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KURZFASSUNG. Diese Arbeit schafft einen axiomatischen Rahmen fiir den
Beweis von optimalen Konvergenzraten adaptiver Algorithmen. Das Haupt-
anwendungsfeld hierfiir sind die Finite-Element-Methode sowie auch die
Randelement-Methode. Drei Axiome fiir den Fehlerschétzer und drei wei-
tere fiir die zugehorige Netzverfeinerung garantieren optimale Konvergenz-
raten. Der axiomatische Zugang erlaubt es, spezielle Fragen nach der Not-
wendigkeit von (diskreten) unteren Fehlerschranken, dem Einsatz von ap-
proximativen Losern, der Einbindung von inhomogenen Randdaten oder
auch der Verwendung von dquivalenten Fehlerschiatzern zu beantworten.
Die Weiterentwicklungen und Verbesserungen im Vergleich zum aktuellen
Stand der Forschung (ausgenommen der eigenen Arbeit [24], welche in die-
ser Dissertation teilweise erweitert wird) werden im Folgenden zusammen-
gefasst:

e Es wird ein einheitlicher und komplett abstrakter theoretischer Rah-
men geschaffen, der die aktuelle Literatur zum Thema optimaler Konver-
genzraten umfasst. Die abstrakte Form erlaubt es, lineare sowie nichtlineare
Probleme zu behandeln, und sie ist unabhéngig von der zugrundeliegenden
(konformen, nicht-konformen, gemischten) Methode. Verwendet und analy-
siert wird einzig der Fehlerschatzer, welcher als Funktion der Triangulierung
betrachtet wird. Dieser Zugang ermoglicht es, Axiome zu formulieren, die
unabhéngig von allen Annahmen an das konkrete Modell sind.

e Die Beweise fiir Konvergenz und Konvergenz mit optimaler Rate kom-
men ohne Effizienz des Fehlerschétzers aus. Effizienz wird in dieser Arbeit
nur verwendet, um die Approximationsklasse mittels Best- Approximations-
fehler und Datenfehler zu charakterisieren. Als Konsequenz davon und im
Unterschied zur gegenwirtigen Literatur héngt die obere Schranke fiir op-
timale Markierungsparameter nicht mehr von der Effizienzkonstante ab.

e Die Arbeit fiihrt eine allgemeine Quasi-Galerkinorthogonalitét ein, die
nicht nur hinreichend, sondern auch notwendig fiir die R-lineare Konver-
genz des Fehlerschétzers ist. Betrachtet man die optimale Konvergenzrate
des Fehlerschitzers beziiglich der Komplexitiat des Verfahrens (das heift:
die Komplexitéat der Berechnung des aktuellen Schritts und die Komplexi-
tat aller vorausgegangenen Schritte), so stellt sich die R-lineare Konvergenz
selbst als notwendig heraus. Die optimale Komplexitat wird dann als Kon-
sequenz der optimalen Konvergenzraten des Fehlerschitzers bewiesen.

e Schlussendlich behandelt diese Arbeit equivalente Fehlerschétzer, ap-
proximative Loser sowie inhomogene und gemischte Randdaten. Zusétzlich
wird eine neue Methode zur adaptiven Geometrie-Approximation fiir eine
spezielle Randelement-Methode eingefiihrt und deren Konvergenz bewie-
sen.






ABSTRACT. This work aims first at the development of an axiomatic frame-
work for the proof of optimal convergence rates for adaptive algorithms,
with the main field of application being the finite element method and the
boundary element method. Second, the axiomatic view allows refinements
of particular questions like the avoidance of (discrete) lower bounds, inex-
act solvers, inhomogeneous boundary data, or the use of equivalent error
estimators. Three axioms which are related to the estimator guarantee op-
timal convergence rates in terms of the error estimator for any refinement
strategy which satisfies additional three triangulation related axioms. Com-
pared to the state of the art in the literature (except for the recent own
work [24]| which is partially generalized), the improvements of this work
can be summarized as follows:

e First, a general and completely abstract framework is presented which
covers the existing literature on rate optimality of adaptive algorithms. The
abstract analysis covers linear as well as nonlinear problems and is inde-
pendent of the underlying (conforming, non-conforming, or mixed) finite
element or boundary element method. Solely, the error estimator, consid-
ered as a function of the underlying triangulation, is used and analyzed.
This allows to formulate axioms which are not restricted to any concrete
model assumption.

e Second, efficiency of the error estimator is neither needed to prove
convergence nor quasi-optimal convergence behavior of the error estima-
tor. In this work, efficiency exclusively characterizes the approximation
classes involved in terms of the best-approximation error and data resolu-
tion. Therefore, the upper bound on the optimal marking parameters does
not depend on the efficiency constant.

e Third, some general quasi-Galerkin orthogonality is not only sufficient,
but also necessary for the R-linear convergence of the error estimator, which
turns out to be necessary itself when it comes to optimal complexity es-
timates. The latter means the optimality of the adaptive algorithm when
considering the overall cost of the algorithm (which includes the computa-
tion of all previous steps) and is proved as a by-product of rate optimality.

e Finally, the general analysis allows for equivalent error estimators and
inexact solvers as well as different non-homogeneous and mixed boundary
conditions and is even employed to prove convergence of some novel adap-
tive geometry approximation for a certain boundary element method.
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CHAPTER 1

Outline & Introduction

1.1. Adaptivity

In this work, adaptivity is understood as the property of some numerical algorithm to
adapt its behavior to the given instance of a problem. In contrast to that, a uniform algorithm
is assumed to show more or less the same behavior for any given problem in a certain class
for which the algorithm is designed. This means, that the algorithm uses a priori knowledge
of the problem only. One example for that difference is the numerical integration, i.e, the
approximation of fol f(z)dz for some given function f: [0,1] — R. A uniform algorithm
evaluates the function f at a priori determined grid points and computes an approximation.
An adaptive quadrature, on the other hand, tries to add grid points, where f appears to
be rough, and to remove grid points, where f appears to be smooth. This is done with the
overall goal of reducing the computational cost to reach a certain accuracy (see Figure 1 for
an example). The key difference of both approaches is that the uniform algorithm uses all
evaluations of f for the computation of the approximation. The adaptive algorithm, invests
some of the evaluations in the determination of better evaluation points. This strategy makes
only sense, if the additional investment of computational time pays at some point in terms
of an improved accuracy. Therefore, an adaptive algorithm is only useful, if the problem
at hand benefits from a non-uniform approach. In terms of the quadrature example above,
this is the case if one wants to design a black-box algorithm, which integrates a large class
of functions equally well in terms of accuracy, since for any particular function, one could
design an optimal grid of evaluation points a priori.

But also for very specific problems, an adaptive approach can make sense. An illustrative
example for this situation (which however is way beyond the current state of theory), is the
following: Assume one wants to predict how a car will deform under a front impact. It is
obvious that the front bumpers and the hood will suffer from major deformation and thus
require high computational accuracy. However, in low speed crashes, the strong cylinder
block could survive without any deformation and thus it suffices to compute how the cylinder
block translates and rotates within the car. This is, of course, much cheaper in terms of
computational time, than computing the local deformations of the block. For high speed
crashes, when even the cylinder block deforms, this might not be sufficiently accurate any
more. Therefore, a detailed computation is necessary. The particular threshold speed, which
separates those two cases, may not be known a priori. Hence, it might not be possible to
design a uniform algorithm, which uses only a priori knowledge of the problem, but still
computes the solution efficiently.

An often heard argument in favor of uniform algorithms is that computing power and
memory have become so cheap that one just increases the size of the computing facility, if a
given algorithm does not produce the desired accuracy. This argument is misleading for two
reasons: First, even the upgraded computers can benefit from an adaptive approach which
focuses the computational power on where it is needed most. Second, it might be not even
possible to reach a given accuracy just by upscaling the facilities. To illustrate that, assume
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FIGURE 1. Numerical integration of some given function with uniform grid
(left) and adaptively generated (grid).

that the approximation error (e.g., the quadrature error or the geometric differences of the
simulated crash compared to an actual crash test) behaves as a function of the degrees of
freedom of the discretized system, i.e.,

err(N) ~ N~°

for some s > 0 and N € N denoting the degrees of freedom (e.g., the number of evalua-
tion points). This is a very realistic assumption for many problem classes. Note that the
convergence rate s does not only depend on the problem itself, but also on the method of
approaching this problem. A quadrature algorithm which wastes computational time on
smooth parts of the integrand, will achieve a lower rate s’ < s. Furthermore, assume that
the computational time needed to compute the approximate solution is related to the degrees
of freedom in the sense of

time(N) ~ N*seconds

for some ¢ > 0 (for the direct solution of a densely populated linear system of N equations
we have, e.g., t = 3). If the exact solution is known, one can design custom made grids to
approximate the exact solution with some optimal rate sqp > 0, i.e.,

err(N) ~ N~*ort,

Hence, to reach a desired accuracy of, e.g. 1077, it suffices to use N ~ 10%/%rt degrees of
freedoms, when they are optimally distributed. In terms of computational time, we obtain

time ~ 10°"/%»t seconds.

Under realistic assumptions of the involved parameters, i.e., t =1 (linear time) and sqpy = 1
(e.g., lowest order finite element method), this results in

10° seconds = 1 day.

However, it is entirely possible, that due to non-uniformities in the solution a uniform ap-
proach will reveal a reduced rate of convergence of s = 1/2 (due to degrees of freedom wasted
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for mostly uniform parts of the solution, whereas non-uniform parts lack the necessary res-
olution). Then, we end up with

10" seconds ~ 316 years.

Even increasing the computational power by an order of magnitude does not bring the
uniform approach anywhere near feasibility. This is the reason why the understanding of
adaptivity plays a crucial role.

The concept of adaptivity aims to provide a method which automatically, without user
intervention, reaches optimal convergence rates, i.e., s = sopy. Moreover, it aims to rigor-
ously prove that this optimal convergence is achieved for a given problem. The existing
literature on adaptivity focuses on very specific model problems (see the historical overview
in Section 2.8 for references), i.e., certain types of (elliptic) partial differential equations. In
contrast to that, this work provides a framework, sort of a construction guide, for adaptive
algorithms which realize optimal convergence rates. To that end, certain requirements on
the algorithm (later called axioms) are derived, which are sufficient and even necessary to
prove the optimal convergence behavior. This allows to apply the abstract theory to a large
number of model problems and particularly determines what are the key properties of an
optimally convergent adaptive algorithm. This might help in the design of new algorithms
for complex problems and situations.

1.2. An exemplary adaptive algorithm

This introductory section demonstrates an adaptive refinement algorithm for a very sim-
ple approximation problem. To that end, consider some function v € L?(0, 1) and a partition
T of [0, 1] into compact intervals T' € T such that [0,1] = Uy T Let U(T) € P°(T) denote
the L2-orthogonal projection of u onto the space of T-piecewise constant functions

PUT)={VelL*0,1): VlpeR, forall T € T}
defined by

bU(T),V):= /01 U(T)V dx = /01ude for all V € P°(T). (1.2.1)

Suppose that one is interested in the weighted error measure

er(T) = ( S (TPl = UT)aqry) = IR(T) = UCT)) 100,

TeT

where h(T)|r := |T| for all T € T and |T'| denotes the length of the interval 7". This could
be of interest, if one wants to approximate the volume force of some second-order elliptic
PDE (which usually has to be approximated in the H~*(0,1)-norm). Standard results show
that for uw € L?(0,1) € H~'(0,1) it holds |lu — U(T)||g-1(0,1) S err(T).

Provided that u € H'(0,1), the Poincaré inequality proves that

err(T) S Capriori||h(T)2u/||L2(0,1) S CaprioriHu,HLQ(OJ) TJI_‘IEZL,]}_( |,-Z—‘|2 (122)

Thus, the naive strategy is to uniformly reduce |T'| in some sequence of partitions (7,2%),cx,
such that maxypeumi T| <27¢ If u € HY(0,1), this results in a convergence rate of

lu — U(T"™ )| 12001y S 27% for all £ € Ny,

which one could call ezponential convergence. The reason why we do not consider this as
exponential convergence, is because the number of steps ¢ has nothing to do with the degrees
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of freedom of the linear system (1.2.1). However, the computational effort involved to get
U(T, ™) is directly related to the degrees of freedom, since the linear system (even if it
is diagonal in this case) has |7| many rows and columns (here |7| denotes the counting
measure, i.e., the number of elements). In terms of degrees of freedom, the convergence rate
decreases to

|lu — U(ﬁ“nif)HLz(oJ) < T2 for all £ € Ny,

This shows algebraic convergence rate s = 2 if u € H'(0,1). If u has less regularity, e.g.,
u(z) := z* for some —1/2 < a < 1/2, the convergence rate is even slower, see Figure 2
for an example. However, one can construct graded partitions ’Ugrad, such that the function
u(r) := 2 can be approximated with rate s = 2. To that end, a uniform partition 7,2 is
mapped via an appropriate function x + 2 for 8 := 3/(2 + a), i.e., Egrad = (7,05 see
Figure 2-3 for an example. Standard estimates prove

= U(TE* Y| z2(0.1) < Clggaa| T2 for all £ € N (1.2.3)

for some uniform Cyaq > 0, even though the exact solution is not in H'(0,1) for a < 1/2.
The ultimate goal of adaptivity is to automatically generate such partitions for a general class
of exact solutions u. To that end, the following algorithm is widely used in the literature:

ALGORITHM 1.2.1. INPUT: Initial partition Ty and bulk parameter 0 < 6 < 1.
Loop: For ¢ =0,1,2,... do (i) — (iii).

(i) Compute the refinement indicators np(Te) == |T||ju — U(Te)|| r2¢ry for all T € To.
(ii) Determine some set M, C Ty of minimal cardinality such that

1
5 2 m(T)* < ) r(To)*. (1.2.4)
TET, TeM,
(iii) Define the next triangulation Teiq by bisection of all marked elements.

OuTPUT: Sequence of approzimations U(Ty) for all £ € Ny.

Figure 2 shows the performance of this algorithm in terms of error reduction and Figure 3
plots the generated partitions 7.

We aim to prove the observed convergence behavior of Algorithm 1.2.1 in Figure 2, i.e.,
the fact that err(7;) < |T,|™2 for all £ € Ny. To that end, we first prove a contraction
property of the error as illustrated in Figure 2, i.e.,

1P(Te1) (w = U(Tes ) 20,0 < KIR(Te) (u = U(Te)) |l 2201y for all £ € No (1.2.5)

for some 0 < k < 1. This follows with the fact that bisection halves the element lengths and
that U(7;)|r depends only on u|r by

1P(Te1) (u = U(Tes )220
= [1(Ter2) (v = U(Ter)) 2o, oy + 10 (Tera) (@ = U(Tex)) 72075, 072
< /AT (w = U(T) 2200, vy + 1(T0) (w = U(TO 720720072
< (1/4 = DT (uw = U(T) 22000y + 10T (@ = U(T) 1 720,1)-

With the marking criterion (1.2.4), the fact that My, = Ty \ Tey1, and J(T¢ \ To1) =
UJ(Tex1 \ Te), this implies

1A(Ter1)(w = U(Tec) 200y < (1= (1= 1/4)/2)|A(Te)(w — U(Te)) I,

14
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which is (1.2.5) with K = 1/5/8 (see also Figure 2 for the comparison with the experimental
results). Hence, the error converges linearly to zero. This linear convergence is the backbone
of the optimality analysis. The next step is to compare the adaptively generated partitions
with some optimal partitions. As discussed above (and demonstrated in Figure 2), there
exist graded partitions T£™*®, which realize the optimal convergence rate s = 2 in (1.2.3).
Hence, the necessary thing to do is to look at the difference of 7, and ’Egrad. To that end,
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choose the minimal k£ € N such that
| TE 2 < Cphqerr(To) /4. (1.2.6)

For simplicity assume that k£ > 1 in this case. Minimality of k£ then implies |77§g_r?d\—2 >
Cg;;derr(ﬁ)/zl, Le., |77§g_r?d‘ < QC’glr/jderr(ﬁ)_l/Z. Since we have by construction \Egrad\ =
| it | = 27| = 2|78 | the minimality of k shows

‘Egrad| _ 2|77§g_ra1d| < 401/2(161'1'(72)71/2- (127)

gra

The overlay of Egrad and 7, gives some measure of the distance of those two partitions, i.e.,
TEN ST, = {TnT" : T¢ TE T e Ty, ITNT) > 0} is the coarsest common refinement

of Ty and T, Assume Ty € (T2 @ T;) \ To. By definition, there exist T € 72" and
T" € Ty such that Ty =T NT" and |T' NT’| > 0. Moreover, since 7" is not in 7, there holds
T & T'. This shows that there holds

TE T\ T ={TNT : TeTE T e T, |TNT'|>0,T ¢ T}

Since T € T;#*" is an interval, there exist at most two 7" € Ty with [TNT’'| > 0and T € T
the elements 7" must contain at least one endpoint of T'). This, however, implies
p p

(™ & TO\T = {TAT : Te ™ T'e Ty, T >0.7'¢ 1Y
< 2|7 e

On the other hand, each T € T; \ (72! @ 7T;) has at least two sons T/ C T with T €
(TE* @ T;) \ T;. This implies

T (T @ Tl < (T @ T\ Tl (129
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Together with (1.2.7) this shows

(1.2
TATE e < 2T S SO en(T)

(1.2.10)

It remains to relate |(T2% @ To) \ T¢| to |[M,|. To that end, note that the element-wise best
k

approximation property U(7;) shows

2.6)

(1.2 o (1
err(TE™ @ T;) < err(TE™) < Cgrad|7‘grad| < err(Ty) /4.
With err(T2 @ 7o) = |W(TE™ © To)(u — U(TE @ T2)) || 1201, this implies

err(T;)? = [[(Te) (u — U(Te ))||L2(U( TEHTVT)
+ [[7(Te) (w = U(Te ))HLQ(U( TE TN
< W(Te) (u = U (T3, S(TERSTNT))
+[|h(TE @ 775)(“ —U(TE™ & )32
< Z nr(Te)? + err(T;)?/16.

Ten\(,]—kgrad@n)
Hence, we derive
5 Z nr(Te)* < —81"1"(72)2 < > m(T)
Teﬁ TeT\TE eT)

Since M, is a set of minimal cardinality with (1.2.4), we obtain

M| < |To\ (TF™ & 7;,)\ P e, W2 err(T;)™Y? for all £ € Ny
By definition of the refinement in Step (iii) of Algorithm 1.2.1, there holds

-1

/-1 -1
ITel = 15l = (1 Tosal = ITil) = D [ M| < 8Cpa1° Zerr(ﬁ)_m-

k=0
By induction, the linear convergence (1.2.5) proves
err(7;) < & Ferr(Ty).

Hence, by convergence of the geometric series, we obtain

-1 -1
Zerr(ﬁ)_l/2 < err(T;) Y2 Z kU2 < (1 — k) terr(Ty) V2
k=0 k=0
Altogether, this yields
Tl = ITol < 8Cia(1 = Vi) ere(T) ™2,
and we end up with convergence rate s = 2, i.e.,
err(T) < (1 — V/k) 7?8 Cyraa(|Te|l — | To|) ™ for all £ € N.
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1.3. Discussion of the example

The sketch of the optimality proof above reveals certain interesting things. First, we
extensively used the fact that the error estimator Y .+ n7(7)? and the error ||h(T)(u —
U(T)) ||%2(071) coincide for this example, since we approximate a known function. If one thinks
of u as the solution of some PDE, it is more likely that one computes the approximations
to u without knowing w itself (i.e., by solving a finite element system). Then, the error
estimator differs from the error, but can be related to it by reliability

err(T) < Crel( > nT(T)2> v (1.3.1)

TeT
and /or efficiency

1/2
Ce_ﬁl( Z T]T(T)Q) < err(T) + data(T) (1.3.2)
TeT
for some uniform constants Cie, Ceg > 0 and some perturbation term data(7), which often
depends on the given data.
The linear convergence (1.2.5) is an important tool for the analysis. To prove it, we used
that fact that U(7;) satisfies the orthogonality

Ju— U<72>H%2(0,1) = [Ju— U(77£+1)H%2(0,1) + |U(Te41) — U(”)H%?(o,n-

This identity holds only for the case of a bilinear form b(-, -) which is a scalar product on
the given Hilbert space and hence restricts the applicability of the analysis.

The overlay estimate (1.2.8) bounds the difference between the optimal partition 7,2
and the adaptively generated partition 7,. In the 1D case, the overlay estimate seems almost
trivial, however for 2D and 3D refinement strategies, it is not straightforward to prove, and
it is even wrong for some strategies (see Section 3.2.9 below for a counterexample for red-
green-blue refinement in 2D).

Finally, the identity

-1

I Tel = o] = > IMul

k=0
is trivial in our case, but poses a real issue in the case of certain practical refinement strate-
gies. The main problem here is, that usual refinement strategies have to refine more elements
than only the marked ones, to keep the partition regular in a certain sense (e.g., avoidance of
hanging nodes; see Section 3.2 for details). Then, the question is how to bound the number
of refined elements by the number of marked elements.

Chapter 2 states exactly, what is necessary to prove optimal convergence rates for some
given problem in a very abstract and general framework and will thus focus on the error
estimator instead of the error.

1.4. Outline

This section states the main results of the following chapters and sections.

Chapter 2:
The chapter introduces an abstract framework for adaptive algorithms and formulates a
particular algorithm (Algorithm 2.2.1). Within this framework, the adaptive approximation
problem formulated in Section 2.2.3, is stated. This problem assumes a certain quantity 7(-)
(the error estimator) which is a function of an underlying discretization (the triangulation).
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The goal is to drive the error estimator to zero as fast as possible, i.e., limy_,., n(7;) = 0
with optimal rate for a sequence of triangulations (7;)sen,. We state six axioms (E1)—-(E3)
& (T1)—(T3) which determine the behavior of the adaptive algorithm and suffice to show
that optimal convergence rates are obtained, i.e.,

n(Te) S |Te| =™ for all £ € Ny,

where |7;| denotes the number of elements in the triangulation 7, and s > 0 denotes the
best possible convergence rate which is achievable for a particular problem. The latter is
the main result of this chapter and stated formally in Theorem 2.3.3. The axioms can
roughly be categorized into estimator related axioms (E1)-(E3) and triangulation related
axioms (T1)—(T3). The first category (E1)-(E3) can be paraphrased as follows:

(E1) Stability and reduction: The estimator is a Lipschitz continuous function of the
triangulation, and it is contractive up to a perturbation when the triangulation is
locally refined.

(E2) General quasi-orthogonality: The perturbation from (E1) is ¢3-summable and also
bounded by the estimator on the coarsest triangulation.

(E3) Discrete reliability: The error estimator is a local upper bound of the perturbation
from (E1).

The triangulation related axioms (T1)—(T3) can be heuristically formulated as follows:

(T1) Son estimate: The refinement strategy increases the number of elements at most

linearly.
(T2) Closure estimate: The number of elements is bounded by the number of marked
elements.
(T3) Uniform approximability: The problem allows for a certain convergence rate.
Chapter 3:

This chapter applies the abstract theory from Chapter 2 to certain model problems. We
consider the conforming finite element method (FEM) for the Poisson problem with bisection
based refinement. The optimality result for general second-order elliptic PDEs marks the
main achievement of this chapter (Section 3.5.1). This includes also an adaptive algorithm for
problems which satisfy a Garding inequality only, where the difficulty is, that the discrete
system is not necessarily solvable in each step (Section 3.5.2). Therefore, we propose an
algorithm which guarantees unique solvability after a finite number of steps. Moreover, we
consider non-linear problems with quite general coefficients. Altogether, we prove optimality
results for the following problem classes:

e FEM for the Poisson problem (Consequence 3.4.2),
e FEM for general second-order elliptic PDEs with
— ellipticity estimate (Consequence 3.5.2),
— Garding inequality (Consequence 3.5.15),
— non-linear coefficients (Consequence 3.6.5),
e boundary element method (BEM) for
— weakly-singular integral equation (Consequence 3.4.6),
— hyper-singular integral equation (Consequence 3.4.8-3.4.9).

Chapter 4:
This chapter extends the abstract theory of Chapter 2 to equivalent error estimators, where
Theorem 4.3.1 states the main result. We consider error estimators which satisfy the axioms
only in average, but not in every single step of the adaptive algorithm. This abstract setting
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covers inexact solve, i.e., the case of iterative solvers, where instead of the error estimator
only an approximation

n(T) ~n(T)

is computed but the axioms are only satisfied for the exact error estimator. Moreover, we
cover estimators which are equivalent to some weighted error estimator, i.e.,

1(T) = [|[M(T)res(T)I;

where h(7) is a triangulation related weight function and res(-) is some quantity which mea-
sures the error in the appropriate norm, e.g., the residual in case of a weighted-residual error
estimator. To that end, we exploit certain properties which are automatically satisfied by
weighted error estimators and develop a super contractive weight function (Proposition 4.5.4)
which enables us to control the equivalence constants.
Chapter 5:

This chapter applies the extended theory of Chapter 4 to certain model problems. The main
result of this section is the incorporation of inhomogeneous boundary data into the FEM
optimality analysis. This is possible by use of the super contractive weight function from
Chapter 4 in combination with the Scott-Zhang projection. Altogether, we consider the
following problems:

e FFEM for non-residual error estimators in the frame of the Poisson problem (Conse-
quence 5.2.3-5.2.11),

e FEM for the p-Laplacian (Consequence 5.3.3),

e FEM for non-trivial boundary conditions (Consequence 5.4.3).

Chapter 6:
This chapter steps out of the line of the other chapters, as we introduce a new adaptive
algorithm (Algorithm 6.2.2) for the solution of integral equations on piecewise smooth ge-
ometries. The idea is to approximate the exact geometry with piecewise affine line segments
and to solve a standard BEM problem on the approximate geometry. A posteriori analysis
for this kind of problem is available for FEM, but is missing entirely for BEM, where very
different techniques are necessary. We introduce an error estimator

n(T)? = p(T)? + geo(T)?,

where p(7T) is a standard residual error estimator for the weakly singular integral equation
on piecewise affine geometries and geo(7) is a geometric error estimator which measures
the approximation quality of the approximate geometry. We prove that the error estima-
tor provides an upper error bound and use this to prove convergence of the corresponding
adaptive algorithm (Consequence 6.4.2). The convergence proof is done within the frame of
Chapter 2. Although we are convinced that optimal convergence rates are possible with the
given algorithm, the proof requires additional ideas which are beyond the scope of this work.
Chapter 7:

The final chapter is focused on the general quasi-orthogonality (E2). The reason for this
is that for many problem classes (e.g., for non-symmetric or non conforming approaches)
the general quasi-orthogonality is the most difficult axiom to verify. We show that the
general quasi-orthogonality holds for the non-symmetric and non-linear example problems
in Chapter 3.
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CHAPTER 2

Abstract Theory

2.1. Introduction, state of the art & outline

The purpose of this chapter is to find an abstract framework within, e.g., the results of the
introductory chapter can be reproduced. The reproduction of existing results is, of course,
not the main reason for developing the abstract framework. The abstract point of view
sheds new light on this terrain and enables us to prove new results for a very general class of
problems (as is demonstrated in the applications of Chapter 3, 5, 6). To that end, we abandon
the framework of exact solutions and their discrete approximations and focus completely
on the error estimator. The function 7(-) can be seen as a function on the underlying
triangulations with some specific properties. Then, the goal of the adaptive algorithm is to
manipulate the triangulation in such a way, that the error estimator converges to zero as fast
as possible. An immediate consequence of this viewpoint is that it removes the need for the
lower error bound (1.3.2). An earlier version of this abstract framework can be found in [24].
However, this work takes one step further into the abstraction of the concrete problems. This,
for example, enables us to prove optimal convergence rates of the adaptive algorithm for
refinement strategies which do not satisfy the overlay property (1.2.8) (e.g., red-green-blue
refinement). Moreover, the conditions (axioms) which we derive in this chapter turn out to
be sufficient for optimal convergence rates, and, under realistic assumptions, even necessary.
Therefore, we obtain explicit criteria which determine if a given problem or problem class
will reveal optimal convergence behavior. For the state of the art in the literature, we refer
the reader to the historic overview of Section 2.8. The remainder of this chapter is organized
as follows: Section 2.2 describes the abstract framework which is necessary to formulate
the axioms. This includes a formal definition of the error estimator, the triangulations,
the approximation problem of driving the estimator to zero, and the adaptive algorithm to
solve the approximation problem. Section 2.3 states the main theorem (Theorem 2.3.3) of
this chapter as well as the axioms which are then used to prove optimal convergence rates.
Section 2.4-2.5 give alternative approximation problems (optimal convergence of the error
and optimal complexity in terms of computational work) and state the respective results.
Section 2.6 proves that the axioms are not only sufficient, but even necessary for proving
optimal convergence rates. Section 2.7 demonstrates certain problem classes, for which one
or more of the axioms are a priori satisfied. Finally, Section 2.8 concludes with a historic
overview and motivates the particular choice of axioms in Section 2.3.1.

2.2. Abstract setting

This section is devoted to the definition of the problem and the precise statement of the
adaptive algorithm.

2.2.1. Triangulations. Let 7., be a countable set. Each finite subset 7 C 7., with
|7| < oo elements is called a triangulation. Let T be a set of triangulations (which is
countable since the set of all triangulations is countable) with the corresponding refinement
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strategy T(-,-) : {(T,M) : T € T, M C T} — T. This is a function which satisfies
T(T,M)NM = for all M C T and all T € T. Here, M is called the set of marked
clements. Given T € T, define T(7) C T such that 7 € T(T) if and only if there exists a
sequence of triangulations 7o = 7,7T,..., T, = T as well as a sequence of marked elements
Mo, ...,My_y with M; C T, for all j =0,...,¢ —1 such that 7,41 = T(7;, M;) for all
j=0,...,0—1. We call T(T) the set of refinements of 7. We assume that there exists an
initial triangulation 7y € T such that T(7;) = T. Additionally, we assume that 7' € TnT
if and only if 7'€ 7; for all j =0,..., (.

The subset of all refinements which have at most N € N elements more than a triangu-
lation 7 € T reads

T(T,N):={T €T(T) : [T\T| <N},

where | - | = card(-) is the counting measure. Since each triangulation 7 € T allows for

at most 2/7! sets of marked elements, there holds |T(7, N)| < oo. Moreover, we write
T(N) := T(7o, N).

2.2.2. Error estimator. The error estimator is a function 5(-) : T — [Jycp[0,00)7
(where AP denotes the set of functions mapping B to A) with n(7) : T — [0,00) for all
T € T. By nr(T) for some T' € T, we denote the evaluation of the function 1) (7) := n(T).
For brevity of notation, we also write n(T) := (Y rer UT(T)Z)UQ > 0, which is the global
error estimator.

2.2.3. Adaptive approximation problem. The goal of the adaptive approximation
problem is to find a sequence of triangulations 7;, ¢ € Ny such that

sup 7(Te)(|Te| +1)° < o0
LeNg

for s > 0 as large as possible. This implies that the error estimator converges to zero with
rate s, i.e., there exists a constant C' > 0 such that

n(Te) < C|Tg|~ for all £ € Ny,

2.2.4. Adaptive algorithm. The algorithm to solve the adaptive approximation prob-
lem from Section 2.2.3 reads

ALGORITHM 2.2.1. INPUT: Initial triangulation Ty and bulk parameter 0 < 6 < 1.
Loop: For (¢ =0,1,2,... do (i) — (iii).
(i) Compute refinement indicators np(Te) for all T € Ty.

(ii) Determine set M, C Ty of (up to the multiplicative constant Cyy,) minimal cardi-
nality such that

On(Te)* < > nr(To)*. (2.2.1)
TeM,;
(iii) Define the next triangulation T := T(Te, My).
OuTPUT: Error estimators n(T;) for all ¢ € Ny.

REMARK 2.2.2. Suppose that Sy C Ty is some (not necessarily unique) set of minimal
cardinality which satisfies the Dorfler marking criterion (2.2.1). In step (iii) the phrase up
to the multiplicative constant minimal cardinality means that |M,| < Cupn |Se| with some
{-independent constant Crn > 1.
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REMARK 2.2.3. A greedy algorithm for (2.2.1), sorts the elements T, = {11,...,Tn}
such that nTl(’T) > nr,(Te) > ... > nry(Te) and takes the minimal 1 < J < N such that
On(Ty)? < Z] 01, (Te)?. This results in logarithmic-linear growth of the complexity. The
relazation to almost minimal cardinality of My allows to employ a sorting algorithm based
on binning so that My in (2.2.1) can be determined in linear complezity |78, Section 5| with
Cmin == 2

REMARK 2.2.4. Small adaptivity parameters 0 < 6 < 1 lead to only few marked ele-
ments and so to possibly very local refinements. The other extreme, 0 = 1, basically leads to
uniform refinement, where (almost) all elements are refined.

2.2.5. Approximability. Given 7 € T and s > 0, define

I, T(T)||s == sup _min ((N +1)*n(T)). (2.2.2)
NeNg TET(T,N)

The fact ||n, T(T)||s < oo implies that there exists a sequence of triangulations (7,”°")sey in
T(7) which satisfies convergence

Jim (77 =0
and the convergence rate
n(T7) S TP\ T))™ forall £ € N.

REMARK 2.2.5. The quantity ||n, T(T)||s measures how fast the error estimator can be
driven to zero when starting from the triangulation T. The main interest, of course, lies in
the approzimability when starting from the initial triangulation ||n, T||s.

2.3. The axioms

This section introduces the set of axioms and states the main result (Theorem 2.3.3) derived
from these axioms. In the following, 7, denotes a triangulation generated in the ¢-th step of
Algorithm 2.2.1.

2.3.1. Set of axioms. The following axioms (E1)-(E3), (T1)-(T3) act on the function
n(-) : T = User ((0,00)7) with n(T) : T — [0, 00) for all T € T, some perturbation function
o(+,) : Tx T —[0,00), T(-) : T — 2T, and involve the set T as well as the constants s > 0,
C(drela C(1"ef7 Cqm C(som C(closure Z 17 0< Rdlr S oo, and 0 S Preds €qos Edrel <1

(E1) Stability and reduction: For all refinements 7 € T(T) of a triangulation 7 € T,

there exist sets S(T,7) € T and S(7,7) € T with T\ T C S(T,T) such
that (Ela)—(E1b) hold

WX w®) (X mry)

TeT\S(T,T) TeT\S(T,T)

1/2

< o(T,T),

b)) > (M <pea Y. (T +o(T, T2

TeS(T.T) TeS(T,T)
(E2) General quasi-orthogonality: There holds
1—(1+6)( = (1= prea)t)
0 < ey <su
- 5>IO) 24071
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and the sequence of triangulations (7;)sen, from Algorithm 2.2.1 satisfies for all
{, N € Ny
0+N

> (o(Trs Ter1)* = £qon(Ti)?) < Caon(To)*.

k=¢

(E3) Discrete reliability: For all refinements 7 € T(T) of a triangulation 7" € T with
n(T) < kawn(T), there exists a subset R(7,7) C T with S(7,7) C R(T,T) and
|R(T,T)| < Cret|T\T| such that

o(T. T2 < eare(T) +Cha > nr(T)2
TeR(T,T)

(T1) Son estimate: The sequence of triangulations (7;)sen, from Algorithm 2.2.1 satis-
fies |Toy1] < Cson|Te| for all £ € Ny.

(T2) Closure estimate: The sequence of triangulations (7;)een, from Algorithm 2.2.1
satisfies |7, \ To| < Celosure Zﬁ;é |M;| for all ¢ € N.

(T3) Uniform approximability: The sequence of triangulations (7;)sen, from Algo-
rithm 2.2.1 satisfies Capprox(s) := supgen, |17, T(7¢)||s < oo for all £ € Ny.

DEFINITION 2.3.1. We say that a certain subset of the axioms defined above A C
{(E1),...,(E3),(T1),...,(T3)} is satisfied, if the error estimator n(-) and the refinement
strategqy T(-) (which are clear from the context if not mentioned otherwise) allow for the
necessary functions and constants from Section 2.3.1, which are involved in the axioms of
A, to ewist.

REMARK 2.3.2. Proposition 2.6.2 below shows that general quasi-orthogonality (E2)
together with (E1) implies (E2) even with eqo =0 and 0 < C¢p < 00.

2.3.2. Optimal convergence rates for the error estimator. The main results of
this Section state convergence and optimality of the adaptive algorithm in the sense that
the error estimator converges with optimal convergence rate. This is a generalization of
existing results as discussed in Section 2.4. On the other hand, Theorem 2.3.3 (iii) shows
that the adaptive algorithm characterizes the approximability of a problem in the sense of
Section 2.2.5.

THEOREM 2.3.3. (i) Suppose (E1) is satisfied and assume limy_, o(Ty, Ter1) = 0.
Then, for all 0 < 0 <1, the estimator is convergent in the sense
lim n(7;) = 0. (2.3.1)
{—00

(ii) Suppose (E1)—~(E2) are satisfied. Then, for all 0 < 0 < 1, the estimator is R-linear
convergent in the sense that there exists 0 < peony < 1 and Ceony > 0 such that

77(72+])2 < Cconvpgonv 77(%)2 fO’f all ja le NO' (232)

(iii) Suppose (E1)~(E3) and (T1)—~(T3) are satisfied for some s > 0. Then 0 < 6 <
0, := (1—¢ara1)/(1+ C3,) tmplies quasi-optimal convergence of the estimator in the
sense of

n(Te)
(0) Ca TrOX S S Co Ca TOX 9 233
Copt“app (5) ZSGUI\II()) (|72 \ 76| + 1)—3 pt~app (S) ( )

where the lower bound requires only (T1) to hold.
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The constants Ceony, Peonv > 0 depend only on prea, Cqo, €qo, and on 0. The constant Copy > 0
depends additionally on Chin, Cref, Celosure, Cdrel; Edrel, and on s, while cope > 0 depends only
on Cson and |To).

REMARK 2.3.4. The upper bound in (2.3.3) states that given Capprox(s) < 00, the
estimator sequence 1(Ty) of Algorithm 2.2.1 will decay with order s, i.e., if a decay with
order s 1s possible if the optimal triangulations are chosen, this decay will in fact be realized
by the adaptive algorithm. The lower bound in (2.3.3) states that the asymptotic convergence
rate of the estimator sequence characterizes the theoretically optimal convergence rate.

2.3.3. Estimator reduction and convergence of 1n(7;). We start with the obser-
vation that stability (Ela) and reduction (E1b) lead to a perturbed contraction of the error
estimator in each step of the adaptive loop.

LEMMA 2.3.5. Let 0 < 0 < 1 and let T € T(T) denote a refinement of T € T such
that

< S (TR (2.3.4)
TeS(T,T)
Then, the following relazation of (Ela)
. N1/2 1/2 N
(X w@®) " =( X wm?) T T) (2.3.5)
TeT\S(T,T) TeT\S(T.T)
and reduction (E1b) imply the estimator reduction
TV < pese)(T) + Cos 0T T)? (2:3.6)
with the constants 0 < pesy < 1 and Cesy > 0 which relate via
Pest = (1 +6)(1 — (1 = preq)d) and Coy=2+03"" (2.3.7)
for all sufficiently small & > 0 such that pesy < 1. This particularly implies
7](7Z+1)2 S Pest 77(72)2 + C(est Q(ﬁu 7Z+1>2 (238)
for all ¢ € Ny.

PROOF. The Young inequality together with stability (2.3.5) and reduction (E1b) shows
for each § > 0 and C.yy = 2+ 6! that

nTP= Y M+ Y. or(T)

Te8(TT) TeT\S(T.T)
Spea Y, (TP +A+0) Y nr(T)+ Ceno(T, )"
TeS(T,T) TeT\S(T,T)

Therefore, the Dorfler marking (2.3.4) leads to
n(T <@+ (0T = (1= pet) > #(T)) + CorolT, T
TeS(T,T)
<(1+0)(1— (1~ prea)l)n(T)? + Cesto(T. T)™.
The choice of a sufficiently small 6 > 0 allows for pey = (1 + 5)(1 - (1- pred)Q) < 1.
This shows (2.3.6). By definition of the refinement strategy T(-,-) in Section 2.2.1, there

holds M, C T; \ Tex1 € S(T¢, Te1). Hence, Dorfler marking (2.2.1) for M, implies Dorfler
marking (2.3.4) for S(77, Te+1). This concludes the proof. d
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The estimator reduction concept used in the the following proof is studied in [5] and
applies to a general class of problems and error estimators.

LEMMA 2.3.6. Suppose that the estimator satisfies estimator reduction (2.3.8) and sup-
pose that

lim o(7¢, Tey1) =0
l—o0
Then, there holds estimator convergence in the sense limy_, o, n(7;) = 0.

PROOF. Mathematical induction on ¢ proves with (2.3.8) for all £ € N,
7]<7Z+1> ﬁjtl??(% + Cest Z pest Q 7;7 7}+1)2

2.3.9
(76) + C1est sup 9(7;7 7;4-1 Z pest ( )

J€Np

77<76) + C(est sup Q<7;77}+1) ( - pest) 1-

J€No
The assumption o(7z, Tr+1) — 0 implies sup,oy 7(7¢) < co. Moreover, (2.3.8) yields
lim sup 7(Tr41)? < lim Sup (pest 1(T2)* + Cest 0(Te, Tex1)?)
—00

f—00

= Pest lim sSup 7)(7Z+1)2-
{—00

This shows lim sup,_,. 7(7¢)? = 0, and hence elementary calculus proves convergence 1(7;) —
0. U

PROOF OF THEOREM 2.3.3 (I). Lemma 2.3.6 is applicable and concludes the proof. [J

2.3.4. Uniform R-linear convergence of 1(7;) on any level. The general quasi-
orthogonality (E2) allows to improve (2.3.1) to R-linear convergence on any level. To that
end, we prove the following auxiliary lemma.

REMARK 2.3.7. The term uniform R-linear convergence on any level needs some ex-
planation. A sequence (a)ken, S said to converge (Q-)linearly to zero, if

li ‘akJrl‘
im sup

=q<1
k—o0 |ak|

A sequence (by)ren, 1S said to converge R-linearly to zero if there ezists a Q-linearly conver-
gent sequence (ay)gen, with

|br| < |ak| for all k € Ny. (2.3.10)
The R stands for root, since the definition above is equivalent to
lim sup |bp|"/* = ¢ < 1. (2.3.11)
k—o0

To see that, note that (2.3.10) implies (2.3.11) since |ax| < ¢**|ay,| for all k > ko and
some sufficiently large ko € N. On the other hand, (2.3.11) implies (2.3.10) with a) =

(sup;s [bs]9)*
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Uniform R-linear convergence on any level of a sequence (bg)ken, (in the following denoted
by R-linear convergence) means that there exists a constant C > 0 and some 0 < q¢ < 1 such

that
|besi| < CqFlbg|  for all £,k € Ng.

This particularly implies (2.3.11) for all sequences (byy¢)reny, ¢ € No.

LEMMA 2.3.8. Given a real sequence (ay)een, with ap > 0 for all ¢ € Ny such that a; = 0
implies a, = 0 for all k > (. Then, the statements (i)—(iii) are pairwise equivalent.

(1) Uniform summability: There exists a constant Cy; > 0 such that

Z a; < Cyaj  for all ¢ € Ny. (2.3.12)
k=0+1

(ii) Inverse summability: For all s > 0, there exists a constant Cy > 0 such that

l—
Z Yo < Cha, M for all € € N with ap > 0. (2.3.13)

k=0
(iii) Uniform R-linear convergence on any level: There exist constants 0 < p; < 1 and
Cs3 > 0 such that

aj,, < Cspha;  for all k,l € Ny. (2.3.14)
The relation between the respective constants is given by
Cl/(23) C
CQS%, plSHilga C3§1+Cla
1—p; 1 (2.3.15)
Cspy Cy |25 9
C; < , < , O3 < (1+Cy)™
"= 14 pl—(1+02) 3 < 2)

PROOF. For sake of simplicity, we show the equivalence of (i)—(iii) by proving the equiv-

alences (ili) <= (i) and (iii) <= (ii).
For the proof of the implication (iii) = (i), suppose (iii) and use the convergence of the

geometric series to see
1.2
Z a; < Czap Z Pt = Cspy(1 — py)ta2.
k=0+1 k=0+1

This proves (i) with C; = C3py(1 — p1) "
Similarly, the implication (iii) = (ii) follows via

l— -1
l/s 1/(2s l/s (t—k)/(2s)
E < (s E P1
= k=0

< Q@) (1 _ -1

This shows (ii) with Cy = C’;/(zs)(l — p}/(%))_l.
For the proof of the implication (i) = (iii), suppose (i) and conclude

o o o
A+Cr) Y ai< D aitat=3"a
j=t+1 j=t+1 j=¢
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By mathematical induction, this implies

ia§§(1+01‘1)‘1 i a? < (1+Cp! Z

and hence

das 3 @00 Y
=

j=t+k
< (14+C)(1+CrY) .

This proves (iii) with p; = (1+C; )™t and Cs = (1+ C)).
The implication (ii) = (iii) follows analogously. To that end, assume as; > 0. Then,
there holds

Mathematical induction shows then shows

041 O+k
S < g oS
j=0
and hence
‘ O+k
71/3 —k —1/s
<Y gt <1+C! Zaj

7=0
<(1+C)(1+Cyh %},f.

With the assumption that aprr = 0 implies a1, = 0 for all n € Ny, this proves a? o <
(1 + Cy)®(1 + Cy ) %ka? for all £,k € Ny. This is (iii) with p; = (1 + C;1)™> and
C3 - (1 + 02)28. |:|

PROPOSITION 2.3.9. Suppose estimator reduction (2.3.8). Then, general quasi-ortho-
gonality (E2) implies (2.3.12)—(2.3.14) with ay = n(7;) for all ¢ € Ny. The constant C; > 0
depends only on pes;, Cest, and £qo, whereas the constants Cy, C3 > 0, and 0 < p; < 1 are
given by (2.3.15).

PROOF. In the following, the general quasi-orthogonality (E2) implies each the state-
ments (2.3.12)—(2.3.14) since (E2) implies (2.3.12). To that end, the estimator reduc-
tion (2.3.8) from Lemma 2.3.5 yields for any v > 0 that

{+N+1 {+N+1
Z 77(776)2 S Z (pestn(ﬁ—l)Q + Cestg(ﬁ—la 779)2)
k=(+1 k=(+1 (2316)
{+N+1
= Z ((pest + V)n(ﬁ—l)Q + C1est (9(7;—17 7;)2 - VCe_stln(E—l)Q)> .
k=/+1

With the constants pest and Ceg from (2.3.7), the constraint on e, in (E2) reads

— Pest _ sup 1—(1460)(1—=(1— prea)d

0<ep <
- C1est T 6>0 2+5_1
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for some choice of § > 0. Note that this choice is valid since pes; < 1. In particular, it exists
v < 1 — pegt such that g4 < vC..;. This allows to apply general quasi-orthogonality (E2) to
the last term of (2.3.16), i.e.,

{+N+1

Y 0Tt T)? = vCoin(Tier)* < Coon(Te)*. (2.3.17)

k=/+1

The combination of (2.3.16)—(2.3.17) and passing to the limit N — oo proves

o0 o0

YT <Y (pest + v)n(Tir)” + CesiCoon(Te).

k=0+1 k=0+1

Some rearrangement leads to

[e.e]

(1 - (pest + V)) Z n(ﬁ)z S (pest + v+ Cestho>77<7z)2'

k=0+1

This shows that a, := n(7T;) satisfies that a, = 0 implies a; = 0 for all & > ¢. Hence, we
have (2.3.12) with C} = (pest + v + CestCqo) /(1 — (pest + 7)) and conclude the proof of (E2)
= (2.3.12). Lemma 2.3.8 yields the equivalence (2.3.12)—(2.3.14). O

PROOF OF THEOREM 2.3.3, (II). Stability and reduction (E1) guarantee estimator re-
duction (2.3.8) for n(7;) by Lemma 2.3.5. Together with quasi-orthogonality (E2), Proposi-
tion 2.3.9 shows (2.3.14) for a;, = n(7;). This proves Theorem 2.3.3 (ii) with Ceony = C5 and

Pconv = P1- ]

2.3.5. Optimality of Dorfler marking. Theorem 2.3.3 (i)—(ii) state that Dorfler
marking (2.2.1) essentially guarantees limy_,.,7(7;) = 0 or even R-linear convergence to
zero. The next statement asserts the converse.

PROPOSITION 2.3.10. Let T € T(T) denote a refinement of T € T. Stability (Ela)

and discrete reliability (E3) imply that for all 0 < 6y < 6, := (1 — eqa1)/(1 + C3 ), there
exists some 0 < kg < min{kaqy, 1} such that
WTP <son(TP = on(TP< Y m(T) (23.18)

TeR(T,T)

holds for all 0 < 6 < 8y, where S(T,T) C R(T,T) C T with [T\ T| < |R(T,T)| <
Cret| T\ 7Ad| from (E3). The constant ko depends only on Crel, Edrel, and Oy.

REMARK 2.3.11. Note that the proof requires (E3) to hold only for the particular T
and T in (2.3.18).

PROOF. The Young inequality and stability (Ela) show, for any § > 0, that
(TP = Y mTP+ > (T
TeS(TT) TeT\S(T,T)

< (TP +0+67 Y TP+ 1+ 0T, T)
TeS(T,T) TeT\S(T,T)
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Recall S(T,7) C R(T,T) by (E3). The application of the discrete reliability (E3) and the
assumption 7(7)? < kon(T)? yield
(7)< (1407 )wn(T)? + (14 0)earan(T)*
+(1+ (1 +0Cha) Do (T
TER(T,T)
Some rearrangement of those terms reads
1— (1 + 5_1)50 — (1 + 5)€drel
1+ (146)C5

nTP< Y (T

TER(T,T)
Recall e4,61 < 1 by (E3), choose 6 > 0 sufficiently small, and determine 0 < k¢ < 1 such that

1—(1+0 ko — (1+)eae 1 —Eare
b < 2 < 2
1 + (1 + 5)Cdrel 1 + Cd

= 0,. (2.3.19)

rel

t

The next result is a variant of Proposition 2.3.10 which is not actually needed in the
forthcoming analysis. However, we include it for completeness.

COROLLARY 2.3.12. Let T € T(T) denote a refinement of T € T. For all 0 < ko <
1 with kg < Kqu, there exists a constant 0 < 0y < 1 and some 0 < ey < 1 such that
stability (Ela), discrete reliability (E3) with cgre < €9, and 0 < 8 < 0y imply (2.3.18). The
constants 6y, g depend only on Cae and K.

PROOF. For arbitrary 0 < kg < 1 with kg < kg, choose 6, ey > 0 sufficiently small such
that (2.3.19) becomes

1— (1 + 571)1‘{0 — (1 + 5)5drel > 1-— (1 + 571)1‘{0 — (1 + 5)50
L+ (140)Cq - L+ (140)Cq
As in the proof of Proposition 2.3.10, this concludes (2.3.18). O

Oy = > 0.

2.3.6. Quasi-optimality of adaptive algorithm. This section proves optimal con-
vergence rates for the estimator and thereby renders the theoretical heart of the proof of
Theorem 2.3.3 (iii).

LEMMA 2.3.13. Let T € T such that n(T) > 0. Then, for s > 0 with ||n, T(T)||s < oo,
there exists a refinement T € T(T) with

n(T)? < won(T)?, (2.3.20)
ITAT]< |l T g Von(T) V2. (2.3.20b)

Assume that the implication (2.3.18) is valid for one particular choice of 0 < ko, 0y < 1 and
the triangulations T and T . Then, the set R(T,T) 2 T \T from Proposition 2.5.10 satisfies

IR(T, T)| < Crettig/ > n(T) %I, T(T) ||V (2.3.21a)
and satisfies the Dorfler marking for all 0 < 6 < 8y, i.e.,
(T < > (T (2.3.21b)
TeR(T,T)
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PROOF. Choose a minimal N € Ny, such that ||, T(T)||«(N + 1)~ < &t/*n(T) (note
that N > 0 by the fact that n(7T) < ||n, T(T)||s and ko < 1). By assumption (and the fact
that T(7, N) is finite), there holds

_min (N +1)*p(7)) < |ln, T(T)|
TEeT(T,N)

and hence, there exists a triangulation 7 € T(T, N) with (N + 1)*n(T) < ||n, T(T)||s. This
implies
n(T) < (N + 17 T(TIls < g *n(T).
The minimality of N implies N~=* > xg/*n(T)||n, T(T)||;" and hence
N < g (Tl T(T) (2.3.22)

Since T € T(T, N), this concludes (2.3.20). The implication (2.3.18) thus guarantees that

the set R(7,7T) C T with |R(T,T)| ~ |(T \ T)| satisfies the Dérfler marking (2.3.21b).
Estimate (2.3.21a) follows from (2.3.22), i.e.,

Cod [RIT, D < (TN < N < i/ TIn(T) %[, T(T)||
This concludes the proof. O

The following two propositions state the optimality of the adaptive algorithm.
PROPOSITION 2.3.14. The son estimate (T1) implies

n(7Te)
Copt Capprox(s) < sup ,
el S) < S8 TN ol -+ 17
where the constant cqp > 0 depends only on Cson and |To).

PROPOSITION 2.3.15. Suppose that (2.3.20)—(2.3.21a) of Lemma 2.3.13 are valid for
one particular 0 < kg < 1 and s > 0, as well as for all T = Ty, £ € Ny with n(7T;) > 0.
Assume that there holds (T2)—(T3) and that (2.3.13) from Lemma 2.3.8 holds for oy :== n(Ty).

Then, |My| < Coin| R(T2, To)| for all € € Ny (with R(Tz, Ty) from Lemma 2.8.13) implies

sup n(7e)
teny (ITe\ Tol + 1)‘8

(2.3.23)

< Clopt Cappro (). (2.3.24)

closure =" min

There holds Cypy = 2°C5CY (0N Crefﬁo % and Copt > 0 depends only on Cyon and |To.

PROOF OF PROPOSITION 2.3.14. Choose N € Ny, ¢ € Ny, and the largest possible
k € Ny with [Te4x \ 77| < N. Due to the maximality of & and (T1), there holds N + 1 <
Terrrr \ Tel + 1 < |Toqny1| + 1 S Coon([Ter] +1) S Coon(|Tewr \ To| + 1), where the hidden
constant depends only on |7g|. This leads to

inf (N +1°0(T) < (|Tesr \ Tol + 1)°0(Texs)

TET(Te,N)

and concludes the proof. O

PROOF OF PROPOSITION 2.3.15. If n(7;,) = 0. Then, (2.3.13) implies n(7;) = 0 for all
¢ > {y. Hence, we may consider 0 < ¢ < {; only. By assumption (2.3.21a), there holds

IMy| < Coinl R(T2, T0)| < CruinCrertid! 2 ()~ 1, T(To) || .
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The uniform approximability (T3) shows
(M| < ConinCrerCapprox (s)kg/ T In(To) =% for all £ € Ny, (2.3.25)

The inverse summability (2.3.13) together with (2.3.25) and the closure estimate (T2) show
for all £ € Ny

-1

7o\ Tol +1 <2172\ Tol) < 2Cetosure D _ 1M
§=0

< 2o CotnCrtConpro(s) /o5 ) S ()1 (2.3.26)
=0
< 25 Cetomre Cinin Cret Capprox(8)'* i > (T0) 712,
Consequently,
NTTiN Tol +1)° < 2°C3C auee Crn Gt ' Capprex(s) - for all £ € N.
This leads to the upper bound in (2.3.24). O

PROOF OF THEOREM 2.3.3 (111). Choose 0 := 6 < 6,. Stability (Ela) and discrete
reliability (E3) guarantee that (2.3.18) holds for 6y, some 0 < k¢ < 1, and in particular
for all T = Ty, ¢ € Ny. This implies that (2.3.20)—-(2.3.21) of Lemma 2.3.13 are valid
particularly for all 7 = T,, ¢ € Ny. Step (iii) of Algorithm 2.2.1 selects some set M, with
(almost) minimal cardinality which satisfies the Dorfler marking (2.2.1) for . The Dorfler
marking (2.3.21b) for 6 = 6, implies |My| < Cuin|R(Tz, 7¢)|. Reduction and stability (E1)
proves the estimator reduction (2.3.8) from Lemma 2.3.5. This and quasi-orthogonality (E2)
allow to employ Proposition 2.3.9 which ensures that (2.3.12)—(2.3.14) hold for a, := n(7s).
Finally, Proposition 2.3.14-2.3.15 conclude the proof. U

REMARK 2.3.16. Note that the proof of Theorem 2.3.3 (iii) requires (2.3.18) only for
T = Ty, L € Ng. Hence, Remark 2.3.11 shows that it is sufficient to claim (E3) for all
T =T, L € Ny to obtain Theorem 2.3.3 (iii). This relaxation is exploited in Section 3.5.2,
below.

2.4. Equivalent approximation problems

Assume that there exist constants Ciep, Ceg > 0 as well as functions err(-) : T — [0, 00)
and data(-) : T — [0, 00) such that there holds reliability

err(7) < Cran(T) forall T e T. (2.4.1)
as well as efficiency
Can(T) < err(T) +data(T) forall T € T. (2.4.2)

Suppose that the functions err(-) and data(-) are quasi-monotone (see also (2.7.6) below) in
the sense that there exists a constant Cy,, > 0 such that all 7 € T(7) and all 7 € T satisfy

~ ~

err(7T) < Cponerr(T) and  data(7) < Chpendata(T). (2.4.3)
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We define the corresponding approximability norms analogously to (2.2.5) as

~

|lerr, T(T)||s := sup _min ((N + 1)%err(7)),

NeNg TET(T,N)

|data, T(T)|l, := sup _min ((N + 1)°data(T)).
NeNyo TET(T,N)

Analogously to (T3), we say that err(-) and data(-) satisfy uniform approximability if

Cipprox(s) = sup [lerr, T(T)||s < oo, (2.4.4a)
TeT
Cipprox(5) 1= sup [|data, T(T)||, < oo. (2.4.4b)
TEeT

for some s > 0.

PROPOSITION 2.4.1. Assume that there holds reliability (2.4.1), efficiency (2.4.2),
and quasi-monotonicity (2.4.3). Then, the uniform approximability statements in (2.4.4)
and (T3) are equivalent in the sense that

(i) 27°Cof Capprox(s) < Cipiron(5) + CnonCippron(5),

approx approx

(il) Copprox(8) < Cre1Capprox(s)-

REMARK 2.4.2. The literature, e.qg., |78, 35|, usually assumes ||err, T||s + ||data, T||s <
oo and uses the equivalence (2.4.1)~(2.4.2) as well as the overlay estimate (2.5.1) below to
obtain rate optimality of the error estimator and the so called total error err(T) + data(T).
Our approach, however, is much more fundamental as we only use properties of the error
estimator itself to deduce the rate optimality of Theorem 2.8.3 (iii). The statements on
error convergence are derived in this section by bootstrapping the results on the estimator.
This point of view allows to include a much broader class of applications as is shown in the
examples of Chapter 3, 5, 6, below.

PROOF. The upper bound (2.4.1) shows
lerr, T(T)||s < Crallln, T(T)||s for all s > 0.

This proves (ii).
To see (i), suppose (2.4.4) for some s > 0. For all even N € Ny, this guarantees the
existence of a triangulation Ty, € T(7, N/2) with

err(Tny2) (N/2 +1)° < O (s)
and also the existence of a triangulation Ty € T(Ty/2, N/2) with
data(Ty)(N/2 + 1)° < Coate (s). (2.4.5)
With quasi-monotonicity (2.4.3), there holds
err(Ty) < Cron€IT(Tn/2) < Crion(N/2 + 1)_802;;rox(5).
This and the lower bound (2.4.2) yield
Can(Tn) < err(Ty) + data(Ty)
< (C%2 (8) + Croon O o (8)) (N/2 + 1)

approx approx
s data err —s
S 2 (Capprox(s) + CmOHCapprox<S)><N + 1) .

By definition, there holds [Ty \ 7| < |Tn \ Tny2| + [Tnj2 \ 7| < N. This shows Ty €
T(7,N) and hence proves |1, T(T)|s < 2°Ceg(C22 () + CrnonComrox(s)). This concludes

the proof. O
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In the frame of this section, we prove following analog of Theorem 2.3.3 which provides
convergence results for the error instead of the estimator.

THEOREM 2.4.3. (i) Suppose (E1) is satisfied and assume limy_, 0(T¢, Tey1) = 0
(with o(-,-) from Section 2.53.1). Then, for all 0 < 0 < 1, the error is convergent in
the sense

lim err(7;) = 0. (2.4.6)
{—00

(ii) Suppose (E1)—(E2) are satisfied. Then, for all 0 < 6 < 1, the error is R-linear
convergent in the sense that there exists 0 < peony < 1 and Ceony > 0 such that

ert(Tryi)? < C%Coonepl,, (er1(Ty) + data(Ty))*  for all j,¢ € Ny. (2.4.7)

(iii) Suppose (E1)~(E3) and (T1)—~(T3) are satisfied for some s > 0. Then 0 < 0 < 0, :=
(1 — eqra) /(1 + C3.)) implies quasi-optimal convergence of the error in the sense of

err(7y)
o C(srrrox S
Cort Cappron(3) < WD T 72 7y (2.43)
< 2°Copt CrarCott (Coies (5) + CrnonComoros (5)),

where the lower bound requires only (T1) to hold.
The constants Ceony, Peonvs Copt; Copt are defined in Theorem 2.3.35.

PROOF. The statements (i)—(ii) follow immediately from Theorem 2.3.3 (i)—(ii) and the
equivalences (2.4.1)—(2.4.2). To see the upper bound in (iii), combine the upper bound in
Theorem 2.3.3 (iii) with Proposition 2.4.1 and the upper bound (2.4.1). For the lower bound
in (iii), choose N € Ny, ¢ € Ny, and the largest possible k& € Ny with |Toir \ To| < N.
Due to maximality of ¢ and (T1), there holds N + 1 < [Tosps1 \ Tel + 1 < |Towps1| + 1 S
Cson(|Tewr] 1) < Cson(| Towr \ To| + 1), where the hidden constant depends only on |7g|. This
leads to

(N1 e (T) S (T \ Tol + 1T

and concludes the proof. O
Before we conclude the section, we provide a criterion, under which reliability (2.4.1)
follows from discrete reliability (E3).

PROPOSITION 2.4.4. Suppose a constant C > O such that the following holds. Given
T €T, there exists a sequence of triangulations T, € T(T) with limy_,o n(7T;) = 0 such that

C~err(T) < lim o(T.7;)

with o(-,-) from Section 2.3.1. Then, discrete reliability (E3) (where the restriction g <
1 is not necessary) and quasi-monotonicity (2.7.6) imply reliability (2.4.1) with C?; =

rel
02(C§rel + 5drel)-
PROOF. Assume 7(7) = 0. Then, (2.7.6) implies 77(7\}) = 0 for all £ € N and hence

~ ~ ~

n(T) < kaun(T) for all £ € N. Assume n(7) > 0. Then, limy ., n(7;) = 0 shows n(T) <
kan(T) for all ¢ > ¢y for some sufficiently large ¢, € N. In either case, (E3) is applicable
and shows

07261‘1‘(7')2 S ghm Q(T7 ﬁ)2 S (5dre1 + Cgrel)n(T)2'
—00
This concludes the proof. O
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2.5. Optimal complexity

This section understands complexity as a measure of computational effort necessary to
compute one step of Algorithm 2.2.1. We assume that the effort is related to

T

for some v > 0 and call this quantity single-step complexity. This is a reasonable assumption,
since usually the solution of some linear or nonlinear systems is involved where the complex-
ity is related to the degrees of freedom. To compute the ¢-th step of Algorithm 2.2.1, it
is necessary to compute all the previous steps, too. Therefore, we define the cumulative
complexity of the ¢-th step of Algorithm 2.2.1 by

¢
> oI
j=0

The following theorem shows that for the adaptive algorithm, both measures coincide. To
that end, we define the overlay estimate which states that there exists a constant C; > 0
such that any two triangulations 7,7 € T have a coarsest common refinement 7 & T €

T(7)NT(T) with

(T@&T)\TI < CT\ Tl (2.5.1)
THEOREM 2.5.1. Suppose a sequence (T, )een, C T with 75 € T(T ™) and [T | <

Cson|Te| for all ¢ € Ny such that 76°pt = To and that there holds the single-step complexity
rate
n(T™)
gseul\g) (T )= < 00 (2.5.2)
for some s > 0 and some v > 0. Suppose (E1)—~(E3) and (T1)-(T2) as well as the overlay es-
timate (2.5.1). Then, given 0 < 6 < 0, := (1—eqra1)/(14+C3.), the output of Algorithm 2.2.1
satisfies the same cumulative complexity rate
n(7e)
sup —;
teNo (350 | T57) 7
REMARK 2.5.2. The above result shows that Algorithm 2.2.1 realizes any possible single-
step complexity rate even with respect to the cumulative complexity 25:0 |T;|7. This means
that the overall investment of computational time is asymptotically optimal and the iter-
ative steps of Algorithm 2.2.1 do not spoil the performance. Particularly, it shows that
under the assumptions of Theorem 2.5.1, the adaptive approach converges faster or at least
with the same complexity rate as the uniform refinement strateqy which realizes ﬂinllf =
T(7,20i, 7,08). To see this, note that the uniform refinement does not require to compute
each previous step of the algorithm. Hence, its complexity to compute the (-th step is best
measured by the single-step complexity |T,"™|7. If uniform refinement satisfies the single-step
complexity rate s > 0, i.e.,

(2.5.3)

unif
sup n(l?;f )
ceno (I T307)
Theorem 2.5.1 (with T}™ = TP') shows that Algorithm 2.2.1 converges with at least the

same rate of cumulative complexity. Particularly, the same effort in terms of computational
time leads to asymptotically better approrimation accuracy.

< 00,
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PROOF. The assumption (2.5.2) implies ||n, T||s, < co. To see this, we follow the proof

of Proposition 2.3.14. Choose N € Ny and the largest possible ¢ € Ny with |7’0pt \ To] < N.

Due to the maximality of £ and by |7 7| < Ceon| T, there holds N+ 1 < [T\ To| +1 <
Coon(| T\ To| + 1), where the hidden constant depends only on |75|. This leads to

min (N +1)"n(T) S (IT7\ Tol + 1)7n(T;™)

TET(N)
and concludes

I, Tls, = sup _min (N +1)"5(T) < o0
NeNg TET(N)

Lemma 2.7.5 below shows quasi-monotonicity (2.7.6) of n(-). With the above, Lemma 2.7.4
implies Cypprox($7) < o0o. This shows that (T3) holds. Therefore, Theorem 2.3.3 (i)-(iii)
apply and prove

1(75) < CoptCapprox (57)(|T5 \ Tol +1)77 S Copt Capprox(s7)[ T3], (2.5.4)

where the hidden constant depends only on |7;| and sy. Moreover, there holds R-linear
convergence (2.3.2). We assume 7(7;) > 0 for all £ € Ny, since otherwise R-linear conver-
gence (2.3.2) implies n(7;) = 0 for all £ > ¢, for some ¢, € N and hence (2.5.3) follows
immediately. With (2.5.4), this implies

Tl S 0T~ for all j € No.
Together with R-linear convergence (2.3.2) and the equivalent inverse summability from
Lemma 2.3.8 (ii), this shows

¢

12
DTS Y (T S a(T) ™Y

=0 =0

We obtain immediately (2.5.3) and conclude the proof. O

2.6. Necessity of the axioms

The convergence results in Theorem 2.3.3 show that the axioms (E1)-(E3), (T1)-(T3)
are sufficient for rate optimality. By definition of the axioms (E1)-(E3), it is clear that if
there exists a function o(+, -) such that (E1)—(E3) hold, we can choose the point wise minimal
Omin(+, +) < o(+,+) to satisfy (E1), without violating (E2)—(E3). Given a triangulation 7 € T,
a refinement 7 € T(T), prea, and sets T\ T C S(T,T) C T, S(T,T) C T, this reads

~ ~ N\ 1/2 1/2
omin(T,T) == maX{’( > 77T<T)2) - ( > ?7T(T)2) :
TeT\S(T,T) TeT\S(T,T)
~ 1/2
’ Z nr(T)? — pred Z nr(T }
TeS(T,T) TeS(T,T)

This section examines the necessity of the axioms with o(+, ) = omin(-, ).
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2.6.1. Convergence implies (E1). The stability and reduction (E1) leads to the con-
vergence result of Theorem 2.3.3 (i) and provides the basis for all the other convergence
results. The following result shows that (E1) is even necessary.

PROPOSITION 2.6.1. Assume convergence (2.3.1). Then, (E1) holds for arbitrary 0 <
Prea < 1 and arbitrary sets S(-,+), S(-,-) with limy_, o0 Omin(Tes1, Te) = 0.

PROOF. Stability and reduction (E1) is satisfied by definition of gmi,(-,-). By conver-
gence (2.3.1), we obtain limy_,o0 0(77, To41) S limyoo(n(T2) + 1(Te41)) = 0. This concludes
the proof. O

2.6.2. R-linear convergence implies (E2). Theorem 2.3.3 (ii) proves that (E1)-
(E2) yield linear convergence (2.3.2). The following proposition shows that linear conver-
gence (2.3.14) implies the general quasi-orthogonality (E2). In view of Proposition 2.6.1-
2.6.2, linear convergence (2.3.14) is equivalent (E1)—(E2).

PROPOSITION 2.6.2. The R-linear convergence (2.3.2) implies general quasi-orthogo-
nality (E2) with eqo = 0 and Cqo > 0.

PROOF. Since min(T,T) < 0(T) + n(T), R-linear convergence (2.3.2) together with
Lemma 2.3.8 (where ay, = n(7x)) show

{+N {+N+1

Y o(TeTes)’ S D n(T)* Sn(Te)?
k=t k=t
for all ¢/, N € Ny. This is (E2) with ¢4, = 0. O

2.6.3. R-linear convergence implies (E3). The discrete reliability (E3) proves the
optimality of the Dorfler marking in Proposition 2.3.10. The following result shows that,
under some minor assumptions, also the converse is true.

PROPOSITION 2.6.3. Assume R-linear convergence (2.3.2) and S(T,T) < Cret| T\ T
Then, discrete reliability (E3) holds on the sequence of triangulations (Ty)een, generated by
Algorithm 2.2.1 with egrel = 0, Carel = CeonvPeonv /0, and R(Ty, Tex1) = S(Te, Teva), i-e€.,

Qmin(na 72+1)2 S Cvconvpconvei1 Z 77T(7Z)2
TeS(Te,Tes1)

for all ¢ € Ny.
PROOF. The definition of gy (+,-) implies that either (Ela) holds with equality, i.e.,

(Y w@?) = % wm?) e m T @)

TETe\S(Te, Te41) TETNS(Te, Ter1)
or (E1b) holds with equality, i.e.,
> (Te) =pea Y, (T + o(Te, Tenn)™. (2.6.2)
TS (T, Tes1) TeS(Te,Tet1)

In case of (2.6.1), we obtain
1/2
CHAlEnm =Tz (Y mT)?) 2 olT Ten),
T€Te41\S(T2,Te41)
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Analogously, (2.6.2) implies

1/2
C&c(r?vptlt({ﬁvn(T) 2 0(Te1) 2 ( Z 77T(7Z+1)2) > o(Te, Teva)-

T€S(Te,Tet1)

Since the triangulations 7, satisfy the Dorfler marking (2.2.1), the above implies

Q<7Z77Z+1>2 S Cconvpconvn<7z>2 S C(convpconv‘gi1 Z 77T<T)2 (263)

TeM,
Since, by definition of the refinement strategy, there holds M, C T, \ Try1 € S(Te, Tos1), we
obtain (E3) with ege1 = 0, Carel = CeonvpPeonv /0, and R(Ty, Tos1) = S(Te, Tos1)- O

The following result shows that Proposition 2.3.10 is sharp in the sense that (E3) is even
equivalent to (2.3.18).

PROPOSITION 2.6.4. Assume stability and reduction (E1) with o(-,-) := omin(-, ). As-
sume that for kg = Kqp exists some 0y such that the implication (2.3.18) holds. Then,
discrete reliability (E3) is satisfied with eqrel = 0 and R(T,T) from Proposition 2.3.10 and
Caret = 057",

PROOF. Let T € T(T) such that n(T) < kaun(T). By assumption, there exists 0 < 6 <

1, which depends on gy, such that the implication (2.3.18) holds and shows that R(T, 7:)
satisfies the Dorfler marking (2.2.1). As in (2.6.3), we obtain

oT, TP <nT) <n(T)P <6 > m(T)
TER(T,T)
This concludes the proof. O
2.6.4. Optimal complexity implies R-linear convergence. The optimal complex-

ity result of Theorem 2.5.1 implies R-linear convergence (2.3.2) in the following sense. As-
sume that the error estimator converges with a certain rate

[Tl S(Te) STl for all £ € Ny (2.6.4)

and assume that the implication of Theorem 2.5.1, i.e., (2.5.2) implies (2.5.3), is true. Un-
der (T1), we may use 7, := T; and obtain

n(Te)

With this, (2.5.3) shows

¢
)"/ > Z T > Zn )~/
7=0 7=0
for all £ € Ny. Lemma 2.3.8 with oy = 1(7;) concludes R-linear convergence (2.3.2).

REMARK 2.6.5. Although it is possible to construct examples which satisfy rate opti-
mality (2.3.3) but fail to satisfy (2.6.4), there are many practical examples with (2.6.4). In
this sense, R-linear convergence might not be necessary for any particular instance of the
approzimation problem, but is definitely necessary for the general case.
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2.6.5. The refinement axioms (T1)&(T3). The assumption (T1) is not necessary
from a theoretical point of view. However, since |T| is usually related to the degrees of
freedom, a reasonable refinement strategy will aim to produce a refinement with |7,,1| ~ |7|.
The uniform approximability (T3) is necessary since it follows immediately from (2.3.3).

2.7. Particular realizations of the axioms

In many cases, some of the axioms (E1)—(E3), (T1)—(T3) hold due to some more specific
properties of the estimator n(-) or the refinement strategy T(-, -).

2.7.1. A priori convergence. Suppose a Banach space X with norm || - |3 as well as
a solver function U(-) : T — X'. Assume that

ol T, T)? = a|U(T) = UT)|%

for some a > 0.
LEMMA 2.7.1. Suppose that there ezist subspaces X(T;) C X for all ¢ € Ny (where Ty

denotes the output of Algorithm 2.2.1) and a function Uy, € X := Uyen, X(Te) such that
the Céa lemma holds, i.e.,

- < Cea mi - 7.
1 Uso U(E)HX_CceavénXl(anUoo Vlix for all £ € Ny, (2.7.1)

where Cgoga > 0 is some constant which does not depend on ¢ € Ny. Then, there holds
a priori convergence

lim [[Use — U(T)]l e = 0 = lim o7, Tesn). (2.7.2)

PROOF. By definition of X, the right-hand side of (2.7.1) converges towards zero as
¢ — oo. The convergence limy o 0(7¢, Trr1) = 0 follows immediately with the triangle
inequality. This concludes the proof. O

2.7.2. o(+,-) is a Hilbert norm. If the perturbation has the structure of a Hilbert
norm, the general quasi-orthogonality follows immediately.

LEMMA 2.7.2. Suppose a Hilbert space X with || - ||% = (-, Yx and U(:) : T — X.
Let o(-,-) be given as in Section 2.7.1 and suppose that the solver U(-) satisfies Galerkin
orthogonality

(U(Tesr) = U(Tesr), U(Tenr) — U(To))x =0 for all k, € € Ny, (2.7.3)

Then, discrete reliability (E3) with kq, = 0o (where the restriction eqre < 1 is not necessary)
implies the general quasi-orthogonality (E2) with eqo = 0 and Cqo = €arel + Carer. Moreover,
there holds a priori convergence

Zlirglo o(Te, Tex1) = 0. (2.7.4)

PROOF. The Galerkin orthogonality (2.7.3) implies for k£, N € Ny
1U(Te) = U(Trs) Il = U(Texn) = UTIZ = 1U(Tern) = U(Torn) 1%
= 2{U(Texn) = U(Tenr) , U(Te) = U(Tira)) x
= 1U(Texn) = UT)% = 1U(Tern) = U(Tesn) -
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Hence, there holds for ¢ € Ny

0+N +N
> 0T, Ten)” < a lim S U(T:) = U(Trs) 1%
et =
0+N
—a Jin Y (10(Tew) - UG — [U(Teex) - U T
ot

= a lim (|U(Tesn) = UTDI = 1U(Terw) = U(Teen)l%)
<a lim [|U(Tesn) — U(To) |3
N—o00
= Jim (75, Tesn)” < (Eare + Cara)0(T2)’,
The above for ¢ = 0 concludes also (2.7.4) and hence the proof. O

2.7.3. Quasi-orthogonality implies general quasi-orthogonality. In the litera-
ture, one often finds the following quasi-orthogonality: Let 0 < ¢ < 1, and C,¢ > 0 such
that all £ € Ny satisfy

0;119(72, Tor1)? < (1 — 6)_1a§ - agﬂ, (2.7.5a)
for some oy, € R with
aj < Cran(Te)*. (2.7.5b)

LEMMA 2.7.3. The quasi-orthogonality (2.7.5) with 0 < e < 1 and Cyq > 0 implies the
general quasi-orthogonality (E2) with €4, = Crae/(1 —€) and Cyo = Chal.

PROOF. There holds with £, = Cie/(1 — ¢) and (2.7.5)

N N 2 2
« C11"e 577(7)
k=t (Q<77<u Tier1)? — 501077(7;«‘)2) = ; (1 —kg B Oéi“ B l1 — ek )
<> (2 ot - 2o
_k:g 1_¢ Qi1 1_¢

N
<Y (af — i) < af < Cran(Te)

g

2.7.4. Quasi-monotonicity and the overlay estimate. We say that a function A(-) :
T — [0, 00) is quasi-monotone, if there exists a constant Cy,on > 0 such that all triangulations
T € T satisty

AT) < Coauon\(T)  for all T € T(T). (2.7.6)

LEMMA 2.7.4. Assume that the refinement strategy T(-,-) satisfies the overlay esti-
mate (2.5.1) and that the function \(-) : T — [0,00) is quasi-monotone (2.7.6). Then,
I, T||s < oo for some s > 0 implies

sup ”)\, T(T>Hs < Cmon<04 + 1)3”)\7 THS
TeT

Particularly, for \(-) = n(-), ||n, T||s < oo implies (T3).
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PROOF. Let N € Ny and define M := floor(N/Cy). The fact ||\, T||s < oo allows to
choose some triangulation 7% € T(M) with

MTY)(M +1)* < |\, Tl

Given any 7 € T, the overlay estimate (2.5.1) states |(TY @ T) \ 7| < N and hence
TN @ T € T(T, N). The quasi-monotonicity (2.7.6) and N +1 < (M + 1)(Cy + 1) shows

MTY @ TN +1)° < Cuaon(Ca + 1)°ATV)(M +1)" < Cuaon(Cy + 1)°[IX, T s
This implies

_inf (N 4+ 1)°A(T) < Cuuon(Ca + 1[N, T
TET(T,N)

and concludes the proof. O

The quasi-monotonicity (2.7.6) follows from the stability and reduction (E1) together
with discrete reliability (E3) or quasi-orthogonality (2.7.5).

LEMMA 2.7.5. Assume (E1) (where the restriction peq < 1 is not necessary) as well
as (E3) with kq, = co. Then, there holds (2.7.6) with A(-) = 1(-) and Con = (max{pred, 2} +

1/2
3<€drel + Cgrel)) / .

PROOF. The stability (Ela) and the reduction estimate (E1b) imply

TP <pea D me(MP+2 > op(T)?+30(T. 7).

TeS(T,T) TeT\S(T.,T)

The discrete reliability (E3), leads to

N(T)? < (max{prea, 2} + 3ara)n(T)? +3Cha > nr(T)?
TeR(T,T)

< (max{preda 2} + 3(5dr61 + Cgrel))n(T)z'

1/2

This is (2.7.6) with Cion := ( max{pred, 2} + 3(carel + Cre1)) O

LEMMA 2.7.6. Assume (E1) (where the restriction peq < 1 is not necessary) as well
as the quasi-orthogonality (2.7.5) for T, =T and Tew1 = T. Then, there holds (2.7.6) with

AC) = () and Cunon = ((max{prea, 2} +3C%, (1 —&)~1)) 2.

PROOF. The stability (Ela) and the reduction estimate (E1b) imply

T2 < pea Y ne(TP+2 S (T +30(T. T)?
TeS(T,T) TeT\S(T,T)

(2.7.5)
< max{prea, 2}7(T)? + 3Ca((1 — &) Lo — a?,))

< (max{pred, 2} + 3CH(1 — &)~ n(T)*.
This concludes the proof. O
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2.7.5. Other versions of the overlay estimate (2.5.1) and of (T2). The following
estimate provides a lower bound for the number of newly generated elements, i.e.,

IT\T|<|T|=|T| forall T € T(T) and all T € T. (2.7.7)

This is particularly satisfied if each refined element 7" € T \ T generates at least two sons
T, T, € T\T.

LEMMA 2.7.7. Let the refinement strategy satisfy (2.7.7), then there holds for all re-
finements T € T(T)

T1 =171 < [T\T| < 2(T1 = T)). (278)
PROOF. The first inequality follows from
TATI=TI =T 0T =T -|7].
The second inequality follows similarly by
TATI=ITI= 1T nTI=T1 = (T~ 1T\ T) < 2(T] - T,
where we used (2.7.7). O

LEMMA 2.7.8. Under (2.7.7), the closure estimate (T2) is equivalent to
-1

[Tl = 175] < Catommre 3 IM;|  for all € € N, (2.7.9)
=0
where the closure estimate (T2) implies (2.7.9) with me = Ceosure and (2.7.9) im-

—_—

plies (T2) with Caosuwre = 2Ceosure- Moreover, the overlay estimate (2.5.1) is equivalent
to

(ToT) < C(|TI=[Te)+[T| for all T € T(T), (2.7.10)
where (2.5.1) implies (2.7.10) with Cy = 2Cy and (2.7.10) implies (2.5.1) with Cy = 2C}.
PROOF. Both statements follow directly with (2.7.8). O

2.8. Historical remarks

This section is based on and extends |24, Section 3.2]. This work provides some unifying
framework on the theory of adaptive algorithms and the related convergence and quasi-
optimality analysis. Some historic remarks are in order on the development of the arguments
over the years. In one way or another, the axioms arose in various works throughout the
literature. We aim to motivate the specific choice of axioms (which turn out to be even
necessary in Section 2.6) in terms of historic development of the field.

2.8.1. Reliability (2.4.1). Reliability basically states that the unknown error tends to
zero if the computable and hence known error bound is driven to zero by smart adaptive
algorithms. As the main result of this chapter (Theorem 2.3.3) focuses solely on the error
estimator, the reliability is not explicitly used in the analysis. However, Section 2.4 intro-
duces reliability to prove optimal convergence of the error. Since the invention of adaptive
FEM in the 1970s, the question of reliability was thus a pressing matter and first results for
FEM date back to the early works of BABUSKA & RHEINBOLDT |7] in 1D and BABUSKA &
MILLER [6] in 2D. Therein, the error is estimated by means of the residual. In the context
of BEM, reliable residual-based error estimators date back to the works of CARSTENSEN &
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STEPHAN [34, 33, 20|. Since the actual adaptive algorithm only knows the estimator, reli-
ability estimates have been a crucial ingredient for convergence proofs of adaptive schemes
of any kind.

2.8.2. Efficiency (2.4.2). Compared to reliability (2.4.1), efficiency (2.4.2) provides the
converse estimate and states that the error is not overestimated by the estimator, up to some
oscillation terms data(-) determined from the given data. An error estimator which satisfies
both, reliability and efficiency, is mathematically guaranteed to asymptotically behave like
the error, i.e., it decays with the same rate as the actual computational error. Consequently,
efficiency is a desirable property as soon as it comes to convergence rates. For FEM with
residual error estimators, efficiency has first been proved by VERFURTH [82]. He used
appropriate inverse estimates and localization by means of bubble functions. In the frame
of BEM, however, efficiency (2.4.2) of the residual error estimators is widely open and only
known for particular problems [3, 19|, although observed empirically, see also Section 3.4.2.

In terms of convergence proofs, efficiency is often a useful tool as is mentioned in the
following section. However, the main result of this chapter (Theorem 2.3.3) does not require
the efficiency estimate (2.4.2) and thus allows applications to a much wider problem class.

2.8.3. Discrete local efficiency and first convergence analysis of [40, 65|. Reli-
ability (2.4.1) and efficiency (2.4.2) are nowadays standard topics in textbooks on a poste-
riori FEM error estimation [1, 82|, in contrast to the convergence of adaptive algorithms.
BABUSKA & VOGELIUS [8] already observed for conforming discretizations, that the se-
quence of discrete approximations U(7;) always converges (see Section 2.7.1 for an abstract
form of this a priori convergence). The work of DORFLER [40| introduced the marking
strategy (2.2.1) for the Poisson model problem

—Au=finQ and wu=0onI =090 (2.8.1)

and conforming first-order FEM to show convergence up to any given tolerance. MORIN,
NOCHETTO & SIEBERT [65] refined this and the arguments of VERFURTH [82] and DOR-
FLER [40] and proved the discrete variant

Con(To)? < V(U (Terr) — U(T0)) |22 + data(Tz)? (2.8.2)

of the efficiency (2.4.2). See also [50] for the explicit statement and proof. The proof relies
on discrete bubble functions and thus required an interior node property of the refinement
strategy, which is ensured, e.g., by bisection for d = 2 from Section 3.2.8 and five bisections
for each refined element. With this, [65] proved error reduction up to data oscillation terms
in the sense of

IV (u—U(Tes) 72y < w11V (u = U(To) 72y + C data(Te) (2.8.3)
with some /-independent constants 0 < x < 1 and C' > 0. This and additional enrichment
of the marked elements M, C 7, to ensure data(7;) — 0 as £ — oo leads to convergence

£—00
IV (u— U(T2)) | r2(@) — 0. (2.8.4)
The reason why this work neglects the discrete local efficiency (2.8.2) is that it can only
be proven for a very narrow class of model problems, and thus does not allow for some general
framework. Moreover, the over refinement due to the interior node property is practically
observed to be unnecessary.
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2.8.4. Quasi-orthogonality (E2). The approach of [65] has been generalized to non-
symmetric operators in [64], to nonconforming and mixed methods in [26, 25|, as well
as to the nonlinear obstacle problem in BRAESS, CARSTENSEN & HOPPE [17, 18|. One
additional difficulty is the lack of the Galerkin orthogonality which is circumvented with
the general quasi-orthogonality axiom (2.7.5) in Section 2.7.3. Stronger variants of quasi-
orthogonality have been used in |26, 25, 64| and imply (2.7.5) in Section 2.7.3. In its current
form, however, the general quasi-orthogonality (E2) goes back to [46] for non-symmetric op-
erators without artificial assumptions on the initial triangulation as in [36, 64|, sec also
Section 3.5.1. Proposition 2.6.2 shows that the present form (E2) of the quasi-orthogonality
cannot be weakened if one aims to follow the analysis of [35, 78| to prove quasi-optimal
convergence rates. Moreover, Section 2.6.4 shows that the optimal complexity result of The-
orem 2.5.1 necessarily implies R-linear convergence and thus general quasi-orthogonality (E2)
by Proposition 2.6.2.

2.8.5. Optimal convergence rates and discrete reliability (E3). The seminal work
of BINEV, DAHMEN & DEVORE [14] was the first one to prove algebraic convergence rates
for adaptive FEM of the Poisson model problem (2.8.1) and lowest-order FEM. They ex-
tended the adaptive algorithm of [65] by additional coarsening steps to avoid over-refinement.
STEVENSON |78] removed this artificial coarsening step and introduced the basic form of the
axiom (E3) on discrete reliability, i.e., with €4, = 0 and kq, = 00. He implicitly introduced
the concept of separate Dorfler marking: If the data oscillations data(7,) are small compared
to the error estimator n(7;), he used the common Dérfler marking (2.2.1) to single out the
elements for refinement. Otherwise, he suggested the Dorfler marking (2.2.1) for the local
contributions of the data oscillation term data(7;). The core proof of [78] then uses the
observation from [64] that the so-called total error is contracted in each step of the adaptive
loop in the sense of

Ap1 <kAy for Ayp:=|V(u— U(7Z))||%2(Q) + 7 data(T;)? (2.8.5)

with some /-independent constants 0 < k < 1 and v > 0.

Moreover, the analysis of [78] shows that the Dérfler marking (2.2.1) is not only sufficient
to guarantee contraction (2.8.5), but somehow even necessary, see Section 2.3.5 for the refined
analysis which avoids the use of efficiency (2.4.2).

2.8.6. Stability and reduction (E1). Anticipating the convergence of [39] for the p-
Laplacian, the AFEM analysis of [78| was simplified by CASCON, KREUZER, NOCHETTO
& SIEBERT [35] with the introduction of the estimator reduction in the sense of

N(Ter1)* < 60(Te)* + CIIVU(Tern) = V(T 220 (2.8.6)

with constants 0 < k < 1 and C' > 0. This is an immediate consequence of stability and
reduction (E1b) in Section 2.3.3 and also ensures contraction of the so-called quasi-error

Ag.,_l < /{Ag for Ag = ||V(U — U(%))||%2(Q) + ’777(72)2 (287)

with some ¢-independent constants 0 < x < 1 and > 0. The analysis of [35] removed
the discrete local lower bound from the set of necessary axioms (and hence the interior node
property [65]). Implicitly, the axiom (E1) is part of the proof of (2.8.6) in [35]. While (Ela)
essentially follows from the triangle inequality and appropriate inverse estimates in practice,
the reduction (E1b) builds on the observation that the element sizes of the sons of a refined
element uniformly decreases. For instance, bisection-based refinement strategies yield |7"| <

|T|/2, if T € Tos1\Te is a son of T' € T\ Tp41.
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2.8.7. Extensions of the analysis of [35]. The work [60] considers lowest-order
AFEM for the Poisson problem (2.8.1) for error estimators which are locally equivalent
to the residual error estimator. The works [36, 46| analyze optimality of AFEM for linear,
but non-symmetric elliptic operators. While [36] required that the corresponding bilinear
form induces a norm, such an assumption is dropped in [46], so that the latter work con-
cluded the AFEM analysis for linear second-order elliptic PDEs. Convergence with optimal
rates for adaptive boundary element methods has independently been proved in [47, 80|.
The main additional difficulty was the development of appropriate local inverse estimates
for the nonlocal operators involved. The BEM analysis, however, still hinges on symmetric
and elliptic integral operators and excludes boundary integral formulations of mixed bound-
ary value problems as well as the FEM-BEM coupling. AFEM with nonconforming and
mixed FEMs is considered for various problems in |71, 32, 29, 31, 12, 61]. AFEM with
non-homogeneous Dirichlet and mixed Dirichlet-Neumann boundary conditions are analyzed
in [48] for 2D and in [4] for 3D. The latter work adapts the separate Dorfler marking from [78]
to decide whether the refinement relies on the error estimator for the discretization error or
the approximation error of the given continuous Dirichlet data, see Section 5.4. The results
of those works are reproduced and partially even improved in the frame of the abstract ax-
ioms of Section 2.3.1. Finally, the proofs of [4, 46] simplified the core analysis of |78, 35|
in the sense that the optimality analysis avoids the use of the total error and solely works
with the error estimator. The work [24| on which this work is based, derives a first set of
axioms to unify the theory of the mentioned works. In this work, we take one step further
and also drop the notion of exact solution and approximate solution, to solely focus on the
error estimator. Moreover, we relax some standard assumptions on the refinement strategy
to include a more general class of triangulations into the optimality analysis.
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CHAPTER 3

Applications I

3.1. Introduction, state of the art & outline

This chapter applies the abstract machinery of the previous chapter to concrete model
problems. This means that for each problem, the axioms of Section 2.3.1 are checked and
the abstract results are interpreted. We reproduce well-known optimality results (e.g., for
the Poisson problem of Section 3.4.1 which was firstly proved in [78] and then generalized
by [35]) and improve recent results for general elliptic second-order operators from Section 3.5
(which was firstly proved in [46] but is generalized in this work for operators which satisfy a
Garding inequality). Some of the examples are already found in similar manner in [24]. The
remainder of this chapter is organized as follows: Section 3.2 introduces usual properties of
concrete refinement strategies and gives some examples. Section 3.3 introduces the notion
of weighted error estimators, for which some of the axioms follow from simpler assumptions.
Section 3.4 validates the axioms for examples from finite element and boundary element
methods. Section 3.5 extends the problem class to general second-order elliptic equations
and Section 3.6 introduces nonlinear model problems for which optimal convergence rates
can be proven.

3.2. Real world triangulations and refinement strategies

The following Sections 3.2.1-3.2.7 describe properties which refinement strategies from
Section 2.2.1 can additionally satisfy. Below, we provide several examples of possible refine-
ment strategies T(-, ).

3.2.1. General assumptions. We consider a piecewise smooth d-dimensional Lipschitz
manifold Q C R? for some d < D with surface measure | - | such that there exists a constant
C, > 0 with

|Bs(z)] < Cqé? forallz € Q and Bj(z) := {zeQ: |z—2 <0} (3.2.1)

We assume that all triangulations 7" € T consist of compact elements T' € T C T, (where T,
is the set of all possible elements defined in Section 2.2.1) with (J;o+T = Q and [T'NT"| =0
for all T,7" € T with T'# T".

3.2.2. K-mesh property. The K-mesh property relates the size of neighboring ele-
ments in the sense

K(T)=max {|T|/|T'| : T,T' € T, TNT #0}. (3.2.2)

We say that a refinement strategy preserves the K-mesh property, if there exists a constant
Ck > 0 such that

K(T) < CxK(Ty) forall T eT. (3.2.3)
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3.2.3. Shape regularity. In the following applications, the shape regularity of trian-
gulations plays an important role. Define for d > 2

Y(T) = max {diam(T)/|T|"/* : T € T}. (3.2.4)

We say that a refinement strategy preserves shape regularity, if there exists a constant
Cshp > 0 such that

YT) < Canpy(To) for all T e T. (3.2.5)

LEMMA 3.2.1. Let T be shape regular and satisfy the K-mesh property. Then, all z € Q
and all T € T satisfy

{T'eT : z2eT'} < K(T)V(T)"Ca,
H{T' e T : TNT # 0} < K(T)*v(T)*Co.
PROOF. Let ¢ := diam(Tp), z € Ty denote the maximal diameter of all T € T with

z€T. Then, J{T €T : z€T} C Bs(2) := {& € R? : |z — x| < §}. Shape regularity and
the K-mesh property imply |T| > K(T)7Y|To| > K(T) *v(T)"46% Altogether, this shows

{T €T : 2T} < |Bs(2)|6 K (T)V(T)* < K(T)y(T)"Ca.
Analogously, we obtain for T'NT # () and ToNT # 0, that | 7| > K(T)7'T| > K(T)2|Ty| >
K(T) 2~(T)~%¢. This and the above conclude the proof. O

3.2.4. Existence of a reference element. Most of the practically used shape regular
triangulations allow for a reference element T,s C R? such that there exist bijective functions
Fr: T — T for all T € T,,. The functions are smooth and uniformly bounded, i.e., all
p € N satisfy

Sup (TN D7 P o () + TP/ DPFr | pooy) < 00, (3.2.6)
SRS
where DP(-) denotes the p-th order derivative which is defined on R¢ and on 2 (as a surface

derivative) such that there holds (DF"') o Fr = (DFy)~! with pointwise regular matrices
in R¥9_ This particularly implies bi-Lipschitz continuity

Cille —y| < |T|"VFr(z) — Fr(y)| < Cslz —y| for all 2,y € T (3.2.7)

for some constant Cs > 0. Moreover, we suppose that all T,7" € T with z € TNT" # ()
satisfy

FroF N (z) =z (3.2.8)
This allows to define the usual spaces of piecewise polynomials
PP(T):={V € L*(Q) : V o Fr is polynomial of degree <pforallT €T}  (3.2.9)
and
SP(T) :==PP(T)NC(Q). (3.2.10)
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3.2.5. Father-son relation. Often, a refinement strategy allows for a unique father son
relation, i.e., for all 7 € T(T) and all T € T\ T, there exist son elements 1y,...,7. € T\T
for some 2 < n < ng,, € N such that

=7 (3.2.11)

We call T the father of T{,..., 7). Note that (3.2.11) particularly implies (T1). Each of the
sons satisfies

Beon| T < 1T'| < Geon|T|, (3.2.12)

for some constants 0 < ¢..,, < geon < 1.

3.2.6. Closure estimate. The axiom (T2) states that the output of Algorithm 2.2.1
satisfies the closure estimate. However, a generally defined refinement strategy often satisfies
the closure estimate for any refinement 7 € T, i.e.,

-1
‘7\'\76| < CclosureZ‘Mj‘, (3213)

J=0

where 7y = 7\6,...,'?2 = T for some 7A; € T and /T/l\j C 7; with 7\;+1 = ']I'('YA;,/T/l\j) for all
j=0,...,4—1. By Lemma 2.7.8, this is also equivalent to (2.7.9) if Section 3.2.5 applies.

3.2.7. Simplicial triangulations. Under the assumptions of Section 3.2.1-3.2.5, we as-
sume that T is a simplex of dimension d with set of nodes K(Tre). By K(T') := Fr(K(Tret)),
we denote the nodes of the elements T € 7o, and K(T) := (J;o7 K(T') denotes the nodes of
the triangulation. We prohibit hanging nodes, i.e., all T, 7" € T satisfy K(T)NT" C K(T").
The element mappings Fr: T, — T are affine functions.

The following result is well-known in the literature

LEMMA 3.2.2. LetT € T and z € K(T) such that z ¢ T. Then, there holds
diam(T") < Cg mirTl |z — 2|, (3.2.14)
z'e

where the constant Cg > 0 depends only on v(T), d, and K(T).

3.2.8. Example 1: Bisection. For d > 1, the elements in 7., are compact simplices
T C RY i.e., affine line segments for d = 1, triangles for d = 2, and tetrahedra for d = 3.
All triangulations 7 € T are regular in the sense that all vertices z € IC(T) are vertices of
all elements 7' € T with z € T' (no hanging nodes).

For d = 1, bisection splits the elements 7" € M C 7T marked for refinement at a generic
point zp € T (e.g., the barycenter) to generate two new elements 77 and T, which both share
the endpoint z7. Additional bisections have to be imposed to ensure that the bisection
preserves the K-mesh property (3.2.3). We refer to [3] for some extended 1D bisection
algorithm.

For d > 2, the bisection is described in [78] (called newest vertex bisection for d = 2)
and [79] (for d > 3). Each element T € T has a distinguished edge (the reference edge). If
the element is refined, first the reference edge is split. See Figure 1 for an illustration of the
refinement rules for d = 2.
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FIGURE 1. Refinement rules for 2D bisection (newest vertex bisection). The
reference edge is indicated in blue. The leftmost triangle depicts the bisec3
refinement of a marked element. The other three refinement rules (bisec2 and
bisecl) are recursively applied to avoid hanging nodes. The dashed line outside
of the triangles indicates where the neighboring triangle is refined.

LEMMA 3.2.3. The bisection strategies for d > 1 are refinement strategies in the sense of
Section 3.2.1-3.2.7 and satisfy (T1)—(T2) as well as the overlay estimate (2.5.1) and the son
estimate (2.7.7). For d > 3, an appropriate labeling of the edges of the initial triangulation
To is necessary to guarantee (T2) (see [14, 79| for details).

PROOF. The d = 1 case is proved in [3|. The estimate (2.7.7) holds since each of the
refinement strategies generates at least two son elements for each refined element. The proof
of (2.7.10) with C; = 1 is found in [78, Proof of Lemma 5.2] for d = 2 and [35, Lemma 3.7]
for d > 2. By Lemma 2.7.8, this is equivalent to (2.5.1) with C, = 2. However, since |35,
Lemma 3.7] shows that the coarsest common refinement 7 @& 7 € T(T) N'T(T) is given by

ToT:={TeT:3TeT, TCT}u{TeT :3reT,TCT}, (3.2.15)
counting the elements reveals
(TeTI\TI={TeT : reT.TCT) < |T\T|I<IT\Tl

This, however, is (2.5.1) with Cy = 1.

For the proof of (2.7.9) and hence (T2) and (3.2.13) (by Lemma 2.7.8), we refer to [14]
for d = 2 and |79] for d > 2. The works [14, 79| assume an appropriate labeling of the
edges of the initial triangulation 7y to prove (T2). This poses a combinatorial problem on
the initial triangulation 7y but does not concern any of the following triangulations 7, £ > 1.
For d = 2, it can be proven that each conforming triangular triangulation 7 allows for such
a labeling, while no efficient algorithm is known to compute this in linear complexity. For
d > 3, such a result is missing. However, it is known that an appropriate uniform refinement
of an arbitrary conforming simplicial triangulation 7 for d > 2 allows for such a labeling [79].
Moreover, for d = 2, it has recently been proved in [59] that (T2) even holds without any
further assumption on the initial triangulation 7. The axiom (T1) is proved by use of |52,
Corollary 3.5], which shows the level difference between some T' € T (T, M) for some M C T
and its father element 7" € T with 7" C T” is uniformly bounded. Since the level measures
the number of bisections used to generate the element from 7y, this implies that each father
element 7" € T has uniformly bounded number of sons in T(7, M). This concludes the
proof. O
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FIGURE 2. Refinement rules for 2D red-green-blue refinement. The leftmost
triangle is red-refined, i.e., all of its edges are bisected, the right most triangle
is blue-refined, i.e., only its reference edge is refined, and the other triangles
are green-refined. The reference edges of the son triangles are indicated with
a solid red line. Red refinement is used for marked elements, green and blue
refinement are used to avoid hanging nodes. There are two methods to deter-
mine the reference edge. The simplest one is to take the longest edge of the
triangle. The second one (also known as modified red-green-blue refinement)
is to choose a labeling of the initial triangulation 7, as for bisection from Sec-
tion 3.2.8. The reference edge of each son triangle is then chosen such that it
is congruent with its father triangle. Under certain conditions on the interior
angles of the triangles, [70, Satz 4.17| (in German) shows that both methods
coincide as is the case in the example above.

3.2.9. Example 2: Red-green-blue refinement. For d > 2, the elements are com-
pact simplices T' C R

The red-green-blue refinement (discussed e.g., in [82]) refines a given triangulation for d =
2 according to Figure 2. For d = 3, the situation is more complicated as a tetrahedron is split
into four similar tetrahedra at the parents vertices plus an octahedron in the center which
has to be split furthermore. This is laid out in detail in [9]. In contrast to bisection from
Section 3.2.8, red-green-blue refinement fails to satisfy (2.5.1) as seen from a counterexample
in [70, Satz 4.15] (in German). For illustration purposes, we provide a slightly simplified
example in Figure 3

LEMMA 3.2.4. The red-green-blue refinement strategies for d = 2,3 are refinement
strategies in the sense of Section 3.2.1-3.2.7 and satisfy (T1)~(T2) as well as the son esti-
mate (2.7.7) at least for d = 2 (if reference edges are inherited as for 2D bisection and the
initial triangulation satisfies an appropriate labeling of the edges; see [14, 79| for details).

PROOF. For the proof of (2.7.9) and hence (T2) and (3.2.13) (by Lemma 2.7.8), we refer
to [53, Appendix A] or |70, Satz 4.14| for d = 2 under the assumption of an appropriate
labeling of the edges of the initial triangulation 7y as is Section 3.2.8. The axiom (T1) is
obvious for d = 2, since all possibilities are depicted in Figure 2. The estimate (2.7.7) follows
since each refinement produces at least two sons. This concludes the proof. O

3.2.10. Example 3: Quad refinement with one hanging node. If one admits
hanging nodes, also quad-refinement is an option. The elements T" € 7., are quadrilaterals
for d = 2 an hexahedra for d = 3. The refinement of an element is realized by dividing the
element into 2¢ congruent sons. This strategy is described in [16].

LEMMA 3.2.5. The quad refinement strategies for d = 2,3 are refinement strategies in
the sense of Section 3.2.1-3.2.6 and satisfy (T1)—~(T2) as well as the overlay estimate (2.5.1)
and the son estimate (2.7.7).
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TeT

FIGURE 3. Counter-example to (2.5.1) for red-green-blue refinement. With
j =4, there holds |T & 7'\ T| =4j and |T'| = 2. Obviously, the construction
can be extended to any 7 = 2", n € N by red-refinement of the marked triangles
in 7 and thus contradicts (2.5.1) for any constant.

PROOF. The closure estimate (2.7.9) and hence (T2) and (3.2.13) (by Lemma 2.7.8) is
proved [16, Section 6.3]. The overlay estimate (2.5.1) follows from the fact that it is a binary
refinement strategy, i.e., there holds (3.2.15). The estimate (2.7.7) follows from the fact that
each refinement produces four sons. Finally, (T1) follows by consideration of all possible
element intersections. U

3.2.11. Example 4: Facet based refinement strategies. The refinement strategies
from Section 3.2.8 and Section 3.2.9 can be formulated in a facet based way. In this case,
Tso is the set of facets which can be generated and 7 C T is a triangulation represented
by the element facets. For refinement, we mark facets M C 7T and generate the refinement
T(7, M) according to the rules depicted in Figure 1-2 for d = 2. For d > 3, we refer
to [79] for bisection and [9] for red-green-blue refinement. The results of Lemma 3.2.3 and
Lemma 3.2.4 hold also for facet based refinement.

3.2.11.1. Scott-Zhang projection. The Scott-Zhang projection was introduced in [76]. We
give a slightly modified definition.

DEFINITION 3.2.6 (Scott-Zhang projection). Assume a triangulation T in the sense of
Section 3.2.1-3.2.7 and let p € N. For each z € IKC(T) choose T, € T with z € T,. Consider
the nodal basis {¢. € SHT) : z € K(T)} with ¢.(z') = 0 for all 2 # z and ¢.(z) = 1.
Let p > 1 and consider the extended basis {by,...,b,} € PP(Tret) for some n € N with
1bi]| oo (1) < 1 such that

span{{¢. : 2 € K(T)}U{br; :=bioF;' :i=1,...,n,T€T}}=38"T).

ForeachT € T let {¢7_, b5 1, ..., 05,1 © PP(T) denote the dual basis functions with respect
to {¢.|r,br1,...,brn}. Define for v e L*(Q)

J(T)v = Z ngz/ o1, vdr + Z Zbﬂi/ by v dz.
zek(T) V7= TeT i=1 T

Moreover, define the patch w(T,T) :={T" €T : TNT #0}.
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The stability estimates (3.2.16a)—(3.2.16b) are known since the seminal work [76]. How-
ever, the optimality estimate (3.2.16c) was first derived in [4] for triangulations which are
generated by bisection from Section 3.2.8. Later, this result was generalized in [81] to shape
regular triangulations. Below, we provide a simplified proof with the techniques of the
original proof in [4].

LEMMA 3.2.7 (Scott-Zhang projection). Assume a triangulation T in the sense of
Section 3.2.1-3.2.7 and let p € N. The Scott-Zhang projection from Definition 3.2.6 satisfies
for allT € T and allv € H'(Q)

[ J(T)vllzeer) < Caallvll L2,y (3.2.16a)
HVJ(T)UHB(T) < CSZHVUHB(UW(T,T)), (3.2.16b)
||V(1 — J(T))UHLQ(T) S CSZ H;{Ill ||VU — VHLQ(UW(T,T))a (3.2.16C)
very (T)
where
PLNT) = {V e LXQ)": Vlp=WDF", W e P""'(T), TeT}. (3.2.16d)

The constant Cy, > 0 depends only on the constants in Section 3.2.1-3.2.7, T, and p € N.
Before we prove Lemma 3.2.7, we state the following auxiliary lemma from [41].

LEMMA 3.2.8 (Generalized Poincaré-Friedrichs inequality). Assume a triangulation T
in the sense of Section 3.2.1-8.2.7. Letv e HY(Q), T,T' € T with TNT" # (. Then, there
holds with vy == |T|™! [ vdx

lv = vrll 2y + [TV or — vpe| < CoTIM) Vol 2w,y
where C7 > 0 depends only the constants in Section 3.2.1-3.2.7. U

PROOF OF (3.2.16a)—(3.2.16b). By definition of the dual basis, J(7T) is a projection. To
see (3.2.16b), consider T' € T and b* € {¢7_, b}, ..., b7, }. A scaling argument proves

16" | ey S 117,

where the hidden constant depends only on (7)), p, and the reference element T from
Section 3.2.4. With this, there holds

\/Tb*vdfc} <0 ey llvllziery S 1120l 2.

An inverse estimate shows for any basis function b € {(bz Dz € /C(T)} U {bT,i i
1,...,n, T € T} with [supp(b) N T| > 0

VBl 2y S T2,
where the hidden constant depends only on the constants in Section 3.2.1-3.2.7 and p.
Altogether, this implies

IVI (Tl < D (IVealliza

zeK(T)

/ ‘bi,zvdx‘+Z”V5T,iHL2(T)‘/bhvdaz‘
& i=1 T

ST Y0 2wy,

where the hidden constant depends only on the constants in Section 3.2.1-3.2.7, T, and
p. Define vy := |T|"! [,vdz. Then, there holds with the last estimate and the projection
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property J(T )vr = vr
IVI(Tollzery = VI T = vr)llamy S T = vzl ez
Lemma 3.2.8 implies
lo = vrlioqurry €2 D, v = ool + 1Tllor — v
T ew(T,T)
< 207K (T TV ol| 2o r)-
Altogether, this proves (3.2.16b). The same argument shows also (3.2.16a). O

3.3. Weighted error estimators

Under the general assumption in Section 3.2.1, this section assumes that the error es-
timator 7(-) depends not only on the triangulation, but also on a certain weight function
h € L>*(Q). We call the error estimator n(-,h) a weighted error estimator with weight
h. In the applications below, we define for each 7 € T a certain natural weight function
h(T) : & — (0,00) for which we write n(7) := n(7,h(T)). This natural weight function
must be continuous on Q\ | J;.9T. Suppose that 7(-, -) satisfies the following homogeneity
condition: There exist constants 0 < r, < r_ < oo such that all T € 7 € T, and all
a:Q—0,1] with o € L*(Q) satisfy

min ()| nr (T, h) < nr(T, ah) < max |a(@)|"™ nr(T, h). (3.3.1)

Suppose stability in the following sense: All refinements = T(T) of a triangulation 7 € T
and all subsets S C 7 with S := {T eT :TC US} satisfy

(ST = (T

TeS
where h : © — (0,00) is a weight function with hly < h(T)|y for all T € S and 3(-, ) :
T x T — [0,00).

PROPOSITION 3.3.1. Let the error estimator n(-) be a weighted error estimator which
satzsﬁes homogeneity (3.3.1) and stability (3.3. 2) and deﬁne S(T,T) = ={TeT : i Tlr <
Geonh \T} for some 0 < geon < 1. With S(TT {T cT : TC UsS(T, T)},
Pred = (1 +8)g2s, and ofT,T) := (1+ 6~ )V2H(T, T) for all 6 > 0, this implies (E1b). If
additionally h(T)|z = h(T)|z for all T € T\ S(T,T). This implies even (Ela).

PROOF. Let h be a weight function. The homogeneity (3.3.1) implies for some 7" € T

and
P {h|T onT),

1/2

‘ <o(T. 7). (3.3.2)

0 onQ\T
that
nr(T, h) = min [h(z)/B(2)" nr (T, k) < no(T,h)

zeT

< max [A(2)/h(@)|"™* nr(T, h) = ne(T, h).

Hence np(T,h) depends only on h|pr. With this, stability (Ela) follows from (3.3.2) with
S:=T\S(T,T) and h := h(T), since nr(T,h(T)) =nr(T,h(T)) for all T € S.
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Reduction (E1b) follows with (3.3.1) and (3.3.2). For § > 0, there holds
Do om(MP<+0) D ar(T.HT)*+ 1+ )aT, )

TeS(T,T) TeS(T,T)
M (x) o i
< I S S
< (1+9) A () T+ (AT T
TeS(T,T)
< (U +8)ams Y w(T) + 1+ T, T)"
TeS(T,T)
This concludes the proof. O

3.4. Example 1: Laplace problem with residual error estimator

This section applies the abstract analysis of the preceding sections to different discretizations
of the Laplace problem. The examples are taken from conforming finite element methods
(FEM) as well as the boundary element methods (BEM) for weakly-singular and hyper-
singular integral equations. More examples, e.g., non-conforming or mixed methods (with
the error estimator from [21]), are found and discussed in [24|. A general review on error
estimators for finite element methods is found in [23].

3.4.1. Conforming FEM. This section is based on [24, Section 5|. In the context
of conforming FEM for symmetric operators, the convergence and quasi-optimality of the
adaptive algorithm has finally been analyzed in the seminal works [35, 78]. In this section,
we show that their results can be reproduced and even extended in the abstract framework
developed.

Let © C R%, d > 2, be a bounded Lipschitz domain with polyhedral boundary I' := 9.
With given volume force f € L?(Q), we consider the Poisson model problem

—Au=f inQ and u=0 onl. (3.4.1)
For the weak formulation, let X := HJ(£2) denote the usual Sobolev space, with the equiva-
lent H!'-norm vl z20) == [[VVllL2@) associated with the scalar product
b(u,v) = / Vu-Vodr = / fvodr for all v € Hy(S). (3.4.2)
Q Q

Then, the weak form of (3.4.1) admits a unique solution u € Hg(€2). Based on a triangulation
T of Q generated by bisection (Section 3.2.8), we use the conforming finite element spaces
SH(T) :==PP(T) N HH () of fixed polynomial order p > 1. The discrete form

b(U(T),V) = /va dr for all V e S5(T) (3.4.3)

also admits a unique FE solution U(T) € S§(T). Following [35], we use the local weight
function

MT) e PYT) with h(T)|r:=|T|", (3.4.4)

where |T'| denotes the volume of an element 7" € 7. The standard residual error estimator
consists of the local contributions for all T € T

ne(T)? = M7 IS+ AUT)I[L2e) + BTl 10U (T2 o700 (3.4.5)
see, e.g., |1, 82| as well as |35, 78|.
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Here, [0,(+)] denotes the jump of the normal derivative over interior facets of 7. Hence,
n(-) is a weighted error estimator in the sense of Section 3.3 (the proofs of (3.3.1) and (3.3.2)
follow below).

Since the admissible triangulations 7 € T are uniformly shape regular (3.2.5), we note
that h(T)|r ~ diam(7") with the Euclidean diameter diam(7"). In particular, 7(-) coincides,
up to a multiplicative constant, with the usual definition found in textbooks, cf., e.g., [1, 82].
We refer to Section 5.2.2 for the proof that the choice of the weight function does not affect
convergence and quasi-optimality of the adaptive algorithm.

PROPOSITION 3.4.1. The conforming discretization of the Poisson problem (3.4.1) with
residual error estimator (3.4.5) and bisection as refinement strategy T(-,-) satisfies

(i) stability and reduction (E1) with preq = 2-l/d, S(T. T) == T\ T as well as
S(T,T):=TN\T, and o(T, T) := Coex|U(T) = U(T)ll 30,
(ii) general quasi-orthogonality (E2) with €4, = 0,
(iii) discrete reliability (E3) with R(T,T) = T\T, kax = 00, and cqre = 0,
(iv) the refinement azioms (T1)—~(T3) with Cupprox(s) < Cmon(Ca + 1)%||n, T||s for all
s > 0 and the overlay estimate (2.5.1).
Moreover, the estimator satisfies reliability and efficiency (2.4.1)~(2.4.2) with err(T) =
|u—=U(T)|apy and
data(T) = Fegir%(T) |A(T) (f = F)|lr20)- (3.4.6)
The constants Cayel, Cqo, Cpert, Cett, Crel depend only on the polynomial degree p € N, Ty, and
on €.

PROOF. Stability (Ela) as well as reduction (E1b) are part of the proof of [35, Corol-
lary 3.4]. The discrete reliability (E3) is found in [35, Lemma 3.6] with £4,q = 0 and
K = 0o. Since o(7,T) is a Hilbert norm and the Galerkin orthogonality (2.7.3) is satis-
fied by definition, Lemma 2.7.2 implies (E2) with ¢, = 0 and Cy, = Cgra. Lemma 3.2.3
shows (T1)-(T2) & (2.5.1), (2.7.7). Lemma 2.7.5 shows quasi-monotonicity (2.7.6). Hence,
Lemma 2.7.4 proves (iv).

The bounds (2.4.1)—(2.4.2) are well exposed in text books on a posteriori error estimation,
see, e.g., [1, 82].and hence concludes the proof. O

CONSEQUENCE 3.4.2. Lets > 0 with ||n, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator n(-) in the sense of Theorem 2.53.3 and
with optimal complexity in the sense of Theorem 2.5.1. U

Numerical examples for the 2D Laplacian with mixed Dirichlet-Neumann boundary con-
ditions are found in [51] together with a detailed discussion of the implementation. Examples
for 3D are found in [35].

3.4.2. Conforming BEM for weakly-singular integral equation. In this section
(which is based on [24, Section 5|), we consider the weighted-residual error estimator in
the context of BEM for integral operators of order —1. Unlike FEM, the efficiency of this
error estimator is still an open question in general and mathematically guaranteed only
for particular situations [3] while typically observed throughout, see, e.g. [20, 28, 33, 34].
Nevertheless, the abstract framework of Chapter 2 provides the means to analyze convergence
and quasi-optimality of the adaptive algorithm. Non-residual error estimators are proposed
in [30, 50|, which are numerically straightforward to implement but lack the necessary
properties to prove optimality.

56



In a specific setting, optimal convergence of adaptive algorithms has independently first
been proved by [47, 80| for lowest-order BEM. While the analysis of [80] covers general
operators, but is restricted to smooth boundaries T', the analysis of [47]| focuses on the
Laplace equation only, but allows for polyhedral boundaries. In [44], these results are
generalized to BEM with ansatz functions of arbitrary, but fixed polynomial order.

Let Q C R? be a bounded Lipschitz domain with polyhedral boundary 09 and d = 2, 3.
Let I' C 09 be a relatively open subset which has a Lipschitz boundary itself. For given
f e HAT) = {¢|r : ¢ € H(Q)}, we consider the weakly-singular first-kind integral
equation

Vu(z) = f(x) forx eT. (3.4.7)

The sought solution satisfies u € H~Y/2(T'). The negative-order Sobolev space H~Y/2(T") is
the dual space of H'/?(T") with respect to the extended L*(T')-scalar product (-, -)z2r). We
refer to the monographs [58, 62, 75| for details and proofs of this as well as of the following
facts on the functional analytic setting: With the fundamental solution of the Laplacian

—Llog|z| ford=2
= 2m ’ 3.4.8
G(z) {+ﬁ% for d = 3, ( )

the simple-layer potential reads
Vu(z) = / Gz —y)u(y)dl'(y) for x €T. (3.4.9)
r

We note that V: H~Y/2+5(I') — H'/?*3(T") is a linear, continuous, and symmetric operator
for all —1/2 < s < 1/2. For 2D, we assume diam(2) < 1 which can always be achieved by
scaling. Then, V is also elliptic (see also Proposition 6.2.23, below) , i.e.,

b(u,v) :== (Vu, v)r2m) (3.4.10)
defines an equivalent scalar product on X = H~2(T). We equip H~2(T") with the in-
duced Hilbert space norm ||v||%_1/2(r) = (Vv, v)12(r). According to the Hahn-Banach theo-

rem, (3.4.7) is equivalent to the variational formulation
b(u,v) = (f, v)r2qry forallve H V(1. (3.4.11)

It relies on the scalar product b(-,-) and hence admits a unique solution u € H™Y 2(T)
of (3.4.11).

Let 7 be a regular triangulation of I', generated by bisection from Section 3.2.8 from
some initial triangulation 7. We employ conforming boundary elements P?(7) c H~'/?(T)
of order p > 0. The discrete formulation

b(U(T),V)=(f, V)rery foral Ve PP(T)

admits a unique BE solution U(T) € P?(T).
Under additional regularity of the data f € H'(T'), we consider the weighted-residual
error estimator of [20, 28, 33, 34| with local contributions

nr(T)? := W(T)|r IVe(f = VU(T)) [y forall T €T. (3.4.12)

Here, V() denotes the surface gradient and h(7) € P°(T) denotes the weight function
defined by h(T)|r = |T|*/@ Y for all T € T as I is a (d — 1)-dimensional manifold. We note
that the analysis of [20, 28, 33, 34| relies on a Poincaré-type estimate ||R(T)| g2y S
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|h(T) V2V R(T)||r2ry for the Galerkin residual R(7T) = f — VU(T) and requires shape-
regularity of the triangulation 7 for d = 3, in particular, the fact that h(7)|r ~ diam(T).

PROPOSITION 3.4.3. The conforming discretization of the Poisson problem (3.4.7) with
residual error estimator (3.4.12) satisfies

(i) stability and reduction (E1) with o(T,T) := Coex||U(T) — U(7A')”ﬁ71/2(r); Pred =
27N nd S(T,T) :=T\T as well as S(T,T) =T\ T,
(ii) general quasi-orthogonality (E2) with €4, = 0,
(iii) discrete reliability (E3) with
R(T,T)={TeT:3TeT\T TNT #0}, (3.4.13)
Kdir = 00, and eqrel = 0,
(iv) the refinement azioms (T1)—~(T3) with Cupprox(s) < Cmon(Ca + 1)%||n, T||s for all
s > 0 and the overlay estimate (2.5.1).

Moreover, the estimator satisfies reliability (2.4.1) with erx(T) := |lu — U(T)|| g-1/2(ry- The
constants Carel; Cqo, Cpert; Cral depend only on the polynomial degree p € N, Ty, and on T

PROOF. Reliability (2.4.1) is well-known in the literature (e.g. |28, 33, 34]). Stabil-
ity (Ela) as well as reduction (E1b) are part of the proof of [47, Proposition 4.2] and also
found in [44]. The proof essentially follows [35], but additionally relies on the novel inverse-
type estimate

IR(T) PV e VV | 2@y S IV sy for all Ve PP(T).

While the work [47] is concerned with the lowest-order case p = 0 only, we refer to |2,
Corollary 2| for general p > 0 so that [47, Proposition 4.2] transfers to p > 0. Discrete
reliability (E3) is proved in [47, Proposition 5.3| for p = 0, but the proof holds accord-
ingly for arbitrary p > 0. Lemma 2.7.2 implies general quasi-orthogonality (E2) with
€ = 0. Lemma 3.2.3 shows (T1)-(T2) & (2.5.1), (2.7.7). Lemma 2.7.5 shows quasi-
monotonicity (2.7.6). Hence, Lemma 2.7.4 proves (iv). O

CONSEQUENCE 3.4.4. Let s > 0 with ||n, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator n(-) in the sense of Theorem 2.3.8 and
optimal complezity in the sense of Theorem 2.5.1. U

Numerical examples that underline the above result can be found in [33].

The lower bound (2.4.2) for the weighted-residual error estimator (3.4.12) remains an
open question. The only result available [3] is for d = 2, and it exploits the equivalence
of (3.4.7) to some Dirichlet-Laplace problem: Assume I' = 02 and let

Kg(x) := /F On)G(z —y) g(y) dy (3.4.14)

denote the double-layer potential K: HY2+3(I") — HY?*5(T), for all —1/2 < s < 1/2.
Then, the weakly-singular integral equation (3.4.15) for given Dirichlet data g € H'Y/?(T)
and f := (K + 1/2)g is an equivalent formulation of the Dirichlet-Laplace problem

—Ap=0 in and ¢=g onl = 0. (3.4.15)

The density u € H-*2(T'), which is sought in (3.4.7), is the normal derivative u = 8,6 to
the potential ¢ € H'(Q) of (3.4.15).

For this special situation and lowest-order elements p = 0, the lower bound (2.4.2) is
proved in [3, Theorem 4].
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ProprosITION 3.4.5. We consider lowest-order BEM p = 0 for d = 2 and I' = 052.
Let 0 > 2 and g € H7(0Q) = {dlon : ¢ € HTV2HQ)}. For f = (K + 1/2)g, the
weighted-residual error estzmator (3.4.12) satisfies (2.4.1)~(2.4.2) for some (in general non-
computable) data(-) with C3%2 (3/2) < oo (defined in Section 2.4).

approx

PROOF. The statement (2.4.2) is found in [3, Theorem 4|, where data(7) is based on
the regular part of the exact solution w. The definition [3, Definition 15] shows data(7) <
IR (T))?/?*¢|| oory for T € T and some o-dependent € > 0. O

For some smooth exact solution u, the generically optimal order of convergence is O(h3/?)
for lowest-order elements p = 0, where h denotes the maximal element size. For quasi-
uniform triangulations with N elements and 2D BEM, this corresponds to O(N~%/2) and
hence s = 3/2. With the foregoing proposition and according to Theorem 2.4.3, the adaptive
algorithm attains any possible convergence order 0 < s < 3/2 and the generically optimal
rate is thus achieved.

CONSEQUENCE 3.4.6. Let 0 < s < 3/2 with ||n,T||s < co. Under the assumptions of
Proposition 3.4.5, the adaptive algorithm leads to the generically optimal rate for the error
in the sense of Theorem 2.4.3. O

Numerical examples that underline the above result can be found in |3, 20, 28, 33, 34,
47].

3.4.3. Conforming BEM for hyper-singular integral equation. In this section
(which is based on [24, Section 5|), we consider adaptive BEM for hyper-singular integral
equations, where the hyper-singular operator is of order 4+1. In this frame, convergence and
quasi-optimality of the adaptive algorithm has first been proved in [80], while the necessary
technical tools have independently been developed in [2]. While the analysis of [80] only
covers the lowest-order case p = 1 and smooth boundaries, the recent work [45] generalizes
this to BEM with ansatz functions of arbitrary, but fixed polynomial order p > 1 and
polyhedral boundaries.

Throughout, we use the notation from Section 3.4.2. Additionally, we assume that I' C
0L is connected. We consider the hyper-singular integral equation

Wu(x) = f(x) forzel, (3.4.16)

where the hyper-singular integral operator formally reads

=00 [ Qu Gl — )0l 0 (w), (3.4.17)

By definition, there holds Wq(z) = 9,,Kg(x) if the double-layer potential Kg(z) is considered
as a function on ) by evaluating (3.4.14) for x € Q. Again, we refer to the monographs |58,
62, 75| for details and proofs of the following facts on the functional analytic setting: The
hyper-singular integral operator WV is symmetric as well as positive semi-definite and has
a one-dimensional kernel which consists of the constant functions, i.e., W1 = 0. To deal
with this kernel and to obtain an elliptic formulation, we distinguish the cases I ;Cé 00 and
I'=00Q.

3.4.3.1. Screen problem I' G 9. On the screen, the hyper-singular integral operator
W H1/2+3(F) — H~ 1/QJFS(F) is a continuous mapping for all —1/2 < s < 1/2. Here,
HY*(T) = {vfp : v € HY**(dQ) with supp(v) C T} denotes the space of functions
which can be extended by zero to the entire boundary, and H~/?*5(T") denotes the dual
space of HY2=¢(T"). For given f € H~Y2(T), we seck the solution u € HY2(T') of (3.4.16).
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We note that 1 ¢ HY2(T) and W : HY2(I') — HY2(I') is a symmetric and elliptic
operator. In particular,

b(u,v) := (Wu, v) 2 (3.4.18)

defines an equivalent scalar product on X := HY2(T'). We equip HY/2(I") with the induced

Hilbert space norm [[v[|%, , o) = b(v,v). The hyper-singular integral equation is thus equiv-

alently stated as
b(u,v) = (f, V)2 for all v € HY*(T) (3.4.19)

and admits a unique solution.

Given a regular triangulation 7" generated by bisection from Section 3.2.8 and a poly-
nomial degree p > 1, we employ conforming boundary elements S§(7) := P?(T) N HY2(T).
The discrete formulation

bU(T),V)={(f,V)er forallV e S{(T)

admits a unique BE solution U(T) € S§(T).
Under additional regularity of the data f € L*(T"), we may define the weighted-residual
error estimator from [20, 27, 33, 34| with local contributions

nr(T)? == M(TDlrllf = WU(T)|| 72y forall T eT. (3.4.20)

As for the weakly-singular integral equation from Section 3.4.2, the lower bound (2.4.2) is
only observed empirically |20, 27, 33, 34|, but a rigorous mathematical proof remains as
an open question.

PRrRoOPOSITION 3.4.7. The conforming BEM discretization of the hyper-singular integral
equation (3.4.16) on the screen with weighted-residual error estimator (3.4.20) satisfies

(i) stability and reduction (E1) with o(T,T) := Cpext||U(T) — U(?)Hﬁl/gm, Pred =
2D and S(T,T) :=T\T as well as S(T,T) =T\ T,
(ii) general quasi-orthogonality (E2) with €4, = 0,
(iii) discrete reliability (E3) with R(T,T) := T\T, kaxr = 00, and €gqre1 = 0,
(iv) the refinement azioms (T1)—~(T3) with Capprox(s) < Cmon(Ca + 1)%||n, T||s for all
s > 0 and the overlay estimate (2.5.1).
Moreover, the estimator satisfies reliability (2.4.1) with erx(T) := |lu — U(T)|| gy gy ry- The
constants Carel; Cqo, Cpert; Cral depend only on the polynomial degree p € N, Ty, and on T

PROOF. The reliability (2.4.1) is well-known in the literature (e.g. [20, 27, 33, 34]).
The discrete reliability (E3) follows with the techniques from [35] which are combined with
the localization techniques for the H/2(I')-norm from [27]. We refer to [45] for details. For
the lowest-order case p = 1, an alternate proof is found in [80, Section 4], where R(T, 7\') are
the refined elements T\’? plus one additional layer of elements, see (3.4.13). Stability (Ela)
and reduction (E1b) are proved in [45] and use the inverse estimate from |2, Corollary 2.
The remaining statements follow as in Proposition 3.4.3. U

CONSEQUENCE 3.4.8. Let s > 0 with ||n, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator n(-) in the sense of Theorem 2.53.3 and
optimal complezity in the sense of Theorem 2.5.1. U

Numerical examples that underline the above result can be found in [33].
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3.4.3.2. Laplace-Neumann problem I' = 0€). On the closed boundary I' = 0€2, the hyper-
singular integral operator (3.4.17) is continuous for all —1/2 < s <1/2

W HY?(T) — HY*(D),

Due to 1 € HI/Q(F), we have to stabilize W, e.g., with the rank-one operator Sv :=
(v, 1) 20 1. Alternatively, it is possible to consider W on the factor space HY?(T')/R ~
H*l/Q(F) = {v e H/2(') : [Lvds =0}. The (stabilized) hyper-singular integral equation
reads

W + S)u(x) = f(x) forxeTl. (3.4.21)

The sought solution satisfies u € X := HY2(I'). The stabilization S allows to define an
equivalent scalar product on H'/?(T") by

b(u,v) == Wu, v) 2y + (u, 1) 2y (v, 1) r2m).

We equip HY?(T") with the induced Hilbert space norm ||v||§{1/2(r) = b(v,v). Then, the
equation (3.4.21) is equivalent to
b(u,v) = (f, v)r2r) for all v e HY(D). (3.4.22)

In case of (f, 1)z2) = 0, we see that (u, 1)z2@ry = 0 by choice of the test function v = 1.
Then, the above formulation (3.4.21) resp. (3.4.22) is equivalent to (3.4.16).

For given ¢ € H~'/2(T') and the special right-hand side f = (1/2 — K')g, it holds
(f,1) 2@y = 0. Moreover, (3.4.16) resp. (3.4.21) is an equivalent formulation of the Laplace-
Neumann problem

—Ap=0 inQ and 0J,0=g¢g onl =00 (3.4.23)

Clearly, the solution ¢ € H'() is only unique up to an additive constant. If we fix this
constant by (¢, 1)z2r) = 0, the density v € H'*(I') which is sought in (3.4.16) for f =
(1/2 = K')g, is the trace u = ¢|r of the potential ¢.

For fixed p > 1 and a regular triangulation 7 generated by bisection from Section 3.2.8
of I', we employ conforming boundary elements SP(7) := PP(T) N HY?(T"). The discrete
formulation

bU(T),V)={(f,V)rer forallV eS"(T) (3.4.24)

admits a unique solution U(7) € SP(T). In case of (f, 1)r2ry = 0, it follows as for the
continuous case that (U(7), 1)r = 0 and therefore SU(T) = 0. Hence, the definition of the
error estimator as well as the proof of the axioms (E1)—(E3), (T1)-(T3) is verbatim to the
screen problem in Section 3.4.3.1 and therefore omitted.

CONSEQUENCE 3.4.9. Let s > 0 with ||, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator n(-) in the sense of Theorem 2.3.8 and
optimal complexity in the sense of Theorem 2.5.1. U

Numerical examples that underline the above result can be found in [27].

Although one may expect a lower bound (2.4.2) similar to that from [3] for Symm’s inte-
gral equation from Section 3.4.2, see Consequence 3.4.6, the details have not been worked out
yet. In particular, quasi-optimality of the adaptive algorithm in the sense of Theorem 2.4.3
remains as an open question.
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3.5. Example 2: General second-order elliptic equations

This section collects further fields of applications for the abstract theory developed in Chap-
ter 2 beyond the Laplace model problem from Section 3.4. The results of Section 3.5.1
appear first in [46]. A first version of this section can be found in the recent own work [24,
Section 6].

3.5.1. Conforming FEM for non-symmetric, elliptic linear problems. On the
bounded Lipschitz domain 2 C R¢, we consider the following linear second-order PDE

Lu:=—divAVu+b-Vu+cu=f ind and u=0 onl. (3.5.1)
For all z € Q, A(z) € R™? is a symmetric matrix with A € WH(Q;R%:Y). Moreover,

b(z) € R? is a vector with b € L>®(2;R?) and c(z) € R is a scalar with ¢ € L>(€). Note
that £ is non-symmetric as

L# LT = —divAVu — b - Vu + (c — divb)u.
We assume that the induced bilinear form

b(u, v):=(Lu,v) = / AVu Vv +b-Vuv+ cuvdr for u,v € X := Hy(Q) (3.5.2)
0

is continuous and H(€)-elliptic and denote by |[v||* := b(v, v) the induced quasi-norm
on Hy(f2), which satisfies |V (-)|[12() < Choml| - || for some Cyorm > 0. According to the
Lax-Milgram lemma and for given f € L*(f2), the weak formulation

blu, v) = /va dx for all v € HJ(Q) (3.5.3)

admits a unique solution u € H} ().

Historically, the convergence and quasi-optimality analysis for the adaptive algorithm has
first been developed for elliptic and symmetric operators, e.g., [40, 65, 14, 78, 35| to name
some milestones, and the analysis strongly used the fact that ||v|| is a Hilbert norm and hence
Lemma 2.7.2 applies. The work [64] introduced an appropriate quasi-orthogonality (2.7.5) in
the H'-norm to prove linear convergence of the so-called total error which is the weighted sum
of error plus oscillations. Later, [36] used this approach to prove quasi-optimal convergence
rates. However, [64, 36] are restricted to div b = 0 and sufficiently fine initial triangulations
To to prove this quasi-orthogonality. The recent work [46] removes these artificial assumption
by proving the general quasi-orthogonality (E2) with respect to the induced energy quasi-
norm || - ||. Moreover, the latter analysis also provides a framework for convergence and
quasi-optimality if b(-, -) is not uniformly elliptic, but only satisfies some Garding inequality.
For details, the reader is referred to Section 3.5.2

The discretization of (3.5.3) is done as in Section 3.4.1, from where we adopt the nota-
tion: For a given regular triangulation 7 generated by bisection from Section 3.2.8 and a
polynomial degree p > 1, we consider S§(7") := PP(T) N Hy(Q) with PP(T). The discrete
formulation also fits into the frame of the Lax-Milgram lemma and

bU(T), V) = / fVde forall Ve SE(T) (3.5.4)
Q
hence admits a unique FE solution U(T") € S§(T). Moreover, one has the Céa lemma
lu—=U(T)|| < Cosa min |ju—V]| forall T eT, (3.5.5)
VesH(T)

where C'cgn > 0 depends only on b(-, -).
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The residual error-estimator 7(-) differs slightly from the one in Section 3.4.1, namely
ne(T)* = MT)FNLleU(T) = fllzaery + M I[AVU(T) - 0l 20700 (3.5.6)

for all T € T and L|7V := —=div|7A(VV) +b-VV + ¢V, see e.g. [1, 82].

PROPOSITION 3.5.1. The conforming discretization of problem (3.5.1) with residual
error estimator (3.5.6) satisfies

(i) stability and reduction (E1) with preq = 272, o(T, T) := Coert||[U(T) — U(T)|l, and
S(T,T)=T\T aswell as S(T,T):=T\T,
(ii) general quasi-orthogonality (E2),
(ili) discrete reliability (E3) with R(T,T)=T\T, kar = 00, and £4re1 = 0,
(iv) the refinement azioms (T1)—~(T3) with Coupprox(s) < Cmon(Cs + 1)%||n, T||s for all
s > 0 and the overlay estimate (2.5.1).

Moreover, the estimator satisfies reliability and efficiency (2.4.1)—(2.4.2) with err(T) =
lu—U(T)| and

data(7)? := Fgl)}]n Zh \L|lrU(T) — f — F||L2
2 (3.5.7)
+ min_ Y he|[[AVU(T) 0] = Fll om0
FePd (T) TeT

where q,q € Ng are arbitrary. If the differential operator L has piecewise polynomial coeffi-
cients, sufficiently large q,q € Ny even provides (2.4.2) with

data(T) = min _ [|A(T) (f = F)ll 2. (3.5.8)

FePr—1(T)

In this case, there holds C32%2 (p/d) < oo (defined in Section 2.4) if flr € HP"Y(T) for

all T € Ty. The constants Carel, Cqo; Cpert, Cett, Crel depend only on the polynomial degrees
»,¢,¢ €N, Ty, Q, and on L.

PROOF. The statements (i),(iii)—(iv) follow as for the Poisson model problem from Sec-
tion 3.4.1. Standard arguments from, e.g., [1, 82| provide (2.4.1)—(2.4.2). The bound on
Cdata  (p/d) follows as in Proposition 3.4.1. The general quasi-orthogonality (E2) is proved in

approx
Theorem 7.2.5. The solution of (3.5.4) with X 1= Jep, St (7T¢) instead of Sg(7) satisfies the
assumptions of Lemma 2.7.1. Hence, (2.7.2) and Theorem 2.3.3 (i) prove lim,, n(7;) = 0.
Together with reliability (2.4.1), this implies limy_, ||u—U(7T)|| = 0. Thus, all requirements
of Theorem 7.2.5 are satisfied. This concludes the proof. O

CONSEQUENCE 3.5.2. Let s > 0 with ||, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator n(-) in the sense of Theorem 2.3.8 and
optimal complexity in the sense of Theorem 2.5.1. Moreover, the error converges in the sense
of Theorem 2.4.3 at least for s = 1/d. This is the optimal rate for lowest-order elements
p = 1. For piecewise polynomial coefficients of L and f|r € HP~YT) for all T € Ty, one
obtains even s = p/d. O

Numerical examples for the symmetric case that underline the above result can be found
in [64].
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3.5.2. Conforming FEM for non-symmetric problems which satisfy a Garding
inequality. We consider the setting of Section 3.5.1 with the difference that the bilinear
form b(-, -) from (3.5.2) satisfies only the Garding inequality

b(u,u) + CgrdHuHig(Q) > qgrdHVuH%g(Q) for all u € H*(Q) (3.5.9)

with constants Cgpd, ¢gra > 0. Suppose that T(-,-) denotes bisection from Section 3.2.8. We
have to assume that b(-,-) is definite on the continuous level, i.e., for all v € H}(Q), it holds

blv,w)=0 forallwe H}(Q) = v=0. (3.5.10)

This together with Fredholm’s alternative guarantees the unique solvability of (3.5.3) and
implies a continuous inf-sup condition, i.e.,

inf bv, w)

s > 6 > 0. (3.5.11)
veHg (D\{0} we ml (2)\{0} Vo HL?(Q) IVw HL?(Q)

To account for the fact that not each triangulation 7 € T allows for a solution of (3.5.4)
and hence for an error estimator, we set n(7) := 1 if (3.5.4) is not uniquely solvable. With
this, [|n, T||s is well-defined.

We propose a modified adaptive algorithm to solve this particular problem.

ALGORITHM 3.5.3. INPUT: Initial triangulation Ty, bulk parameter 0 < 6 < 1, expected
convergence rate s > 0 with ||n, T||s < oco.

Loop: Fortl=0,1,2,... do (i) — (iii).
(i) Try to solve (3.5.4) on T =Ty:
(i1) If (3.5.4) is not uniquely solvable, set Tor1 = T(Te, Te) and goto (i).
(ii) Compute np(T;) for allT € Ty.
(iii) Determine set My C Ty of (almost) minimal cardinality such that

On(Te)* < Y (T (3.5.12)

TeM,

(iv) Define the next triangulation as follows:
(12) 1If Sy Ml > (1 +log(C+ 1)n(T) "2, set Teyr == T(T;, To).
(13) If not (i2), set Top1 := T(Te, My).
OuTPUT: Error estimators n(T;) for all ¢ € Ny.

REMARK 3.5.4. The algorithm requires the expected optimal rate of convergence s > 0
as an input parameter. This may be regarded as a drawback of the analysis. On the other
hand, we do not assume any discrete inf-sup condition and Lemma 3.5.11 below shows that
Algorithm 3.5.3 leads to convergence even for arbitrary s > 0.

REMARK 3.5.5. Case (il) requires the algorithm to decide whether the linear sys-
tem (3.5.4) is uniquely solvable. Due to finite dimension, this is equivalent to solvability.
However, an iterative solver usually produces an approximation regardless of the solvability
of the system. In this case, on may skip case (il) and only check for case (12)—(i3). The
analysis and all the results from this section remain valid.

LEMMA 3.5.6. There exists a constant Cyg > 0 such that all T € T for which (3.5.4)
is uniquely solvable satisfy

IV (u—U(T)z2@) < Cran(T), (3.5.13)
where n(+) is defined in (3.5.6).
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PROOF. The reliability of 7(-) is well-known and depends only on the continuous inf-sup
condition (3.5.11), see also Proposition 3.4.1 for references. U

REMARK 3.5.7. Due to Lemma 3.5.6, we may assume that n(T;) > 0 for all £ € Ny,
since otherwise w = U(Ty) and the adaptive algorithm converges with any rate by definition.
PROPOSITION 3.5.8. The conforming discretization of problem (3.5.1) with residual

error estimator (3.5.6) satisfies under the assumptions of this section
(i) stability and reduction (E1) with o(T,T) = Cyex||V(U(T) — U(7A'))HL2(Q), Pred =
27V and S(T,T) = T\ T as well as S(T,T) := T\ T if (3.5.4) is uniquely

~

solvable on T and T,
(ii) the refinement axiom (T1) and the closure estimate (3.2.13).

The constant Cper, > 0 depends only on the polynomial degree p € N, 2, and on L.

PROOF. The proof of (i) in Proposition 3.5.1 (with || - || = |V (-)||z2(@)) is independent
of the bilinear form and thus remains valid. Moreover, (T1) and (3.2.13) are proved in
Lemma 3.2.3. u

LEMMA 3.5.9. Let T' C T denote a set of triangulations with the following property:
Any sequence (T )een, € T" with T, # T, for all ¢ # k satisfies limy_,oc ||P(T})| oo () = 0.
Then, there exists g > 0 such that all but finitely many T € T satisfy

b
inf sup VW) > €9 (3.5.14)
VeSH(TINMO} wes?(T)\{0} ||VV||L2(Q) ||VW||L2(Q)
as well as the Céa Lemma
IV(u=U(T)lr2e) < Cosa min_ [[V(u = V)2 (3.5.15)

VesSH(T)
for some constant Ccg, > 0.

PROOF. Assume that the statement (3.5.14) is wrong. Then, there exists a sequence of
triangulations 7, and corresponding V; € Sf(7/) with |[VVy| 12y = 1 for all £ € Ny such
that

lim sup 1b(Ve, W) =0. (3.5.16)
=00 eserngoy VW2 @)

The boundedness implies the existence of a weak convergent subsequence V,, — V € Hj(Q)
where we assume without loss of generality that 7, # 7T, for all k # j.

By assumption, there holds limg_ [|2(7/)[| (@) = 0 and hence ey, So(7/) = Hy(€2).
Let w € H}(Q) and € > 0. Then, the above guarantees some W € S)(7/) such that

b(Viw)| < (V.| + bV — )| < [B(V, W)] 4 & = lim [b(Vi, W) + <.
Since € > 0 is arbitrary, and with (3.5.16), this shows b(V,w) = 0 for all w € HJ(Q).
Definiteness (3.5.10) then implies V' = 0. On the other hand, the Garding inequality shows
[6(Ver, Vo)l + Conal Ve ll720) = Gra - for all k € No.

The Rellich compactness theorem implies V5, — 0 in L?*(©2). Hence, the above together
with (3.5.16) shows the contradiction

0= lim (1b(Viy, Vi)l + Corall Vi 32(0)) > e
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This concludes the proof of (3.5.14). The Céa lemma 3.5.15 follows by standard arguments.
O

LEMMA 3.5.10. There ezists o € N such that case (i1) in Algorithm 3.5.3 is not
executed for any step € > (.

PROOF. Assume that case (il) is executed in infinitely many steps ¢ € Ny. Since case (il)
triggers a uniform refinement, this implies that limy_.. [|2(7¢)|| 2>y = 0. Lemma 3.5.9 with
T = {7} NS NO} shows that for all but finitely many 7, there holds (3.5.14). This implies
that (3.5.4) is uniquely solvable for all 7 = 7, and ¢ > k for some k € Ny and contradicts
the assumption that case (il) is executed in infinitely many steps ¢ € Ny. O

LEMMA 3.5.11. Algorithm 3.5.3 guarantees convergence of estimator and error, i.e.

PROOF. First, we prove convergence
IV(u—U(To)||22() = 0 as £ — oo. (3.5.17)

To that end, we distinguish two cases. First, assume that case (i2) is executed for in-
finitely many steps ¢ > f5. Then, since case (i2) triggers uniform refinement, it holds
limg o0 [|A(T¢)||Loo () = 0. Lemma 3.5.9 with T = {72 Al e NO} provides some k € Ny such
that the Céa lemma (3.5.15) holds for all 7, with ¢ > k. The fact u € Hg(Q) = U2, S5 (Tr)
implies miny sz er) [[V(u = V)| z2@) — 0 as £ — oo and particularly (3.5.17).

Second, assume that case (i2) is not executed after some k > ¢3. Then, by definition,

there holds

~

—1
IMy| < (1 +1og(¢+1))n(T)~Y*  for all £ > k. (3.5.18)
0

Since |My| > 1, this implies
1+ log(l + 1)))8

n(Te) < (( /

With (3.5.13), this shows (3.5.17). It remains to show lim,,.7(7;) = 0 in the case that
case (i2) is executed infinitely many times. To that end, recall that Proposition 3.5.8
shows (E1). Convergence (3.5.17) and Lemma 3.5.10 show lim,_,, o(7¢, T7+1) = 0 and since
Doérfler marking (3.5.12) is satisfied for each step, Lemma 2.3.6 implies limy_,., n(7;) = 0.
This concludes the proof. 0

b
Il

—0 as/l — 0.

LEMMA 3.5.12. Assume that there holds limy_,o [|h(T¢)| o) = 0. Then, ||n, T||s < oo
for some s > 0 implies (T3).

PROOF. We mimic the proof of Lemma 2.7.4. Let N € Ny and define the integer M :=
floor(N/(2C%)). The fact ||n, T||s < oo allows to choose some triangulation 7N € T(M) with

(T ) (M +1)° < [|n, Tl.

If imnsoo |R(TV)| 2o ) = 0, set T := TN, Otherwise, consider a sequence of uniformly
refined triangulations 7, with 7™ = 75 and 745" := T(7,™¥, 7,"). Given N € Ny,
define TV := TN @ T, where ¢ is maximal with |72\ 73] < N/(2C,). The overlay
estimate (2.5.1) shows

TN Tol < ITYN TP+ 1T\ Tol < CAlTeY \ Tol + N/(2C4) < N/C.
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Moreover, there holds limy_o |R(T™)| @) = 0. Given any 7;, ¢ € Ny, the overlay esti-
mate (2.5.1) states [(T™ @ T;) \ Te| < N and hence TV & T, € T(T;, N). Lemma 3.5.9 with
T :={T;: LeNg}U{TN®T; : {,N € Ny} shows that (3.5.4) is uniquely solvable and
the Céa lemma (3.5.15) holds for all but finitely many 7 € T’. This, together with (3.5.13)
and (E1) from Proposition 3.5.8, implies

(T @ Te) So(TY) +o(TY, TV @ Te) Sn(TY) + IV (u = U(T™) | r20) S n(T™)
for all N,¢ > k and some k € Ny. Consequently, there holds
n(TY @ T)(N +1)° So(TV)(M +1)° < [|A, T
and we obtain

Cinf (N +1)(T) S AT,
TEeT(Te,N)

This concludes the proof. O

LEMMA 3.5.13. There ezists {1 € N such that case (i2) in Algorithm 3.5.3 is not
executed for any step € > ;.

PROOF. Assume that case (i2) is executed infinitely many times. Then, there holds
Uiso S6(Te) = H{(Q) or equivalently limy o [|2(77)|| 1) = 0. With this, Theorem 7.3.4
proves (E2) for all £ > /.

Proposition 3.5.8 together with Lemma 3.5.10 and Lemma 3.5.12 prove (E1) and (T1)-
(T3) for the parameter s chosen in Algorithm 3.5.3. Lemma 2.3.13 then shows that for all
T = T,, there exists T, € T(7;) with (2.3.20). Moreover, Lemma 3.5.9 with T' := {7, : ( €
NO} U {’YAZ VAS NO} implies the discrete inf-sup condition (3.5.14) for all 7, and 7\2 with
¢ >k for some k € Nj.

Therefore, the proof of discrete reliability (E3) of Proposition 3.5.1 remains valid for all
T =T, and T =T,, { > k since (3.5.14) implies

IV = UG ey < sup 2T —UT), W)
Wesk(Te) HVWHB(Q)

The remaining proof of (E3) follows as in the references given in the proof of Proposi-
tion 3.5.1. With this, Proposition 2.3.10 (and Remark 2.3.11) shows the implication (4.2.2)

for T=T; and T = 7, for all £ > k and therefore (2.3.21) holds, too.
Since M, satisfies Dorfler marking (3.5.12) for all £ > ¢, with (almost) minimal cardi-

nality, there holds |M,| < |R(T, Te)| with the set R(7z, T¢) from (2.3.21).
Theorem 2.3.3 (ii) implies R-linear convergence (2.3.2) for all £ > k and Lemma 2.3.8
shows
-1

D on(Te) e < Con(To) ™"

k=t
With this and (2.3.21), we obtain

/-1 /-1 /-1

DM S Y IR(Ti Tl S Capprox(s) D 0(T) ™ S Coppron(s)n(Te) .

k={o k={o k={o
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Since Capprox(s) < oo by (T3), the above implies for all £ > ¢, for which case (i2) is executed
(14+1og(£ + 1)) < Capprox ().

Hence, the number of steps ¢ > ¢, for which case (i2) is executed, must be finite. This,
however, contradicts the assumption and thus concludes the proof. O

THEOREM 3.5.14. Given 0 < 0, = (1 — eqra1)/(1 + C3.,), Algorithm 3.5.3 converges
with almost optimal rate s — € for all e > 0 (where s is chosen in Algorithm 3.5.3 such that
In, T||s < o0 in the sense

77(”)
— < < 0.
Copt Capprox (s — €) < esg\% T Tl s 0 = Copts (3.5.19)

where Copy > 0 depends only on e, ly, L1, |To|, Celosure and Copt is defined in Theorem 2.3.3.

PROOF. Lemma 3.5.10 and Lemma 3.5.13 show that after step k := max{/y, ¢,} only
case (i3) is executed. This particularly implies

~

-1
M| < (1+1log(f+ 1)n(Te)~"* forall £ > k.

=0

ol

The closure estimate (T2) and the fact that case (i1)—(i2) is executed only finitely many
times show

/-1
T\ Tol+ 15D Ml + 1.5 (1+1og(f+ 1)n(Te)~/* for all £ € Ny.

k=0

This implies
n(Te) S (1 +1og(€ 4+ 1))°(|Te \ To| +1)7°

Since |T;\ To| +1 > £+ 1, and sup,ey, log(£ +1)*(+1)7° < oo, this implies the upper bound
in (3.5.19). The lower bound follows as in the proof of Theorem 2.3.3 (iii). O

CONSEQUENCE 3.5.15. Algorithm 3.5.3 converges with optimal rates in the sense of
Theorem (3.5.14).
3.6. Example 3: Conforming FEM for certain strongly-monotone operators

The result of this section is first found in [46]. A first version of this section can be found
in the recent own work |24, Section 10|. We consider the following non-linear operator

Lu(z) := —=divA(z, Vu(x)) + g(x, u(x), Vu(z)),

for functions A : Q@ x R? — R? and g : @ x R x RY — R. We assume that A(-, Vu),
g(-,u, Vu) € L*(Q) for all u € HZ(). On the polyhedral domain 2 C R? d > 2 and given
f € L*(9), the weak formulation of

Lu=f inQ,

u=0 on 0, (3.6.1)

reads: Find u € H}(Q) such that
(Lu,v) = /QA(x, Vu(x)) - Vo(x) + g(x,u(x), Vu(z))v(z) de = /va dx (3.6.2)
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for all v € H}(Q). Define two auxiliary operators A,C : H}(Q2) — H'(Q) as
Av := —divA(-, Vo) and Cov:= g(-,v,Vv) for all v € Hy().

Let T(-,-) denote the bisection strategy from Section 3.2.8. Given 7 € T and p € N, the
discrete form of (3.6.2) reads: Find U(T) € SJ(T) such that

(LU(T), / fVidz forall VeSHT). (3.6.3)

We formally define the residual error estimator for a triangulation 7 € T and all T' € T by
nr(T)? = TP LU — fllZeery + ITIVIAC, VU - 0|32 orm0)- (3.6.4)

The solvability and uniqueness of (3.6.2) as well as the regularity assumptions needed such
that (3.6.4) is well-defined are part of the subsequent sections.
3.6.0.1. Regularity assumptions. We consider the frame of strongly monotone operators
and require the following regularity assumptions on L:
| AVw — AVv| g-10) < Cs||V(w —v)| 120, (3.6.5a)

for all w,v € H}() and some constant Cg > 0 as well as
(Lw— Lv, w—v)>Cy||V(w— v)||%2(ﬂ) (3.6.6)

for all w,v € H}() and some constant Cy > 0. These assumptions, in particular, allow to
apply the main theorem on strongly monotone operators [86, Theorem 26.A| and to obtain
the unique solvability of (3.6.2) as well as of (3.6.3). Additionally, (3.6.5)—(3.6.6) guarantee
that the norms of the residual and the error are equivalent, i.e.,

HEu - £U(T>HH—1(Q) >~ HV(U - U<T))HL2(Q) for all T € T,

R N N 3.6.7
ILUT) — LU i = [VUT) — UM foral Tener). 07

We also obtain the Céa lemma
IV (u—U(T) |2 < 2CsCq " min_ ||[V(u— V)| 120 (3.6.8)

VeSy(T)

Moreover, we require that (3.6.4) is well-defined and satisfies (E1) with o(7, T) ~ ||V(U(T)—
U(T))|lz2()- For possible non-linearities A which allow for (2.3.6), we refer to Lemma 3.6.2
below.

We assume that £: H}(Q) — H1(Q) as well as A : H}(Q) — H1(Q) are twice Fréchet
differentiable, i.e., there exist

DL, DA :HNQ) — L(H}(Q), H (), 260
D*L,D*A : Hy () — L(Hy(Q), L(Hy (), H (). (3.6:9)

The second derivative should be bounded locally around the solution u of (3.6.2), i.e., there
exists €, > 0 with

Cl(] = sup HD2£< )” (HI(Q L(HE(Q) H—l(Q)))
IV (u=)ll 12 @) <etoc ’ (3.6.10)

2
+ | D*A(v )H (H1 Q) L(HL (Q),H~ 1(Q)))> < 0.
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Finally, we assume that DA(v) : H}(2) — H'(Q) is symmetric for all v € H(Q), i.e., for
all wy, wy € HL(Q) holds

(DA(v)(wy), wa) = (DA(v)(ws) , wy). (3.6.11)

REMARK 3.6.1. Note that if A : Q xR? = R? and g : O x R x R? = R are twice
differentiable, and if the Jacobian J,A(x,y) € R additionally is a symmetric matriz,
then £ and A satisfy (3.6.9) as well as (3.6.10). Moreover, DA(v) is symmetric for all
v € HLQ), since there holds for w € H}(Q)

DA(v)(w) = div, ((JyA(x, Vo(z))) (wa(:p))> .

We stress that the symmetry assumption (3.6.11) posed on DA covers in particular the
operator class from [54|, where

A(z,y) = afz, |y[)y

for some function o : € x R — R with continuous derivative t — Jya(x,t). In contrast
to [54] where a(z,-) € C*(R) is sufficient, the analysis here covers a wider class of operators,
however, for this special case needs a(z,-) € C*(R) to guarantee (3.6.10).

LEMMA 3.6.2. Sufficient reqularity assumptions in addition to (3.6.5b) and (3.6.6) to
guarantee that the error estimator (3.6.4) is well-defined and satisfies (E1) are, for instance,
either of the following conditions (i) and (i1):

(i) A(-,-): Q x R? — R? is Lipschitz continuous and there exists a constant Cy; > 0
such that for all T € T and all V,W € S§(T) there holds divA(-,V(-)) € L*(Q) as

well as
[divle (AC V() = ACWEO) ety < CullV = Wllisay for all Te T, (3612
(ii) There holds p =1 (lowest-order case) as well as
A(z,y) = A(y) forallz € Q, y € RY,
and additionally A(-) : R? — R is Lipschitz continuous.

PROOF. The jump terms in (3.6.4) are well-defined in both cases (i) and (i) since
A(-,VU(-)) is a piecewise Lipschitz continuous function. Moreover, this immediately shows

that divA(-, VU(T)(:)) € L>(T) € L*(T) for all T € T. Therefore, (3.6.4) is well-defined.
Given T, T_ € T as well as W,V € S§(T,), the Lipschitz continuity also proves the
following point wise estimate for all z € T, NT_

(A, VW (@) ~ A, YV (@) -0
< | (Al (VW)r. (@) = Ae, (VV)r. (2))) -l

(A (YWl @) — Al (VW) (@))) -l |
< (Ol @) = (FV @),

+ (W)l (@) = (VW) ()|
Combining the estimate above with the trace inequality for polynomials, we obtain
T YA VW) = ACYV)) -l e, mry S TVV = V) e ur - (3.6.13)
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This hidden constant depends only on the polynomial degree p € N as well as the Lipschitz
continuity of A(-,-) and the shape regularity «(7). It remains to prove a similar estimate
for the volume residual in (3.6.4), i.e

SITPNLIW = LIzV] ey SIVW = V)72 forall T € T. (3.6.14)

TeT
In case of (i), this follows immediately from the combination of (3.6.12) and (3.6.5b) together
with a standard inverse estimate. In case of (ii), we observe that VU, is piecewise constant.
Therefore, A(VV) is piecewise constant and hence A(VV) = divA(VV(:)) = 0. Thus,
L|r = (CV)|r, and it suffices to apply (3.6.5b) to prove (3.6.14). The estimates (3.6.13)—
(3.6.14) imply stability and reduction (E1) with o(7,7) ~ ||V(U(T) — U(?))HLQ(Q) and
S(T,T) =T\ T as well as S(T,7) = T \ T. To see this, note that () is a weighted
error estimator in the sense of Section 3.3 and satisfies homogeneity (3.3.1) with r_ = 1 and
ry = 1/2. Moreover, stability (3.3.2) holds for some & C T and h < h(T) by

(@) " = (mer.m?)"

= TeS
~ o 1/2
< (X WDBILEUT) = LU(T) xcr))
TeS
~ ) 1/2
+ (X MTIIAC VUT)) = ACVUT)) - 1ll32ormn
TeS
S IVUT) = UT) a0
Therefore, Proposition 3.3.1 applies and proves (E1). O

3.6.0.2. Proof of the azioms.

LEMMA 3.6.3. The residual error estimator n(-) satisfies discrete reliability (E3) and
reliability (2.4.1) with exrr(T) := ||V(u — U(T))||r2). Moreover, there holds convergence

|V (u—=U(To)||2¢) = 0 as £ — oo. (3.6.15)

PROOF. The residual error estimator 7(-) is well-defined under the assumptions in Sec-
tion 3.6.0.1. With the equivalence (3.6.7), the standard arguments from [35] apply to prove
discrete reliability (E3). Also the reliability (2.4.1) follows with standard arguments from
the literature. The estimator reduction (2.3.6) holds by assumption in Section 3.6.0.1. The
assumptions for a priori convergence of Section 2.7.1 are satisfied. The main theorem on
strongly monotone operators [86, Theorem 26.A| proves that there exists a solution U,
of (3.6.3) when S§(T) is exchanged with X, := sy, S5(7¢). Since the U(T;) are also
Galerkin approximations to Uy, € X, the Céa lemma (3.6.8) implies (2.7.1). Hence the re-
quirements of Lemma 2.7.1 are satisfied and we obtain limy_,.. 0(7¢, Tr+1) = 0. Lemma 2.3.6
together with reliability (2.4.1) proves the convergence. O

PROPOSITION 3.6.4. The conforming discretization of (3.6.1) with residual error esti-
mator (3.6.4) satisfies

(i) stability and reduction (E1) with o(T,T) ~ |V(U(T) — U(7A'))HL2(Q) as well as
ST, T)=T\T and S(T,T)=T\T,
(ii) general quasi-orthogonality (E2),
(ili) discrete reliability (E3) with R(T,T)=T\T, kar = 00, and €4re1 = 0,
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(iv) the refinement azioms (T1)—~(T3) with Capprox(s) < Cmon(Ca + 1)%||n, T||s for all
s > 0 and the overlay estimate (2.5.1).
The constants Carel, Cqo depend only on the polynomial degree p € N, Ty, 2, and on L.

PROOF. Stability and reduction (i) follows by assumption. Discrete reliability (iii) is
proved in Lemma 3.6.3. The refinement axioms (iv) follow as for the Poisson model problem
from Section 3.4.1. The proof of the general quasi-orthogonality (E2) follows with Theo-
rem 7.4.5. This concludes the proof. U

CONSEQUENCE 3.6.5. Let s > 0 with ||n, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator n(-) in the sense of Theorem 2.53.3 and
optimal complezity in the sense of Theorem 2.5.1. U
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CHAPTER 4

Abstract Theory: Equivalent Error Estimators

4.1. Introduction, state of the art & outline

This sector extends the abstract approach of Chapter 2 and includes equivalent error
estimators. The idea behind is that the axioms do not have to be satisfied by the error
estimator itself, but only by an equivalent error estimator. Of course, this observation could
be included directly into the axioms in Chapter 2. However, we think that this separate
presentation of the arguments is clearer and is easier to understand. The overall idea is the
following: If a certain estimator is used for computations, this is often because it is easy
to implement or it possesses some nice numerical features. This, however, is often in stark
contrast with the analytic features in terms of Chapter 2 of the error estimator. For example,
an error estimator might satisfy the contraction in (E1) on average, but fails to satisfy it
in each single step (see, e.g., Section 5.2 for some examples). Moreover, any computation
is prone to numerical errors (e.g., round-off errors). This means that any implementation
of the adaptive algorithm will, in fact, compute an approximate error estimator (this is of
even more significance if iterative solvers are used; see Section 4.4 for details). Hence, the
computed error estimator will satisfy the axioms only up to some error and only the exact
(theoretical) error estimator fits into the abstract framework of Chapter 2.

The framework of this chapter allows to prove the axioms for some equivalent, well-
behaving, error estimator, and gives results for the error estimator in use. This idea firstly
appeared in [60], where several error estimators equivalent to the residual error estimator
for the Poisson problem of Section 3.4.1 are analyzed (see also the examples in Section 5.2).
A similar version of this chapter can be found in the recent own work [24]|. However, this
work simplifies the arguments and generalizes the results.

The remainder of the chapter is organized as follows: Section 4.2 states the assump-
tions on the equivalent error estimator and Section 4.3 given the main result on optimal
convergence rates. Section 4.4 treats the particular case of approximate computations and
Section 4.5 proves the assumptions of Section 4.2 for the special case of weighted error es-
timators. Finally, Section 4.5.4 proves the existence of a super contractive weight function,
which might be of independent interest.

2. Abstract setting

4.2.1. Equivalent error estimator. Recall the sets 7 and T from Section 2.2.1.
We assume that T is a set of triangulations which is based on a set Ta (where we allow
Too = T as well as T = T) and a refinement strategy T(-, -) (also T(-,-) = T(-,-) is allowed).
We assume that there is a one-to-one correspondence between 7" € T and 7 € T and that

there exists a constant Ceq > 1 such that Cg'|T] < 1T < Ceo| T
Additionally to the error estimator from Section 2.2.2, we define an equivalent error

estimator as a function 7j(-) : T — Uscs (10, 00) ) (where AB denotes the set of functions
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mapping B to A) with 7(T) : T — [0, 00) for all T € T. As for the error estimator, we also

write 7(7) := (Y e 77T(7')2)1/ ? which is the global equivalent error estimator.
Suppose that the error estimators are equivalent in the sense that there exists Ceq > 1
such that

CI(T)? <n(T)? < Coif(T)? forall T €T, (4.2.1)

and such that for all M C T € T and all 0 < 6 < 1, there exists M C T (where T is
uniquely determined by 7)) with C 1|./\/l| < |M| < Cog M| and

TP< Y (TP = Clon(T) <) m(T) (4.2.2)
TeM TeM

Conversely, for all M C T EEand all0 < 6 gi there exists M C T (where T is uniquely
determined by 7) with Co'|M| < [M] < Ceg| M| and

D2< Y (T = ClomT)?< > (7). (4.2.2b)
TeM TeM

4.2.2. Equivalent adaptive approximation problem. The goal of the equivalent
adaptive approximation problem is to find a sequence of triangulations 7,, ¢ € Ny such that

sup 77(70)(|7] +1)° <

VIS

for s > 0 as large as possible.

4.2.3. Adaptive algorithm. The algorithm to solve the equivalent adaptive approxi-
mation problem from Section 4.2.2 reads

ALGORITHM 4.2.1. INPUT: Initial triangulation 75 and bulk parameter 0 < 5§ 1.
Loop: For (¢ =0,1,2,... do (i) — (iii).
(i) Compute refinement indicators W (Tp) for all T € T,

(ii) Determine set Mg C 7, of (up to the multiplicative constant C\in) minimal cardi-
nality such that

(T < Y (T (4.2.3)
TE./T/{@
(ili) Define the next triangulation as Tosq := T(Ty, My).
OUTPUT: Error estimators 7(T;) for all ¢ € Ny.

4.3. Optimal convergence

In the following, the notion that a certain subset A C {(E1),...,(E3),(T1),...,(T3)}
is satisfied means that the axioms in A are satisfied for the error estimator 7(-), the corre-
sponding refinement strategy T(:,-), and the respective constants from Section 2.3.1. The

triangulations (77)sen, in (E2), (T1)~(T3) are determined by (7;)sen, via the function ( ).
THEOREM 4.3.1. Suppose that the error estimator n(-) satisfies the estimator reduc-
tion (2.3.8). Then, (i)-(iii) holds
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(i) Assume limy_,oo 0(Te, To1) = 0 (with o(-,-) from Section 2.3.1). Then, for all 0 <
0 <1, the equivalent estimator is convergent in the sense

Jim 7(7) = 0. (4.3.1)

(ii) Suppose (E2) is satisfied by n(-). Then, for all 0 < 6 < 1, the equivalent estimator

is R-linear convergent in the sense that there exists 0 < peony < 1 and é’conv >0
such that

1(Teii)? < CoonyPlo 1(T)? for all j, 0 € Ny. (4.3.2)

(iii) Suppose that R-linear convergence (4.3.2) holds and that (Ela), (E3) and (T1)—(T3)

are satisfied by 1(-) and some s > 0. Then 0 < 0 < Coilbs = Cof (1 —caret) /(14 CFe))
implies quasi-optimal convergence of the estimator in the sense of

_ (Te)
Copt Capprox(8) < sUp —=—=
pt Capprox () ZGI\II()) (T\T|+ 1)

where the lower bound requires only (T1) to hold.

= éoptcapprox(s)a (433)

The constants éconv, Peonv > 0 depend only on prea, Cqo, €qo, Ceq, and on 0. The constant

Copt > 0 depends additionally on Ceony, Peonvs Cmins Crets Celosures Carel, Edrel; and on s, while
Copt > 0 depends only on Cson and |To|.

PROOF OF THEOREM 4.3.1 (I). Lemma 2.3.6 for n(:) shows lim, . n(7;,) = 0. The
global equivalence (4.2.1) concludes the proof. O

PROOF OF THEOREM 4.3.1 (11). Proposition 2.3.9 together with the global equivalence
estimate (4.2.1) implies

M(Ti)? < Ceanl(Ter)* < CeqCiapin(Te)* < CLC30ATT(Te)°
for all ¢, 57 € Ny. This concludes the proof. O

LEMMA 4.3.2. Recall Mvg - 72 from Algorithm 4.2.1. Let M? C Ty (where Ty is
uniquely determined by Ty, cf. Section 4.2.1) be a set with minimal cardinality which satisfies

Ceafn(Te)* < D mr(To)*. (4.3.4)
TeM)
Then, the set My from (4.2.2a) satisfies | M| < CipinCoq| MY| as well as
CoOn(T* < > nr(Ta)?. (4.3.5)
TeM,

PROOF. With (4.3.4), the implication (4.2.2b) states the existence of M(z C 7 with
[Mi] < Cogl M) and
07(Te)* < Z i (Te)*.
TeM,
Since M, is a set of almost minimal cardinality which satisfies (4.2.3), there holds C | M| <
|Mg| < Cmm|ﬂ2| < CiinCeq| MY|. The implication (4.2.2a) shows (4.3.5). O
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PROOF OF THEOREM 4.3.1 (111). Stability (Ela) and discrete reliability (E3) guarantee
that (2.3.18) holds for all 0 < 6y < 6, and some 0 < kg < 1. The assumption 0 < Coit
allows to choose 6, = Cqu. This implies that (2.3.20)-(2.3.21) of Lemma 2.3.13 are valid
for 6 = Cyfl. Since R(T, T;) from 2.3.21 satisfies (2.3.21b) for all 0 < 6 < 6y = Cei0, (4.3.4)
shows that |M?| < |R(7z, 7). Hence, Lemma 4.3.2 implies |M,| < CminCeq\R(ﬁ,ﬁ)L By
assumption (4.3.2), Lemma 2.3.8 implies that (2.3.12)-(2.3.14) hold for ay := (7). The

application of Proposition 2.3.14-2.3.15 shows (2.3.3) for all 6 < C’;qle*. Additionally, there
holds

ITATol + 1< Tl + 1< Coq(ITel +1) ST\ Tol + 1 S|\ Tol + 1,

where the hidden constants depend only on C, and |Ty|. Together with (4.2.1), this concludes
the proof. 0

4.4. Inexact Solve

This section covers a particular case of the abstract theory from Section 4.2. To that end,
let T=T and 7 = 7. We assume that there exists an approrimate error estimator 7(-),
which results from an inexact computation of the exact error estimator 7n(-) and satisfies for

all7 €eTandall S C T
\(Zwm?)m — (X m(T?)
TeS TeS

for some constant 0 < ¥ < 1. Naturally, it is convenient to check the axioms (E1)-(E3)
for the exact error estimator rather than incorporating the numerical error bounds into the
analysis.

1/2

< 97(T) (4.4.1)

4.4.1. Local and global equivalence.
LEMMA 4.4.1. Under (4.4.1), there exists Ceq > 0 which depends only on ¥ < 1, such

that the approzimate error estimator 1(-) satisfies (4.2.1) as well as (4.2.2) with M = M =
M.
PROOF. The global equivalence (4.2.1) follows directly from (4.4.1) with S =T, i.e.,
(1 =)n(T) < n(T) < (1 +9)i(T).
For (4.2.2a), set S = M to obtain for all § > 0 with (1 +0)0 <1
ST <@+ (TP + @ +69* > (7).
TeM TeM Te
Moreover, there holds
On(T)? <01+ 0T < (L+0)° 3 (T
TeM
Together, this implies
On(T)? < (L+9)2(1— (L+09) A+ np(T
TeM
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Analogously, one derives (4.2.2b), i.e.,

On(T)” < (1—0)*(1+20°)7"2 > 7ir(T)*.
TeM

With Ceq := max{(1+9),(1—9)7', (14+9)2(1—(1406)9*) " (14+071),2(1 —9)*(1 +29%)" '},
we conclude the proof. O

4.4.2. Optimal convergence.

PROPOSITION 4.4.2. Let stability and reduction (E1) be satisfied. Then, n(-) satisfies
estimator reduction (2.3.8).

PROOF. Lemma 4.4.1 shows that Dorfler marking (2.2.1) holds with 6 = C’qu. Hence,
Lemma 2.3.5 concludes the proof. O

In the following, the notion that a certain subset A C {(E1),...,(E3),(T1),...,(T3)}
is satisfied means that the axioms in A are satisfied for the error estimator 7(-), the corre-
sponding refinement strategy T(-,-), and the respective constants from Section 2.3.1. The

triangulations (7¢)een, in (E2), (T1)-(T3) are determined by (7¢)sen, = (7¢)cen, from Algo-
rithm 4.2.1.

THEOREM 4.4.3. Suppose that the error estimator n(-) satisfies (E1).
(1) Assume limy_,oo 0(Te, To+1) = 0 (with o(-,-) from Section 2.3.1). Then, for all 0 <

0 <1, the equivalent estimator is convergent in the sense

lim 7(7;) = 0.

£—00

(ii) Suppose (E2) is satisfied by n(-). Then, for all 0 < 0 < 1, the equivalent estimator

is R-linear convergent in the sense that there exists 0 < peony < 1 and 6’COHV >0
such that

ﬁ(ﬁJr])Q S éconvﬁgonv ﬁ(ﬁ)Q fO'f CLZZ j’ E e NO'

(iii) Suppose that (Ela), (E2)-(E3) and (T1)—~(T3) are satisfied by n(-) for some s > 0.
Then 0 < 0 < Cl0, = Co (1 — earer) /(1 + C,qy) tmplies quasi-optimal convergence
of the estimator in the sense of

~ ,’7V— _

77( Z) S Coptcapprox(s)a

gopt Capprox (5) < sup

eedo (1T \ Tol + 1)
where the lower bound requires only (T1) to hold.

The constants 5conv, Peonv > 0 depend only on preda, Cqo, €qo, and on 0,9. The constant

Copt > 0 depends additionally on Ciin, Cret, Celosure, Cdrels Edrel, and on s, while Copy > 0
depends only on Cyn and |To|.

PROOF. Lemma 4.4.1 proves that the assumptions in Section 4.2.1 are satisfied and
Proposition 4.4.2 shows that the estimator reduction holds. Hence, the requirements of
Theorem 4.3.1 are fulfilled. This concludes the proof. U
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4.5. Weighted error estimators

This section covers the particular case of weighted error estimators of the abstract theory
from Section 4.2. Examples which fit in the abstract framework are presented in Section 5.2.
To that end, we assume the conventions and notation from Section 3.3, particularly, the
existence of a certain natural weight function A(7) : Q2 — (0,00) for all 7 € T such that
|A(T) ||y < oo and h(T) is continuous on Q \ Upcr 0T as well as the assumptions
on the triangulations in Section 3.2.1. In the following max,cr g = esssup,c; g(x) and
minger g = essinf,er g(x) denote the essential supremum resp. essential infimum of the
function ¢ on the element 7" € 7. In addition to Section 3.3, this section assumes the
following: There exist constants 0 < geon < 1 and Cyyy, > 1 such that

(i) The weight function h(-) satisfies for all T'€ T € T, all T e T(T)

WT)r #W(T)lror T ¢ T
— (4.5.1)
max h(T) = ||h(T)||LO<>(T) S Gcon Imneljl“l h(T)a

zeT

where # is understood in the sense not equal on a set with positive measure. Note

that this assumptions implies particularly A(7) < h(7T) almost everywhere in €.
(ii)) AlT € T € T and each sequence T; € T; € T(T), i =1,... N for some N € N with

|T;NT;| =0and |TNT;| >0 for 1 <i#j <N satisfy

N

~

\d . d
2 max A(7;)" < Coum min h(T)". (4.5.2)

REMARK 4.5.1. Assumption (4.5.2) implies that the abstract area of an element h(T)|%
derived from the weight function, is additive up to constants.

4.5.1. Definition of patches. Given a constant Cpaen > 0 and a weight function h(7)
for all T € T, a patch w(-, -) satisfies the following properties:

(i) Al 7T € T and all §,8" C T satisfy S C w(S,7) C T and w(S,T)Uw(S,T) C
w(SUSs,T).
(ii) Al 7 € T and all S C T satisfy

1S < w(S, T)| < CratenlSI. (4.5.3)
(iii) Al S C 7T €T and all T € T(T) with S C T satisfy
Jw(S,T) €| (S, 7). (4.5.4)

where w?(S,T) = w(w(S,T),T).
(iv) There holds for all 7€ T € T and all 7" € w({T'}, T)
C—l

patc

Lmin A(7T) < A(T)|r < Chaten max h(T). (4.5.5)

xzeT’

For brevity of notation, we also write wy (T, T) := wi({T'}, T) for elements 7" € T.
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4.5.2. Error estimators. Additionally to 7(-) let 7(-) denote the equivalent error es-

timator from Section 4.2.1. Suppose that for all M, from Algorithm 4.2.1, the set M,
from (4.2.2a) satisfies

My C (T \ Tosn, To). (4.5.6)

Finally, suppose that 7(-) is a weighted error estimator as defined in Section 3.3.

REMARK 4.5.2. Ezxamples of error estimators which fit in the abstract framework of
this section can be found in Section 5.2.

4.5.3. Optimal convergence. In the following, the notion that a certain subset of the
axioms A C {(El),...,(E3),(T1),...,(T3)} is satisfied means that the axioms in A are
satisfied for the error estimator 7(-), the quantities from (4.5.7) below, the corresponding re-
finement strategy T(-,-), and the respective constants from Section 2.3.1. The triangulations

(T2)een, in (E2), (T1)—(T3) are determined by (7;)en, via the function ()
The following theorem allows to drop the assumption of estimator reduction in Theo-
rem 4.3.1 due to the additional assumptions in this section.

THEOREM 4.5.3. Under the assumptions of Section 4.5 (particularly (4.5.1)—(4.5.5))
and with homogeneity (3.3.1) and stability (3.3.2), n(-) satisfies (E1) with

ST, T)={TeT : MT)Ir < qeonh(T)lzr},
S(T.T)={TeT T\ JS(T. T}
prea = (14 0)q0t,
ofT. T) = (1+ 0 YT, T)
for all 6 > 0 such that peq < 1. Moreover, there holds the following:

(4.5.7)

(i) Assume limy o 0(Tos1, Te) = 0. Then, for all 0 < < 1, the equivalent estimator is
convergent in the sense

lim 77(7;) = 0.
l—o0

(ii) Suppose (E2) is satisfied by n(-). Then, for all 0 < 0 < 1, the equivalent estimator

is R-linear convergent in the sense that there exists 0 < peony < 1 and éconv >0
such that

1(Te)? < CeomsBioms M(TD)*  for all 5, £ € Ny,

(i) Suppose that (E2)~(E3) and (T1)~(T3) are satisfied by n(-) for some s > 0. Then
0<0< Coibs = Ot (1 = €qrer) /(1 4 C3,y) implies quasi-optimal convergence of the
estimator in the sense of

sup —= T’A(,%) S éoptcappI‘OX(S)7

eeNo ([Te\ Tol + 1)

where the lower bound requires only (T1) to hold.

gopt Capprox (5 ) S

The constants C’COHV, Peony > 0 depend only on geon, T+, 7=, Cqo, €qos Geons Cpatch; Csum, and

on 0. The constant C’Opt > 0 depends additionally on Cupin, Crefy Celosures Cdrel; Edrel, and on
s, while Copy > 0 depends only on Cson and |To).
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PROOF. The assumption (4.5.1) implies that h(T) = h(T) on Q\JS(T, T). Therefore,
Proposition 3.3.1 proves (E1) with (4.5.7). Since 7(-) is a weighted error estimator, consider
n(-, hy(+)), where h,(-) denotes the super contractive weight function h,(-) from Proposi-
tion 4.5.4 below. The homogeneity (3.3.1) of n(-) and the equivalence (4.5.9) show for all
TeT.

min |f, (7)/R(T"™ 0o (T) < (T heo(T) < maxc [ (T) /AT 7 (T)
and hence
Co ™ nr(T) < (T, ho(T)) < nr(T). (4.5.8)

Proposition 3.3.1 shows reduction (E1b) for the estimator n(-, h,(-)) with S,(T, T) =
(T eT : hDlr < gehoMr}, Su(T,T) ={T €T : T CUST,T)}, and o(-, )
from (4.5.7). Moreover, monotonicity (4.5.11), homogeneity (3.3.1), and stability of the
weighted error estimator (3.3.2) show

~ ~ / ~ /
(X m@n®) (X w@hm?)”
TeT\Su(T.T) TeT\Sw(T,T)

1/2 ~
<( 2 mmnm) " rur .
TeT\Su(T.T)
Since o(+,-) < o(-,-), this shows stability (2.3.5). By (4.5.1) and Proposition 4.5.4 (ii), one
obtains w(T T) C 8,(T,T) forall T € T\ T. By assumption (i) in Section 4.5.1, this shows

w(T\T,T) C Su(T,T) and the assumption (4.5.6) implies My C Su(T7, Tey1). Since M,
satisfies Dorfler marking (4.2.3), (4.2.2a) shows for all £ € N,

Clon(Te) < Y ml(To™

TGSW(7Z,7Z+1)
This and (4.5.8) imply immediately for all £ € N,

Col O On(Te ho(TDP < > (T, h(T2)2.

TeSw(Te, Te41)

Therefore, Lemma 2.3.5 with 7 = 7541 and 7 = T; shows that estimator reduction (2.3.6)
and hence (2.3.8) holds for all ¢ € Ny and n(7y, ho,(7¢)). Since o(-,-) ~ o(-,-), Lemma 2.3.6
shows limy_,oo (77, ho(T¢)) = 0 under the assumptions of (i). Equivalence (4.5.8) shows
limy—,oo 7(77) = 0 and (4.2.1) implies (i).

Since (2.3.8) holds for all ¢ € Ny and n(7y, h,(7¢)), Proposition 2.3.9 shows that the gen-
eral quasi-orthogonality (E2) implies R-linear convergence (2.3.14) with ay, = (7, ho(T2))-
Again (4.5.8) and (4.2.1) imply (ii).

The R-linear convergence from (ii), (4.5.7) and the assumptions from (iii) imply the
assumptions of Theorem 4.3.1 (iii). This proves (iii) and concludes the proof. O

4.5.4. Super contractive weight function. The next proposition defines an equiva-
lent weight function h,(-), which contracts even if h(-) contracts only nearby (namely within
the patch). To that end, recall the definition of max,c7 and min,er from Section 4.5.

PROPOSITION 4.5.4. Suppose a weight function h(-) with h(T) € L>(Q) for all T € T.
Moreover, we assume that (4.5.1) and (4.5.2) are satisfied and that h(T) is continuous on
Q\Urer OT. Let w(-,-) denote a patch function which satisfies (4.5.3)—(4.5.5). Then, there
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FI1GURE 1. Consider the standard patch from Remark 4.5.5. Then, the patch
area of the red triangle in the left figure coincides with the patch area of each
of its two sons after two bisections. The area of the large green square in the
right figure is 1. The average of areas in its patch is smaller than 0.22. After
two bisections, the average of areas of the patch of T is 0.25.

exists a super contractive weight function h,(-) such that h,(T) is T -piecewise constant for

all T € T, which satisfies (1)—(iii).
(i) Equivalence: For all T € T and oll T € T, it holds:

Col min (7)) < ho(T)|r < min A(T). (4.5.9)

(ii) Contraction on the patch: All refinements T € T(T) and all T € T satisfy
ho( Tl < gecheo( Tl if Moy 7 (T oo (4.5.10)

(iii) Momnotonicity: All refinements TeT of a triangulation T € T satisfy

~

ho(T) < ho(T) almost everywhere in ). (4.5.11)

The constants Cia > 1 and 0 < gc < 1 depend only on Cpatch, Csum, d, and geon-

REMARK 4.5.5. A typical example would be h(T)|p := |T|"* and the standard patch
function w(S,T):={T €T : IT" € S, TNT' # 0} for some T generated by bisection from
Section 3.2.8. Then, Proposition 4.5.4 provides a super contractive weight function h,(T)
which satisfies ho(T)|r < qseho(T)|r for all T € w(T\T,T).

Even for very specific refinement strategies, i.e., bisection from Section 3.2.8, the straight-
forward constructions of h,(-) by averaging over the patch or by considering the area of the
patch fail to satisfy (i)—-(iii). See Figure 1 for some counterexamples.

The proof of Proposition 4.5.4 requires the next three lemmas, which consider an arbitrary
sequence of consecutive triangulations
(Te)een C T with Ty € T(T;) for all £ € Ny. (4.5.12)
Note that throughout this section (7;) is not necessarily the sequence generated by Algo-
rithm 2.2.1.

LEMMA 4.5.6. Under the assumptions of Proposition 4.5.4 and given (4.5.12) and
(,N € Ny, suppose a strictly monotone sequence 0 < my < my < ... < my € Ny with
W Temy )l = W(To)|r for some T € (;2, T;. Suppose there exist elements T; € W(T, Teym,),

81



1=0,...,N such that all 1 =0,..., N — 1 satisfy
min h(ﬁ+mi+l) < HleE%FXh<7z+mz+1) < Gcon Hél%l h<7z+mz> (4'5'13)

z€Tit1
Then, N < 2log(Cpaten)/| 10g(geon)|-

PROOF. The assumptions imply max,ery, A(Trimy) < ¢, minger, A(7¢). The assump-
tion (4.5.5) shows

W(Te)lr = h(Texmy )7 < Chatcn max h(Tesmy )

‘ (4.5.14)
S Cpatchqé\gn Héljp h’(”) S Cgatchqégnh<7z)‘T'
LA Y]

This implies that N is bounded above by the restriction 1 < C?,.g%,- O

LEMMA 4.5.7. Under the assumptions of Proposition 4.5.4 and given (4.5.12) and
{,N € Ny, suppose a strictly monotone sequence 0 < my < my < ... < my € Ny with
MTesmp )l = W(To)lr for some T € (V2 T;. Suppose that for all i = 0,...,N — 1 exists
T; € w(T, Toym,) with

mAX (Tesmiys) < Goon U (Tesm,)- (4.5.15)
Then, N < 2log(Cpaten)/| 102 (qeon )| Coum C24 2

patch*
PROOF. For all T’ € w?(T, T;) define
ag = {T; from (4.5.15) : [T;NT'] > 0}.

Since Jw(T, Torm;) € Jw?(T,T;) for all @ = 0,..., N by definition of the patch, and
|WH(T, Te)| < Clye, there exists at least one Ty € w*(T,Ty) with n = |ag| > N/C3, 4.
Let now aqy = {T;,,...,T;,} such that iy < iy < ... <14, We define a directed graph G
with set of vertices agy. Two vertices T;,,T;, € agy are connected by an edge Ej;, € G if and
only if there holds

znel%’i h(%-ﬁ-m,k) < irel%}]( (7Z+mzk) < Gcon :?61%1 h(n-f-mzj) (4516)

With (4.5.1), the fact Ej; € G implies immediately £ > j and hence prohibits Ej; € G.

Therefore, any path € = {Ej.;,, Ej s - -» Ejo_1jm} C G satisfies j; < jo < ... < j, and
thus can’t be closed. Moreover, the corresponding vertices Tijk’ k = 0,...,m satisfy the
requirements of Lemma 4.5.6. This shows

I€] = m < Mupax := 2108(Cpaten) /] 108(Geon ) |- (4.5.17)

Consider the set of leafs £q := {Tij €ar : VEj;, €G, 51 # j} of G. Moreover, for k € N

define the set of leafs L of the subgraph G, on the reduced vertices set ary \Uf;é L;. Since
no closed path £ can exist, any path £ which is maximal with respect to C, must end with
a leaf.

First, we prove

TMmax

U £ =ox. (4.5.18)

j=0
To that end, we show by induction that any path £ C G, satisfies
I€] < Mimax — k. (4.5.19)
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For k = 0 and Gy := G this is (4.5.17). Assume the induction hypothesis (4.5.19) holds for
k > 0. Since a path & C G 1, which is maximal with respect to C, must end with a leaf, it
can not be maximal in G, (otherwise the leaf is in £} and hence not in agy \ U?:o L; which
is the vertex set of Gy,1). This implies the existence of a path & C G, with |€| < |&'] <
Mmax — k and hence proves the hypothesis (4.5.19) for k + 1. Induction concludes (4.5.19)
for all 0 < k < mpax. Since no path of positive length can exist in G, . , there holds
Lo = Gmua- This implies £, +1 = () and hence (4.5.18).

By definition, the £; are disjoint. Therefore (4.5.18) implies that there exists 0 < jy <
Mmax Such that

Lol = ezl /Mmax. (4.5.20)

Assume there holds |T;, N T;, | > 0 for T}, T;, € L;, with T, # T;,. Then, by definition in
Section 3.2.1, there holds 4; # 7. Without loss of generality, assume i; < i;. Since |T;, N
T;,| > 0, there holds T;, ¢ Te4m,, » and hence by (4.5.1), there holds maXger; h<7z+m¢k) <
Jeon minTij h(7Z+mij). This and |T;, N T;,| > 0 imply (4.5.16) and hence Ej; € Gj,. This,
however, contradicts the definition of £;, as a set of leafs. Therefore, all elements of L;,
have pairwise intersections with measure zero. Hence, (4.5.5) and (4.5.2) imply

Coen > With(Tem, )< 3 maxh(Term, )"

(3

Tij E,Cjo Tij E,Cjo
. d d . d
< Coum Min (T < CoumCaen, i A(7e) .
0

This and the assumption A(Toimy )T = h(Te)|r = h(Tosm,;)

rforalli=0,... N imply
‘Ljo‘ < CsumC2d

patch*

Together with (4.5.20), this implies
N/Clasan < logg] < mimax Conm Crin
and concludes the proof. O
LEMMA 4.5.8. Under the assumptions of Proposition 4.5.4 and given (4.5.12), there

exists a weight function hy,(T;) which satisfies for all ¢ € Ny (i)(iii)
(i) AllT €T, satisfy:

g Nmex/ (Nmaxt1) i b (T;) < ho(T) |7 < W(To)|7 pointwise almost everywhere.

zeT

(ii) AT €Ty and all k > € satisfy

manc i, (Te) < g™ min ho(Tlr if W(To) uwtry # (T |wcrr-

(iii) All k> ¢ satisfy
%w(ﬁ) < %w(ﬁ) almost everywhere in Q.

There holds Nyax = 210g(Cpaten)/| 10(Geon )| Coum C24 2

patch *
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PROOF. For £ =0, set hy,(75) = h(Tg). For £ > 0 and for all T € T; set

W(Tex)|r case 1: h(Tey)|r # W(To)|r,
7 1 Nmax“l‘l 3 7 . h(T)|Uw N #h(T )|Uw N
ho(Ter1)|r = qCO/I(l ) i ho(Te) case 20 77 h(%)@:h@éi)h T,
heo(Te)| T case 3: else.

The upper bound in (i) follows immediately by induction on ¢ € N: It holds for ¢ = 0.

Assume the upper bound holds for / € N. Then, the definition of ﬁw(’ﬁﬂ) implies for
T € Topr and all 77 € T, with |[T"NT| > 0

W(Tes1)|rar  case 1,

e, r <~
(Tex1)lrnr < {hw(n)|TmT/ case 2 and 3.

The induction hypothesis for case 2-3 and the monotonicity from (4.5.1) for case 1 prove

%w(ﬁﬂ)hmp < h(T¢)|rar- This concludes the induction. The lower bound (i) follows by
contradiction. Consider an element T' € 7;, j € N, with

glei%lﬁw(ﬁ) < gNNmax/(Nmaxc+1) min h(T;). (4.5.21)
Let ¢ < j be the minimal index with T € 7,. If £ = 0, there holds ﬁw(%)kp = h(To)|r by
definition. For ¢ > 0, the assumption (4.5.1) implies A(7T;)|7 # h(Te—1)|r for all 7" € T4
with |[T7" N T| > 0 and hence by definition 7, (77)|r = A(T7)|v (case 1). Altogether, we have
an index 0 < ¢ < j with hy,(77)|r = h(T7)|r. We redefine ¢ < j to denote the largest index
smaller or equal to j with h,(7;)|7 = h(7;)|. Therefore, case 1 cannot occur for any index
¢ < i < j. This implies also T € (JZ, ;. To obtain (4.5.21), there must exist at least
Niax + 1 indices £ +m; < j with case 2. This particularly implies h(Teqymy, .o )|lr = h(To)|r
and T € ﬂﬁiTN""‘”‘ 7T;. We aim to verify the remaining assumptions of Lemma 4.5.7. To
that end, note that case 2 for T' € Ty, and (4.5.1) imply the existence of T; € w(T, Toym,)
with maxger, M(Torm;+1) < Geon Milger, M(Tim,). The monotonicity of h(7;) from (4.5.1)
and ¢ +m; +1 < £+ m;;; imply even (4.5.15). Hence, the requirements of Lemma 4.5.7
are satisfied and the contradiction Nyax + 1 < 210g(Chaten)/| log(qcon)|C’sumC'1:2)gth}21 = Npax
follows. This proves the lower bound in (i).

To prove the contraction estimate (ii), distinguish two cases. If T' € T, satisfies case 1 in

the definition of A, (-), then, with the lower bound in (i) and (4.5.1), it holds

Iggjzcﬁw(ﬁﬂ) = max h(Te41) < Geon min h(T¢)

< _Nmax/(Nmax“l‘l) 3 ﬁ (T) J— 1/(Nmax+1) 3 ﬁ (T) (4522)
= Gcon Gcon I:EHGITI} w\/t) = deon I:?EIJI} w\ /).
If T € T; satisfies case 2 in the definition of h,,(-), then, it holds
T — 1/(Nmax+1) B
max i, (Te+1) = Geon min fi,,(7¢)- (4.5.23)
Each case leads to some contraction with constant g, = qclér(lea"H) € (0,1).

This also implies monotonicity (iii) for case 1 and case 2. Let T € 7T, which satisfies
case 3. The definition shows

ho(Tesn)lr = ho(To)lr
and hence (iii). This concludes the proof. O
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PROOF OF PROPOSITION 4.5.4. The weight function A, (-) depends on the sequence (7)
from (4.5.12). Hence, we write

ho(T) = ho(To, . ).

Given T € T, define the set of all sequences which lead to that particular triangulation, i.e.,
T(70,T) ={(To,...., Te=T) : LN, Tjz1 € T(T;) \ {7} forall j =0,...,0—1}.
The definition of the refinement strategy T(-,-) in Section 2.2.1 implies that T (7o, 7) is finite.

Define hy,(7o)|r := minger h(7To) for all T' € Ty and for 7 € T\ {To} by

ho(T)|r = min minﬁw(%, Ty foral TeT.
(70, Te)E€T(To,T) z€T

We denote by (7", ..., T,") € T(To, T) a sequence which satisfies
melnh (T T5) = heo(T)|r.

To see the equivalence (4.5.9), Lemma 4.5.8 (i) shows
min h(7T) $ minhy (75, ..., ;") < minh(T),

zeT zeT zeT

where the hidden constants do not depend on the particular sequence 7. ,...,7,”. This
implies (4.5.9).

The contraction property (4.5.10) follows with Lemma 4.5.8 (ii). To see that, let T'€ T
with h(T)|uwr,) # h(T )|UW(T7 There holds (77,..., 7, T) € T(Ts, T) and hence for all
T €T with |[T'NT| >0

hw(?”T’ S Hé}}}}zw(%q‘a teey 7-£Ta 7\‘)
< max%w(%T, Y ?\') (4.5.24)
< g min (757 TT) = g™ Dby (T

con

Since the involved constants do not depend on the particular sequence 7;',...,7,”, this
shows (4.5.10) with gs. = e {Nmax 1),

Finally, we show (4.5.11). Therefore, let '€ T and 7 € T(T). If T # T, the contrac-
tion (4.5.24) applies and shows monotonicity (4.5.11) on 7. If T € T, Lemma 4.5.8 (iii)
implies

h’w(,?\'>|T S min%w(ﬂ7 e 77—ZT7 7\')
<min hy (75", TF) = ho(T)lr.
This concludes the proof. U
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CHAPTER 5

Applications II

5.1. Introduction, state of the art & outline

This chapter applies the abstract results from the previous chapter to certain model
problems. The examples below are found in a similar manner in [24|. Note that the super
contractive weight function from Section 4.5.4 allows to prove optimal convergence rates, even
if the equivalence of the error estimators is only patch wise. This is a major improvement
over [60], where all the patches are refined, too. Moreover the super contractive patch
function is used in Section 5.4 to prove the contraction of data oscillations. This improves
the work [4]|, where a modified marking strategy is employed to overcome this problem.
The remainder of the chapter is organized as follows: Section 5.2 shows rate optimality
for certain estimators which are equivalent to the residual estimator from Section 3.4.1.
Section 5.3 reproduces the results of [13] for the p-Laplacian and Section 5.4 demonstrates
the incorporation of inhomogeneous boundary data into the optimality analysis.

5.2. Example 1: Locally equivalent error estimators for the Poisson problem

This section applies the analysis Chapter 4 to a specific model problem, where the adaptive
algorithm is steered by some locally equivalent and possibly non-residual error estimator.

5.2.1. Poisson model problem. In the spirit of [60], consider the Poisson model
problem (3.4.1) in Q C R¢,

—Au=f inQ and u=0 onlT,

and recall the weak formulation (3.4.2), and the FE discretization (3.4.3) by means of piece-
wise polynomials S5(7) = PP(T) N H () of degree p > 1. The residual error estimator 7(-)
with local contributions

nr(T)? = ne(T, h(T))* = (T2 I f + A7V iz + H(Dlr l0.VIE20rme)  (5:2:1)

with h(T)|r = |T|Y? for all T € T and A7 the T-element wise Laplacian serves as a
theoretical tool. Under the assumptions of Section 3.4.1 the following result holds.

PROPOSITION 5.2.1. [n addition to the properties stated in Proposition 3.4.1, the resid-

ual error estimator (5.2.1) satisfies homogeneity (3.3.1) with ri = 1/2 and r— = 1 and
stability (3.3.2) with o(-,-) = o(-,-).

PROOF. Stability (3.3.2) is well-known and follows by use of the triangle inequality as
well as standard inverse estimates analogously to the proof of [35, Corollary 3.4]. The
homogeneity (3.3.1) is obvious. O

The following sections concern different error estimators 77(+) which are equivalent to n(-)
and fit into the framework of Section 4.5. Section 5.2.2 studies the influence of equivalent
choices of the weight function h(7T) for the residual error estimator (This is well-known by
experts but does not appear in the literature except for the recent own work [24]. Moreover, it
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fits perfectly into the abstract framework of Chapter 4). Section 5.2.3 concerns a facet-based
formulation of 7(-), while Section 5.2.4 analyzes recovery-based error estimators. Further
examples for the lowest-order case p = 1, which also fit in the frame of the analysis from
Section 4.5, are found in [60].

5.2.2. Estimator based on equivalent weight function. This section is based on
the recent own work [24, Section 9]. Instead of |T'|'/ for weighting the local contributions
of n(-), one can also use the local diameter diam(7"). This leads to

mr(T)* = diam(T)* || f + AV |72 + diam(T) [0, V]2 070 -

This variant of 7(+) is usually found in textbooks as e.g. [1, 82|. Under the assumptions of
Section 3.4.1the shape regularity (3.2.5) leads to h(7T)|r < diam(T") < Capy(To) h(T)|r for
all T € T € T. In particular, n(-) and 7(-) are element wise equivalent.

PROPOSITION 5.2.2. The estimators n(-) and 1(-) are globally equivalent in the sense
that (4.2.1) with T =T, T(-,-) = T(-,-) and Ceq = C3,7(T0)*. Moreover, (4.2.2) holds with
M = M = M. The weight-function h(T) satisfies (4.5.1) and (4.5.2). Moreover, (4.5.6) is
satisfied with the trivial patch function w(S,T) =S8 for all S CT and all T € T. Together
with Proposition 5.2.1, all the assumptions of Theorem 4.5.3 are satisfied.

PROOF. Define the weight function h : Q@ — (0,00) by h|r := diam(7") for all T € T.
Then, there holds 7j7(7) = nr(T, h) for all T € T. The homogeneity (3.3.1) of 7(-) shows

min |((T)/h) ()| 7 (T) < 0 (T, M(T)) < max |(R(T) /) (@)™ 7r(T)
and hence
Cot (7o) 1iir(T) < nr(T) < 7jr(T) forall T € T.

From this element wise equivalence, the statements (4.2.1) and (4.2.2) follow immediately.

The estimate (3.2.12) implies (4.5.1) and (4.5.6) follows from M = M. Finally, the esti-
mate (4.5.2) follows with Cyym = 1. O

CONSEQUENCE 5.2.3. Let s > 0 with ||n, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for the estimator 1(-) in the sense of Theorem 4.5.3. O

5.2.3. Facet-based formulation of residual error estimator. This section is based
on [24, Section 9]. For a given triangulation 7 € T generated by bisection from Section 3.2.8,
let T := E(T) denote the corresponding set of facets which lie inside €2, i.e., for each E € T
there are two unique elements 7,7 € T with T # T" and E =T NT". Let

WE,T)={TT"} and |Jw(E T)=TUT (5.2.2)

denote the patch of E € T. Let T(-, ) denote bisection (Section 3.2.8) and let T(-,-) denote
the corresponding facet based version from Section 3.2.11. Assume that each element T' € T
has at most one facet on the boundary I' = 92 which is a minor additional assumption on
the initial triangulation 7y to exclude pathological cases. In particular, each element 7" € T
has at least one node z € K(7) inside . For each facet E € T, let Fp € PP Y ({Jw(E,T))
be the unique polynomial of degree p — 1 such that

ATV — f = Foll p2ioum sy = i ATV = f = Fll o iius . 5.2.3
1ATV = f = Fellzouey = |, min ATV = f = Fllzzuuen) (5.2.3)
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With the introduced notation, consider the following facet-based variant of the residual error
estimator (5.2.1)

T =Y np(T)? (5.2.4a)
EeT
Me(T)? = diam(E)? [A7V — f — Fell72usn) + diam(E) [[0.V] 72 (5.2.4b)

Convergence and quasi-optimality for this estimator is directly proved for d = 2 and p = 1
in [48] via the technical and non-obvious observation that the edge oscillations are contrac-
tive [69, 68]. The novel approach of this paper generalizes the mentioned works to arbitrary
dimension d > 2 and polynomial degree p > 1.

PROPOSITION 5.2.4. The estimators n(-) and 1(-) are globally equivalent in the sense
of (4.2.1). Moreover, (4.2.2) holds with

M = U w(E, T) and M = {EG% :3IT e M, ENT #0}.
EeM
The weight-function h(T) satisfies (4.5.1) as well as (4.5.2) and (4.5.6) is satisfied with the
patch function
w(ST)={TeT :3I"e8, TNT #0}
for all S C T and all T € T. Together with Proposition 5.2.1, all the assumptions of
Theorem 4.5.3 are satisfied.

The proof of Proposition 5.2.4 requires some technical lemmas and some further notation:
For an interior node z € K(7)NQ of T, define the star (2, 7):={E €T : z € E} as well
as the patch w(z, 7)== {T' € T : z € T}. Let F, € PP (Jw(z,7T)) denote the unique
polynomial of degree p — 1 such that

AV — f—F, (= = ] AV —f-—F (2T - 5.2.5
A7V — f || £2(Ue(z,7) pepe ATV — f = Fll 2oz (5.2.5)

To abbreviate notation, write r(7") := A7U(T) — f for the residual.
LEMMA 5.2.5. Any interior node z € KC(T)NQ and T € T with z € T satisfies

O In(TZery < Mz NOU (T Loy + I1(T) = FellZeuery- (5:2.6)
The constant Cy3 > 0 depends only on v(T) and hence on T.

PROOF. Consider the nodal basis function ¢, € S'(T) characterized by ¢.(z) = 1 and
¢.(2') = 0 for all 2/ € K(T) with z # Z/. In particular, supp(¢,) = Jw(z, 7). Let
=t L2(Jw(z,T)) — PP (Jw(z,T)) be the L*orthogonal projection and note that
F, =TI""'r(T). A scaling argument and ||¢,|| =) = 1 prove

IFN 72 ey S MY Falle iy

— / r(T)¢.F. dv — / (1= (T))¢.F. dx
Uw(z,T)

Uw(z,7T)
< / T = I e
Uw(z, T

Consider the first term on the right-hand side and use that V := ¢, F, € S§(T) is a suitable
test function. With the Galerkin formulation (3.4.3) and element wise integration by parts,

89



it follows that

/ r(T)¢.F.dr = / r(T)V dx
Uw(z,T)

Uw(2,T)

/ AFU(T)V da + / VU(T) - VV da
Uw(z,T) Uw(z,T)

/ 0.U(T)] 6.F. du
Ux(z,T)

< N0 U N 22wz ey 1 Fx ll 2 wse,my)-
Since F, € PP71({Jw(z,T)), an inverse-type inequality with A, := diam(|Jw(z,T)) shows

IF 2wsemy S R Y2 I Fall 2w -
The hidden constant depends only on (7). The combination of the previous arguments
implies
172y S (210U (T2 wsemy + 17(T) = Fell 2y 1Pl 22 m) -
The triangle inequality together with h, ~ h(T)|r proves
hIFIATUT) + fllz2)

S WD ey + MNP (T) = Foll 2wy

S WDl 0V (T2 sy + HDIEIT(T) = FollLe o r)-
This concludes the proof. O

The following lemma shows that edge oscillations (5.2.3) and node oscillations (5.2.5) are
equivalent on patches.

LEMMA 5.2.6. Any interior node z € K(T)NQ and T € T with z € T satisfies

Ca IM(T) = Fell oy < D IM(T) = Fellaumm)
EeX(2,T) (5.2.7)

< Cis |11(T) = FallZ2 o)

The constants Chy,Ci5 > 0 depend only on T, the polynomial degree p > 1, and the use of
bisection.

PROOF. The upper bound in (5.2.7) follows from
I7(T) = Fellezwer) < I1r(T) = Fullzewe ) < Ir(T) = Fullz2wen)

for all E € X(z,7T) and the fact that the cardinality |¥(z,7)| is uniformly bounded by

The lower bound in (5.2.7) is first proved for a piecewise polynomial r(7) € PP~1(T). We
employ equivalence of seminorms on finite dimensional spaces and scaling arguments. Note
that both terms in (5.2.7) define seminorms on the finite dimensional space PP~(w(z,T))
with the kernel PP~(| Jw(z, 7)) and hence are equivalent with constants C14,Cy5 > 0. A
scaling argument proves that these constants depend only on the shape of |Jw(E,T) or
UX(z, 7). Since bisection from Section 3.2.8 only leads to finitely many shapes of triangles
and hence patches and facet stars, this proves that C4 and C}5 depend only on T, p, and
the use of bisection.
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It remains to prove the lower bound in (5.2.7) for general f € L*(Q). Let ITP~! : L*(Q) —
PP~L(T) denote the L2-projection so that F(7) = IIP"'r(T) is the unique solution to

|7(T) = F(T)||z2cry = min_ ||[7(T) = F||2(ry forallT € T.

FePr—1(T)
Note that PP~1(Jw(E,T)) C PP~Yw(E,T)) and hence
<(1 — Hp_l)T‘(T) 5 F(T) - Fz)LQ(T) =0= <(1 — Hp_l)T(T) y F(T) - FE)LQ(T)-

According to the T-element wise Pythagoras theorem and the foregoing discussion for 7-
piecewise polynomial (7)), it follows

”T<T)_FZ”%2(Uw(z,’T)) = [|r(T) - F<T)”%2(Uw(z,7')) + | F(T) - FZ”%2(Uw(z7T))
S Y () = F(D ey + I1F(T) = Folliz o, m)

BE(=,T)

= Z HT<T>_FEH%Q(UUJ(E,T))'

EeX(T;z)

This concludes the proof. O

PROOF OF PROPOSITION 5.2.4. Shape regularity (3.2.5) yields hp = diam(FE) ~ h(T)|r
forall E € T and T € T with £ C T. Hence

(T = W Ir(T) = Felliauemy + he 10.U(T)] 72

< Y (BRI + he 10U (T2 ore)
Tew(E,T)

~ Y a(T)

Tew(E,T))

Lemma 5.2.5 and 5.2.6 imply
nr(T)? = (T Ir (T L2y + (D 10U (T 22 0100
S Y (WMEINT) = EllZaucry + Tz 10U (T osem))

zeK(T)NQ2

~ > Y (I - Felaumry + Br 10U (T3

zeK(T)NQ E€X(2,T)

< 22w

zeIC(T NQ EeX(z,T)
The last two estimates imply immediately (4.2.1). The first implication (4.2.2a) follows by
TP SOT?< > ieM?S Y. Y m(M)=> mw(T)y?
EeM EeMTew(E,T) TeM
To see the second implication (4.2.2b), consider

0T Son(TY < > m(TYS Y > > de(T)P< Y inl(T)
TeM TeM zeK(T)NQ ie}f(%f@ EeM
The remaining statements follow as in Section 5.2.2. U
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CONSEQUENCE 5.2.7. Let s > 0 with ||n,T||s < oo. Then, the adaptive algorithm
leads to convergence with optimal rate for the facet based estimator 1(-) in the sense of
Theorem 4.5.3.

Numerical examples that underline the above result can be found in for 2D and lowest-
order elements in [49]. Moreover, numerical examples for the obstacle problem with the
facet-based estimator are found in [69, 68|.

5.2.4. Recovery-based error estimator. This section is based on [24, Section 9.
We consider recovery-based error estimators for FEM which are occasionally also called ZZ-
estimators after Zienkiewicz and Zhu [87]. These estimators are popular in computational
science and engineering because of their implementational ease and striking performance in
many applications. Reliability has independently been shown by [72, 22| for lowest-order
elements p = 1 and later generalized to higher-order elements p > 1 in [10]. For the lowest-
order case, convergence and quasi-optimality of the related adaptive algorithm has been
analyzed in [60]. In the following, the result of [60] is reproduced and even generalized to
higher-order elements p > 1. Moreover, the abstract analysis of Section 4.5 removes the
artificial refinements in [60].

Let G(T) : L*(2) — S5(T) denote the local averaging operator which is defined as
follows:

e For lowest-order polynomials p = 1, define G(7)(v) € Si(T) by

G(T)(v)(2) = 1 vdx for all inner nodes z € K(T) N .

|M<Z7 T)‘ Uw(z,T)
e For the general case p > 1, define G(T) = J(T) : Hj(2) — S5(T) as the Scott-
Zhang projection from [76], see also Definition 3.2.6.
Based on G(T), the local estimator contributions of the recovery-based error estimator 7(-)
read
F(T)? = (1 — G(T))VU(T)H%Q(T) forr=Te€eT,
! | diam(E)? |AFU(T) — f — FEH%Q(N(ET» forT=FE€&(T),

where Fg is defined in (5.2.3). Given a set of triangulations T with the bisection refinement
strategy T(:,-) from Section 3.2.8, the recovery-based error estimator acts on the set T :=

{% : T € T} and T :=TuU E(T). The refinement strategy 'Tf'(, -) employs facet based
variant from Section 3.2.11, where each marked element 7" € 7T marks the corresponding
facets E C 9T. Moreover, given 7 € T and & C T define the 2-patch

WS, T):={TeT:3hT1eT. ThoeS, ToNnTi#0, TNT #0}. (5.2.9)

PROPOSITION 5.2.8. For general polynomial degree p > 1, the error estimators n(-)
from (5.2.1) and n(-) from (5.2.8) satisfy for all E € E(T) with E = Ty N1y for some
Ty, TV €T

(5.2.8)

Me(T) + (T < Cie Y mr(T), (5.2.10a)
Tew?(Ty,T)
as well as
m(T)? < Cie > T(T) (5.2.10b)
TE%
TNTH#D

The constant Cig > 0 depends only on v(T), the use of bisection, and p.
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The proof requires the following lemma which states that the normal jumps are locally
equivalent to averaging. The result is well-known for the lowest-order case, and its proof is
included for the convenience of the reader.

LEMMA 5.2.9. For some interior node z € K(T) N, it holds
Crz hr 0.V (M2 sy < 11 = GT)VU(T) 20wy

<Cs Y Ty 02
2'eX(z, T)NK(T)NQ

The constants C7,Chg > 0 depend only on Ty, the polynomial degree p > 1, and the use of
bisection.

PROOF. We use equivalence of seminorms on finite dimensional spaces and scaling argu-
ments. To prove (5.2.11), it thus suffices to show that the chain of inequalities holds true if
one term is zero.

First, assume (1 — G(T))VU(T) =0 on [Jw(z,T). This implies VU(T) € 8?(w(z,T))
and hence [0,U(T)] =0on JX(z,T).

Second, assume [0,U(T)] = 0 on |JX(2/,7) for all inner nodes 2’ of ¥(z,7). This
shows that the normal jumps of VU(T) are zero over |JX(2/,T). Since U(T) € H' (),
the tangential jumps of VU(T) also vanish over X(2’, 7). Altogether, this implies VU(T) €
SP~Y(w(z2', T)) for all 2’. If the Scott-Zhang projection defines the averaging, G(T)VU(T)(z')
depends only on VU(T)|u(,7), this implies G(T)VU(T) = VU(T). In the particular case
p = 1 and patch averaging, VU(T) is constant on w(z’,7). In any case, we thus derive
(1-G(T))VU(T)=0o0n Jw(zT).

The constants in (5.2.11) depend on the shapes of patches |Jw(z',T) involved. Since
bisection from Section 3.2.8 leads to only finitely many patch shapes, we deduce that the
these constants depend only on the polynomial degree p € N and on 7. O

PROOF OF PROPOSITION 5.2.8. In order to prove the local equivalence (5.2.10), let z €
K(T) N Q be an interior node of 7' € T. The upper estimate in (5.2.11) yields

TS Y (T

T'ew?(T,T)
For E=TyNT, €T, it holds
e(T)? = diam(E)?|[r(T) |32y + diam(E)|r(Tl[7oy S Y nr(T)%
T’Ew(T()ﬂ—)

The combination of the last two estimates proves (5.2.10a). The proof of (5.2.10b) employs
Lemma 5.2.5 and 5.2.6 as well as the lower bound in (5.2.11). For an interior node z €

K(T)NnQof T € T, it follows

(T2 S WDz 10U (T2 wsery + MDE D IM(T) = Fellia e
EeX(2,T)
SDPACS
e

This concludes the proof. 0
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PROPOSITION 5.2.10. With the patch functions from (5.2.2) and (5.2.9), the estimators
n(-) and 7(-) are globally equivalent in the sense of (4.2.1). Moreover, (4.2.2) holds with

M = U Wi w(E,T), T)U U WwA(T,T)
EeMNE(T) TeMNT
and
M = {TE% :IT e M, 7NT #0}.

The weight function h(T) satisfies (4.5.1) and (4.5.2). Moreover, (4.5.6) is satisfied with the
patch function w?(-,-). Together with Proposition 5.2.1, all the assumptions of Theorem 4.5.3
are satisfied.

PROOF. The global equivalence follows from Proposition 5.2.8. The implication (4.2.2a)
follows by (5.2.10a) and

T SORT2< > aeT)P+ > ir(T)

EEMNE(T) TeMNT
S>> mMP=) m(T)
EeM Tew?(w(E,T),T) TeM

To see the second implication (4.2.2b), consider (5.2.10b) and

ORTP ST <Y (TS D (TP =Y (T2

TeM TEM reF TEM
TNT#Q

The remaining statements follow as in Section 5.2.2. U
CONSEQUENCE 5.2.11. Let s > 0 with ||n,T||s < oco. Then, the adaptive algorithm

leads to convergence with optimal rate for the facet based estimator 1(-) in the sense of
Theorem 4.5.3.

5.3. Example 2: Conforming FEM for the p-Laplacian

This section is based on [24, Section 10]|. The p-Laplacian allows for a review of the
results of [13] in terms of the abstract framework of Chapter 4. Since no lower error bound
is required, the present analysis provides some slight improvement over [13]. The following
allows generalizations to N-functions as in [13], which we, however, omit in favor of a
straightforward presentation.

Consider the energy minimization problem

J(w)= min J(v) with J(v) ::%/Q|Vv|pdx—/ﬂfvd:c (5.3.1)

veEW, P ()

for p > 1 and Wy*(Q2) equipped with the norm [|v|jy1s) = (vllZs) + ]\Vv[\%p(m)l/Q. The
direct method of the calculus of variations yields existence and strict convexity of J(-) even
uniqueness of the solution u € Wy *(€2). With the nonlinearity

AR R AQ) =[QQ

the Euler-Lagrange equations associated to (5.3.1) read
(Lu,v) = / A(Vu) - Vv = / fodz  for u,v e X = W,P(Q). (5.3.2)
Q Q
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The discretization of (5.3.2) and the notation follows Section 3.4.1. For a given regular
triangulation 7 € T (where T is generated by bisection from Section 3.2.8), we consider
the lowest-order Courant finite element space S} (7) := PY(T) N H}(Q). Arguing as in the
continuous case, we obtain that the minimization problem

JU(T)) = min_ J(V) (5.3.3)

VeSHT)

admits a unique discrete solution U(T) € S}(T), which satisfies

(LU(T), V) = / fVdx forall Ve Sy(T). (5.3.4)

Q

Define F(Q) := |Q|?*7'Q for all Q € R%. There holds the Céa Lemma [13, Lemma 3.1] for
all T eT

IE(Vul) = F(IVU(T)D 2@ < Ccea i IE(Vul) = F(IVV DI 2@ (5.3.5)

In terms of Chapter 4, we define T=Tand T = 7. With 1 /p+1/q =1, the residual error
estimator 7(-) reads

~ 2._ 2/d p—1 1/d q=2) 12
Fe(T) = |T) / (VU + (T4 )2 2 de .

+[TVNEVUT)) - 0l om0
forall T'e T and all T € T (see [13, Section 3.2]).

Since the first term of 7(-) depends nonlinearly on U(7T), [13, Section 3.2] introduces an
equivalent error estimator 7(-) with local contributions

no(T)? o= [T/ / (VP + [T )7 £ de

+ [TV E(VUT)) - 0l 220rna)
for all T'€ T and all T € T. Note that 7(:) can only serve as a theoretical tool as it employs
the unknown solution w.

PROPOSITION 5.3.1. The residual error estimator (5.3.7) is a weighted error estimator
in the sense of Section 3.3, i.e.,

(5.3.7)

(T, h)* :=/Thl2T(|VUIp_1+hIT|fI)q2|f|2d93+th||[F(VU(T))-n]lliz(am)

and satisfies
(1) homogeneity (3.3.1) with vy =1/2 and r_ =1 and stability (3.3.2) with

AT, T) = Cout|F(IVU(T)|) = E(VUT)D| 2(0);

(ii) general quasi-orthogonality (E2) with o(-,+) given by Proposition 3.3.1,

(iii) discrete reliability (E3) for all egrel > 0 with Carel = Curel(Earet) and R(T,T) = T\T
as well as kq, = 00,

(iv) the refinement azioms (T1)—~(T3) with Coupprox(s) < Cmon(Cs + 1)%||n, T||s for all
s> 0.

Moreover, the estimator is reliable (2.4.1) with err(T) := ||F(|Vu|) = F(|IVU(T)|)| 220
The constants Carel, Cqo, Cpert; Crel depend only on the parameter p > 1, Ty, and on S.

95



PROOF. To see the homogeneity (3.3.1), consider the function g(t) := t*b*(a + tb)?~2 for
some a, b > 0. The function ¢ is convex and hence there holds for 0 < o <1 that

glat) < ag(t) + (1 = a)g(0) = ag(?).

This shows g(at) < a*+g(t) for r, = 1/2. Moreover, we have

- a?r-—4 q > 2.

a®=g(t) _ Q= t2b%(a + th)12 _ 2 (a+ tb)i—2 < a?-72 ¢ <2,
g(at) a?t?b%(a + atb)1—2 (a+ atb)i=2 =

For ¢ < 2, choose r_ =1 and for ¢ > 2, choose r_ = ¢q/2 to ensure a*"~g(t) < g(at). Since
the first term of 9 (7, k) reads [, g(hlr)dz with a = [VufP™" and b = |f| pointwise, the
above considerations imply

min |a(z)[*" / B2 (Val + bl )2 de
T

zeT

< / () (IVulP + () o] f)* 2P de
T

< wasxlaa)" [ B (Va4 bl £ de
z T

Since the second term in the definition of 7(-) behaves analogously, this implies homogene-
ity (3.3.1). Since the first term of 7(:,h) does not depend on 7T, standard inverse esti-

mates as for the linear case (Proposition 5.2.1) prove stability (3.3.2) (see also [13, Propo-
sition 4.4]). Reliability (2.4.1) is proved in [13, Lemma 3.5|. The discrete reliability (E3)

with R(T,T) = T\T for 7(-) follows from |13, Lemma 3.7|. Together with the equivalence
from [13, Proposition 4.2], there holds for all 6 > 0

AT TVS Y. w(MPSCs > nr(T)? + derr(T)2
TER(T,T) TeR(T,T)

The constant Cs > 0 is defined in [13, Proposition 4.2]. Together with reliability (E3),
this proves discrete reliability (E3) for all eqe1 > 0, where Cgep > 0 depends on eq,1. The
statement (iv) follows as in Proposition 3.4.1. To see general quasi-orthogonality (E2),

consider [13, Lemma 3.2], which implies for all refinements 7 € T(T)
TJWU(T)) = T (u) ~ ||
JU(T)) = IJU(T)) = |

with hidden constants, which depend only on p > 1. This immediately implies for all
¢ < N € N that

(IVul) = F(VU(T)DIIZ2(0):

F
F(IVU(T)|) = F(IVU(T))I32(0)

12

N N
oT. 7Y D TW(T) = T(WU(Ten)
k=t .,
= JU(Te)) = T(U(Tn+1))
< J(U(Te) = T (u) = | F(|Vul) = F(IVU(Te)) [ 72(0)-
Together with reliability (2.4.1), this implies (E2) with e, = 0. O
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PROPOSITION 5.3.2. The estimators n(-) and 1(-) are globally equivalent in the sense
of (4.2.1). Moreover, (4.2.2) holds with

M=M =M.

The weight-function h(T) satisfies (4.5.1) as well as (4.5.2) and (4.5.6) is satisfied with the
trivial patch function w(S,T) := S. Together with Proposition 5.5.1, all the assumptions of
Theorem 4.5.3 are satisfied.

PROOF. The global equivalence (4.2.1) is proved in [13, Corollary 4.3]. The equivalence
from [13, Proposition 4.2] implies for all § > 0 and all T' € T

nr(T)* < Csir(T)* + 0l F(IVul) = F(VU(T)D 201,
1r(T)* < Cone(T)* + 0l F(IVul) = F(VU(T)D 21,

where Cs > 0 depends only on p > 1 and on 6. With this, the implication (4.2.2a) follows
from reliability (2.4.1) and global equivalence (4.2.1) by

On(T)” < 0Cs,7i(T)* + 05| F(IVul) = F(VU(T)) 720

< 0(Cs, + 5101?elceq)77<7')2
S (051 + 5101"263106(1) Z ﬁT(T)Q

TeM

< (Co + H1C2Ce) (Co 3 ne(T)? + BIF(IVul) = FVU (T30

TeM

< (Co + 0102 Ce) (Co Y me(T)? + 82CEm(T)?).
TeM
For arbitrary é; > 0, choose 0 sufficiently small such that (Cj, + 5leelCeq)52 < 0 to
conclude (4.2.2a). The analogous argument shows also (4.2.2b). The remaining statements
follow as in Section 5.2.2. O

CONSEQUENCE 5.3.3. Let s > 0 with ||n, T||s < co. Then, the adaptive algorithm leads
to convergence with optimal rate for 1(-) in the sense of Theorem 4.5.3. 0

Numerical examples for 2D that underline the above result can be found in [13].

5.4. Example 3: Non-homogeneous and mixed boundary conditions

The literature on adaptive finite elements focuses on homogeneous Dirichlet conditions
with the exception of [11, 66, 48, 4|. This section extends the previous results to non-
homogeneous boundary conditions of mixed Dirichlet-Neumann-Robin type, where inho-
mogeneous Dirichlet conditions enforce some additional discretization error. The present
section is based on [24, Section 11] and improves [4] since we show that standard Dorfler
marking (2.2.1) leads to convergence with optimal rates if the Scott-Zhang projection 76|
is used for the discretization of the Dirichlet data [4, 74]. The heart of the analysis is the
application of the super-contractive weight function h,(7) from Proposition 4.5.4.
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5.4.1. Model problem. The Laplace model problem in RY for d > 2 with mixed
Dirichlet-Neumann-Robin boundary conditions splits the boundary I' of the Lipschitz do-
main Q C R? into three (relatively) open and pairwise disjoint boundary parts 92 =
IpUlNyUTR. Given data f € L*(Q), gp € H'(I'p), ¢n € L*('n), ¢r € L*(Tr), and
a € L>®(T'g) with a > ap > 0 almost everywhere on I'g, the problem seeks v € H(2) with

—Au=f in €, (5.4.1a)
u=g¢gp onlp, (5.4.1b)
Oyu=¢yn on 'y, (5.4.1¢)

or —au = d,u  on ['p. (5.4.1d)

The presentation focuses on the case that |I'pl,|Tg| > 0, with possibly I'y = 0. However,
the cases I'p =0 and [T'g| > 0, |I'p| > 0 and I'r = ), as well as the pure Neumann problem
'y = 09) are also covered by the abstract analysis.

5.4.2. Weak formulation. The weak formulation of (5.4.1) seeks u € X := H'(Q)
such that

u = gp on ['p in the sense of traces (5.4.2a)

and all v € Hp(Q) := {v e H'(Q) : v=0o0nI'p} satisfy

b(u,v) = / Vu - Voudx +/ auvds = RHS(v) (5.4.2b)
Q g
with
RHS(v) := / fvdx + pnvds + prvds. (5.4.2¢c)
Q I'n I'r
Since [I'z| > 0 and a > g > 0, the norm || - || := b(-,-)*/? is equivalent to the H'(Q)-norm.

Let up € H'(Q) with up|r = gp be an arbitrary lifting of the given Dirichlet data and
set ug :=u —up € H5(2). Then, (5.4.2) is equivalent to seek uy € Hp () with

b(ug,v) = RHS(v) — b(up,v) for allv € Hj(Q). (5.4.3)

According to the Lax-Milgram lemma, the auxiliary problem (5.4.3) admits a unique solution
ug € H'(Q) and thus u := ug + up is the unique solution of (5.4.2).

5.4.3. FEM discretization and approximation of Dirichlet data. Assume the
initial triangulation 7y, and hence all triangulations 7 € T of €2, to resolve the boundary
conditions in the sense that for all facets E C 00 on the boundary, there holds £ C 7 for
some v € {I'p,I'n,T'g} and let T(-,-) denote bisection from Section 3.2.8. Let SP(T) :=
PP(T) N H(Q) with fixed polynomial order p > 1. To discretize the given Dirichlet data
gp, for any given triangulation 7 € T, choose an approximation

GD(T) c SP<T‘FD) = {V‘[‘D Ve SP(T)}

of the Dirichlet data gp. Here and throughout this section, let T|r, := {T|r, : T € T} de-
note the restriction of the volume triangulation to the Dirichlet boundary I'p, and SP(T |r,,)
is the discrete trace space. A convenient way to choose this approximation independently of
the spatial dimension is the Scott-Zhang projection J(T) : H'(Q) — SP(T) from |76]. The
formal definition also allows for an operator J(7T |r,) : L*(T'p) — SP(T|r,) on the boundary
(see also Definition 3.2.6 for details). The reader is referred to [4] for details and further
discussions.
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The discrete counterpart of (5.4.2) seeks U(T) € SP(T) such that

U(T)Irp = Gp(T), (5.4.4a)
b(U(T),V)=f(V) forall VeSh(T). (5.4.4b)

As in the continuous case, (5.4.4) admits a unique solution and there holds a general Céa
lemma

-U <C i -V 5.4.5

Ju= U)oy < Cra i flu=V o (5.45)

where C19 > 0 depends only on the boundary parts, p, the shape regularity (3.2.5), and on

«. The Céa lemma (5.4.5) is proved in [4, Proposition 2| for the case 'y = (). The proof,
however, transfers to the present case with the obvious modifications.

5.4.4. Quasi-optimal convergence. The derivation of the residual-based error esti-
mator 7(7) follows similarly to the homogeneous case and differs only by adding an oscillation
term to control the approximation of the Dirichlet data [4, 11, 48, 74]. With the weight
function h(T)|r := |T|*¢ for all T € T, the local contributions read

nr(T) = MTZIf + ArUT) 220 + M2l [0nU (T2 20700
+ |(T)?(dr — aU(T) = 8.U(T)) 1207 p)
+ (T (6 = 0U(T))Z20rmry) + dirr(T)?,
where
dirr(T)? == h(Tlell(L = Tt (TI) Vegn e oror)

and I1,_1(T|r,) : L*(Tp) — PP X (Tlr,) == {VIr, : V € PPYT)} is the (piecewise)
L?-orthogonal projection, and Vr(-) denotes the surface gradient.

For each facet E© C 0f), there exists a unique element 7' € T such that £ C 97T. In
particular, h(7) also induces a weight function on v € {I'p, 'y, 'r}.

The following proposition shows that inhomogeneous (and mixed) boundary data fit in
the framework of our abstract analysis. Emphasis is on the novel quasi-orthogonality (E2)
which improves the analysis of [4] on separate Dorfler marking. The super-contractive weight
function h,(7) from Proposition 4.5.4 establishes optimal convergence of Algorithm 2.2.1
with the standard Dérfler marking (2.2.1).

Given 7 € T and S C 7T, define the 5-patch by

(,US(S,T) = {TGT:HTQ,...,T4€T, Ty € S, T4ﬂT7£®,

5.4.6
Crzmcerrl;é(Z)uZ:Ouu?)} ( )

PROPOSITION 5.4.1. The conforming discretization of the Poisson problem (5.4.2) with
residual error estimator n(-) satisfies
(i) stability and reduction (E1) with o(T,T) = et ||[U(T) — U(?)HH%(Q) as well as
ST, T)=T\T and S(T,T) =T\ T,
(ii) general quasi-orthogonality (E2),
(iil) discrete reliability (E3) with R(T,T) = w*(T\T,T), kar = 00, and egqre = 0,
(iv) the refinement azioms (T1)—~(T3) with Capprox(s) < Cmon(Cs + 1)%||n, T||s for all
s> 0.
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Moreover, the estimator satisfies (2.4.1)~(2.4.2) with erx(T) := ||u — U(T)||ur () and
data(7)? := dir(7)? + . min : \h(T)(f — F)||%2(Q)

epPr=1(T
. 1/2 _ 2
pep D IR(T)"* (65 — @)l 220 p) (5.4.7)
. A 1/2 —®)|2, )
@ePf’r{lll(r}F\rR)H (T) " (or — @) 72(rp)

The constants Carel, Cqo, Cperts Crel, Cet depend only on the parameter p > 1, Ty, and on Q.

PrOOF. Efficiency (2.4.2) can be found in [11, 74| or [4, Proposition 3|. The proof
of (5.4.7) follows similarly to that of Proposition 3.4.1 and exploits that A7U(T)|r is a
polynomial of degree < p — 2.

The proofs of stability and reduction (E1) are verbatim to the case with 'y = ) from [4,
Proposition 11]. The proof of discrete reliability (E3) is more involved, however, the difficul-
ties arise only due to the approximation of the Dirichlet data and the non-local H'/?(I'p)-
norm. The proof in [4, Proposition 21| for 'y = () generalizes to the present case. The
statement (iv) follows as for the homogeneous case in Section 3.4.1.

It remains to verify the quasi-orthogonality (2.7.5) which implies (E2) by virtue of
Lemma 2.7.3. The 5-patch w®(-, -) is a patch function in the sense of Section 4.5.1. Moreover,
the weight function h(7) satisfies the assumptions of Section 4.5. Hence, Proposition 4.5.4
provides a super contractive weight function h,s(+). It is proved in [4, Lemma 20| for ' = ()

that there holds for all ¢, > 0 and all T € T(T), T € T, that
1U(T) = UM < llu=TTMII* = (1 = ego)llu = T(T)I?
+ Cpynéao (T (Trp) — J(T|FD))9D||§{1/2(FD)’

where Cpyn > 0 depends only on T and I'p. Although [4] considers 'y = () and hence
|- | = [IV(-)|lr2(), the proof transfers to the present case.

The focus in the derivation of quasi-orthogonality (2.7.5) is on the last term on the
right-hand side. First, let w?(T\T,T) C Tlr, denote the set of all facets E of T with
E CTpnUw?(T\T,T). It is part of the proof of [4, Proposition 21] that there exists a
uniform constant Cyy > 0 such that any triangulation 7 € T and all refinements 7 € T(T)
of T € T satisfy

1(I(Ten) = I(Tleo))oll ey < Caol AT = TP (T ) Vol as ond 1)

for all v € H'(T'p). We note that this result hinges on the use of bisection (Section 3.2.8) in
the sense that the constant Cyp > 0 depends on the shape of all possible patches. By means
of Lemma 3.2.7, the proof of [4, Proposition 21| can be extended to triangulations in the
sense of Section 3.2.1-3.2.7.

This estimate is applied for v = gp. The definition of k. s(7) in Proposition 4.5.4 implies

(5.4.8)

~

hes(T) < hys(T) pointwise on all T € T,
hws('?:) < gsches(T)  pointwise on all T' € T with A(T)| (17 7 h(’?”um(Tﬁ)-
Recall that A(T)| 507 7 h(7A')\Uw5(T7¢) is in the present case equivalent to w3(T,T) N T \
T#0or T ew(T\T,T). Hence, we obtain
hes(T) < gechos(T)  pointwise on all T € w*(T\ T, 7).
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This implies
(1= gee) hus (D7 < hes (T) = hus(T) - pointwise in Q.
The contraction above allows to write
(1= gl (T 2L = TN (T, DVl 2 ot o7y
< s (T2 (1 = TP H(TTep)) Vegnl e,y — llhes (T2 (1 = TP (T1r,)) Vegnl o)
This and the element wise best-approximation property of HP*I(?hﬂD) prove that
lhes (T2 (1 = TP (T 1rp)) Vegnll e,y < Ihos (T) 21 = TP (T1rp) Vegnlltaw,)-
With h(T) < Ciahs(T) from Proposition 4.5.4, we obtain
(1= )R T2 = T (Tl ) Vel 2o s i)
< s (T) V21 = TP (T rp)) Vol zaw,)
— s (T) 21 = T (T |0, )) VegnllEae,)-
The combination of the previous arguments leads to
I (TTrn) = T(Tleo))ap e,y < (T)? = a(T)?,
where
a(T) 1= OOy (1= gee) 2l (T2 (1 = 17X (T 1)) Vg | 20

By equivalence (4.5.9), one obtains (2.7.5b) and hence Lemma 2.7.3 proves general quasi-
orthogonality (E2). This concludes the proof. O

REMARK 5.4.2. We briefly comment on the case T'r = 0 with
[]l* == IV OllZa @) + W,y # b0, v)-

The Rellich compactness theorem guarantees that || - || is an equivalent norm in H*(S). The
combination with |4, Lemma 20| (i.e. (5.4.8) with || - || = ||V()|lz2) ) proves for sufficiently
small 4o < 1 that

|U(T) = UI? < IV (= UT)Fa@ — (1= )V (= U(T)) |20
+ Coyineao 1 (TTrp) = J(TTen))aplipege )

With (5.4.9) instead of (5.4.8), the arguments in the proof of Proposition 5.4.1 remain valid.

The adaptive FEM for the mixed boundary value boundary (5.4.1) satisfies all assump-
tions of the abstract framework.

CONSEQUENCE 5.4.3. The adaptive algorithm leads to convergence with optimal rate
for the estimator n(T) in the sense of Theorem 2.53.3. For optimal rates of the discretization
error in the sense of Theorem 2.4.3, additional reqularity of the data has to be imposed for
higher-order elements p > 1, cf. Consequence 3.4.2. U

(5.4.9)
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CHAPTER 6

Applications III: Adaptive BEM with Geometry Approximation

6.1. Introduction, state of the art & outline

This chapter treats the weakly-singular integral equation from Section 3.4.2 for gen-
eral boundaries. Most of the literature concerns piecewise polynomial boundary geome-
tries |20, 28, 33, 34, 27, 47|. One way to circumvent this, is to employ the isogeometric
approach, where the boundary is given in terms of B-splines or NURBS which stem from
computer aided design systems. This, however, involves the drawback, that one has to
compute the integral operators on nonstandard geometries, which is at the moment not
supported by available BEM libraries, and moreover is expensive. The approach proceeded
here, is to approximate the boundary by piecewise affine line segments and to perform the
computation on the approximate polygonal boundary. This allows to employ standard BEM
implementations and moreover enables to compute the operator matrices analytically in 2D.
To estimate the approximation error, we develop an error estimator, which reliably estimates
the discretization error of the approximation spaces as well as the geometric approximation
error introduced by the approximate boundary. While there are some results on geometry
approximation for the finite element method [15, 63, 38, 42|, this is the first a posteriori
analysis of geometry approximation for the boundary element method (several a priori results
for BEM are available in, e.g. [75, 67]). Under some assumptions, we are able to prove plain
convergence in the sense of (2.3.1) of the error estimator and the approximate solutions.
The remainder of the chapter is organized as follows: Section 6.2 states the assumptions on
the geometry and introduces the geometric error estimator. The main result of this chapter
is stated in Section 6.4 and the convergence proof is given in Section 6.3.

6.2. Setting

Consider the weakly-singular integral equation on the boundary I' := 0f2 of a connected
Lipschitz domain 2 C R? with diam(Q) < 1

Vu = f,

where the weakly-singular integral operator V : H—V2(I') — HY/2(T') is given by (3.4.9).
6.2.0.1. Ezact and approzimate geometry. Let the exact boundary I' := 0f) allow for a
piecewise smooth parametrization v : [0,1] — T such that both v and v~! are Lipschitz
continuous with constant C, > 0 and |y/(s)| = |['| for all s € [0,1] (to avoid problems
with the endpoints of [0,1], we identify {0} and {1} and consider the metric d(s,t) :=
min{|s — ¢|,|1 — s| + 0 — ¢,|0 — s| + |1 — ¢|} on [0,1]). Let tr denote the unit tangent
on I' and let nr denote the unit normal. By Or, we denote the arc-length derivative on
I' (see Definition 6.2.5 below). We assume that I' has bounded curvature in the sense
that ||Optr||zem) < xr (where Op is understood piecewise on smooth parts of I') for some
kr > 0. Any approximate boundary I', must be a nodal interpolation of I' with nodes
K, C I'NT,. The finitely many non-smooth points Pr of I have to satisfy Pr C K, and
the enclosed domain €, (i.e., 992, = I'y) must satisfy diam(€),) < 1 — e4ca1e for some uniform
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Escale > 0 (Note that this can always be achieved by scaling of the exact boundary I'). The
approximation I', is associated with the partition 7, which consists of the compact line
segments of I',. We call the pair (7;,T',) an approximate geometry. Each element 7' € T,
satisfies

TNTCK, or TNI'=T,

i.e., the exact boundary touches elements only at the nodes or coincides exactly with the
element. Each T € T, defines a unique compact curve segment 7% C T' with the same
endpoints as 7. The collection of all this curve segments defines a partition 7,' of I'. To
avoid degenerate cases, we consider only partitions with |T%| < |T'|/2 for all T € T,.
Consider the map v, : I' = I', (see Figure 2 for an illustration) implicitly defined by
7(T) C T forall T € T,
(x —Y(x)) - tr(z) =0 forallz €I\ Pr, (6.2.1)

Y(x) =2 forall x € K,.

Note that the subscript x denotes the relation to the approximate geometry (7, T%).

REMARK 6.2.1. In Lemma 6.2.17 below, we introduce an extension v,: R? — R2,
Hence, after Lemma 6.2.17, v, s also used to denote its extension, where the meaning will
be clear from the context.

The approximate geometry (7,,y) must be sufficiently close to I' such that (I'2)—(I'4)
hold for uniform constants Cr,, C), > 0

(I'l) The orthogonal projection v, : I' — I', from (6.2.1) is well-defined and uniquely
determined, piecewise smooth, and is a continuous one-to-one map.
(I'2) All z,y € T satisfy

Criple =yl < [7(@) = % (y)| < Cuiplz — yl-

(I'3) Al T" € T, with endpoints zr,yr € I satisfy that each z € T defines a unique

y € TV with

(z—y)- (xr —yr) =0.

This defines a map p, : I' = I'y by u.(y) := = (see Figure 2 for an illustration).

(I'4) There holds
CH lidr = el Zoory < lidp = pallfoery < llide — 2l 7o ry-
Note that the upper bound holds for any geometry I'y, since pu, is the orthogonal
projection onto I',.

Lemma 6.2.9 below gives some sufficient conditions which imply (I'1)—(I'4).
6.2.0.2. Approzimate solution. With the T,-piecewise constant functions PY(7,), the
Galerkin approximation U(T;) € P°(7;) is the solution of

/ VU(T)Vdr= | fVdx forall Ve P (T), (6.2.2)

Iy
where

1
Vaw(z) = _ﬁ/r log |z — y|w(y) dy

denotes the weakly-singular integral operator on T, and f, := f o~ L.
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TF
I

FIGURE 1. Boundary I' with tangent vector {r and normal vector nr as well
as approximate geometry (7,,T,) with element 7" € 7, and corresponding
" CT.

Vi () px ()

FIGURE 2. The mappings 7, and p,.

We propose to approximate the exact solution u ~ U(T;)" by
U(T%)F = U(Ts) © 74|97l

6.2.1. Error estimator. The partition 7, induces a local weight function h,|r :
length(7") for all T' € T,. The error quantity of interest is

|T| =

lu = U(T) N2y
With the identity mapping idp : I' — I' and the geometric error
geo(7,) := max{|lidr — %Hi/oz(r)a [tr = Or el } (6.2.3)

the error estimator reads

n(T:) = (1200, (VU (T) = £ 2aqr,)
+ geo(To) (1 + | og(aeo( TN IU(T) 2 ) -

For brevity of notation, we write p(7;) := Hh1/2 or, VU(T.) = fo)ll2(r,) and define the element
wise contributions for all 7" € 7T,

pr(T2) = bl 100, VU(TL) = f)ll ey

geor(Ts) := max{[lidr — Y| /2 ey, 10 - amr\Loo<Tr>}.

(6.2.4)

(6.2.5)

6.2.2. Adaptive geometry approximation. We propose a modified version of Algo-
rithm 2.2.1 which includes also the geometric error (a similar algorithm can also be found
in [15] for FEM). To that end, choose an initial approximation T'y as well as the corresponding
partition 7y of I'g such that the requirements of Section 6.2.0.1 are satisfied.
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FIGURE 3. The curve segments I'/ and I'Y .

ALGORITHM 6.2.2. INPUT: Initial triangulation Ty and parameters 0 < 6 < 1, 0 <
U <1
Loop: For(=0,1,2,... do (i) — (iv).
(i) Compute solution U(T;) of (6.2.2).
(ii) Compute error estimators pr(T;) and geop(Te) for all T € Ty.
(iii) Determine a set of marked elements M, C T, with minimal cardinality which satis-
fies the Dorfler marking

0p(To)* < Y pr(Te)” (6.2.6a)
TeM,
as well as
M2 A{T €T : geor(Ty) > dgeo(Tr) } (6.2.6b)

(iv) Define the next partition Tor1 = T(Te, My) as detailed in Section 6.2.5 below.
OUTPUT: Error estimators (n(T;))een, and approzimations (U(T)')sen, -

6.2.3. Some definitions. Below, we provide some definitions which are used through-
out this chapter.

DEFINITION 6.2.3. Given x,y € I, define the compact and connected set I'Y C I' with
r,y €'Y as

/ 1dz = inf { / ldz : T CT compact and connected with x,y € f}
ry r

x

The set on the right-hand side is non-empty due to the fact that I' is connected by assumption.
Let z7,yr € TNT denote the endpoints of T € T,. Note that since |T"| < |T'|/2, there holds
" = [yr.  Given the approximate geometry Ty and x,y € T, define the compact and
connected set T'Y , C Ty with x,y € T'Y , as

/ 1dx = inf { / ldz : T CT, compact and connected with x,y € f}
Y, r

See also Figure 3 for an illustration.

DEFINITION 6.2.4. For a boundary part w C I'UL', with a given approzimate geometry
I, we denote by |w| := fw 1 dx the length of the curve. Moreover, given subsets w,w’ C T'UT,,
define

dist(w, w') := mciunyfew, |z —y| > 0.
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DEFINITION 6.2.5 (Arc-length derivative). Given any approximate geometry I, (also
the exact geometry T is allowed here), x € Ty, and g : T, — RY, d € {1,2}, the arc-length
derivative Or, g(x) (if exists) is defined as follows: Choose some § > 0 and some continuous
one-to-one mapping vy : (=9,0) = Ty with v.,(0) = z and 7, ,(s) = tr, 0 Yuo(s) almost
everywhere in (—9,08). Then, define

Or,9(x) == (g 0 7.0)'(0) € R”. (6.2.7)

The definition is unique since v, is uniquely defined locally around zero.

Given another approzimate geometry Uy (also the exact geometry U is allowed here) and
g: T, — T, the arc-length derivative Or,g(x) can be defined as in (6.2.7), or in the scalar
version as

05, 9(2) = (Ve ga) © 9 © V2)'(0) € R (6.2.8)
There holds the identity
I, 9(7) = (Yog@) © Va gy © 9 © V) (0) = Ve gy (007 g(2) = tr, 0 g(2)3p, g(x).  (6.2.9)
Finally, for a function g: RY =T, d > 1, and some z € R? define
02g(x) == 0.7, © 9)(2) € R.
There holds the identity
0:9() = Y92y (0)02g(x) = tr 0 g(x)02g(x). (6.2.10)

DEFINITION 6.2.6. Given any approzimate geometry Iy (also the exact geometry ' is
allowed here), choose a parametrization yp, : [0, |I',|] = I'sx with vp,(0) = yr, (|[Ik]) and yp, =
tr, oyr,. Then, there holds for smooth functions g1, g2: I'x — R that Or,g; = (g;or,) O’yi}
and integration by parts

T [T
/ Or, 01 g2 dz = / (Or,91) ©r, g2 01, do = / (g10o7r,) g2 0, da
Iy 0 0

.|
= —/ gror, (g2or,) de = —/ g1 0r, g2 da.
0 T,

With this, we define
H'(T,) :={g € L*(T\) : dr.g € L*(T,) in the weak sense}.

The spaces H*(T',) := [LQ(F*), HY(T,)]s2 are defined by real interpolation for all s € (0,1).
By H=5(T',) we denote the dual space of H*(T,) with respect to the extended L*(T,) scalar
product.

LEMMA 6.2.7 (Chain-rule). Given the approximate geometries I'y, T's, 'y (also the
exact geometry ' is allowed instead of each of the approzimate geometries) as well as i :
Iy 2T, \iTg =T, and g: 'y — R?. Then, there holds almost everywhere in I'y

Or.(gop) = (Or,g)opdi,p and Of, (Aop)=(0fA)opdi (6.2.11a)

in the sense that each side exists if and only if the other one does, too. Moreover, for
pw: R? — T, there holds

0.(Aop) = (O, \) o udi . (6.2.11b)
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PROOF. By definition, there holds
O, (g0 p)(@) = (g0 110 %uw) (0) = (90 Vo utx) © Vapa) © 1© V2) (0)
= (Or.g) © ()0, p,

as well as

35, (Ao 1) = (V; hoptey © A 0110 %) (0) = (Y hopa) © A © Vou(a) © V(e © 1.0 Ywoz)'(0)

= (0p, ) o p(x) O, pu(x).
The identity (6.2.11b) follows by
02 (Ao 1)(2) = 02(A © Ve ) © Vo uiay © 1)(@) = (Fr ) 0 g,

LEMMA 6.2.8. Given an approximate geometry T, with (I'1)~(I'2), there holds
(Or, 7 ) 07 = ()" and [(0r, 7. ") 0 vl = [0ry (6.2.12)
PROOF. The chain rule (6.2.11) shows
L=0p(r " o m) = (07,51 0 7 O
Since (I'2) implies 9¢vy, # 0, the first statement follows. The identity (6.2.9) proves the

second statement. O

6.2.4. Sufficient conditions for approximate geometries. Below, we investigate
the claimed properties of the exact and approximate geometries.

LEMMA 6.2.9. There exists a constant Cr > 0 which depends only on T', such that all
x,y € I' satisfy

Crllz —y| < 1Y < Crlz —yl. (6.2.13)
Under (I'2) all x,y € Ty satisfy
Cr'Crple =yl < ITY,] < CripCrlz —y| (6.2.14)
and under (I'1), there holds
Opr) ™t =05 () o >0 (6.2.15)

almost everywhere on I'. Moreover, there exist constants hr > 0 and epr > 0 such that for
the approzimate geometry T, holds
(i) he < Crlip!/2 implies (T'3) and (T'4) with C, = 2Cr,
(ii) hy < Cplept/2 and geo(T,) < kp'/2 imply (T'1),
(iii) geo(Ty) < Cp'/2 implies (T'2).

PROOF OF (6.2.13). Without loss of generality, assume that {0,1} ¢ v~'(T'¥). The as-
sumption that |¢/| is constant and the minimality of T¥ shows that |[y~}(T%)| < 1/2 and
hence |y~ 1(x) — v Hy)| = d(v " (z),v *(y)) (where d(-,-) defines the metric on [0, 1] from
Section 6.2.0.1). With this, there holds

7 ()
= [ tde= [ el < I el @) = W) S ool
Y gl

~Ha)
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as well as
Y1)
|x—yhsw4@»—v*@n=}/" 1m4=\/|aw*usnﬂy
v~ 1(z) ry
]

PROOF OF (11). To see (I'l), we apply the implicit function theorem. Let T' € T, with
endpoints zr,yr € T, and let v : (0,1) — T,vr(s) := (xr — yr)s + yr be an affine
parametrization of the interior of 7. The implicit definition (6.2.1) rewrites as follows: Find

7 :[0,1] — [0, 1] such that

F(t,30(t) =0 forallt ey Y(T"), where F(t,s) = (v(t) — yr(s)) - tr oy(t). (6.2.16)

Since I and ~ are piecewise smooth, there holds that F': v~1(T7) x (0,1) — R is smooth.
If O,F (tg, s0) # 0 for all (tg,s0) € v 1(T") x [0,1], the implicit function theorem provides
a unique map 7 : 7 HT') — (0,1) which is smooth and satisfies (6.2.16). With this,
Ye(x) =7 0 Jr oy~ H(z) for all z € T'\ {zr,yr} satisfies (I'1) up to injectiveness (which is
shown below).

To prove 05 F (to, s0) = (v — yr) - tr o y(to) # 0, assume

0= 0sF(to,s0) = (xr —yr) - tr o y(ty) = /TF tr(z) - tr o y(ty) dz. (6.2.17)

The integrand r(z) := tr(z) - tr o y(ty) satisfies r(y(to)) = 1. Due to (6.2.17), there exists at
least one 2’ € T' with r(z') = 0. This implies the existence of 2” € T" such that

ke > [(rte)(2")] 2 [(Orr) (")) = |TH 7! = CFar — yr| ™
where we used 7" = T'Y”. This shows
kp Crt < lor —yr| < [lhll=cr,)-

This shows that for h, < kp'Ct, 0,F (tg, so) # 0 and hence (I'1) up to injectiveness.
To prove that ~, is injective, consider

0= 0, F(t,yr(t) = (O.F)(t,Ar(t)) + (0 F)(t, ¥ (t))7r(t),
which implies by use of 7/(t) = |T'|tr o v(¢)

- Ft,3r())

0= e

'(t) - tro(t) + (v(t) =y 0 Ar(t)) - (tr 07)'(t)
(z7 —yr) - tr o (1)
o YOI = 16() = 37 o Fr@)|Ortr|ly' ()]
> P :
Hence, for |(v(t) —yro7r(t))| < geo(T,)? < kp'/2, there holds with the Lipschitz continuity
of v

el = W (1)1/2= ;1 >0,

which implies that ¥7: [0, 1] — [0, 1] is strictly monotone and hence injective. By definition,
Ye|7r = yr 0 Yr 0y~ ! is also injective. O
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PROOF OF (1) = (I'3). The property (I'3) can be seen as follows: Let y;,y, € TT such
that (y; — x) - (7 —yr) = (y2 — ) - (x7 — yr) = 0 for some x € T'. Then, there holds

0= (=) Gr=ur) = [ 16l (or = yr) = (6215)

Rolle’s theorem provides zg € T' with |tr(20) - (x7 — yr)| = |vr — yr|. Hence, the integrand
r(z) = tr(2) - (xr — yr) satisfies |r(20)| = |zr — yr|. Assume y; # yo, then (6.2.18) shows
r(z1) = 0 for at least one z; € ['¥2. This implies for some 2, € "

T Mo = yr| < T3 or = yrl < 10r7(22)| < |er — yrlsr.
Hence, y; = yo for |TV| < kp'/2 or h, < kp'Cp' /2. This implies (I'3). O
PRrROOF OF (111). To see (I'2) consider
(@) = %@ < [z =yl + |z = (@) = (y = %)
<lz—y|+ ’/ tr(z) — Orv.(2) dz}

< |z — y| + geo(TH)|TY|
< (14 Crgeo(Ty)) |z — y,

as well as
(7)) = %) = [ =yl = |z = (@) = (y = %))
< (1 = Crgeo(To))|z — yl.
Therefore, (I'2) holds for geo(T;) < Cpt/2. O

PROOF OF (6.2.14)—(6.2.15). To see (6.2.15), apply (6.2.11) to see

1=03(3idr) = 03(v, " o) = 05, (7 ) © 1 O

This shows that dpv, # 0 almost everywhere on I'. Moreover, since 7, is piecewise smooth,
%7, < 0 is only possible if 9%v, < 0 in the interior of some element 7' for T' € T, with
endpoints z7 and yr. However, this in combination with (6.2.9) and tr, = (yr—ar1)(|lyr—27|)
yields the contradiction

yr — o1 = %lyr) — w(wr) = /awme@?/wﬁ%M%mam
Hv(2)d
|?/T - $T| /TF i -
This proves (6.2.15).

To see (6.2.14), assume (I'2). Then there holds v, 1(T'Y,) = F://*:ig)), since the bi-Lipschitz

property (I'2) ensures that endpoints are mapped to endpoints. This, however, implies
= [ vde= [ o @) de 1Y) o -yl
Fz * ’YII(F% *)

where we used CpL < |0r, 77t < Chrip. O

Lip —=
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FIGURE 4. The bisection of an element T' € 7, into its sons 7,15 according
to Algorithm 6.2.10.

PROOF OF (1) = (T'4). Let x € T for some T € 7, and consider the right triangle
with nodes (x,7.(z), u«(z)) as depicted in Figure 2. Let a > 0 denote the interior angle
at the point x. By definition, the right-angle is at p.(x). There holds by the Pythagoras
theorem

|z = (@) = |2 — (@) + () = (@) |* = |2 — (@) + |2 — (@) sin* ()
and hence
1> = |z — p(z) % (6.2.19)

Obviously, « is also the angle between T" and tr(x). Hence, one obtains with zp,yr € I'NT
denoting the endpoints of T’

x —
| cos(a)| = [tr(z) - 2| = ’\SUT - yT\I/ tr(z) - tr(2) dz|.
|z = yr| riT

cos?(a)|z — 7. ()

The integrand r(z) := tr(x) - tr(z) satisfies r(x) = 1 and therefore also |r(z) — r(z)| <
||8pr||Loo(Fg§)|T§/3§| < kp|T¥z|. For h, < Cp'wp'/2, this implies r(z) > 1/2 for all z € T'YT
and hence

| cos(@)| > |zr — yr|HT¥E]/2 > C1/2 > 0. (6.2.20)
Together with (6.2.19), this implies

1
DTomian Ye(@)|* < |2 = pu(@)* < [z — (@)

n

6.2.5. Mesh refinement. Assume an approximate geometry (7,,T,) and define the
convex hull of two points z,y € R? by [z,y] := {AMz —y)+y : 0 <A <1} C R% To bisect
a given element T' € T, apply the following algorithm (see also Figure 4 for an illustration)

ALGORITHM 6.2.10. 7" := bisect(7,,T)

(i) Compute cr := (xr + yr)/2, where xp,yr € K, NT are the endpoints of T'.
(ii) Find zr € TY C T with (20 —cr) - (27 —yr) = 0.
(i) Set T." = (T, \ {T}) U{T1, Tz} with Ty := [x7, 27| and Ty := [zr, yr].
LEMMA 6.2.11. With (I'3), Algorithm 6.2.10 is well-defined and satisfies

T2 1
max{| T, [T} < == + lidre = plloecr) < (5 + G oo TP, (6:2:21)

as well as |T|/2 < min{|Ty|,|Tz|}, where {T1,To} = T.* \ T. denote the sons of T and
17| o= (j0,1]) @5 understood piecewise.
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PROOF. Since yr in Step (ii) of Algorithm 6.2.10 is unique due to (I'3), the algorithm is
well-defined. The Pythagoras theorem implies |T;|? = |T'|?/4 + |27 — pe(27)|?. This implies
|T;] > |T'|/2 and the first < in (6.2.21). Since Iy is a nodal interpolation of I', a possible
parametrization of T, is given by L~y : [0,1] — I, where I, : C([0,1]) = S8'(To,1) is the
affine nodal interpoland on the partition 7} 1 which is induced by the nodes v~*(K,) C [0, 1].
By definition, (I,y) oy !(x) € T for all z € T". There holds for y € T

|y = m(y)l = min |y — 2| < |z = (Ly) oy (@) = |(v = Ly) o v (=)
< HDPIY Nz oy < CITPIY |z o,

where the last norm on the right-hand side is understood piecewise. Thus, the above con-
cludes (6.2.21). O

Given a set of marked elements M, = {T},...,T,} C 7., we define the refinement
T(7., M,) by bisection from Section 3.2.8, where we use bisect(-,-) to split the elements.
Note that the assumptions of Section 3.2.1-3.2.7 are satisfied.

6.2.6. Auxiliary results. This section provides several results which are used for the
a posteriori analysis of this chapter. Some of the techniques used in the proofs below are
similar to the a priori analysis (with uniform partitions on smooth geometries) in [75, Chap-
ter §].

LEMMA 6.2.12. Let x,y € I such that TY N"'Pr = (. Then, there holds for an approxi-
mate geometry T, € T

(@ —y) - (@) = 2)| < wrCrle — yPllidr — ellz=r).
PROOF. Define r(2) := tr(2) - (7«(z) — x). By definition of 7,, there holds r(x) = 0. This
implies
@ 9)-Oute) =)l =| [ @ =| [ [ ovr(wydwd:
rY ry Jrz

< T3P N0er (W)l e ey < srCrle — yllide — Yl 2oe(r).-
U
LEMMA 6.2.13. There exists a constant Cy > 0 such that all x,y € I satisfy (i)—(iii).
(i) fTenPr=10

lz —y|

i tog ( )| < e = Bkl + ity — ey
2|8\ ) — )] L=(0) v

(i) If T4 N Pr = {2}
|z —yl?
198 (o =0,

-1
C(21

)| < e = el

+ [lidr — Yl [ ooy (1 + 2 —|i|iry||220 - yI)
as well as

log < |z —y[?
() — 1(y)
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(iti) Ifx #y
1

|z —y|?

|z —yl|?
o8 (o P

PROOF. There holds for all ¢ € R

-1
C(21

).

)) < ltr — Oryallfeery + [lidr — Yl ooy (1 +

1
1——<log(a) <a-—1.
a

This implies

[z —y? = [7() — 7 (y)? |z —y|? [z —y? = [7(z) — 7% (y)?
@ — P <108 (L =) S T
and hence
. |z — y? o (@) = %@ = |z — y)?|
’1 g<|%(af) —w(y)IZ)’ = Cip |z —yl?
_ Cgip |.T - 7*<x‘> - (y|2_ 7*(3/))‘2 (6.2.22)
T—y
Loce, [(z — Yu(z) — |(§:/ - Z\*Q(y))) (z =yl

The first term on the right-hand side is estimated by

|z — () — (¥ — () ]> = | . O (idr — ) (s) ds|* < [tr — Oyl Loo(ry ITEI
< CRlltr — Oyl Zoe (|2 — wl*. (6.2.23)

The second term on the right-hand side of (6.2.22) is treated separately for each case.
Case (i): There holds with Lemma 6.2.12

(z = 2(2) = (y = %)) - (x = y)| < 260CF|z — y[*[idr — | L)
Case (iii): There holds
(2 = %lz) = (y = 1(y)) - (z — y)| < 2[[idr — Y[ oo )|z — yl-
Case (ii): Lemma 6.2.12 shows
(2 = %(@) = (y = %)) - (. —y)]
<@ = 7(@) = (¥ = %)) - (@ = 20))| + [(z = %lz) = (v = %(y))) - (20 — )|
< lidr = 7l ooy (krCRlz = 20”4 |2 = 20| + wrCRly — 20” + |y — 20])
< [lidr — 7l ooy (260 CRlz = y1? + |2 — 20| + |y — 20]),

where we used |z — z| < Cp|T?| < Cp|T¥Y| < CE|lx — y|. To see the second estimate in (ii),
proceed as in (6.2.23) to obtain

(@ = 2(@) = (= %)) - (@ = y)| < |z —yllz —7(x) = (¥ = 2(y))]
Sz - y|2||tF - 8F%||L<>°(F)-
This concludes the proof. O
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LEMMA 6.2.14. Let v > 0 and let the approzimate geometry T, € T satisfy (I'1)—(I'2).
Then, there holds Of7y, = |Orv«| and

Cy L = 10rvelllzery < 11 = 1807l 2y < Culll = [0yl o,
as well as for all T € T,
11— Ol oo rry < 1 = ‘6F7*|2HL°°(TF) < (1 + 2#r)geor(T,)*.
The constant C, > 0 depends only on Cr;, and v.
PROOF. The identity (6.2.9) and (6.2.15) show
10r7] = [tr, © 1%|Op v = Oy

Taylor expansion shows that for all 0 < § < a < §7! < oo exists z, > 0 with |1 —z,| < |1—aq]
such that a” —1 = vz¥"!(a — 1). Since @ — 1 and a — 1 have the same sign for all v > 0,
this implies

Cstla” — 1] < |la— 1| < Csla” — 1], (6.2.24)
where Cs > 0 depends only on § and v. Due to (I'2), there holds

C’Eillj < |0rvi| < Chip  almost everywhere on I'.

This and (6.2.24) with § = C;}

Lip and a = |Op~,| show
11 = 10 vlll oo ry 22 ([T = |00l [ oo ().

Moreover, there holds for all @ > 0 that |1 —a| < |1 —a?|. It remains to estimate 1 — [Op.|?.
To that end, calculate

1— |07, )* = 1007 = tol” = 2(pye — tr) - tr.
By definition of ~,, there holds (v, — idr) - ¢t = 0. This implies almost everywhere
0=0r((v —idr) - tr) = (Orvs — tr) - tr + (7, — idr) - Optr
and hence
|[(Orve — tr) - tr| < [|Optr||lLeemllidr — Yullpoerry < mpllidr — Yl poo(rr).-

The combination of the last estimates concludes the proof. O

LEMMA 6.2.15. Any g € L*(T') with supp(g) C 'Y for some z,y € T satisfies

gl zr-172ry < Cans TYY2(1 + [og(ITEN N gl 2201y

The constant Cyps > 0 depends only on I' and C,.

PrOOF. Without loss of generality, assume g > 0. Construct a uniform partition & of
[, with h(U) = |U| ~ |[¥Y2 for all U € U and supp(g) C Uy for some Uy € U. Let
% : L2(T') — P°(U) denote the corresponding L*-orthogonal projection. There holds

9l zr-1720ry < ||H09||H—1/2(F) + (1 - HO)Q||H—1/2(F)
S gl -2y + U llgl 2wy

By construction, there holds I1°g = axxy, for some a > 0, where yy, denotes the character-
istic function with respect to Up. Since (V-, -)1/2 is an equivalent norm on H~/2(T), there
holds

(6.2.25)

1/2
19| r-1/20) = llxws -1y = VX005 Xuo) -
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Without loss of generality, assume {0,1} ¢ v~1(Uy). With the parametrization v and h :=
|v~1(Uy)|, there holds

21 (Vv » Xuo)r = ‘/ / 10g|x—y\dxdy‘
Uy J Uy

<[] skt -0l Ol dds
=1 (Vo) /v~ (Vo)
_Ci/ / [log(C,,)| + |log |s — t|| dt ds,
=1 (Vo) Vv~ *(Uo)
h h
- C?{ (h2| log(C,)| + /0 /0 } log |s — t|’ dtds).

The integral term on the right-hand side is further estimated by

//}1og|s—t|ydtds_h2//|1og )| + |log|s — t|| dt ds

< h*(1+ [log(h)]),

since the remaining integral is finite. The Lipschitz continuity of v shows h ~ h(U). Alto-
gether, this proves

1T =12y = aVxuny s Xvo)t' > S @b U)(1+ [og(RU))])'>.

The fact [|II%]||z2ry 2 ah(U)"/? and h(U) ~ |T¥| together with (6.2.25) conclude the proof.
U

The following lemma is well-known and repeated here only for completeness.

LEMMA 6.2.16. Let Oy,...,Oy denote an open cover of some compact set C' C R9,
d € N. Then, there exists € > 0 such that for all x € C, there exists i € {1,..., N} with

PROOF. Assume that the statement is wrong. Then, there exists a sequence x, € C
with Bin(x,) € O; for all i = 1,..., N and all n € N. The compactness of C' provides a
subsequence x,, — = € C. By definition, there exists i € {1,..., N} with x € O,. Hence,
there also exists k € N with By, (z,) € O;, which contradicts the assumption. O

LEMMA 6.2.17. Given an approzimate geometry T, € T with (I'1)~(I'3), there exists a
continuous extension 7, : R? — R? of 7, such that

Yelr = Y (6.2.26)
H:Y\* — idRQ HLOO(RQ) S ”"}/* — ideLoo(F), (6227)
VA = 1| poom2) < Cexe||Orvi — tr|| oo (rys (6.2.28)

where I € R?*2 denotes the identity matriz and Ce > 0 depends only on I'. For geo(T,) <
C1/2, A, is bijective and bi-Lipschitz such that

[z —yl/2 < (@) = W) < (1 + Coxe/2)|z — yl. (6.2.29)
Particularly, there holds ~,(Q2) = Q. (with 0Q, =T, from Section 6.2.0.1) and
(VA oo r2y < 2. (6.2.30)

DEFINITION 6.2.18. After the following proof and throughout this chapter, we will not
distinguish between v, and its extension 7, := .. The meaning will be clear from the context.
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PROOF. Without loss of generality, let the parametrization « satisfy v/|'|7! = tp. Ap-
proximate v by some smooth ~.: [0,1] — R? 9%.(0) = 9%v.(1) for all k¥ € Ny such that
|7 —=ellwieo o)) < €. Let M € R**? denote the orthogonal matrix which satisfies Mtr = nr.
Then, define n. := M(v. oy 1)|T|™! € WH(T,R?). With np = M (7' oy 1|7}, there
holds

Ine = nell ey < DT =) 0 Yllzoeqry < elTI7
Define the function ¢: [0, 1]xR — R? by ((s, t) := y(s)+tn.ov(s). There holds with (6.2.11a)
VC(s,1) = (01(5) + H(0rne) 0 ¥(5)(5) , ne 0(s)) € R¥<2.
By definition, there holds
[05(s) - M~ (ne 0 7(s))] = [057(s) - M~ (nr 0 (s))] = [0sy(s) [l — nellzo<r)
> 10:(s) - 0y (9)|IT] " = 057 (s) e[
= 10:y(s)*|T 7" = L]0y (s)]-
as well as
[t(0rn:) 0 7(5)9i(s) - M~ (e 0 7(s))] < [tll100ne | Lo )| 037 (8) 17l Loy
< [tll1rne [ Loy 037 ()1 + e[| 7).
Since M realizes a rotation by 7/2, this shows
|det(V((s,1))] = [0(s,) - M0, (s, )]
> |05y ()P0 = e[ 0sv ()] = [tll|Orne | oo ry [037(s)I (1 + [T H).
Since |0sy(s)| = |92v(s)| = |I'|, sufficiently small ¢, ty > 0 with |¢| < to imply
|det(V((s, 1))| = |T']/2.
Analogously, we bound for the Frobenius matrix norm || - || by
IV¢(s, Ol = (T + [#l1|Frne || 2o IT])* + (1 + &[T )

and hence

1V¢(,6) M = e

|det(V{(s, 1))
< 2|F‘71\/(|F‘ + |t‘”aFneHL°°(r)\F|)2 + (14|72 = C,

1(VE (s, 1))l v
(6.2.31)

where C; > 0 depends only on ¢, ¢, and I'. The inverse mapping theorem proves that
¢ is a local diffeomorphism. The compactness of [0,1] x [—to, o] implies the existence of
an open cover Op,...,Oy such that (|p, is a diffeomorphism onto its image. Let now
(si,t;) € [0,1] x [—to, o], i = 1,2 with {(s1,t1) = ((sa,t2). Then, there holds

[7(s1) —v(s2)| < 2maX{t1,t2}||aFne||Loo(F)-

Lemma 6.2.16 shows that for ¢1, ¢, < t{, and t; > 0 sufficiently small, there holds (s;,t;) € O;
for some j € {1,..., N} and ¢ = 1,2. Since (|p, is a diffeomorphism, this shows (s1,%;) =
(s2,t2). Hence, (ljo,1x(—u 1) is injective, and by the inverse mapping theorem also a diffeo-
morphism. Particularly, due to (6.2.31), ¢ is a bi-Lipschitz, bijective function onto its image
O := (([0,1] x (—ty,t;)) € R?, which is [0, 1]-periodic with respect to its first argument.
We prove that ( is also bi-Lipschitz with respect to the metric d(-,-) which identifies 0 and
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1 of [0,1] (as defined in Section 6.2.0.1). To that end, consider s1,s2 € [0, 1], such that
|s1 — 0] + |s2 — 1| < |s; — s2|. There holds

[C(s1,11) = Cls2, L2)| < [C(s1,81) = C(s2, 12|
< [Cs1,t1) = €0, 20)] +[C(1, 81) = C(s2, 2]
Ssy = 0] + |1 = so| + |t1 — to] = d(s1,82) + [t1 — o]
as well as with bi-Lipschitz continuity on [0, 1] x [0, 1] (without identification)
[C(s1,t1) = C(s2,82)| 2 [s1 = sof + [t1 — L2] = d(s1,52) + [t1 — o].

Since the set [0,1] x (—tg,t,) is open with respect to the product topology generated by
d(+,-) and the Euclidean topology, the set O is open by the bi-Lipschitz continuity above.
Particularly, O is a neighborhood of I'. With 7 denoting the projection onto the first
argument, the function

P:=~yomo( 0T

is also Lipschitz continuous (where the periodicity of ( is used) and satisfies P(z) = z for
all z € T'. Choose a smooth cut-off function x : R* — [0, 1] with x|r = 1 and supp(x) C O.
Then, define

() = 2+ x(2) (s 0 P(x) = P(x)).
There holds 7,|r = 7, as well as
[Ye(2) — 2| < lidy = 7| oo ().
This implies (6.2.27). Moreover, with the chain-rule (6.2.11b), we obtain for 2z € R?
0.(% — I) = (Orys — tr) o P(x) O P(x).

The identity (6.2.10) shows |0°P(z)| = |0,P(x)| and hence proves (6.2.28) with Cuy :=
IV P|| (0. For geo(T,) < Ciit/2 and all z, 2 € R?, there holds

v (Vi) (2)z = |af* = [I = VA(2)]a]* > |=]*/2. (6.2.32)

This implies (6.2.30). Assume that 7,(z) = 7,(y) for some z,y € R?. There holds with the
convex hull [z,y] := {Az+ (1 =Ny : 0 < A< 1} and (6.2.32)

0=l@=9- G@) =R = | @=9)- (VDT

2\x—y|/ 1/2dz.
[z.9]

This implies + = y. Hence 7, is injective. The inverse mapping theorem shows that -, is
a global diffeomorphism. The estimate (6.2.30) implies that 7, is even bi-Lipschitz. The
estimate (6.2.29) follows from (6.2.28) and(6.2.30). It remains to show that 7,(Q2) = Q.
Assume that there exist x,y € € such that 7,(z) € €, and J,(y) € R?\ Q. Then, there
exists a compact path G C 2 which connects = and y. Since 7,(G) is also a continuous and
compact path, there exists z € G such that 7,(z) € I', and hence z € I by bijectivity of 7,
and 7,. This, however, contradicts G C . We showed that 7,() C Q, or 7,(2) C R?\ Q,.
The same arguments prove 7,(R?\ Q) C Q, or 7,(R?\Q) C R?\),. However, the bi-Lipschitz
continuity prohibits 7,(R?\ Q) C Q,, since R? \ Q is unbounded. This shows 7,(Q) = Q,
and hence concludes the proof. O
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By use of the chain-rule, there holds under the assumptions of Lemma 6.2.17 that
=V or) = (V) onVy
and since V+, is a regular matrix by (6.2.30), this shows
(VAo = (V)™ (6.2.33)

LEMMA 6.2.19. Given an approzimate geometry T, € T which satisfies (I'2), there
holds for all v € H~Y*(T) and all v € HY*(T')

Cr Nl -v2ey < 1 0 710072 ar-172e,) < Clp 8l a-172y (6.2.34)
as well as
Criy N0y < o o5 vz, < Clp lollmragry. (6.2.:35)
PROOF. There holds for v € H'(T') with (6.2.12)
18r, (v o7 llzar.) = [1(0rv) 0 7 H0r A7 22

_y / (0r0) 077 V200, 2 dir) 2

_ 1/2 _
= (/(8rv)2|(0rﬂ*1) 0 % 20y, dz) " = 000|022y
r
as well as
v oy ey = 010yl 2| 22y

Due to (T'2), there holds C};} < |0r,] < CLip and hence

Lip —
—1/2 -1

Cr 2 N0rvll 2y < [10r, (v 0 v )z, < Crlp 0o 2,
C—l

o Mollze@y < llvey i, < CL1p||v||L2(F)

Interpolation theory concludes (6.2.35).
On the other hand, there holds

- - (W oy oyl ™, v)r,
|’w07*1|8F7*| IHH*1/2(F*) = sup *
veH/2(T,) ||U||H1/2(r*)

_ <,l/} ) v o 7*)11
= sup ————
vEHL/2(T,) ”UHHl/Q(F*)

vl gz gy (Y, v)r
sup

veH/2(T) |vo 7;1"H1/2(F* ||U||H1/2 T

(6.2.35) Y, v
2 up Q—kulf o

veHY/2(T HU”Hl

This concludes the proof. O
<

LEMMA 6.2.20. Given an approzimate geometry T, € T with (I'1)~(I'3) and geo(Ty)
Cob/2, there exists a lifting operator £,: HY?(T,) — H'(R?) with

(Lo)lr, =v  and  [|[Lv|[ @2y < Cusl|vl gz, for allv e HY(T,).
The constant Cg, > 0 depends only on I' and Cey, Crip.
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PROOF. Let £: H'/2(T') — H'(R?) denote a standard lifting operator. Define
L= (Lvoy)) o .
Then, there holds (£,v)|r, = (Lv o 7,) o vt r, = v|r,. Moreover, we obtain
H‘C*U”%ﬂ(ﬂ@) = ”E*UH%Q(RQ) + HV<E*U>H%Q(R2)
= Lol T2z + IV (Lv o 1) 0 7 VA ey
The identity (6.2.33) implies

_ _ _ 112
IV(Lv o) o 'V e ey = /2 IV(Lvory,) oy, 'V, | da
R

2 _ 2
< [ 19(evon) Pt o9l da
R

= [V(Lv o) [Vl ™2 T2 ey

< VAl @) V(L0 0 ) 12 ey
as well as

L0722y = 1£(0 0 %) [Vl 2 (12 ey
< VAl e @) |1 £(0 0 V) 1 Z2qey-
With (6.2.30) and the continuity of £, the last two inequalities prove
IL0]Fn @z S (4 1Vl @) 1£0 0 vl B ey
<|vo ’Y*HH1/2(F)-

With (6.2.35), we see

1/2
v o wlliamy < CLizllollme..

Moreover, (6.2.28) implies ||V, zoc®2) < 14+ Cexgeo(T,) < 3/2 and concludes the proof. [

The proofs of Lemma 6.2.21-6.2.22 and Proposition 6.2.23 are well-known in the liter-
ature. We repeat them for the sole purpose of ensuring the uniform boundedness of the
constants appearing with respect to the domains €2, as this is usually not found in the
literature.

LEMMA 6.2.21. Given an approzimate geometry T, € T with (I'l)~(I'3) and geo(T,) <
Coi/2, there holds

Vv, v)pr, > C’\~;1||v||H_1/2(F*) for all v € H Y*(T) with (v, 1)1 = 0. (6.2.36)
The constant Cy > 0 depends only on I' and Cey .

PROOF. Let v € L*(T,) with (v, 1)r, = 0. Define the interior and exterior normal
derivatives 9, 9. Then, there holds by Greens-identity, the fact AV,v = 0 in R? \ T,,

n J’n

and |(V,v)(x)| ~ |z|~t as |z| — oo, that
IVVll72@e) = (0, Vv — 35 Vow, Voo)r, .
The jump property of V,, i.e., 0™V, v — ™V, v = v, shows
IVVavllf2@e) = (v, Vev)r..
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On the other hand, the jump property implies
W2,y < 107 Vavllg-12w,) + 107 Vel g,

With the lifting £, from Lemma 6.2.20 and AV,v = 0 in R? \ Iy, we get

- oY v w)r,
Vol = sup ;
weH/2(T',)\{0} Hw”Hl/Q(F*)

| (VV*U ) V»C*'w)R?\F* |

< sup S IVV| 2 (me2)-
weH/2(T)\{0} ”wHH1/2(F*)
The analogous statement holds for 9%*Vv. Altogether, this concludes (6.2.36) O

LEMMA 6.2.22. There exists ueq(T,) € HY2(T,) with Ve (T,) = Aeo(T2) € R and
(ueq(Ty), Dyr, = 1. All approzimate geometries T, € T satisfy

Aeq(Tx) > 2m|log(diam(€2,))| > 27| log(1l — €scate)| > 0.

PROOF. Let (v,,\,) € HY2(T,) x R solve the saddle-point problem
<V*U*7 U)F - <U7 )\*>I‘* =0,
— (v, phr, = —p

*

for all (v, u) € H-Y%(T',) x R. Since Lemma 6.2.21 proves that V, is elliptic on the kernel
of (-, w)r,, standard LBB theory shows

il gr-1/2 () + A S

where the hidden constant depends only on Cy but not on the particular geometry 7,. There
holds ueq(7x) = vx and Aeq7x = A+. Define Robins constant of the set I', by

irellfg/*/*loglx—y\du( ) du(y),

where B denotes the set of all Borel probability measures on I'y,. A well-known result of
potential theory (see, e.g., [84, Section 1| for the proof) is that the logarithmic capacity
exp(—Vr, ) satisfies exp(—Vr,) < diam(T',) = diam(£2,). The result [84, Theorem 1.2] shows
that

%)\* = <U*, 1>[‘*Vp* = Vp*.
Altogether, this implies by definition of €2, in Section 6.2.0.1
2z A 2 —log(diam(€,)) > —log(1 — €xcate) > 0.
This concludes the proof. O

PROPOSITION 6.2.23. Given an approzimate geometry T, € T with (I'l)~(I'3) with
geo(Ty) < C.1/2, there holds

||V*v||H1/2(F*) S CVH'UHH—I/Q(F*) fO’f’ all v c H_l/Q(P*) (6237)
as well as

Vo, v)r, > Oy )13 for allv e H-Y*(T,). (6.2.38)

(')
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The constant Cy > 0 depends only on egcale, C5, I', Cexy and T. This particularly implies for
any closed subspace P°(T,) C X C HY2(T,) and the solution Uy € X of WV, Ux, V)p, =
(fe, Vr, forallV € X that

2 .
Uz = UT)l-svawy < O3 main 1V = Vll-ve (6.2.39)

PROOF. To see (6.2.38), we use Lemma 6.2.21 and Lemma 6.2.22. Let v € H~Y/2(T,)
and vy := v — Ueq(T5) (v, 1)r,. Then, (vy, 1)r, = 0 and with (6.2.36)
(Vev, v)r, = Vivo, vo)r, +2(v, Dr, Viteg(T5) , vo)r,
+ (v, DF, Vatteq(T2)  tea( T,
= <V*v0a U0>F* + <va 1)12“*<)‘eq(71)7 ueq(,ﬁ»ﬂ

> O ol ey + Aeal T (0, D2, 2 0 2sraqr

*

where the hidden constant depends only on &gca1e and on C5;.

To see (6.2.37), let €, C R? denote the domain enclosed by Ty, i.e., T’y = 9. Let Q c R?
denote a bounded Lipschitz domain such that Q, C Q for all T, € T with geo(T,) < Cot/2
as well as Q C Q. There holds for v € HV/2(T',) and g € L2(2,)

Vv, g)a, = %/ v(fﬁ)/Q log |z — y|g(y) dy dx
F* *

L[ / log | — ylg(y) dydz = (v, Ng)r.

" Q

where N : H=1(Q) — H'(Q) denotes the Newton potential (see, e.g., [75] for the mapping
properties). We obtain

(v, Ng)r, = (v o 7|0y, Ng) ov)r
S v o vl Oyl | =12y [N g) © Yl 11 ) -

Lemma 6.2.19 shows [|v o v oy, | g-1/2) = V]| g-1/2(r,) and Lemma 6.2.17 implies that
7, is globally bi-Lipschitz and 7, (€2) = €. Hence, we have

1N g) 0 vl S INllin ey < INallG g

Moreover, since supp(g) C €, there holds

{9, v)g V]| 2.
”Ngﬂﬂl(ﬁ) S HgHﬁ—l(ﬁ) = Sup W < Hg”ﬁ—l(g*) sup W(A)
veH @)\ {0} 111 H1(©) veH(2)\{0} HY(S)

< Hg”ﬁfl(n*)-

Altogether, this shows

Vevs g)a, S ollg-r2@nllgll g1,

Taking the supremum over all g shows [V,vllgi,) < [[vllg-12(r,). Finally, there holds
with (6.2.35)

IVevllmree,) S TOV) o vidlmee S ITVw) o vllmio)
S Vvl .,
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where the hidden constant depends again on the bi-Lipschitz continuity of 7, and v, () = Q.
This shows (6.2.37). The Céa Lemma (6.2.39) follows by standard arguments from (6.2.38)—
(6.2.37). This concludes the proof. O

LEMMA 6.2.24. Given x,y € R? and the approzimate geometry T, € T with (T'1)—~(T'3)
and geo(T,) < Cot/2, the kernel

|z —y/?
Ke(z,y) :=lo 6.2.40
=) =10 (o = ) 6240)
satisfies for 7 = 1,2
2 2
19, k(zy) = —— Y (e — 8, v (x)) + (——Y () — % (y)* = |z — gy
ule) = (o= ) + (e ey o
(2 —y) — (nlx) — 1))
+ - 0y (). 6.2.41
ERE e R 6241)
This particularly implies
|Varia(z, )| < C(1+ geo(T5)) [tr = OrYal[ oo (r) (6.2.42)

[z — y|

for all x,y € R?, where C > 0 depends only on Cri,, Ceyx, and T'. For x,y € T, there holds
even

1
|Vak(z,y)| < CCOr(1+ geo(ﬁ))m max ltr — Or sl oo (rr)- (6.2.43)
[T nr¥|>0
as well as
tr — " 1
C™H O ahu(z,y)| < [Ur ‘xa_r7y|)($)| + (1 +geo(7§))geo(7})2m. (6.2.44)

PROOF. The identity (6.2.41) follows from straightforward differentiation. Since V~, €
L>(R?), there holds with [z,y] :== {A(z —y)+y : 0< A <1}

|7(@) — % @) — |z — y*| < ([7(@) = %) — |z — y]) (@) — %@)] + |z — y))
< (@) = 1y) = (@ = ] (@) — 3] + |z —yl)

< (1+ Cuip) /[ (4= VE)

Y dZ’\w —
|z — y|

< | = V(@) | ome) Iz — yI*.
This and (6.2.28) show
() = @) = |z =y
() = 1Y) ?

Finally, the same argument shows

< it = Oyl o (ry.-

Y(T) = Y(y) — (. — y) < 1
Ir — a % || Loe .
(@) —n@)? =y ltr = Fryall ooy
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The bound (6.2.28) implies |0,,7.(z)] < 1+ geo(7,). This shows (6.2.42). The esti-
mate (6.2.43) follows analogously by use of [z,y] := 'Y instead, i.e.,

7(@) = %) = |z =y < (|n(@) = %) = [z = y]) (|(2) = %ly)| + |z — y])
< (@) = 1) = (@ = ) (|7u(2) = % W)] + 2 — yl)

< (14 CLyp) /1"’ tr(z) — Orye(z) dz

< ||tF - aF%HLoo(FZ)W - ?/|2-
The estimate (6.2.44) follows from (6.2.41) and
[17e(@) = %@ = |z = yPP| < (In(2) = %) = o = yl) (@) = w@)] + |z = yl)
< geo(T,)*|x — y].
This concludes the proof. O

|z —y

The following result can be found in [43, 77, 83| for real and complex interpolation. We
include the proof for completeness and to underline the fact that the constant is independent
of T

LEMMA 6.2.25. Let ' = 9Q C R? denote a Lipschitz boundary. Let fi,..., fn € Hl(f)
such that the supports supp(f;) are connected and pairwise disjoint, i.e., supp(f;)Nsupp(f;) =
0 for all1 <i+# j < N. Then, there holds

I Z Fillbpay <2 Z il 2 supp )

PROOF. Define the auxiliary operators Tj : Hi:l L2(supp(f;)) — LA(T) as well as T} :
[T, H' (supp(f;)) = H'(T) by

N
Ty((fi,--. fn) =Y _ fi ford € {0,1}.
i=1
Obviously, there holds
||T0(f17"'a L2(F ZHJCZHL2 (supp(fi)) ||(f1""’fN)Hf_[éV:lLQ(supp(fi))’
||T1(f1a"'7 HI(F ZHfZHHl(supp (fi)) ||(f1’""fN)HQHfV:lHl(supp(fi))

for all (fi,..., fx) € T[], L*(supp(f:)) resp. all (fi,..., fn) € 1Y, H'(supp(fi)). Real
interpolation shows for T/, : X — HY2(T), Tvo(fis-o  fn) = le\il f; that

1 Th2( s fN)||H1/2 <N (fr- - )l

where X' := [Hf\il L2 (supp(f;)), Hi:l H*'(supp(f;))]1/2 denotes the space defined with real

interpolation. There holds X = [, H"/?(supp(f;)) with equivalent norms. It remains to
bound the equivalence constants. By definition of X', there holds

O A e (6.2.45)
0
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where

N N
Ky = { (3 W foillFauntrn)  + t 0 W rilinmuen) ™ ¢ fi = foi+ fri
i=1 i=1

foi € L*(supp(fy)), fr.i € H' (supp(fi))}-
Define
K7y = inf {]] foill 22 eupp(ryy) + I il Engupp(sy ¢ fi = Joui + fris
foi € L*(supp(f2)), f1: € H' (supp(f))}-
Given € > 0, let go; € L*(supp(f;)) and g1; € H'(supp(f;)) such that f; = go; + g1, and

5 =~ .
||90,i||%2(supp(fi)) + t2||gl7i||%{1(supp(fi)) S N + KtQ,z for all 7 = 1, ey N.
Then, there holds

N N N
K7j2 < Z HgoviH%Q(SUPp(ﬂ)) +17 Z Hgl’iH%l(SUpp(ﬁ)) Se+ Z KtQZ
i=1

i=1 i=1

Since € > 0 is arbitrary and a® + b* < (a + b)? for all a,b > 0, the above implies

N N
Ki/2 <) Ki <) K
i=1 i=1
where

. 2
Ki; = inf { (|| follc2supcr)) + trill euwncry)” © fi = foq + fi
foi € L*(supp(f3)), f1. € H' (supp(fi))}.
Together with (6.2.45), this shows

N N
||(f177fN)||g( SZZ/ t_QKtQ,zdt:4Z||fl||§{1/2(supp(fl))
i=1 70 i=1

Altogether, this concludes the proof.
Given T' € T, define the k-patch of T" for all £ > 1 as
W(T,T2) =W (T,T) = J{T' € T. : TNnT" #0},
wk(T, T.) = wk’l(w(T, T, Ts).

Note that w(-,-) is a patch function in the sense of Section 4.5.1.
A similar result to the following is proved in [43] for certain residuals.
LEMMA 6.2.26. Let T denote a partition of I' into connected curve segments. Define
the weight-function h(T)|r := |T| for all T € T. Let J(T): HYT) — S'(T) denote the

Scott-Zhang projection from Definition 3.2.6. Then, there exists a constant Cher > 0, such

that all v € HY*(T') satisfy

||(1 — J(T))vH?{I/Q(F) < Chaer Z ||(1 - ‘](T))vH?{lﬂ(UwQ(T,’T))'

TeT
The constant Craer depends only on I' and K(T) (where K(-) is defined in Section 3.2.2).
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PROOF. Let &,...,&n € C(T') denote a T-piecewise smooth partition of unity on I' such
that all j =1,..., N satisfy

1€ ]| Loy < 1
supp(&;) C T;1 U Ty for some Ty, Tjo € Twith Tjy N Tso # 0,
100&;l| Lo () < C’h(T)|;j1’i fori=1,2
for some constant C' > 1. There holds

11 =TT ol ey = HZfz (1= J(T))vllp /2y

Let K3 UK3 ={1,..., N} such that |supp(§j) Nsupp(&)| =0 for all j # &, j,k € KI and
for all j # k, j, k € K%. Lemma 6.2.25 shows

H Zfﬂ 1 B ”H1/2(F)

<2 ST 60— Il + 2 Y G0 =TTy (6.2
jexk jekz
<4 Z 1€;(1 = J(T))v HHI/2 (supp(§;))
JjeKT

With w; = supp(§;), by definition of the H'/2norm by real interpolation, and with w :=
(1 —J(T))v, there holds

el = | R
where
Ky o= inf {woll ey + i) = & = wo + wy, wo € L2(wy), wi € H'(wy)}.
Additionally, consider
Ky = inf {Jwoll 22y + tlonllmes) © w = wo+wi, wo € L*(w)), wy € H'(w))}
with w? == J{T € T : TNw; # 0}. Choose wy, w; such that H@oHLz(sz) + tH@lHHl(w]z) <

K, + ¢ for some & > 0. Since (1 — J(T))w = w, there holds w = @y 4 @ = wy 4 w; on wj
with w; == (1= J(T))w; for i = 1,2. With {w = wy + ws and |0ré;| ~ diam(w;) ™", this
allows to estimate

Ky < [[&5wo| 22w,y + tIE5wi | a1,
S ||w0||L2(wj) + t(||w1||L2(wj) + ||8F(§jw1)||L2(wj))
S Nlwoll 22wy + t(llwn]| 22wy + N0rwi | 2wy + diam(w;) ™ wi [l 2wy ) -

The fact that w; = (1 — J(T))w; for i = 1,2 as well as the stability and approximation
properties (3.2.16) of J(T) lead to

K S H@O”LZ(UJ;) + t(H{El”LQ(wf) + H8F@1HL2(UJ§))
S ||'&?0||L2(w12.) + t||@1||H1(w]2) S K +e.
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FI1GURE 5. Illustration of the situation in the proof of Lemma 6.2.27.

Since ¢ > 0 is arbitrary and the hidden constants depend only on K(7) (where K(-) is
defined in Section 3.2.2) and I, there holds K; < K; and hence

61 = KT el = [ 12K S [ RE = 10 = IOl

0
In combination with (6.2.46), this concludes the proof. O

LEMMA 6.2.27. There exists a constant C's, > 0 such that each partition T of I satisfies
fora>1

« max h(7T o
max 3 ATl [ Cslog () 10es(ITDI +1) fora =1,
Ter 4= dist(T,T")* ~ | Cx|log (r;?;gg;f;ﬂ for a > 1,

dist(7,77)>0
where h(T)|r :=|T| for all T € T and the constant Cyx, depends only on K(T) (with K(-)
from Section 3.2.2) and T

PROOF. For T,T" € T, define TY = TY for some 2 € T and y € T with |[T%| =
mingeryer [TY]. Let TV € T. Deﬁne Py :={T €T : [I]27F < |T| < [[]27%"} and
choose a numbering {Tx1,...,Tkn, } = {T € P, : dist(T,T") > O} such that Fg’;’l contains
|552] elements from P and dist(Z}1,7”) is minimal (see Figure 5 for an illustration of the
concept). This implies
(6.2 i — 9
dist(T',Thy) = O o) > C;l(L%j —1)27*,
Moreover, for 1 < j < 4, the K-mesh regularity and the fact that dist(7} ;,7") is minimal
imply
dist(T", Ty;) > dist(T", Ti1) = K(T) " Tia| = K(T) 727 > K(T) 7' /2|5, 1
With this, compute
o " | Tegl™

; dist(7,T") Z EZ dist (7, T") ZZ dist (T ;, 1)~

dist(T,77)>0 dlst(T T’)>0
max{kEN:nk>0}

(—k+1)
5 Z ( +Z u _1042 ak)

k=0

max {kEN:nk>0}

< > (1+§;%&)

k=0
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There are at most |log,(max (7)) — log,(min ~A(7))| numbers k € Ny with n, > 0. Hence,
an asymptotic estimate for the harmonic series shows for a = 1

Z % <D (Iog(|A))I +1)

dist(T,T)>0 ng>0

S log (o T + ),

For a > 1, the Dirichlet series converges and hence

7|~ < max h(7T)
TEZTZ . ~ 8 Gy

dist(T,77)>0
This concludes the proof. O
6.2.7. Reliable error control. The following results prove the reliability of the error
estimator.

THEOREM 6.2.28. There exists Cio > 0 such that all approximate geometries T, € T

with h, < Crlrp!/2 and geo(T,) < min{C.1/2,Crt/2,Crlkpt /2} satisfy the reliable error
estimate

lu = U(T) =120y < Cran(T5)- (6.2.47)

The proof is divided into several lemmas.
LEMMA 6.2.29. The approzimate geometry T, € T defines the formal operator

|z =yl
M,g(x) = /lo (W*( = (y)|2)g(x) dx  forallz € QUT. (6.2.48)

If T, satisfies (T'1)—(T'3), there exists a constant Cres > 0 such that all v, € L*(T,) with
vl 1= v, 0 v, |0, satisfy

— ViU, w)r,
res”u *HH—l/Q(I‘) < sup <f* *x Vs >F
weH-1/2(T,) Jwl| gr-1/2r, )
where we define || M, U*HHl/Q ) = oo for MY ¢ HY(T). This holds particularly for
v, = U(T,) and hence v- = U(T,)'.

+ ||M*U*F||H1/2(r)

PROOF. The error |[u — v} || g-1/2(ry satisfies for @ := w o v, *|dp, ;]

V(u—ol), w Vol w
li— Mgy > sup =l g, s
weH~1/2(T) Hw|’H*1/2(F) weH~1/2(T) Hw|’H*1/2(F)
L gy Hwde s W @+ Y, @) = ] whe
weH~1/2(T) ||w||H*1/2(F)

The identity (f, w)r = (fi, wo 10,75 )r. = (f«, W)r, shows

» = Vils, ViUy, W)r, Vol', w
lu— ey~  sup @)r, + (Voo., B)r, — (Vb wir

wEH~1/2(T 1wl g-1/20
o Ve, @ Vs, i)y 6249
< sup * — *Usx, W), + sup *Ux, W)T, v, ,W I"
@eH~1/2(T,) HwHHfW(F*) weH=1/2(T) HwHHﬂﬂ(r)
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where we used Lemma 6.2.19 to get ||[w||g-1/2¢r) = [|0]| g-1/2(r,). The numerator of the last
term in (6.2.49) transforms to

—ar (Ve wo o e, — el whr) = 4w (V) 03, = Wik, w)r)
= [ ([ 10 (1) =yt dy = [ 10g (12 = o)l ) ) wio) o

*

= [ (108 (@) = 2Pyt ) dy = [ 108 (1o =)ol ) dy) o) o

_ —/F/Flog (Iw(a‘j - ziy”z)vf(y) dyw(z) de = —(MoL, w)r.

(6.2.50)
This concludes the proof. O

The following result can also be found in [34, 28]. We refine the proof to ensure that
the involved constants behave uniformly with respect to the approximate geometries I',.

LEMMA 6.2.30. Given the approzimate geometry T, € T, there holds

sup <f* - V*U('H), w>F* < \/§K(71)1/2(5K(7;)2 + 3)1/4 p('ﬁ)

weH—1/2(T,) ”wHH—l/Q(F*)
with K(T,) from Section 3.2.2.

PROOF. Let &1,...,&n € C(I') denote a T,-piecewise smooth partition of unity on I',
such that all j =1,..., N satisfy

16l ey < 1,
supp(&;) C Tj1 UTjo for some T}, Tjo € Towith Tj 1 N1 0 # 0,
180, &ll ey < 2haly),  fori=1,2.
There holds

weH—1/2(Ty) ||w||H—1/2(I‘*)

= = | f = VU (T gy

N
=13 & = VUT)) .-
j=1

Let K'UK? ={1,..., N} such that [supp(&;) Nsupp(&x)| = 0 for all j # k, j, k € K' and all
j#k, j k€ K2 Lemma 6.2.25 with ' = I, shows

N
136U = VOTD ey < 21 S 60 = VT e,
j=1

jext
+2 > &(fe = VUT) 2,y
jeEK?

N
< 42 1€;(fx — V*U(ﬁ))”ém(supp(&j))'
j=1
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Real interpolation theory shows

1€ (fe = VRU T Fr0/2 suppie, )
S & (e = VAU(T) 2 suppienn 165 (fe = VU (T) [ suppie )

where the hidden constant depends only on the scalar field of the involved Hilbert spaces,
which is, in our case, R. Hence, with v; := &;(f. — V.U(7,)), there holds

N

”f* - V*U<7;)”§{1/2 < 42 ”U]HLQ(SUPP (&) (”U]”L2 (supp(&;)) + H&[‘ UJ”LQ(supp(fj))
7j=1

)1/2

Elementary calculus and the definition of the {; show

1031l 2suppies ) < IFx = VRU(T)ll 2 suppie )
1900l 2 suppie; ) < 2mas bl [+ = VU (T llr2uppie)

+ 1|00 (f« = VRU(T)) || 2 suppie; ))-

Since U(T;) solves (6.2.2) and f, — V,U(T,) € H*(T',), there exists at least one zero zr € T,
with (f, = V.U(T,))(2r) =0 for all T € 7,. Hence, Friedrich’s inequality proves

Hf* - V*U<7;>HL2(Supp(fj)) < g%)é h’*|Ti,j H8F*<f* - V*U(ﬁ>>HL2(SUPP(§j))'
The above together with the K-mesh property show

1fe = VU T2y
N

1/2
<4 Z ||vj ||L2(Supp(§j)) (ij ||%2(supp(§j)) + ||8F*vj ||%2(supp(§j)))
j=1
N
<43 (Il = VUl zeumniey)
j=1
2 1/2
(5 {2? X hy ‘T ”f* ( )HL2 (supp(&;)) + 3”61‘*( - Vi U( ))HL2(supp(§J))) )
N
<1y (K(71)||h*6r*(f* — VU(T)ll2umwiey
j=1
(5K(T2)? +3) 20, (. = VU(T)) 2 supp@»)
< 4K(T.)(5K(T)* +3 1/22 10200 (o = VU (T2 suppie, )
< 8K(T.)(5K(T.)* + 3)1/2||hi/28r(f* = VU(T)) |z,
This concludes the proof. O

LEMMA 6.2.31. Let the approzimate geometry T, € T satisfy (I'1)—~(I'3). Then, there
exists Cr2 > 0 such that all g € L*(T') satisfy

IMogll 22y < Crageo(To)*(1 + [ log(geo(T)))llgl 2y
where M, is defined in (6.2.48).
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PROOF. By definition of M,, there holds

Mgl 720y = /(/bg(m(‘x)_ziy)P)g(y)dy)Qda;
< [ Jos (5= ) sl

The remaining integral is split. Let I'y, ..., 'y denote the smooth and connected parts of T'.

There holds

/F/Flog<w*<:‘;§_y|2( |2) dydx—ZZ/ / g (1=, —yP( )‘2>2dydx_

=1 j=1

Case I'; =T';: Lemma 6.2.13 (i) implies

|5E —yl? 2 2 4
log dydz < |T'|*geo(T,)".
// () — ly )IQ)

Case I NT'; = 0: Lemma 6.2.13 (iii) implies

—yl? 2
/ / log ( ] 2) dydr < |T* min |2 — y| %geo(T;)*
r, Jr; 7 (@) — 1) =€l

J

< geo(To)".

Case I, NT; = {2z} C Pr: Given € > 0, define B. := {y €T : |y — z| < e}. There holds

//log e —y|2< )|2)2dydx (6.2.51)

|z —y|” 2 / / \:c —yl* 2
= log dy dx + log dy dzx.
/I‘i\Bg /rj <\%(~’C) Yely \2 : () = 2uly )|2)

For the first term, Lemma 6.2.13 (ii) and |z — 2| <TZ <TY S|z —y|forall z € [, y € T,

imply
[z —yl* 2
log dy dx
/I‘i\BE /rj <\%(:€) - %(y)|2)

z—x|+ |z —
Sgeo(ﬁyl/ (1+ | | | . y|)2d:pdy
[i\B. JT |z —y

J

SgeoT) [ [ 1 feyl dedy
\B. JT

J
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Without loss of generality, there holds [a,b— ] =~ *(T; \ B:) and [b,¢] = v~ }(T';) for some
a<b<cel0,1] and 0 < § ~ e. The Lipschitz continuity of v shows

/ / o= y| 2 dudy = / / () — 7 (B)] 2|2 ds dt
I\B: JT; Y~ HT\Be) Sy~ (L)
5/ / s — t| 7 ds dt
LT3\ Be) Hry)
b—d
/ / S —t 2dsdt

:/ b—t)" —(c—t)tdt
<1+ |log(d)| ~ 1+ |log(e)|.

For the second term of (6.2.51), Lemma 6.2.13 (ii) shows

|$ - y‘2 2 2 2
[ 1og Iv T )I2> dy dz < geo(T)?| Bo||T| < egeo(T7)?.

Altogether, this proves
y| = yP 2
log ) dy dx = / / log ) dy dx
// I% ()I? Z]z: I% ()]
< N*(geo(T.)* + geo(T.)* |10g(€)| + geo(Ts)%e).
Since N depends only on T', the choice € := geo(7,)? concludes the proof. O

LEMMA 6.2.32. Let the approximate geometry T, € T satisfy (I'l)~(I'3) and geo(T,) <
C1/2. Given g € L™(I') and with M, from 6.2.48, there holds M,g € H(Q), whereas
g € L*(T") implies M,g € H*(T).

PROOF. Given z € 2, k,(x,y) is smooth and hence (6.2.42) shows

Vo M,g(a |/v (2, 9)9(y) dyl < gl o) /|a:—y| dy
< gl (1 + | og(dist (z, T))]),

where the hidden constants depend only on C., and an upper bound of geo(7,). This proves
that V,M,g(x) € L*(Q). Lemma 6.2.31 concludes M,g € H*(2). There holds

M,g(x) = Vg(x) — /Flog () = % (W)g(y) dy = Vg(x) = (Vulg 0 7 071 H]) © ().

Since g € L*(T") and g o 7.0y 1| € L*(T,), the mapping properties of V and V, show
Vg € HY(T), V(g oy 0y t) € HY(T,). Since v, is continuous and piecewise smooth, this
concludes the proof. O

<

LEMMA 6.2.33. Let the approzimate geometry T, € T satisfy (I'1)—~(I'3) and geo(T,)
Cit/2. Then, there exists a constant Cgij» > 0, such that all g € L*(T') with supp(g) C
for some x,y € ' satisfy

Mgl 112y < Ciinge (geo(TO)ITEY?(1 + [Log(IT%])]) 2
+geo(T2)*(1 + [ log(geo(T)) gl 2.

131

I3



where M, is defined in (6.2.48). The constant Cgj» depends only on Crz, Crip, Cext, and
on .

PROOF. Define the volume potential

Do(z) ::/vam*(x,y)v(y) dy.

Assume for the moment g € L>(T'). Lemma 6.2.32 shows M,g € H'(Q2). Given v € L*(2),
there holds

(VM.g. o= [ [ Vyelegle) dooty)dy
@/ (6.2.52)
~ [ [ ure. et dygta) dz = (g, Do
r
Consider the simple-layer potential Vo : H~1/2(Q) — H/2(Q2) on the 2D manifold (2

Vag(z) /\x—y| Y9(y)dy for all z € R®.

The identity (6.2.52) together with (6.2.42), shows

(9, D(v FN/|g |‘/Vﬁ*xy dy}dx

S Htr—arWHLoo(r)/\g \’/| y)| dy| da

=~ [ltr = Orvell =y (lgl s Va(lvl))r

With [I'Y] = h, Lemma 6.2.15 shows |||g|l|z-1/2r) S hY2(1 + [log(h)])*/?(|g|| 12r)- This and
the continuity Vo : L*(Q) — H'(Q) show

S;I()Q)@, D())r S lltr = Orvell oo 1|9l | z-1r20y Ve ([0 )l /2y
ve

S llte = el ey B2 (1 + [Log(B)[Y2)]| gl gy [ Ve o) [l 1 @)
< geo(To)h!* (L + [Log(h) ") [lg]l 2y | v]| 2o

Altogether, this proves

VM., v)g

2@ vl 7 geo(ﬁ)h1/2(1 + 10g<h)‘1/2)”9HL2(r)
ve

Continuous extension shows that the restriction g € L*(T") is not necessary.
Let M := |I'|7! [, M,g(z) dz denote the integral mean. Rellich’s compactness theorem
proves [|[M,g — M| g1 ) S < HVM*QHLQ(Q . Altogether, this shows

Mgl 72y < M|y + | Meg = M| g2y
S M|l 2y + VMgl 2 (6.2.53)
S Mgl ey + b log(h)[Y2geo(T) gl 2y
Lemma 6.2.31 and (6.2.53) conclude the proof. O

132



LEMMA 6.2.34. Let the approzimate geometry T, € T satisfy (I'l)~(I'3) and geo(T,) <
Cot/2. There exists a constant Cyij2 > 0 such that all g € L*(T') satisfy

IM.gllrary < Criegeo(T)*?(1 + [log(geo(T)Dlgll z2),

where M, is defined in (6.2.48). The constant Cy/2 depends only on Ciirz2s Cr2, Craer, Co1,
Cext; CLip, CE, cmd on Q,

PROOF. Construct a uniform partition ¢ of I' with element size h(U) =~ geo(7;). With
the Scott-Zhang projection J(U) : L*(T') — S'(U) from Definition 3.2.6, split

||M*g||H1/2(F) < ||J(U)M*9||Hl/2(r) + [](1 = J(u))M*QHHl/?(F)
S hU) Mgl 2y + (1= T@U) Mg oy,

where we applied the inverse estimate from [57|. The first term on the right-hand side is
considered in Lemma 6.2.31. Lemma 6.2.26 applies for the second term to obtain

I(1 = J@O) Mgl a2y S Z (1 = J@)) Mgl 2 2 wany)
veu

With g1 == gluwt @y and gu, := g—gu,1 and by use of the approximation properties (3.2.16)
of J(U), each term on the right-hand side is bounded by

=M.l sy
S HM*gUJH?{l/Q(Uwg(U,M)) + (1 = J(u))M*gUz”ip/?(uﬁ(U,u))
S ||M*gU71||?{1/2(Uw3(U,M)) (6.2.54)
+ (1 = J(U)) Mguz|l L2 w100 (1 = JU)) Migu el 2 ez
f, HM*QU,1"§{1/2(UUJ3(U,U)) + h(“)”aFM*gU72”%Q(UUJ3(U,Z/{))7

where Lemma 6.2.32 shows that the right-hand side is well-defined. Since |supp(gu.1)| =~
h(U), Lemma 6.2.33 applies for the first term and, with h(U) ~ geo(T) leads to

D IMaguallf e s wan S geo(T)*(1+ |log(geo(T))) D lguallzeq
Uveu e

< geo(T.) (1 + |log(geo(T2))) g1l

Given U € U, an explicit computation together with Lemma 6.2.24 shows

2
[ (] oraroatdy) ds
w3 (UU) MN\uw?(UU)

2
< g60(71)2/ (/ v =yl l(y) dy) " de (6.2.55)
Uw3(UU) D\Uw?(UU)
< geo(T2)*| U (U, U)|

—1/2/12 -1/2 2
sup ( xr— - w xr— - g\ w )
o Nz =17z o wany =179 () |22 \uwt )y

A computation in the parameter domain shows for z € | Jw},

e = s an S ) o]
YT HI\Uw (U U)

S (1+ [log(ht)))),
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since [y H(z) —t] = |z — ()] = h(U). With (6.2.13), there holds for all U’ € U with
U Z MU U)

dist (U, U’) < dist(Uw®(U,U), U’) + 2h(U) < 3dist(Uw®(U,U), U")

and hence
sup e =[O i = s S [ o=y ey
z€UWw?3 (UU) zEUw3 (UU) U eltd\a (UU) g

1
< E . 2 .
U'el\w* (UU)

Plugging the last two estimates into (6.2.55), we end up with

2
orMgualeay = [ ([ Grente o) dy) o
Uw3 (UU) T\Uw*(UU)

1
< geo(T,)? Uw? (U U)|(1 + |log(h(U))]) Z WHQH%Q(U/)
U'el\w*(UU) ’

U
S e TP+ [loglaeo(TN) Y b lolun
U'et\w* (UU) ’

With the convention dist(U,U’) =1 for UNU’ # () and h(U) ~ geo(T,), this leads to

Zh )||Or *gU2”L2(Uw3(UU))
Ueu

2 U]
< (14 [log(geo(To))Ngeo(T)* Y~ Y- ”gHLQ(U’)m

UeU U’ elt\w* (UU)

I %
< (1 + [log(geo(T))])geo(Ts UXE% ||9||L2<U/ < dist(U, U")’

Lemma 6.2.27 provides an estimate for the last sum of the right-hand side. Altogether, this
shows

D U0 Moguz | T way S (1+ [og(geo(T2))geo(T) gl 72y (1 + [log(U])]).
veu

Since |[U| ~ |T'|/h(U) =~ geo(T;)~ !, the combination of the previous estimates concludes the
proof. O

PROOF OF THEOREM 6.2.28. Lemma 6.2.29-6.2.30, and Lemma 6.2.34 show the state-
ment. U

6.3. Convergence

Throughout this section, we assume that Lemma 6.2.9 (i)-(iii) and geo(7;) < Ci.t/2 hold
for all approximate geometries 7, € T. Moreover, we assume that the exact boundary I'
satisfies the following: All approximate geometries 7, € T and all elements T" € T, allow for
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a parametrization
I [07 1] — TF7
75 (s) € span{tr o yp(s)} for all s € [0, 1],

(6.3.1a)
|TF| < |’7T| < C1pa1f|,-z—‘r|

par
1Vl oo o,y + 1 (Ve 0 7)o p0,1]) < Croae| T |

for some constant Cp, > 0 which depends only on I'. Moreover, there exists some p € N
such that for all T € T, exist 7, Y. € PP(]0, 1])? such that

Ivr = Arllwre o + 1% © v = Frallwro o)) < Coargeor (7). (6.3.1b)

REMARK 6.3.1. The assumption (6.3.1) basically states that the Taylor expansion of
the parametrization vy behaves nicely. Since v, is uniquely determined by vy, (6.3.1b) is an as-
sumption on the Taylor expansion of vy, since infy, cpro) [vr =T lwieeqo)) S 177l 2o 0,1
and geop(T:) 2 mingr [y o v, Assumption (6.3.1) holds for example if T' is parametrized
by piecewise polynomials of arbitrary order, i.e., B-splines, or by NURBS.

LEMMA 6.3.2. Under assumption 6.5.1 and with Lemma 6.2.9 (i1)-(iii) as well as
geo(T,) < C,1/2, there ewists a constant Ci, > 0 such that the approzimate geometry
T. € T satisfies for all T € T,

||tp — 8F’)/*||Loo(TF) S C’inV|T|_1geoT(71)2. (632)
Given z,y € T with x € T} for some Ty € Ty, there holds additionally

|Ty| 1 1
ona o) < Con (172 + =yp) e oo (T2 (633)
as well as for z,y € Jw(Ty, T))
T -1/2
|0 2hx (2, )| < CinVHL max_ geoy(7;)%2. (6.3.4)

Y| Tew(To,T2)
The constant Ciyy depends only on Cpae, K(Ty) (with K(-) from Section 3.2.2), and Cr.

PROOF. Given T € Ty, there holds with (77 — v, 0v7) = (tr — Or7x) © Y77y and (6.3.1a)
that

ltr = Ovvell oo qrry = ITT[HI (v = e 0 97) |2 0.1 (6.3.5)
Assumption (6.3.1b) and norm equivalence on P?([0,1]) imply
(v = 0 7)oy < N = A1) [l (10,1 + geor(T)?
S 1Ar = Fralle=(o, + geor(7)
S vr = 2w 0 yrllze=qo,y) + geor(To)?.
Finally, there holds
Iy =% 0 vrllz=o.n) = llide = 7l oo rry.

The combination of the last three estimates concludes the proof of (6.3.2). To see (6.3.3),
combine (6.2.44) and (6.3.2). The estimate (6.3.4) follows from (6.3.2) and

It — Bl oerry S 171 g00p (T 0 — BullY2 ey < 171725007 (T2)2
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Together with the K-mesh property and (6.2.43), this implies (6.3.4) and concludes the
proof. O

LEMMA 6.3.3. Let assumption 6.5.1 hold and suppose Lemma 6.2.9 (i)-(iii) as well as
geo(Ty) < C.1/2 hold for T, € T. Given T € T,, define

[ yr(s) = ()P / .
or(s) = [ tom (=D ) )1 o et .

There holds for all e > 0
971l 220,11y < Capel T (e + (1 + [log(e)lltr — Fryll oo ary)- (6.3.6)

where the constant Cypx > 0 depends only on Cpar, Cext, and on Crp.

PROOF. Let kp(s,t) denote the logarithmic kernel of gr. Straightforward differentiation
shows for vyr, := v, o yr

1
éﬁsmT(s, t)

_ (r(s) =0 (®) - 2 (8)1r4(5) = 10D = (914 (8) = 104(8)) - Vu(8) 7 (8) = 37 ()
1vr(s) = yr (@)1 77..(5) = Yo ()| '

Taylor expansion shows for some z1, 29, 23, 24 € [0, 1] and s, ¢ € [0, 1] that

[Ostir (5, 1) [77(5) = Y7 () F[v7s(5) — v7a(D)]*/2
= (5 = I(8) *I1ra(s) = 1ra O + (s = )77 (21) - ¥ () vra(s) — y7a(B)
— (s = )1 () lvr(s) =9 )] = (s = )77 (22) - V. (8)lyr(s) — 2 (1)
= (5 = 1)°I7(8) *Ire(8)1* + (5 = 1)° |77 (23) Py (5) |
= (s =’ Iyr() P () + (s = ) [yr(20) Pl ()
+ (s = )*77(21) - v (8)mals) — ()
— (s =197 (22) - Yr. () vz (s) — (D).

Assumption (6.3.1a) bounds the above by

|0st (s, 1)][72(5) — 2 ()F[71.4(5) — Y10 (B) [
S(s— t) (v *”L‘X’(Ol H"YTHLOO(M + I HL<>° ([0,1]) H"YT*HLOO (o, 1]))
+ (s = Y[l ll oo o 1V oo o,y [V (8) — Yo ()2
+ (s = 2197l e o IVl e o,y (8) = A2 (8]
S(s— t) (”’VT*”LOO(Ol)H’YTHLOO(Ol) + I HLOO ([0,1]) H’YT*HLOO (o, 1]))
+ (s — ) (Il zoecto, 17 o to, ) 1V e o, 1

+ H“YT,*HLOO([OJ])H’VT,*HLOO([OJ])H’VTHLoo([o,u))
ST (s =) + (s = 1)),

where the hidden constants depend only on Cp,, and on Crp. Again with (6.3.1a), the above
implies

Ouror(s, )] <1+ s — ¢, (6.3.7)
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where the hidden constant depends only on Cp, and on Cpi,. On the other hand, there
holds rr(s,t) = k«(yr(s),yr(t)) and hence by use of (6.2.43)

[Ostir (s, )] = [(015) (v (8), Y (OITT] S [T I (8) — 920 ltr — Fevell oo )
~ [s — t| 7 ltr — Oyl ooy (6.3.8)

The estimates (6.3.7)-(6.3.8) and |0p,| o vp < 1+ geo(T;) < 1+ C.L/2 show for € > 0

95(5)1 < | Oumrls 01t + | [ Oumrls, 0l 0]

[0,s—)U(s+¢,1]

S| |s — t] 7" dt|[tr — Ovvullpoo ey [T | + €| T
[0,s—)U(s+¢,1]

ST+ [og(e) DIt = Oyl o (rr) + [T e
This concludes the proof. O

LEMMA 6.3.4. Let assumption 6.5.1 hold and suppose Lemma 6.2.9 (i)-(iii) as well as
geo(Ty) < Cot/2 hold for T, € T. Given G, € P°(TF), there holds for all T € T,

[T 12100 Mo (Gl 801D [wire 7o) L2y
< Cugeo(T.)2(1 + [1og(geo(T)) | Gall 2 wuire 7).

where M, is defined in (6.2.48) and the constant Cyy > 0 depends only on Ciny, CrLip, Cext,
Cr, Capx, K(T,) (with K(-) from Section 3.2.2), and on T.

PROOF. We abbreviate G := (G.|0r4])|uw(rr,7r) and get

— 2 )
M*G 22 r :/ / O xl |ZL‘ y| G d d
|Or IZ2 () ( (T 7T r, Og(|7*($)—%(?/)|2) (y) y) x
|z —y[? 2

ol G(y)dy) d 6.3.9

/TF (/JM(TF TINTT O 1o (|7*(x) — %(y)|2> (y) ?/) T ( )

| —yl? 2
+ Orzl G(y)dy| dx.
fu (e (= ) e )
There holds with (6.3.4)

/TF ( /UW(TF,TF)\TF Oz log <\fy*(:|;; - Yy )|2)G(y) dy>2 dx

2
S (oM max seor (7 [ ([ o= ol Gl dy) do.
7 N J (T TENTT

AN

cw(T\T+)

Let T1, Ty € T} such that T} UT, = Jw(T", T,Y) \ T". Then, there holds for i = 1,2

[ ([ te=sri6wla) e [ ([ 1ol )
< (14 geo(TP)[Guln [ Tog(dist(a, 7)) .

The Lipschitz continuity of v and (6.2.13) show for z; :=T;,NT €T
C o — z| <dist(z, T;) < Ola — 2|
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for some constant C' > 0. This implies

/TF log(dist(z, T}))* do < /Tr(log |z — 2])* dx + /T(log(C’))2 dr < |TF|(log(|TF|)2 +1).

Altogether, this shows

[z —y? 2
2 G(y)dy) d
A;(K;@Wﬂxﬂj%’Og(hﬂx)—yxwa (v) y) *

< -1 2 3 2 6.3.10
S (1+ geo(T) [T~ (log(|T'])" + 1) T/EW(%E,%%F)\TT geor (Tx) HG*HL?(UW(TFJ;F)) ( )

< (1+ geo(T))IT|™ (log(IT1)* + 1)geo(T)* | Gl L2 (e 7).

where we used the K-mesh property for the last estimate. The remaining term in (6.3.9) is
bounded by use of Lemma 6.3.3 with £ := geo(7T,)*2. Since G,|;r is constant, consider

— |2 2
MGl = [ (9 [ 1ow (=2 ) 0 )
= (Gl P30 (g 027 gy = [TV Gl Pl 2oy
< (4 (14 [10a() 2 tr — 06 e ) |G 2
< (geo(T2)® + (1 + | og(eeo( TD2lltr — 0% rry) G Bagrr

Lemma 6.3.2 then shows |T'|||tr — 8p7*||%oo(r) < geo(T,)? and hence

710 MGl e |7
< (1+ [log(geo(T:) ) *geo(To) |Gl 2rr)-
Putting together the estimates (6.3.9), (6.3.10), (6.3.11), we end up with
|00 M (Gluwerr 7o) 72y S geo(T2)* (log(IT1)* + log(geo(T))* + DGl Ze(uucrr 7y-

(6.3.11)

This concludes the proof. O

LEMMA 6.3.5. Let assumption 6.5.1 hold and suppose Lemma 6.2.9 (i)—-(iii) as well as
geo(T,) < C.1/2 hold forT, € T. All G € L*(T') satisfy

> AT 100 Mu(Glevowre 7)) 32y
TeTx

< Chugeo(To) |1 + log (min h)*(| log(|T2))| + 1) |G 22(r,

where M, is defined in (6.2.48) and the constant Cyi > 0 depends only on Chapx, Cext, CLip,
Cs, K(T,) (with K(-) from Section 3.2.2), and on T.

PROOF. Let z € T" for some T € T,. The estimate (6.3.3) shows
T
[z =yl |z —yP?

Oraricla )] 5 ( Jeco(To)?.

The estimate (6.2.42) shows also

|0rak(, )| S |z — y|geo(Ts).
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The combination of the last two estimates implies
geo(ﬁ>3/2( 7! i 1 )1/2
= y['2 e -yl o —yl?
|T‘71/2 1

+ ).
[z —y| |z —y¥?

|0 ki (2,9)| S

< geo(T2)*?(

We abbreviate G := G|p\uy(zr,7ry and employ the above estimate to obtain

2
oGl = [ (] O, 9)Gy) dy ) dr
T *JT\U(TT,TF)
-1 3 -1 2
STl o [ ([ o~y 1G] dy) da
T N JI\U(TV,TF)

2
(T [ (| o~ o |G ()| dy) de.
7 N Jr\Ue(TT,7T)
For a € {—1,—-3/2}, there holds

2
/(f [z~ ol |G ()| dy) da
T N JT\Uw(TT,7T)

< [Tlsuplllz =" PRy oy lle =12 GW ey 7))-

The first term is estimated as in (6.2.56) to obtain

2
L emuliGwld) d
T D\Uw (T, TT)

< |T'|sup |||z — "71/2”%2(F\Uw(TF7’T*F)) Z [z — "QH/Q‘G(')H‘%%TO)
et To €T \w(TT,TF)

1
STI(1+ [ log(|T)]) > Tt (T, Tp) 21 G 2(z)-
ToeTI\w(TT,TF) 70

Altogether, this yields

> Tl MGy

TeTx
S Y TR0 1+ [log(TN) Y (o + ——) G
dist(T, Tp)  dist(T, Tp)? L2 (To)
TeTx Toe T \w(TT,T)
< geo(T.)3(1 + | log(min h,) Z 1G22 (To) Z ( . 7 + = ol )
dist(7T,Ty)  dist(T, Tp)?

ToeTr TeTN\w(To,T)

Lemma 6.2.27 implies

T IT|? ) max A,
< log(|7; )] + 1
m Y (G T ammme) S 10 Gy, 0080 T+ D
TeT \w(To,Ty)

and thus concludes the proof.

139



To formulate the next lemma, we define an auxiliary error estimator on the exact bound-
ary. Of course, this in only a theoretical tool and does not have to be computed. For all

T € TY, define
pre(T)1) = |1/ 0 3 e (VU(T)' = Pl 2y (6.3.12)

LEMMA 6.3.6. Let assumption 6.5.1 hold and suppose Lemma 6.2.9 (i)—(iii) as well as
geo(Ty) < Ct/2 hold for T, € T. Given some S, C T,, there holds

S o) (X o)
TeS

Tresr

where ST == {T" : T € 8.} and
o = geo(’ﬁ)?’/2 (2/{FC’V,0(T*)geo(7;)1/2

+ CuCip(1 + [log(geo(T,))[) (1 + [ log(min A ) ) (1 + | 10g(|71\)\)1/2HU(71)HL2<F*>)-

PROOF. There holds with w, := |JS&, and w! =S¥
(X o) = I 0k VUTY = Pl
Tresr
< 1122 07 (O, VU(TL) = £2)) © 3l 007l 2| 2oy (6.3.14)
B2 0 3 (O (VU(T)T = ) = (0. (MU(TS) = £2)) @ 2l6eY2) 12or
We introduce the notation
A=0r(VU(T)" = f),
= (O, VU(T2) = £2)) 0 7l V2,
C =0 (VU(T.) = f2) © 1)-
The first term on the right-hand side of (6.3.14) transforms to

2
||ha1</2 © 'Y*BH%?(wE) = /F By o s (8& WVU(T,) — f*)) 0 Vs |Or | d
s (6.3.15)

:/h(ap(VU( D= f)) de =" pr(T

TeS,
The second term on the right-hand side of (6.3.14) is further split into

1722 0 7(A = B)[12r) < 1% 0 9(A = Ol g2r) + 1% 0 9:(C = B) |l z2ury-
The chain rule (6.2.11) implies
C'= (Or, VLU(T,) = fi)) © % 00

With (6.2.15) and (6.2.9), we get 05y, = |Or7y|. This shows together with (6.3.15) and
Lemma 6.2.14

17?0 7.(C = B)||2ry = I1hi/? 0 71 = [00ve] ) Bl £2ory
<1 = 1009l 2l o oy 1B2"? © 7Bl 2
1/2
< 2krCygeo(T, ( Z pr (T, ) .
TES,
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Moreover, since f, = f o~ !, there holds

17Y2 0 7 (A — C)| p2ry < [[7Y? 0 700 (VU(T)Y = VL U(T2)) © %) [l 22 (r)-
We obtain for x € T

—2r(V(U(T)") — WU(T)) 0 7.)(x)

- / log [ — y|U(T5) 0 7% ()]0 ] dy — / log [14(2) — (@)U (T2) 7 (1) |00 dy

_ %M*(U(T*)F)(x).

We employ Lemma 6.3.4-6.3.5 to obtain
1
Sl 0 20 M (U (T)") 2y

< D IR 0300 MU (T2 |uwre 7o) 72y
TeTx

+ Z ||hi/2 © %8FM*(U(71)F|F\UW(TF,T*F))||%2(TF)
TeTx

< Cyigeo(T.)* (1 + [log(geo(T) ) IU(T2) 0 llzary

+ Chygeo(T2)* (1 + [log(min hu) ) ([log(IT))] + DIIU(T)" 122
< CriCripgeo(T2) (1 + [log(geo(To)))”

(1 + [log(min ) )*([og (I T.)| + DIU(T) I Z2r,)-

This concludes
1/2

S o) < (32 pr 1)
TES,

TTesr

The converse inequality follows analogously by replacing all triangle inequalities with reverse
triangle inequalities. This concludes the proof.

LEMMA 6.3.7. Let assumption 6.5.1 hold and suppose Lemma 6.2.9 (i)—-(iii) as well as
geo(T) < Cot/2 hold for T, € T. With G, € P°(TY), there holds

17" 0 %Gl Oyl ll 2y < Cinel|GulOrval |12y + geo( TGl zary.

The constant Ciny > 0 depends only on K(T,) (with K(-) from Section 3.2.2), (I'2), and on
I

PROOF. There holds with (I'2) and the inverse estimate from [57]
10?0 %GBl 2y < Cripllhy® © %Gl pary
5 ||G*||H—1/2(F)
< GulOryslll -2y + 1G(L = 100l =172y
Lemma 6.2.14 proves
G (1 = [0euD) a2y < 1L = [0l 1Gull 2y S geo(T)? |Gl zaqry
This concludes the proof.
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THEOREM 6.3.8 (Stability and reduction (E1)). Let assumption 6.3.1 hold. Given two
approzimate geometries T, € T and Ty € T(T,) such that Lemma 6.2.9 (i)-(iii) as well as

geo(T),geo(Ts) < Cot/2 hold. Let q = \/1/4+02ny”HL2(01 maxh? < 1. Then, there
holds (E1) for p(-) from (6.2.5), with

o(Te. 7o) = Coen (|U(T)" = UCT) | rasaqry + e+
T (geo(T2)” + £eo(T2) (10T ey + (U (T 2e)):

Oy, Qo from Lemma 6.3.6, S(T,,Ts) := T\ T, 3’(7'*,7'.) =T\ Tx, and 0 < preqa < 1 depends
only on q, whereas Cpery > 0 depends additionally on Ciyy, Crip, I', and K(T.), K(T,) (with
K(-) from Section 3.2.2).

PROOF. To see (Ela), we employ Lemma 6.3.6 two times with S, := &; := T, \ S(7, Te)
and S, =Sy := T, \ S(7%,7T,) to obtain

(o) = (X orrer)

TeS TeS,

(6.3.16)

Tresy TresT

By definition of the bisection rule in Algorithm 6.2.10, there holds | JS} = |JS}. Moreover,
hy 07, = he o7, on | JSI. Hence, the remaining term in the above estimate satisfies

(3 o) = (3 pr(mp) | < I oV = VT e

Tresy Trest

The inverse estimate from [2] shows

12 0 5Bk V(U (Te)" = UT) ey £ 022 2 UT) = UT) Dy oo
| 3

+|U(T)" = U(T)"

142

’Hﬁl/Q(F)a



where the hidden constant depends only on I' as well as K(7,) and K(7,) (with K(-) from
Section 3.2.2). Lemma 6.3.7 and Lemma 6.2.14 conclude

1he? 0 7e(U(Te)" = U(T))l 2y

S [1he"? 0 4o (U(T)" = U(T2) © 7ul0rve ) 22y
+ 11 = 10rvelll Lo ) [1U (T | 22

S IUT)" = U(T2) 0 v)|0rve) -1y
+ 2eo(To)?NU(Ts) © e — U(T2) 0 Yull L2y
11 = 10rve |l oo ) U (T | 22,

SNUT)T = U(T) ) =12y
+ (geo(T2)? 4 geo (T NU (T 2y + 1U(To)lz2ra))-

This concludes (Ela). To see (Elb), we use Lemma 6.3.6 two times with S, = & =
S(7:,7T,) and S, := Sy :=\S(T,, T.) to obtain for § > 0

ZpT( (149) ZpTr +(146)7"

TES, TreSt
< (14 6)*[|hy? 0 %0 V(U(T)" = )7 (UST)
+ (L4 0) "ol + (1+8)(1+6 ) [h? 0 % V(U(T) = U(T)") | 2y
< (14 0)*[[hs 07/ ha 0 Yol oo sty | 13/? 0 1BV (U(T5)" — f)”i?(us{)
+(1+0) " a2+ (14 0)(1+ 0/ 0 %o VU(TS)" = U(T)") |2y

< (14 6)||he 0 Ye/Pa 0 Yall ooty >, pr(T)> + (1 +6)°(1+ 6 ")a?
TS

+ (140l + 1+ + YA 0 vdr VU (T — UT)") 2y
Lemma 6.2.11 implies that

(6.3.18)

174 © Y/ ha © Yol Lo sty < g < 1.
Hence, sufficiently small § > 0 together with (6.3.17)—(6.3.18) conclude the proof. O

To prove convergence of Algorithm 6.2.2, we require the following assumption on the
exact boundary I' and the initial geometry 7y: There exists 0 < ggeo < 1 such that all 7, € T
satisfy

geor (Te) < Ggeogeo(Ty) for all T" € T\ T.. (6.3.19)

This assumption is met if, for example, the exact boundary I' can be parametrized in terms
of piecewise polynomials of arbitrary degree or NURBS and h, is sufficiently small.
Moreover, we need the assume that there holds

Zsul\? max{?, ggeo }'' 2| U(To) || 12(ry) < 00 (6.3.20)
€No

for some ¢ > 0.

REMARK 6.3.9. In case of quasi-uniform partitions with min h, ~ maxhy, assump-
tion (6.3.20) is straightforward to prove even with ¢ = 1, i.e., sup,ey [|[U(T¢)||z2(r,) < 00.
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However, we did not succeed in finding a proof for the general case of locally refined parti-
tions. We conjecture that there exists v > 0 such that

sup £V U(Te)| z2r,) < 00,

€Ny
which would imply (6.3.20). Note that not even uniform stability of the continuous problem
Vot HY(T,) — L*(T,) for all T, € T is known in the literature. From the uniform case, we
derive the (very conservative) worst case estimate ||U(Te)||r2r,) S 2°. Assumption (6.3.20)
15 easy to check numerically and in this sense, one should understand the convergence re-
sults of Lemma 6.3.10 and Theorem 6.4.1. If one numerically detects stability (6.3.20),
Algorithm 6.2.2 leads to convergence towards the exact solution.

LEMMA 6.3.10. Suppose Lemma 6.2.9 (i)-(iii) as well as geo(T;) < Cut/2 for all
¢ € Ny. Under assumption (6.3.1), (6.3.19), and (6.3.20) there ewists Uy, € HY/*(T") such
that there holds a priori convergence limy_,o0 ||[Use — U(Te) || g-1/2¢r) = 0. Moreover, there

holds limy_,o 0(Ts, Tox1) = 0, where o(T¢, Tex1) is defined in Theorem 6.3.8.

PRrROOF. There holds
(6.2.6b)

geor(Ty) < dgeo(Ty) for T € T, \ M,

and

(6.3.19)
geop (Trr1) < Queogeo(Ty) for all T € Topr \ To.

Since all T' € Ty, satisfy either T' € Tpyq \ Toor T € T NTy € Ty \ My, the combination
implies

geo(Tpi1) = Trggx geor(Te+1) < max{qgeo, V}geo(T). (6.3.21)

041

This implies geo(T;) — 0 as { — oo. Define Xoo 1= Upen, {v0r] : v e PUTS)} C
H~'2(T) and the a priori limit U, € X5 by

(VU , v)r = (f, v)r forallv e X.
For all £ € Ny, define Xo(7¢) := Upen, {v 07[1|6FZ(% 0%—1)| = 730(7?)} C H (1))
and Uy (Ty) € Xoo(Te) by
<V5Uoo<72), U>Fz = <fg, U>Fz for all v € Xoo(ﬁ)
Then, there holds for all v € X
<VU007 U>F - <f7 ’U>F - <ffa v 0%_1|6F5%_1|>F4-

For v € Uyen, {v10rve| © v € PO(T!)} (which is a dense subset of X.), there holds v =
w| 0| for some w € PY(TF) and k € Ny. In this case, we get with (6.2.12) that

1

|

voryy Hor, 7t = w oy 10wl 07 Hor v
= w oy ar, (v 077 )| € Xoo(To)-

Together with |[v||g-1/2ry = [Jv o 7[1|6F/7;1|||H—1/2(F4) by Lemma 6.2.19, this implies
voy, Hor, | € Xo(Ty) forallv € X, (6.3.23)

(6.3.22)

Analogously, we obtain
w o Y|Orvye| € Ao for all w € X (Ty). (6.3.24)
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This shows

(VUs, v)r = (fe, voy, 'Oy D, = VeUs(Te) , v o v Hor v, (6.3.25)
for all v € X.
With Uy, — Uso(To)' € X by (6.3.24), we obtain with @ = w o v, |, |

. r
U = UCT vy = sup P2 OO, wir
weXo\ {0} [wll =172y
oy WU = U(TR). @he, + GAUTD), e, = VU whr

WEX\{0} ||w||H—1/2(F)
As in (6.2.49), there holds with Lemma 6.2.19 and (6.2.37)
1Use = U(T) N2y S WUl Te) = U(To)l 120y + MU (Te) |2y -
The Céa Lemma 6.2.39 (since 730(72) C X (7Ty) and Lemma 6.2.34 conclude

1Use = U(T) N ir-1/20) S mgn 1Use(Te) = Vellr-12(r,)
VeeP (6.3.27)
+ g60(72)3/2(1 + [1og(geo(Te) ) DIIU (Te) | L2y -

As in (6.3.26), we get for V, € P°(T;) and V,}' := V; 0 v,|Or,| that
V(Us =V}, w
U~ VE iy~ sup Ve 2 V) i
WEXoo\{0} ||w||H—1/2(F)
—  sup <VZ(UOO<7Z) — Vf) ) w)W + <V€‘/€7 7:5>Fz — <V‘/£F7 w>F

WEXoo\{0} Hw|’H*1/2(F)

(6.3.26)

(6.3.28)

)

which implies together with Lemma 6.2.34, Lemma 6.2.19, and the uniform ellipticity (6.2.38)
that

(VeUss(Te) = Vi), ),

1Usc(Te) = Villg-1r20p) S sup

WEXoo (T¢)\{0} ||'&7||H—1/2(F4)

6.3.23 V(Uso V), w
0329 o V(U (Te) = Vi) , w)r,
weXo\ {0} 1wl gr-172ry

(6.3.28)

S MUso = Vi la-vr2ry)
+geo(Te)*2(1 + [log(geo(T0)) ) | Villz2(ry.
This and (6.3.27) imply

r
[Vse = UCT) N-vory <, min (1050 = Vi -2 -
+ geo(To)**(1 -+ [log(geo(T) N(IVellzzry + U (T0)z20r,) ).

For all k € Ny, there holds with Lemma 6.2.14

1Uso = Vi llg-120) < U0 = Ve o el gr-172ry + 11 = 18002l | ooy Ve © el 2y
S WU = Ve o yell g-12ry + geo(To)? [Vl 2ryy-
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With (6.3.29), this shows

Us—U(T) |l yyos oy < mi ( U, —V, s 6.3.30
| (Te)" N -1/ T) nglj}}(lm | 20 Yell -1/ (1) ( )

+ (geo(T2)” + geo(T0)*2(1 + [ log(geo (T ) D) (IVell z2r,) + IIU(%)IILQ(m)-

The term geo(7;)**(1 + |log(geo(Te)))|U(Te)|| r2(r,) converges to zero by use of assump-
tion (6.3.20) and (6.3.21).

It thus remains to prove that Us € Ugen, {Veo e : Ve € PUT0)} = Uen, PUTS) C
H='2(T'). To that end, we show that Xy N ey, P°(7F) is dense in Xy N LA(T) with
respect to the L?-norm. Consider I'y := {x e @ limy o hyoy(z) = O}. Obviously,
Ureny P°(7)|r, is dense in L*(I'g) and thus also in X N L*(T'). For all z € I'\ Ty, there
exists ¢y € N such that € T, € Ty, with T, C I" and T, € 7T, for all £ > ¢,. This implies
Orvelr, = tr|r, and hence constant for all ¢ > ¢y,. Moreover, Orv,|7, = ¢, for all £ < /4,
where ¢, € R? depends only on tr|r, and the father element 7" € T, of T). This shows that
Xsolrvre = Usen, PY(TH)Irvr,- Altogether, this implies that Xu N Uyey, P°(7") is dense in
Xy N L*(T') with respect to the L?-norm. Hence, (J,en, P°(7;") is dense in X, with respect
to the H~'/*(T")-norm and thus Us € ey, PO(T).

Given & > 0, this allows to choose V;, € PP(7Ty,) such that ||Us — Vi, © Vel g-1/2(r) < €.
Then, choose k > ¢, such that all £ > k satisfy

(geo(7e)? + geo(Te)**(1 + |log(geo(Te)) ) |Vio | 2y < e

Since Vi, 0 v 07,0 € PUTy) and Vi, 0y, 095 - © e = Vi © e, (6.3.30) shows ||Us, —
U(T)) N gr-1/2ry S 2€ for all £ > k. This concludes ||Use — U(Te)" || g-1/2ry) — 0 as £ — oo,
The above and the definition of o(7y, Try1) shows limy_,o 0(7¢, Te1) = 0, where we use

(|log(|7e])| + | log(min he)|) S ¢ for all £ € Ny,

which follows from the fact that each step maximally doubles the number of elements and
approximately halves the size of the elements. This concludes the proof. U

6.4. Main result

THEOREM 6.4.1. Define T as in Section 6.2.5. Assume that all T, € T satisfy h, <
Crlrpt/2 and geo(T,) < min{CL/2,Cr'/2,Crlrpt/2} (such that Lemma 6.2.9 (i)-(iii)
hold). Then, the error estimator n(-) satisfies reliability (6.2.47). Under the assump-
tion (6.3.1), the error estimator p(-) from (6.2.5) satisfies (E1) with o(-,-) as stated in

Theorem 6.3.8. Moreover, under the assumptions (6.3.19)-(6.3.20), there holds convergence
lu = U(T) -2y < Coar(T)) =0 as £ — oo

PROOF. Since 7 satisfies (i)—(iii) from Lemma 6.2.9, all 7, € T satisfy (i)—(iii), too.
Therefore, Theorem 6.2.28 and Theorem 6.3.8 prove (6.2.47) and (E1). The estimator p(-)
satisfies Dorfler marking (6.2.6a) in each step of Algorithm 6.2.2. Therefore, Lemma 2.3.5
proves estimator reduction 2.3.8 for p(-). Lemma 6.3.10 shows limy_,~, o(7¢, Te+1) = 0. Hence,
Lemma 2.3.6 concludes the proof. U

CONSEQUENCE 6.4.2. Under the assumptions (6.3.1)—(6.3.20), Algorithm 6.2.2 leads
to limy_,o 0(Ts, Tex1) = 0 and hence convergence in the sense of Theorem 2.5.3 (i).
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CHAPTER 7

General Quasi-Orthogonality (E2) For Non-Symmetric Problems

7.1. Introduction, state of the art & outline

The general quasi-orthogonality (E2) renders an important tool for the optimality proofs
of the previous chapters. Section 2.6 shows that it is even necessary if the algorithm is
R-linear convergent. The following investigations provide sufficient assumptions for (E2) to
hold. Section 7.2-7.4 appear in similar manner in [46]. Figure 1 depicts a geometric view
on the general quasi-orthogonality (E2).

7.2. General quasi-orthogonality (E2) for linear second-order elliptic equations

We stress that the quasi-orthogonality proof makes explicit use of the fact that we already
have convergence U(T;) — u in H}(2). We consider the setting of Section 3.5.1. The

U

FIGURE 1. Geometric view on the general quasi-orthogonality (E2). For
o(T,T) ~ |[U(T)=U(T)||, the general quasi-orthogonality bounds the f5-sum
of the squared perturbations. Since the adaptive algorithm performs a step-
by-step optimization of the triangulations without any foresight, it controls the
perturbations o(7y, Tp41) only. By Galerkin orthogonality, the solutions are in
some sense orthogonal to each other. The general quasi-orthogonality (E2)
ensures that the overall approximation (dashed green line), which is measured
by 1(7;), is an upper bound for the sum of the individual steps. This would
be automatically the case if n(7;) is a Hilbert norm which corresponds to the
orthogonality between the solutions. If (E2) is not satisfied, one has no argu-
ment that the individual steps approach the exact solution in an efficient way
(dotted red line).

147



operator L is split as follows
Au = —divAVu,
Cu=0b-Vu+ cu.
The following observation is the key element of the proof of (E2).
LEMMA 7.2.1. The operators A,C : H}(Q) — H Q) are bounded. Moreover, A is
symmetric, i.e., (Au, v) = (Av, u) for all u,v € H}(Q), and C is compact.

PROOF. The symmetry of A is obvious as A(z) is symmetric, and both operators .4 and

C are also bounded, i.e.,

[Av]|-1(0) < [ AL @) [V L2(),

ICvl[r-1(0) < ICv[[z2() S (Ibllzo() + llelle@) [ Vol 2,
for all v € HL(Q). This implies that C : HL(Q) — L%*(Q), Cv := Cuv is well-defined and
bounded. It remains to prove that C is compact. The Rellich compactness theorem shows
that the embedding ¢ : H}(Q) < L*(Q) is a compact operator. Therefore, according to
Schauder’s theorem, see e.g. [73, Theorem 4.19], the adjoint operator * : L*(Q2) — H~(Q)
is also compact. Obviously, /* : L?(2) — H~'(Q) coincides with the natural embedding,
and we may write

C=10oC:HNQ) — L*Q) - H(Q).

Therefore, C is the composition of a bounded operator and a compact operator and hence
compact. This concludes the proof. O

LEMMA 7.2.2. Let (T;)wen, denote the output of Algorithm 2.2.1. Assume that there
holds convergence limgoo [|U(Te) — ull gy ) = 0 with u and U(T;) from Section 3.5.1. The

sequences (eg)een and (Ep)pen defined by
u-—U(Ty)
{ NP # U(To),

0, else,

ey = and

IIV(U(TZ-H)_U(TZ))”L2(Q) !
0, else,

5 { UTAUT0 . for U(T;n) # U(T),
0=

converge to zero, weakly in Hy (), i.e.,
lim (w, e) =0 = lim (w, E)) for allw e H(Q), (7.2.1)
{—00 {—00

where (-, -) denotes the extended L*(S))-scalar product.

PrROOF. We prove weak convergence of e; to zero. The weak convergence of F, fol-
lows with the same arguments. Let (e,) be a subsequence of (e;). Due to boundedness
Veg, |12y < 1 for all j € N, we may extract a weakly convergent subsequence (e, ) of (ey;)
with

er, — w € Hy(Q).
First, note that convergence lim o ||U(7¢) — ullg1) = 0 implies that u, U(Ty) € X =
Uren, So(Te) C H}(Q) implies e, € X, and hence w € X,,. Second, for all £, > ¢ with
e, # 0 and all V € S{(Ty), it holds

bleg, , V) = IV (u = Ug)ll 2 blu = Up,, V) = 0.
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For all ¢ € No, V € 8(T;), and € > 0, there exists ky € N such that all k£ > kg satisfy
b(w, V)| = [(w, LV)| <e+ (e, LV)] = e+ [bleg,, V)| =&,
since kg is chosen large enough such that ¢, > ¢. Therefore

b(w,V)=0 foralVeS(T,) and ¢ € N.

Due to definiteness of b(-,-) and w € Xy := {J,eny Sh(72), this implies w = 0. Altogether, we
have now shown that each subsequence of e, has a subsequence which converges weakly to
zero. This immediately implies weak convergence e, — 0 as ¢ — oc. U

The previous lemma shows that although (E;)sen is no orthonormal sequence, it shares
the property of weak convergence to zero with orthonormal systems. Note that our proof
already used convergence U, — u as £ — oo in the sense that we required u— U, € X,,. This
suffices to prove the following quasi-Pythagoras theorem.

PROPOSITION 7.2.3. Define || - || := b(-, -)"/2 with b(-, -) from Section 3.5.1. Assume
that limyoo ||U(Te) — ullgiy = 0. Then, for all 0 < e <1, there exists lq, € N such that

1
1—¢

1U(Tewa) = U(TOI* < lu = U(TI* = llu = U(Ter)|1® (7.2.2)

for all £ > U, where w and U(Ty) are defined in Section 3.5.1.

REMARK 7.2.4. As in [36, Theorem 5.1|, the quasi-orthogonality (7.2.2) is an asymp-
totic statement. The advantage here is that (7.2.2) is automatically guaranteed after {y steps
of Algorithm 2.2.1. In contrast to that, |36, Assumption 4.3] used to prove [36, Theorem 5.1|,
includes a element-size condition of the form |T\1/d < hpax K 1 for all T € Ty which is not
necessarily enforced by Algorithm 2.2.1, unless the initial triangulation is already sufficiently
fine. Moreover, hyay is unknown in general and depends on the regqularity of the dual prob-
lem.

PROOF. Lemma 7.2.2 shows that e;, By — 0 as { — o0o. Due to Lemma 7.2.1, C is
compact. Therefore, we have strong convergence Cey, CEy — 0 in H™ () as £ — oco. With

(-, )= (, '>H*1(Q)><H(}(Q)7 this shows
(Clu—U(Tin)) , UTis1) = UCT)) = (Cers s UlTinr) = UTIV(u = U(Toe1) 2o
< [ICeealla—1 @IV (u = U(Ter)) 2@ IV (U (Tera) = U(Te)) || 2
as well as
(CU(Ter) =U(T0))  u—=U(Tenr))
= (CEy, u = U(Tera NIV (U(Tewr) = U(Te)) 22
<ICE i@ IV (w = U(Tes )N 2 IV U (Tera) = U(To)) | 2 ()
For any 6 > 0, this may be employed to obtain some ¢, € N such that for all £ > £y, it holds
[(C(U(Tex1) = U(Te) , u=U(Tega )| + [(C(u = U(Te41)) , U(Tega) — U(T))
<OV (u = U(Ter) 2@ IV (U (Tex1) = U(To)) |2y -
Together with Galerkin orthogonality
0="0(u—U(Tex1), Verr) = (L(u— U(Tiz1)) , Vera) for all Viy,y € 85(775+1)7
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we estimate
(LU (Ter) = U(Te)) , w—U(Tex1))]

)
= [{(A(u = U(Tex1)) , U(Tea) = U(T0)) +
)

(CU(Tesr) — U(ﬁ)),u— U(Te41))
< [(L(u—=U(Tex1)) , U(Tea) = U(To))| + |

|
CU(Te1) =U(Te)) s u = U(Teyn))|
+1(C(u = U(Tern)) s UTea) = U(T0))]
< 0||V(u = UTer )2 @IV (U (Ter1) = U(Te))l 22
(7.2.3)
The definition of || - || and Galerkin orthogonality (2.7.3) yield

[ = U(Tey)IIP + 11U (Teya) = UTo) 1P + 2{L(U(Tea) = U(Te)) s u = U(Tera))
= [lu = U(To)|1%,
whence
1U(Texr) = U(TOI? < llu = U(TON* = [lu = U(Tez) II?
+26C2 o lu = U(Tes)INU(Tesa) — U(TD)],

Where Chorm > 0 is defined in Section 3.5.1. The application of Young’s inequality 2ab <
a® 4+ b? and the choice e = §C?, . conclude the proof. U

norm

THEOREM 7.2.5. Assume that limy_,. ||U(T;) — ul| = 0 with uw and U(Ty) from Sec-
tion 3.5.1. Then, for alleq, > 0, there exists Cqo > 0 such that (E2) holds with o(T;, Tey1) =
NU(T2) — U(Tes1)||LA(2) and each estimator n(-) which is reliable, i.e.,

lu—U(To)|| < Cean(Te)  for all £ € Ny.
Particularly, this is satisfied by the error estimator n(-) from Section 3.5.1.

PROOF. Proposition 7.2.3 proves the quasi-orthogonality (2.7.5) for all ¢ > ¢, with
o(Te, Tewr) = IV(U(Ty) — U(Teh))|| and oy := |ju — U(Ty)||>. The Céa lemma 3.5.5 and
reliability (in the setting of Section 3.5.1 from (2.4.1)) imply

o(Te, Teya) S Nluw = U(To)|| S n(Te)  for all £ € No.
Therefore, Lemma 2.7.3 proves for all ¢ > ¢,.

[e o]

> (IU(T) = UTs) |2 = 2qon(Te)?) < Clon(Te)*

k=t
For all ¢ < /£y, there exists Cy > 0 with

Lo

> (IU(T) = U(Ten)|? = eqon(Te)?) < Cen(To)?,

k=t
since both sides of the inequality are finite and if n(7;) = 0, then reliability (2.4.1) and the
Céa lemma (3.5.5) imply
1U(Tx) = U(Ter )| S Nlw = U(T)I S 0(Te) = 0 for all k > £.

With C, = Céo + maxy—,.. ¢,—1 Cr, this concludes the proof. O

.....
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7.3. General quasi-orthogonality (E2) for problems with Garding inequality

LEMMA 7.3.1. Let (T¢)een, denote the output of Algorithm 3.5.3. Assume definiteness
for allv e Xy := 2y S5 (To), i.e.,

b(w,v)=0 foralve X, = w=0. (7.3.1)
Then, the sequences (ep)seny and (Ep)een (with u and U(T;) from Section 3.5.2) defined by
u—U(T¢)
{ N 000ag o v # UML),

0, else,

ep = an

U(Ter1)=U(Te)
Eﬁ:{wmnﬁwmﬁMm,wamuo¢mnx

0, else,
for all ¢ >ty (from Lemma 3.5.10) converge to zero, weakly in H(Q) in the sense (7.2.1).

PRrROOF. We prove weak convergence of e, to zero. The weak convergence of £, fol-
lows with the same arguments. Let (e,;) be a subsequence of (e;). Due to boundedness
[Veg, |22 < 1 for all j € N, we may extract a weakly convergent subsequence (e, ) of ()
with

€r, — W E HS(Q)

Lemma 3.5.11 proves limy_,o || V(u—U(T;))|22() = 0 and particularly u € X. This implies
er € X and hence w € X,,. For all ¢, > ¢ with e;, # 0 and all V' € SJ(7;), it holds

beg, , V) = IV (u = Ug)ll 200w — Ug, V) = 0.
For all £ € N, V € §{(T;), and € > 0, there exists ko € N such that all k& > kq satisfy
bw, V)| = l{w, £V)| < e+ [{en, LV =+ [blen, V)| =&,
since kg is chosen large enough such that ¢, > ¢. Therefore
b(w,V)=0 forall Ve SE(T;) and ¢ € N.

Due to (7.3.1) and w € X, this implies w = 0. Altogether, we have now shown that each
subsequence of e, has a subsequence which converges weakly to zero. This immediately
implies weak convergence e, — 0 as £ — 00. U

LEMMA 7.3.2. Assume definiteness (7.3.1). There exists an index yorm € N such that
for all { > £, orm there holds

Cromllu = Uell < IV (u = Up)ll12(@) < Coommllu = Uil and
Crorml[Uer1 = Ue|l < IV (Uesr = Uo)llz2(@) < Cuoml|Ues1 — Ui

with w and U(T;) from Section 3.5.2.
PRrROOF. With (3.5.9) and |b(-,-)| = || - ||?, we may estimate
IV (u = U720y < = Uell® + llu = Uell720)
= llw = Uel® + llecl| 7o) IV (w = Up) Iy
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Lemma 7.3.1 shows weak convergence e, — 0 in H}(Q). The Rellich compactness theorem
thus implies strong convergence e, — 0 in LQ(Q). Therefore, there exists an index ,o;m € N
such that there holds

IV (= Up)1 720y S llu— Ul for all £ > lrom.
The remaining statements follow analogously. U

PROPOSITION 7.3.3. Assume definiteness (7.3.1). Then, for all0 < e < 1, there exists
lyo € N with lqo > lhorm such that

i&_ lu = U(TO)|I? = llu = U(Tesn)|I? (7.3.2)

|U(Tes) = U(T)|1* < 1
for all £ > o with uw and U(T;) from Section 3.5.2.

PrOOF. With Lemma 7.3.2 and Lemma 7.3.1, the proof follows analogously to the proof
of Proposition 7.2.3. U

THEOREM 7.3.4. Assume definiteness (7.3.1) and the Céa lemma (3.5.15) for all € > ¢,
and some ¢y € N. Then, for all e, > 0, there exists Coqo > 0 such that (E2) holds with
o(Te, Towr) = ||V(U(Te) = U(Teg1)) | 20 for all £ > £y with £y from Lemma 3.5.10 and each

estimator n(-) which is reliable, i.e.,
IV(u—U(Te)) || L2) £ Cran(Te)  for all £ € No.

The solutions u and U(T;) are defined Section 3.5.2. Particularly, this is satisfied by the
error estimator n(-) from Section 3.5.2.

PROOF. Proposition 7.3.3 proves quasi-orthogonality (2.7.5) with o(7¢, Te41) = ||[U(Te) —
U(Tes1)|| and o := ||u — U(Ty)||* for all £ > £.,. With the Céa lemma 3.5.15, Lemma 7.3.2,
and reliability (in the setting of Section 3.5.2, reliability is proved in Lemma 3.5.6), this
shows for all £ > max{{ly, (1}

o(Te; Tera) S llu = U(To)[| S 0(Te)  for all £ € Ny.

Therefore, Lemma 2.7.3 proves for all £ > max{/,, (1 }.
D NUTR) = UTie)IP = 2aon(Ti)? < Coon(Te)?.
.,

For all ¢y < ¢ < max{/l, {1}, there exists C; > 0 with

Lo
Y IVU(TR) = UTei) 72y — €aon(Te)* < Con(To)?,
k={

since both sides of the inequality are finite and, by Remark 3.5.7, also n(7;) > 0. The
combination of the last estimates with the norm equivalence from Lemma 7.3.2 concludes
the proof. O

152



7.4. General quasi-orthogonality (E2) for nonlinear second-order elliptic
equations

Similar to the proof in Section 7.2, we derive a corresponding result for the nonlinear
case. We consider the setting of Section 3.6.

LEMMA 7.4.1. Recall Xy := Uyen, S6(Te) € Hg(Q). The operator (DL)|x u: Xoo —
X defined in Section 3.6 is injective and has closed range.

PrROOF. With (3.6.6) and the definition of the Fréchet derivative, there holds for all
v E X

(DL)|x u)(v), v) = (lsir% 5_1<£(u + 0v) — Lu, v)
-
= lim 6 2(L(u + 0v) — Lu, u+ dv — u)
0—0
2 1im 672V (u+ 60 — )3y = V0320

Hence, we have ((DL)|x u)(v) # 0 in XL for all v € X, \ {0}. Let w,, € range((DL)|x, u)
denote a Cauchy sequence. Then, the above estimate proves for ((DL)|x, u)v, = wy,

IV (v = vm) 17200y S {((DL) | t) (Vn = V) 5 Un = V)
< |Jwn — wm”«'\fgo”v(vn - Um)”LQ(Q)a

which concludes that v, — v € X, and hence w,, — ((DL)|x_u)(v) € XL by continuity of
DL)|x, u. This concludes the proof. O

LEMMA 7.4.2 (Taylor). For allv,w € H}(Q) with [|[V(u—2)| 120 + ||V (u—w)]| L2(02) <
Etoc, there holds

|Lw — Lv — DL(w)(w — v)||g-1i0) < Crol|V(w — U)Hiz(ﬂ), (7.4.1a)
lAw — Av — DA(w)(w — v)[|-10) < Col|V(w = v) |12 (7.4.1b)
where L and A are defined in Section 3.6.

PROOF. The local boundedness (3.6.10) together with [37, Theorem 6.5] applied to the
operators £ and A prove the statement. d

LEMMA 7.4.3. The sequence (eg)pen (with u and U(T;) from Section 3.6) defined by
u—U(Tz)
ep = {IV(u—U(n)fuLQ(Q)v for u# U(T),

0, else

converges to zero, weakly in Hj(2) in the sense of (7.2.1).

Proor. With Galerkin-orthogonality and the convention co - 0 = 0, we obtain

o (Lu— LU(TD)., Vi)
=00 |V (u = U(Te)) |2

By continuity of the duality brackets, this results in convergence for all v € X,

(Lu—LU(T;), v)
IV (= U(To) |20
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By use of (7.4.1a) and convergence from (3.6.15), we observe for all v € X, and all sufficiently
large ¢ € N.
[{(Lu = LU(T), v)| o [(DLu)(u = U(T2)), v)|
IV(u = UT)lz@) — IV =U(T)l2

— Col|V(u = U(T) | L2l Vo 22 () -

Again, with convergence U(T;) — u in HJ () from (3.6.15), this implies immediately for all
v E Xy
[(u—=U(Te), (DL)|xou)v)| _ {(DLu)(u—U(Ty)), v)|

= —0 asf— . 7.4.2
ORI Nl — 00 e (7:4.2)

According to Lemma 7.4.1, (DL)|x u is injective and has closed range. Therefore, its
adjoint operator ((DL)|xu)* has is surjective onto X% by the closed range theorem [85].
Convergence (3.6.15) implies that e, € X. Hence, (7.4.2) is equivalent to e, — 0 as { — oo.
This concludes the proof. 0

To abbreviate notation, we define the quasi-metric (which is symmetric, definite, and
satisfies the triangle inequality with a multiplicative constant)

d(w,v)? := (Lw — Lv, w—v) forall w,v € Hy(5).
Note that due to (3.6.5)—(3.6.6), there holds
CromlIV(w = 0) || 120y < d(w,v) < Crorm||[V(w — v) |12y for all w,v € Hy(Q) (7.4.3)

with Cporm = max{2Cs, Cg '} > 0.
PROPOSITION 7.4.4. For any ¢ > 0, there exists {y, € N such that

1
AU, U(T)P < 5

— &

d(u, U(Ty))* = d(u, U(Te1))? (7.4.4)
for all £ > {y, and with w and U(T;) from Section 3.6.

PROOF. Due to convergence U(7T;) — u in Hy(2) from (3.6.15), there exists ¢; € N such
that for all £ > ¢; we may apply (7.4.1b), to obtain

[CAU(Tex1) — AU(Te) s w = U(Tes)) |
< (DAU(Te3))(U(Terr) = U(Te)) 5 w = U(Tera))
+ Cool V(U (Terr) = UTD 2@ IV (1 = U(Tes)) |22
Using the symmetry of DA(U(T41)), we conclude
(AU (Tex1) — AU(Te) , w = U(Tes))|
< UDAU(Ter))(w = U(Texn)) s UTerr) — U(Te))|
+ Cool V(U (Terr) = UT) 72 IV (u = U(Tern)) 220

< [(Au — AU(Te11) s U(Ter) = U(T0))|
+ Cool V(U (Texr) = UTN 72 IV (u = U(Tera)) 220
+ Cuol[V(U(Tenr) = UTN 21V (@ = U(Tex1)) 720
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Analogously to the estimate above but by use of the reverse triangle inequality, we obtain

(AU (Tes1) = AU(Te) , w = U(Tira))]
2 I(AU—AU( Ter1), U(Tea) = U(Th))]
— Cool V(U (Tex1) = UTON 2@ IV (1w = U(Te1)) 220
— Cool V(U (Tex1) = UT) 2@ IV (u = U(Te1)) 720

(7.4.6)

Given § > 0, convergence U(7;) — u as { — oo provides an index ¢y € N such that
010<”v<u — U<7Z+1))”L2 + ”V( ( g+1) — U(n))”LQ(Q)) < §. With (7.4.5)*(7.4.6) this
implies
(AU (Te1) = AU(Te) s u = U(Tee))| = [(Au = AU(Terr) , U(Terr) = U(T2))|
< OIVU(Terr) = UT) 2@V (u = U(7Z+1))HL2

for all £ > ¢;. Since e, converges to zero weakly in Hj(2), we have strong convergence e, — 0
as £ — oo in L?(Q). This together with Lipschitz continuity (3.6.5b) implies

[(CU(Tes1) = CU(Te), u = U(Tern))|
SIVU(Terr) = UT) 2@ llecnll 2@l V(e = U(Tern) 2@

and hence

[(CU(Tes1) = CU(Te) , u = U(Tera))|
<OVU(Terr) = UMl 2@ IV (w = U(Ter1)) |22

for all ¢ > ¢y with ¢y > ¢, sufficiently large. The adjoint term satisfies

[(Cu—CU(Tex1) » U(Ter) — U(T0))|
< [{Cu=CU(Ter), UTesa) — w)| + [{Cu = CU(Tera) , u — U(Ti))|
SV (u = U(Terr)) 20 leesllzae)
+ IV = UT)e2@lled 2@V (w = U(Te)l 22
S(IV (w = U(Tex1))lI720
+[IV(u = UT) 2@V (u = U(Ter1) l r2@)) -

So far, we end up with

(CU(Te+1) = CU(Te) , u— U(Te1))| + [{Cu = CU(Te41) s U(Tesa) — U(Te))|
< (IVU(Ter1) = UT) ez |V (w = U(Texn) |20
+ IV (u — U(77Z+1))H%2(Q)
+[V(u = U(Tes)) 2@V (u = U(To) | 220)
< 6/2(IV(U(Ter) = U(To) 720y + 2011V (w = U(Tes)ll 720y
+6/2||V(u— U(%))Hm(g)
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by use of Young’s inequality. Putting everything together and by use of Galerkin orthogo-
nality (A+C)u — (A+C)U(Te41), U(Tex1) — U(Te)) = 0, we obtain

(
(A +C)U(Tes1) = (A+C)U(Te) s uw— U(Tes1)))|
< [(Au — AU(Tex1) » U(Tesr) = U(To))|
+0[VU(Ter1) = UT) 2@ IV (u = U(Tesr) [ 220
+ (CU(Ter1) = CU(Te) s w = U(Tesr))
< KA+ Cu— (A+C)U(Tex1) , U(Tex1) — U(Te))|
+OIVU(Tera) = UTD 2@V (u = U(Tesa)l 220
+ (CU(Te41) = CU(Te) s w = U(Texa))| + [(Cu = CU(Tev1) , U(Tesr) — U(T0))|
<36(IV(U(Tex1) = UT)z2) + IV (u = U(Tes))z2) + 1V (u = U(T))Z2(0))-
With that at hand, we obtain by definition of d(-,-)
A(U(Ten), U(Te))* < dl(w, U(Te))* = di(w, U(Ter1))*
+[{(A+COU(Tea) = (A+CO)U(Te) , u = U(Tera))|
< d(u, U(Te))* = dl(w, U(Te1))* + 30 (IV(U(Tesr) = U(Te) 720
IV = U(Tes))lz2@ + IV (= U(T)) 1 72(0)) -
With the equivalence (7.4.3), we conclude
(1 = 3Chom0)d(U (Tex1), U(Te))*
< (14 3Chorm®)A(1t, U(TD)? — (1 = 3Coormd)A(1s, U(Tisn))?

for all £ > {¢y. Finally, we choose 6 > 0 sufficiently small such that (1 + 3Cyomd)/(1 —
3Chormd) < 1/(1 — &) and conclude the proof. O

THEOREM 7.4.5. Suppose the Céa lemma 3.6.8. For all 4o > 0, there exists Cqo > 0
such that (E2) holds with o(T;, Tex1) == [[V(U(Te) — U(Tex1))|l22() (with v and U(T;) from

Section 3.6), and each estimator n(-) which is reliable, i.e.,
IV (u—U(Te)l220) < Cran(Te)  for all £ € No.
Particularly, this is satisfied by the error estimator n(-) from Section 3.6.

PROOF. Proposition 7.4.4 proves the quasi-orthogonality (2.7.5) for all ¢ > ¢, with
o(Teo, Texr) = A(U(Te), U(Te41)) and oy := dl(u, U(T;)). The Céa lemma 3.6.8, (7.4.3), and
reliability (in the setting of Section 3.6 from (2.4.1)) imply

o(Te, Tewa) SNV (u = U(To) 2@y S 1(Te)  for all £ € No.
Therefore, Lemma 2.7.3 proves for all £ > £g,.

Z dl 77€+1)> gqon(,ﬁa)2 < 0(3077(72)2.

For all ¢ < ¢, there exists C, > 0 with

Lo

> AU(TR), U(Tinn))* = eqon(Te)* < Con(Te)?,

k={
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since both sides of the inequality are finite and if n(7;) = 0, then reliability (2.4.1) and the
Céa lemma (3.6.8) imply

AU (Tx), U(Ter1)) SIVU(Te) = U(Tes)llz2e) S V(e = U(To)l 2@) S 0(Te) = 0.
With (7.4.3), the last two estimates conclude the proof. O
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