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Kurzfassung

Magnetische Prozesse spielen eine wichtige Rolle in einer Vielzahl technologischer Anwendun-
gen. Speziell im Mikroskalenbereich basieren viele Geréte auf der Ausnutzung des dynamischen
Verhaltens der Magnetisierung m eines ferromagnetischen Korpers, etwa zur Datensicherung auf
magnetischen Festplatten. In diesen Grofenbereichen wird das Verhalten der Magnetisierung
von einer Vielzahl physikalischer Effekte beeinflusst. Um diese Effekte ausreichend gut vo-
rauszusagen, und damit die Kosten fiir die Entwicklung und Verbesserung solcher Hardware
niedrig zu halten, bedarf es zuverlissiger numerischer Simulationen.

Die Grundlage fiir diese Simulationen bildet die Landau-Lifshitz-Gilbert Gleichung (LLG).
Diese modelliert die Dynamik der Magnetisierung eines ferromagnetischen Korpers €2 iber einem
Zeitintervall (0,7") und unter dem Einfluss des sogenannten effektiven Feldes. Die verschiedenen
physikalischen Effekte tragen in Form von Operatoren zu diesem effektiven Feld und damit dem
Verhalten der Magnetisierung bei. Mathematische Herausforderungen bei dieser zeitabhidngigen
partiellen Differentialgleichung liegen in ihrer starken Nichtlinearitit, etwaigen komplexen und
nichtlokalen Feldbeitrigen, sowie einer inhédrenten nichtkonvexen Nebenbedingung zur Langener-
haltung der Magnetisierung.

Ausgangspunkt der vorliegenden Arbeit bildet die Arbeit [ALOUGES, Disc. Cont. Dyn. Sys.
Ser. S, 2008|, sowie deren Erweiterungen [ALOUGES et al., Physica B, 2011] und [GOLDENITS,
Dissertation, TU Wien, 2012]. Im erstgenannten Beitrag leitet der Autor ein Finite-Elemente-
Schema fiir die LLG Gleichung her, welches nur die Losung eines linearen Gleichungssystems pro
Zeitschritt erfordert und dabei unbedingte Konvergenz sicherstellt.

In dieser Arbeit behandeln wir multiple Erweiterungen der Analysis von ALOUGES. Zunéchst
untersuchen wir die reine LLG Gleichung fiir ein allgemeines effektives Feld, wihrend ALOUGES
und die genannten Nachfolgearbeiten nur klassische Feldbeitrage betrachten. Dadurch gewinnen
wir zwei abstrakte Voraussetzungen an die einzelnen Feldbeitridge, welche die unbedingte Kon-
vergenz des Verfahrens garantieren. Wir weisen nach, dass die klassischen Feldbeitrage durch un-
seren abstrakten Zugang abgedeckt sind und auch ein neuer Mehrskalenzugang aus [BRUCKNER,
Dissertation, TU Wien, 2013] in diesen Rahmen f&llt.

Im zweiten Schritt betrachten wir gekoppelte Probleme, d.h. wir koppeln LLG mit einer weit-
eren Evolutionsgleichung, um zusétzliche Effekte simulieren zu kénnen. Konkret untersuchen wir
Kopplung zum vollen Maxwell-System (als Modellbeispiel fiir hyperbolische Gleichungen zweiter
Ordnung) und der eddy-current Gleichung (als Modellbeispiel fiir eine parabolische Gleichung
zweiter Ordnung) zum besseren Verstiandnis magnetischer Felder, sowie der Impulserhaltungs-
gleichung (als Modellbeispiel fiir einen nichtlinearen Kopplungsoperator) fiir magnetoelastische
Effekte. In allen Fallen schlagen wir Algorithmen vor, welche die Gleichungen numerisch entkop-
peln, d.h. statt eines grofen (nichtlinearen) Systems losen wir pro Zeitschritt nacheinander zwei
kleinere lineare Systeme, eines fiir LLG und eines fiir die gekoppelte Gleichung. Trotz dieser
Entkopplung, die in der Praxis grofse Vorteile bietet, erhalten wir keine zusétzliche Anforderung
an Orts- und Zeitschrittweite und konnen jeweils unbedingte Konvergenz nachweisen. Unsere
Analysis liefert ferner konstruktive Beweise fiir die Existenz von (schwachen) Losungen, d.h. wir
zeigen, dass die berechenbaren diskreten Losungen gegen eine schwache Losung des Gesamtsys-
tems konvergieren.

Numerische Simulationen runden die Arbeit ab.






Abstract

Magnetic processes play an important role in a variety of technological applications. Especially on
a microscale, many devices rely on the exploitation of the dynamic behaviour of the magnetization
m of a ferromagnetic body. This is used, for example, for data storage in magnetic hard drives.
Within these length scales, the behaviour of the magnetization is influenced by a multitude of
physical effects. In order to reliably predict these effects, and thus lower the production costs
for development and/or improvement of such devices, we require reliable numerical simulations.

The foundation for those simulations is the Landau-Lifshitz-Gilbert equation (LLG). This
equation models the dynamics of the magnetization of a ferromagnetic body ) on some time
intervall (0,7") under the influence of the so-called effective field. The different physical effects
contribute to this effective field, and hence the behaviour of m, in form of operators on suitable
Banach spaces. Mathematical challenges of this time-dependent partial differential equation are
given by a strong nonlinearity, possible complicated and nonlocal field contributions, as well as
an inherent non-convex side constraint which enforces length preservation of m.

Starting point for this thesis is the work [ALOUGES, Disc. Cont. Dyn. Sys. Ser. S, 2008| as
well as the subsequent contributions [ALOUGES et al., Physica B, 2011] and [GOLDENITS, PhD
thesis, Vienna UT, 2012|. In the first one, the author constructs a finite-element-scheme for the
LLG equation which only requires the solution of one linear system per time step. Moreover,
unconditional convergence is proved.

In this work, we consider multiple extensions of ALOUGES’ analysis. First, we investigate
the pure LLG equation with an abstract effective field, while ALOUGES and the mentioned
subsequent works only consider classical field contributions. Via this approach, we derive two
conditions which guarantee unconditional convergence provided that they are satisfied by all
contributions of the effective field. We further show that all classical field contributions are
covered by this general advance, and that even a new multiscale model from [BRUCKNER, PhD
thesis, Vienna UT, 2013 falls into this setting.

In a second step, we deal with coupled problems, i.e. problems where LLG is coupled to a
second evolution equation, in order to include even more physical effects. More precisely, we
investigate coupling to the full Maxwell system (as a model problem for hyperbolic second order
PDEs) and the eddy-current equation (as a model problem for parabolic second order PDEs) for
a more precise modeling of the occurring magnetic fields. Moreover, we consider coupling to the
conservation of momentum equation (as a model problem for nonlinear coupling operators) to
account for magnetostriction, i.e. magnetoelastic effects. In all cases, we propose algorithms that
numerically decouple both equations, i.e. instead of one large (and possibly nonlinear) system,
we subsequently solve two smaller linear systems in each time step, one for LLG and one for
the coupled PDE. Despite this decoupling, which provides major advantages in practice, we still
prove unconditional convergence. Moreover, in all cases, our analysis yields constructive proofs
of the existence of (weak) solutions in the sense that the computable discrete solutions converge
towards some weak solution of the overall PDE system.

Numerical simulations complete the work.
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Chapter

Introduction

M ACGNETISM accompanied mankind throughout the centuries. From the first reference by

THALES OF MILETUS (around 585 B.C.), who thought that certain materials attracted
each other because they have souls, to the construction and initial operation of the high-speed
Transrapid Maglev train in Shanghai in 2004, it shaped our understanding of the world.
The exploitation of magnetism, while not fully understood, led to the development of the
compass and its use in navigation which revolutionized travel sometime between the 9th
and 11th century. The first comprehensive scientific contribution to the understanding of
magnetism goes back to WILLIAM GILBERT around 1600 with the famous work De Magnete,
Magneticisque Corporibus, et de Magno Magnete Tellure |Gil00]. In this work, GILBERT
even experimentally concluded that the earth itself is a giant magnet. Over time, more and
more scientists, among others CARL FRIEDRICH GAUSS and MICHAEL FARADAY, contributed
to the physical understanding and the mathematical modeling of magnetic fields and their
relationship to electric currents. Finally, in 1865, JAMES CLERK MAXWELL proposed a
set of equations which describe the interactions of electricity and magnetism and laid the
foundation to the study of electromagnetism, cf. [Max65]. Today, we count the electromagnetic
force as one of the four fundamental interactions between physical bodies. The unification
of the forces gravitation, electromagnetism, weak nuclear force, and strong nuclear force into
a unifying theory of everything is one of the major open problems in modern physics and
subject to comprehensive research. The history of magnetism is thus far from being over and
will undoubtedly influence science and technology for many more generations [Ver93].

In this work, we consider magnetic interactions of very small magnetic bodies. The mag-
netic condition of such a body at a given time is described by a physical quantity called
magnetization. Magnetic effects to control the behaviour of the magnetization are exploited
in various technological devices throughout all areas. In magnetic recording devices, e.g. hard
drives, for example, the magnetization of Ironoxid or Cobalt is used to store data. To that
end, a very thin layer of the magnetic material is applied to a slice. Via a magnetic field, the
magnetization of the material can now be aligned almost parallel into one direction (e.g. left
or right) in certain areas of the slice. The recording head which emits the magnetic field, can
then be utilized to change the direction of the magnetization in a specific area at any time.
Employing the interpretation, e.g., left=1 and right=0, any data can be stored in this way.
This basic functionality is visualized in Figure
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l Magnetic field

Figure 1.1.: Basic functionality of a magnetic hard drive. Picture taken from www.elektronik-
kompendium.de, copyright of Patrick Schnabel is thankfully acknowledged.

On a microscale, the dynamical behaviour of the magnetization depends on a variety of
physical influences that exceed the simple response to a magnetic field. Instead, on this scale
one even needs to consider interactions on the atomistic level as well as the alignment of the
different molecules within the crystal lattice. The dynamical behaviour of a magnetization then
follows the Landau-Lifshitz-Gilbert equation which is a strongly nonlinear partial differential
equation which inherently includes some non-convex side constraint. The interpretation and
mathematical modeling of this equation as well as the influential effects are described in
detail below. Over time, the size of technological devices tends to get smaller under the
same requirements like e.g. storage capacity. In order to guarantee progress and working
technology while avoiding unnecessary costs, reliable and fast computer simulations, that take
into account as many physical effects as possible, are thus required.

In this thesis, we contribute to this requirement and construct an unconditionally convergent
numerical scheme to simulate micromagnetic problems. The main leitmotif of this thesis is
always the generality of the discretization approach. To be more precise, we investigate and
give answers to the following questions:

e What is the set of assumptions that an influential effect needs to fulfill in order to be
reliably included into the numerical scheme? Here, we always ensure that the scheme
remains unconditionally convergent. In particular, this includes:

— Can linear effects be included?
— Can nonlinear effects be included?
— Can time dependent effects be included?

— What can we say about the energy of the system?
e Are the effects considered in the classical literature compatible with our requirements?
e Are multiscale problems compatible with our requirements?
e Some effects require coupling of the Landau-Lifshitz-Gilbert equation to yet another
PDE. We show that those problems are also compatible with our scheme. This includes:
— Can we couple linear parabolic PDEs, e.g., the eddy-current formulation?

— Can we couple linear hyperbolic PDEs, e.g., the full Maxwell system?

— Can we include couplings, where the coupling operator is nonlinear, e.g., the mag-
netostrictive effect?




1.1. What is all about

— Can the individual problems be decoupled for the numerical simulation without
posing a condition on the discretization parameters?

e How can we make the overall integrator computationally attractive?

1.1. What is all about

The basic goal of this work, which coincides with the goal of many other works in the area of
dynamical micromagnetism, is to gain knowledge about the magnetization of a ferromagnetic
material of very small size. The magnetization of such a magnet is a physically measurable
quantity which basically states how magnetic the material is at a certain point and into a
certain direction. In principle, information about the state of the magnetization (or any other
physical quantity) can be gained in three ways.

(i) Experimentally
(ii) Analytically / Theoretically

(iii) Computationally (i.e. by means of a computer simulation)

While the second and third possibilities require a suitable model that describes the behaviour
of the magnetization under the influence of certain effects, the first one merely uses observation
in order to derive those very models. It therefore has to be completed before the other two
steps. As usually (and so in micromagnetics), this was done by experimental physicists,
and the reader is referred to the pioneering works |[LL35| and [Gil55] from 1935 and 1955,
respectively, as well as to the monograph [HS08| and the references therein. The work of the
mathematician then begins in step (i7) as well-posedness of the model, existence of solutions,
and regularity properties are investigated. Here, we refer to the pioneering works [Vis85|
and [AS92] to name only a few. Finally, one is interested in the prediction of the behaviour
of the magnetization in certain setups in order to make the physical effects usable in, e.g.,
technological devices like magnetic hard drives. This prediction is usually done by means
of computer simulations, and thus the need for reliable and fast solvers of the given model
arises. To that end, a variety of work has been done, and the reader is referred to the overview
articles [KP06l [Cim07al, [GC09|, the monograph [Pro01], and the references therein. A brief
overview is also given in Section

The contributions of this thesis are located between (ii) and (iii) as we construct reliable
numerical schemes which are then rigorously analyzed and thus also give insight into the
properties of the solution.

Mathematically speaking, a magnet is modeled by a bounded, polyhedral domain  C R?
with boundary I' = 0. The dynamics of the magnetization is investigated on the finite time
interval [0, T'] for some 7" > 0. The magnetization M in [A/m] is then given as a function

M :Qp = (0,T)><Q—>{X€R3 L x| = M.} (1.1.1)

Here, M, denotes the saturation magnetization in [A/m]. This models the fact that the ferro-
magnet is saturated, i.e. that the magnetization cannot be increased any further by applying
a stronger magnetic field. The strength of the magnetization in a saturated material, mathe-
matically the length of M at any point, is actually temperature dependent. In our setting, we
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thus implicitly assume that the temperature does not change over time, i.e. the length of the
magnetization remains constant over time. Moreover, we assume that the temperature is be-
low the Curie point, where the magnet looses its ferromagnetic properties. The magnetization
can thus be written as M = M m for some dimensionless direction m of unit length.

Remark . The inclusion of variable temperature into both, the simulations as well as the
development of recording devices, for so-called heat-assisted-recording, is currently an active
field of research. It is, however, beyond the scope of this work, and we refer to e.g. [BPS0S,
BPS12] and the references therein for further information.

In physics literature, one often deals with the polarization J instead of M as the relevant
quantity, cf. e.g. [SSST01]. This is, however, equivalent as it describes only some scaling with
the permeability of vacuum g = 47 - 10~ in [T'm/A]. This rescaling allows to work with
magnetic fields given in [T, rather than [A/m] which is more suitable in some situations.
Together with the polarization J, one has the saturation polarization Js, and there holds

J=pM, Js=psMs, and J=J;m.

As mentioned above, various physical effects have an influence on the polarization resp. the
magnetization. Those effects now contribute to the so-called total effective field Heg in the
form of operators (on suitable Banach spaces). This effective field then drives the dynamical
behaviour of J via the Landau-Lifshitz-Gilbert equation which is described in the next section.

From a physical point of view, one often argues with energies rather than operators. Such an
approach is also possible here, since one can assign a certain energy to each physical effect. The
sum of all energies then denotes the total energy Eotar in [J] of the polarization. The effective
field is then simply given by the first variation of the total energy after the polarization.
As one expects, the magnetization pursues a state of minimal energy and the stationary
solutions of the upcoming Landau-Lifshitz-Gilbert equation minimize the total energy Eiotal,
cf. e.g. [AloO8b].

1.2. The Landau-Lifshitz-Gilbert equation and the effective field

The dynamical behaviour of a magnetic polarization J over time and under the influence of
an effective magnetic field Hg is described by the Landau-Lifshitz-Gilbert (LLG) equation
70 ano
- JxH.e— 0
1+a2 1+ a2)J,

Here, 79 = 2.210173 - 10° in [m/(As)] denotes the gyromagnetic ratio, and Hg in [A/m)]

denotes the total effective field which accounts for all the included physical effects below. The
effective field is given as the negative variation

a‘C/‘total
oJ

of the total energy Eiotal in [J] after the polarization J. To ease the presentation, one usually
considers a non-dimensional formulation of LLG. We refer to [Goll2 Section 1.1]|, where the
derivation of this formulation is comprehensively discussed. As dimensionless equation,
takes the form

Ji = J x (J x Heg). (1.2.1)

Hg=— (1.2.2)

theﬁ‘*

(67
*m mm X (m X heﬂ‘), (123)

m; =
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Figure 1.2.: Precession part (left) and damping part (right) of the LLG equation.

for some dimensionless magnetization
m: Qp — S? ::{X€R3 L x| =1}
In addition, (|1.2.3) is supplemented by the following initial and boundary conditions

m(0) =my € HY(Q,S?), (1.2.4)
Opm =0 on Q7 := (0,T) x O0.

In the following, we will investigate this equation a little bit closer.

The precession term

The first term on the right hand side of ([1.2.3)) denotes the so-called precession and can be
rigorously derived from quantum mechanical concepts. Starting from Schrédinger’s equation

d

1 =~ )
SO = (M8, i=1,2,3 (1.2.6)

for the Hamiltonian & , a technical derivation yields
m; = —m X heg, (1.2.7)

which is the classical undamped Landau-Lifshitz equation. For details on the derivation of
equation , we refer to [Hrk05l I(GDO08|, Woh10]. The solution of Equation describes
a rotation of the magnetization m around the effective field heg. This behaviour is visualized
in Figure (left), where heg is visualized by the green arrow and the magnetization at two
points in time, ¢; and %9, is plotted in red and blue, respectively.

The damping term

The second part of ([1.2.3) cannot be motivated mathematically. It was phenomenologically
introduced by LANDAU and LiFsHITZ in [LL35] for some damping parameter A to account for
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Figure 1.3.: Evolution of the magnetization, where precession and damping are taken into
account.

friction effects. Consequently, the equation
m; = —Am X (m X heg) (1.2.8)

describes damping of the magnetization towards the effective field. This behaviour is visualized
in Figure (right).

Combining both equations (1.2.7) and (1.2.8), one derives the classical Landau-Lifshitz
equation

m; = —m X heg — Am X (m X heg) (1.2.9)

from |[LL35|. Taking both effects into account, it describes a magnetization that rotates around
the effective field while being damped towards it. This behaviour is visualized in Figure [I.3]

Gilbert’s contribution

By 1955, a number of different damping mechanisms had been studied, and we refer to [Gil04]
and the references therein for further information. It turned out, however, that while the
commonly used Landau-Lifshitz damping term was very feasible for small damping 0 < A < 1,
it failed to produce useful results as damping grows larger A > 1. To that end, GILBERT
introduced a new phenomenological damping term which allowed to take into account larger
(especially non-eddy-current) damping as it occurs, for example, in thin Permalloy sheets,
cf. [Gil55, [Gil04]. He derived the equation

m; = —m X (heff — ozmt), (1.2.10)

which is equivalent to

m x heg — m X (m X hgg). (1.2.11)

m, — [0
T T 12 1+a2
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The last equation turns out to be much more suitable for larger damping « > 1. For small
damping o < 1, on the other hand, the term o is negligible, and the LLG equation (T.2.11)

is a very good approximation of (1.2.9) for A = a.
Throughout this work, we will switch between various different equivalent formulations of

LLG as they have distinct advantages and disadvantages. In addition to the equations ((1.2.10))
and (|1.2.11]), there is yet another equivalent formulation and for sake of readability, we collect
all formulations in the following lemma.

Lemma 1.2.1. Let LLG be supplemented with the initial and boundary conditions

m(0) =my € H'(Q,S?
8nm =0 on 8QT.

Then, the following formulations of LLG are equivalent:

(I) m; = —mm X heﬁl‘— mm X (m X heﬁl‘) (1212)
b) amy+mxmy=hg—m(m-hg) and |m|=1 ae inQr (1.2.13)
c) my —oamXxXm; =hgxm. (1.2.14)

Proof. The proof is done by straightforward calculations and exploits properties of the cross
product. The elaborated arguments can be found in [Goll2, Lemma 1.2.1]. O

While equation a) is suitable for the interpretation and physical understanding of the two
different effects (precession and damping) that drive the magnetization, it will not be used for
the upcoming analysis. Instead, equation b) will be used for the construction of a numerical
scheme below. In order to be consistent with the available literature, equation ¢) will finally
serve for the definition of a weak solution.

We close this short section with an observation that directly follows from the LLG equa-
tion . Scalar multiplication with m almost everywhere on Qp yields

m; -m= m X heg-m — (m X heg) - m.

- ——m x
1+ a2 T+az™

In combination with the cross product property (a x b) - a = 0 for any a,b € R?, this yields
1. . .
§8t|m| = m; - m = 0 pointwise almost everywhere in Q7. (1.2.15)

The equation thus preserves the length of the vector-valued magnetization at almost every
point of the computational domain Q7 which is in good agreement with . From |mgy| =1,
we thus conclude |m| = 1 almost everywhere in 7. Moreover, we conclude that the time
derivative m; of the magnetization is pointwise orthogonal to m. This property will massively
enter the construction of our numerical integrator below. Note, however, that this property
only follows from the formulations a) and ¢) of LLG and has to be explicitly supposed for
formulation b).
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1.3. Classical field contributions

After we shed some more light on the LLG equation, we take a closer look at the physical
effects which influence the dynamic behaviour of the magnetization. In the first part, we
consider the classical field contributions

e Exchange

e Microcrystalline anisotropy
e External field

e Strayfield

which are well-known throughout the literature and for which various analytical and numerical
results are available. In the next section, we then consider physical effects that extend this
classical scheme.

Exchange

The exchange effect describes the property of a ferromagnet that it prefers a constant mag-
netization. If the sample (2 is large enough, this leads to the formation of domain structures,
i.e. subregions of {2 where the magnetization is aligned in parallel, but allows jumps along the
walls. Since the investigation of magnetic domains in nanostructures is beyond the scope of
this work, we refer to the works [Get08, [HSO8| and the references therein. The corresponding
energy contribution reads

gexch = 106/ ‘vay (131)
2 " Ja

where C; > 0 denotes the material dependent exchange constant. The contribution to the
effective field caused by the exchange is then given by the Laplacian of the magnetization

Rexen = CoAm. (1.3.2)

As this contribution involves not only the magnetization, but also its spatial derivative, it
requires special treatment. In order to guarantee unconditional convergence of the upcoming
scheme, this contribution will thus be treated implicitly.

Microcrystalline anisotropy

In each ferromagnetic material, the particles are aligned in a crystal lattice in which certain
directions may be distinguished. A magnetization which is not aligned with those easy azxes,
has a higher energetic value. Consequently, the magnetization prefers the easy directions over
the others. This material dependent effect is called microcrystalline anisotropy. A magnetic
material may have one (uniaxial) or more (multiaxial) easy directions and the preference of
the magnetization might even be inhomogeneously distributed between the different easy axes.
For more details and illustrations, the interested reader is referred to [HS08| Section 3.2.3|.
For a given anisotropy density

¢p:B:={xe R3 : |x| < 1} — R3, (1.3.3)
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the corresponding anisotropy energy reads

Eani = Cani / ¢(m)7 (134)
Q
where Cypi denotes the anisotropy constant. Prominent examples for ¢ are the uniaxial density
1
bla) = —5 (a-e),

with the easy axis e, or the cubic density
¢(x) = Ki(afa3 + 2323 + a3a7) + Kaaiwias.

The corresponding field contribution is then given by hapi = —CaniDo(m).

External field

The magnetization of a ferromagnetic body can obviously be influenced if it is exposed to an
external magnetic field f. This effect is called Zeeman contribution. It states that the magne-
tization will prefer alignment with the external field. The corresponding energy contribution
is given by

gext = —/ f- m, (135)
Q

and the field contribution to heg simply by f. Depending on the regularity of heyy = f,
different approximations can be used for a numerical integrator, and we refer to [Goll2] for
details.

Strayfield

The last of the classical contributions considered in micromagnetic theory is the so-called
strayfield or demagnetizing field. It accounts for the fact that each magnetized body itself
induces a magnetic field in the whole space R? which then again influences the magnetization
until an equilibrium is reached. Formally, this field H follows Maxwell’s equations, but of-
tentimes, it suffices to utilize only a simplified, stationary version. Instead of solving the full
Maxwell system from Section [I.4.2] below, one only solves

VxH=0,

V-B=V-u(H+m)=0,
where B denotes the magnetic induction. Since H is curl-free, there exists some scalar po-
tential u € H'(R?) such that H = Vu. Additionally, the above equations are supplemented

by boundary conditions and a radiation condition, cf. e.g. [Hrk05] Section 4.2.3]. Altogether,
one derives the transmission problem

Ay = divm in Q,

Au=0 in R3\Q,
[u] =0 on 09, (1.3.6)
[Opul = —m-n  on 0f,

u(x) = O(1/]x]) for |x| — oo.
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Here, [-] denotes the jump operator. The energy contribution is then given by

1 1 1
Estray = 2/R3 |H|2 = 5 /R3 |Vu’2 = 5 /R3 |73(m)|2’

where P(m) = Vu denotes the strayfield operator and expresses the dependence on m. This
contribution can be further simplified since P(-) is the L?-orthogonal projection onto the space

LL(R?) = {f € L*(R?) : Jue H'(R®), Vu=f},
cf. e.g. [Pra04, Proposition 3.1]. This yields
(P(m), P(m)) = (P(m), m) + (P(m),P(m) — m).

=0

Since the magnetization vanishes outside the computational domain €2, one deduces

1
gstray = Q/QP(m) -1m, (137)

and the corresponding field contribution is given by hgiray = P(m). Moreover, there holds
boundedness

[P (m)|[rgs) < C(p)llmllpr o) (1.3.8)

for all 3/2 < p < oo, cf. e.g. [Pra04, Theorem 5.1]. In particular, P(-) is self-adjoint and there
holds

(P(u),v) = (u,P(v)) for all u,v € L*(R?). (1.3.9)

These last two estimates will be exploited below to gain improved energy estimates.

The energy functional and the effective field

Altogether, the total energy, which is classically considered throughout the literature, is thus
given by

gtotal exch + gam + gext + gstray

,o / Vm!2+0am/¢ /Qf'er;/QP(m)'m- (1.3.10)

This total energy is also called Gibb’s free energy. The corresponding magnetic field is then
given by

heﬂr = hexch + hapi + hex + hstray

=C.Am — CopiDé(m) + f — P(m). (1.3.11)

In the subsequent sections and chapters, we follow a more general approach, where we
introduce an abstract field operator 7r(-). Via this approach, we derive two simple conditions
that a field contribution needs to fulfill, to guarantee convergence of our scheme. In this
context, we also consider the energy of the general operator given by

ggeneral = / W(m) - m. (1.3.12)
Q

This ansatz particularly includes the classic energy functionals and leads to the desired field
contribution 7(m) (up to some constant) if 7w(m) is, e.g., polynomial with respect to m.

10
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1.4. Extended contributions

In the following, we introduce physical effects that extend the classical scheme from above as
they require the inclusion of multiple domains on different scales or even coupling to other
PDEs. The construction and analysis of a convergent scheme for those coupled problems is
one of the main contributions of this thesis.

1.4.1. Multiscale modeling

Figure 1.4.: Example geometry which demonstrates model separation into LLG region ; and
Maxwell region 5 (and in this case in an electric coil region €.,;;). Here, {21 represents
one grain of a recording media and €25 shows a simple model of a recording head. —
Picture taken from m, copyright of Florian Bruckner is thankfully acknowledged.

Many devices that rely on micromagnetic interactions, contain several parts on several different
length scales. Often, the magnetization dynamics after the LLG equation are important only
on a small domain, whereas for the magnetization on other parts, rough estimates are sufficient.
We face such a problem, if we want to simulate a complete read/write head of a magnetic
hard disk, for example, as it is visualized in Figure[I.4] Here, one is interested in the detailed
remagnetization process of the magnetic grains, simplified by ;. For the other domains,
however, it is sufficient to have an approximation of the magnetization such that the magnetic
field that they induce, and which then reacts back on 21, can be approximated. In this thesis,
we consider a model by BRUCKNER which was introduced in [Brul3]. On the small domain
Q1, we are interested in the magnetization dynamics of m; given by the LLG equation. On
the macroscopic domain €9, on the other hand, the model involves some (possibly nonlinear)
material law

m; = x(|H|)H.
Suitable material laws can be found, e.g., in [RZMP81]. The corresponding strayfields Vu; =

P(m;) and Vuy = P(mgz) are then computed and both contribute to the effective field heg of
the LLG domain €.

11
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1.4.2. The Maxwell system

As mentioned above, the magnetostatic strayfield is only an approximation of the magnetic
field generated by the magnetization m. The complete field H, which is really induced, is the
solution of the full Maxwell system which is then coupled to the LLG equation. Depending
on the material and the considered timescale, it is not always necessary to solve the full
system, and there are different approximation levels that suit different situations. Besides
the magnetostatic approximation, we consider the full system, as well as the eddy-current
simplification in this thesis. For many situations, the classic strayfield already gives sufficiently
good approximations, but this is not always the case, see e.g. [MV01l, [Hrk05]. In the following,
we briefly present the additional equations.

The full Maxwell system

We start with the Maxwell’s equations as they are given in [Mon08, Section 1.2]. The four
vector-valued quantities F (electric field intensity), D (electric displacement), H (magnetic
field intensity), and B (magnetic induction) fulfill

HB+V xE=0, (1.4.1a)
V-D=p, (1.4.1b)
D -V xH=—J, (1.4.1c)
V-B=0. (1.4.1d)

Equation is called Faraday’s law and describes the influence of a changing magnetic
field on the the electric field. Condition goes back to Gauss and gives the effect of
the charge density p on the electric displacement. Equation is Ampére’s circuital law
(modified by MAXWELL) and finally, condition takes into account that B is solenoidal.
In the above equations, J denotes the electric current density. The Maxwell equations are
computed on some domain Q into which the magnet € is embedded.

Depending on the presence, respectively absence of media, the relations between the above
quantities are given by certain material laws. To ease the presentation, we assume the magnet
Q C Q to be much smaller than the Maxwell domain €. Moreover, as is usually done in prac-
tice, we assume the difference Q\Q to be vacuum. For the electric field and the displacement,
we then get the relation

D = ¢E, (1.4.2)

where €y denotes the electric permittivity of free space. Since the magnetic induction is
obviously influenced by the magnetization of the ferromagnetic body 2, we need to employ
the slightly more involved material law

B = uH = p1p(H + m). (1.4.3)
Here, u denotes the magnetic permeability and pg the permeability of vacuum. Plugging ((1.4.2))

and ((1.4.3) into the equations (1.4.1al)—(1.4.1d), we derive

woOtH +V X E = —pomy, (1.4.4a)
eV -E =, (1.4.4b)
c0OE -V x H=—J, (1.4.4c)
V-H=-V -m. (1.4.4d)

12
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Next, according to [Hrk05l, Section 6.1.1], the electric current density can be further split into
j: Js + Jtree + Jmat; (145)

denoting an independent current source term Jg, the free currents Jgee, and the material
currents Jyat. Furthermore, the material currents and the magnetization are connected via
the relation

V xm = Jpat = xooE, (1.4.6)
where xqo denotes the magnetic susceptibility. We note that in a non-dimensional formu-

lation of the Maxwell system, xq coincides with the characteristic function of €2, since the
susceptibility of vacuum is zero. Employing this relation, we finally end up with

o0t H+V X E = —pgmy, (1.4.7a)

eV -E = p, (1.4.7b)

00t E—V xH+ oxqE = —J, (1.4.7¢)
V-H= -V -m, (1.4.7d)

where J = Js + Jree consists of the source currents and the free currents.

The eddy-current simplification

Starting from the equations , we aim to derive the so-called eddy-current equation which
is a simplification of the Maxwell system for good conducters. More precisely, this is modeled
by the condition
00 E < oE, (1.4.8)
cf. e.g. [ABNOO, Hrk05]. Taking into account the relation
Jrree + Jmat = oE, (1.4.9)
and Jpat = oxoE, from we obtain
g0l E—V xH+ ocE = —J,. (1.4.10)
Exploiting and neglecting the source currents, we derive
V xH =cE. (1.4.11)
Plugging this equation into , we finally derive

1
MoatH + ;V X (V X H) = — oMy, (1412)

which is the desired eddy-current equation.

13
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1.4.3. Magnetoelastic interactions

Magnetoelastic properties are intrinsic to all magnetic materials. In ferromagnetic materi-
als, like Terfenol-D, they are particularly more enhanced and the elasticity is exploited in
many technical devices like positioning sensors and actuators. The effect that models the
deformation of a ferromagnetic body under the influence of a magnetic field is called magne-
tostriction. The inclusion of this effect after [Vis85 Ban05b] relies on the coupling of LLG to
the conservation of momentum equation

ouyt — V-a=0 in QT, (1413)

supplemented by the initial and boundary conditions

u(0) =up in Q,
uw:(0) =10y in 2, and
u=20 on I

Here, ¢ denotes the material density, and the vector-valued quantity u is the displacement.
The stress tensor o is given by

€ _.e
o:=X€(u,m), o= E : )‘wpq P
p,g=1

e(u,m) :=¢e(u) — €™ (m)

for some material tensor A®. The total strain tensor is defined as the symmetric part of the

gradient
1 8u2 8’LL]'
i) 1= ( Tt a) ,

and the magnetic part is given by

€™(m) := A™mm?

where A" denotes another material tensor. The elastic effect is finally incorporated into the
effective field by means of the operator

(hm)q = (hm(u, m))q = Z ANipgOij(m)p, g =1,2,3,
1,J,p=1

where (-), denotes the ¢g-th component.

1.5. Preliminaries & Notation

In this short section, we aim to fix some notation that is widely used throughout the work.
Additional notation will be explained as the need arises.

14
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Norms

Throughout this thesis, we investigate functions in various Banach spaces which may or may
not be time-dependent. For a better overview, we collect the notation of the corresponding
norms here. Before the actual definition of those norms and spaces, however, we like to
address the issue of dimension, since we will mostly work in three-dimensional space. To
prevent confusion with scalar-valued functions, multidimensional functions will be indicated
by bold letters. In addition, we will also use bold letters for function spaces consisting of
multidimensional functions. The L?-norm of a square integrable three-dimensional function
u: R? — R3 on some domain Q C R3 with u = (uy, ua,u3), for example, will thus be denoted
by

fulfey = [ [GOR o = [ (0P + o) + sl dx.

Next, we define some frequently used spaces and their corresponding norms in the multidi-
mensional setting. We denote the space of square-integrable functions on some space-time
domain Qr by L?(Q7) equipped with the norm

T T
[l = [ JutxPixd= [ [ juxPixdt= [ a0 d
Qp 0 Q 0

2
= ||u||L2([O,T},L2(Q))’

where the last equality is in analogy to the definition from [Eva02l § 5.9.2]. For the sec-
ond equality, we employed Fubini’s theorem. Those functions in L?(€7) that admit a weak
derivative which is again in L%(Q7), are denoted by H'(Qr), with

2 2 2 2
2 = 220y + 1901220, + 1900220,
where V(-) denotes the weak spatial gradient operator and 0;(-), sometimes also denoted by
(*)¢ is the (weak) time derivative. Note that the weak derivative of H'(Q7)-functions even
includes one weak time derivative. In addition, we define the L?(Q)-functions which admit a

weak derivative in L?(Qr) only in time by H'((0,7); L*()), and those that admit one weak
derivative only in space, by L*((0,7); H 1(9)) The corresponding norms are given by

T
12 i) =, POy + 102 g
and
2 T 2 2
12, ) =, IO + V(O .

Finally, and in analogy to [Eva02, §5.9.2], we define the functions that are H' in time and
map each ¢ to a function in H*(Q), by

T
02 ) =, 1Oy + 10 3

T
= /0 Ja(®)[2200) + 17000 + 100(0) 2oy + [ VO[22

15
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Note carefully that H'(Qr) # H'((0,T); H'(2)) since the latter additionally involves the
spatial gradient of the weak time-derivative. To ease the presentation as well as the readability,
we will omit the time- and spatial domains if the context is clear and thus use the following
abbreviations throughout:

H'((0,7); L*(Q)) = H'(L?),

L*((0,T); H*(Q)) =: L*(H"),

H'((0,T); H'(Q)) = H'(H").
Moreover, if no confusion is possible, we will omit explicitly stating the integration variable,
e.g.

r 2 T 2

/0 22 g dt = /O [ul2eqy  and
/|u(t,x)|dx:/u(t,x)| for ¢t € [0,T].
Q Q

Finally, the scalar products of two functions ¢, 1 € L*(Qr) or L*(Q) are denoted by (¢, 1).
Sometimes, to avoid confusion, also (¢, 1) is utilized. We stress, however, that ambiguity is
never an issue. For two vectors x,y € R3, the scalar product is denoted by x - y.

Representations of time-dependent spaces

Formally, L?(Qr) and L?(L?) denote different spaces. The first one simply involves the
square-integrable functions over the time-space cone {2, whereas the second space involves the
square-integrable functions over [0, 7] with values in L?(£2). Therefore, a function v € L?(Qr)
maps from Qp to R3, i.e. almost everywhere in 7, we have

u: Qp — R? with
(t,x) — u(t,x) € R>.
A function @ € L?(L?), on the other hand, maps from [0, T into the space of square-integrable
functions L?(1), i.e.
u:[0,T] — L*(Q) with
t a(t) € LA(Q).
We like to emphasize that, due to the Fubini theorem, both spaces essentially coincide. More-
over, there is a natural identification, since u € L? (Lz) implicitly yields a function u with
U Qr — R? with
(t,x) = u(t, z) .= u(t)(z)
and u := u.

We may thus consider a square-integrable function as a function on the time-space cone,
or as a time-dependent function with values in L*(Q). In the following, both representations
will prove suitable in different situations, and we will switch between the two possibilities
with no notational distinction. Obviously, though, time evaluations are to be understood

almost everywhere, if we do not have any information on the smoothness of the corresponding
function.
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Convergence

We frequently work with subconvergent sequences, i.e. sequences that admit the extraction
of a convergent subsequence. This is due to the fact that most of the upcoming convergence
proofs rely on compactness arguments. To clarify the presentation, we therefore introduce a
special notation for this case. To that end, let X be a normed vector space. If a sequence
(an) € X admits a subsequence a,, that converges towards some a € X for £ — oo, i.e.
lim ||a,, — al|x = 0, we write
{—00

an % ain X.

If the sequence is only weakly subconvergent, i.e. it admits a weakly convergent subsequence,
we write

sub .
ap — ain X.

What else?

In the upcoming results, we will always state constants and their dependencies. Throughout
the proofs, however, we omit multiplicative constants for sake of readability. As a remedy, we
use the notations < and 2 to denote smaller or equal and larger or equal, respectively, up to
a multiplicative constant, i.e. for two quantities A, B and a constant ¢ > 0, we write A < B if
A < ¢B. Here, the constant ¢ > 0 is always independent of the time- and spatial parameter
if not explicitly stated otherwise. In the case A < B and B < A, we write A ~ B.

1.6. Overview over the current literature

The Landau-Lifshitz-Gilbert equation poses a problem of equal interest for the physical as well
as for the mathematical community. Its great applicability and necessity for the simulation
and construction of technological devices cannot be overestimated. On the other hand, the
equation itself poses a whole set of mathematical difficulties such as

e a strong nonlinearity,

e the non-convex side constraint [m| = 1 almost everywhere,
e possible nonlocal field contributions,

e inclusion of coupled problems, or

e possibly nonlinear coupling to other PDEs.

All those problems complicate the construction and analysis of numerical integrators for LLG
and yet, make the equation that much more interesting. Consequently, many contributions
to the analysis and numerics of LL.G have been made in the recent years. In this section, we
aim to give a brief overview over the current state of the art and also embed our contribution
into the bigger context.

Obviously, we cannot cover the complete literature, so we will restrict ourselves to those
works which are in direct correlation to this thesis. First of all, this includes only the math-
ematical literature. For a comprehensive overview over the state of the art in the physics
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literature, we refer to [KroO7, [HSO8| and the references therein. Next, we consider only
those works that contribute to the analysis and numerics of weak solutions. For literature
on strong solutions, we refer to the overview articles [KP06) [Cim07al, (GC09| as well as the
monographs [Pro01l Ban05bl [Cim05] and the references therein. A nice overview is also
given in |Goll2]. For details on strong solutions of LLG with magnetostriction, we refer
to [BS05| and [BS06], where also numerical schemes are considered. In [Ban08]|, even a pos-
teriori estimates for LLG with magnetostriction can be found and an adaptive algorithm is
proposed. For strong solutions of the Maxwell-LLG system, we refer to [MV99, dSM™05|. The
works [Cim07D, [Cim07c, [Cim08] consider strong error estimates for the Maxwell-LLG system
and even provide an analysis of the regularity properties of periodic solutions.

First results on the existence of weak solutions of LLG, even in the presence of the full
Maxwell system and the magnetostrictive effect, go back to VISINTIN [Vis85]. Here, however,
the notion of a weak solution was different from what is used nowadays. In [AS92|, the authors
first defined a weak solution that is also the foundation for this thesis. There, a function m is
a weak solution of the Landau-Lifshitz equation for the simplified field heg = heyen, if
it fulfills the following definition.

Definition 1.6.1. Let mg € H'(Q) with |mg| = 1 almost everywhere, then m is a weak
solution of LLG if

(i) for all T > 0,m € H'(Qr),|m| = 1 almost everywhere;

(ii) for all ¢ € HY(Q7), there holds

mt-<p+)\/ (mxmt):—(1+)\2)/ (m x Vm) - Vp;
Qr Qr Q

T

(iii) m(x,0) = mg(x) in the sense of traces;

2 2
[ITmOF A [ [ [
Q 2 L+X2 Jo, a 2

(iv) for all T > 0,

Moreover, ALOUGES and SOYEUR showed in this work, that weak solutions exist and are,
in general, not unique. To that end, they showed the existence of a weak solution m and then
constructed another (stationary solution) mg which is weakly harmonic, i.e. it satisfies

—Amgy = my|Vmgl|?

in the distributional sense. Given the additional length preservation constraint, this function
is a weak solution of the Landau-Lifshitz equation. In a next step they proved that m # mg
and even constructed a continuum of weak solutions by

if s <t,

m(s —t) otherwise ,
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for all ¢ > 0 and where m is the constructed solution with m(0) = mg. In [AS92], however,
the authors only treat the LL equation, rather than LLG and consider an effective field with
exchange only. For those reasons, our notion of a weak solution is slightly different.
The existence of weak solutions of the Maxwell-LLG system is shown in [CF98|, and for the
existence of weak solutions of LLG with magnetostriction, we refer to [CEF11].

Next, we consider works which provide (convergent) numerical integrators for the LLG
equation. Those integrators can be divided into two groups depending on how they treat the
geometric side constraint. More precisely, we distinguish between

e projection based integrators and
e non-projection based integrators.

In the case of non-projection based schemes, the side constraint has to be implicitly enforced
by the algorithm, whereas in the other case, it is explicitly enforced by normalization. For
both cases, there exist prototype schemes which inspired a whole bunch of future publications.
Concerning the projection based integrators, the pioneering work is the one by ALOUGES
and JAIssoN [AJ06]. They considered an explicit finite element scheme for the original LL
equation, where they employed the equivalent formulation similar to . Introducing a
free variable v which approximates the time derivative and testing in the pointwise tangent
space ICm{L , they derive the scheme

AV ) = ((m), x i), ) = —(Vv], Vo) + (hegr, ), forall € K.

where mﬁl is assumed to be given. In a second step, the node constraint is enforced by nodewise
normalization, i.e.

miH(Z) _ m%(z) + k"%(z)

(1.6.1)

for all nodes z € NV},. Here and throughout, i,k > 0 denote the spatial and temporal mesh
parameters. A major advantage of this scheme, which will also be found in all follow-up works,
is that, despite the nonlinearity of LL resp. LLG, only one linear system needs to be solved
per timestep. In [AJ06], the authors prove, that the (in time interpolated) discrete solutions
provide a subsequence my; that weakly converges towards a weak solution m of LL in the
sense of Definition [I.6.1] provided that first k, and afterwards h is driven to 0. We emphasize
that here, as well as in all inspired works, the proof is constructive in that it even yields
existence of weak solutions without any regularity assumptions. Throughout, the line of proof
is always given by the three steps:

boundedness of Extraction of weakly Identification with
discrete quantities convergent subsequences weak solution

In 2008, the result from above was improved by BARTELS, KO, and PROHL in [BKPO0S|. Here,
the authors prove that the integrator from [AJO6] provides a weakly subconvergent sequence
of discrete solutions as (h,k) — (0,0), provided kh~1=%2 — 0. Moreover, the efficiency of
the scheme was further increased by incorporating mass-lumping, i.e. reduced integration.
The authors did, however, only consider a reduced effective field heg = Am. In [BKPOS|,
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the authors specifically employed the Alouges-Jaisson tangent plane scheme because of its
stability for small damping parameters A, as their focus was on a numerical study of finite
time blow-up for small damping. In this thesis, we will also contribute to those studies.

The next improvement to the tangent plane scheme was provided by ALOUGES in 2008,
cf. [AloO8al]. Here, the author managed to circumvent the disadvantages of an explicit dis-
cretization by utilizing the implicit discretization

a(vi,go) = (lfn?1 X V{l, p)=—(1+ a2)(V(mgL + Hkvfl),ch) for all ng € ’Cmi’

where 6 € [0,1] is used to steer the scheme. That is to say, § = 0 denotes the explicit
scheme from above, § = 1 denotes a fully implicit scheme, and 6 = 1/2 is a Crank-Nicholson
type discretization. The modulus constraint is again enforced by nodewise normalization,
i.e. (1.6.1)). In this work, the author proves existence of a weakly convergent subsequence
as (h,k) — 0 independently of each other, provided 6 € (1/2,1]. This work again inspired
multiple sequels, among others this thesis. In [Goll12], the scheme was extended to cover all
of the classic field contributions from Section [1.3] where only the exchange contribution is
treated implicitly, and all the other contributions are treated explicitly. Moreover, reduced
integration to enhance the scheme’s efficiency was rigorously included into the analysis. In
total, the derived scheme is given by

a(vh, @) + (], x v, @) = ~Ce(V(m, + 0kv}), Vo) + (hiow(mi) @) forall @ € K,y

and subsequent normalization. Here, the advantages from the implicit scheme could be car-
ried over and the author proves unconditional weak subconvergence towards a weak solution.
Independently of [Goll12], the authors of the work [AKTT11] also extended the implicit tangent
plane scheme to a semi-implicit scheme for the full effective field with an unconditional con-
vergence result. Unlike [Gol12], however, [AKTT11] does not study the influence of additional
discretization errors which arise, e.g., for the strayfield computation. Moreover, they even
propose a first second order in time formulation without convergence analysis. In [AKST12],
the authors propose the second order in time scheme

(m () vy, ) + (0, X v3, ) + 5 (14 p(k)Vvy, V) = (hstray (Vi) ) = (DS(v3,), )
= —(sz, V(P) + (hstray(mgl) + hext + D‘Z’(mgz)? 90)7
for all p € K_ ;. Here, 1, denotes a cut-off function, and p(k) — 0 as k — 0. The scheme
h

is motivated by not simply taking v{L as the approximation of m; at ¢;, but rather as a
higher order Taylor expansion. The drawback is, however, that the scheme requires implicit
treatment of all field contributions. The original work [Alo0O8a] of ALOUGES also inspired the
work [LT12|], where coupling to the eddy-current equation is considered, as well as |[GLT13],
which deals with the stochastic LLG equation. Finally, it is the main foundation of this
thesis, where the original results are extended in multiple ways while still maintaining the
initial advantages.

As prototype scheme for non-projection based methods serves the work [BP06|] from BARTELS
and PROHL from 2006. The authors combine reduced integration with a midpoint based
approach and derive

(dm) ™, o) + a(m] ™ x demi T @), = (1+0?) (@, x Apm 2 ) Vi € ST,
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1.7. Structure of this thesis and main results

Here, dtmflJrl = (m{lJrl —m%) /k denotes the first order difference quotient, ﬁ{tﬂ/ 221 / 2(mi+1+

mﬁl) the midpoint evaluation, and A}, the discrete Laplacian defined by

—(And,p)n = (Vo,Vey,)  for all ¢, € SH(T).

One easily verifies that the mass lumping is employed here not only for efficiency reasons,
but rather ensures the modulus constraint provided the initial data fulfills [mg| = 1 almost
everywhere. Given the exact solvability of the above system of equations, the authors prove
unconditional convergence towards (and hence existence of) a weak solution of LLG. The
system is, however, nonlinear and thus requires an iterative solution. To that end, in [BP06],
a fixed point iteration is proposed which again leads to a coupling of the mesh parameters
and allows convergence only if k < Ch?.
In [BBPOS§|, the authors extend the midpoint scheme to the Maxwell-LLG problem and
derive
1 j j+1
(dtmh a‘P)h + a(mﬁ X dtm?;r 7(10)]1
—j+1/2 X —jt1/2 T5i+1/2
— (1 =+ az)(mij— / X (Ahmij_ / + PVhH‘;L / ))
i+1 =5i+1/2 =i+1/2
co(dBL ) — (H%.V x 9) + o (xaB, 2 9)
= (T ) forally € Xy,

no(deHLH,¢) + (V x B2, ¢) = po(dem ™€) for all ¢ € Y.

, forallpe SHTh),

Here, X}, and Y}, are suitable conforming finite element spaces and eg, 19 denote the electric
and magnetic permeability. Again, unconditional convergence is proved theoretically, but the
proposed fixed point iteration imposes k < Ch?. Moreover, the algorithm couples Maxwell’s
equations with LLG even numerically, such that in each step a large system of nonlinear
equations needs to be solved. In [Roc12], the author extends the midpoint scheme to magne-
tostrictive effects, and convergence under the same conditions is proved. An application of the
midpoint scheme to thermally assisted recording is found in [BPS08| and as before, uncondi-
tional convergence is theoretically proved. Very recently, in [BBP13|, the authors presented
computational studies of the stochastic LLG equation using a midpoint-based algorithm.

Finally, a computational comparison between the tangent plane scheme and the midpoint
scheme for a 2D blowup-benchmark problem can be found in [BPPR13].

1.7. Structure of this thesis and main results

The remainder of this work is organized as follows:

e In Chapter 2, we present our numerical integrator, which is based on the work [Alo08al
of ALOUGES, for the pure LLG equation in the most general form. We derive a set of
two assumptions, namely boundedness and some weak convergence property, that a sta-
tionary field contribution needs to fulfill in order to guarantee unconditional convergence
of the scheme. Moreover, we investigate time dependent contributions and show conver-
gence via a Riemann-sum approach. As a side effect, we prove that for a fixed spatial
mesh size h > 0, the sequence of discrete solutions converges towards some limit mj,
as the temporal mesh size k > 0 tends to zero, and that this convergence is uniform.
Finally, we take a closer look at the energy of the system and derive improved energy
estimates.
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Chapter 1. Introduction

e Chapter 3 considers the conditions from the general analysis in concrete applications.

First, we show that all classic field contributions are covered by our general theory. In the
next step, we investigate the multiscale approach from [Brul3| and show that it also fits
into our setting. In particular, we show that the desired conditions for convergence are
guaranteed by a certain class of monotone operators. Numerical experiments conclude
this chapter and shed particular new light on the development of singularities in the
solution of LLG. The results have partially been published in [BFET12)].

Next, we leave the pure LLG case and consider the coupled problem of LLG with the full
Maxwell system in Chapter 4. This serves as a model problem for a coupling of LLG
with a second order linear hyperbolic PDE. We propose two numerical schemes, one of
which is fully decoupled, i.e. instead of one large nonlinear system, one subsequently
solves two smaller linear systems in an iterated scheme:

compute discrete solution V{L of LLG in step j

J Jj+1

compute discrete solution u{fl of second PDE

Even though, this approach comprises major advantages with respect to analysis and
implementation, it does not impose additional conditions, and unconditional convergence
can still be proved. This is the first fully decoupled and rigorously analyzed algorithm for
the Maxwell-LL.G system in the literature. The idea of decoupling will also accompany
us through the subsequent chapters. The results from this chapter have partially been
published in [BPP13].

Chapter 5 considers coupling of LLG to the eddy-current equation, i.e. coupling of
LLG with a second order parabolic PDE. Again, we propose a fully decoupled scheme
and derive unconditional convergence. Moreover, an improved energy estimate is shown.
Numerical experiments conclude the chapter. The results have partially been published

in [LPPTL3].

In Chapter 6, we include the magnetostrictive effect into our simulation which imposes
coupling to the conservation of momentum equation. Again, this serves as a model prob-
lem. Here, the coupling operator, i.e. the corresponding field contribution, is nonlinear
and one thus has to be careful with the weak limits. As before, we can show uncondi-
tional convergence of a fully decoupled scheme even in this case. The results from this
chapter have partially been published in [BPPRI3|. Numerical experiments conclude
this section.

e A short outlook and discussion of open questions is finally given in Chapter 7.
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Chapter

Problem formulation and discretization

In this chapter, we present our first extension of the original work [Alo08a] of ALOUGES. We
consider the pure LLG equation, but our ambitions go beyond incorporating only the classical
field contributions from Section[1.3|which has been discussed in e.g. [AKTTI] [Gol12]. Instead,
the goal of this chapter is to provide a set of assumptions that guarantee unconditional con-
vergence of the numerical integrator provided that they are fulfilled for all field contributions.
To that end, we perform an abstract convergence analysis where we only distinguish between
time dependent and stationary contributions. Unlike [AKT1I] and in the spirit of [Gol12], we
even incorporate a possible discretization of the field contributions.

2.1. What are we trying to do

We aim for the construction and rigorous analysis of an unconditionally convergent integrator

for the LLG equation (|1.2.12))

m; = heg — m X (m X hgg)

J— >< [—
lra2™ 1+ a2

subject to the initial and boundary conditions
m(0) =my in HY(Q,S?)
8nm =0 on 8QT.

In order to derive a general result, we do not consider the standard field contributions, but
rather an effective field with general operators

h.g = CcAm + (g (m) + Cgx(m). (2.1.1)

The contributions 7r(-) and x/(-) denote stationary, respectively time-dependent operators, and
we refer to Section below for a detailed description. Throughout this work, we only deal
with weak solvers and seek convergence towards a weak solution. To that end, we follow the
approaches from the literature and employ the equivalent formulation (|1.2.14))

m; — am X m; = heg X m.

In the spirit of ALOUGES and SOYEUR [AS92|, our notion of a weak solution of LLG then
reads as follows:
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Chapter 2. Problem formulation and discretization

Definition 2.1.1. A function m is called a weak solution of LLG, if
(i) m € HY(Qr) with |m| = 1 almost everywhere in Qr;

(ii) For all ¢ € C(Qr), there holds

mt-q')—a/ (mxmy)-¢= (2.1.2)
Qr Qr
—Ce | (Vxm) Vé+(g[ (m(m)xm)-¢+Cg[ (x(m)xm,e);
Qp Qp Qp
(2.1.3)

(iii) We have m(0,-) = mq in the sense of traces;
(iv) For almost all ' € (0,T), there holds

9|22 ) + Inel22(q,,, < C. (2.1.4)

for some constant C > 0 which depends only on my, as well as on the constants Cr and
Cx from below.

A mentioned above, we follow the steps of ALOUGES [Alo08a] for the construction of our
numerical integrator. To that end, we utilize the third equivalent formulation (|1.2.13]

om; +m x my = heg —m(m-heg) and |m|=1a.e. in Qp

subject to the above initial and boundary conditions. The main observation from [Alo(O8a]
now is that the equation is nonlinear with respect to the magnetization m, but linear with
respect to the time derivative m; of the magnetization. Consequently, we introduce a new
free variable v, which will approximate m;. Via this approach, even though LLG is nonlinear,
a scheme can be derived which requires the solution of only one linear system per time step.
The adjusted equation then reads

av +m X v =heg — m(m - heg)

This equation is advantageous for yet another reason. We already know from , that
the magnetization m and its time derivative my; are pointwise orthogonal on the continuous
level. For the construction of the upcoming finite-element scheme, this is taken into account
for the choice of the test functions. Since the sought solution v should be in the tangent space
of m in order to be a useful replacement for m;, the above equation is tested with functions
from the tangent space

Km :={¢ € C®Qr) : ¢ m =0 almost everywhere in Qr}, (2.1.5)
and the upcoming integrator is therefore called tangent plane scheme. This, however, yields

a(v,p)+ (m x v,¢) = (heg, ¢) for all ¢ € Ky, (2.1.6)
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i.e. the second term on the right hand side vanishes. Moreover, and for stability reasons,
the exchange contribution (here hidden in the notation heg) is treated implicitly. For sake of
efficiency, however, all the other contributions will be treated explicitly, cf. [AKT11] [Gol12].
Finally, we emphasize, that all the upcoming convergence proofs are constructive, i.e. they
even provide existence of weak solutions without any further regularity assumptions.

2.1.1. Numerical framework

Throughout this work, let © C R3 denote a polyhedral domain. For the discretization
of (2.1.6)), we employ a regular triangulation 7 of Q after the following definition.

Definition 2.1.2. A set T ={Th,...,Tp} is called a triangulation of Q if and only if
e T is a finite set of non-degenerated tetrahedra,
o Qs fully covered by T, i.e. X =JT,
e for two elements T,T" € T with T # T', there holds |T NT'| = 0.

We call a triangulation further regular (in the sense of Ciarlet), if the intersection of two
elements T,T' € T with T # T’ is either

e empty,

e a common node,

e a common edge, or
e a common face.

Throughout, the set of nodes of the triangulation is denoted by A. For a given triangulation
T, the local mesh size is given by

hy := diam(T) :=sup {|x —y| : x,y € T'}.

Moreover, let pr be the radius of the largest sphere within 7', and define by

h
o(T) :=max —- >1
TeT pT
the so-called form reqularity constant. A triangulation 7 = 7T subordinate to the global
mesh-size

"
will be denoted by 7}, and its nodes by A},. For many results concerning finite element methods,
it is very important that the form regularity constant remains bounded as h — 0. This will
be the case here as well and has to be ensured by the mesh refinement strategy. Throughout
this work, we employ the refinement strategy from [Ver96, Section 4.1]. When refined, the
tetrahedron is subdivided into 8 smaller tetrahedra as follows: First, we cut off the four apices
and get four tetrahedra. The remainder forms an octahedron at the center of the original
tetrahedron and is further subdivided into four more tetrahedra. A more detailed description
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including a visualization of the scheme is found in [Goll2, Section 2.1.1]. We stress, that this
refinement strategy guarantees that the shape regularity constant remains bounded.

For the discretization of (2.1.6), we now employ the standard P1-FEM space of piecewise
affine and globally continuous functions

SY(Th) = {&}, : @ — R® continuous : ¢, |7 is affine for all T € Ty }. (2.1.7)

Note, that a basis for the three-dimensional space S'(7;) can be obtained from the one-
dimensional hat functions. To that end, let {ny,...,nn} be a basis for the scalar PI-FEM
space S'(T,). Then a basis for the three-dimensional case is given by

Ni 0 0
{{of.{m].{o]:i=1,...,N}. (2.1.8)
0 0 i

Due to the modulus constraint, we further introduce the set
My, = {¢p € SY(T,) : |¢| = 1 for all nodes z € Ny, }, (2.1.9)

which will be used to approximate the magnetization. Finally, to account for the fact that
the sought quantity v is orthogonal to the magnetization, we define the discrete counterpart

of E13) by
Kmi = {, € S'(Th) : Pu(2)- m{l(z) = 0 for all nodes z € NV}, }. (2.1.10)

This space will be utilized for the discretized function V{L ~ v(t;) = my(t;) at a given time
t; € (O,T).

For the time discretization, we finally impose a uniform partition Z; with 0 = tg < t; <
... <ty =T of the time interval [0, T]. The time step is then denoted by k = k; :=t; —t;_4
for j=1,...,N,ie. t; = jk.

In many of the upcoming proofs, a certain angle condition

/ Vn; - Vn;  for all basis functions 7;,7; € SY(Tp) with i # j
Q

is required. We emphasize that this condition only needs to be enforced for the initial mesh
To. If the refinement strategy from above is used, and 7; fulfills the angle condition, then it
is also satisfied by 741, cf. [Bar05]. Moreover, the angle condition is automatically fulfilled if
the dihedral angles of the triangulation are smaller than /2.

We close this section with a technical result that correlates the LP(£2)-norm with the degrees
of freedom at the nodes of the triangulation.

Lemma 2.1.3. Let ¢, € Vy, be a discrete function. For any 1 < p < oo, we then have
1
ol <537 100()P < Cllénlq). (2.1.11)
zENh

where d € Ny denotes the spatial dimension, and the constant C > 0 depends only on d and
the shape regularity constant o(Ty).

Proof. The proof basically relies on norm equivalence on finite dimensional spaces and scaling
arguments. The elaborated arguments can be found e.g. in [Gol12l Lemma 3.1.1]. O
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2.2. Abstract algorithm

2.2. Abstract algorithm

In this section, we present our LLG-integrator in an abstract setting, where the effective field
consists of the exchange contribution as well as the two general field contributions

7w L*(Q) — L*(Q) and
X : L2(QT) — LZ(QT).

Since the first operator 7 (-) is not time-dependent, we implicitly understand time evaluations
by m(f)(t) = w(£(t)) for f € L?(Qr). Note that such an equality is not true in general for the
time-dependent contribution x(-), i.e. x(£)(t) # x(£(¢)) as x(f(t)) is not even well-defined,
since f(t) ¢ L*(Qr). Even if we would implicitly understand f(¢) as a constant function in
time, i.e. f(t)(t') = f(t) € L*(Q) for almost all #' € [0,T)], such an equality would generally
not be true. If x(-) is given by x(f) = gf for some g € L (), for example, then we have
x(£)(t,x) = g(t,x)f(t,x), but x(f(¢"))(t,x) = g(t,x)f(¢',x). This circumstance complicates
the upcoming convergence analysis. In addition, for any given h > 0, let

7w, : L2(Q) — L*(Q) (2.2.2)

be a numerical realization of 7. Unlike [AKT1I], this will allow us to rigorously include the
inevitable approximation error that occurs when computing the different field contributions,
into the convergence analysis. For sake of readability, we neglect a numerical approximation of
the time-dependent contribution x(-) and assume that this is computed exactly. Obviously, we
cannot prove convergence for completely arbitrary operators, and we will specify the required
properties down below in f. In Section |3| we will then investigate some classical
field contributions and show that they fit into our abstract framework. We first state our
general integrator.

(2.2.1)

Algorithm 2.2.1 (General algorithm). Input: initial approzimation m9 € My, damping

parameter o > 0, parameter 6 € [0,1], (g, Gg > 0.
For j=0,...,N —1 iterate:

i) Find v] € K_; such that for all test functions ¢, € K_;, we have
h m h m
h h
a/ V{L-d)h—i—/(m{; xvi)-zph = —Ce/ V(m{L—i—@kVi)-V’(ﬂh
Q Q Q

| (2.2.3)
+ /Q () - + G /Q X () (t5) - .

J J
g1 _ G RV

(ii) Define mgfl € M, nodewise by m{fl = Zﬁho mgﬂni with m] . .
lm; + kv |

Output: Sequence of discrete time derivatives vfl € Kmi and magnetizations mgLH e M,,.

For t € [t;,t;4+1) the function mp, € L*(Qr) is defined by
t—jk i G+Dk—t

%o T, (2.2.4)
= m] (x) + (t — t;)dem), ™ (x),

my(t, x) 1=
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where the equality can be established as in (2.2.13]) below, and dtmglJrl denotes the first order
difference quotient, i.e.

Jj+1 J
dymitt = m;, —m
h k

The evaluation of x(myy) in step j of the above algorithm is to be understood successively,
i.e. myy is constructed successively and x(myp) denotes the application of x to the so far
constructed function myy. In the upcoming proof, this leads to some technical issue. Since
my,, is constructed on the fly during execution of the above algorithm, it is a priori not defined
on the full time interval [0, T'] in each step. We therefore need to assume, that x is well defined
on shorter time intervals as well, so that x(mpy) makes sense. Furthermore, we assume that
x(mypr)(t) depends only on myy at time ¢ or earlier, but not on later times. If my; denotes
the full function on [0, 7] and myy, denotes the successively generated function on [0,7/2], we
thus have

x(mpe)(t) = x(mp)(t) for almost all ¢t € [0,T/2]. (2.2.5)

This assumption is, however, quite natural, since the field contributions usually stem from
physical effects and equations and should thus fulfill such a property. Moreover, to ensure
that our algorithm is well-defined, we assume that x/(-) is sufficiently smooth in time in
order for the time evaluation x(mp)(t;) to make sense. More precisely, we assume that
x(f) : [0,T] — L*(Q) is continuous, if f : [0,7] — L*(Q) is continuous. We stress that our
convergence analysis only requires Riemann integrability of x in time. For sake of simplicity,
however, we assume time-continuity here. Finally, for the initial step, x(mp)(0) has to be
meaningful, i.e. there exists some suitable spatial operator x, : L*(Q) — L?(Q) such that
X(01)(0) = xp(m).

For sake of readability, we recall the three assumptions on the time-dependent contribution

x(+)-
e We assume that x/(-) is well defined even on smaller time-intervals and that x (mpg)(t)
does not depend on values of my,, at any time ¢’ > t.
e We assume that x(f) is continuous in time if f is continuous in time.

e We assume that there exists some suitable initial value x(mp)(0) = xo(m?).

In addition to the linear time-interpolation myy, we also define the piecewise constant
time-approximations for t € [t;,t;41) by

m,, (t,x) := mfl(x),

+

(1) = i ). (226

Since our ansatz treats the time derivative of the magnetization as independent variable, we
also define its piecewise constant time-approximation for ¢ € [t;,¢;41) by

Vit x) = Vi(x). (2.2.7)

Before moving on to a general convergence analysis of the above algorithm, we write down
some results that immediately follow from the definition of the discrete approximations and
Algorithm respectively. First of all, we show that the above algorithm is well-defined.
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Lemma 2.2.2. Algorithm [2.2.1] presented above is well defined, i.e. it admits a unique so-

lution Vib € K, in each step of the loop. In particular there holds HthLOO(Q =1 and
my,

M| Loy = 1.

Proof. We define the bilinear form a/(-,-) : K., XK., — Rby

h h

@ (p, ) == alp, ¥) + ((m], x ), %) + 0Ck(Vep, Vop)

and the functional
LI () := =Ce(Vmy,, Vo) + ol (m}), 9) + Cax (mne) (1)), %)
Then, can equivalently be stated as
aj(vil, ) =L/ () forallep e /Cm;l.
Clearly L7(-) is a linear functional in 1 and a’(-,-) is positive definite, since

(9, 9) = al[ P72y + ICK(IVH[ 720

Due to finite dimension, we conclude the existence of a unique solution Vi € K, in each
h

time step. Finally, from the definition of Vi and the Pythagoras theorem, we get
], (2) + vy, (2)° = |mi, (2)* + k|v],(2)]* > 1.

Therefore, also the normalization from step (i) of the above algorithm is well-defined. The
boundedness of ||m7;L||Loo(Q) = ||mp || (,) = 1 finally follows from normalization at the grid
points and use of barycentric coordinates, cf. [Goll2, Lemma 3.2.6]. O

The next two statements relate the time derivative of the discrete magnetization myy with
the quantity v,,, i.e. the variable that approximates the time-derivative of the continuous
solution m. In fact, we have a relation of those two quantities on each time step.

Lemma 2.2.3. The time derivative of the discrete magnetization myy, is a lower bound for
the approximation v, of the time derivative of the continuous magnetization m in each time
step, i.e. fort € [tj,tj41), there holds

J+1 J
=

2 < CuHVgLHL?(Q) (2.2.8)

|9rmnn (D)l 20 = | o)

foreach j =0,...,N—1. Here, the constant C, > 0 is a norm equivalence constant of a finite
dimensional space.

Proof. The proof is a simple consequence of the orthogonality relation between vfl and mgl
The elaborated arguments can be found in |[Goll12, Lemma 3.3.2]. O

Lemma 2.2.4. For any j =0,...N — 1 and any node z € Ny, there holds

] (=) — mi (=) — kvi(2)] < SRV () (229)
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Proof. The proof is found e.g. in [Gol12, Lemma 3.3.3|. O

The following abstract result concerns the difference of the piecewise linear and piecewise
constant interpolations in time of some continuous quantity g € L2(Q). We consider functions

9hi> Gnpr and gify of the form (2.2.4) resp. (2.2.6). As expected, we find that the difference
can be estimated from above by means of the weak time derivative.

Lemma 2.2.5. Let gfl € SY(Ty) be a spatial discretization of the quantity g(t;) € L%(Q) for
any j =0,...,N — 1. Analogously to the above definitions, we set

t— gk i G+Dk—t
gnat,x) = g ¢ VIR T ana
gup(t,x) = g{b(x), g,fk(t,x) = g?’l(x) fort e (tj,tj1].

Then, for almost all t € [0,T], there holds

1(gne = 9) D29 < KO gnr (D)l L2y and (2.2.10)
gk — 91 Dl 22 () < 201091k (D]l £2 (- (2.2.11)
In particular, we thus get
N—-1
lgni — gi]inQ(QT) <Ck Z Hgf_l - 9%“%2(51) = Ok3‘|8tghk||%2(QT)7 (2.2.12)
=0

where C' > 0 is either 1 or 2, depending on the approzimation g, resp. ng- Moreover, if the
discrete time derivative 0ygyy, is bounded in L*(Qr), then we have ||gp; — gka%Q(QT) — 0.

Proof. First of all, we see that for ¢t € [t;,%;41], we have

t—jk j+1+(j+1)k*t j

gn(t) = g UE DR,
b=ty g k==t
B ) (2.2.13)
=g, + 2@ ~g})
= g, + (t — t;)dig)

For t € [tj,tj41), we thus get
~ . TP
1(Ghk = 9ne) D20 = llgh + = t5)degy, — g7l z2(0)
-
= [t —tjllldegr, [l 22
-
< klldegy," 2
= k[|10egni (D L2(0)»
and
. 1 an
gk — gm) Dl 2 () = llgy, + (t — tj)digy, " — g, 20
i+1_ j j+1
<llgr," —gll2) + It —tllldegs [l 2o
< 2k“dtg%—HHL2(Q)

= 2k(|0rgprll L2 (02)»
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which proves (2.2.10)(2.2.11)). The desired estimate ([2.2.12) for the L?*(Qr)-norm simply

follows from summing up over all timesteps, i.e.

Nobortjn
+ +
AT A Sl A [P TIA
j=0 7t

N—-1
1 .
<k Z CHQ% - gi”%ﬁ(g)
—

= Ck3||atghk||i2(QT)-
This completes the proof. O

Remark. For most of the upcoming discrete quantities, we can show
N-1
+ 2 j+1 j 12
lgnr — ghk”;:?(QT) Sk Z gy — 9%”1:2(9) — 0,
=0

whence the above Lemma allows us to unify the limits of gy and gfk, as long as they exist.

We are now ready to give a first convergence result based on the abstract framework of the
above algorithm.

2.3. Abstract convergence analysis

In this section, we give a detailed convergence analysis of the abstract Algorithm The
proof follows the lines of [Alo08al, [(Gol12], but the analysis is widened and generalized at several
points to capture the general field contributions 7 and x. The following theorem is the main
result of this Section and states convergence of the scheme in the abstract framework, under
some assumptions on the field contributions. Afterwards, we will explicitly investigate certain
field contributions and show that they fall into our general setting. In particular, all field
contributions from Chapter [I| are covered by this theory.

Theorem 2.3.1. (a) Let 6 € (1/2,1] and suppose that the spatial meshes Ty are uniformly
shape regular and satisfy the angle condition

/ Vni -V for all basis functions n;,m; € S*(Tp,) with i # j. (2.3.1)
Q

Moreover, suppose that the general field contributions 7y (-) and x(-)(+) are uniformly bounded,
i.e. for all m € L*(Q) with |n| < 1 pointwise almost everywhere and n € C(L*) with |n| < 1

pointwise almost everywhere, there holds
[mn(n)lL2(0) < Cr <0 (2.32)
[X(@)(1) g2 < Cx < . -

The constants Cr,Cy > 0 may depend only ) and are, in particular, assumed to be indepen-
dent of the time step- and spatial mesh-sizes k and h. Finally, suppose weak convergence of
the initial data, i.e.

m) —~m°  weakly in H'(Q) (2.3.3)
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Chapter 2. Problem formulation and discretization

as h — 0. Under these assumptions, we have strong subconvergence of my, towards some
function m in L*(Q7) as (h, k) — (0,0) independently of each other.

(b) In addition to the above, we assume

m(my,) sub, w(m)  weakly subconvergent in L*(Qr), and
(2.3.4)

N-1
_ b
b [ xtm)e) - (g < ©)(6) 5 [ x(m)- (m < ®),
par iy Qr
for all ¥ € C*°(Qr). Then, the computed FE solutions mpy are weakly subconvergent in
HY(Qp) towards a weak solution m € H'(Qp) of LLG in the sense of [2.1.1. In particular,
this yields existence of weak solutions and each accumulation point of myy is a weak solution

of LLG.

Remark. The second assumption in seems hard to verify at first glance. It is, how-
ever, exactly the property that is meeded for the convergence analysis. In a more detailed
investigation, we propose some more suitable conditions (2.3.30)— (2.3.31) which guarantee
the above convergence property. As the proof is quite involved and requires considering the h-
and k-limits separately, details are postponed to Section|2.3.1]

The proof of Theorem basically relies on the following three steps which will be elab-
orated subsequently.

e Step 1: Boundedness of the discrete quantities and energies.
e Step 2: Existence of weakly convergent subsequences via compactness.

e Step 3: Identification of the limits with weak solutions of LLG.

Before we move on to the actual convergence analysis, we would like to comment on the
somewhat technical angle condition (2.3.1)). While it may seem arbitrary at first sight, this
condition is a crucial ingredient to prove a certain energy decay on a discrete level. Starting

from the energy decay relation
2
LIFGa)l < [ ivme
Q m| Q

it has been shown by BARTELS in [Bar05| that (2.3.1)) and nodewise projection ensures the
decay even on a discrete level, i.e.

[ vz Gl < [ rvzm 235)

This yields the following lemma by definition of mgfl.

Lemma 2.3.2. Assume the angle condition (2.3.1). Then, we have the energy decay relation

IV, 2 ) < IV (), + kv 2 (2.3.6)
in each step j =0,...,N — 1 of Algorithm|2.2.1] Ol
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2.3. Abstract convergence analysis

Remark . As mentioned in Section is automatically fulfilled for tetrahedral
meshes with dihedral angles that are smaller than w/2. If the condition is satisfied by To,
it can be ensured for the refined meshes as well, provided that, e.g., the refinement strategy
from Section [2.1.1] is used.

We now elaborate the above steps of the convergence proof.
Step 1: The discrete quantities my, mfk, and v, are uniformly bounded.

Lemma 2.3.3. For any j =0,...,N, there holds

1 . =t i1 A
IV 2 g+ b V2 oy + (0~ /2K S [9Vha ) < Ol (23.7)
i=0 =0

where (g > 0 depends only on Cr and Cy from (2.3.2), (g, Gg, and Ce as well as |€].

Proof. We consider (2.2.3) with the special testfunction 9, = v} € ICm;-l to see

a(vi,v,) + ((mj, x v},),v},) = —Ce(V(m}, + 0kv}), Vv})
——
=0
+ (o (my,), vi,)
+ Galx(mue) (t:), v}),
and therefore
a”"%”i%g) + Ce@k”v"mi?(g) = —Ce(VmZ,VVZ)

+ Cig(mp(my},), v},) (2.3.8)
+ Ga(x(mpg) (L), vi,).-

Next, we use

1 7
5 IVm w2 !\V(mh+kvh)lle(g

from Lemma 2.3.2] to deduce

1 ) 1 7 i

SV 2 0 < V) RV g

1 Q2 i i k? i 2
= §vah”L2(Q) + k(Vmj, Vv}) + ?HVVhHLQ(Q)

1 2 k? P2 o 2
= 7vah||L2(Q) + 7||vvh||L2(Q) - ||Vh||L2(Q)
2 2 Ce
(2.3.9)

£ (xm) 1))

+ E O (), vi) +

= IV a0 — (0 = PR IVVEI G20 — & V2

kg

. (x(mpg)(t:), v},).

k i\ i
+ c. (wh(mh),vh) +
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Chapter 2. Problem formulation and discretization

Summation over ¢ = 0,...,7 — 1 and exploiting the telescopic sum leads to

1 - 1 1oy akis, .
31V ) < g1V Ry — 0~ K 1910~ & 3 Ml
. e . 0

j—1
n kicq:uz (ﬂh(mﬁl), . quIZ () h)
€ i=0

Hélders inequality in combination with (2.3.2)) now yields

1 ; ak 32 ; !
Y L T L) DL A a1 o
¢ i=0 i=0
1 k Cp 32
< §HVm2||2Lz(Q) + Te Z [l7en ()| L2 (o) VR 2 )
ti) 2 Q)||Vh||L2
1
§vah||L2

2% i
+ 5 Zmax{q:uC'm RCxHIVhll L2 (o)
€ =0

Exploiting Youngs inequality, this reveals for any ¢ > 0

1 :
SV 20 + 5 Z [Vil2aq + ( kQZHV A
1 02 ks 1 2 Q2
< §||vmh||L2(Q) + Ioh (?6 max{CCr, (gCy }~ + 5||Vh”L2(Q))
¢ =0
and therefore
1 ‘ j—1 j—1
317+ (=) LIV + (0= ) IVl
oy + & S L s Ga?
—|IVm — — max
-2 riLz@) o, 2 T eTX
Altogether we have thus proved
1 112 1 2] 1
SNV (2 ) + (o= vahHLQ (0= T 19l
< —||[Vm)|2 T C. Cy }2
> 5” thL2(Q % C max{CnCr, G X}
which is a stability result that depends on € > 0. The choice € < « thus yields the desired
result (2.3.7)). O
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2.3. Abstract convergence analysis

The last result is all that is necessary to show boundedness of the discrete magnetizations
my,;. and mfk, as well as of the discrete time derivative v, .

Corollary 2.3.4. The discrete quantities from (2.2.4)) and (2.2.6) —(2.2.7)) are uniformly bounded
in HY(Qr) resp. L*(Q7), i.e.

Impl| g o,y < Ga < o0 (2.3.10)
HmkaL?(Hl) <0g< oo, and (2.3.11)
IVillL2or) < Ga < oo, (2.3.12)

where the constant Cg > 0 depends only on (g from Lemmal[2.3.3, C\, from Lemma[2.2.3, and
€2].

Proof. From Lemma [2.3.3, we get boundedness of ||mfl||H1(Q), and k Zg;é |VZHL2(Q) in each
time step 7 = 0,..., N. First, we thus get

N—-1 tiv1 ‘ N—-1 ‘
||V}:k||i2(QT) = Z /t HV;zHi?(Q) =k Z HVZH%,Q(Q) <Gz
=0 vt =0

Second, we consider boundedness of the discrete magnetizations. A bound for the L?(Qr)
part was already given in Lemma [2.2.2, We therefore consider the gradient contributions. To
that end, the above boundedness of mfl directly implies

N=1 4, . |
V00l 52y = 2 / |V, + (¢ = t)d Vg 22
=0 V"%
N-1 )
< 2 t7,+1 v i n2 v 12
i=0 Vi

N-1
_ ok z; (V22 ) + 1900 |22 )
< AT .

By definition of the H'(Qr)-norm, it only remains to investigate [0mpg||2(,). To that
end, we use Lemma [2.2.3] and conclude from the definition of myy

N—-1 .
8 2 o T 8 2 _ bt a 2
10mnkl 72, = ; 10 (8)]| 72y = Z ) 10 (1) 72
1=0 i

N-1 ) 41 i
= /tZH ||M||22( )
L=(Q2
i=0 Yt K
) n—1 - tiv1
<CY Nl [
i=0 ti
N-1
= kCg Z HV;LHQLQ(Q) < ng{ﬂ
1=0
Finally, the bound for ||m;k||L2(H1) and [lmy, || ;2 (g follows analogously. O
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Chapter 2. Problem formulation and discretization

With the last result, step 1 of the proof of our main theorem is completed.

Step 2:

In this short part, we show the existence of weakly convergent subsequences of our dis-
cretizations mhk,mfk and v;,. Here, the main ingredient is an abstract compactness ar-
gument which shows mere existence of those subsequences. Therefore, we do not get any
information on whether or not those sequences converge towards a useful limit at this point.
However, we can already promise that this will be the case. The limit, though, still has to be
formally identified with a weak solution of LLG. This will be done in step 3 below.

Lemma 2.3.5. There erist functions m € H*(Qr;S?) and v € L?(Qr), as well as subse-
quences of mpg, mfk and v, such that there holds

mp U m weakly in H'(Qr) for (h,k) — (0,0), (2.3.13)
my, mi, 2% m weakly in L2(H") for (h, k) — (0,0), (2.3.14)
my, mfk S m strongly in L*(Qr) for (h,k) — (0,0), (2.3.15)
mhk,mfk b m pointwise a.e. in Qp for (h,k) — (0,0), (2.3.16)

v 2y weakly in L2(Qr) for (h, k) —> (0,0). (2.3.17)

In particular, there exists one subsequence (hy, ky) of (h, k) such that all the above limits hold
simultaneously. Moreover, the limit function m is continuous in time.

Proof. Since all the considered spaces are reflexive, the boundedness from Corollary [2.3.4] in
combination with the theorem of Eberlein-Smulian [A.2.T| proves the existence of limit functions
m € H'(Qr), (m~,m*) € L2(H'), and v € L?(Q7), as well as subsequences, such that there
holds

mpy, LLENA weakly in H'(Qr),

m;, S weakly in L*(H"

m 2P mt weakly in L2(H'

)
),

Vi LN weakly in L*(Qr).
Successive extraction of those subsequences shows that there exists a subsequence of the
indices (h, k) for which all limit processes hold simultaneously. Due to the Rellich-Kondrachov

compactness theorem, we get the compact embedding H 1(QT) E LQ(QT) and thus the strong
subconvergence

my,, LI strongly in L*(Qr).

Uniqueness of weak limits (Lemma [A.2.9) and the continuous inclusion H'(Qr) C L*(H")
further shows

mpj S m weakly in L?(H?").
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2.3. Abstract convergence analysis

Moreover, boundedness also proves

m, LN weakly in L?(Qr) and

m;, LLENS weakly in L?(Qr).
It thus only remains to show that the limits m, m~ and m™ coincide, i.e.
m=m =m

To that end, Lemma [2.2.5] shows

T almost everywhere in Q7.

+ 3/2
[[my — mthL2(QT) <k HatmthL2(QT) — 0.
In particular, the last statement proves subconvergence of mfk towards m even strongly in
L*(Qr), since

+ + b
([ my;, — m||L2(QT) < [y, — mthLQ(QT) + [lmypk — m||L2(QT) == 0.

The Weyl Lemma now shows the pointwise convergence (2.3.16)). Finally, from
] =1l g2,y < lm| = fmy [l g2, + Hmy, | =gz,
and
o0y, (£ )] = Ul g2y < hmax [[Vimy [ z2(q),
J

we deduce |m| = 1 almost everywhere in Q7. For the last estimate, we exploited m{L € SYTh).
Finally, it remains to show the desired time-continuity. From m € H'(Qr), we deduce

T
||m||§{l([07T];L2(Q)) :/0 (Hm(t)Hi?(Q) + Hmt(t)Hi2(Q)) < HmHHl(QT) <,

and thus m € H'([0,T]; L*(Q)). Exploiting [Eva02, § 5.9.2, Theorem 2|, we particularly
conclude m € C([0,T]; L*(Q)). O

This concludes the proof of part (a) of Theorem [2.3.1]

Step 3:

In the remainder of this section, we aim to identify the functions m, v, whose existence
was shown in Lemma [2.3.5] with a weak solution of LLG and its time derivative, respectively.
First of all, we ignore the dependency on the LLG equation and simply show that the limit
function v is indeed the weak time derivative of m.

Lemma 2.3.6. The function v € L*(Qr) is the weak time derivative of m € HY(Qr), i.e.
v = 0im almost everywhere on Q.

Proof. The proof was already given in [Alo08al, [Gol12|, and we therefore only sketch it. The
elaborated arguments can be found in [Goll2l Lemma 3.3.13]. Simple geometric estimates
show the inequality

- — 2
Hatmhk - th”Ll(QT) S kthkHLQ(QT)7
which, in combination with the weak lower semicontinuity of the norm, yields
[0im — v L1,y < liminf [|Ommp, — vy llpy gy =0, for (h,k) = (0,0).

This reveals v = 0ym in Ll(QT) and thus almost everywhere in Qp. O
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Chapter 2. Problem formulation and discretization

With the identification of v with the time derivative d;m of m, reuse of the lower semicon-
tinuity now shows boundedness of the energy.

Lemma 2.3.7. The energy is bounded in the sense of the weak solution from Definition|[2.1.1],
i.e. for almost any t' € [0, T] we have

V() 220y + [9m] 2, < Car (2:3.18)
with Cgg > 0 from Lemma[2.53.9

Proof. From the discrete energy estimate ([2.3.7)), we get for any ¢’ € [0,7] with ¢’ € [tj,¢41)

t/
||Vm;k(t/)”i2(g) + ||Vf7k||i2(§2t/) = ||Vm;:k(t,)||i2(g) +/0 ||V}:k||2LQ(Q)

tj+1
< |V, ()22 ) + / Vil 22

te41

9] +Z / IVl

= V) 2 g + £y Vil 20

=0
<

Integration in time thus yields for any measurable set T C [0, 7]

J IV @y + [ Vilde, < [ o

Finally, by use of weak lower semicontinuity, we deduce

LIvm@3 )+ [ lomiEs,, < [ b
T T T

Note that we can pass to the limit also on the (potentially small) time set T, since L*(Qg)
can always be bounded from above by L?(Q7). Since the above inequality is true for any
measurable set T C [0,77], the desired result follows from standard measure theory, see e.g.
|[Els11), Section IV, Theorem 4.4]. O]

Before completing the proof, we need two somewhat technical lemmata. The first one deals
with nodal interpolation estimates which arise due to usage of discrete test functions. The
second one considers the limit process of some concrete terms which are treated separately
for sake of readability. Let us first recall the definition of the piecewise constant in time
approximation of a given smooth function.

For ¥ € C*(Qr), let ¥, be defined by
‘I’; (t,x) = \I’(tj,X) fort € [tj,tj+1). (2.3.19)

Then, we have the following statement:
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2.3. Abstract convergence analysis

Lemma 2.3.8. There holds the estimate
T

T
/0 (v, +my, x v, (T, — 1)(m;, x ;) + Ceﬁk/o (Vv V(T — 1)(my, x ¥))
T
+Cu [ (Vg V@, - 1)y x ¥)
0
T
~Cln [ (malomy). (= 1) 9)

- QQ]kZ/ (mpg)(t5) - (Zn — 1) ((my, x ©)(t))

= O(h)
(2.3.20)
for any ¥ € C°(Qr).

Proof. The proof follows the lines of [Alo08a] and [Goll2] Lemma 3.3.16]. From the approxi-
mation theorem [BraO7, Theorem 6.4, we get

[my, (8, ) x B (L, ) — Zn (my, (¢, ) x T (¢, >)H§{1(K)
< W2 D? (my, (1) x ¥, (¢, ))HLZ K)

< 2y (1) )uw ST
— 2y (1) ||\P<j,->HWm<K>
<h2||mhk,( )H ||‘I’”W2oc ((0,T]x K)’

for any K € T7,(€2). Here, we have used that m,, is an affine function on each element
K € Tp(92). Summation over all elements and integration in time thus leads to

[y > 7 — T (g, X W) |2 gy S bl o [z -
Using this statement, we see
(¥, i X Vi, (Zn — 1) (myy, x T)
< allvi +mp < vl 2o | (@n = 1) (my, < W) p2 a0
= O(h),

k(Vvi, V(T — 1) (my, x ;)
< RV Viilliz2 e [(Zn = 1) (my, X O 2 pry
= O(h), and

(Vm;,., V(Zy — 1)(my,, x ¥,)) = O(h),
where we have used the boundedness of k||Vvy,[|2(q, from Lemma [2.3.3 for 6 € (1/2,1]

in the second estimate. Using the boundedness of the general contrlbutlons from assump-

tion ([2.3.2)), we deduce
(mn(my,,.), (Zn = 1) (my, x W) = O(h),
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Chapter 2. Problem formulation and discretization

as well as
N-1
k Z (x(mp)(t5), (Tn — 1) ((my,, x ©)(t5)))
§=0
N—-1
Sk Z 1(Z ((my, x ¥) ()] 220
7=0
N—
<h Z o0 | 71 ) 12 372,00 2
§=0
N-1
S MY lwze@nk )1
j=0
S MY wezs o,
= O(h).
The combination of the above results concludes the proof. O

In order to ease the presentation as well as the readability of the convergence proof, we
consider the following limits separately:

Lemma 2.3.9. There holds

a(vy, +my, x v . m,, x W) sub, a(m; + m x my, m x ¥) (2.3.21)
Cebk(Vvy,, V(my,, x ¥ )) S0 and (2.3.22)
C.(Vmy,, V(m;, x ;) 2% C,(Vm, V(m x ), (2.3.23)
for (h,k) — (0,0). Moreover, there holds
my, x Uy 2 om X W (2.3.24)

strongly in L*(Qr) as (h, k) — (0,0).

Proof. The proof is done in analogously to [Alo08al] and |[Goll2, Lemma 3.3.17-3.3.19]. The
only difference is that, in our case, we also have to deal with a piecewise constant approxima-
tion of ¥ in time. We therefore only have to show

m,, x ¥, S0 m X b strongly in L?(Qr) and

V(m,, x ¥,) S0 m x VI strongly in L?(Qr).
Let us now consider those convergence properties individually. From Lemma we already
know the pointwise convergence of m,, towards m almost everywhere in 7. Moreover,
from the continuity of ¥ and the compactness of Qp, we conclude that ¥ is even uniformly
continuous on Q. Now let ¢ > 0 be arbitrary and let § = (&) be the parameter of uniform
continuity, i.e.

\V/(tl,Xl), (tQ,XQ) S QT . ’(tl,Xl) — (tQ,X2)| S (; — \\Il(tl,xl) — ‘I/(tQ,X2)| S e.
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2.3. Abstract convergence analysis

By definition this yields for £ < ¢ and t € [t;,tj41)
“I’lz(tvx) —¥(t,x)| = ’\I’(tjux) - ¥(t,x)| <e,

whence the pointwise convergence of ¥, to ¥. By definition, we thus get (m,, x ¥’) sub,

(m x ¥) pointwise almost everywhere in Q7. Due to the boundedness

lmy,, (1, %) x ¥, (t,x)| < [[my, ][0 [Pl e = 1P e @)

the Lebesgue dominated convergence theorem [A.2.3| yields (m,, x ¥,) sub, (m x W) even

strongly in L?(Q7) whence ([2.3.24). For the other convergence properties, we exploit the
result of Lemma [A.1.6] to see

(Vi V(my, x ) = (Vvy,,my, x V&), as well as
(Vmy,,V(m;, x 7)) = (Vm,,,m,, x V¥, ).

From the above elaborations, we already know the pointwise convergence of m, . It thus
remains to show pointwise convergence of V¥,  to V¥ almost everywhere in Q7. Since
W is smooth, we also get uniform continuity of V¥, where we again denote the continuity
parameter by 6 = §(e) for any € > 0. Use of Lemma now allows us to interchange the
spatial gradient with the time evaluation of ¥, and for k < 6 and ¢ € [t;,¢;41) shows

(Ve (1) (x) = (VE)(t,x)|
[(VE(t)))(x) = (VE)(t,x)]
[(V®)(t),x) = (VE)(t,x)[ <e.

(V&) x) = (VE)(E,%)]

We therefore conclude pointwise convergence of V¥, to VW almost everywhere in {27. Anal-
ogously to [Goll2, Lemma 3.3.17-3.3.19], we conclude the proof. O

We are now ready to conclude the proof of part (b) of the main theorem from this section,
i.e. we identify the function m € H'(Q7) with a weak solution of the general LLG equation.

Proof of part (b) of Theorem[2.3.1, We choose any function ¥ € C*°(Q7) and in (2.2.3) test
with ¢} := Zp,((my,, x ®)(t;)) € K_;. Note that by definition of mj, and K_;, we have
h h

<pr € K, ;- Plugging into our Algorithm [2.2.1| now yields
h

o [ ¥h Tallmiy < 9)(1) + [ (], % vi) - Talom x W) (1)
Q Q
_— /Q V(mi + 0kv]) - VI, ((my, x )(t;))
e / () - Ty (myy, x ©)(t,)
e /ﬂ X(ma) (4) - Tn ((my, x ©)(E,)).
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Next, multiplication by k£ and summation over all time intervals j = 0,..., N — 1 show
/Q (avy, +my, x v, ) - Tp(my,, x ¥,)
T

= C’e/ V(m,, +0kv,,) - VI,(m,, x ¥, )
Qr
B o (2.3.25)
+ O[I] wp(my, ) - Zy(m,, x ¥,°)

+ Gk Z / () (t5) - T (0, x ®)(25)).

For the term on the left-hand side, this equality can be seen as follows:

N-1
B (v, + w0, x v, T (my, < ©)(15))
/=0
J N1 Jj+1
= / Vh + mh X Vh,l'h((mhk x W)(t ))>
=0
Nt
_ / Viae(1) + M (0) % Vi (0, T (mi x 27)(1)) )
7=0

(Vi + My X v, Tn(my, x ).

I
>—
~

The other time-independent terms, in particular nonlinear ones, can be treated analogously.

Next, we rewrite as
0= / (avy, +m,, X v, ) -Ip(m,, x ¥, )+ C’e/ V(m,, +0kv,,) - VI,(m,, x ¥, )
Qr
~Cin [ malmy) - Tyl x W) — Cib Z / X(m0) (1) - T (mj, x @) (2)
= /Q (avy, +my, x v ) (Zy — 1)(m,, x ¥, )+ Ce/Q V(m,, +0kv,,) - V(Z, —1)(m,, x ¥,)
T Vo T
- (g ; () - (Zn — 1) (my, x W) — Gk Y /Qx(mhk)(tj) (Zn = 1) ((my, x ©)(t;))
T 7=0
—1—/9 (avy, +my, x v, )-(my, x ¥ )+ C’e/ V(m,, +0kv,,)-V(m,, x ¥, )
~Cin [ i) - (mgy x ;) = gk Z / x(m) ) - (i < W)(1)

= O(h) +/Q (avy, +my, x v ) (m,, x ¥ )+ (Je/Q V(my, +0kv,,) - V(m,, x¥)
T T

N-1
- C{I]/QT () - (my X< @) — Cgk Jz:% /Qx(mhk)(tj) - ((my, x ®)(t5)),
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2.3. Abstract convergence analysis

where we have used Lemma for the last step. Passing to the limit while using the
convergence properties from Lemma m strong subconvergence (2.3.24)), as well as the
convergence assumption (2.3.4)) for the general field contributions, we see

a mt-(mx\Il)—l—/ (mxmy) - (mxW¥)=-C, Vm - V(m x ¥)
Qr Qp Qr

+(n m(m) - (m x ¥)
Qp

+ 0 x(m) - (m x ¥).
Qr

Technical but elementary calculations (see e.g. [Goll2, Proof of Thm. 3.3.7]) show the identities
(mxm) - (mx¥)=m;-¥ and
m-(mx¥)=—-(mxmy) ¥

whence

/ mt-\Il—a/ (mxmy) ¥=-C, Vm - V(m x ¥)
Qr Qp Qp

+Cn [ w(m)- (mx )
Qp

+02 [ x(m)-(mx®).
Qr

Exploiting the identities
a-(bxc)=(axb)-c and

Vm-V(m x ¥) = Vm - (m x VW)
QT QT

for any a,b,c € R3, cf. Lemma [A.1.6/[A.1.7] we deduce [2.1.2). The energy estimate was
already shown in Lemma [2.3.7, Finally, it remains to show m(0,-) = m® in the sense of

traces. This, however, follows from the weak convergence myp S min H 1(QT) and hence
the weak convergence of the traces. Here, due to continuity in time (Lemma [2.3.5)), the lower
trace of my; and m, respectively, is simply given by the evaluation at t = 0, i.e. we get

my,, (0’ ) trace theorem m(O, )
definition H H Q
assumption ||
mj, m’(-)

From the assumed convergence property mg —m’in H 1(Q) and the uniqueness of weak
limits, we conclude the equality ¢ and thus the desired result. O

In the remaining part of this chapter, we further investigate the time-dependent energy
contribution x(-). In (2.3.30)— (2.3.31)), we propose two verifiable conditions that are sufficient
to prove convergence of the sum in . A special case, in which the analysis simplifies, is
considered individually.
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Chapter 2. Problem formulation and discretization

2.3.1. Time-dependent energy contributions

We now investigate the time-dependent field contribution and take a closer look at the desired
convergence property

N-1
' JZO /Qxh(mhk)(fj) ((myy, x ®)(t)) = /QT x(m) - (m x ®), (2.3.26)

which is very much needed in the above convergence analysis. We start with a simple case
where we assume additional apriori knowledge..

Time-dependent but a priori convergent contributions

The main problem with time-dependent contributions is that the above sum can a priorily
not be written as time integral over x(m;, ). It is, however, still possible to approximate the
whole operator x(-) piecewise constant in time and thus deduce a representation of the form

n—1
kao/gx(mhk)(tj) - ((my, x ®)(t;)) = / X, - (M, X W), (2.3.27)

Qp

with x; . (t) := x(mpy)(t;) for t € [tj,t;41). For now, let us assume that we even have some
weak convergence property for this approximation, i.e.

Xne 5 x(m)  weakly in L'(Qr). (2.3.28)

In this case, from the strong convergence

sub

(m,, x ¥ ) — (m x ¥),

we immediately get
— — — b
/ Xpe + (M, x T) == / x(m) - (m x ¥) (2.3.29)
QT QT

from Lemma [A-2. 10

In this case, the weak convergence property refers to the weak convergence of the approx-
imation of the entire operator x as opposed to the time-independent case, where we only
needed the application of the operator 7 to the weakly convergent subsequence. It may thus
be quite difficult to derive such a convergence property, which is the main reason for the anal-
ysis in the next section. This case is, however, still relevant as one can see, for example, by
considering the approximation of a continuous external field x € C(Q7). In this case, X 18,
independently of my, given by the time evaluation X, (t) = x(t;) for t € [t;,t;41) and we
have that x, converges towards x even strongly in L%(Qr). This can be seen as follows: As
in the proof of Lemma from uniform continuity we immediately see that x,, — x even
pointwise and almost everywhere. Lebesgue’s dominated convergence Theorem would
now directly show the desired convergence.

For sake of motivation, however, we choose a different approach here. From [EIsI1, VI, The-
orem 5.9] and the pointwise convergence, we deduce x,, — x weakly in L*(Qr). Moreover,
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2.3. Abstract convergence analysis

from the continuity of ||x[[2() (and thus Riemann integrability) in time, we see

N—-1 tig1 N—-1 T
iilaan = 2 [ Iy =k 3 I — | IOl = Iy
=0 L =0

The combination of weak convergence and convergence of the norms in R yield the convergence
Xp — X even strongly in L?(Qp). It turns out that the Riemann sum approach, while it
may be unexpected in the first place, carries quite far. In the following, we will pick up on
this idea and extend it to cover more general cases.

If we know even less ...

As we have seen in the last section, weak L'(Qr) resp. L?(Qr) convergence is not obvious for
time-dependent operators. One approach that was chosen above is considering a corresponding
Riemann sum. In this section, we allow more general operators and extend the Riemann sum
concept in two ways. First, we drop the assumption x;;, — x of weak convergence. Second,
we allow operators that change with h and k inside our Riemann-type sum. Those two
changes make the convergence analysis much more complicated. We will, however, still derive
unconditional convergence and can thus treat very general field contributions within our LLG
integrator. In this section, we therefore finally investigate the limiting process

n—1
b3 [ xmat) - (g < @) [ xm) - (m x )

= Qr
for completely general field contributions. In particular, we allow contributions x which do
not only depend on m{t at a certain time ¢;, but rather on the whole evolution my up to ¢;.
As promised, the upcoming analysis will lead to unconditional convergence of our integrator as
(h,k) — (0,0). Some technical details, however, require separate consideration of the h- and
k-limit. Besides the necessity that arises due to the proof, this approach is very interesting, as

for fixed h > 0, it yields existence of a function mj, € L2(QT) with my,, sub, my, in L?(Q7)
and even uniformly in time. Using this ansatz, we thus gain additional information about our
numerical integrator that goes way beyond the simple fact that it is convergent.

Obviously, it is impossible to show convergence for fully arbitrary operators. Therefore, we
assume the following two conditions to be fulfilled by the contributions x. Those assumptions
will prove to be sufficient for the desired property .

S

x (my,) sub, x(m)  weakly in L*(Qr) and (2.3.30)
() () = () (8220 S lma(8) = mn (8)] 22,
+lmpg —mp 32, + lmy, —mpl3ag ) (2:3.31)
oy, — 2,
where my, € LQ(QT) denotes the k-limit of my,. While existence of this function formally
still has to be shown, we can already assure that it does exist. Moreover, we will also see, that

my, is continuous with respect to time. We like to emphasize that time-continuity of my; and
my, and the assumption on x guarantee that the time evaluation in (2.3.31]) is well-defined.
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Chapter 2. Problem formulation and discretization

Remark . At first glance, the above conditions (2.3.30)—(2.3.31) seem to be equally strong

as in the previous section. We stress, however, that in this case, we only need convergence
properties of the operator x applied to the discrete magnetizations. In this section, we thus
completely circumvent the approximation of the operator itself. More precisely, there holds

X(mpk) 7 Xpp-

In the following, we will show that there indeed exists a function mj;, € L?(Q7) such that
my,., and even mfk, admit strongly convergent subsequences with

my,y, sub, my, strongly in L?(Qr),
mjy, 22 my, strongly in L3(Q7), and (2.3.32)
my, sub, my, strongly in L?(Qr),

as k — 0. In particular, this limit process is even uniformly in time. The main argument will
be the application of the Arzela-Ascoli theorem which basically classifies compact sets within
the continuous functions. First we need a technical lemma.

Lemma 2.3.10. Let h > 0 be fized and o« > 0. Then, the set {|’Vi"L2(Q)}j is uniformly
bounded as k — 0, i.e.

sup v [l 20y < Galh) < oo,
k>0
where Cg(h) > 0 depends only on Cr and Cy from (2.3.2), o > 0, the current mesh-width
h >0, as well as the shape regularity constant o(Ty) > 0. In particular, Gg(h) is independent
of k.
Proof. From (2.3.8), we immediately get
04/ \Vfl]Q < —Ce/ Vmi : VV{L
Q Q
+ G [ ) v,
Q
+QZ/QX(mhk)(tj)'Vi
whence

alVi 1720y S IV ll2 ) IVVhllz2 o) + CoCrlvi 2 (o)

+ CaCx Vil L2 (0y-

Next, we apply an inverse estimate (see e.g. [Bra07, II, Theorem 6.8]) for the first term on the
right-hand side to see

| —

5 Imd || 220y 17l 2y + (CnCor + CaCo) VIl 20

1 . .
5l 2y + (CnCr + GBC)) IVl 20y

alvi2a <

—~ >
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2.3. Abstract convergence analysis

Altogether, using the compactness of €2, we derive

. 1 .
IVillz2@) S ﬁ”mmﬁ(g) + (GnCr + GaCx)

319072+ (CnCa + GOy
= %(h)a

IN

and therefore the k-independent boundedness of ||V} || z2(q)- O

The previous lemma now allows us to uniformly bound myy for £ — 0. In addition, this
allows us to prove that the sequence myy is even equicontinuous for any fixed h > 0. This,
however, yields the possibility of applying the Arzela-Ascoli theorem to see that for fixed
h > 0, myy is even uniformly convergent in time. The reader might know the Arzela-Ascoli
theorem only for functions g : [0,7] — R. There are, however, several extensions to function
spaces, one of which will be applied here. The following result can be found e.g. in [Pop74]
Chapter 4, Cor. 4.48], and the interested reader is referred to that work for further studies.

Proposition 2.3.11 (Arzela-Ascoli). Let (X,dx) and (Y,dy) be metric spaces. Let further
X be compact and H C C(X,Y). Then, H is relatively compact in C(X,Y) if and only if

(a) H(z):={h(z) : h € H} is relatively compact in' Y for any x € X and
(b) H is equicontinuous, i.e.

Ve >0dd >0Vh € HVxy,20 € X dx(l’l,l’g) <é= dy(h(l’l),h(xg)) <e.

Exploiting this result, we now investigate the limiting process for k — 0.

Lemma 2.3.12. Let h > 0 be fized. Then, there exists a function my, € L*(Qr), such that a
subsequence of myy, converges uniformly in time towards my, for k — 0, i.e.

[ — gl eo.y.22(0)) — 0- (2.3.33)

In particular, there holds
T (2.3.34)
[ (t) — mh(t)”LQ(Q) b, (2.3.35)

for the same subsequence as above. Moreover, the limit function my, is continuous in time for
any h > 0.

Proof. We aim to use the Arzela-Ascoli theorem for the following quantities:
(Xv dX) = ([OaT]a | : |)a

(Yody) = (S (Tn), || - ()
H=my;(-) CC(X,Y) for fixed h.

47



Chapter 2. Problem formulation and discretization

First, we note that obviously, one has my(-) € C([0,T1, (S*(Tp), | - ||L2(Q))). Next, we want
to apply Proposition . We first show assumption (b), i.e. the equicontinuity of mpy.
To that end, let ¢ > 0 be arbitrary and Cg(h) = (g(h, ||, Cx,Cy) be the constant from
Lemma We now choose § = quﬂ (independent of k£ > 0) and consider ¢,t’ € [0, 7]
with [t — '] < §. For any k& > 0, we have to distinguish two cases.

Case 1: t,t’ € [t;,tj41]. There holds

[ (t, ) —mpk(t, )l 2o
t—gk vt Ut Dkt 5 =gk g GHDE—?

= || k my, 2 ny, — 2 m, - TmiHL?(Q)
m)," — t;t/mﬂf}(m

= it_kt/'H 2 = | 2

< ‘t_ktlikaHViiHLZ(m

<|t— t’\C Ch

<5 OI5] =,

with (g = (g(h) (see Lemma [2.3.10). In particular, Cf is independent of k. For the first
inequality, we additionally exploited Lemma [2.2.3

Case 2: t and ¢’ are from ’different time intervals’; i.e. t € [j1k, (j1+1)k] and ¢’ € [j2k, (jo +
1)k] with j; < j2. Then we have
J2—1
=t =t —tjl+ D [t tip| | — ).
i=j1+1

The triangle inequality in L?(Q) further shows

[ (t's ) — mpg(t, )l g2y < Imne(t, ) — mpre(ts,. )llp2q)
Ja—1
+ ) mnk(tin, ) — mk (s, ) 2
i=j1+1
+ [[mpe(ti 1, 0) — mpe(t, ) L2(q)-

Using case 1 above now yields

j2—1
e (¢, ) = Mg (t, g2y < (I =t + D 1t = tiga| + [tj,01 — ) CuCig,
i=j1+1
=t —t|Cig<e

which is the equicontinuity of {mhk k> 0}. It remains to show assumption (a). To that
end, we show that ||mpx(t,-)|| g1 is bounded independently of k. Exploiting the Rellich-
Kondrachov compactness theorem , we then conclude relative compactness of {mhk(t, )
k >0} in L*(Q). Again, we distinguish between two cases.
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2.3. Abstract convergence analysis

Case 1: We first consider ¢t = t; = jk for any j € 1,...,N. Then, we have

ot )2 = ) 132 < 1213 ) = 2.

The uniform boundedness of HVmiHiQ @ directly follows from Lemma [2.3.3
Case 2: Now, let ¢ # t; with ¢t € [jk, (j + 1)k]. Then, we have

[ (2, )IIHI(Q)—Hmhk( Wiz + 1Vmnk(t, 720

; (j+1)k:
g UEVES e

ki ka A N
<l k]k|||mh||L2(Q)+(j = g 12
I 2 gy + = mg e

< ] By ) By + 190 2 + 90 2 )
<C.

This bound is even independent of h. Altogether, we derived relative compactness of {mhk() :
k> 0} in C'(X,Y) and thus the existence of a subsequence that converges towards a function
my, in C(X,Y). Since uniform limits of continuous functions are continuous, we conclude
continuity of my, in time. The pointwise convergence directly follows from uniform
convergence. Since [0,77] is a compact interval, we finally get

b
Imps = mp)[32 0, ) = mne - mh\\i2([O7T];L2(Q)) < IT\Hmhk—mh\liw([O,T];Lz(Q)) 20

and thus the desired result. O

In the following, we mostly work with the discretizations my . resp. m;k, which are constant
in time. Therefore, we like to have a corresponding result for those functions. Luckily, the
uniform convergence can be transferred, which is the result of the upcoming corollary.

Corollary 2.3.13. The uniform convergence property can be transferred to m,, and mzk,
i.e. for fived h > 0, we have

sub

Hm;k - thLOO([O,T];LZ(Q)) — 0 and (2336)
sub
Iy, — Wy, | oo (0,77 22(02)) — 0 (2.3.37)

as k — 0, for the same subsequence as above.

Proof. The Lemmata [2.2.3] and [2.3.10| show the uniform boundedness of

g+l

|18empy, ()] £2 () = 1= A " g2y < Cv ||V{LHL2(Q) < Cy(g(h), (2.3.38)
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Chapter 2. Problem formulation and discretization

for any ¢ € [tj,tj11]. Next, we know from Lemma

|y, — mﬁkllim([ovT];Lz(Q)) = sup |[|mp(t) - m}_Lk(t)HiQ(Q)

te[0,7

= sup [ (e x) = g 1.0 o
t€[0,T] JQ

= sup k2/ |Oymy (t, x) | dx
t€[0,T] Q

= sup k2 Hatmhk(t)H%?(ﬂ)
t€[0,T]

< K*C?0g(h)* — 0.
This, however, directly yields

lmy, — M| oo jo,77,22(0)) < My — Mkl oo 0,77 22(02))

b
+ e — | oo o 77.22(0) — 05

due to Lemma [2.3.12] The result (2.3.37)) for m;k is derived analogously. O

With the above statements, we have a pretty good understanding of the limiting process of
the discrete magnetizations for k& — 0. It thus remains to investigate the one for h — 0 and
the corresponding question on whether or not it makes sense to treat those limiting processes
separately. The next lemma gives some insight into that regard.

Lemma 2.3.14. There holds ||my —m|| g2,y — 0 for h — 0, i.e. we have

k
my, ———>1y .
h
(k,h) l
m

Without loss of generality, the convergence is to be understood for yet another subsequence in
the sense of Lemma i.e. there exists a subsequence of the index set (h,k) such that all

the above convergence properties hold simultaneously.

Proof. We only have to show the convergence property |my — m||L2(QT) for h — 0, as the
other terms have already been treated before. To that end, we write

=i, < 2im = miilegqy, + 2lman — male .

Now, let € > 0 be arbitrary. From the unconditional convergence of my; towards m, we
deduce the existence of (hg, ko) such that|m — mthiz(QT) < ¢ for all h < hg,k < ko. This
yields

|m — my,||? = limsup || m — my,]|2
| 122, = limst Iz )

< lirlilS(l)lp (2Hm - mthiQ(QT) + 2|lmpy, — thi2(QT))
%

< 2limsup ||m — my; 2 + 2lim sup ||mpr — my, 2
k—0 ” HLQ(QT) k—0 ” HLQ(QT)

< 2e 40 = 2¢,
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2.3. Abstract convergence analysis

for all A < hg. Here, we used that there exists a subsequence of my; such that there holds
|mps — thig(QT) — 0 for any fixed h < hg and k — 0.

This can be seen by construction of a diagonal sequence in the following sense: First, we
choose a subsequence of the time-index k such that we have mygfn — My, for n — oco. Then,
we choose a further subsequence satistying mp, gr — mp,, as well as mpgr — my, asn — oo,
and so on. For the time-index k, we now choose the diagonal sequence mpy := mpgr to see

my,, sub, my;, forany h < hg, ask—0. (2.3.39)
This concludes the proof. O

Up to now, we investigated both, the limiting process for & — 0, as well as the one for
h — 0, and we saw that indeed, the discrete quantities behave the way we anticipated. The
next lemma carries those convergence properties over to a pointwise level. Recall that all
involved quantities are continuous in time, cf. Lemmata [2.3.5] and [2.3.12]

Corollary 2.3.15. For any t € [0,T], we have

sub

[ () — m(t)]| 2y — 0 and (2.3.40)
sub
my(t) —m(t)|| 2 ) — O, (2.3.41)

as (k,h) — (0,0) resp. h — 0.

Proof. We only show the first statement since the second one follows completely analogously.
For the moment, we assume that there existed some ¢t € [0, T, such that the above convergence
property does not hold, i.e.

3C > 0V(h, k) : [[mp(t) — m(t)| g2 () > C.

Due to continuity of the involved functions (Lemma and [2.3.12)), there exists a neigh-
borhood Bc(t) around ¢, such that

[ () = m(t) [ 20y > 0

for any ¢ € B.(t) and for all (h, k). This, however, yields

T
e /0 Iy (s) — m(s)l|72q ds > 0
for all (h, k) which contradicts the assumption. O

We finally collected all the necessary ingredients to prove assumption . The proof
consists of one lemma and two propositions, and considers the limiting processes for k — 0
and h — 0 separately. In order to ease readability, the following lemma was extracted from
the proof. The upcoming propositions [2.3.17 and [2.3.18] then deal with one limiting process
each, and thus combine all the previous results.
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Chapter 2. Problem formulation and discretization

Lemma 2.3.16. There holds

N—-1
Y e(me) () — x(mp)(t)]] g2 () 22 0 (2.3.42)
§=0

. L. b
as k — 0, where the subsequence is the same as for the limiting process myj, —> my,.

Proof. By assumption (2.3.31]), we have

N-—1
B () () — x () (£)l| g2 0
=0

N—
Sk ((lmnets) = mn(85)]122 0 + lmne — 22,

=

—

B 1/2
+ Hmhk - thiQ(QT) + ||m}Jlrk - thiZ(QT)))

_ 1/2
< ITI (g, — th%oo(ﬁ) + [y, — mh”ioo(ﬁ) + [y, — th%OO(LZ)) /
sub
— 0,

where we have used Lemma [2.3:12] and Corollary 2.3.13] O

Remark. The convergence analysis in this section could be greatly simplified, if we could proof
uniform convergence of my, to m in time. This is, however, not the case.

Proposition 2.3.17. For any fized h > 0, there holds

B [ ) - mig < )(e) =5 [ ) - (< ®) (2.3.43)

T

as k — 0.
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2.3. Abstract convergence analysis

Proof. We obviously have

NZO/ () (25) - (g, X @) (2 )—/

x(mp) - (my, x ‘I’)’

Qr
’ NZO/ ) (my, x ‘I’)(tj)—/QT x(my) - (my, x ¥)
]:ZO/ - (myp x ¥)( +k:Z/ x(mp)(t;) - (my,, x ®)(t;)
N-1

/ x(mpe)(t)) - (my, x ¥)(t;) — k Z / x(mp,)(t;) - (my, x \Il)(tj)’

’ 220/ x(myp) tj (my, x \Il)(tj) —/QT x(my) - (my, x \I')‘
N—

N-1
Z / (o) (1) - (g, X @)(15) =k 37 [ x(o)(t) - (my x @) (15)]
j=0 79
N-1
+]kz / (g} B)() kS [ xmn) ) - (o x ) (1)
j=0 /¢
:\I1’+|12\+\I3].

In the following, we will investigate each of those three contributions separately. First, we
have

‘I1| — 0

by definition of the Riemann integral. Note, that [, x(mp)(-) - (m; x ¥)(-) is Riemann
integrable in time due to continuity of mj and thus, by assumption, continuity of x(mjp)(+)
in time. For the second term, we use Lemma [2.3.16| to deduce

|12\<kz / () (£5) — x(m) (1) - (my, % B (2,)|

IN
oy

||X(mhk:)(tj) = x(mp) ()] 2o | (my X ©) () L2

7=0
N-—1 b

SE D Ix(mae) () — x(mp) ()] g2q) = 0, fiir k— 0
7=0
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Finally, it remains to consider the third term. Here, we have

N-1

131 < kY [be(mn) (t)] g2 o 1(my, x ) = (my, x ©)](t)]| 20
j=0

S sup |[{(my,, X ¥) = (oop < )](t)] £2(a)

J
S (myy x ) — (my, X )| Lo 0.77:22(2)
= [[(my, —mp) X O poo (g2

_ b
S Iy, — mp| oo 2y [ @[] oo (g2 = 0.

For the first estimate, we used the assumed time-continuity of x(my) and thus

n—1

T
kY Ibe(mp) ()]l 2o —>/0 I (mp) (8)| 220 -

§=0
This concludes the proof. O

Remark. In the proof of the previous result, we used the Riemann sum k Z;V:_Ol Jo x(mye)(t5)
for the convergence analysis. The quantity my, however, is successively constructed by our
scheme. Implicitly, we thus assumed, that x(myy)(t;) depends only on mpy, at time t; or ear-
lier, i.e. it does not depend on later time evaluations. This is where we used assumption ,
which is a quite natural one, since the involved quantities usually stem from physical processes
of some kind.

With the last statement, we can finally describe the h-limit and thus show (2.3.26)).
Proposition 2.3.18. Assumption (2.3.26) holds, i.e. we have

N-1

as (h,k) — (0,0).

Proof. We define the real-valued sequence

N—-1
ang = k ZO /Q X(mpe) (£5) - (mi, x ) (1),

Then, there holds

N-1
|ank| < k Z I (i) ()] 2 | (g, < ®) ()| 20y S Cx T
=0

whence boundedness of ap;. Due to the Bolzano-Weierstrass theorem, there exists some value
a € R and a subsequence of apj (notationally unchanged) with
lim apr =: a.

h—0
k—0
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2.4. Improved energy estimate

Proposition [2.3.17} assumption (2.3.30]), and Lemma |A.2.10| now show

g%ggm:g%égwm%mmxﬁZléﬁm%mmwl

From the uniqueness of limits and Lemma we finally deduce
o= [ xtm)- (mxw),
Qp

which concludes the proof. O

This statement concludes the general convergence analysis. In the next chapter, we will
investigate certain concrete field contributions from the literature and show that those fulfill
our assumptions and are thus covered by the theory. Later on, we will show that it is even
possible to couple the general LLG integrator with other PDEs and still derive an uncondi-
tionally convergent scheme. Before proceeding to those investigations, however, we shed some
light on further aspects of our integrator: We discuss improved and physically more relevant
energy estimates.

2.4. Improved energy estimate

In this section, we like to comment on our energy decay estimates in comparison to those
available throughout the literature. In our notion of a weak solution of LLG, we are satisfied
with a simple energy bound in the sense of . Put explicitly, we only assume the energy
to be bounded by some time- and space-independent constant C' > 0, i.e.

HVm(t')Hig(Q) + HthiQ(Qt/) < C, for almost all ¢ € [0, 7.

We stress that such an energy bound is sufficient to show convergence of our respective al-
gorithms towards a weak solution. Furthermore, from a mathematical point of view, more
than this boundedness is not to be expected. This is true mainly due to the fact that —
as mathematicians — we try to prove convergence with as little as possible assumptions on
the involved operators, i.e. we try to figure out the set of minimal assumptions to still have
unconditional convergence towards some useful notion of a solution.

In contrast to this approach, in many works available throughout the literature (especially
physically related ones), we find energy estimates of the form

EW) + myll3a g, < £(0)

for some meaningful energy term £(-) and ¢’ € [0,T]. This means that as time progresses, the
total energy of the system can never increase, which is certainly a property one would expect
from any physically motivated simulation. We like to emphasize, however, that estimates of
this form are thus a physical relevance rather than a mathematical necessity. The reason why
such estimates can still be obtained in practice is that the contributions of the effective field
usually stem from physical observations, as well. Those operators then fulfill more properties
than the bare minimum that is needed to obtain convergence. Given such additional proper-
ties, those improved energy estimates can be deduced with our LLG integrator as well, which
is the result of this section. As mentioned in Section [I.3] we define the energy term

E(t) := £(m(t)) == Ce| Vm(t)[|32 o) — (w(m(t)), m(t)) — (£(t), m(t)) (2.4.1)

95



Chapter 2. Problem formulation and discretization

and its discrete version
E(my) := Ce|[Vimy [ Z2q) — (mp (m)), ) — (£, mi). (24.2)

To obtain a result which is comparable to the available literature, we omit the time-dependent
contribution x. Moreover, since externally applied fields are relevant in many physical sim-
ulations and have a special impact on the energy landscape, we especially consider this con-
tribution modeled by the function f : L?(Qr) — L*(Qr). The term fj denotes some suitable
approximation of the applied field, and we assume strong convergence of f,ﬁ — fin L? Q7).
The reader is referred to Section |3_J___2| for details.

With those notions, we can derive an energy result in the spirit of e.g. [AKST12|, which
weakly depends on the spatial dimension and has partially been published in [BFFT12|. Even
though this work mainly deals with 3D domains, we also give a result for 2D since this might
be of general interest.

Lemma 2.4.1 (improved energy estimate). Let 7w (-) and 7p(-) be uniformly Lipshitz-continuous
with Lipshitz constant Cp,, and let the applied field £ € L*(Qr) be constant in time and hence

f}; = f,i“ for all time-steps i = 0,..., N — 1 of the integrator. Furthermore, for the 3D case,

let £ be in LY(Qr) and let 7,,(-) be uniformly bounded in L*(Q). Then, there holds

TI(CZ + CF)

£(m(t) +2(a — 3/2C36) I |3a(q, ) < E(0(O)) + 1 El 2y +

for any € > 0 and almost every t' € [0,T]. For vanishing applied field £ and self-adjoint
operators w(-) and 7p(-), it even holds that

€(m(t’)) -+ 2C¥Hthig(Qt/) < S(m(()))
for almost every t' € [0,T].
Proof. To abbreviate notation, we define
H(m}) := —mp,(m}) — .
Together with ffL = f;;“, this implies
H (") — H(mj) = =, (mj) + 75 (my,).
In complete analogy to , we get

E(my") — E(m},) = O V(T2 o ) + (H(mpH), my™) — Cel|[Vmy |72, ) — (H (m},), m})
< Cel| Vi3, — 2Ce(6 — /2K Vv 22, 2akuvh||L2(Ql>
— 2k(H (my},), v )+<H( ), mytt) — CIIthII
— (H(mj,), mj,)
= —2Ce(0 = 1/2)k*||VVi 1721,y — 20KV} 172,y + 2k(H (m},), v},)
+ (H(my™) + H(mj), mpt' —my) + (H(mjt), mj) — (H (mj,), mj).
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2.4. Improved energy estimate

Straightforward calculations now show

2R (), Vi) + (Hmi )+ H o) i —
= 2(H (m},), mp*' —mj, — kv}) + (H(m™) — H(mj,), m™ — myj,).
Next, the exploitation of ]m”l(z) —m} (z) — kvi(z)] < 1/2|kvi(2)|? for all nodes z € Ny,

cf. Lemma [2.2.4] in combination with the norm equivalence from Proposition we get for
the 2D case

I — mi, = kv [l72q) < A7 Y Imit(2) - mi(2) - kvi(2)
zENh

Z kv (2)

zGNh
4 4
Sk ||vhHL4(Q)

whence
2(H (mj,), m™ —mj, — kv},) < 2[|H(mj,)|| g2 g |[mj,™ — mj, — kvj | 12q)
201, |12
Sk HV;LHL‘l(Q)'
For the 3D case, we get

7 7 i14/3 7 7
It = wm, — e[ ) S B Imi(z) — i (2) — B ()]
ZE./\/h

SEP YRR (2) PP
ZE./\/h
8/3 <, 1|8/3
S k / thHLg/?’(Q)
whence

I~ mi, — kvl s gy < B2 IVE I8/ 0

Next, we use ||H(mh)HL4 < C to see

2(H (myj,), mj"™ —mj, — kv}) < 2/|H(mi)|| o qllmy™ —mj, — kvl pas g

5 k2||v;1”i8/3(ﬂ)

< KV 2a 0

and make use of the Sobolev embeddings
ViR < IRl ers oy [Vl 2y for 2D
IVilZocy S IV lars o Vi) for 3D .

Altogether we have thus shown

2(H (mj), my™ —mj, — kvi) < K[Vl 20y (VI 22 + IV VAl L2())-
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Chapter 2. Problem formulation and discretization

Using Lipschitz-continuity of H(-) together with Lemma [2 we further estimate
(H(mj") — H(mj,), my —mj) < |[H(mj") — H(mj,)|| 20y [lmH — mp [ 220
< OLHHIH_1 mm%}(m
< C\%CLkQHV;'LHiz(Q)
We have thus derived
E(mi) — E(m}) < ~C.2(0 — /DR [V 220 + CR2 (v gy IVVAl 2y + Vh B2 )
— 20k|v |22 + <H<mz+1> m}) — (H(m}), mi).

Summing up over ¢ = 0,...,5 — 1 and using the Cauchy-Schwarz inequality, we get for any
j=0,...,N and for 6 € [1/2 1]

£(m}) — €(m +2akZIIVhIILz an < Ck(IVill 2@ IV Vil 22 r) + Vil 22 ()

[y

j—

4 Z H—l , z+1>

z:O

(thkHLQ(QT)vathB(QT) + H"hk”L2(QT))

(2.4.3)
where we have used
(H (mj"), mj) = (H(mj'') — H(mj,), m}) + (H(mj,), mj,)
and
—(H (mj), mj") = —(H(m},), mp*' —mj,) — (H(mj,), mj,),

respectively, for the last inequality. Next, we again exploit Lipschitz-continuity and Young’s
inequality to see for any € > 0

j—1
((H (mj™) — H(mj), mj) — (H(mj,), m;™" —mj,))
=0
Jj—1 Jj—1 Jj—1
< C CLZWWhHL? Hmh||L2(Q + Cy ZHkvhHB(Q Hfh”L2 + CvCr ZHkvh”L2(Q
=0 =0 =0
2 N ITI(C2 +CF)
< 3C ekz VAl 20 + 1= Z 1613 2 0y +
We thus get
E(my) +2k(a = 3/2C%€) Y |IVi 17210y < E@mR) + Cok (Vi 2 @ IV Vil 2200y + Vil 2200
i=0

- IT|(Cz +CF)
+ EnfthLQ(QT) + /P
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2.4. Improved energy estimate

As in the proof of Lemma [2 we conclude for any measurable set T € [0, T
[ i) + 260 —3/2c2) A Vil < [ @)+ Ok [ ¥l 19Vialzzy)
Lo 2
+C [ Vialaon + [ 2183y

/ |TI(Cz +CF) 02 +02

Passing to the limit as (h, k) — (0,0), this finally yields

|TI(Cz +CF) 02 +02)
/T £(m(t)) +2(a — 3/2Ce) /T Ime |32, < /T €(m(0)) + / 11320, / .

Here, we have used the boundedness of Vk|Vv}, || L2(0p)- Since T € [0,T] was arbitrary, we
derive the desired result from standard measure theory, cf. e.g. [Els11, IV, Theorem 4.4]. Note
that for vanishing f and self-adjoint operators, the terms

in (2.4.3) vanish. This immediately yields the corresponding result. O
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Chapter

Application to field contributions

In this section, we finally consider concrete contributions of the effective field which stem from
actual physical processes. We investigate the classical field contributions

e magnetocrystalline anisotropy,
e magnetostatic strayfield, and

e exterior magnetic field

and show that they indeed fulfill the assumptions (2.3.2)) and (2.3.4). For sake of readability,
we repeat those here:

Hﬂ'h(l’n%)HLz(Q) <Cr <00, and
T (my,) sub, m(m)  weakly subconvergent in L?(Qr),

i.e. we concentrate on the classical contributions, and neglect a possible time-dependence x(-)
here. We thus give particular examples for our general field contribution 7r;,(-) and show that
the classical micromagnetic field theory is covered by our general approach. Moreover, in a
second step, we exceed the classical field contributions and show that our framework even
covers a multiscale model as introduced in Section [I.4.1] The results from this chapter have
partially been published in [BFFT12].

3.1. Classical contributions

We now consider each of the classic field contributions individually. We start with the
anisotropy contribution from Section

3.1.1. Magnetocrystalline anisotropy and pointwise operators

Let B := {z € R? : |z| < 1} be the compact unit ball in R?, and let ¢ : B — R be a Lipschitz
continuous anisotropy density. This particularly includes the uniaxial density
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Chapter 3. Application to field contributions

with a given easy axis e € S := {x ER3 : |z| = 1} as it occurs, for example, in Cobalt (Co)
or Hematite (FeaOs3). Furthermore, the general approach also covers nonlinear anisotropy
densities like the cubic density

22, 22, 922 2.2 9
¢(z) = K1 (z773 + 7573 + 2377) + Kozjwses,

with certain constants Kp, Ko > 0, which is relevant for Iron (Fe) and Nickel (N4), for
example.

According to Rademacher’s theorem, ¢ is differentiable pointwise almost everywhere with
D¢ € L*>(B). The anisotropy contribution to the effective field now reads

m(n)(z) = Dg(n(z)) forn e L?(Q) and almost all z € Q, (3.1.1)

and 7, () = m(-). The next result states that, for this classic field contribution, all assumptions
to guarantee convergence are fulfilled.

Proposition 3.1.1. Suppose that ® € L>*(B), e.g. ®(x) = Dé(z), and wp(n) := w(n) :=
® on such that the pointwise operation is continuous (but might be nonlinear). Then, there
exists a constant Cg > 0 such that

[m(n)|lLe@) < Gg for alln € L?(Q) with |n| <1 almost everywhere. (3.1.2)

Moreover, there holds strong subconvergence m(m, ) sub, m(m) in L*(Qr) as (h, k) — (0,0).

In particular, the assumptions (2.3.2)—(2.3.4) of Theorem are satisfied.

Proof. Clearly, (3.1.2) holds with (g = [|®|| (). Lemma m thus predicts strong subcon-
vergence my, — m in LQ(QT). Now, choose sequences hy — 0, k; — 0 such that my := m;e ke

converges strongly in Lz(QT) to m. According to the Weyl Lemma by extracting a
subsequence, we may in particular assume that m, converges to m even pointwise almost
everywhere in Q7. By pointwise continuity, this implies 7(m;) — 7(m) pointwise almost
everywhere in Q7. In particular, j[my| < 1 also implies |[m| < 1 almost everywhere. Moreover
and because of (3.1.2)), |w(m) — (my)| < 2(g is uniformly bounded in L>(Qy). Finally, the
Lebesgue dominated convergence theorem thus applies and proves even strong conver-
gence of (my) to w(m) in L*(Qr). O

Remark. We emphasize that — at least the uniazial anisotropy — fulfills the additional as-
sumptions required for the improved energy estimate from Lemma[2.4.1 Here, we have

D¢(m) = (m, e)m,
whence the L-boundedness of D¢(-). Moreover, the operator is self-adjoint in L*(Q) as
((e,u)e,v) = (e,u)(e,v) = ((e,v)e,u)

for allu,v € L*(Q).
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3.1. Classical contributions

3.1.2. Applied exterior field

For the applied exterior field contribution f, the general operators 7}, resp. 7 is actually inde-
pendent of the magnetization. The analysis does, however, cover a numerical approximation
f of £. In this short section, we thus consider

o (my) = fi, (3.1.3)
where f;, , analogously to above, is defined by
fo (t):=f] forany t € [tj,tj+1). (3.1.4)

Depending on the actual smoothness of f, different discretizations are possible. Those include
time discretization and time-space discretization and, for f € C(Qp) read

£/(-):=£(t;,) and £ =T, (f(t;,-)), (3.1.5)

respectively. For functions with less regularity, corresponding integral formulations can be
used, see e.g. [Goll2] Section 3.4]. For all those discretizations, the assumptions (2.3.2)—(2.3.4))
of Theorem [2.3.1] are satisfied. Furthermore, one usually even gets strong convergence

I — £ll 2y — O- (3.1.6)

For further information and proof, the reader is referred to [Goll2, Lemma 3.4.1].

3.1.3. Linear and continuous contributions, e.g., the strayfield operator

In this subsection, we consider the strayfield- or demagnetization operator. Basically, this is an
application of a more general result for linear and continuous operators which is stated below.
For a given linear and continuous 7 € L(L*(Q); L?(f2)), we assume that the discretization
7 (+) is also linear and continuous and satisfies

mh(n) — w(n) weakly in L*(Q) (3.1.7)
for all n € L*(9).
Lemma 3.1.2. Under the aforegoing assumptions, it holds that
[7n(n)| L2y < Ga for alln € L?(Q) with |n| < 1 almost everywhere (3.1.8)

and for all h > 0, with an independent constant Cg > 0. Moreover, strong subconvergence

m,, b m in L*(Qr) implies weak subconvergence mp(my;,) sub, m(m) in L*(Q7) as h, k —

0. In particular, the assumptions (2.3.2)—(2.3.4)) of Theorem are satisfied.

Proof. Weak convergence in (3.1.7) implies the boundedness sup,~ |7 (n)]| 12 () < oo for all

n € L?(Q). Therefore, the Banach-Steinhaus theorem [WerQ0, Theorem IV 2.1] applies and
predicts uniform boundedness of the operator norms

C :=sup |7 < 0.
h>0
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Chapter 3. Application to field contributions

In particular, this guarantees |[7,(n)|[p2q) < Cln| g2 < C |Q|'/2 for all n € L%(Q) with
In| < 1 almost everywhere and thus verifies (3.1.8)). Finally, it remains to prove weak L*(Qr)-
subconvergence of 7, (m,, ) to w(m).

To this end, choose sequences hy — 0, k; — 0 such that my := m,, , converges strongly in
L*(Q7r) to m. Define m, := ), and let ¢ € L?(Qr). Then,

(we(my) — 7(m), §) = (mwe(m) — 7(m), §) — (we(m) - 7o(my), ) (3.0.9)

We rewrite the first duality bracket in the form

T
(me(m) — 7 (m), @) :/0 (me(m(t)) — 7 (m(t)), p(1)) dt.

By use of (3.1.7)), the integrand tends to zero pointwise almost everywhere as £ — oo. More-
over, the uniform stability of the linear operator wy — 7 and |m| < 1 almost everywhere in
Qr yields

(me(m(t)) — w(m(2)), (1)) < |[we(m(t)) — 7(m(?))[| g2 |6 ()| 20
S m@) 2o @) 220 == 9(t)-

Since g € L'(0,T), the Lebesgue dominated convergence theorem proves that the first scalar
product in (3.1.9) tends to zero as £ — 0. For the second scalar product, we argue similarly.
We write

T
(me(m) — mo(my), §) = /0 (e (m(t) — me(t)), $(0)) dt

T
,S/O [m(t) — me(t)]| 2 (o) |6 (1) [ 2 (o) dt
< llm =l g2 0, Dl 220

since the operators 7, are linear and uniformly stable and the integrands are positive. Al-
together, we have seen that the scalar product in (3.1.9)) tends to zero as £ — co. We thus
conclude weak convergence in L?(Qr). O

Remark. Similar arguments to those in the proof of Lemma show that strong L*(€)-
convergence T (n) — w(n) for allm € L*(Q) instead of (3.1.7) also yields strong convergence
mp(m;, ) — w(m) in L*(Q).

Remark. A result similar to Lemma is also given in [Goll2, Lemma 4.0.2]. We empha-
size, however, that we consider an abstract framework, whereas in [Goll2], only the strayfield
contribution was considered. Moreover, the result from [Goll2] requires stronger assumptions.

Before we come to the actual algorithm for strayfield computation and the more involved
multiscale problem, we briefly recall some integral operators and their mapping properties.
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3.1. Classical contributions

Integral operators and mapping properties

The following applications need two integral operators for either I', namely the double-layer
potential K and the simple-layer potential V| which formally read

(Rv)(z) = 1/F(“””_y)'"’<y) () dT(y), (3.1.10)

Iw - yl3

(V¢ dl'(y), (3.1.11)

47r rle—

for all z € R*\T'. These operators allow extension to bounded, linear operators K : HY2(I) -
HYR3\I') and V : H-Y2(I') — H'(R?), see e.g. [McL00, HWO0S, [SS11]. There holds

AKv=AV¢=0 onR\I' and Kuv,V¢e C®R\I) (3.1.12)

at least if ¢ admits the additional regularity ¢ € L?(I"). Via restriction to the boundary T,
one obtains

(Kv)™ = (K —1/2)v and (V)™ =V, (3.1.13)
where the operators K : HY2(T) — HY2(T') and V : H~Y2(I') — HY*(T") coincide formally

with K and V', but are evaluated on the boundary I'. There hold the following jump properties
across the boundary T, cf. e.g. [SS11], Theorem 3.3.1]:

(Kv)*t — (Kv)™ = v, O Kv — M Kv =0, (3.1.14)
(V)™ — (Vo)™ =0, OV — OV p = —p. (3.1.15)

Here, the superscripts int and ext indicate whether the trace is considered from inside 2 or
the exterior domain R3\Q.

Fredkin/Koehler approach for strayfield computation

In the following, we present the approach of FREDKIN and KOEHLER [FK90| for the ap-
proximate computation of the strayfield contribution and show that it satisfies the desired
properties.

Let m € L?(Q2) be given. We aim to solve the transmission problem

Au = V-m in €,

Au = 0 in R3\Q,
u™t — it = 0 on T, (3.1.16)
Opu™t —0pu™ = —m-n  onT,
u(z) = O1/|z|) as|z] =

from (1.3.6). To that end, We split the solution u into two partial solutions u; and us. In a
first step, let uy € HY(Q) with Jo u1 dz = 0 be the unique solution of the Neumann problem

Aup = V-m in £,

Opu1 = m-mn on I, (3.1.17)
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Chapter 3. Application to field contributions

and extend u1 by zero to the entire space R?’\ﬁ. Then, the remainder uo = u — uq satisfies

AUQ =0 in Q,
Auy = 0 in R3\Q,
ngt _ uiznt = ullnt on I (3118)
OnuS<t — Opui® = 0 onl,
ug(xz) = O(1/|z]) as |z] = oo.

It is well-known that the unique solution uy € H*(R3\I') of the transmission problem (3.1.18)
is the double-layer potential

= i 1 [(y—x) n(y)
s (z) = (Rui™)(z) := 47T/Fw_x'g W (y)dD(y) for all z € RA\D,  (3.1.19)
see e.g. [McL00]. The trace jump of the double-layer potential, where the integral operator K
formally coincides to K, but is evaluated for z € T, is given by (K umt)mt = (K —1/2)ui™.
From the combination of and m, we now get Aus = AKul = 0 on ]R3\F.
Consequently, us on € is characterized by the inhomogeneous Dirichlet problem

Aus = 0 in €,

uiQnt — ( _1/2) int onT (3120)

and we have u = u; +ug. Altogether, the strayfield operator is then given by 7r(m) = P(m) =
Vu = Vuy + Vuy in Q.

To discretize these equations, we use lowest-order Courant finite elements: First, let uy, €
SY(Tp) with [ uip dz = 0 be the unique FE solution of

/ Vuyy - Vo, dx = / m - Vo, dr  for all v, € S'(7T;,) with / v dz = 0. (3.1.21)
Q Q Q

Note, that integration by parts was performed twice here, and the boundary data cancel out
due to d,u1 = m-n. Moreover, since divm is employed in a weak sense, only LQ(Q)-regularity
of m is required instead of m € H (div). Since a finite element solution ug, € S'(7) of
cannot satisfy continuous Dirichlet data (K — 1/ 2)u1f}f, we employ a Clément-type quasi-
interpolation operator I, : HY/?(T') — S'(Tp|r), e.g. the Scott-Zhang projection [SZ80]. Then,
we let ugy, € SY(Tp) with ullt = I, (K — 1/2)u1nt be the unique solution of the inhomogeneous
Dirichlet problem

/ VUQh : Vvh dx =0 for all Vp, € 81(771) with U}Lnt = 0. (3.1.22)
Q

The following proposition is found in |Goll12, Lemma 4.3.5] and applies, in particular, for the
Scott-Zhang projection.

Proposition 3.1.3. Suppose that the operator Iy, : L*(T') — SY(Th|r) satisfies L*- and H'-
stability

[ 1nvll L2y < Gallvllizy  resp. Velpvllpzy < GglIVroll 2 (3.1.23)
as well as a first-order approximation property

11 = Toll ey < G [ Vrollzqry (3.1.24)
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3.1. Classical contributions

for all v € HYT'). Here, V1 denotes the surface gradient, and we suppose that the con-
stant (g > 0 stays bounded as h — 0. Then, the operator mwp(m) := Vuy, + Vugy, de-

fined via (3.1.21)-(3.1.22) satisfies w), € L(L*(Q); L*(2)), and convergence (3.1.7) towards
m(m) := Vu holds even strongly in L*(Q). In particular, Lemma applies and guarantees

the assumptions (2.3.2) and - O

Remark . Besides the famous FREDKIN/KOEHLER approach, there are other ways to ap-
prozimatively compute the strayfield. Those include the analytic projection approach after
PRAETORIUS [Pra0j/, the symmetric FEM-BEM coupling after COSTABEL [Cos8§/, as well
as the JOHNSON /NEDELEC coupling [IN80]. Moreover, all of those appmaches are compatible
with our general framework as they guarantee the assumptions (2.3.2)) and - 2.3.4)) analogously
to the FREDKIN /KOEHLER approach. The interested reader is referred to [Goll2, Chapter 4]
where all the proofs can be found.

Remark. We like to emphasize that the results of this section are also covered by the more
general result on uniformly monotone operators from the next section.

Remark. The strayfield contribution, as well as its discretization (if chosen wisely), fit well
into the setting of improved energy estimates in the sense of Lemma[2.4.1. We have already
seen in the introduction, that the strayfield operator P(-) with P(m) = Vu is uniformly bounded
in L*, cf. and self-adjoint, cf. . Now, let us consider the projection approach
after PRAETORIUS [Pra0j). Here, the discretized operator is given by

Pr, =1, PII, : LZ(Q) - Po(ﬁ)’

where the operator I, denotes the L?-orthogonal projection onto the piecewise constant func-
tions P°(Ty), i.e. the elementwise integral mean. We refer to [Pra0j, [Gol12] for details. By
definition, we thus even get self-adjointness as well as uniform L*-boundedness of the discrete
operator Py. This can be seen as follows: For each element T;, the Jensen inequality [Eva02,
B.1, Theorem 2] yields for the convex function (-)*

e sy = (/ (|T1|/ ))1/4
= (G fy )™
<( )"

= |7l 2 z)-

In combination with

Il degy = S 10l de iy < S Inlb iy = Inllds ).
Ti Ti

this yields
HHhPHhmHL‘l(Q) < HPHhmHL‘l(Q) S HHhmHL‘l(Q) < |lml| ga.

Hence the additional assumptions for the improved energy estimate are fulfilled.
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3.2. Uniformly monotone operators

In this section, we consider an extension of the above framework. We allow the general field
contribution 7r(-) and its discretization 7, (-) to depend not only on the magnetization, but
also an additional contribution ¢ € L*(Y7) = L?([0,T],Y) for some Banach space Y. In the
showcase example of the next section, ¢ will simply be the applied field f. In particular, the
analysis therefore includes a discretization f,, of f. Suitable discretizations are discussed in
Section [3.1.2] We stress, however, that more general ¢ are possible. In total, the effective field
thus reads

hg = C.Vm + m(m, (). (3.2.1)

Given this additional dependence, the assumptions (2.3.2) and (2.3.4) have to be slightly
modified. Altogether we derive the following result which is stated in analogy to the main

theorem B.3.11

Theorem 3.2.1. (a) Let 0 € (1/2,1] and suppose that the spatial meshes Ty, are uniformly
shape regular and satisfy the angle condition

/ Vi - Vn; <0 for all basis functions n;,n; € SHTEY) with i # j. (3.2.2)
Q

Define functions f,, € PO(Ik;LQ(Q)) and () € PO(Ti;Y) by £, (t) == f,{, Coi(t) = C}JL for
tj <t <tjy1. We suppose that

sub

f,, =>f  weakly convergent in L*(Qr) (3.2.3)

Moreover, we suppose that the spatial discretization wp(-,-) of 7(-,-) satisfies

lmen(r. )l 2oy < Cizm (3.2.4)

for all hyk > 0 and all n € L*(Q) with |n| < 1 almost everywhere in Q and y € Y with
llylly < Gm for some y-independent constant G > 0. Here, Cgg > 0 denotes a constant that is
independent of h,k,n, and y, but may depend on (g and 2. We further assume ||C;Jl||Y < Cm
forallj=1,...,N. Under these assumptions, we have strong L2(QT)—subconvergence of my
towards some function m.

(b) In addition to the above, we assume m) — m° weakly in H'(Q) and

sub

mr(my,, () = m(m, ()  weakly subconvergent in L*(Qr). (3.2.5)

Then, the computed FFE solutions myy, are weakly subconvergent in H 1(QT) to a weak solution
m € H'(Qr) of general LLG.

Proof. The proof is verbatim to that of Theorem without the time dependent field
contribution. O

Before we come to an example of this new field contribution, we investigate the criteria under
which the assumptions (3.2.4)) and (3.2.5)) are valid. In contrast to the pointwise, respectively
linear and continuous setting from before, we now extend the analysis to (possibly nonlinear)
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uniformly monotone operators in the setting of the Browder Minty Theorem [Zei90, Section
26.2].

Let X be a separable Hilbert space, A : X — X™* be a uniformly monotone, coercive, and
hemicontinuous (nonlinear) operator, and b € X*. We consider the operator equation

Aw=1> (3.2.6)
and the corresponding Galerkin formulation

(Awp, vr) x;xx), = (bn,vn)x;xx,  for all vy € X, (3.2.7)

for finite dimensional subspaces X, C X; C X, as h > h/. Then, we get the following result
which goes back to BROWDER and MINTY.

Theorem 3.2.2 (Browder & Minty, 1963). The following statements are true:
(a) For each b € X*, the operator equation (3.2.6) admits a unique solution w € X.

(b) For each by, € X*, the Galerkin formulation (3.2.7) admits a unique solution wy, € X.

(c) If we have ||by|x- < M < oo, then the sequence of Galerkin solutions is bounded,
i.e. ||lwnl|lx, < C < oo. Here, the h-independent constant C' > 0 depends only on M
and the coercivity of A. In particular, the sequence (wp) is weakly subconvergent in X
towards some limit w € X. If limp0|b — bpl[x; = 0, this limit solves the operator

equation (3.2.6)).

(d) Due to the uniform monotonicity of A, there even holds strong convergence limyp_¢ ||w —
wp||x = 0 of the entire sequence.

Proof. The proof is along the lines of [Zei90, Theorem 26.A| with only minor modifications

concerning the strong convergence ||bp, — bl x+. O

This framework is now used in the following lemma which guarantees the assumptions ((3.2.4))—
(3.2.5)) of Theorem for certain field contributions:

Lemma 3.2.3. Let Y be a Banach space and let S, Sy, € L(X, L*(Q)), and T, T), € L(L?*() x
Y, X*) with
Spx — Sz weakly in L*(Q) for allxz € X, (3.2.8)
Th(n,y) = T(n,y) strongly in X* for allm € L*(Q),y €Y, (3.2.9)
and 7(-) == SATIT : L*(Q) x Y — L*(Q). For h >0, n € L?(Q), and y € Y, define the
approximate operator wp(n,y) := Spup, where uy, is the unique Galerkin solution of
<Auh7vh>X;><Xh = <Th(’n,y),1}h>x}t><xh fO?" all Uy € Xh. (3.2.10)

Under the foregoing assumptions, it holds that

I, y)ll L2(q) < G2 (3.2.11)

for all m € L*(Q) with |n| < 1 almost everywhere and all y € Y with |y|ly < G for
some constant (g > 0, and for all h > 0. The constant (rg > 0 does not depend on y
and m, but only on Q and (rg. Moreover, strong subconvergence (my,, () — (m,() in
L*([0,T); (L*(Q) x Y)) = L2*(L*(Q) x Y) for some sequence (y;. € L®(Y) implies weak
subconvergence my,(my,, ¢) — m(m,¢) in L*(Qr) as (h,k) — (0,0). In particular, the

assumptions (3.2.4) and (3.2.5)) are satisfied.
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Proof. The Banach-Steinhaus theorem implies uniform boundedness C's := supy,~q ||Si| < oo
and Cr := supy~q ||Th|| < oo of the respective operator norms. For fixed n € L?*(Q) with
|n| < 1 almost everywhere, y € Y with |ly||y < (g, and by, := T}, (n, y), this implies

1/2
lonllx+ < Crlltn, )l 2 @yy < Cr(190+ Gl /> = M < oo,

Thus, from the Browder-Minty theorem, we infer ||uy||x < C < oo, where C' > 0 does neither
depend on A nor on (n,y), but only on M. Consequently, this proves with g = CCs.
Next, we aim to show that 7,(ns, y,) — 7(n,y) weakly in L2(Q) as h — 0 provided that
(nn,yn) — (n,y) strongly in L%(Q) x Y. By assumption on Tj, we have Ty(n,y) —
T(n,y) strongly in X* as h — 0. Together with uniform boundedness of T}, this implies

Th(nn, yn) = Th(n,y) — Tn(n —np,y —yn) = T(n,y)  strongly in X* as h — 0.

Therefore, the Browder-Minty theorem for uniformly monotone operators guarantees uy, — u
strongly in X, where v = A7!'T(n,y) and u;, € X, solves with (n,y) replaced by
(np, yn). The convergence assumption , the uniform boundedness of Sy, and the strong
convergence |lup — ul|g2(q) — 0 thus show

7 (N, yn) = Spun = Spu — Sp(u — up) = Su = w(n,y) weakly in L*(Q) as h — 0.

Finally, we prove weak subconvergence my(m;,, () — m(m,¢) in L*(Qr) as (h,k) —
(0,0). To that end, we choose sequences hy — 0, k, — 0 such that (my, () := (my, ;. G, x,)
converges strongly in L? (L2 (Q) x Y) to (m, (). By extracting a further subsequence, we may
assume that my(t) — m(t) strongly in L*(Q) as well as (;(t) — ¢(t) in Y, for almost all times
t. Define m; := 7y, and let ¢ € L?(Q7). Then,

T
(Wé((mfaCK)) - W((m, C))’¢) = /0 <7’l’g((mg(t),gg(t))) - W((m(t)7g(t))7¢(t)> dt.

From weak convergence 7, ((my(t), ¢ (t))) — w((m(t),((t))) as £ — oo for almost all times
t, we see pointwise convergence of the integrand to zero. According to (3.2.11) and the
assumption (,, € L>(Y'), the Lebesgue dominated convergence theorem thus proves

(me((my, &) — 7 ((m,()), ) = 0 as { — oco.
This concludes the proof. O

Remark. (i) Similar arguments as in the proof of Lemma reveal that strong convergence
Spx — Sz in (3.2.8) also results in strong convergence mwp(my,, () — m(m, () in L*(Qr)
as h,k — 0.

(ii) The abstract framework applies, in particular, to linear contributions wp(-) = Sy of the
effective field hog, where X = L?(Q), Y = {0}, and the operators A and T = T}, are just the
identities. In this case, we have (;, =0 for all (h,k) > 0 and thus L*(Q) — L*(Q) x Y is
the canonical embedding with L*(Q) = {(x,0) : « € L*(Q)}. In particular, we may therefore
write 7p (M, G, ) = Tp(my, ). The (linear) strayfield contribution is thus also covered by the
more general result of Lemmal3.2.3,

(iii) For the upcoming multiscale example, we will use Y = H (div; Qo) for some domain Qa,
Cr = fhir and ¢ = £, respectively.

In the next section, we finally present a nonlinear and uniformly monotone operator (-, -)
which is covered by the theory of Lemma [3:233] This operator models a multiscale problem
which was first introduced in [Brul3|.
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3.2.1. Multiscale problems

In our model, we consider two separated ferromagnetic bodies €2y and {29 as schematized
in Figure Let Q1,95 C R3 be bounded Lipschitz domains with Euclidean distance
dist(21,Q2) > 0 and boundaries I'; = 9€Q; resp. I'y = 9Q9. On the microscopic part €,
we are interested in the domain configuration and thus solve the LLG equation to obtain the
magnetization my : Q; — R3. On Qy, we will use the macroscopic Maxwell equations with a
(possibly nonlinear) material law instead.

To motivate this setting, we consider a magnetic recording head (see Figure [3.1). The
microscopic sensor element is based on the giant magnetoresistance (GMR) effect, and it
requires the use of LLG in order to describe the short range interactions between the individual
layers of the sensor accurately. On the other hand, the smaller these sensor elements, the more
important becomes the shielding of the strayfield of neighboring data bits. In practice, this
is achieved by means of some macroscopic softmagnetic shields located directly besides the
GMR sensor. Describing these large components by use of LLG would lead to very large
problem sizes, because the detailed domain structure within the magnetic shields would be
calculated. The macroscopic Maxwell equations allow to overcome this limitation and thus
provide a profound method to describe the influence of the shields in an averaged sense. For
more details and motivation of this model, the interested reader is referred to [Brul3].

Figure 3.1.: Example geometry which demonstrates model separation into LLG region ; and
Maxwell region 2 (and in this case in an electric coil region .,;;). Here, €1 repre-
sents one grain of a recording media and )5 shows a simple model of a recording write

head. — Picture taken from [BEET 18], copyright of Florian Bruckner is thankfully ac-
knowledged.

Problem formulation

In this section, we present some details of the modeling, as well as the computation and
discretization, of the multiscale operator. This was developed in joint work with THOMAS
FUHRER and is published in [BEET12|. We start with the magnetostatic Maxwell’s equations
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(see e.g. [Mon08])
VxH=3j and V-B=0 inR? (3.2.12)

where H : R? — R3? is the magnetic field strength and where the magnetic flux density
B :R3 — R3 is given by

B = jio(H +m) in R>. (3.2.13)

Here, pg denotes the permeability of vacuum. The current density j is the source of the
magnetic field strength H. The magnetization field m is non-trivial on the magnetic bodies
Q1 U Qg, but vanishes in R3\ (£, U Q). The total magnetic field is split into

H=H,+H,;+f, (3.2.14)

where H ; : R3 — R3 is the magnetic field induced by the magnetization m on 2; and f is the
applied field generated by the current density j in R3\Q; U Qy. We thus have

V xf=j and therefore V x H; =0 inR? (3.2.15)

In particular, the de Rham complex tells us that the induced fields are gradient fields H; =
—Vu; with certain scalar potentials u; : R3 — R. For this model, we assume that f is induced
by electric currents only, but not by magnetic monopoles, which yields

V-f=0 inR3 (3.2.16)
Moreover, the sources of H; lie inside €2; only and hence
V-H; =0 inR\Q;. (3.2.17)
Since we assumed no sources for B, i.e. , we obtain
0=V-B=u(V-H+V-m)=pug(V-H; +V-m) on Q. (3.2.18)
Together with H; = —Vu; and , this reveals

Auj =V -m in Qj, (3.2.19a)
Au; =0 in R*\Q;. (3.2.19D)
For the micromagnetic body €2, the respective magnetization m; = m|g, is computed by

solving the LLG equation. The overall transmission problem (3.2.19)) is then supplemented
by boundary conditions as well as a radiation condition and reads

Aup =V -m; in )y, (3.2.20a)

Auy =0 in R\ (. (3.2.20D)

u$t — it =0 on I'y, (3.2.20¢)
Opud® — Opul™ = —my -m on Ty, (3.2.20d)
ui(x) = O(1/]z|) as |z| — oo. (3.2.20e)
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Again, the superscripts int and ext indicate whether the trace is considered from inside )y
(resp. €9 in below) or the exterior domain R3\Q; (resp. R3\(Qy in below).
Moreover, n denotes the outer unit normal vector on I'y (resp. I's in below), which
points from €y (resp. g in below) to the exterior domain. On the macroscopic
domain, we are not interested in the dynamics on the microscale and thus do not utilize LLG
here. Instead, we involve a nonlinear material law

m = x(|H|)H on (3.2.21)

with a scalar function x : R>g — R and | - | the modulus. Obviously, the results we aim for
impose some restrictions on x. Many physically relevant examples are, however, covered by
the theory and some are exemplified below.

For the computation of the potential ug, we introduce an auxiliary potential uap,. Recall
that V x f = 0 in Qo. If 2 is simply connected, we infer f = —Vu,p, on 2 with some
potential u,pp @ 2 — R. According to (3.2.16)) and up to an additive constant, u,p, can be
obtained as the unique solution of the Neumann problem

Atapp =0 in Qo, (3.2.22a)
Opupy, = —f™ - m on T, (3.2.22b)

with fQ2 Uapp dx = 0. Note, that here we need the additional regularity f € H(div), as for
those functions, the normal trace is well-defined, i,e. the map m +— m - n is well-defined for
m € H(div), cf. e.g. [Mon08| Theorem 3.24]. The transmission problem for the total potential
u = u1 + Uz + Uapp Of the total magnetic field H = —Vu in €y and for the potential uy in
R3\Qs, supplemented by a radiation condition, reads

V- ((1+ x(|Vu]))Vu) =0 on o, (3.2.23a)

Aug =0 on R3\Qy, (3.2.23b)

ugt — = g0t uggp on Iy, (3.2.23¢)

O — (14 x(|Vu™))0pu™ = (H$ + £>%) . on Iy, (3.2.23d)
ug(z) = O(1/|z|) as |z| — oo, (3.2.23¢)

where (3.2.23a]) follows from (3.2.12)—(3.2.17)) and (3.2.21)). The boundary conditions of (3.2.23])
are derived from (3.2.12)), which leads to (H®™* — H™).n = 0 on I'y, and the continuity of uso

on I's. Details on the computation of the above quantities are postponed to the next section.

Remark. In case of a linear material law x(|H|) = x € Rsg in (3.2.21)), the transmission
problem (3.2.23) simplifies to (1 + x)Auz = 0 in Qa, uS* — ulf = 0 on Ty, and Opu$® —
(14 X)Onult = (H$ 4+ £5%) . m on Ty in (3.2.234)), (3.2.23d), and (3.2.23d), respectively. In
particular, the Neumann problem (3.2.22|) does not have to be solved.

In the next part, we will discuss how the above problem can actually be computed, i.e. we
will divide it into subproblems which are then individually analyzed.

Computation of the multiscale operator

Our goal is to apply Proposition to the model problem, i.e. the computation of 7r(m, f) =
Vus on ;. We therefore need to bring it into the appropriate form 7 (m, f) = SA~1T (m, f)
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for suitable operators S, A, and T. In the following we consider the individual subproblems
needed for the computation of Vusg as well as their discretizations and assign the corresponding
operators.

The computation of the total potential u, and therefore of us, relies on the computation
of the auxiliary potential u,pp and the strayfield potential on 2. For a magnetization m €
L?(Q), we compute u; € H'(Q1) via the FREDKIN/KOEHLER-approach from Section
as solution of the strayfield operator on the microscopic part. To that end, u; is separated
into w1y and w12, where uy; is the solution of . Recall that uq1 is extended by zero on
]R3\§1. We therefore have 41 = u19 = K 1uiﬁt. Here and subsequently,

K;: HY2(;) — HY2(@Ty)  and  V;: HY2(Ty) — HY*(I))
denote the operators from and on the corresponding boundaries I'; = 0€2; for
Z A(ls’czéding to (3.1.12)), u; on y then solves the inhomogeneous Dirichlet problem
—Au; = 0 ' in Q,
ultt = (f(luilnlt)mt on I's.
For the auxiliary potential wapp, can be solved directly on 9. With respect to the
abstract notation of Lemma [3.2.3] we introduce the continuous linear operator

T : L?(Q) x H(div; Q) — HY?(Ty) x H-/2(Iy),

T(m, f) = (ul™ + uggp, f-n — Opul™).

The space Y from Lemma is thus given by H (div; Qo).

In the next step, we then compute the total magnetostatic potential u = u; + u2 + Uapp
related to the macroscopic domain Qy. With x(|Vu|) = x(|f — Vu; — Vug|), is
equivalently stated by means of the Johnson-Nédélec coupling from [JNS0, AFF™13],

[ asxwapyvuvo- [ o = = [ gen- o

Voo — (Ko — 1/2)u™ = —(Ky —1/2)(u}™ 4 ullt),

(3.2.24)

(3.2.25)

(3.2.26)

for all v € H'(Q2). For more details, the reader is referred to [BEET12] and the references
therein. Recall that u; € C*®°(R3\Qy) C H%(Q2), cf. (3.1.12). Therefore, it holds

ext int
an Uy = 871 Uq

on I's and hence on the right-hand side of . Again, we emphasize that — depending on
x — this problem might very well be nonlinear. The coupling formulation provides the total
potential u on 9 as well as the exterior normal derivative ¢ = anugxt of ug on I's.

Recall that the dual space H ~1/2(Iy) of the trace space H'/?(I';) is continuously embedded
into the dual space H~!(Q2) of H'(Q2) by means of the trace operator which maps H* ()
onto HY/ 2(T'y). Therefore, the operator T from can also be considered as an operator
to HY/2(Ty) x H~1(€Q). With respect to the abstract notation of Lemma , the coupling

formulation ([3.2.26f) gives rise to the nonlinear operator

A HV2(Dy) x HY(Q) — HY2(Ty) x H ()

A(p,u) = (ul +ult £ n — Opud™).

(3.2.27)
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It is not obvious at all, that the coupling equation (3.2.26|) admits a (unique) solution. This
hinges strongly on the material law x. To that end, we present some suitable and physically
relevant choices in the following and consider material laws of the form

x(t) = Grgtanh(Grar)/t  for t >0, x(0) = GG, (3.2.28)
with dimensionless constants (g, Gz > 0 or
X(t) = - f%‘:fhgtmtz (3.2.29)

with certain, material-dependent constants (g, Urg, Grz, Gy > 0. Furthermore, the operator
A itself is not uniformly monotone. To get into the setting of uniformly monotone operators,
an additional linear shift is required, and we define A = LA and T = LT for some linear
operator L. This does not change the solution of the operator equations and details are found
in [BFFT12, Lemma 19]. In this setting, [BEFT12, Lemma 18,19] state unique solvability and
thus well-posedness of the equations and .

So far, we have computed the total potential u, and by simple postprocessing uo = u —u; —
Uapp ON )9 is derived. The effective field heg, however, relies on the gradient of us on the
microscopic part €21. Since ug solves —Aug = 0 in R3\Qy, uy can theoretically be computed
by means of the representation formula, cf. e.g. [SS11, Theorem 3.1.6],

Uy = —Va(Opu$™) + Ko(uS™)  in R3\Qy D Q. (3.2.30)

To lower the computational cost for an implementation, we will, however, not use the rep-

resentation formula on 21, but only on I'y and solve an inhomogeneous Dirichlet problem

instead. With u§* = uy® = ™ — u™ —ull as well as ¢ = Gpus™ on I'y, we obtain
—AUQ =0 n Ql,

uiznt = ( - 172(;5 + IN(Q(uint — uilnt — uggp))mt on I'y,

(3.2.31)

according to (3.1.12). Put into the abstract frame of Lemma |3.2.3] we consider the linear and

continuous operator

S HY2(Ty) x HY(Qy) — L*()

S(¢,u™) = Vus. (3.2.32)

Overall, the computation of 7(m,f) = SA~'T(m,f) = SA™'T = Vuy on € is therefore
done in five steps:

(i) Solve to compute ui; on €.
(ii) Solve to compute Vup on {1s.
(iii) Solve to compute up, on .
(iv) Solve to provide u and ¢ = OpuS** on Iy.
(v) Solve to provide Vuy on €.
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Remark. Note that the formal definition of the operator S once again requires the solution
of (3.2.24)—(3.2.22)) to provide uilnt —i—uiargp. Theoretically, this can be dealt with by considering

the extended operators

f n— anuixt’ ullnt + umt

T'(m,f) = (Uilnt +upt app)’

app’
A(¢7 u, ullnt 4 ulnt ext , int 4 ulnt )7
S

_ int int
app) = (ui" +u f-n—0pul™, uj app

app>
(¢, u, u™ + it ) = Vug.

Then, S and T are still linear and continuous. Provided A is uniformly monotone, the inverse
of A is well-defined and continuous so that (an obvious extension of) Lemma still applies.

Discretization of the multiscale operator

Discretization of T:

Analogously to the strayfield operator from Section we solve (3.1.21) to obtain an
approximation iy, € S} (7;?1) of u11. We then proceed as in Sectionand discretize
the given Dirichlet data by means of the Scott-Zhang operator from [SZ80]. Note that u; =
Kijult € O®(R3\Q1) € H%(Q3). Therefore, the discretization of then reads: Find
uip € 51(7;?2) such that

Vuyp - Vo, dr =0 for all vy, € 56(7;192) with uip|p, = I,l;QKluilnlth. (3.2.33)
Qo

Analogously to Proposition [3.1.3] one obtains the following result:

Lemma 3.2.4. The operator By, : L*(Qy) — 81(77192) with Bpm := wuyp, which uses the

discrete solution of (3.1.21) to compute the solution uip € 81(7'}?2) of (3.2.33), is well-

defined, linear, and continuous. Moreover, there holds strong convergence Bpm — Bm in
HY(Q2) as h — 0 for all m € L?(). Here, B : L*() — H'(Q2) denotes the linear and

continuous solution operator of (3.2.24)). [l
The discrete version of (3.2.22)) reads as follows: Let uapp s € S) ('7;?2) solve

Vtapp,h - Vo de = —/ f-ndl'y forall v, € Si(ﬁbﬂz) (3.2.34)

Qz FQ

The following Lemma states a corresponding result for (3.2.34]).

Lemma 3.2.5. Let Q9 be convex. Then, the operator Bj : H(div;Q9) — Si(’];ZQQ) which
maps f to the discrete solution of is well-defined, linear, and continuous. Moreover,
there holds strong convergence Bpf — Bf in H'(Q2) as h — 0 for all f € H(div, Q). Here,
B : H(div; Qy) = H} () denotes the linear and continuous solution operator of (3.2.22). O

With respect to the definition of the operator T in (3.2.25)), it remains to prove convergence
6nu1f;f — 8nuilnt strongly in H-1/2 (I'2) as h — 0. To that end, let uj, be the discrete solution
of with boundary data uj,|r, = I}l;QKluilnf. Here, 1}1;2 C HY2(Ty) — 81(7;?2 Ir,)
denotes the projection induced by the Scott-Zhang projection I}ib s H () — St (77192), now
considered on €9 instead of 1, cf. [BFET12|. The Céa lemma proves

lur — wipll (g S llur — 12w || g,y = O(h).
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For the term |lu1, — uly, || 51 (0,), We get due to convexity of 1 and thus u; € H2()
lwiy, = winll e,y S 164 = uiinll ey S lluin — wnll g,y = O(B),
where we have used stability of I ,?2 and K 1 as well as the trace theorem. Altogether, we see
w1 — winllg1 (0, < llur — wip (o) + luln — winll a1 q) = O(R).

The desired result now follows from [|¥|| ;-1/2(p,) < [l 12(r,) for all ¥ € L*(T3) and the next
lemma, which can be found in [BFET12, Lemma 24].

Lemma 3.2.6. Let w € H*(Q2) and let wy, € 51(7;1522) be a sequence with
IV (w — wp)ll 20,y < Crgh'/*™ for all h >0
for some h-independent constants Cg > 0 and € > 0. Then, there holds
10, (w0 — wh)l|p2ry) < Ch®  for all b >0
and a constant Cgg > 0 which is independent of h > 0. O
Combining Lemma we obtain the following proposition.
Proposition 3.2.7. With X = H-Y2(I'y) x H(Qy) and Y = H(div; ), the operator
Tp : L2() x H(div; Q) — PO(E02) x SY(T™2) C X*,

Ty(m, f) = (u‘f}f + uggpyh, f-n— 8nuif}f)

(3.2.35)

is well-defined, linear, and continuous and satisfies (3.2.9)) with (T}, T') replaced by (Th, f) O

Discretization of A:

For the numerical solution of , we use lowest-order finite elements combined with
lowest-order boundary elements. The numerical approximation of the Johnson-Nédélec equa-
tions is then given by the following problem: Find (¢, up) € X}, := 730(5’}1:2) X 81(77192) such
that

/ (4 (Vun)) Van - Von — [ omoit = / (£ 70— Ol )on,
2 2 I (3.2.36)

/ (Vadn — (K — 1/2)ull) by = — / (K> — 1/2)(ulft +u ),
FQ FQ

for all (¢, vy) € Xp,, where (uapp p, u1p) is the output of Tj,. With the operator A from (13.2.27),
the Galerkin formulation (3.2.36) is given by

(A(dn, un), (W, vn))xexx, = (Th(m, £), (G, vn)) xexx,  for all (Yp,vs) € Xp.  (3.2.37)

Analogously to the linear case, (3.2.37) is equivalent to

(A(Snyun), (Yns vn)) x;xx;, = (Th(m, ), (Yn,vn)) xrxx,  for all (p,vn) € Xp,  (3.2.38)
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for the uniformly monotone operator A = LA and T = th. For details, we again refer
to [BEFT12] and [AFE"13|. Consequently, T}, satisfies assumption ([3.2.9).
Discretization of S:

In analogy to , we use the Scott-Zhang operator I};l to discretize the Dirichlet
data in . The corresponding discretization thus reads: Find ugp, € 81(7;?1) with

uop|r, = Iil;l ( - ‘72¢h + f~(2(uiﬁlt — u’f}f — u;‘gp’h))int such that

Vg - Vo, =0 for all vy, € SF(TH). (3.2.39)
1951

Completely analogously to before, the following result is true.

Proposition 3.2.8. The operator Sy : X = H™Y/?(Ty) x H'(Qy) — 730(77191)3 C L*(Qy),
which computes the gradient of the solution of (3.2.39) is well-defined, linear, and continuous.
Moreover, there holds Spx — Sz strongly in L*(€) as h — 0 for all x € X. Here, S: X —

L%(Qy) denotes the exact solution operator of (3.2.31)). In particular, S satisfies (3.2.8). O

Combining the last results, we ultimately conclude:

Proposition 3.2.9. Suppose that the microscopic domain £ is convez, that the macroscopic
domain Qs is simply connected, and that the material law x is of the form (3.2.28)) or (3.2.29).
Let Y := H(div;Qy) and ¢, := f,,. Assume further that f|o, is sufficiently smooth, such
that £, — £ strongly in L? (H(div; Qz)) and f,, € L™ (H(div; Qg)) Then, the operator
mn(m, f) = S, A=), (m, £) = Vuyy, defined via the previous section satisfies all assumptions of

Lemmal[3.2.3 In particular, the assumptions (3.2.4)~(3.2.5) of Theorem[3.2.1] are satisfied. [

Remark. Computational studies of the analyzed multiscale approach are beyond the scope of
this thesis and can be found in [BVBY, [Bruld).

3.3. Numerical experiments

In this section, we give a first set of numerical experiments to underline the theoretical results
from above and allow for a better understanding of the tangent plane scheme [2.2.1] Through-
out, we consider various field contributions which will be individually specified in the different
examples. As a starting point for our implementation, and hence the computational experi-
ments, serve two different LLG implementations. For the 3D examples, we extend a MATLAB
code written by PETRA GOLDENITS during her PhD thesis [Gol12]. For the upcoming 2D
examples, a FREEFEM+ -+ code from JONATHAN ROCHAT [Rocl2| serves as starting point.
Throughout, the 3D visualizations are carried out in PARAVIEW [Webd].

3.3.1. General performance

The basic implementation of this code has already been tested with uMAG problems from
the National Institute of Standards and Technology [Webb], and we refer to |[Goll12, Chapter
6] for details and documentation. Here, we thus concentrate on the performance as well as
the investigation of the unique properties of this scheme. For the first example, we aim to
investigate the convergence rate of the tangent plane scheme in both, time and space. To that
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Time: 0.000000 Time: 0.272727 Time: 0.545455

Time: 0.787879 Time: 1.030303 Time: 1.303030

Time: 1.545455 = Time: 1.818182 Time: 2.090909

Time: 2.333333 Time: 2.636364 Time: 3.000000

Figure 3.2.: Magnetization dynamics on [0, 3] for the above example.
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Figure 3.3.: Spatial error for k = 0.01. As expected, linear decay is observed.
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Figure 3.4.: Temporal error for P = 20480 spatial elements. As expected, linear decay is
observed.
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end, we consider a homogeneous magnetization in xs-direction on the scaled and shifted unit
cube [—1,1]3. Onto this initial state, a rotating external field of the form

1
f(t,x1,20,23) := | fo | (t,21,22,23),

I3
with

f1:=acos(2t + x1 + x2 + x3) + 3sin(t + x1) cos(t + x2 + x3)

+ sin(t + @2 + x3) sin(2t + x1 + 22 + x3) + cos(t + 1) cos?(t + zo + 13),
f2 :=3cos(t + 1) cos(t + xo + x3) — (asin(2t + z1 + 2 + x3)

+sin(t + x1) cos®(t + xo + x3) — sin(t + zo + x3) cos(2t + z1 + T2 + z3)), and
f3 := arcos (t + x9 + x3) + 2sin(t + o + x3) — COSQ(t + x9 + x3)

is applied. In addition, the exchange contribution is taken into account with C, = 1, i.e. we
consider

heﬁ‘ =Am-+f.

The other input variables are chosen to be o =1 = 6.

The evolution of the magnetization is computed on the time interval [0, 3], and we are
interested in the convergence rates of the scheme in time and space as (h, k) — (0,0). Since
no exact solution is known, we employ a reference solution m on a fine grid with 20480
elements and 10000 time steps. The dynamic behaviour of the magnetization is visualized in
Figure A respective error table for different time- and spatial mesh sizes is given below
in Table Here, the error is given by

Err(m) := max I, — m(t)]| g2 (o) + VM), = Vm(t))] 2

Timesteps
10 50 100 500 1000 5000 10000
Spatial elements
5 3.3592 2.6469 2.6067 2.5839 2.5816 2.5799 2.5797
40 4.1866 3.1576 3.1003 3.0767 3.0754 3.0746 3.0746
320 3.7968 1.6100 1.4067 1.2830 1.2707 1.2614 1.2603
2560 3.5580 0.9217 0.6890 0.5664 0.5568 0.5503 0.5496
20480 3.4629 0.6032 0.2923 0.0551 0.0260 0.0029 NA

Table 3.1.: Err(m) for the above example computed with respect to a reference solution.

Due to construction, we expect the scheme to be of first order in both, time and space. In-
deed, the error decay in space shows the desired behaviour if the time step is chosen sufficiently
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small (> 100 steps). Note that for small amounts of spatial elements (< 2560 elements), the
time error rarely decays, but is rather stuck at a certain value. This is in agreement with
observations from e.g. [Rocl2], and we conclude that in these ranges, the temporal error is
dominated by the spatial error. The last line of Table however, reveals even the desired
convergence rate for the temporal error. The error seems to make an abrupt jump between the
fourth and fifth line for small time steps. This is due to the fact, that the reference solution
is computed on 20480 elements, as well. Therefore, the spatial resolution of the discrete- and
the reference solution coincides in the last line and the spatial error is thus negligible. This
spatial mesh, on the other hand, is a good opportunity to investigate the temporal error.

The decay of the spatial error for 100 time steps is visualized in Figure [3.3] Here, we plot
the error over P~1/3, where P denotes the number of elements. Notice that this is a 3D
simulation, whence h ~ P~1/3. On a double-logarithmic scale, we see that the error indeed
behaves like O(h), as to be expected. Figure visualizes the decay of the temporal error
on a spatial grid of P = 20480 elements. Here, the error is plotted over the amount of time
steps. Again, the experiment confirms a linear decay rate of O(k).

3.3.2. Finite time blowup in 2D

In the second experiment, we consider a 2-dimensional benchmark problem from [BP06],

which is expected to produce a finite time blowup. On Q = [~0.5,0.5]2, we consider the initial
magnetization
0,0,—1 for |x| > 1/2,
my(x) := ( 2) 2 2 2 =
(2xA, A — |x]%) /(A% + |x|7) for |x]| < 1/2,

with A := (1 —2|x[*)/s for some s > 0. Starting from this initial data, we run the simulation
with

heg = Am.

Put explicitly, we set C. = 1 and neglect all field contributions besides the exchange part.
In particular, no external field is employed. Moreover, we choose @« = 6 = 1 and s = 4
for now. The evolution of the magnetization on the time interval [0,0.03] for h = 1/32 and
k = 0.00001 is visualized in Figure A lateral view is given in Figure [3.6] As observed
before in [BP06] and also [Roc12, BPPR13]| in a different setting, we see that the magnetization
heads towards an extremal state at around ¢ = 0.023 and then gets aligned parallel. The goal
of this benchmark problem is to pinpoint the time of this extremal blowup point which is
defined as the time at which the gradient of m takes its maximum. More precisely, we seek
t € [0, 7], such that

lm(t) 1.0 = IVmM(t)| g @) = max [[Vm(t)||gee(q).-
te[0,7)

In [BP0O6], the authors used the midpoint scheme to compute this problem. Therefore, however,
they were restricted to comparatively large time steps, since the fixed point iteration enforces
a coupling between h and k, namely k < Ch?, for this algorithm. As a result, the most refined
spatial mesh-size they could employ, was h = 1/64. For those computations, the empirical
blowup time seemed to converge towards approximately 0.03. As we do not have any coupling
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Time: 0.003300

Time: 0.000000

Time: 0.010300

Time: 0.006300

Time: 0.019300

Time: 0.014300

Time: 0.024500

Time: 0.024100

Time: 0.028000

Time: 0.024800

Figure 3.5.: Magnetization dynamics on [0,0.03] for A = 1/32 and k = 0.00001.
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Time: 0.008000

Time: 0.019000

U AR A

Time: 0.024000 Time: 0.024500 Time: 0.030000

Figure 3.6.: Magnetization dynamics on [0,0.03] in lateral view.

between h and k, the tangent plane scheme is very convenient for this problem, since we can
compute much further than A = 1/64 which reveals some unexpected results.

In Figure [3.7] a comparison of the empirical blowup times is visualized for different h €
{1/8,1/16,1/32,1/64,1/96,1/128} and k = 0.00001. For large h > 1/64, the results from
[BPOG] are reproduced. For smaller h, however, we observe that the blowup time does not
converge but rather approaches higher values. For h = 1/128 the blowup time even becomes as
high as 0.09. These results are in agreement with first observations from [BKP0S, BPPR13],
where still coarser meshes were considered. We conclude that the empirical blowup time
strongly depends on the mesh size and, contrary to [BP06|, cannot observe convergence to-
wards any point in time. In fact, finite time blowup in this example might even be a numerical
artifact caused by insufficient mesh resolution.

Moreover, we find that for fixed spatial mesh size and varying time step size, the empirical
blowup time changes again. This behaviour is visualized in Figure [3.8] Here, we observe that
the blowup time approaches smaller values as k is decreased. In particular, for fixed h = 1/32,
the blowup time seems to converge around 0.022. Since the blowup time is very sensitive with
respect to the mesh-size parameters, however, we stress that additional computations are in
order to fully clarify this benchmark example. In fact, it should be interesting to consider
adaptively generated spatial meshes. In addition, we observe that, in contrast to Figure
the value of |[Vm(t)||ze () at the time of the blowup is constant in this case. We therefore
conclude that this value only depends on the spatial mesh-size and not particularly on the
time step size k.

Next, we consider dependence of the blowup time on the two parameters o and s. The
corresponding results are visualized in the Figures 3.9 and [3:10] We observe that, for small «,
the blowup time seems to approach 0.038 and for o < 1/32 the curves nearly coincide. Note
that the choice of a very small a induces a strong rotation of the magnetization (not displayed)
which causes the energy to not to drop to zero immediately after the blowup occurs.

For different values of s, we see that the blowup time decreases as s is increased. Again,
our results are in good agreement with those from [BP0G.

Finally, we consider the energy of the simulation for different values of k and h and for
a =1 and s = 4. Since, besides the exchange contribution, no other field contribution is
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Figure 3.7.: Different empirical blowup times for h € {1/8,1/16,1/32,1/64,1/96,1/128} and

k = 0.00001.
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Figure 3.8.: Empirical blowup times for k € {1072,1073,107%,1075,107%} and h = 1/32.
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Figure 3.9.: Different empirical blowup times for o € {1,1/32,1/64,1/128,1/256,1/512}, k =
0.00001, and h = 1/32.
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Figure 3.10.: Empirical blowup times for s € {1,2,3,4,5,6}, o = 1,k = 0.0001, and h = 1/32.

considered, this term is given by
1 2
g(mv t) = §\|Vm(t)\|L2(Q),

and the results are visualized in Figure[3.11] As expected, we observe a monotone decay of the
energy for any set of mesh parameters. We like to emphasize that the energy, and hence the
magnetization, behaves as predicted even for the cases (k = 1072, h = 1/32),(k = 1073, h =
1/32), and (k = 1073, = 1/64) for which the classical CFL condition k < h? is not satisfied.
This empirical observation underlines the theoretical result of unconditional convergence which
is a key advantage of the tangent plane scheme in comparison to other methods like the
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Figure 3.11.: Energy £(m, ) for different configurations of mesh parameters and o = 1, s = 4
plotted over time.

midpoint scheme. For the latter, unconditional convergence is only theoretically proved.

Altogether, usage of the tangent plane method allows a more thorough investigation of this
benchmark problem since larger time steps and hence finer spatial meshes can be computed.
This sheds new light on the blowup time in dependence of various input and mesh parameters.
While it is expected that the blowup time varies for different parameters « and s, it is quite
surprising that it seems to react fairly sensible to the mesh size parameters h and k. In par-
ticular, we cannot confirm the conjecture from [BP06| stating that the blowup time converges
towards a specific point in time as those parameters decrease.

3.3.3. Thecase a =0

In the last experiment of this set, we address the special case where v = 0, i.e. the case where
no damping is considered. When we look at the general Algorithm [2:2.1] we see that the
damping constant « is the coefficient of the L2-contribution of our bilinear form

@ (p, %) = alp,P) + (m), x ,9) + 0Ck(Ve, Vi),

cf. Equation (2.2.3). With the arguments from Lemma we immediately see that a’(-,-)
is positive definite for a > 0, since

(%) = al[ll32q) + OCKI V|72 -

This result is particularly true for all 9 € S'(2) and we conclude that Algorithm is
well-defined for a@ > 0, even without the tangent plane constraint. This result can directly
be observed at the condition numbers of the corresponding system matrices. Concerning the
implementation, the tangent space constraint is treated by means of a Lagrangian multiplier.
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Figure 3.12.: Condition numbers of M and the full matrix from (3.3.1)) for &« = 1 plotted over
the simulation time.

In each time step, we thus solve a system of the form

M AT\ (v b
ENE-0
Here, V‘}jl = anj\;l Vi Bm 18 the sought solution, and the Langrangian matrix A is up to some
scaling factor given by

A= (Al A2 A3) ERNX3N,
with
Afi’ = mfl(zl) . eg5ii/.

The line Av = 0 thus realizes the tangent plane constraint mfl(z) : v% (z) =0 for all z € Np,.
Finally, for the matrix M € R3V*3N e have M = A+ B, where A and B denote the matrices
stemming from the scaled H'-scalar product and the cross product in , respectively.
The vector b denotes evaluation of the right-hand side L7(-). The interested reader is referred
to |[GHPS, Section 3|, for details. Solving Mv = b thus corresponds to a solution in the
full space S'(Q), whereas solving the full problem corresponds to a solution in the
tangent space. With the theoretical result from above, we expect both, M and the full matrix
from to be well conditioned for o > 0. In a first experiment we now consider the cube
Q = [-1,1*[nm] and an initial homogeneous magnetization in the direction [1,1,1]. The
initial state is visualized in Figure top left. We then consider the exchange contribution
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as well as some uniaxial anisotropy with easy axis in z3-direction, i.e.
heg = CcAm + C, DP(m).

The constants are chosen as in the NIST pMAG 3 problem as C, = 107! and C, =
39788.73455192433, cf. [Webb|. The time interval is given by [0, 2][ns] and we choose av = 1.
We observe a rotation of m around the easy axis and a damping towards it, cf. Figure [3.13
(white arrows). The condition number of M and the full matrix from (3.3.1)), as well as the
ratio between cond(M) and cond(full) are visualized in Figure As predicted by theory,
both matrices are well-conditioned and hence admit unique solvability.

This observation, however, leaves the obvious question of the case a = 0. We stress that
this case is well worth studying as it occurs in the study of spin torques [Ber02, [HKC04],
for example. In Figure the condition numbers of the involved matrices for « = 0 are
visualized. We empirically observe unique solvability in the tangent space, whereas the matrix
M is ill-conditioned in this case. In fact, the condition number of the full system is about
10" times smaller and the system thus admits inversion.

The magnetization dynamics for this case are finally visualized in Figure (red arrows).
As expected, we observe a rotation around the effective magnetic field which —in this case—
points into the direction of the easy axis.

Insight into this behaviour — at least for some cases - is indeed hidden in the tangent plane
constraint For o = 0, at first sight, equation breaks down to

Cekb(Vv}, V) + (mi, x vi,9) = L/ (3), (33.2)
where L7(-) denotes the right-hand side from (2.2.3). This yields
ol (,) = Cek6(Vep, V) + (i}, x 9,9) = Cekb]| V|72 .

which is not an equivalent norm on S'(£2). This is not surprising, since the constant functions
are within the kernel of a’ (-, -) and does therefore not admit a unique solution in S1()
for « = 0. The tangent plane constraint can, however, be exploited in order to improve the
solvability result at least in some cases.

To that end, suppose that there exist three nodes z1, z2, 23 € N}, such that the individual
components of the magnetization evaluated at those nodes are linearly independent. That is
to say

m{(zl) mg(zl) mé(zl)
|c1 mi(z2) | +c2 | my(z2) | +cs [ my(22) |=0
mi(z3) my(z3) my(z3)
implies
C1
(&) =0
c3

for constants ci,ca,c3 € R and where mi denotes the i-th component of mil for i = 1,2,3.
We emphasize that those three nodes z1, z2, z3 may be different for each j > 0 and we simply
assume that three of those exist in each step of the algorithm.
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Figure 3.13.: Magnetization dynamics as 2D projection on [0,
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Figure 3.14.: Condition numbers of M and the full matrix from (3.3.1)) for & = 0 plotted over
the simulation time.

Under this assumption, (3.3.2)) admits a unique solution Vi € lCm?L in each step j even for
a = 0. To see this, we define

IVl = 19Vl g2y + D Iv(2) - mi(2)]

zeN,
for all v € S'(73). Obviously, || - || is a seminorm on S'(7), and from the tangent plane
condition, we get
Ivil = [[Vvllgz@) forallve ICmi.
It remains to show that || - || indeed defines a norm on S'(73). To that end, we only need

to show that 37\~ [v(2) - my(2)] is definite on the constant functions. Now let ¢ € R? be
constant, i.e.

for some c1, c3,c3 € R, and consider

> Je-mi(2)| =0.

zGNh
By definition, this yields

leym] (2) + com(z) + czmf(2)| =0 for all z € N,
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and thus also

0 = |erm](21) + cam(21) + csm(z1))]
+ |ermd (z2) + camiy(z2) 4 czmy(z2))|

+ |erm] (23) + comd(23) + cami(=3)],

for the special nodes z1, 29, 23 from above. The last estimate is, however, equivalent to

m{(zl) m{(zl) mi(z1)
|1 mi(z2) | +c2 | mi(z2) | +c3 | mi(22) | =0,
mi(z3) mi(z3) mi(z3)
which yields ¢; = ¢2 = ¢3 = 0 by assumption. The quantity || - || thus defines a norm on

SY(Tr), whence IV()llL2(q) is a norm on ICm{l.

Even without Lz—pontribution within the bilinear form, we thus deduce that admits
a unique solution vfl € K,,;- Even though, this does not fully cover the experiment at hand,
we observe that the schemhe’s solvability greatly benefits from the tangent test space. The
experiment, however, empirically suggests that the tangent plane constraint allows unique
solvability even under weaker assumptions.

Artificial damping

Within the context of neglected damping, there is one more thing to investigate, which is
actually a drawback of the tangent plane algorithm: artificial damping. To that end, we go
back to the 2D blowup example from before, i.e. we consider the exchange only case. For this
particular effective field, in combination with a = 0, the analysis from Lemma reveals

1 ; 1 ; 1 ;
SV 2000 < 192 — (0 = DRIV ) (3.33)

Put explicitly, even for the a = 0 case, we do not have an energy equality, but rather an
inequality in each time step. Moreover, on the right-hand side, we get the additional term
0-1/ 2)k2HVViLHiQ @ with a negative sign. We emphasize that this term rises simply from
the construction of the scheme and by no means follows from the equation. For 6 € (1/2,1],
which is the interesting case, we therefore deduce

1 ; 1 ;
§||Vm;j1||2Lg(Q) < 5 IVm|iZaq)- (3.3.4)

Even though, we chose the damping parameter to be zero, a certain term is subtracted from
the energy in each step, and we thus cannot expect constant energy in the no-damping case.
More precisely, using the semi-implicit tangent plane scheme, it is not straightforward to
simulate a micromagnetic process without any damping at all. This is somehow the price for
unconditional stability which was derived by introducing this additional energy term in the
first place. In fact, we expect this behaviour to be stronger, the bigger we choose 0. Indeed,
the predicted behaviour can be observed numerically and the energy for different values of
0, « = 0,h = 1/32 and k£ = 0.0001 is plotted over the time in Figure As expected,
we can clearly see an energy decay in the no-damping case. Obviously, this is much smaller
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Figure 3.15.: Energy £(m, t) for different values of 6 plotted over time. Energy computed with
the midpoint scheme is plotted for comparison (dark blue).

than in the case where damping is considered, but it is still not negligible. Moreover, the
empirical observations confirm that the artificial energy decay becomes smaller the closer we
get to # = 1/2. In this case the artificial damping term from above vanishes. Even in the
case § = 1/2, we observe some damping of the energy which is, however, in agreement with
our theory, as in none of the cases can we proof an energy equality. For sake of comparison,
we also plot the energy of the midpoint scheme computation from [BP06| for the same setting
(dark blue). Comparison data was provided by JONATHAN ROCHAT which is thankfully
acknowledged. For this scheme, in the no-damping case, an energy equality can indeed be
derived, and we observe the respective behaviour in this experiment. Altogether, we thus
conclude that the artificial damping of the tangent plane scheme stems from the introduction
of the implicit part in combination with the normalization step.

93



94



Chapter

Coupling to full Maxwell system

In this chapter, we finally consider something other than the pure LLG equation and investi-
gate coupling to other PDEs. First, we will analyze the coupling of LLG to the full Maxwell
system. This allows us to treat the effects stemming from the magnetic strayfield more ac-
curately than before. Moreover, via o # 0 in below, this ansatz allows to model
conducting ferromagnets. The latter is unclear for the magnetostatic strayfield approximation
which has been investigated so far [MVO0I|. The results of this chapter have partially been
published in [BPP13].

4.1. The Maxwell-Landau-Lifshitz-Gilbert system

We consider the coupled Maxwell-Landau-Lifshitz-Gilbert system (MLLG) to accurately de-
scribe the effects of the self-induced magnetic strayfield onto the magnetization m. To that
end, we consider the two domains ) € Q C R3, where the Maxwell system is solved on the
larger domain (A), and the LLG equation is solved on the embedded domain 2. This is due to
the fact that the strayfield exists even outside the micromagnetic domain €2 and that its values
outside of €2 again influence the magnetization m. For given parameters «, g, g, o > 0, the
MLLG system reads

m;—amxm;=-mX heg inQp (4.1.1a)
c0BE —VxH+oxoE=-J inQp:=(0,7T) xQ (4.1.1b)
woH +V x E= —pom;  in QT. (4.1.1c)

Here, the variables H : SA)T —R?and E : QT — R3 denote the sought electric and magnetic
field, respectively. More details on the derivation of the System [4.1.1]are given in Section[1.4.2]
In analogy to the Chapters [2] and [3| the effective field heg consists of heg = C.Am + H +
7(m) for some general field contribution 7r. For sake of simplicity, the time dependent field
contribution 1y is neglected here. Also, we neglect a possible spatial approximation 7y, of 7w. We
stress, however, that using the techniques from Chapter [2] the inclusion of the approximation
7y, is straightforward. We thus only assume the general contribution to be uniformly bounded
and a priori weakly subconvergent, i.e. (4.2.7) and (4.2.11) below. As before, we emphasize
that the case heg = C.Am + H + C,D®(m) + f is particularly covered. The constants
€0, o > 0in denote the electric and magnetic permeability of free space, respectively,
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Chapter 4. Coupling to full Maxwell system

and the constant o > 0 stands for the conductivity of the ferromagnetic domain €2. The
field J : Qp — R3 describes a known applied current density and xq : Q — {0, 1} is the
characteristic function of 2. As is usually done for simplicity [BBPOS|, we assume Qc ]R3
to be bounded with perfectly conducting outer surface 99 into which the ferromagnet Q C 0
is embedded, and Q\Q is assumed to be vacuum. In addition, the MLLG system (4 is
supplemented by initial conditions

m(0,)=m’inQ and E(0,")=E° H(0,)=H"in0 (4.1.1d)
as well as boundary conditions
Opm =00n 007y, Exn=0ond. (4.1.1e)
In analogy to [CEF98, BBP0S|, we assume the given data to satisfy
m’ e H'(Q,8?), H°E’c L*Q,R%), JeL?(QpR? (4.1.1f)
as well as

div(H’ + yom®) =0 inQ,  (H'+xom’n)=0 on Q. (4.1.1g)

The latter stems from the material law in combination with div B = 0, i.e. .
Note that from (4.1.1d), one deduces 9; div B = 0, whence div B(t) = div B(0). It thus suffices
to assume this property for the initial values. For the weak formulation of the Maxwell part,
we introduce the space

H(curl, ﬁ) ={pe LQ(Q) :Vxpe LZ(Q),@ xn=0onT},

Next, we state the notion of a weak solution of the MLLG system (4.1.1)) which goes back
to [CEF98].
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4.1. The Maxwell-Landau-Lifshitz-Gilbert system

Definition 4.1.1. Given (5.1.1e)—(5.1.11), the tupel (m,E, H) is called a weak solution of
MLLG if,

(i) m € H'(Qr) with |m| = 1 almost everywhere in Qp and (E,H) € L2(Qr);
(ii) for all o € C>®Qr) and ¢ € Cfo([O,T);COO(SA)) N Hy(curl, ﬁ)) and & €
C’go([O,T);COO(ﬁ)), we have

mt-cp—oz/ (mxmy)- -¢=-C, (Vmm xm) - Ve (4.1.2)
Qrp Qp Qr

*/QJHXI“)'“”/QT(“(I“)X‘““"’

—So/ﬁ E-¢ - QH'(VXC)-FU/Q E-C:—/ﬁ J-C—kso/ﬁEO-C(O,-), (4.1.3)

—NO/QTH-ﬁﬁ/ﬁTE-(VXOZ—uo QTmt-£+uo/§H0-£(o,-); (4.1.4)

(iii) there holds m(0,-) = m" in the sense of traces;

(iv) for almost all t’ € (0,T), we have bounded energy
V()72 + lmel72 o) + ||H(t')||i2(§) +E@)]2, @ <O (4.1.5)

where C' > 0 is independent of t.

Note that the test functions for the Maxwell part are chosen from the space
C([0,7); C>(),

i.e. we impose a zero-condition for the upper time boundary. This is due to the fact that we
only show boundedness of the involved quantities in LQ(Q) and thus perform integration by
parts in time to get rid of the time derivatives of E and H.

Existence of weak solutions was first shown in [CF9§| for a simplified model. We stress,
however, that our analysis is constructive in the sense that it also proves existence.

Remark. Under additional assumptions on the general contribution m(-), namely that m(-)
is self-adjoint with HTr( n)|piq) < C for alln € L*(Q) with |n| < 1 almost everywhere, the
energy estimate can be improved. The same techniques as in Lemma|2.4. 1] “ then show
for almost all t' € (0 T) and € >0

£m B E)() + 20— il + 201l s, < EmHE0) - [ (01B)
where
£ (m, . B) = poCel V()2 0y + ol L0 2y + 0 B(0)|22 5 — pol(mi(1)). m(1)).

This is in analogy to [BBP0OS| and the result is formally stated and proved in Section .
In particular, the above assumptions are fulfilled in case of vanishing applied field £ = 0 and
if w(+) denotes the uniazial anisotropy density.

97




Chapter 4. Coupling to full Maxwell system

4.2. Preliminaries and numerical algorithms

In this section, we present two numerical algorithms to treat the coupled Maxwell-LLG sys-
tem (4.1.1). The first one follows the lines of BANAS, BARTELS & PRroHL [BBP0§| and
describes a fully coupled system that may yield the possibility of a higher order extension by
means of midpoint evaluations. The second one is fully decoupled which eases the analysis,
the numerical implementation, as well as some possible preconditioning of the Maxwell part.
Both algorithms are guaranteed to be unconditionally convergent towards a weak solution of
the MLLG system in the sense of Definition Before we come to the actual description
of our numerical solvers, we like to fix some notation and preliminaries.

For the spatial discretization, let 7;19 be a regular triangulation of the polyhedral and
bounded Lipschitz domain Q C R3 into compact and non-degenerate tetrahedra. By Ty,
we denote its restriction to 2 € (AZ, where we assume that 2 is resolved, i.e.

77L:7;1§|Q:{T€7;L§:ng7é®} and Q= U T.
TeTy

As before (Section , we denote the standard P'-FEM space of globally continuous and
piecewise affine functions from 2 to R? by S'(73,) and by Zj the nodal interpolation operator
onto this space. By M}, we denote the set of admissible functions of unit length and by Ke,
the pointwise orthogonal space of ®; for any ®; € Mj,.

For discretization of Maxwell’s equations (4.1.1b)—(4.1.1¢)), we use conforming ansatz spaces
Xn € Hy(curl; ﬁ), Y, C LQ(Q) subordinate to ’7719 which additionally fullil V x X}, C V). In
analogy to [BBPO0S|, one can choose e.g. first order edge elements

Xy, == {¢), € Ho(curl; Q) : @ |k € P1(K) for all K € 77?}
and piecewise constants
Vi i={¢, € LX(Q) : €|k € Po(K) for all K € 7}?}

We refer to [Mon08, Chapter 8.5| for more information and properties of these spaces. As-
sociated with Ay, let Ty, : H?(Q2) — Aj, denote the corresponding nodal FEM interpolator.
Moreover, let

Iy, : L*(Q) = W,
denote the L?-orthogonal projection, characterized by
(¢ =TIy, ¢, yn) =0 forall ¢ € L*(Q) and y;, € V.
By standard estimates, see e.g. [Mon08|, one derives the approximation properties
I~ Tl + BV X (0~ Tu@)lga < ORIVl (42)

1€ — thCHL2(§) < ChHCHIil@) (4.2.2)

for all p € H?(Q) and ¢ € H'(Q) and some h-independent constant C' > 0.
For ease of presentation, we finally assume that the applied field J is continuous in time,
ie. J € C([0,T); L*(Q)) so that J7 := J(t;) is meaningful. We emphasize, however, that this
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4.2. Preliminaries and numerical algorithms

is not necessary for our convergence analysis. For discretization of the time derivative, we
employ the difference quotient of first order, i.e.

) Jj+1 _ ng
ditt = &=
t @ ’

Next, we propose two algorithms for the numerical integration of MLLG, where the first
one follows the lines of [BBP0S].

Algorithm 4.2.1. Input: Initital data m®, E°, and H, parameter 6 € [0,1], counter j = 0.
Forall j =0,...,N —1 iterate:

(i) Compute unique solution (v{l,Eﬁl,Hﬁl) € (ICm{L,Xh,J/h) such that for all
(Pn:%n,Ch) € Kmi X Xp, X Yy, there holds
a(vl, ép) + ((m) x v]), ;) = —Ce(V(m), + 0kv]), V)

. 4 (4.2.3a)
+ (H)T2 ) + (w(m)), b))

eo(dEL ) — (HLY2 0 x ) + o(xaEL 2 ) = —(3771/2,9,),  (4.2.3b)

/J”O(dtH‘}jl—‘rla Ch) + (v X Ei+1/27 Ch) = _MO(V;“ Ch) (423C)
A : ] kv
(ii) Define mi™ € M, nodewise by mi ™ (z) = mh(z) i vh(z) for all z € N,
h 4 lm) (z) + kv}(2z)|
h h

Note that the scalar product (V;L, ¢p,) in (4.2.3b)) is the LQ(Q)-scalar product. Here, we thus
implicitly use the zero extension

i (x) = {"i(x) x €0 (4.2.4)

For the sake of computational and implementational ease, LLG and Maxwell’s equations
can be decoupled, which leads to two smaller linear systems per time step. This modification
is explicitly stated in the second algorithm.
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Algorithm 4.2.2. Input: Initital data m®, E°, and H, parameter 6 € [0,1], counter j = 0.
Forall j =0,...,N —1 iterate:

(i) Compute unique solution v{L € Kmﬁ such that for all ¢}, € ’Cm{l’ there holds

a(vi, ) + (i, x vi), @) = ~Ce(V(m}, + 0kv}), Vepy,)

, , (4.2.5a)
+ (H?p ¢h) + (ﬂ'(mi)? ¢h)

(i1) Compute unique solution (E{LH, H{LH) € (Xn, Vn) such that for all (¥, ¢y) € X X Y,
there holds

eo(diBy ) — (HITLV x ) + o(xaB), ) = —(37,4,), (4.2.5b)
:u’O(dtH‘;;’—la Ch) + (v X E‘;L_‘_l: Ch) = _MO(Vgp Ch) (425C)

, : / kv]
(iii) Define miLH € My, nodewise by rnifl(z) = m?(z) i V?Ezi for all z € Np,.
h

In the above algorithm, the scalar product in (4.2.5¢) is again understood in the sense
of (L29).

Remark. Before we come to the analysis of the two presented algorithms, we briefly want to
remark on their quality and benefits. The first Algorithm follows the ideas of [BBPOS|
and, due to the midpoint evaluation, might be extendable to a scheme which is of higher order
in time. While the second Algorithm[{.2.9 seems to be only a minor extension of the first one,
it provides major advantages. Besides simplifications in the analysis, this scheme seems to
be vastly superior for an actual numerical implementation: First, since the two equations are
decoupled, it can easily be added to an existing LLG solver. Second, since the Maxwell part can
be treated separately, possible preconditioning techniques as in [Banl(] can directly be applied.

It is quite straightforward to see that both of the above algorithms are well-defined, i.e.
admit unique solutions in each step of the respective loop. This result is formally stated and
proved in the next two lemmata. We start with the coupled system of Algorithm [.2.1]

Lemma 4.2.3. Algorithm[{.2.1) is well-defined in the sense that in each step j =0,...,N —1
of the loop, there exist unique solutions (mﬁl,vfl, Eﬁl, H?ZH).

Proof. We multiply the first equation of (4.2.3)) by po and the second and third equation by
some free parameter (g > 0, which will be fixed later, to define the bilinear form a’(:,-) on
(K » Xh, Vn) by

@ (2,9, 0), (6.4, ) = apio (2. 6) + po ((m], x ), @) + uoC.0k (Y, Vo) - £2(©,¢)

n C‘Z]l]*fo(q;,,p) - %ﬂ(@,v x ) + ?(mﬁmﬁ)
+ B0 ¢) + By w,¢) + o (#,0)
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4.2. Preliminaries and numerical algorithms

and the linear functional L’(-) on (K, > Xh: Vn) by
h

L3((..€)) = —poC. (Vi) Vo) + B2 (H, ) + po (m(m}), ¢)
Cen Cro

+ B ] )+ B] v ) - B (0B ) - G5 9)
+ B w ) - By p] o)

To ease the readability, the respective ﬁrst lines of these deﬁnitions stem from (4.2.3al), the

second from ( , and the third from . Clearly, (4 is equivalent to
aj((V?L»EiLH JH) (¢ha¢haCh)) j((¢ha¢ha§h)) for all (¢,,%,,Cp) € Kmi; X Xp X Vh.

Next, we aim to show that the bilinear form a/(-,-) is positive definite on K m! X Xp X Vp.
Usage of the Holder inequality reveals that for all (¢,%,¢) € K mi X Xp X Yy it holds that

@ ((®.%.0). (9,%.0)) = oo, §) + o (], x @), §) +10Cebk (V. Vp) — 2 (6,C)

=0
+ B g )~ B v )+ B (o)
CIZEINO CiZtI

(¢:€)+ =2V x %,¢) + o (6. €)
- Oéuo(¢ $) + noCetk (Ve V) + (Clzmio — 52) (6. €)

+ B0 )+ B () + Om“%c )
> (a - QE(QZ] - 1/2)) ,U()H(ﬁHL2(Q) H"/)HL2(Q
(B =112 =12y ¢,

2e

=:b

where we have used

1
(¢,¢) > —2¢[|9ll72() — %HCH; &

For the last inequality, we employed the zero extension of ¢ in the sense of (4.2.4). Choos-
ing g = 1/2 now yields a,b > 0 and thus the desired result.

From V{L € K_, and the Pythagoras theorem, we get \mh( z) + kv{;(z)|2 = \mi(z)\Q +

) h
kvl (z)|> > 1. Hence, also step (ii) of Algorithm is well-defined. This concludes the
proof. O

The next Lemma states that also the second, fully decoupled algorithm is well-defined.

Lemma 4.2.4. Algorithm [[.2.3 is well-defined in the sense that it admits a unique solution

(m{fl V{L,E{LH,H{LH) in each step j =0,..., N — 1 of the iterative loop.

101



Chapter 4. Coupling to full Maxwell system

Proof. For the first equation (4.2.5a), we define the bilinear form a/(-,-) : ICm;l X lCm?L — R by

a}(®,¢) = a(®,¢) + (m] x ®),¢) +6Cck (VS, V)
and the functional
Li(¢) := —Ce(Vm], V) + (H, ¢) + (w(mj)., §).
Then, (4.2.5a)) is equivalent to
a}(v}. @) = [1(d) VP EK .
Obviously, L7(-) is linear, while a/(-, ) is bilinear and positive definite, since
aj(¢a ) = O[quHiQ(Q) + ecekHvaHiQ(Q)'

We thus deduce existence of a unique Vi € ICm{l solving (4.2.5al). For the second equation
(4.2.5Db)), we have to consider the bilinear form as(-,-) : (X, Vn) X (Xh, Vn) — R defined by

a2((,0), ($,¢)) == 2 (T,9) = (0,V x §) + o (xa¥. ) + L2(0,¢) + (V x ()
which is continuous and positive definite. This is easily seen by
az(%,Q)(%,€)) = 2(W,%) = (& V x %) + alxap, $) + L2(¢. O + (T x .€)
= 2. 9) +olxav, ¥) + L2(¢.0)
= 2l gy + LIS ) + 01 20

We further define the functional
€0

L5((6.€) 1= (. 9) — 2 (BL9) — (v} €) — (). Q)

which is obviously linear. Hence, the system (4.2.5b)—(4.2.5¢]) is equivalent to
ar (B HL™, (1,€))) = Ly, ¢) Y(®.€) € (X, D).

Due to finite dimension, there is a unique solution (E{LH, Hflﬂ) of (4.2.5b)—(4.2.5¢). As in
Lemma we see that step (ii7) of Algorithm is also well-defined. O

We will close this section with our main convergence theorem for the coupled Maxwell-LLG
system which reads analogously to Theorem [2.3.1] and covers both algorithms [£.2.1] and [£:2.2]
simultaneously. Since the proof is quite lengthy, it is postponed to the upcoming sections
below.

We quickly recall the definition of our discrete quantities in the sense of Lemma For
x € Qand t € [tj,tj41) and for 'yf; € {mi,HfL,Ef;,JZ,Vﬁ} the discrete approximations are
given by

t—t; tiv1—t

T (%) =g x), 7T x) = ().
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Furthermore, we define the midpoint evaluation by

Api(t,x) = ’YfLH/Q( )= A Hﬂyh(x).

The next statement is the main result of this chapter.

Theorem 4.2.5. (a) Let 0 € (1/2,1] and suppose that the spatial meshes Ty, are uniformly
shape regular and satisfy the angle condition

/ V- Vn;  for all basis functions n;,m; € SY(Tp) with i # j. (4.2.6)
Q

Moreover, suppose that the general field contribution m(n) is uniformly bounded, i.e.
[7(m)lp2(0) < Cr < 0 (4.2.7)

forn € L*(Q) with |n| < 1 almost everywhere, and where the constants Cr > 0 is independent
of the timestep- and spatial mesh-sizes k and h. In particular, Cr may depend only on €.
Assume additionally that we have convergence of the initital data, i.e.

m) =~ m°®  weakly in H(Q) (4.2.8)
as well as
H) ~H’ and E) —E’ weakly in L*(Q). (4.2.9)
Finally, for the field J, we assume sufficient reqularity, e.q. J € C([O,T]; LQ(Q)), such that
J* =T weakly in L*(Qr). (4.2.10)

Under these assumptions, we have strong subconvergence of m,, towards some function m in
L*(Qrp).

(b) In addition to the above, we assume the weak convergence property

m(m,,) = w(m) weakly subconvergent in L*(Qr). (4.2.11)

Then, the computed FE solutions (mpy, Hhk, Enk) of either Algorzthm or Algomthm
are weakly subconvergent in H'(Qr) x L2(Qr) x L2(Q) towards a weak solutzon (m,H,E) of
the Mazwell-LLG system. In particular, this yields existence of weak solutions of MLLG and
each accumulation point of (mpk, Epk, Hpk) is a weak solution in the sense of Definition .

Remark. As mentioned above, an approzimation 7p(-) of w(-) can easily be included into the
analysis. With the techniques from Chapter (3 the analysis directly carries over to this case
and, in analogy to before, one then gets the constraints ||7p( mh)HLz @) < Cr <00 as well as

mp(my,) sub, m(m)  weakly subconvergent in LQ(QT)

for the numerical approximation.
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4.2.1. Analysis of coupled Algorithm

As in Section the convergence analysis follows three steps.
e Step 1: Boundedness of the discrete quantities and energies.
e Step 2: Existence of weakly convergent subsequences.

e Step 3: Identification of the weak limits from Step 2 with a weak solution of the
Maxwell-LL.G system. This particularly shows existence of weak solutions.

We begin with the verification that the discrete quantities computed by Algorithm [4.2.1] are
indeed uniformly bounded.
Step 1:

Lemma 4.2.6. The discrete quantities (mh, EJ H]) € My x Xy x WYy fulfill

J J—

1m0 122 ) + 5 30 VA2 20y + 1B 220 + B2 a0 + (0 = 1/2)K2 3 (V¥ 220y < Cim
. >

(4.2.12)

for each j =0,...,N and some constant Cgg > 0 that depends only on \§|, 19, and Cx.

Proof. As for pure LLG, the proof relies on choosing of the correct test functions. For
Maxwell’s equations (4.2.3b)—(4.2.3d), we choose (¢,,¢;,) = (E), E /2 H;LH/Z) and obtain after

summing up

7 7 H—l 2
A (FIER 2 ) + S NHE 2 ) + olbeaBs ™ )2, 0
7 i+1/2 ;
= —(FFV2 B po(vi, H,

The LLG equation (4.2.3a)) is now tested with ¢; = v} € Komi - We get

a(vi,vi) + ((m}b X VZ),V;Z) =—C, (V(m}'Z + 0kv}), VVZ) + (HZH/Z,vf) + (ﬂ(m};),vi),

=0
whence
ki .k .
O Ik + ORI TVl sy = —H(Vmi, TvE) + (G2 ) + L mi, o).
e e
Next, we use HVm’HHL2 ) < < [|[V(mi+kv}) H o) Stemming from the mesh condition (4.2.6)),

cf. [Bar05|, and argue as in the proof of Lemma to see

1 i k? i
IV 2z ) HthIILz +k (Vmi,, Vvi) + 1V g2

= IV 20y — (0~ 1/2) RV ey

ak, koocviv1/2 k in i
- a”vhHi?(Q) + a(Hh » Vi) + a(ﬂ'(mh),Vh)-
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Multiplication by puo/k thus yields

Ho mit! P2 Qo
%(HV ||L2(Q ||th||L2(Q)) + =

o Vil gao) + (0= 1/2) ok V¥ 72 )

< HO (gypitl/2 i Ho j ;
~ a(H;L / ,V;l) + Ee(ﬂ'(mz),VZ).
Adding up the two inequalities, we employ Cauchy’s inequality and conclude for any
e,v>0
Ho 1+1 €0 i+172 z+1 1+1/2

1
+ (0 - 1/2),u0k:HVVh||L2(Q + 60(04 - 6)HV}L||L2(Q)

i i+1/2 [
< e Ty + I ||L2(Q e ImmillE
Multiplying by k£ and summing over the time steps ¢ =0,...,7 — 1, we see
SNV a0y + 56 1B ) + o I Zn ARG
2 nllL2(@) lzz@) T W@ c xe
i 0 i
(6= 1/2)p0k 3 932 0) + oo (0 — o) Z Vil
i=0 ¢ i=
vk 12 k:,u
i i+1/2 0
< o Z g “/2\|L2(m & 2 Im P12+ 1 Z I (mi) 20
B IVl )+ 5 IER ) + 5 IR 5

<C ‘|‘ RV Z ||Ez+1/2”

For the last inequality, we explmted boundedness of the general field contribution (2.3.2), as
well as convergence (and hence boundedness) of the initial data.

Unfortunately, the term Z LIE ZH/QH 2 cannot be absorbed by Z HX ZH/ZH

on the left-hand side, since the latter is deﬁned only on the smaller domain Q. The remedy is
to employ an artificial extension

7j—1 7—1

i+1/2 ;
SR gy < 5 3 (1B 1200 + B 22 q) < 51EA +ZHE
1=0 1=0

This yields

—_

j—1
o in2 1 in2 ko i+1/2)2
5 IV (|72 o) + 55 (e0 — kv) B | HH [ IxeE, "l g
2 RILA () 20(_,_), hIL2(@) CZ; he @)
=:Cg
= pok
(0 -1/2)m0k* 3 IVl + ZuvhHLz
1=0

Z B2 5,
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where Cg > 0 for v < g¢/ko Hence, the assertion then follows by application of the discrete
Gronwall’s inequality for e < a. O

Step 2: Analogously to Lemma[2.3.5 we conclude the existence of weakly convergent subse-
quences.

Lemma 4.2.7. There exist functions m € H'(07,S?),v € L*(Qr), and E,H € L*(Q7) x
L*(Qr) such that

myy, 2% m in HY(Q7), (4.2.13a)

My, My, My 2 m in L2(HY), (4.2.13b)
my,;,, mfk,ﬁhk b min L2(QT)7 (4.2.13c¢)
H,p, Hye 2% H in L2(Qr), (4.2.13d)
Ene, Enp 25 E in L2(Qy), (4.2.13¢)

Vik Sy in L*(Qr). (4.2.13f)

In particular, there exists a subsequence (hy,ky) of (h,k) such that all the above limits hold
stmultaneously.

Proof. The limits concerning the magnetization m as well as v follow as in Lemma [2 Due
to the boundedness of the discrete electric and magnetic field from Lemma [4.2.6] we conclude
existence of H, H and E, E with

Hy), 2 H
Hy 2 H
En 2B
B 22 E

in L?(Q7). It thus only remains to show that the limits H and H, resp. E and E coincide.
This can be seen by some clever user of the midpoint rule. For A € C*(€Qr), consider the
piecewise constant approximation A~ € PO(Zy, C>®(Q)) with A= (t) = A(t;) for t € [tj, tj41)
and vpx € {Epk, Hpg}. Since the midpoint rule is exact for the (piecewise) affine function
(Yhk, A7), there holds

T N-1 tj+1 1 N1 t
_ 1 ir1+1
/ (’thn = / j+ +7h7 =k Z ’tha < ! 9 J)
0 j=0 7=0
N-1 J+1 T
= / 7hk7 = / (’yhlﬁ A_)
=0 t; 0

We thus deduce

Frier &) = This A7) + gy A = A7)
= (Vaks A7) + (Fpis A — A7)
= (k> A) + (Vaks A7 = A) + (Fpies A = A7).
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Pointwise convergence of A~ to A in combination with the Lebesgue theorem for dominated

convergence |A.2.3| yield A~ LLENY strongly in L?(Qr). We thus get lim, gy 0 (T, A) =
limp, 1)—0(Yhk, A) and hence to coincidence of the two limits. O

From Lemma [2:3.6] we conclude that the limiting function v equals the time derivative
of the magnetization m almost everywhere in Qp. This concludes the proof of part a of
Theorem In the remainder, we aim to identify the limiting functions from Lemma [4.2.7
with weak solutions of the MLLG system, i.e. we prove part b of Theorem

Step 3:

Proof of the convergence Theorem [[.2.5 for Algorithm[{.2.1 As special set of test functions
serve (¢h7¢h7€ﬁ\)(t7') = (I]}\(mi:k X Lp)v:Zth?Iy}L\C)(tv ) for any (907¢7C) € COO(QT) X
C° ([0, T); C>(€) N Hy(curl, @) x C2°([0,T); C>(%)). Algorithm [1.2.1] implies

T T T
o [ Wit + [ (< vididn) = <C [ (Vg +00vi,), V)
0 0 0
T T
+ /0 (F. ) + /0 ((my), é2)
T T T T
60/0 (Enk)e. ) _/o (Hpi, V ><¢h)+0/0 (xoEnk, ¥y,) = —/ (Tnk, V)

0

T T T
Mo/o ((Hnr)t,Cp) +/0 (V X Ep, Cp) = —Mo/o (Vi Ch)-
As in the proof of Theorem boundedness of the involved quantities in combination

with the approximation properties of the nodal interpolation operator, for the LLG part this
yields

T T
/0 ((avy, +my, x v;,), (m;, x @)+ k9/0 (Vv V(my, x ¢))
T T T
w0 [ (Vg Vom0 = [ (i (g x0)) [ (). (g x 0)

= O(h)

Passing to the limit and using the strong L?(Q7)-convergence of (my, x ¢) towards (m x ¢),
we get

T T
/0 ((avy, +my, x vi,), (my, X @) — /0 ((am; + m x my), (m x @)),
T
k@/ (Vv V(my, x ¢)) — 0, and
0

T T
/ (Vmy,,V(m;, x ¢)) — / (Vm, V(m x ¢)),
0 0

as in Lemma [2.3.9, For the second limit, we have used the boundedness of k||Vv}:k||i2 @)
for 6 € (1/2,1], see Lemma [4.2.6, The weak convergence properties of Hyy, and 7(m;))
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from (4.2.11)) now yield
T T
| E i x0) — [ (Hmxg))  and
0 0
T T
| i), i < 0) — [ (), (m x )
0 0
So far, we have thus proved
T T
/0 ((omy + m x my), (m x ¢)) = —C’e/o (Vm, V(m x ¢))

T T
n /0 (HL (m x ¢)) + /O (we(m), (m x )

As in Lemma we conclude (4.1.2). The equality m(0,-) = m® in the trace sense again
follows from the weak convergence myp; — m in H 1(QT) and thus weak convergence of the
traces. Using the weak convergence mg —m? in L?(Q), we finally identify the sought limit.

For the Maxwell part (4.1.3)—(4.1.4)) of Definition we proceed as in [BBP0§|. Given the
above definition of the test functions, (4.2.5b)) implies

€0 /OT (Enk)e %) — /OT(Hhk,V X y,) + J/O

T T T
MO/O (Hpr)e, Cp) +/0 (V X Epk; ) = —MO/O (Vi Ch)-

T

— T p—
(XQEhka¢h):/0 (Jhes )

We now consider each of those two terms separately. For the first term of the first equation,
we integrate by parts in time and get

T T
/0 (Ba)enthy) = - /0 (B (bn)e) + (B (T, ). (T ) — (B9 9940, ).

=0

where the second term on the right-hand side vanishes due to the temporal boundary condi-
tions. Passing to the limit on the right-hand side, we see

T T
/ (Eni)sn) — — / (E,9,) — (E%,9(0,)), (4.2.14)
0 0

where we have used the assumed convergence of the initial data. For the first term in the
second equation we proceed analogously The convergence of the terms

T T
/(Hhk,vwm%/ (H,V x ).
0 0
T T
/ (xe B, ) — / (xaE. ).
0 0

T*

/O(Jhk,z/zh)—>/0T(J,¢), and
T(Vﬁk,Ch) — T(mtaC)
/ /
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4.2. Preliminaries and numerical algorithms

is straightforward. It remains to analyze the second term in the second equation. Using
V x Epi(t) € Vp, and the orthogonality properties of 7y, , we deduce

T B T B T B
/ (V X Enk, Cp) = / (V x Ep, ¢) — / (V x Eng, (1 = Iy, )¢)
0 0 0

T T T
:/0 (Vthk,C)z/O (EhmVXC)—)/O (E, V x ().

For the last equality, we have used the boundary condition Ep; xn = 0 on (‘XAZT and integration
by parts. This yields (4.1.3]) and (4.1.4). It remains to show the energy estimate (4.1.5)). From
the discrete energy estimate (4.2.12)), we get for any ¢’ € [0,T] with ¢’ € [t;,tj41)

90 () 2y + Vi 2, + k()20 + B ()2 g
tl
= IIVmZk(t')HZLz(Q) +/0 HV}:k(S)H%?(Q) + [[Hpr(t )HL2(A + [ En(t )Hi;@)

i+l — =
< [V (¢)]22 0 + / Vi ()20 + 1Bk () 2, + k() 22,
< 20z

Integration in time thus yields for any measurable set J C [0, 7]

/vahk; HL2 /||Vhlc||L2 [”Hhk(tl)uzﬂ /HEM‘C HL2(§ <2/
J

whence weak lower semi-continuity leads to

L Ivmlag + [ lmieg,,+ [ 1R [ 1B <2 [ do

The desired result now follows from standard measure theory, see e.g. [Elsll IV, Thm. 4.4].
O

Remark. Note that, with the above analysis, we do not get the convergence of ’y,jfk towards
v for v € {E, H} as we do not control ) H’yjH

we know that th do converge by boundedness — at least for a subsequence. Theoretically,
however, the limits of fy,fk and 7y, could be different.

*nyHiQ This is somewhat unexpected as

4.2.2. Analysis of fully decoupled Algorithm

In this Section, we finally show convergence of the fully decoupled Algorithm While
the analysis seems to be slightly more involved at first glance, we again stress that, due to
decoupling, this algorithm has large benefits from an implementational point of view. As
before, the proof consists of three steps and we start by verifying the boundedness of the
computational quantities.

Step 1: Boundedness of the discrete quantities.
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Lemma 4.2.8. There exists kg > 0 such that for all k < kg, the discrete quantities (mh, EJ HJ) €
My X X X Yy, fulﬁll

j—1
|12 +kZ||vhu o + T2 0+ B2 0 + (0= 1/2)K2 3 VW2 g
=0
jfl
30 (G = B2 g+ B - B2, ) < G (42.15)
=0

for each j =0,...,N and some constant Ggp > 0 that only depends on lﬁ], on ||, as well as
on Chr.

Proof. Again, the proof relies on a clever choice of test functions. For Maxwell’s equations, i.e.
step (ii) of Algorithm we choose (1,,¢;,) = (Ei', Hit) as special pair of test functions

and get from (4.2.5b) 2 4.2.5¢])
?(E}l“ —E}, E;jl) — (H" VX EM) + o(xoEM™ EiMY) = —(JLEM)  and

PO (B — L)+ (V < By HG) = (v ).

Adding up those two equations (and multiplying by 1/C.), we therefore see

kC C (B! — Ej, Eit!) + *HEZ“HZLZ( k:O O (= —Hi, HI)
(4.2.16)
Mo Mo ; 1 .
= C ( haHZ) C ( th_IZ H;L—H) - a(leE;j_l)'

The LLG equation (4.2.5a) is again tested with ¢; = v} € szﬁ . In complete analogy to
before, we get

Vi, vi,) + (i, x v),vj,) = —Ce(V(mj, + 0kv}), Vvj,) + (Hj, v,) + (m(mj,), v},),

=0

whence

o (Hjvh) o+ o (m(m}). v}):

Again, we utilize the discrete energy decay stemming from the angle condition ([2.3.1)) to see

ak, i i i
?thiiQLQ(Q) =+ einivvhHQL?(Q) = —k(Vmyj, Vv}) +
1 i+1 1 Q2 i i k? i
§||Vm ”L2 §|ivmh”L2(Q) +k (th, vvh) + EiiVVhHLQ(Q)

1 i i
= iiivmhiiiﬁ(g) - (‘9 - 1/2)k2||vvh||i2(g)
ak, ;9 k i k i i
- a”vh”;ﬁ(g) + a( hs Vi) + a(ﬂ(mh)avh)'

e

Multiplying the last estimate by uo/k and adding (4.2.16]), we obtain

Ho 7 i 7 a:U’O
(V122 g rerh\\i2(m> + (0= 1/2 ok |V 20y + & V320
i i i g i i i
k (E L _E; E + aiiEh—i—liiiQ(Q) + = kC’ (H +H_H HIT
M i i i I i i i i
< 6( h*HthVh)*a:(J th+1)+a(7T(mh)’Vh)'
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4.2. Preliminaries and numerical algorithms

Multiplying the above equation by k, summing up over the time intervals, and exploiting
Abel’s summation from Lemma for the E}’1 and H}L scalar-products, this yields

j—1 j—1
110 : i akpio i
?va%Hi?(Q) + (0 - 1/2)M0k2 Z ||vvhHi2(Q) + o Z ||Vh”i2( ”E ||L2(Q
i=0 € =0
i—1
[ @imwﬂﬁ oo Ml EMW“ I
LQ(Q C h L2(Q) h L2(Q)
€ i=0
1 j—1 ]—1
ko ] i i i k i i pok
< C Z(Hh —H," V) - ol Z(J E;") C’
€ i=0 € i=0 N 2:0
o
+ VM |12 ) + H I3 2 ||H [
9 L (Q

—.£0
=&

for any 5 € 1,...,N. By use of the inequalities of Young and Holder, the first part of the
right-hand side can be estimated by

ko 32 . . A Pzt Lok 12 o
=, —H M v — = (ILE) + o > (w(m}), v},)
¢ =0 € =0 ¢ =0
kMO - 1 6,[1,0]{3 -
4 - -
< T g mi) oy + I ) + T 3 Vil
1=
+1 i
Eﬂw|m® 4C§Nﬂmm
for any €, > 0. Here, we used |[H!™ —H!||2, . < |HI — H! . The combination of
h h L (Q) h h
the last two estimates yields
Ho j = akpuo i
2 2 i 112 i 112
1= 1=
ko 14
g+ oo > B 2 + ] mel g
i=0
<““§]wmmw +WWH—iwf»+”“%Www
= 2Cee = hNIL2(Q) h hll L2 Co & rllL2 ()
1= 1=
i—1 j—1
vk < : k
+12 0
C«@Z;HE;L HL2(§) + 40, HJZHLQ(Q) +Sh
1=
As before, the term % z 5 HEZHH 2() OB the right-hand side cannot be absorbed by the

term C—‘Z 23;& |ELH2 12(0) O1 the left hand-side, since the latter consists only of contributions

on the smaller domain 2. Again, we thus artiﬁcially enlarge the first term by

2 2]{:1/] .

kv i+1)12 QkV i+l
> B2 < E IE}, HE 172
C. — L*(Q) L2 ) ce
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Chapter 4. Coupling to full Maxwell system

and absorb the first sum into the corresponding quantity on the left-hand side. With

fok 110 k 1
v .= —£), = 1— — , — —4 ,
C C. (a—¢), Cu 208( a) and Cg 50, (e0 — 4kv)
this yields
Jj—1 j—1
||thHL2 () + (9 - 1/2 ,UOkQ Z vah||L2(Q + Cy Z HVhHL2 () + HE ”
=0 =0
Jj—1 Jj—1
+Cr Y |ET B3, ZHEZHH HH [ +CHZ||HZ+1 A
i=0 i=0
kuo vk 3 , 2k1/
0 ©]2
<&+ le my) |70 Ce;” 122 @) + ZHEhH
—b
4k
<b+ 71/ Zaz

In order to show the desired result, we have to ensure that there are choices of ¢ > 0 and
v > 0, such that the constants Cy, Cyg, and Cg are positive, i.e.

(a—¢) >0, (1—§)>0, and (g9 —4kv) >0

which is equivalent to k < ¢ < a and v < g¢/4ko < g09/4k. The application of the discrete of
Gronwall inequality from Lemma yields a; < C and thus proves the desired result. [

We can now conclude the existence of weakly convergent subsequences.

Step 2:

Lemma 4.2.9. There exist functions (m, H,E) € H'(Qp,S?) x L2(Qr) x L*(Qy) such that

myy, 2% m in H' (Qr), (4.2.17a)

my, mi e 22 m oin LX(H(Q)), (4.2.17b)
my,,, mfk,ﬁhk S m i L*(Q7), (4.2.17¢)
Hy,, Y Hyy S H in LA(Qp), (4.2.17d)
Eu, B, B 22 H in L2(Qp), (4.2.17e)

where the subsequences are succesively constructed, i.e. for arbitrary mesh-sizes h — 0 and
timestep-sizes k — 0 there exist subindices hy, k, for which the above convergence properties
are satisfied simultaniously. In addition, there exist some v € L*(Qr) with

vi, 2 v in L(Qr) (4.2.18)

for the same subsequence as above.
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4.2. Preliminaries and numerical algorithms

Proof. The proof is completely analogue to the one of Lemma and Lemma [2.3.9] re-
spectively. The limits of ka and Efk are identiﬁed using the boundedness of the quantities

j—1 i1 i+1
the midpoint rule can thus be avoided in thls case. O

) in combination with Lemma [2.2.5, Usage of

From Lemma[2.3.6] we again deduce that the limiting function v equals the time derivative
of the magnetization m almost everywhere in 7. This concludes Step 2 of the convergence
analysis and thus the proof of Theorem part a.

Step 3: Identification of the weak limits.

Proof of Theorem [£.2.9 part b for Algorithm[4.2.3, Consider arbitrary functions ¢ € C> (Qr),
Y € C([0,T); C°°(2) NHo(curl, Q)) and ¢ € COO([O T); C’OO(Q)) We now define test func-
tions by (@, %5, ) (L) == (Tn(m;,, X @), Ty, %, Zy,¢)(t,-). Recall that the L*-orthogonal
projection Zy, : L%(Q) — Y, satisfies (u — Zy,u,yp) =0 for all y;, € Y, and all u € L* ().

Equation of Algorithm implies
T T T
o [ i)+ [ (i i) ) = =Ce [ (Vomp, + 0hv;p). V)
T T
[ g+ [ (wmi). o)

As in the proof of Theorem boundedness of the discrete quantities and the approximation
properties of the nodal interpolation operator yield

T T
/0 (v, +myy x v, (my, x @) + k@Ce/O (Vi V(my, x @)
T T T
+Ce [ (Vg Vlompy < 0)) = [ (. (miy < 0) = [ (i) (mi )

0
= O(h)
Verbatim to the previous section, passing to the limit yields
T
/0 ((avyy, +my, x vy, (my, X @) — /0 ((amy + m x my), (m x ¢)),
T
k9/0 (Vv V(my, x @) — 0,
T T
/ (vmgk’v(mgk x 90)) H/ (Vm,V(m X <P))7 and
0 0
T T
/0 (ﬂ(m,:k), (m,:,C X go)) — /0 (Tr(m), (m x go))

Again, this is where we have used the boundedness of k||Vv, ||L2 Q) for 0 € (1/2,1]. Contrary

to the coupled algorithm, we now have convergence of H;; and may thus directly conclude

/OT(Hhkv(mth‘P —>/ , (m x ).
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So far, we thus have proved

T T
[ (i +mxm), (m x ) = C. [ (Vm, Vm x ¢)
0 0
T T
[ )+ [ (), mx0))

and verbatim arguments as in the previous section show (4.1.2)). For the Maxwell part (4.1.3)—
(4.1.4)) of Definition we again follow the lines of [BBP0S| and proceed as in the previous
section. Given the above definition of the test functions, (4.2.5b|) implies

T

T T T

o /0 (Eno)sthn) — /0 (H,.V <)) + 0 /0 (B, ¥r) = /0 T on)
T T T

o /0 (Hw)es C) + /0 (V % Ef ) = o /0 (Vi C)-

As before, we see

T T
/ ((Ehk)t)"ph) — _/ (E7¢t) - (EO7¢(07 ))7 (4219)
0 0

where we have used the assumed convergence of the initial data. For the first term in the
second equation we proceed analogously. The convergence of the terms

T T
/ (H}, V x ) — / (H,V x 1),
0 0

T T
/ (B ) — / (xaE. ),
0 0

/ ) — / "0, and
/ (Vi ) — / "men¢)

follows as before and here, we exploit knowledge of the limits of sz and E}J{k As before, we
finally deduce the estimate

T T T
/(wE,tk,m:/ (V x B}, >—/ (V x B, (1— Ty, )0)
0 0 0

=0

_/T(VXEZ@C)_/OT< her V% €) _>/ (E,V x (),

0

where we again used the properties of the orthogonal prOJeCthn and the boundary condition
E;k xn =0 on Q7 and mtegratlon by parts. This yields (4.1.3)) and -

As for the energy estimate and contrary to the previous section, we can now directly
estimate the limits of Ehk resp. Hhk' From the discrete energy estimate , we get for
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4.2. Preliminaries and numerical algorithms

any t' € [0,T] with ¢’ € [t,tj41)
IVt )y + Vi e + IOy + IBEO 20
t/
= Va0 + [ IV ey + IO, + BN

tjr1
< V0 (#)]32 + /0 Vi (20 + IE )20 + B 12200,
< (m

Integration in time thus yields for any measurable set J C [0, 7]

LIV @l + [ Vi, + [ IGE g + [ IBLOI.q < [ da

whence weak lower semi-continuity leads to

2 2
LIVl + [ e, + [ [ 1B < [ o

The desired result now follows from standard measure theory, see e.g. [Els11l IV, Thm. 4.4]. O

Remark . At this point we like to emphasize that the decoupling of both equations in Algo-
rithm [{.2.9 yields boundedness of the difference of two subsequent discrete solutions, i.e.

j—1
Z (||E7;1+1 - ZHiP(ﬁ) + ||H7il+1 - HL2 Q))
i=0

Those terms, sometimes called artificial damping ease the analysis as they allow to control the
limits of Efk and ka, respectively. This is yet another strength of the decoupled algorithm and
1s exploited at several points. In particular the technical use of the midpoint rule for computing
the limits can be avoided here. Moreover, the energy estimate (4.1.5)) can be proved with the
constant from the discrete energy estimate from Lemma[{.2.8, whereas the coupled algorithm
enforced an additional factor of 2.

4.2.3. Improved energy estimates

Similar to the result from Section the energy bound (4.1.5) can be improved for many
(physically relevant) situations. Instead of a uniform bound of the form

VM) 720y + [Imel 72,y + 1Bz g + HE) 726, < C.

one can obtain a real energy inequality of the kind

E(t') + my[[32 o) < £(0)

under some additional assumptions and for some meaningful energy term £(-). This is basically
the result of this section, and we again investigate both algorithms individually. This time, we
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start with the fully decoupled Algorithm since the analysis is somewhat more involved.
We define the energy term

E(t) :== E(m(t), E(t),H(t))

o 2 Ho 2 €0 2 Ho (4.2.20)
= pol[Vm(t)[|72 ) + aIIH(t)HLz@) + EHE(t)HLz@) - a(ﬁ(m(t)), m(t))
and its discrete counterpart
&(m),E] H))
(4.2.21)

= 0| Vi, |72 ) + HH 2@ + *IIE 32 — . (W(mi% my,).
With those notions, we get the following result.

Proposition 4.2.10 (Improved energy estimate for Algorithm [£.2.2). Let m(-) be uniformly
Lipschitz continuous and bounded in L*(Q), i.e. ||m(n n)| L1 < Goa for alln € L?(Q) with
|n| < 1 almost everywhere in Q. Here, Gz denotes some umform constant which only depends
on Q. Let further m(-) be self- adjomt Moreover we assume J,, — J strongly in LQ(QT)
Then, for the output of Algorithm (4 , we have the energy decay estimate

Et') + ng (o — s)llmtlligmt/) + ZHEFLQ(%) < £(0) — Ci(J,E)ﬁt,, (4.2.22)
for almost every t' € [0,T] and any € > 0.
Proof. As in the proof of Lemma there holds
poll V02 gy < ol T 22) — 200~ D)ok [V 3
B QOéClL'eOkthHLQ(Q) B 2C50 (B! — Ei Eitl) - 2akHEZ+1HL2(Q)
~ 2pok 2uok

2O — g )+ (- H )
e
k

- E(J 7Eh+1) + C (Tr(mh)7vh)'

On the other hand, by definition of the discrete energy term, the difference of two subsequent
energies can be estimated by

E(mj"LELL H ) — £(mi, By, H))

€0 i Mo i Ho ;
= ol V|32 *HEMHQLQ@ +—||H“1||22A —@(Tr(mz“ mj*))
— nol|Ven 32 ) — = PIBL G0, — o I + o (i), m}) = RHS.
e
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The combination of those two estimates yields

i 1 i 2a 0k
RHS < pio]| Vo |72y = 200 = )nok* [Vl 72(q) = . v VhllE2)

280 P ; 20k ; 2,[1,0 ;
C. (B - ;I’EZH)_@HEZHH%?(Q)_ C. G S (AR © (A © (AR)
200k . . . 2k . . 2unk . )
+ S0 (B, — H i) — (3B + 22 (w(mi,), vi)
Ce Ce Ce
Ho
HEZ“HLQ(Q HHZ“HLQ(Q —5(w<mz“> mifl)
e
Next, we recall that by Abel’s partlal summatlon we get
250 — -
o Z (B~ BL B =~ IB L. )+ 5 B Z [ — B2
i=0
and
i—1
_2/~LO jZ(Hi-H i Hi+1) HH H /~L0 HH Z HHZH 2
e h W= LQ(Q)
1=
Summing up the energy terms over ¢ = 0,...,j — 1 therefore yields
£(m], B}, H}) — £(m}), E}, HY)
i—1
1 X ; 2auokz
_2(0 - §)M0k2 Z vaz”iﬁ(ﬂ) - Z H hHL(Q
i=0
i+l 2 20k § i+1
HE 12 ||E Z IE), - Z 1B, 1720
i+l 2M0k = i+l i
By + G IHD Z |G = H 17 ) + Z ~H;M v
=0
2%k 12 200k
o 0 .
- =Y (LB + —Z (w(mi). Vi) + G IR + G IH
C. 4 C. “
=0 =0
1o = £ 1 1o
) 1) ity _ SO o2 K0 ypo + 20 ‘ 0.
C ; (Tr(mh )7 mh ) Ce || hHLZ(Q) 02 || || A prd (ﬂ-(mh)7 mh)

Application of Young’s inequality ylelds for any € > 0

7—1

o 2M0k ;

62 ||H7il+1 - flblHLQ(ﬁ) Z H;j—l:vz)
i=0 =0

i—1
) 25/‘014: ] i
~ *_1 ZHH - 2 L2 )+TZthHiQ(Q)
¢ =0

2e ok ¥ i (12
Ce ;thHL?(Q)

| /\

IN

(4.2.23)
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Without loss of generality, we assumed k/2 < ¢ here. This can safely be assumed for any
g, since we are interested in the limit & — 0. Since a couple of terms in the above estimate
cancel out, and others can be dropped due to negativity, by exploiting 6 € [1/2, 1], we end up
with

—1
S 2M0k 20/~c] ,
£(my, E), HY) — £(m)), E), Hy) + vah” + & IEL 1320
€ =0
—1 7j—1 7j—1
% e, . 2ok S
<—m @B ’50 (w(m}). v}) = & > (w(mj), mi)
¢ i=0 ¢ =0 ¢ i=0
j—1
+ & > (w(mi),mj).
€ =0

("), 3 ) + (w(m},), mi,)
( (7 (mj™) + (i), mi ! —mj,)
= (w(mj™), mj) + ((mj,), mj™)
(

m(m}), vi) — (m(mg )+ w(mf ), mi ™t — ),
due to the assumed self-adjointness of 7(-). Further estimation shows

2k (m(m}), v) — (w(mi") + m(mf), mE! — mi,)
= —2(m(m}), miH! — mj, — kv}) — (m(m}) = m(m}), my"! - mj).

—a =:b

Next, we investigate both terms individually. By the assumed L*- boundedness of (), we
get as in the proof of Lemma [2.4.1

a = =2(m(my), m"™ —mj, — kvi) S K IVhll L2 ) (IVhllz2 ) + IV VIlE2 (@) -
From the Lipschitz continuity of the general field contribution, we further deduce

b= —(w(mj") —w(mj), miT —mj) <K IvhI7a ).

Altogether, we thus derived

2,u0k 20’k i
£(mj, Ef, Hj) — £(mp, B, Hp) + ZHVhHLQ E+1HL2(Q)
2k =t
<-& ILESD) + Ck (vl 20m IV Vil 220 + |’VEk|’2L2(QT))'
€ i=0
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For any t' € [tj,t;41], we thus get with e < «

20 _
5(m,‘fk(t'),E}Tk(t),H;k(t/)) + CO(O‘_E)HV}MH%% ||E HL2 )
2u T 2(7
= (i () B HG() + 220 =) [ Vi)l + & 1B
21 b+l 20 ti+1
< & (my (), B (), Hy () + C%a—e) /0 N e + g [ VB ey

2u0k‘

J+1 i+l gpi+l
=&(my B Hy ) +

20k:
ZHVh” Z\\E”ll\Lz

< E(m%j an H(})z) - a Z(J thJrl) + Ck(thkHLQ(QT)||vvhk||L2(QT) + thkHiQ(QT))

— &(ml, B, HY) - 2 / @B + Ck(IVil 2 ¥Vl 2@y + Vil Bz

2 ti+1

t/
= &(m),E), H}) — Ce/o T B — c /, (s En)

=:c

+ Ck‘(HV;:k”L?(QT) ||Vvi:kHL2(QT) + ||Vﬁk||i2(QT))'

First, we observe that due to non-concentration of Lebesgue measures and boundedness of
J,, and Ef in L?(Q7), we have

t+1
c:/] T EL) 20 as (b k) — (0,0).
t/

Finally, we consider the limiting process. Integrating the above estimate in time over any
Borel set 3 C [0,T7], we get

24
/jg(mﬁk(t’),EZk(t) H;, (1) + CO( IViilz2o o)t HE kIILz(Q/)

0 0 _ J+1
< [g(mhvE Hy) — // (T e Eni) TC // (T By
J t

+ﬁCk(Hvi:kHL%QT)vagk”LQ(QT)+ “V;k“LQ(QT))‘
J

Passing to the limit while using weak lower semi-continuity finally reveals

210 20
/jé’(m,E,H)Jr < (o = &)llmy[|F2 ) + jaHEHiQ(Q)

2
</j€(m(0),E(0),H(O)) c (J E)o,

Since the set 3 C [0,7] was arbitrary, this yields the desired result by standard measure
theory, i.e. [Els11) IV, Theorem 4.4]. O
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Chapter 4. Coupling to full Maxwell system

We conclude this section with an analog statement for the coupled Algorithm [£.2.1] As
mentioned above, the analysis in this case is slightly simplified since there is no need for the
application of Abel’s partial summation formula.

Proposition 4.2.11 (Improved energy estimate for Algorithm . Let 7 (-) be uniformly
Lipschitz continuous and bounded in L*(Q), i.e. [7(n)llLaq) < Gag for alln € L?(Q) with
|n| < 1 almost everywhere in Q. Here, Cig denotes some uniform constant which only depends
on Q. Let further w(-) be self-adjoint. Moreover, we assume J,, — J strongly in LQ(QT).

Then, for the output of Algorithm (4.2.1)), we have the energy decay estimate

Mol
Ce

o 2
E(t') + Hthiz(Qt,) + HHEH?@ <E(0) - =, E)g,,, (4.2.24)

Ce
for almost every t' € [0,T].

Proof. The proof follows the lines of the one of Proposition [£.2.10] We start with a discrete
energy estimate as in the proof of Lemma [4 The output of Algorithm [£.2.1] satisfies

ol Vg 2 g < o[V 22 me—;mwﬂv%ﬁﬂm—2ﬁfﬂwuﬁm)
+%fhmmm—@mwmﬁ—wmw@g
- N iy + e By I g — o (T B,
Analogously to before, this implies
S(m?l,Ei“ Hi—i—l) o g(m;” 7 Hz)
=%ww“hm+~wwﬂ| I 2 ) — & (r(mi), mi)
— 09 B ) — B ) — 2 2 )+ 2 () )
g—*@*wmgg—2w ?WMMD—éuMﬂ£?”>
+ 208 (n(an ) vi) — 2 (mCamg ), ) 2 o am) )

Here, we exploited 6 € [1/2,1]. The last three terms on the right-hand side are estimated as
in the above proof. We again deduce
2,[1,0]{?
Ce

(w(mi), vi) = g (i), mi ) + EF ((mj), mf)

< CR* (IVill 2@ I VVhll g2 + Vil Z2())

whence in total and after summing up

2aupk . 20k
0 3 i+1/2
£ o), BB + =0 3 IRy + Zm P13

-1
7 i+1/2 — _ _
< &(mY, E), HY) — C Z Jit1/2 gt / ) + Ck([Iviell L2 IV Vil 2y + ||vhk||iz(QT)).

€ i=0
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4.2. Preliminaries and numerical algorithms

While the remainder of the proof is pretty similar to the one of Algorithm we stress
that in this case, we do not have a priori information on the convergence of Ehk and Hhk,
respectively. The remedy is to apply the known convergence of the midpoint evaluations. For
t' e [tj,tj+1), we have

& (my, ("), Epg(t'), Hpg (t')) + € (my. (), Eni (), His (1))
NHV ]+1||L2(Q +HEJ+1/2||2 §)+||H‘}71+1/2H3—12(§) ( ( i{H) mgl+1)

+1/2 j+1/2
ww%m@+MJHm@+mﬁHmA+wmumm

+1 i+1 +1
< [IVmy 2 g +HthHL2(Q + [|E H2 )+ IE; 1326 + IHE, H2 +HH I3

L2(©)
+ ( (o)), mj ™) + (w(m), my)
~& (mhk( )a EZ]C( )7 H}Jgk(t,)) + g(m}:k(t,)v E}tk;(t/)a H":k(t,))
Analogously to before, this yields

“mm<>E%W>HM<D+5m%ﬁ%EwaﬁMw»+2wm

< 2€(my, Ep, HY) + 20’“(”"}7;@”1:2(%)||Vth”L2(QT) + HV]:kHiQ(QT))

9 3= 2
||th|| )+ aHEthLQ(Qt,)

I
-

2% i 2k ;
D IICINEN AR DC A AR

e

®
-
Il

o

1=0

= —b

The last two terms on the right-hand side can be further estimated by
9 t;y o 9 t - o t - -
a= _C/ (ks Eng) = —/ (ks Enk) +/ (Jhk, Eng),  and

9 tj+1 t’ ti+1 _
b= —6 (Jhk; Ehk) = —— / Jhk7Ehk‘) / (Jhk’ Ehk)
e JO ¢

Again, non-concentration of Lebesgue measures reveals

t/ - - tj+1 - o «u
/ (Jhis Enk) —/ (T Brt) 220 as (b, k) = (0,0).
t t’

J

Integration over any Borel set J C [0, 7] and passing to the limit, we finally deduce

20 2
JECR R 0+ 5 | [Elag,)

szésmmemme» T

Since the integration domain J C [0, 7] was arbitrary, the result again follows from [Els11) IV,
Theorem 4.4]. O

Remark . We briefly remark on the derived results in comparison to each other and the
available literature.
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Chapter 4. Coupling to full Maxwell system

a) In comparison to the estimate (4.2.22)), the previous estimate (4.2.24]) has only a factor 1

b)

for the second and third term on the left hand side. This is due to the fact that we do not
have any result on the convergence of Efk and H}jl[k, respectively. The remedy we used is
to estimate the midpoint evaluation by the sum of the upper- and lower-bound estimation.
Finally, we employed the limiting process for the midpoint evaluation. Another ansatz
would be to directly work with the midpoint evaluation in E(-), i.e. also use Vimyy. This
would, however, lead to the additional term

(7 (Mpg), My,

which then needs to be controlled. This problem could be circumvented if we knew con-
vergence of Efk — E and ka — H, respectively which is the case for Algorithm .
Here, the drawback is an additional damping term € in front of my.

In [BBPOS/, the energy estimate seems to be somewhat nicer at first glance, as it reads
E(W) + poallmyl2agq ) + olBl2 0, < E0) — (3. E)g,.

i.e. we do not have a factor 2/C. in front of the terms outside of £(-). This is, however,
not true, since the energy term in [BBP0O§] is defined with an additional factor 1/2 in
comparison to our enerqy functional here. This means that the factor 2 is simply hidden
in E(+). Moreover, the exchange constant Ce is set to be 1 in [BBPOS].
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Chapter

Coupling to the eddy-current equation

In the last chapter, we treated coupling of the LLG equation to the full Maxwell system, and
particular focus was laid on the possibility of decoupling both problems. In that regard, the
proposed algorithm has a major advantage compared to e.g. the midpoint scheme algorithm
for MLLG which was analyzed in [BBPO08|. In this short chapter, we aim to transfer this
advantages to the eddy-current problem below. As already mentioned in Section the
time derivative of the electric field can sometimes be neglected (especially for low-frequency
problems) which leads to the eddy-current simplification

1
,LLQHt + ;V X (V X H) = — oM. (501)

An unconditionally convergent integrator for the coupled system of LLG with the eddy-current
equation has first been proposed by LE and TRAN in [LT12]. In this work, the au-
thors employed the tangent plane scheme for the LLG part and existence of weak solutions
was shown for a simplified effective field. The integrator is, however, still coupled and thus
enforces the solution of one large linear system, instead of two small and subsequent linear
systems per time step. In this chapter, we combine the results from Chapter 4| and [LT12]
to derive a fully decoupled scheme for the eddy-current-LLG problem. As before, this has a
huge impact on implementational applicability as existing LLG solvers, as well as precondi-
tioners for either equation can easily be reused. Moreover, in comparison to the full Maxwell
system and analogously to [LT12], one derives higher time-regularity for the magnetic field
H, cf. Theorem below. The results from this chapter have partially been published
in [LPPT13].

5.1. The eddy-current-LLG system

We consider the Landau-Lifshitz-Gilbert equation coupled with the eddy-current equation
(ELLG), i.e.

m; —aomXxXm;=-mX heg inQp:=(0,T) xQ, (5.1.1a)

poHe + 07V x (V x H) = —pom;  in Qp = (0,7) x Q, (5.1.1b)

where the effective field reads heg = C.Am+H 4+ 7(m). Again, we neglect a time-dependent
field contribution, as well as a spatial approximation 7y, of w. The rigorous inclusion of such an
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Chapter 5. Coupling to the eddy-current equation

approximation is, however, straightforward with the techniques from Chapter[2] Analogously
to the other chapters, the case heg = CcAm+H+ C, D®(m) +f is particularly covered. The
above System describes the evolution of the magnetization of a ferromagnetic body that
occupies the domain 2 € 0 C R3 for some given parameters a, yi9, 0 > 0.

As for the MLLG case, we assume Q C R3 to be bounded with perfectly conducting outer
surface ) into which the ferromagnet 2 € Q is embedded, and ﬁ\ﬁ is assumed to be vacuum.
Similar to the full Maxwell-LLG problem, the ELLG system is supplemented by initial
conditions

~

m(0,)=m’in Q and H(0,-)=H"inQ (5.1.1c)
as well as boundary conditions
Opm=0o0ndQr, (VxH)xn=0ond. (5.1.1d)
In analogy to [LT12] and Chapter |4} we assume the given data to satisfy
m’ c H'(Q,$?), H°ec H(curl; Q) (5.1.1e)
as well as
div(H + xom®) =0 inQ, (H°+xqom® mn)=0 on 8. (5.1.1f)

We now recall the notion of a weak solution of (4.1.1a))—(4.1.1b) from [LTI12] which ex-
tends [AS92] from the pure LLG to ELLG .

Definition 5.1.1. Given (5.1.1€)—(5.1.11), the tupel (m, H) is called a weak solution of ELLG
if,

(i) m € H(Qr) with |m| = 1 almost everywhere in Qr;
(i) H H,,V x H € L*(Qr), i.e. He HY(L?) and V x H € LQ(QT) in the weak sense;

(iii) for all @ € C(Qr) and ¢ € C®(Qr), we have

mt-cp—a/ (mxmy)- -¢=-C, (Vm x m) - Ve (5.1.2)
Qr Qr Qr

+/QT(H><m)-<p+/QT(TF(m)><m)'<Pa

po [ B G [ (VXH) (VX O = g [ mie (5.1.3)
Qr Qr Qr

(iv) there holds m(0,-) = m® and H(0,-) = H® in the sense of traces;
(v) for almost all t' € [0,T], we have bounded energy

I9m(#) 220y + Imel22 0,y + ) ) + 1V X )Y@ Zaq, + Bl g ) < Chm
(5.1.4)

where (g > 0 is independent of t'.
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5.2. Preliminaries and numerical algorithm

Remark. Under the usual additional assumptions on the general operator w(-), namely bound-
edness in L4(Q) and self-adjointness, one can derive the improved energy estimate

Ho 2 NOo‘
E() + g (o= 22)milfe ) + 5 IHul e, + ||v <H2, 0 ) < E0),
with
E() = pol| Vi (t') |22, + B2 |H(E)|2 TN x B2 5, — = (e (m(t')), m(t))
TR @yt o e ’ '

This result is formally stated and proved in Section [5.3.1. The additional assumptions are
particularly fulfilled if 7(-) denotes the uniazial anisotropy.

Remark. We emphasize the additional reqularity H; € LQ(QT) and V x H € L*(Qp) for the
derivative and the curl of the magnetic field H. If LLG is coupled to the full Mazwell system,

the current analysis of weak solvers provides only the reduced regularity E;H € LQ(QT) for
the electric and magnetic field, see [BBP0S, |[BPP13).

5.2. Preliminaries and numerical algorithm

The LLG equation is discretized in the tangent space K_;, as before. For the eddy-current
h

part, we employ the space X} of lowest order edge elements of Nédélec’s first family. It is
well-known [Néd80, [Mon08|, that this is a subspace of

H(curl; Q) := {p € L*(Q) : V x p € L*(Q)}.

Similarly to the MLLG-case, we propose the following fully decoupled algorithm:

Algorithm 5.2.1. Input: Initial data m® and H, parameter 0 < 0 < 1, counter i = 0. For
alli=0,...,N —1 iterate:

(i) Compute unique solution vi € Komi such that for all @), € Kpi there holds

a(vh, ¢p) + (Ml x vi), ¢p,) + Ce(0kVVY, V) = —Co(Vmy, Vepy,)

; ; (5.2.1a)
+ ( hs d)h) + (Tr(mh)a d)h)
(ii) Define m;™ € M), nodewise by mjt*(z) = mf<z) + v?(z) for all z € Ny,
jmj, (2) + kv, (2)]
(iii) Compute unique solution HZH € &, such that for all ¢;, € &}, there holds
:U‘O(dtHéjlv Ch) + O-_l(v X H’;‘:rl? V x Ch) = _NO(V;‘w Ch) (521b)

The following lemma states that the above algorithm is indeed well-defined.

Lemma 5.2.2. Algorithm 1s well-defined in the sense that it admits a unique solution
(vh,mﬁl H;LH) at each step i = 0,...,N — 1 of the iterative loop. Moreover, we have
|m}, || o) =1 for each i =0,...,N.
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Chapter 5. Coupling to the eddy-current equation

Proof. Unique solvability of ((5.2.1a)—(5.2.1b)) directly follows from the linearity of the right-
hand sides, positive definiteness of the left-hand sides, and finite space dimension, cf. e.g. proof

of Lemma Due to the Pythagoras theorem and the pointwise orthogonality from ng ,
we further get |mi (z) + kvi (2)]* = |m (2)> + k|v} (2)[* > 1, and thus also step (i) of the
algorithm is well-defined. The boundedness of |[|mj, ||« o) = 1 finally follows from normaliza-
tion at the grid points and use of barycentric coordinates, cf. [Goll2, Lemma 3.2.6]. O

5.3. Convergence analysis

In this section, we consider the convergence properties of the above algorithm and show that
it indeed converges towards a weak solution of the coupled ELLG system. As usual, the proof
is constructive in the sense that it also shows existence of weak solutions of ELLG.

Throughout, we assume that the spatial meshes 7, are uniformly shape regular and satisfy
the angle condition

/ Vn; - Vn; <0 for all hat functions n;,7; € S*(T,) with i # j. (5.3.1)
Q

As before, we denote by 7, the triangulation of the domain 2 which is the restriction of the

triangulation ’77? of 0.
We now formulate the main result of this chapter

Theorem 5.3.1. (a) Suppose that there exists a constant Cr > 0 which only depends on |Q]
such that the general energy contribution 7(-) is uniformly bounded

||7r(n)y|2LQ(Q) < Cr, forallm € L*(Q) with ||n||2Lg(Q) < 1. (5.3.2)
Moreover, for the initial data, we assume
m) —m®  weakly in H'(Q), as well as HY) — H® weakly in H(curl, Q). (5.3.3)

Then, we have strong subconvergence of my,. towards some function m in L2(§T).
(b) In addition to the above, we assume
m(m,,) — w(m) weakly subconvergent in L*(Qr). (5.3.4)

Then, the computed FE solutions (mpg, Hpi) admit subsequences which are weakly convergent

~

in H'(Qr) x (HY(L*(Q)) N L2(H(curl, Q))) towards a weak solution (m,H) of ELLG. In
particular, this yields existence of weak solutions and each accumulation point of (mpy, Hpy)
is a weak solution of ELLG in the sense of Definition [5.1.1]

Again, we have to show the three steps:
(i) Boundedness of the discrete quantities and energies.
(ii) Existence of weakly convergent subsequences.
(iii) Identification of the limits with a weak solution of ELLG.

Step 1:
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5.3. Convergence analysis

Lemma 5.3.2. For all k < /2, the discrete quantities (m%,v%,Hil) e My x lCm?L x Xp, fulfill

j-1 i1
V00 G2+ D VAT + (0 = 1/2)K* Y IVVAIT2 ) + 1B 6, + IV x HYIZ:
=0 ]z 10 -
+ Z (et q) TR IAE L0 6 + kD IV x HH[, o
o 1=0 1=0
+ IV x (H —H})[13. ) < G (5.3.5)
=0

for each j =0,...,N and some constant Cggg > 0 that only depends on |9, on |Q|, as well as
on Cr.

Proof. For the eddy-current equation l) in step (iii) of Algorithm we choose (;, =
HZJrl as test function and multiply by - to get

MO xxi i i i pok i pok i i
a(Hh—‘rl - h» Hh+1) ||V x H +1||L2(Q) = - C ( Vi H ) Ce ( h’H Hh+1>'
(5.3.6)

The LLG equation (5.2.1a)) is tested with o), = vi € Ko - With ((mj, x vi),vi) =0, this
yields after multiplication with % >0

poak pok i\, Mok ;
v hHL2 + MOHkQHVVth = —pok(Vmj, Vv}) + ——(Hj, v},) + — (w(my},),v},)
Ce Ce Ce
As in the previous chapters, the angle condition gives || Vmj* || ) S |V (m} + kv?) HL2 )’
whence

i 2y < 20V 21 g + 0k (Vi V) + L2 19, 22
< BV 3y — o0 - 1/2>k2HVvhuL2<m (53.7)
— O 2 + A v + L2 () v
Combining 7, we obtain
B0 5} ) — 90003 0) + 1006 — 1/2K2 9V [ + a’“‘°’“||vhuL2 o
F RO ) - IV
< 1% i - H) *gfwmm,vz).

Summing up over ¢ = 0,...,j— 1, and exploiting Abel’s summation from Lemma for the
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Chapter 5. Coupling to the eddy-current equation

H}l scalar product as well as the inequalities of Young and Hoélder, this yields for any € > 0

j—1

110 : i akﬂo
B |V 2y + (0 = 1/2)0k® 3 IV¥ 11220 + ZH Vil + ot I
1=0
Jj—
Z ”Hz-l-l 2 Z |v > HH—IHL2(Q)
1=0
Nok i i i wok
<2 o s + B — A ZH Vil
¢ i=0

Ko 1
= (V|| 2 () + QHH%?:?(Q))'

With the notation C¥ := 2é°k (a—¢), and Ck = 21— %), this yields

7j—1
ol Vi (132 ) +2(0 = 1/2)pok® Y Vil 32, +O’“Z||vhlle
7=0
7j—1
/~L0 i
PO 2+ Chi > IEE — B2+ ZHVxH@“HLQ o  (6533)
1=0
< piok Zn a3 o) + ol g2y + B8R 2
— 2eC, L( L( LX)

Next, we test with ¢}, = dtHﬁl in to obtain after multiplication by 2k
2p0k||dcHLH 2, @ 20 YV xHPLV x (H —H))) = —2u0k(v), dcH .
The right-hand side can further be estimated by
—2p0k(Vi,, ddH) < pokl|Vi 132 o) + Hokll A7,

Abel’s summation thus yields

7j—1
ok D NleHG 2, o+ oIV X HY |2, o) 407 YV < (HEH - H)2,
=0 =0
i (5.3.9)
<o Y|V xH)|3, +uokZIIVhIIL2(Q
1=0

Finally, we weight by a/C, and add . The last term on the right-hand side
of can be absorbed by the corresponding term on the left-hand side of . For the
desired result, we have to ensure that there is a choice of € such that the C¥ — pgka/C,, and
CIk—:I are positive, i.e. (ae—2¢) > 0 and (1— f) > 0. This is, however, equivalent to k < ¢ < a/2.
From the assumed convergence of the initial data as well as , we know that the
right-hand side is uniformly bounded, which concludes the proof. O

Next, we conclude the existence of weakly convergent subsequences.
Step 2:
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5.3. Convergence analysis

Lemma 5.3.3. There exist functions (m,H) € H'(Qr) x (H'(L?*) N L*(H(curl))), with
lm| = 1 almost everywhere in Q such that up to extraction of a subsequence, there holds

myy, 25 m in HY(Qr), (5.3.10a)
mye, mi;, <% m in L2(H'(Q)), (5.3.10b)
my, mib, 2% m in L2(Qy), (5.3.10c)
H,, 2% H in HY(L*(Q)) N L2(H(curl, Q)), (5.3.10d)
ka S H in L?(H(curl, Q)), (5.3.10e)
v, 2% my in L2(Qr). (5.3.10f)

Here, the subsequences are constructed successively, i.e. for arbitrary mesh-sizes h — 0, and
time-step sizes k — 0 there exist subindices hy, ky for which the above convergence proper-
ties (5.3.10) are satisfied simultaneously.

Proof. Analogously to Lemma the proof of (5.3.10al)—(5.3.10¢)) directly follows from the
boundedness of the discrete quantities from Lemma [5.3.2]in combination with the continuous
inclusions H'(Qp) C L2(H'(Q)) C L*(Qr) and H(L*(Q)) N L2(H(curl, Q)) C L*(Q7). As
in Lemma we get . The length constraint of the limiting function m finally
follows by direct calculation. O

Now, we have collected all ingredients for the proof of our main theorem.
Step 3:

Proof of Theorem 531 Let ¢ € C®(Qr) and ¢ € C®(Qr) be arbitrary. We define test
functions by (¢, ¢p)(t, ) == (Zn(my, x @), Zx,¢)(¢,-). Obviously, for any t € [t;,tj41), we

have (ép,,¢p) € (K, &n). Equation (5.2.1a) of Algorithm now implies
h
T T T
« /0 (Vi &n) + /0 (g x Vi), ) = =Ce /0 (V(my, + 0kvy), Vb))

T T
+A(HW¢M+A(MWM¢M

As in Chapter [2| passing to the limit and using the strong L?(Qr)-convergence of (m;, x ¢)
towards (m X ¢), in combination with Lemma and the weak convergence property (5.3.4))
of w(my,, ), this yields

T T
| (e m ). (mx ) = —C. [ (Tm, Tam x )
0 0

T T
+A(HMM¢D+A(ﬂmMme)

Exploiting basic properties of the cross product, we conclude (4.1.2)). The equality m(0,-) =
m in the trace sense follows from the weak convergence my;, — m in H'(Qr) Analogously,
we get H(0,-) = HY in the trace sense. For the eddy-current part, (5.2.1b)) implies

T

T T
MQA(thm%)+01£(VXfﬂpVXCMZ—WQA(W%CD-
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Chapter 5. Coupling to the eddy-current equation

The convergence properties from Lemma [6.2.11] in combination with the properties of the
interpolation operator Zy, from (4.2.1) now reveal

T T
| (@ne) — [ @0
0 0
T T
/ (VxH;,Vx(y) —>/ (VxH,Vx(), and
0 0

T
[ o) — i)

whence (4.1.3).
It remains to show the energy estimate (5.1.4) which follows from the discrete energy esti-
mate (5.3.5)) together with weak lower semi-continuity. This yields the desired result. O

5.3.1. Improved energy estimate

In the spirit of the Sections and the energy estimate (5.1.4)) for the ELLG problem
can also be refined for many physically relevant cases. To that end, we define the energy term

E(t) == E(m(t), H(t)) (5.3.11)
= 1ol V(1) 2 0 + g IHO e ) + gy IV X HOI ) — ¢ (w(m(0), m()
(5.3.12)

and the discrete version
E(mil, H{L) (5.3.13)

_Ce O (w(md),ml). (5.3.14)

With these quantities, we derive a result that is in analogy to the MLLG case.

R 112
= 1oV 32 )+ BN 2 ) + G 19 x B2

Proposition 5.3.4 (Improved energy estimate for Algorithm [5.2.1). Let m(-) be uniformly
Lipschitz continuous and bounded in L*(Q), i.e. [7(n)llLa) < Gag for alln € L?(Q) with
In| < 1 almost everywhere in Q. Here, (gg denotes some uniform constant which only depends
on Q. Let further m(-) be self-adjoint. Then, for the output of Algorithm , we have the
energy decay estimate

Ho Moa
E() + = (a = 2¢)|[my|[7z HHtII

Ce

2
for almost every t' € [0,T] and any € > 0.

Proof. The proof follows the same lines as the ones in Section [£:2.3] and we only give the
relevant changes here. As in the proof of Lemma [5.3.2] we have

NN
c, ""riLrQ)

iz i
O(IIV my |72 o) — VM [172()) + po(f —1/2)k‘2HVVh||L2

:U“O . . .
?(H;jl _ ;wH;:rl) +
< Mok - ; pok N
< o (Vi Hj = HG) o+ 2 (m(m), vi)
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and thus

€(my" H ) — £(mj,, Hj,)

HO | yqi Ho
= MOHVInZ—HHL2 + 7HHH_1H2 2( ||V o Hl+1HL2 @ C., (W(m?—l) m;:—l)
Ho j j
— ko[ Vi, |32 ) + HH 2@ + 7”V x Hj ||L2(Q o (m(m}), mj,)
6
2oz,u0k

< —2p0(6 - 1/2)k2HVv2HLz(Q) “EE IV ) o)

2 ; , ; 2uok 2 k ; ,

- LR - H ) + SRR (v B - H) + 225 (w(mi,), v)
Ce Ce Ce
*IIHMHQLz o T aollV " B2 6 — a(ﬂ(mﬁl),mzﬂ)
LB ) — G |7 X HG 2+ 5 () ).
8

Summing up over ¢ = 0,...,7 — 1, we thus get analogously to Section

j—1
P 2auok 2% < i
E(m), H}) — E(mY), HY) + Z” vilZzq TCGZHVxHthlHiQ(Q)
=0

7j—1

2l~tok - ,
= —*Z I Bl = 2 H, ~Hivi)
2410k X iy ; ; 10 = ; ;
+-G Z (mw(mi),v}) — = > (w(mj™), mpt') + ==~ (w(my},), mj,)

€ =0

Here, we employed Abel’s summation by parts from Lemma and 6 € (1/2,1]. The first
two terms on the right hand side are estimated as in (4.2.23)) by

ji—1

Z z+1 2 2M0k3 d i i+1 i 2epok jz_l i2
@ ) Ce P Ce —

Next, as in the proof of Lemma[5.3.2] , we have

j—1

M()Oék ] o 1 )

G Z 4G ) + 5 IV 5 gy + 5 ST IV (B~ H))
¢ =0

auk‘
> Zn 2
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Chapter 5. Coupling to the eddy-current equation

and the combination of the last estimates therefore yields

7j—1 Jj—1
- pok ; 2k .
€ (my, 1) — E(mp, Hy) + 5= (= 26) 3 [VillZ2q) + oC SOV xHF2, )
1=0 =0

e

n poack

e

7j—1

i+1(2
z% HdtHh HLZ(Q)
1=

J—1
< 2#0]{
> Ce

1=0

The remainder of the proof now follows verbatim to the one of proposition [4.2.10 O

5.4. Numerical experiments

We conclude the chapters on coupling of LLG with variants of the Maxwell equations with
some numerical experiments. Before we come to the actual investigation of those, however,
we like to comment on some implementational details. Throughout this section, we used
Algorithm i.e. we implemented the coupling of LLG to the eddy-current equation where
the algorithm fully decouples both equations. For numerical experiments including the full
Maxwell system, i.e. Algorithm or Algorithm we refer to [BPP13]. There, also a
comparison to the midpoint scheme is discussed.

As mentioned above, we used lowest order edge elements to discretize the eddy-current
equation. For Nédélec elements, the basis functions take the form

®p = MV — AV,

cf. [INéd80, Mon08|. Here, @) denotes the k-th edge given by [i, j| and A;, A; are the barycentric
coordinates, i.e. the P1l-hat functions of the corresponding nodes of the tetrahedral mesh.
Note, that the orientation of the edge is fixed once and for all at the beginning. If the system
matrices are to be assembled elementwise, one thus has to ensure that the orientation is the
same for each adjacent element.

Straightforward calculations easily show

V x (I)k = QV)\l X V)\j
which can directly be exploited for the curl-curl matrix to compute the integral
/ V x q)k -V X (I)g.
T
As for the mass matrix, we need to compute the entry
/ ;- ;= /(/\il)‘]d Vi, VAj, = Ais Aia VAL VA — Xig Ay VAL VA, + A A, VA, V/\Jd)v
T T

where ¢ = [i1,12] and j = [j1, j2]. To that end, we exploit

/TAZ-AJ» = (1+ (i == 4))|T/20,
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Figure 5.1.: Decay of Err(u) for uniform refinement in time with P = 320 spatial elements and
N € {10, 50, 100, 500, 1000, 5000, 10000, 50000, 100000}. As expected, we observe
linear behaviour.

cf. [Che08], and compute the scalar product of the corresponding gradients directly. For more
details, the interested reader is referred to [Che08| and the very comprehensive open source
iFEM package [Webal which was also helpful for our implementation. Some details on the
implementation including the coupling to LLG can also be found in [LT13].
Finally, the transfer matrix 7" with
T = /A D; - p;
Q

needs to be computed in order to realize the coupling terms. Note here, that the basis
functions for the edge elements are already three-dimensional, and one thus also needs to use
the three-dimensional P1-hat functions

© 0 0
0], ¢, and 0
0 0 %)

The transfer matrix 7" is thus a block-full matrix and for each element E € 7Ty, the correspond-
ing element matrix T is of the size 6 x 12. Again, the integral for each entry can directly be
computed.

5.4.1. General performance

In this first series of experiments, we aim to test the performance as well as the implementation
of our Nedélec scheme for the discretization of the eddy-current equation. To that end, we
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Figure 5.2.: Decay of Err(u) for uniform refinement in space with N = 1000 time steps and
P € {5,40, 320, 2560,20480}. We observe linear decay in the beginning which is
then dominated by the temporal error.
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Figure 5.3.: Decay of Err(u) for stationary problem and uniform refinement with P €
{5, 40, 320, 2560, 20480, 163840}. As expected, we observe linear decay of the
error.
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5.4. Numerical experiments

prescribe an exact solution and investigate the convergence rate with respect to time and
space. For given

uy at cos(bx)
u=|uy | = | —atsin(by) |,
us at(2bz + 1)

with varying parameters a and b, we compute f such that there holds
w+Vx(Vxu) =f.

Note that u is chosen in such a way that V x u = 0 whence the boundary condition
(V x u) x n = 0 is automatically fulfilled. As initial condition u’ serves the temporal trace
of the prescribed solution, i.e.

Convergence in time

In a first experiment, we consider the temporal convergence rate of our scheme. On the
cube © = [~1,1]3, we solve the above equation for the time interval (0,2). To minimize
the influence of the spatial error, we choose a = 0.1 and b = 0.00001. We carry out the
computations on a mesh with P = 320 tetrahedra and varying amount of time steps N €
{10, 50, 100, 500, 1000, 5000, 10000, 50000, 100000}. In each case we compute the error as

Brr(u) = max |u], — u(t;) | g2 + IV % (), = a(t)) | 12(q)

The results are given in Table[5.1]and visualized in Figure[5.1] As expected, we observe linear
decay of the error as the amount of time steps increases.

Timesteps

10 20 100 500 1000 5000 10000 50000 100000

Err(u) 0.08 0.016 0.008 0.0016 8.0003e-4 1.6004e-4 8.0050e-5 1.6130e-5 8.2292¢-6

Table 5.1.: Err(u) for varying time steps.

Convergence in space

Next, we investigate the convergence behaviour of our scheme as the spatial mesh parameter
h tends to zero. To that end, we aim to minimize the effect of the temporal error and choose
a = 0.001 and b = 0.00001. As computational domain, we choose € = [—1,1]3 and (0,1) for
the time interval. Throughout the computations, we choose & = 0.001, i.e. we make 1000 time
steps. The error for varying amount of spatial elements P € {5, 40, 320, 2560, 20480} is given
in Table and visualized in Figure As before, we observe linear decay of the error in
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Spatial elements

5 40 320 2560 20480

Err(u) 0.7356e-6 0.37e-6 0.1997e-6 0.1218e-6 0.0946e-6

Table 5.2.: Err(u) for varying amount of spatial elements.

the beginning. As the spatial mesh gets finer, however, the temporal error becomes more and
more dominant and the convergence rate decreases.
Finally, we completely neglect the temporal error and consider the stationary problem

u+Vx(Vxu)=f

on [—1,1]3. We choose

uy cos(x)
u=|uy | = | —sin(y) | =f.
U3 2241

The values of the error for this experiment are given in Table and the results are visualized
in Figure[5.3] This time, we observe linear decay of the spatial error.

Spatial elements

) 40 320 2560 20480 163840

Err(u) 3.6543 1.8184 0.9348 0.4708 0.2579 0.1446

Table 5.3.: Err(u) for varying amount of spatial elements.

Altogether, our numerical results concur with those from theory.

5.4.2. Finite time blowup in 3D

In the second experiment, we investigate the full ELLG System (5.1.1)) on the shifted unit
cube Q = Q = [-0.5,0.5]% and the time interval (0,0.1). We consider a problem similar to
the one treated in [BBPOS, [LT12]. As initial condition, we choose

0 (0,0,-1) |x*| > 1/2,
m’(x) =
(2x*A, A% — [x*[2) /(A% + [x*7) %" < 1/2,

with x* = (21, 22) and A = (1 — 2|x*|)*/4. The initial magnetization is chosen in such a way,
that it produces a singularity around the (x1,z2) = (0,0) line, similarly to the 2D example
from Section The initial state is visualized in the top left of Figure

In order to perform a physically relevant simulation, we further need to ensure, that m"
and HY fulfill condition . To that end, we take

HO = Hg - XQm07
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5.4. Numerical experiments

Figure 5.4.: Evolution of the magnetization with Hs; = 30. We observe blowup behavior and
alignment of the magnetization in (0,0, —1)-direction afterwards.
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Figure 5.5.: Exchange energy Eexeh = ||Vm(t)
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plotted over time.
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Figure 5.6.: Maximum norm ||[Vm(t)| ze (o) plotted over time.
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Figure 5.7.: Different energy contributions for Hy = 0 plotted over time.
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Figure 5.8.: Exchange energy (solid) and W1 (£)-seminorm (dotted) for simulation on re-
fined mesh with P = 20480 elements.
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Time: 0.200000

Time: 0.370000 Time: 0.999900

Figure 5.9.: Evolution of the magnetization with H, = 30 after T' = 0.15. We observe realign-
ment of the magnetization in (0,0, 1)-direction.

for some HY with div H? = 0 in Q. For simplicity, we choose H? to be the constant

0
Hx)=| 0
H,

for varying parameters H, € {—1000,—100, —30,0,30,100,1000}. As Gilbert damping pa-
rameter, we employ o = 1. Note, that o = 1 corresponds to a/(1 4+ a?) = 0.5 as coefficient
of the damping term. As spatial mesh size, we use h =~ 0.07, i.e. a mesh with P = 2560
tetrahedral elements. Throughout, we employ N = 1000 time steps.

The evolution of the magnetization over the time interval (0,0.1) is visualized in Figure
for Hy = 30. As expected, we see that the magnetization in the vicinity of (z1,z2) = (0,0)
slowly aligns parallel to (0,0, —1) creating a singularity at (0,0,0) which induces a blowup
in the W% (Q)-norm. Finally, the singularity gets resolved and the magnetization aligns
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Eexch = vaniz(g) Ecurl = ”V X H”?}(Q) &n = ”HH2
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Figure 5.10.: Different energy contributions for Hs = 30 and extended simulation time.
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Figure 5.11.: Total energy Eiotal = Eexch +Ecurl +Ew for Hgy = 30 on the extended time interval.

parallel to (0,0, —1).

Figure displays the exchange energy ||Vm(t, -) of the magnetization plotted over

Hi? 0
time. Note that in the cases H; = 100 and Hg = 1000,( t)he magnetization directly aligns in
(0,0,1)-direction. The results are in good agreement with those from [BBP0S]. Figure
displays the W1 (Q)-norm of the magnetization. As expected, we observe that the empir-
ical blowup time decreases as the magnetic field gets stronger in (0,0, —1)-direction, i.e. the
magnetization aligns faster.

In the cases Hs; = 100 and Hs = 1000 on the other hand, m gets aligned in (0, 0, 1) direction,
due to the influence of the magnetic field. In case of a moderate magnetic field Hg = 100, this
takes longer as the majority of the magnetization needs to be realigned and the field is not
too strong yet.

In Figure we plot the different energy contributions

gexch - ”vaiZ(Q)v

gcurl = ||V X HHiQ(ﬁ)’
gH = ”HHQL2(§)7 and

gtotal = Eexch + gcurl + gH
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for Hy = 0 over time. As expected, we observe a monotone decay of the total energy. Moreover,
the exchange contribution is the dominant term in this case.

In Figure the same data are visualized for a refined spatial mesh of P = 20480 tetrahe-
dral elements. The exchange energy Eexcn is given by the solid lines, whereas the dotted lines
(of the same color) denote the corresponding W1°°(Q)-norms. Similarly to the 2D case from
Section [B:3.2] we observe that the time as well as the magnitude of the blowup change if the
spatial mesh-size h is decreased.

The case Hs = 30 has a special role as the field points in positive (0,0, 1)-direction and yet
we observe that the magnetization aligns in the direction of (0,0,—1), cf. Figure The
same behaviour was already observed in [BBP0S§| and there, the authors conjectured that the
magnetization would eventually realign in (0,0, 1)-direction. While such a behaviour could be
divined from their experiment, they did not compute far enough to actually check it. With
our experiment, we can now confirm their conjecture for this case as we observe that after
T = 0.1, the magnetization starts to form a x3-centered vortex and then slowly starts to point
upwards in the direction of (0,0,1). The dynamical behaviour after T' = 0.1 is visualized in
Figure [5.9]

The different energy contributions for the case Hy; = 30 are visualized in Figure [5.10] over
the extended time interval (0,1). One easily observes that the exchange energy monotoneously
decreases at the beginning until the alignment in (0, 0, —1)-direction is reached. After "= 0.1,
however, the exchange- as well as the curl-part of the energy show a peak until they finally
drop to zero again. This corresponds to the remagnetization process in (0,0, 1)-direction.
Figure finally visualizes the total energy throughout the extended experiment and, as
expected, we observe monotone decay of the total energy.

5.4.3. Remarks on known stable states

Finally, we solve a problem for which the stable limiting states are known. In a first experiment,
we consider Q = Q = [—1,1]3 on (0,0.2) and the initial condition
<
m® — (0,0,1) x1 <0,
(0,0,-1) =z >0.

Note, that this initial magnetization is not formally covered by theory as m® ¢ H(Q). We
stress, however, that as soon as the initial state is surpassed, the magnetization becomes

H'(Q). We furthermore choose
H’ = —m"

a =1, P = 2560 spatial elements and N = 1000 time steps.

The dynamic behaviour of the magnetization is visualized in Figure As expected, we
observe that, after a short while, a vortex is formed as stable state. The different energy
contributions plotted over time are visualized in Figure and the total energy is depicted
in Figure[5.14] Again, we observe a monotone decay of the involved energy.

Next, we start with an initial magnetization that is homogeneously aligned in (0,0, 1)-
direction. This time, we investigate © = [—0.125,0.125]3 and Q = [-1,1]® on the time
interval (0,0.5). As the LLG domain 2 needs to have a higher resolution than SA), we employ
an adaptively refined mesh that is dense within €2 and becomes coarser towards the boundary
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Time: 0.000000 Time: 0.040000

Time: 0.080000 Time: 0.120000

Time: 0.160000 Time: 0.200000

Figure 5.12.: Dynamic behaviour of the magnetization that leads to a vortex state.
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5exch = ||Vm||iQ(Q) gH = ||H||iz(§) gcurl = ||v X HHiZ(ﬁ)
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Figure 5.13.: Different energy contributions for vortex state plotted over time.
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Figure 5.14.: Total energy Eiotal = Eexch + Ecurl + € of vortex state plotted over time.

s

< N

Figure 5.15.: Graded mesh for flower state computation as projection (left). The two domains
2 and Q as 3D view (right).
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Time: 0.000000 Time: 0.020040

Time: 0.040080 | Time: 0.500000

Figure 5.16.: Dynamic behaviour of the magnetization that leads to a flower state.

Time: 0.500000 Time: 0.500000

Figure 5.17.: Symmetric flower state from lateral view (left) and top view (right).
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Eex = ||Vm(t)

2
||L2(Q)

Scurl = HV X HH

2

Eani = fQ (I)(m) L2(§)
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Figure 5.18.: Different energy contributions of the flower state.

of the larger domain Q. Figure shows a 2D projection of the adaptive mesh (left) and a
3D view of the two domains (right), where € is marked black and € is visualized in grey.
Again, we choose a = 1 and employ

HO (x) — {;mO(X) xed,
x € Q\Q.

Moreover, we include uniaxial anisotropy in zs-direction with
®(m) = —(e,m)”

into this simulation. Here, e denotes the easy axis.

The dynamic behaviour of the magnetization is shown in Figure [5.16] and we observe, that
the stable state for this setting is the well-known (symmetric) flower state. Figure shows
a side- and a top view of the final state.

The different energy contributions are plotted over time in Figure and the total energy
is visualized in Figure [5.19] Again, we observe monotoneously decreasing energy towards the
stable state.

Finally, as we increase the size of the sample domains {2 and Q with a factor of 1.4, we
observe that the symmetric flower state vanishes and we derive a twisted flower state instead.
This behaviour is described in detail in [Gol12| and the final state is visualized in Figure
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Figure 5.19.: Total energy Eiotal = Eexch + Ecurl + EH + Eani of flower state.

Figure 5.20.: Twisted flower state.
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Chapter

LLG with magnetostriction

So far, we have seen that the elegance and the mathematical advantages of the original
work [Alo08a] from ALOUGES can be carried over to more general effective fields, as well
as coupling to certain variants of Maxwell’s equations. The goal of such generalizations has
been, and must always be, the realization of more realistic simulations. Another interesting
physical effect, which is not negligible at least for certain materials like Terfenol-D, is the
magnetoelastic interaction or magnetostriction. Roughly speaking, this additional field con-
tribution models the circumstance that the deformation of a magnetic material influences the
magnetic field and hence the magnetization. It thus models somehow the inverse of the effect
that a magnet can be deformed if it is exposed to a strong magnetic field. The inclusion of
this effect together with the derivation of an unconditionally convergent numerical scheme in
spirit of the previous approaches will be the goal of this chapter.

Incorporating magnetostriction requires coupling to the conservation of momentum equa-
tion. Here the coupling is, however, less straightforward compared to the previous chapters.
This is mainly because of the structure of the coupling operator hy, below, which is simply
more complicated than before. In particular, we deal with a nonlinear coupling operator, which
does not only depend on the solution of the second equation, but rather on its spatial deriva-
tive. The results of this chapter have partially been published in [BPPR13]. For strong LLG
solvers coupled with magnetostriction (LLGM), we refer to [Ban05a), [Ban05bl, [BS06l, Ban08§].
A weak integrator for the LLGM problem which is based on the midpoint scheme is found
in [Rocl2].

6.1. Elasticity model and problem formulation

For the evolution of the magnetization on Qr, we again consider the LLG equation

m; —am X m; = —m X heg, (6.1.1a)
where the effective field reads

heg = CcAm + hy, + 7(m) (6.1.1b)

and consists of the exchange contribution Am, the generalized contribution 7r(m), and the
magnetostrictive component hy,, which will be specified below. Again, the general contribu-
tion is only assumed to fulfill the two properties (6.2.5)) and (6.2.6]) below and thus particularly
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includes the case
h.g = CcAm + hy, + Copi D®(m) + P(m) — f£.

To keep the presentation simple, we did not include the additional coupling to the full Maxwell

system or the eddy-current simplification as in the Chapters 4] or [5] We stress, however, that

this extension is straightforward and, with the combined techniques, one could consider a cou-

pled system of full Maxwell-LLG with the conservation of momentum equation to account for

magnetostrictive effects. Moreover, with the techniques from Chapter [3] it is straightforward

to rigorously include a numerical approximation 7 (-) of 7r(-) into the convergence analysis.
As usual, is supplemented by the initial and boundary conditions

m(0) =m’ € H'(2;S$?)  and 9,m =0on (0,T) x 9Q. (6.1.1c)

For modeling the magnetostrictive component, we follow the approach of [Vis85|. Here, the
magnetostrictive field reads

3
3
b : Qr = R, (hm)g = (hm(u,m)) == > A00(m),p, (6.1.2)
4,J,p=1
where (-), denotes the p-th component of a vector field. We implicitly assume linear depen-
dence of the stress tensor o = {0;;} on the elastic part of the total strain ® = {e;} which is
the converse form of Hook’s law, i.e.

3
o:=Xe(um): Qp — R o= YA L (6.1.3)
p,q=1

€°(u,m) := g(u) —e™(m) : Qp — R3S, (6.1.4)

Here, u : Q7 — R3 denotes the displacement vector field from the conservation of momentum
equation (6.1.8)) below. The total strain is defined by the symmetric part of the gradient of
u, i.e.

1 8u2 8uj
ii(a) == , 6.1.5
o= (5 + 52 (6.1
and the magnetic part of the total strain by
3
e"(m) := X"mm” : Qr — R¥3, &(m) = Y A (m),(m),. (6.1.6)

p,g=1

In addition, we assume both material tensors A € {A°,A™} to be symmetric (Aijpg = Njipg =
Xijgp = Apgij) and positive definite

3 3
D Nipeigbpe XY € (6.1.7)
,5,p,q=1 ,j=1
with bounded entries, i.e. there exists some \ with )\fqu, :‘;‘qu < X for any 4, 5,p,q = 1,2,3.
The stress tensor ¢ and the displacement field u (where we assume no external forces) are

finally coupled via the conservation of momentum equation

ouy —V-0=0 in Qp. (6.1.8a)
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6.1. Elasticity model and problem formulation

Here, we assume the mass density o > 0 to be constant and independent of the deformation.
Equation (/6.1.8a)) is additionally supplemented by the initial and boundary conditions

u0)=u’inQ, w0)=uinQ, and u=0on N (6.1.8b)
Altogether, we thus aim to solve the coupled problem

(6.1.9)

m; —am X m; = —m X heg
Qutt—V'U:O

of the LLG equation with magnetostriction (LLGM) subject to the stated initial and boundary

conditions.
Using the above boundary conditions, Hook’s relation (6.1.3]), the definition of the total
strain tensor (6.1.4), and the symmetry of the tensors A® and A™, we obtain the following

result:

Lemma 6.1.1. The weak formulation of (6.1.8d) is given by
(ouu(t), @) + (A%e(u)(t),e(p)) = (€™ (m)(t),e(e)). (6.1.10)
for any testfunction @ € H}(Q).
Proof. Multiplication with a testfunction ¢ € H}(S2) and intergration over  yields
(oun(t),p) — (V- X%e(u)(t),p) = —(V - A%€™ (m)(1), p).
Componentwise integration by parts now shows for the second term on the left hand side

Oy [N e(W)]11(8) + Oy [N ()]12(F) + Org [ (w)]13(2) P1
(V- X%e(u)(t), ¢) —/ Oy [N e(W)]21(t) + Oy [N (W)]22(t) + Oug [\ ()]23() | - | 02
@ \Oay [Xe(u)]31(t) + Oay [N (W)]52() + Oay[Ae(w)]33(t) P3

/Z@xz)\e li(t)er + Z&cl )2i( 902-1-/23%/\6 J3:(t) w3
-/ ZZMA%(u)W)%
D _ /ZZXE i a% /ZZAe i (t)p; -

—0
= - [ 05+ el + el 5
Op1  Op1  Opi

: cWha()\ (@ o, o,
:‘/Q [A%Eu)]m(t) ee(w)aa() Ne(ulas(t) | < [ 52 52 52
g

1 2 T3
0, 0 0
(W) g2 g2 5

= —(A%(u)(t), Vo),

where we implicitly use the frobenius scalar product. Completely analogously, one gets

(V- A%€™(m) (1), ) = —(X€™ (m)(t), Vo).
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Chapter 6. LLG with magnetostriction

It therefore remains to show the equality
(Ae(u)(t), Vo) = (A%e(u)(t), &())-
To that end, we recall that, for the frobenius scalar product, there holds
A:B=tr(ATB),

from which we deduce

Deen() M@t Deea )\ (o 3 oo
tr(Xe(w) () V) = tr [ | V(o) Me(u)]aa(t) [Ae(u)]sa(t) gi gl 8“55
(Ae()]i3(t) [Ne(u)las(t) [Ae(u)lss(t) gff gi 3“55
Cie@la(t)g X ewla®E ixe(wla(t)g:
= tr Ei[)\es(u)]m(t)% Zi[)\eg(u)]ig(t)gf; Zi[)\es(u)]iz(t)gf;
Vi) g CiNelint)gE Silhe(w)is(t) 5
= > N ela() (Zfz + S Ie(wlia(t) (Zfz + e (wlis(t) gfi,
as well as
28901 g¢1+g¢2 2] Ié)
tr()\ee(u)T(t)(%(V@_‘_VSOT))):tr 6(u)T(t)% gff 1%521 22‘3%:’22 1 gf} gf}
Ops 4 Op1  Ops | Op 093
Oy Ozg  Ozgy Oy s
= I €(u)]zl(t)% (‘ZZ %f})
o] (2447

+ Z[)\ea(u)]w(t); <gfl + aaj?’) :

The symmetry of A% (u)(t), i.e. [X\°e(u)];;(t) = [A\°e(u)];i(t) concludes the desired result. The
right hand side is estimated in complete analogy. O

Given these notations, we now define the notion of a weak solution for the coupled LLGM
system , which goes back to [CEF11]. Note that, analogously to Chapter [4] where
coupling to the full Maxwell system was considered, the highest time derivative of the second
equation is enforced only in a weak sense. That is to say, we perform integration by parts in
time and use suitable testfunctions which vanish at the upper time boundary.
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6.2. Preliminaries and numerical integrator

Definition 6.1.2. The tupel (m,u) is called a weak solution of LLG with magnetostriction,
if for all T > 0,

(i) m € H' (Qr) with |m| = 1 almost everywhere in Qp and u € H (Qr);

(it) for all ¢ € C=(Qr) and ¢ € C([0,T); C()), we have

mt-(pa/ (mxmy)- -¢=-C, (Vm xm) -V¢
Qr Qr Qr

o ) g [ (o ) (0.1.11)

—g/QTut~Ct+ [ Ne(we(0) = )\ea(m)-e(g‘)—i—/ﬂﬁo- 0, (61.12)

Qp
(iii) there holds m(0,-) = m" and u(0,-) = ug in the sense of traces;
(iv) for almost all t" € (0,T), we have bounded energy
V()72 + Imelg2 o) + IV G20 + @) IF20) < Cm (6.1.13)

where () is independent of t' and depends only on ||, mg, ug, and ug.

6.2. Preliminaries and numerical integrator

For spatial discretization, we again employ the tangent space K _; for the LLG equation.
h
Concerning the equation of magnetoelasticity, we consider

So(Tn) = S'(Tn) N Hy ().

In addition, let m) € My, and u?,0) € S}(75) be suitable approximations of the initial data
obtained e.g. by projection. Further requirements on those initial data are specified below in
Theorem Moreover, we define dtug as 1'12.

The time derivative in ((6.1.10)) is finally discretized by means of the difference quotient of
second order which is denoted by

Zi — Zi—1 9
diz = 7 diz =

dyzi — dizio _ Zi—2zi1+ 29
k k2 ’

(6.2.1)

for any discrete function z; =~ z(t;).

With these notations, we propose the following fully decoupled tangent plane scheme for
the LLGM problem.
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Chapter 6. LLG with magnetostriction

Algorithm 6.2.1. Input: Initial data m%,ug and 1’12, parameter 0 < 0 < 1,a > 0. For
£=0,...,N —1 iterate:

(i) Compute unique solution v, € lCm/;L such that for all ), € ICmi, we have

a(vh,@p) + (mf, x vi), @) = —Ce(V(mj, + 0kv}), Vepy,)

(6.2.2)
+ (h (u£7mh) cth) + ( ( ﬁ)?‘toh)'
1(2) + kv (2)
11) Define m£+1 € My, nodewise by mg+1 2) = 2 h for all z € Ny,.
" h = i )+ k) h
(i1i) Compute unique solution uHl € S§(Tr) such that for all ¥, € S§(Tr), we have
o(djw, " ) + (Ne(w, ™), ey)) = (Ae™ (my, "), e(8r))- (6:2.3)

In the above algorithm, the discrete magnetostrictive contribution is given by

[hpm (uh, my)], Z )\”pq with  o* :)\e(s(ufl) —am(mfl)).
1,5,p=1

Exploiting that we solve each of the two equations separately, we can immediately state

well-posedness of Algorithm

Lemma 6.2.2. Algorithm is well defined, i.e. it admits a tupel of unique discrete so-

lutions (Vﬁ,mffl uiﬂ) in each step £ = 0,...,N — 1 of the iteration. Moreover, we have

HmiHLOO(Q) =1foralll=1,...,N.
Proof. We first show solvability of . We define the bilinear form
ai() Kt X Kie = R, ai(e, 0) := a(e, @) + 0Cck(Ve, Vo) + ((mi, x ¢), )
and the linear functional
Li() = Ce(Vmy, Vo) + (B (uj, m},), @) + (m(mj,), ).
Then, is equivalent to
a1 (Vi en) = Li(py) for all g, € Kppe.

Note that af(-, ) is positive definite for a > 0, i.e. a%(¢p, p) > aHgoH . Thus, by explomng
finite dimension, we see that there exists a unique Vfl € Kmﬁ Wthh solves . Due

to pointwise orthogonality of mfl and Vfl, and the Pythagoras theorem, we get ]mfl(z) +
kvi(2)|> = |mf (2)2 + k|[vi(2)|? > 1 and thus even step (ii) of the above algorithm is well-
defined. The bound ||m}||z=() = 1 can be seen by the normalization at the grid points in
combination with barycentric coordinates and the convexity of each tetrahedron.
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6.2. Preliminaries and numerical integrator

For the second equation ([6.2.3)), we consider the bilinear form

and the linear functional

L5 () = (A" (m} ™), e(®) + F(deuf, ) + 5 (uf, ),

According to (6.1.7) and Korn’s inequality [BS08, Thm. 11.2.16], it holds that

a2, ) = Sl 20, + (Ne®).e®))
> G130 + A (@) e@)
= Sl 20 + M) 320
2 19121 -

With this notation, is equivalent to

ag(uffl,'tph) = L5(3;,) for all functions 9, € S3(T),

and hence, admits a unique solution qu'H € S}(Tn) in each step of the loop. The length
constraint finally follows as before, cf. e.g. Lemma [5.2.2] O

6.2.1. Convergence analysis

Next, we show that the sequence of discrete solutions from Algorithm indeed converges
towards a weak solution of LLGM in the sense of Definition As usual, we assume the
triangulation to fulfill the angle condition

/ Vn; - Vn; <0 for all hat functions n;,n; € S*(T,) with i # j. (6.2.4)
Q

Moreover, and in addition to the standard notation, for ¢ € [ty,ts41), we define
Wk (1, %) = deuj, (%) + (= t)diug (%), iy (%) = doaf(x), af(tx) = deagt (x).

The next statement is the main theorem of this chapter and particularly includes the main
result from [CEF1I].

Theorem 6.2.3. (a) Let 0 € (1/2,1] and suppose that the meshes Ty, are uniformly shape
reqular and satisfy the angle condition (6.2.4). Moreover, let the general energy contribution
7 be uniformly bounded in L*(Qr), i.e.

||7r(n)||ig(m < Cr foralln| € L*(Q) withn <1 a.e. in Q, (6.2.5)
with an n-independent constant Cr > 0 and assume weak convergence of the initial data,

ie. my — m®u) — u in H(Q), as well as 0) — 0° in L*(Q) as h — 0. Under these
assumptions, we have strong L*(Qr)-convergence of m,, towards some function m € HY Q7).
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Chapter 6. LLG with magnetostriction

(b) Suppose that, in addition to the above assumptions, we have
m(m;,) — 7(m) weakly subconvergent in L*(Qr). (6.2.6)

Then, the computed FE solutions (myy,, upg) are weakly subconvergent in HY(Q7) x HY(Qr)
towards some functions (m,u), and those weak limits (m,u) are a weak solution of LLG with
magnetostriction. In particular, weak solutions exist and each weak accumulation point of
(mpk, upk) is a weak solution in the sense of Definition .

The proof follows exactly the same three steps as the one for pure LLG or coupling to the
different variants of Maxwell’s equations. Those three steps incorporate the classic convergence
strategy that was also employed in the seminal works [BP0G, [Alo08al]. The approach here is,
however, somewhat different, since including magnetostriction is less straightforward than
e.g. the Maxwell system. For the MLLG system from Chapter [4] and the ELLG system
from Chapter |5 the coupling of LLG and Maxwell’s equations is simply done via (H%,v%)
In contrast to this, here the coupling operators between and are different, and
therefore the equations cannot simply be inserted into each other. Consequently, boundedness
has to be shown individually for both problems (Lemma and Proposition below.)
The remainder is then finally estimated via Gronwall’s lemma.
Step 1:

First, we show that the discrete quantities remain bounded. To that end, we take a closer
look at the magnetostrictive contribution.

Lemma 6.2.4. The discrete magnetostrictive component can be estimated by the total strain
of the discrete displacement, i.e.

a1 m) 22 < Crmlle(uh) 220 + Com (6.2.7)
for some constants (g, Ggn > 0 that depend only on .
Proof. By definition of the magnetostrictive part, we immediately get
an (e m§) 220y S Mmoo o 07122y < 0132

due to the normalization step. From the definition of the discrete stress tensor and the
boundedness of the material tensors, we additionally get

0 22y < Xl () 220y + ™ () [220) < (U2 +
This yields the assertion. O

With the result of the last lemma, we gain the following knowledge about the magnetization
and its discrete derivative.

Lemma 6.2.5. For j =1,..., N, there holds

| 1%~ -
IV 22 )+ (6 = R DIV gy + kD VA2

7j—1
< QBZI(HVHI?LH%,Z(Q) + kz ||5(ui)”i2(9) + q33])7
=0

for constants (gz, Gz > 0 that depend only on Cr as well as Cgg and (gq from the previous
lemma.
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6.2. Preliminaries and numerical integrator

Proof. As before, in (6.2.2]), we use the special test function ¢; = vf; € lCmi and exploit the
angle condition (6.2.4)) to see

1 0412 1 02 N
§\|th+ 17200 < §||vthL2(Q) + k(Vmy, Vvy,) + ?HVVhHLQ(Q)
1
< §va£HiQ(Q) - (9 - 1/2)1‘:2vaﬁui2(g) (6.2.9)
ak k k
- F”Vfbﬂiz(g) + F(hm(ufm mﬁ),vi) + E(W(mfz)avﬁ)'

Analogously to before, we sum up over the time intervals from 0 to j—1, which, in combination
with Lemma yields for any v > 0

| =

1 4
§va%”i2(9) +

Q

j—1 Jj—1
1
(=) D IVill ey + (0 = K Y[ VAl T2
=0 £=0

e

S

i—1
vm? (|2 k(mj 2512 C
| thL2(Q) + 1C. Z (Ha(uh)HLZ(Q) + C{:m) +Cx
" 1=0

N | =

Taking v < « thus yields the desired result. O

Given the last two lemmata, we now aim to show boundedness of the discrete quantities
involved in equation , i.e. boundedness of the discrete displacement approximations.
We start with a two technical results concerning the material tensors and the magnetic part
of the total strain.

Lemma 6.2.6. There holds

H,\eAuig(Q) < C||Alff2(q and (6.2.10)

XA ) < ClAI 2 g, (6211)
for all A € R3*3 and for a constant C > 0 that only depends on the entries of A° and A"™.

Proof. By definition, there holds

3
H)‘eAHiQ(Q) = Z H()‘eA)ij”iﬁ(Q)

4,j=1

3 3
= Z I Z )‘fjklAleQLZ(Q)

ij=1 kl=1

3 3
<C Z Z HAleZLz(Q)

ij=1k,l=1
< A2 -

This yields the first inequality. The second one follows verbatim. O
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Chapter 6. LLG with magnetostriction

Lemma 6.2.7. The magnetic part of the total strain depends lipshitz-continuously on the
magnetization, i.e. for any k =0,... N — 1, there holds

le™(mf ) — e™(mf)| L2y < Cllmf™ — mf]| L2, (6.2.12)
where the constant C' > 0 depends only on |Q|.

Proof. We show the result componentwise for g7;- By definition, we have

lef (™) — el (mi) | 12 () = HZ}AW (™) () — () (m)e)l| 2
~ Ii( n eyt — (mp)y(mg)ell 2 )
= HZ my ), — (my)p) (my g+ (m), (mp e — (mf),(mf)el| 2 q)
= HZ my ), — (my),) (my e+ (m)y ((my ™) — (m5)e) [ 22 o)

<Z (™) = ()l 2y + ) e = (m5)ell g2 )

—Z (™) = ()l 2 + [y )1 = ()1 g2

+ H(mIZH)p — (m)pl g2 + [(my™)a — (mf)al| 2
+ 1), — (mf)pll 2 ) + (M3 — (mF)s] 22
~ [l —m| g2 g

Here, we only exploited the uniform boundedness of mh and mkH, ie. HmZHLOO(Q) =1 for

any k€ 0,...,N — 1. O

The statement of the following result is basically found in [BS06, Lemma 3|. There, however,
the focus is on strong solutions of LLG and a different integrator, so that the proof and the
overall analysis differs.

Proposition 6.2.8. Forany j=1,...,N and % <0 <1, there holds

j
j ¢ l—
o] 320y + D N, — dowy ™ 72 ) + le(uf) 72 +§ le(uf) —e(u, D72 < G
(=1
(6.2.13)

for some h and k independent constant g > 0 which depends only on X* and the constants

Gsy and Ggg from Lemma [6.2.5

Proof. We use ¥, = uZJrl — uf as test function in (6.2-3) and sum up for £=0,...,j — 1 to
see

o(dpu™ — deuy, deugth) + (Ae(up ™), e(uy™) — e(uy)) = (A%€™(m) ™), e(up™) — e(uy)).
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6.2. Preliminaries and numerical integrator

Abel’s summation from Lemma in combination with the positive definiteness (6.1.7))
and symmetry of A° now yields

e 22 +§]m% deuf 20 + lle(u, Hym+zwﬂ%—5%)h2)
/=1

(X%e™(my,), e(uj) —e(w; ™)),

Q
EMQ.

for some generic constants C,C > 0. Note that the terms HdtuhHL2 @ = Hﬁ%”iz(g) and

lle(u)]? 12(q) are uniformly bounded due to the assumed convergence of these initial data and

are hidden in the constant C.
Next, we rewrite the sum on the right-hand side as

Z (Ae™(my,),e(u) —e(w, ™))

=1

7j—1
= (A€ (mj}), (uy,)) — (A%€™ (m Z/\em ) = A% (), e(uy,))
(=1
=(Aesm(mi)ﬁ(%))—(/\esm(mi),s(UE)L))—k (Adee™ (myH), e(uf)).
(=1

For any 1 > 0 and with Lemma [6.2.6], we further get

ey [172 +Z\dtuh dew 720y + le(ui)l72 g +ZH€ ) —e(w, 1720
(=1
-1 . 1 4
S1+kY fde™(m)32 +/’<¢ZIIE Nz @Ilém(mi)l\iz(m
(=1

+nwm@ﬁmn+w<mmhmn+kmwhmw

For sufficiently small », this can be simplified to

HdtuﬂHQLz + Z ||dtuh dtu ||L2(Q) + HE ||L2(Q + Z ”6 —€ uh )||L2(Q
/=1
j—1
V2
ST+E(Y de™mi )2 +§]w W20
/=1

Here, we again used convergence of the initial data. Next, Lemma [6.2.7] yields
L L
Hdtem(mh>Hi2(Q) S HdtthiQ(Q)

In combination with

¢ -1
¢ m; —m
ldom 220y = 120 220 < IvE 12200
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Chapter 6. LLG with magnetostriction

from Lemma this results in

] |
ey + 22 It = e )+ ) + 37 le(uh) - (e
/=1

<1+k ZHVhHL? Q)+Z||e ”L2

Next, we apply Lemma [6.2.5] - to see

ldvaf |32, +Z||dtuh deuy ™ |32 + [l ||L2(Q+Zue ) — e, Mz
/=1
7j—1
<14 (V22 +k§jue 2, )+k§j|\euh Z20)
7j—1
ST+EY ()30
=0

Application of a discrete version of Gronwall’s Lemma finally yields the assertion. [

In order to show the desired H'(Qr)-convergence of u, we still need to show uniform
boundedness of the L?(Qp)-part. This result is stated in the next corollary.

Corollary 6.2.9. Due to the boundary conditions employed, the Poincaré inequality in com-
bination with Korn’s inequality shows

J
720y + D w320 < Gm(IVuhli3 g +ZIIV w, —w, )72 q)

< Cg(Jle(ul, ||L2 +ZHs b= D) (6.2.14)

for any j = 1,..., N, where the constant Cgg > 0 stems from Poincaré’s inequality and
thus only depends on the diameter of Q. According to Proposition [6.2.8, the right-hand side
of (6.2.14)) is uniformly bounded. Ol

Proposition [6.2.8 now immediately yields boundedness of the discrete magnetizations.

Corollary 6.2.10. For any j =1,...,N, there holds

j—1 j—1
; 1
IV [[320) + kD IVhll720) + (0 - §)k2 Y IVVilGe ) < Coa (6.2.15)
/=0 /=0

for some constant Ggg > 0 which depends only on Cgg, Ggz, and Gz
Proof. From Lemma [6.2.5] we get

| 1%~ -
Vi zaqe) + 0 = K DIVl zaia) + 2 IVl
=0

< G|V 72 +kZIIE W20y + Cea),
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By utilizing Proposition [6.2.8] we see kZ%;é ||8(ufl)||ig(9) < |T'|Cgg. The uniform bounded-

ness of HVm(}JLHLz(Q) concludes the proof. O

Step 2:

Next, we deduce the existence of convergent subsequences.

Lemma 6.2.11. Let 1/2 < 6 < 1. Then, there exist functions (m,u,q) € H(Qp,S?) x
HY(Q7) x L*(Q7) such that

Ung, ufk S win L*(Qr) 6.2.16g

. . b .
Uk, ufk 2 u mn Lz(QT).

my, 25 m in HY(Qr) (6.2.16a)
my;, M3, 0 m in L*(HY), (6.2.16b)
myy, mfk S m in L*(Qr) (6.2.16¢)
myy, mfk S m pointwise almost everywhere in Qp, (6.2.16d)
we 2 in H'(Qr) (6.2.16e)

Upg, U, S w in L*(HY), (6.2.16f)

)

)

(
(6.2.16h

Here, the convergence is to be understood for a subsequence of the corresponding sequences
which is successively constructed, i.e. for arbitrary spatial mesh-size h — 0 and time step-size
k — 0, there exist subindices hy, ky, for which the above convergence properties are satisfied
simultaneously. In addition, there holds

vi, 2% m, in L3(Qr) (6.2.17)
again for the same subsequence as above.

Proof. From Proposition [6.2.8] Corollary [6.2.9] and Corollary [6.2.10, we see that

[y

<.

l y4 V4
o — mf |3 )+Zuu+l w20

~
Il
=)

+Z||e ) e(uh) 22 +Z||d ) — () gy

is uniformly bounded. For the first sum, we used the inequality

||m€+1

m%”i?(g) < ng”"fx”%ﬁ(g)

from Lemma [2.2.3] Boundedness of the discrete quantities from Proposition [6.2.8] Corol-
lary and Corollary and verbatim analysis from the previous chapters thus show
the L?- and H'-convergence properties. By use of the Weyl theorem, we may extract yet
another subsequence of mhk,mfk to see pointwise convergence, i.e. . Finally, the
length preservation constraint follows as before and the identification of the limit of v from

Lemma 2.3.6 O
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Chapter 6. LLG with magnetostriction

Step 3:

In the remainder of this chapter, we will prove that the limiting tupel (m,u) is indeed a
weak solution in the sense of Definition
Proof of Theorem . Let (¢,9) € C(Qr) x Cgo([(), T); C’(?O(Q)) be arbitrary. We define

testfunctions by (¢, ¥;,)(t, ) == (Zn(my, x €),Zpw, ) (t,-). We integrate equation (6.2.2) in
time to obtain

T T T
o [ o)+ [ (e x viden) = ~Ce [ (Vi +0hkvi). Vepy)
0 0 0
T

T
4 [ (et i) o) + [ (om0,

0

where the magnetostrictive component is again given by

_ _ Rk -/ — . hk _ —
[ (), my )] = Y A7 0™ij(my,),,  with o™ = X°(e(uy,) — €™ (mj))).
,J,P
As before, the definition ), (t,) := Z,(m,, x ¢)(t,-) and the approximation properties of the
nodal interpolation operator show

T T
/ ((avp +my, x vy, (my, x €)) + k:@/ (Vi V(my,, < €))
0 0
T
+ C’e/o (Vmy,,V(m;, x ¢))
T
— [ (v i) i )

T
S RCCTRETES)
— o),

and we estimate the first three terms on the left hand side as above. Next, the weak conver-

gence of w(m,, ) from yields
T T
|t i x ) — [ (tam). (m < ),
0 0

and it therefore only remains to consider the magnetostrictive component. Here, we have to
show

hy(u,,,m;,) sub, hpy,(u,m)  weakly in L*(Qr),

where it obviously suffices to show the desired property componentwise. A straightforward
computation analogously to Lemma [6.2.7] proves

_ 2 — 2
€™ (my,,,) — Em(m)HL2(QT) S llmy,; — mHLQ(QT)

The pointwise convergence of my, from (6.2.16d)) in combination with Lebesgue’s dominated
convergence theorem, now yields the strong convergence m,,{ — m¢ (which even holds
componentwise for any set of indices). For any indices i, j,p, ¢ = 1,2, 3 this shows

(™ (myy))ij (my)p, Cp) — (€™ (m)iymy, Cf).
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6.2. Preliminaries and numerical integrator

By definition of the magnetostrictive component it therefore only remains to show

— — sub .
(e(u;,))ij(my,)p — e(u);jm, weakly in L*(Qr)

for any combination ¢, j,p = 1,2, 3 of indices. Analogously to above, this can be seen by

sub

((e(up))ij(my,)p, €)= ((uy)ij, (my,)pC0) — (e(w)ig, mypCy) = (€(w)ijmy, ¢,)

for all ¢ € C°°(Qr), where the convergence of £(u,;, ) towards £(u) particularly follows from
the convergence of u,; towards u in L?*(H"'). So far, we have thus proved

T T
/ ((amy + m x my), (m x ¢)) = —C’e/ (Vm, V(m x ¢))
0 0

T T
[ (bt (m < 0) + [ om0,

and we conclude (6.1.11)) with the standard arguments from above. Again, the equality
m(0,-) = m° in the trace sense follows from the weak convergence my, — m in H'(Qr)
and thus weak convergence of the traces. The equality u(0,-) = u® follows analogously.

In order to prove (6.1.12)), we argue similarly. From (6.2.3]), we obtain

T T T
/0 (i)t + / (Ve(ufy) e@y)) = / (Xe™(mi) e (W,).

For the first summand on the left-hand side, we perform integration by parts in time and get

T T
/()((uhk)t>¢h)—_/0 (nk, (@p)1) + (an(T, ), (T, ) — (ani(0, ), 950, -)).

-~

=0 :uh

Passing to the limit (h, k) — 0, we see

T T
/ (i )esp) 2 — / (%) — (4(0,), (0, )).
0 0

Here, we have used the assumed convergence of the initial data. It remains to identify the
limiting function u. From (|6.2.16hf) and the definition of ﬁzk, we get u;k = Jyupg, and
therefore, by use of weak lower semi-continuity, conclude

. 2 =
I = draloan) < Mgl 15 = Oronelzoga) =0

whence 1 = dyu almost everywhere in Qp. The convergence of the terms

T
/ (Xe(uwy,),e(@®y)) Sub/ (A°e(u),e(y)) and

0 0

4 sub T
| oeem e 2 [ (venm).ew)

0

is straightforward. In summary, we have thus shown (6.1.12)).
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Finally, standard techniques show the energy estimate (6.1.13). From the discrete energy
estimates (6.2.13)) and (6.2.15)), in combination with Korn’s inequality, we get for any ¢’ € [0, T
with ¢/ € [te,tes1)

||VmZk(t')H2Lz(Q) + HV}:kHiz(Qt,) =+ ||Vu;k(t,)”i2(g) + ||ﬁ;k(t,)”i2(g)
tl
= IV ey + [ IV ey + IV ) + IO

tota
< [V () + /0 Vi3 + 1) 2y + it ()]

<C,

for some constant C which is independent of h and k. Integration in time thus yields for any
measurable set J C [0, T

J IV @) a + [ il + [ 1985O0 + [ 1650 e, < [ C

Weak semi-continuity now shows

LIV ey + [ Imliag,, + [ 19930 + [ 1) Bag < [ &

Standard measure theory, cf. e.g. [EIs11 IV, Theorem 4.4] concludes the proof. O

Remark. Under certain regularity assumptions, namely

Vu e LOO(QT),
o € L*(H?), and
Oy € LQ(L2),

i combination with the stability assumptions

Jj—1 Jj—1
kY lldmi e S1HEY [die(uh)l 32
=1 =1

VRl 32 < €. and

vy <C,

-1 ”2
L?()
strong convergence

sub
lupe —ull g1, — 0
can be achieved for a subsequence. Here, u denotes a weak solution of the conservation of mo-
mentum equation in the sense of Definition[6.1.9. To that end, the magnetostrictive component
can be treated as a time-dependent contribution, and the properties — can be
shown by an extended analysis based on [Ban05b|. The strong convergence property for upy
then follows along the way. To the best of our knowledge, a proof of the above assumptions is,
however, mathematically open. For more details, the interested reader is referred to [PHPS12).
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6.3. Numerical experiments

6.3. Numerical experiments

We conclude the analytic investigation of the coupled system of LLG with the conservation
of momentum equation with a short section of computational experiments. Throughout, we
implemented Algorithm [6.2.1] As before, visualization of 3D data is carried out in PARAVIEW,
cf. [Webd].

6.3.1. General performance

Before we come to the first experiment, we want to comment on the implementation of the
system matrix A € R3V*3N with

Aij:/g()\ee(m),e(nj)),

where 7; and 7; denote the nodal basis functions on z; and z;, respectively, and N = H#N
denotes the number of nodes. Throughout, we work on a three-dimensional spatial domain.
Therefore, for each node z; € N, we have the three basis functions

(7 0 . 0
m={ 0|, m=(n|,andnpj=1{ 0
0 0 7/
For the entries of the standard stiffness matrix as it occurs in LLG, for example, one thus gets
On  On  On 0 0 0 0 0 0
j 81E1 awg (9363 ] 87] 87] 87] j
V771 = 0 0 0 ,VT]Q =\ 921 Bzs Oz3 | > and VT]g = 8(37 (3(,),7 (37
0 0 0 0 0 0 dzy Oz Dzs

For different components i, 4’ of 77, we thus always get Vng : Vn%, = 0 and therefore (Vng , V?]Zj,)
= 0. By some clever enumeration of the nodes and indices, namely by separating x1,z2 and
x3 components, the stiffness matrix gets the elegant block-diagonal shape

Ty T2 I3

S 0 0
S — ) 0 S 0 )
z3\0 0 S

where S is the 1D stiffness matrix. Exploiting MATLAB’s spy-command, we can see that this
is indeed the case and for the data from the second experiment below, the structure of the
stiffness matrix is given in Figure [6.1

For the system matrix A from the conservation of momentum equation, however, this is not
the case anymore. Even if we neglect the tensorial multiplication with A, we get

£ i i 0 1 o
e(n)) = 1oy 0:62 Omg e(p) =12 o' 1on and
m)= 2 8:B2 &) = 2 0x1 852 20x3 |
oo o N
3 T3
1 On
I
7y _ n
e(nz) = 0 0 2 Dy
On  10n  On
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Chapter 6. LLG with magnetostriction

150

250

300

0 50 100 150 200 250 300
nz = 3453

Figure 6.1.: Sparsity pattern of the stiffness matrix.

The system matrix A from the conservation of momentum equation thus even has entries in
parts which correspond to different components of the solution. More precisely, A is a block-
full matrix. It is, however, still sparse due to the finite overlap of the supports of the different
hat functions. The structure of the elasticity matrix for the data from the second example
below is visualized in Figure [6.2

Convergence in time

Timesteps
10 50 100 500 1000 5000 10000 50000
Err(u) 17.5860 5.5100 3.2414 0.7743 0.3985 0.0824 0.0429 0.0165

Table 6.1.: Err(u) for varying time steps.

In a first experiment, we aim to investigate the convergence order in time and space for the
conservation of momentum equation. To that end, we prescribe the exact solution

U1 mi
u(t,z1,z0,23) = | we | (t,z1,22,23) and m(t,z1,29,23) = | ma | (¢, 21,22, 23)
us ms3
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6.3. Numerical experiments

Figure 6.2.: Sparsity pattern of the system matrix A from the conservation of momentum
equation.

with
ma (t, 21, T, x3) = sin(ct + dxy) cos (ct + d(zg + x3))
ma(t, z1, T2, x3) 1= cos(ct + dxy) cos (ct + d(zg + x3))
ms(t,x1, e, x3) := sin(ct + d(acg + xg))
uy(t, x1, o, x3) := sin (a(xlxg +x3) + bt)
uz(t, x1, T2, T3) := COS (a(azgxl +x9) + bt)
ug(t, 1, T2, v3) := sin (a(wozs + 1) + bt) + cos (a(wzs + z1) + bt)

and solve (6.2.3)) on the cube [—1, 1]? with ¢ = 1 and heg = Am +hy,. For the tensors A°, A",
we use

A5kt = Mg = Coikdji

and C' = 1. For the time interval [0,T], we choose T'= 3. To minimize the spatial error,
we further set a = 0.01,b = 4/3m,¢ = 27,d = 0.01. The corresponding right-hand side was
calculated with MATHEMATICA. The dynamic behaviour of the displacement u is visualized
in Figure [6.3] For P = 320 spatial elements, we investigate the temporal error for varying
time steps and find linear error decay for Err(u), cf. Table The results are also visualized

in Figure[6.4]
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Chapter 6. LLG with magnetostriction

Time: 0.000000 Time: 0.120120 Time: 0.240240
YA \7 g l
Time: 0.360360 Time: 0.480480 Time: 0.600601

Time: 0.720721 - Time: 0.840841 Time: 0.960961

v

Time: 1.081081 Time: 1.201201 Time: 1.321321

Figure 6.3.: Evolution of the displacement for P = 320 spatial elements and N = 100 time
steps.
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Figure 6.4.: Error decay for uniform refinement in time with P = 320 spatial elements. As
expected, we observe linear behaviour.

102 T T T 1717 T T T 1717 T T T 11717 T T T 11717 T T T 11

10!
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Figure 6.5.: Decay of the spatial error in L2-norm plotted over the amount of spatial elements.
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102 T T T 1717 T T T 1717 T T T 11717 T T T 11717 T T T 117

10!

109

10—1 | | | | L1l
10° 10t 102 10 10* 10°

Figure 6.6.: Decay of the spatial error in H'-norm plotted over the amount of spatial elements.

Convergence in space

In the next experiment, we aim to investigate the spatial convergence rate. To that end, we use
a fixed amount of 1000 time steps and choose the parameter setting to bea = 0.5,b =m,c =,
and d = 0.5. For varying amounts P € {5,40,320,2560,20480} of spatial elements, we
compare the error in H' and L? norm, cf. Table

Spatial elements

5 40 320 2560 20480
maxze o7y () — w6 20y 1.7596  0.3426 0.0854 0.0250 0.0126
max;efo7) () — k()| g1 @) 3.1090 2.3096 0.6254 0.3392 0.1987

Table 6.2.: Spatial error in L?- and H'-norm, respectively.

The L2-error is visualized in Figure and the H!-error is visualized in Figure As
expected, we observer quadratic decay in the L2?-norm, and linear decay for H'. We like to
emphasize, that the L?-norm of the error is actually the correct quantity to investigate here,
as the above analysis only yields norm convergence in L? rather than H'. The computational
results, however, suggest, that uy; converges towards u normwise even in H'.

Finally, we completely neglect the temporal error and consider the stationary problem

—V.o=f (6.3.1)
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Figure 6.7.: Error decay in L2-norm for the stationary problem plotted over the amount of
spatial elements.
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Figure 6.8.: Error decay in H'-norm for the stationary problem plotted over the amount of
spatial elements.
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Figure 6.9.: Visualization of the exact stationary solution (red) and its numerical approxima-
tion (blue).

172



6.3. Numerical experiments

Time: 0.000000 Time: 1.000333 Time: 2.000000

Figure 6.10.: Dynamic behaviour of the magnetization for small magnetostriction with C = 1.

for the above data with ¢ = 0. In this example, we thus test the system matrix A with

Ay = [ (Xetn).en).
Moreover, we neglect the dependence on the magnetization m, i.e. we solve

(Xe(un). (@) = (£.9,)  for all 9, € S'(Th). (6.3.2)

where the boundary data is given by the trace of the prescribed solution from above. Again,
the exact right-hand side was computed with MATHEMATICA. The exact- and the numerical
solutions are visualized in Figure The exact solution is represented by the red arrows,
whereas the numerical solution is represented by the blue arrows. In the third picture of the
top row, both solutions are visualized simultaneously and as expected, they nearly coincide.
The other images from Figure [6.9] show closeup snapshots of the solution and confirm, that
the approximated solution is in good agreement with the exact one for P = 2560 elements.

Again, we investigate the decay of the error for varying spatial resolution and the H'- and
L? errors are given in Table As in the evolutionary case, the errors are visualized in the
Figures and Again, we observe the expected convergence behaviour.

Spatial elements

5 40 320 2560 20480 163840
lu = w2 15545 0.3124 0.0738 0.0214 0.0067 0.0022
lu = up | g1 3.1970 2.5926 0.6474 0.3481 0.1853 0.0869

Table 6.3.: Spatial error in L?- and H'-norm for stationary problem.

6.3.2. Some thoughts on energy

In the next experiment, we consider the coupled system of LLG with the conservation of
momentum equation and investigate the influence of increasing magnetostriction on the total
energy of the system. To that end, we employ the initial data
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Chapter 6. LLG with magnetostriction

Figure 6.11.: Energy contributions Eexch (left), Eelastic (middle), and Eotar (right)for Cy = 1.
Clearly, the exchange contribution is dominant.

10| :

0 0.5 1 1.5 0 0.5 1 1.5 0 0.5 1 1.5

Figure 6.12.: Energy contributions Eexen (left), Eelastic (Middle), and Eiorar (right) for Cy = 2.
Influence of the magnetostriction is clearly visible.
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250 I I I T T
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Figure 6.13.: Total energy Eiotar for different values of C) € {1,2,3,10} plotted over time.

mi (1, T2, 3) 1= sin(1/221) cos (1/2(z2 + x3)),
m9(x1, 2, x3) 1= cos(1/2x1) cos (1/2(z2 + 23)),
0
3

ms(z1, T2, T3) == sin(1/2($2 + xg)),

0 0
w(zy,20,23):= | 0], and 0%z, z9,23):= [0
0 0

We apply the tensors
)\fjkl = )‘Z‘lkl = C\oikdji

with increasing Cy € {1,2,3,10} and consider the time interval [0,7] with T" = 1.5 for
a=1,P = 2560, and N = 1000. For our simulation, we include the exchange effect, as well
as the magnetostrictive component, i.e. heg = Am+ hy,. Moreover, we consider the exchange
energy

1
gexch(mv t) = iuvm(ta )||2L2(Q)7 (633)

the elastic energy

1
gelastic(uy t) = *HE(u(t, )) ||%12 Q (634)
2 (D)
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Chapter 6. LLG with magnetostriction

and the total energy

gtotal = gexch + gelastic' (635)

For small C'y = 1, the exchange contribution is dominant, and we observe that the mag-
netization slowly aligns parallel. This is visualized in Figure [6.10] The energy contributions
Eexchs Eelastic, and Eiotal are plotted over time in Figure As expected, the exchange energy
is minimized. In the next step, we set C\ = 2 and again compare the energy contributions in
Figure This time, the influence of the magnetostrictive component is clearly visible and
the exchange energy is not dominant anymore, after a short while.

Finally, in Figure we plot Eiotal for different values of Cy € {1,2,3,10} over time. In
any case and as predicted by theory the total energy is uniformly bounded. Note, that we
cannot expect the total energy Eioal to decrease or even vanish, as we only proved boundedness
of Eiotal by some constant that strongly depends on C). Altogether, our results are in good
agreement with similar observations in [Roc12) Section 4.2.5|.

6.3.3. Effects on hysteresis

Finally, we investigate the effects of magnetostriction on hysteresis. To that end, we com-
pute an academic example in 2D. On [—0.5,0.5]2 and the time interval (0, 3), we solve Algo-
rithm [6.2.7] with

heit = 0.5Am + hyn + h, + f,

where h, denotes the uniaxial anisotropy in xs-direction with Cj,; = 50. For the material
tensors, we choose the simplified

\mo e _ Cy i=j=k=1€e{1,2},
ikl = gkl 0 else.

Thus, the magnetostrictive contribution of the effective field simplifies to

(hm)i = A0 (m); = Choii(m);.
Moreover, the external field f is not constant in time but has the form f(¢) = p(¢)C¢[—0.5,0, —1]
with C¢ = 100 and where p(t) is slowly increased from 0 to 2. Afterwards, it is decreased
until —2 and then again increased until 2 and so on. The inertial remagnetization process
into the direction of the applied field is characteristic for the corresponding material and is
visualized by means of a hysteresis loop, see e.g. [Goll2, Section 6.1] for details. Initially,
the magnetization is homogeneously oriented in easy-axis direction, and the displacement is
neglected, i.e.

0 0 0
ml:=[0|,u=[0],andu’:=]0
1 0 0

As discretization parameters, we choose h = 1/16 and N = 10000 time steps and a = 1. The
results for different values of C € {0,1,2,3,4,5,6} are visualized in Figure where we
plot the average magnetization in zs-direction over the strength of the applied field. We see
the typical hysteresis loop, and we clearly observe that coercivity increases as we increase C'y.
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Figure 6.14.: Hysteresis loop for different values of C'y. Clearly, the coercivity increases as C'y
is increased.
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Chapter

Outlook and open questions

With this work, we contribute to the field of dynamical micromagnetism by means of ana-
lytical and numerical results. Starting from the notion of a weak solution in [AS92| and the
subsequent scheme proposed by ALOUGES in [Alo08al, we constructed numerical integrators
for a wide variety of problems. The main leitmotif has always been to construct a numeri-
cal integrator which is applicable to as many situations as possible. To that end, we did an
abstract convergence analysis and derived a set of assumptions a field contribution needs to
fulfill in order for the scheme to be convergent. Instead of investigating each classic or possible
future field contribution individually, one now has a checklist of two easily verifiable conditions
to be checked without to even have to look at the convergence analysis. Concretely, one has
to ensure that the field operator 7(-) is uniformly bounded in L?(Q), i.e.

7 ()l[L20) S Imll2(g)

for all n € L*(Q) with |n| < 1 almost everywhere. Moreover, one needs to verify the weak
convergence property

T (npg) sub, w(n) weakly in L?(Qr),

provided the sequence nyy, strongly subconverges towards n in L?(€7). Tt can be verified that
the classic field contributions anisotropy, strayfield, and external field fall into this category.
Furthermore, we could even show that the multiscale ansatz introduced by BRUCKNER [Brul3]
is covered by our approach. This result gives both, a better understanding of the line of proof
as well as a straightforward applicability for future developments.

In the next step, we investigated LLG coupled to various other PDEs to account for multiple
micromagnetic effects. More precisely, we investigated coupling to the full Maxwell system,
the eddy-current equation, and the conservation of momentum equation. In all cases, we
were able to derive an unconditionally convergent integrator which numerically decouples
both equations. That is to say instead of one large (and possibly nonlinear) system, we
subsequently solve two smaller linear problems, one for LLG in the spirit of [Alo08a)] and one
for the coupled equation. The sequence of discrete solutions is then still guaranteed to weakly
subconverge towards a weak solution of the full coupled problem without any condition on
the discretization parameters. Altogether, we considered coupling to various model problems,
namely
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Chapter 7. Outlook and open questions

e coupling to a linear second order hyperbolic PDE (full Maxwell system),
e coupling to a linear second order parabolic PDE (eddy-current equation),
e coupling with a nonlinear coupling operator (magnetostriction).

Finally, we investigated the conditions under which more physically relevant (yet mathe-
matically unnecessary) energy estimates can be derived. For the 3D case, it turned out that
those are uniform L*(Q)-boundedness as well as self-adjointness of the corresponding field
contribution. As far as the classical field contributions are concerned, this is the case for uni-
axial anisotropy or the magnetostatic strayfield, which is in good agreement to the available
literature, see e.g. [Alo08al, [BPOG].

Despite its optimistic title, a single work cannot give a concluding answer to all questions in
dynamical micromagnetism. On the contrary, it behaves as always in mathematics, for each
answered question, two new ones pop up, and we like to give a short outlook here.

e The most obvious issue seems to be a general analysis of the coupling operator. For
stationary LLG field contributions, we derived a list of requirements that need to be
satisfied to ensure unconditional convergence. The question for such a set of minimal
assumptions for the coupling operator thus seems straightforward. Allowedly, with the
magnetostrictive component, we treated quite a complicated coupling operator as it
is nonlinear and additionally depends on the spatial derivative of the solution from the
second PDE. It would be interesting, however, to push the boundaries of our analysis and
see under which circumstances coupling to other PDEs still leads to an unconditionally
convergent scheme.

e In the context of the first point, one could investigate the decoupling of the two problems
in a more general fashion to understand in which cases such a result is possible. In all
cases, we managed to derive a stable bound for the difference of two subsequent solutions,
e.g. for the eddy-current case

N
=0

While one may expect that such an estimate is a necessary condition for a decoupled
scheme, it remains unclear whether it is also sufficient in general.

e In terms of efficiency of the proposed integrator, there remains the important question of
convergence order. While we did not make any statement on the convergence rate of our
schemes, they are generically of order 1 in both, space and time. Higher order extensions
in space or time are hindered by technical difficulties. The recent work [AKST12] is a
good starting point for a second order scheme in time, but there is still some work to
do. In this context, it would be especially interesting to see if one can still decouple the
coupled problems, if the discretization is of higher order.

e As mentioned in the introduction, we basically find two competing integrators in the lit-
erature at the moment, the tangent plane scheme [Alo08a] and the midpoint scheme [BP06],
both of which have distinguished advantages and disadvantages. For the tangent plane
scheme those are:
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— advantages
* linear scheme
* unconditional convergence
* decoupling rigorously analyzed
— disadvantages
x artificial damping
x current scheme only of first order in time
x angle condition on mesh
For the midpoint scheme, on the other hand, one has:
— advantages
% no artificial damping
* formally of second order in time
— disadvantages

* requires condition on mesh parameters in practice for reliable fixed point iter-
ation

* decoupling not rigorously analyzed in the literature so far

It would thus be nice to have criteria that indicate which integrator would be the most
suitable in which situation. To that end, the work [BPPRI13| provides some computa-
tional comparison, but more studies are in order.

e Finally, and independently of the concrete integrators derived in this thesis, there are
open questions concerning the analysis of weakly convergent integrators of LLG: Is it
possible to deduce convergence of the whole sequence rather than only a subsequence?
At least in our computations, we always observe that the complete sequence converges.
Other questions concern strong convergence or even the non-uniqueness of weak solu-
tions. The original work [AS92] proves non-uniqueness only in the case heg = Am.
Maybe this result could be weakened if other field contributions come into play.

For stationary problems in micromagnetics, for instance, uniqueness of minimizers fol-
lows mathematically from the interplay of anisotropy and the demagnetization field, see
e.g. [DP98, [FLMP12].

Altogether, we derived very nice results, but ultimately this thesis leaves much space for
further research. On the other hand, this is what makes a topic interesting for future mathe-
maticians in the first place.
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Appendix

Appendix

A.l. Equalities and inequalities

Lemma A.1.1 (Gronwall). Let r(t),h(t),y(t) be continuous functions on the interval |a,b]
with r(t), h(t) > 0. Assume that for a <t <b, there holds

y(0) <o)+ [ r(s)y(s)ds
Then, we have
y®) <0+ [ hs)r(s)exp ([ rlar(a)da) ds

If we further have r(s) = C' and h non-decreasing, then we additionally get

y(t) < h(t) exp (C(t — a)),

fora <t <b.
Proof. The proof can be found in [Pla00, Lemma 8.13]. O
Lemma A.1.2 (Gronwall — discrete version). Let hg,...,h,—1 > 0 and o > 0,8 > 0 be
given. Assume further that for vg,..., v, the following inequalities are satisfied:
-1
lvo] < «, |Ug|§oz—|—BZhj]vj] foralll=1,...,r.
j=0

Then, there holds

/-1
\vdgaexp(ﬁZhj) forall=0,1,...,r.
5=0
Proof. The proof can be found in [Pla00, Lemma 8.14]. O
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Lemma A.1.3. (Abel’s summation by parts) Let X be a Hilbert space with scalar product (-, -)
and induced norm || - || = (-,-). Moreover, let vy € X for all £ =0,...,j for some j € N with
j > 0. Then there holds

—_

<.

1 1 13-
(Ver1 — Vo, vp41) = §ij\|2 - §Ilvo|\2 t3 Z [ves1 — vel|*. (A.1.1)

o~
Il

0

Proof. The proof follows by direct calculation. We have

Vpg1, Vo1 — Vg) + (Vg1 — Ve, Veg1)
— (vey1,ve) + (Vo1 — ve, vy 1)

(Vet15ve) + (V1 — ve, Ve1) — (Ve, ve) + (e, ve)
(ve,ve) + (Vo1 — Ve, Ves1) — (Vo1 — Ve, ve)
(

Vg, Vg) + (Vey1 — Ve, Veg1 — Vo).

2(ve41 — Ve, veg1) = (
= (veg1,ve41)
= (Veg1,Ve41) —
= (Veg1,Ve41) —
( ) —

= V41, V1
Summing up and exploiting the telescopic sum yields the assertion. O

Lemma A.1.4 (Hélder inequality). Let p; € [1,00] for j =1,...,m and % = Z;nzl ]%. Let
J
further f; € LPi(X) for j =1,...m. Then, there holds

ITT fillrcx) < H 15l w5 (x (A.1.2)
i=1 =1
Proof. The proof is found e.g. in [Eva02, B.2]. O

Lemma A.1.5. (Cauchy inequality with £ - sometimes also Young inequality with ) For
a,b € R, we have for any e > 0

b2
b<ea’+ —. A13
ab < ea* + " ( )
Proof. The proof can be found at [Eva02, Appendix B.2, a and b). O

Lemma A.1.6. Let ¢, € L>(H"). Then there holds

(V¢ V(> m) = (VE, (¢ x V). (A1.4)
Here, the cross product of ¢ and the Jacobian Vn is given as
G Vi @V — GV n
CxVn= |G| x[Vn]=|G&GVnH—-GaVn
G3 Vs GV — GVm
C20z,m3 — C33x1772 c o (20zgme — (302372
C10z,m2 — C23x1771 o C10zsm2 — C20z,m

Proof. The proof is straightforward and follows from direct calculations. The elaborated
arguments can be found, e.g. in [Goll12, Lemma 2.0.10]. O]
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A.2. Functional analytic facts

Lemma A.1.7 (Properties of the cross product). For u,v,w € R3, the following properties
are true.

(i) uxu=0.

(i

(iii

(u,u x v) = 0.

(iv) ux (v x w) = (u, whv — (u,v)w.
(v
(v

Proof. The proof follows by straightforward computations. O

(u X v,w) = (w x u,v) = (v X w,u).

)
) u
)
)
)
) (ux (v xw) +ox (Wwxu)+wx (uxv)=0.

Theorem A.1.8 (Korn’s inequality). There exists a positive C' > 0 such that
le()ll 20 + lallz2) = Cllull g o) (A.1.5)

where € denotes the symmetric part of the gradient from (6.1.5)).

Proof. The proof can be found in [BSO8, Theorem 11.2.16]. O

A.2. Functional analytic facts

Theorem A.2.1. Let X be a reflexive space. Then each bounded sequence (x,,) C X admits
a weakly convergent subsequence, i.e. there exists some x € X such that

sub

Tn, — x  weakly in X. (A.2.1)
Proof. The proof can be found in [Wer(Q0, Theorem I11.3.7]. O]

Theorem A.2.2 (Lebesgue dominated convergence). On the open domain X, we consider
measurable functions f, fn, : X — K with f, — f almost everywhere. Let further g be an
integrable and measurable function such that for alln € N, we have |f,| < g almost everywhere.
Then f and f, are integrable and there holds

lim fn—/ f (A.2.2)
n—oo
and, in particular
lim / = f1=0, (A.2.3)
n—oo X

i.e. fn converges towards f even in L'(X).
Proof. The proof can be found in [Els11) IV, Theorem 5.2]. O]

The dominated convergence theorem even allows an extension in LP(X).
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Corollary A.2.3 (Dominated convergence in LP). Let 0 < p < 00, fn, f : X — K measurable
for some open domain X , with f, — f almost everywhere. Let further g € LP(X) with |f,] < g
almost everywhere. Then fn, f € LP(X) and f, converges towards f even in LP(x), i.e.

Jim [| fr = fllzox) = 0. (A.2.4)

Proof. The proof for an even more general version of this result can be found in [EIsI11, VI,
Theorem 5.3|. O

Theorem A.2.4 (Rellich-Kondrachov compactness theorem). Let Q be an open and bounded
subset of R™ with Lipshitz boundary. Then, the embedding

HY(Q) — L*(Q)
1s compact.

Proof. Then proof can be found e.g. in [McL00, Theorem 3.27]. O

Lemma A.2.5 (Convergence of the product). Let 1 < p,q,r < o0,1/p+1/q = 1/r, and
fn € LP(X), gn € LYX) with

Mim | fo = fllrx) =0, and T {|gn — gl|za(x) =0 (A.2.5)
Then, there holds
nh—{go | frgn — ngL’"(X) =0, (A.2.6)
i.e. the product converges strongly in L™ (X). For 1/p+ 1/q =1, there particularly holds
nh—>Holo angn - ngLl(X) =0. (A27)

Proof. The proof is done by straightforward calculation using Holders inequality from Lemmal[A.T.4]
There holds

| frngn — fallrcxy = 1(fn = Fgn + (90 — 9) fllzr(x)
< |1(fa = Hgnllrxy + 1(gn — 9 fllzr @)
< fn = flleexyllgnllLaxy + lgn = gll a1 f | e x)y — 0.

This concludes the proof. O

Lemma A.2.6 (Riesz). Let 0 < p < oo and let (f,) be a sequence in LP(Q2) which converges
towards some function f € LP(S2), i.e.

[fn = Fllze@) — 0.
Then, (fy) converges towards f even in measure.

Proof. The proof can be found in [Els11l Satz VI 4.3]. O]

186



A.2. Functional analytic facts

Lemma A.2.7 (Weyl). Let 0 < p < o0 and (fp)n € LP(Q) be a convergent sequence in
LP(Q2) with limit f € LP(QY). Then, there exists a subsequence (fn, )i of (fn)n which converges
towards f pointwise almost everywhere in €.

Proof. The proof follows from Lemma and is found e.g. in [Els11] VI, Korollar 2.7|. O

Lemma A.2.8. Let X be a Hilbert space, and let (xn)n, (Yn)n C X be weakly resp. strongly
convergent subsequences with limits x,y € X, i.e.

Ty, — x  strongly in X,
Yn — 1y weakly in X.

Then, there holds (zy,yn)x — (z,y).

Proof. There holds

(wnyyn)X - (337 yn)X + (x’yn - y)X’
(-rn - 'rvyn)X + (337yn - y)X’ —0

|(@n, yn)x = (2, 9)x|

=|
=|
due to boundedness of (yy), in X and strong convergence of . O

Lemma A.2.9. Let Q be a bounded domain in R and a, C H'(Q) a weakly convergent
sequence with limit a € H*(Q)). Then, there holds

an — a  strongly in L*(Q)  and
Va, — Va  weakly in L*(52),

i.e. the indiwvidual contributions of the norm are also convergent.

Proof. The first result is a direct consequence of the Rellich-Kondrachov theorem [A.2.4] To
see the second one, we argue as follows: Due to boundedness of weakly convergent sequences,
from Ha"H%II(Q) = HanH%Q(Q) + ||Van||%2(m < C < oo, we get ||Vayl[r2() < C. This, however
yields the existence of a function A € L?(Q2) with

Va, 22 A weakly in L*(€).

It remains to investigate the equality A = Va. From weak convergence in L%(Q), we get for
any testfunction ¢ € C2°(9)

lim(Van, ¢) = (A, ¢)

and via integration by parts thus

/Acpzlim/Vanap:—lim/andivgo:—/adivgo:/Vago.
Q noJa noJa Q Q

Since the testfunction ¢ € C°(Q2) was arbitrary, this yields A = Va. Moreover, the limit
is the same for each subsequence, and hence the entire sequence is convergent which is the
desired result. O
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The following Lemma considers the convergence of the product of a weakly L!'-convergent
sequence and a strongly L2-convergent sequence.

Lemma A.2.10. Let Q be a bounded domain. Let further a, € L*(Q)) be bounded and b, C
L3(Q) with

an — a weakly in L*(Q) and
bn, — b strongly in L*(9).
Then, there holds
(an, bp) — (a,b),
where (-,-) denotes the L?-scalar product.
Proof. From the boundedness of a,, in L*(2), we deduce the existence of a function A € L?(Q)
with
an 22 A in L*(Q).
From the definition of weak limits, we get
(an, ) — (A,9) forall p € L*(Q) D
(an,p) — (a,p) forall p € L(2) D C()
and thus
(A—a,p) =0 forall p € C°(Q)

and hence A = a in L?(Q). As this argument holds for any subsequence of a,, we conclude
convergence of the entire sequence. Exploiting Lemma we conclude the desired result.
O

Lemma A.2.11 (Mazur). Let (z,) be a weakly convergent sequence in a normed vector space
X with x,, — x. Then, the limit x lies within the closed convex hull of the members of x,,, i.e.
T € conv{xn neE N}.

Proof. The proof can be found in [RR04, Theorem 10.19]. O

By definition, the space L?(H') contains all functions u : [0,7] — H(Q), cf. e.g. [Eva02,
Section 5.9.2]. We thus have
u:[0,7] — HY(Q),
u(t) € H'(Q) and therefore u(t)(z) € R3.
For a given function u € L?(H1), the function defined on the time-space cylinder u € L*(Qr)
with one weak spatial derivative is implicitly defined by
u:Qr — Rg,
u(t,x) = u(t)(x).
To ease the presentation, as usually done in literature, we will notationally not further distin-

guish between u and u. The next result now states that for such functions, one can interchange
the spatial derivative and the time evaluation (at least if they are smooth enough).
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A.3. What else?

Lemma A.2.12. Let u € C(C') and u be defined as above, then we have
(Vu)(t,x) = (Vu(t))(x), (A.2.8)

i.e. the evaluation in time and the weak spatial gradient interchange. To ease the presentation,
we write

(Vu)(t,x) = (Vu(t))(x).

Proof. The proof is done by straightforward calculation. It obviously remains to show the
desired result for one partial derivative. By definition we get

ou T ﬁ(t,$1 + h,l’g, I‘g) - ﬁ(t,l’l,l'g,ﬂfg)
Tﬂn(tvxth’xS) - }111—>H10 h
— lim u(t)(z1 + h,x2,23) — u(t)(x1, 22, 73)
h—0 h
- aélw(lt)(xlvx?,x?))'

O

Remark. Note, that we only apply the last result for smooth functions, i.e. strong derivatives.
Formally, the proof is not sufficient for weak gradients.

A.3. What else?

Lemma A.3.1. Let {Smn}mn C R be a convergent doublesequence with simultaneous limit
lim(m,n)ﬁ(mm) Smn = S and assume further that the limit sy, 1= limy, oo Smn exists in R for
all m € Ng. Then, the limit lim,, oo Sm exists in R, and there holds

lim s,, = lim ( lim smn) = lim Smn = S.
m—00 m—00 * N—00 (m,n)—(00,00)
Proof. The proof can be found e.g. in [Sch1ll Satz 3.6.6]. O
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