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Kurzfassung

Das Verstandnis der Dynamik verkabelter Satellitensysteme (engl. tethered satellite systems)
ist von grofler Bedeutung fiir die Raumfahrt. Besonders interessant sind Systeme von zwei
Satelliten, bei denen ein kleiner Subsatellit von einem massiven Space-Shuttle an einem bis
zu hundert Kilometer langen visko-elastischen Kabel ausgesetzt wird. Um die Bewegungsgle-
ichungen solcher Systeme genauer zu untersuchen, werden diese durch mechanische Modelle
ahnlicher Struktur beschrieben. Dariiber hinaus lassen sich numerische und analytische As-
pekte der Modellierung mittels des Fadenpendel-Modell genauer untersuchen.

In der vorliegenden Arbeit wird das Fadenpendel-Modell in vertikaler Lage diskutiert, wobei
die Herleitung der entsprechenden Bewegungsgleichung auf die partiellen Differentialgleichung

j = Ay +eAy + f, (1)

mit € >0 fiihrt. Diese partielle Differentialgleichung wird in der Literatur als stark gedampfte
Wellengleichung (engl. strongly damped wave equation) bezeichnet. Sie ist fiir Ddmpfungspa-
rameter € >0 von hyperbolisch-parabolischen Charakter.

In der Literatur ist bisher keine numerische Analysis fiir den Fall £ >0 zu finden, vorhandene
Resultate beschranken sich auf die Wellengleichung, d.h. e = 0. Die vorliegende Arbeit
schliefit diese Liicke. Zur numerischen Losung wird (1) dabei als System erster Ordnung in
der Variablen u = (y,y) formuliert,

w4+ Au=F. (2)

Aufgrund der analytischen Eigenschaften des Operators A lasst sich die eindeutige Losbarkeit
von (2) in einem Hilbert-Raum H beweisen. Die Diskretisierung von (2) erfolgt mit Galerkin-
Verfahren in Ort und Zeit fiir beide Komponenten von u. Die Orts-Diskretisierung basiert auf
stiickweise affinen bzw. stiickweise kubischen Ansatzfunktionen. Fiir die Zeitdiskretisierung
verwenden wir stetige und unstetige Galerkin-Verfahren ¢G(1) bzw. dG(gq) mit ¢ = 0, 1.

In Rahmen dieser Arbeit werden die vorgeschlagenen Diskretisierungsverfahren im Zeit-Orts-
Raum analytisch untersucht. In Kapitel 2 beweisen wir zunachst die eindeutige Existenz
diskreter Losungen fiir alle vorgeschlagenen Diskretisierungsverfahren. Der Schwerpunkt liegt
hiernach auf der a priori und a posteriori Analysis des Diskretisierungsfehlers in der Energie-
norm.

Unter einer a priori Abschiatzung des Fehlers versteht man dabei im wesentlichen eine Ab-
schatzung, bei der die rechte Seite von der exakten Losung w, aber nicht von der diskreten
Losung U abhéngt, sodass man (unter Regularitdtsannahmen an u) die Konvergenzordnung
des Verfahrens erhalt. Im Gegensatz dazu hangt die rechte Seite einer a posteriori Abschatzung
von U aber nicht von u ab, d.h. die Fehlerschranke ist explizit berechenbar. A posteriori
Fehlerabschétzungen werden daher zur effizienten Netzgenerierung in adaptiven Algorithmen
verwendet.

Unsere Fehleranalysis basiert im wesentlichen auf drei verschiedenen Beweistechniken: der
Energie-Methode in Kapitel 3, der dualen Methode in Kapitel 4 und der zielorientierten
Methode in Kapitel 5. Die Vorteile und Schwierigkeiten der drei Techniken werden heraus-
gearbeitet und im Einzelnen diskutiert. Die analytischen Resultate verallgemeinern Arbeiten
von ERIKSSON-JOHNSON fur den Fall ¢ = 0 auf den Fall ¢ > 0. Teilweise werden dabei sub-
optimale a priori Abschatzungen verbessert, und wir erhalten optimale Konvergenzordnungen
in den Netzschrittweiten h fiir die Ortsdiskretisierung und k fiir die Zeitdiskretisierung.
Abschliefende numerische Experimente in Kapitel 6 belegen die bewiesene Analysis.
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Introduction

Motivation

During the last decade a new space technology, called tethered satellite systems (TSS), which
are a system of two or more satellites (rigid bodies) in orbit around the Earth connected by thin
flexible visco-elastic cables, has been of great interest. For instance, there were space flights
where one of the satellites was a space-shuttle and the other one a satellite of significantly less
mass. The length of the connecting tether can be up to 100 km, see KRUPA et al. [48]. An
overview concerning the practically important applications of TSS, can be found in [34, 76, 77].

The mathematical model of a TSS involves continuous and discrete bodies and hence the
equations of motion are a set of coupled nonlinear partial and ordinary differential equations.
The nonlinearities follow from finite geometry of the large displacement. The equations are
stiff in the sense that motions are present, i.e. axial and transversal motions, which evolve
on different time scales. An efficient numerical simulation of such systems and a reliable
approximation requires an appropriate implicit time integration. The spatial discretisation
is successfully conducted by the finite element method [63, 70, 74]. In order to express the
property that the equations are stiff already in their formulation, instead of the usual dis-
placement coordinates of the deformation of the tether, the orientation of the tangent vector
to the deformed tether as slow variable and the axial strain of the tether as fast variable are
used. Then the resulting string equations separate into a fast and a slow part and are named
after Minakov. Tt is referred to [12, 36, 58] for an integration of the resulting tether equations
without any systematic analysis of efficiency. Especially problems in the numerical simulation
arise if, for large amplitude motions, the tether force becomes zero and hence the tether is
not strained but slack POTH et al. [58]. Hence one important question is how is it possible
to achieve high accuracy in simulations of such motions which include the case of slack string
configuration.

For a mathematical investigation all essential properties and difficulties of the equations of a
TSS are already given by the model of a string pendulum, [47, 62]. There, one point mass
is connected by a massive visco-elastic string and with this model in KUHN et al. [49] the
numerical calculations in the displacement formulation are validated. If the restriction to the
vertical position of the string is made, the equation of motion for the string pendulum in
the space-fixed non-rotating frame reduces to the strongly damped scalar wave equation [49].
This equation is of the hyperbolic-parabolic character due to the presence of the damping
parameter ¢ > 0. This thesis emphasises the analysis of the strongly damped wave equation
in which e =0, i.e., the analysis of the wave equation, is included.

11
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The strongly damped wave equation

Given some arbitrary external force f, the strongly damped wave equation reads

Py >y Py
AR Tk T

(t,x)=f(t,x) in [0,T]xAQ. (3)

A more general overview on the spatial boundary and initial conditions in time will be given
in Section 1.3 with Dirichlet conditions in z = 0,1 or mixed Dirichlet-Neumann boundary
conditions.

The initial condition in time describes the initial length and the initial velocity.

Apart from the choice of the boundary conditions, the initial problem (3) allows the conversion
into an equivalent vector formulation, typical for the hyperbolic-type problem, see HUGHES-
HULBERT [38]. Indeed, for u=(y,y), the problem (3) is equivalent to

u+Au=F. (4)

Therein, A is some maximal monotone operator. This vector setting takes place in the Hilbert
space H=H}A(Q)xL?(Q), cf. NEVES [54]. The problem (4) can be also defined with respect to
L*(Q)xL?(R2) scalar product, cf. BANGERTH [9]. Here, however we rely on the first formulation
with H. This allows us also to define and analyse the energy behaviour of the continuous as
well as of the discrete solution. Namely, the energy, given as a sum of the potential and kinetic
energy of the solution is defined through the H norm, namely,

1
E(u) =5 lull?

Furthermore, use of H serves as a better basis for the analysis of the solvability, i.e. the
uniqueness and the existence of the solution. We prove that according to the properties of
the operator A, there exists a unique solution of the problem (4).

Discretisation in space and time

Within this work we present a study of the certain approximation techniques, applied to the
vector form of the strongly damped wave equation (4) in a way that the analysis of the error
becomes much more efficient and an optimal or nearly optimal a posteriori and a priori error
estimates can be obtained.

In particular, we consider the numerical approximation of both components of the vector solu-
tion separately but using the same time-space discrete ansatz. Time approximation is done by
applying the discontinuous Galerkin scheme dG(q) of order ¢=0,1 as well as the continuous
Galerkin ¢G(1) method. We also apply the semi-discretisation in space, so-called Method of
Lines. The use of finite elements to discretise the temporal as well as the spatial domain was
first proposed in [4, 31, 56].

Most time-dependent problems use the semidiscrete methods for designing the algorithms for
the computation of the approximative solution, cf. SULI-WILKINS [67], for the analysis of the
damped wave equation and BABUSKA et al. [6] where the class of evolution problems has been
solved. In these references, the convergence results concerning the a priori and a posteriori
error estimates obtained with aid of the dual technique are provided. The method of lines
is favourable when approximating the solutions which are smooth. It is also easy to perform
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since the solvability of the discrete solution relies onto the solvability of the system of the
ordinary differential equations. It retains the energy as the ¢G(1) method, when comparing
the continuous and discrete solution. However, their performance is less satisfactory when
solving problems with discontinuities or sharp gradients in the solution. One other disadvan-
tage of the method of lines is that the corresponding space-time discretisation is structured,
cf. HuGHES-HULBERT [38]. This disables the adaptive mesh refinement.

The method which seems to cover these difficulties is the discontinuous Galerkin method.
First introduced for 1D hyperbolic problems, cf. [45, 51, 59], this method yields an A-stable,
higher-order accurate method, cf. [51, 44]. Furthermore, this time discretisation framework
seems to be conducive to the establishment of the rigorous convergence proofs and error es-
timates for other evolution equations, cf. [19, 25, 37, 43, 66, 69]. For the strongly damped
wave equation as well as the wave equation, the analysis of the convergence of the error is
given in e.g. JOHNSON [42] and LARSSON-THOMEE-WAHLBIN [50]. In JOHNSON [42], the
wave equation with Dirichlet boundary conditions is discussed. The methods of proofs for the
establishment of the a posteriori and a priori error bounds rely on the dual method technique.
If the mesh does not change from one time slab to another, then the convergence result can
be found very satisfactory. In LARSSON-THOMEE-WAHLBIN [50], the strongly damped wave
equation has been discussed whereby the derivation of the error bounds for several discretisa-
tion methods has been conducted with aid of the semi-group theory.

Another approach towards space-time discretisation is the ¢G(1) method in which the unknown
quantities are assumed to be globally continuous, piecewise affine in time. This method allows
the use of unstructured space-time grid, but the problems may be effective discretisation of
the solution which are less smooth in time. See [5, 9, 8, 10, 11, 30, 29] for some examples
of continuous time space finite element discretisation. In BANGERTH [9], the acoustic wave
equation has been discussed, whereby the a posteriori error analysis has been conducted with
aid of the goal-oriented arguments. The analysis presented by FRENCH-JENSEN [29] refers to
the strongly damped wave equation for which the long time behaviour has been analysed. In
FRENCH-PETERSON [30], the a priori error estimates have been proved for the wave equation
by using the energy arguments. The a priori error estimates in the negative as well as in the
H norm have been proved for the wave equation in BALES-LASIECKA [8].

For the hyperbolic problems in general, the main difficulty occurs in the interpretation of the
time derivative in case of non-smooth problems. For first order hyperbolic problems, this can
be solved by modifying some finite element methods, in order to improve the convergence,
we refer to JOHNSON [43]. For the wave equation as well as for the strongly damped wave
equation, some authors propose so-called shock-capturing artificial viscosity, c.f. [42, 71], but
this wont be discussed within this work.

The approximation of the spatial variable follows by means of the conforming P; elements
(linear splines) as well as of the Hermite cubic splines (C' elements), respectively. The C!
elements provide a better basis for construction of the a priori and a posteriori error bounds
due to the continuity in the first derivative when the discrete function is concerned. This is
obvious when the derivation of the a posteriori error estimates by using the energy techniques
is discussed.

Outline of the thesis and some results

An outline of the thesis reads as follows:
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e In Chapter 1, we first introduce the mechanical model of the string pendulum. In its

vertical position this model can be described by the strongly damped wave equation
where the damping parameter ¢ >0 characterises the visco-elastic property of the string.
The subsequent Section 1.2 provides some backup facilities needed for the understanding
of the mathematical theory for observed model. This assumes the introduction of the
Sobolev spaces, distributions etc. In Section 1.3, we analyse the strongly damped wave
equation from the mathematical point of view. Furthermore, we introduce the vector
formulation in the Hilbert space ‘H which enable us to define an energy and energy scalar
product which will be frequently used in the error analysis. Finally, we recapitulate the
analytical theory by proving the existence and the uniqueness of the solution of the
strongly damped wave equation. The stability of the continuous solution is also showed
within this section.

In Chapter 2 we introduce the discrete model for each time discretisation ansatz in
particular and derive the stability estimates for the same. We also provide the proof of
the unique solvability for each time-space discrete ansatz.

In Chapter 3 we first introduce the necessary techniques needed for the error analysis
in general. This implies the definition of the interpolation and projection operators and
their approximation properties, see Section 3.1. In the following we analyse a derivation
of the a priori and a posteriori error bounds for the full discrete problems, see Section
3.2 and 3.3, respectively. Techniques used here are new. In the a priori error analysis,
see Table 1, the estimates for |e] 1o (3) when ¢G(1)®@C' and MoL®C' are optimal when

L ® | Py | ¢ |

dG(0) | O(h+k~2h+k) |  OM3+k12h3+k)

O(h3+k?), e=0

h—quasi uniform spatial mesh

O(h?), e=0or (DD)

h—quasi uniform spatial mesh

MoL -

Table 1: Proven a priori error estimates; energy method.

restricted to the wave equation, i.e. of order O(h® + k?) and O(h?), respectively. For
dG(0) method we prove a convergence order O(h? + k~Y/2h? + k) where p=1 for P! and
p=3 for C! elements. These estimates are nearly optimal, due to the presence of factor
O(k=1/2pp).

In case of the residual-based a posteriori error analysis, see Table 2 for dG(0)®C! and
MoL®C! time-space ansatz, the proven error bound retain the optimal convergence
of the exact error, i.e. O(h®+ k) and O(h?), respectively. For dG(0) we additionally
assume that the spatial meshes are hierarchical in time. Also note that the a posteriori
error analysis for dG(0) in time, relies on the use of the affine approximation U, bilinear

form B and residual Res. All a posteriori error bounds proved within this Chapter are
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[ e ] c! ”
46O | o
dG(1) O h?ih;j Zz)), jk;; giw
cG(1) O(h*+k)

MoL O(h?)

Table 2: Proven a posteriori error estimates; energy method.

computable, i.e. the constants are known. This analysis can be also easily extended to
the 2D case.

The previous chapter motivates the further analysis on the error by use of the duality
technique, cf. Chapter 4. We first introduce the adjoint problem and derive the strong
stability estimates, cf. Section 4.1. Then we analyse a derivation of the a priori and
a posteriori error bounds for each time-space ansatz in particular, see Section 4.2 and
4.3, respectively. The analysis in case of dG(q),¢=0,1 method relies on the arguments
used in JOHNSON[42], where the dG(1)®P; finite element discretisation of the 2D wave
equation has been studied. Here however, we proved an error bounds when dG(0) and
¢G(1) method in time additionally.

The proved a a priori error bounds for the strongly damped wave equation, see Table 3,

H H 20 | =0 |
O(hp—{—k‘) si—l=gi
dG(O) O(hp+k_1/2hp+1+k) otherwise
dG(l) O(hp+/€2) Si—l=gi O(hp-i-k?’) Si—l=gi
O(hp+k_1/2hp+k2) otherwise O(hp+k_1/2hp+k3) otherwise
G(1) O+ k) O +k?)

Table 3: Proven a priori error estimates; dual method.

are of the optimal order when dG(0) method in time and P! or C! discretization in
space. Namely, for P! (p=1) and C* (p=3) we have [|e" ||y =O(hP+k). This assumes
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also that the spatial mesh does not change in time. When wave equation is discretized
by dG(1) resp. ¢G(1) method we proved the optimal convergence order O(h?+k?) and
O(hP+k?), respectively. Our estimates when dG(1) in time generalize and improve those
of JOHNSON[42] of order O(h'/?) when k= h3, when restricted to the 1D case. The result
for ¢cG(1) in time is new.

As far as the a posteriori error bound is concerned, see Table 4, we analyse a derivation

® 731 Cl
if s=1 then e=0 or (DD)
_0 B O(h*+k), (DD*), si-*css,
o OR3+ kB3 +k) otherwie
dG(0)
s—1 O(h+k) si—1css, O(h4—|—k’), sitlcsd,
B O<h+k_1h2+k') otherwise O(h4+k_1h4+k) otherwise
_0 - O(h3+k3), =0, (DD*), si-t=si
5T O(R3+ kW3 +k3) otherwice
W] otk e=0, s | OiR), (DY), s
B O(h+k_1h+k3) otherwise O(h4+k_1h4+k3> otherwise
s=0 -
G(1) O(h+++12), (DD?)
s=1 O(h+k?)

Table 4: Proven a posteriori error estimates; dual method.

of the a posteriori error bounds for [|e™~ || (s=0) and [|e"~|l; (s=1). The bounds of
optimal order are proved for all three time discretisation methods and C! functions in
space with the restriction to the (DD) boundary conditions (I'(Q2) =I"p(£2)). For dG(1)
method in time, the optimal order O(h®+k3) is proved only for the wave equation,
whereby in case of the dG(0) and ¢G(1) method in time, we proved the optimal order
for the case € >0 also. Case P elements in space does not allow us to obtain an optimal
error estimates since in 1D we can not make necessary requirements on the mesh as in
2D, cf. [42]. There, the error bound of order O(h + k%) was proved for the dG(1)® P!
discrete model of the 2D wave equation with the Dirichlet boundary conditions.

Chapter 5 is devoted to the goal oriented a posteriori error analysis. We first introduce
the general idea of the goal-oriented method and describe the possible ansatz when the
strongly damped wave equation is considered. This implies the definition of the target
functional and its linearised version, as well as the proposed approximation method when
dual solution is considered. In the following, we deduce the a posteriori error estimates
for dG(q),q=0,1 and ¢G(1) ansatz in time combined with P; or C' ansatz in space.



17

This theory is generalisation of the one presented in [9, 10, 11], where the ¢cG(1)®@P!
discretisation of the acoustic wave equation is treated. However, a detailed numerical
discussion concerning the strongly damped wave equation is not included here.

e Some numerical experiments are discussed in Chapter 6. Here we also provide a full
algorithm for the computation of the finite element solution using the Galerkin methods
in time and space, cf. Section 6.1. Section 6.4 is more theoretically inclined. We also
discuss some possible ways of solving the equation by relying on some of the adaptivity
techniques. As a basis we take the a posteriori error estimates obtained by using the
energy techniques where adaptivity applies only to the temporal mesh.

The presented study due to simplicity of the observed mathematical model, denotes the plat-
form for the future investigations.
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Chapter 1

Satellite Beam Equation

We consider the sting pendulum as a simple version of the mechanical model of T'SSs, which is
believed to convey all the difficulties in the mathematical and numerical treatment. We derive
the equations of motion for the string pendulum in the vertical position where the length of
the string is set to some constant value. This results in a partial differential equation which
is often referred to as the strongly damped wave equation.

The second part of the chapter deals with the mathematical aspect of the strongly damped
wave equation, cf. Section 1.3. Here we introduce some necessary definitions and formulations
and derive the main result which provides the uniqueness and existence of the continuous
solution.

1.1 Physical model

The string pendulum, see Figure 1.1, consists of a visco-elastic massive string with an end
mass mg, modeled as a mass point, moving in the constant gravitational field with g being the
gravitational acceleration. Notice that the deformations of the string pendulum, described by

y

vy
s=0

PSfrag replacements

mg
Figure 1.1: Mechanical model of the string pendulum.

the position vector r(s, 7) are given with respect to the inertial frame (e, e,).

19
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Here 7 denotes time and § the unstrained arclength which is a material coordinate along
the string and 0 < § < /¢ for ¢ the total length of the longitudinally unstrained string. The
unit tangential vector is denoted by t whereby e stands for the strain. If ds and ds are the
unstrained and strained element lengths, then

ds —ds
€:= .
ds
The large amplitude motion of the string pendulum system are described by a field equation
Pr  On
—— — — — [ 1.1
Pas = 5z — 9, (1.1)

which is a nonlinear hyperbolic partial differential equation. Here i denotes the mass of the
unstrained string per unit arc length and n is the axial string force given by

n =Nt where N = EA(e—koz%), (1.2)
or

where E stands for Young’s modulus, A is the area of the cross-section of the string, N the
axial tension and « is a damping constant which describes the viscosity.

The equation (1.1) arises from the application of the principle of conservation of linear mo-
mentum to a particular string element, whereby the constitutive law gives the relationship
(1.2).

The boundary condition at the suspension point §=0 is given by

r(0,7) =0. (1.3a)
The boundary condition at s=/ follows from the equation of motion of the end mass mg, i.e.
82T0
or?

from which the cable force n(f) = —N(é)(@’r(f)/@@/“%” can be obtained. For a more de-
tailed description, we refer to KUHN et al. [49].

=n(l) +m(7)g. (1.3b)

ms

In the mechanical formulation above we considered the string equation with respect to un-
strained coordinate § (Lagrange’s description). The advantage of the use of the coordinate 5
is that the boundary conditions can be taken at s=0 and 5=/.

1.1.1 Problem statement for the vertical state of the string

Subsequently, we consider the simple state of our mechanical model, i.e. the vertical position
of the string pendulum which yields a less complicated formulation of the equation of motion.
If the string is in vertical position, then it is obvious that the position vector ¥(s, 7) to the
characteristic point of the string can be decomposed in the following form

F=0-e,+(5+u(57))(—e,). (14)

Here u(s,7) denotes the string displacement.
Using the scalar form of the vector r =35+ u(s, 7) it is easy to see that

9*r B 0%u

o7 = o

(1.5)
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Moreover, an asymptotic expansion of the function u(s,t) for ds — 0 yields

T ds —ds
‘T a0 ds
~ fim ds + u(s + ds, 7'2 —u(s,7) —ds
d5—0 ds
_ou(s,T)+ds%E+ . —u(s,T)
= lim £
d5—0 ds
: ou du
= I, (55 + 0@9) =55, 5)

For the string in the vertical position the axial string force and the tangential vector have the
same direction, i.e. the scalar part of axial force and axial tension coincide

n = N. (1.7)
From (1.2), (1.5), (1.6) and (1.7), the equation (1.1) reads
Fu_om
NaTg 95 —Hg

RIS

0%u Pu
= EAW + OzEAa 25, 9. (1.8)
Moreover, if we substitute a pair of new variables (z,t) := (5(EA)~"2 7a~'/?) in (1.8), for
e:=ai~"? and f(z,t):=—[g, the equation simplifies to
0?u 0?u Du
5 —(z,t)= 52 —(z,t)+¢ 9 Qat(x t)+f(x,t). (1.9)
From the boundary condition (1.3a), we have for § =0
0=7(0, 7)=u(0,1). (1.10)
Similarly, if we assume that the intensity of the axial force at the end mass suspension equals
zero (free end), the second boundary condition (1.3b) is equivalent to
O=n(l,T)=N(,T).
For /=+/FE A according to (1.2), the last equation simplifies to

0:EA< (@, T)+a§ (@, 7)) @(%(1,t)+5§$gt(l,t)>. (1.11)

Finally, from (1.9), (1.10) and (1.11) it is obvious that the displacement of the string u(x,t)
satisfies the following system of equations

0*u 0*u Pu

v —(z,t)= 2 —(z,t)+e¢ pe 2875(:6 t)+f(x,t) (1.12a)

u(0,) =0 a—(0 t)=0 and Ou — (0, t)+ Ou (¢,t)=0 (1.12Db)
A o ozor Y T |

u(z,0)=up(xz) and %u(:ﬁ,O) = uy(z). (1.12¢)

Here function ug(x) is set to be a function which represents the initial length of the strain and
accordingly u;(x) is the initial velocity. Moreover, the equation (1.12a) is of the hyperbolic-
parabolic type due to the presence of £ > 0.
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1.2 Mathematical foundations

In this section, we recall the definitions of some familiar function spaces, including the theory
of distributions. For proofs and further details, we refer to ALBERTY [2], GRIFFEL [33], EVANS
[27]. Let in the following 2 be some open set in R™.

1.2.1 Spaces of continuous functions

Definition 1.2.1.1 (Multi-index). Let Ny denote the set of all natural numbers. An n-
tuple @ = (ay,...,a,) € N" is called multi-indez of length |a| := |ay| + -+ + |ay,| such
that

D* =07 ...0,, where 0;=0/0z;, forallj=1,...,n. O

Definition 1.2.1.2 (C* space). For k € N, we denote by C*(2) the set of all continuous
real-valued functions u, defined on €2, such that D%u is continuous on 2 for every multi-index
a, |a| < k. In case k = oo, C*°(2) is defined as intersection (-, C*(9).

By C*(Q), we also denote the space of all u € C*(Q) such that D% can be continuously
extended from 2 to Q for every multi-index a, |a] < k. C*®(Q) and C°(Q) are defined
analogously.

In case of Q being a bounded open set in R”, the linear space C*(Q2), k € N is a Banach space
equipped with a norm

U 5 = max sup |0%u(z)].
I ”C’“(Q) |a\gkz£| ()] O

Definition 1.2.1.3 (Support, C¥ space). The support of a continuous function u € C*(1)
is defined by

supp u = {z € Q | u(x) # 0}.
For all k € N, CF(Q) is defined as a set of all u € C*(Q), whose support is a compact subset
of Q. O

1.2.2 Spaces of integrable functions

Definition 1.2.2.1 (L? space). (L”(2),] - |rr()) on a Lebesgue measurable subset {2 € R”
is a Banach space of Lebesgue integrable functions equipped with a norm

(Julupae)™ p< oo,

supess,colu(z)|, p=oc.

[ulzr) =

In particular, for p = 2, (L*(2), (+;-)) is a Hilbert space with the inner product

u;v) = [ uv dSd.
(wso) = [ .

Definition 1.2.2.2 (Locally integrable). Let 0 < p < co. We denote by

Lp

loc

(Q) :={f|f € LP(K) for all compact K C int Q},

the space of all locally integrable L” functions. 0
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Lemma 1.2.2.1 (Holder inequality). Let u € LP(Q2) and v € L9(Q2), where 1/p+1/q =1,
1 <p,q <oo. Then uv € L}(Q) and

‘/ ude‘ < ||U||LP(Q)||U||L‘1(Q)'
Q

For p = q = 2, this is referred to as the Cauchy-Schwarz inequality.
Proof. See EvANs [27, Appendix B.2]. O

1.2.3 Theory of Distributions

Let (H, (- ;-)) be some Hilbert space with corresponding scalar product.

Definition 1.2.3.1 (Piecewise). Given the partition U;V:1 I; = T of some arbitrary domain
T we say that function f has some property piecewise on Z if for each I;, the restriction f|;,
has the same property. Note that the function f does not have to satisfy the property on the
whole interval Z. 0

Definition 1.2.3.2 (Space of test functions). Let C3°(Q); H) =: D(£2; H) denote the space
of infinitely differentiable functions ¢ : H — R with compact support in 2. We say that the
function belonging to D(2; H) is a test function and D($2; H) is a test space. O

Definition 1.2.3.3 (Distribution). A linear, sequentially continuous functional
fD(Q;H)—R

is called distribution on D(); H).
For the definition of the convergence of sequence in the locally convex vector space, see
McLEAN [53, Chapter 3]. O

Remark 1.2.3.1. In one-dimensional case, {2 C R, we use the following notation
D(Q; H) =: D(2) and accordingly D*(Q; H) =: D(Q),
where H denotes the usual L?(2) Hilbert space with a corresponding scalar product. O]

Example 1.2.1 (Dirac delta distribution d). The Dirac delta distribution 6 € D*(R) is
defined by

(0;¢0) :=¢(0), forall ¢ e DR).
Example 1.2.2 (Shifted Dirac distribution). For some a € R and all ¢ € D(R) test

functions, distribution §, with a property (d,;¢) = ¢(a) for all ¢ € D(R) is called shifted
Dirac distribution.

Definition 1.2.3.4 (Distributional derivative, weak derivative). Supposeu € L}, (Q; H)

loc
and « is a multi index of order |a| := a3 + -+ + «,. If there exists some distribution

v € D*(Q; H) such that

/(U;¢)dQ = (1)l /(u; DY$)dQY for all ¢ € D(; H),
Q

Q
we say that v is a distributional derivative of u with respect to o, where

ag . 0°
D= (8?1...agn)¢

with D := v ath weak partial derivative of w. 0
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Remark 1.2.3.2. If u € L], is m times continuously differentiable, then we may replace v

from the previous definition with D®u in case when |a| < m. O

Example 1.2.3 (Distributional derivative of Heaviside function). For the Heaviside
function H : R — R, defined as

0, t<0

1, t>1

H(t) := {
and Dirac distribution § € D*(R), the following result is valid
H' =46 in the distributional sense.
The proof is by integration by parts, if we take some test function ¢ € D(R) such that

supp(6) = (—n,n), then

- [ == [ Gt = —otm) +6(0) = 60) = 5:0).

Definition 1.2.3.5 (Derivative of distribution). The derivative of some distribution u €
D*(); H) is also distribution v € D*(Q2; H) such that

(v;9) = (—1)l(f; D*¢) forall ¢ € D(Q; H). 0

1.2.4 Sobolev Spaces

Let k be some nonnegative integer and 1 < p < oo.

Definition 1.2.4.1 (Sobolev space). We define Sobolev space W*?() as

W P(Q):={u € L,.(Q) | for all |a| < k: D exists in a weak sense and [ Du| ) <00}

]
Definition 1.2.4.2 (Sobolev norm). If u € WIf(Q), we define its norm to be
(ScelDulte) " #<
ilwriay = 1 (Zis 12Ul ) p <o .
max|o|<k | Dl = (0), p = 0.
Remark 1.2.4.1. For all 1 < p < oo, (WFk»;| . lweroy) is a Banach space, whereas in case

of p=2, (W"?2 (;+)r.q) is a Hilbert space equipped with a scalar product defined as

(u;0)gq = Z /DauDade.
Q

|a|<k

We will henceforth write H*(Q2) := W#2(Q) and accordingly for the corresponding norm.
In particular, H°(Q) := L*(Q) and | - |go) = | - |20 O
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1.3 Mathematical model

Suppose that €2 is a one dimensional spatial domain, 2 := (0,1) and 7" > 0. In time-space

domain Q:=(0,T)x< for A:=D? D™:=9™/0x™ and () := 9/t () := 9*/9t* and given data
Yo € H(Q), 1 € L*(Q), and f € L*(Q)

with a damping parameter ¢ > 0, the continuous problem reads: Find y:= ¢ — R such
that

Jj—Ay—cAy=fon Q, (1.13a)
subject to the initial conditions

y(0,2) = yo(z), ¥(0,2) = y1(z) on Q, (1.13b)
and homogenous mixed Dirichlet-Neumann boundary conditions

y(t,0) =0, Dy(t,1)+eDy(t,1) =0, on [0,T] (DN), (1.13c)
or Dirichlet boundary conditions

y(t,0) =0, y(t,1) =0, on [0,T] (DD). (1.13d)

We refer to continuous problem as Problem (DN) when (1.13a)—(1.13b)—(1.13¢) hold and Prob-
lem (DD) provided (1.13a)—(1.13b)—(1.13d). Here D designates Dirichlet and N Neumann.

Remark 1.3.0.2. For the visco-elastic parameter ¢ = 0, (1.13) is the wave equation. For
£>0, (1.13) is called strongly damped wave equation. O

Remark 1.3.0.3. Note that the consistency condition (yo,y1) € Z(A) in Definition 1.3.0.7
below requires further conditions on the data y, and y;. 0

In the following, we introduce the steady state equation corresponding to the strongly damped
equation (1.13). Namely, let z be the unique solution of

—Az=f on Q, (1.14a)
subject to the homogenous boundary conditions
Z|FD:0, DZ|FN:0. (114b)

Here the boundary I' := 0Q = {0,1} and I'p =T' \ I'y such that for (DN) we have I'p =
{0},Ty={1} and in case of (DD) I'p={0,1}=T, I'p=0.

Remark 1.3.0.4. Given f € L*(Q), the existence of a unique solution z € H%(Q) of (1.14) is
proven, e.g. in AFEM [16, Chapter 1, Theorem 1.5]. O
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Let here and in the following

a(u;v) ::/DuDv dxr and (u;v) ::/uv dx
Q Q
for all u,v from H'(Q) and L*(Q), respectively.
We define Hp(Q) := {w € H'(Q) | wlr, = 0}. Because of Tp #0, |ul g o) = (a(u,u))/?

defines a Hilbert norm on Hp(Q2) and we write | - | z1(q) instead of | - |41 (-
Moreover, let H1(2) be the dual space of H}(Q) equipped with the usual norm

lu|g-1:= sup (u;v)=sup (150) for ueH (), (1.15)
ol 1. <1 w0 [v]i(e)

Here the duality brackets (-,-) extend the L? scalar product. In the following we introduce
some definitions needed for the analysis of the long time behavior of the initial equation (1.13).

Definition 1.3.0.3 (Energy scalar product, Energy norm, Hilbert space H). Let H
be the Hilbert space

H:= H,H(Q) x L*(Q) (1.16)
equipped with the canonical inner product defined for all u = (uy,us), v = (v1,v9) in ‘H by
<u;v>H s =aluy;vy) + (ug;v9). (1.17)

The scalar product < ; ~>H is often referred to as the energy scalar product and the correspond-
ing energy norm is accordingly defined for all u = (uy,u2) € H by

|||U|||3{ = <U;U>H = ||DU1||%2(Q) + ||U2||%2(Q)- (1.18)
O

Definition 1.3.0.4 (Energy). The energy of the continuous solution of Problem (1.13) at a
time point ¢ € [0, T] is the halved sum of potential and kinetic energy, i.e.

E(y(t))::%/g|Dy(t,:v)|2dx—l—%/Q|g)(t,x)|2dx. O

Remark 1.3.0.5. From the definition of the energy norm, cf. (1.18), it is obvious that
lICy, ) (O3 =2E (y). O

Lemma 1.3.0.1 (Conservation of Energy). The energy of the continuous solution y of
the homogenous strongly damped wave equation (1.13) for ¢ > 0 dissipates in time

() =€) ¢ [ IDi)eydr forall ¢ €(0.7] (1.19)
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Proof. To prove this, we multiply the equation (1.13a) by y with respect to the inner product
in L?(Q). Together with the boundary conditions, an integration by parts by proves

(@(t); 9(t))+aly(t); y(t)) +ea(y(t); 4(t)) =0.

An integration over (0,7) leads to

1/T all'(t)IIQdHl/T a|| (D70 + /T [9() 771 0y dt =0 (1.20)
= | = = | = 1) e ! =0, :
208ty 20(%9 H(Q) ; YU HL ()

and the main theorem of calculus concludes the proof. O

Definition 1.3.0.5 (Operator K). For given f € H~!(Q), there is a unique weak solution
u € Hp(Q) of the problem (1.14), i.e. a(u,v) = (f,v) for all v € H,(Q), as follows from the
fundamental Riesz theorem. Hence we may define the operator K : H=1(Q) — HL(Q2) which
maps f onto the solution Kf=wu of (1.14). O

Lemma 1.3.0.2. Since H}(Q) C L*(Q) € H'(Q), we may consider the restricted operator
K : L*(Q) — L*(2). This restriction satisfies

(a) K is self-adjoint, positive semi-definite and compact from L?(2) to L?*(€),

(b) Therefore, K2 : L*(Q) — L2(Q) is well-defined, self-adjoint, compact and positive
semi-definite.

(c) K2 can be extended to an operator K2 : H=1(Q) — L*(Q) and there holds
”ICI/Qf"Lz(Q) = Hf“H—l(Q) fOI all f - H_I(Q), (1.21)
i.e. K2 is an isometry.

Proof. (a) We first show that K is self-adjoint: For f € L?(Q2) there holds a(Kf;v) = (f,v)
for all ve H}, () according to the definition of K. Thus, f, g€ L*(2) implies

(f,Kg)=a(K[f: Kg)=a(Kg; KLf)=(g;: K [). (1.22)
The same argument implies
(Kf; )=a(Kf; Kf)=|KflF @) >0.

i.e. K is positive semi-definite.

It remains to prove that K is continuous from L*(Q2) to H}(Q2) which would yield the com-
pactness according to the Rellich theorem, cf. ZEIDLER [75, Band II, Theorem 19.25].

Due to Kf € H},(2) a Friedrich’s inequality yields

1K £ i@y =a(Kf; KF)=(f,KF) <If 2@ K |20 < Cl 2@ 1K f (- (1.23)

This concludes the proof for (a).

(b) The existence of a positive, self-adjoint and compact square root KC'/2 is proven e.g. in
WERNER (73, Theorem VI.3.4].
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(c) For the proof of (1.21), recall the definition of | - |5-1(q) from (1.15).

First, let f € L*(Q), f#0. Obviously, there holds [Kf] 1 (q) = a(Kf; Kf)Y2 = (f;Kf)V?2 =
|2 f|12(c- Thus, the Cauchy inequality yields
(f;v) a(Kf;v) IS vl

|-y = sup = sup < sup L= 1KY fl 20,
veri() [Vlm@) vemi) [Vlm@) "vent o) [v] @)

In particular K'/2f#£0. Therefore, we may also conclude that

_ (iKf) (KK
i =supF) 2 g o = e~ I v

From the latter two inequalities we obtain || f[ g-1(0) = [ K2 f|12(q) for f € L*(Q). In particular,

K2 is an isometric operator from (L*(Q), | - |#-1(@)) to L*(2). Continuity allows to extend
K% to the whole of H1(Q), since L?(Q2) — H~1(2), see ODEN-REDDY [57, Section 4.5].
This concludes the proof. O

Definition 1.3.0.6 (Hilbert space 7'At) Let H be the Hilbert space
H:=L*Q) x H'(Q) (1.24)
equipped with the inner products defined for all u = (u1,ug), v = (v1,v2) by
(u;v)5 = (ur;01) + (KYug;vy). (1.25)

Here K is an operator from Definition 1.3.0.5. R
The corresponding norm is defined for all v = (u1,us) € H through

llull; = (usu)sy = lualfogo) + 1K 2] 720 (1.26)
O

In the following we introduce the vector notation, in order to present initial equation as the
evolution equation.

Definition 1.3.0.7 (Vector formulation, Operator .A). For the solution of the initial prob-
lem (1.13) let

u(t,x) = (y(t,x),y(t,x)), u()(x) = (yO(x)ayl(x»a F(t,l’) = (va(twr))?

and define the 2 x 2 operator matrix A:H —H by

0 -1
ae 21 .
The problem (1.13) is equivalent to: Find u € H*(0,T;H) such that
t+Au=F, on Q, (1.28a)
u(0,2) = ug(x) on £, (1.28b)

for A: 2(A) C H—H where
D(A) = {(u1,us) C HH(Q) x HH(Q) | uy +eus € H*(Q) and D(uy + cup)|ry =0}, O
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Lemma 1.3.0.3. The operator A is maximal monotone.

Proof. First we need to prove the monotonicity. Let u= (u1,us) and v = (vy,v2) belong to
P2(A). An integration by parts in space using the boundary conditions yields to

<u —v; Au — Av> a(uy — vy, —us + v9) — (ug — vo; Alug — v1) + eA(ug — v9))
= —a(u; — vi;us — v2) + a(ug — vo; Uy — V1) + ca(ug — vo; ug — Vo)

— [(u2—UQ)(D(ul—vl—l-e(ug—vg))]é:5/Q(D(UQ—UQ))Qda: > 0.

This shows that the operator A is a monotone operator.

By definition it remains to prove that the range of A + I satisfies R(A + I) = ‘H with [ the
identity operator on H.

For arbitrary (e, g) € ‘H, we consider the following ODE problem

z—(14+e)Az=¢e+ (1~|—5) (1.29a)
Z|FD = 0, DZ|FN = (129b)
According to AFEM [16, Chapter 1, Theorem 1.5], there exists a unique solution z € H*(2) N

HL(Q) of (1.29).
Accordingly e € H}(Q2) and the functions

1 1
= z+ee) and n:=
1+€< ) 14¢

(z—e)
satisfy m,n € HH(Q), m+en =z € H*(Q), D(m +en)|r, =0, and

m—n=e, (1.30a)
n—A(m+en)=g. (1.30Db)

The system (1.30a) is equivalent to

[I+A]{7:Z]:[e]. (1.31)

9

Hence H C R(A+1) and from R(A+ 1) C H, which is obvious due to the definition of Z(.A),
we may conclude the proof of lemma. O

Lemma 1.3.0.4. H is separable Hilbert space as a product of two separable Hilbert spaces
H}L(Q) and Ly(9).

Proof. Follows directly from the definition of separable spaces. O

Theorem 1.3.0.1 (ZEIDLER [75, Band II, Section 31.1, Theorem 31.A]). If A: Z(A)C
H—H is a maximal monotone operator with respect to domain Z(A) and F € H'(0,T;H),
then problem (1.28) has exactly one solution v € H*(0,T;H).

Proof. The proof follows since H is a real separable space and A maximal monotone opera-
tor. 0
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Remark 1.3.0.6. The motivation to use the above introduced vector formulation (Definition
1.3.0.7 and 1.3.0.3) comes from the analytical study of the strongly damped wave equation
with parameter ¢ = 1, cf. NEVES [54]. O

Lemma 1.3.0.5 (H? stability of continuous solution). For the solution y of (1.13) with
f=0, we have

t
5L @t 15O @t 1A (y+ed) (8 L2t 2 /0||1)(T) i @dr < 2(l [ oA (o +eyi)l72(@))-

Proof. According to Theorem 1.3.0.1, there is a unique solution u of Problem (1.28) for
o= (Yo, y1) € Z(A). This solution is the unique solution of the problem (1.13) too, meaning
u=(y,y) for y the solution of (1.13).

The proof follows by multiplying the initial equation (1.13a) with —A(g+¢ij) with respect
to L? scalar product in space and further integrating over time interval [0, ¢] where ¢ is the
arbitrary point in time. Namely

0= / (; A+ <)) dr + / (Aly+e); A+ ii))dr. (1.32)

The partial integration in space in case of the first term on the LHS of (1.32) shows

- [ aliyei)dr+ / (Aen) AG+ei)dr

1o, L 1o :
=3 [ o i+ [ Bty [ o180+t (13)

Here we used the boundary conditions (1.13c) as well as (1.13d). Moreover, owing to the main
theorem in calculus, the last expression is equivalent to

t
||y(t)||§{1(ﬂ)+|]A(y+gy)(t)”i2(m+25 ; |‘y(7)‘|§{1(9)d72HylH?{l(ﬂ)+HA(ZJO+€Z/1)”%2(Q)- (1.34)

From (1.34) and the fact that §j=A(y+ey) we additionally have
||?j(t)||%2(ﬂ) <|n ”%{1(9)+||A<y0+5y1)”%2(0)' (1.35)
The proof follows by summing (1.34) and (1.35). O

In case of the norms and normed spaces defined on the whole domain (), we shorten the
notation and write e.g. | - |L1(z2) instead of | - |L1(0.102()) and proceed similarly in case of
Sobolev norms.



Chapter 2

Discrete model

For the numerical simulation of the strongly damped wave equation and a proof of a sharp a
priori and a posteriori error estimates, we developed several approximation schemes which re-
sult in a fully discrete analogon of initial problem (1.13). The proposed discretisation methods
are applied to the vectorised form of the initial equation (1.28), such that both components of
the solution vector belong to the same discrete space. The usage and approximation of the vec-
torised form instead of the initial form of equation (1.13) is motivated by the fact that across
from very few known methods for the discretisation of the second time derivative, the variety
of numerical methods for solving differential equations of first order is widely used and fully
discussed. This also yields to the better approximation of the second variable g (velocity) and
is therefore favourable. As an example for both approaches, we refer to HUGHES-HULBERT
[38, 41].

In case of spatial discretisation, due to the presence of a second order differential operator
in space, we employ globally continuous finite elements, e.g. linear splines (P; conform fi-
nite elements) and cubic splines (C! finite elements), respectively, cf. Section 2.1. A time
discretisation is carried out with aid of the discontinuous Galerkin methods of order 0,1 as
well as the continuous Galerkin method of order 1, see Section 2.2. As a successful tool for
the analysis of the long time behaviour of the initial equation and its discrete counterpart,
we also concern the spatial semi-discrete version of the strongly damped wave equation. Each
of these methods are explained in the following, along with a detailed overview concerning
the implementation, cf. Section 6.1. We will also show that each discrete model provides the
unique existence of a discrete solution, see Section 2.4.

First, let us introduce the time-space partition of the domain Q = [0, 7] x Q.

Definition 2.0.0.8 (Partition in time and space). Let .7 be a partition of the time in-
terval [0, 77,

§10:t0<t1:t0+k1<t2:t1+k2<"'<tN:tN_1+kZN:T,

where I; := (t;_1,1;], kj := |1;| and k € L>°(0,T) is defined by k|7, := k; foreach j = 1,..., N.
With each time interval [;, we associate a triangulation 7; of the spatial domain 2 = [0, 1]

Tiixg=0<21 <29 <...<Tp_1 <Tp = 1.
As above we write Ty, = (xg_1, k], hx := |Tk| and define h € L>(2) by h|r, := hy for each
k=1,...,n. 0

31
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The space discretisation may vary in both space and time, but the time steps are only variable
in time, not in space so that the corresponding time-space mesh is not fully optimal. This
variation of spatial domain arises when coercing/refinement procedure in space is applied.
For different ways of discretisation where the triangulation of temporal domain is not fixed as
a reference for space discretisation we refer to RICHTER [61].

Moreover, when the mesh varies in space, we need to find a way of transferring information
from one time level to the next, so that we can approximate the numerical solution at a
point of the previous spatial mesh, which may not have been a node. This can be done in
a several ways: Some authors, e.g. BANGERTH [9] propose the usage of hierarchical meshes
(important for a continuous Galerkin ansatz in time) and some introduce the idea of a global
L? projection, see SULI-WILKINS [67]. In this work, we deal with the one-dimensional spatial
domain and accordingly the straight-forward interpolation can be used.

Remark 2.0.0.7 (Additional time step control, CFL condition). Depending on the

time discretisation, an additional time-space-step control may be needed for the stability of the
discrete method. This is the case when, e.g. explicit methods are used for the discretisation
in time, cf. COURANT et al. [21]. However, in this work only the implicit methods in time
are considered and therefore the additional time-space step control is not necessary. ([l

2.1 Discretisation in space

The spatial discretisation follows by means of linear splines and Hermite cubic splines, respec-
tively.

With respect to the partition of the whole domain @ = [0, 7] x € from Definition 2.0.0.8, for
each j and the corresponding time slab I; x {2 we may define a spatial conforming FE space
S’ C HL(Q) such that in case of linear splines

Sj::S})(’]}):span{qﬁl,...7gbn} - CD(Q)7 (21&)
and when the discretisation in space is by Hermite cubic finite elements
S§7:=8}(T;), such that Sp(T;)|r, =span{¢,..., ¢} CCH(N), T € T;, 1 <k <n. (2.1b)

The number n + 1 is the number of nodes in triangulation of the spatial domain 2.

In case of (2.1b), {¢,};_, are chosen to be piecewise Hermite cubic finite elements and they
are defined on each space interval separately, cf. Subsection 2.1.2. Both ansatz spaces consist
of globally continuous functions and therefore conforming elements.

We choose the linear finite elements because the theory derived for the proof of a posteriori
error bound can easily be extended to the case of the strongly damped wave equation with
two-dimensional space variable. They also decrease the computational cost compared to the
use of the cubic splines. On the other hand, we rather use cubic elements because their
improved accuracy yields a much sharper a posteriori error bound. This will be shown in
Chapter 3 and Chapter 4.

Note that the structure of the FE spaces S/ with respect to the number of elements in the
corresponding triangulation 77 may vary between two neighbouring time slabs.
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2.1.1 Linear Splines (P;)

In case of piecewise affine (Py), globally continuous functions which are often referred to as
linear splines, we consider the following basis for the discrete space S7, namely for k=1,...,n

(.T — xk—l)/hlm for x € Ty,

¢k($) = (xk—&-l — x)/hk.“, for x € Tk—i—la (22)
0, elsewhere.

These functions are also called hat functions, see Figure 2.1.

Figure 2.1: Basis function ¢, linear splines.

2.1.2 Piecewise Hermite cubic finite elements (C')

Globally continuous C! cubic polynomials, so-called cubic splines are defined on each space
interval separately. Namely, if ( € [—1, 1] denotes the local coordinate relative to the interval
Ty = (x1_1, x1], where

v = 50— Qe + (14 i,

then the basis functions read

61O = J1- PR+, 6:(Q) = ;11— P +0),
65(Q) = T+ P20, u(0) == —1(1+ X1~ 0). (2.3

Accordingly, the discrete solution on the kth element, U € 8’|z, can be represented as

U(1,2(0)) = Ut 24 1)61 (O DU 24 1)00(Q) +U (L )l Q) + 22 DU (1, 21)04(0). (24

Remark 2.1.2.1. The Hermite cubic finite elements are continuous in first derivative and
therefore admissible for the incorporation of Neumann boundary condition (1.13c) in the

computation of the discrete solution in case of Problem (DN). For details we refer to Subsection
6.1.4. 0
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Figure 2.2: Basis functions ¢1, ¢9, ¢3, ¢4, cubic splines.

2.2 Time discretisation

In case of time discretisation we apply the following methods, namely
e Discontinuous Galerkin method, abbreviated dG(q), for ¢ = 0,1 polynomial degree,
e Continuous Galerkin method, abbreviated by ¢G(q) for ¢ = 1,
e Method of lines, abbreviated by MolL.

The discontinuous Galerkin method generates an implicit A-stable time-stepping schemes of
order ¢ + 1 in time, where the super convergence of order 2q + 1 occurs at the nodal points
t; from 7. The approximate solution is sought on each time level separately. Although the
dG methods are strongly dissipative, due to the smoothing effects which cause the additional
energy loss, see Remark 2.3.3.4, they can be understood as a general method for solving time-
dependent problems adaptively. Namely, the jumps of dG functions can be regarded as a
proper refinement or coarsening indicators. One of the first applications of dG methods for
the second order hyperbolic problems was by Hulbert and Hughes, see [38, 41]. Note that
in the case ¢ =0, the dG(0) method coincides with the backward Euler scheme up to the
computation of the right-hand side (RHS).

Another very useful method for solving linear as well as nonlinear wave problems is the contin-
uous Galerkin method where the discretisation is carried out with aid of globally continuous
functions. These methods where first introduced in context of ordinary differential equations
in HULME [39, 40]. There was also shown that ¢G methods are closely related to Runge-Kutta
schemes based on Gauss-Legendre quadrature rules with a convergence rate k¢, where k is
the step size and ¢ is the polynomial degree. With this approach, methods of any desired
order of accuracy can be easily formulated. The advantage of using this particular method for
the time discretisation is that it conserves the energy in the same way as the continuous prob-
lem, see Remark 2.3.4.2. We will only consider the case ¢G(1), i.e. time discretisation with
globally continuous piecewise linear functions. Note that in case of a homogenous problem
and equidistant time-stepping, the ¢G(1) method coincides with an A-stable implicit mid-
point scheme of convergence order 2. The subsequent analysis from Section 2.3.4 is based on
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some standard ideas from BANGERTH [9], FRENCH-JENSEN [29] and FRENCH-PETERSON [30)].

A very important method for the analysis of the space discretisation as well as the long time
behavior of initial equation is the vertical method of lines. This technique converts the initial
hyperbolic problem (1.28) to a system of ordinary differential equations which can be solved
by very efficient solvers for large systems of ordinary differential equations. These solvers, e.g.
Matlab solvers ode23,0de45,0dell3,... (for details, we refer to [60]), possess a high accuracy
and therefore can be considered as relatively reliable. The disadvantage of using this method
is that this approach compared to dG method does not enable us to detect the discontinuities
of sharp gradients in the discrete solution. Therefore an effective time adaptive scheme can
be developed here. The related analysis is based on some general ideas from BABUSKA et al.
[6] and SULI-WILKINS [67].

Note that the stability of all methods mentioned above, is independent of the choice of the
time and space mesh increment, recall Remark 2.0.0.7 and HARTMANN [37] as well as the
references therein.

In order to illustrate the respective time approximation properties, in Figure 2.3 we present
the energy distribution of the discrete function in time, obtained for the application of four
different methods in time and cubic splines in space in case of Example 6.2.2. The Figure 2.4
displays the same values only with different scaling where only the the method of lines, ¢G(1)
and dG(1) method in time are represented.

In Figure (2.3), the dissipation of dG(0) method is apparent, whereas the dissipation of dG(1)
method is much more visible in the Figure (2.4).

T
== method of lines
4 cG(1)
- dG(0)
-6 dG(1)

Energy of discrete solution

05 S\S\S 4

L L L L L
1 15 2 25 3 35 4
time

Figure 2.3: Energy of discrete solution in time ||U||+; MoL, ¢G(1), dG(0), dG(1) in time and
C! in space; Example 6.2.2, e=0, (DN), T=1.
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Figure 2.4: Energy of discrete solution ||U|# on time interval [0,4]; MoL, ¢G(1), dG(1) in
time and C! in space; Example 6.2.2, e=0, (DN), T'=1.

2.3 Fully discrete model

In the subsequent section we introduce the fully discrete model obtained by approximating
the initial problem (1.28) in time and space. This will be done first by introducing the general
formulation of the weak form and some related terms such as the residual, cf. Subsection 2.3.1.
In Subsection 2.3.2 the error of the time-space discretisation is defined. The remainder of the
section is devoted to the formulation and the stability analysis of the fully discrete problem
for each ansatz in time in particular. This includes the formulation of the weak form for the
corresponding time approximation method and analysis of the appropriate discrete space.

2.3.1 Weak form

Due to the choice of the time-space discrete scheme, let Q and W be the corresponding fully
discrete spaces with corresponding indices for each method in time, whereby Q denotes the
space of trial functions and W is referred to as the space of test functions.

Henceforth, we seek to find some approximation U := (Uy, Usy) € Q of the continuous problem
(1.28) such that

B(UV)=2L(V) forall V= (Vi) eW, (2.5)

with an initial condition noted by U(0) or U°~ in dependence on the time approximation
method. Moreover, the initial solution denotes the discrete variant of the continuous initial
solution wug, cf. (1.28b), i.e. U(0)=IIuy. Here IT denotes a spatial multi projection which will
be introduced in the following.

We suppose that B is a bilinear form

B(-,"): H(Z:H) x L*(0,T; H,(Q) x Hp () — R,

where 7 stands for some arbitrary partition of the time interval introduced in Definition
2.0.0.8. H'(7;H) is the space of all F-piecewise H' functions on [0, 7] which are not neces-
sary in H'(0,T).

The linear functional . is defined such that

L L0, T; Hy(Q) x Hp(Q)) — R.
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The definition of the bilinear form B and the functional . will differ for different fully discrete
spaces due to the different choice of time discretisation. This will be explicitly explained in
Subsections 2.3.3-2.3.5.

Remark 2.3.1.1 (Local discrete form, dG(q), ¢G(1) time discretisation). In case of
the Galerkin time discretisation, we define by B’ := B|;,, £’ := Z|;, the jth contributions
of B and .Z respectively, which are related to the time interval I;. Then, the weak form (2.5)
reads: Find U € QJ;; such that for given Ul;,_,

B(UV)=2'(V) forall VeW|, and j=1,...,N. (2.6)

The formulation (2.6) is equivalent to (2.5) and can be obtained through decoupling of time
steps, using the fact that for each time step I; we may choose a test function V € W such that
V], = 0 for all k # j and since the test functions in Galerkin time discretisation method,
include the characteristic functions. 0

Definition 2.3.1.1 (Consistency). The solution u of initial vector problem (1.28) is called
strong solution. A solution U of weak problem (2.5) is called weak solution.

We also say that the bilinear form B is consistent with the strong formulation (1.28) if strong
and weak solution coincide. O

Definition 2.3.1.2 (Residual). Let for any v=(vi,vs) € L?*(.7;H) the residual be defined
as

Res(v) .= Z(v)—B(U,v), (2.7)

where U denotes the discrete solution from (2.5). O
The residual has the orthogonality property,

Res(V)=0, forall Ve Q. (2.8)

2.3.2 Error

Definition 2.3.2.1 (Error). Given the exact solution u of (1.28) and the discrete solution
U € Q of (2.5), we define the error

e:= (e, e0) =u—U€H(T;H). O
In view of (2.5) and Remark 2.3.1.1, e satisfies so-called Galerkin orthogonality
B(e,V)=0 forall Ve Q. (2.9)

Remark 2.3.2.1. In case of a consistent discretisation scheme, see Definitions 2.3.1.1, 2.3.1.2,
we may find that

B(e,v) = Res(v) forall ve L*(0,T;H). (2.10)
0

Definition 2.3.2.2. Let E(t) := E(e(t)) denote the energy of the error e=(ey,es) at time ¢,
Le.
1 2 1 2
E(t) == [ |Dei(t)]dx+ = [ |ea(t)|” du.
2 Ja 2 Ja

Note that the energy of the error is defined according to the Definition 1.3.0.4 with e instead
of the exact solution wu. OJ
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2.3.3 Discontinuous Galerkin time discretisation

On the basis of the main properties of discontinuous Galerkin methods, we design a class of
discrete functions as set of piecewise polynomials such that on each time interval I; € J a
discrete function belongs to P,(I;) with the coefficients in spatial discrete space S7. Moreover,
the discrete functions are not globally continuous, i.e. on the whole time interval [0, 7], and
trial and test spaces coincide (W = Q) which refers to Ritz-Galerkin methods.

The concept of distributional time derivatives of discontinuous dG(q) function arises in the
formulation of the weak form.

Definition 2.3.3.1 (dG(q) space, ¢ =0, 1, full discretisation). For each I, € .7 from
Definition 2.0.0.8, let Q) be defined by

Q)= {U LxQ =R U)eS x8, U(,x) € Pq(Ij)} C H'(I;;H). (2.11a)
Accordingly, we may define
Q,: = {U £ Q — R | Ulyxq € O, for all Jjeﬁ} C HY(T:H), (2.11D)

as a set of polynomials in time U, such that for each interval I; € .7, U|;, := U 7 is a polynomial
of degree ¢ with coefficients in §7 x §7. The space &7 takes a form due to the choice of spatial
discrete functions.

We say that Q, defines the dG(q) space with full discretisation in space. The functions in Q,
are called dG(q) functions, ¢=0, 1. O

Definition 2.3.3.2. Let .7 be a partition of the domain [0, 7] introduced in Definition 2.0.0.8
and U € Q, a piecewise smooth function on each interval I;, j=1,...,N. For given U"",
(which stands for the initial condition), we may define the extension of function U onto the
entire space R as
U, te€(—o0,0)
Ut):=< U(t), tel0,T] (2.12)
U(T), te(T,+00).

On account of this, the one-sided limits exist for all 7 =0,..., N and are defined by
U = lim U(t). (2.13)

t—t
Accordingly, we introduce the jumps
[U) .= Ut - U, (2.14)
In particular, our definition implies [U]o=U% —U"" and [U]"Y =0. O
Lemma 2.3.3.1 (ALBERTY [2, Lemma 3.13]). Let U € Q, be an arbitrary dG function and
H, Heaviside function from Example 1.2.3 and d;;, the distributional derivative of Heaviside

function, cf. Example 1.2.2. Owing to the definition of one-sided limits, cf. Definition 2.3.3.2,
we have for t € I;

%(Uj OH(t—t;_1)) =06, +U7 (H)H(E—t;_1) (2.15a)
0

a(U(t)H(tj—t)) = — UP7 6, + U’ ()H(t;—t). (2.15D)
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H \ dG(q) functions with space discretisation by linear splines H

q=0 Ult, $)|Ij xQ = Uj(@ = ZLUZ%(:I?% UIZ = (Ui,p Ui@) €eR?

g=1 U(t,2)|};x0:=U’(t,2) = (U + -t /i, UL oy (), U= (U, U9 ) e R?

H \ dG(q) functions with space discretisation by cubic splines H

q=0 | U(t,z(Q))l1,xr, :=Ul((C)) = UL 61(C)+"+/2DUJ_ ¢5(C) + U] ¢3(C) +x/2DU} 6 (C),
Ulg—l\k = (Ulg—1|k,17 Ulg—1|k,2)7 DUé—uk = (DU;i_nk,p DUIg—l\kQ) € R?

q=1 | U(t,z(O)|1,x1:=U}(t, 2(C)) = t=t-0/k; (UL b1 (O /2DU 62 (OHUL 3(C)
a2 DU 94(Q)) + =0/, (UL 61 (C) +1w/2DUL 62(C) + UL d3(¢) +r/2D3 04 (€),

3011 7,011 7,01 J0 3,0[1 3,011 2
Uk—uk = (Uk—1|k,17 Uk—1|k,2)7 DUk—1|k = (DUk_nk,p DUk—1\k,2) €R

Table 2.1: dG(q) functions for different ansatz in space, U = U’(z},), m=n—1,n. For the
definition of basis functions ¢y, see Subsections 2.1.1 and 2.1.2.

Lemma 2.3.3.2 (Distributional time derivative of dG(q) function). Due to the prop-
erties of discrete space Q,, if the piecewise time derivative is defined by U,|;, := U J then the
distributional time derivative may be seen as

N
U=U,+Y [U4,,, (2.16)

J=1

where 0;, denotes the delta distribution supported in ¢;.

Proof. The proof follows by using the following representation of dG(q) function U € QY,

U(t) :Nz_l U (4)HI(t — t; 1) HI(t; — ) + UN () H(t — ty) —U H(to—1).

j=1

According to the definition of the distributional derivative, cf. Definition 1.2.3.4 and results
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from Lemma 2.3.3.1, we have

N-1
U(t)y=">_ U/(t)H(t — t;_)H(t; — t)+UN (£)H(t — ty_1)
j=1
N-1
+ (Uﬂ oy, H(t; —t) — U7H(t — tj,l)étj> +UNTIS, — U6,
j=1
N—
= Z (0746, U776, ) +UN M6y, —U6,,
o
= Z j(st]..
5=0
This concludes the proof of lemma. O

To obtain the weak formulation in terms of weak bilinear form B, we multiply the initial
equation (1.28) with test function V € W, with respect to H scalar product from Definition
1.3.0.3. An integration with respect to each interval /; and sum over all j=1,..., N yield

Z/I <a;v>Hdt+Z/I_ <Au;v>Hdt:Z/I_ (F;V),dt. (2.17)

For discrete function U € Q, instead of smooth u in (2.17), the time derivative U is to be
interpreted in distributional sense, see (2.16). By extending the equation (2.17) in terms of
H scalar product, we may formulate the discrete problem: Find U = (Uy, Us) € Q, such that
U solves (2.5) where

B(U,V) Z/ UlT,VldH—Z/UQT,Vth Z/ Ug,Vldt—l—Z/ (Uy; Va)d

]1]

+€Z/ (Uy; Va dt+Za ([P~ v )+ ;([UQ]J Ly, (2.18)

and the functional . is defined by

=3 [ (v, 2.19)

for all V := (V4,V3) € Q, and given initial solution U% =TTuy.

Definition 2.3.3.3 (Affine approximation). Given U € Q,, we define a globally contin-
uous and piecewise affine function U with respect to triangulation .7 of time interval [0, 7]
such that
(), = 0 iy, )+ Lo (4, )
k; k;

for all (¢,z) € [; x Qand j=1,...,n. O
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On the basis of Definition 2.3.3.3, we notice that in case ¢=0, for all U,V € Qy, the bilinear
form B (2.18) is equivalent to

N . N . N
BU.v) =Y [ aWuvie+ Y [ @uviyie=3 [ awnvi
j=1“1j j=1 71 j=171j

N N
+Z/ a(Ul;VQ)dt—IrétZ/ a(Uy: V) dt. (2.20)
j=1 "1 j=1 71

This follows from the fact that ([U}7; Vj_1+>,Hdt:kj<(7 ; Vj>H:ij <5’ V), dtif U,V e Q).

Remark 2.3.3.1. The bilinear form B, cf. (2.18), coincides with the bilinear form B (2.18)
only on a space of test functions (piecewise constant in time). The bilinear form B is also

consistent with a strong formulation unlike B, cf. Definition 2.3.1.1. 0
Consequently, we define for all ve L*(0,T;H)
Res(v) := 2 (v)—B(U,v). (2.21)

where the linear functional . is defined as in (2.19). Furthermore, the identity (2.21) can
also be written as

N N N
}TZ\eT?(U):Z/ a(él;vl)dt+2/(ég;vg)dt—Z/ a(eq; vy)dt
j=171; j=1“1; j=1“1j
N N
—l—Z/ a(el;v2)dt+52/ a(eq; vg)dt. (2.22)
j=1 71 j=1 1

Notice that this residual retains the orthogonality property, namely for V € Qg
Res(V) = L(V)=B(V) = 2(V)=B(V) = Res(V) = 0. (2.23)
Lemma 2.3.3.3. For U € Q,, the following two identities are valid
| 1, .
[ (U Ut = SI0 B 00T, and
I
[yl i+ 1 =142 1 VL2 1 12
(e W L A 1y - Lo
Proof. For the first identity we have
1 ) 0
/ <UT,U>Hdt:/ CL(ULT;Ul)dt—i—/ (UQ’T;UQ)dt:—/ —”Ul”%n(g)dt—i—/ _HUQH%Q(Q)dt

J J J
. - . .
=07 i@ =10 i@+ 103 12— 103~ 12eq)-
In case of the second identity,

<[U]j—1 : Uj—1+>H: %<Uj—1+_Uj—1— ; Uj—1+>H+%<Uj—1+_Uj_1+ : Uj_1+—Uj_1_>H

Ly i1+ .77j—1—
A
Vorrimiege _ Ly ey dypreni-ge
=5IU H!H—§<U U >H+§H|[U] 1%
L it rj—1— Lo iciy2
+5 (07T U, =S I

Owing to the symmetry of the H scalar product, we conclude the proof of Lemma. 0



42 CHAPTER 2. DISCRETE MODEL

Before we establish the stability estimate for U in terms of initial data U°~, where U is the
solution of (2.5), we introduce the discrete operator K, i.e. a discrete variant of operator K
from Definition 1.3.0.5.

Definition 2.3.3.4 (Discrete operator Kj). For given f € H'(Q), there is a unique so-
lution U €S of the weak problem

a(U,V)=(f;V) forall VeS8, (2.25)

where S denotes a finite dimensional subspace of H},(€2). Hence we may define the operator
Ky, : H () — S which maps f€ H () onto the unique solution U=K;f € S of (2.25). O

Lemma 2.3.3.4. Since S C H}, C L*(Q2) € H™(Q), we may consider the restricted operator
Ky, : L*(Q2) — S from Definition 2.3.3.4. This restriction satisfies

a) Ky, is self-adjoint, positive semi-definite and compact operator from L?(2) onto L*(),
b) IC,IL/ 1 L2(Q) — L2() is well-defined, positive, self-adjoint, compact operator.
c) IC;L/Q can be extended to an operator IC;L/2 : H1(Q2) — L*(Q). There holds
11 Flezey =1 lu-1@ forall feH™'(Q), (2.26)
ie. IC,lL/ ? is an isometry.

d) The restriction K, : S — S is injective and hence invertible. In particular, there exists
IC}:1 :S— S with

(K, 'U;V):=a(U; V) forall VeES. (2.27)

Proof. The proof for a),b),c) follows analogously as the proof of Lemma 1.3.0.2 with I,
instead of K.

To see that I, : S — S is injective, let U €S satisfy KU =0. By definition (2.25), there holds
0=a(KyU;V)=(U;V) for all V€S. If V=U we have ||UH%2(Q):O whence U =0. O

Remark 2.3.3.2. The operator IC,:l is often referred to as discrete Laplacian, c¢.f. ERIKSSON-
JOHNSON [23]. O

Remark 2.3.3.3. The operator K}, can be seen as Galerkin projection of the operator K from
Definition 1.3.0.5, i.e. K, =GK where G is defined in Definition 3.1.0.3. This results from the
following identity. Namely, if U is the discrete solution of problem (2.25) and w a continuous
solution of (1.14), then for each V €8

a(Knf;V)=a(U; V)=(f;V)=a(w; V)=a(K[f; V)=a(GKf; V). (2.28)

Meaning, the discrete and continuous operator K;, and IC, respectively, coincide on the space
of discrete functions. O
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Lemma 2.3.3.5 (Stability of dG solution). Let U be the dG(q),q = 0,1 solution of the
homogeneous problem (2.5), i.e. f=0 with B defined in (2.18). Then there holds for all £ >0
and 1<n<N

U™ 3 +22) /1 [0 @dt+ D MUP I3 = 1U° 3 (2.29a)
j=1"1; j=1

Moreover, in case when g=1
[0 2o 2y < N0 e, (2.29b)
where additionally for e=0 there holds
[Uzr oo a1y < NU° e (2.29¢)

Proof. In order to prove the basic stability estimate (2.29a), we chose V =U in the weak
form (2.5), where .Z(U) = 0 to obtain

N N N
0=B(U,U)= Z/ a(ULT;Ul)dt—I—Z/(U27T;U2)dt+52/ a(Us; Us)dt
j=1 "1 j=1 71 j=1"1
N N
+ > a([Uh U 4 ([P U
j=1 =1

N N N
:Z/I <UT;U>Hdt+Z<[U]J—1;Uj—1+>H+eZ/I |Us() | edt.  (2.30)
g=17 j=1 j=1 71

According to the results of Lemma 2.3.3.3, this is equivalent to

N N N N
1 i 1 1 1 .
0= 5 SN B3 SN0 ety N ke Y [ Walo e

Hence, we conclude the proof of (2.29a).

In case of (2.29b), let V € Q; be chosen such that

_ | (t=t)KUL L, 0), te I,
V(t) := { 0. oy

for KCp,, the discrete variant of operator K defined in Definition 2.3.3.4.

A substitution of V' into the homogeneous weak form (2.5) with B from (2.18) yields

0:/61([]177-;(15—75]‘1)’ChU17T)dt—/ a(UQ;(t—tj,l)/CthJ)dt

I I;

_ / (t—t; 1) (Urns Ury)dt— / (Ust—t; 1) Uy, )dt (2.31)
I. .

J IJ
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In the second equality above we used the identity (2.25), cf. Definition 2.3.3.4.
The equation (2.31) is now equivalent to

2

k= )
DIV ey = [ Walt—tya): Ui

J
2

SHUf,THL?(Q)/(t—tj1)|\U2(t)HL2(ﬂ)dt§ EJHUf,THLQ(Q)||U2”L°°(L2)-

I

The discrete function U is piecewise affine in time and therefore
[0 Lo (12) S N02N L0 (12) S DU N, (2.32)
where the first stability estimate (2.29a) was used for the second inequality.

To prove the third stability estimate (2.29¢), we need to bound [Us;|peo(m-1). Let V € Qy be
defined as

V(t) N (5IChU27T(t_tj—l)a IChUQ,T(t_tj—1>>, t e ]j7
' 0, el

Hence, the homogeneous weak problem B(U,V)=0 reads

026/ (UlyT;UgyT(t—tj_l))dt—F/ <U277-;,ChUQ,T(t—tj_l))dt—g/ (UQ;UQJ-(t—tj_l))dt
IY

j I; I;

+/ (Ul;UQ;,-(t—tj1))dt+€/(U2;U2,~r<t_tj1))dt
I; )

J I J

_ / (Usni KpUnr (t—t;1))dt — / (Uy: Usr(t—t; 1))t —c / (Upr: Usn(t—t; 1))dt.

I I I;

On account of the definition of the identity of the dual norm | - | 5-1(q) and HIC,I/ ol 2, cf.
(2.26), by applying the Holder inequality in space the last equation can be recast to

2

k2 k2 L
DIV vy = U Ly = | Wi Kl (b))

I

= —/ (Ul;UQ,T(t—tj_l))dt—{f/(U177—;U277—(t—tj_1))dt
I; I
2 ) 2 .
< EJH(A ||L°o(H1)”UiTHHﬂ(Q)+§]5HU17THL°°(H1)”UiT”Hfl(sz)-

From the fact that U, is piecewise constant in time and the stability estimate (2.29a), there
holds

1Us,7 | oo -1y S NUL oo () + €| Ur el oo () S NU° g+ U e oo .- (2.33)

Obviously, we need to estimate term €|U ;| sy such that the RHS of the estimate (2.33)
depends only on [|U°~||3. We will show that this is in general possible only in case when e =0.
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First, let V € Q; be a test function

_J (U (t=tj), Ui (t—tj0)), €
Vi) { 0, t & 1,

such that the weak form B(U,V)=0 reads

O:€/CL(U17T;Ulﬂ-(t—tj_l))dt—i-/([]gﬂ-;ULT(t—ij_l))dt—E/a(Ug;Ulﬂ-(t—tj_l))dt
I I.

j j I

"‘/G(Ul;ULT(t—tj1))dt+€/a<Ug;U1,T(t—tj1))dt.
I

j I;

This simplifies to

5/”ULT||§_I1(Q)(t—tj_l)dt:—/(Ulﬂ—;Ugﬂ—)(t—tj_l)dt—/a,(Ul;ULT)(t—t]‘_l)dt. (234)
I I I

The discrete function U is piecewise affine in time and therefore the RHS of the equality (2.34)
can be estimated such that

0 w1y < (10 o)+ 10 L)) 10 ey (2.35)
Hence, by means of (2.29a)
elUL ooy SN0zl oo a1y H T [l (2.36)

Obviously, from (2.36) and (2.32) we can not obtain the estimate for |Us ;| e (g1 when e>0.
On that basis, we conclude from (2.32) that for e=0 the following estimate is valid

”U?ﬂ'"%fx(H—l) <NU" s (2.37)
This concludes the proof of the estimate (2.29¢) and lemma also. O

Remark 2.3.3.4 (Strong energy dissipation by dG(q) method). Due to the definition
of the energy, see Definition 1.3.0.4, it is obvious that in case of dG(q), ¢ = 0,1 time approxi-
mation, the energy of the discrete solution dissipates more than the energy of the continuous
solution. For the continuous model, there holds

T
llw(®)17 = ol —2¢ / ua(8) 5 gyt
0

according to Lemma 1.3.0.1 and Remark 1.3.0.5.
Contrary to that, the discrete solution satisfies

107~ I =007~ | [U]j‘llllic—?&/I [U2(0) 571 (0 - (2.38)

For the proof of (2.38), we proceed similarly as in case of the Lemma 2.3.3.5, but substitute
V = U in the jth contribution of the homogeneous weak form, cf. Remark 2.3.1.1. The
equation (2.38) clearly indicates that ||[U7~ ||y decreases compared to U7~ |. O
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2.3.4 Continuous Galerkin time discretisation

In the following we consider another concept of time discretisation by use of affine and globally
continuous functions, abb. ¢G(1). The discretisation in space remains as in the case of the
dG method, i.e. by using the linear or cubic splines.

Note that in case of a continuous Galerkin approximation in time, the test functions are one
degree lower in time to account for the fact that the discrete solution is fixed a priori by
continuity at each time node, i.e. for t=t; where j=0,..., N. Such a method, where test and
trial functions do not belong to the same discrete space, is called Petrov-Galerkin method.
Petrov-Galerkin methods also comprise the inverse choice of trial and test functions, namely
when U € W is one degree lower than the test function V' € Q. For more details we refer to
HARTMANN [37], even if this inverse choice will not be discussed within this work.

On the basis of the definition of the continuous Galerkin method, where the approximative
solution is globally continuous, and the fact that the spatial refining method assumes arbitrary
refinement on each time step, we restrict here to so called hierarchical meshes in space. These
meshes allow the continuity condition to be satisfied, i.e. S7=1 C &7 for all j=1,..., N.

Definition 2.3.4.1 (¢G(1) space, full discretisation). Let Q. be denoted in the follow-
ing as ¢G(1) space, i.e. space of piecewise affine globally continuous functions in time with
coefficients in 87 on each time interval I; €.7, cf. Definition 2.0.0.8. Then,

Q.:={U:Q - R*|U(t,")|;, € 8x&, U(-,x)|,€Pi(l;), ;€T } CCO,T;H). (2.39)
Accordingly, let
W :={V:Q =R | V(t,")|;, € xS, V(-,2)|,€Po(l;), ;€T } € H(T;H) (2.40)

denote the space of piecewise constant functions on [0, 7] with respect to 7. This space will
be further referred to as the test space. To abbreviate the notation, we write in the following

Q.lr, =: QI etc.

The form of piecewise continuous discrete function in time, abb. ¢G(1) function, U := (Uy, Us),
is presented in Table 2.2 below. O

Hereby, from the Definition 2.3.4.1, the discrete problem reads: Find U = (Uy, Us) € Q.. such
that U solves (2.5) where

T

T T
B(U.V):= / a(U; Vi)dt+ / (Uz; Va)dt — / a(Uz; V1)t
0 . 0 . 0
+/ a(Ul;VQ)dt—i—a/ a(Uy; Vo)dt, (2.41)
0 0
and the linear functional .Z is defined by
T
Z(V) :—/ (f,Va)dt, (2.42)
0

for all V'=(V1,V3) €W, and given initial solution U(0)=TTu.

Remark 2.3.4.1. Notice that the bilinear form B (2.41) is consistent with the strong formu-
lation, cf. Remark 2.3.1.1. 0
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H ¢G(1) functions with space discretisation by linear splines H

U(t, ) =07 (¢, 2)=3" (¢t /U] =01, UL (), U =017, U757 )eR?

H ¢G(1) functions with space discretisation by cubic splines H

U(t, 2(0)) 1<, == UL (t, &) = -0k, (UL 61(Q) +/2DUL; 63(C) + Ui d3(C) +-1/2D U} (€) )
=0k, (UL 61(C) +/2DUL 6o (Q) + UL 03(C) +14/2DU (1) $4(C)),

Jli—1_ rrili—1 jli—1 Jli—1_ jli—1 jli—1 2
Uk\k—l_(Uk\k—l,P Uk:|k:—1,2)7 DUk|k—1_(DUk|k—l,l7 DUk|k—1,2) c€R

Table 2.2: ¢G(1) functions for different ansatz in space, S™~* C 7, Ul =U(t;, xx), m=n—1,n.
For the definition of basis functions ¢y, see Subsection 2.1.1 and Subsection 2.1.2.

Lemma 2.3.4.1 (Stability of ¢G(1) solution). Let U be the ¢G(1) solution of the homo-
geneous problem (2.5), i.e. f=0 with B defined in (2.41). Then, there holds for all >0 and
1<n<N

th
022 [ 100 Byt = U O (2.430)
[0 e 2y < NU(0) e (2.43b)
Moreover, if e=0, then
|0 -1y < U (0) e (2.430)

Proof. We start with the proof of the first stability estimate (2.43a). . '
Given the bilinear form B defined in (2.41) and a test function V = (IC,Us—cUy, —Uy) for Ky,
discrete operator from Definition 2.3.3.4, then the homogeneous weak problem (2.5) reads

T T T T
O:B(U,V):/ G(Ul;lChUQ)dt—€/ CL(Ul;U1>dt—/(U2;U1)dt—/ a(UQ;]ChUQ)dt
0 . . g ' OT . 0
+€/ G(UQ;Ul)dt—/ a(Ul;Ul)dt—s/ CL(UQ;Ul)dt
T .0 . T 0' . T . 0 . T .
:/ (Ul; Ug)dt—ET/ G(Ul; Ul)dt—/ (UQ; Ul)dt—/ (UQ; Ug)dt
0 . . 0 . ' 0 . O
+€/ G(U27U1)dt—/ CL(Ul,Ul)dt—éT/ CL(UQ,Ul)dt
0 0 0

This simplifies to

3/ Uil @dt+5 i iUzl @ dt+e ; 1O 17710 A =0
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By means of the main theorem in calculus we conclude the proof of (2.43a).

In case of (2.43b), we choose a test function V = (K,Uy,0) in (2.5) in order to bound U in
terms of Uy. This leads to

T T T T
OZB(U, V)Z/ a(Ul;lChUl)dt—/ a(Ug;lChUl)dt:/ (Ul;Ul)dt—/ (UQ;Ul)dt.
0 0 0 0
Furthermore, the discrete function U; is piecewise affine in time. This implies
[0 oo 2y < U2l e (22) < [1U(0) |4 (2.44)
where we used the same arguments as in the proof of (2.32) and stability estimate (2.43a).

We continue with the proof of (2.43¢). To bound |Us|z~(z2) we choose V = (e, Us, K1Us).
For this choice of test function, the homogeneous discrete problem (2.5) reads

T T T T T
0:€/CL<U17 IChUz)dt—i—/(Uz, lChUg)dt—E/a(UQ; lChUg)dt+/a(U1; lChUg)dt+€/a(U2; IChUQ)dt
OT. . T. 0 . T 0 . T . 0 T . 0
:€/<U1, Ug)dt+/<Uz,lChU2)dt—€ /(Ug; Ug)dt+/(U1, Ug)dt+5/(Ug; Uz)dt
0 0 0 0 0

Moreover, from (2.26), cf. Lemma 2.3.3.4 we have

T . T 1 2 . T . . T .
| Wbt [Vl =< [ Olades [ (@O
0 0 0 0
The Holder inequality in time and space leads to
|Ua )| oo -1y < €] UL oo (atydt—+ | U | oo (211 (2.45)

Obviously, to apply the stability estimate (2.43a) to the RHS of (2.45) we need to assume
that e=0 similar as in (2.29¢). Then

[Us ] oo -1y <N oo gy < NU(0) ¢ (2.46)
This concludes the proof. 0

Remark 2.3.4.2 (Energy conservation by ¢G(1) method). Due to the definition of the
energy, see Definition 1.3.0.4 and the stability estimate (2.43a) it is obvious that in case =0,
cG(1) time approximation conserves the energy. 0

2.3.5 Method of Lines

The method of lines approach applies to the semi-discretisation in space only, where time
remains continuous. The discretisation in space follows by using the already known approx-
imation methods such as linear or cubic splines. Here we also distinguish between the trial
and test space. On account to the fact that time is continuous, we pass on the usual notation
valid in case of Galerkin methods which comprises the indexing j related to triangulation of
time interval.
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Definition 2.3.5.1 (MoL space, semi-discretisation). Let S be a finite dimensional sub-
space of H}, () which consists of linear or cubic splines, see (2.1). We denote by Q, a MoL
space, i.e. a space of functions globally continuous in time with coefficients in S, i.e.

Q:={U:Q—R| Ut,) eSS, U(,z) €C(0,T)} C H'(0,T;H). (2.47)
Let also W be the appropriate test space
W, :={V:Q—-R*| V(t,) €S xS, V(,z) € L*0,T)} C L™(0,T; H). (2.48)

Discrete functions belonging to the discrete space Qg are called the semi-discrete or Mol
functions and their structure is presented in Table 2.3 below. 0

H MoL functions with space discretisation by linear splines, ¢t € [0, T H

U(t, ) = 3231, Us(O)dw(x), U(t)=(Ura(t), Ura(t)) € R?

H MoL functions with space discretisation by cubic splines, t € [0, T H

U(t, z(C))|m, :=Uk(t, 2()) = Usa (£)$1(C) +1#/2DU1 () $2(C) + Uy (8) 83 (C) + /2 DUy (8) 64 (C),
U1k = (Uk=1jk,1, Un—1jk,2), DUp—1k = (DUk—1j1,1, DUg—1i2) € R?

Table 2.3: Semi-discrete functions for different ansatz in space, Uy (t) =U(t, x), m=n—1,n.
For the definition of basis functions ¢,, see Subsection 2.1.1 and Subsection 2.1.2.

The discrete problem reads: Find U = (U, Us) € Q; such that U solves the discrete problem
(2.5) where

B(U,V):=a(Uy; Vi) +(Usy; Va) —a(Us; Vi) +a(Uy +eUs; Vo) (2.49)
and the linear functional £ is defined by
ZL(V) = (f(t),Va), (2.50)

for all V.= (V}, Vo) eW; and U:=U(t) and V := V (t) for each t € [0, T].
Additionally, U is imposed to satisfy the initial condition U (0, z)=IIug(x) for all z €.

Remark 2.3.5.1. The bilinear form B from (2.49) is consistent with a strong formulation,
cf. Remark 2.3.1.1. O

2.4 Existence and uniqueness of the discrete solution
Within this section we present a proof for the uniqueness of the discrete solution.

In case of the Galerkin time approximation, the idea is to show that for each time interval
I;, the reduced homogeneous equation (2.6) has only trivial solution U7 =0 provided that the
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solution from the previous time interval is zero, i.e. U=t =0. Existence of the discrete solu-
tion follows then directly from the uniqueness owing to the fact that the weak problem (2.5)
is linear, discrete and therefore finite-dimensional problem. In case of the method of lines,
the existence and uniqueness follow directly from the matrix formulation. Here the discrete
solution is the solution of the system of ordinary differential equations (ODE system).

The point of departure is the discretisation in space, namely, the proofs will be derived by
considering the spatial discretisation first, and thereon combining the same with time discreti-
sation. For the sake of clarity, we adopt the notation i.e. the abbreviations for various fully
discrete problems from Table 2.4.

H H linear splines in space \ cubic splines in space H

discontinuous Galerkin in time dG(q)®P, dG(q)®C!
continuous Galerkin in time cG(1)@P, cG(l)®C!
method of lines MoL®P, MoL®C!

Table 2.4: Abbreviations for different time-space discretisation.

2.4.1 Linear splines (P;)

Recall the definition of the discrete space S with respect to §2 given in (2.1) and definition
of basis functions {¢y}}_, from Subsection 2.1.1. Thereafter, one may introduce the stiffness
matrix

S, a (n+1) x (n+1) matrix with the entries S ¢:=a(¢x; ¢r), (2.51)
and the mass matrix
M, a (n+1) x (n+1) matrix with the entries My, := (¢x; ¢r). (2.52)

Note that these matrices are symmetric, tridiagonal and positive definite and therefore invert-
ible.

In Subsection 2.1.1 we restricted the number of the basic functions ¢,(z) with respect to
spatial boundary conditions i.e. Dirichlet boundary condition in x = 0. Therefore, we left
out the definition of ¢,. Here however, we consider rather the general formulation where
the Dirichlet boundary conditions are not embedded in the definition and dimension of the
vector formulations of the discrete functions as well as of the stiffness and mass matrices. The
incorporation of the Dirichlet boundary conditions follows afterwards and will be explained
in detail in Subsection 6.1.3.

In the following, we introduce a vector notation needed for the definition of the vector variant
of the discrete function. Its structure depends on the time discretisation. Recall the defini-
tions of discrete functions from Tables 2.1- 2.3, case linear splines in space.
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For each j=1,...,N or t € [0,T] we may define U’ and U(¢), respectively, such that their
structure for particular time discretisation method corresponds to the one from Table 2.5.

, 044 4 4 4
dG(0),cG(1) U= [ U%l } U{‘Q::(Ugm, . Ui71|2)T
U3’
y 0 5,001 5,0 JONT
dG(].) U = U‘;’O U1|2 = (UO,17 ey Un,l)
Ust

MoL U(t) := [ Ug(tg } Uip(t):=Uo2(t), - - -, Unai2(t)"

Table 2.5: Vector notation with respect to P; space discretisation and different time approx-

imation. Here Ui,l = U] (xy) and Ug?l; = Uf[g‘l(xk) for each k=0, ...,n. Moreover, for ¢G(1)

in time, U,z71|2 =Uljp(t;, 7x)-

In the following we apply the particular time discretisation and deduce the resulting theorem
for each case.

2.4.1.1 Existence and uniquence, dG(q)®P;, ¢=0,1

For the understanding of the analysis below, recall the notation and definitions from Subsection
2.3.3 and Subsection 2.1.1 where dG(q) method and linear splines are introduced.

Theorem 2.4.1.1 (Existence of dG(q) ®P; discrete solution, ¢=0,1). There exists a
unique function U € @, such that U solves the weak problem (2.5), where B, .Z take the form
of (2.18) and (2.19), respectively.

Proof. In the following, we provide only the proof for the case g=1. The case ¢=0 can be
shown easily by using similar arguments.
From (2.18) and (2.19), for U7 € @}, a discrete solution of the reduced weak form (2.6) and
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arbitrary test function V7 € Q?, a weak problem (2.6) reads

—t. .
= / Z Ul (Vi + ,; Vi al(gn; do)dt+— / Z UL (Vs + ,; SV ) (s )t

T k,0=0 Tj k=0 J

t t; t—t. )
- [ 3w S 0 S atos
J

Tj k=0 ]

t t; t—ti—1.,
/ > Wit UV + TV Dl do)de
J

Ij ke=0 7
+5/ Z U,ﬁ ] 1Ui:§)(v£{’20 kj 1‘/2]21) (¢r; de)dl

I k=0 J J

+ Z ULV a(bw; de) + Z ULV (6n: 6)
k=0 k=0
t—t;
- [ Sw R Goa
I; =0

S ((Ui;1’°+U;;’;1’1>VZa°a<¢k; 00+ (U + UL WV (B 0)). (2:59)
k,6=0

Note that for j=1, U719 + U/~11 =TIuy. Here we added the zero components, i.e. compo-
nents of the discrete functions U,V whose indices correspond to the indices of the Dirichlet
nodes.

In order to prove uniquence let f=0, U’~!=0 and V/=U’. Recall the vector notation from
Table 2.5. Hence, the equation (2.53) simplifies to

1 . . t—t._ . 1 . . t—t.
0=— / (UIHT SV +—2= Uy dt+— / (UFHT M (UL +—2Ud )t
ki Ji, k; ki Ji, k;

0 t—t; —ti 0 t—tiq_ o t—tiq
- / U+ i+ LU de+ / (U0 +—2= 0TS (U0 + —2= 0 at
I kj kj I k; i
7
t—t . . . . .
U+ (W) ST+ (U) MU =: ) B
J

; t—t. ; .
+e / (U5 + —=U5") " S(UL° +
1 (=1

j kj
Since S is symmetric, we have E3 + F, = 0. Also F5 > 0 because of £ >0.
It is left to estimate E, E», Fg, E7. Let

g(t) == 2(@” ,{j — = Ui S(Ui° + kj —=u7),
J J
1, o t—tiq__: o0 t—ti_1__
h(t) = 5 (U3° + — = UF) "M (UL + — =13,
J J

From the main theorem of calculus we have

E, = /1 g(t)dt = g(t;) — g(tj—1)

J
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and consequently

Ey+ Eg = g(t;) — g(tj—1) + 29(tj-1) = g(t;) + g(t;-1) = 0.

The same holds for Fy + E; by use of the function A(t) instead of g(t). This implies 0 =
Z;Zl E, >0 which is valid only if U7 = 0. This concludes the proof. O

2.4.1.2 Existence and uniquence, ¢G(1)®@P;

In case of the ¢G(1) time discretisation and linear splines in space, recall the notation and
definitions from Subsection 2.3.4 and Subsection 2.1.1 where ¢G(1) method and linear splines
are introduced. There holds the following theorem.

Theorem 2.4.1.2 (Existence of ¢G(1) ®P; discrete solution). There is a unique fun-
ction U € Q. which solves the weak problem (2.5), where B, % take the form as in (2.41) and
(2.42), respectively.

Proof. Due to the definition of the test space W,, we choose V €W, to be constant on each
time interval I}, i.e. V| (t,z) =Vi(z) =, o Vi pu(z), where V/ = (V71,Vi,) € R%. Note
that here as in the Subsection 2.4.1.1, we add the zero components which correspond to the
Dirichlet boundary conditions. For U € Q. and V' as above, the weak problem (2.6) simplifies
to

[ S vivhatosonr [ 3 vviiesoo- [ 30 S UL e

Liko—0 Lik,e=0 Ti k0=0
=t 1 b1,
+ Z L Ui 1 Viya(on; go)dt+e Z I U o Vilya(@r; ge)dt
B k=0 ™7 Lige=o "7
/ 2%2 [ do)dt+— / Z U/g1lvejla(¢k Ge)+ / Z U;f;gl 72(n; O0)
i 4=0 ik,e=0 T3k 0=0
+ [ 3 Bt et oo [ 3 B0 Voo
ik e=0 1j k=0 ki
bt
—e/} Z ’k. U,gglx/‘zga(qbk;@)dt. (2.54)
ike=0 7

Note that the initial condition reads U(0) =1Iluy. It suffices to show that for each j=1,..., N,
the weak solution U’(t,x) of the homogeneous equation (2.54) (f =0 and U’~!=0), equals
zero. Let also V7 =U’. Hence, owing to the vector notation from Table 2.5, the homogeneous
equation (2.54) reads

2 SU+

(IUJ)TSU“rek (U)T ST =: ZEg

/=1

0=(U)T SV +(U)T MU, —

Since S, M are symmetric, we have Ey, F5 > 0 and F3 + E; = 0. Because of € >0, we also
have E5 > 0.
This yields ():2:?:1 E,;>0 which implies U7 = 0. This concludes the proof. U
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2.4.1.3 Existence and uniquence, MoL®P;

Before we start with a proof of the main theorem, recall the notation and definitions from Sub-
section 2.3.5 and Subsection 2.1.1 where the method of lines and linear splines are introduced.
Thereafter, we derive the following theorem.

Theorem 2.4.1.3 (Existence of MoL®P; semi-discrete solution). There exists a
unique function U € Q, which solves the weak problem (2.5), where B, .Z take the form as in
(2.49) and (2.50), respectively. This function also satisfies the following initial conditions

T ] T M (i o) (05 60)"
u(0)= { 1,(0) } = { M (s b0 (2 60T | (2:55)

defined owing to (1.13b) and the notation from Table 2.5.

Proof. Given the weak problem (2.5), let V := (¢,,0) and V := (0, ¢,) for £ € {0,...,n},
respectively. Then the weak problem (2.5) simplifies to the following two equations

ZUkl a(Pk; Pr) ZUkQ a(Pr; de) = (2.56a)

ZUM )(6n; 6r) +Z (¢x; be) +eZUk2 a(@n; ¢o) = (f(1); de), (2.56b)

where /=1,...,n and t€[0,7]. With

Ft) = ((f(t); 0)s .-, (f(); 60)) ",

and notation from Table 2.5, (2.56) becomes the linear system of ODE
S 0 Uy (2) 0 =S 1 [ Uyt 0
: = 2.
o] Lo [+ [s S ][0 ] =1 r (257
which satisfies the initial conditions (2.4.1.3). According to the theory of ordinary differential

equations, there exists a unique vector function U(t) defined as in Table 2.5 which solves the
initial value problem stated above. This concludes the proof. 0

Remark 2.4.1.1. The proof of Theorem 2.4.1.3 imposes also the existence of the discrete
solution. In addition to that, it comprises the algorithm for the calculation of the discrete
solution in each time point ¢ € (0,7 which is obvious from (2.57). O

2.4.2 Hermite cubic splines (C!)

We proceed in the following by discretising in space by means of the Hermite cubic finite
elements.
Let Sy and M} denote the 4 x 4 element defined stiffness and mass matrix respectively, defined

for each k =1,...,n, where k stands for the number of elements in space.
If ¢1,..., ¢4 are the basic functions from (2.3) related to each space interval T}, € 7;, we have
2 1, DopDyd¢ for p,g odd,
Shpq i= [', DépDed¢  for p+ g odd, (2.58)

hie/2 f_ll D¢,D¢,d¢ for p, g even,
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and

hi [2 f_il bp0qdC  for p, g odd,
Mppq = hifs [ | ¢poed¢ for p+ g odd, (2.59)
hi/s fj1 PpadC  for p, g even.

Besides, we will also use the full form of 2(n + 1) x 2(n + 1) block mass and stiffness matrix,
noted as M and S. The structure of both element matrices Sy and M), is explained in detail
in Section 6.1 where the algorithm for the calculation of FE solution is introduced, cf. (6.6)
and (6.7).

In the following, we introduce the vector notation which depends on time discretisation and
corresponds to the discrete functions from Table 2.1-2.3, case cubic splines in space. On
account to the definition of the cubic splines we first define the local vectors for each T}, space
interval and thus the global (full) vectors related to the whole space domain €.

For each time-space slab I; x T}, where (k,j)€{1,...,n}x{1,..., N}, or each t € [0,7], these
vectors take form as in Table 2.6.

. U’ U?110= (Ul 119, DUL_ | 110, UL 110 DUT )T,
dG(0),cG(1) || 1’ _:[ 1} k]2 k—1,1]2 k—1,1120 Yi,1j20 P Y2
Uy Uj1\2 = (Ué,1|27 DU3,1|27 E 7DUZL,1|2)T
7,0
U}l GO rri DU i puioT
dG(1) e Uy Uit = (Ui _1119- DU 1195 Uil 110, DU 110) 7
T [UJ’O UJ'»OU.:(UJ'»UU DUj:0|1 DUj’OH)T
[U?’l 12 - 0,127 0,127+ > n,1|2
2

Mol U(t)::{ml(t;] Uy, 12(t) := (Ug—1,112(t), DUg_1,112(t), Ug 12(t), DUy, 12(1)) 7,

[UHQ(IS) = (U()J‘Q(t), DU()J‘Q(t), . ,DUn71‘2(t))T7

Table 2.6: Full and local vector notation with respect to C! space discretisation and different

time approximation. Here Ug(l)B = Uf[gu(xk) and DU,??B = DUﬂ’S'l(sck) for each k=1,...,n.

Moreover, if ¢G(1) in time, U’il‘Q::UllQ(tj,xk) and DU,im:DUl‘g(tj,xk).

We continue by applying the corresponding time discretisation methods to the local k-contribution
of the weak problem, cf. Remark 2.3.1.1. If we denote by B’|7, =:Bi and £7|p, =:.%;, then
there holds

Y BUV)=B(UV)=2/UV)=> L(UV) forall j=1,... N (2.60)
k=1 k=1

2.4.2.1 Existence and uniquence, dG(q)®C!, ¢=0,1

The related definitions and notation are taken over from Subsection 2.1.2, where cubic splines
are introduced and Subsection 2.3.3 where disountinous Galerkin method for time discretisa-
tion is described.
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Theorem 2.4.2.1 (Existence of dG(q)®C" discrete solution, ¢g=0,1). There exists a
unique function U € Q, such that U solves the weak problem (2.5), where where B, .Z take
the form as in (2.18) and (2.19), respectively.

Proof. In the proof we restrict to the case ¢=0. The case ¢g=1 can be shown by following the
ideas from Subsection 2.4.1.1 where the proof for uniqueness of dG(1)®P; discrete solution is
derived.

The approximated weak problem (2.6) on kth element T}, of the triangulation 7; can be
rewritten in form of contributions Bj, £} such that

— / DU} DV7 dxdt + / DU! DV dxdt+e / / DUJDVy dxdt
Ij Ty Ij Ty Ij Tk

+ | DUIDVdx+ / UV dx
Ty, T

:/ Vi dadt+ DU{leljda:Jr/UglVdex. (2.61)
Ij Tk

Ty, Ty

Note that for j =1, U/~! =Tlug. Given the Galerkin form (2.4), by means of the notation
from Table 2.6 and definitions of Sy and My, cf. (2.58) and (2.59), respectively, the weak form
above reads

(Vi,l)T(Sk’U{c,l _kjSk’Ui,Q) + (Vi,z)T(kjSkUi,l + (Mk: +5kj5k)Ui,2)
:Flg+(V£,I)TG?@1+(Vgcﬂ)TG?c,Z (2-62>

The structure of the 4 x 1 element forcing vector F; ,g and the element mass vectors Gi,p Gi’z
is explained in detail in Subsection 6.1.1.2. The corresponding full formulations are also given
there.

From (2.60) and (2.62) by using the full vector and matrix form, we obtain

(V)T (SU] —k; SUL) + (V)T (k; SUL + (M +ek; S)U3) = FI (V) TG+ (V) TGS (2.63)

In order to prove the uniqueness of the discrete solution in each time step, it is sufficient to
show that the weak solution U7 of the homogeneous problem (2.63) (F7 =0, U7~! =0, and
therefore GJ, G3=0) is U/ =0.

To verify this, let V/ =17 and since M and S are also symmetric matrices, the equation (2.63)
simplifies to

(U)) T SU) 4 (US) " MU 4k (UL) T ST, =0. (2.64)

From >0 and the positive definiteness of S, M, we conclude that the LHS of (2.64) must be
positive. Then the equality (2.64) holds only if U7 = 0. This concludes the proof. 0

2.4.2.2 Existence and uniquence, ¢G(1)®C!

In case of ¢G(1) time approximation, we refer to the notation and definitions from Subsection
2.3.4. Furthermore, the definition of C! elements, i.e. Hermite cubic splines, can be found in
Subsection 2.1.2. Thereafter, we derive the following theorem.
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Theorem 2.4.2.2 (Existence of ¢G(1)®C" discrete solution). There exists a unique func-
tion U € Q. which solves the weak problem (2.5), where B,.Z take the form as in (2.41) and
(2.42), respectively.

Proof. On account to the definition of the test space W,, we choose a test function V' to be
constant in time. Then, on each time-space slab I; x T}, where T}, denotes arbitrary element
of the space triangulation 7;, there holds

1 ‘ . 1 .. t—t. ‘ .
/ —DU,ngVfdm// —Ugv;dx—// =L DUI DV daedt
+// mDU{DV{dmdtJrs//H—j_lDUgDX/zjdxdt
Ty, j Tk j

// fVJd:vdt+/ DUJ 1DV’daz+/ —UJ "Widx
Ty Tkk Tk

DU DV dxdt — / / UHDV';dxdt
Ty

Ty
—€ / DU}~ ' DVy dudt. (2.65)
Tk j

Note that for j =1, U’~! = IIuy. By expanding discrete function U7, V7 in terms of basic
functions, see (2.4), and using the notation from Table 2.6, (2.65) can be rewritten such that

(V?cJ)T(SkU?c,l_?jSkwig)"‘(V?c,z) ( JSkUi1+(Mk+5 Sk)Uiz)

=F} +(Vi,1>TGi,1+<Vi,2>TGi,2, (2.66)

The structure of the 4 x 1 element forcing vector F}, J and mass vectors GY which depends

k,1]27
on U771, is explained in detail in the Subsection 6.1.2.2. The corresponding full formulations
are also given there.

From (2.60) and (2.66), using the full vector and matrix form we obtain
(V)T (SU) — EJSUJQ) + (V%)T(éSTU{ + (M—l—é??JS)UJQ) = +(V)TGI+(V)TGy.  (2.67)

In order to prove the uniqueness of the discrete solution it is sufficient to show that the solution
U7 of the homogeneous problem (2.67) where FV =0, U/~! =0, and therefore GJ, G =0, is
U7 =0.

To verify this, let V/ =17 and since M and S are also symmetric matrices, the equation (2.67)
simplifies to

. . k;

(U])"SU{ + (U”)TMU“re 2 (U3)" SU=0. (2.68)
From ¢ > 0 and positive definiteness of S, M, we conclude that the LHS of (2.68) must be
positive. This holds only if U/ = 0 and the proof of theorem follows. O
2.4.2.3 Existence and uniquence, MoL®C!

Notation and definitions used below are taken over from the Subsection 2.3.5 and Subsection
2.1.2 where the method of lines and the Hermite cubic splines, respectively, are introduced.
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Theorem 2.4.2.3 (Existence of M oL ®C! semi-discrete solution). There exists a uni-
que function U € Q, which solves the weak problem (2.5), where B, Z take the form of (2.49)
and (2.50), respectively. This function also satisfies the following initial conditions,

e f;ymldc e f;mdc
" yodedC || T ndedC
ofa [ wosdC | (0=, ofa [ s |
mifa |7 yodadC /o [T indadC

defined owing to (1.13d) and the notation from Table 2.6,

U1 (0)=M, " (2.69)

Proof. From (2.49) the approximated weak form (2.5) on kth element 7} of the triangulation
7T can be rewritten in form of contributions such that

DU, (t)DVyda+ /

Ty

Uy (t)Vadaz— / DU, (t)DVida

T Tk

Ty

+ | DUL(t)DVadi+e / DUs(t)DVadar
Ij Ty
= [ f(t)Vadz forall ¢e]0,T].
T

If we set in the equation above a constant function in time V € S xS, by use of (2.4) and
notation from Table 2.6, we obtain for all ¢ € [0, 7]
(Vi) " (S Uk 1 () = SkUp2(8)) + (Vie2) " (SkUpa (8) +2SkUp 2 (8) + MUy o (1)) = Fi(£).  (2.70)

Fi(t) is the 4x1 element force function vector defined by

hi /2 f_llf(t) 1 dC

o hi/4 f,ll f(t) 9 dC
Fi(t) = o fflf(t) e (2.71)

mfa 1 F(t)pa dC

If we choose a discrete function V' such that
V= (V1,V2) € {(¢,0),(0,¢,)} with 1<p<4,

then for all k=1,...,n, Vy12 € {e1,e2,€3,e4} € R*. By summing the contributions (2.70)
over k =1,...,n we obtain two systems of equations. Namely,

1. for V= (¢,,0),1 <p<A4
> SkUka(t) = SkUga(t) =0,
k=1

2. for V=(0,9,),1<p<4

Z SkUkJ(t) + ESkUk’Q(t) + MkUk’g = Z Fk(t)
k=1

k=1
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Given the global mass and stiffness matrices M, S and similarly defined 2(n+1)x1 block vector
F(t), cf. (2.71), two systems above can be written in form of the system of ODEs such that

{g &}{&g}+{g;§}{&%1:{p%} (2.72a)
with the initial condition

wmz{&gﬂ. (2.72b)

From the theory of ordinary differential equations, there exists an unique vector function U(t)
who solves the initial value problem stated above. 0

Remark 2.4.2.1. The proof of Theorem 2.4.2.3 imposes also the existence of the discrete
solution. Above that, it comprises the algorithm for the calculation of the discrete solution in
each time point ¢ € (0,7]. This is obvious from (2.72).
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Chapter 3

Energy Method

In the following chapter the main focus will be posed on derivation and analysis of a priori
and a posteriori error estimates by using the energy techniques.

The proof of both a priori and a posteriori error bound has the similar structure. Namely,
it is based on the representation of the error in terms of the residual (a posteriori error
analysis) or in terms of the exact solution (a priori error analysis) combined with the Galerkin
orthogonality. It also assumes the usage of some interpolation and projection operators and
appropriate estimates. The following analysis will be conducted for a priori and a posteriori
error bounds separately. We start first by introducing the time discretisation, i.e. Galerkin
discretisation methods (dG(q), ¢=0,1, ¢G(1)) and method of lines and then by coupling it
with two space ansatz, linear and cubic splines. Thereafter we analyse the error bounds with
respect to the corresponding fully discrete form.

Note that the realization and construction of adaptive refinement strategy is based on a
posteriori error estimates. This will be further emphasised in Chapter 6.4.

u exact solution solution of (1.28)
U discrete solution solution of (2.5)
U affine interpolant of the discrete solution U Definition 2.3.3.3
e error, e=u—U Definition 2.3.2.1
é error, é=u—U definition (3.89)
é error, é=u—U definition (3.51)
B weak bilinear form Subsection 2.3.1
B weak bilinear form, dG(0) in time definition (2.20)
Z RHS in the variational formulation Subsection 2.3.1
Res(v) residual, Res(v)=B(u,v)—B(U,v) Definition 2.3.1.2
Res(v) residual, Res(v)=B(u,v)—B(U,v) definition (2.21)
II spatial multi projection Definition 3.1.0.5
7 nodal or cubic Hermite interpolation operator Definition 3.1.0.1, 3.1.0.2
g spatial H! projection, Galerkin projection Definition 3.1.0.3
L spatial L? projection Definition 3.1.0.4
J temporal projection Definition 3.1.0.9
D, discrete variant of Laplace operator Definition 3.1.0.7
<' ; '>H, Il - |l energy scalar product, energy norm Definition 1.3.0.3

Table 3.1: Notation used in Chapter 3.
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3.1 Preliminaries

Within this section some general remarks concerning the finite element method, interpolation
and projection operators together with appropriate bounds are introduced. We also provide
some basic theory results such are trace theorem and Friedrics and Cauchy inequality. These
theoretical results denote the main tool for the subsequent error analysis and therefore need
to be explained in detail.

We do this by following the definitions of ¢f. BRENNER-SCOT [15], CIARLET [20], EVANS [27]
as well as by developing some of the ideas which will be referred in particular while introducing
the corellative theorem, lemma or definition.

Definition 3.1.0.1 (Nodal interpolant). Let S7 be the spatial discrete space related to the
time interval I; € 7, cf. Definition 2.1 which consists of piecewise linear globally continuous
functions. Then for any given function u€C(f2), we define nodal interpolant by

n

Tu(z) = Zu(xj)gzﬁj(x), for all x € Q,

=0
where (¢,)i are the basis functions introduced in Subsection 2.1. U

Definition 3.1.0.2 (Hermite cubic interpolant). The Hermite cubic interpolant to u€
H?(Q) is the unique polynomial Zu defined such that for each interval Ty, k=1,...,n from
the spatial triangulation 7;,j=1,..., N, see Definition 2.0.0.8, Z, := Z|y, satisfies

(u—Zru)(x(¢)) = 0, and D(u — Zyu)(z(¢)) = 0 for each v € T, and ¢ € {—1,1}. [
Lemma 3.1.0.1 (Friedrichs inequality in 1D, AFEM [16, Section 5]). On the bounded

interval Q = (a,b) for all functions v € H}(a, b) there holds

b—a

|l 22 (ap) < ] £ (a,0) -

Moreover, if u € H'(a,b) vanishes somewhere on the compact interval [a, b], then

2(b—a
lul 22 (o) < THUUHl(aJa)-

Lemma 3.1.0.2 (Approximation properties of Nodal Interpolation). Givenu € H'(Q)
and its nodal interpolant Zu, there holds

1
Moreover, if u€ H?(2) then additionally holds

1
”u—Iu”Lz(Q) S —||h2Au”L2(Q), (31b)
1

|D(u—Zu)| 22y < 7

|hAU| 2. (3.1c)
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Proof. We provide only the proof for the first estimate (3.1a) is provided. For the other two
estimates we refer to AFEM [16, Theorem 2.4].

Let us assume that there exists a constant C such that

The idea is to find an optimal one for the case 2 = (0,1). The Friedrichs inequality, restricted
to the interval T}, yields for some v € HL(Q)

D,
lu=Tulury < Elu—Tulir,. (3.3)

Here we used the fact that w and Z coincide in each hy, k=1,... n.
Owing to the properties of discrete functions we have that a(u—Zu;Zu)=0. This implies

||U—IU||%11(T,Q) = ”u”%{l(Tk) - ||IU||%11(T,C)~ (3.4)

From (3.3) and (3.4) there holds for each T,

A

lu=Zulrym <l

The last inequality is equivalent to

|u—Zul L, < ;HhUHHI(Q)-

According to (3.2), we have that C' < 1/7.
Notice that the equality is satisfied with the function u(x) = sin(zmw/h) where h is the uniform
space step. This proves that the constant C' = 1/ is optimal. 0

Lemma 3.1.0.3 (Trace Identity in 1D, AFEM [16, Chapter II, Claim 3.1.1]). For some
function u € H'(a,b), the following estimate holds

max [u(@)] < (b~ a) P Jul i + (0~ @) 2| Dul e,

Lemma 3.1.0.4 (Inverse estimate, CIARLET [20, pp. 142]). Let S C H}(f2) be a finite
element space and h the step size with respect to triangulation of the domain 2. Then there
exists a positive constant Cj,,, such that for all U €S,

U @) < Cino|h U 120 (3.5)

Lemma 3.1.0.5 (ODEN-REDDY [57, Theorem 6.8, Section 8.5]). Given u € H*(Q) on
some bounded interval ) and its Hermite cubic interpolation operator Z from Definition
3.1.0.2, there exists a constant C' independent of v and h such that for all 0 < m <4 there
holds

HU—IUHHm(Q) S C”h4imuHH4(Q) (36&)
Moreover, if u is not smooth enough e.g. ue€ H"() for r <4, then
”U—IU”Hm(Q) < C”hr_mUHHT(Q). (3.6b)

where 0<m<r.
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Remark 3.1.0.2. For interpolation operator Z, there hold the local interpolation estimates.
Namely, for each element T}, from the arbitrary triangulation of the spatial domain €2 there
exists a constant C' such that for all functions ue€ HP(T},)

lu=Zulpm iy <CH DY) 2y, 0<m<p+ 1,

where p is the polynomial order of the discrete functions, i.e. p=1 for linear splines and p=3
for cubic Hermite splines. For details, see CIARLET [20, THEOREM 3.1.6]. O

Definition 3.1.0.3 (Galerkin projection). We consider G to be a Galerkin (elliptic) pro-
jection operator onto the space of discrete functions in space. Then for each I; element
of triangulation .7 from Definition 2.0.0.8 and corresponding discrete space &7, see (2.1),
Glr, - Hp(Q) — &7 is defined by

a(Gu;v) = a(u;v) forall veS andj=1...,N. O
Lemma 3.1.0.6 (HACKBUSCH [35, Theorem 8.5.1, Remark 8.5.2]). There exists a con-

stant C' independent of v and h such for G, Galerkin projection from Definition 3.1.0.3 and
all u € HH(Q) N H*(Q), 0<r<1<s<p+ 1 there holds

||u—gu||Hr(Q) S O||hS_TDSu||L2(Q),
where p=1 in case of P! elements and p=3 for C' elements in space.

Remark 3.1.0.3. Let 7, be an arbitrary triangulation of Q=[0,1] C R with a step size h.
In 1D, the Galerkin projection G and the nodal interpolation operator Z coincide, since there
holds the Galerkin orthogonality for Z, i.e.

a(u—Iu;v):/D(u—Iu)Dvd:B:Dv/D(u—Iu)daszO for all veSCPi(7,)NC(Q),
0 0

i.e. G=Z by uniqueness of the orthogonal projection.
The idea is to show that the nodal interpolation operator is not continuous with respect to
the L? norm, i.e.

VO >0, Jue H(Q)  [Tulio £ lulie) (37)
We argue by contradiction and assume
3C >0 such that Yu € Hp(Q) [ Tu| @) < Clh™ u)1y0)- (3.8)
In the following we introduce the counter example which contradicts (3.8).

Let 7, be a uniform triangulation of interval Q with the step size h and let the function u(x)
be defined by

2 2k — )R\ \™"
u(x):z(—(x—%)) forall (k—1)h<x<kh, k=1,....,n, n=1/h.
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It is clear that u(x) € HAH(Q) with I'p = {0}. Note that the case I'p =T can be analysed
using the similar arguments and is therefore omitted in the following.
From the definition of the nodal interpolation we have

T =( [ (3) aor [1a) "= (-2 (1= 2) = g

On the other hand, for |u]z,) we have

= (3 [ Gl 5 a0 () G 35 6)+ () )”

k=1
2\ 2n 2 "SR Antly 1/2 1 2
—(Z — = . 1
<h> (4n+1;<2> ) <4n+1> 0 (3.10)
This shows that the assertion (3.7) is valid. O

Definition 3.1.0.4 (L? spatial projection). Let £ be the L? projection onto the space of
the spatial discrete functions with respect to domain €2. Then for each I; €.7, cf. Definition
2.0.0.8 and corresponding discrete space 87, cf. (2.1), the restriction of the projection L] I
L*(Q)) — &7 is defined for each u € L?(Q2) by the relation

(Lu;v) = (u;v) forall ve &

Moreover, for S/ consisting of P; functions, the projection £ of an arbitrary function u € L*(Q)
can be seen as

2) =3 un(®) where (g, un) = (1 6o), . (us ) M1 € R7.
For C' functions, we define the projection only interval wise, i.e. for each T} €T;

Lu(z(C))|r, = uk,l(bl(g)_‘_%Uk,2¢2(<)+uk,3¢3<C)+%Uk74¢4<C) such that

g = %(/ uerdC, /11 udadC, /11 uqsgdg,%/ll u¢4dg)M,;1 e R

Note that M and M), are mass matrices for linear and cubic space ansatz, defined in (2.52)
and (2.59) respectively. O

Lemma 3.1.0.7 (Approximation properties of L? spatial projection). Given
ue HLH(Q) N H*(Q) and projection L, cf. Definition 3.1.0.4, there exists a constant C' inde-
pendent of u and h such that for 0<s<p + 1 there holds

HU_EUI"LQ(Q) é C’||h5DSuHL2(Q)

where p=1 in case of P! elements and p=3 for C' elements in space.



66 CHAPTER 3. ENERGY METHOD

Proof. The inequality is obvious due to the properties of L? projection. Namely,

lu—LulL2(0) = inf lu—v]r2(@) < Ju=Zul L2

for Z nodal or Hermite cubic interpolant, respectively. Then, if we recall the Lemma 3.1.0.2
and Lemma 3.1.0.5, we may conclude the proof. 0

Lemma 3.1.0.8 (H' stability of projection £). Let £ be the spatial projection from
Definition 3.1.0.4. Then, there exists a constant C' independent of u and A such that for
all ue Hj(Q) there holds

| Lullm ) < Clularq)-

Proof. We refer to CROUZEIX-THOMEE [22, Theorem 2|, where the case of (DD) boundary
conditions has been considered and note that the similar result can be obtained for (DN)
boundary conditions. See also CARSTENSEN [17]. O

Definition 3.1.0.5 (Spatial multi projection). Let II be a spatial multi projection onto
the product of two spatial discrete spaces, such that for each interval I; € .7, cf. Definition
2.0.0.8, and correponding spatial discrete space 87, see (2.1) there holds

Hl[j H— SjXSj,
where H is the Hilbert space introduced in (1.16). O

Lemma 3.1.0.9. If K, is the discrete operator from Definition 2.3.3.4 and G, L are the spatial
Galerkin projection and L? projection defined in Definitions 3.1.0.3 and 3.1.0.7, respectively,
then there holds for all ue 2(K; '),

—(LAu;v)=(K; 'Gu;v) for all veS, (3.11a)

where S is the spatial discrete space.
Moreover, there also holds

—(LAu;v)=(K; 'u;v) forall veS. (3.11b)

Proof. Recall the orthogonality properties of projections G, L, see Lemma 3.1.0.3 and Lemma
3.1.0.4, respectively. Thereafter we have for all veS

—(LAu;v) = —(Aw;v) = a(u;v) = a(Gu;v) = (K}, 'Gu; v).
The proof of (3.11b) is then obvious. O

Remark 3.1.0.4. In case of the dG(q),¢=0,1 and ¢G(1) time discretisation we may choose
to work with the spatial meshes which change between neighbouring time slabs. Therefore, we
have to take into account that the definition of the certain operators which map is contained
in the spatial discrete space S, must be somehow restricted to the time slab. Namely by the
definition of the discrete operator K, we have to differentiate between IC{Z and IC{;l in case
when 8771487, Same holds for spatial projections £, G and interpolant Z. O
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Definition 3.1.0.6 (Jumps in space). Let U be an arbitrary piecewise affine, globally con-
tinuous function with respect to the spatial domain €2 and triangulation 7, cf. Definition
2.0.0.8. Then [DU]; can be seen as the jump in the first derivative with respect to node xy
such that

[DU:=DU(xp41)—DU(x) forall k=1,...m, (3.12)

where m =n—1 for (DD) boundary conditions. Additionally, if the initial problem satisfies
the (DN) boundary conditions, then m=n and [DU],,:=—DU(1). O

Definition 3.1.0.7. For all v € S, where § is discrete space with respect to domain 2 with
a basis which consists of P; conform elements and the step size h, cf. Definition 2.0.0.8, let
Dy, denote a discrete counterpart of |h*Av|2q) such that

Do) = (S (o) tor =12

k=1

where m=mn for (DN) boundary conditions and m=n—1 for (DD) boundary conditions. The
jump terms ([Dv]y)}L, are defined according to Definition 3.1.0.6. O

Lemma 3.1.0.10. For D;, from Definition 3.1.0.7 and u € H5(Q)NH*(Q),¢ = 1,2, there
holds

a(v;u—Lu) <C Dy a1 (v)| D ul 20, forall vesS. (3.13)

Proof. An integration by parts in space and the fact that u—Lu € H},(9) yields

a(v;u—Lu)=—(Av;u—Lu) i Tr), (3.14)

k=1

where m=n for (DN) and m=n — 1 for (DD) boundary conditions. Obviously, from the fact
that v is P! function, we have Av=0. Then, the RHS of the equation (3.14) can be estimated
by means of the trace inequality such that

a(viu—Lu) < =Y [Dol (b fu=Lul oy +hi*fu=Lul )

k=1
Furthermore, owing to the approximation properties of the projection £, see Lemma 3.1.0.7
and the H' stability of the same, see Lemma 3.1.0.8, we have by applying the discrete Cauchy
inequality

m m 1/2
a(v;u—Lu) <C Y [Dolh P D ] oy <C (Y ()2 ([D])?) 1D ul 120
k=1

k=1

From the Definition of the discrete Laplace operator D, o¢—1, cf. Definition 3.1.0.7, we conclude
the proof. O
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Definition 3.1.0.8 (Integral mean). For some u € Ly(.7), where .7 is some arbitrary tri-
angulation of the interval [0, 7], we define the piecewise constant integral mean of the function
u by u such that

11\1].::][ u(t)dt for each I;€.7. O
I

J

Definition 3.1.0.9 (Temporal projection). Let J be the projection operator on the space
of the piecewise polynomials P,(.7), 0 <¢ <1 with respect to the arbitrary triangulation 7
of interval [0,77, cf. Definition 2.0.0.8, defined for each time interval [; € 7 by

/(ju—u)th:0 for all V' e Py(I;). (3.15)

I;

We define J only for when the time is approximated by the Galerkin discretisation method.

¢G(1), dG(0) | T11,:LA(L) —Polly) | Tliyu=F; ut)dt.

dG(1)a Ju(t):=u(t;_q)+20-ti-1)/k2 flju(s)—u(tj,l)ds
T L2(I;) = Pi(I),
dG(1)b Ju(t) :=u(t;)+2t-0)/k2 flju(s)—u(tj)ds.

Obviously, in case of the dG(1) time approximation, for dG(1)a variant of the operator J we
have (Ju)? ' =/~ Similarly, in case of dG(1)b there holds (Ju)/~ =u’". O

Remark 3.1.0.5. The projection operator J in case of dG(0) time approximation is orthog-
onal L? projection. 0

Lemma 3.1.0.11 (Approximation properties of temporal projection J). For projec-
tion J from the Definition 3.1.0.9 and all u € H*(I;) where /=1 in case of ¢G(1) and dG(0)
and ¢ =2 in case of dG(1) approximation in time, there is a constant C' independent of the
triangulation .7 such that there holds

as
|lu—Tu|Le0r) < C’||k5§u||Loo(07T), 0<s<U/. (3.16a)

Moreover, there also holds

as

||U—~7U”%1(0,T) < C”kSEU”il(o,T)a 1<s<{, (3.16b)
sas

||u_\7u||%2(07T) S C”k a_tu”%/Q(o’T)’ 1 S S S L. (316C)

Proof (sketch). Follows from the Taylor expansions of the function u, where for each I; €
we have

u(t) :u(tj_l)—i—/ u(T)dr.

I;
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Then for each te [;,
2 .
u(t)—Tult)= /1 (73 (t=0(s=tm1) =xue, ) s)ds (3.17)
J J

where X¢+,] is the characteristic function of interval [t,#,]. The representation (3.17) is used
for the estimate when s=1. For s=2, we make use of the equivalent representation

! 2\
u(t) = Ju(t)= /Ij ((s—t)xmj]—k—?(tj—t)(s—tj1) Jii(s)ds. (19

Remark 3.1.0.6. Note that the projection J from Definition 3.1.0.9 is continuous only with
respect to L> norm. This follows from the estimate (3.16¢). O

Definition 3.1.0.10 (H'! time projection). Let J; denote the operator of the temporal
H' projection on the space of the piecewise polynomials P,(.7), ¢ > 1 with respect to trian-
gulation .7 defined by

T
0 0
/0 a(jlu—u> SVdt=0 forall VeP,(T), (3.19)
with the initial condition J3u(0)=wu(0).

Note that by taking V' =t in (3.19) for 0<t¢<t; and V =t; for ¢ >t;, we conclude that

jlu(t]):u(t]) for all 1 S j S N. O

Lemma 3.1.0.12 (Approximation properties of H' temporal projection). Let J; be
the projection from the Definition 3.1.0.10. For all we H*(0,7T) there is a constant C' inde-
pendent of the time interval such that there holds for all 0<r <1< s<qg+1,

|lu— T mro.ry < CIE° " ulms0,1)-

Proof. For the proof we recall the proof of Lemma 3.1.0.6 where the approximation properties
of Galerkin, i.e. spatial H! projection are proven. In particular, if g=1, then J; can be seen as
the nodal interpolant in time defined as in the Definition 3.1.0.1 for which the approximation
properties from Lemma 3.1.0.2 hold. O

3.2 A priori energy error estimate

In the following we present and analyse the methods for the determination of the a priori
error bound 7, for the error of the fully (time-space) discrete problem. The error bound
Na :="a(u, h, k) is a quantity depending on the mesh data h, k and exact solution u together
with its derivatives.

An overview concerning the accuracy order of developed estimates with respect to time and
space discretisation is presented in Table 3.2.

To ensure that 7, can be taken as an optimal or quasi-optimal bound, we also present the
results of some simple numerical experiments, see Figure 3.1-3.3. We plot the error in the
energy norm for different choice of h and k. Obviously, the dG(0) method provides the
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H ® H Py | c H
dG(0)

Subsection 3.2.1.1

O(h+k~2h+k) | OB +k~2h3+k)

dG(1)

Subsection 3.2.1.2

¢G(1) O(WP+k2), e=0
Subsection 3.2.2 h—quasi uniform spatial mesh

MoL O(h?), e=0or (DD)
Subsection 3.2.3 h—quasi uniform spatial mesh

Table 3.2: Proven a priori error estimates for |e|p() in case of dG(0) and MoL and
max; ¢ [le(t;)[l# in case of ¢G(1); energy method.

optimal result when expected convergence rate in time is considered, i.e. O(k). For the
space discretisation we have the nearly optimal result O(h?+k~'/2h?) where p=1, 3 for Py, C"
elements respectively, see Figure 3.1. The expected order of accuracy in space is O(h?). In
case of the dG(1) method in time we did not succeed to derive any a priori estimate by using
the avaliable techniques. This is still an open question and discussion is provided in Subsection
3.2.1.2. Also for ¢G(1) in time and P, in space, a lack of continuity in the first derivative
caused that the derivation of the a priori error estimate can not be completed. On the other
hand, under certain requirements concerning the choice of parameter e, for C! elements in

10° T . . 10°

k %~ h=k
K2 —— h=k?

> >

——

10' |

llell,
"
g
/
A H
[~
5
llell,
-
5

5
/)
F

1| T~
AN
THR—
1 T
107

1073 0 ! 1 2
10 10 10
number of elements in space

. 107
10° 10* 10° 10' 10° 10°
number of elements in space

Figure 3.1: Convergence of | e[z for dG(0)@P; (left) and dG(0)®C' (right) with respect
to the number of elements in space; The a priori error bound 1, = O(h? +k~Y/2hP + k) is
suboptimal for both p=1,3. Namely for p=1 and h =k, the exact error is of order O(h)
whereby 7, = O(h'/?). For C' elements and k = h? we have the best convergence order
N =0(h?), but still |e] Lo 2¢y=O(h*). On the other hand, a duality approach, cf. Subsection
4.2.1.1, provides a bound with an optimal convergence order, i.e. O(h? + k); Example 6.2.5,

e=0, (DN), T=1.



3.2. A PRIORI ENERGY ERROR ESTIMATE 71

space, the optimal results in time and space are obtained, see Figure 3.2. When the method

10"

kY2
10° b —— 4

10 F

llell =y

B

o o
T T

=
°,
T

=
e,
T

107 F

10 -
10 10 10
number of elements in space

Figure 3.2: Convergence of max,cz [le(t;)|ln for ¢G(1)®C* with respect to the number of
elements in space; The optimal convergence order of the a priori error estimate 7, = O(h*+k?)
with respect to the step size h, i.e. O(h?) is achieved already by k=h?*/?; Example 6.2.5, ¢ =0,
(DN), T=1.

of lines is considered, the same problems occur when P; discretisation in space is applied, as
it was the case in ¢G(1)®P; discretisation. For C' elements, the optimal order of accuracy
is obtained under weaker requirements than the ¢G(1) time approximation allowed. For an
example, see Figure 3.3.

Note that improved results are obtained by a different analytical technique, namely by a
duality approach, cf. Section 4.2.

10°

-1

10 ¢ |

10°F AN E
10°L E

I
10 10' 10
number of elements in space

Figure 3.3: Convergence of | e[z for MoL&C' with respect to the number of elements in
space; The approximated error bound 7, =O(h?) is optimal for arbitrary choice of k; Example
6.2.5, e=0, (DN), T'=1.
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3.2.1 dG(q) time approximation, ¢=0,1

Recall the notation and definitions related to the discontinuous Galerkin method in time,
introduced in Subsection 2.3.3 as well as Section 2.1, where the particular space discretisation
methods are introduced, namely linear (P;) and cubic (C!) elements.

Lemma 3.2.1.1 (Error representation, dG(q) time approximation). In case of dG(q)
time discretisation, for every V' € Q, the following identity is valid

N N
1 _ 1. 4 1 -
Sl Irelealzagn) < Slle™ a5 D le=VY 1+|||?1+Z/[ (erie=V),dt
j=1 j=1"1i

N N
—Z/ a(eg;el—Vl)dt—i—Z/ 0(61;62—‘/2)dt
j=1 71 j=1"1j

N
+5Z/ a(eq; e9—Va)dt. (3.20)
j=1"1i

Remark 3.2.1.1. The error representation (3.20) is also valid for each 1 <n <N with respect
to triangulation 7, due to the local representation of weak problem, see Remark 2.3.1.1. [

Proof. Since e is discontinuous as a function of time, we derive from Lemma 2.3.3.3 that

N 1 N 1 N
3 / T P S e (3.21)
j=1 1 2 j=1 2 j=1

With the definition (2.18) of the bilinear form B and the Galerkin orthogonality (2.9), there
holds, for all V € Q,,

N N N
S [ i S
Jj=1 Ij j=1 Ij et Ij
N N
:Z/ <eT;e—V>Hdt+Z/ a(eq; Vy)dt
j=1 I; =1 I;
N N N
_Z/ Me%vl)dt_gZ/ a(ez;%)dt—zqe]j—l;Vj—1+>H.
j=1 1; = I o

The combination of the last equality and identity (3.21) shows

1 N 1 N N N
I Ca RSB Y / (erse—V),dt=3" / alea; er— Vi)t
j=1 j=1 j=1"1j j

j=174j

N N
+Z/ a(e;+eey; ez—Vz)dt+Z<[e]j‘1 S(e—Vi)y ),
j=11i s

—52/{@(62; eQ)dt—Z ([ef~tse?™1),,. (3.22)
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With Lemma 2.3.3.3 the last jump contribution from (3.22) reads

al 1 1 1 o
SO (TR ES-) S iy PR [ E-D Ead 2 (3.23)
j=1 j=1

J=1

For the first jump contribution in (3.22), the Cauchy inequality yields
N
D (e (e=vyH), < Z el = Wl (e= V)"~ [l
7j=1
1o 1
MICEITAT) DI (CS 0 A CED
: j:l

With (3.23)-(3.24), the equation (3.22) is equivalent to
1 1 1 -
Sl relealzagn) < Slle” Ih+5 > |H(6—V)J_1+|H%+Z/I (erie=V),dt
j=1 =171

N N
—Z/ a(eQ;el—Vl)dt—l—Z/ a(ey+eeq; ea—Va)dt. (3.25)
=171 =171

This completes the proof of lemma. 0

In the following the time approximation methods, in this case dG(0) and dG(1) method,
have to be analysed separately. The space approximation assumes the use of linear (P;) and
Hermite cubic splines (C1).

3.2.1.1 dG(0) time approximation

Theorem 3.2.1.1 (A priori energy error estimate, dG(0) time approximation). There
exists a constant C, which is independent of v and its dG(0) approximant, such that

||€||LOO(H) < C{ ||k‘u1 ||LOO(H1 + ||]{3’iL2||Loo(L2) -+ || hpr-‘rlyOHLz(Q) + ”hp-‘rle-i'lyl ||L2(Q)

+1 1/2 - +1 +1 2 1/2
(}jwpr DBaey)  + (D IR D st e
j=1
+ ||k‘Au1 “LI(L2) + ||hpr+1u2 ||L1(L2) + ”ICUQ ||L1(H1) —l—\/g”k?itg ”L?(Hl)

A E AP DP g | o g2+ /E R Ay ||L2(L2)}, (3.26)

provided that u€ HPT(Q2)?. Here p=1 when P; and p=3 when C! ansatz in space is applied.
The last term on the RHS of (3.26) does not appear if the initial problem satisfies the (DD)
boundary conditions.

Remark 3.2.1.2. Note that the estimate of Theorem 3.2.1.1 is of order O(hP+ k~'/2hP4k).00
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Proof. In case of dG(0) time approximation the third term on the RHS of the error repre-
sentation (3.20) can be rewritten as

Z/ <€7-,6 V>Hdt—2/ V)rie— V>Hdt
=—ZHI VY5~ ZIII(@—V)j_1+||I%- (3.27)

Inserting (3.27) into (3.20), we estimate the energy error and dissipative term as follows

N N
1 _ 1. oo 1 i
Sle™  Iteleal iz < S le’ \H%+§§ I(e=Vv)’ |H%—§ /]a(ez;el—%)dt

—|—Z/ 61,62—‘/2 dt+52/ 62,62—‘/2 dt— ZE . (328)
(=1

The idea in the following is to estimate the contributions Fi, ..., E5 on the RHS of (3.28)
with respect to [eq|peo(ay), [€2]ro(z2), vVElez|r2(ary and some terms which are priori known.
This is done in several steps formulated as Lemmas. Before we skip to the proof of the same,
we define a test function V' by

Vi, =1/~ € @), 1I=(G,G). (3.29)

This choice of V applies to the rest of the proof. We also use p=1 for P! and p=3 for C!
elements in space in the following analysis.

Lemma 3.2.1.2. Let the discrete initial data be defined such that
U = (Tyo, Ty1) (3.30)

for the interpolation operator Z corresponding to the space discretisation ansatz and ug =
(yo,y1) the initial solution, then there exists a constant C' such that

E, < C{ | WP D yq "%2(9) + [P DYy | %Q(Q) }

Proof. The approximation properties of the interpolant Z given in Lemma 3.1.0.2 and 3.1.0.5
for P; and C! elements in space, respectively, imply

1 1
Ey= §||yo—1yo||§p(g)+§Hy1—Iy1 1220
< C{IWP D" yo| 2y HIRP DYy |72 }- U

Lemma 3.2.1.3. There is a constant C' such that

N N
By <C{ 3 IW D" (1) oy + 3 107 D ua (1) ey |-
j=1 j=1
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Proof. Owing to the approximation properties from Lemmas 3.1.0.6 and 3.1.0.7 there holds

ZIH —Tle)’"[I3,
g 1
1

N 1 N
== (e1=Ger) [inq +§Z [(ea—Gea) 720y
j=1 j=1

[\D

N
{Zuhwﬁ“ul o+ 3 P D7 2 (t) ey |-

7=1
This concludes the proof. 0

Lemma 3.2.1.4. For Ej5 there is a constant C' such that

E3 S ||]€A1.L1||L1(L2)"62 ||Loo(L2)+ ||]€UQ ||L2(H1)5“€2(t>”L2(H1)
+ ||]€A’d2||L2(L2)8H€2(t) ”LZ(Hl)+C||hpr+1U2”L1(L2)||€1”L00(H1). (331)

The second and the third term on the RHS of (3.31) does not appear in case of the (DD)
boundary conditions.

Proof. In order to simplify the estimation, we decompose Fj3 such that

N N
=— E / aley; e —el ) dt— E / aley; €™ —Gel7)dt. (3.32)
j=171 j=1 71

The first term on the RHS of (3.32) is independent of the choice of the multi projection II.
Since for all t€ I, e1(t)—e]” =u(t)—u(t;), an integration by parts in space yields

N N
—Z/ a(eg; e1— 61 :Z/ (€2; A(uy—uy(t;)))dt— Z/ ea(t, 1) D(uq(t, 1) —uq(t5,1))dt,

j=1 71 j=1 "1
(3.33)

where the second term on the RHS of the equation above equals zero in case of the (DD)
boundary conditions.
On account of the properties of dG(0) functions, the following identity is valid

t; . t;
e(s):ej_—l—/ eT(T)dT:e’_—I—/ u(t)dt for all sel,. (3.34)

Thereafter, we may easily conclude that
. tj
A= Moy < [ [ 18i(O1de <1l 00 (3.35)
Ij S

From (3.35) the first term on the RHS of (3.33) can be estimated by

N N
> [(esae-d i< Y [ leluolaa- Ol
=171 j=171;
N .
<lealiman 3 [ 18@ =€)l
j=1"71

< Heg”Loo(L2)HkAQhHLl([;). (336)
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In case of the of (DN) boundary conditions, the equation (1.13¢) allows us to reformulate the
second term on the RHS of (3.33) such that

_Z/I eQ(t,1)D(u1(t,1)—u1(tj,1))dt=Z/I' ees(t, 1)D(ua(t, 1) —us(t;, 1))dt  (3.37)
where from es(t,0)=0

eQ(t,1)262(25,0)—1-/9DeQ(t,x)dx:||62(t)||H1(Q). (3.38)

An application of the trace inequality with respect to the whole interval 2= (0, 1), see Lemma,
3.1.0.3 and identity (3.34), which is also valid for u, instead of e, leads to

D(ua(t, 1) —us(t;, 1)) < |ug(t) —ua(t))| mr) +1A(ua(t) —usz(t;))] 2
< k}/ 2Jaisa (6) | £ty mr1.2)) +kj./2 | Ao () | 221,20 - (3.39)

With (3.38) and (3.39), the RHS of (3.37) can be estimated by

N N
1/2 . .
S [ ealt DD(ws D=ty D)t <3k (a1 iaOlioszziny) [ Iea®lin o
j=174j j

j=1
N
<& ky(laa (@)l 2y ) + 1A () 12,:020) lezl L2 -
J=1
< ([l g2 e + [k Atia] 2 22 ellea(®) | e (3.40)

where we have used a discrete Cauchy inequality in the last estimate.
From (3.36) and (3.40) we obtain

N
— Z/a(eg; 61—6{7)dt S |’]€AiL1||L1(L2)|’62 ”Loo(Lz)
j=171
+ (”kU/Q ||L2(H1) + ||/{:Au2 ||L2(L2))€”€2(t) HLZ(HI). (341)
This completes the estimation of the first term on the RHS of (3.32).

On account of the properties of the Galerkin projection, cf. Lemma 3.1.0.6, the second term
from (3.32) can be estimated by

N N
> / aez; €] —Gel )dt=—> / a(es—Gea; el )dt < C|WP D" lug| 12yl | ooy (3.42)
j=171j j=1"1i

The combination of (3.41) and (3.42) concludes the proof. O

Lemma 3.2.1.5. There exists a constant C' such that

E4 S CthDerllm HLl(LQ)Hel”L"O(H1)+ Hku2 HLl(Hl) H€1HLoo(H1).
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Proof. We start from the following decomposition
N N ‘
E4:Z/ a(ey; eg—geg)dt+2/ aler; Gea—Ged ) dt. (3.43)
j=171 =171
The first term on the RHS of (3.43) can be estimated such that
N
> / a(er; ea—Gea)dt <C|RP DPM g pr 2y er | oo i) (3.44)
j=1"1i

In case of the second term, from the identity (3.34) applied for us,, there holds

N N
Z/ a(el; geg—ge{)dtg H61||Loo(H1) Z HUQ—UQ(tJ')HLl(]j;H1(Q))
j=1 1 j=1
< ko ooy leal sy (3.45)

The latter estimations combined with (3.43) complete the proof. 0J

Lemma 3.2.1.6. For E5 there holds
E5 S 05’|hpr+1U2 ||L2(L2) “€2||L2(H1) +5Hku2”L2(H1) ||€2 ||L2(H1)7

where C' is some positive constant.

Proof. We start from
N N _
Eg,:EZ/ a(eg; eg—geg)dt—i—sZ/ a(eg; Gea—Ged ™) dt. (3.46)
j=1"1 j=1 "1
Arguing as in Ey for the first term on the RHS of (3.46), we obtain
N
9 Z/ CL(@Q; eg—geg)dtg Cé‘”hprJAUQ HL2(L2)”62 “LQ(Hl).
j=1"1i
By use of (3.34), there holds
N -
82/ a(eg; Gea—Gey ) dt <e|ktg| r2(my| ez 2camy.-
j=1"1i

A substitution of the last two estimates in (3.46) yields the proof. O

We continue with the proof of Theorem 3.2.1.1.
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The combination of Lemma 3.2.1.2-Lemma 3.2.1.6, the error representation (3.28) and the
Young inequality proves the following result

le™ 113, +elezlzzm < C { |52 DP ooy + 1R Dy [

N N
+> WDy () 720+ > 1B D () 7

j=1 j=1
BN £ 22 ez oo n2) + AP DP g 1 ) lea oo gy

ko ey len | oy +e [ Rita 72

e h? D7 | g 1)+ 2| ki ||§2(L2)}. (3.47)

According to Lemma 3.2.1.3, the last term on the RHS of (3.47) does not appear if the initial
problem satisfies the (DD) boundary conditions.

Finally, we introduce the lemma which provides the relation between |e|(z) and [[e™ |-
The motivation for the derivation of such a result stems from the fact that the RHS of the
estimate (3.47) depends on |ef zoo ().

Lemma 3.2.1.7. Since e is piecewise continuous function in time with respect to triangula-
tion .7, there is a t € [0,T] with |le(t)|# = [e|r~). Let I; be a time interval in .7 with
t€l;. Then there holds

lelzg <N It kil Lo 2o)- (3.48)

Proof. For teI;, the representation (3.34) implies
lle(@) < ”|ej”|H+/I i) llredr <N~ laetkejllied oo (1,00 < e~ Mgt K] o ()
i

This completes the proof. 0

To conclude the proof of the Theorem 3.2.1.1, we recall that the estimate (3.47) can be derived
for each t; where 1 <j < N on the basis of Remark 3.2.1.1 which also applies to the error
representation (3.28). Then, the RHS of (3.47) is a global bound for each j=1,..., N instead
for only j=N. From Lemma 3.2.1.7 we have

N
lelZee @y <C { Ktz 2+ 1R DY oy 107 D7 oy + ) 10 D7 un (1) [0
j=1

N
+ ) WP DP g (4) ooy + IR Adn | e fea o (22
j=1

+ WP D g o 2y lex | oo ) + [ Rtia | o ey lex | oo ) +€ | Kt Zo g

+€”hpr+1U2”%2(L2) +e| kA, Hiz(Lz) } (3.49)

With the help of the Young inequality we can absorb the terms |e; | g1y and [ea]po(z2) on
the RHS of (3.49) through the LHS. i.e. |e] o). This completes the proof of theorem. [
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3.2.1.2 dG(1) time approximation

Our intention within this section was to derive an a priori error estimate for fully discrete
problem in case of the dG(1) time approximation and P; or C! discretisation in space, by
using the similar arguments as for the dG(0) method in time, see Subsection 3.2.1.1. This
needs bounds for each ||/ ||, j=1,..., N in terms of |e| 1= (#) and some a priori known terms,
see (3.47). Apart from this estimate, which is very difficult to obtain for dG(1) functions, we
would need to establish a relation between |e| o) and ||’ [|3 in a form

el <N~ lle+g(u), (3.50)

where ¢ is a function depending on the exact solution and its derivatives. This relation was the
reference argument in the a priori analysis for the dG(0) approximation with g(u) := |kt oo ),
see Lemma 3.2.1.7 in the proof of Theorem 3.2.1.1.

However, we did not succeed to derive the estimate of type (3.50) in this setting.

Another possibility would be to find some error function which provides the relation (3.50)
directly owing to its properties. Obviously, if we define € by

aan
|
T
3

(3.51)

then ¢ is a globally continuous and piecewise affine function in time and therefore there exists
some j, 1 <7< N such that

lell v = Nlet) I =lle” . (3.52)

However, the application of the Galerkin orthogonality yields an additional jump term on the
RHS of the error representation. We did neither succeed to absorb this additional term nor
could we transfer it into proper a priori term.

3.2.2 ¢G(1) time approximation

Within this section we prove an a priori error estimate for the ¢G(1) time discretisation and
C! discretisation in space when € =0 and the spatial mesh is h—quasi uniform.

The main argument in the following analysis is the use of the error function é defined by

an

=G-U (3.53)

which is an affine, globally continuous function in time.

The idea to use ¢ instead of e arises from the fact that é reaches its maximum in some node
of the triangulation .7, whereby for e we can not determine whether the maximum point is
an interior point of some interval from 7 or not.

For notation and definitions used in the following analysis, we refer to Chapter 2, where the
particular space discretisation methods are introduced, cf. Section 2.1 and Subsection 2.3.4
where ¢G(1) method is analysed.
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Lemma 3.2.2.1 (Error representation, cG(1) time approximation). In case of ¢cG(1)
discretisation in time, for every V' € W,, the following identity is valid

Ut elalign = 51Ot [ (E=esdhy it [ (exi=v),ar

T T T
—/a(ez,él—%)dt+/a(€1,ég-%)dt‘i‘g/a/(ég,ég—%)dt
0 0 0

T T
+/a(€2—ég;él)dt‘i‘/a(él—@l;gg)dt
0 0

T
+€/G(ég—€2; ég)dt (354)
0
Proof. From the fundamental theorem of calculus in time and the fact that the errors e and
¢ coincide in each node ¢;,j=1,..., N we have
1 , 1 ) Ta «
S leMllz =5 le(O)ll, = i (€;€),t. (3.55)

From definition of the bilinear form B, (2.41), and the Galerkin orthogonality (2.9), we infer
forall Ve W,

T,L ~ TL ~ T ~
/<é;é>Hdt: /(é—é;é}Hdt+/<é;é>Hdt
0 0 0
T, . T T T
= /<é—é;é>Hdt—|—/ <é;é—V>Hdt—|—/a(eg;Vl)dt—/a(el—l—seg;vg)dt
0 0 0 0
T, . T AN
:/<é—é;é>Hdt+/<é;é—V>Hdt—/a(eg;él—Vl)dt
0 0 0
T 3 A T .
—|—/a(61—|—€€2 éQ—VQ)dzH—/a(eg;él)dt—/a(el—l—aeg;ég)dt
0 0 0
T, . T T T 3
=/<é—é;é>Hdt+/ <é;é—V>Hdt—/a(62;él—‘/l)dt+/a(el+€eg;ég—Vg)dt
0 0 0 0
T o T ) T . T
+/(I(€2—ég;él)dt+/a(é1—€1;éz)dt+€/a(é2—€2;ég)dt—E/a(ég;ég)dt.
0 0 0 0

With the identity (3.55), we complete the proof. O

Theorem 3.2.2.1 (A priori energy error estimate, cG(1) time approximation). There
exists a constant C'; which is independent of u and its ¢G(1) ® C' discrete counterpart, such
that for e=0, p=3 and the h—quasi uniform spatial mesh, there holds

1]l oo 2y < C{ |W2 DP oy | 20y + [RPH D2y | 2 )+ | WP DP i | 2y 4+ | P DY g g
+ ”k‘%:bl ”Ll(Hl) + ”hpr—HUQ ”LQ(LQ) + Hk’zAul ||L1(H1) + ||hpr+1u1 ”LQ(L2)
+ ||hpr+1/&2||L2(L2) —|— HkQUQ ”Ll(Hl) ‘l— ||k52AU,1 ”Ll(LQ) }, (356)

provided that u € HPT1(Q)2.
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Remark 3.2.2.1. The estimate of Theorem 3.2.2.1 is of order O(h?+k?) where p=3. O

Proof. The globally continuous and piecewise affine function é reaches its maximum in some
of the nodes ¢; from .7, i.e.

e [lE@llre=lell oo = let) (3.57)

Owing to the fact that the representation (3.54) is also valid for this particular choice of T'=t;,
(3.54) can be rewritten such that

tj 9
=2 z 2
E /0 syt =3 E. (3.58)
=1
The main idea in the following is to estimate E7, ..., Eg such that the final estimate consists

of the exact solution and its derivatives or the error contributions [é; | ey, |€2] o< (z2) and
£l é | z2(j0,¢;); 1 (2))- The error terms can be then absorbed through the LHS of (3.58).
We assume in the following that p=1 for P; and p=3 for C! elements in space.

First we choose a test function V such that
V:=JléecW,, where I=(G,L). (3.59)

Here J denote the temporal projection, .7§|1j = JCIJ- é(t)dt for each I; €.7. The idea is to use

the time projection J in order to apply the orthogonal properties with respect to L? norm in
time.

The term F; is estimated with aid of Lemma 3.2.1.2.
We continue by estimating each of Fy + E3, B4+ E5, Fg, E7, Eg, Ey.

Lemma 3.2.2.2. For E5+ E5 there exists some constant C' such that
By+ B3 <C{ | D" My || 11 12y |61 | poe (1) + | R D o 11 12y |82 1o (12 }- (3.60)
Proof. We start from

2 5 - tj - - 2 - -
o :/ <é;é—JHé>Hdt=/ <é;é—jé>Hdt+/ <é;]é—JHé>Hdt. (3.61)
0 0 0

Moreover, with the definition of E; and the fact that [, é(t)dt = [, é(t)dt for each I; € 7,
there holds

tj =z ot tj . = tj . ~
/0 (¢:6— T8, dt= /0 (¢:8), dt— /0 (¢:T2), dt
g ~ ti z ~
:/0 <é;é>Hdt—/0 <e;je>Hdt
s = b oz ki . = =z
:/0 <é;€>Hdt—/0 <€;€>Hdt=/0 <6—e;e>Hdt:—E2.
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Note that J is here a L? projection on piecewise constant functions in time.

For the second term on the RHS of (3.61), we have according to the properties of the projec-
tions G and L, see Lemma 3.1.0.6 and Lemma 3.1.0.7, respectively,

t

tj N N tj N j -
/<é;jé—jHé>Hdt—/a(é1;jél—gjel)dtJr/(ég;jég—ﬁjeg)dt
0 0 0
tj - tj N
0 0
< C (WP DP g | g2y | €1 ooy + [BP T DPF s | 1 2y | €] 1o (22)) -

This completes the proof of Lemma. 0J

In the following lemma why we estimate F;+ Fs5 only under certain requirements concerning
the parameter €, the choice of the boundary conditions and of the spatial mesh where the
spatial discretisation is carried out with aid of C! elements in space, only.

Lemma 3.2.2.3. For E4+ E5, provided that either e =0 or the initial problem satisfies the
(DD) boundary conditions, for p=3 and h—quasi uniform spatial mesh, there holds

Ey+Es < C{ [&% |y L] oo ey +IR2 D g oo 1) |1 o oy

K2 Adi | 1.y || oo 22y + [P DPF s | p2 o | hpr+11~LQHL2(L2)}, (3.62)

where C' is some numerical constant.

Proof. We start from FEy
tj . N tj - 5 tj - -
E4:—/ a(eg;él—Jgél)dtZ—/ aleg; e1—Jey)dt —/ aleg; Je1—JGer)dt.  (3.63)
0 0 0

With aid of the Lemma 3.1.0.9, the second term on the RHS of (3.63) can be estimated such
that

t; B B t; 5 5
/ CL(62; jél —jgé1>dt: —/ a(ez—geg; jél)dtg C”hpr+1u2HL1(L2) ”él ||L00(H1).
0 0
Furthermore, the first term on the RHS of (3.63) can be rewritten as
t; 5 5 t; o 5 t; o B
—/ a(eg;él—jé1>dt: —/ a(ez—ég;él—jél)dt—/ a(ég,él—jél>dt
0 0 0
tj - - 2 -
= / CL(&Q—Ug;él—jél)dt—/ a(ég;él—jél)dt (364)
0 0

Moreover, the fact that u(t;) = a(t;) for each ¢; from .7 and the fundamental theorem of
calculus prove

u(t)—a(t) <CR|ii| ) forall tel;, €7, (3.65)
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and some numerical constant C'>0. Then, there holds
tj N B 5
/ a(ﬂg—uQ;él—jél)dtﬁC’||k‘2ii1||L1(H1)||él||Loo(H1). (366)
0
Similarly, if E5 is decomposed such that
tj N N tj N N tj - -
E5 = / a(el; ég—jﬁég)dt:/ a(el; ég-jé2)dt+/ a(el; jég—jﬁég)dt (367)
0 0 0
then the first term can be rewritten as
tj 5 N tj 5 5 N tj N 5 B
/ a(el; ég—jég)dt:/ a(el—él; ég—jég)dt+/ a(él; ég—jég)dt. (368)
0 0 0

An integration by parts in space shows

t - . tj - ~
/(I(@l—él;ég—jég)dt:/a(ul—’al;éz—jég)dt
0 0
t £y

:/(A(ﬂl—ul); Gom TN+ | Dl —iiy)(t, 1)(Ea— TE) (1, 1)t

0

z/sz(ﬂl—ul); ey—Jéy)dt—¢ tb(m—ﬂg)(t, 1)(é3—Tey)(t,1)dt (3.69)

0

where the second term in the equality above equals zero when the initial problem satisfies the
(DD) boundary conditions.
From (3.65)

tj - - -
/ (Al —wy); & — T&)dt < CIk> Ay | 1 g |2 e (12 (3.70)
0

The trace and Friedrichs inequality provide the following estimate for the second term
t; B 5 5
5/ D(uy—19)(t,1)(ea—Tés)(t, 1)dt < (HiniQHLz(Hl) + | k* Ay HLQ(Lz))&?HéQ |22 (0., (@)
0

In order to neglect the last term on the RHS of (3.68), we recall the second term from (3.64).
Because of the symmetry properties of 7, there holds

o _ ty - .
0 0

It remains to estimate the last term on the RHS of (3.67). An integration by parts in space
leads to

t; 5 5 t; 5 5
/ a(el,jég—j£é2>dt:—/ (Ael,jég—jEéQ)dt
0 0

_ / S Dy (Ou(TFs— T LE) (122 (3.72)

k=1
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where m=n in case of Problem (DN) and m=n—1 for Problem (DD).
The first term can be estimated by using the properties of the projection £ such that

t; 5 5 t; B B
—/ (Ael,jég—jﬁég)dt:—/ (Ael—EAel,jég—jﬁég)dt
0 0

t
< C/ [P~ Dy ()] 2o |RP T DP s () | 12y dt
0
S O” hpr+1u1||L2(L2) ” hpr+1a2||L2(L2)‘ (373)

In the last inequality we used the fact that the spatial mesh is h—quasi uniform.

As far as the jump term on the RHS of (3.72) and (DN) boundary conditions are concerned,
we can not derive an estimate which depends either on a priori terms or on the error terms
elléall 20,0,y and |€] (). In case of cG(1)@ Py discretisation, the problem is to estimate the
jump terms [Del; which do not vanish due to the fact that De is piecewise constant function
in space. Therefore we assume in the following that the discretisation in space is done with
C! functions. Then, the jump term simplifies to

- [ Ta-gea) e aa= [ Db g e @
(— 0

since (Jéy —JLE)(t,0) =0. Obviously if ¢ =0, then Dey(t,1) =0 and the last term van-
ishes. Also, if the the initial problem satisfies the (DD) boundary conditions, then (Jé;—
T LeE)(t,1)=0.

We did not succeed to estimate the latter terms in other cases then this two cases mentioned.
Therefore, we assume that either one of these two conditions is satisfied, namely that either
e=0 or (DD) boundary conditions. Then for p=3 and h—quasi uniform mesh, there holds

t; 5 5
/ (1(61,jéQ—jLég)dtSC"hpr+1u1|’L2(L2)"hpr+1a2|’L2(L2). (375)
0

This concludes the proof. O

Lemma 3.2.2.4. For Fjs there exists a constant C' such that if the initial problem satisfies
the (DD) boundary conditions for p=3 and h—quasi uniform mesh, there holds

Eg< C{€||hpr+1u2 ||L2(L2) ||hpr+1ﬂ2 ||L2(L2) + ||k2ﬂ2||L2(H1)6||ég ||L2([0¢].};H1(Q)) } +6||ég ||%2([0,tj};H1(Q))-
Proof. We start from the following decomposition of Ej
t; _ 5 t; 5 5
E6:8/ CL(@Q;éQ—jég)dt—l-S/ a(eg,jéz—jﬁéz)dt (376)
0 0

An integration by parts in the second integral on the RHS of (3.76) yields

t; B _ t; B B t; m N B
g/ aley; T éa— T LEy)dt = —5/ (Aeg;Jéz—jEég)dt—a/ > [Dea(t)(Tea— T Lé)(t, k).
0 0

0 k=1

For the first term we have similar as in (3.73) for the h—quasi uniform spatial mesh

t; 5 B
—8/ (Aeg;jég—jﬁég)dtSCEthDp+1u2HL2(L2)thDp+1?~L2HL2(L2). (377)
0
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In order to estimate the jump term, we recall the estimation of (3.74). Obviously, we need to
assume that the initial problem satisfies the (DD) boundary conditions and p = 3. Then the
jump term vanishes.

Moreover, for the first term on the RHS of (3.76) we have

t; B 5 t; o B t; o N
8/@(62; éz—jég)dtZS/a<€2—é2; ég-jéz)dt+€/a(ég, ég—jég)dt
0 0 0
< Ok 2 yelleal L2 o0 @) el Tz o b0 )
This completes the proof of lemma. O

Remark 3.2.2.2. Apperantly, the estimate from Lemma 3.2.2.4 is not optimal due to the
presence of ez ||%2(17;H1(Q)), which is not the only ]é, | z2(1,;m1(2)) contribution. However, we
do not abandon this result because it shows why the estimation for ¢ >0 is difficult and does
not yield a result, which can be further used. 0

Lemma 3.2.2.5. For E; there holds
Er <C|ktia| pr(ay €1 poo 1y, (3.78)
with C' >0 some numerical constant.

Proof. From the definition of ¢ and the identity (3.65) we have that

E7:/Otja(62—§2;él)dt:/otja(ug—ﬂg; él)dtSC”k‘2a2”L1(H1)“él”Loo(Hl).
This completes the proof. O
Lemma 3.2.2.6. For Ejy there is a constant C' such that
By <C{IRAiis a2 e o)+ (IR 2 + K2 Adia |12z ) eleal oy o (3.79)
where the second summand does not appear in case of the (DD) boundary conditions.

Proof. An integration by parts in space and the fact that u; —u; is the continuous functions
in space yield

t; 5 B t; 5 t; 5
EgZ/ a(él—el; ég)dt: / (A(Ul—ﬁl), ég)dt—l-/ D(ﬁl—ul)(t, 1)ég<t, 1)dt
0 0 0

= [ @t —mydai—s [ D) a1

We assumed here that the initial problem u = (y,y) satisfies the (DN) boundary condition
(1.13c). On the other hand for (DD) boundary conditions (1.13d), the second term on the
RHS of either equalities above vanishes.

Finally, the identity (3.65) and the trace and Friedrichs inequality lead to

Eg S C{ Hk2Au1 ”Ll(LQ) ”ég HLoo(Lz) + (Hk2u2”L2(H1) + HkQAUQ ”LQ(LQ))&‘”éQ ||L2([O,tj};H1(Q)) },

which proves the Lemma. O
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Lemma 3.2.2.7. For Ey the following is valid
Eg S C’||k2u2 ”LQ(Hl)&""éQ HLQ([O,tj];Hl(Q))a (380)
with C' some numerical constant.

Proof. The Hélder inequality in time and space and estimate (3.65) yield the proof. Namely,

o - ~
Eg =& / a(ég —€9; ég)dt S ||€L2 —u2||L2(H1)6||éQ ”LQ([O,tj};Hl(Q))
0
< Ok o] 2yl €all 20,1, () .

We now substitute the results of Lemma 3.2.1.2 and Lemma 3.2.2.2 -Lemma 3.2.2.7 into the
error representation (3.58) and assume € =0, p = 3 and h—quasi uniformity of the spatial
mesh. Then, the application of the Young inequality allows us to move the terms [€;]po(z1),
|€2]l oo (z2) onto the LHS of (3.58) so that we finally obtain
1]l oo ) < C{ |R2 DYy | 20y + | BPH D2y | o) 4 [P DP i | a2y 4 [P DP g |
+ ||]<72U1 ||L1(H1) + ||hpr+1u2 ||L2(L2) + ||k2Au1 ||L1(H1) + ||hpr+1u1 ||L2(L2)

R DP iy | o g2y + [ K2 ||L1(H1)+||k:2Ail1||L1(L2)}.

This completes the proof of theorem. O

3.2.3 Method of lines

Within this subsection we prove an a priori error estimate for the error of the semi-discrete
approximation where the discretisation in space follows by use of C! function and the (DD)
boundary condition and h—quasi uniformity of the spatial mesh are also assumed. The error
function for which the analysis applies,

e:=u—U, (3.81)

is a globally continuous function in time.

For notation and definitions used in the following, we refer to Chapter 2, where the particular
space discretisation methods, cf. Section 2.1 and the method of lines, c¢f. Subsection 2.3.5 are
introduced.

Lemma 3.2.3.1 (Error representation, MoL). In case of the semi-discretisation with re-
spect to time, there holds for each t€[0,7] and all V e W

1 t 1 t . t
sle® i +e i ||€2(T)II?p(de=§|||€(0)|H%f+/0 <€;6—V>de—/0 alez; e —Vi)dr

t t
—l—/ a(el;eg—Vz)dT+€/ a(eq; eo—Va)dr. (3.82)
0 0

Proof. From the fundamental theorem of calculus in time and the fact that the error e is a
continuous function in time, we have

10 o
5 arle @I =(e(t)se(t),,, t€0.T) (3.83)
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With the definition of the bilinear form B (2.49) and the Galerkin orthogonality (2.9), we
have for all V' € W, and continously in time

<é ; €>H: <é ; e—V>H+<é ; V>H
= <é : e—V>H+a(e2; Vi)—a(er+eeq; V)
= (é; e—V>H—a(ez; e1—Vi)+a(e;+eey; ea— Vi) —ca(ey, es),

where e=e(t),é=¢é(t) and also V=V (t).

If we integrate the last equation with respect to time interval [0,¢] and apply the identity
(3.83), we may conclude the proof of the Lemma. O

Theorem 3.2.3.1 (A priori energy error estimate, MoL). There is a constant C' such
that for ue HP*1(Q)2, p=3 and h—quasi uniform spatial mesh, there holds

(a) in case of the (DD) boundary conditions
lefl oo () < C{ |h2 DP* oy 2y + [RPH D2y | 2 )+ | WP DP | 2y 4+ | P DY g a2y
+ ||hpr+1U2 ||L1(L2) —|— ” hpr+1U1 ||L2(L2) + ||hpr+1U,2 ||L2(L2)
+VE[hP Dy ||L2(L2)}, (3.84)

(b) if e=0

el < CL I DP g ) I+ D7y sy 4 12 DP i oy + 1 DP i 1

+ IR D" s Ty )+ WP D Lo ) + [ AP Dy H%zm)}- (3.85)

Remark 3.2.3.1. Note that both estimates of Theorem 3.2.3.1 are of order O(h?) i.e. O(h3).0
Proof. Fix some t € [0, 7] such that

lle@)llze= el s - (3.86)

Then, from the representation (3.82), we have

t 5
lel2 e oy € /0 les(r)Enaydr =3 Er (3.87)
/=1

The main idea in the following is to estimate the terms Ej, ..., F5 from (3.87) such that the
final estimate contains the contribution of the exact solution only or the error terms |e zoo ()
or £ley ”%Q(Qt;Hl(Q)) which can then be absorbed through the LHS of (3.87), by an application
of the Young inequality.

As before, we write p=1 for P; elements and p=3 for C' elements in space. The proof will
be conducted in a similar way as in case of the ¢G(1) and dG(0) time discretisation, i.e. the
estimation of terms FEj, ..., F5 will be given through the several lemmas.



88 CHAPTER 3. ENERGY METHOD

Let us first assume that the test function V' is defined by
V.=Ile € W, 11=(G, L). (3.88)

For fix t € [0,T], we have V(t) € §xS. We also recall the approximation properties of the
projections G,L given in Lemma 3.1.0.6 and Lemma 3.1.0.7, respectively.

E is estimated by means of Lemma 3.2.1.2. We continue with the estimation of Es, E3, Fy, Es.
Lemma 3.2.3.2. There is a constant ' such that
EQ < C(l‘hpr+1ﬂ1 ”LI(LQ) ”61 HLoo(Hl) + ’lhp+le+lu2 ”Ll(LQ) Heg HLOO(LQ)) .

Proof. The approximation properties of the projections G,L£ imply
t t
Ey= / a(éq; el—gel)d7+/ (é9; e9—Leg)dT
0 0

t t
= / a(él—gél;el)dT+/ (éz—ﬁég;eg)dT
0 0

< C(|RPDP s | prr2y e | ooy + | BP T DP s | £ 2y e oo 2y ) - O

Lemma 3.2.3.3. For Ej3 there exists a constant C' such that
E3 S C” hpr+1u2 ”Ll(L2) ”61 ||L00(H1) .

Proof. By using the symmetry of Galerkin projection G with respect to H' scalar product,
we obtain

t t
Es;= —/ a(ez;el—gel)dT:—/ a(ea—Gea; e1)dr <C|WP D"  ug| iyl er] poearny. O
0 0

In the following lemma we show why the estimation of E, can be accomplished only for
p = 3 under certain restrictions concerning the parameter ¢ and the choice of the boundary
conditions and the spatial mesh.

Lemma 3.2.3.4. For E; and p=3 there exists a constant C' such that if e=0 or the initial
problem satisfies the (DD) boundary conditions, there holds

E4 S C’||hpr+1u1 ”LQ(LQ)”hpr—HU,Q ||L2(L2)~

Proof. A partial integration in space yields

fon /0 afer: ep—Log)dr— — /O (Aer: ey Lop)dr— /0 ti[pel(f)]k(@—c@))(f, ).

As in the proof of Lemma 3.2.2.3, for p=3 if £¢ =0 or the initial problem satisfies the (DD)
boundary conditions the second integral vanishes. If we assume additional that the spatial
mesh is h—quasi uniform, then

¢ t
E4—/ a(er;ea—Leg)dr = —/(Ael;62—£€2)d7§C||hpr+1U1”LQ(LQ)||hpr+1U2”L2(L2).
0 0

This concludes the proof. O
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Lemma 3.2.3.5. For Fj there exists a constant C' such that for p = 3, (DD) boundary
conditions and h—quasi uniform spatial mesh, there holds

E5 SC&”hprJ'_IUQ”%z(Lz).

Proof. As in the proof of Lemma 3.2.3.4, we may conclude
t
E5:g/ a(eg; ea—Ley)dr < C’gﬂhprHquiz(Lz). O
0

From an application of Young inequality, provided (DD) boundary conditions and h—quasi
uniform spatial mesh, there holds for p=3

lefl oo (re) < C{ |h? DP oy L2y + [P Dy | 2 )+ WP DYl | 1 2+ | WP DP g g2

+ || hpr+1U2 ||L1(L2) + ||hpr+1U1 ||L2(L2) + || hpr+1U2 ||L2(L2) +€” hpr+1u2||L2(L2) } .
Moreover, if e=0 and (DD) or (DN) boundary conditions, there holds additionally

lelzoegy <€ { [W? DP* ol 2oy + BT DYy | ey + AP DY | gy + [P DY g 2y
+ ”hprHug HLl(L2) + thDp+1u1 ”LQ(LQ) -+ ”hprJrllLQ “L2(L2) } .

This yields the proof of the theorem. 0

3.3 A posteriori energy error estimate

Within this section we derive a posteriori error bounds for the fully discrete model with the
discontinuous and continuous Galerkin method in time, i.e. dG(q),q = 0,1, ¢G(1), respec-
tively, and cubic and linear splines in space, abb. C* and P; finite elements. We also provide
a short analysis for the semi-discrete model obtained from the discretisation in space, where
time remains continuous.

The analysis follows via residual arguments introduced in Definition 2.3.1.2. The a posteriori
error bound 7 for the error of the fully (time-space) discrete problem and error damping term
is a quantity depending on the mesh data h,k, the discrete solution U and the initial data
ug, f. An overview concerning the accuracy order of developed estimates, with respect to time
and space discretisation is presented in Table 3.3.

The spatial approximation by P; functions was not an adequate choice for the derivation of
a posteriori error bounds by use of the energy techniques. This holds independently of the
time approximation method due to the lack of continuity in the first derivative of the discrete
solution. For a further discussion see Subsection 3.3.1.1.

On the other hand, the C' elements in space enable the derivation of an a posteriori error
bound and provide the expected optimal accuracy of order O(h?) in space.

Concerning the convergence order in time, only the dG(0) method provides the optimal re-
sult, i.e. O(k), see Figure 3.4. The dG(1) and ¢G(1) method in time yield estimates with a
suboptimal order of convergence O(k), where O(k?) and O(k?), respectively, are expected. A
detailed discussion follows in Subsections 3.3.2.2 and 3.3.3.2, respectively. For an example see
Figure 3.6.
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| i

dG(0)

Subsection 3.3.1

O(h3—i—/€) si—lcsi
O(hB—l—k*lhg—f—k) otherwise

dG(1)

Subsection 3.3.2

O(h3+/{?) si—lcsi
O(h3+k_1h3+k) otherwise

cG(1)

Subsection 3.3.3

O(h3+k)

MoL

Subsection 3.3.4

O(h?)

Table 3.3: Proven a posteriori error estimates for €| o (3)++/2[€2]2(m1) in case of dG(0) and

le] oo (1) +VEleal 2(ary in case of dG(1),cG(1) and MoL; energy method.

However, the estimates proved within this section are computable, i.e. the constants which
occur in the error bound are exact. Improved results in case of the dG(1) and ¢G(1) method in
time with an optimal convergence order in time are obtained by use of the duality technique,

see Section 4.3.
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Figure 3.4: Convergence of |€] )+ /2| €221y and 1 for dG(0) ® C* with respect to the
number of elements in space (time) for h=Fk; Proven a posteriori error bound n=0O(h*+k) =

O(k) and |é|pee(r) +vElE2| 2y = O(h® + k) = O(k); Example 6.2.4, e =0.1, (DN), T'=1;

energy method.
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Figure 3.5: Convergence of |e| ) +vE|ea]r2m) and n for dG(1)®@C' with respect to the
number of elements in space (time) for h=Fk; Proven a posteriori error bound n=0O(h3+k) =
O(h?*)=0O(k) is suboptimal compared with | e[ Lo ztv/2]e2] 121y = O(R*+k*) = O(h?) = O (k?)
and |e] poo () = O(R*+ k) = O(h*) = O(k?); Left figure: Example 6.2.3, ¢ =0, (DD), T =1;
Right figure: Example 6.2.4, e=0.1, (DN), T'=1; energy method.
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Figure 3.6: Convergence of | e[ o)+ v/Ele2] 21y and 1 for ¢G(1)@C' with respect to the
number of elements in space (left) and time (right) for A = k?/3; Proven a posteriori error
bound n = O(h® + k) = O(h*?) = O(k) is suboptimal compared with |e|r=)+v2|e2] =
O(h*+ k%) = O(h?) = O(k?); Left figure: Example 6.2.5, ¢ =0, (DN), T' = 1; Right figure:
Example 6.2.4, e=0.1, (DN), T'=1; energy method.

3.3.1 dG(0) time approximation

The main tool in the following a posteriori error analysis is the "modified” bilinear form B
introduced in (2.20), the linear functional .Z from (2.19) and the residual Res from (2.21).
Through these definitions, the concept of affine approximation concerning the discrete solution
U is introduced, see Definition 2.3.3.3. This allows the temporal jump terms to be included
in the definition of the residual as a function of time. Thereafter we may introduce the error

é:=u—UecH 0,T;H), (3.89)
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which is a globally continuous function in time. The term of interests in the following a
posteriori error analysis will be precisely this error function, i.e.

”é”%“’(?{)+€Hé2”%2(H1)7
for which we seek to derive the computable bound 7.

Lemma 3.3.1.1 (Error representation, dG(0) time approximation). In case of dG(0)
time discretisation, there holds for every V € Q

N N

1 N—2 ~ 2 1 0—12 | Poals ~ L~

Sle |||H+€Z;/IjIIez(t)||H1(Q>dt:§|||e ||IH+Res(e—V)+Z; I_a(ez—eg,el)dt
J= J=

N N
+Z/ CL(él—@l;ég)dt—i—&Z/ CL(éQ—@Q;éQ)dt. (390)
j=1 71 j=1 71

Proof. The fundamental theorem of calculus and the fact that é(t;) =e(t;), for each t; € .7,
lead to

N

1 _ 1. 0 L .

SN B B =3 [ ()t (391)
j=1 Y1

With the residual representation (2.22) and orthogonality of the residual from (2.23), we show
that for arbitrary V € Q

f; /Ij<é;é>Hdt=§; /Ij<é;é—V>Hdt+§: /I (E3V)

j=1""
N N N N
:Z/ <é;é—V>Hdt+Z/a(eg;Vl)dt—Z/(el;Vg)dt—SZ/(eg;Vg)dt
j=171; j=11 j=171 j=171
- N N N
:Res(é—V)—l—Z/a(eQ;él)dt—Z/a(el;ég)dt—ez/a(eg;ég)dt
j=1"1j j=171i j=171i
- N N
:R€8(é—v>+2/(l(€2—é2,é1>dt+2/a(él—61,é2>dt
j=11j j=11j

N N
+€Z/G<é2—€2;ég)dt-€2/a(é2;ég)dt. (392)
j=1"1 j=171;

The combination of the last equality and identity (3.91) yields the proof. 0

Lemma 3.3.1.2. In case of dG(0) time approximation and Py, i.e. C! approximation in
space, the residual (2.21) may be expressed in terms of the local residuals and local jumps
such that for all v € L*(H}, x H}),

Res(v) = Z /I | (R;;v), dt + Z /I | J;(U, v)dt, (3.93a)
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where for all (¢,z) e I; xQ,

}N%j(t, x):= F(t,x)—f](t,x) — AU (t, x), (3.93b)

7 { Yo [D(Ur+eUs))kva(t, x) for Py elements,

Jj(U’U)(t) T 0 for C' elements. (3.93¢)

Here m=mn in case of (DN) and m=n—1 in case of (DD) boundary conditions.
Furthermore, [D(U;+eU,)|x are defined as jumps of the piecewise constant functions DUy, DU,
with respect to the space coordinate, see Definition 3.1.0.6.

Proof. Given the residual definition from (2.21) with the bilinear form B and functional &
defined in (2.20) and (2.19), respectively, an integration by parts in space yields the following
result for all v € L*(H}, x H})

f(v)—g(U,v):Z /1-(f;02)dt_z/1‘ a((jl;vl)—Z((‘jz;vg)—FZ/I. a(Us; vy)dt

=1

+Zl/l-<A(U1+€U2);U2>dt+Zl/[. Z[D(U1+5U2)]kvg(l’k)dt.

J k=1

In case of the spatial approximation by Hermite cubic splines, the jump terms equal zero due
to the fact that discrete functions are globally continuous in the first derivative and they also
satisfy the (DN) boundary conditions too, cf. Subsections 6.1.3 and 6.1.4. With the notation
from Definition 1.3.0.7 we conclude the proof of the lemma. O

Remark 3.3.1.1. If .7 is an arbitrary discretisation of the time interval [0, T, then from the
definition of the local weak problem (2.6) and residual representation in Lemma 3.3.1.2, there
holds for each t,, € 7

1 - n R 1 B n . ~ n . R
Sle B+ey / 1e2(0) By oyt =5 e B2+ / (Rye=V),di+d / (U e~V
j=11; j=1"4 j=1""
+Z/ a(ﬁg—UQ,él)dt—i—Z/ G(Ul—ﬁl,ég)dt
j=171i j=1"71
+52/ a(Uy—Us; &) dt. (3.94)
j=171j

Here V' is an arbitrary test function, V|, € Qg for all 7 =1,...,n for which the residual
orthogonality (2.8) applies. O

The following technical lemma will be used latter on for the different space discretisation
separately. Then the abstract contributions M;, My, Ms,,, M4, will be defined accordingly.

Lemma 3.3.1.3. Let R and J be defined by (3.93b) and (3.93c), respectively. Let é be
the error of the affine approximation of the dG(0) solution with respect to P; or C! space
discretisation. Let I1:=(G, £) be a spatial orthogonal projection with respect to the H-scalar
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product. Finally, we assume that there are some positive My, My, Ms,,, My, such that there
holds for each n=1,..., N and both a€{2,4},

Z/ Rj;é— He}HdH—Z/ dt<aM1—|——||e||Loo 0 (3.95a)

~ 5 ~ ~ 5 1 5
Z/VQ(U2_U2;61)dt+Z/_ a(U1—U1+€(U2—U2);Gz)dtSOzMz‘l'E”e”%oo(H), (395b)

1
/ (R, di+ / (U &)t <aMy i+l oy (3.95¢)
~ 1
/a(UQ—Ug;él)dt—l—/ G(Ul—U1+€(U2—U2) 62)dt<aM4n+ ” ”LOO(H) (395d)
I, In

Then the following estimate is valid for all e >0

7o 20 Tl 62 "%Q(Hl) < 3% (I3, +22( My + M2) +20 1T<njf?]<v(M3,j+M4,j)- (3.96)

Moreover if e=0, then there holds additionally
l€17 0 ) < 20 € 17, +16( M+ My) +16 1I§njag§v(M3,j+M4,j)- (3.97)
Proof. Let t € [0,7] be some time point where ||&(t)||7 =|€é| L~ (). Due to the fact that é is
not an affine function in time, we have that either
1. t=t, for some /=1,..., N, or
2.t € (ty_1,ty) for some £=1,... N, ie t=t; 1+, d < ky.
In the following we discuss both cases separately.

1. In the first case given representation from Remark 3.3.1.1 where V := IIé we may see
that there holds for each n=1,..., N

1 . n i 1 - n - _ n B ) _
S Bered [ 1e Bt <51 Bt [ (Ryse-tie,are Y [ Twse-ndya
j=171 j=171; =171
+Z/ (I(ﬁg—U%éﬁdt-{—Z/ a(Ul—ﬁl;é2>dt
=171 j=1“1;
+52/ a(Us—Us; &) dt. (3.98)
j=1"1i

Furthermore from (3.95) with a=2 and the fact that (3.98) is also valid for n=/¢, where
16 I3 = 1€l L (3), we obtain

1, . 1. o 1.
Selz ey < S o201 +-2Mo 4 2 el o - (3.99)

Moving the last term onto the LHS of (3.99) proves

€700 20y < 2M€° (I3, +8 M1 +8 M. (3.100)
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If e =0, the estimate (3.100) holds. We continue by estimating the damping term in
case of € >0. This also hold for the case e=0.

For n=N in (3.98), the estimation with (3.95) for =2 and with (3.100), yields
Y 1 1
EZ /I||ég(t)||fq1(9)§§|||60_|||%+2M1+2M2+Z||é||%oo(m§|||60_|||${+4M1+4M2. (3.101)
=171

Summing the estimates (3.100) and (3.101), we finally obtain for e >0

el oo roytel€al 7o)< 3l € I3+ 12M + 1205, (3.102)

2. In case when ¢ is not a node from the triangulation .7, the fundamental theorem of
calculus yields

L Lo [
L e e L

From the error representation formula (3.94) where V =1I¢, and an application of the

ty

_ t
1 (€;€), di+ /t (€;€),dr.  (3.103)
£—1

fundamental theorem of calculus, we have for all n=1,..., N
tn n N - n N - n N
/ (é;¢), dt= Z/(Rj;é—Hé}HdtJrZ/Jj(U;é—Hé)dtJrZ/a(Ug—Ug;él)dt
0 =171 j=1"1 j=1"1
+Z/G(U1—(71;é2)dt+€ Z/G(Ug—ﬁg;ég>dt
j=1"1 j=1"1j
= /I 1ex(t) 2 . (3.104)
j=171j

Then, if we assume that n=/¢—1 in (3.104), the first term on the RHS of (3.103) can be
estimated by (3.95) with a=4 such that

to—1 | 1
/ (€;€),dt< 4M1+4M2+§Uéu%m(m. (3.105)
0

With the definition of the residual where the jumps with respect to time variable are

included in the definition of the volume term R := F—ﬁ—AU, see Lemma 3.3.1.2, the
second term on the RHS of (3.103) is equivalent to

t ¢ t t
/ <é;é>HdT:/ <Rg;é>HdT+/ Jg(U;é)dT—i-/ a(Uy—Uy; éy)dr
te—1 ty—1 ti—1 ti—1
t

t t
+/ a(Ul—Ul;é2)dT+£/ a(Uy—Uy; é3)dr —¢ ||é2(t)||12ql(sz)d7'
tn—l

ty—1 ti—1

From (3.95) with =4 and the fact that £ >0, we obtain

t
I 1.
(€; €>HdT§4M37g+4M47g+§”e”%oo(H). (3.106)

to—1
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The sum of (3.105) and (3.106) combined with the representation (3.103) yield
[elZoe 2y < 20€° N5+ 16( My +Mo) +16(Ms o+ M)
< 20| 3+ 16(My+ Ma) +16 max (Ms;+May ;). (3.107)
<j<

For e =0, this concludes the proof. For £ >0, we proceed as follows. Given (3.104) with
n=N, the fundamental theorem of calculus combined with (3.95) for a=2, yields

N
- 1. 1. .
53 / 2O aett < Sl IRt 200+ Ma)+ el
J=1v74
<€ W3+ 6(My+Mo)+4 max (Msp+Man), (3.108)
7S

where we used the estimate (3.107) in the second inequality above.
Combination of (3.107) and (3.108) proves

||é||%oo(w)+5||52||%2(m) <3’ |||$1+22(M1+M2)+201I<nj§>]<v(M37j+M4,j)- (3.109)

In general, it is not easy to determine whether ¢ is mesh point or not. Therefore, we have to
compare the error estimates (3.102) and (3.109), for € >0 and estimates (3.100) and (3.107)
for e=0. Obviously, the RHS of (3.102) is smaller then the RHS in (3.109) and the analogous
result holds in case e =0. Therefore, (3.107) and (3.109) are the estimates valid in both cases,
i.e. independent of whether ¢ is mesh point or not. This concludes the proof of the Lemma.[]

3.3.1.1 A posteriori energy error analysis, dG(0)®P;

In the following we consider whether Lemma 3.3.1.3 can be applied in case of the dG(0)®@7P;
approximation which would yield an a posteriori error estimate. To check the assumptions
(3.95), we should estimate

N N
=Y /I (Ryse-T18)ar+y° /1 T (U, e-TIe)dt,
j=1v4J =17

Eyi= / a(Us—Us; éy)dt + / a(Ur=Ur+2(U = Un); &),
1

j I
EB::/<1§j;é>Hdt+/Z(U, é)dt,
I; I;

E4::/ a(ﬁ2—UQ7él)dt+/ a<U1_ﬁl+€(U2_62);éQ)dt7

I; I;

by [€] ze(#). Unfortunately, we did not succeed to derive an upper bound for i, Ey, Es, E,
in terms of | €| g (3. For instance, we could prove that

N
- ) 1. i
B (Y1090 e Jlerlam 1= L) (F+ U3 Dl lesli~az)
Jj=1 J

+C D (Ur+eUs) 2o l€2l 2y +1.f = Flui o) |l e z2), (3.111)
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with a numerical constant C'> 0. However, it is clear that the term &3] 251y can not be
dominated by |é2]r(z2). The problem is the estimation of the jump term in space. Here
we used the techniques as before, e.g. trace and Friedrichs inequality, inverse estimates and
we could not obtain a bound in terms of |é;]12(q). Another possibility would be to use the
nodal interpolation operator Z instead of L? projection operator £, but according to Remark
3.1.0.3, the nodal interpolation operator Z is not L? stable. We therefore skip the verification
of (3.111). The same difficulty arises if we aim to estimate Fs, F3 and E, instead of Fj.

Obviously, the choice of the discrete space may be relevant for the validity of the error estimate.
Namely, by means of the discretisation in the higher degree spaces (concerning the spatial
variable), we may be able to avoid the jump terms. This idea will be further developed in
Subsection 3.3.1.2.

Remark 3.3.1.2. The idea applied in Lemma 3.3.1.3 was to estimate residual and other
discrete solution contributions with respect to |€|p=(s) in order to absorb the error terms
through the [€]ze(1). Note that €] z2(m1) could also be absorbed through the viscosity term
s||ég(t)||%2(H1) from the LHS only account to the loss in the final estimate. Namely in the final
estimate we would then have some residual contributions in corresponding norm multiplied
with 1//e. For ¢ — 0 factor 1/y/¢ — oo and this yields the estimate which is not sharp
enough to be further used. 0

3.3.1.2 A posteriori energy error analysis, dG(0)®C!

Within this subsection we analyse whether the result of Lemma 3.3.1.3 can be applied in case
of the dG(0)®C, approximation.

Theorem 3.3.1.1 (A posteriori energy error estimate, dG(0)®C?!). For u and its dis-
crete dG(0)®C! counterpart U, there holds for all € > 0

N

. 2
el Z oo ) +elelZz ey < 3lyo—Tyol 2 ) +31v1 =Ty | 720y +22 <ZH(I—Q)Uf 1”Hl(ﬂ)>
j=1

HA4] f = FI a2 441 (I —E)(f+%U§‘1+A(Ul+w2)>|lil<m
+22H(72_U2|‘%1(H1)+22”A((71 -l +5<[72_U2))”%1(L2)
+20 ax, {”U2—[71||%1(1j;H1(Q))‘|‘H[72—U2”%1(1j;1{1(9))
= U+ AU U)o 1 2o
HIAT Ui+ (0= U2)) s 10200 | (3.112)
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Moreover if e=0, then there holds additionally

N
. 2
”|é”|%°°(H)S2Hy0_IyOH12LII(Q)+2”yl_Iyl‘|%2(Q)+16(Z||(I_Q>Uf 1”Hl(ﬂ))

Jj=1

1 . ~
—UJ AU 31 (12) + 16| U2 = Us |71 i)

k;
+16| AUy —Un)| 71 12y +16 max, {||U2—U1 121,009 1 = U+ AU 711,220

+321f = fl7az2) +320(T - L) (f +

102 = Ul 101y HATT =V 120 | (3.113)

Note that if S77'C &7, then (I-IT1)U’~' =0 on the RHS of (3.112) and (3.113). Moreover, the
RHS of both estimates is denoted by n?.

Remark 3.3.1.3. For sufficiently smooth initial data f, yo, y1, the estimate of Theorem 3.3.1.1
is of order O(h®+k) when S71C &7 for all j=1,..., N and O(h*+k~'h3+k) otherwise. [

Proof. The proof follows from an application of Lemma 3.3.1.3. We therefore check the
assumptions of the same in the following.

Lemma 3.3.1.4. With

N
_ 1 - 2
My =21~ Fla gy + 2 £+ U+ A+ s oy + (3N -0 o)
j j=1
there holds for n=1,..., N and both a € {2,4},
- = ~ = 1 ~
Ey ;:;/I(Rj ; e—He}HdtgaMﬁEHean(H). (3.114)

Note that F; is the LHS of (3.95a) since the jump term vanishes for C! functions.

Proof. Due to the orthogonal properties of the projections G, £ and Lemma 3.3.1.2, we have
N ~ —_— N —_ —_
j=171 =171
N N . .
= Z/ (F-F; é>Hdt+Z/ (F—TIF—U+11U — AU +11AU ; &), dt.
j=1 "1 j=1"1

Note that (IIU — (7)|1j = Uk (U7~" — 11|;,U7"") and this term equals zero only in case of
hierarchical grids, i.e. when &/~ C &7.
Expanding the last equation in terms of the H scalar product, we obtain

N N 1
B=) /Ij(f—f; enitty /Ija«z—g)k—jsz et

FY [+ Ut s
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The Holder inequality in time and in space yields
N
_ ) - i
By <Uf - floan el zean+ (IT=GU i ) 1ol zeqn)
j=1

-1 N
HI(I=L)(F+ U3+ AU +eUa) o) [z (22

J
With the aid of the Young inequality, we conclude for a€ {2, 4}

N
. 2 _
Er<a( Y II-0)UE i) +201F~FIiro

J=1

1 L.
+20|(I=L)(f+ U + AU +eU)) [ 12y + €700, O

J
Lemma 3.3.1.5. For all n=1,..., N and M, and M,, defined by
My = U= U3 s gy + AU = U+ (Us—Us)) 121 12y,
M= Uz = Vsl 1101 (0) H AU = Ur (U= U)) 3 (15120
there holds for both a€{2,4}

n _ ) n _ _ ) 1
E2::Z/I_G(U2_U2;el)dt—i_Z/ﬁa(Ul_U1+5(U2_U2);62)dt§aM2+@"e"L°°(H)’ (3116&)
j=1 j=1

and also

~ ~ ~ 1
E41=/G(U2—U2;51)dt+/a(U1—U1+5(U2_U2)§52)dt§aM4,n+@”é”L°°(H)' (3.116b)
I

In

Proof. It is obvious that if we prove (3.116b), the estimate (3.116a) follows automatically.

The Hermite cubic polynomials are globally C! functions in space which satisfy the (DD) or
(DN) boundary conditions. Then, the partial integration in space yields

E4=/a((72—U2;51)dt+/(A([71_U1+€<[72_U2));éZ)dt'
In

In

With Holder inequality we obtain
Ey<[Us—Us| 2 @l | e arm) AU = Ur +(U = Ua)) 1 (a2 @ e 12)- (3-117)

With the aid of the Young inequality we prove (3.116b). The estimate (3.116a) can be proven
by taking a sum over all n=1,... N in (3.117). O

Lemma 3.3.1.6. For n=1,..., N and M3, defined as

Ms = ”U?_Ul“%/l([n;Hl(Q))—’_”f_U2_A<U1+5U2)||2L1(In;L2(Q))7
there holds for both a€{2,4},

- 1
Byim / (B &)yt < @Myt el o) (3.118)

n

Note that Fj is the LHS of (3.95¢) since the jump term vanishes for C! functions.
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Proof. Given Ej5 from (3.118), the residual representation from Lemma 3.3.1.2 implies
Es= / (F-U—-AU &), dt
I"L

:/G(Ug—fjl;él)dt—l—/ (f_ﬁQ_A(U1+€U2);éQ)dt.

In In

An application of the Holder inequality in time and in space shows

B3 <|Us— U | 21 (0@ €1 | poo ) + 1 f = Uz = AUy +eUs) | 11 (120600 | €2l oo (12
The Young inequality for a€{2,4} yields the proof. O

Latter lemmas have shown that Lemma 3.3.1.3 can be applied in case of the dG(0)® C!
approximation. However, if we recall the estimates (3.96) and (3.97), it remains to estimate
term [|e"~ |3 in order to complete the proof of theorem.

Lemma 3.3.1.7. Let the discrete variant of initial solution be defined as
U :=(Zyo, Iyn)

where ug = (yo,y1) is the initial solution and Z, the Hermite cubic interpolant. Then there
holds,

I 113:= o —Zyol 71 @) + 191 = Zy1 | 220 (3.119)

Proof. Proof follows directly from
Ie° W3 = llwo— U~ 15, = lyo —Zwol 2 o) Hlvr = Zwnl72(0y- (3.120)
O

O

This concludes the proof of theorem.

3.3.2 dG(1) time approximation

The main argument in the following error analysis is the use of the residual Res from (2.7),
where B stands for the bilinear form (2.18) and .Z is defined as in (2.19). We derive an error
bound 7 for

lelZeo o +elealiagan)-

Contrariwise to the analysis developed for the dG(0) time approximation presented in Sub-
section 3.3.1, the error function € and the affine interpolant of the discrete solution U are
not involved in the error analysis when dG(1) time approximation is considered. This is due
to the fact that here the time projection 7, cf. Definition 3.1.0.9, case dG(1)a, enables the
optimal estimation of the temporal jump terms. Namely, the projection Ju and u coincide
in each ¢;_; on I;.

Lemma 3.3.2.1 (Error representation, dG(1) time approximation). In case of dG(1)
time discretisation, there holds for every V € Q;

N N

1 _ 1 i L. oo

S 5 DMl M2 D [ lea (e =5l I+ Res(e—V). (3.121)
j=1

j=171
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Proof. The fundamental theorem of calculus leads to

1 N 1 N N
3 20 5 o1 =Y [ eyt (3.122)
j=1 j=1 j=11;

Given the residual representation (2.10) and the orthogonality (2.9), for arbitrary test function
V € Q; we have

N N N N
Z/<6T;€>Hdt22/ <eT;e—V>Hdt+Z/ a(eg;Vl)dt—Z/ (e1; Va)dt
j=171i =171 j=1"1j j=1 71

—szl/l(eg;\/g)dt—z;<[e]j_l;Vj_1+>H. (3.123)

From (3.122) and the second identity from Lemma 2.3.3.3, the last equation (3.123) simplifies
to

N N N N
1 ; 1 , , ,
9 Z”\ef”!%—i Zme%lﬂ”% = Res(e—V)—az/Ia(eg; eg)dt—qul}Jﬂ : e]—1+>H
J=1 J=1 j=1v4 j=1

N
:Res(e—V)—sz/a(eg;eg)dt
=171

1 1 1
+3 ZHIeJ”*HI%j > [e]HIH%j > I,
j=1 j=1 j=1

Moving the last four terms on the RHS of latter equation to the LHS of the same, we may
prove the lemma. O

Lemma 3.3.2.2. In case of dG(q),¢=0, 1 time approximation and P, i.e. C; approximation
in space, the residual (2.7) may be expressed in terms of local residuals and local jumps such
that for all v € L*(H}, x H},)

Res(v) = Z/j (R; ;U>Hdt+Z/I_ J;(U,v)dt, (3.124a)

where for all t € [tjfl, ti1 +5), 0<6< kj

<Rj §U>H(t)3 = <F ; U>H(t)_<U7 ) U>H(t)_<AU ; U>H(t)_<[U]j_1 ;Uj_1+>H’ (3.124b)

J;(U,v)(t): :{ Yokt [D(Ur+eUs) (1)]rva(t, z1), for Pp elements,

0, for C! elements. (3.124c)

Here m=n,n—1 in case of Problem (DN), (DD) respectively. The jump terms [D(U; +eUs)|x
are defined in Definition 3.1.0.6.
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Proof. An integration by parts in space in (2.21) with the bilinear form B as in (2.18) and
& from (2.19), yields for all v € L*(H}, x H})

N N N N
Res(v):Z/(f;vg)dt—Z/ a(Ul,;vl)dt—Z/(UZ,T;UQ)dHZ/ a(Usy; vy )dt
j=1 71 j=1 "1 j=1 "1 j=1 "1
N N N m
AUy; v9)d AUy; v3)d d
+;/Ij( Ussv) t+5;/lj( Un; vs) t+;/I.Z[D(U1+eU2)]kv2(xk) '

i k=1
N - N .
=D a0 el =Y (el ).
=1 =1
The jump terms in space [D(U; +¢eUs)|i equal zero for all k= 1,...,m in case of spatial

approximation by C! functions due to the continuity of discrete function in first derivative
and the fact that discrete solution satisfies the (DD) as well as (DN) boundary conditions, see
Subsections 6.1.3, 6.1.4. With the notation from Definition 1.3.0.7, we conclude the proof of
the lemma. 0

Remark 3.3.2.1. If .7 is an arbitrary discretisation of the time interval [0, T, then from the
definition of the local weak problem (2.6) and the residual representation in Lemma 3.3.2.2,
there holds for each ¢, € 7

1 . 1 n . n 1 B n
L A DI IS PR / lex(t) ot =5 1e™ I+ / (Ryie=V )yt
j=1 j=171j j=1"43
+Z/ J;(Us e—V)dt. (3.125)
j=1"1

Here V' is an arbitrary test function, V|, € Q{ for all j =1,...,n for which the residual
orthogonality (2.8) applies. O

The following lemma will be used latter on for the P; and C! approximation in space separately.

Lemma 3.3.2.3. Let R; and J; be defined by (3.124b) and (3.124c), respectively. Let e be
the error of dG(1) time approximation and P; or C' discretisation in space. Let I1:= (G, L)
be a spatial orthogonal projection with respect to the H scalar product and let also J be

a temporal L? projection from Definition 3.1.0.9, case dG(1)a. If there exists some positive
My, My, such that there holds for all n=1,..., N and both a={1, 2}

Zj_l/lj (Rj; e—jHe>Hdt+;/l_ Jj(Us e=JTe)dt <aMi+ el iz, (3.1264)
1 2
/zn (e 6>”dt+/fn hlUse)dt<oaMantgolelimgo: (3.126b)

Then the following estimate is valid for all £>0
el oo ey Felleal 72y < 3l I3+ 1101 +10 max M. (3.127)

Moreover for e=0 there holds the sharper estimate

leZoe 2 < 201€° 17, +8M1 +8 max My ;. (3.128)
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Proof. Similar as in the proof of Lemma 3.3.1.3, let ¢ € [0,7] be some time point where
lle(t) |l = |le|ze). Due to the fact that e is not an affine, globally continuous function in
time, it is difficult to determine whether ¢ is mesh point or not. Analogously to the proof of
Lemma 3.3.1.3, where we proved that the estimate in case t .7 also holds if t € .7, we may
proceed here by using the same arguments. Therefore, we treat only the case t €.7 in the
following.

Let us assume that ¢ € (t,_1,t,). Given the error representation formula (3.125) where V =
Jlle, from (3.126) there holds for all n=1,..., N and a={1,2}

1 . n 1 B n ) n )
e BereY [leale e et S [ (Ryse-tie), e 3 [ 5(0se-igar

1. o 1
<l |H$1+04M1+£”e”%oo(n)- (3.129)

The fundamental theorem of calculus, Lemma 3.3.2.2 and Lemma 2.3.3.3 imply
t

1 1., )
§||€H%oo(ﬁ)_§|||€€ 3= ’ (é5e), dr
—1
t

t t
:/<Rg;e>Hdt+/Jg(U; e)dr—e | ea(T) i ydm—([e] ;)
t

-1 to—1 ty—1

¢ t 1., _ 1 _ 1. ,_
< [ (Resehygit [T e = Sl B 5l e
t te—1

-1

According to (3.126), the last inequality simplifies to

1 1, oy 1 1, oy 1
el <16 It aba ot el < e Wb masx Mo+ = lel oy

(3.130)
With (3.129) where n=/¢—1 and (3.130), owing to € >0 we obtain for a=2
lelZ oo gy < 20l (I3, +8 M, +8 max M ;. (3.131)

For £ =0, this concludes the proof. For £ >0, from (3.129) with n=N and a=1 we have
al 1 1
621/1|-|€2(t) [t < Sl M+ lelzoe gy < e 7 +3Mi+2 ax My (3.132)
J:

Note that in the second inequality above, we used the estimate (3.131).
Finally, the combination of (3.131) and (3.132) proves

lelZ ooy +elleal 2oy < 3|||60_|||31+11M1+101%a£>§v Moy,;. (3.133)

This concludes the proof of the Lemma. 0

3.3.2.1 A posteriori energy error analysis, dG(1)®@P,

Owing to the same complexity that obviated the derivation of an a posteriori error estimate
for dG(0)®P; discretisation, cf. Subsection 3.3.1.1, we were not able to derive an a posteriori
bound in case of dG(1)®@7P; discrete problem. This yields the conclusion that in case of Py
space discretisation by estimating according to the techniques of energy method, the error
analysis and derivation of the a posteriori error bound can not be completed at least by using
the result of Lemma 3.3.2.3.
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3.3.2.2 A posteriori energy error analysis, dG(1)®C!

Contrary to the dG(1)®@P! According to results and conclusions from the Subsection 3.3.2.1,
spatially C! approximation is required in order to prove a sharp residual-based a posteriori
error bound in the energy norm.

Theorem 3.3.2.1 (A posteriori energy error estimate, dG(1)®C'). For u and its dis-
crete dG(1)®C! counterpart U, there holds for all € >0

lel7 o rot-eleal 2oy < 3lyo=Tyol 71y +3l9r—Z1 720y +331 (I=L) (f +A(Urt-eUs)) | 1 (22
+33|f = [+ AU U1 +e(Ua—Ua2)) 7112

al Jj—1— 2 TT 112
+33(Z I(L—DUJ HLQ(Q)) +22|U2 =Tl oy
Jj=1

N
. 2
+22( UG- DU o)
j=1
2 j— 112
20 mase {102 = Us [ 1 oy HIUY I
+ |\f—U2,T+A(U1+5U2))|yil(1j;m(m)}. (3.134)
Moreover, for e=0, then there holds the sharper estimate
el ) < 2130 —Zyo 71 0y +20v1 =i |72 () +24| (T = L) (f+ AU | 11 22)

N
_ _ - 2 _
+24”f_f+A(U1_Ul)’|%1(L2)+24(E l(c—nu3™ ||L2(Q)> +16||U2_U2”2Ll(H1)
=1

N
. 2
#16( X 1G=DUT niey) +16 max {102=Ualsir,m e
i=1 ==
FIUY B 1f = U+ AU 1200 |- (3.135)

Note that if S77'C &7, then (I—IT1)U’~' =0 on the RHS of (3.134) and (3.135). Moreover, the
RHS of both estimates is denoted by n?.

Remark 3.3.2.2. The estimate of Theorem 3.3.2.1 is of order O(h*+k) when S7=! C &7 and
O(h*+k~th3+k) otherwise. This holds for sufficiently smooth initial data yo, y1, f- OJ

Proof. The proof follows from an application of Lemma 3.3.2.3. We prove the validity of the
assumptions (3.126) in the following two lemmas.

Lemma 3.3.2.4. With

My =3I = L)(f+ AU +eU)) L2 431 f = f+ AU = Ur+e(Ua=U2)) L1 (12)

N . 2 _ N L 9
+3( Y ME- DU lrae)) + 202 =Tals gy +2( D NG DT ey
j=1

Jj=1
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there holds for n=1,..., N and both a={1,2}
= 1
E, ::Z/IJ(R]. ;e—jHe>HdtgaMl—i—@HeH%oo(H). (3.136)

Note that F; is the LHS of (3.126a) since the jump term vanishes for C' functions.

Proof. Due to the orthogonal properties of the projections G, £, 7 and Lemma 3.3.2.2, we
have

=171 j=1"1i

- Z/ (F—IIF — AU +11AU ; e—He>Hdt+Z (=t —yi—'= (e_He)j_1+>H
: . 2

+Zn: / (F-F—A(U-U);lle—Ile), dt. (3.137)

Note that the term IIU7~' —U’~! from the last equality above equals zero for S/=! C &7,
Expanding the equation above due to the definition of the H scalar product, we obtain

El Z/ ] »C f‘f‘A(Ul—f—EUg)) €9 dt—l—z; g ])UJ 1— 1+)

+Z((£—1)U§‘1—;eg—1+)+2/ a(Uy—TUy; Gey )dt
j=1 j=171j
—l—Z/ (f_f_—|—A(U1_U1+€<U2—UQ));£€2>dt
=171
The Holder inequality yields

N
Ey<|(I=L)(f+AU+eU2)) |1 (12 le2] e (22 <Z l(G-DUi~ 1_HH1(9))H€1HL°° HY)

N
+ (D HE=DUE™ Loy ) leal ez 102 =Tl oy leal ey
j=1

+|f= FHAUL=U1+e(Us—U2)) | 1122y leal o (12).-
With the aid of the Young inequality we obtain for a={1,2}

E < 301”([—£)(f—|—A(U1+€U2))H%1(L2)+3a”f—f—|-A(U1 —Ul +€(U2_U2))”%1(L2)

N N
+3a<z ||(£—1)Ug—1—||L2(Q))2+2a<Z ||(Q—I)Uf_1_||H1(Q)>2
Jj=1 j=1

1
+20 U= U1 iy + el o)

This concludes the proof of the lemma. 0
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Lemma 3.3.2.5. For all n=1,..., N and M,, defined by

My :=2|Uy— ULT”%l(In;Hl(Q)) +2| [Ul]nflniﬂ(m
+2|f = Uz s +A(U: +5U2))”%1(In;L2(Q))+2H [U2]n71H%2(Q)

there holds for both a={1,2}

1
Ey = <Rn;€>Hdt§OéM2,n+@”€”%oo(H)- (3.138)

In

Note that F, is the LHS of (3.126b) since the jump term vanishes for C! functions.

Proof. In case of E5 we have
By= / (F—U,— AU ;e di+ (U 3715,

= /1 a(Ug—UlyT;el)dt—i-/l(f— Uy +A(Ur+€Us); e9)dt
a0 ).
Applying the Holder and then the Young inequality inequality for a={1, 2}, we conclude
By <20|Uy—Us 7] 71 (i) 20 f =Usr + A(U +5U2))”%1(],L;L2(Q))

n— n— 1
+2a| [ ] i ) +20 [U2]" 7 22 @Ilellioom)- 0
If we assume that the discrete initial solution U°~ is defined as in Lemma 3.3.1.7, then the

results of the latter lemmas and the estimate (3.120), combined with (3.127) and (3.128) yield
the proof of theorem. 0

Remark 3.3.2.3. In Subsection 3.3.1.2, we used the bilinear form B for the discrete model
to derive an a posteriori error estimate for dG(0)®C!. On the other hand, we may also
perform the same strategy for the derivation of a posteriori error estimates for the dG(0)®C*
approximation as for dG(1)®C!. In this case, the resulting estimate reads for £ > 0

e if the temporal operator J is defined by J|;e := f; e,
J

el ey +eleal o dt < 3lyo —Tyol i @)+ 311 —Tonl72() +441(1 = L) (f+ AU +eU)) |11 1)

N
+22(Z II(Q—I)Uf‘1‘||H1(Q)) +22(Z u(z—f)Ug—l—uLz(m)z
j=1 =

_ B 2
+44”f_f||%1(L2)+22<Z UR o )

=

N
+44<Z||[U2]j‘1||L1(L2> +20 masc {10110
j=1

+|||[U]H|||3¢+||f+A(U1+5Uz)II%I(Ij;Lz(Q))}- (3.139)
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o if the temporal operator J is defined by J|; e :=e/~'F

lelZoe 20 Feleal 22y < 3lyo—Zyol 7 oy +31v1 = Lo 720y + 221U 71 (411
+33|(1 = L) (f+A(UrteU2)) |21 12y + 331 f + A(Ur +eUs) 7112

N N
+22( S IG—DUT ven) +33( Yo NE-DUE lueey)
j=1

J=1

+20 max {IUa13 1m0y IOV 1B

+] f+A(U1+5U2)||%1(Ij;L2(Q))}. (3.140)

The estimate in case e=0 can be derived similarly. The comparison of estimate (3.112) with
(3.139) and (3.140) shows that the estimates (3.139) and (3.140) are of order O(1) in time,
whereby the estimate (3.112) shows the convergence order O(k) which makes it better. [

3.3.3 ¢G(1) time approximation

Within this section we provide an a posteriori error analysis for ¢G(1)®@P; and ¢G(1)®C!
discretisation. The presented analysis follows via residual arguments introduced in Definition
2.3.1.2 with B,.Z from (2.41) and (2.42), respectively. For the notation and definitions, we
refer to Section 2.1 and Subsection 2.3.4. Note that the analysis of this section is completely
analogous to the analysis for the dG(1) case. The only difference is that the jump terms in
time of the discrete solution do not occur here.

Recall that in case of the ¢G(1) time discretisation, we require that S~' C &7 for all j =
1,..., N in order to provide the continuity of the discrete solution with respect to the neigh-
bouring time levels.

Lemma 3.3.3.1 (Error representation, cG(1) time approximation). In case of ¢G(1)
time discretisation there holds for every V e W,,

1 T 1
§|||6(T)II|% +e i IIez<t)||?_p(mdt:§|||e(0)|||%+Res(e—V)- (3.141)

Proof. The fundamental theorem of calculus and the fact that the error e is a continuous
function in time, leads to

SIME— 1O = [ (i)t (3.142)

With the residual representation (2.7) and the orthogonality of the residual from (2.8), we
have for arbitrary V € W,

T T T T
/(é;e>Hdt:/ <é;e—V>Hdt+/ a(eg;Vl)dt—/ a(ey+eeq; Vo)dt
0 0 0 0

T

= Res(e—V)—s/ a(eq; es)dt.
0

The combination of the last equality and the identity (3.142) yields the proof of lemma. [
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Lemma 3.3.3.2. In case of ¢G(1) time approximation and P; or C' approximation in space,
the residual (2.7) may be expressed in terms of local residuals and local jumps such that for
any v € L?(H} x H})

Res(v) = /OT <R;U>Hdt + /OT J(U,v)dt (3.143a)

where for all (¢,2) € [0,7] x

R(t,x): =F(t,x) — U(t,x) — AU(t,z) in Q, (3.143D)

Yo ([D(Ui+eUs)]i) (t)va(zey), for Py elements,

J(U,v)(2): :{ 0 for C! elements. (3.143¢)

Here m=n,n—1 for Problem (DN), (DD) respectively. Furthermore, [D(U;+¢Us)]x are defined
as jumps of the piecewise constant functions DUy, DU, with respect to the space coordinate,
see Definition 3.1.0.6.

Proof. Given (2.7) with B, .Z as in (2.41), (2.42), respectively, an integration by parts in
space yields for each v € L*(H}, x H},)

Res(v):/OT(f;vz)dt—/oT a(Ul;vl)dt—/OT(Ug;vg)dt+/0T a(Ug;vl)dt—i—/OT(AUl;vg)dt
+6/OT(AU2;vg)dt+/0Ti:[D(U1+€U2)]kv2(xk)dt.

In case of the spatial approximation by Hermite cubic splines, the jump terms equal zero due
to the fact that the discrete functions satisfy the boundary conditions, see Subsection 2.1.2.
With the notation from Definition 1.3.0.7, we conclude the proof of the lemma. U

Remark 3.3.3.1. If .7 is an arbitrary discretisation of time interval [0,7], then from the
definition of the local weak problem (2.6) and the residual representation from Lemma 3.3.3.2,
there holds for each t,, € 7

ln

1 tn 1 tn
St [ lea OBt = UVt [ (Rie=V)at+ [TWse=var. (3140

Here V' is an arbitrary test function, V|, € Qg for all j = 1,...,n for which the residual
orthogonality (2.8) holds. O

Lemma 3.3.3.3. Let R and J be defined by (3.143b) and (3.143c), respectively. Let e be the
error of ¢G(1) solution with respect to the P; i.e. C! discretisation in space. Let I1:=(G, L) be
a spatial orthogonal projection with respect to the H scalar product. We assume that there
are some positive My, My, such that there holds for all n=1,..., N and both a={1, 2}

tn tn 1
/ <R,€—H€>Hdt+/ J(U,B—Hé)dtSOéM1+4—||€”%oo(H), (3145&)
0 0 «

1 2
/In (R; e>Hdt+/ J(U;e)dt< @MQ,H+EH€HLOO(H), (3.145b)

n
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then the following estimate is valid for all £ >0

Moreover if e=0, then there holds additionally

2 2
lelzoe 70 < 2lle(0) 3 801 +8 max My ;. (3.147)

Proof. The proof is similar to the proof of Lemma 3.3.2.3. Here we also discuss only the case
t& .7 where ||e(t)|# = |e| =) and 7 is the arbitrary triangulation of the time interval [0, T’].

Let us assume that t € [t,_q,t,) for some 1 </<N.
Given the error representation formula (3.144) with V' = Ile, from (3.145) we have for all
n=1,...,N and a€{1,2}

1 tn tn
= —[le(0)]12,+ 0<R;e—He>Hdt+/0 J(U;e—TIe)dt

S

1 tn
et Bre [ leal®By it =
0

1 1
< s leO+adi+ el (3.148)

The fundamental theorem of calculus, Lemma 3.3.3.2 and assumption (3.145) with o = 2,
imply

1 1 t
SleBo=3letti-)Be= [ (eriedyr
(7]
t t t
:/ <R;€>Hd7'—|-/ J(U;e)d'r—g/”62(7—)H?{1(Q)d7—
tn—1 tn—1 tn—1
1, 1,
< oMyl <2 max Moyt glelingg. (3.149)

With (3.148) where n=/(—1 and a=2, we obtain from (3.149) and the fact that ¢ >0

ez 20 < 20e(0) 3 +8M1+8 max M, ;. (3.150)
For e=0 this concludes the proof. For all £ >0, from (3.148) with n=N and a=1 we have
. 2 1 2 Lo 2
e [ lex®lm @t < Sle(O)llz+ M+ lefzey <Nle(O)llr+3Mi+2 max My, (3.151)
0 <j<N

Note that in the second inequality above we used the estimate (3.150).
Finally, for € >0, the combination of (3.150) and (3.151) proves

el +elealiaany < (O i+ 110+ 10 max M. (3.152)



110 CHAPTER 3. ENERGY METHOD

3.3.3.1 A posteriori energy error analysis, cG(1)®@P;

From Lemma 3.3.3.3, an a posteriori error estimate can be derived for the case of ¢G(1)®P;
approximation if the following terms are estimated with respect to |e[ 1o (3, namely

tn tn

Elzz/ <R;e—Hé>Hdt+/ J(U,e—1le)dt, (3.153a)
0 0

EQ::/ <R;6>Hdt+/ J(U,e)dt. (3.153b)
In In

Here we deal with the same complicity in the derivation of the a posteriori error estimate as
in the case of dG(0)® P; and dG(1)®P; approximation, see Subsection 3.3.1.1 and 3.3.2.1,
respectively. Namely, we can not accomplish the estimation of (ex—Les) () with respect to
lea] Loo(r2y. However, the term in question can be estimated with respect to |es| g1(q), but then
we can not apply Lemma 3.3.3.3. For further details, we refer to the Subsection 3.3.1.1.

3.3.3.2 A posteriori energy error analysis, ¢G(1)®C!

According to results and conclusions from the previous section a spatially C! approximation is
required in order to prove a sharp residual-based a posteriori error bound in the energy norm.

Theorem 3.3.3.1 (A posteriori energy error estimate, ¢cG(1)®C'). For u and its dis-
crete ¢G(1)®C' counterpart U, there holds for all £ >0

m‘meLw(H) +eles H%Z(Hl) < 3||?/0—Iy0||§11(9)+3||y1 —ZLy H%2(Q)+11HUZ_U2 H%l(Hl)
+22”f_f+A(Ul _Ul +5(U2_U2))”%1(L2)
22T L)+ DU +U oy +10 s {02 00TEs gy

J<
+||f—U2+A(U1+eU2)||il(,j;m}. (3.154)
Moreover if e=0, there holds additionally
ez ) < 2190 = Zyoli @) + 201 = Zunl 7o) +81U2 = Uall )
+H16] f=f + AU =TI L 12y 16| (T = L) (f + AU 7 12
+8 max {||U2—Ul||il(lj;H1)+||f—Ug+AU1||il(Ij;Q)}. (3.155)

1<j<N
Note that the RHS of both estimates is denoted by 7?.

Remark 3.3.3.2. For sufficiently smooth initial data, the error estimate of Theorem 3.3.3.1
is of order O(h%+k). O

Proof. The proof follows from an application of Lemma 3.3.3.3. We prove the validity of the
assumptions (3.145) in the following two lemmas.

Lemma 3.3.3.4. With

My =21 = L)(f+ AU +eU)) L 12+ V2= Ul 1 )
+2Hf—f+A(U1 —Ul +8(U2—U2))H%1(L2),
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there holds for n=1,..., N and both a€{1,2}
tn - 1
E,:= /o <R;e—He>Hdt§onl—l—@HeH%oo(H). (3.156)

Note that F; is the LHS of (3.145a), since the jump terms vanishes for C! functions.

Proof. Due to the orthogonal properties of projections G, £ and the fact that S7=1 C &7 for
all j=1,..., N, we have

tn tn
Elz/ <R—HR;@—H@>Hdt+/ (R—R;Tle—TIle), dt
0 0

tn tn
:/ (F—TIF— AU+ILAU ; e>Hdt+/ (F-F-A{U-U);Tle), dt.
0 0
Expanding the last equation in terms of H scalar product we show

Bi= [ (=) + A0+ )it [ alUy=TsiGeryi
0 0

+/ n(f—f+A(U1—U1+s(U2—U2));LeZ)dt.
0

The main properties of projections G, £ and the Cauchy inequality yield
Ey<[(I=L)(f+AU+eU2)) |2yl ezl oo 2y +1U2=Usll iy lex ] oo am)
H f~f AU =Ti+e(Us=U2)) 1122 le2] 1o (12
With the aid of the Young inequality, we conclude for av€ {1, 2}
By < 2a|(I=L)(f+ AU +eU)) 21,2+ Ua =T |71 a1y
+2a||f—f+A(U1—Ul+s(U2—U2))II%1(L2)+£||e||%oo(m. O

Lemma 3.3.3.5. For all n=1,..., N and My, defined by
My p:=[Uz—U; ”%1(In;H1(Q))+||f_U2+A(U1 +5U2)||2L1(1n;L2(Q))'
there holds for both ae{1,2}

Lo
E, ::/17L<R ; 6>Hdt <a max, M27j+@ lel 7o ) -
Note that F, is the LHS of (3.145b), since the jump terms vanishes for C' functions.

Proof. Similar as in the proof of of lemma above, we have

tn .
E, :/ (F-U—-AU+TLAU ;e), dt
0

tn . tn .
:/ a(Ug—Ul;€1)dt+/ (f— U2+A(U1+€U2);62>dt
0 0

<N U=l ool ooy +1f = Ue + AU +U2) [ £ 1,120y €2l o 22)-
An application of the Young inequality for both a€{1,2} yields the proof of lemma. 0

If we assume that the discrete initial solution U(0) is defined as U°~ in Lemma 3.3.1.7, then
the latter Lemmas and the estimate (3.120) combined with (3.146) and (3.147) yield the proof
of theorem. O
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3.3.4 Method of lines

In this section we provide a full error analysis concerning the derivation of a posteriori error
bound in case of the method of lines and P; or C! spatial discretisation. Namely, we seek to
find an error bound 7, such that

lelZos o Telealiagan <.
The error analysis follows via residual argument introduced in Definition 2.3.1.2, with B, %
from (2.49) and (2.50), respectively. For the notations and definitions, we refer to Section 2.1
and Subsection 2.3.5.

Lemma 3.3.4.1 (Error representation, MoL). In case of the MoL discretisation, there
holds for each t€[0, T

1 ! 1 !
SIeOcre [ lea(r)ipoyir = SheO) it [ Reste=vdr forall Vew..  (3157)

Proof. From the fundamental theorem of calculus, we may deduce for each t€ [0, 7]

=51 = [ (e:¢)tr

According to the definition of the residual Res, cf. (2.7), and the orthogonality (2.8), we have
for arbitrary V e W,

t t t t
/ (¢5e), dr= / (é; €—V>Hd7'—|—/ a(es; Vl)dT—/ a(ei+eey; Vo)dr
0 0 0 0
t
:Res(e—V)—e/ a(eq; e9)dr.
0
A combination of the latter two inequalities yields the proof of the lemma. O

Lemma 3.3.4.2. In case of the method of lines and P; or C! approximation in space, the
residual (2.7) may be expressed in terms of local residuals and local jumps such that for any

veC(0,T; H5(Q)?) and t €0, T,

Res(v)(t)=(R; U>H(t)+J(U, v)(t), (3.158a)
where in particular

R(t,z): = F(t,z) = U(t,x) — AU(t,z) in Q, (3.158b)

Yo (DU +eUs) (8)]kv2(t, i), for Pp elements,

J(U)(1) - :{ 0, for C! elements. (3.158¢)

Here m=mn,n—1 for Problem (DN), (DD) respectively. The jumps terms [DUj]x, [DUs]y are
defined as in Definition 3.1.0.6.
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Proof. Given (2.7) with B, .Z as in (2.41) and (2.42), respectively, an integration by parts in
space yields for each ve C(0,T; Hp,(Q)?) and t€][0, T,

Res(v)(t)=(f(t); v2(t)) —a (Ul<>' 1) = (Ua(1); v2(8)) +a(Ua(t); v1 (1)) + (AU (£); va(1))
+e(AU(t) +Z (Uy4-eUs) ()] gva(t, 1)

In case of the spatial approximation by C!' elements, the jump terms equal zero due to the
fact that the discrete functions satisfy the (DD) or (DN) boundary conditions, see Subsection
2.1.2. With the notation from Definition 1.3.0.7, we conclude the proof of the lemma. 0

Remark 3.3.4.1. From the error representation (3.157) and the residual representation from
Lemma 3.3.4.2, there holds for each t€[0,T] and V € W,

1 t 1 t t
et [ leam) By =1t [ (Rse=V)ar+ [ J0.e=Vyir. @159
0

Lemma 3.3.4.3. Let R and J be defined by (3.158b) and (3.158c), respectively. Let e be
the the error of semi-discrete solution with respect to the P; i.e. C! discretisation in space.

Let I1:=(G, L) be a spatial orthogonal projection with respect to the H scalar product. We
assume that there is some positive M such that there holds for each ¢t €[0, T

/Ot <R;6—H6>Hd7'+/0t J(U; e—He)dTSM—FiHeH%m(H), (3.160)
then the following estimate is valid for all € >0
lelZoe ey +ellealzzgny < 3lle(0) I3, +6M. (3.161)
Moreover, if e=0, then there holds a sharper estimate
lelZ < ) < 2lle(0) I3, + 4. (3.162)

Proof. Given the error representation formula (3.159) where V =Ile, from (3.160) there holds
for all t€[0,T]

1 t 1 t t
SOt [ lea(r i ir= 1)+ [{Rse—1ie) v+ [ I(0se—e)ar

1 1
< SN +M+ el (3.163)

The function e is a monotone function in time. Let t,,,,€[0,7] be some point in time such

that [e]ze )= lle(tmaz) [l
If we choose t =%, and a=1 in (3.163), then for e=0 we may conclude

lelZoe o < 2lle™ 5 +4. (3.164)
From (3.163) with t=T and =1, we have for all £ >0

T
1. o 1 _
5/0 lea(m) i @ d < S1€” WM+ el e iy < €™ Il 420 (3.165)

Note that in the second inequality above we used the estimate (3.164).
Finally, for € >0, the combination of (3.164) and (3.165) proves

lelZee o) +eleal oy < 3lle(0) 7, +6M1. (3.166)
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3.3.4.1 A posteriori energy error analysis, MoLQP,

From Lemma 3.3.4.3, we can derive an a posteriori error estimate if the assumption (3.160)
hold. Unfortunately, in case of MoL®P; discrete problem, we did not succeed to derive an
upper bound for

¢ t
E1::/<R;6—H6>Hd7'+/ J(U,e—Ile)dr
0 0

in terms of |e|r=(r). Namely, we can estimate the second term on the RHS of the equality
above only with respect to |ea| 1 (o) and thereafter the adequate a posteriori error bound can
not be derived. We refer to Subsection 3.3.1.1 for further explanation.

3.3.4.2 A posteriori energy error analysis, MoL®C!

From the Subsection 3.3.4.1, a spatially C! approximation is required in order to prove a sharp
residual-based a posteriori error bound in the energy norm.

Theorem 3.3.4.1 (A posteriori energy error estimate, MoL®C'). For v and its semi-
discrete MoL®C' counterpart U, there holds for all >0

lel oo ey FellealZ2mydt < 3lyo—TyolFq)y+3lyr =Tyl 720

+6](I=L)(f+ AU +eU2) 11 12)- (3.167)
Moreover if e=0, then there holds additionally
el 7 < 2lm0—Zwol 3 0y +2My1 =Tyl 72 () +AI (I = L) (F+ AU G112 (3.168)

Note that the RHS of both estimates is denoted by 7?.

Remark 3.3.4.2. For sufficiently smooth initial data f,yo,y;, the estimates (3.167) and
(3.168) are of order O(h?). O

Proof. The proof follows from an application of Lemma 3.3.4.3. Therefore, we need to to
prove the validity of the assumption (3.160). This is given in the following lemma.

Lemma 3.3.4.4. With
M= [(I=L)(f+AU1+eU2)) L1 (12
there holds for t€ [0, T

t
1
B - / (R eTie)dr <M+ el m g, (3.160)
0

Proof. Owing to the orthogonal properties of projection I1=(G, £) with respect to H scalar
product, the LHS of (3.169) is equivalent to

¢
E1:/<R—HR;6>HdT
0
¢
:/<F—HF—U+HU—AU+HAU;6>HdT
0
¢
= /(f_£f+A(U1+€U2)+£A(U1+€U2);eg)dT.
0

Note that in the second inequality above we used U=IIU. An application of the Holder and
Young inequality yield the proof of lemma. U
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In order to complete the proof, its left to estimate the error of initial solution |e(0)]x. If we
assume that the discrete initial solution U(0) is defined as U in Lemma 3.3.1.7, then the
latter Lemma and the estimate (3.120) combined with (3.167) and (3.168) yield the proof of
theorem. O
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Chapter 4

Dual method

Within the following chapter, we give an introduction to the dual method as one of the easily
applicable methods for the derivation and analysis of a priori and a posteriori error bounds
for finite elements discrete methods.

In determining the error bounds, the dual method approach assumes the usage of the so-called
backward problem which is also referred to as dual or adjoint problem. The initial problem is
then according to this notation often referred to as forward problem. The backward problem
is introduced through its continuous (strong) and discrete (weak) formulation. For the strong
formulation we refer to Section 4.1. The weak formulation is introduced for each ansatz
in time separately. However, the derivation of the a priori resp. a posteriori error bound
mainly relies on the so-called weak resp. strong stability estimates which are derived from
the corresponding adjoint problem. Moreover, the a posteriori error analysis also relies on the
residual arguments similar as in Chapter 3.

A priori and a posteriori error analysis are discussed in Section 4.2 and 4.3, respectively. We
first introduce the time approximation, i.e. discontinuous and continuous Galerkin methods
as well as the method of lines and then combine with different spatial ansatzes, i.e. P; and
C! elements in space.

The notation used in the following is the one from Table 3.1 and also the additional notation
presented in Table 4.1. The analytical techniques in case of dG(q), ¢=0,1 time discretisation

o exact dual solution solution of (4.3)

v discrete dual solution solution of (4.9), (4.35)
B* weak dual bilinear form Definition 4.1.0.2

K continuous operator /C Definition 1.3.0.5

Kn discrete IC operator Definition 2.3.3.4

T temporal H! projection Definition 3.1.0.10
(-;)z: Il - llz  weak scalar product and corresponding norm Definition 1.3.0.6

Table 4.1: Additional notation used in Chapter 4.

rely on the duality approach used in JOHNSON[42] for the dG(1) ® P! discretisation of the
wave equation. In case of continuous Galerkin approximation in time and space our analysis
is similar to the one presented in Az1z-MONK [5] and LUSKIN-RANNACHER[?|, where the
parabolic equation has been discretised. Both papers consider the wave equation , i.e strongly
damped wave equation with € = 0. In our analysis we extend these methods to the more
general case € >0 with certain restrictions for e=0 and >0, respectively.

117
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4.1 Adjoint problem

In the following we introduce the adjoint problem related to the initial problem (1.13) and
derive strong stability estimates for which. This will allow us to construct the discrete scheme
for particular discrete ansatzes in space and time and also to develop the a priori and a pos-
teriori error bounds.

First, we introduce the adjoint problem, whereby we recall the notations and definitions from
Section 1.3. The adjoint problem reads: For given data (¢, ¢Y ™) € H}, x L*(Q), for s =0,
resp. (¢}, o5 )€ (H*NH}L)x HL(Q), for s=1, find ¢:Q —R such that

é—Adp+eAd=0o0nQ (4.1a)
subject to the initial conditions

O(T, ) = o1 (x), $(T,x) = ¢4 («) on O (4.1b)
and boundary conditions of either

o(t,0) =0, Dp(t,1)—eDp(t,1) =0, on [0,7]  (DN*), (4.1¢)
or

o(t,0) =0, ¢(t,00=0, on [0,T] (DD*). (4.1d)

We refer to the dual continuous problem as Problem (DN*) when (4.1a)—(4.1b)—(4.1¢) hold
and Problem (DD*) provided (4.1a)—(4.1b)—(4.1d).

Similar to the notation from Definition 1.3.0.7 we may also rewrite the dual problem (4.1) in
the vector form.

Definition 4.1.0.1 (Adjoint operator A*). Let ¢ = (¢, $) the vector form of the dual
solution of problem (4.1) and define the dual operator matrix A*: H—H by

A*::lo L } (4.2)

A —eA
The problem (4.1) is equivalent to: Find ® € H'(0,T’; H) such that
—&(t,2)+A*D(t,z) =0, on Q, (4.3a)

O(T,z) =d" " (z) on €,

for A*: 9(A*) C’H—H where
D(AY) = {(u1,uz) C Hp(Q) x HH(Q) | uy—euy € H*(Q) and D(uy —euy)|r, = 0}
and given ®V~ € 2(A*). O
Remark 4.1.0.3. Note that for ue Z(A) and ve Z(A*) there holds <Au;v>H: (u; A*U>H
since
<Au ; ’U>H: <(—uz, —A(ui+eus)); (v, U2)>H

=— a(ug; v1) — (A(uy+eug); v2)
(u1;v2) — aluz; v1) +ea(us; v)
(ug;v9) + (us; A(vl—svg)):<u;A*v>H. O

=a
=a
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In the following we derive the strong stability estimates.

Lemma 4.1.0.5. Let & = (¢, ¢) be the solution of the vector dual problem (4.3), then the
following stability estimates for all ¢ € [0, 7| hold

T
o)l + 22 / [o(D) i @dr =12 11 (4.4a)
t
T
o)l +2¢ / [e(r) 22y dr =715 (4.4b)
t

Moreover in case of (DD*) boundary conditions there holds

T
||A¢||LM(L2>+H@bllioo(mﬁe/0 |AG(T) |72y dr < C{IdY 720y + 105 Iin oy }- (4.4c)
If e=0 then

”é”L‘X’(L?)—i_HA?b”LOO(LQ)+H¢”%O°(H1) =C{l67 172y 105 11} (4.4d)
Proof. Scalar multiplication of (4.1a) with ¢ with respect to L*(Q) gives
(¢39) = (Ag; ) +2(Ad; ¢) = 0.

An integration by parts with respect to the spatial variable x and the boundary conditions
(DN*) or (DD*) from (4.1) lead to

10 . 10 , -
59100220 + 5510l @dr — elé (7)1 () = 0.

An integration over the time interval [¢t,T] and the main theorem of calculus in time, yield

1, - 1, - 1 1 r
5 lo(T) 720y — 3 lo(t) 720+ 5 lo(T) 71 () — 3 lo(0) 7 ) —€ /t |6(7) 171 () @7 =0.
Finally, the use of the condition (4.1b) proves the statement (4.4a).

For the proof of the second stability assertion, we proceed similarly by multiplying (4.1a) with
K¢ with respect to the L?*(2) scalar product. This leads to

(6 K) — (A(p—e6): Kg) =0.
An integration by parts in space in the second term shows
(6;K0)+a(d—ed; Ké)—(Dg—eDo) (1)Ko (1) +(Dp—2Dé) (0)K(0) =0.

From ® € Z(A*) and the fact that K¢ is the solution of the steady-state problem (1.14), the
boundary terms in the equation above vanish for either (DD*) or (DN*) boundary conditions.
Moreover, for ¢ € L*(Q) there holds a(K;v) = (¢;v) for all ve HL(Q) with the definition of
the operator K. Therefore, the last equality simplifies to

(K205 KM20) + (¢ §) — (s ¢) =0.
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Furthermore, an integration with respect to the time interval [¢,T] and the main theorem of
calculus yield

1 . 1 . 1 1 T
5 12 (T) 720 — 3 12 (8)17 20 + B [6(T) 1720y — B lo() 720 —5/ [6(7) 720y dT =0.
t
This concludes the proof of the second stability assertion.

For the proof of the third stability estimate (4.4c), we proceed similarly as in case of the first
two estimates. Namely, by multiplying (4.1a) with —A¢ with respect to L*(Q) scalar product
and integrating in time, we obtain

T P . T - T . .
- / (6 Ad)dr + / (Ad: Ad)dr — / (Ad: Ad)dr =

An integration by parts in space yields

[t irir— [ e 10600 vars [ (a0 évi < [ (adsadyar =

Obviously, the second term on the LHS in the equation above equals zero if (DD*) boundary
conditions or € =0 hold. The main theorem of calculus applied to the last equation proves
the third stability assertion, i.e.

19 190
0= s Dyt + [ 5 A Ad eyt~ [ 1A atn
t t
LN _ 1 :
= L1 ey 150y 10 Ty~ 10 Dy —= [ 1866 o
t

Furthermore, in order to prove (4.4d), recall that if e=0, ¢=A¢. If we replace |AQ| poo(r2) in
(4.4c) by |@]L=(r2) and combine the resulting estimate with (4.4c), we complete the proof of
the fourth stability estimate. O

Definition 4.1.0.2 (Dual bilinear form B*). Let B* be the dual bilinear form with re-
spect to the bilinear form B defined in Subsection 2.3.1 defined such that

B*(v,u):=B(u,v) forall w,vec H(T;H). (4.5)
U

An explicit formel for B* is derived later on with integration by parts in time for each dis-
cretisation in time separately.

4.2 A priori dual error estimate
In the following we try to determine the a priori error bound 7, such that

le™ Nl < 7.

Here eV~ is the error related to the final time point 7. The bound 7, depends on space and

time mesh-size h, k, respectively, as well as on the initial solution wu.
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H [ e>0 | e=0 H
dG(O) O(hp—i-/f) si—l=gi
Subsection 4.2.1.1 O(hp+]€_1/2hp+1 —i—k) otherwise
dG(l) O(hp—l—k2) si—l=gi O(hp+/{?3) Si—1=gi

Subsection 4.2.1.2 O(hp+k_1/2hp+k2) otherwise O(hp+k_l/2hp+k3> otherwise

G(1)

Subsection 4.2.2

O(h+k) O(hP+k?)

Table 4.2: Proven a priori error estimates for [|e¥~|l+; p=1 for P; elements and p=3 for C!
elements in space; dual method.

The main arguments in the subsequent dual-based a priori error analysis are the weak stability
estimates. They depend on the properties of the weak dual problem, in particular on the time
discretisation method.

The proven convergence order of a priori error estimates for different time discretisation meth-
ods and P; and C! ansatz in space are given in Table 4.2.

For comparison only, note that the results obtained by the dual method show better conver-
gence rates than the one obtained by the energy method, cf. Table 4.2 and 3.2, respectively.
In particular, by use of the energy method, we did not succeed to derive an a priori error
estimate for dG(1) time discretisation as well as for the ¢G(1)®P; case. Apart from that, the
dual method also provides the better estimate for the dG(0) time discretisation, see Figure
4.1. Namely for h=k and dG(0)®7P;, the duality method proves convergence of order O(h).

10"
o llell =,

10° &

1077 0 1 2
10 10 10
number of elements in space

Figure 4.1: Convergence of |e] 1) for dG(0)®C* with respect to the number of elements in
space; The a priori error bound n, = O(hP+k) is optimal for both p=1, 3. For p=1, see Figure
3.1. For p = 3 and k=h3, the exact error is of order O(h3); Example 6.2.1, e=0, (DN), T'=1.

The energy metod provides an estimate of order O(h'/?) for the same choice of time and space
steps. For the proof of the optiamlity of the proven a priori error bound when dG(1) in time,
we refer to the Figure 3.5 where besides the proven a posteriori energy error estimate, the
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error in the energy norm and the dissipative term have been ploted. We also refer to Figure
3.6, where the bahavior of the exact error terms when ¢G(1) in time is showed.

The approach and techniques used in the following adopt the one presented in JOHNSON [42]
for the problem dG(1)®7P; with € =0 whereby our estimate show better convergence rates.
Namely for each k=h® where av>2, we have an estimate of order O(h) whereby in JOHNSON
[42] proven a priori estimate is weaker, i.e. O(h?~%/2).

4.2.1 dG(q) time approximation, ¢=0,1

For the notation and definitions used within this section we refer to Section 2.1 and Subsection
2.3.3 where space discretisation and discontinuous Galerkin approximation are introduced,
respectively. The main tool in the following analysis is the bilinear form B from (2.18) and
its dual counterpart B*.

We start with an explicit representation of the dual bilinear form B* for dG ansatz in time.

Lemma 4.2.1.1 (Dual bilinear form B*, dG time approximation). If discontinuous
Galerkin time discretisation is performed, for sufficiently (piecewise) smooth functions in time
U, V, the dual bilinear form B* of the bilinear form B from (2.18) reads

B*(V,U):—Z/ <VT;U>Hdt+Z/ a(VQ;Ul)dt—Z/ a(Vi—eVa; Us)dt
- Z (VP07 (VN U, = (VO U, (4.6)

Proof. The representation of the bilinear dual form B* (4.6) arises from the definition of B
(2.18) if we integrate by parts with respect to time variable. Namely,

N

N N
B(U>V):—Z/I (Vos U, dt+>  (VIm 097y, =y (vt ity
=171 =

Jj=1
N N N

+Z/ a(%;Ul)dt—Z/ a(%—e%;Ug)dt+Z<Vj_1+;Uj_H—Uj_l_}H. (4.7)
j=1 71 j=1“1j j=1

Furthermore, the sum of the jump terms and the boundary terms equals

N N N N
Z<Vj— : Uj—>H_Z <Vj—1+ : Uj_1+>H+Z <Vj—1+ ; Uj—1+>H_Z <Vj—1+ ; Uj—1—>H
j=1 j=1 j=1 j=1
N+1 N
— Z (vi—i=; Uj—1—>H_Z (Vitit, Uj—1—>H
Jj=2 j=1
N
== (VP07 ), (VN UM, (VO U0, (4.8)
j=2

A substitution of (4.8) into (4.7) and the definition (4.5) yield the proof. O
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Having introduced the dual bilinear form, we can formulate the discrete weak dual problem:
Given UV~ € (8V)2CH, find ¥ e Q, such that

B (W, V)+ (00 Vo) =@ vV forall VeQ, (4.9)
U is called the discrete weak solution of the dual problem (4.3).
Remark 4.2.1.1. Analogue to the analysis presented in Subsections 2.4.1.1 and 2.4.2.1, we

may show that the problem (4.9) has an unique solution. O
Remark 4.2.1.2. Note that for every V € L*(7, H} x H},) the continuous dual solution ®
of (4.3) is the weak solution of (4.9). O

Lemma 4.2.1.2 (Stability of the discrete weak dual dG solution). The solution ¥ =
(Uy, ¥s) of (4.9) satisfies the following stability estimate

N N
o137 +2¢ > /1 [ (6) 17 dt+ > NPV IZ = 1Y), (4.10a)
j=n "1 j=n

where 1 <n < N. Moreover, in case of ¥ € Q;

191 e ) STV N (4.10b)
where additionally for e=0

12 Foo (111 < NV (4.10c)

Proof. The proof follows analogously as in case of weak "forward problem”, see Lemma
2.3.3.5. -

To derive an a priori error bound for [|e¥~ |3, the error e:=u—U will be decomposed in two
parts, namely

e=p—0, where p:=u—Jlu and 6:=U—Jllu. (4.11)

Here II denotes the spatial multi projection. J is the mapping onto the space of discrete
functions in time which will be introduced for dG(0) or dG(1) method separately.

The idea is to dominate [eN~ |3 by estimating [|p™V |l and |0V~ |l%. The estimation of
o™~ [l is done for each ansatz in time owing to the approximation properties of the corre-
sponding projections. To bound [|0"~ |3, we introduce the following lemma.

Lemma 4.2.1.3. For 0, p from (4.11) there holds

N

N N
10 B (036,43 [ a@a-tinipadt= [ Waipit=3" [ alws )i
j=171; j=1Y1j j=1 71
N
—i—aZ/ a(Wq; po)dt—
j=171;

9
a7 Y )+ (U e T) =) By (4.12)
(=1

WE

> a7 =D (el )

Jj=2 J

when ¥ solves (4.9) with UN= =N~
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Proof. Owing to the definition of §, we have 0 € Q,. Given (4.9) with UN==0"~let V =0.
This yields

6% 12— (0 1607 + B(0, ).
From Definition 4.1.0.2 and the Galerkin orthogonality (2.9), we further have
B*(W,0) = B(6, V) = B(U — T Tlu, ¥) = Bu—JT T, ) = B(p, W) = B*(V, ).

The combination of the last two equations and the representation of B* in (4.6) yield the
proof. ([l

With the representation from Lemma 4.2.1.3, we derive in the following an a priori error
estimate for each ansatz in time separately.
4.2.1.1 A priori dual error analysis, dG(0) time approximation

Theorem 4.2.1.1 (A priori dual error estimate, dG(0) time approximation). There
is a constant C'>0 independent of u, its discrete dG(0) counterpart U and h, k such that

1. if 7 t1=8J for all j=1,...,N

el < C{ |k A |12y + Ve (IRtz] 2 + 1R A | 2 r2)) + [ B o ey
+\/5Hku2 H 2(HYH)t ”thDpH% H%l(LQ) + thDpHyl H%l(m)
+ ||hpr+1U1(T> ”LQ(Q) + ||hp+1Dp+1u2 (T) ”LQ(Q) }, (413)

2. if S771£S7 for all at least one j=1,..., N

el < C{ |E A | £ 2y +VE ([Rtia] 2y + |k Ate | 2(2)) + [ Ktie | 11 ) + Ve Rtz 2y

. +1 2 1/2 = +1 +1 2 1/2
(I ) )+ (X I D st 1) g )
j=2

Jj=2

+ ” hpr+1U1 (T) ” L2(Q) + H hp+1Dp+1U2 (T) ” L2(Q) }, (4 14)

provided that u € (HP*(2))? where p=1 for linear splines in space and p=3 for cubic splines
in space. The 2th summand on the RHS of (4.13) and (4.14) does not appear in case of the
(DD*) problem.

Remark 4.2.1.3. The estimate (4.13) is of order O(h? +k). The estimate (4.14) of order
O(RP+k~Y2hP + k). O

The remaining part of this subsection is devoted to the proof of the Theorem 4.2.1.1.

Given the error decomposition (4.11), we may choose Il = (G,G). Let the mapping J be
defined such that

Jul:=v~ forall j=1,...,N, and ueH'(7) (4.15a)
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and

uw’™ if ue HY((—o0,0]U.T),

(Fu)” = { w(0) if weclo,T). (4.15b)

Obviously Ju belongs to the space of constant functions in time but 7 is not L? orthogonal.

We also make use of the approximation properties of the projection G. These are given in
Lemma 3.1.0.6.

Lemma 4.2.1.4. If the discrete variant of the initial solution wug is defined by

U :=Tluy, (4.16)
then E;=0.
Proof. After the definition of the H scalar product and projection [J we have

By = (0 U0 —(JTw)),, = (0 U —Tlug),, =0. 0

Lemma 4.2.1.5. There holds for FEj,
Es < ||kAu1 ||L1(L2) “\1’2 ||Loo(L2) + (”k‘UQ ||L2(H1) + ”k}AUg ||L2(L2))5||\I/2”L2(H1)7
where the second summand does not appear in case of the (DD*) boundary conditions.

Proof. Note that ®; ;=0 according to the dG(0) time discretisation. With the orthogonality
properties of the Galerkin projection and integration by parts in space, we obtain

N N
Ezzg / a(Wo; uy —Guy )dt+ E / a(\Ifz;gul—gu]f)dt
j=1"1 j=1"1

:_Z/(\IIQ;A(Ul_u{_))dt—f—Z\/ Wy (t, 1) D(uy —ud ) (¢, 1)dt. (4.17)

The second term on the RHS of the second equality above vanishes for (DD*) boundary
conditions. If the initial problems satisfies the (DN*) boundary conditions, the main theorem
of calculus with respect to space interval Q=|0, 1] implies

Uy(t, 1) =Uy(t, 0)+ /Q DUy(x)da < [Wa(t) | 110y (4.18)

Furthermore, from the boundary condition D(us(t, 1)+cus(t,1))=0 and a trace inequality we
have for all t € I;

D(ul(t, 1)—U1(tj, 1)) :—8D(U2(t, 1>—UQ(tj, 1))
<elD(ua(t) —ua(ty))| () +el Aluz(t) —ua(t))) | 20

Combining the last two estimates and using

() —ult;) = /t a(r)dr, (4.19)
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we obtain
N
> / Wy (4, 1) D (uy (8, 1) =y (5, 1))dt <e| W oy (| Ktia] 2y + |k Ao p212)). (4.20)
With the same technique we prove
N .
By / (Wa Ay —d ™))t < [k itn 11 12 | o | 1o 22

From (4.20) and the last inequality we conclude the proof of the Lemma. 0
Lemma 4.2.1.6. E53=0.
Proof. Follows from the fact that in case of the dG(0) time approximation method ®, . =0.00
Lemma 4.2.1.7. For E, there holds

By <|kta] o1y V1| oo a1y

Proof. On account to the orthogonality properties of the projection G we have

N N .
= /a(\IJ1;u2—Quz)dt—Z/ a(@l;guz—gug—)dt:_z/ (U, gl )t
7j=1 Ij J=1 Ij = Ij

Then, similar as in the proof of E3, we deduce

Ey <|kta| o1y |V || poo ary- O

Lemma 4.2.1.8. For E5 there holds
E5 < “l{JUQ ||L2(H1)5||\I}2”L2(H1)‘

Proof. With the same arguments as for the Lemma 4.2.1.7, there holds

N
E5 =€ Z / CL(\IIQ; UZ_U%_)dt < ||ku2HL2(H1)€”\D2HL2(H1)~ O

Lemma 4.2.1.9. If S7"1#£S87 for at least one j there is a constant C' such that

E6<o(z||hppp+lmu1||L2<m) (Zu P )

7j=2

Otherwise Fg=0.
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Proof. If for all j=1,..., N there holds $’~'=&7, then owing to the orthogonal property of
the projection G and the definition of the projection 7, we have

N
=Y a(¥ =0 (u —Guy )’ ) =0
=2

Otherwise, the application of Hélder, a discrete Cauchy inequality, and the approximation
property of the Galerkin projection G yield

1/2
E6<O(Z 1 D7+ (1) ey ) (Z @ o)
=2
for some constant C' > 0. ]
Lemma 4.2.1.10. There exists a constant C' such that
E7+E8—|—E9SC’(||hp+1Dp+1u2||L1(Lz)+||hp+1Dp+1y1 |\L1(L2))|]\Il2||Loo(Lz).
if $71=8J for all j=1,..., N. Otherwise

N
Ert Bt By < C( 32 10 D" ualt ) age)) (Z 0o o))
j=2
+CRPHEDP g (T) | 122103 2 ()
Proof. Owing to the orthogonality property of J,G, we have

E7+E8+E9=—Z([‘I’2]j_l; (ug—Gua) 1) +a(0y 5 (ur—Guy )N )+ (055 (ug—Gua) V)

j—2

:—Z (102 (ua—Gua) ™)+ (053 (ua—Gup) V7). (4.21)

If we assume that space mesh does not change in time, then (Guo)? = = (Gug) ™1~ =Gua(t;-1).
An integration by parts in time yields

N
Er+Es+By= Y (Ua; i —Gita) + (U551 —Gp).

j=1
Holder inequality and approximation properties of G yield the following estimate
Er+Es+Ey < C (WP DP | i 2y + [RPT DP | 2y ) [P e 22),-

We continue by estimating 7+ FEg+F9 under assumption that there exists at least one 7 such
that S7~1#£87. Using the same arguments as before, we have from (4.21)

N 1/2
Ert Bt By < C( 32 10 D ualt )ag)) (Zu )
j=2

+O IR DP s (T) | £ 22103 | 2200

This concludes the proof. 0
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Incorporating all previous estimates into the representation (4.12) and recalling the stability
Lemma 4.2.1.2 we have

1. if S~ '=8J for all j=1,...,N

16 Nl < C{ |k | 112y +V/e (Ihiz] 2 + 1R Do | 2 2)) +[Bta] £ ey

+\/E||k:u2||Lz(H1)+||hp+1Dp+1u2||L1(Lz)+||h”+1D”+1y1||L1(L2)}. (4.22)

2. if S771£S87 for at least one j=1,..., N
16"l < C{ Ik sy /2 (Wil ey T Ao ey o sy + v E o2
Z p p+1 2 1/2 Z p+1 pHp+1 2 1/2
(YWD () agg) (DI D () )
j=2 Jj=2

AP DP Ly (T) ||L2(Q)}. (4.23)

In order to complete the proof of Theorem 4.2.1.1 we need to estimate ||p"~|l;. This is done
in the following lemma.

Lemma 4.2.1.11. For p=u—Jlu where II=(G,G) and the temporal projection J where
(Ju)?~=u’" there is a constant C' such that

10"l < (1P DP* s (T)] gy 1 DY (T ). (4.24)
Proof. Due to the approximation properties of projection Il and mapping J we have

o™~ W= M= T1u) ¥ 1 = 1 (w1 = Gua ) (T) s ) 1 (w2 = Gua ) (T) [
< C(IWP D" (T) L) + IR DP ua(T) 72 ) - B

According to the decomposition (4.11), the sum of (4.23) and (4.24) yields the proof of The-
orem 4.2.1.1.

4.2.1.2 A priori dual error analysis, dG(1) time approximation

Theorem 4.2.1.2 (A priori dual error estimate, dG(1) time approximation, S/—1=87).
If $71'=&7 for all j=1,..., N then there is a constant C independent of u, its discrete dG(1)
counterpart U and mesh size h, k such that

1. e>0, (DD)
fle™ flae < C{ |62 At | oy + [P DP o pa 2y + [P DP | a2y

B At | 112y +VER? o] 12 a1y + B DY (T) | 20
F[RPHLDP (T ||L2(Q)}, (4.252)
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2. if e>0 and (DN)

fle™ ™l < C{ |B2 A | 1 22) + Ve (R tia ] 12y + [ B2 Ao | 12 122)) + | WP DP o 1 12
H[PPELDP Y a2+ [ R o1 ey
+ AP DYy (T) | 2y + | AP DP ug (T 12(q) } (4.25b)

3. if e=0 and (DD) or (DN)

e e < O 1 iy + 1PH DP* gy + 1P DP g s

+Hk3Ail2HL1(Lz)+thDp“ul(T)HLz(Q)—i—]\hp+1Dp+1u2(T)]\Lz(Q)}, (4.25¢)

provided u € (HP*1(€))? where p=1 for linear and p=3 for cubic splines in space. Additionally,
we demand also u € (HP™2(2))? for p=1 in the third estimate.

Remark 4.2.1.4. The estimates (4.25a) and (4.25b) are of order O(h?+k?). The estimate
(4.25¢) is of order O(hP+k3). O

Theorem 4.2.1.3 (A priori dual error estimate, dG(1) time approximation, S—1# 87).
If S7=1£87 for at least one j=1,..., N then there is a constant C' independent of u, its dis-
crete dG(1) counterpart U and mesh size h, k such that

1. if e>0, (DD)

N
el < C{ 12 A 1 12y + 1B DY g oy + Y I DP ()| 2o
=0

N 1/2
(Y I D () Bay) o+ IR Ao 12y + VEIRia |2
j=2

N 1/2
(DD (b)) D (D) |z o (4:260)

Jj=1
2. if e>0 and (DN)
|||€N_ |||'H S C{ ||k2A'Il1||L1(L2) +\/g(||k52U2”L2(H1) + ||k?2AU2 ”L2(L2)) + || hp+1Dp+1’[L2”L1(L2)

N N 12
+Z ” hp+1Dp+IUQ(tj) ||L2(Q) + ( Z || hp-i-lDP"FluQ(tj_l) ||%2(Q))
j=0 Jj=2

N 1/2
+ Hk2u2 ”LI(HI) + < ZH hpr+1U1 (tjfl) ”%2(9)) + || hprHul (T) ”LQ(Q) }, (426b)

Jj=2
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3. e=0and (DD) or (DN)

N 1/2
16l < C {1 iy 4 1 D7 gyt (SN D7 150
=2
+ [P DY g (T) | 120y + | B2 Adia | 1112y

N 1/2
+ (DI D sty lay) D (T ey o (4.260)
j=1

provided u € (HP*1(€))? where p=1 for linear and p=3 for cubic splines in space. Additionally,
we demand also u € (HP™2(2))? for p=1 in the third estimate.

Remark 4.2.1.5. The estimates (4.26) are of order O(h? + k~1/2hP + k2). O

We prove both theorems simultaneously.

Proof (Theorem 4.2.1.2, Theorem 4.2.1.3). Given the error decomposition (4.11), let
[I1=(G,G) and J be the time projection operator as in Definition 3.1.0.9, case dG(1)b. In the
following we make use of the corresponding approximation lemmas, i.e. Lemma 3.1.0.6 and
Lemma 3.1.0.11, respectively.

The idea is to estimate E; — FEqg such that the final estimates contains a priori known terms
and discrete dual solution contributions which can be further estimated by means of Lemma
4.2.1.2. To estimate Fy, recall that (JTIu)°~ =IIug according to the definition of the temporal
projection J. Then there holds the same estimate for E; as the one already proven in case of
dG(0) method in time, see Lemma 4.2.1.4. The estimates for the remaining terms are given
throughout the following lemmas.

Lemma 4.2.1.12. There exists a constant C' >0 such that for € >0 there holds
E2 S C{ ”kQAU1 HLl(LQ) ”\DZHLC’O(LQ) +<”k‘2U/2 ”LQ(HI) + ”kQA/dQHLZ(LQ)>€”\IJQHLQ(HI)},

where the second summand does not appear for (DD*) boundary conditions.
Moreover, if e=0, then

Ey <Ok Niia ] pr () [Wor | oo 111y -

Proof. Owing to the properties of G and J, we have

N N
Ey— Z/ a(%—qfl,T;ul—Ju1>dt=2/ a( Vi —Jwr)dt,
j=1"1; =171

since u; —Ju; is orthogonal to the piecewise constant functions in time.
An integration by parts in space yields

FEy= — Zl/f-wz;A(ul_jul))dHZl/, Wy (¢, 1) D(uy — Juy)(t, 1)dt. (4.27)
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The second term on the RHS of the equation above equals zero when (DD*) boundary con-
ditions hold or e=0. On the other hand, if € >0 and (DN*), i.e. (DN) boundary conditions
hold, the second term can be estimated by using the same arguments as in the proof of Lemma
4.2.1.5. Namely,

Z/\Dgtl ul—jul t]_ :—EZ/\I/Qt]_ Ug-jUg)(t 1)
< C (ko] 2y + K> Adin| r2(22)) €| ol 2 a1

We continue by estimating the first term on the RHS of (4.27). This completes the estimation
for Fy. Namely, if £>0 then

N
-y / (Wa; Ay — Juy))dt < Ck>Adiy | 11 (2) | V| oo 22 -
For e =0 we conclude

N
- Z / <\D2—$2, A(ul —jul))dtﬁ CHk?’Aul HLl(Hl) H\P2,T”LOO(H_1)' |:|

In the following lemma we provide the estimate for E3+ E;+ Ey.

Lemma 4.2.1.13. If $'=&7 for all j=1,..., N and >0 there is a constant C such that
there holds

E3+Er+Eg < C([WPY DP o g2y + |RP DYy |2y ) [P oo (2. (4.28a)

Otherwise, if there exists at least one j such that S7=1#£&7, then for all e>0

N
Es+Er+Ey< C{ |PP 2 DP* i o 1) | Wl poo 22y + ( > ||hp+1Dp+1U2(tj)||L2(Q>) [ Wl Loo(z2)

=0
p+1 yp+1 J 12 1/2

(Zuh D ualty ) ioge) (Zu 32

7j=2

Dty (T) | 65 *um)} (4:28D)

where for e =0 additionally holds

By Ey+ By < C{I1" D"l 3 (1) [ a1

a 1 1 a 1 1/2
F( I D ) ) (DI )
j=2 j=2

LD () 2o 105 2o } (4.28¢)
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Proof. Let us assume that S7~' =87 for all j=1,..., N. Owing to the properties of J we
have

N N
Es+E;+Eg= —Z/(%,T;u2—gu2)dt—2([qzz]ﬂ'1; (ug—Gug Y )+ (05 (ug— Gua)V 7).
. I =2

If we integrate by parts in time in the first term, we obtain

N

E3+E7+E9:ﬁ:/j_(xpz;@—gug)dt—z{(xpg—;(uQ—gw)j )= (W] (=)' ) }

Jj=1

N
= (ol (ua—Gua) ™)+ (653 (ur—Gu)™ ).
=2
Obviously, from &7t =87 we have (Guy)' ™'~ =(Guy)? '+ =Gus(t;). Then

N
Es+Er+FEo= Z/(‘I’z;ﬂz—g@)dt—(@_; (u2—Guz)(T)) (P53 51 —Gun)

NE

+ ([ (ua—Gua) (tj-1)) —

j=2 j=2
+(057; (u2—Gu)(T)).
Holder inequality and the approximation properties of G imply
Es+FE;+FEy< C’(|| hp+1Dp+1u2||L1(L2) +[hP T DP Yy, ||L2(Q)) [Wa poo(r2)-

([Pl (2 —Guz) (tj-1))

This concludes the proof for the case £ >0 when the space mesh does not change in time, i.e.
Si7'=8J forall j=1,...,N.
We continue by assuming that there exists at least one j such that S7=!#£87. Then

1/2
E7+E9<0(Z [+ D (1)) ( Z I[%2P " 20

+0UthDpHU2( ) 20165~ |\L2(Q)

In order to estimate E3, we differ between two cases, case e =0 and case € >0. Let us assume
that e=0. Then we my deduce

E3 S C||hpr+1U2 ||L1(L2) ”\I[Q,T”LOO(H*l) . (429)

For £ >0, an integration by parts in time leads to
N N
Ey= / (Uas ity —Gln)dt = (W55 (2= Gua)' ™) — (W] (2= Gua) ')
=171 j=1

N
< C{ [P DP g 2y + Y IR DY ()| 120y } W Lo (2). (4.30)
=0
Note that the estimate (4.30) also holds for e =0 when the space mesh differs from one time

slab to another. However, we choose (4.29) because it shows the better convergence rates then
(4.30). This concludes the proof. O
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Lemma 4.2.1.14. There exists a constant C' such that for e >0 and (DN*)
By < Ck o] ooy | W1 | oo a1y -
Furthermore, if (DD*) or e=0, then
Ey <C|E Atig]| 1 (12) | V1,7 | oo (12)

Proof. The orthogonality property of G implies

N
—Z/ a(Wy;uy—Jug)dt. (4.31)
j=171

If the (DD*) boundary conditions hold or € = 0, an integration by parts in space and the
approximation properties of J lead to

N
E4:Z/(\If1 —0y; A(Uz—jUZ))dtSC||k3Aﬂ2”L1(L2)”\PLT”L(’O(LQ)'

Otherwise, if (DN), i.e. (DN*) and >0, we deduce from (4.31)
Ey < C|Ktia] pr ) [ W] oo 1), O

Lemma 4.2.1.15. There is a constant C such that
E5 < C”kQUQ ”LZ(H1)5“\112”L2(H1)-

Proof. From an application of the Holder inequality, we may deduce

N
E5:—€ Z/ (l(\l’z; u2—ju2)dt§€|]k2d2||L2(H1)|\\I/2HL2(H1). O

Lemma 4.2.1.16. For Eg there is a constant C' such that

1/2
E6<C<ZHhPDpHU1(j1HL2(Q) (Zu M)

where the both sums go only over such j where S7~1#£87.

Proof. If we assume that for each j=1,..., N there holds S~' =&, then

N
Eg= 3 a(W ™ — 0] (Guy —uy) 1) =0

=2

Otherwise, the approximation properties of G and the discrete Cauchy inequality yield for
some C' >0,

N

N 1/2 ‘ 1/2
Be<C( 3D () ) (DI ) .

Jj=2 Jj=2
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Lemma 4.2.1.17. Eg=0.

Proof. On account to the properties of projection J and G, we have
N

Es=>_a(0y; (u—Gu)"")=0. (4.32)
Jj=1 O

Incorporating estimates for E; — Fy into the representation (4.12) and recalling the stability
estimate from Lemma 4.2.1.2 we have

1. if S 1=8J for all j=1,..., N and
a) €>0, (DD)
167l < C{ |62 Adia | g z2) + | WP DP o | a2y + [P DP oy a1
IR gl s 1y +VEIR i 2 (4.332)
b) if e>0 and (DN)
167l < C{ |52 A | 1 22) + /e (1Ko | L2 (prny + | B2 Ao | 1212 ) + WP DP o 1 12y
B Dy )+ R Lo o (4.33b)
c) if e=0 and (DD) or (DN)
16l < C{ |62 Adin ]| 1 vy 4 | B DP g 1 2y
+||hp+1Dp+1yl|\L1(L2)+||k3Aii2HL1(L2)}, (4.33¢)
2. if 8971487 for at least one j=1,..., N
a) >0, (DD)

N
167l < C{ 12 Aiia | 12y + 1P DY | oy + Y I DP () 2o

J=0

= +1 yp+1 2 1/2 3N
(I D sty )y ) IR N e

2 = +1 2 1/2
Vil + (YOI D ) )} (4334)

j=1
b) €>0 and (DN)

167l < C{”kQMh 22y +VE (R tia] 2y + |2 Ao 1212 ) + WP F DP* g 1 12y

N N 12
+Z”hp+1Dp+1 )2 <Z||hP+IDP+1u2 O Q))
j=0 J=2
2 p NHp+1 2 1/2
+k U2HL1(H1>+<ZHhD u(ti)le) ) (4.33¢)

Jj=2
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c) €=0and (DD) or (DN)

N 1/2
16N [l < 0{ 63 At | 1 211+ [ AP DP g | o )+ ( S IR D () ||22(Q))

j=2
+ || hp+1Dp+1u2(T) ||L2(Q) =+ ||]€3AU2 “Ll(L?)

N 1/2
+ ( S 1D 1) u;(m) } (4.33f)
j=1

The estimation of ||p™ || follows as Lemma 4.2.1.11. According to the decomposition (4.11),
the combination of the estimates above with an estimate (4.24) yields an upper bound for
lle¥ =]l This concludes the proof of Theorem 4.2.1.2 and Theorem 4.2.1.3. O

4.2.2 ¢G(1) time approximation

For the notation and definitions used in the following, we refer to Section 2.3.4 for ¢G(1) time
approximation and to Section 2.1 for the spatial Galerkin discretisation.

Lemma 4.2.2.1 (Dual bilinear form B*, ¢G(1) time approximation). In case of the
continuous Galerkin discretisation in time, for (piecewise) smooth functions, globally contin-
uous in time u, v the dual bilinear form of the bilinear form (2.41) reads

B*(v,u)= —/0 <1);u>Hdt+/0 a(vg;ul)dt—/o a(vy —evg; ug)dt
+{v(T);u(T)),,—(v(0);u(0)),, . (4.34)

Proof. Given the definition of B* in (4.5) and the definition of B in (2.41), an integration by
parts in time yields

B*(v,u)=B(u,v)= —/0 <7’J;u>Hdt+<v(T) ;u(T)>H—<v(O) ;u(O)>H

T
+/ a(vg;ul)dt—/ a(vy —evy; ug)dt. O
0 0

The discrete weak dual problem reads: Given ¥(7)eS xS CH, find Ve Q. such that

B (0, V)+(2(0);V(0)),,=(¥(T);V(T)), forall VeWw.. (4.35)

Remark 4.2.2.1. Note that the strong dual solution ® of problem (4.3) is also a weak solution
of problem (4.35). O

Lemma 4.2.2.2 (Stability of the discrete weak dual ¢G(1) solution). The solution W=
(¥, Uy) of the problem (4.35) satisfies the following stability estimates
T
19 ()l +2e | 1910 oyt =119(T) I3, (4.36a)
tn

where 1<n<N and

1917w 22y < I (T - (4.36b)
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Furthermore, for =0, there holds
19207 (zr-1y <N (T) (4.36¢)

Proof. The proof follows analogously as in case of weak "forward problem”, see Lemma
2.3.4.1. ]

Theorem 4.2.2.1 (A priori dual error estimate, cG(1) time approximation). There
is a constant C, independent of u and its discrete ¢G(1) counterpart U, such that for € >0

(Tl < O U DP* it g2y 4 1 DV o (T) gy + R D7 i 2
+ ”kQA'U/QHLl(LQ) —+ (”kUQ "Ll(Hl) ”]{]Au2”L1(L2)) -+ HkAm ”Ll(LQ)
+HkA(ill—i—eug)HLl(Lz)—i—thDp“ul(T)HLz(Q)—i—th“DPHUQ(T)HLz(Q)}, (4.37a)
provided u € (HP*1(2))? where p=1 for linear and p =3 for cubic elements in space. Here
the 5th does not appear if the (DD*) boundary conditions hold.Moreover, if € =0, there holds
additionally
le(T)ll<C { [P DP* g | 1oy + [ AP DP g (T) | 2 + WP DP g | 2oy
+ ||k2Au2 HLl(LQ) —+ HI{J2A(U1 —|—€7:L2> ”Ll(Hl)

+[[BP Dy (T) | 2o + [ A7 D g (T) | 120y }, (4.37b)

provided u € (HPT2(Q))? for p=1 and ue (H?*2(Q2))? for p=3.

Remark 4.2.2.2. The estimate (4.37a) is of order O(h?+k) whereby the estimate (4.37b)
attains the expected order of convergence O(h?+k?). O

Proof. Let the error e=u—U be decomposed as
e=p—0, p=u—"Tllu, 0:=U-7Tllu, (4.38)

where I1:= (G, G) and 7, is the H! temporal projection onto the space of ¢G(1) functions from
Definition 3.1.0.10. For the properties of the projections J; and G we recall Lemma 3.1.0.12
and 3.1.0.6, respectively. To bound [|#(T")|+, we introduce the following Lemma.

Lemma 4.2.2.3. For 0, p as in (4.38) there holds

10(T)IZ, = a(61(0); W3 (0)) — a(6a (0); W4 (0)) +ea(Ba(0): Wy(0))+ / (s )i+ / (po: W)t

T T T
—/ CL([)Q; \Ill)dt+/ (l(pl; \Ifz)dt—i—g / CL(,OQ; \Ijg)dt: Z E@, (439)
0 0 0 =1

where W(T') is chosen such that U(T') = (6, (T)—Kp02(T), 0,(T)).
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Proof. Civen (4.35), let the test function V € W, be chosen such that V =6. This yields
(W(T);6(T)),,—(0(0):6(0)),,= B*(V,0)
T . . T . . T .
= /a(\lfg—\lfl;91)dt—/(\p2;Qg)dt—/a(\lfl;QQ)dt
0 0 0
T
+6/a(\112;92)dt+<\I/(T) ;0(T)>H—<\If(0) ;0(0)>H.
0

The last equation is equivalent to

T . . T. . T . T . T .
0= —/ (1,(91; \Ifl)dt—/(eg; \IJQ)dt—/ (1,(92; \Ifl)dt—i—/ a(Ql; \IIQ)dt+€/ a(92; \Ijg)dt
0 0 0 0 0

Furthermore, an integration by parts in time yields
0= —/02(91;Ql)dt—/0€92;¢2)dt+/02(92;\ifl)dt—a(GQ(T);\Ifl(T))+a(02(O);\Ill(O))
- [t )it alon(): ()61 0000
—€ /0:;(92; \112)dt+8a(92(T); Uy (1) —ea(62(0); ¥o(0)).

From the definition of the bilinear form B, see (2.41), the last equation simplifies to

a(01(T); Vo(T)) —a(02(T); (V1 —eW2)(T)) = B(8, qj>+a(91(0)3 W5(0))
—a(65(0); (U1 —eW,)(0)). (4.40)

The Galerkin orthogonality (2.9) provides
B(6,¥)=B(U—JTu, ¥) =B(u—JIlu, ¥)=B(p, ¥). (4.41)
Furthermore, due to the choice of ¥, we obtain

a(01(T); Wo(T)) —a(02(T); (P11 —eW2)(T) = a(01(T); 01(T)) +a(02(T); Knbo(T))
=6:(T) ”?{1(9) +[62(T) “%Q(Q)
=[10(T)1%- (4.42)

If we substitute (4.41) and (4.42) into (4.40) we obtain
[6(T) 15, =B(p, W) +a(61(0); W2(0)) —a(85(0); (V1 —£W2)(0)).
From the definition of the bilinear form B, cf. (2.41), we may conclude the proof. 0
In order to estimate [|0(T)||3,, we have to estimate each of Ey, (=1,...,8.
Lemma 4.2.2.4. Let U(0):=IIug be a discrete variant of the initial solution u°, then

E1 +E2+E3:O
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Proof. Owing to the properties of the projection G, J; we have

U

Remark 4.2.2.3. If we choose U(0) = (Zyo,Zy1), we may obtain the estimate in terms of
|W2(0)] g1 (). This is not optimal due to the results from the stability Lemma 4.2.2.2. O

Lemma 4.2.2.5. E,=0.

Proof. According to the orthogonal properties of projection G and J;

T T
E4—/a(u1—gu17‘111)dt+/ a(%(Gul—jlgul),\Ill)dt—O ]
0 0

Lemma 4.2.2.6. There exists a constant C such that for e >0

Es < C{|W* D g a2y [ W oo 2y + 1P DP i (T) | 2 () 102 (T) | 20
+ [ RPFEDP | 2y [ Yol oo 22y - (4.44)

Proof. Similar as in the proof of Ej,, the orthogonality properties of J; imply

T ) TH ) T .
Ey= /(712—97:62;‘112)65754‘/(a(gw—.ﬂguz);‘I’z)dt:/(%—g’lb;\I’z)dt-
0 0

0

An integration by parts in time and the approximation properties of the Galerkin projections
yield

EF_/O@Q_%; Wy)dt + ((ity—Gi) (T); Ua(T)) — (51 — Gijn; ¥2(0))

< |RPHDP g 11 12 [ W] o (12) + | AP DPH g (T) | 120 102(T) | 1200
+IRPEEDP g | 2 ) | W) oo (12)- -

Lemma 4.2.2.7. There exists a constant C' such that
E@' S C(”I{?2AU2 ||L1(L2) ”\Ijl HLoo(L2) + (“k'UQHLl(Hl) + "k?AUQ”Ll(LZ)) ”le ||L°°(H1)) (445)
where the second summand does not appear if the (DD*) boundary conditions or € =0.

Proof. The orthogonality properties of projection G lead to

T T T
Eg= —/a(ug—gu2;\111)dt—/a(guz—j1guzs‘91)dt:—/ a(uz — Jyug; Vy)dt.
0 0 0

Furthermore, an integration by parts in space yields

I :/T(A(uQ—JluQ); ¢’1)dt_/TD(u2—j1u2)(t, )W, (¢, 1)dt. (4.46)



4.2. A PRIORI DUAL ERROR ESTIMATE 139

For the first term on the RHS we have
T . .
/ (A(UQ —j1u2); \Ifl)dt S CszA’Ua ||L1(L2) H\Ifl ||L00(L2). (447)
0

The second term equals zero if (DD) or e =0 and (DN) hold. Otherwise, if we integrate by
parts in time and make use of the fact that Jus and us coincide in each time-point ¢;, then

_/TD(uz—jlug)(t, Dy (t,1)dt = /T%(D(ug—jlug))(t, D)Wy (t,1)dt.
From

W (1) < [0 ()] )
0

0 0
E(D(W—jﬂ@))(t; 1)< ”E(W—jlw)(t)”m(m+||§A(U2—~71U2)(t)“L2(Q)7

we obtain for some numerical constant C',

T
—/ D(Ug—jl’LLQ)(t, 1)‘1/1<t, ].)dt S C(”kUQ ||L1(H1)+ ”k?AUQ ||L1(L2)) “\IIIHLOO(Hl)- (449)

0
A substitution of (4.47) and (4.49) into (4.46) yields the proof of theorem. O

Lemma 4.2.2.8. There exists a constant C such that for e >0
B4 Eg <C|kA(iiy +¢tin)] 11 (22) [ 2] oo (22),
Furthermore, for e =0 there holds additionally
Er+ By < O|K* Ay +eiin) | 1 a1y | W oo (-1 -

Proof. The orthogonality property of G and integration by parts in space yield
T . T .
Eot By— / a((I =) (w1 +2us); W) dt = — / (1= ) Ay +eus): By)dt. (4.50)
0 0
Let us assume that e=0. Then
T . .
E7+E8 = —/((I—j)A(ul —|—8U2); qjg)dt S C”]{?2A(U1 —|—€1.J:2) ||L1(H1) ||\I/2 ||Loo(H71).
0

If >0, an integration by parts in time in the RHS of (4.50) and the Holder inequality yield

E7+E8:—/€(I—j)A(U1+EU2), \Dz)dt: /?%(I—j)A(ul%—EuQ), \Dg)dt

SO"k}A(ﬂl—l—gﬂg)“Ll(lg)||\I/2||Loo(L2). (451)

This concludes the proof. 0
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Given the stability Lemma 4.2.2.2, if we substitute the estimates for F1, ..., Eg derived above
into the representation (4.39), we have for £ >0,

[T )< C {117 DP il oy +IW D7 i (T) gy 1 D70
+ szAU/2 HLl(L2) -+ (HkUQHLl(Hl) HkAUQ ”Ll(LQ)) -+ Hk;Aul ”LI(L2)
+|ykA(u1+ga1)\|L1(L2)}. (4.52a)

If e=0, then

16CT) I <C { |72 D g o 2y + [ A7 D i (T) | gy + 1R D g
R Adia | 1 2) + [ K* Ay ngUz)”Ll(Hl)} (4.52b)
Its left to estimate ||p(T)||z. We recall the proof of Lemma 4.2.1.11. Then there holds
lp(T)ll2e < C (1R D7 s (T) | 2oy + 1B DP s (T) | ey ), (4.53)

for some numerical constant C'> 0.
According to the decomposition (4.38), estimate (4.52), and (4.53) yield the proof. O

4.3 A posteriori dual error estimate

The a posteriori error estimates accomplish two main goals. First they provide a computable
error bound for the given finite element computation. Secondly, they are used to perform the
adaptive mesh refinement. Within this section we analyse and derive these bounds by using
the dual method techniques which rely on the stability estimates of the strong dual solution
introduced in Lemma 4.1.0.5. Their use in adaptive refinement process will be emphasised in
Chapter 6.4.

We start by first considering the time discretisation methods, and then combine them with
the two different space ansatz, i.e. P; and C' elements. The proven convergence order of a
posteriori error estimates for different time discretisation methods and P; and C! ansatz in
space are given in Table 4.3.

Note that the error convergence rates proved by the dual method under certain restrictions
show the better convergence behaviour than the ones obtained by the energy method. This
is obvious when compared dG(1)®C' and ¢G(1)®C?! discretisation. However, we still did not
succeed to prove the optimal convergence order for P! space ansatz. The problem is that in
1D we can not make any additional requirements on the spatial mesh.

Here we also proved the a posteriori error estimates in the negative norm.
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e e« +lex™ - pi cl
if s=1 then e=0 or (DD)
s=0 O(*-+E), (DD"), 51251
- o 3 —17,3 .
dG(O) O(h +k h +k) otherwise

Subsection 4.3.1.1 _1 O(h-'—k}) si-lcsi, O(h4+k)7 si—lcsi,
o O(h+k " R2+E) otnerwise Oh*+ kA4 k) otmerwie
=0 B O<h3+k3), e=0, (DD*), si-t=si

a O(h3+k_1h3+k3) otherwise
dG(1)

Subsection 4.3.1.2 _1 O(h+k3), 8207 Si—l=g7, O(h4—|—k}3), (DD*), Si—l_gJ
o O(h+k~ h+k3) stnerwise O(h* 4+ k44 k3) otmerwise
s=0 -

CG(]') O(h8+3+k2)7 (DD*)

Subsection 4.3.2
s=1 O(h+k?)

Table 4.3: Proven a posteriori error estimates for eV~ [l (s = 0) and [|eV |5 (s = 1); dual
method.

4.3.1 dG(q) time approximation, ¢=0,1

In the following, the error representation lemma for the case dG(q) in time will be introduced.
The notations and definitions are adopted from Subsection 2.3.3 and Section 2.1. Note also
that the analysis presented below employs the residual Res from Definition 2.3.1.2.

Lemma 4.3.1.1 (Dual error representation, dG(q) time approximation). If uis a so-

lution of (1.28), U its discrete dG(q) variant and ® a strong solution of the corresponding dual
problem (4.3), there holds

(N7 5eN7), = (2" ;€"7), +Res(e,®—V) forall Ve Q. (4.54)

Proof. Since ® is also a solution of the discrete weak dual problem (4.9), cf. Remark 4.2.1.2,
we have

(@V7;eM7),, — (M 5e"7),, =B (P, e). (4.55)

From the definition of the dual bilinear form, see Definition 4.1.0.2, the Galerkin orthogonality
(2.9) and the definition of the residual Res in (2.10), we have for all V € Q,

B*(®,e)=DB(e,®)=B(e,p—V)=Res(d—-V).

A substitution of the last equation into (4.55) completes the proof. U
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4.3.1.1 Dual a posteriori error analysis, dG(0)®P;

The following analysis implies the estimation of the error in the energy norm ||V~ |3 for
Problem (1.13) with an arbitrary boundary conditions and of the error [le¥~ || in case of
(DD*) boundary conditions only.

Theorem 4.3.1.1 (A posteriori dual error estimate, dG(0) ®P;). There exists a con-
stant C' such that the error of the dG(0)®P; approximation satisfies the following a posteriori
error bound for s=1

e I < C{ 10— Zuo)ar s+ 1w — o) ey + WUl oy + 1S = L) sy

N N
(T2 +51/2)||k:f||L1(L2)+leh(1—g)Uf_1_||H1(Q>+Z”h(1_£)U§_l_“L2(Q>

j=1 Jj=1
+(T1/2+51/2)||k/c,;1(U1+gU2)||L1(L2)}. (4.56)
The sums Zjvzln(] - Q)Uf_l_HHl(Q)jLZj.V:l”([ — £)U§‘1‘1|L2(Q) in equation above vanish pro-
vided S C &7 for all j.

Remark 4.3.1.1. The estimate (4.56) is of order O(h+k) when §~'C &7 for all j=1,..., N.
Otherwise, the estimate is of order O(h+h*k™ +k). O

Proof. Given the residual representation from Lemma 3.3.2.2, case P!, the error represena-
tion (4.54) is equivalent to

N
<6N_;<I>N_>H:<eo_;<1>o+>H+Z/ a(Uy; ¢—V1)dt
j=1 1

+32 [ (Vi Do (@ vy,

ot

_Z/I > [D(Uy+eUs)(O)l(¢—Va) (t, xi)dt=: Y Ey. (4.57)

J k=1 /=1

Here m=n—1 for (DD*) or m=n for (DN*) boundary conditions.
In order to determine the upper bound for [|e™~||;;, we need to estimate each of the terms
Ey, ..., E5 from (4.57). Therefore, we choose a test function V € Qy such that

V=Jlé, 1I=(G,L). (4.58)

Here, ® denotes the continuous solution of the dual problem (4.1) and J is the mapping onto
the space of constant functions in time defined by

Ju|p=w"F forall j=1,...,N and ueH'(7). (4.59)
Obviously, J is not a L? projection in time.
Lemma 4.3.1.2. If a discrete variant U%" of the initial solution ug= (yo, y1) is defined by
U= (Zyo, Iyn),

where 7 is the nodal interpolation operator, then

By < C{In(so—Tyo) I @I Dbz wa) + 1y Ty L o ISl e |
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Proof. We start from
Ey=a(yo—Tyo; ¢"") + (1 —Tyn; °F).

The Friedrichs inequality and the fact that the nodal interpolation operator and the Galerkin
projection G coincide in 1D, yield the following estimate

By < C{ (o —Tyo) lin oy |AG o< 2) + 1Ay =Ty s @ |l i |- 0

Lemma 4.3.1.3. There holds
E2 § ”kUQ HLl(Hl) ”¢HLOC(H1)

Proof. The properties of G imply

N N N
_ o O CAI =1+ 7 — C =1t
EQ—;/]ja(UQ,¢ Q¢)dt+;/lja(Uz,g¢ G )dt ;/}ja(Ug,qﬁ ¢ dt.

Since ¢(t)—(tj-1) :fti,l ¢(7)dr we may deduce

N
L, < Z/ 1Uall e @l =" F (@ @t < NEUs| Ly 0] ooy
j=1"1i

Note that the inequality above can be further used only if the (DD*) boundary conditions or
€=0 hold. 0

Lemma 4.3.1.4. There exists a constant C >0 such that there holds
Es < C{|h(f = L) rro)| Dl poe ) + 1k f 22y (T2 | A oo (r2) +e| Al 12(12)) }-
Proof. According to the symmetry properties of £, we have
N . . N . .
Bi= > [ (r-trio-day [ (rico-coar
j=171 j=171
For the first term there holds

N
3 / (F—Lf: 6 LA <CIA(F L) s | M.
=175

Owing to é:A(Qﬁ—eé), we deduce the following estimate for the second term

Z/,(f TCTENLEDY /l (Lfso= 1)t

< (JELf | r201); TV A o 0.1+l Al 1207 ) - (4.60)
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This follows since
N N
S [erio-d = [ S [ @pié-i i
j=1"1j Q=171
N .
< [ SDIE a1 =) oo
=1
JN |
< [ SoWsLluny (180liaay +el bl o
=1
JN |
= /QZ”’%ﬁﬂlmuj)(’%1-/2||A¢||L°o<fj>+€||A¢||L2<Ij>)dl“
j=1

N 1/2 .
<[ {1180 (1) 186k +eladlizon s

=1

By use of the Holder inequality, the RHS of the equation above can be dominated by

N
Z/j (f3 Lo= N dt <k f 2y (T2 Al oo 2y +2 | AG] 1212 - .
j=1/1

Lemma 4.3.1.5. There exists a constant C' such that
N . N . .
By < C( Y IMI=G)UT ™ Lm@ ) 180l qun+C (32 IMI=L)UF " luzqey ) 16l
j=1 J=1

where both sums go only over such j where S7~1Z &7,

Proof. Owing to the properties of the mapping J, we have

N

Ei== ([0 (9=Ga P~ )dt=d_ (VP ™5 (6= LY ).

Jj=1

If we assume that for all j=1,...,N, 87t C &7, then E; =0 owing to the orthogonality
properties of G and £. Otherwise,

N N
Ey=Y a(U{™'"=GUI™' 73 (9=GoY " )dt+ Y (UF™' 7 —LUT 5 (6 L))
=1 =1
< (X 1= o) 1861w+ C (D2 NI =)0 iz ) ISl ooy O
j=1 J=1

Lemma 4.3.1.6. There exists a constant C such that there holds
N
Bs< C( S (U +eU) |yH1(Q)) |AG] L(z2)
j=1

+0”ng1([]1 +8U2)HL1(L2) (T1/2 ”A(z)"LOO(L?)+5||A(Z‘5HL2(L2))-
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Proof. We start from

Z/ S DU +<U o £6) )i

I k=1

_Z/ Z (Ur+eUn)|e(L(o—¢ ")) () dt. (4.61)

Ij k=1
For the first term on the RHS of the equation above we have

_Z/Z U1+€U2 ¢ ,CQZS Tk dt—Z/ U1+€U2,¢ ,Cgb) (462)

I k=1

An integration by parts in time yields

N
Z/ U1+€U2, £¢ t= ZCL U1+5U2) (¢_‘C¢)j_)

Jj=1

s

= a((Ur+ela) 75 (6= L) ).

j=1
The Holder inequality and the approximation properties of L yield the following estimate for
the ﬁrst term

2 / SO +eU) e (6 £6) ) dt<c(2 AU +eUaY Lo ) IAGl o 12

I k=1

Argumg in the similar way, the second term can be rewritten such that

—Z/Z (Uy+eU)|i(L(—F 1)) (s dt—Z/ (Uy+eUsy; L(G—F 1 H))dt.  (4.63)

I k=1

Since ¢p=A(p—c¢), we may deduce
Z/ (Ur+eUs; L(6—¢' ) dt <a(|k(Ur+eUs) | 201y T2 ILAG o 0,17+l LA 1200,

From the definition of the operator K, ', we have
a(”k(U1+ €U2) “Ll(O,T); T1/2 ”‘CA(bHLOO(O,T) +€’|£A$"L2(O,T))
= (IC;luk(Ul +eUs)| L1 0,1); T1/2||£A¢HL<>O(0,T)+€H£A¢HL2(0,T))- (4.64)

Finally, we may deduce

—Z / Z (U +eU)]1(L(d— & 1)) () dt < R Un | pa g2y (T2 | A oo 12y F [ A 212 ).

i k=1
If s=0, an integration by parts in space in the RHS of (4.64) yields This concludes the proof.[]

Owing to the results of the latter lemmas, if we recall the stability Lemma 4.1.0.5 and the
error representation (4.57) we may conclude the proof of theorem. UJ

Remark 4.3.1.2. We may also use V =(JG¢, JZ) in order to neutralise the jumps terms
in F5. However, since Z is not L? orthogonal, we can not obtain the optimal estimate in e.g.
E;. O
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4.3.1.2 Dual a posteriori error analysis, dG(0)®C;

For the derivation of the a posteriori error estimate in case of dG(0)®C"! approximation, recall
the definition of the bilinear form B (2.18), its dual form B* (4.6) and the error representation
formula from Lemma 4.3.1.1.

Theorem 4.3.1.2 (A posteriori dual error estimate, dG(0)®C'). There exists a con-
stant C' > 0 such that for s = 0,1, the error of the dG(0)®C' approximation satisfies the
following a posteriori error bound

e Lo+ 1ed -+t < C{ 11 o= Zuo) oy + 11 (1 =T o+ IED* Vol a
+ (102l @) +IAU: | r2)) +110° (1= L) (f + AU +€Us) £ 22)
(T4 )KL (f+ AUr+eUs)) | -

N N
IV TGO iy + D W (T L)UF ™ [ - (4.65)

J=1 Jj=1

Moreover, for s=1 we assume that either e=0 or (DD*) hold. Furthermore, the 4th summand
on the RHS of the equation above appears only for s=0 and (DN)* boundary conditions. The
sums over j vanish for all j where S~ C &7,

Remark 4.3.1.3. Assume S7"' C &7 for all j=1,...,N. If s=0 and (DD)*, the estimate
(4.65) is of order O(h*+k). If s=1 and either ¢ =0 or (DD*) hold, proven estimate has the
order of convergence O(h*+k). Otherwise, if we assume that "' Z 87 for all j=1,..., N,
then the estimate is of order O(h3+h*k~14k) for s=0 and (DD*) and of order O(h*+h*k~1+k)
for s=1 where either e=0 or (DD)* hold. O

Proof. According to the definition of the residual Res from Lemma 3.3.1.2, case C!, the error
representation (4.54) reads

N N
<eN—;q>N—>H:<@0—;¢>o+>H+Z/ a(U2;¢—\/1)dt+Z/(f+A(U1+eU2);¢—V2)dt
j=1 71 j=1"1i

N

=Y (WP @=vy T, =Y B (4.66)

J=1

In order to derive an a posteriori error bound for [|e¥~ |l and [|eV ™|, we need to estimate
Ey, ..., E, such that the final bound consists of some computable terms and terms which can
be dominated according to the stability Lemma 4.1.0.5. If we chose a test function V' as in
(4.72) with J as in (4.59), then for F; we may a bounds as in Lemma 4.3.1.5, where G and
L are the projections onto the space of cubic polynomials in space. It remains to estimate
FE4, E5 and E5. This is emphasised in the following lemmas.

Lemma 4.3.1.7. If a discrete variant U°~ of the initial solution uy= (yo, %1) is defined by
UO_ = (Iy07 Iy1)7

where 7 is the Hermite cubic interpolation operator, then

By < CS{HhS(yo—Iyo)HHl(Q) | D=1 oo 12y 1% (51 = Z1) |15 () ||$||L°°(Hs)}-
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Proof. We start from the definition

Ey=a(yo—Zyo; ¢°7)+(y1 —Zys; $0+)-

For s=0 we have

By < lyo—Tyol oy 0] ooy + 91 = T | 120 |0 o< (12)-

For s=1 an integration by parts in space leads to

Er= — (yo—Tyo; A°) +(y1 —Zy; <250+)-

An application of the Friedrichs inequality yields the following estimate

B < C{Iho—Zyolm @ bl roeez) + 1A ~Tyn) iy | Dl = }-

Note that for s=1 we applied the following inequalities in the estimation of the second term

1
[9220) <ol and  [yo—Zyolr20) < —1h(yo—Zyo) |11 (o)
This concludes the proof. ([l

Lemma 4.3.1.8. There holds the following estimate

s ; 2
By <[kD* Uy p1(12) |0 ] oo (1) + (2+ ;) (1020 L2 zy +1AU2 | L1 (122)) [ 6]l oo (11,
where the second term appears only for s=0, £>0 and (DN)* boundary conditions.

Proof. The properties of G imply

N
EQZZ/ a(Uy; p— ¢~ 1)dt. (4.67)
=171

For s=0, an integration by parts in space yields

N N
Ezz—Z/ (AUQ;¢_¢1—1+)dt+Z/ DUs(t,1)(¢—¢"—F)(t,1).
j=1"1 j=1"1i

The second term on the RHS of the equation above vanishes for (DD)*. Otherwise an appli-
cation of the trace, Friedrichs and then of the Holder inequality leads to

N
. 2
Z/ DUs(t, 1)(d—¢ = )(t,1) < (2+;)(HU2HL1(H1)+UAU2UL1(L2))H¢HL°<>(H1)-
Hence,
By < |kAUs| 12| 0] L2)+(2+ )(||U2||L1 )+ IAU | L1 22)) | @) Lo 1)

For s=1, since ¢(t)— ft _, ¢(7)dr we may deduce from (4.67)

N
Z/ |Uall il ="~ F (@ @t < NEUs| Ly 0] ooy - O
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Lemma 4.3.1.9. For s=0, 1 there is a constant C'>0 such that there holds

By < C{In* (1= L)(f+ AU +2Un) g |l

FIRLS (f 4 AU +EU)) 11 gr-e) (T2 D oo 2y +£] D™ 1212 ) }

Proof. We rewrite F5 owing to the symmetry properties of £ such that

N
By= Z /I (f=Lf+ AU =LU) +eA(Ur = LUs); 6= Lo)dt

+Z;/1,<f +AUr+ely); L(o—¢ ). (4.68)

For the first term on the RHS of the equation above we may deduce

N
Z/(f—ﬁf—f—A(Ul—£U1)—|—€A(U2—EU2),gf)—ﬁgb)dt
j=171;

<R (I —=L)(f+AUL+eU2)) 1112 |0 o0 (1159 -

For the second term on the RHS of (4.68) we have since g.b.:A((b—egb)

> / f+ AU +eUy): L(G— 1))t

< (||k(f+A(U1+5U2))||L2(0,T); ||£¢5||L2(0,T))
< (Jk(f+ AU +eU)) | 20, 1LA (6 =) [ 22(0.1)) - (4.69)

For s=1 a Hélder inequality in space proves

N o .
Z/(f+A(U1+€U2); L(p—¢1))dt< Hk(f—i—A(Ul—i—EUg))HLz(Lz)(T1/2HA¢”L00(L2)+€HA¢||L2(L2)).
- I.

For s=0, we continue by using the same arguments as in the proof of Lemma 4.3.1.4. From
(4.69) using the symmetry property of £ and integrating by parts in space we obtain

N
S [P+ AW +2U: £t < (LI + AU +U) o 1A G- 1200)
/I

< a(”ﬁk(f—l—A(Ul +eU2)) | 2(0,1); H¢—5¢||L2(0,T))

< NRLf+ AU AU | r2ary (T2 [ @) poe sy +€ Dl 20y ) -
This concludes the proof of the lemma. O

If we substitute the results of the lemmas above into the error representation (4.66) and recall
the stability results from Lemma 4.1.0.5, we may conclude the proof of theorem. Note that in
case s=1, the stability result (4.4c) and (4.4d) can be applied if (DD*) or ¢ =0, respectively.[]
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4.3.1.3 Dual a posteriori error analysis, dG(1)®@P,

Theorem 4.3.1.3 (A posteriori dual error estimate, dG(1) ®P1). There is a constant
C such that the error of the dG(1)®P; approximation satisfies the following a posteriori error
bound for e=0

e Ml < C{ 15(y0—Tyo) (@) + 1R (y1 =Ty e @+ Dn s (U) | 0.y + T2 K (Ua = Us) | 12 22)

N
HAf =LA+ TPIRLf = Pl + Y II=L) U e

j=1
N .
+ Dy (U )+ Dpa(U)7)+ D Dua(U7 1)
=2
+T1/2Hk2£IC}:1(U1 _Ul)HLQ(Hl)}- (470)

The sums on the RHS of the estimate above go only over such j=1,..., N where S71 487,

Remark 4.3.1.4. The estimate (4.3.1.3) is of order O(h+k?) if $7! = &7 and of order
O(h+hk™'+k3) otherwise. O

Proof. Given the residual representation from Lemma 3.3.2.2, the error representation (4.54)
can be rewritten such that

N— . @N—-\ _ /,0—. 50+ S : - :
<€ 7@ >H_<€ a(D >H+Z/ a(U27¢_‘/1>dt_Z/ a(Ul‘ra(b_‘/l)dt
j=1 71 j=1 71
N . N
3 / (= Usrs 6—Va)dt =3 ([T (6= VAP 1) = S (TP (- Vo)1)
- I =

Jj=1

+Z/Z (Ur+¢ls)] (¢—V2)(xk)dt::ZEg. (4.71)

I k=1

2

Note that here m =n if we deal with (DN*) boundary conditions and m =n—1 for (DD*)
boundary conditions.

The idea is to estimate each of F1, ..., E; such that the dual solution contribution in the final
estimate can be dominated by means of the stability results from Lemma 4.1.0.5.

Therefore, we choose a test function V € Q; such that

V=Jlo, I=(LL). (4.72)

Here, ® denotes the continuous solution of the dual problem (4.1) and J is the mapping onto
the space of dG(1) functions from Definition 3.1.0.9, case dG(1)a. Like in the Subsection
4.3.1.1, see Lemma 4.3.1.7, if U% is chosen such that U’ = (Zyo, Zy,) where Z denotes the
nodal interpolant, we have

Ex < C{Ih(o—Tyo) L @)1 Ab Lz a2)+ 1y =Ty iy € e |-

The estimation of the remaining terms Fs, ..., E7 is given in the Lemmas below.
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Lemma 4.3.1.10. There exists a constant C such that for e=0
By < C<||Dh,3(U2)||L1(0,T)+T1/2||k2(U2—U2)||L2(L2)> [ A@] Lo (12)-

Proof. Due to the orthogonality property of 7, we have

N N .
_ b Ty L(o— T b))dt.
E, Z/l a(Us; ¢ w””;/lj“(% Uy; L(6—T0))dt

j=1""

The approximation properties of £ given in Lemma 3.1.0.10 prove

N
Z/a(Uz;¢—£¢)dt§CHDh,a(Ué)HLI(O,T)HAGﬁHLoo(LQr
j=171j

For the second term the approximation properties of 7 imply

N
Z/G(UQ—UQ; E(Qﬁ—jﬂﬁ)dté C a(||k:2(U2—U2)||L2(07T); ”'Cglb.”L?(O,T))-

=171

Since ¢=A¢ for =0, the last inequality can be recast to
N
Z/a(U2 ~Ug; L(o—T$)dt < C a(|k*(Us—Ts)| 1200y T | LA o 017)) - (4.73)
j=1"1i

From the definition of the operator IC,:l, the last inequality is equivalent to

N
Z/G(Uz—Uz;ﬁ(d)—j(ﬁ)dtSC (1K, (U =T ) | 20y; TN LAG] Lo 01))
=171

<OTY KK (Us = Us) | 212 | AG] oo 122
This concludes the proof. O

Lemma 4.3.1.11. There exists a constant C' such that for =0,
Ey<C(I(f =L 2wy +TVPIRL = P2y |6l e arn)-

Proof. Using the symmetry and the approximation properties of £ and J, we may rewrite
FE, such that

N N
Ea= Z/(f—ﬁf;ezﬁ—ﬁcb)dtJrZ/(f—f; Lo—TLp)dL. (4.74)
j=1"1% j=1"1
For the first term on the RHS of the equation above we may deduce,

N
> [(F=L8i0 = L= I ~LDwsan ol e, (4.75)
j=1"1i
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The second term can be estimated such that
N . . _ 93
S [ (=506 = Tt < R~ Pliors 15 0l20m).
j=1"1i

From the dual equation we have qg: A(¢—5¢5). Then, owing to the symmetry properties of
L, we may deduce

N
Z/I(f—f; L(¢ = T9)dt < C(IK*L(f = Nrz01): [A(—d) | r207)) - (4.76)
j=171i

After integrating by parts in space, the term on the RHS of the equation (4.76) is equivalent
to

(||k2£(f_f)”L2(0,T)§ A||¢—€$‘IL2(O,T)) =- a(”kQL(f—f) ||L2(0,T)§ ’|¢—€é"L2(0,T))- (4.77)

If e=0 we have

a(LIK*(f = D201 [0=edlr20m)) SCTVPIRL(f = Pl 2 |0 e art)- (4.78)
A combination of (4.78), (4.77) and (4.76) yields an estimate for the second term from the
RHS of (4.74). If we recall an estimate (4.75), we may complete the proof. O

Lemma 4.3.1.12. There exists a constant C' such that
N . .
Eg < C( > Ih(I-L)ui ||L2(Q)> [olzoe (),
j=1

where the sum goes only over such j where S7~1 Z &7,

Proof. Owing to the properties of L, 7, we have

N

Eo= Y ((I-L)U3 7 (9 L&) ~).

j=1

The approximation properties of £ lead to

N
Ee < C( Y I =)0 Ly ) Il soeiamy:

j=1
This concludes the proof. O

Lemma 4.3.1.13. There exists a constant C'>0 such that for (DD*) and e=0

B3+ FEs+Er < C{Dh,S(U1 INAGY | z20)+ Daa (UL )| A poo (r2)
N
(Yo Dus U7 NGl oe o) + T 2RRLIG (U =T 2 Wl ey
7j=2

where the third summand (sum) on the RHS does not appear if for all j=1,..., N, §71=87.
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Proof. Let E; be rewritten such that

I —1 Ij k=1

E7_Zl/ Z[D(U1+gU2)]k(¢—c¢)<xk)dt+zl/_Z[D<Ul+eU2>]k<£(<é—J¢))<xk)dt

N N
=-> /] a(Uy +eUy; ¢—L)dt—) /I a(Uy—T1+e(Uy—Ts): L(G—Td))dt.  (4.79)
J=1"7 j=1v1j

In the following we assume € =0. An integration by parts in time yields for the first term

N N N
_;/Ija(U1;¢—£¢)dt: ;/lja(UM;¢—£¢)dt—;/lja((]{; (6 Loy )it
Y oIt j-1+
+jz=;/zja(U1  (p— L)1 T)dt.
Then

N
Es+Es—>» /I a(Ur; 9—Lo)dt= —a(U ™ (6—Le)" )t
j=1743

N

+a(Uy 75 (0= L))+ a(lo—LgP 5 U77)

Jj=2

< C{Dh,g(UIN*) [AG™ | 2 () + D s (U) ) |AG] oo 12)
N
(D01 1800} (4.80)
Jj=2

Furthermore, on account to the projection properties of 7, we have for the second term on

the RHS of (4.79)

N
—Z/ a(Uy —Ul;ﬁ(é—jé))dt SCG(||/€2(U1 _U1>HL2(O,T)§ HEA(ZB"LQ(O,T))
j=1"1i

< C(szﬁlc;;l([ﬁ ~U,) | 2200, ||A¢5’\L2(0,T))
< CG(HkQ[JC;l(Ul -U,) | 220,7); H¢HL2(0,T))
<CT'?|K* LK, (U =U1) |2 |9z (.-

Here we used the symmetry properties of £, properties of operator IC;1 and the fact that
o=A¢p for e=0. 0

If we substitute the estimates for Fi, ..., E; given below into the error representation (4.71)
and apply the stability results of Lemma 4.1.0.5, we may conclude the proof. 0
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4.3.1.4 Dual a posteriori error analysis, dG(1)®C!
In the following we provide the estimate for eV~ |l; when (DD*), i.e. (DD) hold.

Theorem 4.3.1.4 (Dual a posteriori error estimate, dG(1) ®C"'). There exists a con-
stant C such that the error of dG(1)®C! finite element approximation satisfies the following
a posteriori error bound if (DD*) holds

1. For s=0 and e=0
leN < C{ lyo —Zyo | a1 )+ y1 —Zyr| L2y + | (I = L)Us | 1 (12

+ TR LK U =T gy + (T = £)(f + AU +eU2) 31 12
T2 (f = f+ AU =T1) 2y + 1= L) AU 122y

N+1 N
+ I =LAV 2+ H(I—ﬁ)U{PIMZ(Q)}- (4.81a)
j=1 j=1

2. For s=1 and £¢>0

eIl < C{ 1A (yo—Zyo) | () + 1Ay —Zya) | 12 ) + 1A (I = L) Us | 11 (22
F (T2 42| K2, (U =T | 22y + |R(I— L) (f + AUy +eUs) | 1122
+(T1/2+€T1/2+63/2)”k’QAﬁ(f—f—i—A(Ul —Ul +€(U2_U2>)”L2(L2)

N+1
—|—Hh([—£)AUl HLl(Lz)—l—Z Hh2(I—£>AUf*1”L2(Q)
7j=1
N .
+II=0)U i) (4.81D)
7=1

The last two summands on the RHS of the both estimates above do not appear if for all
j=1,...,N, 87 1=87. We also assume that the mesh in space is quasi-uniform.

Remark 4.3.1.5. The proven estimates are of order O(h*™3+k3) if S7~1 = &7 for all j =
1,...,N and of order O(h**3+h* T3k~ +£3) otherwise. O

Proof. From residual representation, cf. Lemma 3.3.2.2, the error representation (4.54) is
equivalent to

N N
<6N_;<I>N_>H=<60_;<I>O+>H+Z/ a(UQ;cb—Vﬁdt—Z/ a(Ur; ¢—Vi)dt
j=171; j=171;
N
3 [ (F=Uart AU +U; 6 Vi
=171

_Z<[U]j*1 H(@=V)Y ), = > Eu (4.82)

o~
Il ot
—
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We choose a test function V € Q; such that
V.=Jlo I=(L, L),

where ® is strong solution and 7 is the temporal L? projection introduced in Definition 3.1.0.9,

case dG(1)a.

The idea is to estimate each of the terms FEi, ..., E4 so that the stability Lemma 4.1.0.5 can
be applied.

If U°" is chosen as U™ = (Zyy, Zy;) where Z denotes the cubic Hermite interpolant, then there
holds for s=0,1

By < C{I0 (g0~ Tyo) L2y ID* 6l o= o)+ I (92 =)
cf. Lemma 4.3.1.7.
Lemma 4.3.1.14. If (DD*) then for s=0, 1 there holds

ol dllecn

By <C {1 (1= L)Vl 1) |AG 1< 12
IR LI (Ua =T 2o (T2 D 6| oo (1) +2| D ) 12(12)) }

Proof. We start from the following decomposition

EQ_Z/ (Us; 9— L) dt+Z/ (Ua—TUs; L(¢— T ¢))dt (4.83)

since J is orthogonal to the functions constant in time. If we assume that (DD) ie.e (DD*)
hold, an integration by parts in space yields

Z/ (Us; 9—L)d Z/ AUy; p—Lep)d

Then the first term on the RHS of (4.84) can be estimated for s=0, 1 such that
N
Z/ a(Us; p—L)dt < C|h* T (I = L)Us|| 11 (12) | D B oo (12).-

From ¢ = Ao — 5q'b), the definition of the operator K, ', and the symmetry properties of L,
the second term reads

Z/ (Ur=Us; L(¢—T $))dt < C a(|F*(Ua=U2) | 201); 1£0 r20.1))

=C a(|k*(U2—T2) | 120,1); |1LA(—20) | 12007
=C (szﬁlcl,:l<U2_UQ)”LZ(O,T); IA(p—e0) ||L2(07T)). (4.84)

For s=1, the RHS of the inequality above can be further estimated such that

Z/ (Us—Tsy; L($—T$))dt < C |K2K; (Us—Ts) |20y (T | A oo (12) +2[ A 12(12)) -
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If s=0, an integration by parts in space in the RHS of (4.84) yields

Z/ (Us =T £(6 =T )t <C a(K LK Us=Ta) 20y 16—l 20m).

Hence,

Z/ (Uy—T; L(¢— T )t < C |K2LK; (Ua—T) 2oy (T2 Sl ey el Dz ) -

This concludes the proof. O

Lemma 4.3.1.15. For (DD*) there exists a constant C'>0 such that there holds

1. for s=0 and e=0

Ey<C{|(I=L)(f+AU) 1112 | Dl oo 2y F TR AL(f = F+AU =T 1) 22y |9 o 22y }

2. for s=1

Ey < C{IRI =L)(f+ AU +eUa)) | pr 22y [ 0] pos )
FIREAL(f — F+ AU T +e(Us—Ta)) 2z (TY2 ] 122
+€T1/2 ||A¢||L°°(L2)+62 ”A¢||L2(L2)) }

Proof. According to the properties of £ and 7, we have in Ej
N . .
Bi= 3 [ (I-L)(f+ AU+l 6~ Lo
j=1"1i

+§; / (F=F+ AU =T +2(U:=02)): £(6 =T 9))dt

For the first term on the RHS of the equation above we have by using the approximation
properties of £ for both s=0,1

N
S [ (=) + AW +£Ua))s = £3)d8 < O (=L + AT +U) sz =,

Furthermore, the second term can be estimated such that

N
S [ (7= Fr AO-TieUa-Ta))s LG6-T )
j=171;
3
<C (|]k2(f_f+A(U1—Ul +€(U2—U2>>)”L2(07T); ”;C%¢”L2(07T)). (4.85)
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Since %¢:A($—€$), an integration by parts in space yields

_ _ — 03
(1E*(f= f+ AU U1 +e(Ua—=Ua)) | 12007; ||£§¢||L2(0,T))

<(IKL(f—F+AU—T1+e(Uz—U2)) | 20.1y: | A(d—0) | 2(0.1))
<a(|kL(f—F+AU—T1+e(Uz—U2)))|12(0.1y: | 6= 120,17 (4.86)

If (DD*), we have by integrating by parts in the last term on the RHS of the inequality above

a(|F°L(f~ f+AUL=T1+e(U2=TU2))l20,1; [0 —bl r200,7))
<(IFPAL(f— F+ AU =T +e(Us—T2)) 120013 [6— €0 1201 ) (4.87)

For s=0 and £=0 we may then conclude

Z/,<f — [+ AU =T +e(Ua—=T>)); L(¢— T 9))dt

SCTPIRAL(f = f+ AU =TUr+e(Us=Ua))) |2 ) [ 9] oo (12

For s=1, from (4.85), (4.86) and (4.87) we have

N
S [ (=T AU -Tr+e(Ua-Ta))s L6-T )i
j=1"1i
<C|RPAL(f = f+ AU =T +e(Ua=T2)) 222y (T2 e 201y
+eT" 2| AQ| oo (r2)+E2 | AP 12(12))
This concludes the proof. O
Lemma 4.3.1.16. There exists a constant C >0 such that

B3+ Es < C{ [h* (1= LYAUY | (1) | Bl e ey + BT (T = L) AUN ™ | oo | DN | L2

N
R I =L)AUY | 2@ | D Sl ey + Y N T =L)UF | 2@ | D 6l e (12

J=2

N
(DI U=V L ) 1Dl

Jj=1

where the last two sums on the RHS of the equation above go only over such j=1,..., N
where S/~ #£ S7.

Proof. Owing to he properties of £ and J we have

N
Byt By=— Z/ (Urrs= o)t =3 a5 (o= £op ™)

Z (I=L)U§" 7 (6= L) ).
j=1
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If we integrate by parts in time in the first term, we obtain

N
Ey+EBs= Y /I a(U; 9= L)dt —a(U 5 (9— L)V ) +a(U]; (6 - L))
j=1v4

N N

+D U5 0= Lol )+ (I=L)UF 15 (90— Loy ).

=2 j=1

If we assume that the spatial mesh does not change i.e. S7~' =87 for all j=1,..., N, then
the 4th and the 5th summand on the RHS of the equation above equals zero.

Anyhow, if we integrate by parts in space and make use of the (DD) boundary conditions,
then

Es+E5= —Z /I _<(I—£>AU1;(b—&b)dtﬂu—ﬁwﬁ-;<¢—£¢>N—>

—«I—Eﬂuﬁ‘d¢—£@”U+§:«f—cyuﬁ—kq¢—c@f4mt
S LU (G )

Finally, the approximation properties of £ imply

B3+ Es < C{ [B* (1= L) AU | 12| oo 1oy + 15 (T= LYAUN [ 20 | D OV | 120

N
I = L) AU | 2@ | D Gl ey + Y V(BT T =L)UF |2 | D 6l e (22

j=2
N . .
+ (I =)0 oy ) 16 -
j=1
This concludes the proof. 0

Recalling Lemma 4.1.0.5 and the error representation from (4.82) we may conclude the proof.[]

Remark 4.3.1.6. In [42], the author proved the estimate for ||eN~ ||y by deriving the esti-
mates in terms of | - |z2(q) norm which is equivalent to the L? norm on the space of finite
element functions. Here we did not used this equivalent norm and therefore only the estimate
for [|eN~||5; is proven. O

4.3.2 ¢G(1) time approximation

Within the following subsection we analyse an a posteriori error bound and its derivation for
the case of ¢G(1) time approximation and P;(C') approximation in space. The notations and
definitions are adopted from Subsections 2.1.1 and 2.3.4. The presented analysis employs the
residual Res defined in Definition 2.3.1.2 with bilinear form B defined in (2.41) and its dual
form B* from (4.34). Note that in case of ¢cG(1) method in time, S""*C &7 for all j=1,..., N.
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Lemma 4.3.2.1 (Dual error representation, cG(1) time approximation). If v is a so-
lution of (1.28), U its discrete ¢G(1) variant and ®, a strong solution of the corresponding
dual problem (4.3) there holds

(®(T); V(T)>H:Res(e, S—V)+(P(0); V(0)>H forall Ve W.. (4.88)

Proof. Since ® is solves the weak discrete problem (4.35), see Remark 4.2.2.1, and both ®, e
belong to the space of the continuous functions, from definition of the dual bilinear form, see
Definition 4.1.0.2, we have

(B(T);e(T)),,—(P(0);¢(0)),,=B"(®,e)=B(e, ) = Res(®) = Res(d—V),
forall Ve W.. OJ

4.3.2.1 Dual a posteriori error analysis, ¢cG(1)®P;

Theorem 4.3.2.1 (A posteriori dual error estimate, cG (1) ®P;). There exists a con-
stant C' > 0 such that the error of the ¢G(1)®7P; finite element approximation satisfies the
following a posteriori error bound if (DD*) or £ =0,

le(D)llz < C{ 12 (yo—Zyo) | 0y + 11 (ys —=Zwa) [ 1 ) + 15 (U2 —=Us) |1 o)
(= Loy T2+ )R = Dl
+[ Dy s(Ur+eUs)| 10y + D s (U +eU2) (1)) + Dy s((Ur +2U2)(0))
+(T1/2+51/2)||k/c,;1(U1—U1+5<UQ—U2)||L2(L2)}. (4.89)

Remark 4.3.2.1. The estimate (4.3.2.1) is of order O(h+k?). O

Proof. A substitution of into error representation formula (4.88) and use of the residual
definition from Lemma 3.3.3.2 yields

<e(T);<I>(T)>H:<e(0);<1>(0)>H—|—/O a(UQ—Ul;cl)—Vl)dt—l—/O (f=Uy; ®—Vy)dt

+/Ti[D(U1+€U2)]k(¢>—%)(xk)dtziZEZ- (4.90)

k=1 =1
We may choose a test function V €W, such that
V.=Jld, I1=(G,L) (4.91)

where ® is the continuous solution of the dual problem and J is the temporal projection on
the space of constant functions in time i.e. integral mean, see Definition 3.1.0.9, case ¢G(1).
In order to derive an estimate for |le(T')| 5, we need to estimate each of E, ..., F, such that
the stability Lemma 4.1.0.5 can be applied. This is done in the following Lemmas.

Lemma 4.3.2.2. If a discrete variant U(0) of the continuous initial solution wuy = (yo,y1) is
chosen such that

U(0) = (Zyo. Zy1)
for 7 a nodal interpolant, then there holds

By < C{1h(go—Tyo) i @ |Gl ouny+ 1l Ty o |y -
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Proof. We start from

Ey=a(yo—Zyo; ¢(0))+(y1 —Zy1; $(0)).

Since the nodal interpolation Z and the Galerkin projection G coincide in 1D, we may derive
Ei < C{ 17 (30 —Zyo) “Hl(Q) HA¢HL°<>(L2) +h(yr —Zy1) HHI(Q) ”@’Lw([{l)}-
This completes the proof. ([l
Lemma 4.3.2.3. There holds
By < |k(Uz=TU2) |11z 0] oo (a1 -
Proof. Owing to the orthogonality properties of G and J we have
T PR —
Ba= [ alta-Tsio-d)it.
0
Since (¢— )|, < [, ¢(t)dt, an application of the Holder inequality yields the proof

By <|k(Us=Us)| 1 (a1 | Gl oo (211, O

Lemma 4.3.2.4. There exists a constant C' such that
By < {10/ = L)ool oeqamny + 16(F = Pz (T2 1A ey + £l Ab 122) -

Proof. Using the orthogonality properties of £ and J, we have
T . . T — . .
Ba= [ (7-Lfié- Lot [ (f-FiLlo-To)dr
0 0
For the first term we have
T
/ (f=Lf0=L)dt < Clh(f=Lf)|rr(r2)| Pl
0

In case of the second term we may deduce by using the fact that ngA(qﬁ—sqﬁ)

T
| (= F2G-T e (1K - Dlio 16l 20m)
0
< (IKL(f = P2,y 1A (=) 22 0,m)) -
Furthermore, an application of the Holder inequality in time and in space yields
(ILLCf = Pl r2om); 1A (0 —£d) | 1200,m)) < Nk (f = F)l 2(rey (T A oo (12) +| Ad| 1212 ) -

From the last two inequalities we derive an estimate for the second term and this concludes
the proof of the Lemma. O
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Lemma 4.3.2.5. There exists a constant C'>0 such that
By < C{ | Dn s (Ur+Us) | (@) | A0 oo (22) + D s (Ur +eUs) (T)) |AG(T) | 20
+Dps((Ur+eU2)(0)) |A¢| oo (12)
R (U =T +5(U2_U2)“L2(L2)(T1/2”A¢“L°°(L2)+5||A§'b”L2(L2))}~

Proof. We may rewrite £ such that
T - M - T n . .
Ey= / Z[D(U1+5U2)]k(¢—£¢)—/ > [D(U+eUa)|e L(§— T ) (wi)dt
0 k=1 0 k=1
T

T
= - / a(Uy+eUs; p—L)dt — / a(Uy—U,+e(Us—Us); L($— T b))dt. (4.92)
0 0

An integration by parts in time in the first term yields

/0 (U, +eUs; — L£J)dt = /0 (U + ;6 — L)t +a((Us +Un)(T): (6 L) (T))
(U +2U) (0): (6— L) (0).

According to Lemma 3.1.0.10, we may conclude

T
/ a(Ur+eUz; ¢—Lp)dt < | Dy s(Ur +eUs) | 11(@) |A@| oo (22) + D (Ur+eU2) (T) [Ad(T) | 12(0)
0

+Dh’3((U1+8U2)(0>)”A(b”Loo(LQ).
For the second term on the RHS of (4.92) we have

/T (Z(Ul—U1—|-€(U2—U2); £(¢—j¢))dt

< a(||k;(U1 U, +5<U2_UQ)”L2(O,T)§ ||£§5||L2(0,T))
= (|, (UL = U1 4e(Ua=U2)| 20,195 1 £6) 1200m))
< Hk’C;l(Ul —Ul +6(U2—U2)||L2(L2) (T1/2 ||A¢”Loo(L2)+€”A¢"L2(L2)).

This concludes the proof of Lemma.

Recalling Lemma 4.1.0.5 and error representation (4.90) we may conclude the proof. U

4.3.2.2 Dual a posteriori error estimate, ¢G(1)®C!

Theorem 4.3.2.2 (A posteriori dual error estimate, cG(1)®C?'). There is a constant
C >0 such that for (DD*), the error of the ¢G(1)®C! approximation satisfies the following a
posteriori error bound

lex(T) s+ lea(T) |1 < C{ 17° (Yo —Zyo) |2 () +11° (1 = Zy) () + 10T AUz = U)oy

+ (Tl/2 +e) HkEIC,;l (Uy—Us) |21 (rr—s)
+h* (I =L)(f+ AU +eUz)) | L1 (12

(T2 4e)|kL(f - f+A(U1—U1+e(Uz—Uz))HLl(m)}- (4.93)
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Remark 4.3.2.2. The estimate (4.93) is of convergence order O(h**3+4k?). O

Proof. Given the error representation formula (4.88) where residual takes a form as in Lemma
3.3.3.2, case c¢G(1), we have

(e(T); ®(T)),,= (e(0); <I>(0)>H+/O a(Uy—Uy; p—V4)dt
+/T(f—U2+A(U1+5U2); o—Va)dt=:) Ej. (4.94)
0 =1

In the following we choose a test function V € W, such that
V.=Jle, I=(L L),

where J is the temporal L? projection orthogonal to the constant functions in time, see
Definition 3.1.0.9, case c¢G(1).

The idea is to estimate E7, F» and Es3 such that the final estimate consists of the dual solution
contributions which can be further estimated by means of stability Lemma 4.1.0.5. This is
proved in the following three Lemmas.

Lemma 4.3.2.6. If U(0) is a discrete variant of the initial solution ug = (yo,y1) defined as
U(O) = (IyOaIyl)v

where 7 is the Hermite cubic interpolant, then

E < CS{ 12% (Yo —Zyo) | (2 | D¥ T | oo (22) + | B (1 — L) |

a5 | @] oo (79 }

Proof. We start from the following representation

Er=a(yo—Zyo; ¢)+(y1—Zy1; 9).
If s=0, then
Er < lyo—Zyol @ |8l @+l — Ty |2 16 22 -

For s=1, an integration by parts in the first term, Holder and the Friedrichs inequality yield

Er= — (yo—Zyo; Ad)+(y1 —Zy1: ¢)
< C{ Ih(yo—Tyol s )| 8Dl =y +1h (s =Ty L ISl e - 0

Lemma 4.3.2.7. There exists a constant C' such that for s=0, 1

by < C{ [P AU = U)o 1) | D 6 oo 12)

IR (Un=To) 2 an—ry (T2 D 6 ey 4l D ] 2ay)
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Proof. In order to simplify the estimation, we may rewrite Ey owing to the properties of J
such that

T . T _
0 0

An integration by parts in space in the first term and the use of (DD) boundary conditions
implies

T

T
[ ava=tiso-Lortt= - [ (1-£)A@-0)s0- Lot
0 0

< C’||hs+1A(U2—U1)||L1(L2)||Ds“¢|\Loo(Lz).

For the second term we may conclude

T
| alUa=Ts £6-T6))it (KU~ Tz £ 20im)
0

<a(|k(Us=T2) | 20m); [ LA (0 —d)| 120
< (|kLK, Uz =TUs)| r20,m); 1A (0 =€) | 1200,7)) - (4.95)

For s=1 we may conclude from the last inequality
T
/ a(Us =T L6 =Tt < [RLK, (U =T lia(ee) (TV2] Al 1) + el Al a)).
0
For s=0, we proceed by integrating by parts in space in the last inequality in (4.95), i.e.
T R — .
/ a(Uy—=Us; L(¢—T9))dt < a([kLK;, (U =Us)| 200,15 |0 —0 | r20m))
0
< NRLIC, (Us=Us) 2y (T2 0] o a1y +€ Sl 2 a1y ) -
This concludes the proof of lemma. O
Lemma 4.3.2.8. There exists a constant C'>0 such that
By < C{IW* (1= £)(f+ AT +202)) s o) |l e

FIRL(f — T+ AT+ 2O =D)Lz (T1D bl a4l Dl my)
Proof. By using the projection properties of £ and J we may write
Es= /OT(([—£>(f+A<U1+eU2));cb—ﬁcb)dt
+/0T(f—f+A(U1—Ul +e(Uz=U3)); L(9—T 9))dt.
The first term can be estimated such that

T . . .
/O (I=L)(f+A(U1+¢elz)); 9= L) dt < C°|h* (I = L) (f+ AU +eU2)) [ L1 2) | D] oe (1)
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For the second term we have

T
[ = A=D1+ £(6-T )
<(IkL(f = F+ AU =TU1+e(Us=U2)))lr20m); [A(0—d) | r20m) ).

If s=1, we may further estimate such that

T
[ = Fr s =T+ e(Us-T)s £G-T 6
0
S ||k£(f—f+A(U1 —Ul +€(U2_U2)))||L2(L2) (T1/2 ||A¢”L°°(L2)+€”A¢"L2(L2))

If s=0, then

/0 (f— - AU —T s +e(Us—T)): L(d— T &))dt

Sa(||k£(f—f+A(U1 —U1+5(U2—UQ)))||L2(0,T); ”QS_gQ.S”L?(O,T))
<RL(f = FH AU =Tr+e(Ua=U) 2y (T2 8] e 12y + el Bl 2 )

This completes the proof of Lemma. O

Recalling Lemma 4.1.0.5 and error representation (4.94) we may conclude the proof of theo-
rem. 0
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Chapter 5

Goal-oriented error analysis

In the following, we provide the basic theory and ideas underlying the goal-oriented approach
in the error analysis and mesh adaptivity process. This includes only the definitions and
derivation of the a posteriori error bounds, whereby the verification in form of numerical
results in not provided. The notation used within this chapter includes the one used in
Chapter 3, see Table 3.1 and the additional given in Table 5.1 below.

®  exact dual solution solution of (5.6)
U discrete dual solution solution of (5.7)
# target functional definition (5.1)
B, weak dual bilinear form

Table 5.1: Additional notation used in Chapter 5.

The goal is the efficient and accurate computation of certain (locally) defined quantities, so-
called "target quantities” which arise from the physical formulation of the problem. They are
quantified through the linear output functional

7 H—R (5.1)

This functional can be chosen differently, e.g. it can be the energy flux over some curve
of interest, the energy of the whole system at some point in time, etc. ¢, ie. Z(e) =
F(u)—_Z(U) pretends to be the quantity of interest for the error control with e=u—U and
U, the Galerkin approximation.

From the dual formulation it can easily be seen that the computation of the target functional
is closely related to the computation of the unknown continuous dual solution. In particular,
the formulation of the dual problem involves the target functional as the right hand side.
The dual and energy approach in the a posteriori error analysis, see Section 3.3 and 4.3,
respectively, make use of the projection and interpolation estimates when the computation
of the error bound requires some exact terms, which are not necessarily a priori known. On
the other hand, the goal-oriented method, instead of estimating these exact terms, replaces
it by some suitable numerical approximation and then calculates an a posteriori error bound
directly. To attain the optimal order of convergence, we commonly choose some approximation
method based on higher order elements in space and the same order in time. It also makes sense
to use higher order approximations in time. However, this approach apart from being more
expensive, has to deal with a difficulty of adjusting the data between neighboring time slabs.
The analysis employed here is closely related to that used in BANGERTH [9], BANGERTH-
RANNACHER [10].
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5.1 Application to the strongly damped wave equation

In case of the strongly damped wave equation, we are mainly interested in the control of the
energy term at the final time point 7" as well as in the control of the dissipative term which
arises only in damped case (¢ > 0). Hence, for some ue L*(.7;H), we define

Flw) = MY [ 1)t )

Here .7 is some arbitrary triangulation of the time domain [0, 7]. Obviously, j\ is not linear
in u. We may encounter this difficulty, by introducing the linearised target functional ¢,
such that

F (v):=(u(T) ;U<T)>H+2€Z/1. a(ug;vy)dt for all ve H'(RQ).

Due to the definition of the energy norm, there holds

S (€)= IS 10T B+ 5T

N N N
Y [ uOlp@di== Y [ 0O @dt+ed [ 1@l 63
j=1 71 j=1"1i j=1 71
and thus

Je)= _Zuw—_gZU), and Z(e)— Z(u)— #U) when e—0 in H. (5.4)

From the Riesz-representation theorem, owing to the fact that ¢ is some linear and bounded
functional, there exists some density function j=(ji, j») € L*(7;H), such that

F(v) = /OT <j;v>Hdt for all v e L*(T;H). (5.5)

Following the general concept of the goal-oriented method, we may now introduce the contin-
uous dual problem, similar to the one defined in Section 4.1.

Then the vector form of the goal-oriented dual problem reads: Find ® € H'(0,T;H) such
that

—d(t,z) — A®(t,z) = j(t,z) on Q, (5.6a)
O(T,2) =0 on £, (5.6b)

where A* takes the form of (4.2).
Note that the goal-oriented dual problem (5.6) has the same structure as (4.1) except for the
RHS which is in this case inhomogeneous.

5.2 dG(q) time approximation, ¢=0,1

For the notation and definitions used in the following, we refer to Section 2.1 and Subsection
2.3.3 where space discretisation methods and discontinuous Galerkin time approximation are
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introduced.
The discrete weak dual problem reads: Find We Q,C H'(.7;H) such that

B, (¥, V)= _#(V) forall Veg,. (5.7)

Here, B denotes the weak dual form, especially adapted for the goal oriented analysis. Namely
for all v = (v1,v9),u = (u1,us) sufficiently (piecewise) smooth functions in time, we define

N N N
B (v, u): :Z/ a(’UQ_UlT;Ul)dt—Z/(U27T;U2)dt_2/ a(vy;ug)dt
=171 j=1 71 j=1 i

N

+€Z /1 a(vz;UQ)dt—Z a([vl]j_1§u{_l_)—Z([Uz]j_l;ug_l_), (5.8)

Jj=2 Jj=2

Remark 5.2.0.3. If we recall the definition of the dual bilinear form B* from (4.6) in Chapter
4, we may notice that the goal-oriented dual form B; (5.8) satisfies

B*(v,u)=8;(v, w)— (o™~ ;uN_>H+<UOJr ;u0_>H.

In Section 4.2.1, the additional terms allowed to control the error on ||e¥~||. In case of the
goal-oriented dual method all terms of interest (error in the energy norm etc.) are covered by
the functional 7. O

Remark 5.2.0.4. The solution ® = (P, ®5) of (5.6) is also a solution of (5.7). Scalar multipli-
cation of (5.6) with respect to H scalar product, by some function V' € Q, and an integration
by parts in space where the boundary conditions are imposed through the definition of the
dual operator A* provide (5.7). Notice that the jump terms vanish owing to the continuity of
the dual solution ® in time. O

Lemma 5.2.0.9 (Goal-oriented error representation, dG(q) time approximation).
For u, its discrete dG(q) variant U, ¢=0,1 and the solution ® of the dual problem (5.6), we
have the following error representation

F(e)=(e" ;@) +Res(®—V) forall VeW, (5.9)
Res(®—V)=ZL(®—-V)—B(U,&—V) is the residual with B as in (2.18) and .Z from (2.19).

Proof. The proof follows due to the properties of the discrete functions. Given (5.7), an
integration by parts in time yields

N

A )=E;(®.¢)= Z /1 (@5 en)ydt— (@7 6j_>H+Z (B el

Jj=1

N N N
—Z/ a(@l;eg)dt—FZ/ a(@z;el)dt—i—eZ/ a(Pq; e9)dt
j=171; j=171; j=1“1j

S e, o0
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The sum of the jump terms and additional j— and 7 — 14 contributions can be rewritten such
that

S (et S,

J=1 =
l N
:—Z {<<I>j— ; ej—>H+<<I>j—1+ : ej—1+>H}_Z {<q)j—1+ : ej—1—>H+<cI)j—1— ; ej_1_>H}
j=1 =
= N N-1
=D (P75 A ([T @), (00, D (P
Jj=1 j=1 o
N
=Dl T (7580 = (@56, (5.11)

1

j=
With (5.11) and the definition of the bilinear form B, cf. (2.18), equation (5.10) simplifies to
(e :<€O_'(I)O+>H+B e, D).

Here we used the condition (5 6b), i.e. (O ;eN ) =0.
Moreover, from (2.10) and Galerkln orthogonahty (2 9), we may conclude for each V € Q

= ("7 @) 4+ Res(P)= (" ;") + Res(d—-V). O

Having derived the error representation (5.9), it is our aim to compute the RHS of (5.9)
numerically. Since the strong dual solution ¢ is unknown, the residual Res is not a computable
quantity. Therefore, we replace ® by an appropriate approximation. This is emphasised in
the following lemma.

Lemma 5.2.0.10. Let ® be a sufficiently smooth solution of the dual problem (5.6). If we
denote by ® a discrete variant of ® such that ® is a polynomial of order p’ > p in space and
dG(q) function in time, then

e)= <€0_ : CI)0+>H+R€S(¢:)—V)+O(hp/+p 4 Eathy,

Proof. We start from (5.9). Then,

e)=(e""; 0%) +("; (®—P)*"), +Res(®—V)+Res(®—9). (5.12)
It remains to prove that

("5 (@—D)™F), +Res(P— D) =O(RP P + k71,
Owing to the approximation properties, we have
(5 (- 8)), =), (5.13)

If we assume that the mesh is quasi-uniform in space, then

Res(®—®)=B(e,d—)

= Z/I <é;@_é>Hdt_Z/p <Ae;<I>—¢:)>Hdt+Z<[U]j—1 : ((I)—CI))j_1+>H

= QWP + B2 QWP + KT2) + O(RP TP + k2. (5.14)
A substitution of (5.13) and (5.14) into (5.12) yields the proof. O
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There are also some other ways of approximating ® in space, e.g. by use of the biquadratic,
patch-wise interpolation, see BANGERTH-RANNACHER [10, Section 4.1].

When the continuous dual solution is approximated, it is left to find a proper choice for test
function V. This will be done for each time-space ansatz separately.

5.2.1 A posteriori goal-oriented error analysis, dG(q)®P;,q=0,1

Theorem 5.2.1.1 (A posteriori goal error estimate, dG(q)®P1). For u, its discrete
dG(q)®P; counterpart U and linearised error functional ¢ there holds

1.ifg=0

N

/W@Zawwiywﬁﬂ%m—ﬂméb+2;£(ﬁU—I@@dt

—i—Zka Ul (I-7)d +ZZ/@ (U +eUD) (I =T) D ()

j=1 7=1 k=1
+> a(Ui-U; (J—I)cb{)dHZ/(Ugl—Ug; (I-7)®})dt
j=1 j=171
+O(R"* + k), (5.15)

2. ifg=1

t—t; 1 x5
S (e)=alyo—Tyo; 1)+ (1 —Zyn; @ +Z/ (=) (@ +—=83") ) at
J
> j 0 L. , 1
+y a(U(Z-1 )(‘P{’O+§<I>{’1))+Z(U§’l; (T-D)(#3"+5
j=1

J=1

)

N , 1L N . 1o.o 1.,
+Y kia(U3% (1-1) (cb{v%;iﬂl’l)) +3 ka (U3 (I—I)(§&>{’0+§&>{vl)>
j=1 j=1

D3

J=1

BID(UT O+ U3 (- T) (@04 S 8) ()

Ms

b
Il

FO S DU U (- T) (5814 389")) ()

3

- ¢
NE

1

Eod

=1

J

a(U 0 +U{ M =0 (1-1)87°)

IVE

+
1

J

N
Y [ U U (DB 0 4 ). (5,10
- I

Proof. In the following we provide only the proof for the dG(1)®P; case. An estimate in
case of the dG(0)®P; discrete problem can be derived analogously and will be given only in
its final form.
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Given the error representation from Lemma 5.2.0.10 with the residual defined as in Lemma
3.3.2.2, case P! in space, we may deduce

/(6>:<@0_;@0+>H—|—Z\/lvl<f, qv)g—‘/Q)dt—Z/IG(Ul,i)l—‘G)dt—Z/[(Ug,qv)g—‘/Q)dt
+Z/ (Uy; V4 dt+Z/ Z (U +Us)]1) (D — Vo) ()t

N
—Za (U5 (@1 =V ) =D ([ (2= Vo) 1)
7=1

+OW T + 1) =) E,. (5.17)

o~
Il ©
—

Our aim is to compute Fi, ..., Fs.

Before we start, recall that the continuous dual solution ® is replaced by ® according to
Lemma 5.2.0.10 where p’ > 1. Then fix V to be a nodal interpolant of ® at the midpoint of
each time interval (piecewise constant in time), i.e.

t—t;

Vi, =Z(®"+ ') forall I; € 7. (5.18)

J

If we assume that the discrete solution U~ = (Zyo, Zy,) for the initial solution ug from (1.28b),
we may deduce for F;

Er=(e";0%), =alyo—Ty; 1)+ (1 —Tyr; 257). (5.19)

Using (5.18),

EQ—Z/ f; 2= Va)dt = Z/ (I—T) (@504 ;flcbg’l))dt, (5.20)

J

. o b=t
- Il (1 J,0 J—1 54,1
/Ik o(U2" (@ 1)(@] I )t

v

Mz

N .
—Z/ a(Uy; & —Vy)dt =
j=1"1

1

.
Il

) 1.
(U5 (1) (@] +581) (5:21)

WE

1

<.
Il

Arguing as in case of F3, we have

N
1.
Z/ Uy; &y —V3)d :Z (UP (T—-1) (95" + 5@;’1)). (5.22)
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Furthermore,
N
E5: Z/ G(Ug,él—m)dt
- I;
JOttaljl ]0 31]1
—Z a(U§°+—22Ud" (1-1)(9] 5 o)1) dt
3,0 J0_ 131 il Lsjo, Lsin
:ija U3 (1-T) (91°+581") +Zka U (I-T)(581°+5 9 )). (5.23)
=1

7j=1

Similarly,

Fi=3" [ (D@ +U2))) B0V )i

N m
: : 1o.q 1.
+> Y KIDWUT U3 ((I—I)(E‘I’Jz’oJrgq’%’l)) (k). (5.24)
j=1 k=1
We continue with the jump terms E; and Eg.
Er= =Y a([Uh P (@1 =Vi) ) =D a(UF 00T U7 (1-D)21°),  (5.25)
j=1 J=1
Ey= — > ([0 5 (= Vo)1)= (U 0403 M = U3% (1-1)®5"). (5.26)
7j=1 7=1

After a discrete solution U and the approximation of the strong dual solution ® have been
calculated, it is easy to compute the terms Fy,..., Eg. This yields the proof of theorem. [

5.2.2 A posteriori goal-oriented error analysis, dG(q)®C!,q=0,1

Theorem 5.2.2.1 (A posteriori goal error estimate, dG(q) ®C'). For u, its discrete
dG(q)®C' counterpart U and linearised error functional ¢, there holds

1. if ¢g=0

/(e)za(yo—fyo;(i) )+ —Ty;; ® —l—Z/ (I-1) CI)j dt

N N
+> ko (U (I-T)@]) + Y ki (AU +eU3); (1-T)dY)
j=1 Jj=1
N .
+> a(UI U ( dt+2/ (U3 =U3; (I-1)®))dt
j=1

+ORY + k), (5.27)
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2. if g=1

T t—t: 1+
S (€)=a(yo—Tyo; ®1°)+ (11 —Ty1; ® +Z/ (=D (@ +— = 1(1332’1)>dt
J
N

. 1. . 1.
+3 a(UP (T —I)(<I>{’°+§<I>{’1>>+Z(U§’1; (T-D)(@4°+5%4")
=1 j=1
- 3,0 20, Lainy LN il Lejo, Lsin
£ _kja(U3 (1 =T) (810 +5811)) + 3 kya(U3 (1-D)(5 91+ 58] ))
j=1 j=1
al 1
+ ki (AU +eU°); (1- I)(®]0+2<I>’1))
j=1
N . . 1. 1..
+Y ky(AUP U (T-T) (5 937+ - 951))
£ 2 3

N
+Y a(U U U (T-1)97°)
j=1

N
+§1/W?M+MT“—WQU;I@?ywxmw+ﬁ)(5%)

Proof. Same as in the proof of Theorem 5.2.2.1, we derive only the proof for the case dG(1)
in time.

Given the error representation from Lemma 5.2.0.10 with the residual as in Lemma 3.3.2.2,
case C! in space, we have

N N N
FO=( 8,43 [ b= [ aisdi-Vi)de- Y [ usba- Vi
j=11; j=11j j=11j
N N
N
—Za U5 (@1 =V2) ) =D ([ (2= Vo) 1)
7=1

+OW B4+ =) E,. (5.29)

~
Il ©
—

The idea in the following is to compute E, ..., Es. First, let a discrete function V' be defined
as in (5.18) where Z stands for the cubic Hermite interpolation operator in space, i.e. p=3 and
then p’ >4. Then, we may see that for F; — E5 and E; — Eg there hold the analogous estimates
to the one derived for P, ansatz in space, see (5.19)—(5.23) and (5.25)-(5.26), respectively.



5.3. CG(1) TIME APPROXIMATION 173

With the following approximation for Fg, see (5.29), we conclude the proof of theorem.

N N
. ‘ . 1.
Fr==3_ [ (AU +eU: 8= Vahdt =3 k(AU +eU3"); (D)1 +581)
J=1v7"

j=1
N : . 1. 1..

+ij(A(Uf’1+sU§’1);(I—])(§<I>{’O+§<I>{’1)). O
j=1

5.3 ¢G(1) time approximation

For the notation and definitions used in the following, we refer to Section 2.1 and Subsection
2.3.4 where space discretisation methods and continuous Galerkin time approximation are
introduced.

The discrete weak dual problem reads: Find ¥ € Q. such that

B;(®,V)=_g(V) forall VeW.CL*T;H). (5.30)

Here, B, denotes the weak dual form adapted for the goal-oriented analysis. Namely, for all

v=(v1,v2),u= (u1, ug) sufficiently (piecewise) smooth functions in time, B; is defined as

T

T T T
B (v, u) ::/ a('UQ—i)l;ul)dt—/ (bg;ug)dt—/ a(vl;ug)dt—i—s/ a(ve; ug)dt. (5.31)
0 0 0 0

Remark 5.3.0.1. Dual bilinear form B* from (4.34) and the goal-oriented dual form B;
defined in (5.31) satisfy

B*(v,u) =B (v,u)+(v(T) ;u(T)),,— (v(0) ;u(0)),,. O

Remark 5.3.0.2. The solution ® of (5.6) solves (5.30). O

Lemma 5.3.0.1 (Goal-oriented error representation, cG(1) time approximation).
For u, its discrete ¢G(1) variant U and the solution ® of the dual problem (5.6) we have the
following error representation

F(e)=(e(0); ®(0)), +Res(®—V) forall V eW.. (5.32)
Here, the residual Res(®—V)=.2(d—-V)-B(U, d—V) with B from (2.41) and .Z from (2.42).

Proof. The error e is globally continuous in time. Given (5.30) and (5.31) we have by
integrating by parts in time

F(e)=B"(d,e) :/0 a(éy; ®1)dt—a(er (T); @1(T))+a(e(1)_; ®41(0))
T / (é3; ®5)dt—(e2(T); ®5(T)) +(ed; B, (0))

T T T
—/ a(eg;q)l)dt+/ a(el;CDQ)dt—i-e/ a(eq; Po)dt.
0 0 0
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Since ®(T") =0 if we recall the definition of the bilinear form B, see (2.41), we may deduce

F(e)={(e(0); <I>(0)>H+B(e, D). (5.33)

Finally, from the residual representation (2.10) and the Galerkin orthogonality (2.9) we have
for all V eW,

J (e)=(e(0); ®(0)),,+ Res(®) = (e(0) ; ®(0)), + Res(®—V). O

Having derived the error representation in terms of the functional of interest (5.32), the idea
is to compute the RHS of the same. Since ® is unknown we approximate it by some discrete
function. This is emaphasized in the following lemma.

Lemma 5.3.0.2. Let ® be a a sufficiently smooth solution of problem (5.6). Let ® be a
discrete variant of ® such that ¢ is a polynomial of order p’ > p in space and ¢G(1) function
in time, then there holds

I (e)={e(0); (0)),,+Res(®—V)+O(W"*7+ k)
Proof. We start from (5.32). Then,
F(e)=(e(0); 8(0)),,+(e(0) ; (@—®)(0)),,+ Res(®—V )+ Res(d— ). (5.34)
We need to prove that
(e(0); (2—D)(0)), +Res(®—D)=O(W"*" + k).

Owing to the approximation properties of both time and space discretisation method we have

(e(0); (2—D)(0)), =O(R"*"). (5.35)

Using the same arguments as above

T T
Res(cb—cb):/ <é;<1>—<i>>Hdt—/ (Ae; —d), dt
0 0
= O + I3+ O(hPP + kY. (5.36)

This completes the proof. O

Furthermore, let a test function V be chosen as the interpolation of ® at the midpoint of each
time interval (piecewise constant in time), i.e.

1

V|I.;:§I(ci>(tj)+<i>(tj_1)) for all I,€7. (5.37)

J
Note that the interpolation operator Z need to be applied interval-wise in time according to
the general idea of the discretisation where the grid may vary in space, from one time slab to
the another. However, in case of the ¢G(1) method in time, we need to assume that S7=! C &7,
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5.3.1 A posteriori goal-oriented error analysis, cG(1)®P;

Theorem 5.3.1.1 (A posteriori goal error estimate, cG(1)®7P?'). For u, its discrete
cG(1)®@P; counterpart U and linearised error functional ¢ there holds

H(e)= O(hp'+1+k3)+a(y0—zy0; ®1(0))+ (y1 —Zys; P2(0))

+Z/ t t; 1)@2( DENG; ._t)éz(tj1))—%1(&5(@)—1—@2(%1)))dt
+Z éa(Uﬂt —Us(tj-1); (Z= 1) (®1(t5) +Ba(t;1)) )
+Z (U2 —Us(t;1); (ZT— I)(‘i)Q(tj)JF‘i’?(tj—l)))

+Z—a (Ua(t;)+Us(tj—1); (I =T)(D1(t;)+ D1 (t;1)))

+Z E(I(Uz(tj)_UZ(tj—l)a Gy (t;) — @1 (t5-1))
20 DL (1) 4 UL () 2 U0+ Uty DT ) (1)1 (150)) ()
33 D) ~Uislty-1) +2(Uafts) = Uity ) lBalty) ~alty-1)) o). (5.39)

Proof. Given the error representation from Lemma 5.3.0.2 with residual as in Lemma 3.3.3.2,
case P, in space, we may deduce

+/Ta(U2; él—m)dt_/Ti[D(Ul+5U2)]k(&>2—v2)(xk)dt

-~

+OW 41 )= By (5.39)

(=1

The idea is to compute E; — FEg. If we assume that the discrete variant of the initial solution
ug reads U(0)=(Zyo,Zy1), see (1.28b), then we may conclude

E1=(e(0);® >H {ug—U/( <T>(O)>H:a(yo—1yo;@1(0))+a(y1—1y2;@2(0)). (5.40)

Notice that within this subsection Z stands for the nodal interpolation operator in space, cf.
Definition 3.1.0.1.



176 CHAPTER 5. GOAL-ORIENTED ERROR ANALYSIS

Furthermore,

/ (Uﬁq)l_‘/l d
=3/ ki )Us(t-1): I<<i>1<tj>+i>1<tj_1>>—t‘,jj1<i>1<ty>—tj,;t<i>1<tg_1>)dt
=Z§a( Uty (T D) (@ 1)+ 1 (1,1)) (5.4
Similarly,

Ey= — /O(UQ,@Q_‘/Q =Z%< (t;) = Ua(tj1); (Z— ])(é2(tj)+‘i>2(tj—1)))- (5.43)

In case of E5 we have
T

Es= [ a(Uy; ®1—Vi)dt

z\

J=1

2

j=1 /% t t]. 1 (t1)+tjk;tU2(tj1);I(él<tj>+(i)l(tjl)))dt

Z% t)+Un(ti_y): (I=T) (&1 (t;)+®1(t;_1)))

+Z &a Us(tj) =Us(tj-1); 1(t;) =1 (t;-1)). (5.44)

Likewise,
T m

Es [D(Uy+eUs) 1Dy —V5a) (2 )dt

I
S—

Ms i~

(t)+Ur(tj1))+eD(Us(t;)+Us(t;—1)))e(I=T) (P1(t;)+P1 (tj-1)) (zx)

ZZ—; —Us(tj-1))+eD(Us(t;) = Us(t;—1))]k(@1(t;) =1 (t;1)) (). (5.45)

_]
4

R‘

=1

A substitution of the approximations for F;— Eg into (5.39) yields the proof of theorem. [
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5.3.2 A posteriori goal-oriented error analysis, cG(1)®C!

Theorem 5.3.2.1 (A posteriori goal error estimate, cG(1)®C?'). For u, its discrete cG(1)®
Cy counterpart U and linearised error functional # there holds

F(e)=O(W 3+ k%) +a(yo—Tyo; ©1(0)) + (y1 —Lyn; P2(0))

+Z/I‘(f; klj((t—tj_l)@(w(tj—t)cbg(tj_l)) —%z(éz(tj)+ci>2(tj_l)))dt
+Z%a<U1(t) Uty (=) (@11 481 (1,0)))

+Z (U200~ Ua(ty0): (1) (Bolt) + b))

+Z—a Us(t;)+Us(tj—1); (I =T)(D1(t;)+ D1 (t;1)))

+Z t;)+UL (1) +e(Us(ty)+Us(t;-1)); (I =T) (P1(t;) +P1(tj-1)))

—l—z 12 Ul(] 1)+€(U2( ) Uz(tjq)));&)1(15]-)—&)1@];1)). (5.46)

Proof. leen the error representation Lemma 5.3.0.2 with the residual as in Lemma 3.3.3.2,
case C! elements, we may deduce

T T
0 0
T T
+/ a(U2;<I>1—V1)dt+/ (AU, +ely); &y —V3)dt+O (W3 + k%) = ZEg (5.47)
0 0

The idea is to find a suitable approximations for E; — Eg. Obviously, if we choose a test
function V' as in (5.37) then we may derive an analogous estimates for F;— FEj as in (5.40)-
(5.44) where Z stands for the cubic Hermite interpolation operator in space. To complete the
proof of theorem, its left to estimate Fj.

T
E@Z/ (A(Ul—FEUQ);(i’Q—‘/Q)dt
0

Z% (U1 (t))+Un(tj1) +e(Ua(t;) +Us(t;1))); (I =) (@1 (t) + 1 (t;1)))

Jj=1

K (AWU() Uty +eUalty) Ul ) Bu(t) B (t,0)). (5.48)

2.7

BN

A substition of approximation for F;— Eg into (5.47), yields the proof of theorem. O
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Chapter 6

Numerical experiments

6.1 FE solution - Algorithmen

Our intention within this section is to determine the algorithm for the computation of the
discrete solution on each time interval I;. This algorithm is based on the localised weak
form (2.6). We consider only the Galerkin methods for time discretisation introduced in
Subsections 2.3.3 and 2.3.4, and spatial discretisation by P; and C!' elements, see Section
2.1. The algorithm for the computation of the semi-discrete solution is already presented in
Subsection 2.4.1.3 and Subsection 2.4.2.3, for particular space ansatz, respectively.

The analysis follows by considering first the different time approximations and thereupon the
spatial approximation.

6.1.1 FE solution, dG(q) time approximation, ¢=0,1

Below we only consider the case ¢ =1, whereas for ¢ =0 we provide a final result without
going into details.

6.1.1.1 FE Solution, dG(q)®P;

Given the equation (2.53), a substitution of four different variants for the test function V7€ Q}
yields the following systems,

1. for Vi=(V{,0)=(¢m,0), m=0,...,n

> (OAUL) S = D (kUL + 5 U) Sma= G

k=0 k=0
2. for VI=(V{,0)=((t—t;_1)/kjém,0), m=0,...,n

"1 " koo ki
> 5UkiSme = Y (G UL+ UL3) S =0,
k=0 k=0

179
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Y

3. for VI=(0,V§)=(0, ¢), m=0,...,n

(iji,(fﬂL?jUﬁ)Sm,kJrg Z(ij;f;ngrngzﬁé)Sm,kﬂLZ(Uﬁ +UL) Mo 1
k=0 k=0 k=0

/I (f ¢m)dt+Gm 29

J

4. for VI=(0,V§)=(0, (t—t;_1)/kjdm), m=0,...,n

n

ki .o ki
U U S SV U S Y UM

k=0
= /I(f’ k—j_(bm)dt

J

Here, for all m=0,...,n,
o UL UL ) S, for > 1, (6.1a)
e (Y05 D), for j=1. '
n =10 | 7ri—1,1 .
Gl Zk:O(Uk,Q +Uk:,2 YM, . for j>1, (6.1b)
m2 (y1; Om) for j=1. )
If we denote by
f[j (fa ¢O)dt f[j (fa titj*l/qubO)dt
Fg = and F1 = y (62)
[, (f.6n)dt S, (ot o)

owing to the vector notation from Table 2.5, the systems above read in the equivalent vector
form

LU/ =F, (6.3)
where L is a 4(n+1) x4(n+1) block matrix and F is a 4(n+1) x 1 block vector of the form
s S —k;S —ki /28 e
' 0 128  —kif2S —ki/38 o 0
L: k;jS  kif2S ek;S+ M  ekipS+ M |’ = Fy+ G, (64)
ki/2S kif3S  ekif2S  ekifsS + 1/2M Fy

Here, G{, Gg stand for the global matrices (6.1).

j
U]
coincides with U{’O, [U%’O from above, and 2(n+1)x2(n+1) matrix L. and 2(n+1)x1 dimensional

vector F where
_[ S kS _ [ 4
L=11s sk;jS+M1’F'_{FO+Gg}’ (6:5)

and G == SUI ", G == MU .
For both ¢=0, 1, U° denotes the discrete variant of the initial solution .

In case of ¢=0, we solve a system (6.3) with a solution vector U7 := [

] where U7, Uj, € R”
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6.1.1.2 FE solution, dG(q)®C!

In the following we only consider the case ¢=0. Given the weak equation (2.61), for different
choice of test function V € Q) a sum over k=1,...,n of the corresponding vector form (2.62)

yields four systems. Namely,

1. for Vi=(V{,0)=(¢,,0), 1<p<4
j{jS%'M% +UL) =D SelkUps + Jl%é j{j<?kp
k=1
2. for VI=(V{,0)=((t—t;_1)/k;j¢,,0), 1<p<4

Z sktuﬁ Zsk ]IU{C

k;
S Uis) =0,

3. for VI=(0,V5)=(0,¢p), 1<p<4

k;
Zsk kU5 + Jtugll +EZSk kU5 + JIU{CQ +ZMk UL+ U2Y) ZFJOJrGH,

4. for Vi=(0,V§)=(0, (t—t;_1)/k;b,), 1<p<4
ijjjl Jkaj}l”l N il
k=1 k=1
The coeflicient matrices Ui’ol“lg have the same form as in Table 2.6. Note also that for these

choices of test functions, coefficient matrices Vﬁ‘p =e, € R*. Sy, M}, are the 4 x 4 element
stiffness and mass matrix defined in (2.58), (2.59). In particular they read for k=1,...,n

[ 36 3hy, —36 3hy,
1 3hi,  4(hy)? — 3hy — (hy)?
Sk = 30h, | =36  —3h 36 —3hy ’ (6.6)

3he — (hi)? — 3hy  4(hg)?

[ 156 22hy, 54 —13h,
e |22k, 4(m)* 13hy — 3(hy)? 6.7
420 | 54 13k 156 —22h, ' ‘
| 13k, —3(hy)* —22hy  4(hy)?

Furthermore, F; ]g,o, F ,g’l are the 4 x 1 element force vectors defined as

mfa [, [ fou dtdC mfa [, Ltk o didC
i/ fff foudtdC |y hi/y f [t /i f by dtdC 63

MLIMM<”"WILW%MM<
AﬁffmﬁM Affﬁtvu@ﬁ«

j’O Pyp—
FI° =
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The 4x 1 element mass vectors Gi’l, Giz are related to the terms which include the vector

form of the discrete solution from the previous time step, i.e. U{;ll and [Ui’_zl respectively, such
that

G, = Su(U 0+ UM, (6.9a)
Gly = Mk(U{;zl’OjLU{;;’l). (6.9b)

From the fact that they include some terms from the previous time step, G£,1|2 are dependent
on the spatial refining method used on the interval /;_; and therefore their implementation
can be of special interest in case of different (adaptive) spatial refinement of neighbouring
time slabs.

Our intention is to determine the solution vector U’ defined as in Table 2.6 of the following
global system

LU/ =T, (6.10)
where
S S —k;S —ki/2S G{
. k;jS  kif2S ek;S+ M  ckif2S+ M | POy
L: 0 125  —kifaS —% = 0 (6.11)
kif2S  kifsS  ekif2S  ekif3S + 12M Fil

Here, S, M are denoted as global stiffness and mass 2(n+1) x 2(n+1) block matrices and
Fi0 Fil GY Gy are force and mass vectors of dimension 2(n+1)x 1.

In case of dG(0) discretisation in time, the system has the similar structure to the one from
Subsection 6.1.1.1. We solve a problem (6.10) where matrices L, F read

| S —k;S ._ &
L= ks eks+m } = [FJ'»MGQ } ’ (6.12)

with GJ := SUJ™', GJ := MU} '. The structure of S and M is determined due to cubic
spline ansatz in space. The solution vector U’ has the same structure as in Table 2.6, case
dG(0).

For both ¢=0, 1, U is the coefficient matrix with respect to U°~ =Tlu.

6.1.2 FE solution, ¢G(1) time approximation

The derivation of the [;-interval based algorithm for the computation of the discrete solution
vector U7 relies on the notation from Table 2.5 and Table 2.6. We also assume that S7~1 CSJ
for all j=1,..., N, where S/ denote the space of spatial discrete functions related to time
slab I; x €.

6.1.2.1 FE solution, ¢cG(1)®P;

Given the weak problem (2.54) related to time interval I;, by applying two different variants
of constant test function in time V € W,, we obtain the following two systems, namely
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1. for Vi=(V{,0)=(¢m,0), m=0,...,n
~ ki e ki
Z(UkJ_EUk,z)Sm,k:Z(UkJ +5Uk,2 )Sim ks
k=0 k=0

2. for Vi=(0,V{)=(0, ), m=0,...,n

n n

k. , "L [ i
> é(U,;ﬁsU,gz)SmﬁZ U}y M= / (f, m)dt—> EJ(UIg711+gU,g721)Smyk
k=0 ]

k=0 I k=0

+> UL My .
k=0

Here U’~! denotes the solution from the previous time slab which is a priori known due to
the fact that in case when j=1, UY=1IIug, i.e. U° represents the discrete variant of the initial
solution from (1.28b).

We rewrite the systems above such that the global solution system reads
LU/ =T, (6.13)

where U’ is a solution vector related to the time interval I ; and defined as in Table 2.5. L is
4(n+1)x4(n+1) block matrix and F is a 4(n+1) x 1 block matrix such that

[ s —k;/28 [ &
L= [ kif2S  ekif2S + M } o= [ F+Gj } ’ (6.14)

with force and mass vectors defined such that

Fie (/[(f, ¢0)dt,...,/l.(f, ¢n)dt>T, (6.152)

J

GI=51i! +5”SIU§_1, (6.15D)
G} =— EJSU{”JF(M—&?]S)U;”. (6.15¢)

Note that in case j = 0, U is a coefficient matrix of ITuy.

6.1.2.2 FE solution, ¢G(1)®C!

Given (2.65), for two different choices of test function V € W,, a sum of jk-contributions (2.66)
over k=1,...,n yields two systems, namely

1. for VI=(V{,0)=(¢p,0), 1<p<4

Z Sk(Ui,l _kj/QU{c,z) = Z G{c,l
k=1 k=1
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2. for VI=(0,V) = (0,¢,), 1<p<4

n

Zkfskml+z Mk—i—e LS, = ZF]+G

k=1

Here we used the vector notation for Uk 12 from Table 2.6. Note also that for test functions
V' above, we have Vk 19 =€p € R* for 1 <p<4. S, M;, are 4x 4 element mass and stiffness

matrices from (6.6), (6.7). FJ is the 4 x 1 element forcing vector which has the same structure
as vector F/ from (6.8). ' 4
The 4x 1 element mass vectors G{CJ, Giﬂ are related to the terms which include the discrete

solution from the previous time step U{;l respectively, i.e.
' -1, i
Ghr = Se(Uy +§Uk,2 ); (6.16a)
: k. _ k. .
Gy = —Efskm,ﬁ(Mk—gésk)U;;. (6.16b)
Global matrices G{,Gg depend on the spatial refining method on the previous time slab
I;_1 x §2. This need to be considered in case of different (adaptive) spatial refinement of two

neighbouring time slabs.

Finally, we seek to find a 2(n+1)x1 dimensional global solution vector U7 defined as in Table
2.6, of the system

LU =T, (6.17)
where
Lo— S —ki/2S P G{ '
| kifeS ekiSHM | T T | FIHGY |

S, M are denoted as global stiffness and mass 2(n-+1)x2(n+1) block matrices and F7, G, G}
are 2(n+1)x 1 dimensional force and mass vectors.

6.1.3 Incorporation of Dirichlet boundary conditions

In order to include the homogeneous Dirichlet boundary conditions into the global system
related to time interval I;, the first components concerning both vectors U7, UJ from solution
vector U7 = (U, 1) need to be set to zero.

Additional in case of Problem (DD), the ultimate (linear splines in space) and penultimate
(cubic splines) component in both U7 and U} must be also set to zero. A detailed review

[ | dG(0),cGO) | dG(1) H
0 T
DN U81|2 =0 ; U5%|2 - Uéép 0 ,
DD U(]) A2 — UrJL 12 = =0 Ugl|2 - U(]) 12 — UrJL 12 = UrJL 12 — =0

Table 6.1: Zero components in solution vector U’ for homogeneous Dirichlet boundary data.
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concerning the different discretisation in time can be found in Table 6.1.

If the global solution system reads

LU =F
U’ (dirichlet) = 0

where dirichlet denotes the set of indices at Dirichlet nodes and 0 is the zero vector, by proper
indexing where F'IN denotes the set of all remaining nodes, the system can be rewritten as

L(FN, FN) L(FN, dirichlet) UI(FN) 1 [ F(FN)
L(dirichlet, FN) 1L(dirichlet, dirichlet) U7 (dirichlet) | — | F(dirichlet) |-

Taking into account that we deal with homogeneous Dirichlet boundary conditions, the first
block of equations can be rewritten as
L(FN,FN)U/(FN) =F(FN).

The second block of equations is not of interest and is omitted in the following which simplifies
the implementation.

6.1.4 Incorporation of Neumann boundary conditions

In case of cubic splines in space, we may additionally require that the Neumann boundary
condition

DU;(t,1) + eDUy(t,1) =0 (6.18)
is also incorporated in the computation of the discrete solution. This can be done owing to

the fact that cubic splines are continuous in first space derivative, whereas in case of linear
splines this is not possible.

If U7 is the solution vector related to the time interval I ; which can be obtained from the
system

LU’ =T,

than the extended system with incorporated Neumann boundary condition reads

L BY ... Bl [uw F
B 0 ... 0 A 0
B, 0 ... 0 A 0

Here Aq,..., A\, stand for the Lagrange multipliers. In particular, £ € {1,2} such that /=1 in
case of dG(0) and ¢G(1) time discretisation and =2 for dG(1) method in time.
Furthermore, By, ..., By are a (n + 1) x 1 matrices which arise from a substitution of the
discrete form (2.4) for U; and U, into (6.18).
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6.2 Examples

Within this section, we present five examples of the (strongly damped) wave equation used in
the numerical experiments. The exact solutions of all presented examples are a priori known.
The difference between them is in the choice of the boundary conditions, parameter ¢ and
homogeneous and non homogeneous right hand side f.

Experiment 6.2.1. We observe the inhomogeneous equation (1.13) without damping, i.e.
=0, on the domain @ = [0,7] x [0, 1] with forcing vector

flt,z) =—=0B+1t)(z—2)e” (6.19a)

and initial conditions
up(z) = bre™ ™, (6.19b)
uy(z) = e ", (6.19¢)

The advantage of using this example is that we know the analytical solution,
u(t,z) = (54 t)ze ™™ (6.19d)

so that we can compare our numerical solution to this and calculate the error in energy norm.
It should be also noted that, as the exact solution is very smooth, this is very well-behaved
problem.

Experiment 6.2.2. We first consider the solution of the homogeneous problem (1.13)-(DN),
i.e. f=0, without damping (¢=0) where the initial conditions read

Yo(z) =0 (6.20a)
y1(z) = gsin(%). (6.20b)

This problem is defined on the domain @ = [0,7] x [0,1], T">0.
The analytical solution is known and reads

t z
y(t, z) = sin(g) Sin(g). (6.20¢)
Owing to the fact that the exact solution is C'*° with respect to time and space variable, this

is very well-behaved problem which does not give rise to oscillating discrete solution in space.

Experiment 6.2.3. Next we have on the same time-space domain @ = [0,7] x [0, 1], a ho-
mogenous wave equation (1.13)-(DD), i.e. f=0 and e=0 which solution satisfies

y(0, ) =yo()

sin(xm) (6.21a)
1)(07 :L') :yl(x) =0

(6.21b)
The exact solution is smooth and reads

y(t,x) = cos(—tm) sin(z). (6.21c)
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Experiment 6.2.4. This problem is non homogeneous with damping € > 0. The solution of
this damped wave equation (1.13)-(DN) with the forcing vector

f(t,z) = e Y sin(zm/2), (6.22a)
and the initial conditions
yo(z) = *sin(wm/2), (6.22Db)
y1(z) = —esin(zm/2), (6.22¢)
is known and reads
y(t,x) = 2e /% sin(xm/2). (6.22d)

The domain is @=[0,7] x [0, 1].

Experiment 6.2.5. Finally, we consider the solution of the wave equation (1.13)-(DN) i.e.
with € =0, where the forcing vector reads

flt,z) =—0bB+1t)(z—2)e " (6.23a)

The initial conditions are defined by

e " (6.23b)

yo(x) =5
0 (6.23¢)

Y1 ()

on the domain @ = [0,7] x [0, 1]. The analytical solution is known and reads

y(t,z) = (5+t3)e “x. (6.23d)

6.3 Validity of error and error bound with respect to
change of parameters

Within this section we provide some numerical results which were conducted to examine the
algorithm as well as the a posteriori error estimator obtained by energy method, cf. Chapter
??. For all examples the domain was Q@ =[0, 7] x [0, 1] where T'=1, only in Subsection ?? the
final time point changes owing to the purpose of experiments which assumes the study of the
long time behaviour.

In Figure 6.1, we study the effects of saturation with respect to convergence in space for
different choices of time step-size k. Similar behaviour is observed when step site A changes
and the convergence with respect to k is plotted, see Figure 6.2. Notice that we plotted only
the convergence behaviour of the exact error when P; elements in space, but the same effects
are obvious when C! in space. The approximation by P; elements in space is not so exact as
the one by C! elements, and therefore the effect of saturation becomes more clear.

In the following we study the behaviour of the reliability constant

12 _
Cr:= ([lef7o o Fellealziny) 0t (6.24)
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in dependence of the parameter € and 7. In Figure 6.3 when ¢G(1),dG(0) and dG(1) time
approximation combined with C! elements in space were applied, we may observe the nearly
asymptotical behaviour of C,.. The approximated error is obtained with help of the energy
arguments. This can be treated as the effect of the error accumulation. In Figure 6.4, we plot
C, in case of the ¢G(1),dG(0) and dG(1) discretisation in time combined with C! elements in
space for different choice of terminal point in time 7. The error bound is obtained with help
of the energy arguments. The instability of the observed reliability constant may come from
the fact that time step-size k also changes in time as T', i.e. k=T/2.

6.4 Adaptivity

The solutions of the (strongly damped) wave equation, posses localised features, like e.g.
wave fronts. Employing the adaptivity in the choice of the computational grids, may help the
establishing of the efficient Algorithmen, which may resolve this features at certain portion
and improve the convergence of the discrete solution toward the exact one.
Thereafter, the main task is to find the most optimal time-space mesh and then calculate the
approximate solution U on that mesh with a minimal cost concerning the time of computation
and efficiency of the algorithm in a sense that the algorithm can be used as a platform for
development of solution strategies for much more complicated problems.
In this work, we discussed this problem only partly. Namely, from Section 3.3, where the
derivation of a posteriori error estimates by use of the energy techniques were discussed, we
have

quantity of interest < n (value of the error estimator),

where the quantities of interest represent the energy of the error and dissipative term. We
may also notice, that in the formulation of the error estimator 7, some terms arise form the
global and some only form the local discretisation, i.e.

n="ng + max (6.25)
where indices j clearly indicate that in case of 7; we refer to the local quantity computed only
on time interval I;. 7, is the quantity which is computed over he whole time interval [0, 7.
The main idea is to use 7; as the indicator for the mesh refinement in time. Therefore, the
adaptive method may be formulated as follows

Algorithm 1.

Input: Spatial mesh S which is fix for each time slab; Discrete variant of ug with respect to S;
An initial coarse time partition .70 of the time interval [0,T], 7%=, I, i=0; j=1.

1. Compute a Galerkin solution U’ on the time-space slab I; x Q where [; € 7.

2. Compute 7;. If < N* increase j and goto 1.
Else goto 3.

3. For all n; where n; > 3 max{n,...,ny:}, halve I; € 7 such that I}U IV =1I;, define
T ={ T\ ;}U{I}, 1]}, set j =1, and goto 1.
Else end.
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It’s obvious that ¢ in the algorithm above can be iterated a number of times, but we van also
set an indicator for ¢ in order to provide an finiteness.

From the simple numerical computations, see Figures 6.5, 6.6 , it is obvious that this algorithm
do not improve the convergence rate of the estimator. It just makes the exact error and the
estimator smaller. Possible improvements of the algorithm above which would include the
adaptive mesh refinement as in time as in space, and also for which the efficiency can be
easily proved is a matter of future investigation which are not included in this work. Here
we give just an overview which gives rise to the future discussions. We also note that this
strategy can not be applied for the estimates obtained by using the duality arguments due to
the different form of the estimator then (6.25), cf. Section 4.3, where the local quantities do
not occur separately in the error estimate. For some possible ways of designing an adaptive
algorithms, we refer to the following literature sources [66, 64, 13].

As far as the adaptivity in goal oriented method is concerned, we refer to [9, 10, 11] for further
discussion and references. This has not also been treated within this work.
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Figure 6.1: The exact energy of the error |e[ (1) with respect to the number of elements in
space for the different time-step sizes. We observe the effect of saturation i.e. as soon as the
step size k becomes small, the convergence behaviour with respect to h, i.e. O(h) is obvious;
First row: dG(0)®7P;, Second row: ¢G(1)®P;, Third row: dG(1)®P;; Example 6.2.3, ¢ =0,
(DD), T=1.
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Figure 6.2: The exact energy of the error |e| o) with respect to the number of elements
in time for the different time-step sizes. We observe the effect of saturation i.e. as soon as
the step size h becomes small, the convergence behaviour with respect to k is obvious; The
expected convergence order is O(k) for dG(0), O(k?) for ¢cG(1) and O(k*) for dG(1). First
row: dG(0)®P1, Second row: ¢G(1)®Py, Third row: dG(1)®P;; Example 6.2.4, e¢=0.1, (DD),
T=1.
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Figure 6.3: Reliability constant of 1 in dependence of €. h is fix and k& — 0; First row:
dG(0)®C', Second row: c¢G(1)®C", Third row: dG(1)®C*. Obviously, the tendency towards
the asymptotical behaviour of C, is obvious when dG(0) in time. If ¢G(1) and dG(1) this
tendency is not so clear, but can be assumed. The growth of C). can be treated as the effect
of the accumulation of the true error; Example 6.2.4, € >0, (DN), T'=1; energy method.
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Figure 6.4: Reliability constant of 7 in dependence of final time point 7'; First row: dG(0)®C!,
Second row: ¢G(1)®C!, Third row: dG(1)®C'; Example 6.2.4, e=0.1, (DN), T'=1; energy
method.
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Figure 6.5: Convergence behaviour of [€ oz +v/€|ez2] r2(n1) and 1 for dG(0)RC' with respect
to the number of elements in time; uniform and adaptive refinement (time); The adaptive
refinement minimises the error and its bound; Example 6.2.4, ¢ = 0.1, (DN), T'=1; energy
method.
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Figure 6.6: Convergence behaviour of || o) ++v/€le2] 2y and 7 for cG(1)@C! (first row)
and dG(1) ® C!' (second row) with respect to the number of elements in time; uniform and
adaptive refinement; The adaptive refinement in time does not improve the convergence order,
it only minimises the error and its bound: Note that in case of the dG(1) method (bottom
figure), the efficiency of the adaptive refinement strategy is obvious only at the beginning
of the discretisation owing to the influence of the initial solution when approximated on the
coarse grid; Example 6.2.4, e=0.1, (DN), T'=1; energy method.
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