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KurzfassungIn physikalishen Problemstellungen wird das Verhalten komplexer Systeme oft beshrieben, indemjedem sinnvollen Zustand des Systems eine Energie zugeordnet wird. Die (meta-) stabilen Zuständesind dann gerade dadurh harakterisiert, dass sie die Energie (lokal) minimieren. Mathematish lautetdie Aufgabe also, ein gegebenes Energiefunktional e : A → R zu minimieren. Dabei ist A die durhNebenbedingungen festgelegte Teilmenge der zulässigen physikalish sinnvollen Konstellationen auseinem geeigneten Funktionenraum A ⊆ H.Die vorliegende Arbeit befasst sih mit einem Reduktionsmodell aus [DKM+01℄, welhes das Verhaltenuniaxialer dünner Filme im Mikromagnetismus beshreibt. Sei ω ⊆ R2 das ferromagnetishe Materialdessen Dike t≪ diam(ω) in der Modellierung vernahlässigt wird. Möglihe Magnetisierungen werdendurh Vektorfelder m : ω → R2 beshrieben, die der physikalishen Nebenbedingung |m(x)| ≤ 1genügen. Für einen möglihen Zustand m des Ferromagneten unter Ein�uss eines äuÿeren Feldes flautet die Energie
e(m) =

∫

R3

|∇u|2 dx+ q

∫

ω
m2

2 dx− 2

∫

ω
f ·m dx,wobei u : R3 → R das vonm induzierte magnetostatishe Potential ist und als Lösung einer reduziertenMaxwell-Gleihung bestimmt ist. Der Parameter q ≥ 0 ist vom Material abhängig und bestimmt dieRelevanz der kristallinen Anisotropie.Dieses Modellproblem dient als Prototyp für ein vektorwertiges quadratishes Minimierungsprob-lem. Als shwierig erweist sih das Vorhandensein nihtlokaler Beiträge durh die Streufeldenergie∫

R3 |∇u|2 dx sowie die nihtlineare skalare, jedoh konvexe Nebenbedingung |m(x)| ≤ 1. In der Dis-sertation [Drw08℄ behält der Autor, wie dies auh in der Originalarbeit [DKMO02℄ geshieht, einedistributionelle Sihtweise bei. Der Autor diskutiert die Simulation des Spezialfalls weihmagnetishenMaterials mit q = 0 mittels eines Innere-Punkte-Verfahrens. Dabei nimmt die e�ziente Berehnungder Streufeldenergie ∫R3 |∇u|2 dx einen wesentlihen Raum ein.Der erste Teil der vorliegenden Arbeit befasst sih mit der Konstruktion eines Hilbertraums H fürdie Magnetisierung m. Lösbarkeit und Eindeutigkeit werden in geeignetem Sinn nahgewiesen. Dabeiist das Eindeutigkeitsresultat weder in den Originalpublikationen [DKM+01, DKMO02℄ noh in derDissertation [Drw08℄ enthalten.Der zweite Teil befasst sih mit der Umsetzung eines Strafverfahrens für die numerishe Approxima-tion des analytishen Minimierers. Dabei muss der Hilbertraum H geeignet durh einen endlihdi-mensionalen Ansatzraum Xh approximiert werden. Dadurh entsteht ein vom Parameter h > 0abhängiger Diskretisierungsfehler. Andererseits wird das Strafverfahren durh einen Parameter ε > 0gesteuert, der einen Modellierungsfehler bedingt. Als Kernresultat wird bewiesen, dass beliebige Fol-gen (hn, εn) → (0, 0) zu Konvergenz der Minimierer in geeignetem Sinn führen. Unter Regularitäts-annahmen und aufbauend auf punktweise hergeleiteten Euler-Lagrange Gleihungen werden a prioriAbshätzungen bewiesen, die darüber hinaus Auskunft über die zumindest zu erwartende Konvergen-zordnung geben. Shlieÿlih wird ein heuristisher Fehlershätzer vorgeshlagen, der geeignet ist, umein h- und ε-adaptives Verfahren zu steuern.Der dritte und vierte Teil des Dissertation befassen sih mit einer detailierten Beshreibung einerobjektorientierten Implementierung des Strafverfahrens in C++ sowie mit ausführlihen numerishenExperimenten, um die analytishen Aussagen zu überprüfen. In Beispielen mit starken Singularitätenund im Falle weiher Filme mit q = 0 führt der Einsatz von Adaptivität zu einer Verbesserung derAsymptotik.





AbstratIn physis, the behavior of omplex systems is often desribed in terms of an energy assoiated witheah possible state. The (meta-) stable states of the system, then, are haraterized by minimizing theenergy (loally). Mathematially, the task of �nding stable states, therefore, is the minimization ofan energy funtional e : A → R. Here, A denotes the subset of admissible states in some appropriatefuntion spae A ⊆ H.The present work treats the numerial analysis of a redued model from [DKM+01℄ that desribes thebehavior of thin-�lm devies in miromagnetis. Let ω ⊆ R2 denote the ferromagneti sample whosethikness t≪ diam(ω) is negleted by the model. Possible states of the magneti devie are desribedby a vetor �eld m : ω → R2 under the physial side onstraint |m(x)| ≤ 1. Given a magnetization
m and an applied �eld f , the energy reads

e(m) =

∫

R3

|∇u|2 dx+ q

∫

ω
m2

2 dx− 2

∫

ω
f ·m dx,where the indued magnetostati potential u : R3 → R is determined as solution of a redued Maxwellequation. The material dependent parameter q ≥ 0 desribes the strength of the rystalline anisotropy.This model problem serves as a prototype for a vetor valued quadrati minimization problem. Thenon-loal ontributions of the stray �eld energy ∫R3 |∇u|2 dx and the non-linear, but onvex salar sideonstraint |m(x)| ≤ 1 e�et di�ulties in the treatment of the equations. The dissertation [Drw08℄ hasa distributional point of view, as is also the ase in the original work [DKMO02℄. The work [Drw08℄is onerned with the numerial simulation of the model in the ase of soft ferromagneti samples, i.e.

q = 0, by use of an interior point method. A large part of that thesis is onerned with the e�ientomputation of the stray-�eld energy ∫R3 |∇u|2 dx.The �rst part of the present work is onerned with the onstrution of a suitable Hilbert spae H forthe magnetization. Existene and uniqueness of solutions are proven in an appropriate sense. We stressthat the statement on the uniqueness is neither inluded in the original works [DKM+01, DKMO02℄nor in the more reent dissertation [Drw08℄.The seond part studies a penalty method for the numerial solution of the model problem. First,the energy spae H needs to be approximated by some �nite-dimensional subspae Xh ⊆ H. Thisintrodues a disretization error dependent on h > 0. Seond, the penalty sheme depends on aparameter ε > 0 whih introdues a modeling error. As a key result we prove that any hoie ofzero sequenes (hn, εn) → (0, 0) leads to onvergene of the disrete and penalized solutions to theanalytial solution in an appropriate sense. Under regularity assumptions and based on pointwiseEuler-Lagrange equations, we also provide an a priori error analysis that gives indiation on whatorder of onvergene may be expeted at least in numerial simulations. Finally, a heuristi errorestimator is proposed that is suitable to steer an h- and ε-adaptive algorithm.Parts three and four desribes in detail the objet-oriented implementation of the proposed shemein C++ and extensive numerial experiments are provided to verify our analysis. In the ase of soft�lms with q = 0 or in presene of strong singularities, the proposed adaptive sheme improves theasymptoti behavior when ompared to a uniform approah.
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CHAPTER 1. INTRODUCTION AND OVERVIEW 1
Chapter 1Introdution and overview
1.1 Model problemIn physis, the behavior of omplex systems is often desribed in terms of energy funtionals. The(meta-) stable states of the system, then, are haraterized by minimizing the energy (loally). Math-ematially, the task of �nding stable states, therefore, is the minimization of an energy funtional
e : A → R, where A denotes the subset of admissible states in some appropriate funtion spae
A ⊆ H.The �eld of omputational miromagnetis is of speial mathematial and sienti� interest for severalreasons. The model due to Landau and Lifshits [LL35℄ is nowadays aepted as the relevant modelto desribe miromagneti phenomena in many appliations. The energy funtional, however, is notonvex and hysteresis governs many of the non-linear e�ets that are observed in experiments. Thepresene of various length sales make large magneti devies hardly aessible for diret numerialsimulation. On the other hand, miromagneti phenomena are not yet fully understood [SH98℄, andnumerial simulation has proven over the last deades to be a valuable tool to understanding physialphenomena in many appliations.To allow for e�ient simulation of mesosopi e�ets, various redued models have been proposedand analyzed in the literature, f. e.g. [DKMO06℄. Eah of whih overs a ertain limiting regimeof samples. In [DKM+01℄, a redued model in thin-�lm miromagnetis has been proposed and it isobserved that it is ompatible with the other prior models suggested in [SB89℄ and [vdB86℄.Let ω ⊆ R2 denote a ferromagneti sample, whose thikness t ≪ diam(ω) is negleted. Admissiblemagnetizations are desribed by vetor �elds m : ω → R2 suh that the onstraint |m(x)| ≤ 1 issatis�ed pointwise almost everywhere in ω. Given an applied �eld f , the redued energy reads

e(m) =
1

2

∫

R3

|∇u|2 dx+
q

2

∫

ω
m2

2 dx−
∫

ω
f ·m dx, (1.1)where the magnetostati potential u solves the redued Maxwell equation

∫

R3

∇u∇v dX =

∫

ω
m · ∇v dx ∀v ∈ D(R3).The material parameter q > 0 determines the strength of the uniaxial rystalline anisotropy. Inontrast to the full miromagneti model problem due to Landau and Lifshits, the redued thin-�lmminimization problem is onvex. However, it is a vetor valued problem with a salar, non-linear but



2onvex side onstraint |m(x)| ≤ 1. In [CP01℄ and [Pra03℄, a penalty method for the simulation of thelarge-body limit in miromagnetis is studied. The similar nature of the model problem may indiatethat the tehniques used in those publiations might be generalized and applied to the thin-�lmproblem as well. However, there are some di�erenes that need new tehniques and lead to somewhataltered results: First, the presene of a negative order Sobolev norm whih is a result of the limitingproess of the stray �eld energy as t→ 0. In partiular, in the thin-�lm model under onsideration, thedual spae ontains not only Lebesgue funtions but also distributions. Therefore, arguments basedon properties of the funtion spae L2 often annot be transferred easily. Seond, the existene ofthe magnetostati potential demands ∇ ·m ∈ H̃−1/2(ω). This means that a disretization mh of themagnetization must allow for evaluation of the divergene ∇ ·mh. The use of Raviart-Thomas �niteelements [RT77℄ e�ets that ertain L2-orthogonalities used in the a priori and a posteriori analysisof the large-body limit � where pieewise onstant funtions are used to disretize m ∈ L2 � are notavailable.In the work [DKMO02℄, Γ-onvergene [Bra02℄ of the full model by Landau and Lifshits to the reduedthin-�lm model has been proven under ertain assumptions. This means that one annot expet toobtain full information on the mirostruture when simulating the thin-�lm model. Mesosopi andmarosopi quantities, suh as the magnetostati potential and the energy, are however preserved.Moreover, a omparison of �rst numerial simulations with data obtained from experiments showsthat the model is of relevane, at least for soft ferromagneti samples. The reent dissertation [Drw08℄is dediated to the ase of soft material, and the anisotropy is dropped, i.e. q = 0. Numerialalulation of minimizers is done by use of an interior point method. Speial emphasis is plaed onthe e�ient omputation of the stray �eld energy 1
2

∫
R3 |∇u|2 dx by use of H2 matries [HB02, DO04℄and the omputation of minimizers of unit length. Let m be a minimizer of the redued energy(1.1). Note that the anisotropy energy ontribution vanishes due to q = 0. Choosing some divergenefree magnetization m̃ with ∫ω m̃ · f dx = 0 and |m(x) + m̃(x)| ≤ 1 yields another minimizer. Theomputation of minimizers of unit length allows, under ertain onditions, for reonstrution of themagneti domains and hene restoring part of the mirostrutural data that is originally lost in theproess of the Γ-limit.1.2 Overview and main resultsChapter 2 is dediated to the onstrution of a Hilbert spae H for the magnetization and the analysisof the model problem. First, in Setion 2.1, we give an interpretation of the energy ontributions ofthe full miromagneti model by Landau and Lifshits. Then, Setion 2.2 introdues the minimizationproblem (M), where the energy funtional is de�ned as in (1.1).As a �rst step in the analysis of the model problem, we turn our attention to the redued magnetostatiMaxwell equation

∫

R3

∇u∇v dX =

∫

ω
m · ∇v dx ∀v ∈ D(R3). (1.2)In Lemma 2.3, diret alulations and integration by parts yield

−∆u = 0 in R3 \ ω
[
∂u

∂x3

]
= ∇ ·m on ω

[u] = 0 on ω
m · n = 0 on γ = ∂ω.



CHAPTER 1. INTRODUCTION AND OVERVIEW 3Here, [·] denotes the jump limx3→0+ u(x) − limx3→0− u(x) aross the surfae ω and n is the outernormal vetor of ω in R2. The simple-layer potential S : H̃−1/2(ω) → H1
ℓoc(R

3) de�ned by
Sv(x) =

1

4π

∫

ω

v(y)

‖x− y‖ dsyis used to obtain a solution of the Maxwell equation. Theorem 2.8 uses ideas from [Ste87℄ for theanalysis of sreen problems to generalize the well-known jump onditions of the simple-layer potentialin the ase of losed surfaes. We obtain
[Sϕ] = 0

[
∂Sϕ

∂x3

]
= −ϕfrom whih we onlude that S(−∇·m) is a solution of (1.2). In partiular the magnetostati Maxwellequation does have a solution if the divergene of the magnetization satis�es ∇ ·m ∈ H̃−1/2(ω).This leads to the hoie of our energy spae

H := {m ∈ L2(ω)2 |∇ ·m ∈ H̃−1/2(ω),m · n = 0 on γ},whih is a Hilbert spae with the natural norm
‖m‖2 = ‖m‖2L2 + ‖∇ ·m‖2

H̃−1/2 .Let V : H̃−1/2(ω) → H1/2(ω) denote the trae of the simple-layer potential S. Then, V is an elliptiand ontinuous linear operator, and the V -norm de�ned by
‖ϕ‖2V = 〈ϕ, V ϕ〉

H̃−1/2×H1/2is an equivalent norm in H̃−1/2(ω). Theorem 2.18, �nally, states that given any m ∈ H, there is auniquely determined potential u ∈ B2
1(R

3) := {u ∈ H1
ℓoc(R

3) |∇u ∈ L2(R3)}/R, and moreover it holdsthat
‖∇u‖2L2(R3) = ‖∇ ·m‖2V .This last identity allows for reformulation of our energy funtional

e(m) =
1

2
‖∇ ·m‖2V +

q

2
‖m2‖2L2 − (f,m)L2 (1.3)as was also observed in [DKMO02℄. Note that e(·) is a onvex and ontinuous mapping with respetto the energy spae H.In Setion 2.6.2, we use the diret method of alulus of variations [Da89℄ to prove existene anduniqueness of a minimizer m∗ within the set of admissible magnetizations A := {m ∈ H | |m(x)| ≤ 1}.In Lemma 2.20, we prove that the set A is losed with respet to the H-norm. Sine it is alsoonvex, Mazur's lemma [Yos65℄ implies that it is also losed with respet to the weak topology. InTheorem 2.21, we prove oerivity of e(·). An in�mizing sequene hene has a weakly onvergentsubsequene, and the weak limit is an element of the admissible set A. Sine e(·) is ontinuous andonvex it is also weakly lower semi-ontinuous and we onlude that the weak limit is a minimizer. InTheorem 2.22 we use molli�er tehniques inspired by [Pra03℄ to prove that

|||m|||2 := ‖∇ ·m‖2V + q ‖m2‖2L2 (1.4)



4de�nes a norm, from whih we obtain uniqueness of the minimizer, provided q > 0. This last result isnot stated in any of the publiations [DKMO02, Drw08℄. This may be beause the authors there havea distributional point of view and do not de�ne a Hilbert spae setting. Also the fous in the originalpubliations lies on soft material, where the anisotropy q ≪ 1 is dropped. Then, the solution is infat not uniquely determined. After stating the orresponding variational inequality in Lemma 3.3,we immediately obtain the ontinuous dependene of m from the data f by standard arguments.Altogether this �nally provides well-posedness of the minimization problem (M) within our Hilbertspae setting.In Chapter 3, we propose a sheme for the omputation of approximations to the analytial solution
m∗. First, we use lowest order Raviart-Thomas �nite elements to disretize the energy spae H. Thisis also proposed in the work [Drw08℄. The approximation of the in�nite dimensional Hilbert spae Hby a �nite dimensional subspae Xh introdues a disretization error that depends on the mesh-size
h > 0. The fat that we hoose a onforming disretization allows us to apply the same argumentsas for the ontinuous problem to prove existene and uniqueness of solutions of the disrete problem
(Mh). With the help of the equivalent variational inequality, we obtain the a priori error estimate

|||m∗ −mh||| = O(h1/2)under ertain regularity assumptions.The side onstraint |m(x)| ≤ 1 is treated by use of a penalty method in the spirit of [CP01℄: For
ε > 0, we introdue the energy ontribution

1

2ε
‖(|m| − 1)+‖2L2 ,where (·)+ denotes the positive part. Lemma 3.7 provides the oerivity of the modi�ed energyfuntional

eε(m) := e(m) +
1

2ε
‖(|m| − 1)+‖2L2 .We drop the side onstraint and seek the uniquely determined solution mε

h of the unonstrained butnon-smooth minimization problem (M ε
h) assoiated with the penalized energy funtional eε(·). Thepenalty sheme thus introdues an additional error dependent of ε > 0.In the literature, penalty methods have been studied in depth for �nite dimensional problems. Let mε

hbe the solution to the problem (M ε
h) and mh the solution to the problem (Mh). Then it is well-known,see e.g. [NW99℄, that one an expet weak onvergene

mε
h ⇀mh as ε→ 0.This, however, only guarantees onvergene for �xed disretization parameter h ≥ 0. We failed to�nd any onvergene result in the literature that ould be applied to our model problem to provideonvergene as h → 0 and ε → 0. In [CP01℄, the authors sueed to prove onvergene in the energynorm. The proof, however, relies on the fat that the energy spae is L2 and that the dual spae thusonsist of Lebesgue funtions. In ontrast, this is not the ase in our ontext. In Theorem 3.11, weuse abstrat arguments to prove that also mε

h ⇀ mε
0 as h → 0. Finally, Corollary 3.12 states weakonvergene mε

h ⇀ m∗ for any hoie of h → 0 and ε → 0. We stress that the arguments are largelyindependent of the onrete model problem and apply to a large lass of energy funtionals.The sheme for the numerial omputation, now, is justi�ed in the sense that, as (hn, εn) → (0, 0), weobtain weak onvergene of the disrete solutions to the analytial solution of the onstrained problem
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(M). Setion 3.3, is dediated to establish a priori error estimates. Based on a regularity result of[DKMO02℄, we derive KKT-equations and prove the existene of a Lagrange multiplier λ ∈ L2

ℓoc(ω)suh that
q

(
0
m2

)
+∇u− f + λm = 0,

λ(|m| − 1) = 0,

λ ≥ 0,

|m| ≤ 1hold pointwise almost everywhere in ω. The proof of Theorem 3.18 follows the same ideas as in aseof the large body limit [De 93℄. However, the fat that we are dealing with funtions in L2
ℓoc e�etsthat the proof of [De 93℄ annot be applied to our setting diretly, and further tehnial details areneessary.Based on these pointwise equations and under the additional regularity assumption ∇ · m ∈ L2,Theorem 3.22 provides the a priori estimate

|||m∗ −mε
0||| . O(ε1/2).In the proof, we use a pointwise estimate for the non-linear ontributions that stems from [CP01℄.Finally, Theorem 3.24 provides an a priori estimate that yields

|||m∗ −mε
h||| . O(h1/2 + ε1/2)as stated in Corollary 3.25 under suitable assumptions.In Setion 3.4, we propose a heuristi error estimation strategy: As stated in [Drw08℄, in the ase of

q = 0 and for onstant applied �eld with |f | ≪ 1, the onstraint is not ative and the minimizationproblem is equivalent to Symm's integral equation
V φ = f · xwhere φ = ∇ ·m. The solutions to suh sreen problems reveal generi singularities along the edgesof ω [ESAES90℄. For this linear ase, an h − h/2 based error estimation strategy has been analyzedreently, f. [FLP08, FLOP10℄. We apply the ideas of [FLP08℄ to our minimization problem (M ε

h):Let Tℓ denote some triangulation of ω with assoiated disrete spae Xℓ. The uniform re�nement of
Tℓ is denoted by T̂ℓ, and X̂ℓ is the orresponding disrete spae. Let ε > 0 be �xed and let mℓ and
m̂ℓ be the solutions of (M ε

h) with respet to the disrete spaes Xℓ and X̂ℓ, respetively. Then, thequantity
ηHℓ = |||m̂ℓ −mℓ|||,is used to estimate the disretization error. In Theorem 3.26, we prove that the saturation assumption

|||mε
0 − m̂ℓ||| ≤ Csat|||mε

0 −mℓ||| with ℓ-independent Csat ∈ (0, 1)implies e�ieny and reliability of the error estimator
ηHℓ . |||mε

0 −mℓ||| . ηHℓ .Based on a loal inverse estimate from [GHS05℄, we �nally provide loal error indiators µHℓ (T ) tosteer an h-adaptive algorithm. Based on the empirial observation that 1
2ε ‖(|mε

h| − 1)+‖2L2(ω) → 0 as
ε→ 0, we propose the use of

µεℓ(T )
2 =

1

2ε
‖(|mε

h| − 1)+‖2L2(T )
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Figure 1.1: Typial solution of a problem with smooth data; left: Magnetization, right: Divergenefor steering adaptive re�nements of the penalty parameter ε.Chapter 4, reports on the implementation of the numerial sheme in C++. In Setion 4.1, we de-sribe an objet oriented implementation of regular adaptive meshes. Some of the ideas are inspiredby [Sha09℄ but our implementation di�ers signi�antly from the solution proposed in the mentionedpubliation. We stress that mesh administration usually is neither a bottlenek with respet to om-putation times nor with respet to memory onsumption in numerial simulations. Therefore, we didnot aim at providing a fully optimized and e�ient implementation. Instead we foused on aspetssuh as maintainability, extendibility, and readability of the odes. All mesh routines, however, haveat most a omplexity of O(N logN), whih is asymptotially optimal.Setion 4.2, desribes how the Mesh-lass an be extended to represent a �nite element spae. Inontrast to the mesh, where all quantities are stored in list ontainers, we store the basis funtions ina vetor to provide aess in onstant time by the index of the funtions. Usually, basis funtions areassoiated with some geometri quantity. Fast aess O(logN) via the geometri information seemsnot to be possible using the std::map lass. Instead, we implemented our own sorted vetor<pair>ontainer that ensures O(N logN) time for building and O(logN) for aess.Finally, Setion4.3 desribes how the developed �nite element library an be used to implement thenumerial sheme. In [Drw08℄, speial emphasis is layed on the e�ient omputation of the stray-�eldenergy by use of H2 matries, f [HB02℄. In our simulations, we experiened that a matrix ompressionby use of H-matries [Ha99℄, although not optimal, is su�ient. For the omputation of the low-rankapproximation of admissible bloks, we used the blak-box adaptive ross algorithm [Beb00℄.The �nal Chapter 5 is devoted to the empirial study of the performane of our proposed numerialsheme. In the �rst setion, we study the behavior of the disretization error and the error estimator
ηHℓ . We observe that ηHℓ is e�ient and reliable. Given smooth data, omputations with uniformmesh-re�nements reveal an asymptoti behavior of

|||mε
0 −mℓ||| = O(h1/2) = O(N

1−/4
T )with NT the number of triangles of the underlying mesh. The adaptive algorithm is not able toimprove the asymptoti behavior signi�antly, it leads though to higher auray. This is beause the
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number of trianglesFigure 1.2: Estimated error for non-smooth data. The adaptive algorithm leads to onvergene at ahigher order than the uniform approah.
L2 omponent of the magnetization is resolved optimally by uniform meshes. The divergene ∇ ·m,however, demands strongly adapted meshes towards the edges of ω for optimal resolution. See Figure1.1 for the typial behavior of a solution with smooth data. It seems that these goals are inompatible,at least with isotropi sequenes of meshes. In a further experiment with disontinuous f , the uniformomputation reveals a smaller rate of onvergene and the adaptive algorithm reovers a rate of atleast O(N

−1/4
T ).In the seond setion, we study the error introdued by the penalty sheme. For smooth data anduniform mesh-re�nements, we observe a rate of onvergene of

|||m0
h −mε

h||| = O(ε1/2)as predited by theory. It seems that the proposed error estimator ηεℓ is reliable. We observe thatdisretization and penalization error are not entirely independent. As h → 0, the penalty error isredued slightly, and as ε → 0, it also seems that the disretization error is redued slightly. In anexperiment where we veri�ed that the hoie of ε = h1 is empirially optimal, we observe an inreasedrate of onvergene
|||m∗ −mε

h||| = O(N−α
T )with α > 1/4.The last two setions are onerned with simulations applying the full ε- and h-adaptive algorithm.In an experiment with non-smooth f , we observe that � in ontrast to the uniform approah � theadaptive sheme reovers the same rate of onvergene as for smooth data, see Figure 1.2. In thease of soft �lms with q = 0, the adaptive sheme leads to linear onvergene, whereas uniform mesh-re�nements only reveal h1/2. Our results suggest that the heuristi adaptive algorithm always leads tohigher auray than a uniform approah. In ase of soft �lms and in presene of strong singularities,it is able to improve the rate of onvergene signi�antly when ompared to the uniform approah.
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Chapter 2A model problem in thin-�lmmiromagnetis
For the onveniene of the reader, in Setion 2.1, we brie�y present the full stationary miromagnetiproblem due to Landau and Lifshits [LL35℄. In Setion 2.2, we move on to the redued model intro-dued by [DKM+01℄ that desribes miromagneti phenomena in relatively large thin-�lm samples.This will serve as a prototype for an in�nite dimensional quadrati minimization problem with onvexbut non-linear inequality onstraints and energy ontributions stemming from a non-loal operator.At �rst glane the energy funtional under onsideration depends on two quantities, the magnetization
m and the stray �eld −∇u. These are oupled by the magnetostati Maxwell equation, i.e. a PDEonstraint.After olleting some analytial prequisites on Sobolev spaes in Setion 2.3, we losely analyze theMaxwell equation arising in the redued model problem in thin-�lm miromagnetis. In Setion2.4, we establish an expliit representation of u as a simple-layer potential of the divergene of themagnetization. Therefore, we may rewrite our energy funtional e(m, u) = e(m, u(m)), hene theenergy only depends on m. This has already been proposed in [DKMO02℄. However, in ontrast tothe original work where the fous layed on a distributional point of view, we aim at onstruting anappropriate Hilbert spae setting. This is performed in Setion 2.5 where we state the preise funtionalanalyti framework. The hoie of the energy spae H for the magnetization is not trivial but naturalfrom the onsiderations so far. The onstrution is a new ontribution to the understanding of themodel problem.Finally in Setion 2.6, we establish well-posedness of the thin-�lm minimization problem in our funtionspae setting. Existene of minimizers m∗ and uniqueness of the stray �eld −∇u∗ are proven. Fornon-vanishing anisotropy even uniqueness of m∗ ∈ H an be onluded, a result whih is not inludedin any of the prior publiations on this minimization problem.2.1 The magneti free energyIn the mesosopi modeling approah, the atomi magneti moments of a ferromagneti sample Ω arereplaed by a ontinuous vetor �eld, the magnetization densityM, given in the units of Tesla. Howeverits length, the saturation magnetization, only depends on the temperature and is therefore assumed tobe onstant within the sample. In a partially non-dimensional formulation, we may presribe |M| = 1



10inside Ω and extend M = 0 in the exterior. The interation of magneti partiles is governed by twodistint e�ets: First, a long range interation ours due to the indued magneti �eld. The stray�eld energy ontribution is given by
1

2

∫

R3

|∇U |2 dxwhere the magneti potential U is determined by the stati Maxwell equation
(∇ · (∇U +M)) = 0 ∈ D(R3)∗,stated here in a distributional sense. Seond, quantum-mehanial exhange interations prefer on-stant alignment of the magnetization. This exhange energy ats on a short range, and in the meso-sopi model its ontribution is given by

d2

2

∫

Ω
|∇M|2 dx,where the material dependent exhange length d is also alled Bloh line-width. It measures therelative strength of the exhange energy with respet to the stray �eld energy.Additionally to these two ontributions, the rystalline struture of ferromagneti material may leadto ertain preferred magnetization alignments. Here, we restrit ourselves to uniaxial material, i.e.the deviation of M from a so-alled easy axis is penalized. Without loss of generality, we assumeour sample to be aligned in suh a way that the easy axis is simply the �rst in-plane axis e1. Theanisotropi energy ontribution thus reads

Q

2

∫

Ω
M2

2 +M2
3 dx.The material parameter Q measures the relative strength between the anisotropi energy and the stray�eld ontribution. In the literature material with Q ≪ 1 are referred to as soft and material with

Q > 1 as hard magneti material.Finally one is interested in identifying the stable states of a ferromagneti sample under an appliedexterior �eld F. The Zeemann energy or applied �eld energy favors alignment of the magnetizationdensity with the applied �eld
−
∫

Ω
F ·M dx.Summing all energy ontributions, we obtain a partially dimensionless formulation of the magnetifree energy

E(M) =
d2

2

∫

Ω
|∇M|2 dx+

1

2

∫

R3

|∇U |2 dx+
Q

2

∫

Ω
M2

2 +M2
3 dx−

∫

Ω
F ·M dx. (2.1)Loal minimizers M of the energy funtional E desribe meta-stable states of the magnetization. Fora detailed desription of the modeling approah, we refer to [Brw63℄.We observe that the full miromagneti problem is quite omplex from a numerial point of view. Notonly is it a non-onvex minimization problem, due to the onstraint |M| = 1, it is also non-loal dueto the stray �eld energy ontribution. The simulation of large ferromagneti samples with diam(Ω) inthe µm regime reveals to be omputationally intense. The exhange energy � ating at a small sale
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Figure 2.1: Landau state of a soft ferromagneti �lm with diameter of several µm. The magnetization(blue) is nearly onstant on the domains. The domain walls depited here as lines are ontinuoustransitions of the magnetization at nm sale.� prefers onstantly aligned magnetizations. However the long-sale stray �eld energy penalizes largedivergene of magnetization and in partiular seeks to eliminate surfae harges M · N with N theouter normal vetor on ∂Ω. The result of these ompeting goals is the formation of magneti domainswhere the magnetization is nearly onstant [LL35, SH98℄. Figure 2.1 shows a typial pattern of a softthin-�lm sample in the absene of an applied exterior �eld, the so-alled Landau state. The domainsare separated by domain walls whih in fat are ontinuous transitions of the magnetization on a short
nm sale. Sine the loation of these magneti domain walls is in general an unknown a priori, a naivenumerial approah would fore one to disretize the sample of µm in size at a nm sale.For these reasons, various redued models for ertain regimes, have been introdued and studiedlately. The aim is always to simplify the full problem in order to improve omputability � with aslittle loss of information as possible. In the following setions, we present a redued model for thin-�lm miromagnetis that was �rst introdued in [DKM+01℄. We will disuss the preise mathematialsetting, whih is fundamental to develop a sophistiated numerial analysis. This model problem servesas a prototype of an in�nite dimensional quadrati minimization problem with non-linear onstraintsand involving non-loal operators.2.2 A redued model in thin-�lm miromagnetisWe will fous on the simulation of thin ferromagneti �lms. We thus restrit our attention to a simpleyet relevant geometri set-up. We onsider the sample Ω to be ylindrial with basis ω and thikness
t. Therefore, Ω an be written in the form

Ω = ω × (0, t),where we demand ω ⊆ R2 to be a bounded simply onneted Lipshitz domain. Sine our interest isfoused on thin ferromagneti �lms we assume
t≪ ℓ,where ℓ denotes the diameter of ω. Our model problem is therefore governed by four di�erent sales,namely t, ℓ, d, and Q, where the latter two are sales stemming from material properties. We stressthat these sales may vary by orders of magnitude.



12In [DKM+01℄, a redued model has been proposed to desribe miromagneti phenomena in thin �lmsin the limit ase t → 0: Negleting the thikness of Ω, we represent our ferromagneti sample by thetwo-dimensional surfae ω. With an in-plane applied exterior �eld f : ω → R2, we seek a magnetization
m∗ : ω → R2 that satis�es the onvex pointwise onstraint |m| ≤ 1 and minimizes the redued energy

e(m) =
1

2

∫

R3

|∇u|2 dx+
q

2

∫

ω
m2

2 dx−
∫

ω
f ·m dx. (2.2)The magneti potential u : R3 → R now satis�es

∫

R3

∇u · ∇v dx =

∫

ω
m · ∇v(x, 0) dx for all v ∈ D(R3) := C∞

c (R3). (2.3)Let n denote the outer normal on γ = ∂ω. For smooth funtions u,m with m ·n = 0 on γ, integrationby parts on the right-hand side of (2.3) yields
∫

R3

∇u · ∇v dx = −
∫

ω
∇ ·mv dx for all v ∈ D(R3). (2.4)A rigorous analysis has been performed in [DKMO02℄, where Γ-onvergene of the full problem (2.1)to the redued problem (2.2) is proven for vanishing thikness t → 0 in the asymptoti regime

d2
log 1/t

t
→ 0.Therefore, the model is mathematially justi�ed for samples that are su�iently thin t ≪ 1 andlarge ℓt

d2
≫ log( ℓt ). First numerial experiments in [DKM+01℄ and [DKMO02℄ for soft samples, where

q ≪ 1 is negleted for simpliity, show very good results. The simulated behavior of the magnetizationoinides well with measured data from experiments with thin permalloy �lms, i.e. the model seemsto be of pratial relevane. In partiular the samples under onsideration with ℓ ∈ [10µm, 100µm]and t ∈ [10nm, 500nm] are hardly aessible through diret simulation of the full problem.In these �rst implementations, an interior point method is used to ompute the minimizers of theenergy (2.2). Details on the methods used and implementational aspets an be found in the reentthesis [Drw08℄. All experiments and most of the numerial analysis, however, were performed forthe speial ase of soft ferromagneti materials with small anisotropi parameter q ≪ 1 and onstantapplied exterior �eld f ∈ R2. For simpliity the anisotropy energy ontribution is dropped, i.e. q = 0is assumed. With these simpli�ations the energy (2.2) solely depends on the divergene ∇ · m ofthe magnetization. The onsequene of this is that the solution to the minimization problem is notuniquely determined. For any minimizer m∗ one may add an arbitrary divergene free magnetization
m̃ with ∫ω m̃ · f dx = 0 to obtain another minimizer m̃∗ = m∗ + m̃. In partiular, domain struturemay be reonstruted by �rst omputing some minimizer m∗ and then adding an appropriate m̃ suhthat |m̃∗| = 1 and that the wall energy, i.e. the ontribution of disontinuities, is minimized by someheuristis, see [Drw08℄.In ontrast to the prior works, we onsider arbitrary uniaxial materials with q > 0 and the applied�eld f ∈ L2 may be non-onstant. Interpretation of results obtained from simulation of hard materialmay be more di�ult sine there is no obvious way to reonstrut domain patterns. However, westress that there holds ∇U → ∇u in a weak sense as t → 0. The stray �eld and the redued energytherefore preserve physial meaning. Moreover for a strong applied �eld |f | ≫ 1, the magnetization mmay be saturated |m| = 1 within a penetration region. There the magnetization is already uniquelydetermined by the redued model and is therefore also of diret physial relevane.



CHAPTER 2. A MODEL PROBLEM IN THIN-FILM MICROMAGNETICS 13In the original publiations [DKMO02, Drw08℄ the fous was on a distributional point of view. Inorder to analyze the redued problem from a numerial point of view, it is useful to determine anappropriate and preise funtional analyti setting, i.e. de�ne the funtion spaes for all involvedquantities. Obviously the magneti �eld m should at least satisfy m ∈ L2(ω)2. This spae, however,is still too large, as the existene of the magnetostati potential u from (2.4) demands some furtherregularity.2.3 Sobolev spaesWe assume throughout the entire work that ω ⊆ R2 is a bounded Lipshitz domain. For the on-veniene of the reader, we give a brief de�nition of Sobolev spaes of relevane in this work. For adetailed representation the reader may refer to e.g. [Ada75℄. We de�ne the Sobolev spae
H1(ω) := {u ∈ L2(ω) |∇u ∈ L2(ω)}with assoiated norm

‖u‖H1(ω) =
(
‖u‖2L2(ω) + ‖∇u‖2L2(ω)

)1/2
.Here, ∇u denotes the weak gradient, and it is well known that H1(ω) is a Hilbert spae. For funtions

u ∈ H1(G) for a bounded Lipshitz domain G ⊆ Rd with vanishing integral mean ∫G u dx = 0 thereholds a Poinaré inequality [Eva98, Chapter 5.8: Theorem 1℄
‖u‖L2(G) ≤ CP ‖∇u‖L2(G) , (2.5)where the onstant CP depends only on the domain G.For k ∈ N≥2 we indutively de�ne Sobolev spaes of higher integer order by

Hk(ω) := {u ∈ L2(ω) |∇u ∈ Hk−1(ω)}with the natural norm
‖u‖Hk(ω) =

(
‖u‖2L2(ω) + ‖∇u‖2Hk−1(ω)

)1/2
.Moreover we identify H0(ω) = L2(ω). The dual spae with respet to the extended L2 salar produtis denoted by H̃−k(ω) := (Hk(ω))∗.For any real number s ∈ (0, 1) we de�ne the Sobolev-Slobodekij semi-norm by

|u|s :=
(∫

ω

∫

ω

|u(x)− u(y)|2
|x− y|2+s dy dx

)1/2

.Then, the frational order Sobolev spae Hk+s with k ∈ Z≥0 and s ∈ (0, 1) is given by
Hk+s := {u ∈ Hk(ω) | |∂αu|s <∞ for |α| = k}.This spae may be equipped with the norm
‖u‖Hk+s(ω) =


‖u‖2Hk(ω) +

∑

|α|=k

|∂αu|2s




1/2



14and is again a Hilbert spae. The dual spae with respet to the extended L2 salar produt is againdenoted by H̃−k−s(ω) = (Hk+s(ω))∗. All de�nitions may be read omponentwise to obtain Sobolevspaes for vetor-valued funtions.For any positive real number s ∈ R≥0, we moreover de�ne the spae H̃s(ω) := {u|ω |u ∈ Hs(R2) and
u|R2\ω = 0}. The orresponding negative order dual spae is denoted by H−s(ω) := (H̃s(ω))∗.Next, we de�ne some Sobolev spaes that will arise in the ontext of funtions de�ned on the fullspae R3. We follow the lines of [SS04, Setion 2.6℄. For any real number s ∈ R the spae Hs

ℓoc(R
3)is de�ned as the set of all funtions whih are loally in Hs, i.e. for any test funtion φ ∈ D(R3) allfuntions u ∈ Hs

ℓoc(R
3) satisfy φu ∈ Hs(R3). Here, we identi�ed H̃−t(R3) =: H−t(R3) for t = |s|.The support of a negative order Sobolev funtion u ∈ Hs(R3) with −∞ < s ≤ 0 is de�ned byloalization with all possible test funtions. The funtion u ∈ Hs(R3) is said to vanish on an open set

O ⊆ R3 if for all test funtions φ ∈ D(R3) with supp (φ) ⊆ O there holds ∫R3 φudx = 0. Then, thesupport of u ∈ Hs(R3) is de�ned as the maximal losed set A with u = 0 on R3 \ A.We now may de�ne the set
Hs
comp(R

3) :=
⋃

A

{u ∈ Hs
ℓoc(R

3) | supp (u) ⊆ A}for all ompat subsets A ⊆ R3. The L2 salar produt may be extended to the duality brakets
〈· , ·〉H−s

comp(R3)×Hs
ℓoc(R

3),see [SS04, Satz 2.6.7℄.Next we ollet some fundamental theorems on existene and ontinuity of trae operators.Proposition 2.1 ([ML00, Theorem 3.37℄). Let G be a smooth (C∞), bounded domain with ω ⊆ ∂Gand let s > 1/2. Then there exists a uniquely determined trae operator
t0 ∈ L(Hs(G);Hs−1/2(∂G))suh that t0u = u|∂G for funtions u ∈ C(G). Moreover, there is a uniquely determined trae operator
t ∈ L(Hs

ℓoc(R
3);Hs−1/2(ω))with tu = u|ω for funtions u ∈ C(R3).Proposition 2.2 ([ML00, Lemma 4.3℄). Let u ∈ H1

∆(G) := {u ∈ H1(G) |∆u ∈ L2(G)} for somebounded Lipshitz domain G. Then, there exists a uniquely determined t1u ∈ H−1/2(∂G) suh that
∫

G
∆uv dx+

∫

G
∇u∇v = 〈t1u , t0v〉 ∀v ∈ H1(G),and the operator t1 : H1

∆(G) → H−1/2(∂G) is ontinuous. For u ∈ C1(G), the funtion t1u = ∂nu isthe normal derivative on the boundary.Having olleted this preliminary notation and some properties of trae operators, we may proeed toanalyze the magnetostati Maxwell equation.



CHAPTER 2. A MODEL PROBLEM IN THIN-FILM MICROMAGNETICS 152.4 The stati Maxwell equation in thin-�lm miromagnetis2.4.1 Strong form of the Maxwell equationThe magneti potential is given as the solution of the variational formulation (2.3). Understandingthe potential u is ruial to de�ne the appropriate funtion spae for the magnetization m.Lemma 2.3. For smooth m ∈ C1(ω), every weak solution u of the magnetostati Maxwell equation(2.3) whih is su�iently smooth, i.e. u ∈ C2(R3 \ ω) ∩ C(R3) ∩ C1(R2 × R≥0) ∩ C1(R2 × R≤0), solvesthe strong form
∆u = 0 in R3 \ ω

[
∂u

∂x3

]
= ∇ ·m on ω

[u] = 0 on ω

m · n = 0 on γ = ∂ω ⊆ R2

(2.6)where n denotes the outer normal in R2 of ω.Proof. We split the left hand side of (2.3) into two integrals
∫

R3

∇u · ∇v dx =

∫

R3
−

∇u · ∇v dx+

∫

R3
+

∇u · ∇v dxover domains R3
+ := {x ∈ R3|x3 > 0} and R3

− := {x ∈ R3|x3 < 0}. We use integration by parts to see
∫

R3
−

∇u · ∇v dx+

∫

R3
+

∇u · ∇v dx = −
∫

R3

∆uv dx−
∫

R2

∂u(x, 0+)

∂x3
v dx+

∫

R2

∂u(x, 0−)

∂x3
v dxOn the other hand, integration by parts on the right-hand side of (2.3) shows

∫

ω
m · ∇v(x, 0) dx = −

∫

ω
∇ ·mv dx+

∫

γ
(m · n)v dswhih results in

−
∫

R3

∆uv dx−
∫

R2

∂u(x, 0+)

∂x3
v dx+

∫

R2

∂u(x, 0−)

∂x3
v dx = −

∫

ω
∇m · v dx+

∫

γ
(m · n)v dswith the equation valid for all v ∈ D(R3). By de�nition of the jump [f ] := f(x1, x2, 0
+)−f(x1, x2, 0−)of a funtion f : R3 → R aross the plane x3 = 0, it holds that

−
∫

R2

∂u(x, 0+)

∂x3
v dx+

∫

R2

∂u(x, 0−)

∂x3
v dx = −

∫

R2

[
∂u

∂x3

]
v dx.Considering that u is smooth in R3 \ ω the jump [ ∂u∂x3 ] an only be non-zero on ω. The equation

−
∫

R3

∆uv dx+

∫

ω
∇ ·mv dx =

∫

ω

[
∂u

∂x3

]
v dx+

∫

γ
(m · n)v ds



16holds for all v ∈ D(R3 \ ω) whih yields the pointwise relation ∆u = 0 in R3 \ ω. The remainingequation
∫

ω
∇ ·mv dx =

∫

ω

[
∂u

∂x3

]
v dx+

∫

γ
(m · n)v dsholds for all v ∈ D(ω) from whih follows ∇ ·m =

[
∂u
∂x3

] and onsequently ∫γ(m · n)v ds = 0 for all
v ∈ D(γ), hene m · n = 0 on γ. �Remark. The proof of Lemma 2.3 reveals that the relation m · n = 0 on γ is neessary for theexistene of a smooth solution u. Suppose m · n 6= 0 on γ. Integration by parts

∫

R2

m · ∇v dx = −
∫

R2

∇ ·mv dx+

∫

γ
m · nv dsthen implies that ∇ · m is a distribution on R2 with relevant ontribution on γ. This, however,means that a solution u of the variational form (2.3) annot satisfy u ∈ H1

ℓoc. In Setion 2.5 this fatin�uenes the hoie of the energy spae for m whih must inlude the restrition m · n = 0 on γ inan appropriate sense. 22.4.2 Newtonian and simple-layer potentialWe reall some well-known properties of the simple-layer potential of the Laplae operator. We mostlysummarize statements from [Ste87℄,[SS04℄ and [Ste03℄.Proposition 2.4 ([SS04, Satz 3.1.2, Satz 3.1.4℄). The Newtonian potential
N f(x) :=

1

4π

∫

R3

f(y)

‖x− y‖ dy ∀x ∈ R3 (2.7)may be extended to a ontinuous and linear operator N : H−1
comp(R

3) → H1
ℓoc(R

3). For any boundeddomain Ω ⊂ R3, there holds
N ∈ L(H̃−1(Ω);H1(Ω)).There holds −∆N f = f for all f ∈ H̃−1(Ω). The Newtonian potential is self-adjoint, i.e. N ′ = N .De�nition. We de�ne the simple-layer potential

S := N t′ (2.8)in the distributional sense, with t′ the adjoint trae operator on ω, i.e.
〈Sv,w〉 = 〈N t′v ,w〉 = 〈v , tN ′w〉. (2.9)

2The following theorem follows immediately from the linearity and ontinuity of N and t′ as well asthe de�nition of S.



CHAPTER 2. A MODEL PROBLEM IN THIN-FILM MICROMAGNETICS 17Proposition 2.5 ([Ste03, Kapitel 6.2, Kapitel 6.3℄, [SS04, Satz 3.1.6, Satz 3.1.16℄). The simple-layerpotential S : H̃−1/2(ω) → H1
ℓoc(R

3) is linear and ontinuous, i.e. for every bounded domain G ⊆ R3,there is a onstant C(G) > 0 suh that
‖Sv‖H1(G) ≤ C(G) ‖v‖

H̃−1/2(ω)
∀v ∈ H̃−1/2(ω).Furthermore, there holds

∆Sv = 0 in R3 \ ω. (2.10)Lemma 2.6 ([SS04, Satz 3.1.6, Satz 3.1.1℄). For v ∈ L1(ω), the simple-layer potential Sv may berepresented by
Sv(x) =

1

4π

∫

ω

v(y)

‖x− y‖ dsy. (2.11)In this ase, it holds that Sv ∈ C∞(R3 \ ω).Proof. The proof of the seond statement an be read word by word as in [SS04℄. The proof of the�rst statement has to be slightly modi�ed to �t our setting, i.e. the ase of a sreen. Let v ∈ L1(ω)and w ∈ D(R3). Then it holds that
(N t′v,w)L2(R3) = (v, tNw)L2(ω) =

1

4π

∫

ω
v(y)

∫

R3

w(x)

‖x− y‖dxdsy

=
1

4π

∫

R3

w(x)

∫

ω

v(y)

‖x− y‖ dsydx = (Sv,w)L2(R3),where we have used Fubini's theorem and N ′ = N . �2.4.3 Solution of the magnetostati Maxwell equationWe need one more result from the theory of ellipti partial di�erential equations, before we an �nallyprove the jump onditions of the simple-layer potential. This will enable us to write the solution ofthe magnetostati Maxwell equation expliitly.In [Ste87℄ one entral idea for the analysis of the weakly-singular integral operator S is to de�ne abounded Lipshitz-domain G− ⊂ R3 with ω ⊂ Γ− := ∂G−, where the outer normal on the boundaryadditionally satis�es n|ω = (0, 0, 1)T . We follow the same ideas to prove the jump onditions of thesimple-layer potential. We stress that we did not �nd the proof of Theorem 2.8 stated for sreenproblems in the literature.Proposition 2.7 ([ML00, Theorem 4.4℄). Let L2
c(G) := {v ∈ L2 | supp(v) ⊆ G ompat}. De�ne

H1
L := {u ∈ H1

ℓoc |∆u ∈ L2
c(G±)} for a bounded Lipshitz domain G− ⊂ R3 and the omplementarydomain G+ = R3 \G−. Then, there holds the seond Green's formula

−(∆u, v)L2(G±) + (u,∆v)L2(G±) = ∓(〈t0u , t1v〉 − 〈t1u , t0v〉) (2.12)for all u, v ∈ H1
L(G±), where the sign in (2.12) is ontrary to the index of the domain.Theorem 2.8 (Jump onditions). The simple-layer potential satis�es the jump onditions

[Sϕ] = 0 ∈ H1/2(ω), [t1Sϕ] =

[
∂Sϕ

∂x3

]
= −ϕ ∈ H̃−1/2(ω). (2.13)



18Proof. The ontinuity [Sϕ] = 0 follows from S = N t′ and the mapping properties of t′ and N as well asthe properties of t: Reall that S : H̃−1/2(ω) → H1
ℓoc(R

3). The trae operator t : H1
ℓoc(R

3) → H1/2(ω)is uniquely determined by ontinuity. In partiular the trae from above and below ω oinide, f.[SS04, Satz 2.6.8℄.To prove the jump ondition of the normal derivative we proeed as follows: Let ϕ ∈ H̃−1/2 and de�ne
u = Sϕ. Then, ∆u = 0 in R3 \ ω and therefore u ∈ H1

L(R
3 \ ω). The seond Green's formula with

v ∈ D(R3) yields
(u,∆v)L2(G±) = ∓(〈t0u , t1v〉 − 〈t1u , t0v〉).We add the equations for G− and G+ and obtain
(u,∆v)L2(R3) = −〈[u] , t1v〉+ 〈[t1u] , t0v〉,where we have used [v] = [t1v] = 0 and u ∈ L2

ℓoc(R
3). We have already proven [u] = [Sϕ] = 0.Therefore, we obtain

〈[t1u] , t0v〉 = (u,∆v)L2(R3).Plugging in the de�nition of S we obtain
(u,∆v)L2(R3) = (∆u, v)L2(R3) = (∆N t′ϕ, v)L2(R3) = −〈t′ϕ, v〉 = −〈ϕ, tv〉.Altogether, we have proven

〈[t1Sϕ] , t0v〉 = −〈ϕ, tv〉.Sine t0 (D(R3)
) is dense in H1/2(ω) and therefore t (D(R3)

) is dense in H1/2(ω) and Sϕ ∈ C∞(R3\ω)for ϕ ∈ L2, the jump ondition
[
∂Sϕ

∂x3

]
= −ϕ ∈ H̃−1/2(ω)follows with density arguments. �Corollary 2.9. With the simple-layer potential S from (2.11) and given ∇ · m ∈ H̃−1/2(ω), thefuntion S(−∇ ·m) is a solution of the Maxwell equation (2.3). �2.5 The energy spaes H and B2

1(R
3)Sine S : H̃−1/2(ω) → H1

ℓoc(R
3), we have to ensure ∇ ·m ∈ H̃−1/2(ω) in the de�nition of the funtionspae for m. To that end, we must explain the meaning of (∇·) : L2(ω)2 → H̃−1/2(ω).We summarize some observations:

• The magnetostati potential u may be represented as the simple-layer potential of ∇ ·m.
• The simple-layer potential is a linear, and ontinuous mapping S : H̃−1/2(ω) → H1

ℓoc(R
3).

• If we presribe ∇ ·m ∈ H̃−1/2(ω), then existene of u is ensured. On the other hand the preisemeaning of ∇· : L2(ω)2 → H̃−1/2(ω) is not trivially lear.
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• Suppose m · n 6= 0 on γ, then a solution of the redued Maxwell equation (2.3) does not ingeneral satisfy u ∈ H1

ℓoc(R
3). Assume e.g. m = (1, 0)T onstant. Then m · n 6= 0 ∈ L2(γ) and

∇·m = 0 ∈ L2(ω). Choose some smooth and bounded domain G ⊆ R3 with ω ⊆ G. Integrationby parts in the Maxwell equation (2.3) yields for all v ∈ D(G)
∫

G
∇u∇v dX =

∫

ω
m · ∇v dx = −

∫

ω
∇ ·mv dx+

∫

γ
(m · n)v|γ ds (2.14)In the right-hand side of (2.14), the integral on ω vanishes due to the hoie of m. The term∫

γ(m ·n)v ds annot be extended to de�ne a linear funtional for v ∈ H1(G), sine the restritionto γ is not well-de�ned in H1(G). We onlude that v 7→ (∇u,∇v)ω does not de�ne a ontinuousfuntional in H1(G), whih means ∇u 6∈ L2(G) and, therefore, u 6∈ H1(G).2.5.1 The energy spae H for the magnetizationOur goal is to �rst explain the weak divergene ∇ · m of an L2-vetor �eld and then onstrut anappropriate energy spae H for the magnetization, whih also takes the onstraint m · n = 0 intoaount. We de�ne D(X) := {ϕ|X |ϕ ∈ D(Rn)}.In a �rst step, we onsider the weak divergene and the spaes H1(∇·;ω) and H1
0 (∇·;ω). Then, weintrodue the energy spae H with an appropriate norm. We stress that D(ω)2 ⊆ L2(ω)2 is a densesubspae. For m ∈ C1(ω)2, there holds the well-known Gauss divergene theorem

∫

ω
m · ∇ϕdx+

∫

ω
(∇ ·m)ϕdx =

∫

γ
(m · n)ϕds for all ϕ ∈ D(ω). (2.15)Sine all funtions in D(ω) are zero on the boundary γ the right hand-side in (2.15) vanishes.De�nition. A funtion v ∈ L2(ω) is alled weak divergene of m ∈ L2(ω)2 if it satis�es

∫

ω
vϕdx = −

∫

ω
m · ∇ϕdx for all ϕ ∈ D(ω). (2.16)In this ase and aording to the fundamental theorem of alulus of variations, also known as duBois-Reymond Lemma [dBR79℄, the weak divergene of m is unique, and we simply write ∇ ·m := v.

2De�nition. We de�ne the spae
H1(∇·;ω) := {m ∈ L2(ω)2 |∇ ·m ∈ L2(ω)} (2.17)with the anonial norm ‖m‖H1(∇·;ω) := (‖m‖2L2(ω)2+‖∇ ·m‖2L2(ω))

1/2. We further de�neH1
0 (∇·;ω) :=

D(ω)2
‖·‖H1(∇·;ω). 2Lemma 2.10. H1(∇·;ω) is a Hilbert spae.Proof. Let (mn) ⊆ H1(∇·;ω) be a Cauhy sequene. Then from

‖mn −mm‖2H1(∇·;ω) ≤ εwe dedue that (mn) ⊆ L2(ω)2 and (∇·mn) ⊆ L2(ω) both are Cauhy sequenes as well. In partiular,it follows that mn → m ∈ L2(ω)2 and ∇ ·mn → g ∈ L2(ω). Finally
(g, v)L2 = lim

n→∞
(∇ ·mn, v)L2 = − lim

n→∞
(mn,∇v)L2 = −(mn,∇v)L2 ∀v ∈ D(ω)follows by ontinuity of the L2 salar produt. �



20Proposition 2.11 ([GR86, Theorem 2.4℄). Let ω be a Lipshitz domain in R2. The spae D(ω)2 isdense in H1(∇·;ω). �Proposition 2.12 ([GR86, Theorem 2.5℄). The mapping fn : v 7→ v · n|γ de�ned on D(ω)2 an beextended by ontinuity to a linear and ontinuous mapping from H1(∇·;ω) into H−1/2(γ). �We are partiularly interested in funtions that satisfy m · n = 0.Proposition 2.13 ([GR86, Theorem 2.6℄).There holds H1
0 (∇·;ω) = ker(fn) = {m ∈ H1(∇·;ω) |m · n = 0}. �One last step has to be done to de�ne the appropriate spae for the magnetization. Namely we haveto allow ∇ ·m ∈ H̃−1/2(ω).De�nition. The energy spae for the magnetization is de�ned by

H = H1
0 (∇·;ω)‖·‖ (2.18)with

‖m‖2 := ‖m‖2L2(ω)2 + ‖∇ ·m‖2
H̃−1/2(ω)

. (2.19)By onstrution H is a Hilbert spae. 2Lemma 2.14. D(ω)2 ⊆ H is a dense subspae.Proof. Let m ∈ H and ε > 0 be given. Then by de�nition of H, we may hoose m1 ∈ H1
0 (∇·;ω) with

‖m−m1‖ ≤ ε
2 . Sine D(ω)2 is dense in H1

0 (∇·;ω), we may furthermore hoose mD ∈ D(ω) suh that
‖m1 −mD‖H1

0
≤ ε

2 . Then, the triangle inequality shows
‖m−mD‖ ≤ ‖m−m1‖ + ‖m1 −mD‖ .Reall that for v ∈ L2, it holds that
‖v‖

H̃−1/2 = sup
w∈H1/2\{0}

〈v ,w〉
‖w‖H1/2

≤ sup
w∈L2\{0}

〈v ,w〉
‖w‖L2

≤ ‖v‖L2 .Hene,
‖m−mD‖ ≤ ‖m−m1‖ +

(
‖m1 −mD‖2L2(ω)2 + ‖∇ · (m1 −mD)‖2H̃−1/2(ω)

)1/2

≤ ‖m−m1‖ + ‖m1 −mD‖H1(∇·;ω) ≤ ε,whih proves that any funtion in H may be approximated up to some arbitrary tolerane ε > 0 bysmooth funtions. �Finally, we make a last remark on H before analyzing the existene of minimizers m∗ in our funtionsetting.Lemma 2.15. For all funtions m ∈ H, it holds that 〈∇ ·m , 1〉H̃−1/2(ω)×H1/2(ω) = 0.



CHAPTER 2. A MODEL PROBLEM IN THIN-FILM MICROMAGNETICS 21Proof. Aording to the Gauss divergene theorem there holds
∫

ω
∇ ·m dx =

∫

γ
m · n dsfor m ∈ D(ω)2, where the right-hand side vanishes in our ase. This, however, implies

(∇ ·m, 1)L2(ω) = 〈∇ ·m , 1〉
H̃−1/2(ω)×H1/2(ω)

= 0for m ∈ D(ω)2. Due to the density of D(ω)2 in H, the statement immediately follows by ontinuity.
�2.5.2 The Beppo-Levi lass B2

1(R
3) for the magnetostati potential uGiven m ∈ H, we may represent u as the simple-layer potential of ∇ ·m ∈ H̃−1/2(ω). From Propo-sition 2.5, we immediately onlude u ∈ H1
ℓoc(R

3) ⊇ range(S). However, H1
ℓoc(R

3) is not a normedspae. Also, the fat ∇u ∈ L2(R3)3 implies further regularity and is neessary for the energy e(m)de�ned in (2.2) to be �nite. We now establish an appropriate Hilbert spae for the magnetostatipotential u.De�nition. We de�ne the set
B̃2

1(R
3) := {u ∈ H1

ℓoc(R
3) |∇u ∈ L2(R3)3} (2.20)assoiated with the seminorm ‖u‖B2

1(R
3) := ‖∇u‖L2(R3)3 . Further, we de�ne the Beppo-Levi spae
B2

1(R
3) := B̃2

1(R
3)/R (2.21)by fatoring out the onstant funtions. Note that ‖·‖B2

1(R
3) now in fat is norm. 2Proposition 2.16 ([DL54, Corollaire 1.1, Theoreme 2.1℄). B2

1 is a Hilbert spae. D(R3) is a densesubspae of B2
1(R

3).Lemma 2.17. There is a ontinuous linear lifting operator L : H1/2(ω) → B2
1(R

3), i.e. for v ∈
H1/2(ω) with v 6= 0 it holds that

v = (Lv)|ω and ‖∇(Lv)‖L2(R3)3 ≤ C ‖v‖H1/2(ω)with C > 0 the operator norm of L.Proof. First, hoose some bounded Lipshitz domain G ⊆ (R3) with ω ⊆ ∂G. Let v ∈ H1/2(ω) begiven. Then, from [ML00, Theorem 3.37℄, we onlude existene of some extension ṽ ∈ H1(G) with
‖ṽ‖H1(G) . ‖v‖H1/2(ω). From [DL54, Theoreme 8.1℄, we �nally obtain the full ontinuous extension to
B2

1(R
3). �2.6 Well posedness of the thin-�lm minimization problem2.6.1 Existene and uniqueness of the magnetostati potentialDe�nition. We de�ne the simple-layer operator

V = tS, V ϕ(x) =
1

4π

∫

ω

ϕ(y)

‖x− y‖dsy ∀x ∈ ω. (2.22)



22Due to the mapping properties of S and t, it holds that V ∈ L(H̃−1/2(ω);H1/2(ω)). 2We reall the variational formulation (2.4) of the magnetostati Maxwell equation. As disussed above,
m ∈ H satis�es all onstraints and the neessary regularity. Therefore, (2.4) may be stated as

(∇u,∇v)L2(R3)3 = −〈∇ ·m , v〉H̃−1/2(ω)×H1/2(ω) for all v ∈ D(R3) (2.23)in our funtional setting. First, we prove the unique existene of a magnetostati potential u.Theorem 2.18.(i) Given m ∈ H, there is a uniquely determined u ∈ B2
1(R

3) with (2.23).(ii) Equation (2.23) holds with D(R3) replaed by the full spae B2
1(R

3).(iii) The mapping P : H → L2(R3)3, whih maps m onto the orresponding stray �eld P(m) := −∇u,is a linear and ontinuous operator.(iv) For m, m̃ ∈ H there holds 〈Pm ,Pm̃〉L2(R3)3 = 〈∇ ·m , V (∇ · m̃)〉H̃−1/2(ω)×H1/2(ω).(v) In partiular, there holds ‖Pm‖2L2(R3)3 = ‖∇ ·m‖2V = 〈∇ ·m , V (∇ ·m)〉 ∼ ‖∇ ·m‖2
H̃−1/2(ω)

.Proof. Let m ∈ H be �xed. We �rst onsider Fm(v) := 〈∇ · m , v〉H̃−1/2(ω)×H1/2(ω) for arbitrary
v ∈ D(R3). Aording to Lemma 2.15, it holds that

〈∇ ·m , v〉
H̃−1/2(ω)×H1/2(ω)

= 〈∇ ·m , v − λ〉 for all onstants λ ∈ R.We onsider the enrihed domain ω̂ := ω × [0, 1]. With v ∈ D(R3) and λ := (1/|ω̂|)
∫
ω̂ v dx, theontinuity of the trae operator stated in Proposition 2.1 and a Poinaré inequality (2.5) show

‖v − λ‖H1/2(ω) . ‖v − λ‖H1(ω̂) . ‖∇v‖L2(ω̂)3 ≤ ‖∇v‖L2(R3)3 .This proves that Fm de�nes a linear and ontinuous funtional Fm : D(R3) → R with respet to
‖·‖B2

1(R
3) and operator norm ‖Fm‖ ≤ ‖∇ ·m‖

H̃−1/2(ω)
. Sine D(R3) is dense in B2

1(R
3) the funtional

Fm may be ontinuously extended, onserving the upper bound for the operator norm, to the entireBeppo-Levi spae. Sine the left-hand side of (2.23) is the salar produt of B2
1(R

3) the variationalformulation may be extended to the full spae B2
1(R

3). This proves (ii).We stress that the Riesz theorem provides the unique existene of a solution u ∈ B2
1(R

3) sine (2.23)may be written as
(u, v)B2

1 (R
3) = Fm(v) for all v ∈ B2

1(R
3),whih yields statement (i).The Riesz theorem furthermore implies

‖Pm‖L2(R3)3 = ‖u‖B2
1(R

3) = ‖Fm‖ . ‖∇ ·m‖
H̃−1/2(ω)

.In partiular the mapping P : H → L2(R3)3 is well de�ned and ontinuous. Linearity follows fromthe omposition P : m 7→ ∇ ·m 7→ u 7→ −∇u, whih �nally proves (iii).Now, we prove the onverse estimate ‖∇ ·m‖H̃−1/2(ω) . ‖Fm‖. Lemma 2.17 and (2.23) imply
|〈∇ ·m , v〉H̃−1/2(ω)×H1/2(ω)|

‖v‖H1/2(ω)

≤ C
|〈Pm ,∇(Lv)〉L2(R3)3 |

‖∇(Lv)‖L2(R3)3
≤ C ‖Pm‖L2(R3)3



CHAPTER 2. A MODEL PROBLEM IN THIN-FILM MICROMAGNETICS 23for arbitrary v ∈ H1/2(ω) \ {0}. Taking the supremum over all v ∈ H1/2(ω) \ {0} we obtain
‖∇ ·m‖

H̃−1/2(ω)
. ‖Pm‖L2(R3)3 . (2.24)For Pm̃ = −∇ũ, the representation ũ = S(−∇·m̃) and the variational equality (2.23) for Pm = −∇uimply

(Pm,Pm̃)L2(R3)3 = −〈∇ ·m , ũ〉
H̃−1/2(ω)×H1/2(ω)

= −〈∇ ·m , V (−∇ · m̃)〉
H̃−1/2(ω)×H1/2(ω)

.The hoie of m̃ = m yields (Pm,Pm̃)L2(R3)3 = ‖∇ ·m‖2V whih �nally onludes the proof. �2.6.2 Existene and uniqueness of minimizer m
∗ ∈ HWe now use our funtional setting to state the onsidered problem in stati thin-�lm miromagnetis.De�nition. We de�ne the set of admissible magnetizations

A := {m ∈ H||m| ≤ 1}. (2.25)
2Redued Thin-Film Problem (M). We seek to �nd a minimizer m∗ ∈ A of the energy

e(m) =
1

2
‖∇ ·m‖2V +

q

2
‖m2‖2L2(ω) − (f ,m)L2(ω)2 . (2.26)The following observation follows immediately from the representation (2.26).Corollary 2.19. The energy funtional e : H → R is onvex and ontinuous. �Our aim is to prove the existene of a minimizer m∗ ∈ A and therefore the solvability of our problem.To that end, we use well-known tehniques from the theory of alulus of variations. The diret methodis, e.g., desribed in depth in [Da89℄. Furthermore, we would like to provide uniqueness of m∗. This,however, is non-trivial sine the energy e(m) does not depend on the �rst in-plane omponent m1 ofthe magnetization. The density of D(ω)2 ⊆ H, i.e. our onvenient funtion spae setting, and molli�ertehniques even allow us to �nally onlude uniqueness, provided q > 0.Note that the magnetostati potential u is uniquely determined by∇·m. We state the well-posedness ofour problem �rst in the following sense: All minimizers m∗ ∈ A indue the same uniquely determinedmagnetostati potential u∗. Provided q > 0, they share the same in-plane omponent m∗

2.Lemma 2.20. The set A is non-empty, onvex and losed with respet to H.Proof. We only need to prove the losedness of A sine onvexity and non-emptiness is lear byde�nition. Let (mk)k∈N ⊆ A be a onvergent sequene with limit m ∈ H. In partiular, onvergenein H implies onvergene in the L2-sense, i.e. mk → m ∈ L2(ω)2. Therefore, at least a subsequeneonverges pointwise almost everywhere towards m. This proves |m| ≤ 1 almost everywhere, i.e.
m ∈ A. �Theorem 2.21. There is a minimizer m∗ ∈ A of (2.26). Moreover, Pm and qm2 are uniquelydetermined, i.e. for any minimizers m∗, m̃∗ ∈ A of (2.26) there holds Pm∗ = Pm̃∗ as well as
qm∗

2 = qm̃∗
2.



24Proof. Let (mk)k∈N ⊆ A be a sequene with
lim
k→∞

e(mk) = inf
m∈A

e(m) =:M.Plugging in m = 0 ∈ A, we obtain M ≤ 0. This implies for arbitrary ε > 0

e(mk) =
1

2
‖Pmk‖2L2(R3)3 +

q

2
‖mk,2‖2L2(ω) − 〈f ,mk〉L2(ω) ≤

ε

2for k su�iently large. Using the Cauhy-Shwarz inequality and dropping the anisotropy energy oneobtains
‖Pmk‖2L2(R3)3 ≤ 2 ‖f‖L2(ω)2 ‖mk‖L2(ω)2 + ε.From the de�nition ofA, we derive ‖mk‖L2(ω)2 ≤ |ω|1/2. The equivalene ‖Pm‖L2(R3)3 ∼ ‖∇ ·m‖H̃−1/2therefore implies that (mk)k∈N is bounded with respet to the H-norm, namely,

‖mk‖2 . ‖mk‖2L2(ω)2 + ‖Pmk‖2L2(R3)3 ≤ |ω| + 2 ‖f‖L2(ω)2 |ω|1/2 + ε.Sine the sequene (mk)k∈N is bounded we may assume that is has a weak limit m ∈ H. The set Ais onvex and losed, hene it is losed with respet to the weak topology in H. This implies m ∈ A.Moreover, a onvex and ontinuous funtional is also weakly lower semiontinuous [Da89, Chapter 3Theorem 1.2℄ so that
e(m) ≤ lim inf

k→∞
e(mk). (2.27)Altogether m ∈ A is a minimizer of e(·) in A. Finally, we observe from the representation (2.26) thatthe energy funtional is stritly onvex in Pm and qm2. Therefore, the stray �eld and the seondomponent of a minimizing sequene are uniquely determined. �Remark. Note that the proof of Theorem 2.21 only used some properties of the funtional e(·) aswell as the losedness and onvexity of A. Any �nite dimensional subspae Xh ≤ H of the full energyspae is obviously losed and onvex. In partiular the set Ah := (A∩Xh) is losed and onvex as well.This, however, implies the existene of a minimizer m∗
h within the disrete spae Xh that satis�es theonvex onstraint |m| ≤ 1. Furthermore, the stray �eld Pmh and the seond omponent mh,2 of twodisrete minimizers m∗,1

h ,m∗,2
h ∈ Ah must oinide. 2We now state that |||m|||2 := ‖m2‖2L2(ω) + ‖∇ ·m‖2

H̃−1/2(ω)
is de�nite and therefore a norm on H.This is the main theorem of the present setion as it provides uniqueness of m∗ ∈ A as immediateonsequene.Theorem 2.22. Let m ∈ H with ∇ ·m = 0 ∈ H̃−1/2 and m2 = 0 ∈ L2, then m = 0 ∈ H.Proof. First we show ∇ · m = 0 ∈ L2. This follows immediately from 〈∇ · m, v〉 = 0 for all v ∈

H1/2(ω) ⊇ D(ω) and the fundamental theorem of alulus of variations. Therefore m is an elementof the spae H1(∇·;ω). Furthermore the extension
m̂ =

{
m(x) x ∈ ω

0 otherwise



CHAPTER 2. A MODEL PROBLEM IN THIN-FILM MICROMAGNETICS 25is element of H1(∇·;R2) with ∇ · m̂ = 0 sine
∫

R2

m̂ · ∇ϕdx =

∫

ω
m̂ · ∇ϕdx+

∫

R2\ω
m̂ · ∇ϕdx

= −
∫

ω
∇ ·mϕdx +

∫

γ
(m · n)ϕdx −

∫

R2\ω
∇ · m̂ϕdx−

∫

γ
(m̂ · n)ϕdx = 0.Next, we will show that m̂ = 0 ∈ L2(R2) whih in turn implies m = 0 ∈ H. For this, we de�ne themolli�er

ψ1 =





e
1

|x|2−1

∫
[−1,1] e

1
|x|2−1 dx

, |x| < 1

0, otherwise

ψε = ε−2ψ1(
x

ε
)whih satis�es ψ ∈ D(R2) with supp(ψ) ⊆ [−ε, ε]2. Moreover, it holds that [ML00, Theorem 3.4℄

ψε ⋆ m̂ −→ m̂ ∈ L2 as ε→ 0 (2.28)omponentwise, where ⋆ denotes the onvolution of funtions. From [Pra03, Lemma 2.13℄, we know
ψε ⋆ m̂ ∈ H1(∇·;R2) ∩ D(R2)2,

∇ · (ψε ⋆ m̂) = ψε ⋆ (∇ · m̂) = 0.From m̂2 = 0 ∈ L2(R2), we additionally know
ψε ⋆ m̂ =

(
ψε ⋆ m̂1

0

)whih trivially implies ∂(ψε⋆m̂2)
∂x2

= 0. Together with ∇ · (ψε ⋆ m̂) = 0 this means
∂(ψε ⋆ m̂1)

∂x1
= 0.Sine (ψε ⋆ m̂1) ∈ D(R2) is a smooth funtion with ompat support, ∂(ψε⋆m̂1)

∂x1
= 0 already implies

ψε ⋆ m̂1 = 0. We onlude 0 = ψε ⋆ m̂1, whene m̂1 = 0 aording to (2.28). �Corollary 2.23 (Well posedness of the redued thin-�lm problem (M)). The model Problem (M) hasa uniquely determined minimizer m∗ ∈ H, provided q > 0.Proof. Aording to Theorem 2.21 there exists a minimizer m∗, and the quantities ∇ · m∗ and m∗
2are uniquely determined. Let w∗ be a minimizer. Then m∗ −w∗ ∈ H satis�es ∇ · (m∗ −w∗) = 0 aswell as m∗

2 −w∗
2 = 0. From Theorem 2.22, we therefore onlude (m∗ −w∗) = 0 ∈ H whih proves

w∗ = m∗. �De�nition. We de�ne the energy (semi-)norm
|||m||| :=

√
q ‖m2‖2L2 + ‖∇ ·m‖2Von H. We stress that this is indeed a norm aording to Theorem 2.22, provided q > 0. Moreoverthere obviously holds |||m||| . ‖m‖. In the following hapter where we provide numerial algorithmsto ompute m∗ approximately, all error estimates are given in this energy norm. 2
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CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 27
Chapter 3Disretization, numerial solution, anderror analysis
In order to solve the thin-�lm minimization problem (M) numerially, two steps have to be performed:First, the energy spae of the magnetization needs to be disretized. Seond, the resulting disreteminimization problem (Mh) needs to be solved.Most of the literature addresses the problem of solving �nite dimensional minimization problems,e.g. [NW99℄, whereas the monograph [IK08℄, for instane, ollets the state of the art of Lagrangianmultiplier methods in a ontinuous ontext. For quadrati programming, some publiations suh as[DS05℄ are available, where super-linear onvergene of an ative set algorithm is proven. However,the latter work onsiders box onstraints. In ontrast, we are dealing with a 2-dimensional vetor�eld under a 1-dimensional non-linear onstraint, whih seems to be a signi�ant enhanement of theproblem's omplexity. Therefore, only penalty or interior point methods, see [NW99℄, seem to besuitable in our ase. These approahes inlude some parameter ε > 0 whih introdues an additionalerror of the minimization algorithm. Sine we are also faed with a disretization error, two non-trivial questions arise: First, it is not trivially lear that one may expet onvergene of the penalizedand disretized sheme as (h, ε) → (0, 0). Seond, the question how to balane the penalty and thedisretization error arises. The hoie of ε ≪ 1 usually yields high omputational ost due to ill-onditioning and slow onvergene of the underlying Newton-method. In this hapter, we address thisproblem and provide a mathematially justi�ed hoie of ε and h by establishing a priori onvergeneresults.In Setion 3.1, we propose our disretization sheme whih leads to a disrete minimization problem
(Mh). Existene and uniqueness of solutions of (Mh) is established in the same way as for the on-tinuous problem (M). Sine the energy spae H of the magnetization demands ∇ · m ∈ H̃−1/2(ω),a lowest-order disretization has to provide ∇ · mh ∈ P0(Th). Here, P0(Th) denotes the spae ofpieewise onstant funtions over some mesh Th. The natural hoie is that of Raviart-Thomas �niteelements RT 0(Th) [RT77℄, whih are often used, e.g., in the ontext of mixed formulation of the Pois-son equation [Bra97℄. This disretization sheme has also been proposed in the dissertation [Drw08℄,where the thin-�lm minimization problem (M) is solved by �rst hoosing the disrete ansatz spaeand then applying an interior point method. However, neither the hoie of the barrier parameter withrespet to the disretization nor the well-posedness of the disrete system are disussed in [Drw08℄.Moreover, the work [Drw08℄ is essentially dediated to the ase of soft ferromagneti �lms only, i.e.
q = 0.



28Even though we use the same disrete ansatz spae for the magnetization, our approah for solvingthe problem (M) numerially is quite di�erent from that in [Drw08℄: In Setion 3.1.3, we proposea penalization sheme. Instead of satisfying the onstraint |m| ≤ 1, we introdue a new energyontribution 1
2ε ‖(|m| − 1)+‖2L2(ω) where (·)+ denotes the positive part, i.e. (|m(x)| − 1)+ = 0 atpoints x ∈ ω where |m(x)| ≤ 1. This leads to a disrete penalized, but unonstrained minimizationproblem (M ε

h). Convergene of this kind of penalty methods is well established in the literature, seee.g. [NW99℄. Let mε
h denote the minimizer of (M ε

h) and m0
h denote the minimizer of (Mh). Thenthere holds onvergene mε

h → m0
h in a weak sense for any �xed h ≥ 0. However, from this it isnot lear that onvergene mε

h → m∗ with m∗ the minimizer of (M) follows as (h, ε) → (0, 0). Thisresult, whih we failed to �nd in the literature, is established in Setion 3.2 in an abstrat frameworkand ontributes to the understanding of the numerial solution of in�nite dimensional minimizationproblems.Finally, after studying onvergene of our proposed solution sheme, some statement on the rate ofonvergene still remains open. In Setion 3.3 we lose this gap. First, we state the Euler-Lagrangeequations for the ontinuous model problem (M). We stress that standard Lagrange multiplier teh-niques, e.g. as desribed in [IK08℄, are not su�ient for our purposes, sine we need further geometrialand smoothness properties of the Lagrangian multiplier. In [De 93℄, the Euler-Lagrange equations forthe large-body limit, a related problem in an L2 setting, are established. With Theorem 3.18, weprove a similar result. On the one hand, we follow the main idea of [De 93℄, on the other hand, theproof in our ase involves some di�erent tehniques. This is due to the fat that our dual spae H∗ontains distributions, whereas the dual spae in the ase of the large-body limit is simply L2(ω).Having established the Euler-Lagrange equations, we proeed to prove an a priori onvergene order
|||m∗ − mε

h||| = O(
√
h +

√
ε) under suitable regularity onditions. This �nally suggests the hoie of

ε = h for uniform meshes.From the well-known generi singular behavior of solutions of the weakly singular boundary integralequation assoiated with the Laplaian in 3D [ESAES90℄, we expet to observe strong edge and ornersingularities of ∇ ·m∗. Also, geometri e�ets and non-smooth applied �eld f may ause singularitiesof m∗. In Setion 3.4.2, we propose a heuristi adaptive algorithm to steer loal mesh-re�nementsas well as a loal penalty sheme. For the estimation of the disretization error, we use the easy-to-implement, however omputationally intense, h − h/2 based error estimation strategy. For steeringthe loal penalty parameter, we use the penalty energy, whih is proven to vanish as ε→ 0 in Lemma3.9. Hene, we re�ne, i.e. redue by a fration, ε loally on elements T ∈ T , where ‖(|m| − 1)+‖2L2(ω)is large.3.1 Disretization and penalizationThe lowest-order Raviart-Thomas �nite elements were �rst introdued in [RT77℄. Having de�nedregular triangulations of our domain, we follow the lines of [RT77℄ and [BC05℄ to de�ne the Raviart-Thomas �nite elements and ollet their ruial properties. Finally, we give an expliit basis suitablefor an implementation.In the seond subsetion, we pose the disrete minimization problem (Mh). First, we note thatexistene and uniqueness of minimizers for the disrete problem follows by the same arguments asfor the ontinuous problem. Then, using standard �nite element tehniques, we give an a priori erroranalysis. We stress, however, that this analysis is somewhat arti�ial, as the minimizer m∗
h of theproblem (Mh), in general, annot be omputed analytially.
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PSfrag replaements T− T+

E

P−

P+Figure 3.1: Eah interior edge E belongs to preisely two triangles T+ and T−. The points oppositeof E are denoted by P+ and P−, respetively.Finally, in the third subsetion, we propose a penalty method whih leads to a numerially solvable un-onstrained (disrete) penalized problem (M ε
h). Well-posedness follows from diret method of alulusof variations due to the oerivity of the modi�ed energy funtional eε(·).3.1.1 The spae of lowest-order Raviart-Thomas �nite elementsDe�nition. We all a partition T = {T1, . . . , TN} of the domain ω a regular triangulation if itsatis�es the following onditions:

• Eah element T is a non-degenerate and losed triangle,
• T overs ω, i.e. ω =

⋃
T∈T T ,

• The intersetion Ti ∩ Tj , for i 6= j, is either empty, a ommon vertex, or a ommon edge.The global mesh-size h is de�ned by h = maxT∈T diam(T ). Moreover, the set of all edges of atriangulation is denoted by E and Eω is the set of all interior edges. 2De�nition. For a given regular triangulation T of ω, we de�ne the spae of lowest order Raviart-Thomas �nite elements by
RT 0(T ) = {mh ∈ P1(T ) | [mh · nE ]E = 0∀E ∈ Eω and mh · n = 0 on γ},where P1(T ) denotes the spae of pieewise linear and disontinuous funtions, nE denotes a normalvetor on the edge E, and [·]E denotes the jump aross an edge of the triangulation. 2We stress that the ruial property [mh ·nE ]E ensures the H1

0 (∇·;ω) onformity of the disrete spae
RT 0(T ). Sine H1

0 (∇·;ω) ⊆ H, the set
Ah := {mh ∈ RT 0(T ) | |mh| ≤ 1 a.e.}yields a onforming disretization of our admissible set A.



30The given de�nition of RT 0(T ) desribes the properties of the funtions involved. However, in orderto implement numerial algorithms using Raviart-Thomas �nite elements, it is neessary to operateon a set of basis funtions. Eah interior edge E ∈ Eω belongs to preisely two elements T+ and T−.Let P+ and P− denote the verties of T+ and T−, respetively, opposite E, i.e. T± = onv{E ∪{P±}},see Figure 3.1. For eah E ∈ Eω, we de�ne
ψE =

{
± |E|

2|T±|
(x− P±), for x ∈ T±

0, elsewhere (3.1)and notie that the jump [ψE · n] aross any edge vanishes. This implies ψE ∈ RT 0(T ). Moreover, itan be shown that the set
B = {ψE |E ∈ Eω}is a basis of RT 0(T ), f. [GR86℄.Obviously RT 0(T ) satis�es (∇·) : RT 0(T ) → P0(T ), where P0(T ) denotes the spae of pieewiseonstant funtions over the mesh T . Moreover it even holds that the mapping (∇·) : RT 0(T ) → P0

⋆ (T )is onto [Bra97, Hilfssatz 5.4℄, where P0
⋆ (T ) denotes the spae of pieewise onstants with vanishingintegral mean.In order to obtain a priori onvergene rates, we will need some interpolation operator Πh : H1(ω) →

RT 0(Th) with some approximation property with respet to the mesh-size h.Theorem 3.1. The operator Πh : H1(ω)2 → RT 0(T ) haraterized by
Πhm|T∈Th satis�es∫

E
(m−Πhm) · n ds = 0 for all E ∈ (E ∩ ∂T )is a projetion from H1(ω)2 onto RT 0(Th). Let ΠL2

h denote the L2 orthogonal projetion onto P0(Th).Then, it holds that
∇ · (Πhm) = ΠL

2

h (∇ ·m). (3.2)Furthermore, given m ∈ H1(ω) with ∇ ·m ∈ H1(ω), there hold the approximation properties
‖m−Πhm‖L2(ω) ≤ C1h ‖m‖H1(ω) , (3.3)

‖∇ · (m−Πhm)‖H̃−1/2(ω) ≤ C2h
3/2 ‖∇ ·m‖H1(ω) . (3.4)Proof. The �rst estimate (3.3) follows from [Bra97, Hilfssatz 5.5℄, where the approximation propertyof the interpolation operator Πh is stated for the spae H1(∇·;ω). The onstant C1 stems from anappliation of the Bramble-Hilbert lemma. For the seond estimate (3.4) we reall the approximationproperty

∥∥∥u−ΠL
2

h u
∥∥∥
H̃−1/2

≤ C̃2h
1/2 ‖u‖L2proven e.g. in [CP06, Theorem 4.1℄. An Appliation with v := u−ΠL

2

h u yields
∥∥∥u−ΠL

2

h u
∥∥∥
H̃−1/2

=
∥∥∥v −ΠL

2

h v
∥∥∥
H̃−1/2

≤ C̃2h
1/2 ‖v‖L2 = C̃2h

1/2
∥∥∥u−ΠL

2

h u
∥∥∥
L2
.Note that the L2-orthogonal projetion onto pieewise onstant funtion is the elementwise integralmean ΠL

2

h u|T = 1
|T |

∫
T u dx. Therefore a saling argument and an elementwise appliation of thePoinaré inequality yield

∥∥∥u−ΠL
2

h u
∥∥∥
2

L2
≤ C2

2h
2|u|2H1This estimate ombined with the identity (3.2) ompletes the proof. �



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 313.1.2 The Disrete Minimization Problem (Mh)De�nition. Given a regular triangulation Th of ω, we de�ne the set of disrete admissiblemagnetizations
Ah := {mh ∈ RT 0(Th) | |mh| ≤ 1} = A ∩RT 0(Th). (3.5)

2Disrete minimization problem (Mh). Find a minimizer m∗
h ∈ Ah of the disrete energy

eh(mh) = e(mh) =
1

2
‖∇ ·mh‖2V +

q

2
‖mh,2‖2L2(ω) − (f ,mh)L2(ω)2 . (3.6)First, we stress that the onformity of the hosen disretization ensures that our disrete probleminherits the well-posedness of the ontinuous problem.Corollary 3.2. The disrete minimization problem (Mh) has a minimizer m∗

h with uniquely deter-mined divergene ∇ ·m∗
h. If q > 0, the minimizer m∗

h ∈ Ah is uniquely determined.Proof. The spae RT 0(T ) is a �nite dimensional and therefore losed subspae of the energy spae H.Sine the intersetion of two losed and onvex sets is itself a losed and onvex set, we may applythe arguments of the proof of Theorem 2.21 and use Theorem 2.22 to onlude the existene anduniqueness of a minimizer m∗
h as in Corollary 2.23. �In order to establish an a priori analysis for the disrete minimization problem (Mh), we �rst statethe well known equivalene of ertain minimization problems and variational inequalities. This willprovide some sort of generalization of Céa's Lemma whih enables us to derive a priori onvergeneresults by straight forward analysis.Lemma 3.3. Let H be a Hilbert spae with (semi) salar produt 〈·, ·〉H . Furthermore, let Φ ∈ L(H;R)and let K ⊆ H denote a losed and onvex subset. Given the energy funtional

E(x) =
1

2
〈x, x〉H − Φ(x),an element x∗ ∈ K is a minimizer, i.e.

E(x∗) ≤ E(y) for all y ∈ K, (3.7)if and only if x∗ satis�es the variational inequality
〈x∗, x∗ − y〉H ≤ Φ(x∗ − y) for all y ∈ K. (3.8)Proof. We �rst show that (3.8) implies (3.7). Let therefore x∗ be a solution of the variational inequality(3.8). Then, it holds that

E(y)− E(x∗) =
1

2
〈y, y〉H − 1

2
〈x∗, x∗〉H − Φ(y) + Φ(x∗),

= −1

2
〈x∗ + y, x∗ − y〉H +Φ(x∗ − y),

=
1

2
〈x∗ − y, x∗ − y〉H − 〈x∗, x∗ − y〉H +Φ(x∗ − y).



32Sine 〈x∗−y, x∗−y〉H = ‖x∗ − y‖2H ≥ 0 and x∗ is a solution of (3.8), the last term in the omputationhas to be non-negative. Sine y ∈ K is arbitrary, this shows that x∗ also solves the minimizationproblem (3.7).Next, we show that eah solution of the minimization problem (3.7) solves the variational inequality(3.8). To that end, assume x∗ ∈ K to be a solution of (3.7) and let y ∈ K. Due to the onvexity of
K, there holds x̃ := tx∗ + (1− t)y ∈ K for all 0 < t < 1. We ompute

0 ≤ E(x̃)− E(x∗) = E((1 − t)y + tx∗)− E(y),

=
1

2
‖−ty + tx∗‖2H − 〈x∗, tx∗ − ty〉H +Φ(tx∗ − ty),

=
1

2
t2 ‖−x∗ + y‖2H − t〈x∗, x∗ − y〉H + tΦ(x∗ − y).In partiular, this means

0 ≤ 1

2
t ‖−x∗ + y‖2H − 〈x∗, x∗ − y〉H +Φ(x∗ − y)for all t ∈ (0, 1). Considering the limit t→ 0 and realling that y ∈ K was arbitrary, we have thereforeproven x∗ to solve (3.8). �Remark. In the ase of K = H in Lemma 3.3, the orresponding variational inequality would infat be an equality

〈x, y〉H = Φ(x)whih is the Euler-Lagrange equation of the unonstrained minimization problem. From that point ofview, Equation (3.8) may be seen as the Euler-Lagrange inequality of (M). 2We reall that our model problem (M) indues a natural energy (semi-)norm |||m|||2 = q ‖m2‖2L2 +
‖∇ ·m‖2V whih obviously stems from the (semi) salar produt

〈〈m ,w〉〉 = q(m2,w2)L2 + 〈∇ ·m, V (∇ ·w)〉H1/2×H̃−1/2 .Sine the mapping m 7→ (f ,m)L2 is a ontinuous and linear funtional on H, our model problemperfetly �ts into the general setting of Lemma 3.3.In Chapter 2, we applied the diret method of alulus of variations to establish existene and unique-ness of solutions of (M). After reformulating (M) in terms of its variational inequality, by standardarguments [JLJ98, KS80℄, we �nally obtain also ontinuous dependene of m∗ of the applied �eld f .Corollary 3.4. Let m1 and m2 be solutions of (M) for applied �elds f1 and f2, then it holds that
|||m1 −m2||| ≤

√
2|ω|1/2 ‖f1 − f2‖1/2L2(ω)

. (3.9)Proof. The variational inequality
〈〈mk ,mk −m〉〉 ≤ (fk,m)L2with k ∈ {1, 2} holds true for all m ∈ A. From that we onlude

|||m1 −m2|||2 = 〈〈m1 ,m1 −m2〉〉+ 〈〈m2 ,m2 −m1〉〉 ≤ (f1,m1 −m2)L2 + (f2,m2 −m1)L2

= (f1 − f2,m1 −m2)L2

≤ ‖f1 − f2‖L2(ω) ‖m1 −m2‖L2(ω) .Sine |m1(x)−m2(x)| ≤ 2, we have that ‖m1 −m2‖2L2(ω) ≤ 2|ω|, whih onludes the proof. �



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 33The variational inequality, furthermore, allows us to establish an a priori error estimate.Theorem 3.5. Let m∗ ∈ A and m∗
h ∈ Ah be solutions of (M) and (Mh), respetively. Then it holdsthat

|||m∗ −m∗
h|||2 ≤ inf

wh∈Ah

(
|||m∗ −wh|||2 − 2〈〈m∗ ,m∗ −wh〉〉+ 2(f,m∗ −wh)L2

)
. (3.10)Proof. First, we observe the inequality

〈〈m∗ ,m∗〉〉 = 〈〈m∗ ,m∗ −m∗
h〉〉+ 〈〈m∗ ,m∗

h〉〉 ≤ 〈〈m∗ ,m∗
h〉〉+ (f,m∗ −m∗

h)L2that follows from Lemma 3.3 applied to the minimization problem (M). Using this simple observationand the variational inequality for the disrete problem (Mh), we ompute for arbitrary wh ∈ Ah

|||m∗ −m∗
h|||2 = 〈〈m∗ −m∗

h ,m
∗ −m∗

h〉〉
= 〈〈m∗ ,m∗〉〉 − 2〈〈m∗ ,m∗

h〉〉+ 〈〈m∗
h ,m

∗
h〉〉

≤ 〈〈m∗ ,m∗
h〉〉+ (f,m∗ −m∗

h)L2 − 2〈〈m∗ ,m∗
h〉〉+ 〈〈m∗

h ,w
∗
h〉〉+ (f,m∗

h −w∗
h)L2

= −〈〈m∗ ,m∗
h〉〉+ (f,m∗ −wh)L2 + 〈〈m∗

h ,w
∗
h〉〉

= 〈〈m∗
h ,wh −m∗〉〉+ (f,m∗ −wh)L2

= 〈〈m∗ −m∗
h ,m

∗ −wh〉〉 − 〈〈m∗ ,m∗ −wh〉〉+ (f,m∗ −wh)L2 .Finally, applying the trivial inequality 2ab ≤ a2 + b2 to the term 〈〈m∗ −m∗
h ,m

∗ −wh〉〉, we see
|||m∗ −m∗

h|||2 ≤
1

2
|||m∗ −m∗

h|||2 +
1

2
|||m∗ −wh|||2 − 〈〈m∗ ,m∗

h −wh〉〉+ (f,m∗ −wh)L2

|||m∗ −m∗
h|||2 ≤ |||m∗ −wh|||2 − 2〈〈m∗ ,m∗ −wh〉〉+ 2(f,m∗ −wh)L2 .Sine wh ∈ Ah was arbitrary the last inequality still holds when taking the in�mum over all wh ∈ Ahon the right-hand side. This onludes the proof. �Corollary 3.6. Let m∗ ∈ A and m∗

h ∈ Ah be the solutions of the ontinuous model problem (M) andthe disrete minimization problem (Mh), respetively. Under the regularity assumption m ∈ H1(ω)2and ∇ ·m ∈ H1/2(ω), they satisfy the a priori onvergene result
|||m∗ −m∗

h||| = O(
√
h). (3.11)Let q = 0. Then under the assumption ∇ ·m ∈ H1(ω), we obtain

|||m∗ −m∗
h||| = ‖∇ · (m∗ −m∗

h)‖V = O(h3/4).Proof. We reall the interpolation operator Πh : H1(ω)2 → RT 0(Th) with its approximation propertiesfrom Theorem 3.1. Choosing wh = Πhm
∗ in Theorem 3.5, the inequality (3.10) implies

|||m∗ −m∗
h|||2 ≤ |||m∗ −Πhm

∗|||2 + 2|||m∗||||||m∗ −Πhm
∗|||+ 2 ‖f‖L2 ‖m‖L2whih immediately yields the statement aording to Theorem 3.1. �



343.1.3 The (disrete) penalized minimization problem (Mε
h)We still need to provide some strategy to deal with the non-linear side onstraint. For any ε > 0, weintrodue an additional energy term

1

2ε
‖(|m| − 1)+‖2L2(ω) . (3.12)The funtion (·)+ is given by

(u(x))+ =

{
u(x) for u(x) > 0

0 else.Disrete penalized minimization problem (M ε
h). We seek to �nd a minimizer mε

h ∈ Xh of thepenalized energy
eε(mh) =

1

2
‖∇ ·mh‖2V +

q

2
‖mh,2‖2L2(ω) +

1

2ε
‖(|mh| − 1)+‖2L2(ω) − (f ,mh)L2(ω)2 . (3.13)For h > 0, we set Xh = RT 0(Th) with some mesh Th with mesh-size h. Formally we also allow h = 0,where we seek a ontinuous minimizer mε

0 ∈ X0 = H.In a �rst step on our way to prove onvergene mε
h → m0

0 as (h, ε) → (0, 0) and m0
0 = m∗, we stateand prove oerivity of the energy funtional eε(·). To that end, we modify the proof of [Pra03, Satz2.18℄ to �t our setting.Lemma 3.7 (Coerivity of eε(·)). Let ε > 0 be given. Then, for any sequene of magnetizations

(mn)n∈N ⊆ H with ‖mn‖ → ∞, it holds that e(mn) → ∞. In partiular, any sequene (mk)k∈N withbounded energy supk∈N e(mk) <∞ has bounded norm, i.e. supk∈N ‖mk‖ <∞.Proof. Reall the de�nition of the energy
eε(m) =

1

2
‖∇ ·m‖2V +

q

2
‖m2‖2L2(ω) +

1

2ε
‖(|m| − 1)+‖2L2(ω) − (f ,m)L2(ω).From equivalene of norms ‖∇ ·m‖V ∼ ‖∇ ·m‖H̃−1/2(ω), more preisely the upper bound (2.24), weonlude the existene of a onstant C1 > 0 suh that

eε(m) ≥ C1 ‖∇ ·m‖2
H̃−1/2(ω)

+
q

2
‖m2‖2L2(ω) +

1

2ε
‖(|m| − 1)+‖2L2(ω) − (f ,m)L2(ω).Let ω≥ denote the set, where |m| ≥ 1, and ω< the omplement, i.e. |m(x)| < 1 for x ∈ ω<. Toestimate the Zeeman energy ontribution, we use Hölder's inequality to see

∫

ω
f ·m dx =

∫

ω≥

f ·m dx+

∫

ω<

f ·m dx

≤ ‖f‖L2(ω) ‖m‖L2(ω≥)
+

∫

ω<

|f | dx (3.14)
≤ ‖f‖L2(ω) ‖m‖L2(ω≥)

+ ‖f‖L1(ω) .Next, for the penalty energy ontribution it holds that
∫

ω
(|m| − 1)2+ dx =

∫

ω≥

|m|2 − 2|m|+ 1 dx

≥ ‖m‖2L2(ω≥)
− 2 ‖m‖L2(ω≥)

|ω≥|1/2 + |ω≥|
≥ ‖m‖2L2(ω≥)

− 2 ‖m‖L2(ω≥)
|ω|1/2,

(3.15)



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 35where we again used the Hölder inequality to obtain the upper bound. Dropping the anisotropy energyand applying the inequalities (3.14)�(3.15), we obtain
eε(m) ≥ 1

2ε
‖(|m| − 1)+‖2L2(ω) − (f ,m)L2(ω) + C1 ‖∇ ·m‖2

H̃−1/2(ω)

≥ 1

2ε

(
‖m‖2L2(ω≥)

− 2|ω|1/2 ‖m‖L2(ω≥)

)
− ‖f‖L2(ω) ‖m‖L2(ω≥)

− ‖f‖L1(ω) +C1 ‖∇ ·m‖2
H̃−1/2(ω)

=
1

2ε

(
‖m‖2L2(ω≥)

−
(
2|ω|1/2 + 2ε ‖f‖L2(ω)

)
‖m‖L2(ω≥)

− 2ε ‖f‖L1(ω)

)
+ C1 ‖∇ ·m‖2

H̃−1/2(ω)
.De�ning the onstants C2 = 2|ω|1/2 + 2ε ‖f‖L2(ω) and C3 = 2ε ‖f‖L1(ω), we onlude

eε(m) ≥ 1

2ε

(
‖m‖2L2(ω≥)

− C2 ‖m‖L2(ω≥)
− C3

)
+ C1 ‖∇ ·m‖2

H̃−1/2(ω)
. (3.16)From

‖m‖L2(ω) ≤ ‖m‖L2(ω≥)
+ ‖m‖L2(ω<) ≤ ‖m‖L2(ω≥)

+ |ω|1/2, (3.17)we onlude the proof with the following observations: Let (mn) ⊆ H be a sequene of magnetizationswith lim supn ‖mn‖ = ∞. Then either lim supn ‖∇ ·mn‖H̃−1/2(ω) = ∞ or lim supn ‖mn‖L2(ω) = ∞,or both. Suppose lim supn ‖∇ ·mn‖H̃−1/2 = ∞, then we immediately onlude lim supn eε(mn) = ∞from (3.16). On the other hand if lim supn ‖mn‖L2(ω) = ∞, the ombination of (3.17) and (3.16) againyields lim supn eε(mn) = ∞. �Well-posedness of the model problem (M ε
h) now follows by the diret method of alulus of variations,f. [Da89℄.Corollary 3.8. For h > 0, let Xh denote some losed subspae of H. For h = 0, we identify X0 = H.Then, there is a minimizer mε

h ∈ Xh of the penalized energy eε(·). Moreover, for q > 0 the minimizer
mε
h is uniquely determined.Proof. Let (mn)n∈N be a sequene with infm∈Xh

eε(m) = limn→∞ eε(mh). From eε(0) = 0, weonlude that the sequene has bounded energy. The oerivity of eε(·) implies that mn is boundedin norm, and therefore there exists (w.l.o.g.) some weak limit mε
h. Sine Xh is losed and onvex, it isalso losed with respet to the weak topology, and thusmε

h ∈ Xh. With the weak lower semi-ontinuityof eε(·), whih follows from ontinuity and onvexity, we �nally onlude that mε
h is a minimizer. If

q > 0, then by Theorem 2.22, we obtain uniqueness. �3.2 ConvergeneWe establish weak onvergene of minimizers as ε → 0. We stress that onvergene for ε → 0 with�xed h is well-known in the literature, see e.g. [NW99℄. However our proof di�ers from the oneinluded in the ited monograph. Sine we use similar arguments in the proof of onvergene with�xed ε for h→ 0, we state the result as a theorem and prove it.Lemma 3.9. Let εn → 0 be a non-negative zero sequene and let (mn)n∈N ⊆ H be a sequene ofmagnetizations suh that
sup
n∈N

eεn(mn) <∞ (3.18)



36and
mn ⇀m∞for some m∞ ∈ H. Then, it holds that m∞ ∈ A, i.e. the weak limit m satis�es the onstraint
|m∞| ≤ 1.Proof. Note that the term

‖(|m| − 1)+‖2L2(ω)is onvex and ontinuous. Hene, it is also weakly lower semi-ontinuous. From the weak onvergene
mn ⇀m∞, we therefore obtain

‖(|m∞| − 1)+‖2L2(ω) ≤ lim inf
n∈N

‖(|mn| − 1)+‖2L2(ω) . (3.19)By de�nition it holds that eεn(mn) = e(mn) +
1
2ε ‖(|mn| − 1)+‖2L2 , whih means

2εn(eεn(mn)− e(mn)) = ‖(|mn| − 1)+‖2L2 .From (3.18), we obtain an upper bound
lim sup
n∈N

e(mn) ≤ lim sup
n∈N

eεn(mn) <∞.The weak lower semiontinuity of e(·) together with mn ⇀m∞ yields the lower bound
e(m∞) ≤ lim inf

n∈N
e(mn) ≤ lim inf

n∈N
eεn(mn).In partiular, both sequenes e(mn) and eεn(mn) are bounded. This, together with (3.19) and εn → 0,proves

‖(|m∞| − 1)+‖2L2 ≤ lim inf
n∈N

‖(|mn| − 1)+‖2L2 = lim inf
n∈N

2εn(eεn(mn)− e(mn)) = 0,i.e. m∞ ∈ A. �Theorem 3.10 (Convergene as ε → 0). For any sequene (εn)n∈N ⊆ R>0 with εn → 0, there holdsweak onvergene with respet to the norm topology of H of the minimizers mεn
h of (M εn

h ) in thefollowing sense: Any subsequene m
εnk
h ontains a weakly onvergent subsequene m

εnkℓ
h whose limitis a minimizer m0

h of the onstrained problem (Mh). For q > 0, there holds weak onvergene of thefull sequene
mεn
h ⇀m0

h.Proof. Sine mε
h is the minimizer of the unonstrained problem (M ε

h), it holds that
eε(m

ε
h) ≤ eε(m

0
h) = e(m0

h). (3.20)Therefore, the sequene of minimizers mεn
h has bounded energy. From Lemma 3.7, we obtain bound-edness of mεn

h in the norm. This yields that any subsequene mεnk
h is bounded and must have a weaklyonvergent subsequene m

εnkℓ
h ⇀m∗

h. It remains to prove that �rst m∗
h ∈ Ah and seond it is indeeda minimizer of e(·).
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h ∈ Ah follows immediately from Lemma 3.9. From

e(m
εnkℓ
h ) ≤ eεnkℓ

(m
εnkℓ
h ) ≤ e(m0

h)and weakly lower semiontinuity of e(·) (2.27), we onlude
e(m∗

h) ≤ lim inf
ℓ∈N

e(m
εnkℓ
h ) ≤ e(m0

h),and sine m0
h ∈ Ah is a minimizer of e(·) there must hold e(m∗

h) = e(m0
h), i.e. m∗

h ∈ Ah is a minimizerof (Mh) as well.In a �nal step, we assume q > 0. By Corollary 2.23 the minimizer m0
h ∈ Ah of (Mh) is uniquelydetermined and there must thus hold m∗

h = m0
h. This means that every subsequene of mεn

h has asubsequene with the same weak limit m0
h. Therefore, there already holds onvergene

mεn
h ⇀m0

hof the sequene itself. �Next, we prove onvergene of solutions with respet to the disretization parameter h without anyregularity assumptions. To that end, in the ase of ε > 0 we refer to the penalized problem (M ε
h),whereas in the ase ε = 0 we refer to the onstrained problem (Mh) = (M0

h).Theorem 3.11 (Convergene as h → 0). Let Xh ⊆ H be a monotone family of �nite dimensionalsubspaes of H with limh→0Xh = H. By this we mean that h1 ≤ h2 implies Xh2 ⊆ Xh1 and ⋃h>0Xh =
H. Then, for any sequene (hn)n∈N ⊆ R>0 with hn → 0, there holds weak onvergene of minimizers
mε
hn

of (M ε
hn
) with respet to the norm topology of H in the following sense: Any subsequene mε

hnkontains a weakly onvergent subsequene mε
hnkℓ

whose limit is a minimizer mε
0 of the ontinuouspenalized problem (M ε

0 ). For q > 0, there holds weak onvergene of the full sequene
mε
hn ⇀mε

0.Proof. Let hn be a zero sequene and assume w.l.o.g. hn ≤ 1. Then, from monotoniity of spaes weonlude X1 ⊆ Xhn and hene
eε(m

ε
hn) ≤ eε(m

ε
1). (3.21)Put di�erently, the sequene (mε

hn
)n∈N has bounded energy. From Lemma 3.7, we dedue boundednessof the sequene inH. In partiular, eah subsequenemε

hnk
is itself bounded and has therefore a weaklyonvergent subsequene

mε
hnkℓ

⇀mε
∗.It remains to prove that mε

∗ is a minimizer.Let mε
0 denote a minimizer of the ontinuous problem (M ε

0 ). Sine eε(·) is ontinuous, for any η > 0there is a δ > 0 suh that
‖w − w̃‖ ≤ δ ⇒ |eε(w)− eε(w̃)| ≤ η.



38From limh→0Xh = H we know that for eah δ > 0 there is an integer L ∈ N suh that for all ℓ ≥ Lthere exists some m̃ε
hnkℓ

∈ Xhnkℓ
suh that

∥∥∥mε
0 − m̃ε

hnkℓ

∥∥∥ ≤ δ.Altogether, we know that for arbitrary η > 0 there exists some index L ∈ N suh that for all ℓ ≥ Lwe may hoose m̃ε
hnkℓ

∈ Xhnkℓ
with

eε(m̃
ε
hnkℓ

) ≤ eε(m
ε
0) + η.Reall that mε

hnkℓ

is a minimizer and therefore eε(mε
hnkℓ

) ≤ eε(m̃
ε
hnkℓ

). Sine this holds for any η > 0and from (weakly lower semi-)ontinuity of eε(·), we onlude
eε(m

ε
∗) ≤ lim inf

ℓ→∞
eε(m

ε
hnkℓ

) ≤ eε(m
ε
0),whih means that mε

∗ is in fat a minimizer.For q > 0 the minimizer mε
0 is uniquely determined from whih weak onvergene

mε
hn ⇀mε

0follows. �Now that we have proven
lim
h→0

lim
ε→0

mε
h = m∗ = lim

ε→0
lim
h→0

mε
hin a weak sense, we �nally establish that any hoie of disretization and penalization parametersyields onvergene, as long as (h, ε) → (0, 0). This �nally ensures unonditional onvergene of ourproposed sheme for the numerial solution of (M). In partiular no assumptions on the regularity ofthe analytial solution are neessary.Corollary 3.12 (Convergene as (h, ε) → (0, 0)). With the assumptions of Theorem 3.10 and Theorem3.11, there holds weak onvergene with respet to the norm topology of H of minimizers mεn

hn
of (M εn

hn
)for any zero sequene (hn, εn) → (0, 0) with hn, εn > 0 in the following sense: Any subsequene m

εnk
hnkontains a weakly onvergent subsequene m

εnkℓ
hnkℓ

whose limit is a minimizer m∗ of the onstrained andontinuous problem (M). For q > 0, there holds weak onvergene of the full sequene
mεn
hn
⇀m∗.Proof. Letmεn

0 denote a minimizer of the ontinuous and penalized problem (M εn
0 ) and letm0

hn
denotea minimizer of the disrete onstrained problem (Mh), respetively. We observe

e(mεn
0 ) ≤ e(mεn

hn
) ≤ e(m0

hn) ≤ e(0) = 0. (3.22)Therefore, the sequene mεn
hn

is bounded and every subsequene m
εnk
hnk

has a weakly onvergent sub-sequene m
εnkℓ
hnkℓ

⇀ m̃∗. From Theorem 3.11, we onlude existene of a subsequene whih we write
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hs

suh that the assoiated sequene m0
hs

onverges weakly to a minimizer m∗ andhene
e(mεs

hs
) ≤ e(m0

hs) → e(m∗).From this it follows, again by weak lower semiontinuity of e(·), that e(m̃∗) ≤ e(m∗). Reall that
eεs(m

εs
hs
) ≤ e(m0

h0
). From that we see that mεs

hs
satis�es the assumption of Lemma 3.9, hene m̃∗ ∈ A.Finally we obtain that m̃∗ is a minimizer, i.e. the desired onvergene result. �3.3 A priori error estimatesWe have already established an a priori estimate for |||m − mh|||. However, in pratie, we omputein fat the solution mε

h of (M ε
h). We are therefore interested in some estimate for |||m − mε

h|||. Weproeed in two steps. First, we estimate the error |||m−mε
0||| introdued by the penalization. To thatend we need to establish the Euler-Lagrange equations for the onstrained problem (M). Seond, weprove that, under suitable regularity assumptions, the disretization of the penalized system leads tothe same onvergene behavior as the disretization of the onstrained problem.3.3.1 The Euler-Lagrange equations (KKT onditions)In the �rst subsetion, we aim at understanding the Euler-Lagrange equations of our minimizationproblem. Our further numerial analysis is built upon this result. Based on a regularity result from[DKMO02℄, we prove the existene of a Lagrange multiplier λ ≥ 0 suh that the minimization problem

(M) may be stated equivalently in terms of its Euler-Lagrange equations
q

(
0
m2

)
+∇u− f + λm = 0, (3.23)

λ(|m| − 1) = 0, (3.24)
λ ≥ 0, (3.25)

|m| ≤ 1, (3.26)often also referred to as KKT-onditions.One may be tempted to use standard tehniques from in�nite or semi-in�nite optimization. However,blak-box tehniques do not make use of the very onrete struture of our model problem and thereforemay not provide a good framework for numerial analysis. Instead, we follow the lines of the proofof equivalene of the Euler-Lagrange equation and the model problem in ase of the large body limitthat was performed in [De 93℄. The proof annot be transferred easily to our thin-�lm problem. Theunderlying idea to understand the geometry of the �rst derivative of the energy, however, is preserved.Before proving the equivalene of the Euler-Lagrange equation and the redued thin-�lm model prob-lem, we �rst need some de�nitions and statements, well known and established in the literature, toform the basis for our analysis.De�nition. Let X be a Banah spae and F : X → R. If the limit
dF (x, y) := lim

ε→0+

F (x+ εy)− F (x)

ε
(3.27)



40exists we shall all it the derivative at the point x ∈ X in the diretion y ∈ X. Furthermore, thefuntion F is said to be Gateaux di�erentiable at the point x with Gateaux derivative DF (x) ∈ X∗,if (3.27) exists for all y ∈ X and
dF (x, y) = 〈y ,DF (x)〉 (3.28)is satis�ed. In the following we also use the notation

(DF (x))(y) = 〈y ,DF (x)〉.

2We now ompute the Gateaux derivative of our energy funtional e as de�ned in (2.26). We �rst provea lemma whih in fat overs two of the three terms of whih the energy is omposed.Lemma 3.13. Let X,Y be Hilbert spaes and let F : H → R be de�ned through F (x) = (Tx, Tx)Ywith some linear and ontinuous mapping T ∈ L(X;Y ). Then the Gateaux derivative of F at the point
x ∈ X in the diretion x̃ ∈ X reads

(DF (x))(x̃) = 2(Tx, T x̃).Proof. We plug in the de�nition (3.27) to obtain
dF (x, y) =

F (x+ εy)− F (x)

ε
=

(T (x+ εy), T (x + εy)) − (Tx, Tx)

ε

=
(Tx, Tx) + 2ε(Tx, Ty) + ε2(Ty, Ty)− (Tx, Tx)

ε
= 2(Tx, Ty) + ε(Ty, Ty).Hene the limit for ε→ 0 is preisely as stated. �Theorem 3.14. The Gateaux derivative of the energy e : H → R reads

(De(m))(m̃) = (Pm,Pm̃)L2(R3)3 + q(m2, m̃2)L2(ω) − (f , m̃)L2(ω)2 . (3.29)Proof. The energy e may be written in the form
e(m) =

1

2
(Pm,Pm)L2(R3)3 +

q

2
(m2,m2)L2(ω) − (f ,m)L2(ω)2 . (3.30)We simply apply Lemma 3.13 to the �rst two terms of the energy and ompute the derivative of thelast term trivially to prove the statement. �Our aim is to �nd an expliit L2-representation of the derivative De(m)(·). To that end we onsiderthe algebrai-topologial dual H∗ of H with respet to the extended L2 salar produt. The followingLemma from [Pra℄ provides the mathematial ontext neessary to de�ne H∗ in the intended wayproperly.Lemma 3.15. Let X ⊆ Y be ontinuously embedded Hilbert spaes. Then the Riesz mapping

JY : Y → Y ∗, JY y := (y; ·)Yis well-de�ned as linear operator JY ∈ L(Y,X∗) and the range JY (Y ) is a dense subspae of X∗.



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 41Proof. Due to the ontinuous embedding, there is a onstant C > 0 suh that ‖x‖Y ≤ C ‖x‖X for any
x ∈ X. By Cauhy-Shwarz' inequality, we infer

|(y;x)Y | ≤ ‖y‖Y ‖x‖Y ≤ C ‖y‖Y ‖x‖X .Therefore, JY ∈ L(Y,X∗) is well-de�ned. Let JX denote the Riesz mapping with respet to X. Then
JY (Y ) is dense in X∗ if and only if V := J−1

X (JY (Y )) is dense in X = V̄ ⊕ V̄ ⊥. We onlude the proofby verifying V̄ ⊥ = {0}. Let x ∈ V̄ ⊥ and y ∈ Y then it holds at
0 = (x;J−1

X (JY (y)))X = (JY (y))(x) = (y;x)Y .The admissible hoie of y = x ∈ V̄ ⊥ implies x = 0 ∈ Y ⊇ X. �We may apply Lemma 3.15 to the spaes X = H and Y = L2(ω) whih yields a representation of H∗with respet to the extended L2 salar produt.We need to state some regularity result onerning the gradient of the magnetostati potential ∇u =
Pm. Finally, based on this regularity result, the expliit representation of De(m)(·) may be derived.Proposition 3.16 ([DKMO02, Proposition 3.3℄). Assume that ω is simply onneted and that f hasall derivatives up to seond order in L1(ω). Then the magnetostati potential u∗ orresponding to theminimizer m∗ ∈ A of (2.26) satis�es

∇u ∈ L4
ℓoc(ω) ⊆ L2

ℓoc(ω).

�Lemma 3.17. Assume that ω is simply onneted and that f has all derivatives up to seond order in
L1(ω). Let m∗ ∈ A denote a minimizer of (2.26) with assoiated magnetostati potential u∗. Then itholds that

De(m∗) = q

(
0
m∗

2

)
+∇u∗ − f (3.31)almost everywhere on ω.Proof. Let r denote the right-hand side in (3.31). Sine both, r and De(m∗) are distributions, i.e.

r,De(m∗) ∈ D∗(ω)2, we prove
De(m∗)(ϕ) =

∫

ω
r · ϕ for all ϕ ∈ D(ω)2.This, together with Proposition 3.16 and the fundamental theorem of the alulus of variations, yieldsthe representation stated in (3.31). Let ϕ ∈ D(ω)2 be given and let µ denote the orrespondingmagnetostati potential. Aording to the Maxwell equation (2.3), it holds that

∫

R3

∇µ · ∇ψ dx =

∫

ω
ϕ · ∇ψ(x, 0) dx for all ψ ∈ D(R3). (3.32)As argued in the proof of [DKMO02, Corollary 3.4℄, the regularity of u allows to replae ψ ∈ D(R3)in (3.32) by the magnetostati potential, i.e.

∫

R3

∇µ · ∇u dx =

∫

ω
ϕ · ∇u(x, 0) dx.



42Using (3.29), we obtain
De(m∗)(ϕ) = (q

(
0
m∗

2

)
, ϕ)L2(ω) + (∇u,∇µ)L2(R3)3 − (f, ϕ)L2(ω)

= (q

(
0
m∗

2

)
, ϕ)L2(ω) + (∇u, ϕ)L2(ω) − (f, ϕ)L2(ω) =

∫

ω
r · ϕwhih onludes the proof. �Now, we have olleted all preliminary results neessary to state the Euler-Lagrange equations andprove the equivalene to our model problem (M) properly.Theorem 3.18. Assume that ω is simply onneted and f has all derivatives up to seond order in

L1(ω). Then, any solution (m∗, λ∗) ∈ A× L2
ℓoc(ω) of the Euler-Lagrange equation

q

(
0
m2

)
+∇u− f + λm = 0 a.e.,

λ(|m| − 1) = 0 a.e.,
λ ≥ 0 a.e.,

|m| ≤ 1 a.e., (3.33)provides a minimizer m∗ ∈ A of the energy
e(m) =

q

2
(m2,m2)L2(ω) +

1

2
(∇ ·m,∇ ·m)V − (f,m)L2(ω). (3.34)Conversely, if m∗ ∈ A is a solution of (M), there exists λ∗ ∈ L2

ℓoc(ω) suh that (m∗, λ∗) solves (3.33).Proof. We reall that solving our minimization problem is, aording to Lemma 3.3, equivalent tosolving the variational inequality
De(m)(m −w) ≤ 0 for all w ∈ A. (3.35)This fat will be used throughout the entire proof.First we prove that any solution of (3.33) provides a minimizer of (2.26): From

λ(|m| − 1) = 0we infer λ(x) = 0 for all x ∈ ω with |m(x)| < 1. Let (m∗, λ∗) be a solution of (3.33) and hoose somearbitrary m ∈ A. Then with ω1 := {x ∈ ω | |m∗| = 1} it holds that
De(m∗)(m∗ −m) = 〈q

(
0
m∗

2

)
+∇u∗ − f,m∗ −m〉

= −(λ∗m∗,m∗)L2(ω1) + (λ∗m∗,m)L2(ω1).Sine |m| ≤ |m∗| almost everywhere on ω1, it holds that m∗ ·m∗ = 1 is a pointwise upper bound for
m∗ ·m and we onlude from λ∗ ≥ 0 the variational inequality

De(m∗)(m∗ −m) ≤ 0 for all m ∈ A,whih is equivalent to m∗ ∈ A being a minimizer of (2.26).



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 43Seond we prove that for a minimizer m∗ ∈ A of (2.26) there exists a Lagrange multiplier
λ∗ ≥ 0 suh that (m∗, λ∗) solves (3.33): Let r denote the L2 representation of De(m∗) ∈ H∗, i.e.

r = q

(
0
m∗

2

)
+∇u∗ − f.We de�ne ω< := {x ∈ ω | |m∗(x)| < 1}. We analyze r on the sub-domains ω< and ω1 separately andprove r|ω< = 0 and r|ω1 ‖ m∗ in two steps.First we prove r = 0 on ω<: Let x0 ∈ ω< be arbitrary. Then there exist a neighborhood of ωx0 ⊆ ωand some εx0 > 0 suh that ωx0 +Bε(0) ⊆ ω for all ε ≤ εx0 . We stress that ωx0 +Bε(0) is boundedand therefore ompat. We further de�ne the set ωk := {x ∈ ω | |m∗(x)| ≤ 1 − 1

k}. Let v ∈ L∞(ω)2,then we de�ne δk := 1
k‖v‖∞

. We observe that the variation
mκ := m∗ + κχωk

χωx0
v ∈ L∞(ω)2satis�es the onstraint |mκ| ≤ 1 for all κ ∈ [−δk, δk]. We seek a sequene of admissible funtions whihonverges to mκ in L2(ω)2. To this end we hoose a sequene (ϕn)n∈N ⊆ D(ωx0)

2 ∩ A of admissibletest funtions with ϕn L2

→ mκ|ωx0
. Furthermore we hoose a sequene of positive numbers εn −→ 0with εn ≤ εx0 for all n ∈ N. For eah εn, let ψn ∈ C∞(ω) with 0 ≤ ψn ≤ 1, ψ = 1 on ω\(ωx0+Bεn(0)),and ψ = 0 on ωx0 be a smooth ut-o� funtion. Then it holds that

mn := (ψnm
∗ + ϕn)

L2

−→ mκ (3.36)and eah mn is admissible, i.e. mn ∈ A. The variational inequality (3.35) yields
0 ≥ De(m∗)(m∗ −mn) =

∫

ω
r · (m∗ −mn) dx.From the ontinuity of the L2 salar produt we �nally infer

∫

ω
r · (m∗ −mn) −→ −κ

∫

ωx0∩ωk

r · v ≤ 0 for all κ ∈ [−δk, δk]whih in turn proves ∫
ωx0∩ωk

r · v dx = 0 by hoosing κ = ±δk. This statement holds for all k ∈ N fromwhih we onlude ∫
ωx0∩ω<

r · v dx = 0. Finally sine v ∈ (L∞)2 and x0 ∈ ω< were arbitrary it followsthat r = 0 on ω<.Seond we prove r = −λ∗m∗ on ω1 for some λ∗ ∈ L2
ℓoc(ω) with λ∗ ≥ 0: Let x0 ∈ ω1 be arbitrary andhoose a neighborhood ωx0 and a positive number εx0 as above. Let v ∈ L∞(ω)2 with m∗(x) ·v(x) < 0almost everywhere on ω1 and let ω′ ⊆ ω be an arbitrary measurable subset. We de�ne ωk := {x ∈

ω1 |m∗(x) · v(x)
|v(x)| ≤ − 1

k} and δk := 2
k‖v‖∞

. Then,
mκ := m∗ + κχωx0

χωk
χω′v ∈ L∞(ω)2satis�es the onstraint |mκ| ≤ 1 for all κ ∈ [0, δk). As above we onstrut a sequene of admissiblefuntions

mn := ψnm
∗ + ϕn

L2

−→ mκ



44and use the variational inequality (3.35) to prove
∫

ω

r · (m∗ −mκ) dx ≤ 0.The ontinuity of the L2 salar produt yields
−

∫

ωx0∩ωk∩ω′

r · v dx ≤ 0.Sine this holds for all measurable subsets ω′ of ω we obtain r · v ≥ 0 almost everywhere on ωx0 ∩ ωk.Again this holds for all k ∈ N and we therefore obtain r · v ≥ 0 almost everywhere on ωx0 ∩ ω1 and inpartiular r(x0)·v(x0) ≥ 0. Sine x0 ∈ ω1 was arbitrary we �nally onlude r ·v ≥ 0 almost everywhereon ω1. Let Rα denote the pointwise rotation by angle α. The hoie of v = Rαm∗ and r · Rαm∗ ≥ 0for all α ∈ (π/2, 3π/2) proves r = −λ∗m∗ on ω1 for some non-negative funtion λ∗. Reall that dueto |m∗| = 1 on ω1, the funtion m∗ an have no regularizing e�et and λ∗ must therefore be elementof the same funtion spae as r, i.e. λ∗ ∈ L2
ℓoc due to ∇u ∈ L2

ℓoc.We onlude the proof by summarizing the results. The L2 representation r of De(m∗) satis�es r = 0on ω<. Therefore, the hoie of λ∗ = 0 on ω< and the hoie of λ∗ ≥ 0 aording to the seond stepof the proof yields
r = −λ∗m∗

λ∗(|m∗| − 1) = 0,whih onludes the proof. We stress that the seond equation in (3.33) enfores uniqueness of λ∗ onthe entire domain ω. �Sine the penalized problem is unonstrained, the Euler-Lagrange equation simply reads Deε(mε
h) = 0.We have already omputed the derivatives of the energy ontributions that are also part of e(·). Theomputation of the derivative of ‖(|m| − 1)+‖2L2 an be found, e.g., in [Pra03℄.Proposition 3.19 ([Pra03, Satz 2.18(iv)℄). Given the energy ontribution e(4)(m) = ‖(|m| − 1)+‖2L2 ,its Gateaux derivative reads

De(4)(m)(w) =

(
(|m| − 1)+

|m| m,w

)

L2

. (3.37)From this, we dedue the Euler-Lagrange equations for (M ε
h): Any minimizermε

h ∈ Xh of the penalizedenergy eε(·) satis�es
(∇ ·mε

h,∇ ·wh)V + q(mh,2,wh,2)L2 − (f ,wh)L2 + (λεhm
ε
h,wh)L2 = 0,

λεh =
1

ε

(|mε
h| − 1)+
|mε

h|
(3.38)for all wh ∈ Xh. Moreover, we stress the relation

〈〈m∗ −mε
h ,wh〉〉 = −〈λ∗m∗ − λεhm

ε
h ,wh〉 (3.39)for all wh ∈ Xh.



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 453.3.2 A priori analysisWe aim at establishing an a priori error analysis for |||m∗ − mε
h|||. To that end, we proeed in twosteps. First, we estimate the error |||m∗ − mε

0|||, i.e. the error introdued by the penalization in theontinuous ase. Seond, we provide an estimate for |||mε
0−mε

h|||. In order to obtain onvergene ratesfor any of those estimates, we need some additional regularity assumptions.Regularity assumption for the magnetostati potential u:
u ∈ H3/2(B+) for all bounded C1-domains B+ ⊆ (R2 × R≥0) with ω ⊆ ∂B+

u ∈ H3/2(B−) for all bounded C1-domains B− ⊆ (R2 × R≤0) with ω ⊆ ∂B−

(U)Lemma 3.20. Let m∗ be a minimizer of (M) and assume that the magnetostati potential u satis�esthe regularity assumption (U). Then, the Lagrange multiplier λ∗ of (3.33) satis�es λ∗ ∈ L2(ω)2, andin partiular ‖λ∗m∗‖L2 <∞.Proof. The mapping properties of the trae operator from Proposition 2.1 yield tu ∈ H1(ω), and hene
∇u ∈ L2(ω). Then in the Euler-Lagrange equation (3.33) all quantities are L2-funtions and henefrom |m∗(x)| = 1 at all points where λ∗ 6= 0, we onlude λ∗ ∈ L2(ω). �In [CP01℄, the penalty method for the large-body limit is studied. The resulting Euler-Lagrangeequations for the onstrained and the penalized model are quite similar to our results. In partiularsome estimates for the non-linear ontributions of λ∗m∗ and λεhmε

h are given that an be used in ourontext as well.Lemma 3.21. Let m, m̃ ∈ H be two given magnetizations. Then, there holds the pointwise estimate
(
(|m| − 1)+

|m| m− (|m̃| − 1)+
|m̃| m̃

)
· (m− m̃) ≥ 0. (3.40)Let furthermore m be suh that |m| ≤ 1 and µ ∈ L2 with µ(|m| − 1) = 0 and let mε

h be a solution of
(M ε

h) for ε > 0. Then, with the quantity λεh de�ned in (3.38), the inequality
−〈µm− λεhm

ε
h ,m−mε

h〉 ≤
ε

2
‖µm‖2L2 − ε

2
‖λεhmε

h‖2L2 (3.41)holds true, where ωε denotes the subset on whih λεh > 0.Proof. In [CP01, Proof of Theorem 3.1℄ the pointwise estimate
0 ≤ ((|b| − 1)+)b/|b| − (|a| − 1)+a/|a|) · (b− a) (3.42)is established, whih is a more general formulation of (3.40). The inequality (3.41) is stated pointwisein [CP01, Proof of Theorem 4.3℄ and our formulation follows by integration over the domain ω. �We are now ready to establish the �rst a priori error estimate.Theorem 3.22. The ontinuous solutions m∗ of (M) and mε

0 of (M ε
0 ) satisfy the a priori errorestimate

|||m∗ −mε
0|||2 +

ε

2
‖λε0mε

0‖2L2 ≤ ε

2
‖λ∗m∗‖2L2 (3.43)



46with the Lagrange multiplier λ∗ of (3.33). Assume that the magnetostati potential u of the solution
m∗ of (M) satis�es the regularity assumption (U), then

|||m∗ −mε
0||| = O(

√
ε). (3.44)Proof. Reall the relation (3.39)

〈〈m∗ −mε
0 ,m

∗ −mε
0〉〉 = −〈λ∗m∗ − λε0m

ε
0 ,m

∗ −mε
0〉.If u satis�es the additional regularity assumption, then by Lemma 3.20 it holds that λ∗ ∈ L2. With(3.41), we onlude

|||m∗ −mε
0|||2 ≤

ε

2
‖λ∗m∗‖2L2 − ε

2
‖λε0mε

0‖2L2 .Note that ‖λε0mε
0‖L2 ≥ 0. Hene, dropping this term and taking the square root onludes the proof.

�Lemma 3.23. Assume strong L2 onvergene ‖mε
0 −mε

h‖L2 → 0 as h→ 0. Then it holds that
‖λεhmε

h − λε0m
ε
0‖L2 → 0 as h→ 0.Proof. As mentioned in the proof of [Pra03, Satz 2.18℄, the mapping g 7→ g+ = (g+|g|)/2 is ontinuousin L2. From that we obtain that the sequene of mappings

m 7→ |m| 7→ |m| − 1 7→ 1

ε
(|m| − 1)+ 7→ (|m| − 1)+

ε((|m| − 1)+ + 1)is ontinuous in L2 sine the denominator is bounded away from 0. Note that (|m(x)| − 1)+ + 1 = 1for |m(x)| ≤ 1 and (|m(x)| − 1)+ + 1 = |m(x)| for |m(x)| ≥ 1. Multipliation with m, thus shows
m 7→ (|m| − 1)+

ε((|m| − 1)+ + 1)
m = λεmto be ontinuous. From mε

h → mε
0 ∈ L2 we obtain the desired result. �As a seond � and more involved � step, we provide an a priori error estimate for the disretizationof the penalized minimization problem.Theorem 3.24. Let ε, h > 0. Then, the solutions mε

0 of (M ε
0 ) and mε

h of (M ε
h) satisfy the a priorierror estimate

1

2
|||mε

0 −mε
h|||2 + (λε0m

ε
0 − λεhm

ε
h,m

ε
0 −mε

h)L2 ≤

inf
wh∈Xh

(
1

2
|||mε

0 −wh|||2 + ‖λε0mε
0 − λεhm

ε
h‖L2 |||mε

0 −wh|||
)
.

(3.45)If mε
0 satis�es the additional regularity assumptions mε

0 ∈ H1(ω)2 and ∇ ·mε
0 ∈ H1/2(ω), we have

|||mε
0 −mε

h|||2 ≤ C(h2 + h ‖λε0mε
0 − λεhm

ε
h‖L2)(‖∇ ·mε

0‖H1/2 + ‖mε
0‖H1). (3.46)Assume suph ‖λε0mε

0 − λεhm
ε
h‖L2 <∞, then we obtain

|||mε
0 −mε

h||| = O(
√
h).



CHAPTER 3. DISCRETIZATION, NUMERICAL SOLUTION, AND ERROR ANALYSIS 47Proof. Proof of (3.45):First, we use Cauhy-Shwarz' as well as Young's inequality to obtain
|||mε

0 −mε
h|||2 = 〈〈mε

0 −mε
h ,m

ε
0 −mε

h〉〉
= 〈〈mε

0 −mε
h ,m

ε
0 −wh〉〉+ 〈〈mε

0 −mε
h ,wh −mε

h〉〉
≤ |||mε

0 −mε
h||| · |||mε

0 −wh|||+ 〈〈mε
0 −mε

h ,wh −mε
h〉〉

≤ 1

2
|||mε

0 −mε
h|||2 +

1

2
|||mε

0 −wh|||2 + 〈〈mε
0 −mε

h ,wh −mε
h〉〉for arbitrary wh ∈ Xh. Next, we stress that both, the ontinuous solution mε

0 as well as the disretesolution mε
h, satisfy the disrete Euler-Lagrange equation Deε(m)(w̃h) = 0 for all w̃h ∈ Xh. Inpartiular, it holds that

〈〈mε
0 −mε

h ,wh −mε
h〉〉 = −(λε0m

ε
0 − λεhm

ε
h,wh −mε

h)L2

= −(λε0m
ε
0 − λεhm

ε
h,m

ε
0 −mε

h)L2 + (λε0m
ε
0 − λεhm

ε
h,m

ε
0 −wh)L2sine wh −mε

h ∈ Xh. Using again Cauhy-Shwarz' inequality, altogether, we have
1

2
|||mε

0 −mε
h|||2 + (λε0m

ε
0 − λεhm

ε
h,m

ε
0 −mε

h)L2 ≤ 1

2
|||mε

0 −wh|||2 + ‖λε0mε
0 − λεhm

ε
h‖L2 ‖mε

0 −wh‖L2for arbitrary wh ∈ Xh. Taking the in�mum over all wh ∈ Xh yields the statement.Rate of onvergene:To obtain the desired rate of onvergene, we assume mε
h ∈ H1(ω) as well as ∇·mε

h ∈ H1/2(ω). Reallthe interpolation operator Π : H1(ω)2 → RT 0(Th) of Theorem 3.1. The hoie of wh = Πmε
0 as wellas the observation that (λε0mε

0 − λεhm
ε
h,m

ε
0 −mε

h)L2 ≥ 0 aording to (3.40) onlude the proof. �Remark. If mε
0 is smooth, then Lemma 3.23 provides a su�ient ondition to obtain the a prioriestimate |||mε

0 − mε
h||| = O(

√
h). We stress that we observe in all of our numerial experiments notonly onvergene in the energy norm ||| · |||, but also � at a possibly lower rate � onvergene in the fullspae norm ‖·‖. 2Corollary 3.25. Assume mε

0 ∈ H1 with supε ‖mε
0‖H1 <∞ and ∇·mε

0 ∈ H1/2 with supε ‖∇ ·mε
0‖H1/2 <

∞. Let the magnetostati potential u of the solution m∗ of (M) satisfy the regularity assumption (U).Moreover, assume suph,ε ‖λε0mε
0 − λεhm

ε
h‖L2 <∞. Then, we obtain the a priori error estimate

|||m∗ −mε
h||| = O(

√
h+

√
ε). (3.47)Proof. The triangle inequality yields

|||m∗ −mε
h||| ≤ |||m∗ −mε

0|||+ |||mε
0 −mε

h|||.Theorems 3.22 and 3.24 yields the stated rate of onvergene, sine we assumed uniform bounds forall quantities that depend on h or ε. �Remark. The regularity assumptions of Corollary 3.25 with respet to mε
0 and ∇ ·mε

0 are satis�edif
• mε

0 → m∗ ∈ H1 as ε→ 0,
• ∇ ·mε

0 → ∇ ·m∗ ∈ H1/2 as ε→ 0,



48hold true. 2Remark. The a priori estimate (3.47) indiates that ε = h is a reasonable hoie when dealing withuniform meshes. This is beause, asymptotially, the error ontributions are of the same order. 2Remark. The result of Corollary 3.25 is somewhat unsatisfatory. First, the rate is only obtainedunder strong regularity and uniformity assumptions. In partiular, we have no proof for onvergenein the energy norm, even without rates. 23.4 Adaptive algorithmIn this setion, we propose an adaptive algorithm for the e�ient simulation of the model problem.A uniform mesh may be suboptimal for several reasons. For example, we expet to enounter generiedge singularities of ∇ · m. To explain this, onsider the ase of soft material with q = 0 and weakonstant applied �eld |f | ≪ 1. With these restritions the side-onstraint is not ative. As observedby [Drw08℄, the fat that f is onstant means
∇(f · x) = f .Hene, integration by parts implies

∫

ω
f ·m dx =

∫

ω
∇(f · x) ·m dx =

∫

ω
(f · x)∇ ·m dx−

∫

ω
(f · x)(m · n) dx.Reall the side onstraint m · n = 0, then for soft thin �lms with q = 0 it holds that

e(m) =
1

2
‖∇ ·m‖2V −

∫

ω
(f · x)(∇ ·m) dxand the Euler-Lagrange equation reads

V (∇ ·m) = f · x, (3.48)whih, with the right-hand side f · x, is the weakly singular integral equation assoiated with theLaplaian for a sreen in 3D. The generi singularities of the solution ∇ ·m have been studied, e.g.,in [ESAES90℄. The author of [Drw08℄ onludes that the generi singular behavior of ∇ ·m suggestsan a priori re�nement of the mesh towards the edges of the simulation domain ω.This a priori re�nement seems to be very e�ient in many soft thin-�lm simulations, even whenthe applied �eld is large and the onstraint |m| ≤ 1 is ative. However, we treat the minimizationproblem (M) as a prototype for a large lass of energy funtionals. In a more general ase, suh asfor non-onstant f or ompliated geometries, an automati h-re�nement strategy that is not basedon a priori knowledge seems to be preferable. Moreover, a re�nement towards all edges might lead tohigher omputational e�ort than neessary. Possible additional regularity of ∇·m is ignored. Finally,we also treat q > 0. The energy norm inludes an L2-omponent whih also must be onsidered.In [CP01℄ a residual error estimator for the large-body limit is derived. The onstrution is based onpointwise KKT-onditions for the disrete penalized problem. The pointwise nature of the equationsis a onsequene of the L2 setting, i.e. the absene of weak negative order Sobolev norms. It doesn'tseem possible to use similar ideas to obtain a simple residual based error estimator for our modelproblem (M). For the estimation of the error ontribution aused by the disretization, we suggestheuristi error estimation by spae enrihment, i.e. the simple h− h/2 strategy.
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7→

7→

Figure 3.2: Red (uniform) re�nement of a triangle (top). Uniform re�nement of a sample mesh(bottom).3.4.1 Error estimation by spae enrihmentLet Tℓ denote some mesh of the simulation domain. We refer to the uniform re�nement of Tℓ by T̂ℓ,i.e. T̂ℓ is obtained by splitting eah triangle of Tℓ into four similar ones, see Figure 3.2. Let mℓ and
m̂ℓ be the orresponding disrete minimizers for some �xed penalty parameter ε > 0. We estimatethe error by

|||mε
0 −mℓ||| ≈ |||m̂ℓ −mℓ||| =: ηHℓ . (3.49)This strategy is natural and quite popular, e.g., in the ontext of ordinary di�erential equations.Reently, it has been suessfully applied to linear ellipti partial di�erential equations in the ontextof �nite element [FLOP10℄ and boundary element methods [FLP08℄.The analysis of the h−h/2 error estimator is based upon either some best approximation property orthe so-alled saturation assumption

|||mε
0 − m̂ℓ||| ≤ Csat|||mε

0 −mℓ||| with ℓ-independent Csat ∈ (0, 1). (S)Theorem 3.26. Under the saturation assumption (S), it holds that
C−1
effη

H
ℓ ≤ |||mε

0 −mℓ||| ≤ Crelη
H
ℓ (3.50)with the ℓ-independent onstants Ceff = (1 + Csat) and Crel = (1 − Csat)

−1. The lower bound isreferred to as e�ieny and the upper bound as reliability of the error estimator.



50Proof. An appliation of the triangle inequality and the saturation assumption yield
ηHℓ = |||m̂ℓ −mℓ||| ≤ |||mε

0 − m̂ℓ|||+ |||mε
0 −mℓ|||

≤ (1 + Csat)|||mε
0 −mℓ|||.The reliability estimate is obtained by

|||m−mℓ||| ≤ |||mε
0 − m̂ℓ|||+ |||m̂ℓ −mℓ|||

≤ Csat|||mε
0 −mℓ|||+ ηHℓ ,whih after reordering the terms yields the statement. �Remark. Note that the e�ieny with Ceff = 1 holds if the approximation property

|||mε
0 − m̂ℓ||| ≤ |||mε

0 −mℓ|||,is true. 2Remark. The saturation assumption was proven for some P 1 �nite element method for theDirihlet problem with the Laplae operator in [DN02℄, up to data osillations. In the ontext ofboundary element methods it is ompletely open, whih is a drawbak for our model problem. Themajor di�ulty is the treatment of the non-loal operator V . We stress, however, that it is observedempirially for Symm's integral equation (3.48), f. [EFLFP09℄. 2The estimator ηHℓ annot be used to steer an adaptive mesh-re�nement sine it inludes the non-loal
V -norm. Reall that

‖φ‖2V =
1

4π

∫

ω

∫

ω

φ(x)φ(y)

|x− y| dy dx,whih is not straight forwardly written a sum of loal ontributions. This is di�erent, e.g., for the L2norm where
‖φ‖2L2(ω) =

∑

T∈Tℓ

‖φ‖2L2(T ) .The loalization of the H̃−1/2-norm is disussed for ertain disrete funtions in [Fae02℄. We followhere a di�erent and more easy to implement approah based on a loal inverse estimate.De�nition. We de�ne the loal mesh-width funtions hℓ, ̺ℓ ∈ L∞(ω): The funtion hℓ is de�nedby
hℓ|T = diam(T ).The funtion ̺ℓ|T is the maximal diameter of an insribed ball in T , see Figure 3.3. 2De�nition. We all a sequene of meshes isotropi if the shape-regularity σ(Tℓ) := maxT∈Tℓ{hℓ|T /̺ℓ|T }satis�es a uniform bound

sup
ℓ∈N

σ(Tℓ) ≤ Cσ <∞.

2
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PSfrag replaements ̺

hFigure 3.3: Loal mesh-width funtions hℓ and ̺ℓ.Proposition 3.27 ([GHS05, Theorem 3.6℄). For any vℓ ∈ P0(Tℓ) it holds that
∥∥∥h1/2ℓ vℓ

∥∥∥
L2(ω)

≤ Cinv ‖vℓ‖V . (3.51)The onstant Cinv depends on the shape regularity onstant σ(Tℓ). In partiular one an �nd an ℓindependent onstant Cinv for an isotropi sequene of meshes.Corollary 3.28. Let (Tℓ)ℓ∈N be an isotropi sequene of meshes. Then the loal error indiator
µHℓ (T )

2 :=
∥∥∥h1/2ℓ ∇ · (m̂ℓ −mℓ)

∥∥∥
2

L2(T )
+ ‖m̂ℓ,2 −mℓ,2‖2L2(T ) (3.52)satis�es the e�ieny estimate

(µHℓ )
2 :=

∑

T∈Tℓ

µHℓ (T )
2 . (ηHℓ )2.Remark. We use the loal error indiator µHℓ to deide whih triangles should be re�ned, i.e. re�nethe elements T ∈ Tℓ where µHℓ (T ) is large. The loal ontribution µHℓ,V :=

∥∥h1/2∇ · (m̂ℓ −mℓ)
∥∥
L2only gives a lower bound µHℓ,V . ηHℓ,V := ‖∇ · (m̂ℓ −mℓ)‖V up to some in general unknown onstant.In ontrast, the L2 omponent µHℓ,L2 := ‖m̂ℓ,2 −mℓ,2‖L2 =: ηHℓ,L2 does not resale the norm. In ourexperiments we observe that the ontribution µHℓ,V also gives an upper bound so that it is equivalentto ηHℓ,V . However, in all our simulations ηHℓ,V < µHℓ,V so that the V -norm ontribution of the totalerror in the energy norm is overestimated. We observed an improvement in the behavior of the mesh-re�nement when we balane the ontributions in the following sense: De�ne the resaled loal errorindiator

µ̃Hℓ,V (T )
2 :=

(ηHℓ,V )
2

(µHℓ,V )
2
µHℓ,V (T )

2,then µ̃Hℓ := ((µ̃Hℓ,V )
2 + (µHℓ,L2)

2)1/2 satis�es µ̃Hℓ = ηHℓ . This provides a proper saling of the V -normand the L2-norm ontributions of the total error. 2
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7→

7→Figure 3.4: Green (top) and blue (bottom) re�nement rules. In any ase the longest edge is split �rst.3.4.2 A heuristi adaptive algorithmThe inverse estimate (3.51) requires the use of an isotropi sequene of meshes, i.e. supℓ∈N σ(Tℓ) ≤
Cσ <∞. The spae RT 0(Tℓ) requires a regular mesh, i.e. no hanging nodes are allowed.To ensure these restritions throughout our adaptive loop, we use the red-green-blue re�nement strat-egy. It is disussed in [Ver96℄ in detail, and we present the strategy here only brie�y.Adaptive Loop: Input: initial mesh T0, f , adaptivity parameter θ ∈ (0, 1), and some tolerane
τ . Set ℓ = 0 and do1. ompute uniform re�nement T̂ℓ2. ompute solutions m̂ℓ and mℓ3. ompute error estimator ηHℓ as well as loal indiators µ̃Hℓ (T ).4. if ηHℓ ≤ τ stop, otherwise �nd a (minimal) set of marked elements Mℓ ⊆ Tℓ suh that

θ
∑

T∈Tℓ

µ̃Hℓ (T )
2 ≤

∑

T∈Mℓ

µ̃Hℓ (T )
2. (3.53)5. re�ne (at least) marked elements and onstrut a new (regular) mesh Tℓ+16. ℓ 7→ ℓ+ 1 and goto (1)The red-green-blue re�nement strategy spei�es how the new mesh Tℓ+1 is onstruted. A markedelement T ∈ Mℓ is re�ned red. All edges are split at their midpoints and four similar triangles

T1, . . . , T4 are reated, f. Figure 3.2. In general Mℓ $ Tℓ so that hanging nodes would be reated.To avoid this, we mark further edges for re�nement in a seond step: In eah triangle where somehanging node would be reated, we �rst mark its longest edge and all the edges with hanging nodesfor re�nement. Then, the triangles are split either red, green, or blue (f. Figure 3.4), depending onhow many edges are marked. This reursive marking and the re�nement is visualized in Figure 3.5.The fat that we always split the longest edge ensures that the minimal interior angle α(T ) :=
min{∢CAB,∢ABC,∢BCA} is bounded from below. There exists some ℓ-independent onstant Cαsuh that

Cα ≤ inf
ℓ∈N

min
T∈Tℓ

α(T ).
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7→ 7→

Figure 3.5: Illustration of red-green-blue re�nement: Assume the right entral triangle was markedfor re�nement. Then all of its edges are marked, hene the triangle is re�ned red. The hanging nodeon the top triangle e�ets that additionally its longest edge is marked as well. This leads to bluere�nement. The hanging node on the bottom triangle is already on the longest edge. Therefore, it isre�ned green.This in turn ensures that the sequene of generated meshes is isotropi, f. [Ver96℄.Remark. The marking riterion (3.53) was introdued in [Dör96℄ to prove onvergene for some
P 1 �nite element method for the Poisson equation. Basially, we mark enough elements to dominatethe total error up to some given fration θ. In [CKNS08℄ it was observed that this marking riterion isneessary for onvergene of the underlying method. If some marking riterion leads to onvergene,then essentially it already implies the Dör�er riterion (3.53) for some θ ∈ (0, 1). 2Remark. The adaptive loop as presented here was proven reently to be onvergent for the simpli�edase (3.48), f. [AFLP10℄. Convergene is understood there in the sense that the adaptive algorithmensures estimator onvergene ηℓ → 0. Hene, under the saturation assumption (S), onvergene ofthe error |||mε

0 −mℓ||| → 0 follows. In the work [AFLP10℄, the authors use a di�erent mesh-re�nementstrategy, i.e. newest vertex bisetion, whih is neessary in their onvergene proof. However, thered-green-blue re�nement seems more natural and is more popular among the engineering ommunity.
2We have disussed in depth a strategy for the estimation of the disretization error and the steeringof an adaptive mesh-re�nement. All arguments apply to our disretized and penalized model problem
(M ε

h) for some �xed penalty parameter ε > 0. However, the penalty-sheme introdues itself an errorthat has not been taken into aount, yet. We stress that aording to Lemma 3.9 the sequene ofenergies eεn(mεn
h ) satis�es

lim
n→∞

1

εαn

∥∥(|mεn
h | − 1)+

∥∥2
L2(ω)

= 0 (3.54)for any hoie of α ∈ [0, 1). This is a onsequene of the weak onvergene of the sequene. In ournumerial experiment, we observe that (3.54) even holds for the hoie of α = 1.In the works [CP01, Pra03℄, an h-adaptive algorithm for the penalty-method applied to the large-bodylimit in miromagnetis is proposed. There, the authors sueeded to derive reliable a posteriori errorestimates for the error |||m −mε
h|||. However, the error estimator does not reveal the ontributions ofthe total error stemming from the disretization and from the penalization. From an a priori result ofthe kind

|||m−mε
h||| ≤ O(hα + εβ)



54they onlude that in the adaptive algorithm the penalty parameter should be hosen loally as
ε|T = hℓ|α/βT . However, we experiened that this strategy is not optimal in all ases. In all numerialexperiments studied in [CP01, Pra03℄, singularities of the magnetization m and the potential u appearonly where the onstraint is ative. In this ase it is lear that loal re�nement of the mesh withsimultaneous loal re�nement of ε leads to good onvergene behavior. However, we experiened that,at least for our thin-�lm model, it is easy to onstrut examples where the penalization is ativein a very large region of ω, but the solution has singularities only where |m| is small. Numerialexperiments overing this setting are provided in Chapter 5.Therefore, it is neessary to �nd some h-independent strategy to steer the loal re�nement of ε. Inlight of (3.54), and observing that the statement also holds for α = 1 empirially, we propose to re�ne
ε loally, where 1

ε ‖(|mε
h| − 1)+‖2L2(T ) is large. We introdue the error indiator

µεℓ(T )
2 =

1

2ε
‖(|mℓ| − 1)+‖2L2(T ) (3.55)and de�ne

ηεℓ := (
∑

T∈Tℓ

µεℓ)
1/2. (3.56)We extend our adaptive algorithm to steer also loal ε-re�nement: Start with some initial penaltyparameter ε0|T = ε. In step (3), we additionally ompute the estimator ηεℓ . In step (4), the stoppingriterion now reads

ηℓ := ηHℓ + ηεℓ < τ. (3.57)As error indiator we use the ombined quantity
µℓ(T )

2 := µ̃Hℓ (T )
2 + µεℓ(T )

2.Let T ∈ Mℓ be a marked element. Choose some onstant Cre�ne > 1. If
µ̃Hℓ (T )

2 > Cre�neµεℓ(T )2, (3.58)re�ne the triangle (red). If
µεℓ(T )

2 > Cre�neµ̃Hℓ (T )2, (3.59)don't re�ne the triangle, but set εℓ+1|T = εℓ|T
2 . Otherwise re�ne both, the triangle (red) and the loalpenalty parameter. In our experiments we use the hoie Cre�ne = 2 throughout.The proposed algorithm may steer the mesh and penalty parameter in an intelligent manner. It isnot at all lear the error ontributions stemming from the disretization and the penalization areindependent. We are estimating these error ontributions separately in our algorithm. Therefore, thealgorithm an only perform well if loal re�nement of ε does not inrease the loal disretization errorand vie versa. The weak onvergene result of Corollary 3.12 indiates that we may expet someuniformity in h and ε. Reall that any hoie of (hn, εn) → (0, 0) provides weak onvergene.
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Chapter 4Implementation
Sienti� omputing involves several tasks, all of whih are neessary to provide ontributions tothe understanding of phenomena in sienti� problems. This work is onerned with the numerialsolution of quadrati minimization problems involving non-linear onstraints and non-loal operators.The model problem (M) desribes the behavior of thin-�lm miromagneti devies and it serves as aprototype.After analyzing the given equations and stating the well-posedness of the model problem, we provideda general strategy for the numerial solution of quadrati non-linear onstrained problems with non-loal norms. Finally, in the present hapter we dediate ourselves to the not less hallenging andimportant task of providing an e�ient and easy aessible strategy for the implementation of theproposed method.Nowadays, high-level programming and sripting languages suh as Matlab and python are beom-ing more and more important even for the implementation of highly omplex numerial algorithms.This inrease of usage in the sienti� ommunity is driven by several auses: Firstly, the inrease inomputer power over the last deades has made high-level languages ompetitive for many applia-tions. Seondly, languages suh as Matlab derease the development time when ompared to low-levellanguages suh as C. This is beause Matlab provides a very large mathematial library and beausehigh-level languages usually make the manipulation of simple data strutures easy.However, when it omes to mere power in terms of both, exeution time and ontrol over the algorithms,low-level languages suh as C or C++ are still superior and probably will not be depreated for quitesome time in their �eld of exellene. There were mainly �ve reasons that led to the deision tostik to C++ as the tool of hoie for the implementation of our algorithms. First, the author feelsomfortable with the style of C++. From a sienti� point of view this might not be a good reason,however from a pratial point of view it is of high relevane sine development times for odes arekept low. Seond, good C++ ompilers are available on almost all platforms. Third, we are onvinedthat objet-oriented programming should be the paradigm of hoie when it omes to tasks suh asmesh administration. Fourth, C++ is naturally ompatible with C, whih makes the use of existingnumerial libraries suh as HLib omfortable. Finally, C++ provides a mighty standard library thatis used extensively in our odes.



564.1 An objet oriented implementation of meshesWe stress that our strategies and odes are not optimized with respet to system resoures. Instead,we aim at providing a general approah that is easily extendable to 3D triangulations and meshesdesigned for other purposes. This, however, implies that the odes should be easy to understand andthat the possibilities for the introdution of abstrat lasses or template arguments are lear fromthe data struture. Moreover, in most numerial simulations the mesh administration is neither thebottlenek with respet to memory onsumption nor with respet to omputation time.4.1.1 Geometri base lassesBefore introduing the atual base lasses, we disuss in short the Property lass that will be usedfor low-level data strutures. The aim is to provide a natural interfae to primitive members withoutviolating the objet oriented style of asading data representation from data aess.Listing 4.1: The Property lass1 template <lass prop_t , lass obj_t ,2 onst prop_t& ( obj_t : : ∗ get ) ( ) onst , void ( obj_t : : ∗ s e t ) ( prop_t r e f )>3 lass Property {4 private :5 obj_t& in s t an  e ;6 publi :7 Property ( obj_t& r e f I n s t a n  e ) : i n s t an  e ( r e f I n s t a n  e ) {}8 prop_t operator = ( onst prop_t& r e f ) {9 ( i n s t an  e .∗ s e t ) ( r e f ) ;10 return ( i n s t an  e .∗ get ) ( ) ;11 }12 operator prop_t onst & () onst {13 return ( i n s t an  e .∗ get ) ( ) ;14 }15 bool operator ==(Property<prop_t , obj_t , get , set>& prop2 ) onst{16 prop_t myprop = in s t an  e . get ( ) ;17 prop_t hisprop = prop2 ( ) ;18 return myprop == hisprop ;19 }20 } ;A lass using a Property needs to have a private variable of type prop_t as well as a get-funtionof type onst prop_t& and a set-funtion of type void. Besides aess to get- and set-funtions theProperty also provides an overloaded equality operator.Now, we introdue Point, Edge, and Triangle lasses that represent the basi geometri data for oursimulations. Listing 4.2: The Point lass1 lass Point{2 private :3 double m_x;4 double m_y;5 publi :6 Point ( ) : m_x( 0 . ) , m_y( 0 . ) , x (∗ this ) , y (∗ this ) {}7 Point ( onst double refX , onst double refY ) :8 m_x( refX ) , m_y( refY ) , x (∗ this ) , y (∗ this ) {}9 Point ( onst Point& point ) : m_x( point . x ) , m_y( point . y ) ,



CHAPTER 4. IMPLEMENTATION 5710 x(∗ this ) , y (∗ this ){}1112 ~Point ( ){}1314 onst double& getX ( ) onst {return m_x;}15 void setX (double refX ) {m_x = refX ; }16 onst double& getY ( ) onst {return m_y;}17 void setY (double refY ) {m_y = refY ; }1819 Property<double , Point ,&Point : : getX ,&Point : : setX> x ;20 Property<double , Point ,&Point : : getY ,&Point : : setY> y ;2122 onst Point& operator=(onst Point& point ) ;23 onst Point& operator+=(onst Point& point ) ;24 onst Point& operator−=(onst Point& point ) ;25 onst Point& operator ∗=(double s  a l a r ) ;26 onst Point& operator /=(double s  a l a r ) ;27 } ;2829 typedef Point Vetor2D ;3031 bool operator==(onst Point& point1 , onst Point& point2 ) ;32 bool operator !=(onst Point& point1 , onst Point& point2 ) ;3334 bool operator<(onst Point& point1 , onst Point& point2 ) ;35 bool operator>(onst Point& point1 , onst Point& point2 ) ;36 bool operator<=(onst Point& point1 , onst Point& point2 ) ;37 bool operator>=(onst Point& point1 , onst Point& point2 ) ;3839 onst Point operator−(onst Point& point ) ;40 onst Point operator+(onst Point& point1 , onst Point& point2 ) ;41 onst Point operator−(onst Point& point1 , onst Point& point2 ) ;42 onst Point operator ∗( onst Point& point , double s  a l a r ) ;43 onst Point operator /( onst Point& point , double s  a l a r ) ;44 onst Point operator ∗(double s a l a r , onst Point& point ) ;4546 double operator ∗( onst Vetor2D& v1 , onst Vetor2D& v2 ) ;47 onst Vetor2D operator ! ( onst Vetor2D& veto r ) ;48 double norm( onst Vetor2D& veto r ) ; // eu l i d i an normThe Point lass basially onsists of two oordinates that may be aessed as Properties. Be-sides the usual member funtions suh as onstrutors, the Point lass also provides a large set ofoperators. Equality == and inequality != are interpreted up to rounding error tolerane. The order-ing operators <,<=,>,>= represent lexiographial ordering, i.e. A<B holds true if either A.x<B.x or(A.x==B.x && A.y<B.y), where the identity here, again, is meant up to rounding errors.Finally, sine two-dimensional vetors and points in the Cartesian plane may be identi�ed, we introduea typedef Vetor2D and provide the salar produt as well as omputation of Eulidian norm andounter lokwise rotation via the operator !.Listing 4.3: The Edge lass1 lass Edge{2 private :3 Point m_A;4 Point m_B;5 publi :6 Edge ( onst Point& refA , onst Point& refB ) :7 m_A( refA ) , m_B( refB ) , A(∗ this ) , B(∗ this ) {}



588 Edge ( onst double AX, onst double AY, onst double BX, onst double BY) :9 m_A( Point (AX, AY) ) , m_B( Point (BX, BY) ) , A(∗ this ) , B(∗ this ){}10 Edge ( onst double AX, onst double AY, onst Point& refB ) :11 m_A( Point (AX, AY) ) , m_B( refB ) , A(∗ this ) , B(∗ this ){}12 Edge ( onst Point& A, onst double BX, onst double BY) :13 m_A(A) , m_B( Point (BX, BY) ) , A(∗ this ) , B(∗ this ){}14 Edge ( onst Edge& edge ) : m_A( edge .A) , m_B( edge .B) , A(∗ this ) , B(∗ this ){}1516 ~Edge ( ){}1718 onst Point& getA ( ) onst {return m_A;}19 void setA ( Point refA ) {m_A = refA ; }20 onst Point& getB ( ) onst {return m_B;}21 void setB ( Point refB ) {m_B = refB ; }2223 Property<Point , Edge ,&Edge : : getA ,&Edge : : setA> A;24 Property<Point , Edge ,&Edge : : getB ,&Edge : : setB> B;2526 onst Edge& operator=(onst Edge& edge ) ;2728 double Length ( ) onst ;29 } ;3031 bool operator==(onst Edge& edge1 , onst Edge& edge2 ) ;32 bool operator !=(onst Edge& edge1 , onst Edge& edge2 ) ;33 bool operator<(onst Edge& edge1 , onst Edge& edge2 ) ;34 bool operator>(onst Edge& edge1 , onst Edge& edge2 ) ;35 bool operator<=(onst Edge& edge1 , onst Edge& edge2 ) ;36 bool operator>=(onst Edge& edge1 , onst Edge& edge2 ) ;3738 Edge operator−(onst Edge& edge ) ;3940 Vetor2D NormalVetor ( onst Edge& edge ) ;4142 bool ArePa ra l l e l ( onst Edge& edge1 , onst Edge& edge2 ) ;43 bool DoInte r s e  t ( onst Edge& edge1 , onst Edge& edge2 ) ;Edges onsist of two Point objets that may be aessed as Properties. The Length()method returnsthe Eulidean length of the Edge. All operators, as in the ase of the Point lass, are interpreted upto rounding errors. The ordering operators again represent lexiographial ordering. All operatorsignore the orientation of the Edge, i.e. Edge(A,B) == Edge(B,A) holds true. The auxiliary funtionsare quite self explanatory.Finally, the Triangle lass provides the data struture for the representation of a triangle in the plane.It onsists of three Points and provides a get-method that returns its Edges that, however, are notstored expliitly. The equality operator, as in the ase of Edges, is independent of the orientation andinterpreted up to rounding errors. Listing 4.4: The Triangle lass1 lass Tr iang l e {2 private :3 Point m_A;4 Point m_B;5 Point m_C;6 publi :7 Tr iang l e ( onst Point& refA , onst Point& refB , onst Point& refC ) :8 m_A( refA ) , m_B( refB ) , m_C( refC ) , A(∗ this ) , B(∗ this ) , C(∗ this ){}9 Tr iang l e ( onst Tr iang l e& t r i a n g l e ) :
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Figure 4.1: In a Mesh objet, all triangles, edges and verties are stored in a list ontainer. Considertwo triangles stored as MeshTriangle objets. If they share an edge, the geometri relation betweenthem is provided with the help of ontainers of MeshEdge*, of whih one is set to store the address ofthe global MeshEdge objet (red). Also pointers to the global MeshPoint objets (green) are stored inthe MeshTriangle objets.10 m_A( t r i a n g l e .A) , m_B( t r i a n g l e .B) , m_C( t r i a n g l e .C) ,11 A(∗ this ) , B(∗ this ) , C(∗ this ) {}1213 ~Tr iang l e ( ){}1415 onst Point& getA ( ) onst {return m_A;}16 void setA ( Point refA ) {m_A = refA ; }17 onst Point& getB ( ) onst {return m_B;}18 void setB ( Point refB ) {m_B = refB ; }19 onst Point& getC ( ) onst {return m_C;}20 void setC ( Point refC ) {m_C = refC ; }2122 Property<Point , Tr iang le ,&Tr iang l e : : getA ,&Tr iang l e : : setA> A;23 Property<Point , Tr iang le ,&Tr iang l e : : getB ,&Tr iang l e : : setB> B;24 Property<Point , Tr iang le ,&Tr iang l e : : getC ,&Tr iang l e : : setC> C;2526 onst Tr iang l e& operator=(onst Tr iang l e& t r i a n g l e ) ;27 void operator−=(onst Point& point ) ;2829 onst vetor<Edge> Edges ( ) onst ;30 double Area ( ) onst ;31 } ;3233 bool operator==(onst Tr iang l e& t r i ang l e 1 , onst Tr iang l e& t r i a n g l e 2 ) ;4.1.2 The Mesh lassIn a mesh, the geometri objets need to be related to eah other somehow. To serve this purposee�iently, we introdue derived lasses MeshPoint, MeshEdge, and MeshTriangle. They simply extendthe base lasses, by adding ontainers of pointers to other related geometri objets. Additionally,eah of these lasses adopts the Mesh lass as a friend, allowing private data aess. The mutabledata m_opy is used in the adaptive re�nement of the mesh. It allows for e�ient realulation of thegeometri relations.Listing 4.5: The MeshPoint MeshEdge and MeshTriangle lasses



601 lass MeshPoint : publi Point2 {3 private :4 l i s t <MeshTriangle∗> t r i a n g l e s ;5 l i s t <MeshEdge∗> edges ;67 friend lass Mesh ;8 mutable MeshPoint ∗ m_opy;9 publi :10 MeshPoint ( ) ;11 MeshPoint ( onst Point& p ) ;12 MeshPoint ( onst MeshPoint& p ) ;1314 onst MeshPoint& operator=(onst MeshPoint& point ) ;1516 l i s t <MeshTriangle∗> MeshTriangles ( ) onst{return t r i a n g l e s ; }17 l i s t <MeshEdge∗> MeshEdges ( ) onst{return edges ; }18 void setEdges ( l i s t <MeshEdge∗> e ){ edges = e ; }19 void s e tT r i ang l e s ( l i s t <MeshTriangle∗> t ){ t r i a n g l e s = t ; }20 } ;2122 lass MeshEdge : publi Edge23 {24 private :25 bool marked ;26 l i s t <MeshTriangle∗> t r i a n g l e s ;27 l i s t <MeshPoint∗> po int s ;2829 friend lass Mesh ;30 friend lass P0Spae ;31 friend lass RT0Spae ;32 mutable MeshEdge∗ m_opy;3334 l i s t <MeshEdge∗> m_sons ;35 publi :36 MeshEdge( onst Edge& e ) ;37 MeshEdge( onst MeshEdge& e ) ;3839 onst MeshEdge& operator=(onst MeshEdge& edge ) ;4041 void Mark ( ){marked = true ; }42 void Unmark ( ){marked = fa l se ; }43 bool IsMarked ( ) onst{return marked ; }44 l i s t <MeshTriangle∗> MeshTriangles ( ) onst{return t r i a n g l e s ; }45 l i s t <MeshPoint∗> MeshPoints ( ) onst{return po int s ; }46 void s e tPo in t s ( l i s t <MeshPoint∗> p){ po in t s = p ; }47 void s e tT r i ang l e s ( l i s t <MeshTriangle∗> t ){ t r i a n g l e s = t ; }48 } ;4950 lass MeshTriangle : publi Tr iang l e51 {52 private :53 l i s t <MeshPoint∗> po int s ;54 l i s t <MeshEdge∗> edges ;5556 friend lass Mesh ;57 mutable MeshTriangle ∗ m_opy;58 publi :59 MeshTriangle ( onst Tr iang l e& t ) ;60 MeshTriangle ( onst MeshTriangle& t ) ;61



CHAPTER 4. IMPLEMENTATION 6162 onst MeshTriangle& operator=(onst MeshTriangle& t r i a n g l e ) ;6364 l i s t <MeshEdge∗> MeshEdges ( ) onst{return edges ; }65 l i s t <MeshPoint∗> MeshPoints ( ) onst{return po int s ; }66 void s e tPo in t s ( l i s t <MeshPoint∗> p){ po in t s = p ; }67 void setEdges ( l i s t <MeshEdge∗> e ){ edges = e ; }6869 double MeshWidth ( ) onst ;70 } ;A Mesh is in general nothing but a set of MeshTriangle objets. However in �nite element appliationsit proves useful to have expliit aess to verties and edges as well. This is beause degrees of freedomare often assoiated, e.g., with verties instead of elements. The private data of the mesh, therefore,has three ontainers. One for global MeshPoint objets, one for global MeshEdge objets, and one forthe MeshTriangle objets. With global we mean here that atually eah MeshTriangle objet has itsown set of private Points. In partiular MeshTriangle objets that represent neighboring trianglesmight share a point in the plane, f. Figure 4.1. In this ase the point is stored twie in the loal dataof the MeshTriangle objets, and additionally one as global vertex of the mesh, i.e. a MeshPointobjet. As the ontainer lass for storing the global data we hose the std::list<T>, whih is adouble linked list. Unfortunately, the C++ standard does not guarantee that the elements of a listontainer may not hange their loation in memory. However, the standard does guarantee onstanttime for inserting elements and there is no atual reason for elements to really hange their loation inmemory. In all of our tests, we observed that pointers to elements of a list stay valid even for largeand dynamially growing ontainer, at least when ompiled with the popular g++ on various Linuxplatforms.In order to provide the geometri information as to whih global edges orrespond to whih globalverties and triangles, we implement interfae funtions suh as the TrianglesOfVertexmethod. Notethat the aess to the global geometri objets is granted by providing iterators to the �rst and thelast element of the ontainer. Listing 4.6: The Mesh lass1 lass Mesh2 {3 proteted :4 l i s t <MeshPoint> v e r t i  e s ;5 l i s t <MeshTriangle> t r i a n g l e s ;6 l i s t <MeshEdge> edges ;78 void deep_opy( onst Mesh&);9 publi :10 Mesh ( ) { } ;11 Mesh ( s t r i n g oord inatesFi l ename , s t r i n g elementsFi lename ) ;12 Mesh ( onst Mesh& mesh ) ;1314 onst Mesh& operator=(onst Mesh&);1516 l i s t <MeshPoint >: : i t e r a t o r Ver t i  e sBeg in ( )17 {return v e r t i  e s . beg in ( ) ; } ;18 l i s t <MeshPoint >: : i t e r a t o r VertiesEnd ( )19 {return v e r t i  e s . end ( ) ; } ;20 l i s t <MeshEdge >: : i t e r a t o r EdgesBegin ( )21 {return edges . beg in ( ) ; } ;22 l i s t <MeshEdge >: : i t e r a t o r EdgesEnd ( )23 {return edges . end ( ) ; } ;24 l i s t <MeshTriangle >: : i t e r a t o r Tr iang lesBeg in ( )



6225 {return t r i a n g l e s . beg in ( ) ; } ;26 l i s t <MeshTriangle >: : i t e r a t o r TrianglesEnd ( )27 {return t r i a n g l e s . end ( ) ; } ;2829 l i s t <MeshPoint >: :  on s t_ i t e r a t o r Ver t i  e sBeg in ( ) onst30 {return v e r t i  e s . beg in ( ) ; } ;31 l i s t <MeshPoint >: :  on s t_ i t e r a t o r VertiesEnd ( ) onst32 {return v e r t i  e s . end ( ) ; } ;33 l i s t <MeshEdge >: :  on s t_ i t e r a t o r EdgesBegin ( ) onst34 {return edges . beg in ( ) ; } ;35 l i s t <MeshEdge >: :  on s t_ i t e r a t o r EdgesEnd ( ) onst36 {return edges . end ( ) ; } ;37 l i s t <MeshTriangle >: :  on s t_ i t e r a t o r Tr iang lesBeg in ( ) onst38 {return t r i a n g l e s . beg in ( ) ; } ;39 l i s t <MeshTriangle >: :  on s t_ i t e r a t o r TrianglesEnd ( ) onst40 {return t r i a n g l e s . end ( ) ; } ;4142 long NrOfTriangles ( ) onst {return t r i a n g l e s . s i z e ( ) ; } ;43 long NrOfEdges ( ) onst {return edges . s i z e ( ) ; } ;44 long NrOfVert ies ( ) onst {return v e r t i  e s . s i z e ( ) ; } ;4546 l i s t <onst MeshTriangle∗> Triang lesOfVertex ( onst MeshPoint&) onst ;47 l i s t <onst MeshTriangle∗> TrianglesOfEdge ( onst MeshEdge&) onst ;48 l i s t <onst MeshEdge∗> EdgesOfVertex( onst MeshPoint&) onst ;49 l i s t <onst MeshEdge∗> EdgesOfTriangle ( onst MeshTriangle&) onst ;50 l i s t <onst MeshPoint∗> Vert i  e sOfTr iang l e ( onst MeshTriangle&) onst ;51 l i s t <onst MeshPoint∗> VertiesOfTEdge ( onst MeshEdge&) onst ;5253 void Mark(MeshEdge&);54 void Mark(MeshPoint &);55 void Mark(MeshTriangle &);5657 void Ref ine (bool uniform = fa l se ) ;5859 void ExportToMatlabFormat ( s t r i n g oord inatesFi l ename ,60 s t r i n g edgesFi lename ,61 s t r i n g elementsFi lename ) onst ;6263 void PlotPS ( s t r i n g f i l ename ) ;64 } ;Sine the plots for visualization of our numerial results are done in Matlab, we provide an interfaeto the usual matrix and index based mesh-format in Matlab. Here, the verties of the mesh are storedin a V × 2-matrix of their oordinates, where V denotes the number of verties. The triangles arestored in a T × 3 matrix, where T denotes the number of triangles. Eah row of the matrix onsistof three integer values denoting the verties (indexed starting with 1) spei�ed in the verties-matrix.This data is su�ient to desribe the geometry of a mesh. Therefore the onstrutor expets twoASCII-�les with data in this format. For a simple mesh as depited in Figure 4.2, the orresponding*.dat �les readverties.dat-0.5 -0.50.5 -0.50.5 0.5-0.5 0.50.0 0.0
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Figure 4.2: A simple mesh with 5 verties, 4 triangles, and 8 edges.andtriangles.dat1 2 52 3 53 4 54 1 5The basis funtions of the Raviart-Thomas spae RT 0(T ) are linked geometrially to the interior edgesof the underlying mesh. We therefore provide moreover an E × 4-matrix with E the number of edges.Eah row ontains the following information: The �rst two entries are the indies of the verties thatare the endpoints of the edge. The third integer is the index of the triangle T+. The fourth integeris either zero if the edge is a boundary edge or the index of the triangle T− adjaent to the edge. Forthe simple mesh of Figure 4.2 the orresponding *.dat �le ould readedges.dat1 2 1 02 5 1 25 1 4 12 3 2 03 5 2 33 4 3 04 5 3 44 1 4 0We stress that the edge-matrix is not uniquely determined and �xes the orientation for the basisfuntions of RT 0(T ) by setting T+ and T− for eah interior edge. Sine this orientation is arbitrary,the ExportToMatlabFormat routine also stores an edge.dat �le.The adaptive (or uniform) re�nement is performed on an edge based logi. First, the user mayMark edge, triangles, or verties. In priniple we always mark MeshEdge objets for re�nement. TheMark(MeshEdge&) method, reursively ensures that for eah triangle where an edge is marked, also the



64longest edge of the triangle is marked. The Mark(MeshPoint&) and Mark(MeshTriangle&) methodssimply all the Mark(MeshEdge&) version for all edges orresponding to the point or the triangle.Finally the Refine() method performs the adaptive mesh-re�nement following the red-green-bluestrategy as desribed in Setion 3.4.2.4.2 Finite element spaesA �nite element spae is a set of disrete funtions. Usually the basis funtions are assoiated withsome geometri entity of a mesh. In this spirit, our implementation �rst provides lasses to de�ne basisfuntions. Then the �nite element spae is derived from the mesh lass and extended by operationswith basis funtions. Sine we only fous on lowest-order methods, we only need an implementation forthe disrete spaes P 0(T ) and RT 0(T ). In priniple the onept of basis funtions is extendable andan be generalized with the help of templates easily. However, sine we aim at a spei� appliation,we only present onrete implementations for our experiments.4.2.1 Basis funtionsA basis funtion expets upon reation a referene to a Mesh objet as well as an index and someinformation on its geometri link to the mesh. Other than providing the support of itself and itsindex, the basis funtion and its derivative may be evaluated. Both evaluation methods expet aPoint objet that represents a point on the referene triangle Tref = onv{(0, 0), (1, 0), (0, 1)} as wellas the referene to an existing MeshTriangle objet. Note that in ontrast to the geometri elementsof a Mesh, the basis funtions are indexed (starting with index 0 as usual in C++).Listing 4.7: P0 basis funtion1 lass P0Element {2 private :3 long m_index ;4 onst MeshTriangle ∗ m_triangle ;56 publi :7 P0Element( long index , onst MeshTriangle& geometry , onst Mesh& mesh ) ;8 ~P0Element ( ) { } ;9 onst P0Element& operator= ( onst P0Element& element ) ;1011 long Index ( ) onst {return m_index ; }12 void Index ( long index ) {m_index = index ; }1314 l i s t <onst MeshTriangle∗> Support ( ) onst ;15 onst MeshTriangle& GeometriHook ( ) onst {return ∗m_triangle ; } ;1617 double Evaluate ( onst Point& refP , onst MeshTriangle& t r i a n g l e ) onst ;18 Vetor2D Eva luateDi f f ( onst Point& refP , onst MeshTriangle& t r i a n g l e )19 onst {return Vetor2D ( 0 . , 0 . ) ; }20 } ; Listing 4.8: RT0 basis funtion1 lass RT0Element {2 private :3 long m_index ;4 onst MeshEdge∗ m_edge ;



CHAPTER 4. IMPLEMENTATION 655 onst MeshTriangle ∗ m_TPlus ;6 onst MeshTriangle ∗ m_TMinus ;78 publi :9 RT0Element ( long index , onst MeshEdge& geometry , onst Mesh& mesh ) ;10 ~RT0Element ( ) { } ;11 onst RT0Element& operator= ( onst RT0Element& element ) ;1213 long Index ( ) onst {return m_index ; }14 void Index ( long index ) {m_index = index ; }1516 l i s t <onst MeshTriangle∗> Support ( ) onst ;17 onst MeshEdge& GeometriHook ( ) onst {return ∗m_edge ; } ;1819 Vetor2D Evaluate ( onst Point& refP , onst MeshTriangle& t r i a n g l e )20 onst ;21 double Eva luateDi f f ( onst Point& refP , onst MeshTriangle& t r i a n g l e )22 onst ;2324 } ;4.2.2 Finite element spaesIn ontrast to the private data of the Mesh lass, the basis-funtions of a �nite element spae arestored in a std::vetor<T> ontainer. This has the advantage that basis funtions an be aessedby their index in onstant time. Moreover, sometimes it is useful to aess basis funtions by theirgeometri link. To that end the parentheses-operator provides read aess. Finally, given some C-vetor of oe�ients, i.e. a double*, the orresponding �nite element funtion and its derivativemay be evaluated. In priniple one ould export the underlying mesh and the oe�ient vetor forplotting in Matlab. However, evaluation of the �nite element funtion is a lot faster in C++ than in aMatlab environment. Therefore the ExportFuntionToMatlab method also exports the funtion andits derivative evaluated at the enter of mass of eah triangle. Note that this export routine is slow,due to the massive number of evaluations and the �le manipulations neessary for large spaes.Listing 4.9: Finite element spae P 01 lass P0Spae : publi Mesh {2 private :3 vetor<P0Element> m_basis ;4 stati bool m_ompare( onst pair<onst MeshTriangle ∗ , long>& l e f t ,5 onst pair<onst MeshTriangle ∗ , long>& r i gh t )6 {return l e f t . f i r s t < r i gh t . f i r s t ; }7 vetor<pair<onst MeshTriangle ∗ , long> > geometry2bas i s ;89 publi :10 P0Spae ( ) { } ;11 P0Spae ( s t r i n g oord inatesFi l ename , s t r i n g elementsFi lename ) ;12 P0Spae (Mesh& mesh ) ;1314 long NumberOfElements ( ) onst {return m_basis . s i z e ( ) ; } ;1516 onst P0Element& operator [ ℄ ( long index ) onst{return m_basis [ index ℄ ; } ;17 onst P0Element& operator ( ) ( onst MeshTriangle& geometriHook ) onst ;1819 double Evaluate ( onst Point& refP , onst MeshTriangle& T, double∗ x)20 Vetor2D Eva luateDi f f ( onst Point& refP , onst MeshTriangle& T, double∗x)21 onst ;



662223 RefinementData ∗ Ref ine (bool uniform = fa l se ) ;2425 void ExportFuntionToMatlab ( s t r i n g oord inatesFi l ename ,26 s t r i n g edgesFi lename ,27 s t r i n g elementsFi lename ,28 s t r i n g P0CoeffFilename ,29 s t r i n g P0EvalFilename ,30 s t r i n g P0EvalDif fFi lename , double∗ x ) ;3132 void bu i ldBas i sFunt i ons ( ) ;33 } ; Listing 4.10: Finite element spae RT 01 lass RT0Spae : publi Mesh {2 private :3 vetor<RT0Element> m_basis ;45 vetor<P0Element> m_di f fbas i s ;67 stati bool m_ompare( onst pair<onst MeshEdge∗ , long>& lhs ,8 onst pair<onst MeshEdge∗ , long>& rhs )9 {return l h s . f i r s t < rhs . f i r s t ; }1011 stati bool m_diffompare ( onst pair<onst MeshTriangle ∗ , long>& lhs ,12 onst pair<onst MeshTriangle ∗ , long>& rhs )13 {return l h s . f i r s t < rhs . f i r s t ; }14 vetor<pair<onst MeshEdge∗ , long> > geometry2bas i s ;15 vetor<pair<onst MeshTriangle ∗ , long> > geome t ry2d i f f b a s i s ;1617 publi :18 RT0Spae ( ) { } ;19 RT0Spae ( s t r i n g oord inatesFi l ename , s t r i n g elementsFi lename ) ;20 RT0Spae ( onst Mesh& mesh ) ;21 RT0Spae ( onst RT0Spae& spae ) ;2223 long NumberOfElements ( ) onst {return m_basis . s i z e ( ) ; } ;2425 onst RT0Element& operator [ ℄ ( long index ) onst{return m_basis [ index ℄ ; } ;26 onst RT0Element& operator ( ) ( onst MeshEdge& geometriHook ) onst ;27 onst P0Element& operator ( ) ( onst MeshTriangle& geometr iDi f fHook )28 onst ;2930 Vetor2D Evaluate ( onst Point& refP , onst MeshTriangle& T, double∗ mH)31 onst ;32 double Eva luateDi f f ( onst Point& refP , onst MeshTriangle& T, double∗mH)33 onst ;3435 RefinementData ∗ Ref ine (bool uniform = fa l se ) ;3637 void ExportFuntionToMatlab ( s t r i n g oord inatesFi l ename ,38 s t r i n g edgesFi lename ,39 s t r i n g elementsFi lename ,40 s t r i n g mHCoeffFilename ,41 s t r i n g mHEvalFilename ,42 s t r i n g mHEvalDiffFilename ,43 double∗ mH) ;4445 void bu i ldBas i sFunt i ons ( ) ;46 } ;



CHAPTER 4. IMPLEMENTATION 67The basis funtions of the spae need to be evaluated often. In many ases, however, we iterate in ouralgorithms naturally over the triangles of the mesh. This is, e.g., the ase in the omputation of errorestimators. With the method EdgesOfTriangle, we �rst seek the orresponding global MeshEdges.Then the operator() provides aess to the basis funtions assoiated with these edges. We thereforeneed fast aess (O(logN)) via the geometri hook. The naive approah to implementing this aesswould be the use of a std::map<MeshEdge*,long> ontainer assoiating eah MeshEdge with the indexof a basis funtion. However, we found that this solution is not very e�ient. This is beause the in-sertion of pairs into the map ontainer is very expensive. This e�ets that the buildBasisFuntions()routine shows quadrati runtime behavior.We avoided this problem by simply using a std::vetor<pair<MeshEdge*, long> > instead. InbuildBasisFuntions, we �rst �ll the ontainer before �nally sorting it. The operator(), then, usesthe lower_bound funtion from the <alghorithm> library to �nd the orret pair. The lower_boundfuntion implements a bisetion searh algorithm, suh that in the end the aess to basis funtionhas an overall ost of O(logN) as desired.Listing 4.11: E�ient implementation of link between basis funtions and geometry1 void RT0Spae : : bu i ldBas i sFunt i ons ( ){2 long index = 0 ;34 m_basis .  l e a r ( ) ;5 m_basis . r e s e r v e (NrOfEdges ( ) ) ;6 geometry2bas i s .  l e a r ( ) ;7 geometry2bas i s . r e s e r v e (NrOfEdges ( ) ) ;89 for ( l i s t <MeshEdge >: :  on s t_ i t e r a t o r i t = EdgesBegin ( ) ; i t != EdgesEnd ( ) ;10 ++i t ){11 i f ( TrianglesOfEdge (∗ i t ) . s i z e ( ) == 2) {// t h i s i s an i n t e r i o r edge12 m_basis . push_bak (RT0Element ( index , ∗ i t , ∗ this ) ) ;13 geometry2bas i s . push_bak ( pa i r<onst14 MeshEdge∗ , long>(&(∗ i t ) , index++));15 }16 }17 s o r t ( geometry2bas i s . beg in ( ) , geometry2bas i s . end ( ) , m_ompare ) ;1819 index = 0 ;20 m_di f fbas i s .  l e a r ( ) ;21 m_di f fbas i s . r e s e r v e ( NrOfTriangles ( ) ) ;22 g eome t ry2d i f f b a s i s .  l e a r ( ) ;23 g eome t ry2d i f f b a s i s . r e s e r v e ( NrOfTriangles ( ) ) ;24 for ( l i s t <MeshTriangle >: :  on s t_ i t e r a t o r i t = Triang lesBeg in ( ) ; i t !=25 TrianglesEnd ( ) ; ++i t ){26 m_di f fbas i s . push_bak (P0Element ( index , ∗ i t , ∗ this ) ) ;27 g eome t ry2d i f f b a s i s . push_bak ( pa i r<onst MeshTriangle ∗ ,28 long>(&(∗ i t ) , index++));29 }30 s o r t ( g e ome t ry2d i f f b a s i s . beg in ( ) , g e ome t ry2d i f f b a s i s . end ( ) , m_diffompare ) ;31 }3233 onst RT0Element& RT0Spae : : operator ( ) ( onst MeshEdge& geometriHook ) onst{34 vetor<pair<onst MeshEdge∗ , long> >::  on s t_ i t e r a t o r f i n d I t =35 lower_bound ( geometry2bas i s . beg in ( ) , geometry2bas i s . end ( ) ,36 pair<onst MeshEdge∗ , long>(&geometriHook , 0 ) ,m_ompare ) ;3738 onst RT0Element∗ element = 0 ;39 i f ( f i n d I t != geometry2bas i s . end ( ) )40 element = &m_basis [ f i nd I t−>seond ℄ ;41



6842 return ∗ element ;43 }For the implementation of our h − h/2 based error estimators, we need to provide some informationon how to map funtions over a oarser mesh onto some re�nement of the mesh, and vie versa. Tothat end, the re�nement proedure of a �nite element spae provides a (sparse) matrix that representsthe prolongation operator. Let mh ∈ RT 0(T1) and assume T2 is some re�nement of T1. Then it holdsthat mh ∈ RT 0(T2) as well. Let x be the oe�ient vetor of mh with respet to the oarse mesh T1.Then, the prolongation operator P is de�ned by
mh =

∑

E∈Eω,2

(Px)EψEwith Eω,2 the set of interior edges of the �ner mesh T2 and ψE the assoiated basis funtion as de�nedin (3.1). This means that the prolongation matrix maps the oe�ient vetor of a funtion over theoarse mesh to the vetor of oe�ients that represent the same funtion over the �ner mesh.Listing 4.12: Data sturture for the prolongation operators1 typedef strut _RefinementData {2 sparsematr ix ∗ Prolongat ion ;3 sparsematr ix ∗ Pro longat i onDi f f ;4 } RefinementData ;Reall the de�nition of the basis funtion ψE assoiated with some interior edge E ∈ Eω,
ψE =

{
± |E|

2|T±|
(x− P±), for x ∈ T±

0, elsewhere. (4.1)The basis funtion is normalized in the sense that ψE · n = 1 with n the unit normal vetor pointingto T+. Hene, the oe�ient determines the normal �ux through the edge. The prolongation matrixmay be thus omputed in the following way:
• Eah MeshEdge Ei that is re�ned into two new MeshEdge objets Ei1 and Ei2 e�ets two entrieswith value 1 that map the oe�ient xi to the new oe�ients xi1 = xi2 = xi.
• Let Ej be an interior edge that is newly generated by the mesh re�nement. Then, there is auniquely determined triangle T of the original mesh, suh that Ej ⊆ T . For eah interior edge
E of T , we generate a matrix entry by omputing ψE · n with n the normal vetor at the newedge Ej . The only hallenging pratial aspet is to ensure the orret orientation of n.4.3 A damped Newton algorithmAfter disretizing the penalized model problem, we need to solve the minimization problem (M ε

h), i.e.equivalently the Euler-Lagrange equation (3.38). We apply Newton's algorithm to �nd the root of thederivative Deε(mε
h). Note that this derivative of the penalized energy funtional is not ontinuouslydi�erentiable due to the penalty energy. Hene no lassial result on onvergene of Newton's algorithmmay be applied.Let T denote some regular triangulation with #Eω =: ND interior edges and reall the spae ofRaviart-Thomas funtions RT 0(T ) de�ned in Chapter 3.1. Given some oe�ient vetor x ∈ RND the



CHAPTER 4. IMPLEMENTATION 69disrete Euler-Lagrange equation reads
(∇ ·

ND∑

i=1

xiψi,∇ ·wh)V + q(

ND∑

i=1

xiψi,2,wh,2)L2 − (f,wh)L2 +
1

ε
(λεh

ND∑

i=1

xiψi,wh) = 0for all wh ∈ RT 0(T ). Obviously this equations holds for all wh ∈ RT 0(T ) if and only if it holdsfor all basis funtions (ψi)
ND
i=1 of RT 0(T ). Hene we seek to �nd the root of the disrete funtion

F : RND → RND de�ned through
F (x)j = (∇ ·mε

h(x),∇ · ψj)V + q(mε
h,2(x), ψj,2)L2 +

1

ε
(λεhm

ε
h(x), ψj)L2 − (f, ψj)L2 . (4.2)The notation mε

h(x) indiates that the disrete magnetization depends on the given oe�ient vetor.Newton's algorithm:Let x(0) ∈ RND denote some initial value and set ℓ = 0.(i) Evaluate F (x(ℓ)) and ompute the derivative DF (ℓ).(ii) Compute the Newton update δ ∈ RND by solving the linear system DF (ℓ)δ = −F (x(ℓ)).(iii) De�ne x(ℓ+1) := x(ℓ) + δ(iv) Either stop or ℓ 7→ ℓ+ 1 and goto (i)Output: An approximation x to some root of the funtion F .One ruial step is the omputation of the derivative of the funtion F . In equation (4.2), the deriva-tive of the �rst two salar produts an be omputed easily. The fourth ontribution vanishes, sineit is just a onstant. The third term, however, is a bit more involved.We aim at omputing the derivative of (λεhmε
h(x), ψj)L2 . Reall that this is not a di�erentiable funtion.The derivative of λεh is not de�ned lassially at the points where |mε

h(x)| = 1. However, sine thesalar produt is omputed by use of numerial quadrature, this preise ondition is not expeted tobe enountered numerially at any quadrature point. We therefore proeed to ompute the derivativefor |mε
h(x)| < 1 (whih vanishes trivially) and for |mε

h(x)| > 1.Lemma 4.1. The derivative DFNL ∈ RND×ND of the funtion FNL : RND → RND de�ned through
x 7→ (g(x), ψj)L2 with g(x) :=

(|mε
h(x)| − 1)+
|mε

h(x)|
mε
h(x)reads

(DFNL)(x)i,j = (
∂g(x)

∂xi
, ψj)L2 .At some point x ∈ ω the derivative of g either reads ∂g(x)

∂xi
(x) = 0 for |mε

h(x)(x)| < 1 or
∂g(x)

∂xi
(x) = ψi −




1
|mε

h|
− m

ε
h,1

|mε
h|

3 −m
ε
h,1m

ε
h,2

|mε
h|

3

−m
ε
h,1m

ε
h,2
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h|
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h|
− m

ε
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3


 · ψi.if |mε

h(x)(x)| > 1.



70Proof. The �rst statement (DFNL)(x)i,j = (∂g(x)∂xi
, ψj)L2 is obvious. Also sine g(x)(x) = 0 for all

x ∈ ω with |mε
h(x)(x)| < 1 and mε

h ∈ C∞(T ), i.e. pieewise smooth, the derivative of g vanishes atall suh points. (Note that the set ω< := {x ∈ ω | |mε
h(x)(x)| < 1} is open).We therefore aim at omputing the derivative of g at points x ∈ ω with |mε

h(x)(x)| > 1. For eahsuh point there is a neighborhood where g simply adopts the form
g(x) =

|mε
h(x)| − 1

|mε
h(x)|

mε
h(x).Hene the derivative reads

∂g(x)

∂xi
(x) =

∂

∂xi

(
mε
h(x)−

mε
h(x)

|mε
h(x)|

)
.Sine ∂mε

h(x)
∂xi

= ψi and from the hain rule ∂
∂xi

= ∂
∂mε

h

∂mε
h

∂xi
we obtain

∂g(x)

∂xi
(x) = ψi −

∂

∂mε
h

mε
h(x)

|mε
h(x)|

· ψi.The derivative ∂
∂mε

h

m
ε
h

|mε
h|

an be omputed straight forwardly. First we de�ne
f :=

mε
h

|mε
h|

=

(
mε
h,1((m

ε
h,1)

2 + (mε
h,2)

2)−1/2

mε
h,2((m

ε
h,1)

2 + (mε
h,2)

2)−1/2

)Then all derivatives may be omputed to be
∂f1
∂mε

h,1

=
1

|mε
h|

−
mε
h,1

|mε
h|3

∂f1
∂mε

h,2

=
∂f2
∂mε

h,1

= −
mε
h,1m

ε
h,2

|mε
h|3

∂f2
∂mε

h,2

=
1

|mε
h|

−
mε
h,2

|mε
h|3

.Colleting all terms �nally onludes the proof. �Remark. The derivative of g(x) is not de�ned at points where |m(x)| = 1. Numerially, we do notexpet to enounter this situation. In our implementation, points where |m(x)| = 1 are treated in thesame way as points where |m(x)| < 1. 2In our simulation runs, we found that the Newton algorithm did not onverge in all ases. It is wellknown, see e.g. [SB02℄, that the Newton algorithm is only guaranteed to onverge for su�ientlysmooth funtions if the initial value hosen is su�iently lose to some root. For smooth funtionthe following modi�ed algorithm, often referred to as relaxed Newton algorithm or damped New-ton method, an be proven to onverge globally. However this is at the ost of dereased order ofonvergene.Damped Newton algorithm:Let x(0) ∈ RND denote some initial value and set ℓ = 0.(i) Evaluate F (x(ℓ)) and ompute the derivative DF (ℓ).



CHAPTER 4. IMPLEMENTATION 71Point x y Weight0 0.166666666666667 0.166666666666667 0.3333333333333331 0.166666666666667 0.666666666666667 0.3333333333333332 0.666666666666667 0.166666666666667 0.333333333333333Table 4.1: A 3 point Gauss quadrature rule on the referene triangle Tref = onv{(0, 0), (1, 0), (0, 1)}.(ii) Compute the searh diretion δ ∈ RND by solving the linear system DF (ℓ)δ = −F (x(ℓ)).(iii) Find minimal k suh that |F (x(ℓ) + 0.5kδ)| < |F (x(ℓ))|(iv) De�ne x(ℓ+1) := x(ℓ) + 0.5kδ(v) Either stop or ℓ 7→ ℓ+ 1 and goto (i)Output: An approximation x to some root of the funtion F .Note the modi�ation in step (iii) to ensure a redution of the residual in eah step. As a stop-ping riterion we simply hek |F (x)| < 1e − 8 whih seems to be su�ient in our simulations. Moresophistiated stopping riteria that, e.g., also deal with the possibility of not being able to �nd a rootup to rounding errors ould be hosen. This, however, was, as mentioned before, not neessary in anyof our simulation runs. That is why we stik to the simpler riterion.Let T be some given mesh with triangles T1, . . . , TNT
and ND = #Eω interior edges. Let χTj denotethe harateristi funtion of a triangle Tj . Note that {χT1 , . . . , χTNT

} is a basis of the spae P0(T )of pieewise onstant funtions over the mesh. Then, we de�ne the system matries
V ∈ RNT×NT Vi,j := (χTj , V χTi)L2 ,

Q ∈ RND×ND Qi,j := (ψj,2, ψi,2)L2 ,

D ∈ RNT×ND Di,j := (∇ · ψj)|Ti .
(4.3)We de�ne the vetors bj := (f , ψj)L2 and aj(x) :=

(
(|mε

h(x)|−1)+
|mε

h(x)|
|mε

h(x)|, ψj
). Finally the evaluationof the funtion F (x) reads

F (x) = DTVDx+ qQx+ a(x)− b.The derivative matrix DF reads
DF(x) = DTVD+ qQ+DFNL(x).4.3.1 Quadrature rulesWe use two di�erent sets of quadrature rules on triangles. First, we use Gauss quadrature rules with

3 and 7 quadrature points whih an be found e.g. in [Str71℄, see also Figure 4.3. The 3 point formula(see Table 4.1) is of order 2 and serves for the omputation of the system matrix Q. Note that sineeah basis funtion ψi is pieewise linear, i.e. the produt ψi,2ψj,2 is an elementwise quadrati funtionand is integrated exatly by this rule. The 7 point Gauss rule (see Table 4.2) is used in the omputationof the entries for the simple-layer matrix V. To ompute Vi,j we must integrate
1

4π

∫

Tj

∫

Ti

1

|x− y| dy dx.
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Figure 4.3: 3 point (left) and 7 point (right) Gauss quadrature rules on the referene triangle.Point x y Weight0 0.101286507323456 0.101286507323456 0.1259391805448271 0.797426985353087 0.101286507323456 0.1259391805448272 0.101286507323456 0.797426985353087 0.1259391805448273 0.470142064105115 0.059715871789770 0.1323941527885064 0.470142064105115 0.470142064105115 0.1323941527885065 0.059715871789770 0.470142064105115 0.1323941527885066 0.333333333333333 0.333333333333333 0.225000000000000Table 4.2: A 7 point Gauss quadrature rule on the referene triangle Tref = onv{(0, 0), (1, 0), (0, 1)}.We do so by replaing the outer integration with the 7 point Gauss rule and omputing for eahquadrature point the inner integral analytially. The formulae for the analytial omputation of theinner integral an be found in [Ha95℄.We stress that in the so-alled near �eld, i.e.
min{diamTj ,diamTi} ≥ ηdist(Tj , Ti)with some suitable onstant η > 0, we are not aware of any error analysis for the introdued quadratureerror. In ontrast, in the far �eld, i.e. for
min{diamTj ,diamTi} ≤ ηdist(Tj , Ti), (4.4)the quadrature error is known to deay exponentially with the order of integration, f. [Ha09℄. Finally,we want to remark that in our experiments we observe that, at least for the error level we are interestedin, this quadrature strategy is su�ient in the sense that the quadrature error does not ontributesigni�antly.The seond quadrature rule we use in our implementation is a Newton-Cotes formula from [Sil70℄.To be preise, we use the 10 point rule spei�ed in Table 4.3, see also Figure 4.4. Whereas Gaussrules are known to be a very good hoie when dealing with smooth funtions, the terms assoiated
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Figure 4.4: 10 point Newton-Cotes quadrature rule on the referene triangle.Point x y Weight0 1 0 0.03333333333333331 0 0 0.03333333333333332 0 1 0.03333333333333333 2/3 1/3 0.0754 1/3 0 0.0755 0 2/3 0.0756 1/3 2/3 0.0757 0 1/3 0.0758 2/3 0 0.0759 1/3 1/3 0.45Table 4.3: A 10 point Newton-Cotes quadrature rule on the referene triangle Tref =onv{(0, 0), (1, 0), (0, 1)}.with the penalty energy involve the quadrature of the non-smooth funtion (|mh| − 1)+. Sine theRaviart-Thomas funtions mh are pieewise linear, their maximal length is always attained at a ornerpoint of the triangle. In our experiments we found that the Gauss quadrature rules are therefore notthe best hoie for the omputation of the non-linear term FNL or of its derivative. Some elementsthat should be penalized are ignored by the Gauss rule beause of |mh| < 1 at all Gauss points. Inontrast, the Newton-Cotes formula seems to be aurate enough in the sense that quadrature errorsdon't seem to ontribute signi�antly to the overall error.4.3.2 Sparse matrix representation and HLibAll of the system matries de�ned in (4.3) allow for a sparse data representation. In the ase of
D,DFNL, and Q this is done straight forwardly by storing the matries in a sparse ompressedolumn format. In our software we use the implementation provided by the HLib library. The librarydoes not only provide a data struture for the storage of sparse matries but also funtions for the



74e�ient omputation of matrix vetor produts.The most hallenging one of the system matries is the matrix V assoiated with the simple-layerpotential. Reall
Vij =

1

4π

∫

Tj

∫

Ti

1

|x− y|dydxand observe that the matrix is fully populated. This is a problem that arises in most alulationsinvolving non-loal boundary integral operators and it has been treated by the sienti� ommunityworking on boundary element methods in several ways. Most of the methods are based on the obser-vation that whereas the kernel funtion
κ(x, y) =

1

|x− y|has a singularity at the diagonal x = y, it is C∞ for x 6= y. This allows for e�ient approximation ofsubmatries VI,J with I and J subsets of indies suh that dist(⋃i∈I Ti,
⋃
j∈J Tj) su�iently large.De�nition. A subset I × J of {1, . . . , n} × {1, . . . , n} is alled admissible, if for given η > 0

min{diam⋃
i∈I

Ti,diam ⋃

j∈J

Tj} ≤ η dist(⋃
i∈I

Ti,
⋃

j∈J

Tj).

2For the sparse data representation of V, we use the supermatrix data struture provided by the HLiblibrary. The HLib pakage was developed at the Max-Plank-Institute for Mathematis in the Sienesand is available at www.hlib.org free for aademi purposes. It is based on the implementation of H-matrix arithemtis of the dissertation [Gra01℄. The supermatrix struture implements the storage ofhierarhial matries [Ha99℄. The idea is to store inadmissible bloks of V as full matrix, but usea low rank approximation for the storage of admissible bloks of V. Figure 4.5 shows the typialstruture of a hierarhial matrix. The inadmissible bloks are olored in red, admissible bloks areolored green. Instead of storing an admissible blok VI×J elementwise, an approximation of theform
VI×J ≈ UV Twith U ∈ R#I×k and V ∈ Rk×#J where k ≪ min{#I,#J }. It an be shown that the storagerequirements and the number of arithmeti operations for the matrix vetor multipliation have almostlinear omplexity O(n log n) [Ha09℄.Many possibilities to ompute suitable low-rank approximations for admissible bloks have been pro-posed in the literature. For a good overview on hierarhial matries in general and various approx-imation strategies, we refer to [Ha09℄. In [Beb00℄, a blak-bok algorithm for the omputation oflow-rank approximations, alled adaptive-ross-approximation (ACA), is presented. The proof of theerror analysis only works for olloation matries, however in [Beb08℄ also an error analysis for Galerkinmatries, suh as is our matrix V, is provided. For the omputation of our low-rank approximations,we use the implementation of the ACA algorithm provided by the HLib library. We only need toimplement a funtion for the evaluation of a matrix entry Vij from whih the admissible low-rankapproximations with loal error ontrol are built. As loal error tolerane for the admissible bloks weuse 1e− 8 in our implementation.We stress that this strategy is not the most e�ient one with respet to storage requirements or fastevaluation. A large part of the dissertation [Drw08℄ is onerned with the e�ient omputation of thesystem matrix V and the solution of linear soft thin-�lm problems with q = 0 and |f | ≪ 1.
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19 19Figure 4.5: Typial struture of a hierarhial matrix. Inadmissible bloks (red) are stored unom-pressed, admissible bloks (green) are approximated by low-rank matries.



764.3.3 Code listingListing 4.13: The Newton algorithm with uniform mesh re�nements1 Vetor2D f ( Point x ) ;23 //Compute D^T ∗ V ∗ D ∗ x4 double∗ evalDTVD( SimpleLayerPotent ia l& V, sparsematr ix ∗ D, onst double∗ x){5 double∗ Dx = new double [D−>rows ℄ ;6 eva l_sparsematr ix (D, x ,Dx) ;7 double∗ VDx = V ∗ Dx;8 delete Dx;9 double∗ DTVDx = new double [D−>o l s ℄ ;10 eva l t rans_spars ematr ix (D,VDx,DTVDx) ;11 delete VDx;12 return DTVDx;13 }1415 int main ( )16 {17 out<<"STARTING COMPUTATION\n"18 <<"===============================\n\n" ;19 RT0Spae femSpae = RT0Spae ( "  oo rd i na t e s . dat" , " e lements . dat" ) ;20 double q = 1 ;21 MAX_ELEMENTS = 500002223 double∗ mH;24 double∗ ep s i l on ;25 int mesh_refinements = 0 ;2627 while ( femSpae . NumberOfElements ( ) < MAX_ELEMENTS) {28 i f ( mesh_refinements == 0) {29 mH = new double [ femSpae . NumberOfElements ( ) ℄ ;30 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )31 mH[ i ℄ = 0 . ;32 ep s i l on = new double [ femSpae . NrOfTriangles ( ) ℄ ;33 double eps = femSpae . Tr iang lesBeg in ()−>MeshWidth ( ) ;34 for ( int i = 0 ; i < femSpae . NrOfTriangles ( ) ; ++i )35 ep s i l on [ i ℄ = eps ;36 }37 else {38 double∗ oldmH = new double [ femSpae . NumberOfElements ( ) ℄ ;39 for ( int e l l = 0 ; e l l < femSpae . NumberOfElements ( ) ; ++e l l )40 oldmH [ e l l ℄ = mH[ e l l ℄ ;4142 RefinementData ∗ r e f ineData = 0 ;43 r e f ineData = femSpae . Ref ine ( true ) ;44 out<<"done . \ n"<<f l u s h ;4546 delete mH;47 mH = new double [ femSpae . NumberOfElements ( ) ℄ ;48 eva l_sparsematr ix ( re f ineData−>Prolongat ion , oldmH ,mH) ;49 delete oldmH ;5051 double∗ epsilon_new = new double [ femSpae . NrOfTriangles ( ) ℄ ;52 eva l_sparsematr ix ( re f ineData−>Pro longat i onDi f f , ep s i l on , epsilon_new ) ;53 delete ep s i l on ;54 ep s i l on = epsilon_new ;55 for ( int i = 0 ; i < femSpae . NrOfTriangles ( ) ; ++i )56 ep s i l on [ i ℄ ∗= 0 . 5 ;57



CHAPTER 4. IMPLEMENTATION 7758 de l_sparsematr ix ( re f ineData−>Prolongat ion ) ;59 de l_sparsematr ix ( re f ineData−>Pro longat i onDi f f ) ;60 delete r e f ineData ;61 }6263 out<<"Build  Q . . .  "<<f l u s h ;64 sparsematr ix ∗ Q = stimaQ( femSpae ) ;65 out<<"done . \ n" ;6667 out<<"Build  V . . .  "<<f l u s h ;68 SimpleLayerPotent ia l V = SimpleLayerPotent ia l (P0Spae ( femSpae ) , 1e−8);69 out<<"done . \ n" ;7071 out<<"Build  Div . . .  "<<f l u s h ;72 sparsematr ix ∗ D = DivergeneOperator ( femSpae ) ;73 out<<"done . \ n" ;7475 double∗ Fx = new double [ femSpae . NumberOfElements ( ) ℄ ;76 for ( int i = 0 ; i < femSpae . NumberOfElements ();++ i )77 Fx [ i ℄ = 1 . ;7879 //Bui ld RHS80 double∗ a = buildRHS( f , femSpae ) ;8182 double normFx = 0 . ;83 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )84 normFx += Fx [ i ℄∗Fx [ i ℄ ;85 normFx = sq r t (normFx) ;86 sparsematr ix ∗ DF_NL = 0 ;8788 while (normFx > 1e−8) {89 //ompute non l inear term90 double∗ f_NL = omputeNonlinearTermAdaptive ( femSpae , mH, ep s i l on ) ;9192 //Compute F( x )93 double∗ DTVDmH = evalDTVD(V,D,mH) ;94 double∗ QmH = new double [ femSpae . NumberOfElements ( ) ℄ ;95 eva l_sparsematr ix (Q,mH,QmH) ;96 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )97 Fx [ i ℄ = DTVDmH[ i ℄ + q ∗ QmH[ i ℄ − a [ i ℄ + f_NL [ i ℄ ;9899 //Compute d e r i v a t i v e DF_NL100 i f ( i t e r >1)101 de l_sparsematr ix (DF_NL) ;102 out<<"Compute DF_NL . . .  "<<f l u s h ;103 DF_NL = omputeNonl inearTermDerivativeAdaptive ( femSpae , mH,104 ep s i l on ) ;105 out<<"done . \ n" ;106107 //ompute damping−parameter and perform Newton−s t e p108 double damp = 0 . 5 ;109 normFx = 0 . ;110 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )111 normFx += Fx [ i ℄∗Fx [ i ℄ ;112 normFx = sq r t (normFx ) ;113114 double∗ de l t a = solveGMRES (Fx , V, D, q , Q, DF_NL) ;115116 double∗ x1 = new double [ femSpae . NumberOfElements ( ) ℄ ;117 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )118 x1 [ i ℄ = mH[ i ℄ − de l t a [ i ℄ ;



78119120 double∗ Fx1 = new double [ femSpae . NumberOfElements ( ) ℄ ;121122 double∗ DTVDx1 = evalDTVD(V,D, x1 ) ;123124 double∗ Qx1 = new double [ femSpae . NumberOfElements ( ) ℄ ;125 eva l_sparsematr ix (Q, x1 ,Qx1 ) ;126 double∗ nl = omputeNonlinearTermAdaptive ( femSpae , x1 , ep s i l on ) ;127128 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )129 Fx1 [ i ℄ = DTVDx1[ i ℄ + q ∗ Qx1 [ i ℄ − a [ i ℄ + nl [ i ℄ ;130131 double normFx1 = 0 . ;132 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )133 normFx1 += Fx1 [ i ℄∗Fx1 [ i ℄ ;134 normFx1 = sq r t (normFx1 ) ;135136 delete Fx1 ;137 delete DTVDx1;138 delete Qx1 ;139140 while (normFx1>normFx) {141 damp = damp∗ 0 . 5 ;142 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )143 x1 [ i ℄ = mH[ i ℄ − damp∗ de l t a [ i ℄ ;144145 Fx1 = new double [ femSpae . NumberOfElements ( ) ℄ ;146147 double∗ DTVDx1 = evalDTVD(V,D, x1 ) ;148149 Qx1 = new double [ femSpae . NumberOfElements ( ) ℄ ;150 eva l_sparsematr ix (Q, x1 ,Qx1 ) ;151 nl = omputeNonlinearTermAdaptive ( femSpae , x1 , ep s i l on ) ;152153 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )154 Fx1 [ i ℄ = DTVDx1[ i ℄ + q ∗ Qx1 [ i ℄ − a [ i ℄ + nl [ i ℄ ;155156 normFx1 = 0 . ;157 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )158 normFx1 += Fx1 [ i ℄∗Fx1 [ i ℄ ;159 normFx1 = sq r t (normFx1 ) ;160161 delete Fx1 ;162 delete DTVDx1;163 delete Qx1 ;164 }165 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )166 mH[ i ℄ = x1 [ i ℄ ;167168 delete f_NL ;169 delete DTVDmH;170 delete QmH;171 delete x1 ;172 delete nl ;173 }174 de l_sparsematr ix (DF_NL) ;175176 out<<"Computing energy  . . .  "<<f l u s h ;177 double∗ DTVDmH = evalDTVD(V,D,mH) ;178 double∗ QmH = new double [ femSpae . NumberOfElements ( ) ℄ ;179 eva l_sparsematr ix (Q, mH, QmH) ;



CHAPTER 4. IMPLEMENTATION 79180 double energy = 0 . ;181 for ( int i = 0 ; i < femSpae . NumberOfElements ( ) ; ++i )182 energy += 0.5 ∗ (mH[ i ℄∗DTVDmH[ i ℄ ) + 0 .5 ∗ (mH[ i ℄∗ q ∗ QmH[ i ℄ ) −183 ( a [ i ℄∗mH[ i ℄ ) ;184 out<<" E = "<<energy<<"\n" ;185186 //Cleanup memory187 de l_sparsematr ix (Q) ;188 de l_sparsematr ix (QFull ) ;189 de l_sparsematr ix (D) ;190 delete Fx ;191 delete a ;192 ++mesh_refinements ;193 }194 return 0 ;195 }
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Chapter 5Numerial experiments
5.1 Overview and general remarksIn this hapter, we study several aspets of our analysis by providing extensive numerial experiments.Disretization error: As a �rst topi in Setion 5.2, we study the behavior of the disretizationerror

|||mε
0 −mε

h|||.First, we perform an experiment for the linear ase with weak applied �eld |f | ≪ 1. The onstraint
|m| ≤ 1 is not ative and the penalty sheme does not ontribute to the error. For smooth data, weobserve a rate of

|||mε
0 −mℓ||| = O(h1/2)for a sequene of disrete solutions mℓ omputed on uniform meshes. Note that h ∼ N

−1/2
T for NTthe number of triangles. This means the rate h1/2 orresponds to N−1/4

T .In the seond experiment in Setion 5.2.2, we apply a stronger �eld f suh that the penalty sheme isative in some regions of the simulation domain ω = (−0.5, 0.5)2 . To ensure that the error stemmingfrom the penalization is of higher order, we hoose a relatively small parameter of ε = 5e− 3. Again,a sequene of uniform meshes reveals a rate of O(N
−1/4
T ).In the �rst two experiments with uniform mesh-re�nements, we observe that the L2-ontribution

∥∥mε
0,2 −mℓ,2

∥∥
L2to the total error is of higher order

∥∥mε
0,2 −mℓ,2

∥∥
L2 = O(h) = O(N

−1/2
T ).The divergene ∇·mε

0, however, has edge and orner singularities. Uniform meshes allow for resolutionof this quantity only at the inferior rate of O(h1/2), whih, therefore, dominates the overall error. Inthe simpli�ed linear ase of soft �lms with q = 0 and |f | ≪ 1, it is well known, see e.g. [FLP08℄,that the divergene ∇ ·m an be resolved at almost linear rate O(N
−1/2
T ) using adaptively generatedisotropi sequenes of meshes.



82We apply our h-adaptive algorithm of Setion 3.4 to the �rst two experiments, i.e. we use µ̃Hℓ (T )as an indiator for the mesh-re�nement. Apparently, the optimal resolution of the L2-omponent
mε

0,2 of the magnetization demands uniform meshes. The divergene, however, demands strong edgere�nements, whih in turn yields ∥∥mε
0,2 −mℓ

∥∥
L2 = O(N−α

T ) with α < 1/4. The two goals seem to beinompatible, and we observe that the adaptive algorithm does improve the asymptotis of the erroronly slightly. The use of anisotropi sequenes of meshes might provide a solution to this problem.It is well known that the divergene an be resolved more e�iently with anisotropi elements alongthe boundary, f. [FLP08℄. Even though the adaptive omputations do not improve the asymptotibehavior signi�antly, the error level, and speially the error in the energy
|e(mε

0)− e(mℓ)|,is redued when ompared to the uniform approah. This is beause the dominant error ontribution
‖∇ · (mε

0 −mℓ)‖V is �rst resolved at a higher rate, until both error omponents are at the same level.Miromagneti devies are usually studied at small sales and it is a ommon modeling assumptionthat the applied �eld is (almost) onstant. Our interest goes beyond the onrete appliation ofthe model problem (M) as we wish to study the properties of the penalty method in general. InSetion 5.2.3, we onstrut an example where f is disontinuous and has a weak singularity at theorigin. Note that our a priori analysis is based on Proposition 3.16 and the statement demands fto be smooth. Hene, we are testing the performane of our numerial sheme even when neessaryregularity assumptions of the analysis are violated. The disontinuity lines are hosen suh that theyannot be resolved preisely by any re�nement of the initial mesh. The uniform algorithm performsat a dereased rate O(N−α) with α < 1/4. The adaptive algorithm seems to resolve the singularitiesof mε
0 more e�iently and reovers a rate of at least O(N

−1/4
T ).Finally, Setion 5.2.4 is onerned with the in�uene of the penalty parameter ε on the disretizationerror. We ompute numerial solutions for the same data and di�erent values of ε. Empirially, weobserve the disretization error to be almost independent of the penalty sheme. Only for exampleswhere the penalty energy is very large, we observe a slight positive in�uene in the sense that thedisretization error is redued for smaller penalty parameter.Conlusions: Theorem 3.24 proves a rate of

|||mε
0 −mε

h||| = O(h1/2)for smooth mε
0 ∈ H1(ω) with ∇ · mε

0 ∈ H1/2(ω). In pratie, this seems to be the rate that maybe expeted for uniform meshes if the given data is smooth. However, apparently the statement ofTheorem 3.24 holds even under weaker regularity assumptions on mε
0. The error estimator ηHℓ isempirially e�ient and reliable. Moreover, the loal indiator µHℓ,V not only gives a lower bound asstated in Corollary 3.28, but empirially also gives an upper bound,

ηHℓ,V . µHℓ,V ,as is known for soft �lms (q = 0) in the linear ase |f | ≪ 1. The isotropi adaptive algorithm inreasesthe auray, speially of the energy, in all of our omputations and reovers an asymptoti order ofat least O(N
−1/4
T ) even in presene of singularities aused by non-smooth data.Penalization error: Setion 5.3 is onerned with the experimental analysis of the error introduedby the penalty sheme

|||m0
h −mε

h|||.



CHAPTER 5. NUMERICAL EXPERIMENTS 83Reall the statement
|||m0

h −mε
h||| = O(ε1/2)of Theorem 3.22. In [CP01℄, the authors sueeded to improve this a priori result for the large-bodylimit. The proof is based on L2-orthogonalities of the disrete solution. In our ase, we do not have suhorthogonalities whih is why we did not sueed to provide a similar improvement of the a priori result.One might suspet, though, that some other tehniques allow for a proof of linear onvergene. Wetherefore perform some numerial experiments to empirially verify our analysis. In the experimentsin Setion 5.3.1, we ompute solutions with �xed meshes and varying penalty parameter for smoothdata. We do observe in this uniform ase of ε-re�nements a rate of O(ε1/2), whih indiates thatthe statement of Theorem 3.22 annot be improved in general. Note that in ontrast to the resultsonerning the onvergene rates with respet to h, the rate with respet to the penalty error doesnot depend heavily on the regularity of m0

h.In our �rst series of experiments, we observe that the heuristi error estimator ηεℓ is empirially reliableand gives a true upper bound of the error. The penalty error is not independent of the disretization.A redution of the mesh size leads to an improvement of the penalty error. This, however, does notause problems, as it means that simultaneous h- and ε-re�nements may lead to an improved rate ofthe penalty error.In Setion 5.3.2, we give empirial evidene that the hoie of ε = hα with α = 1 is optimal for uniformmesh re�nements. Choie of α > 1 does not improve the asymptoti behavior of the error whereashoie of α < 1 reveals a redued order of onvergene when ompared to α = 1. One interesting fatis that the order of onvergene for simultaneous h- and ε-re�nements is inreased, at least for exam-ples, where the penalization is ative on large regions of ω. This may be due to the slight derease ofdisretization error for smaller ε and the large derease of the penalty error for smaller disretizationparameter h.Conlusions: The penalty error behaves as predited by our analysis. It seems that the a prioriestimate annot be improved in general. The penalty error is not independent of the disretization.A �ner mesh leads to a smaller penalty error. Finally, the hoie of ε = h in uniform omputationsappears to be optimal. We observe an inreased order of onvergene with respet to NT , when themesh and the penalty parameter are re�ned simultaneously. It is not fully lear whether this is onlya pre-asymptoti e�et or the rate is inreased permanently.Further simulations: In Setion 5.4, we apply a �eld f with strong singularities along the diag-onal x = y. In ontrast to the example from Setion 5.2.3, here the disontinuity line of f is resolvedby the mesh exatly. As a onsequene we observe that the L2 omponent of the error still behaves well.The error introdued by the penalty sheme and the error stemming from the divergene, however,onverge at a slow rate. The hoie of f e�ets a singularity of ∇ ·m along x = y. The h-ε-adaptivealgorithm resolves the singularity of ∇ · m and the ε-re�nements improve the penalty error whenompared to the uniform ase. The penalty error and the disretization error are balaned by thealgorithm, the order of onvergene of the error estimator is improved when ompared to the use ofuniform re�nements.In the last setion, we perform experiments for three examples where the anisotropy parameter islarge, i.e. q ≫ 1, or vanishes, i.e. q = 0. The sample ω = (−0.5, 0.5) × (−0.1, 0.1) is retangular andin the �rst experiment we hoose q = 1e4, so that the anisotropy energy ontribution is dominant.We apply the onstant �eld f = 10(0.5, 2.0)T . Even though the applied �eld is very large, and almostorthogonal to the easy axis, we observe that the magnetization is still almost aligned with the �rst



84in-plane axis. The penalization term is ative on almost the entire domain ω. We observe for ηℓ a rateof onvergene N−1/4
T when using uniform re�nements. The h-ε-adaptive algorithm improves this andleads to a rate of N−1/3

T for the estimator ηℓ.The two last examples are dediated to the ase of soft �lms with q = 0. We stress that the energynorm, then, only measures the divergene of m in the V -norm, i.e. |||m||| = ‖∇ ·m‖V . In the aseof soft applied �eld f = 0.15(0.5, 2.0)T the onstraint is not ative. We observe that uniform meshre�nements lead to a onvergene order of N−1/4
T . The h-adaptive algorithm improves the onvergeneup to N−1/2

T . When the stronger �eld f = 2(0.5, 2.0)T is applied the onstraint is ative. Uniformmesh re�nements with ε = h reveal onvergene with order N−1/4
T . The h-ε-adaptive algorithm, again,leads to a higher order of onvergene of almost N−1/2

T . In partiular, the ε-re�nements are aggressiveand the algorithm seeks to balane the error ontributions.Representation of results: All results of our experiments are provided in tables. Additionally,we plot the error and error estimators in a double logarithmi sale. The quantities are plotted usu-ally on the number of triangles of the mesh. Reall the link h ∼ N
−1/2
T for uniform meshes. Fromthat we read that h1/2 orresponds to a rate of N−1/4

T with respet to the number of triangles. Onlyin the experiments where we study the ε-onvergene, we plot all quantities naturally on the hoie ofthe parameter ε.In order to get a feeling for the behavior of the numerial solutions, we often provide quiver-plots ofsome disrete magnetization. Usually, we use some relatively oarse solution on a uniform mesh forgood visibility.The divergene of the magnetization is of great importane as it e�ets the leading error ontributionin many examples. Plotting pieewise onstant funtions on meshes with very small mesh-size andlarge number of elements an lead to �gures that are hard to interpret. Therefore, instead we plota pieewise linear and globally ontinuous funtion obtained by averaging the values of the pieewiseonstant funtion at the nodes. Let z be a node and let {T1, . . . , Tn} be the set of triangles thatshare z as a vertex. Given the pieewise onstant funtion X ∈ P0(T ), we de�ne the nodal value of apieewise linear and globally ontinuous approximation X̃ ∈ S1(T ) through
X̃(z) :=

1

n

n∑

i=1

X|Ti .This kind of interpolation plot is used throughout to visualize the divergene of disrete funtions
mh ∈ RT 0(T ) as well as other pieewise onstant funtions.The e�ets of the onstraint |m| ≤ 1 are visualized in the following way: First, we provide plotsof the regions where the penalty-sheme ontributes to the energy. Triangles of some mesh where
‖(|mℓ| − 1)+‖L2(T ) > 0 are olored red, those where |mℓ|T | < 1 are olored blue. Seond, we plot thepieewise onstant funtion of the maximal length L(mℓ) ∈ P0(Tℓ) on eah triangle, i.e.

L(mℓ)|T = max
x∈T

|mℓ(x)|.In those experiments where we use the fully adaptive algorithm to steer h and ε re�nements, we alsoprovide plots of the adaptive generated pieewise onstant funtion εℓ ∈ P0(Tℓ).Reall that the model problem under onsideration is non-linear. The only known analytial solutionthat we are aware of is, unfortunately, the trivial solution m = 0 in absene of an applied �eld. In



CHAPTER 5. NUMERICAL EXPERIMENTS 85order to measure the error in various norms in our uniform simulation runs, we use some solutionomputed on a very �ne mesh as referene solution. The disrete solutions obtained on oarser meshesare prolonged to the �ne mesh. The system matries V,D,Q, and QF are given with respet tothe �nest mesh. Let Xℓ denote the oe�ient vetor of some prolonged disrete solution and Xn theoe�ient vetor of some referene solution. Then, the error in the energy norm may be omputed by
(Xn −Xℓ)D

TVD(Xn −Xℓ) + (Xn −Xℓ)Q(Xn −Xℓ).Similarly, the error in the full spae norm may be omputed by
(Xn −Xℓ)D

TVD(Xn −Xℓ) + (Xn −Xℓ)QF (Xn −Xℓ),where QF denotes the full sti�ness matrix
(QF )i,j = (ψj , ψi)L2 .In ase of adaptive alulations, it is hard to obtain a referene solution. First, onvergene of theadaptive sequene does not imply onvergene of the disrete solutions to the analytial solution.Seond and more important, the reg-green-blue re�nement strategy employed does in general not allowto embed a mesh Tℓ into some uniform re�nement of the initial mesh T0 easily. We therefore restritto plotting the error estimators in the adaptive simulations. We stress that for uniform re�nements,the estimator ηℓ is observed to give reliable information on the overall simulation error.5.2 Experimental analysis of disretization errorAs pointed out in Setion 3.4, the uniformity of h- and ε-onvergene seems ruial for the heuristiadaptive algorithm. We therefore run some simulations with the aim of empirially studying the h-onvergene of our proposed method. In ontrast to the extended algorithm inluding the estimationof the penalty error, we restrit here to the pure h-adaptive strategy where ε is �xed and only theresaled estimator µ̃Hℓ is used as re�nement indiator.In this set of experiments, we hoose the smoothest set-up that we ould think of. The simulationdomain is the unit square entered in the plane, i.e. ω = (−0.5, 0.5)2. The applied �eld f = (x, x)Twith x > 0 is onstant and the anisotropy parameter is q = 1 to exlude e�ets possibly arising fromvery large or very small values of q. The penalty parameter is �xed at ε = 5e − 3. The applied�eld varies from soft to strong. Soft applied �eld means that |f | is su�iently small suh that thepenalization is not ative. The initial disretization of ω is depited in Figure 5.1.5.2.1 Soft applied �eld f = (0.1, 0.1)TIn our �rst experiment, we hose f = (0.1, 0.1)T . In this ase, the onstraint is not ative and weare omputing the solution of a linear problem. Hene, the penalty parameter has no e�et on thedisretization error. Figure 5.2 shows a representative solution on a uniform mesh with NT = 1024triangles and ND = 1504 degrees of freedom. One an see the e�ets of the anisotropy at the top andbottom edge of ω. We observe alignment of mℓ along the axis of the applied �eld (1, 1). However, theanisotropy seems to be relevant in the sense that the magnetization tends to spin a little bit more indiretion of the �rst in-plane axis, i.e. the easy axis of the ferromagneti sample. The divergene ofthe adaptively generated disrete solution m14 is plotted in Figure 5.3. We observe that the solutionhas strong orner and edge singularities.
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PSfrag replaementsFigure 5.1: Initial mesh with 16 triangles and 20 interior edges for simulations where the domain isthe unit square ω = (−0.5, 0.5)2 entered in the plane.
Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ µHℓ,V NNewton0 16 20 -0.006413 0.03276 0.017083 0.03695 0.1486 21 64 88 -0.007103 0.02208 0.009776 0.02415 0.1004 22 256 368 -0.007399 0.01523 0.005400 0.01616 0.0696 23 1024 1504 -0.007532 0.01064 0.002921 0.01104 0.0489 24 4096 6080 -0.007594 0.00748 0.001559 0.00764 0.0345 25 16384 24448 -0.007624 0.00527 0.000825 0.00534 0.0244 26 65536 98048 -0.007638 - - - - 2Table 5.1: Results of the alulations with f = (0.1, 0.1)T , q = 1, ω = (−0.5, 0.5)T , and uniform mesh-re�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations

NNewton.
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Figure 5.2: Disrete magnetization for f = (0.1, 0.1)T and q = 1 on a uniform mesh of the domain
ω = (−0.5, 0.5)2 with NT = 1024 triangles and ND = 1504 degrees of freedom.
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Figure 5.3: Divergene of the solution m14 for f = (0.1, 0.1)T and q = 1 on an h-adaptively generatedmesh of the simulation domain ω = (−0.5, 0.5)2 with NT = 2058 triangles and ND = 2976 degrees offreedom.
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Figure 5.4: Error and error estimators for a sequene of disrete solutions mℓ on uniform meshes with
ω = (−0.5, 0.5)2 , f = (0.1, 0.1)T , and q = 1.



90Table 5.1 shows the experimental results for uniform mesh-re�nements. Figure 5.4 shows the er-ror and error estimators plotted on the number of triangles. We observe that the error in the en-ergy norm deays approximately with order N−1/4
T , whih orresponds to h1/2. The L2-ontribution

‖m∗
2 −mℓ,2‖L2(ω) is of higher order, i.e. almost N−1/2

T whih orresponds to h1. We observe that theestimator ηHℓ gives a good approximation to the true error. Moreover, we empirially observe e�-ieny and reliability of ηHℓ and all of its omponents. The loal error indiator µHℓ,V , whih is provento give a lower bound for ηHℓ,V up to some onstant, also gives empirially an upper bound, we observe
ηHℓ,V ∼ µHℓ,V . Reall that the energy funtional does not measure the easy-axis omponent of mℓ. As aonsequene, we observe a dramatially redued order of onvergene for the �rst omponent m1 whenompared to the order of the error in the seond omponent. The L2-error ‖m∗

1 −mℓ,1‖L2(ω) seemsto dominate the full spae norm error ‖m∗ −mℓ‖. Both deay at a rate of approximately N−1/8
T .Figure 5.5 shows the sequene of adaptively generated meshes. At �rst, we observe strong re�nementstowards the lower left and top right orners as well as some re�nements towards the edges. In the lastfew re�nement steps, however, also some triangles in the interior of ω are re�ned. Figure 5.6 shows theerror estimators in the adaptive omputation. For referene, we also plotted the quantities obtainedwith uniform re�nements. At �rst, the L2-ontribution of the energy error is signi�antly smaller thanthe ontribution of the error in the divergene. However, in the last few re�nement steps it seems thatsome elements were also marked due to the L2-norm ontributed error estimator ηHℓ,Q. It seems thatit is not possible to resolve both, L2 and V -norm ontributions of the error e�iently with the samemesh.We observe that the overall error deays asymptotially at least at the same rate N−1/4

T as in theuniform ase. Apparently, the use of uniform meshes is optimal to resolve the magnetization m.However, the divergene ∇ ·m demands adaptive meshes with strong re�nements towards the edgesand orners. These goals are ompeting and impossible to satisfy simultaneously. Hene, after somepreasymptoti phase, where the error in the divergene is redued to the level of the L2-error, theasymptoti behavior again reveals almost the same rate of N−1/4
T as in the uniform ase. The resultsof the adaptive omputation are listed in Table 5.2.The onvergene of the error |e(m5e−3

0 ) − e(m5e−3
h )| in the energy is estimated by extrapolating thesequene of disrete energies obtained with uniform meshes. For our error plots we use the estimate

e(m∗) ≈ −0.007652721009050. Figure 5.7 shows the estimated error in the energy for both, uniformand adaptive omputations. In the �rst steps, the adaptive algorithm learly omputes more auratevalues than the uniform approah. This is probably beause the error level of the divergene is redueddrastially. However, in the last few steps, where the L2-omponent of the error is at the same levelas the error of the divergene in the V -norm, we observe a slow-down of the onvergene.We stress that omputations on �ner meshes beyond iteration 14 showed numerial instabilities. Con-sidering the very low level of the error in Figure 5.7, this is not surprising. Reall that we use anadaptive ross approximation for the sparse storage of the V-matrix with loal error tolerane of
1e− 8. Moreover, the use of numerial quadrature for the omputation of the matrix entries might berelevant in this spei� experiment. The searh diretion in the Newton algorithm is omputed up toan absolute error if 1e− 10.
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NNewton.
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Figure 5.7: Error in the energy |e(m∗) − e(mℓ)| for a sequene of disrete solutions on uniform and
h-adaptive meshes with ω = (−0.5, 0.5)2 , f = (0.1, 0.1)T , and q = 1.Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 16 20 -0.2306 0.19320 0.10679 0.22075 0.006584 0.8766 31 64 88 -0.2553 0.12913 0.06009 0.14243 0.007179 0.5871 22 256 368 -0.2658 0.08951 0.03315 0.09545 0.006242 0.4090 123 1024 1504 -0.2706 0.06269 0.01783 0.06518 0.005316 0.2879 124 4096 6080 -0.2728 0.04412 0.00948 0.04513 0.004326 0.2034 155 16384 24448 -0.2739 - - - - - 16Table 5.3: Results of alulations with ω = (−0.5, 0.5)2, f = (0.6, 0.6)T , q = 1, and uniform mesh-re�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations
NNewton.5.2.2 Ative penalization with f = (0.6, 0.6)TIn this seond simulation, we strengthen the applied �eld and hoose f = (0.6, 0.6)T . Now, the solutionis penalized in some regions of ω, see Figure 5.10. A representative solution on a uniform mesh is shownin Figure 5.8 and the divergene of the h-adaptively omputed disrete solution m8 with ND = 16856degrees of freedom an be seen in Figure 5.9. We observe again some e�ets aused by the anisotropy.Note that the penalized regions are those, where the magnetization is well aligned with the easy-axis
e1. Moreover, we again observe the harateristi edge and orner singularities in the divergene.The detailed results of the omputation with uniform meshes are given in Table 5.3. Figure 5.11,shows error and error estimators for a sequene of uniform meshes. Note that in ontrast to the�rst experiment with soft applied �eld, we now also plot the square root of the penalty energy ηεℓ =(

1
2ε ‖(|mℓ| − 1)+‖2L2(ω)

)1/2. One major di�erene to the �rst experiment is that in the present ase
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h-adaptively generated mesh with NT = 11555 triangles and ND = 16856 degrees of freedom.

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

Figure 5.10: Left: Penalized (red) and not penalized (blue) elements of the solution m4 for ω =
(−0.5, 0.5)2, f = (0.6, 0.6)T , and q = 1. The uniform mesh has NT = 16384 triangles. Right:Elementwise maximal length of m4.
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Figure 5.11: Error and error estimators for a sequene of disrete solutions mℓ on uniform meshes for
ω = (−0.5, 0.5)2 , f = (0.6, 0.6)T , and q = 1.we observe onvergene in the full spae norm ‖·‖ at the same rate as in the energy norm ||| · |||. Onepossible explanation is that in the regions where the magnetization is almost aligned with the easyaxis e1, the penalty sheme is ative and hene the length of the magnetization is restrited there. Theseond omponent mℓ,2 is ontrolled by the energy funtional. Therefore, also mℓ,1 ≈ (1−m2

ℓ,2)
1/2 isdetermined by quantities that are ontrolled through the equations diretly.Figure 5.12 shows the sequene of h-adaptively generated meshes. We observe a similar behavior as inthe �rst experiment. Figure 5.13 shows the error estimators in the adaptive omputation. For referene,we also plotted the quantities obtained with uniform re�nements. At �rst, the L2-ontribution of theenergy error is signi�antly smaller than the ontribution of the error in the divergene. However,in the last few re�nement steps, it beomes relevant and e�ort is put into re�ning elements in theinterior of ω to redue the L2 ontribution of the error. We observe that the overall error, again,deays asymptotially at the rate of at least N−1/4

T . The results of the adaptive omputation are listedin Table 5.4.The true energy is estimated by extrapolating the sequene of disrete energies obtained with uniformmeshes. For our error plots we use the estimate e(m∗) ≈ −0.274951722507912. Figure 5.14 shows theestimated error in the energy. Apparently, the adaptive algorithm improves the asymptoti behaviorslightly.5.2.3 Non-smooth solution and h-adaptive algorithmIn a last experiment we demonstrate that the adaptive algorithm is able to improve the order ofonvergene, even for some non-smooth magnetization m. To that end, we apply a disontinuous �eld
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Figure 5.13: Error estimators for h-adaptive and uniform mesh-re�nements. The �eld f = (0.6, 0.6)Tis applied to the sample ω = (0.5, 0.5)2 with anisotropy parameter q = 1.
Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 16 20 -0.2306 0.19320 0.10679 0.22075 6.58e-3 0.8743 31 40 54 -0.2470 0.14747 0.09524 0.17555 7.09e-3 0.6752 42 80 110 -0.2599 0.11066 0.06135 0.12653 9.71e-3 0.5015 113 180 252 -0.2671 0.08127 0.05064 0.09576 5.81e-3 0.3690 104 422 598 -0.2711 0.05776 0.04449 0.07291 6.44e-3 0.2606 125 990 1417 -0.2726 0.04132 0.03849 0.05647 6.41e-3 0.1849 126 2292 3303 -0.2735 0.02942 0.03717 0.04741 5.40e-3 0.1314 177 5198 7540 -0.2743 0.02230 0.03085 0.03807 4.96e-3 0.0950 228 11555 16856 -0.2744 0.01825 0.02220 0.02874 4.50e-3 0.0741 31Table 5.4: Results of alulations with ω = (−0.5, 0.5)2, f = (0.6, 0.6)T , and q = 1: mesh size NT ,spae size ND, energy, error estimators, and number of Newton iterations NNewton.
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Figure 5.14: Error in the energy |e(m∗)− e(mℓ)| for a sequene of disrete solutions on uniform and
h-adaptive meshes for ω = (−0.5, 0.5)2, f = (0.6, 0.6)T , and q = 1.
f de�ned by

f(x, y) =

{
(0, 1/|x|0.1)T for |y| >√|x|,
(0,−1) else,to our sample ω = (−0.5, 0.5)T . The anisotropy with q = 1 seems to have little e�et as the applied�eld is always orthogonal to the easy axis. The singularity of f at the origin (0, 0) is very weak.However, the disontinuous behavior seems to be relevant. A solution omputed on a uniform meshwith NT = 4096 triangles and a solution omputed on an adaptively generated mesh with NT = 1760triangles an be seen in Figure 5.15 and Figure 5.16, respetively. The divergene of the adaptivelyomputed solution m20 is shown in Figure 5.17. The detailed results of our omputation are listed inTable 5.5 and Table 5.6, respetively.Note that even though we use a relatively small penalty parameter of ε = 5e − 3, we observe someelements at the top and bottom edge, where the magnetization seems to be signi�antly longer than

1, see Figure 5.18 and Figure 5.19. It seems that the penalization is not equally good everywhere on
ω.The onvergene in the energy for uniform meshes seems to be a�eted by the singular behavior of
m. As an estimate for the true energy, we used the extrapolated value e(mε

0) ≈ −0.400251416014251.In the uniform ase, we observe a rate of approximately N−3/7
T . In ontrast, the adaptive algorithmreovers a rate of at least N−1/2

T , see Figure 5.20. Estimates in the energy norm reveal a similarbehavior as an be seen in Figure 5.21. The error seems to deay at a rate of approximately N−3/14
T .This seems to be mainly an e�et due to the bad resolution of the L2-omponent of the error.The h-adaptive algorithm with �xed penalty parameter ε = 5e− 3 e�ets strong re�nements towards
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Figure 5.15: Disrete magnetization for ω = (−0.5, 0.5)2, disontinuous f , and q = 1 on a mesh with
NT = 4096 triangles and ND = 6080 degrees of freedom.
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Figure 5.16: Disrete magnetization for ω = (−0.5, 0.5)2, disontinuous f , and q = 1 on an h-adaptivelygenerated mesh with NT = 1760 triangles and ND = 2589 degrees of freedom.
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Figure 5.17: Divergene of the disrete solution m20 for ω = (−0.5, 0.5)2, disontinuous f , and q = 1on an h-adaptively generated mesh with NT = 10485 triangles and ND = 15588 degrees of freedom.
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Figure 5.18: Left: Penalized (red) and not penalized (blue) elements of the solution m5 for ω =
(−0.5, 0.5)2, disontinuous f , and q = 1. Right: Maximal length of the magnetization m5 on eahelement. The uniform mesh has NT = 16384 triangles and ND = 24448 degrees of freedom.
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Figure 5.19: Maximal length of the magnetization m5 on eah element for ω = (−0.5, 0.5)2, dison-tinuous f , and q = 1. The uniform mesh has NT = 16384 triangles and ND = 24448 degrees offreedom.
Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 16 20 -0.1915 0.19132 0.3599 0.4076 0 0.7922 21 64 88 -0.2913 0.11621 0.2348 0.2620 0.02198 0.5094 112 256 368 -0.3271 0.07541 0.1907 0.2051 0.02121 0.3361 173 1024 1504 -0.3624 0.05286 0.1427 0.1521 0.02243 0.2312 244 4096 6080 -0.3797 0.03675 0.1080 0.1141 0.02271 0.1579 375 16384 24448 -0.3891 0.02425 0.0797 0.0833 0.02256 0.1082 436 65536 98048 -0.3937 - - - - - 42Table 5.5: Results of alulations with ω = (−0.5, 0.5)2 , disontinuous f , q = 1, and uniform mesh-re�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations

NNewton.



104Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 16 20 -0.1915 0.19139 0.35996 0.40768 0 0.7922 21 32 42 -0.2801 0.15583 0.26168 0.30457 0.01620 0.7134 162 56 74 -0.3035 0.11218 0.23590 0.26122 0.01808 0.5094 133 80 110 -0.3350 0.1147 0.20386 0.23395 0.02115 0.4978 204 116 164 -0.3369 0.10650 0.17557 0.20535 0.01772 0.4786 145 184 258 -0.3416 0.08312 0.16490 0.18466 0.01872 0.3612 206 297 426 -0.3434 0.07866 0.16235 0.18040 0.01930 0.3463 207 403 585 -0.3529 0.07344 0.14630 0.16370 0.01994 0.3312 158 587 860 -0.3659 0.07157 0.12440 0.14352 0.02021 0.3249 169 774 1132 -0.3725 0.05923 0.11984 0.13368 0.02254 0.2628 1410 1006 1477 -0.3784 0.05392 0.10384 0.11701 0.02318 0.2420 1711 1327 1950 -0.3814 0.04674 0.09484 0.10574 0.02368 0.2060 2812 1760 2589 -0.3839 0.04278 0.09367 0.10298 0.02416 0.1853 1813 2219 3274 -0.3849 0.03954 0.08850 0.09693 0.02374 0.1750 2714 2910 4303 -0.3866 0.03714 0.08227 0.09026 0.02391 0.1614 1715 3687 5460 -0.3888 0.03405 0.07550 0.08282 0.02383 0.1478 2016 4668 6923 -0.3916 0.03203 0.07352 0.08019 0.02357 0.1402 3917 5499 8147 -0.3919 0.02863 0.06961 0.07527 0.02358 0.1235 2118 7073 10498 -0.3937 0.02675 0.06773 0.07282 0.02269 0.1162 2519 8441 12538 -0.3944 0.02530 0.06576 0.07046 0.02263 0.1100 3020 10485 15588 -0.3949 0.02379 0.06143 0.06587 0.02241 0.1028 18Table 5.6: Results of alulations with ω = (−0.5, 0.5)2, disontinuous f , q = 1, and h-adaptive mesh-re�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations
NNewton.
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Figure 5.20: Error in the energy |e(m∗)− e(mℓ)| for a sequene of disrete solutions on uniform and
h-adaptive meshes for ω = (−0.5, 0.5)2, disontinuous f , and q = 1.
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Figure 5.21: Error and error estimators for a sequene of disrete solutions mℓ on uniform meshes for
ω = (−0.5, 0.5)2 , disontinuous f , and q = 1.the disontinuity lines of f . The singularity of f at the origin (0, 0) seems to be less signi�ant. Apossible explanation is that it is a weak singularity that only e�ets a very small region of ω. Aseletion of adaptively generated meshes an be seen in Figure 5.22. The error estimators plotted inFigure 5.23 reveal that the rate of N−1/4

T is reovered with the help of the adaptive mesh-re�nements.5.2.4 In�uene of εIt remains to study experimentally the dependene of the disretization error from the penalty pa-rameter ε. We hoose the applied �eld f = (0.8, 0.8)T . The penalty region of a solution omputedwith ε = 0.005 on a uniform mesh with NT = 65536 triangles is shown together with the elementwisemaximal length of the magnetization in Figure 5.24. We an learly see that the penalization term isative. Moreover, in the last re�nement step, the error estimators ηHℓ and ηεℓ have values lose to eahother for oarse ε.We run four h-uniform simulations with penalty parameter values of ε ∈ {0.1, 0.05, 0.01, 0.005}. Foreah simulation run, we ompute a referene solution mε
ref on a mesh with NT = 65536 triangles.Figure 5.25 shows the error |||mε

ref −mε
ℓ ||| for various hoies of ε. The plot is di�ult to read beausethe lines almost oinide. The Tables 5.7�5.9 show the detailed results of the simulations. It seemsthat the disretization error is basially independent of the penalty error in this ase.In as seond simulation run, we hose a very strong applied �eld f = (3, 3)T suh that the error fromthe penalization is dominant. Figure 5.26 shows the error for the parameter values of ε ∈ {0.1, 0.01}.The redution of the penalty parameter by an order of magnitude leads to a slight improvement of thedisretization error in this example. The results of the simulation are doumented in Tables 5.11�5.12.
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Figure 5.23: Error estimators for h-adaptive and uniform mesh-re�nements. A disontinuous �eld f isapplied to the sample ω = (0.5, 0.5)2 with anisotropy parameter q = 1.
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Figure 5.24: Left: penalized (red) and not penalized (blue) elements of a uniform mesh of ω =
(−0.5, 0.5)2 with NT = 65536 triangles. The penalty parameter is ε = 0.005, the applied �eld is
f = (0.8, 0.8)T . Right: elementwise maximal length of the disrete magnetization.
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ε = 0.005Figure 5.25: Error in the energy norm for a series of experiments with uniform meshes of ω =
(−0.5, 0.5)2, applied �eld f = (0.8, 0.8)T , q = 1 and �xed values of ε.
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Figure 5.26: Error in the energy norm for a series of experiments with uniform meshes of ω =
(−0.5, 0.5)2, applied �eld f = (3, 3)T , q = 1 and �xed values of ε.



CHAPTER 5. NUMERICAL EXPERIMENTS 109Iteration NT ND Energy ηHℓ ηεℓ |||mε
ref −mε

ℓ ||| NNewton0 16 20 -0.4081 0.2824 0.0546 0.3732 61 64 88 -0.4512 0.1825 0.0388 0.2420 62 256 368 -0.4691 0.1215 0.0341 0.1584 63 1024 1504 -0.4770 0.0828 0.0308 0.1009 64 4096 6080 -0.4806 0.0572 0.0288 0.0572 75 16384 24448 -0.4823 0.0399 0.0279 - 6Table 5.7: Results of alulations with ω = (−0.5, 0.5)2 , f = (0.8, 0.8)T , q = 1, uniform mesh-re�nements, and ε = 0.1: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.Iteration NT ND Energy ηHℓ ηεℓ |||mε
ref −mε

ℓ ||| NNewton0 16 20 -0.4071 0.2806 0.0624 0.3728 111 64 88 -0.4505 0.1819 0.0400 0.2416 62 256 368 -0.4686 0.1212 0.0319 0.1581 73 1024 1504 -0.4766 0.0825 0.0272 0.1007 74 4096 6080 -0.4802 0.0571 0.0238 0.0571 85 16384 24448 -0.4819 0.0398 0.0219 - 7Table 5.8: Results of alulations with ω = (−0.5, 0.5)2 , f = (0.8, 0.8)T , q = 1, uniform mesh-re�nements, and ε = 0.05: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.Iteration NT ND Energy ηHℓ ηεℓ |||mε
ref −mε

ℓ ||| NNewton0 16 20 -0.4034 0.2785 0.0577 0.3752 111 64 88 -0.4490 0.1814 0.0380 0.2416 92 256 368 -0.4675 0.1209 0.0278 0.1581 93 1024 1504 -0.4758 0.0824 0.0213 0.1006 134 4096 6080 -0.4797 0.0570 0.0172 0.0570 105 16384 24448 -0.4815 0.0397 0.0142 - 10Table 5.9: Results of alulations with ω = (−0.5, 0.5)2 , f = (0.8, 0.8)T , q = 1, uniform mesh-re�nements, and ε = 0.01: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.Iteration NT ND Energy ηHℓ ηεℓ |||mε
ref −mε

ℓ ||| NNewton0 16 20 -0.4019 0.2791 0.0461 0.3769 121 64 88 -0.4483 0.1814 0.0310 0.2419 112 256 368 -0.4672 0.1211 0.0260 0.1583 103 1024 1504 -0.4756 0.0825 0.0196 0.1008 114 4096 6080 -0.4796 0.0570 0.0153 0.0570 135 16384 24448 -0.4814 0.0398 0.0124 - 12Table 5.10: Results of alulations with ω = (−0.5, 0.5)2, f = (0.8, 0.8)T , q = 1, uniform mesh-re�nements, and ε = 0.005: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.



110 Iteration NT ND Energy ηHℓ ηεℓ |||mε
ref −mε

ℓ ||| NNewton0 16 20 -3.5290 0.4756 0.7434 0.686183 71 64 88 -3.8293 0.3439 0.7459 0.478808 62 256 368 -3.9509 0.2405 0.7445 0.318782 53 1024 1504 -3.9993 0.1639 0.7441 0.200693 54 4096 6080 -4.0191 0.1124 0.7445 0.112477 55 16384 24448 -4.0277 0.0781 0.7450 - 4Table 5.11: Results of alulations with ω = (−0.5, 0.5)2, f = (3, 3)T , q = 1, uniform mesh-re�nements,and ε = 0.1: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations
NNewton. Iteration NT ND Energy ηHℓ ηεℓ |||mε

ref −mε
ℓ ||| NNewton0 16 20 -2.9089 0.4025 0.4519 0.613074 91 64 88 -3.2395 0.2986 0.3951 0.435184 82 256 368 -3.3772 0.2122 0.3398 0.292067 73 1024 1504 -3.4338 0.1463 0.3007 0.182514 74 4096 6080 -3.4565 0.1008 0.2790 0.100889 75 16384 24448 -3.4654 0.0701 0.2681 - 7Table 5.12: Results of alulations with ω = (−0.5, 0.5)2, f = (3, 3)T , q = 1, uniform mesh-re�nements,and ε = 0.01: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations

NNewton.5.3 Experimental analysis of penalty errorThe error introdued by the penalty sheme is of a di�erent quality than the error due to the disretiza-tion. We expet that the disretization error depends on the smoothness of the analytial solution. InTheorem 3.22, we assumed ∇ ·m∗ ∈ L2 to prove the onvergene rate of
|||m∗ −mε

0||| = O(
√
ε).Note that the proof only needs the regularity of ∇·m∗ beause we used pointwise estimates that yield

‖∇ ·m‖L2 in the upper bound of the error estimation. There is, however, no neessity to apply anyinterpolation operator to obtain the result. One may therefore suspet that a di�erent strategy in theproof might yield the same result with weaker regularity assumptions.5.3.1 Convergene and in�uene of hNonetheless, we restrit ourselves to a simple and smooth setting. The simulation domain is, again,the unit square entered in the plane, i.e. ω = (−0.5, 0.5)2. We apply the onstant �eld f = (1, 1)T .In the preeding experiments onerning the h-onvergene we also hose the rather weak applied�elds beause we wanted the penalty error to be relatively small when ompared to the disretizationerror. Now, we are partiularly interested in the penalty error and the behavior of our estimator ηεℓ .We therefore stik to the hoie of strong f . Figure 5.27 shows the penalized region for a uniformmesh with NT = 4096 triangles and the penalty parameter of ε = 1e− 4. The maximal length of themagnetization on eah triangle is plotted in Figure 5.28. The anisotropy parameter is set to q = 1.We hoose �xed meshes T1 with NT = 256, T2 with NT = 1024, and T3 with NT = 4096 triangles.
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Figure 5.27: Penalized (red) and not penalized (blue) elements of the solution m3 for ω = (−0.5, 0.5)2 ,
f = (1, 1)T , ε = 1e− 4, and q = 1. The uniform mesh has NT = 4096 triangles.
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Figure 5.28: Length of the disrete solution m3 on a uniform mesh of ω = (−0.5, 0.5)2 with NT = 4096triangles, f = (1, 1)T , q = 1, and ε = 1e− 4.Then, we ompute the disrete solutions with ε = 0.5k ·0.0625 for k = 0, 1, . . .. Sine we are interestedin the error aused by the penalty sheme, we ompute the referene solution mref,ℓ on eah mesh Tℓwith ε = 1e− 4. This referene solution is used to estimate the error
|||m0

h −mε
h||| ≈ |||mref,ℓ −mε

h|||.Figure 5.29 shows the estimated error along with the error estimator
ηεℓ = (

1

2ε
‖(|mℓ| − 1)+‖2L2)1/2.We observe that the error deays at a rate of approximately ε1/2. The estimator ηεℓ appears to bereliable, but not e�ient. It gives an upper bound and onverges with an order of approximately ε1/4.This, however, means that the original quadrati penalty energy

1

2ε
‖(|mℓ| − 1)+‖2L2 = (ηεℓ )

2,plotted for referene in the �gure, appears to be also e�ient.Moreover, the penalty error seems to in�uene the energy in a di�erent manner than the disretizationerror. Figure 5.30 shows the error in the energy, where we used the extrapolated values
e(m0

T1) ≈ −0.6941157823,

e(m0
T2) ≈ −0.7075830949,

e(m0
T3) ≈ −0.7142900317,for estimation of the error. We observe onvergene of the order ε1/2.



CHAPTER 5. NUMERICAL EXPERIMENTS 113
Iteration ε Energy ηεℓ ηHℓ |||mref,T1 −mℓ||| NNewton0 6.25e-2 -0.70940 0.09072 0.1399 0.064066 121 3.12e-2 -0.70539 0.07643 0.1388 0.050271 42 1.56e-2 -0.70254 0.06601 0.1382 0.040217 43 7.81e-3 -0.70039 0.05860 0.1380 0.031730 44 3.90e-3 -0.69868 0.05249 0.1382 0.023629 45 1.95e-3 -0.69745 0.04876 0.1389 0.017111 46 9.77e-4 -0.69636 0.04159 0.1394 0.011788 47 4.88e-4 -0.69555 0.03310 0.1401 0.007200 4Table 5.13: Results of alulations with ω = (−0.5, 0.5)2 , f = (1, 1)T , q = 1, and NT = 256: penaltyparameter ε, energy, error estimators, and number of Newton iterations NNewton.
Iteration ε Energy ηεℓ ηHℓ |||mref,T1 −mℓ||| NNewton0 6.25e-2 -0.72012 0.08864 0.09496 0.050189 161 3.12e-2 -0.71618 0.07076 0.09425 0.037144 42 1.56e-2 -0.71370 0.05793 0.09387 0.029373 43 7.81e-3 -0.71205 0.04901 0.09371 0.023281 44 3.90e-3 -0.71087 0.04233 0.09385 0.017904 55 1.95e-3 -0.71001 0.03735 0.09424 0.013073 56 9.77e-4 -0.70938 0.03333 0.09465 0.009647 47 4.88e-4 -0.70887 0.02794 0.09514 0.006076 4Table 5.14: Results of alulations with ω = (−0.5, 0.5)2, f = (1, 1)T , q = 1, and NT = 1024: penaltyparameter ε, energy, error estimators, and number of Newton iterations NNewton.

Iteration ε Energy ηεℓ |||mref,T1 −mℓ||| NNewton0 6.25e-2 -0.72498 0.08795 0.043307 261 3.12e-2 -0.72101 0.06796 0.029822 52 1.56e-2 -0.71866 0.05270 0.022990 43 7.81e-3 -0.71727 0.04247 0.018834 44 3.90e-3 -0.71639 0.03552 0.015173 45 1.95e-3 -0.71577 0.03034 0.011776 56 9.77e-4 -0.71533 0.02639 0.009107 57 4.88e-4 -0.71502 0.02305 0.006896 5Table 5.15: Results of alulations with ω = (−0.5, 0.5)2, f = (1, 1)T , q = 1, and NT = 4096: penaltyparameter ε, energy, error estimators, and number of Newton iterations NNewton.
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Figure 5.29: Error and error estimators for three di�erent uniform meshes and varying values of ε.We apply the �eld f = (1, 1)T to the sample ω = (−0.5, 0.5)2 with q = 1.

10
−4

10
−3

10
−2

10
−1

10
−3

10
−2

PSfrag replaements
ε

Errorintheen
ergy (T1)

(T2)

(T3)

1/2

Figure 5.30: Error in the energy for three di�erent uniform meshes and varying values of ε. We applythe �eld f = (1, 1)T to the sample ω = (−0.5, 0.5)2 with q = 1.



CHAPTER 5. NUMERICAL EXPERIMENTS 115The detailed results of the experiments are listed in Tables 5.13�5.15.The disretization parameter seems to have some positive e�et on the penalty error. As the elementsshrink in their size, the penalty error is redued slightly. One reason may be that on oarser meshesthe magnetization annot vary its length e�iently. As the mesh gets �ner, some elements that wouldbe linked to a penalized element on a oarse mesh, might not be penalized at all on the �ner one, i.e.the penalty region is resolved better.On the other hand, we observe that the disretization error seems to be almost independent of thepenalty parameter. Corollary 3.25 establishes rates of onvergene. We stress that the penalty erroris only onsidered for the ontinuous problem in the proof. Hene, the empirial evidene at handsupports our analytial results. However, the regularity assumptions seem to be too strit and it maybe possible to prove the same statement under weaker assumptions.5.3.2 Empirial hoie of ε = hαOur analysis predits the onvergene behavior
|||m∗ −mℓ||| = O(

√
ε+

√
h).From this, the hoie of ε = h is natural. In partiular, the preeding experiments suggest that theindividual rates of the disretization error and the penalty error established in Theorem 3.22 andTheorem 3.24 annot be improved in general with uniform sequenes of meshes.Note, however, that the disretization error and the penalty error are apparently not ompletelyindependent. A harsher penalization improves the disretization error and vie versa. Therefore, weneed to study the orret hoie of ε = hα also empirially.We stik to the simple and smooth setting of ω = (−0.5, 0.5)2 and onstant applied �eld. The �eld ishosen f = (2, 2)T to ensure that not only the disretization error but also the error introdued by thepenalty sheme are signi�ant at the beginning of the simulation. The barrier is ative on almost thewhole domain. To estimate the error, we omputed a referene solution on a mesh with NT = 65536triangles and ND = 98048 degrees of freedom and a penalty parameter of ε = h1.5 = 6.52444e−4. Weompare the solutions omputed on a sequene of uniform meshes and penalty parameter of ε = hαwith α ∈ {0.5, 0.8, 1.0, 1.2, 1.5} with the referene solution. Figure 5.31 shows the error in the energynorm. The hoie of α = 0.5 and α = 0.8 lead to a redued order of onvergene. On the other hand,hoie of α ≥ 1 does not improve the onvergene beyond a rate of N−1/3

T . This suggests the hoieof ε = h is optimal.Figure 5.32 shows the total error estimator ηℓ = ηHℓ + ηεℓ . Here, the rate seems to improve up to thehoie of ε = h1.5. Reall that the estimator ηεℓ was only observed to be reliable but not e�ient. The�gure also shows the estimator ηεℓ for values of α = 0.5, α = 1.0, and α = 1.5. Only in the ase of
α = 1.5, the true order of onvergene N−1/3

T is re�eted by the estimator, sine the penalty error isof higher order. This e�ets that the empirially reliable estimator ηεℓ adopts the order of the overallerror. Stiking to the empirial optimal hoie of ε = h, the estimator shows a reliable behavior andreveals an order of N−1/4
T . The detailed result of the simulations are given in Table 5.16�5.20.We stress the inreased order of onvergene N

−1/3
T that seems to be aused by the dependeneof disretization and penalty error. However, it is not entirely lear whether this is an asymptotibehavior or a preasymptoti e�et only. To give further evidene, we perform a seond simulation run,where we hoose an applied �eld of f = (0.8, 0.8)T . In this ase, the penalization is not ative on large
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Figure 5.31: Error for di�erent hoies of penalty parameter ε = hα. We apply the �eld f = (2, 2)T tothe sample ω = (−0.5, 0.5) with q = 1.
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Figure 5.32: Error estimators for di�erent hoies of penalty parameter ε = hα. We apply the �eld
f = (2, 2)T to the sample ω = (−0.5, 0.5) with q = 1.
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h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 5.0e-1 0.4734 0.2420 0.5957 0.83051.25e-1 3.5e-1 0.3144 0.1352 0.6119 0.63536.25e-2 2.5e-1 0.2079 0.0710 0.5866 0.46763.125e-2 1.8e-1 0.1383 0.0369 0.5421 0.34211.5625e-2 1.2e-1 0.0935 0.0190 0.4884 0.24727.5225e-3 8.5e-2 0.0639 0.0098 0.4320 -Table 5.16: Results of alulations with ω = (−0.5, 0.5)T , f = (2, 2)T , q = 1, and ε = h0.5: mesh-width

h, penalty parameter ε, error estimators, and error in the energy norm for a sequene of solutions onuniform meshes.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 3.2e-1 0.4592 0.2326 0.5881 0.78471.25e-1 1.8e-1 0.2994 0.1282 0.5689 0.54776.25e-2 1.1e-1 0.1960 0.0665 0.4967 0.35573.125e-2 6.3e-2 0.1296 0.0347 0.4104 0.22551.5625e-2 3.6e-2 0.0878 0.0180 0.3272 0.13877.5225e-3 1.9e-2 0.0606 0.0095 0.2554 -Table 5.17: Results of alulations with ω = (−0.5, 0.5)T , f = (2, 2)T , q = 1, and ε = h0.8: mesh-width

h, penalty parameter ε, error estimators, and error in the energy norm for a sequene of solutions onuniform meshes.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 2.5e-1 0.4500 0.2266 0.5804 0.75631.25e-1 1.3e-1 0.2908 0.1241 0.5331 0.50206.25e-2 6.3e-2 0.1901 0.0645 0.4334 0.31073.125e-2 3.1e-2 0.1260 0.0340 0.3309 0.19071.5625e-2 1.6e-2 0.0859 0.0179 0.2436 0.11537.5225e-3 7.2e-3 0.0596 0.0096 0.1759 -Table 5.18: Results of alulations with ω = (−0.5, 0.5)T , f = (2, 2)T , q = 1, and ε = h1: mesh-width

h, penalty parameter ε, error estimators, and error in the energy norm for a sequene of solutions onuniform meshes.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 1.9e-1 0.4410 0.2209 0.5708 0.73011.25e-1 8.2e-2 0.2835 0.1205 0.4944 0.46666.25e-2 3.6e-2 0.1857 0.0632 0.3744 0.28383.125e-2 1.6e-2 0.1237 0.0338 0.2662 0.17541.5625e-2 6.8e-3 0.0849 0.0182 0.1831 0.10817.5225e-3 2.7e-3 0.0592 0.0100 0.1242 -Table 5.19: Results of alulations with ω = (−0.5, 0.5)T , f = (2, 2)T , q = 1, and ε = h1.2: mesh-width

h, penalty parameter ε, error estimators, and error in the energy norm for a sequene of solutions onuniform meshes.
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h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 1.3e-1 0.4283 0.2130 0.5535 0.69481.25e-1 4.4e-2 0.2745 0.1158 0.4366 0.43046.25e-2 1.6e-2 0.1809 0.0621 0.3019 0.26463.125e-2 5.5e-3 0.1218 0.0342 0.1987 0.16871.5625e-2 1.9e-3 0.0847 0.0194 0.1273 0.10727.5225e-3 6.1e-4 0.0601 0.0109 0.0816 -Table 5.20: Results of alulations with ω = (−0.5, 0.5)T , f = (2, 2)T , q = 1, and ε = h1.5: mesh-width

h, penalty parameter ε, error estimators, and error in the energy norm for a sequene of solutions onuniform meshes.
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Figure 5.33: Error for di�erent hoies of penalty parameter ε = hα. The �eld f = (0.8, 0.8)T isapplied to the sample ω = (−0.5, 0.5)2 with q = 1.
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Figure 5.34: Error estimators for di�erent hoies of penalty parameter ε = hα. The �eld f =
(0.8, 0.8)T is applied to the sample ω = (−0.5, 0.5)2 with q = 1.regions of ω but still ontributes to the total error. Figure 5.33 shows the error in the energy normfor various hoies of ε = hα. Sine the error introdued by the penalty sheme is signi�antly smallerthan the disretization error, the dereased rate of onvergene for α < 1 when ompared to the hoieof α ≥ 1 is not as learly visible as in the �rst experiment. We still see, however, a signi�ant dereasefor the hoie of α = 0.5. In ontrast to the �rst experiment with stronger applied �eld, the hoie of
f = (0.8, 0.8)T , now yields a rate of onvergene N−α

T with 1/4 < α < 1/3. Figure 5.34 shows the errorestimators in this experiment. Here, the observed reliability of ηεℓ auses that the dereased order ofonvergene for hoies of α < 1 is more learly visible. The results of this simulation are given inTables 5.21�5.25.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 5.0e-1 0.2513 0.1386 0.03594 0.37731.25e-1 3.5e-1 0.1676 0.07772 0.03912 0.24836.25e-2 2.5e-1 0.1153 0.04185 0.03934 0.16633.125e-2 1.8e-1 0.0802 0.02235 0.03726 0.11101.5625e-2 1.2e-1 0.0561 0.01184 0.03392 0.07207.5225e-3 8.5e-2 0.0395 0.00623 0.03019 -Table 5.21: Results of alulations with ω = (−0.5, 0.5)T , f = (0.8, 0.8)T , q = 1, and ε = h0.5:mesh-width h, penalty parameter ε, error estimators, and error in the energy norm for a sequene ofsolutions on uniform meshes.
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h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 3.2e-1 0.2509 0.13849 0.03710 0.37691.25e-1 1.8e-1 0.1670 0.07760 0.03914 0.24716.25e-2 1.1e-1 0.1146 0.04173 0.03664 0.16463.125e-2 6.3e-2 0.0797 0.02235 0.03136 0.10921.5625e-2 3.6e-2 0.0558 0.01186 0.02527 0.07017.5225e-3 1.9e-2 0.0393 0.00625 0.01969 -Table 5.22: Results of alulations with ω = (−0.5, 0.5)T , f = (0.8, 0.8)T , q = 1, and ε = h0.8:mesh-width h, penalty parameter ε, error estimators, and error in the energy norm for a sequene ofsolutions on uniform meshes.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 2.5e-1 0.2506 0.13835 0.03792 0.37671.25e-1 1.3e-1 0.1665 0.07748 0.03901 0.24646.25e-2 6.3e-2 0.1143 0.04171 0.03500 0.16393.125e-2 3.1e-2 0.0795 0.02241 0.02834 0.10861.5625e-2 1.6e-2 0.0557 0.01192 0.02148 0.06987.5225e-3 7.2e-3 0.0392 0.00629 0.01569 -Table 5.23: Results of alulations with ω = (−0.5, 0.5)T , f = (0.8, 0.8)T , q = 1, and ε = h1: mesh-width h, penalty parameter ε, error estimators, and error in the energy norm for a sequene of solutionson uniform meshes.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 1.9e-1 0.2503 0.13822 0.03880 0.37651.25e-1 8.2e-2 0.1661 0.07743 0.03879 0.24596.25e-2 3.6e-2 0.1140 0.04171 0.03345 0.16353.125e-2 1.6e-2 0.0794 0.02248 0.02585 0.10841.5625e-2 6.8e-3 0.0557 0.01199 0.01870 0.06977.5225e-3 2.7e-3 0.0392 0.00634 0.01321 -Table 5.24: Results of alulations with ω = (−0.5, 0.5)T , f = (0.8, 0.8)T , q = 1, and ε = h1.2:mesh-width h, penalty parameter ε, error estimators, and error in the energy norm for a sequene ofsolutions on uniform meshes.
h ε ηHℓ,V ηHℓ,Q ηεℓ |||mref −mℓ|||2.5e-1 1.3e-1 0.2499 0.13803 0.04027 0.37621.25e-1 4.4e-2 0.1655 0.07740 0.03868 0.24536.25e-2 1.6e-2 0.1137 0.04166 0.03154 0.16313.125e-2 5.5e-3 0.0793 0.02252 0.02268 0.10841.5625e-2 1.9e-3 0.0557 0.01201 0.01559 0.06987.5225e-3 6.1e-4 0.0393 0.00635 0.01049 -Table 5.25: Results of alulations with ω = (−0.5, 0.5)T , f = (0.8, 0.8)T , q = 1, and ε = h1.5:mesh-width h, penalty parameter ε, error estimators, and error in the energy norm for a sequene ofsolutions on uniform meshes.



CHAPTER 5. NUMERICAL EXPERIMENTS 121Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 16 20 -2.6723 0.8237 0.5115 0.9696 0.7045 3.7237 71 64 88 -3.3119 0.6025 0.2926 0.6698 0.7290 2.7832 52 256 368 -3.5269 0.4383 0.1606 0.4668 0.6606 2.0516 53 1024 1504 -3.5658 0.3188 0.0867 0.3304 0.5516 1.5011 64 4096 6080 -3.5525 0.2314 0.0473 0.2362 0.4382 1.0920 65 16384 24448 -3.5331 0.1676 0.0263 0.1697 0.3381 0.7914 8Table 5.26: Results of alulations with ω = (−0.5, 0.5)2 , singular f , q = 1, and h-ε-uniform re-�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations
NNewton.5.4 A simulation with non-smooth dataIn this experiment we perform a simulation with strong singularities of the applied �eld f . The aimis to study the performane of the h-ε-adaptive algorithm when ompared to the uniform approahwith the hoie of ε = h. As simulation domain we hoose the unit square ω = (−0.5, 0.5)2 and theanisotropy parameter is q = 1. The applied �eld reads

f(x, y) =

{
1

|x−y|1/2
(1,−2)T , for x < y

1
|x−y|1/2

(−1, 2)T , elsefor (x, y) ∈ ω. The funtion f has a singularity along the diagonal. Moreover, it swithes orientationat the disontinuity line. From that we expet to observe the magnetization to show singular behavioralong x = y. We stress that the diagonal is resolved by the mesh exatly. We expet that due to thevarying strength of f the algorithm should lead to an adapted penalization sheme.Figure 5.35 shows the disrete solution m4 omputed on a uniform mesh with NT = 4096 trianglesand ND = 6080 degrees of freedom and ε = h. The singularities along the diagonal are visible.For referene, Figure 5.36 shows the h-ε-adaptively omputed solution m20 on a mesh with NT =
1811 triangles and ND = 2671 degrees of freedom. Figure 5.38 shows the maximal length of theuniform magnetization m5 and the penalized and not penalized elements of the underlying mesh with
NT = 16384 triangles and ND = 24448 degrees of freedom. Sine the applied �eld is strong lose tothe diagonal, the penalty sheme allows for a large magnetization there if it is well aligned with f .Figure 5.37 shows the divergene of the solution m34 omputed on an adaptively generated mesh with
NT = 9132 triangles and ND = 13559 degrees of freedom. One an learly see that not only the edgesand orners of ω but also the singularity of f along the diagonal x = y auses non-smooth behavior.The detailed results of the uniform and the h-ε-adaptive simulations are given in the Tables 5.26 and5.27. One an see that the energy annot be extrapolated from the sequene of uniform meshes sinethe ompeting disretization and penalty error do not reah an asymptoti behavior throughout thesimulation. We therefore only provide plots of the error estimators. The quantities in the uniformase are shown in Figure 5.39. As reliable error estimator, we use the ombined quantity ηHℓ + ηεℓ .We observe a rate of approximately N

−3/14
T . In partiular both, the disretization error and thepenalty error adopt this rate asymptotially. The error estimators in the adaptive omputation aredepited in Figure 5.41. Here, we observe that both, the penalty error and the disretization error,are improved in the sense that the estimators exhibit a rate of at least N−1/4

T . Figure 5.42 shows thelength of the h-ε-adaptively omputed solution m34 as well as the quantity 1/ε34 on the adaptivelygenerated mesh T34 with NT = 9132 triangles and ND = 13559 degrees of freedom. A loser look at
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Figure 5.35: Disrete magnetization for singular f and q = 1 on a mesh of ω = (−0.5, 0.5)2 with
NT = 4096 triangles and ND = 6080 degrees of freedom.
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Figure 5.36: Disrete magnetization m20 for singular f and q = 1 on an h-ε-adaptively generated meshof ω = (−0.5, 0.5)2 with NT = 1811 triangles and ND = 2671 degrees of freedom.
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Figure 5.37: Divergene of the h-ε-adaptively generated disrete solution m34 for singular f and q = 1on a mesh of ω = (−0.5, 0.5)2 with NT = 9132 triangles and ND = 13559 degrees of freedom.
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Figure 5.38: Left: Penalized (red) and not penalized (blue) elements of the solution m5 for singularapplied �eld f and q = 1. Right: Maximal length of the magnetization m5 on eah element. Theuniform mesh of ω = (−0.5, 0.5)2 has NT = 16384 triangles and ND = 24448 degrees of freedom.
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Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 16 20 -2.6723 0.82372 0.51158 0.96966 0.70455 3.7237 71 32 42 -3.3341 0.69361 0.39611 0.79875 0.78708 3.1820 52 52 72 -3.4038 0.64831 0.34492 0.73436 0.74582 2.9451 53 82 115 -3.6417 0.57528 0.28641 0.64264 0.80866 2.5969 54 138 197 -3.7978 0.48939 0.23664 0.54360 0.78390 2.1957 55 178 256 -3.8379 0.44948 0.20697 0.49484 0.77150 2.0476 56 284 414 -3.9027 0.40628 0.17703 0.44317 0.75368 1.8390 57 354 515 -3.8918 0.35982 0.15549 0.39198 0.73026 1.6232 58 400 584 -3.8492 0.34790 0.15295 0.38004 0.70001 1.5630 49 484 710 -3.8347 0.33100 0.14505 0.36139 0.67998 1.4857 410 580 849 -3.8344 0.30368 0.13834 0.33371 0.66287 1.3598 511 685 1004 -3.8138 0.28995 0.13047 0.31796 0.64026 1.2956 512 725 1062 -3.7647 0.28835 0.12801 0.31549 0.60869 1.2820 513 790 1157 -3.7361 0.28384 0.12557 0.31038 0.57926 1.2557 514 848 1244 -3.6958 0.28207 0.12561 0.30878 0.54618 1.2486 515 952 1400 -3.6759 0.27210 0.12267 0.29847 0.52082 1.2072 716 1063 1563 -3.6537 0.26302 0.12335 0.29053 0.49565 1.1659 517 1287 1896 -3.6551 0.24900 0.12054 0.27664 0.48189 1.1064 618 1464 2160 -3.6358 0.24263 0.11584 0.26887 0.45831 1.0787 719 1674 2469 -3.6336 0.23271 0.10894 0.25695 0.44349 1.0308 720 1811 2671 -3.6214 0.22760 0.10239 0.24957 0.42533 1.0082 1221 2104 3106 -3.6184 0.21739 0.09568 0.23752 0.41189 0.9615 922 2308 3408 -3.6074 0.21093 0.09276 0.23043 0.39449 0.9335 723 2528 3737 -3.5944 0.20782 0.09147 0.22706 0.37515 0.9191 724 3057 4527 -3.5957 0.19584 0.08988 0.21548 0.36296 0.8713 825 3359 4976 -3.5869 0.19051 0.08777 0.20976 0.34821 0.8471 826 3720 5507 -3.5799 0.18495 0.08212 0.20236 0.33569 0.8199 927 4260 6310 -3.5760 0.17750 0.07887 0.19424 0.32686 0.7867 928 4773 7067 -3.5645 0.17135 0.07649 0.18765 0.31439 0.7592 729 5275 7812 -3.5581 0.16612 0.07433 0.18199 0.30185 0.73417 730 5865 8692 -3.5502 0.16184 0.07095 0.17671 0.29039 0.7165 1031 6817 10119 -3.5496 0.15550 0.06842 0.16989 0.28024 0.6897 1232 7715 11460 -3.5506 0.14915 0.06565 0.16296 0.27181 0.6636 1033 8425 12512 -3.5472 0.14536 0.06445 0.15901 0.26238 0.6455 1234 9132 13559 -3.5428 0.14156 0.06292 0.15491 0.25274 0.6274 9Table 5.27: Results of alulations for ω = (−0.5, 0.5)2, singular f , q = 1, and h-ε-adaptive re�nements:mesh size NT , spae size ND, energy, error estimators, and number of Newton iterations NNewton.
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Figure 5.39: Error estimators for ω = (−0.5, 0.5)2, singular f , q = 1 and h-ε-uniform re�nements.the penalty parameter reveals the e�ets of the anisotropy and shows that along the diagonal x = y thepenalization parameter is very small. A sequene of adaptively generated meshes is shown in Figure5.40. As expeted, we observe resolution of the disontinuity line.5.5 Hard and soft materialIn the present setion, we perform simulations for the hoie of ω = (−0.5, 0.5) × (−0.1, 0.1). Asbefore, in the uniform omputations we hoose ε = h.First, we study the e�et of hard material with anisotropy parameter of q = 1e4. We apply theonstant �eld f = 10(0.5, 2.0)T . Figure 5.43 shows the solution m3 omputed on a uniform meshwith NT = 1280 triangles and ND = 1872 degrees of freedom. We observe that the magnetization isalmost aligned with the easy axis, although the applied �eld is very strong when ompared to the priorexamples with onstant applied �eld. The divergene of the h-ε-adaptively omputed solution m16 ona mesh with NT = 14662 triangles and ND = 21675 degrees of freedom is shown in Figure 5.44. Weobserve edge singularities at the left and right end of ω. The penalized elements of the uniform mesh
T5 with NT = 20480 triangles are shown in Figure 5.45 along with the length of the orrespondingdisrete magnetization m5 with ND = 30528 degrees of freedom. We observe that the penalty shemeis ative only where the solution is smooth.Estimating the value of the energy by extrapolation of the values obtained by the sequene of uniformmeshes yields e(m∗) ≈ −0.897945894609717. Figure 5.46 shows the error plot, where we used thisextrapolated value. The slow onvergene of the energy in ase of uniform meshes onvined us thatthe extrapolated value is not very aurate. Possibly this is aused due to the values of the energy
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T34, NT = 9132Figure 5.40: Sequene of h-ε-adaptively generated meshes of ω = (−0.5, 0.5)2 with singular applied�eld f and q = 1.
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Figure 5.42: Left: Maximal length of the h-ε-adaptively generated solution m34 for ω = (−0.5, 0.5)2 ,singular applied �eld f , and anisotropy parameter q = 1. Right: Inverse of the adaptively generatedpenalty parameter 1/εℓ.
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Figure 5.43: Disrete magnetization for ω = (−0.5, 0.5) × (−0.1, 0.1), f = 10(0.5, 2.0)T and q = 1e4on a uniform mesh with NT = 1280 triangles and ND = 1872 degrees of freedom.
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Figure 5.44: Divergene of the h-ε-adaptively generated disrete solution m16 for ω = (−0.5, 0.5) ×
(−0.1, 0.1), f = 10(0.5, 2.0)T , and q = 1e4 on a mesh with NT = 14662 triangles and ND = 21675degrees of freedom.
Figure 5.45: Left: Penalized (red) and not penalized (blue) elements of the solution m5 for ω =
(−0.5, 0.5) × (−0.1, 0.1), f = 10(0.5, 2.0)T , and q = 1e4. Right: Maximal length of the magnetization
m5 on eah element. The uniform mesh has NT = 20480 triangles and ND = 30528 degrees of freedom.
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Figure 5.46: Error in the energy |e(m∗) − e(mℓ)| for a sequene of disrete solutions on h-ε-uniformand h-ε-adaptive meshes of ω = (−0.5, 0.5) × (−0.1, 0.1) with f = 10(0.5, 2.0)T , and q = 1e4.still being in a pre-asymptoti regime.The results of the uniform and h-ε-adaptive omputation are given in Table 5.28 and Table 5.29.Figure 5.47 shows the error in the energy norm as well as all error estimators for uniform meshre�nements. We observe an order of onvergene of approximately N−1/3
T . However, the empiriallyreliable estimator ηℓ re�ets an order of N−1/4

T . This is aused by the ontribution ηεℓ . The resultsof the h-ε-adaptive omputation are depited in Figure 5.48. We observe that the error estimator ηℓdereases at a rate of N−1/3
T . The ontribution of the penalty error ηεℓ is of higher order than in theuniform ase. A seletion of meshes generated by the h-ε-adaptive algorithm is shown in Figure 5.49.Figure 5.50 shows the adaptive penalty parameter εℓ on the mesh T16 with NT = 14662 triangles. Weobserve that the penalty parameter is re�ned only where the length of the magnetization is large.Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 20 24 -0.4653 0.17531 0.77221 0.79186 0.08910 0.4280 41 80 108 -0.8873 0.12883 0.53677 0.55201 0.38312 0.3203 52 320 456 -0.9813 0.10172 0.32762 0.34305 0.36231 0.2508 53 1280 1872 -0.9735 0.06956 0.19877 0.21059 0.27769 0.1851 54 5120 7584 -0.9546 0.04224 0.11734 0.12471 0.20180 0.1362 55 20480 30528 -0.9405 0.02619 0.06682 0.07177 0.14415 0.1023 56 81920 122496 -0.9318 - - - - - 4Table 5.28: Results of alulations with ω = (−0.5, 0.5) × (−0.1, 0.1), f = 10(0.5, 2.0)T , q = 1e4,and h-ε-uniform re�nements: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.
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Figure 5.47: Error and error estimators for a sequene of disrete solutions mℓ on h-ε-uniform meshesof ω = (−0.5, 0.5) × (−0.1, 0.1) with f = 10(0.5, 2.0)T and q = 1e4.
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Figure 5.48: Error estimators for a sequene of disrete solutions mℓ on h-ε-adaptive meshes of ω =
(−0.5, 0.5) × (−0.1, 0.1) with f = 10(0.5, 2.0)T and q = 1e4.
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Iteration NT ND Energy ηHℓ,V ηHℓ,Q ηHℓ ηεℓ µHℓ,V NNewton0 20 24 -0.4653 0.17531 0.77221 0.79186 0.08910 0.4280 41 42 54 -0.5833 0.18501 0.53768 0.56862 0.15410 0.3925 42 85 114 -0.7349 0.17615 0.40820 0.44459 0.26031 0.3395 43 166 228 -1.0520 0.14728 0.35671 0.38592 0.47874 0.2948 44 215 299 -1.0234 0.13198 0.31481 0.34136 0.42063 0.2781 45 289 408 -1.0652 0.10554 0.27393 0.29357 0.39815 0.2520 46 437 619 -1.0050 0.09805 0.21895 0.23990 0.32020 0.2302 47 590 844 -1.0118 0.08250 0.20249 0.21865 0.29101 0.2154 48 758 1092 -0.9741 0.07221 0.18093 0.19480 0.23333 0.2026 49 1140 1644 -0.9711 0.06179 0.14684 0.15931 0.20588 0.1849 410 1569 2277 -0.9740 0.05408 0.13267 0.14327 0.18890 0.1800 411 2142 3127 -0.9465 0.04905 0.11867 0.12841 0.15890 0.1721 512 3300 4815 -0.9440 0.04387 0.10052 0.10968 0.13984 0.1578 513 4702 6897 -0.9360 0.04065 0.08820 0.09712 0.11914 0.1517 514 6914 10173 -0.9295 0.03734 0.07807 0.08654 0.10766 0.1427 715 10421 15340 -0.9264 0.03251 0.06745 0.07488 0.09670 0.1293 716 14662 21675 -0.9217 0.02964 0.05874 0.06579 0.08762 0.1211 7Table 5.29: Results of alulations with ω = (−0.5, 0.5) × (−0.1, 0.1), f = 10(0.5, 2.0)T , q = 1e4,and h-ε-adaptive re�nements: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.
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Figure 5.50: Adaptive penalty parameter on the mesh T16 of ω = (−0.5, 0.5) × (−0.1, 0.1) with
NT = 14662 triangles, f = 10(0.5, 2.0)T , and q = 1e4.
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Figure 5.51: Disrete magnetization for ω = (−0.5, 0.5) × (−0.1, 0.1), f = 0.15(0.5, 2.0)T , and q = 0on a uniform mesh with NT = 1280 triangles and ND = 1872 degrees of freedom.
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Figure 5.52: Divergene of the h-ε-adaptively generated disrete solution m41 for ω = (−0.5, 0.5) ×
(−0.1, 0.1), f = 0.15(0.5, 2.0)T , and q = 0 on a mesh with NT = 9070 triangles and ND = 13031degrees of freedom.



134

Figure 5.53: Maximal length of the magnetization m5 on eah element. The uniform mesh of ω =
(−0.5, 0.5) × (−0.1, 0.1) has NT = 20480 triangles and ND = 30528 degrees of freedom. The �eld
f = 0.15(0.5, 2.0)T is applied to the soft sample with q = 0.Iteration NT ND Energy ηℓ µHℓ,V NNewton0 20 24 -0.002015 0.024069 0.11008 21 80 108 -0.002310 0.015260 0.06969 22 320 456 -0.002429 0.010265 0.04714 23 1280 1872 -0.002482 0.007094 0.03271 24 5120 7584 -0.002508 0.004964 0.02295 25 20480 30528 -0.002521 0.003494 0.01618 26 81920 122496 -0.002527 - - 2Table 5.30: Results of alulations with ω = (−0.5, 0.5) × (−0.1, 0.1), f = 0.15(0.5, 2.0)T , q = 0, anduniform mesh-re�nements: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.After analyzing the e�ets of strong rystalline anisotropy, we study the behavior of soft material.First, we apply the �eld f = 0.15(0.5, 2.0)T to the sample ω = (−0.5, 0.5) × (−0.1, 0.1) with q = 0.Figure 5.51 shows a representative solution m3 on a mesh with NT = 1280 triangles. We observethat the magnetization tends to align with the �rst in-plane axis even though there is no rystallineanisotropy. This is aused by the shape anisotropy of the sample. The energy ontribution of thedivergene favors alignment along the �rst in-plane axis. The maximal length of the disrete solution
m5 on a uniform mesh with NT = 20480 triangles is shown in Figure 5.53. The onstraint is notative and the e�et of the applied �eld is strongest at the enter of ω. The divergene of the solution
m41 on an adaptive mesh with NT = 9070 triangles is shown in Figure 5.52. As expeted, we see theharateristi edge and orner singularities.We estimate the energy e(m∗) ≈ −0.002533235568891 by extrapolation of the values obtained on asequene of uniform meshes. Figure 5.54 shows the error of the energy for uniform and h-adaptiveomputations. In the uniform ase, the onvergene is of order N−1/2

T . In the adaptive ase, we observean asymptoti behavior of N−1
T , at least up to the point where numerial instabilities arise. Note thatthis happens at an error level below 1e− 5. The results of the simulations are given in Table 5.30 andTable 5.31.Figure 5.55 shows the error in the energy norm, i.e. the error of the divergene in the V -norm, and theerror in the L2-norm for uniform mesh-re�nements. The L2 error is of higher order. The onvergene inthe energy norm is of order N−1/4
T . Figure 5.56 shows the error estimators ηHℓ and µHℓ,V of omputationwith the h-adaptive algorithm. The mesh re�nement apparently resolves the singularities of m∗, f.
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Figure 5.54: Error in the energy |e(m∗)− e(mℓ)| for a sequene of disrete solutions on uniform and
h-ε-adaptive meshes for ω = (−0.5, 0.5) × (−0.1, 0.1), f = 0.15(0.5, 2.0)T , and q = 0.
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Figure 5.55: Error and error estimators for a sequene of disrete solutions mℓ on uniform meshes of
ω = (−0.5, 0.5) × (−0.1, 0.1) with f = 0.15(0.5, 2.0)T and q = 0.



136 Iteration NT ND Energy ηℓ µHℓ,V NNewton0 20 24 -0.002015 0.024069 0.11008 21 36 46 -0.002175 0.019785 0.09042 22 55 73 -0.002255 0.017256 0.07847 23 76 102 -0.002316 0.015240 0.06994 24 100 136 -0.002357 0.013602 0.06307 25 131 180 -0.002386 0.012368 0.05687 26 176 244 -0.002415 0.011112 0.05113 27 225 314 -0.002435 0.010069 0.04648 28 288 404 -0.002451 0.009020 0.04258 29 357 501 -0.002465 0.008130 0.03835 210 434 611 -0.002476 0.007345 0.03527 211 537 758 -0.002485 0.006653 0.03253 212 650 919 -0.002492 0.006064 0.02990 213 783 1109 -0.002496 0.005374 0.02848 214 807 1145 -0.002499 0.005129 0.02741 215 968 1375 -0.002504 0.004988 0.02537 216 1163 1652 -0.002510 0.004612 0.02499 217 1331 1894 -0.002511 0.004401 0.02335 218 1363 1942 -0.002512 0.004070 0.02202 219 1611 2296 -0.002515 0.003811 0.02070 220 1907 2720 -0.002520 0.003656 0.02031 221 2036 2906 -0.002521 0.003438 0.01960 222 2169 3098 -0.002522 0.003200 0.01899 223 2579 3684 -0.002522 0.003130 0.01843 224 2611 3732 -0.002523 0.003087 0.01727 225 3011 4306 -0.002525 0.002910 0.01743 226 3095 4432 -0.002525 0.002797 0.01651 227 3643 5214 -0.002526 0.002681 0.01557 228 3719 5328 -0.002527 0.002591 0.01424 229 4347 6228 -0.002527 0.002475 0.01409 230 4405 6315 -0.002528 0.002311 0.01333 231 5082 7283 -0.002529 0.002309 0.01308 232 5142 7373 -0.002529 0.002293 0.01338 233 5595 8026 -0.002529 0.005036 0.02123 234 5603 8038 -0.002529 0.003001 0.01329 235 5913 8488 -0.002532 0.004571 0.01914 236 5923 8503 -0.002527 0.002561 0.01174 237 6846 9822 -0.002530 0.003014 0.01317 238 6944 9969 -0.002528 0.002330 0.01073 239 8102 11626 -0.002532 0.003030 0.01295 340 8216 11797 -0.002529 0.002365 0.01064 241 9070 13031 -0.002531 0.002621 0.01146 3Table 5.31: Results of alulations with ω = (−0.5, 0.5) × (−0.1, 0.1), f = 0.15(0.5, 2.0)T , q = 0, and
h-adaptive mesh-re�nements: mesh size NT , spae size ND, energy, error estimators, and number ofNewton iterations NNewton.
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Figure 5.56: Error estimators for a sequene of disrete solutions mℓ on h-adaptive meshes for ω =
(−0.5, 0.5) × (−0.1, 0.1), f = 0.15(0.5, 2.0)T , and q = 0.Figure 5.57, whih leads to an improved order of onvergene of N−1/2

T .In the last experiment, we stik to the same setting as before, i.e. ω = (−0.5, 0.5) × (−0.1, 0.1) and
q = 0, but apply a stronger �eld f = 2(0.5, 2.0)T whih e�ets that the onstraint is ative, see Figure5.60. Figure 5.58 shows the disrete solution m3 on a uniform mesh with NT = 1280 triangles and
ND = 1872 degrees of freedom, the divergene of the solution m29 on an h-ε-adaptive mesh with
NT = 5668 triangles is shown in Figure 5.59.The performane of the uniform algorithm with ε = h an be seen in Figure 5.61. We observeonvergene with order N−1/4

T . The error in the L2 norm is of higher order. The h-ε-adaptive algorithmperforms better and resolves the error omponent of the divergene at almost linear rate of N−1/2
T . Alsothe resolution of the penalty error is very good, the empirially reliable error estimator ηεℓ shows alsoalmost onvergene with order N−1/2

T . The results of the uniform and the h-ε-adaptive omputationsare given in Table 5.32 and Table 5.33. As an be seen in Figure 5.63, the adaptive algorithm leadsto strong re�nements of the mesh to the edges, see Figure 5.63. The penalty parameter is re�nedstronger at the enter of ω, where the magnetization m is smooth but well aligned with the applied�eld, see Figure 5.64.



138
−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5

−0.1

−0.05

0

0.05

0.1

T3, NT = 76

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.1

−0.05

0

0.05

0.1

T9, NT = 357

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.1

−0.05

0

0.05

0.1

T18, NT = 1363

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.1

−0.05

0

0.05

0.1

T25, NT = 3011

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.1

−0.05

0

0.05

0.1

T33, NT = 5595

−0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5
−0.1

−0.05

0

0.05

0.1

T41, NT = 9070Figure 5.57: Sequene of h-adaptively generated meshes of ω = (−0.5.0.5) × (−0.1, 0.1) with f =
0.15(0.5, 2.0)T and q = 0.
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Figure 5.58: Disrete magnetization for ω = (−0.5, 0.5) × (−0.1, 0.1), f = 2(0.5, 2.0)T and q = 0 on amesh with NT = 1280 triangles and ND = 1872 degrees of freedom.
Iteration NT ND Energy ηHℓ,V ηεℓ µHℓ,V NNewton0 20 24 -0.3134 0.2803 0.12543 1.2819 71 80 108 -0.3537 0.1786 0.10373 0.8136 72 320 456 -0.3680 0.1183 0.07999 0.5419 73 1280 1872 -0.3737 0.0810 0.05997 0.3725 124 5120 7584 -0.3762 0.0564 0.04391 0.2600 115 20480 30528 -0.3774 0.0396 0.03167 0.1830 146 81920 122496 -0.3784 - - - 14Table 5.32: Results of alulations with ω = (−0.5, 0.5) × (−0.1, 0.1), f = 2(0.5, 2.0)T , q = 0, and h-

ε-uniform re�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newtoniterations NNewton.
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Figure 5.59: Divergene of the adaptively generated disrete solution m29 for ω = (−0.5, 0.5) ×
(−0.1, 0.1), f = 2(0.5, 2.0)T , and q = 0 on an h-ε-adaptive mesh with NT = 5668 triangles and
ND = 8153 degrees of freedom.
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Figure 5.60: Left: Penalized (red) and not penalized (blue) elements of the solution m5 for ω =
(−0.5, 0.5)× (−0.1, 0.1), f = 2(0.5, 2.0)T , and q = 0. Right: Maximal length of the magnetization m5on eah element. The uniform mesh has NT = 20480 triangles and ND = 30528 degrees of freedom.
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Figure 5.61: Error and error estimators for a sequene of disrete solutions mℓ on h-ε-uniform meshesof ω = (−0.5, 0.5) × (−0.1, 0.1) with f = 2(0.5, 2.0)T and q = 0.
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Figure 5.62: Error estimators for a sequene of disrete solutions mℓ on h-ε-adaptive meshes of ω =
(−0.5, 0.5) × (−0.1, 0.1) with f = 2(0.5, 2.0)T and q = 0.
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Iteration NT ND Energy ηHℓ,V ηεℓ µHℓ,V NNewton0 20 24 -0.3134 0.28031 0.12543 1.2819 71 39 50 -0.3364 0.23480 0.13142 1.0633 62 58 77 -0.3483 0.20954 0.13013 0.9451 53 73 98 -0.3574 0.18977 0.12537 0.8628 54 102 139 -0.3654 0.16766 0.12503 0.7649 55 158 219 -0.3749 0.14484 0.12347 0.6646 56 212 296 -0.3798 0.12841 0.12078 0.5895 57 283 396 -0.3815 0.11045 0.11842 0.5059 68 379 534 -0.3821 0.10108 0.11335 0.4636 59 481 678 -0.3838 0.08964 0.11036 0.4116 410 560 790 -0.3833 0.08254 0.10381 0.3799 611 612 864 -0.3820 0.07957 0.09642 0.3660 512 777 1101 -0.3818 0.07234 0.09155 0.3373 513 935 1327 -0.3834 0.06771 0.08945 0.3140 414 1083 1540 -0.3820 0.06117 0.08643 0.2944 515 1174 1670 -0.3812 0.05880 0.08107 0.2833 916 1284 1826 -0.3805 0.05435 0.07645 0.2717 417 1407 2001 -0.3813 0.05251 0.07337 0.2666 418 1527 2177 -0.3796 0.05127 0.07056 0.2612 519 1751 2503 -0.3796 0.04885 0.06687 0.2508 820 2173 3108 -0.3798 0.04568 0.06460 0.2317 821 2484 3555 -0.3806 0.04117 0.06191 0.2175 922 2686 3847 -0.3799 0.04480 0.06000 0.2093 623 2961 4242 -0.3804 0.03830 0.05779 0.1990 724 3144 4510 -0.3795 0.03513 0.05584 0.1954 725 3471 4983 -0.3792 0.03330 0.05195 0.1890 726 3992 5737 -0.3793 0.03211 0.05009 0.1839 827 4579 6584 -0.3792 0.03186 0.04837 0.1775 828 5199 7473 -0.3792 0.03053 0.04592 0.1636 829 5668 8153 -0.3793 0.02950 0.04227 0.1614 10Table 5.33: Results of alulations with ω = (−0.5, 0.5)× (−0.1, 0.1), f = 2(0.5, 2.0)T , q = 0, and h-ε-adaptive re�nements: mesh size NT , spae size ND, energy, error estimators, and number of Newtoniterations NNewton.
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T29, NT = 5668Figure 5.63: Sequene of h-ε-adaptively generated meshes of ω = (−0.5.0.5) × (−0.1, 0.1) with f =
2(0.5, 2.0)T and q = 0.
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Figure 5.64: Adaptive penalty parameter on the mesh T29 of ω = (−0.5, 0.5) × (−0.1, 0.1) with
NT = 5668 triangles, f = 2(0.5, 2.0)T , and q = 0.
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