform to (3.3.4) for Im(z) > ¢(Kg) yields

t —t —t
/ Uk, (t,x) exp(—izz) de = —/ Uk, (t,z) exp(—iza) dz + / exp(—izx) dzx
t

—0o0 — 00

+/ exp(—izaz)/ Kg(x +y)Vk,(t,y)dydx
—00 t

t —t ¢ (335)
/ Oy, (t, ) exp(—izz)der = —/t O, (t, ) exp(—izz)dr + / exp(—izz)dx

—00 —00

o0 o0
—/ exp(—z’za:)/ Kg(x +y)Pk,(t,y) dyde

—00 t
where application on the left side is justified by Corollary 3.3.1. The first integrals on the right
side have integrands continuous in (¢, z) on (¢, —t) x C and analytic in z. Therefore, Lemma A.1.3
applies and they are entire in z. The second integrals can be calculated:

—t . s
/ exp(—izx)de = M — lim M. (3.3.6)

oo —1i2 s——00  —i%
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Since ¢(Kg) < Im(z) is positive by condition (K1), we have Re(—iz) > 0 and the limit exists and
is 0. By Lemma 3.1.7 and condition (K1), the third integrals (considered as double integrals)
have integrands that are continuous in (x,y) on R x (¢t,00). Looking at (3.1.5), we see that
U, (t,x) € Oexp(c|z])) for any ¢ > ¢(K) from Lemma 3.1.7 implies

/ " Kp(a+ 9) Wi, (1, y) dy € O(exp(c]a])

for any ¢ > ¢(K). Because Kg(z + y) vanishes for > —¢ and y > ¢ by condition (K2), we
thus get

/ / lexp(—ize) Kp(z + 1) Uscy (t,y)] dy do
—o0 Jt

—t 00
— / exp(—iza)| / K+ ) Ui, (t,y)| dy da
t

— 00

—t
< / C exp(c|z|)|exp(—izz)|dz < oo

for Im(z) > ¢ > ¢(Kg) and a constant C' > 0 using an argument similar to the existence proof
(3.3.3) in Corollary 3.3.1. Since ¢ > ¢(Kg) is arbitrarily chosen, this proves existence of the
third integrals and justifies the use of Fubini’s theorem to get

/ exp(—izx)/ Kg(z+y)Vk,(t,y)dydx
t

—00

= / / exp(—izz)Kgp(z + y)V i, (t,y) de dy
t —00

_ / " explizy) iy (1) / " exp(iz(e +4)Kp( + y) drdy

—00

=exp(izy) by Lemma 3.1.7

: E;(S) (/t_t P (L0 /_oo exp(izy) Vi, (ty) dy)
— EEE(—Z;?) (/t_t exp(izy) Vi, (t,y) dy + i:fmi))/

argument similar to (3.3.6)

for Im(z) > ¢(Kg) by conditions (E1) and (£2). A similar result is obtained for ®g,. To sum
up, (3.3.5) turns into

t —t -
/ Vg, (t,x)exp(—izz)dr = —/ Vg, (t,x)exp(—izz)dr + %
t

oo —iz

E(-z), (7! , exp(—izt)
+ exp(izy)Vk, (t,y) dy + ——
t E2) (/t o (3.3.7)
| ereltm)ep(-iza)do =~ [ @uyt.a) xpl-izo) do -+ S
BE(—z), (7! , exp(—izt)
" EQR) (/t exp(izy)Pxcp (1, y) dy +p_T>
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for Im(z) > ¢(Kg). Replacing (3.3.7) in (3.1.15) and (3.1.16) yields

Ag(t, z) = E;z)(zz /t_ U, (t,z) exp(—izx) dz + exp(izt))
E(=2)
2

Bg(t, z) = %E(z) (iz /t_t O, (t,x) exp(—izz)dr + exp(izt))

_ %E(—z)(exp(—izt) — 1z /t_t O, (t,x) exp(izx) dx)

_|_

exp(—izt) —iz _t\I’ »(t,z) exp(ize) d
(ex0 /t " ’ ) (3.3.8)

for Im(z) > ¢(Kg). The right-hand sides are analytic on C\ Zg by condition (£1). Therefore,
Ap(z) and Bg4(z) are analytic functions for Im(z) > ¢(Kg) that have analytic continuations
with domain C\ Zg. As Vg, and ®g, are real-valued by Lemma 3.1.7, condition (E1) and
exp(z) = exp(z) for z € C imply that (3.1.17) holds.

For a t € (1(KEg),o0), Corollary 3.3.1, Lemma 3.2.7, Theorem 3.2.6 and the limit bounds in
Lemma 3.2.1 justify the application of Lemma A.1.2 in the sense of the proof of Lemma 3.2.2
and integration by parts like in the proof Corollary 3.3.1 for each fixed z € C\ Zg to get

- t
QAE(t, z) = —%E(z) 0 / Vg, (t, ) exp(—izz)de

ot ot |
_ —%ZE(Z) ( /_ too %WKE (1, ) exp(—iza) da + W, (1, 1) exp(—izt)
= 2B~ m /_ ; ;C@KE (t,) exp(—iza) dz + Wy (1, 1) exp(—izt))
=-ZB) (- iﬁzg 8 iz / ; Dic, (1, 2) exp(—iza) )
= =W, (10 (S E() /_ ; Drcp (1) exp(—iza) da) = —2 Wy (t,8)2Bp(t, 2
and
%BE(L‘, 2) = —E(z)% _too B, (t,7) exp(—izz) do
= 2B() / t ;%E (t,) exp(—izz) de + By, (¢, 1) exp(—izt))

B)
(.
- gE(z)( - E’KE’) /_ ; %\I/KE (t,2) exp(—izz) dz + B, (1,1) exp(—izt) )
(- 2xelbl);, / " Wk (1) exp(—iza) dz)

= 20, (1) (— S E(2) / t Wi (1) exp(—izn) da ) = 2@, (1) Ap(t, 2).

In particular, Ap and Bp are continuous in ¢ for each fixed z € C\ Zg and hence these
identities even show that the derivatives are continuous. Furthermore, we can easily verify that
these identities precisely mean that (Ag, Bg)! solves (1.1.1) for t € (7(Kg),) and z € C\ Zg
and the Hamiltonian Hg.
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Finally setting t = 0 in (3.3.8), we have

and E(z) = Ag(0,2) —iBg(0, 2) by E#(z) = E(—z) in condition (E1).
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Chapter 4

Motivating the Choice of the Initial
Values

In this final chapter, we provide a motivation of the definitions of KL and £. Because of the
complexity, we only give an overview and cite sources for proofs and collateral reading. The
organization of this chapter loosely follows [11].

4.1 The Selberg Class

The definitions of K and £ are chosen in such a way that they contain kernels arising from
special number theoretic functions. Hence, we need the concept of Dirichlet series:

Definition 4.1.1. Let a : N — C be a complex-valued sequence. Then, the (formal) series

— a(n)
> (4.1.1)
nS
n=1
for s € C is called a Dirichlet series. *ok
If we use L(s) for a Dirichlet series, we replace a(n) in (4.1.1) with az(n).
Definition 4.1.2. The Dirichlet series
o0
1
¢(s) == >
n=1
is called Riemann zeta-function. ok

The natural question that now arises is wheter Dirichlet series converge and, if they do, wheter
they are analytic.

Lemma 4.1.3. Let L(o + it) be a Dirichlet series for o,t € R. There exists a oy € [—00, 0]
such that L(o + it) converges for o > oo and diverges for o < og. On the half plane o > oy,
the Dirichlet series even is analytic.

Proof. e.g. [12, Chapter I |

Remark 4.1.4. We can easily verify that op = 1 holds true for the Riemann zeta-function.
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Definition 4.1.5. Writing s = ¢ + it with 0, € R for s € C, the Selberg class S is defined as
the set of all Dirichlet series

L(s) = i “L(S”) (4.1.2)
n=1

n
satisfying:
o For o > 1, (4.1.2) converges absolutely.

o There exists a minimal my, € Nw {0} such that (s — 1)™£L(s) can be extended to an
entire function of finite order.!

e Wecan find r, € Nw{0},Qr > 0,A\f, ..., )\fL > 0and uf, ... ,qu € C with a nonnegative
real part and an €7, € C with |er| = 1 such that

Ar(s) = ep AT (1— )
holds for s € C\ {0,1} and
L
Ar(s) = Q3 [T P(Vs + ub)L(s)
j=1
where I' denotes the gamma function.
» For every € > 0, we have ar(n) € O(n®). (The constants can depend on ¢.)

o For sufficiently large o, there exists a complex-valued sequence by, with bz (n) = 0 if n is
the power of a prime and bz (n) € O(n?) for a @ € (0,1/2) such that

= br(n)
n; ;

n

converges and defines a logarithm of L.
o
Again, the most prominent element of S is the Riemann zeta-function:

Lemma 4.1.6. The Riemann zeta-function ¢ can be extended to an analytic function on C\ {1}
with a simple pole at 1 with residue 1. Setting

Acs) = %ﬂ—s/zr(g)g(s) (4.1.3)

fors € Cand e :=1, ¢ €S holds true.
Proof. e.g. [13, Chapters 1 and 2] [ |
Definition 4.1.7. For an L € S, we define

§n(s) == 8" (s = 1)™ Ar(s)

for s € C. In the case of ( and A¢ of (4.1.3), we get the Riemann xi-function

£(s) = %3(3 — 1) (3)¢(s)

for s € C. k%

'Recall that the order of an entire function f is defined as the infimum of all » > 0 with f(z) € O(exp(|z|"))
as z — oo.
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The “real” elements of the Selberg class now give rise to elements of K and £.

Theorem 4.1.8. Let L € S be a function with L # 1, L(R\ {1}) C R and AL(R\ {1}) CR
An example of such a function is (. Define

w,V ]‘ . v
E7"(2) = §L(§ +w —i2)
for z€ C, w>0 and v € N and define
Ewl/ _
K" (z) =5 / w > uu+ 2:)1)}) exp(—iz(u +iv)) du

for z,u,v € R, w >0 and v € N. Then, K} exists and is independent of v for v large enough.
If

TL
2wy Z )\jL >1
j=1
holds true for w > 0 and v € N, we have (E}"",K;'") € £.

Proof. [11, Propositions 4.1 and 4.2] |

4.2 The Grand Riemann Hypothesis

Finally, Section 4.1 now shows why finding Hamiltonians for elements of £ in the sense of
Theorem 3.1.9 is motivated by the grand Riemann hypothesis.

Grand Riemann hypothesis. For an L € S and s € C, we have
1
€r(s) =0 = Re(s) = 3

O

Choosing ¢, we get the Riemann hypothesis, i.e. all zeros of the Riemann xi-function have real
part 1/2.

Theorem 4.2.1. Let L € S be a function with L # 1, LR\ {1}) C R and AL(R\{1}) CR
If there exists a function (v,)w>0 to N such that

(B ()| < [(BL™)(s)] (4.2.1)
holds for all w > 0 and s € C with Im(s) > 0, the Grand Riemann hypothesis holds for L.
Proof. [11, Proposition 2.1] |
Theorem 4.2.2. In the setting of Theorem 3.1.9, assume that

o (Ag, Bgp)! solves (1.1.1) for t € (1(Kg),0], z € C with Im(z) > 0 and the Hamiltonian
from (3.1.14).

o (Ag(t,2),Bg(t,2))t # (0,0)! for every z € C with Im(z) > 0 as a function of t.
o For every z € C with Im(z) > 0, we have

. AE(ta Z)BE(t7Z) _AE'(ta Z)BE(t7 Z)
lim =
t—7(Kp) (z—2)7

= 0. (4.2.2)
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Then, Ag (2)—iBg(z) satisfies (4.2.1) for everyt € (7(Kg),0]. Settingt = 0, we in particular
have
|E7(s)] < |B(s)]

for all s € C with Im(s) > 0.
Proof. [10, Proposition 2.4] [ |

Combining Theorem 4.2.2, Theorem 4.2.1, Theorem 4.1.8 and Theorem 3.1.9, we see that the
question whether the Grand Riemann hypothesis holds for an L € S with L # 1, L(R\{1}) C R
and A (R\ {1}) C R is essentially reduced to the question when (4.2.2) holds for E}"".
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Appendix A

Auxiliary Results

In this short appendix, we cite results that are of fundamental importance for this thesis and
either are not considered common knowledge for a graduate student or exist in various, slightly
different variants, i.e. we quote them to prevent ambiguity. Sources for proofs are cited.

A.1 Integrals Depending on a Parameter

Lemma A.1.1. Let (Q, A, u) be a measure space, (M,d) a metric space, s € M and f :
M x Q — C a function with

o f(t,.) € LY, A p) forallt € M
o f(.,x) is continuous at s for almost every x € §Q.

o There exists a function g € L'(Q, A, u, R) such that

()] < g ae.
holds locally around s. (The null set can depend on t.)
Then, the function F(t fQ flt,x)du(zx) is continuous at s.
Proof. e.g. [14, Satz 9.34] or [15, Lemma 14.15.3] [ |

Lemma A.1.2. Let (2, A, 1) be a measure space, O an open subset of R, s € O and f : OxQ —
C a function with

o f(t,.) € LY, A, p) forallt € O
o f(.,x) is differentiable at s for almost every x € €.

o There exists a function g € L'(Q, A, u, R) such that

HSECOTI
t—s
holds locally around s. (The null set can depend on t.)

In particular, the last two items hold if there exist a function g € L*(Q, A, 1, R) and a fived null
set N € A such that %(t,x} exists locally around s for all z € Q\ N and

9 1,0)] < (@)
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holds. Then, the function F(t fﬂ f(t,x) du(zx) is differentiable at s with

0
F(s) = | Fhs.) duto)
Proof. e.g. [14, Satz 9.36 and Korollar 9.37] or [15, Lemma 14.15.4] [

Lemma A.1.3. Let (2, A, 1) be a measure space, G an open subset of C and f : GxQ — C a
function with

o f(z,.) € LY, A, p) for all z € G
o There exists a null set N such that f(.,x) is analytic on G for every x € Q\ N.
o For every compact set K C G, we find a function gx € L*(Q, A, 1, R) such that
[f(z,2)] < gx ()
holds for every z € K and x € Q\ N.

Then, the function F(z fQ z,x)du(x) is analytic on G with
PO = [ S duto).
Proof. e.g. [15, Lemma 14.15.5] [

A.2 Laplace Transform

Definition A.2.1. Let f : [0,00) — C be measurable. Define o(f) € [—00, 0] as the infimum
of all s € R with

(t = exp(—st) f(t)) € L'([0, 00)).
Then, the Laplace transform of f is defined as Lf : {z € C: Re(z) > o(f)} — C with

(Lf)z = /000 f(t) exp(—=zt) dt.

*3k

Lemma A.2.2. Let f,g:[0,00) — C be measurable, n,b € C with n # 0 and a > 0. Then, we
have:

« LO=0
e a(n o(f) and L(nf) =n(Lf)

f) =
e o(f +9) < max(o(f),o(g)) and the Laplace transform is linear, i.e. (Lf + g)(z) =
(Lf)(2) 4+ (Lg)(2) for z € C with Re(z) > max(a(f),o(g)).

o If f is real-valued, the Laplace tranform is real-valued, too. More general, (Lf)(Z) =
(Lf)(2) holds if f is real-valued.

o g(t) = f(at) implies o(g) = ao(f) and (Lg)(z) = +(Lf)(%).
e g(t) = F(t) exp(th) implies o(g) = o(f) + Re(b) and (£g)(=) = (LF)(= — b).
o Lf is analytic.

o The Laplace transform is injective on the space of measurable functions from [0,00) to C
with o(.) < co.

Proof. e.g. [15, Proposition 17.3.4 and Proposition 17.3.5] |
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A.3 Luzin N Property

Definition A.3.1. A continuous function f : [a,b] — R that maps null sets to null sets is said
to have the Luzin N property. *k

Lemma A.3.2. A function f : [a,b] — R is absolutely continuous iff it is continuous, of
bounded variation and has the Luzin N property.

Proof. [5, Chapter IX.: 3. Continuous Mappings: Theorems 3 and 4] |

A.4 Hilbert-Schmidt Integral Operators

Remark A.4.1. Let (21, A1, p1) and (g, Az, p2) be o-finite measure spaces and f : 1 xQy — C
a measurable function on the product space (21 x Q2,41 ® Az). Assuming

; f(z,y)dua(y) € C (A.4.1)

for almost every =z € €21 and decomposing Re f and Im f into the positive and negative parts,
Fubini’s theorem for positive measurable functions states that (A.4.1) is measurable in x on
(1, Ay, 1) regardless of wheter f is integrable over the product space with p ® ug or not.

Lemma A.4.2. Let ) # D C R be open and connected and k € L*(D x D). Then,
) L*(D) — L*(D)
'{f = (Kf)(@) = [pk(z.y)f(y) dy
is a compact operator.
Proof. e.g. [16, Theorem 8.83]. [

Definition A.4.3. The operators discussed in Lemma A.4.2 are called Hilbert-Schmidt integral
operators. *k
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