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Kurzfassung

In dieser Arbeit betrachten wir das Dirichlet Randwertproblem fiir die homogene Lamé
Gleichung fiir lineare Elastizitét in zwei Dimensionen. Die Lamé Gleichung kann dquivalent
als System von Randintegralgleichungen formuliert werden. Der Fokus dieser Arbeit liegt
in der numerischen Approximation der Losung dieser Randintegralgleichungen mittels iso-
geometrischer Randelementmethode (BEM, boundary element method). Die zentrale Idee
der isogeometrischen Analysis ist, die gleichen Ansatzfunktionen fiir die Approximation
der Losung der Randintegralgleichungen zu verwenden, die auch fiir die Darstellung der
Geometrie in Computer Aided Design (CAD) verwendet werden. Wir nehmen daher an,
dass die Diskretisierung des Randes in Form von NURBS Funktionen gegeben ist, welche
in [dB86] beschrieben werden.

Zuerst beschéftigen wir uns mit der eindeutigen Losbarkeit der Symm’schen Integralglei-
chung, welche dquivalent zum Dirichlet Problem ist. Zusétzlich betrachten wir die Hyper-
singulédre Integralgleichung, welche dquivalent zum Neumann Problem ist.

Wir beschéftigen uns mit der numerischen Approximation der Integraloperatoren, die in
der Symm’schen Integralgleichung auftreten, also die Spur des Einfachschicht- und Doppel-
schichtpotentialoperators. Wir verfolgen dafiir die Ansétze von [Ganl4] fiir isogeometrische
BEM fiir die Laplace Gleichung und wenden diese auf die Lamé Gleichung an. Insbesondere
sind fiir die Spur des Doppelschichtpotentialoperators bestimmte Integraltransformationen
notwendig, da seine Darstellung nur als Cauchyscher Hauptwert eines Randintegrals exis-
tiert und nicht wie im Falle der Laplace Gleichung uneigentlich integrierbar ist. Wir wenden
uniforme und adaptive Netzverfeinerung an, wobei wir fiir einen adaptiven Algorithmus die
Ansitze von [FGHP16] verfolgen. Als a posteriori Fehlerschétzer und Verfeinerungsidikator
betrachten wir den h—h/2-Fehlerschétzer und seine lokalen Beitrége.

Um unsere Implementierung der Operatoren zu validieren und unsere theoretischen Er-
gebnisse zu unterstreichen, beschiéfitgen wir uns mit verschiedenen Tests und présentieren
einige numerische Beispiele.






Abstract

In this work, we deal with the Dirichlet boundary value problem for the homogeneous Lamé
equation from linear elasticity in two dimensions. The equation can then be equivalently
reformulated as boundary integral equations. The focus of this work lies on the numerical
approximation of the solution to these boundary integral equations via isogeometric BEM
(boundary element method). The central idea of isogeometric analysis is to use the same
ansatz functions of the approximation of the solution of the boundary integral equation
as for the representation of the geometry in computer aided design (CAD). Therefore, we
assume that the discretization of the boundary is given in NURBS functions which are
described in [dB86].

First, we deal with the unique solvability of the Symm’s integral equation, which is
equivalent to the Dirichlet problem. We also consider the hypersingular integral equation,
which is equivalent to the Neumann boundary value problem.

Then, we focus on the numerical approximation of the relevant integral operators oc-
curring in the Symm’s integral equation, namely the trace of the single and double layer
potential. We follow the approach and results given in [Ganl4] for isogeometric BEM for
the Laplace equation and adapt them for the Lamé equation. However, the approximation
of the trace of the double layer potential has to be treated with specific integral transforma-
tions, as its representation only exists as Cauchy principal value of a surface integral and
the integral is not improperly integrable as it is the case for the Laplace equation. For mesh
refinement we use uniform and adaptive refinement, where for the adaptive algorithm we
follow the ideas of [FGHP16]. As an a posteriori error estimator and refinement indicator
we consider the h—h/2—-estimator and its local contributions.

Finally we validate the implementation of the operators using different tests and also
present some numerical examples to underline our theoretical results.
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1. Introduction

In this work, we deal with the analysis and numerical solution of an equation from the area
of linear elasticity theory using the isogeometric boundary element method. The Lamé
equation with Dirichlet boundary data reads

—pAu — A+ p)Vdivu =0 in (1.1a)
u=g onl :=0Q, (1.1b)

for Lamé constants A,z € R and a bounded Lipschitz domain  C R?. In Chapter 2, we
derive the weak formulation of the above partial differential equation by generally following
the analysis of [Ste08] and [ME14]. To this end, we introduce the conormal derivative
dpu:l = R?% e,

dpu :=o(u)n,

which is composed of the matrix valued stress tensor o(u) and the outer unit normal vector
n on I'. We collect several important results, i.e., Betti’s first and second formula and
Korn’s first and second inequality. Furthermore, we conclude the unique solvability of the
weak formulation of the Dirichlet boundary value problem. Besides the Dirichlet boundary
value problem, which is the main focus of our work, we also consider the Neumann boundary
value problem

—pAu — (A +p)Vdivue =0 in Q
opu=¢ onl.

Next, we present the fundamental solution as stated in [McL00] and investigate how the
conormal derivative of the fundamental solution 0, U is to be understood, since the litera-
ture considered does not give a clear interpretation for it. We deal with integral operators,
namely the single and double layer potential operator as well as their trace and conormal
derivative. The conormal derivative of the fundamental solution does occur in the inte-
gral kernel of the double layer integral operator and is therefore of great importance to
us. In addition, we derive the boundary integral equations for the Dirichlet and Neumann
boundary value problem, namely Symm’s integral equation

Vé = (K +1/2)g
and the hypersingular integral equation
Wg=(K—1/2)¢.

From Chapter 3 onwards, we focus entirely on the Dirichlet boundary value problem. In
that chapter, we present the Galerkin method for approximating the weak solution of the
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Dirichlet boundary value problem. Furthermore, we introduce the NURBS functions and
their main properties as mentioned in [dB86]. The NURBS functions form the basis of the
idea of isogeometric analysis, as we assume that the boundary I' is parametrized by these
types of functions. Therefore, we consider the same functions space as the ansatz space
for the Galerkin method. In addition, we follow the idea of the adaptive mesh refinement
algorithm presented in [FGHP16] and then consider the (h—h/2)—-estimator and its local
contributions as the refinement indicators.

In Chapter, 4 we present a detailed description of the computation of the discrete bound-
ary integral equations. In particular, we focus on the operators V and K. We follow the
approach given in [Ganl4] for the Laplace equation. For the occurring double integrals
with integration domain I', we consider a partition of I' into boundary elements and then
distinguish between three different cases: separated elements, neighbouring elements and
identical (overlapping) elements. In particular, for the double layer boundary integral op-
erator K, we consider integral transformations presented in [SS11] for three dimensions in
order to deal with the Cauchy principal value occurring in the representation of K. Fur-
thermore, we present several sketches to visualize how the integral domain is transformed.
We also prove that our computation of the boundary integrals using Gaufl quadrature
presents a reliable approximation. In Section 4.2 we present some numerical examples in
order to validate the implementation in C (via MATLAB’s MEX-Interface) of the integral
operators V and K.

In Chapter 5, we deal with some further numerical examples on curved boundary geome-
tries in order to underline our theoretical results. In Appendix A, we present our extension
for the Lamé equation of the MATLAB-C-Implementation for the Laplace equation from
[Ganl4].

Throughout this work, |-| denotes the absolute value of scalars, the Euclidean norm of
vectors, and the Hausdorff measure of a set in R™ for n > 1. We use the notation A < B

as an abbreviation for A < ¢B with a generic constant ¢ > 0. Furthermore, we abbreviate
A< B < Awith A~ B.

1.1. Physical motivation: Lamé equation

The following physical motivation of the Lamé equation relies on the motivation given
in [ME14, Chapter 1.1]. However, we restate it here, as we think that it gives a good
introduction into the physical background.

As a model problem, we consider the Dirichlet problem

—pAu — A+ p)Vdive =0 inQ (1.2a)
u =g onl (1.2b)

for a domain © C R™ with I' := 99Q. The partial differential equation (1.2a) is called
Lamé-equation. In fact, we are dealing with a linear system of n equations: the unknown u
is a vector valued function w :  — R™. Equation (1.2a) is also known as Navier-Cauchy
equation or equation of linear elasticity. The parameters u, \ € R are known as Lamé
parameters or Lamé constants.



1.1. Physical motivation: Lamé equation

We aim to give an idea of the importance of problem (1.2a)—(1.2b) in real life applications.
The Lamé equation essentially describes the deformation of an elastic body under the
influence of different forces. The domain €2 C R™ represents the body in its “reference
configuration”, i.e.: before deformation. The vector valued function u = (u1,...,u,) : Q@ —
R"™ describes the so-called deplacement, i.e., the deformation in relation to the reference
configuration. This means that a point z € 2 will be displaced to z + u(z) € R".

For an arbitrary part Q* C €2, we now consider its surface 9Q2*. The surface tension, which
is caused by the deformation of 92*, can be described by the Cauchy stress tensor o(u) =
(0i5(w)) : @ — R™ ™. The stress tensor represents a linear mapping which associates the
normal vector n at a point x € 9Q* with the stress tensor o(u) - n. Let us assume that
there is a volume force f : 2 — R" acting on the body. With Newton’s second Law of
Motion (“force equals mass times acceleration”), we obtain that

d>u /
pP—s = o(u)-n+ f.

The scalar valued function p represents the density of the body ). By applying the Gauss
divergence theorem and by keeping in mind that * C Q is arbitrary, it follows that

d*u . .
Pz = divo(u)+f in . (1.3)

Here, the expression div o(w) is understood componentwise as
n
(div o(u)), = Z@mki(u) forallk=1,...,n.
i=1

In the case, that the body is not in motion, the time derivative disappears. Consequently,
equation (1.3) simplifies to

—divo(u)=f inQ.
In this case, we are talking about elastostatics. We will focus on the particular case f = 0:
—div o(u) =0 in Q. (1.4)

Physical observations show that the stress tensor o(u(x)) at some point z € R depends
locally on the length distortions of the mapping x — = + u(x). In other words, o(u(x))
depends on the ratio of v (I, + Vu)” (I, + Vu)v to v’v for v € R", where I, € R™*"
represents the identity matrix and Vu = (0;u;);';_; is the Jacobian of . The matrix

1
5((],1 +Vu) (I, + Vu) - I,) (1.5)
is referred to as strain tensor. In most of the relevant applications, one can assume that
Vu is comparably small. Hence, the term Vu? Vu in (1.5) is negligible. Therefore, we can

derive the (linearised) strain tensor

c(u) = %(w +vul). (1.6)
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According to Hooke’s Law, there is a linear relation between the stress tensor o(u) and the
strain tensor ¢(u), i.e.,

o(u) = Ae(u). (1.7)

The following theory is then referred to as linear elastostatics. In the above equation (1.7),
the tensor A = (aff) € RMXX1XN g g linear mapping R™*"™ — R™*" which is determined
by particular properties of the material the body is made of. In general, A depends on
x € . However, if the material is homogeneous, then A is constant.

Let us assume that the material is also isotropic, meaning uniform in all orientations.
Then, in the three dimensional case, we can derive that the 3% = 81 matrix entries of
A = (aff) are fully determined by the two Lamé constants A\, u € R. More precisely,
the Lamé constants are actually defined over two other constants (see [Ste08, p.6 (1.24)]),
namely the Young modulus E > 0 and the Poisson ratio v € (0,1/2)

Ev E

AT AT M aixe)

Using the Lamé constants, the relation (1.7) can be written as
o(u) = A\(div u)1l, + 2ue(u). (1.8)

For our purposes, (1.8) will be regarded as the definition of the stress tensor for n > 2. By
using (1.8), we obtain that

(div o(u))r = Zaiaik(u)
i=1

(L8) > 0(Adiv w)dik + 2peq(u))
=1

n 1.9
i=1
= MZ@?U}C + (A—i—,u)@kza,uz
i=1 i=1
= pAug + (A + p)ok(div w)
for all k =1,...,n. Together with (1.4), it holds that
—pAu — (A + p)Vdiv u = —div o(u) =0 in Q. (1.10)

Consequently, we derive the Lamé equation (1.2a).

In conclusion, the Lamé equation (1.2a) describes at least in n = 3 dimensions the
behaviour of sufficiently small deformations u : 2 — R" of a stationary, elastic body made
of homogeneous, isotropic material, which fulfils all the requirements of Hooke’s Law. The
two dimensional case of plane elasticity can then be derived from the three dimension case
(cf. [Ste08, Chapter 1.2.1]).
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Furthermore, one could also consider different boundary conditions. Instead of fixing the
displacement w at the boundary, one could fix the surface tension o(u) - n on I', which
leads to a Neumann problem.

For further information concerning the theory of elasticity and modelling of the Lamé
equation, we refer to [Ste08, Chapter 1.2], [NH80] and [LL59].






2. Lamé Operators

2.1. Sobolev spaces

Before we start, we have to make some fundamental definitions. We consider a Lipschitz
domain  C R™ with boundary I' := 02, which means that T'" can be locally represented
by the graph of a Lipschitz continuous function (cf. [McL00, Definition 3.28]). Note that
by this definition €2 is open and I' is compact. However, we do not necessarily assume that
) is bounded or connected. Moreover, we mention that Q' := R™\Q) is also a Lipschitz
domain.

The L?-scalar products on  and I' will be written as

(u,v)q ::/Qu(av)v(ac)dx and (u,v)r ::/Fu(a:)v(a:)dx, (2.1)

where the integration in the second expression is understood with respect to the surface
measure. The definition of the surface measure can, e.g., be found in [Ganl4, Chapter 2].
As we will be dealing with vector valued functions, we introduce the notation

LX(X) = L*(X)" = {u = (u1,...,un)’ su; € L*(X) foralli=1,...,n}

for X € {Q,T'}. The canonical scalar product on the product space L?(X) reads

n

(u,v)x = Z(Uz‘,vi)x = / u-vdr

i=1 X

with induced Hilbert norm H-H%z(X) = (+,-)x. Analogeously, we define L>(X) := L>*(X)".
Furthermore, we use the same notation for the scalar product for matrix valued functions
U,V :X — R"™" componentwise given as U = (Uij)Zj:1 respective V = (Vij):‘fj:l? ie.,

(U, V)x :—/ > UyVij da.
X

ij=1

Let D(£2) be the space of all smooth test functions with compact support, i.e.
D(Q) :={u e C®(Q) : supp u C K, for some compact set K C Q}.

we introduce the set of all distributions D*(2) as the topological dual space of D(2). An
element of D*(2) is then referred to as distribution.

For the definition of Sobolev Spaces, we would like to mention that all derivatives of
L2-functions shall be understood in the weak sense. According to [McL00, Chapter 3],
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this means that for a function u € L*(Q) and a multi-index o = (o, ..., a,) € NI with
la] = a1 + ... 4+ a, the “derivative” 0%u is seen as a distribution on 2. If there exists a
function g, € L?(Q) such that

/ Ga dz = (=1l / ud®¢ dz  for all ¢ € D(Q),
Q Q

then we call g, the weak partial derivative of u and denote it by 0%u.

For the definitions of H*(Q), H*(Q),s € R and H*(T'), s € [—1,1], we refer to [McLO0,
Chapter 3] and [Ste08, Chapter 2]. In particular, for the definition of H*(T") we also refer
to [ME14, Chapter 2|, as the weak surface gradient Vv (defined in [ME14, Chapter 2.1.2])
and related seminorms and spaces on I' are examined more closely in this work.

In the following, we list some important special cases, which we will need in this work.

Definition 2.1.
o For s=0 and X € {Q, T} we define H*(X) := L*(X).
e For s =1, we define
HY(Q) :={u € L*(Q): Vu € L*(Q)}
and
HYT) := {u € L*(T) : Vru € L*(I')}.
The Sobolev spaces H*(X) for X € {Q,T'} are equipped with the norm
lullFrr ) == el T2y + [ulfn ),
where

[ulfr ) = I1Vulz)  and Julip = [IVrullzz )

o Let s€(0,1), X € {Q,T'} and

n if X =Q
n—1 if X=TI.

Then, the Sobolev space H*(X) is defined by
H¥(X) = {u € L*(X) : |u|gs(x) < o0} (2.2)
with the Slobodjeckij seminorm given by
2 Ju(z) — u(y)?
UlFrs(xy = ————" dx dy. 2.3
iy = [ (23)
Again, for s > 0, we equip the spaces with the norm

HUH%{s(X) = ”“H%?(X) + ’“‘%S(X)'
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o Furthermore, we define the special case of
Hi() = D@y @
as the closure of the subspace D(Q2) C H'(Q) with respect to the [l 2 () morm.

Additionally, we define Sobolev spaces with negative index, which can be characterised
as the topological dual spaces.

Definition 2.2. Let

H5(Q) = H*(Q)*  fors>0
H—3(T) = H3(I)*, for s € [0,1].

Furthermore, we would like to use the dual pairing on H~/2(T"), H'/2(T") as extension of
the L? scalar product. In order to justify this, we recall Gelfand triples and some related
results from [SS11, Chapter 2.1.2.4].

Definition 2.3. If X <Y are real Hilbert spaces such that the identity I : X — Y is a
continuous and dense embedding, we call (X,Y, X*) a Gelfand triple.

Lemma 2.4. Let (X,Y,X*) be a Gelfand triple. Then, X and Y are also continuously
and densely embedded into X*.

With the following lemma (cf. [SS11, Proposition 2.5.2]), we can apply the theory of
Celfand triples to the Hilbert spaces HY/?(T") and L*(T").

Lemma 2.5. The spaces X := HY/?(T"), Y := L*(I"), and H='/2(") form a Gelfand triple.

We can now extend the notation of the L?(I') scalar product to the dual pairing in H/?(T).
More precisely, for u € H~'/?(T") and v € H/?(T'), in consistency with (2.1) we denote

(u,v)p := (v,u)p := u(v).

Moreover, we also introduce vector valued Sobolev spaces. For s € R for Q and s € [—1, 1]
for I', we define

H(X) := HY(X)" for X € {Q,T}.

Then, the spaces are equipped with the canonical product space norm

|U||HS Z HulHHS(X)

Analogeously, we define H (1)(9) and the Slobdjeckij-seminorm for vector valued functions
| e (x)-

Furthermore, we introduce the trace operator and underline the importance of the space
H'Y2(I') with the following theorem from [McL00, Theorem 3.37, Theorem 3.38 and The-
orem 3.40].
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Theorem 2.6 (Trace theorem). We define the trace operator through

v C®(Q) — C™(T)
u > yu = ulp.
Then, v has a unique linear and continuous extension

v HY(Q) — H'/(I)

which is surjective and has a continuous right inverse. Furthermore, there holds ker v =

H (). O
For vector valued functions w = (uq,...,uy), the trace operator v shall act component-
wise

YU = (YU, ..., YUy).

In addition, for a Lipschitz domain §2 we can define the outer normal vector n = (n;)7_; €
R™ almost everywhere on I' = 02. Hence, the Gauf3 divergence theorem holds and provides
the integration by parts formula

(Oiu,v)q = —(u, Ow)q + (nju,v)r foralli=1,...,n and u,v € C1(Q). (2.4)

Since the embedding C1(Q2) C H'(Q) is dense, Theorem 2.6 implies that (2.4) holds for all
u,v € H'(Q). As we are dealing with vector valued functions, we can generalize (2.4) to
higher dimensions:

(Ou,v)q = —(u,0v)q + (nju,v)r foralli=1,...,n and u,v € C'(Q),
with C1(Q) := CH(Q)".
With the following proposition from [Pral7, Proposition 2.8], we can easily construct

equivalent norms on H((Q).

Proposition 2.7. Let |- |1 be a continuous seminorm on H'(Q)) which is definite on the
constant functions, i.e., |c|g1 = 0 implies ¢ = 0 for all ¢ € R. Then, there are constants
C1,Cy > 0 such that

Wl < Cllvllgiy  as well as |[v][2q) < C2 (V|20 + [v]E1) for allv e HY(Q).

=:[lvl
In particular, ||-|| defines an equivalent norm on H*(Q), i.e.,

L+ C) 7 ol < ol gy < 1+ Co) ol for all v e H ().

10
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2.2. Variational methods

In the later part of this work, we aim to solve operator equations of the following type: Let
X be a Hilbert space with the inner product (-,-), f € X* and A : X — X* a bounded
linear operator, i.e. for C' > 0 it holds that

|Av| . < Cllvlly for all v € X.

We assume that A is self-adjoint with respect to the inner product (-,-). For a Hilbert
space X and a given f € X*, we aim to find the solution of the operator equation

Au = f. (2.5)

The above equation can be formulated equivalently as a variational problem: Find v € X
such that

(Au,v) = (f,v) for allv e X. (2.6)

Every solution of the operator equation (2.5) is also a solution to the variational problem
(2.6) and vice versa.
The operator A : X — X* induces a bilinear form

a: X xX =R

(u,v) — (Au,v). (2.7)

Conversely, according to [Ste08, Lemma 3.1], also each bounded bilinear form (2.7) defines
a bounded operator.

Lemma 2.8. Let a(-,-) : X X X — R be a bounded linear form, i.e.
|a(u, v)| < Cy lullx vl for allu,v e X,
for some constant C1 > 0. For any u € X, define Au € X* by
(Au,v) = a(u,v) forallv e X.
Then, the induced operator A : X — X™* is linear and bounded, i.e.
|Au|l . < C1llully  forallu e X,
O

With the above understanding, results proven for operators can be applied to bilinear
forms and vice versa.

Furthermore, another important result that we want to mention is the well-known Laz-
Milgram lemma [SS11, Lemma 2.1.51].
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2. Lamé Operators

Lemma 2.9 (Lax-Milgram). Let X be a Hilbert space and a(-,-) be a bounded and elliptic
bilinear form on X, i.e.,

a(u,v) < Lllullx Jvllx  and  a(u,u) > M|jul3  for all u,v € X,
for given L, M > 0. Then, for all f € X*, there exists a unique u € X such that
a(u,v) = f(u) forallve X.

Furthermore, it holds that

1
lullx < 57 I llx-
O

In the later part of this work we aim to solve an operator equation with an additional
constraint. We therefore regard the following setting: Let X,Y be Hilbert spaces, f € X*
and g € Y*. For operators A : X — X* and B : X — Y™, we want to find a solution v € X
of

Au=f in X"

- (2.8)
Bu=g¢g inY",

where Au = f is the main equation we want to solve under the constraint Bu = g. Of
course, in order for a solution to exist, f, g have to satisfy g € range(B) and f € range(A4|y, ),
where the manifold Vj is given through

Vy:={veX:Bv=g}. (2.9)

In particular, it holds that Vi = ker B. The problem (2.8) can then be rewritten in the
variational form: Find u € Vj such that

(Au,v) = (f,v) for all v € Vj.
The unique solvability now follows from the following result (cf. [Ste08, Theorem 3.8]).

Theorem 2.10. Let X,Y be Hilbert spaces. Let A: X — X* be bounded and Vy-elliptic,
i.e.

(Av,v) > Ca |v||% for allv € Vp := ker B,

where B : X — Y*. Then, for f € range(Aly,) and g € range(B) there exists a unique
solution uw € X of the operator equation (2.8).

12



2.3. Weak formulation of the Lamé equation

2.3. Weak formulation of the Lamé equation
Let us consider the Lamé operator from Section 1.1
Ly = —divo(u) = —pAu — (A + p)Vdiv u, (2.10)

which is a linear differential operator of second order. We use the strain tensor from (1.6)

1
e(u) = i(Vu + Vaul), (2.11)
componentwise given as
1 .
gij(u) = 5 (Ouj + 0ju;) fori,j=1,...,n, (2.12)
and the stress tensor from (1.8)
o(u) = A(div uw) I, + 2ue(u), (2.13)
componentwise given as
n
O'ij(’ll,) = )\51] Z Opug + 2#8@‘(“) fori,7=1,...,n. (214)
k=1

We can then write (2.10) componentwise as
(L) = —div (o(u))p = — Y _ dioki(u). (2.15)
i=1

In this work, we are looking at the following equation for u € H?(f)
Lu=0. (2.16)
By using the componentwise representation of £ from (2.15), multiplying with a test func-

tion v = (vy,...,v,)" € H?(Q), integrating over Q and applying integration by parts, we
obtain that

0= —/ Zﬁjaij(u)v,- dx
Q j=1
= / Zoij(u)ajvi dr — / anaij(u)vi dx (2.17)
Q j=1 r j=1

13



2. Lamé Operators

for ¢ = 1,...,n, where the last integral over I" occurs with respect to the surface measure.
We now define the so-called induced bilinear form of L

,5=1

/ZU” = (0jvi + Oyv;) dx
3,j=1

/Z% w)eij(v) d
t,j=1

where the second equality holds due to symmetry of o(w). Using the componentwise
representation (2.14) of o(u), we can rewrite a(u, v) as

(u,v _)\/ Z dijeij(v Z@kuk dx+2u/ Z gij(u)es(v

1,j=1 3,j=1

—)\/dlvvdlvudaﬁ—i—Zu/ Zaw )eij(v) dz
Q

i,j=1
= Adiv u,div v)q + 2u(e(u), e(v))q.

From the above representation, we can now conclude the symmetry of the bilinear form
o).

In addition, we introduce the conormal derivative d,u : T' — R" as
n
u); :Zaij(u)nj fori=1,...,n. (2.18)
If we now sum over all components in (2.17), we obtain that
/ Z 9;0:5(w)v; doz = —(div o(u), v)q = (Lu, v)q = a(u, v) — (y0,0,u)p, (2.19)

i,7=1

which is called Betti’s first formula in [Ste08, Chapter 1.2]. Betti’s first formula is a special
case of the first Green identity (see for instance in [ME14, Lemma 3.1, (3.7)]) for the Lamé
equation.

Due to the fact that o(u,v) = a(v, ©) and by using Betti’s first formula from (2.19), we
obtain Betti’s second formula

—(div o(u),v)q + (yv,0,u)r = —(div o(v), u)q + (yu,0,v)r. (2.20)

Again, Betti’s second formula is a special case of the second Green identity (see for instance
[ME14, Lemma 3.2]).

14



2.3. Weak formulation of the Lamé equation

2.3.1. Solvability of the weak formulation of the Lamé equation
First, we rewrite Betti’s first formula to
a(u,v) = (Lu,v)q + (yv,0,u)r.

As we want to apply the theory of Section 2.2 in order to get unique solvability, we need
to show that the bilinear form «(,-) is bounded and elliptic. It is shown in [Ste08, Lemma
4.13], that «a(-,-) is bounded.

Lemma 2.11. For all u,v € H'(Q), it holds that
|a(w, v)| < Llu| g o) [v] g ()
where the constant L > 0 depends only on E,v > 0 from section 1.1. O

Note that the above lemma also holds with the seminorm | - | H' () replaced by the full
norm ||| (-

In order to show the H}(Q)-ellipticity of the bilinear form a(-, -), we require several steps
from [Ste08, Chpater 4.2].

Lemma 2.12. For v € H'(Q) we have
a(v,v) > C(e(v),e(v))q,
where the constant C' > 0 depends only on E,v > 0 from Section 1.1. O

Next, we can formulate Korn’s first inequality.

Lemma 2.13 (Korn’s first inequality). For all v H(Q), it holds that

(E(0)(0)a = 5lon 0.
O

We can now conclude the H}(Q)-ellipticity of the bilinear form a(-,-). The following
result is proven by using equivalent norms on H!(€).

Corollary 2.14. For all v € H}(Q), it holds that
a(v,v) = C v g »

where the constant C' > 0 depends only on E,v from section 1.1 and a norm equivalence
constant. O

According [Ste08, Chpater 4.2], we can extend the bilinear form a(-,-) by some L? norm
to obtain an equivalent norm in H'(Q). This is a direct consequence of Korn’s second
inequality, or sometimes just simply referred to as Korn’s inequality in literature.

Theorem 2.15 (Korn’s second inequality). Let Q C R™ be a bounded domain with piecewise
smooth boundary I' = 0. Then we have

(e(v),e(v)a + ||U||%2(Q) >C HUH%P(Q) for all ve HY(Q).

for a constant C > 0. O

15



2. Lamé Operators

2.3.2. Dirichlet boundary value problem

For mechanical applications, the boundary I' is often divided into parts, where different
boundary conditions hold, i.e., I' = I'pUI" y for Dirichlet and Neumann boundary conditions
respectively. Given g € H 1/ 2(T"), we consider the homogeneous Dirichlet boundary value
problem

—pAu — (A +p)Vdiv u = 0 in ©,

2.21
yu=g onl. ( )

Note that the first equation holds in H~!(£2). We define a solution manifold in H' ()
Vy={ve H'(Q):yv =g},
where Vy = H{(Q2). We have to find u € V, such that
a(u,v) =0 forall v € Vj. (2.22)

Since the bilinear form a(-, -) is bounded (cf. Lemma 2.11) and H}(Q)-elliptic (cf. Corollary
2.14) we conclude the unique solvability of (2.22) by applying Theorem 2.10. In addition,
the unique solution of (2.22) satisfies that

lullgr) < Cllglgzry

for some C > 0.

2.3.3. Neumann boundary value problem

We first consider the case of the homogeneous Neumann boundary value problem with
homogeneous boundary conditions

—pAu — (A4 p)Vdivu =0 in Q,

(2.23)
dp,u=0 onl.

The non-trivial solutions of the above boundary value problem are given by the rigid body

motions r € R, where
. 1 0 —XT2
Reme{(0) () ()} &

for n = 2. We can see that ¢(r) = 0 and Ar =0 = div r for all » € R. Consequently also
o(r) = 0 and therefore also 2,7 = 0 for all » € R. As a conclusion we see that the rigid
body motions do indeed solve the homogeneous Neumann boundary value problem.

In order to justify the inverse statement, namely that all solutions of (2.23) are given by
the rigid body motions, we have to add the condition that 2 is connected. The proof for
the following lemma is found in [McL00, Lemma 10.5] for n = 3 but can analogously be
done for n = 2.
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2.3. Weak formulation of the Lamé equation

Lemma 2.16. Let n = 2 and 2 C R™ be open and connected. Then, for all distributions
re D (Q), e(r) =0 in Q already implies that r € R. O

If we now insert the rigid body motions 7 € R into Betti’s second formula (2.20), we get
the following orthogonality

—(div o(u),m)o + (yr,0pu)r =0 (2.25)

for all » € R. Next, we consider a homogeneous Neumann boundary value problem with
inhomogeneous boundary conditions

—pAu — (A + p)Vdiv u = 0 in ©,

(2.26)
pu=¢ onl,

with ¢ € H'?(I'). Due to the orthogonality (2.25) we have to assume the solvability
condition

(yr,¢)r =0 forall reR, (2.27)

in order for a solution to exist. Note the solution of the Neumann boundary value problem
is only unique up to the rigid body motions according to [Ste08, p.8]. In order to fix the
rigid body motions, we can formulate appropriate scaling conditions. To this end, we define

H(Q)={ve H(Q):(r,v)o=0 forall?eR}.

Then, the weak formulation of the Neumann boundary value problem (2.26) reads: Find
u € HL(Q) such that

a(u,v) = (¢, yv)r for all v e HL(Q). (2.28)

Using Theorem 2.7, we can introduce an equivalent norm in H* () as stated in the following
corollary from [Ste08, Corollary 4.18].

Corollary 2.17. For the space of all rigid body motions R = span{rk}‘,ii:“iR with the basis
(rp) IR g5 in (2.24),

dimR 1/2
19l a1 ). = ( Y (e 0)d + (5(0)75(0)%1) :
k=1
defines an equivalent norm on H'(Q). O

With the above Corollary 2.17 and Lemma 2.12 we can establish the H 1(Q)-ellipticity of
the bilinear form «(,-) and hence get unique solvability of the variational problem (2.28).
In addition, for a weak solution u € H1(Q) we can define other solutions to the Neumann
boundary problem just by adding a linear combination of rigid body motions
dim R
U=u+ Y apry € HY(Q),
k=1

for ar € R and 7 as in Corollary 2.17.

17



2. Lamé Operators

2.4. Fundamental solutions
Next, we consider the Lamé operator Lu from (2.10) and Betti’s second formula (2.20).
Since this work considers only Lu = 0, Betti’s second formula simplifies to

(Lv,u)g = —(div o(v),u)q = (yv,0pu)r — (YU, d,0)r.

Let us assume that for every x € {2 and for every component k = 1, 2 there exists a function
v(-) :== Uj(x,-) which satisfies

Then, the solution u = (uy,...,u,)" of Lu = 0 is given by the representation formula for
x e

ug(z) = (Ug(z,-),0pu)r — (0, Up(2,-),yu)r
/ Ui(z,y)onu(y )dy—/rbn Ui(z,y)yu(y) dy,

for k = 1,2, where the integration occurs with respect to the surface measure. Therefore,
it is enough to know the Cauchy data (yu,dpw) on I' in order to compute a solution to
the equation Lu = 0. Since

ug(z) = /Q(So(x —y)ug(y) dy for z € Q,

(2.29)

where dq is the Dirac delta, we have to solve the partial differential equation for j, k = 1,2
(L, UL j(w,y) =0o(y —x), forj=k
(LyUp)j(z,y) =0, for j £k

for =,y € R? in the distributional sense. Note that with the notation Ly, we want to imply
that the operator acts only on the y component of the function. A solution U* = (U7, U3)
to the equation (2.30) is called fundamental solution. In order to compute a solution
u to the Lamé equation via the representation formula (2.29), we need the existence of
a fundamental solution U*(x,y). Using the representation formula, we can formulate
appropriate boundary integral equations to find the complete Cauchy data on the boundary.
According to [Ste08, p. 90], the existence of a fundamental solution is ensured for the Lamé
equation.

In [McL00, Theorem 10.4] the fundamental solution for the Lamé equation in two di-
mensions is given.

Theorem 2.18 (Fundamental solution of the Lamé equation). If u # 0 and 2u + X\ # 0,
then a fundamental solution U*(x,y) := U*(x —y) for the Lamé operator (2.10) in n = 2
dimensions is given by

(2.30)

1 T
U(z) = ——— < (Bu+ ) log|z]12+(u+)\) )
ATp(2p + A) |2[?
where Iy € R**? is the identity matriz. Note that U* = ( %J)ZQ,jzl is a matriz valued
function and consists of two separate vector valued functions U* = (U;, Us). ]

For further details on the computation of the fundamental solution we refer to [ME14,
section 3.2] and [Ste08, section 5.2].
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2.5. Integral operators

2.5. Integral operators

As we will be considering the Dirichlet boundary value problem (2.21) and the Neumann
boundary value problem (2.26), we have to derive appropriate boundary integral equations
in order to find the complete Cauchy data (yu,d,u) on I'. By inserting the Cauchy data
in the representation formula (2.29), we then have a representation of the solution. We
consider the surface potentials that occur in the representation formula including their
mapping properties. The following approach is called direct approach in literature.

For z € QU QC, the single layer potential

V:HV2) - HY(Q).

for a function w € H~Y?(T") is given by
Vwlita) = [ (U (@) dy

for k = 1,...,n, where U*(z,y)w(y) is a matrix vector multiplication and we integrate
the k-th entry of the resulting vector over T'.

Remark 2.19. Note that the single layer potential Vw for any w € H_I/Q(F) s a solution
to L(Vw) = 0 according to [SS11, Proposition 3.4.1].

Before we introduce the double layer potential, we will take a closer look at the conormal
derivative of the fundamental solution. We will denote derivatives 0, with respect to y by
Ok,y- Similarly, 9, , means that the occurring derivatives act only on the variable y and
the normal vector n = (n1,n2)” is in point y. Since 0, is defined in (2.18) only for vector
valued functions u, we will explain how 0, , U™ is to be interpreted. By comparing with
[Ste08, Section 5.2, (5.11)], we can see that the fundamental solution is to be understood

2
row-wise and therefore, for U* = <Ul*]) - there holds
1,]=—
Oy U7 = <an,y(U2*17 Usp)"' )

where 0y, ,(U}},U%) is a column vector for i = 1,2. Using (2.14) and (2.18), we have for
vector valued u = (u1, ug)”

2 2 2
(Dnu)i = Zoij(u)nj = Z </\(SZJ (Z 8kuk> + ,u(@-ui + &uj)) ni, for i = 1, 2.
j=1

j=1 k=1

For the fundamental solution U*, we thus see that

2
(an U*)kp = Z Ukpq( U*)nq
q=1

2 2
= Z <)‘5Pq (Z aﬁyUlﬁr) + 1(OpyUrq + 8‘1:?4ng)> Mg,

q=1 r=1

(2.31)
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2. Lamé Operators

for k,p = 1,2. Note that ojp,(U™) is a 3-dimensional tensor and that d,, U™ (z,y) is a
matrix. We write (05, U*(x,y)v(y))r for the k-th entry of the vector 0, , U*(z,y)v(y).
Then, for z € QUQC, the double layer potential

K:HY*I) - HY(Q)

of function v € H1/2(I‘) is given by
(Kv)k(x) ::/(Dn,y U'(z,y)v(y))r dy fork=1,...,n.
r

Using the introduced surface integral potentials, the representation formula (2.29) can
be written as

u=V0pu)— K(yu). (2.32)

According to [ME14, Corollary 3.12] and [McL00, Theorem 6.11] the operators V and K
are continuous for bounded 2.

In order to obtain the complete Cauchy data, we have to consider the trace vy and
the conormal derivative 9, of the operators V and K. First, we consider the single layer
potential. According to [Ste08, Section 6.7], the trace of V defines a bounded linear operator

Vi=~V: HV2I) — HY*(T).

The operator V' has a representation as a weakly singular surface integral for w € L>(T)

(Vw)i(z) = / > Ufi(z,y)w;(y) dy forz €T andi=1,...,n, (2.33)
=
7j=1

as stated in [Ste08, (6.58)] and [SS11, (3.32)]. As in [SS11, Remark 5.1.7], this means
that (2.33) exists as an improper integral. According to [Ste08, p.158/Section 6.7] we can
assume for simplicity that « € I' is on a smooth part of the boundary. In particular, for
n = 2 this means that we exclude the cases, where x € I' is a corner point.

Next, we consider the trace of the operator . To this end, we define

1
K = (21+ wc) c HY(I) — HY2(T),
where [ is the identity operator. Then, it holds that
1
K = <K — 21) : HY2(I) — HY(T).

Furthermore, K is linear and has the following representation

n

(Kv)i(z) := lim Z(Dmy U*(z,y))ijvi(y) dy for v; € L>(T), (2.34)
€0 yel:ly—z|>e =1
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2.5. Integral operators

fori =1,...,n. Note that the above integral is a Cauchy principal value and not necessarily
improperly integrable. The above representation holds for all points z € I', where T’
is differentiable (cf. [McL00, Theorem 7.4]). According to [McL00, Theorem 6.11] the
operator K : HY/?(I') — H'/?(I) is also bounded.

Later, we will also need the adjoint operator K’ of K,

K': H ') - HY2(D).

According to [Ste08, Section 6.7], the operator K’ has a representation as a Cauchy principal
value of a surface integral

n

(K'w),(x) = lim D ow(U5 () (@)ne(@)w;(y) dy for k=1,...,n.

e20 Jyer:|y—z|>e j=1 ¢=1

Next, we consider the conormal derivative (2.18), or alternatively referred to as interior
boundary stress operator, of the operators ¥V and K. The operator

0,V : HV3I) - H V()
is linear and bounded (cf. [Ste08, Section 6.7]) and can be represented by

@aVw)i(z) = lim > oy;(Vw)(@)n;(F) fori=1,...,n.
j=1

Qsz—zel
An alternative representation is given by

1
Dnv - 5[ + K/.
By applying the interior boundary stress operator 9, on the double layer potential X we
obtain a bounded linear operator
0.K : HY2(T) — H™Y(T),

according to [Ste08, Section 6.7, p. 163]. We define the hypersingular boundary integral
operator by W := —0,K.

Remark 2.20 (Symmetry of W). For E resp. v being the Young modulus and Poisson
ratio from Section 1.1, let

1 B
471 — v?

Gija,y) = (— log [ — y| 0ij + (: = yi)(xj; yj)) fori,j=1,2.

|z =y
According to [Ste08, p.163] for C(T) := C(I') x C(T) and u,v € H/*(I')N C(T"), we obtain

for the hypersingular boundary integral operator that

2
(Wu,v)p = ) /Fdasvj(x)/FGij(%y)dyui(y) dy dz,

1,7=1

where d,d, denotes the derivative with respect to the arclength. Since C(T) N HY/*(T) is
dense in H'/>(T'), we therefore obtain that W is symmetric on HY?(T).
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2. Lamé Operators

In order to gain a better overview, we summarize the relations between the potential V
and K and the different boundary integrals V, K, K/, W. There holds

1
W=V, V]CZK—§L
) (2.35)
V=K + 5I, W =-W.

When considering the representation formula (2.29) on I', we can separately apply v and
0,,. Using the identities from (2.35), we then obtain that

1
yu\ (I - K \% YU
(Dnu> - ( W 3I+K') \opu)’ (2:36)

where the involved operator matrix

o (3I-K V
— l /
W i+ K

is called Calderdn projector. According to [Ste08, p. 163] the Calder6n projector defines
a projector fulfilling C = C2. When rearranging the first row of equation (2.36), we obtain
the following boundary integral equation

1
Voau = <21 + K) yu in HY?(D), (2.37)
which is called Symm’s integral equation. The second row of equation (2.36) simplifies to
1
Wryu = (21 - K’) dpu  in HY2(T) (2.38)

and is called the hypersingular integral equation.
In addition, we consider the rigid body motions from (2.24). Since ?,,7 = 0 for all r € R,
inserting r € R into the representation formula from (2.32), we get that

r=-—-Kr on.

Moreover, considering equation (2.37) and (2.38) gives

(;I + K) yr =0 (2.39)

and
Wryr = 0. (2.40)

As we later want to solve (2.37) for 9, u, we need the ellipticity of the operator V. We
define for n = 2

H (1) = {'w € HVAT): (wi,)r =0 fori= 1,2}-

According to [Ste08, Theorem 6.36], we then get ellipticity in H J_rl/ (T") for n = 2.
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Theorem 2.21. It holds that Then we have
(Vw, w)r > Cy Hwa.{_l/g(r) , forallwe H11/2(F).

where Cy > 0 depends only on T. O

In [Ste08, Section 6.7], the ellipticity of V in H~'/?(T) is shown, which requires some
more steps and suitable scaling of the domain €. In the following theorem from [ME14,
Theorem 3.18] a shorter explanation is given.

Theorem 2.22. For a Lipschitz domain Q C R?, we may either consider h§) for a suffi-
ciently small scaling parameter h > 0, or, equivalently, we may consider 2 and the scaled
fundamental solution U.(z) = U(z) + cI with sufficiently large ¢ > 0. Then, we obtain the
ellipticity of V in H_l/Q(F), i.e.,

(Vw, w)r > Cv | w|31jopy  for all we H V(D).

I )
In particular, V is an isomorphism with HV‘lH < (7‘;1 and
(w,v)y := (Vw,v)p for all v,we H /(D)

define an equivalent scalar product on H_l/z(I’).
By applying the Lax-Milgram lemma (Lemma 2.9) we then get existence of the inverse
operator V1 : HY2(I') - H~/?(T"). We define
H;l/Q(I‘) = {w e H'V2(M) : (w,r)r =0 forall re R},
and

Hi/Q(F) = {U € H1/2(F) (V7 lu,r)p =0 forall r € R}

Then, V : H;1/2(F) — H}/2(F) is an isomorphism.
Furthermore, the single layer operator V' is symmetric as stated in the following corollary.

Corollary 2.23. The single layer operator V € L(Hfl/Q(F); Hl/z(F) is a symmetric op-
erator, i.e. (Vep,)r = (¢, V) for all ¢,vp € HV/2(T).

For the Laplace operator the above corollary is proven in [Pra07, Corollary 4.24]. The
proof for Corollary 2.23 can be done in the same way for the Lamé operator, since the
fundamental solution for the Lamé equation U*(z —y) = U*(y — x) from Theorem 2.18 is
symmetric.

As for V, we also need an ellipticity result for the hypersingular boundary integral
operator W. According to [Ste08, p. 164], W is Hi/Z(F)—ellipticity, ie.,

(Wo,0)r > Cyw [[ol[31/2py  for all v € HY?(D),
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2. Lamé Operators

for some constant Cyy > 0 which only depends on I'. Moreover, we introduce
Hia@(F) = {'v e H2(M) : (v,7)p =0 forall v R},

which essentially equips the space H 12(I') with the solvability condition (2.27). Then,
there exits a constant Cyy > 0, which depends only on I', such that

(Wo,v)r > Ci 0] /2y forall v € HY(T); (2.41)

)
see [Ste08, p. 165].

2.6. Boundary integral equations

In this section, we consider boundary value problems for Lu = 0 for a bounded, simple
connected domain  with Lipschitz boundary I" := 0€).

2.6.1. Dirichlet boundary value problem

First, we consider the Dirichlet boundary value problem. For given g € H 1/ 2(I‘), it reads

—pAu — (A +p)Vdivue =0 in Q,
yu=g¢g onl.

When looking at the representation formula (2.32), we still have to find the unknown
Neumann data 0,u € Hﬁl/z(f‘). By inserting into Symm’s integral equation (2.37), we
obtain

1
Vopu = (21 + K> g. (2.42)

The above equation is in fact equivalent to the Dirichlet problem, because for each solution
0, u we can construct a solution uw € H'(Q) to the Dirichlet problem via the representation
formula (2.32). On the other hand, for a solution u € H!(Q), the trace yu = g and
conormal derivative 0w fulfil equation (2.42).

According to [Ste08, p.173] we may also consider (2.42) in the equivalent variational
formulation: Find d,u € H~Y?(I) such that

1
(Vonu, v)r = (51 + K)g,v)r forall v e HV2(I). (2.43)

As V is bounded and H~'/2(T')-elliptic according to Theorem 2.22 when assuming a
suitable scaling of domain €2, we conclude the unique solveability of the boundary integral
equation (2.43) by applying the Lax-Milgram lemma (Lemma 2.9). Moreover, since V,
V~1, K are bounded, it holds that

1 1

where Cy, Ck > 0 are the boundedness constants for V and K. The above inequalities are
stated in [Ste08, p. 172] for the Laplace equation, but still hold for the Lamé equation as
the operators remain bounded.

_Cx

H1/2(F) = CV ||g”H1/2(F)7
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2.6. Boundary integral equations

2.6.2. Neumann boundary value problem

Next, we consider the Neumann boundary value problem. For given ¢ € H~Y (1), it
reads

—pAu — (A4 p)Vdiv u = 0 in ©,
pu=¢ onl.

In order for a solution to exist, we have to assume the solvability condition (2.27)
(yr,¢)r =0 forall r € R.

Note that the solution of the Neumann boundary value problem is only unique up to the
rigid body motions. When considering the representation formula (2.32), we still have
to find the unknown Dirichlet data yu € H'/ 2(T"). By inserting into the hypersingular
integral equation (2.38), we obtain

Wryu = (;I — K’) ®. (2.44)

The above equation is equivalent to the Neumann problem, since for each solution yu of
(2.44), we can construct a solution u € H'(Q) to the Neumann problem via the repre-
senation formula (2.32). On the other hand, for a solution u € H'(Q2) the trace yu and
conormal derivative 0, u = ¢ fulfil equation (2.44).

As W~r = 0 for all rigid body motions r € R, we have ker W = vR. In order to ensure
the solvability of (2.44), similar as done in [Ste08, Section 7.2] for the Laplace equation,
we need to assume the following solvability condition

1

(51 — K')¢ € range(W) = (ker W)°, (2.45)

where
(ker W)° := {f € H () : (f,v) =0 for all v € ker W} C H~Y*(I)

and the last equality in (2.45) results from the closed range theorem (cf. [Pral7, Theo-
rem 5.7]) and Remark 2.20. Instead of (2.44), we can consider the equivalent variational
formulation: find yu € HY?(I)

(Wru,v)r = ((%I — K'Y¢,v)p for all v € HY*(I). (2.46)

As the operator W is bounded and Hif(f‘)—elliptic due to (2.41) we obtain that the
variational formulation

(Wru,v)r = ((%I — K')¢,v)r forallwe HiiQ(F), (2.47)

has a unique solution yu € HKQ(F)
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2. Lamé Operators

Remark 2.24. Since we cannot prove the ellipticity of operator W in H1/2(F) we may
consider a modified formulation of the problem: find yu € Hl/Q(F) such that

(W, o) = ((%I — K'Y, v)r for all ve H2(T), (2.48)

where ()8R s q basis of R. The modified hypersingular integral operator W Hl/Q(F) —

=1
HY2(T) is given by
dimR

(Ww, v)p == (Ww, v)p + Z (w,yri)r (v, yri)r  for v, w e HY/*(T).
i=1

As W is bounded, also W is bounded.
A proof that the problem formulations (2.47) and (2.48) are equivalent and that the
operator W is H1/2(F) —elliptic, remains open.
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3. Compact presentation of BEM

As the boundary integral equations of the previous section can in general not be solved
analytically, in this chapter we will present the Galerkin boundary element method and
related theory in order to solve these boundary integral equations numerically. From this
chapter on, we will only consider the Dirichlet problem.

3.1. Galerkin method

We consider a Hilbert space H with norm ||-||; and a continuous and elliptic bilinear form
(-,-) on H. For a given F' € H*, we then get existence and uniqueness of the solution
u € H of

(u,v) = F(v) forallve H, (3.1)

by applying the Lax-Milgram lemma (Lemma 2.9). The Galerkin scheme then consists of
replacing the continuous space H by a finite dimensional and hence closed subspace X, of
H. Since the Lax-Milgram lemma applies as well to the subspace Xy, there also exists a
unique Galerkin solution u, € X, of

(we,ve) = F(vg) for all vy € X,
The solution fulfils an important property called the Galerkin orthogonality
(u—ug,ve) =0 forall v, € Xy. (3.2)
The projection Gy : H — X, characterised by
(Gou,vp) = (u,vp) for all vy € Xy,

is called Galerkin projection. Due to the Galerkin orthogonality (3.2) the Galerkin pro-
jection is an orthogonal projection. If (-,-) is additionally symmetric, then it is a scalar
product. Hence, we call the scalar product (-,-) and the induced norm ||-|| := (-,-)'/? the
energy scalar product and energy norm respectively.

With the Pythagoras theorem, we have that

lu = Geull® + IGeu — vel|* = lu — wel®  for all v, € X,.

This implies that Gyu is the best approximation of v in X, with respect to the energy norm
I-1I, i-e.

Ju - Geull < flu— vl for all vy € X;.

By switching to an equivalent norm in H, we obtain the Céa lemma [Pra07, Lemma 5.3]
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3. Compact presentation of BEM

Lemma 3.1 (Céa-Lemma). The Galerkin error is quasi-optimal, i.e.

|lu — Gou|ly < Cogq min ||u—vell;  for alluw € H,
veE€Xy

where the constant Cce¢q > 0 depends only on the ellipticity and continuity of (-,-). If {-,-)
is additionally symmetric, it holds that

lu — Geul| = min |Ju —ve|]| for alluw € H.
veE€Xy

The Galerkin method then consists of constructing a sequence of finite dimensional sub-
spaces Xy of H with Xy, C Xy ;.

3.1.1. Dirichlet problem

We consider the Dirichlet problem (2.21) with the variational formulation of Symm’s inte-
gral equation from (2.43):

1
(Vonu, v)r = (51 + K)g,v)r forall v € H2(T), (3.3)

where we seek d,u € H /(") for given Dirichlet data g € HY?(I"). For simplicity we
set f:=(AI+K)g € H'Y2(T), ¢ :=d,u and (¢, v)y := (V, v)r. The above formulation
(3.3) can then be rewritten as: find ¢ € H~'/?(I") such that

(p,v)y = (f,v)r forallve Hﬁl/Q(F).

The right-hand side defines a continuous linear form for v. The left hand side (¢, v)y
defines a symmetric bounded bilinear form, which is under certain assumptions on the
scaling of the domain 2 also elliptic (see Theorem 2.22). Hence, (-, -)y defines an equivalent
scalar product on H~Y 2(T'). We can therefore apply the Galerkin method and replace
HY 2(I") by a suitable finite dimensional subspace X;. Then, our problem (3.3) reads:
find ®, € X, such that

(@g, Wp)y = (f, Vo)r for all ¥y € X, (3.4)

The seized solution ®, is then the Galerkin projection onto X, of the exact solution ¢ €
H~'/%(I") with respect to the energy scalar product {-,-) := (-, )y. Hence there holds the
Galerkin orthogonality and we get that ®, is the best approximation of ¢ in Xj.

3.2. Discretization

In this section, we discuss the discretization of the boundary I' as well as the ansatz
spaces Xy. Before we give the boundary discretization, we introduce the so—called NURBS
functions.
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3.2. Discretization

3.2.1. B-splines and NURBS

In this section we aim to introduce B-splines as well as NURBS and mention some basic
properties.

We consider a sequence of knots K = (t;)icz on R with t;_1 < ¢; for i € Z and
lim; 4.0 t; = +00. For the multiplicity of any knot ¢; we write #t; := j € Z : t; = t;. We
denote the corresponding set of nodes N := {t; : i € Z} = {%; : j € Z} with %;,_; < %, for
j € Z. For i € Z, the i-th B-spline of degree p is defined inductively by

Bi,O = X[ti_l,ti)7
Bip = Bic1pBip—1+ (1 = Bip)Bit1p-1 forp €N,
where, for t € R,

=t 4 .
Bip(t) = { ot LT F B,
2, T .
P 0 if ti:ti_;,_p.

We may also use the notations BZKP := B, and pr := B p in order to stress the dependence

on the knots K.
The following properties of B-splines are taken from [dB86]. We refer to [dB86, Section
2-4,6] for the proof.

Lemma 3.2. For p € Ny and a finite interval I = [a,b), the following assertions hold:

(i) Fori€Z and L € Z, Biply, 4, 15 a polynomial of degree p.

(ii) Fori € Z, B;)p vanishes outside the interval [t;—1,ti1p) and is positive on the open
interval (ti—1,tiyp).

(iii) Fori € Z, B,y is completely determined by the p+ 2 knots ti_1, ..., tiqp.

(iv) The B-splines of degree p form a (locally finite) partition of unity, i.e.
Y Bipy=1 onR.
1€EZ

(v) The set {B;pl|r :i € Z with B;,|1 # 0} is a basis for the space of all right-continuous
N -piecewise polynomials of degree lower or equal to p on I with break points N'N (a,b)

and which are, at each break point t;, p — #t; times continuously differentiable if
p— #t; > 0. O

In addition to the knots K, we consider a sequence of fixed positive weights W := (wi)iez
with w; > 0. Then, we define the corresponding NURBS functions.

Definition 3.3. Fori € Z and p € Ny, we define the i-th non-uniform rational B-spline of
degree p, or shortly NURBS, as

w; B p
2tz weBep
Note that the denominator is never zero due to Lemma 3.2 (ii) and (iv). We also use the
notation Rf}’,w =Ry

R;p:= (3.5)
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3. Compact presentation of BEM

Furthermore, we define for p € Ny the B-spline space

SP(K) = {Z aipr ta; € ]R}

€7
as well as the NURBS space

NP, W) = {Zainéw ta; € R} = &)’CW.
i€z > rez WeBy)
We also define the NURBS space on I'
NPRW) = PR |0y © k-
Note that with Lemma 2.5, it holds that
NP(K, W) C LA(T) ¢ HY2(T). (3.6)

The following result is from [dB86, corollary 2] and gives us nestedness of the B-spline
spaces, if we refine the knots.

Corollary 3.4. Let p € Ng. For a refinement K' of K, i.e., K = (t:)iez is a subsequence
of K' = (ti)icy, it holds that

FP(K) € P(K).

3.2.2. Boundary discretization

We assume that Q C R? is a bounded Lipschitz domain whose boundary I' := 9 can be
parametrised by a fixed regular closed curve 7 : [a,b] — I'. Moreover, we demand that ~ is
continuous, piecewise continuously differentiable and that 7\[(171,) is bijective. Furthermore,
we make the assumption that v is positively orientated. We also assume that for the left
and right derivative of ~y, there holds 7'(t) # 0 and v'"(t) # 0 for t € [a,b). Furthermore,
we demand that

V) + ey (t) #0 forall ¢ > 0 and t € [a,b].
For the discretization, we introduce some further notation.

e Nodes
Let N, := {2j €a,b]:7=0,...,n} beaset of nodeswitha =2y < % < ... < %, =0
and such that v[jz, |z € C'([2j-1, %j]). The corresponding nodes on I are then given
by Ny :={zj :=~(3;) : j =1,...,n}, where 2z := zy,.

e Multiplicity and knots
Let p € Ng be some fixed polynomial order. Each node z; € N, has a fixed multiplicity
#z;€{1,2,...,p+1} with #20 = #z, =p+1land #z; <p+1lforj=1,...,n—1.
This induces knots

K= (215 ey 21y eey Znye ey Zn)s
~——— ——
#2z1—times #2zp—times

with corresponding knots K, := ’y](_alb] (Kx) on the parameter domain (a, b].
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3.2. Discretization

e Elements and partitions
Let T, = {T1,...,T,} be a partition of I' into compact and connected segments
T; = ~(Tj) with Tj = [2j_1, 2;]. Then, we define

[7;] = {[T] T ¢ 7;} with [T] = (T, #ZTJ,#ZT,Q),

where zr 1 = 2;_1 and 273 = z; are the two nodes of T' = T};. We will refer to 7 as
mesh and denote the set of all meshes of I" by T.

e Local mesh-sizes
Let h, 7 denote the arclength of each element 7" € 7,. Then, we can define the local
mesh-width function h, € L*(I") by h.|r = hy .
In addition, for each element T € 7, we define its length by }Vl*’T = |’y_1(T)‘
with respect to the parameter domain [a,b]. Again, we can define a global function
hy € L=(T) with hy|r = hy .
Note that the lengths of h, 7 and lvz*’T of an element T are equivalent and the equiv-
alence constants depend only on ~.

e Local mesh-ratio (shape regularity constant)
The shape regularity constants of the mesh on [a,b] and T" are given by
#(T2) = max{h,r/her : T,T' € T, with TN T # (0},
k(T2) == max{h,r/hy : T, T € T, with TNT" # 0}.
Note that x(7T5) ~ &(7), where the hidden constants depend only on the parametriza-

tion 7.

e Patches
For each set I'y C I and m € Ny, we define the patch inductively

I if m=20,
wW'(To) :=Qwi(To) =U{T €T : TNy #0} ifm=1,
Wi (W™ (1)) if m > 1.

For nodes z € T', we abbreviate w(z) := w({z}) for the node patch. Analogously,
for each set £ C [T;] and m € Ny, we define inductively

g itm=0,
W(E) == [w](&) = {[T) € [T:] : AT € E,TNT # 0} if m=1,
[wi] ([wi1](E)) if m > 1.

We also need
Ue=J{TeT:Mee}cr

and

WM(E) 1= Wl (Us) :
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3. Compact presentation of BEM

3.2.3. Discretization space

We consider a mesh 7, of I' as defined in Section 3.2.2 with corresponding nodes N} and
N, and knots K, and K}, such that for a given p € Ny and each node Z; € Nh, it holds that
#z; <p+1lfor j=1,...,n—1and #Z = #%, = p+ 1. Let the given partition of the
boundary I' be denoted with 7y with corresponding knots Kg. We assume that the mesh
Tr is a refinement of Ty, i.e., that Ko C Kp,.

In addition, we assume that for N = #Kj we have weights W, = (wz)f\:lzi , given. Then,
we define

S(Tn) i= NP (K, Wh) := AP (K, W) © Yliap):
A basis of S(7) is given by
{Ri,p’[a,b) ci=1—p,...,N —#b+ 1} 07|[;71b)_

The approximation space we use for the ansatz functions will be 8(73) := S(Tn) x S(Tr) C
H~Y2(T) (cf. (3.6)). The canonical basis of S(7p,) is

{Rf = Rip

aper:ii=1—p,. .. N—#b+1k= 1,2}0’7|[;71b), (3.7)

where ej, € R? denotes the k-th identity vector.

A special case of the above described definition is to consider weights W), = (1)pr

im1—p and
knots KCp, resp. K, with full multiplicity #z; =p+1forall j =0,...,n. The corresponding
space of all B-splines 7P (l@h) of degree p is then the space of all piecewise polynomials
of degree p. Note that these polynomials generally are discontinuous at the nodes z; for
j=1,...,n. We will denote this space of piecewise polynomials of order p by PP(7};,). The

B-splines

{Bzﬁﬂ[a,b) =1 - D5 7N _p} 07’[;’11;)7
form a basis of PP(T;,) as can be seen with Lemma 3.2. The two-dimensional space of
piecewise polynomials PP(T,) := PP(Tp) x PP(T;,) then has a basis given by

{Bf ::Bf;\[mb)'ek:izl—p,...,N—pandk:1,2}07|[:L}b).

3.3. Mesh-refinement and adaptive algorithm

In this subsection, we describe an adaptive algorithm for the mesh refinement, which also
considers increasing the multiplicity of the knots.

To this end, we fix a polynomial order p € Ny, an adaptivity constant 0 < 8 < 1 and
a bound for the shape regularity constant kmax > 0. We denote the surface measure of
I' with pr (for Definition see [Ganl4, Chapter 2]). With the index ¢ € Ny, we count
the number of steps. For ¢ := 0 we start with an initial mesh [7p]. This includes nodes
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3.3. Mesh-refinement and adaptive algorithm

Ny = {EJ[.O} :j =1,...,n0} and knots Ky with Ny := |Ko|. Furthermore, we have initial
weights Wy = {wl[-o] ci=1—p,...,No—#b+1}. We then make the following assumptions

K(70) < Fmax
ho < up(T)/4
no > 4
p+1< No.
For the mesh refinement, we will consider a node-based error estimator ny := 3 . N, ne(2)?
with local contributions n(z) for z € Ny. In the next Section 3.4, we will present an error
estimator of this form.
With a specific marking strategy which we will explain below, we then obtain a set of

marked nodes and elements which will be refined by additionally considering knot insertion.
The following algorithm is found in [FGHP16, Algorithm 2.2].

Algorithm 3.5. INPUT : initial mesh [Ty, initial knots Ko, initial weights Wy, polynomial
degree p € Ny, adaptivity parameter 0 < 0 < 1, counter £ := 0.

1. Compute discrete approrimation ®y.
2. Compute the refinement indicators ng(z) for all z € Ny.
3. Stop, if the error estimator 1y is sufficiently small.

4. Determine a set of marked nodes My C Ny of minimal cardinality such that

One < > me(2)”.

zEMy
5. If both nodes of an element T € Ty are marked, T will be marked.

6. For all other nodes z € M, the multiplicity will be increased, if it is smaller than
p+ 1, otherwise, if the multiplicity is already p + 1, the elements which contain the
node z will be marked.

7. Refine all marked elements T € Ty by bisection (insertion of a node with multiplicity
one) of the corresponding T € T;. Use further bisections to guarantee that the new
partition Tyy1 satisfies

Fi(Ter1) < 26(To).

8. For the obtained knots Koyq, we need new weights Wyy1, which are uniquely chosen
such that the denominator of the NURBS functions does not change, i.e.,

Ne—#b+1 7 Npp1—#b+1 1] R
K +1
Y. wiBiy= ), w BT (3:8)
i=1—p i=1—p

where Ny resp. Nyiq denote #Ky resp. #IQH. As the new weights are convexr com-
binations of the initial weights Wy, it holds that min Wy < min Wy 1 < max Wy <
max Wy for details see [FGP15, Section 4.2].
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3. Compact presentation of BEM

9. Set < ¢+ 1 and go to 1.
OUTPUT : We obtain approzimate solutions ®; and error estimators ny for all £ € N.

Note that for # = 1 the above algorithm leads to uniform refinement. Furthermore, with
Corollary 3.4 and (3.8) we also obtain nestedness of

NP(Ke,Wi) € NP(Keg1, Wera),
which also implies §(7;) C 8(Ty+1). For further details we refer to [FGHP16, Section 2.9].

3.4. The (h—h/2)—estimator

In order to refine a mesh adaptively, we need certain indicators to determine where the
error is largest. To this end, we introduce the (h—h/2)—estimator and later also the local
(h—h/2)—estimator for the Dirichlet problem. For a mesh 7j of I we consider the uniformly
refined mesh 7} . The corresponding nodes are given by Ny resp. N}, /2- The corresponding
approximation spaces are S(7;) and S(7/2). Let @ resp. ®),/5 be the Galerkin solution
of the Dirichlet problem (3.4) for X;, = S(7Tp) resp. X2 = 8(Ty/2). As S(Tn) € S(Th)2)
(cf. Corollary 3.4), we get with the Galerkin orthogonality (3.2) that

l6 = @nyal® + | @ns2 — @4l|* = llo — @ull”.
Note that as an immediate consequence there also holds that
6 = @npal| < ¢ — @nll.
Therefore, we define the (h—h/2)—estimator as follows
1(Th) = [|®nja — @all| <l — @all-

Due to the above estimate 1 (7) is an efficient error estimator. However, it does not contain
information about local contributions, which we need for an adaptive algorithm. Therefore,
we define the local (h—h/2)—estimator for node contributions as

fi(z) = Hh1/2(<1>h/2 - %)\ . forall z € A,

L2 (w(2))

and the corresponding global estimator

i(Th) = |[1/2(@n2 — 1)

2(r)’

where h € L>(T") denotes the local mesh-width function. Note that there holds

A(Th)* < > Ji2)” < 20(Th)?,
2EN,
since the node patch contains two elements.

We will prove the equivalence between the (h—h/2)—estimator u(7;,) and the local (h—
h/2)—estimator 1i(7,) for the space of elementwise piecewise polnomials PP(7T}) of order
p. For that, we need appropriate results, i.e., approximation estimates and inverse-type
estimates. The following lemma from [CP06, Theorem 4.1] gives an appoximation property
of the L?-orthogonal projection onto PP(Ty,).

34



3.4. The (h—h/2)-estimator

Lemma 3.6. Let I1j, : L?(T') — PP(Ty) be the orthogonal projection onto PP(Ty). Then,
there exists a constant Cypy > 0 such that

W2 (g — th)HLQ(F) for all ¥ € LA(T).

H¢ - th||H*1/2(F) < Cap:r
The constant Cqp, depends only on the boundary I

The following proposition is a special case of [FGHP17, Proposition 4.1] and gives us an
inverse-type estimate for NURBS.

Proposition 3.7. For a triangulation T as defined in Section 3.2.2, it holds that

th/zq,‘ < Cin 19| gr-12py  for all ¥ € S(T),

L2(1)

where Cipyy > 0 depends only on &(T), p,7v, min(W), max(W) for weights W corresponding
to function U.

The above result is formulated for NURBS functions S(7°), however we can apply it to
the space of all piecewise polynomials PP(7) when choosing the multiplicity of the knots
as p+ 1 at each node. Although the above results are only formulated for scalar spaces,
they clearly hold for the vector—valued spaces. We can now prove the equivalence of the
two different (h—h/2)—estimators.

Lemma 3.8. The (h—h/2)-estimator is equivalent to the local (h—h/2)—estimator for the
ansatz space Xy = PP(Th), i.e., it holds that

CU(Th) < () < Cufi(Th).

The constant Cgr > 0 depends only on I' and on the ellipticity and continuity of the energy
scalar product, while C, > 0 depends only on &(Th), p, -

Proof.  We first prove u(T,) < Cgu(Ty). Since the energy norm |[|-|| is equivalent to
[l =172 on PP(Ty, 2), ie.,

@572 = @nlll = [|®n/2 = @all g-srary

we can switch to the [|-|| -1/2 norm. As @ is also the Galerkin projection of ®;,/5 onto
PP(Tp), we can apply the Céa-Lemma 3.1 to obtain that

@2 — (I)hHHfl/Q(F) < Coéa \phemgpn(m @2 — \IthHfl/Q(F)
< Ccsa || P2 — th)h/ZHH—l/Q(F) )

with IIj, : L*(T') — PP(T;,) being the L*(T')-orthogonal projection onto PP(7;). Then we
can apply Lemma 3.6 and use the fact that IIj, is a projection and that it acts elementwise
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3. Compact presentation of BEM

on T € T to obtain that

W2 (@0 — th)h/Q)‘

[@n/2 = ol gy-1/2 () < Cape S

= Cape [WV2(0 = T0) (@10 — 1)
Cap ( n)(®@rs2 — @n) 2
1/2
1 2
< —Cope th/%—nh O,y — D) ‘
730 | 3 |- - ol
2€NR
1 2
— Ecapx > > hy [[(1 = TI) (@4, — <1>h)HL2(T)
2€NR {TETH:TCw(2)}
1/2
1 2
< Ecapx Z Z hT Hq)h/Q - <DhHL2(T)
2ENR {TETH:TCw(2)}
1/2
2
< Capm Z hT H(I)h/Q - q)h“Lz(T)
TeTh
= Capa ||/ (®ny2 — q”‘)’ (1)
In the above inequalities we used the fact that the node patch consists of two elements.
Next, we consider (7)) < Cru(Tg). This follows from Proposition 3.7 applied to ¥ :=
®},/9 — @y With the equivalence of ||-HH71/2(F) and the energy norm ||-||, we obtain
1/2
Hh (0 — (I)h)HLZ(r) < Ciny || ®ny2 — @n] -
This concludes the proof. O

Remark 3.9. When trying to prove a similar result as Lemma 3.8 for an ansatz space
X¢ = 8(Tp), we face several problems. The inverse equality from Proposition 3.7 holds for
NURBS and therefore the estimate u(Tp) < Cru(Tp) would still hold when using S(Tr)
instead of PP(Tp).

It is however not trivial to find an appropriate approximation property to prove the converse
estimate. In the proof of Lemma 3.8 we used that the L?-orthogonal-projection onto PP(Ty)
acts elementwise. If we were to replace PP (Tr) with S(Ty), the orthogonal projection does
not necessarily act elementwise any more. The problem is that S(Tp) might also require
continuity at certain nodes.

Another approach would be to use a Scott-Zhang type operator instead of the L?—orthogonal
projection. A definition for an operator J, : L*(T') — S(Tp,) of this type can be found in
[FGHP17, (5.9)]. In [FGHP17, Lemma 5.3] it is shown that J, has a local projection
property and that there holds local L?-stability, i.e., for 1 € L*(I') and T € Ty, there holds

ISl 2y < C Yl L2rcry) »
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3.4. The (h—h/2)-estimator

where C = C(p,v, max(Wh), Kmax). We would however amongst other estimates still need
an appropriate first-order approximation property for the Scott—Zhang type estimator with
respect to the energy norm ||-|| or equivalently the the H='/? norm ||'||H—1/2(F)' A proof for
Lemma 3.8 for Xy = S(Tn) therefore remains open.
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4. Numerical computation of discrete
integral operators

In this section, we deal with the computation of the occurring boundary operators and the
corresponding matrices. This section strongly relies on [Ganl4, Chapter 5], as the matrices
for the Lamé equation are built up in a similar way compared to the Laplace equation.
We assume that Q@ C R? and the boundary parametrization + is defined as in Section
3.2.2. In addition, we assume that ~y is two times piecewise differentiable. More precisely,
let a = &) < ... < &, = b such that 'y][jv ) Is two times continuously differentiable for

j =1,...,n,. Furthermore, we write a:j =y (z ) In addition, we assume that diam((2)
is sufficiently scaled such that V is an elliptic operator. The fact that v is positively
orientated means that the outer normal vector v at any point = = y(t) = (y1(t), y2(t))" €

\{~v(&],...,&.,)} is given by
RS S 10
= prn (i) -y

The boundary I' is parametrised by a NURBS curve «, which means that the parametri-
sation has the special form

—F#b+1

2(t) = Z CiRE™ (1) (4.2)
i=1—p

for all ¢t € [a,b] and K, and W, being the knots and weights of the initial mesh defined on
I'. The polynomial degree is p, € Ng and (C’ﬁf&;ﬁbﬂ
Moreover, we will use the discretization spaces described in Section 3.2.3.

In the following section we will also need the fundamental solution U* = (UJ(z, y))?

2,7=1
from Theorem 2.18, where

are control points in R2.

1
A2 + N)

U-*( ) = (i — yi) (x5 yj))

<(3M+)\) log |£C*y|5ij+(/l+)\) |x—y|2

and its /-th partial derivative with respect to the second coordinate y is given by

3B+ A m—y
00 U (2, ) =

pAAN 22— yo)(w — yi)(ﬂfj — ;) — By — yj) + 0ej (@i — w3)) |z — y)?
dmp(2p + A) |z —y[*

5Z]+
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4. Numerical computation of discrete integral operators

4.1. Dirichlet Problem

In this section, we aim to construct the setting for numerically solving problem (3.4): find
®;, € X, such that

((I)h, \I’h)v = (f, \IJ}L)F for all ¥, € Xj,. (4.4)

For the approximation space X} we chose S(7,) from Section 3.2.3 for given knots K;, and
weights Wy. We can then rewrite the above problem formulation with the basis function
RF from (3.7) for i = 1 —p,...,n — #b+ 1 and k = 1,2. For abbreviation, we set

~k
R; := (Ripliap) © fy\[;lb)) - er. Then, we define the symmetric positive definite matrix

M Sk N b1 2
Vi i= ((VR;, R)r) o i D me (4.5)
—_——
-vin
::V,fm
and the right-hand side vector
SE \N—#b+1,2
By o= (((F, R)r)i ) i (4.6)
——
::F}lf,i
=:Fyy
Then, there exists a unique vector
1 1 2 2
Ch = (Ch,kpa < Oy N—#b4+15 Chl—ps -+ Ch,nf#bJrl) (4.7)
) —ic2
so that
N—#b+1 . )
Vich =F, and &, = Y ¢ ;R +c R], (4.8)
j=1-p

i.e., (4.8) is the algebraic system equivalent to the discrete variational formulation (4.4).
As the matrix V}, and the vectors F} and ¢, are made up of sub-matrices and sub-vectors
from the definitions (4.5), (4.6) and (4.7), we can write (4.8) as

Vii WV, Ch Fy

In order to calculate ®;, we only have to solve the system of linear equations (4.8). In the
following sections, we will prepare the entries of the matrix V3, and the vector F} so that
we can use tensor-Gauss quadrature to numerically approximate the integrals. For fixed
positive weight functions 61,6, € L'([0,1]) and integrands f € C([0,1]?), we will have to
approximate integrals of the form

Qf ::/ f(s,t)01(s)02(t) dt ds.
[0,1] J[0,1]
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4.1. Dirichlet Problem

For n1,n2 € N and nodes &; 4, resp. &2 4, and weights wy 4, resp. wa 4, for the Gaufl quadra-
ture on [0,1] with weight function 6; resp. 6 (cf. [PralO, Chapter 6.3]), we define the
tensor Gaufl quadrature as

ni  ng
Qninaf = Z Z F(€1,41, 82,42 )w1,q1w2,g-
@1=1g2=1

We define the quadrature error as
En17n2 =Q — Qm,m'
For ¢ = 1,2, we define linear functionals for f € C([0,1]) by

QL f = f(&a)weg,

q=1
Q'f = f(r)0cdr,
[0,1]
BL=' -,
In [Ganl4, Theorem 5.1] the following error estimate is shown.

Theorem 4.1. There holds the error estimate

| Eny g () < ||92”L1([0,1} Srél[%?f] ‘Eilf(S’ )l + H91||L1([0,1]) tlen[g”f] ‘E71L1f('7t)|

for arbitrary f € C([0,1]?), where the right hand side converges to zero for ny — oo and
ng — 00. O

Before we continue with the details for the computation of V}, and F},, we first show, that
the integral in the definition of the operator V' defined in (2.33)

(Vaw)i(z) = /F S U@ y)wy(y) dy, fori=1,2,
j=1

does exist for w € L*(Q). Consider afixed z = y(s) € I'\{z],..., 2} }. As the fundamental

solution is a sum of terms of the type log|z —y| and ((x; — yi)(z; — y;))/ |z —y|* for
1,7 = 1,2, we will consider those terms separately. First, we look at the log-term which
also occurs for the Laplace equation. In [Ganl4, Chapter 5, p. 52], it is shown for w € L?(T")
that

/ log(z — y))w(y)| dy
T

Iy (s) — (1) N )
< ol oy ( /M <log (,ﬂ> T log(ls t|>) ()] dt)
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4. Numerical computation of discrete integral operators

and that the first integral does exist. For the rational part, it holds that

J

(zi — yi)(x;
jz —y|?

(xi —yi)(zj — y5)
|z —y[*

9 1/2
dy)

Consequently, the integral in the definition of V exists. Not that for the operator K, we
only have existence as a Cauchy principal value.

Uy >\dy < Joll o ( [

<ol [ 1

4.1.1. Numerical computation of V},

In this section we will use several abbreviations

R; := Ri,P’[a,b)7

Ri = Ripliap © 7![;11,),

Upin (851) 1= U (7(5), 7 (1)),

Hy =ty — 141,

Ukt (8, 1) 1= Upyp (tey—1Ho, 5, tg,—1 + Hy,t),
Ri(s) := Ri(s) |7/ (s)
Rio(s) :== Ri(tg_1 + Hps).

The aim of this section is to calculate the approximation of the left hand side of (3.4)

(@p, ¥n)v = (VOp, Up)r = / / ZZ (@) P () W p(2) dy da,

p=1g=1

where @5, V), € S(Tp,) < H_I/Z(F) with given knots Kj and weights W), for S(7,). To
this end, we build up the matrix V. For ¢, =1—p,..., N — #b+ 1 we then obtain

~m =~k
thg - (VR 7Ri)F
2

//22: Z/)ﬁir(w) dy dz.

r=1qg=1

42



4.1. Dirichlet Problem

Since IAZf = Rjey, for the r-th entry (ﬁk) it holds that (R )r = Ri0kr. Then, by using the
properties of the support of R;(-), we get

//ZZ VR () s ()6 dy

r=1 g=1

— [ [ Vine ) R Ri(o) dy
- / Ut (4(), 1 () By (1) Ri(s) |7/ ()] [/ (0)] dt dis
[ab) [ab)

min(i+p,N) min(j+p,N)

tél 17t€1 [t[z_l,tgz}

¢1=max(¢,1) loa=max(j,1)
min(i+p,N) min(j+p,N)

= Z Z Hthg/ Ugm,fl,ﬁg(‘s?t)éj,fg (t)éi,el(s) dt ds.

¢1=max(i,1) f=max(j,1) [0,1] J[0,1]

Now, for Hy,, Hy, > 0, we want to calculate the double integral

|| Ut 0B R (o) de ds.
[0,1] J[0,1]

As the integrand is singular for v(s) = (t), we differentiate between three cases.

Case 1.([te,—1,te,]) NY([te,—1,te,]) = 0: In this case the integrand is continuous, we can
apply Theorem 4.1 and use tensor-Gauss quadrature with weight function 1.

Case 2.v([te,—1,te,]) = v([te,—1,te,]): This implies that ¢ := ¢; = ¢3. Using the transfor-
mation (s,t) — (s,s —t), it holds that

/ / Ugm,z,e(&t)éi,e(S)f?j,g(t) dt ds
(0,11 J[0,1]
= / / Upgo(5,8 — )R o(8)Rjo(s — t) dt ds
[0,1] J[0,s "
=:(I)
/ / Ui, .0(8 — ) Rio(s)Rje(s —t) dt ds.
0,1] J[s—1,0]

=:(II)

(4.9)

For the first summand (I) in (4.9), we use the Duffy transformation (s,t) — (s, st) on
[0,1] x [0, 1] with Jacobi determinant s and then add and subtract log(st) in order for the
argument of the log to be non-singular. The aim of the Duffy transformation is to bring
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4. Numerical computation of discrete integral operators

the singularities to s = 0 or ¢t = 0. We then obtain

(I) —/ / Ukmuss—st)Rzg( )Rﬂ( st)s dt ds
0,1 J[0,1]

T
M g2+ N)
/ / (’7 to—1 + Hyps) — y(te—1 + Hyps(1 — t))|> éi,e(s)éj,f(s — st)s dt ds
0,1] J[0,1] st

—|—/ / log(s)ﬁiyg(s)ﬁﬂ(s — st)s dt ds

[0,1] J[0,1]

+ / / log(t)Ri¢(s)Rj¢(s — st)s dt ds)
0,1 J[0,1]

M+>\ / /
47TM 2+ ) Jioay Jio

(Ve (te—1 + Hes) — y(te—1 + Hes(1 = 1)) (v (te—1 + Hes) — ymlte—1 + Hes(1 = 1))
Y (to—1 + Hys) — y(te—y + Hys(1 — 1)
ﬁiyg(s)ﬁ,j’g(s — st)s dt ds.

(4.10)

For the second summand (II) in (4.9), we transform (s,t) — (1 — s, —t) before we apply
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4.1. Dirichlet Problem

the Duffy transformation:
(I1) = / / U[:m,é’e(l —s,1—s+ t)éi,g(l — S)Ej,g(l —s+1t)dtds
0,1] J[0,s]

/ / Utmope(1 — s+ st)Rig(1 — s)Rj(1 — s+ st)s dt ds
0,1] J[0,1]

3u+ A
M g2+ N)

(/01] /01 <|’Y te—1+ He(1—s)) — Zt(tz—1+Hé(1_3+3t))|>

R (1 —5) R]g(l—s+st)sdtds

/ / log(s M )Rj,g(l — s+ st)s dt ds
0,1 0,1

+/ / log(t)Ri¢(1 — 8)Rj (1 — s + st)s dt ds
[0,1] J[0,1]

L PrA JT P / /
drp(2p+X) Jio Jjo,

(’yk(tg_l-i-Hg(l —S)) ’yk(tg_l —l—Hz(l—S-l—St)))
V(ter + He(1 = ) = y(te—1 + Ho(1 — s + st))[”
(Y (te—1 + He(1 = 5))] = Y (te—1 + Ho(1 — s+ st))) Rip(1 — )R (1 — s+ st)s dt ds.
(4.11)

For the remaining eight double integrals, we use Gaufl quadrature with weight functions 1,
log(s), log(t) resp. 1. The following corollary which strongly relies on [Ganl4, Lemma 5.2]
shows that we can apply Theorem 4.1.

Corollary 4.2. If the parametrization v is ¢ > 1 times continuously differentiable on
[Z) 1, Em) for m € {1,...,n,}, the integrands of the final terms in (4.10) and in (4.11)

Lin—1s

are, up to log(s) resp. log(t), ¢ — 1 times continuously partially differentiable on [0, 1]2.

Proof. For the first three double integrals in (4.10) and (4.11) each, the proof is found
n [Ganl4, Lemma 5.2]. Therefore, we will only prove the statement for the last double
integral in (4.10), and (4.11) can be treated analogously. First, we rewrite for i = 1,2

Yi(te—1 + Hys) — vi(te—1 + Hes(1 —t))

/ Vi(r) dr
[te—1+Hes(1—t),te—1+Hgs)

= (ty—1 + Hps — ty—1 — Hys(1 — t))/ ’yl{(tg_l + Hys(1 —t) + Hystr) dr
[0,1]

= (Hgst)/ Yite—1 + Hys(1 —t) + Hystr) dr.
[0,1]
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4. Numerical computation of discrete integral operators

For s,t € (0, 1], for the last integral in (4.10) we obtain that
(Ve (te—1 + Hes) — yi(te—1 + Hes(1 = 1)) (v (te—1 + Hes) — ym(te—1 + Hes(1 — 1))
|y(to—1 4+ Hys) — y(te—1 + Hys(1 —t)))?

<f[071] Ye(te—1 + Hys(1 —t) + HgstT)dT) (f[o,l} Y (te—1 + Hes(1 —t) + HgstT)dT)
‘2

’f[O,l} V' (te—1 + Hys(1 —t) + Hystt) dr

The above term can be continuously extended for s = 0 or ¢ = 0 with

(Velit—1,2 (te—1 + Hes(L = £))) (Vi ity —1,2) (be—1 + Hos(1 — 1))

2
My 14t + Hes(1 = )|

Since 1 is injective and ' vanishes nowhere, its modulus is positive for all s, € [0,1]. Due
to the smoothness of 7 and the basis functions R;, R;, the integrand of the last double
integral in (4.10) is ¢ — 1 times continuously differentiable. O

Case 3.|y(te,—1,te,) Ny (tey—1,te,)| = 1: In this case we have adjacent elements. Without
loss of generality, we assume that the singularity in the integrand appearsat s = 0and t = 1.
The other case can be treated analogously. We either have ¢y, 1 = ty, or ts, = bAt;, 1 = a.
Using the transformation ¢ — 1 — ¢, it holds that

/ Otonina(528) Ry (5) By (1) dt ds
[0,1] J[0,1]

= / Ukmtrty (8.1 = ) Ri g, (s)Rj gy (1 — ) dt ds
[0,1] J[0,s]

g 4.12
= (4.12)

+ /[ } /[ | Ul:m,&,b (37 1- t)ﬁi,él (S)Ejjg(l _ t) dt ds .
0,1 5,1

=:(II)

Again, we proceed similarly as in the previous case and split the two summands and first
apply the Duffy transformation. For the first summand (I) in (4.12) we then add and
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4.1. Dirichlet Problem

subtract log(s):

/ / Ujim AC t)éi,ﬂl(s)éj,eg(l — st)s dt ds
[0,1] /10,1]
A
T A (20 + N)
(/ / (’7 01+ Hyys) — ’Yi -1+ Hy,(1—s ))|> Rig, (s)R;0,(1— st)s dt ds
0,1] J[0,1]

—l—/ / log($)§i7€1(8)§j7£2(1 — st)s dt d8>
0,1] J[0,1]

L optA / /
477# 2+ A) S Jo

((ter—1 + Hey s) — y(tea—1 + Hey (1 = 5¢))) (Y (tey -1 + Hey 8) — Ym(tep—1 + He, (1 — st)))
Y (tey—1 + Hey8) = Y(tey—1 + Hey (1 — st))[*
Rill( )R] Zz( )S dt ds.

(4.13)

For the second summand (II) in (4.12) we first apply Fubini’s theorem to get the inner
integral over the domain [0,¢], apply the Duffy transformation, and then apply Fubini’s
theorem again. Then, we add and subtract log(t):

/ / U y.0, (86,1 = )Ry g, (st)Rj 0, (1 — )t dt ds
0,1] /[0,1]

3+ A
47ru(2u +A)

(/ / (’7 te,—1 + Hyp st) — 1(%—1 + Hy, (1 — t))|> Rig, (st)Rjg, (1 — )t dt ds
0,411 J[0,1]

+ / / log(t) Ri ¢, (st)Rje,(1 — )t dt ds)
0,1] J[0,1]

M-f-)\ / /
477# 20+ A) Jio1 Jjo,

(’Yk‘(tﬁ—l + Hy, st) — ’Yk(t&—l + H€2(1 — t)))(’ym(tfl—l + Hy, st) — ’Ym(tb—l + Hh(l —1)))
Y (tey—1 + He, st) — Y(t—1 + He, (1 — 1))
Ry, (st)Rje, (1 — )t dt ds.

(4.14)

For the remaining six double integrals, we use Gaufl quadrature with weight functions 1,
log(s) resp. log(t). Due to the following corollary we can again apply Theorem 4.1.

Corollary 4.3. If the parametrization v is ¢ > 1 times continuously differentiable on

[33}71,55]7] forj e {l,...,n,}, the integrands of the final terms in (4.13) and in (4.14) are,
up to log(s) resp. log(t), ¢ — 1 times continuously partially differentiable on [0,1]2.
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4. Numerical computation of discrete integral operators

Proof. For the first two double integrals in (4.13) and (4.14), the proof is found in [Ganl4,
Lemma 5.3]. We will only prove the statement for the last double integral in (4.13) and
(4.14) can be treated analogously. We first consider the case ty, 1 = t,. For i = 1,2, we
rewrite

Yi(te,—1 + Hpy—18) — vi(te,—1 + Hey (1 — st)) = / Yi(T)] dr
[t[2—H[28t7tg2+Hgls]

= s/ Yi(te, + s7) dr.
[_Hegthﬁl}

Then, for s € (0,1], t € [0, 1], we consider

('Yk(t&—l + HZ15) - ’Yk(tﬁz—l + Hfz(l - St)))(%n(th—l + Hfls)] - 'Vm(tfz—l + HZQ(l - St)))
Y (te,—1 + He, 8) = Y(tey—1 + He, (1 — st))[*
B (f[—HZQt,Hll} Vi(te, + 57) dT) (f[—Hth,Hel] Vi (te, + 5T) dT)
= 5 .
‘f[*lethh] ’}//(tb T ST) dT‘

(4.15)

Due to the smoothness of the integrand, it is ¢—1 times continuously partially differentiable.
For the case s — 0, we rewrite

lim Yi(te, + s7) dT = lim Yi(te, + s7) d7 + lim Vi(te, + sT) dT
S0 [ Hyy t,Hy, | 70 (= Hey 0] 570 .J10,Hy, |

— / (tey) dr + / A (ty) dr
[7H62t70] [O,Hgl]

= Hp,t7} (te,) + Ho, VY (te,),

where v resp. 7" denote the left resp. right derivative of 4. Therefore, and due to
the injectivity of v and the fact that 7(t,,) is no negative multiple of 7" (t,), we can
continuously extend the last term in (4.15) with

(H€2t’)/llf(t£2) + Hflfyllgr(tfz)) (HZQt’Y;fL(tZ2) + HEl'YZL(tZz))
|H€2t7/£(t42) + H€1/7/r(t€2)|2

at s = 0. By multiplying with the terms g, ¢, (1 — st)R; ¢, (s), we obtain the integrand of
the last integral in (4.13). In the case that t,, = b and ¢;,_1 = a, one can shift ¢y, to
te,—1 + (b —a) = b and the proof works as before. O
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4.1. Dirichlet Problem

4.1.2. Numerical computation of F},

Before we start, we add some more definitions in addition to the abbreviations that were
introduced at the beginning of Subsection 4.1.1:

Dn,yU (s,t) =0y U (7(s),7(1)),
U ( ) - an,y U (tfl—l + Hf1s7tfg—1 + Hfzt)a

(): (())
g(s) =

(s) |7/ (s)
go(s) = (tzfl +H68)7
9u(s) == g(te—1 + Hys),

f
( t)é1 Lo - |t52—1 —ty—1+ HEQt - H€15| :

In this subsection, we aim to calculate the approximation of the right—hand side of (3.4)

(fs¢n)r = (K + 1

5 )9, Vr)rs

where 1, € 8(7;,) < H~ V() with given knots Kj and weights W, for 8(7;). This is
realized by building up the vector F}, as defined in (4.6). The vector Fj is the sum of
two other vectors Gy, := (G}, G3) and Kgy, := (Kg;, Kg?), which are defined through the
equation below:

1
F, = iGh + Kgy,

1 =~k N—#b =k N
= 5(((g: RIS ko + (Kg, R)n)5 7 iy
N—_—— N———

—.k —.
=Gy, *-th,i

—.k —. k
=Gy, =:Kgj
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4. Numerical computation of discrete integral operators

We first consider Gp,. For k=1,2 andi=1—p,..., N — #b+ 1, it holds that

~k
Gi,i =(g9,R;)r

2

- / S ;@) (R (2)); da
ris
2

~ [ S s @R ds
ris

:/gk(:n)]%(:c) dx

r

_ /[ RS ' (s)| ds
min(i+p,N) B

- > | ek
t=max(i,1) 7 [te-1:te]
min(i+p,N) _

= > [ ) Fus) ds
¢=max(,1) [0.1]

where we used the properties of the support of R;(-). Next, we consider Kgp. For k = 1,2
andi=1—p,..., N —#b+1 and by using the properties of the support of R;(-) and with
(2.31) and where (v,,1 U*(x,y))k, denotes the kr-th entry of v, 1 U*(x,y), it holds that

Kgj; =
2 2 R
i [ [ Y @uy U i) e 0) (B dy da
yel:|y—z|>e t=1r=1
— ilg(l)/ / Z 0y U (2, 9))krgr(y)Ri(2) dy dx
yel:|y—a|>e "
= lim / [US Nirdr () Ri(8) |7 (8)| |7/ (#)] dt ds
[ Z WU OR() | (5)] (1)

tela,b):t—s|>e
mln(Hp,N) N 2

- th/

1= max(zl ) l2=1

/ (Dmy U*(57 t))krgr(t)éi(S) dt ds
[te; —15tey] S {t€ltey —1,tey]:lt—s|>e} . 5

min(i+p,N) N

= Z D HuHe,

£1=max(z,1) f2=1
2

lim/ / 0, U, .(5,0)krgr tﬁi s) dt ds.
B Jon Jecoaon Z( y U, 0,(8,8)) krGr () Ri gy (5)

)y, e0 28} p
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4.1. Dirichlet Problem

For Hy,, Hy, > 0, we take a closer look at the double integral

e—0

2
hm/ / on, oy (s:8))  Gre (t)ﬁi,z (s) dt ds. (4.16)
[0,1] J{te[0,1]:d(s,t) ¢, 0, >e} ; ( Y = Lyl )kr 2 L

Again, we differentiate between three cases.

Case 1.9([te,—1,te,]) N y([te,—1,te,]) = 0: In this case the integrand has no singularities
and (4.16) simplifies to

/ / Z Oy Uy, 4, (5, t)) Trty () Rig, () dt ds.
[0,1] kr

[0,1] .5

No further steps are required as the integrand is continuous. We use Gauss quadrature
with weight function 1 and apply Theorem 4.1.

Case 2.([te,—1,te,]) = Y([tey—1,te,]): This implies that £ := ¢; = ¢5 and we have identical
elements. In this case, (4.16) is

lim/ / Z Vny Us 0 (s t)) Gt (O Rig, (s) dt ds, (4.17)
0,1] 0,1]

e—0 —
1€[0,1]:|t—s|>e

=:k(s,t)

and we have the singularity along the diagonal of the square [0,1]%. In order to simplify
notation, we let k(s,t) be the integrand of the above integral. Then, we set z : =t — s and
in the next step, we separate the integration domain and change the order of integration

lim/ / k(s,s+2) dz ds =
€20 J10,1] J{z€[—s,1—s]:|z|>¢}

= lim (/ / k(s,s+z) ds dz + / k(s,s+z) ds dz) :
e=0 \ JIe,1) J[0,1—2] [—1,—¢] J[=2,1]

We can see in Figure 4.1 how the integration domain is transformed. A red line indicates the
singularity. The original domain [0, 1]? is divided into two triangles along the singularity,
namely DS and Dj. After the last step, the domains are as follows (cf. Figure 4.1c)

- e<z<l1 s J-1<2<—¢
Dl_{()gsgl—z and D3 = —2<s<1 [’

In the next step, we substitute z := —z in the second integral and § := s + z in the first
integral and then redefine s := s and z := z. We obtain that

hm(/ / k(S —2,8) ds dz + / ﬁ(S,s—E)dsdE)

20\ Je1] /2] e.1] J[2,1]

= lim (/ / k(s — z,8) ds dz + / k(s,s —z) ds dz) (4.18)
20\ Je1] /2] [e,1] J[2,1]

= lim (/ / ﬁ(s—z,s)—i—m(s,s—z)dsdz).
0\ Jle,1) JIz,1]

51



4. Numerical computation of discrete integral operators
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i | W .
v f
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(a) original domain [0, 1] (b) z:=t—s (c) change order of integration

Figure 4.1.: K, identical elements: Transformations step 1

The transformations of the integration domain are visualized in Figure 4.2. It is essential
that the singularity for both domains Dj and D5 occurs along the same line segment
{0} x [0,1]. Then, we see that the domains D] and Dj are identical and we can merge the
last two double integrals in (4.18).

Next, we substitute wy := s and ws := s — z to obtain that

lim/ / k(we, w1) + k(w1, we) dws dwy.
€20 Jie,1] J[0,w1—¢]

As a last step, we make a Duffy transformation with (wy,ws) — (s, st) to obtain that

lim/ / (k(st,s) + k(s,st)) s dt ds. (4.19)
[e,1] J[0,1—¢]

e—0

In Figure 4.3, it is shown, how the last two transformations act on the integration domain.
Note that the singularity is transformed from the diagonal to two sides of the square [0, 1]2.

The following corollary shows that the limit in the statement (4.19) does exist.

Corollary 4.4. If the parametrization v is q > 2 times continuously differentiable on

(&) 1 Zm] for m € {1,...,ny} and if go~ is ¢ — 2 times continuously differentiable
on [E] 1, &n] for m € {1,...,n,}, then there exists a function f which is ¢ — 2 times

continuously differentiable so that
(k(st,s) + (s, s1) s = f(s,),  for (s,1) € (0,1)%,
and so that k(st,s) + k(s, st) can be continuously evtended with f(s,t) onto [0,1]%.

Proof. As we can see with (2.31) and (4.3) the conormal derivative is a sum of terms of
the following three different types

i~y (i —y) (w5 —y) @k — Yk) Si(Ti — yi) + 045 (h — i)
e —yP o —y/' " @ —yP "
=:(I) =:(II) =:(III)
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4.1. Dirichlet Problem

ad
A
S —— __.'
s
=
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f
3 Y
(a) S:=s+z (b) Z:=—z

Figure 4.2.: K, identical elements: Transformations step 2

for = ~(ty + Hys) and y = ~(ty + Hyt) and for i, j, k,r = 1,2. First we consider (I) and

rewrite

S
Yi(te + Hes) — vi(te + Het) = / i (te + Hor)dr
t

Then, we consider
K1(s,t

1
=ty —1) [ ¥ilte+ Hit + pHis 1) dp.
0

~ Yilte + Hys) — i(te + Hyt)

" y(te + Hys) — y(t + Hyt)]

2

L (i(te + Hps) — yi(te + Het))(s — 1)

S

—t  |y(te+ Hys) — ~(te + Het)? ’

1 (s =02 H (o Allte + Hat + pHo(s — 1)) dp)

S —

27
Eis— 22 ]fol 3 (te + Hot + pHy(s — 1)) dp‘

1 (fol Yi(te + Het + pHy(s — t)) dp)

S

;.
—t 2%
Hy | fo o b+ Hit + pHi(s — 1)) dp|

:Zfl(S,t)

(4.20)

We can see that if v is ¢ — 2 times differentiable, then f; is ¢ — 1 times differentiable. Now,
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4. Numerical computation of discrete integral operators

S > - —— >
o AWy A s
AT AT
Y N
(a) wy :=s and we ;=8 — 2 (b) wy — s and wy > st

Figure 4.3.: K, identical elements: Transformations step 3

we can rewrite

1
k1(st, s) + k1(s, st) = . Sfl(st, s) + p—

:( 1 + L >f1(st,s)S_lst(ﬁ(St,S)fl(S’St))

st—s s — st

fi(s, st)

— _ﬁ(fl(st,s) — fi(s, st))
= 1 (fl(S,St) - fl(Stas))'

s — st

The function cg(7) = (st,s)T 4+ 7(s — st, st — s)T for 7 € [0, 1] describes the line segment
from (st,s)” to (s,st)T. Then, it holds that

(s,st)

fi(s,st) — fi(st,s) :/ Dfi(x) dx

(st,s)

1
:/0 D fi(cse(1))cy(7) dr

_ /0 D Fiesi(T)) <§t__8§) ar

=510 [ Dateatrn () i

Since f1 is smooth, the integral in the last step is also smooth. Consequently, it holds that

k1 (st, 5) + 1 (s, 5t) = /0 ' Dh(eu(n) (_11> dr.
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4.1. Dirichlet Problem

For the terms (II) and (III) we can analogously give a similar representation as in (4.20)
and then proceed as before. The integral kernel x defined in (4.17) is a sum of terms of
type (I), (II) or (III) multiplied with g oy and a basis function R;,,. Therefore, we can
define a function f(s,t) = (k(st,s) + (s, st)) s, which is ¢ — 2 times differentiable. O

For the remaining integral, we use Gaufl quadrature with weight function 1 and with
Corollary 4.4 also meet the requirements for Theorem 4.1.

Case 3.|v([te,~1,te,]) N y([tey—1,te,])| = 1: In this case, we have adjacent elements. With-
out loss of generality, we assume that the singularity in the integrand appears at s = 0
and t = 1. The other case can be treated analogously. We have either ¢y, _; = ty, or
te, = b Aty —1 = a. Using the transformation (s,t) — (s,1 —t), it holds that

2
lim/ / Oy Uy 0.(5,1))  Gry(t)Rig, (s) dt ds
=0 Jjo,1] {te[o,u:d<s,t)el,e2>a};( vUanl )’” 4 0)Rin (5)

=:k(s,t)

= lim/ / k(s,1 —t) dt ds
€20 J10,1] J{t€[0,s]:d(s,1—t)¢, ¢, >€} (4.21)

M
+ lim/ / k(s,1—1t) dt ds,
€20 .J10,1) J{tels,1):d(s,1—t)e, 0, e}

~~

)e
(1)

where we defined the integrand as k(s,t) for ease of notation.

t A T A
.- oy
| ot ]
i { /‘/”’ DL :
N D— . by el _)_’"/ B -
-A o) A s o " S
AT I
\ v
(a) original domain [0, 1]? (byt—1-—1t

Figure 4.4.: K, adjacent elements: Transformations step 1

In Figure 4.4, we show how the transformations in (4.21) act on the integral domain. The
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4. Numerical computation of discrete integral operators

singularity is indicated with a red dot. We divide the domain into two triangles

0<s<1 0 0<s<1 0
e .__ >S5 e . S8
Dl'_{ogtgs}\Uf((J) and DQ._{SStgl}\UEQ)).

Note that the singularity lies on the diagonal and therefore occurs in both triangles.

For the first summand (I) in (4.21), we apply the Duffy transformation

(I) = hm/ / k(s,1 —st)s dt ds. (4.22)
e=0 /o, 1] J{t€[0,s]:d(s,1—st)¢; 0y >}

As we can see from Figure 4.5 the singularity is extended from the point (0,0)7 to the line
segment {0} x [0, 1] by the Duffy transformation.

Figure 4.5.: K, adjacent elements: Transformations for first summand

For the second summand (IT) in (4.21), we first apply ¢ — 1 —¢ and then apply Fubini’s the-
orem to get the inner integral over the domain [0, 1 —¢]. Next, we apply the transformation
s+ s(1 —t) and then apply Fubini’s theorem again. We obtain that

(1) = hm/ / K(s,t) dt ds
€20 J10,1) J{t€[0,1—s]:d(s,t)e, ¢y >€}

= lim/ / K(s,t) ds dt
€20 J10,1] J{s€[0,1~t]:d(s,t), ¢y >€}

_ lim/ / (s(L— 1), 0)(1 — 1) dt ds.  (4.23)
€20 J10,1] J{t€[0,1):d(s(1—1),t)¢, 0y >}

In Figure 4.6, we can see that the above transformations transform the singularity from
a point to a line. Note however, that the first and the second integral from (4.21) do not
have the singularities on the same line segment in the end.

The following corollary strongly relies on [Ganl4, Lemma 5.5].
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4.1. Dirichlet Problem
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(c) s+—s(l—1) (d) change integration order

Figure 4.6.: K, adjacent elements: Transformations for second summand

Corollary 4.5. If the parametrization v is q > 2 times continuously differentiable on
[a’:}_l, :Z“;Y] forj=1,...,ny and if goy is q—1 times continuously differentiable on [:76;7_1, J'J;Y]
forj=1,...,n,, the integrands in (4.22) and (4.23) are ¢ — 1 times continuously partially
differentiable on [0,1]2.

Proof. We prove the assertion for (4.22), while (4.23) can be treated analogously. First,
we assume that t;,_1 = ty,. As we can see with (2.31) and (4.3), the conormal derivative
is a sum of terms of the following three different types

vi—yi o (@i y) (@ —y)(ee —ye) o k(@i — i) + 0y (e —yk) (4.24)
z—y|* " z—y|! ) z — y/? )

=:(I) =:(1I) =:(I1I)

for @ = ~(ty, + Hyys) and y = ~y(tg, + Hy,(1 — st)) and for i,5,k, 7 = 1,2. Therefore,
the integrand occurring in (4.22) is composed of the above terms multiplied by the Jacobi
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4. Numerical computation of discrete integral operators

determinant s. For the transformed term (I) and for s € (0, 1],¢ € [0,1], it holds that

Vi(tﬁl + Hfls) — ’Yi(t@ + Hfz(l — St))

7 51y
h’(th + HZ1 8) - 7(t€2 =+ H@Q(l - St))‘
_ 52 ilte, + Heys) = vi(te, + Hey (1 — st) .
"7(@1 + H€1S) - ’V(tb + H€2(1 - 5t>)|2 S ’
32 f[t@2—H528t,t22+Hgls] ’}/Z/(T)d'r
= . . n -
I V()| : J
[t£27H52 Stvtfz +H21 S]
Sty em, 1 Yilte, + sT)dT
— gyt Iy ] g 2
_ 2 1 5. (4.25)
‘f[*HZQthh] /7/(75& T ST)dT‘
For the case s — 0, we rewrite
lim Yi(te, + s7)dT = lim Yi(te, + sT)dT + lim i (te, + sT)dT
570/ [~ Hy,t,Hy,) 570 [~ Hy,1,0] 570.J[0,Hy,)

_ / T (tgy)dr + / o (tgy)dr
[—Hg2t,0} [Olel]
= Hy, t7*(te,) + He v (te,),

where 7/ resp. ~/" denotes the left resp. right derivative of 4. Therefore, and since ~/" (¢,
71, p ry'L p g /y ’YZ 2

is not a negative multiple of 7/¢;(ts,), (4.25) can be continuously extended at s = 0 with

Hyytnf (tey) + He vy (bey)
‘Hfztfyw(tfz) + Hflfylr(tfz)ﬁ

TLJ'.

The above argumentation can be analogously applied for (II) and (III) from (4.24). There-
fore, the conormal derivative also has the desired regularity and by multiplying with
Gre,(1 — st)R; ¢, (s) we obtain the integrand in (4.22), which as a consequence has the de-
sired regularity. In the case that t,, = b and t;,_1 = a one can shift t;, toty,_1+(b—a) =b

the proof works as before. O

Corollary 4.5 states continuity for the integrands in (4.22) and (4.23). Therefore, we have
proven existence of the limit lim._,o in (4.22)—(4.23) and also the requirements for Theorem
4.1. Overall, we can thus use Gaufl quadrature with weight function 1.

4.2. Validation of code with numerical examples

In this section, we validate the implementation of the integral operators V resp. K de-
scribed in Section 4.1.1 resp. 4.1.2 using different examples. In all the examples, we will
consider a Dirichlet boundary value problem as in (2.21). We therefore seek a solution
¢ € H '/2(I) to Symm’s integral equation (2.37). We then use the Galerkin method to
find an approximate solution ®;, € X of (3.4), i.e., (Pn, ¥p)y = ((1/2] + K)g,V},)r for
all ¥, € X},. To this end, we proceed as described in Section 4.1.
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4.2. Validation of code with numerical examples

The approximation spaces we use are S(7;) with given knots Kj, and weights W), and
in some cases also PP(7;,). The main idea of isogeometric analysis is to use the same
NUBRS functions for the parametrization of the geometry as for the ansatz spaces. For
the geometry, we have a polynomial degree p, € N, knots K7 and weights W of length

N,,. Furthermore, we have control points (Ci)fvgf_ﬁb“ € R2. Then, as in (4.2) we have
Noy—#b+1 )
)= Y GR™(t) forallte a,b] (4.26)
i=1—p

Hence, for the polynomial degree p, the initial knots Ky and weights W, for the initial
ansatz space 8(7p) in Algorithm 3.5, we choose p := p,, Ko := KY and Wy := W?. In
some cases we also use PP(7;,) as an ansatz space. In this case, we chose the initial knots
K the same as K with the modification that we increase the multiplicity of each node to
p + 1. The initial weights WY are all equal to 1. For the parameters of the Lamé equation,
we used A = 0.4 and g = 0.4 in accordance with Section 1.1.

circle L-shape
square 04
_— 0.1 o
02 - 02
0.15 [ 04
0 0
0.1 0.1
008 005 49
03
0 -0.1 id
0 005 04 045 02 025 01 005 0 005 0.1 04-03-02-01 0 0.1 02 03 04
a) square .
(2) sq (b) circle (c) L-shape

Figure 4.7.: Geometries for code validation

We perform uniform and adaptive refinement according to Algorithm 3.5 with adaptivity
parameter § = 0.9. According to [SS11, Corollary 4.1.34] one can expect the convergence
rate O(h%/2tP) = O(n=3/27P) for the error and (h-h/2)-estimator for uniform refinement
and smooth solution ¢ for the Laplace equation. For the Lamé equation, we expect the same
convergence rate. The proof relies on the Céa-Lemma and some approximation property.

Another strategy that we use for mesh refinement is a special algorithm, that refines
the mesh asymmetrically and concentrates the refinement on particular sections of the
boundary. In this way, we can test how the implementation of the operators performs
under difficult conditions.

Algorithm 4.6. INPUT : initial mesh [To], initial weights Wy, polynomial degree p € Ny
and the number of steps £ := 0.

1. We mark the first and the last element of all the elements sorted accordingly to the
parametrization 7. Additionally, if the number of steps £ > 2, then we mark the

59



4. Numerical computation of discrete integral operators

element which corresponds to the floor of the 75%-quantile |q75] of the number of
nodes n.

2. We then follow steps 4.-7. from Algorithm 3.5.
3. Update £ < £+ 1 and go to step 1.
OUTPUT : refined mesh Ty.

4.2.1. Indirect BEM

When seeking solutions to the Dirichlet problem (2.21), another approach as opposed to
the direct approach, is to use the so-called indirect approach. We look for solutions of the
form

u = Vo

for ¢ € H™/2(T). According to Remark 2.19 w solves Lu = 0. In order to fulfil the
given boundary conditions u|pr = g for an arbitrary g € H 1/ 2(T), we obtain that ¢ is
¢ := V~1g. Therefore, we have to solve a weakly singular integral equation

V=g onl. (4.27)

Note that ¢ in this case is not the conormal derivative of the solution w and does not
have a natural physical interpretation. For this reason, we cannot easily calculate the
corresponding ¢, unless the solution w is prescribed and hence known.

Again, we can use the Galerkin method to find an approximate solution ®; in some finite
dimensional subspace X;, ¢ H~'/2(T"). To this end, we solve (®,, ¥)y = (g, Up)r for all
W;, € X}, and then proceed as in Section 4.1.

4.2.2. Validation of K

We first validate our implementation of the right hand side F}. The difficulty for the
implementation of Fj, lies mostly in the implementation of Kgp. Moreover, computing
K gy, also takes up the largest part of the computational time.
We consider the rigid body motions r € R with their basis (7)1 as defined in (2.24). In
the paragraph after (2.24), we explained that 9,7 = 0. Since ry, for k =1,...,dim R are a
solution to the Lamé equation (2.16), we can construct a Dirichlet problem. We assume that
T} is a solution to (2.21) with g := yr,. We obtain that V0,7, = (K +1/2)yr; = 0. Since
Vi, is a regular matrix, we can perform numerical tests to see whether the corresponding
¢y, and F}, are equal to the zero vector.

We consider the square with edge length 0.25 (see Figure 4.7a) and then solve Symm’s
integral equation
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4.2. Validation of code with numerical examples

The boundary of the geometry is parametrized on [0, 1] by the NURBS curve induced by

p7:17

. 123
T=(=,2,21,1
lC <4?47477>’

W’ =(1,1,1,1,1),

ey =1((0)- () () () 6)

As ansatz spaces, we consider 8(7), where we use the knots K7 and weights WY from
(4.28) for the initial mesh 7Ty, and then perform mesh refinement according to Algorithm
4.6. Furthermore, we also consider PP(T},) for p € {0,1,2} as ansatz space and refinement
according to Algorithm 4.6. In Figure 4.8 we can see how Algorithm 4.6 refines the mesh
on the square after 13 steps with a result of N = 50 knots. The algorithm does refine the
mesh asymmetrically and concentrates the refinement on a certain area of the boundary.

(4.28)

square
0.25 ®

0.2

0.15

0.1

0.05

Figure 4.8.: Nodes on square after 13 steps of mesh refinement according to Algorithm 4.6
with resulting number of knots N = 50 for the validation of K from Section
4.2.2

First, we consider a constant g(x1,z2) = (1,1)T for (z1,22)7 € T. As we can see
from Table 4.1, the norm of the right-hand side vector ||F}||, is already very small from
the beginning onwards for all tested ansatz spaces PP(Ty) for p € {0,1,2} and S(Tx).
The same holds for the energy norms of the approximate solution ||®4|| and the (h—h/2)-
estimator (7). Also, after several steps of very concentrated refinement, the norms and
also the (h—h/2)-estimator slightly increase. This may be explained by the fact that the
mesh is strongly adapted with very small element size and therefore small instabilities arise.
Another fact worth noting is that the the energy norm of the approximate solution ||y ||
is significantly smaller than the norm of the right hand side ||F}]|.

Second, we consider g(z1,z2) = (—x2,21)7 for (z1,22)7 € I', which corresponds to a
rotation of 90° in mathematical positive direction. In Table 4.2, we can see the results
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4. Numerical computation of discrete integral operators

[ Ansatzspace | N [ [[Full, [ @] [ 7(7n) |
ST o L o
P o e
P o o
SEEH IR

Table 4.1.: Results for Dirichlet data g = (1,1)” on initial and refined mesh (according to
Algorithm 4.6) for the validation of K from Section 4.2.2

for the ansatz spaces PP(T) for p € {0,1,2} and S(75). As for constant g, we see that
| Frllys |@n]| and 72(7p) are small already on the first grid and increase slightly with mesh
refinement according to Algorithm 4.6.

[ Ansatz space | N [ [[Full, | @ | 7(7) |
ST o oagmFone T oo
P oo o
P o o
P o S

Table 4.2.: Results for Dirichlet data g = (—x2,21)" on initial and refined mesh (according
to Algorithm 4.6) for the validation of K from Section 4.2.2

In conclusion, we see that the operator K shows correct results for for the rigid body
motions r € R on the square.

4.2.3. Validation of V

In order to validate the correct implementation of the operator V', the following result for
the Laplace equation suggests that a similar behaviour can also be expected for the Lamé
equation.

Corollary 4.7. For () being the circle with radius r > 0 and midpoint in the origin, we set
I' := 909 the circular line. We consider the homogeneous Laplace equation with constant
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4.2. Validation of code with numerical examples

Dirichlet boundary data, i.e.,

—Au=0 inQ

4.29
u=1 onT. ( )

When following an indirect approach as in Section 4.2.1, we obtain the equation V¢ = 1.
Then, the solution ¢ € H'/(T") is constant.

Proof.  As a first step, we show that K (1) = —1/2 for any ¢ € R. To this end, we consider
the representation formula (see (2.32) for the Lamé equation), which holds accordingly for
the Laplace equation when replacing the fundamental solution of the Lamé equation with
the scalar valued fundamental solution of the Laplace equation and the conormal derivative
0pu with the normal derivative d,u. The representation formula reads

u=V¢—Kg, (4.30)

with ¢ := u|p and ¢ := Opu. The function u = 1 solves the Laplace equation (4.29) with
g =1 and 0,u = 0. Next, we apply the external trace operator v**! on the representation
formula (4.30) to obtain that

e =vo- (K-3) 0

with V := "% and K := +*' + 1/2. When inserting for u =1, g = 1 and ¢ = 0, we
obtain that K(1) = —1/2.
As a next step, we consider an exterior boundary value problem, i.e.,

—Auy=0 in ﬁc,
u=g onl, (4.31)
Mu=0 onR?

with g € HY/2(T") and where the condition Mu = 0 incorporates some assumptions about
the behaviour of the solution at infinity (cf. [McL00, Chapter 7, Exterior Problems]). Let
g = —c for some ¢ € R. We know that the fundamental solution of the Laplace equation

1
U(x) = 5 logle
solves —AU = 0. According to [McL00, Lemma 7.13], the fundamental solution also fulfils
MU = 0 in R2. Since the fundamental solution is radial symmetric, i.e., U = U(|z]),
which means that the argument only occurs as an absolute value, it holds that U = d :=

—(1/(2m))log(r) on I'. By considering u := —(¢/d)U we have found a solution to (4.31).
According to [McL00, Lemma 7.15(i)], the problem (4.31) is equivalent to the boundary

integral equation
1
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4. Numerical computation of discrete integral operators

Let ¢ ;=1 € R and g = —1. Together with K(—1) = 1/2 we then obtain V¢ = 1. The
solution is then u = (1/d)U and ¢ = Opu. There holds

lz-n
onU(x) = ———
and consequently
_ x-n(z)
) = 2mdr?

Since the normal vector n(x) in point x is simply z/ |z|, it follows that z-n(x) = (z-2)/ |z| =
|x| = r. Hence, ¢ is constant. O

The above result cannot easily be applied to the Lamé equation, as we were not able to
show that the fractional term in the fundamental solution (2.30) of the Lamé equation is
radial symmetric. However, our numerical results show that ®; seems to be constant.

Following the indirect approach we therefore consider

o)

on the circle with radius » = 1/10, see Figure 4.7b. The boundary of the geometry is
parametrized on [0, 1] by the NURBS curve induced by

(C‘)wa#bJrl

- (6)-()-(0)

As ansatz spaces, we consider S(7;,), where we use the knots K7 and weights W from
(4.28) for the initial mesh 7y, and then perform uniform mesh refinement and refinement
according to Algorithm 4.6. Furthermore, we also consider P?(7},) for p € {0, 1,2} as ansatz
space and refinement according to Algorithm 4.6. The results are presented in Table 4.3.

We see from the results that the (h—h/2)—estimator is already very small on the initial
mesh for all tested ansatz spaces. Similar to the examples in Section 4.2.2, we see that
the values for the estimator slightly rise with refinement. Only for the ansatz space S(Tp),
the strongly adaptive refinement causes the estimator to increase in value. One possible
explanation might be that the error occurs due to cancellation effects.

The energy norm of the approximate solution ||®|| stays relatively stable and is not very
vulnerable to strongly adaptive refinement or different ansatz spaces. Changes only occur
in the 15 digit.

) (5 (G 6)-6)-6)

(4.32)
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4.2. Validation of code with numerical examples

’ p ‘Reﬁnement ‘ N H [Kyn| ‘ w(Tr) ‘
none 9 | 2.953798637040423 | O(10~ 1)
S(Tn) | uniform 133 || 2.953798637040424 | O(10~13)
Algorithm 4.6 | 105 || 2.953798637040426 | O(10~%)
none 4 | 2.953798637040427 | O(10~14)
P°(Tn) | uniform 128 || 2.953798637040423 | O(10~ %)
Algorithm 4.6 | 102 || 2.953798637040424 | O(10~13)
none 8 || 2.953798637040427 | O(10~ 1)
P (Th) | uniform 128 | 2.953798637040425 | O(10~13)
Algorithm 4.6 | 100 | 2.953798637040426 | O(10~12)
none 12 | 2.953798637040426 | O(10~13)
P*(Tw) | uniform 192 || 2.953798637040425 | O(10~1?)
Algorithm 4.6 | 102 || 2.953798637040424 | O(10~11)

Table 4.3.: Results for Dirichlet data g = (1,1)7 on circle for P?(Ty) for p € {0,1,2} and
S(Tr) on initial and refined mesh (uniformly or according to Algorithm 4.6) for
the validation of V' from Section 4.2.3

In Figure 4.9, the solution ®; with ansatz space S(7) is plotted on the initial mesh
and on the uniformly refined mesh with N = 133. We see how the constant solution
is approximated using quadratic ansatz functions. On the initial mesh, we clearly see
the break points, i.e., the nodes of the geometry I', where ®; is only continuous, but not
differentiable. On the refined mesh, it is clearly visible that ® is approximating a constant
function, but there are still some oscillations at the break points.

4.2.4. Combined validation for V and K

As a last validation, we consider the direct approach for the Dirichlet boundary value
problem with a known solution u. Since the column vectors of the fundamental solution

1, U5 (cf. Theorem 2.18) also solve the homogeneous Lamé equation (2.16), we may
consider them as a solution. However, as the fundamental solution has a singularity in the
origin, we shift the singularity to a point outside Q. We define a shift vector s := (10,0)%
and set

u(z) = Uj(z+s) forzel

The corresponding Dirichlet data g = w|r are then obtained by evaluating u(x) at the
boundary. The conormal derivative ¢ is then approximated using Symm'’s integral equation.
As we can calculate the conormal derivative ¢p = 0,,u, we can compare the approximation
@}, with the exact solution ¢. The /-th partial derivative of U} = (Us;,Uj;)T is given by

_ 3/J + A ﬂ 4 n+ A ((5e1$i + (5&'1’1) |.CU‘2 — 2$£$1$Z‘
drpp+ N o2 T dmp(2p 4 V) BE '

Oty A(z) =
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4. Numerical computation of discrete integral operators
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Figure 4.9.: ®; on initial and uniformly refined mesh with N = 133 for S(7,) for the
validation of V' from Section 4.2.3

The conormal derivative of U7 then reads

2 2
O Ui =Y 05 (UDn; =Y (M (AU + 0oUsy) + p(O:US + ;U7)) nj.
j=1 j=1

We consider the boundary of the so called L-shape (cf. Figure 4.7c). The boundary of
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4.2. Validation of code with numerical examples

the geometry is parametrized on [0, 1] by the NURBS curve induced by

Py =1,
IC’Y: 1727?7%7?79737171 )
878787878788
W' =(1,1,1,1,1,1,1,1,1),
(G #hHL T ((2 1 0 -1 0 -1 0 1 1
Vist=p g0 \\0/)\1)\2)°\ 1 )°\0) \~-1)"\-2)"\~-1)"\~-1))"

(4.33)

As ansatz spaces, we consider 8(7,), where we use the knots K7 and weights WY from
(4.28) for the initial mesh 7y, and then perform uniform mesh refinement and adaptive
refinement according to Algorithm 3.5 with the adaptivity constant 8§ = 0.9. We use the
(h—h/2)—estimator local contributions fi(z) for z € N}, to steer the adaptive refinement.

In Figure 4.10, we see the exact solution plotted against the approximation on the initial
mesh and on the refined mesh, once for uniform refinement and once for adaptive refinement.
As we chose the node multiplicity equal to p = 1 for all nodes except the last node, the
approximation @ is continuous at all those nodes. In Figure 4.10 the exact solution
¢ appears to be piecewise linear and has discontinuities at the corners of the L-shape
geometry. The discontinuities stem from the fact that the normal vector jumps when
passing over a corner. In Figure 4.10a and 4.10b we see that the piecewise linear, globally
continuous function ®; cannot approximate the discontinuous ¢ very well. As we see in
Figure 4.10c-4.10f, the approximation improves with refinement, in particular for adaptive
refinement, which refines the mesh close to the corners. If we were to choose the nodes
of the initial grid with multiplicity p + 1 at every corner of the geometry, we would be
able to also approximate the discontinuities and thus have a better approximation. For
demonstration purposes we, however, used a globally continuous ansatz space.

In conclusion we see that we have a well working implementation of V}, and F},.
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4. Numerical computation of discrete integral operators

Exact solution ¢ vs. approximation [N (p=1) <1073 Exact solution ¢ vs. approxi i q&h (p=1)
0.03 T T 6 T T T
al
oL
€ =
2 2ot
g g
3 5
._8 1:0 2+
% kS
4t
6
004 . . . . 8 . . . .
0 0.2 04 0.6 0.8 1 0 0.2 04 0.6 0.8 1
parameter domain parameter domain
(a) 1%* component, initial mesh (b) 2°d component, initial mesh
Exact solution ¢ vs. approximation [N (p=1) 10° Exact solution ¢ vs. approxi i [N (p=1)
0.025 . : . : 67~ . : :
0.02 - Ph,unif. Py ‘ ] @h,unif
P adpt. mw - n = ! — %hadpt| |
0.015 ¢ 4 — | s ®
0.01 1
= 2r 1
& 0.005 E s
o o
a Q
£ or 1 £ 0r 1
8 3
%_ -0.005 [ 2
T N
2+ 4
-0.01F 1
-0.015 1 T = 4\]& e
g 4r — 1
002 o E
-0.025 : . -6 : : - :
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
parameter domain parameter domain
(c) 1%* component, refined mesh (d) 274 component, refined mesh
Original solution ¢ vs. approximation th (p=1) <102 Original solution ¢ vs. approxi i [N (p=1)
0.023 F T r T T T T ] T T T T T T T T T
P -3 @,
h,unif. h,unif,
0.022 - Ph,adpt. 1 Phadpt
P -3.2F ) 1
0.021
=341
E 002 <
= £ a6l |
= A a " .
g 0019 1 £ ]
3 s 2
% 0018 . ES
0.017 4r
0.016 1 421
0.015 b . . . . . . 44 . . . . . . . . —
0.76 0.78 0.8 0.82 0.84 0.86 0.88 05 051 052 053 054 055 056 057 0.58 0.59
parameter domain parameter domain
(e) 15" component, refined mesh (f) 2°¢ component, refined mesh
(magnified view) (magnified view)

Figure 4.10.: Approximate solution ®j for S(7;) on initial mesh and uniformly (N = 129)
and adaptively (N = 102) refined mesh for the combined validation of V' and
K from Section 4.2.4
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5. Numerical examples

In this chapter, we present some numerical examples for the direct and indirect approach
for solving the Dirichlet boundary value problem (2.21), where we also investigate the
convergence rates of the (h—h/2)-estimator. We seek a solution ¢ € H~Y/2(T') to Symm’s
integral equation (2.37) for the direct approach and (4.27) for the indirect approach. Using
the Galerkin method, we then compute an approximate solution ®;, € X of (®p, Vp,)y =
(F,Vy)r for all ¥, € X}, where F = (K + 1/2)g for the direct approach and F = g for
the indirect approach. We then again proceed as described in Section 4.1. for the Lamé
parameters, we choose A = u = 0.4.

For the geometry, we assume that the parametrization « of T is given as in (4.2). Amongst
others we will consider the heart—shape boundary and the pacman geometry in this chapter,
which are visualized in Figure 5.1.

Heart shape Pacman
0.1
02
0
-0.1 01
0.2 0
03 0.1
-0.4
02
05
03 -02 01 0 01 02 03 02 01 0 01 02
(a) heart—shape (b) pacman

Figure 5.1.: Geometries for numerical examples

For the heart—shape boundary (Figure 5.1a) the boundary of the geometry is parametrized
on [0, 1] by the NURBS curve induced by

p'y 27
IC’Y— 17172727§7§7§7%7%7§7§71717]‘ )
66666666666
1 1 1 1
W’Y_ 1a771777171>771777171717171 )
< 2 2 V2 2 ) (5.1)
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5. Numerical examples

Next we describe the boundary parametrization of the pacman. To this end, let « :=
(2m)7/8. The boundary of the geometry is parametrized on [0,1] by the NURBS curve
induced by

p’y:27

,_.
—
o
o}
n
N
|0 ®Ie
QL —r

8
(@) 6)-6)
sin (42) /2)7\0/) 7 \0 S
cos (=5%) cos (_—30‘) /cos (%)
(Sm( )> ’ (Sin (=) / cos (8)> ’
cos (3% 5 )/cos(g) 1 1 cos(lg‘)/cos(%)
(i) el o) (o) Gt et
For both of the above described geometries, we chose the knot multiplicity at the corners
of the geometry to p, + 1 so that we can approximate discontinuities due to jumps in the
normal vector.

As approximation space, we again consider the NURBS space 8(7},), where we use the
knots K7 and weights WW? from the corresponding geometry parametrization for the initial
mesh 7y, and then perform uniform and adaptive refinement according to Algorithm 3.5
with adaptivity constant § = 0.9. We use the local contributions ji(z) for all z € N}, of
the (h—h/2)—estimator as refinement indicators. Furthermore, we also consider P?(7}) as
an ansatz space and again perform uniform and adaptive refinement as above. We expect

a convergence rate of O(h%/21?) = O(n=3/2P) for the (h-h/2)-estimator in the case of
adaptive refinement.

5.1. Indirect BEM with constant Dirichlet boundary data

We first consider the indirect approach for the Dirichlet boundary value problem with
= (1,—1)T. The corresponding integral equation reads

Vo= (_11> on I,

where we seek the unknown solution ¢ € H Y/ 2(T"), which is presumably not smooth. We
consider the following geometries, i.e., the square (see Figure 4.7a and NURBS curve data
(4.28)), the heart—shape (see Figure 5.1a and NURBS curve data (5.1)) and the pacman
(see Figure 5.1b and NURBS curve data (5.2)). As ansatz spaces, we consider S(7y,), where
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5.1. Indirect BEM with constant Dirichlet boundary data

h-h/2-esti (p=1)
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Number of knots (N)

(b) heart—shape

112
L [ 10758, i O, it 2
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0Py agpt, @ acpt M2
- = oN?)
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Number of knots (N)

(¢) pacman

Figure 5.2.: (h—h/2)—estimator for ®;, € X} = S(7T;) with uniformly and adaptively refined
mesh for equation V¢ = (1,—1)7 from Section 5.1

we use the knots 7 and weights W7 from the corresponding geometry parametrization for
the initial mesh 7j. Furthermore, we also consider PP(7y,) for p € {0,1,2,3}.

In Figure 5.2, we see the (h—h/2)-estimator plotted over the number of knots N for
uniform and adaptive refinement according to Algorithm 3.5 for S(7;,). We expect a
convergence rate of O(N~2/3) for uniform refinement for all three examples considered,
which can be deduced from considering an exterior value problem and then measuring the
non convex outer angles.

On the heart—shape and the pacman geometry, the (h—h/2)—estimator shows the desired
convergence rate for the case of uniform refinement. For the square, the rate is almost what
we expect for uniform refinement. For adaptive refinement, all three geometries show the
desired rate, whereas for the square we observe a longer pre-asymptotic phase.

In Figure 5.3, we compare the convergence rates of the (h—h/2)—estimator for different
p € {0, 1,2, 3} with ansatz space PP(T}) for uniform and adaptive refinement. For uniform
refinement, the estimator behaves similar to the S(7;) case for all geometries and all p
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5. Numerical examples

considered. For adaptive refinement, we see that the estimator eventually reaches the
desired convergence rate after some pre—asymptotic phase.

As a last example, we consider the spline space as ansatz space. Splines are piecewise
polynomial functions which are (p — 1)-times differentiable at each node. The spline space
can be derived from the NURBS space .47 (IC, W) when choosing multiplicity one at each
node, except for the last node, where we have to choose multiplicity p+1. The weights W are
then all chosen equal to 1. Similar as in Section 3.2.3, we then define the two-dimensional
splines space on 7, and write SP(7). In Figure 5.4, we see the (h—h/2)-estimator for
Xpn = SP(Ty) for p € {0,1,2}. As before, we observe the expected convergence rate of
O(N~2/3) for uniform refinement and O(N ~3/27P) for adaptive refinement.

5.2. Direct BEM for analytic solution

We consider the holomorphic function wu(z) = 2%/3, which can be interpreted as a function
u : Q — R? and then is according to [ME14, Section 7.2.1 and Section 3.2] a solution to
the homogeneous Lamé equation. For the Dirichlet boundary data, we evaluate u at the
boundary to obtain

Re(z — iy)?/3

9(@,y) = u(z,y) = < 2/3) . (z,y) el.

Im(z — iy)

We make a direct approach and aim to solve Symm’s integral equation (2.37).

In [ME14, Section 7.2.1], this solution is investigated on the L-shape. Since we are able
to deal with curved geometries, we chose to consider the pacman geometry (see Figure
5.1b) with the NURBS data for the boundary given in (5.2).

As ansatz spaces, we consider S(7;), where we use the knots K7 and weights WY from
(5.2) for the initial mesh 7y and then perform uniform or adaptive refinement according
to Algorithm 3.5. Furthermore, we also consider P?(7) for p € {0,1,2}. For uniform
refinement, we expect a convergence rate of O(N~2/3) for the (h-h/2)-estimator. For
adaptive refinement, we expect O(N -3/ 2-p),

In Figure 5.5, we see that the estimator shows the expected rates. For adaptive refine-
ment, the mesh is strongly refined close to to the re—entrant corner of the pacman geometry,
where the conormal derivative ¢ has a singularity.

In Figure 5.6, we see that the convergence rates of the (h—h/2)—estimator also hold for
the ansatz spaces PP(Ty) for p € {0,1,2}.
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Figure 5.3.: (h—h/2)-estimator for ®; € X}, = PP(T,) for p € {0,1,2,3} for uniformly and
adaptively refined mesh for equation V¢ = (1, —1)”from Section 5.1
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Figure 5.4.: (h-h/2)-estimator for ®; € X} = SP(T}) for p € {0,1,2} for uniformly and
adaptively refined mesh for equation V¢ = (1, —1)”from Section 5.1
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Figure 5.5.: h — h/2—estimator for ®;, € X}, = 8(73) for pacman for holomorphic g from
Section 5.2
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Figure 5.6.: h — h/2—estimator for ®;, € X;, = PP(Tp) for p € {0,1,2} for pacman for
holomorphic g from Section 5.2
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A. Implementation

Our implementation relies on the implementation for the Laplace equation from Gregor
Gantner (cf. [Ganl4]). For the Lamé equation, we did not only adapt the integral kernel
for the V and K operator but also made some modifications in order implement the more di-
mensional setting of the Lamé equation. The fundamental solution of the Laplace equation
and its normal derivative were replaced by the fundamental solution of the Lamé equation
and its conormal derivative. For a detailed description of the complete implementation we
refer to [Ganl4].

A.l. Vmatrix.h and Vmatrix.c

The computation of the Matrix V}, is discussed in on Section 4.1.1.

Listing A.1: Vmatrix.h

#ifndef _Vmatrix_h
#define _Vmatrix_h

#include <math.h>
#include <stdio.h>
#include "Spline.h"

/* parameters:

Data_Gamma...NURBSData*x for geometry Gamma, see Structures.h
wcpointsl_gam...first component of weighted control points
w_1"\gamma*C_1"\gamma for geometry corresponding to knots
wcpoints2_gam...second component of weighted control points
w_1"\gamma*C_1"\gamma for geometry corresponding to knots
Data_Basis...NURBSData* for Basis of approximation space
Data_Gauss...QuadData* for quadrature with weight function 1 om [0,1],
see Structures.h

Data_LogGauss...QuadData* for quadrature with weight function -log(x)
on [0,1], see Structures.h

comments:

we assume that:

-)path gamma induced by Data_Gamma and wcpoints_gam is either positively
orientated regular closed curve,

which parametizes boundary Gamma of Lipschitz domain Omega with diam(Omega)<1
or regular open curve, in this case we assume #b=p_gam+1
-)#t_i"gamma<=p_gam+1

-)number of different entries in knots of Data_Gamma >= 4
-){t_i“gamma:i=1...N_gam}<={t_i:i=1...N}

-)#t_i<=p+1

*/

double Squarelntegrand_V_smooth (NURBSData* Data_Gamma,6double* wcpointsl_gam,
double* wcpoints2_gam,NURBSData* Data_Basis,
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A. Implementation

36 double s,double t,int i,int k,
37 double denominator ,double Jdet);
38 // returns log(l\gamma(s)-\gamma(t)|/denominator)

39 // *\tilde{R}_i(s)*\tilde{R}_k(t)*Jdet,

40 // where s!=t in [a,b), i,k in {1-p,...,N-#b+1}, denominator >0 and Jdet in \R
41

42

43 double SquareIntegrand_V_log(NURBSData* Data_Gamma ,double* wcpointsl_gam,

44 double* wcpoints2_gam,NURBSData* Data_Basis,

45 double s,double t,int i,int k,double Jdet);

46 // returns \tilde{R}_i(s)*\tilde{R}_k(t)x*Jdet,

47 // where s!=t in [a,b), i,k in {1-p,...,N-#b+1} and Jdet in \R

48

49

50 double Squarelntegrand_V_rational (NURBSData* Data_Gamma,bdouble* wcpointsl_gam,
51 double* wcpoints2_gam,NURBSData* Data_Basis,
52 double s,double t,int i,int k,int j,int m,
53 double Jdet);

54 // returns (\gamma_j(s)-\gamma_j(t))*(\gamma_m(s)-\gamma_m(t))/|\gamma(s)-\gamma (t) |
55 // *\tilde{R}_i(s)*\tilde{R}_k(t)*Jdet,

56 // where s!=t in [a,b), i,k in {1-p,...,N-#b+1}, j,m in {0,1} and Jdet in \R

57

58

59 double Squarelntegral_V_Identical (NURBSData* Data_Gamma,bdouble* wcpointsl_gam,
60 double* wcpoints2_gam,NURBSData* Data_Basis,
61 QuadData* Data_Gauss ,QuadData* Data_LogGauss,
62 int i,int k,int 1,int j,int m,int delta_jm,
63 double lambda,double mu);

64 // returns \int_0"1 \int_0"1 \check{G}_{1,1}(s,t) \tilde{R}_{i,1}(s)
65 // \tilde{R}_{k,1}(t) dt ds,

66 // where i,k in {1-p,...,N-#Db+1},

67 // 1 in {max(i,1),...,min(i+p,N)} \cap {max(k,1)...,min(k+p,N)} with H_1>0,

68 // j,m,delta_jm in {0,1} and lambda,mu in \R

69

70

71 double SquareIntegral_V_Adjacent (NURBSData* Data_Gamma,double* wcpointsl_gam,
72 double* wcpoints2_gam,NURBSData* Data_Basis,
73 QuadData* Data_Gauss ,QuadData* Data_LogGauss,
74 int i,int k,int 11,int 12,int j,int m,

75 int delta_jm,double lambda,double mu);

76 // returns \int_0"1 \int_0"1 \check{G}_{11,12}(s,t)

77 // \tilde{R}_{i,11}(s) \tilde{R}_{k,12}(t) dt ds for adjacent elements,

78 // i.e. \gamma([t_{1_1-1},t_{1_1} \cap \gamma([t_{1_2-1},t_{1_2}]) consists
79 // of one point, singularity at s=0 and t=1,

80 // i,k in {1-p,...,N-#b+1}, 11 in {max(i,1),...,min(i+p,N)},

81 // 12 in {max(k,1),...,min(k+p,N)} with min(H_11,H_12)>0, j,m,delta_jm in {0,1}
82 // and 1lmbda,mu in \R

83

84

85 void build_Vmatrix (double* output ,NURBSData* Data_Gamma,double* wcpointsl_gam,
86 double* wcpoints2_gam,NURBSData* Data_Basis,

87 QuadData* Data_Gauss,QuadData* Data_LogGauss ,double lambda,
88 double mu);

89 // turns output[i+p-1+(k+p-1)*2*(N-multb+1+p)+j*(N-multb+1+p)+m*2x(N-multb+1+p)]
90 // into <V \hat{R}_k"m,\hat{R}_i"j>_{L"2(Gamma)} for i,k=1-p...N-#b+1, j,m=0,1,
91 // \hat{R}_i“j=R_{i,pl*e_j circ gamma~(-1) are the transformed basis functions
92 // with e_j being the j-th unit vector

94 #endif

Listing A.2: Vmatrix.c

1 #include "Vmatrix.h"
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2

3

4 double SquareIntegrand_V_smooth (NURBSData* Data_Gamma,double* wcpointsl_gam,
5 double* wcpoints2_gam,NURBSData* Data_Basis,
6 double s,double t,int i,int k,

7 double denominator ,double Jdet){

8

9 double tmpl[2];

10 double tmp2[2];

11 double diff_gaml[2];

12 double R_til_i ,R_til_k; // \tilde{R}_i(s), \tilde{R}_k(t)

13

14 eval _NURBSCurve (tmpl ,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,s);

15 // gamma(s)

16 eval _NURBSCurve (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);

17 // gamma (t)

18 diff_gam[0] = tmp1[0] - tmp2[0];

19 diff_gam[1] = tmpl[1] - tmp2[1];

20 eval_NURBSCurveDeriv (tmpl,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,s);
21 // gamma’(s)

22 eval_NURBSCurveDeriv (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);
23 // gamma’ (t)

24 R_til_i = eval_NURBS(Data_Basis, i, s) * norm(tmpl);

25 R_til_k = eval_NURBS(Data_Basis, k, t) * norm(tmp2);

26 return log(norm(diff_gam)/denominator)*R_til_i*R_til_k=Jdet;

27}

28

29

30 double SquareIntegrand_V_log(NURBSData* Data_Gamma ,double* wcpointsl_gam,
31 double* wcpoints2_gam ,NURBSData* Data_Basis,
32 double s,double t,int i,int k,double Jdet){
33

34

35 double tmp1l[2];

36 double tmp2[2];

37 double R_til_i,R_til_k; // \tilde{R}_i(s), \tilde{R}_k(t)

38

39 eval _NURBSCurveDeriv (tmpl,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,s);
40 // gamma’(s)

41 eval_NURBSCurveDeriv (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);
42 // gamma’(t)

43 R_til_i = eval_NURBS(Data_Basis, i, s) * norm(tmpl);

44 R_til_k = eval_NURBS(Data_Basis, k, t) * norm(tmp2);

45 return -R_til_i*R_til_k*Jdet;

46 ¥

47

48

49 double SquareIntegrand_V_rational (NURBSData* Data_Gamma,6double* wcpointsl_gam,
50 double* wcpoints2_gam,NURBSData* Data_Basis,
51 double s,double t,int i,int k,int j,int m,
52 double Jdet){

53

54 double tmpl[2];

55 double tmp2[2];

56 double diff_gaml[2];

57 double R_til_i,R_til_k; // \tilde{R}_i(s), \tilde{R}_k(t)

58

59 eval _NURBSCurve (tmpl ,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,s);

60 // gamma(s)

61 eval _NURBSCurve (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);

62 // gamma(t)

63 diff_gam[0] = tmpl1[0] - tmp2[0];

64 diff_gam[1] tmpl [1] - tmp2[1];
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eval_NURBSCurveDeriv (tmpl,Data_Gamma,wcpointsl_gam,wcpoints2_gam,s);
// gamma’ (s)
eval_NURBSCurveDeriv (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);
// gamma’ (t)

R_til_i = eval_NURBS(Data_Basis, i, s) * norm(tmpl);

R_til_k = eval_NURBS(Data_Basis, k, t) * norm(tmp2);

return R_til_i*R_til_kx*Jdet*diff_gam[jl*diff_gam[m]/(norm(diff_gam))/
(norm(diff_gam));

double SquareIntegral_V_Identical (NURBSData* Data_Gamma,double* wcpointsi_gam,
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double* wcpoints2_gam,NURBSData* Data_Basis,
QuadData* Data_Gauss,QuadData* Data_LogGauss,
int i,int k,int 1,int j,int m,int delta_jm,
double lambda,double mu){

double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

double* weights_gauss=get_QuadData_weights(Data_Gauss);

int n_gauss=get_QuadData_n(Data_Gauss);

double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);

double* weights_loggauss=get_QuadData_weights (Data_LogGauss);

int n_loggauss=get_QuadData_n(Data_LogGauss);

int ql1,q92;

double t_lmi=knotseq(Data_Basis,l1-1); // t_{1-1}

double t_l=knotseq(Data_Basis,1l); // t_{1}

double H_1l=t_1-t_1lml; // H_1

double squareint=0; // integral over square

double factor_log = (-3)*mu-lambda; // factor in front of log term
double factor_rat = mu+lambda; // factor in front of rational term
double factor = 1/(4*M_PI*mux*(2*mu+lambda)); // generall factor
double intpointl, intpoint2; // first and second integration point
double denominator;

double Jdet; // Jacobi determinant for Duffy transformation

// smooth integrals
for (q1=0;ql<n_gauss;ql=ql+1) {
for (q2=0;92<n_gauss;q2=q2+1) {
// first double integral
intpointl= t_lml+H_l*nodes_gauss[qll;
intpoint2 = t_1lmi+H_l*(nodes_gauss[ql]l*(1-nodes_gauss[q2]));
denominator=nodes_gauss[ql]l*nodes_gauss[q2];
Jdet=nodes_gauss[ql];
if (delta_jm) {
squareint += weights_gauss[ql]l*weights_gauss[q2]*factor_logx*
SquareIntegrand_V_smooth(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
Data_Basis ,intpointl,intpoint2,i,k,
denominator ,Jdet);
}
squareint += weights_gauss[ql]l*weights_gauss[q2]*factor_ratx*
Squarelntegrand_V_rational (Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,j,m,Jdet);
// second double integral
intpointi=t_1lmi+H_1*(1-nodes_gauss[ql]l);
intpoint2 = t_1ml + H_1 * (l+nodes_gauss[ql]l*(nodes_gauss[q2]-1));
denominator=nodes_gauss[ql]l*nodes_gauss[q2];
Jdet=nodes_gauss [ql];
if (delta_jm) {
squareint += weights_gauss[ql]l*weights_gauss[q2]*factor_logx
SquareIntegrand_V_smooth(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
Data_Basis ,intpointl,intpoint2,i,k,
denominator ,Jdet);
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}
squareint += weights_gauss[qll*weights_gauss[q2]*factor_ratx*
SquareIntegrand_V_rational (Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,j,m,Jdet);
}
}
// integrals with s-logarithmic singularity
if (delta_jm) {
for (q1=0;q9l<n_loggauss;ql=ql+1) {
for (q2=0;92<n_gauss;q2=q2+1) {
// first double integral
intpointl=t_1lmi+H_l*nodes_loggauss[ql];
intpoint2 = t_lml + H_l*(nodes_loggauss[qll*(1-nodes_gauss[q2]));
Jdet=nodes_loggauss[ql];
squareint += weights_loggauss[qll*weights_gauss[q2]*factor_log
*SquareIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,Jdet);
// second double integral
intpointl=t_1lmi+H_1*(l-nodes_loggauss[ql]);
intpoint2 = t_lml1+H_l*(l+nodes_loggauss[qll*(nodes_gauss[q2]-1));
Jdet=nodes_loggauss[ql];
squareint += weights_loggauss[qll*weights_gauss[q2]*factor_log
*SquareIntegrand_V_log(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,Jdet);

}

}

// integrals with t-logarithmic singularity

if (delta_jm) {

for (q1=0;ql<n_gauss;ql=ql+1) {
for (g2=0;92<n_loggauss;q2=q2+1) {
// first double integral
intpointli=t_1lmi+H_l*nodes_gauss[ql];
intpoint2 = t_lml1+H_l*(nodes_gauss[qll*(1-nodes_loggauss[q2]1));
Jdet=nodes_gauss [ql];
squareint += weights_gauss[qll*weights_loggauss[q2]*factor_log
*Squarelntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,Jdet);
// second double integral
intpointl=t_1lmi+H_1*(l1-nodes_gauss[ql]);
intpoint2 = t_lml+H_l#*(l+nodes_gauss[ql]l*(nodes_loggauss[q2]-1));
Jdet=nodes_gauss [ql];
squareint += weights_gauss[qll*weights_loggauss[q2]*factor_log
*SquarelIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,Jdet);

}
}

return squareint*factor;

double SquareIntegral_V_Adjacent (NURBSData* Data_Gamma ,double* wcpointsl_gam,
double* wcpoints2_gam,NURBSData* Data_Basis,
QuadData* Data_Gauss ,QuadData* Data_LogGauss,
int i,int k,int 11,int 12,int j,int m,
int delta_jm,double lambda,double mu){

double* nodes_gauss=get_QuadData_nodes(Data_Gauss);
double* weights_gauss=get_QuadData_weights(Data_Gauss);
int n_gauss=get_QuadData_n(Data_Gauss);

double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);
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double* weights_loggauss=get_QuadData_weights(Data_LogGauss);
int n_loggauss=get_QuadData_n(Data_LogGauss);
int q1,q2;

double
double
double
double
double
double
double
double
double
double
double
double
double

t_limi=knotseq(Data_Basis,11-1); // t_{1_1-1%}
t_li=knotseq(Data_Basis,11); // t_{1_1}

H_l1=t_11-t_lim1; // H_{1_1}
t_l2mi=knotseq(Data_Basis,12-1); // t_{1_2-1}
t_l2=knotseq(Data_Basis ,12); // t_{1_2}

H_12=t_12-t_12m1; // H_{1_1}%}

squareint=0; // integral over square

factor_log = (-3)*mu-lambda; // factor in front of log term
factor_rat = mu+lambda; // factor in front of rational term
factor = 1/(4*M_PI*mu*(2*mu+lambda)); // generall factor
intpointl, intpoint2; // first and second integration point
denominator;

Jdet; // Jacobi determinant of Duffy transformation

// smooth integrals
for (ql1=0;ql<n_gauss;ql=ql+1) {
for (q2=0;q92<n_gauss;q2=q2+1) {

}
}

// first double integral
intpointl=t_liml1+H_ll*nodes_gauss[ql];
intpoint2 = t_12m1 + H_12 * (l1-nodes_gauss[ql]*nodes_gauss([q2]);
denominator=nodes_gauss [ql];
Jdet=nodes_gauss[ql];
if (delta_jm) {
squareint += weights_gauss[qll*weights_gauss[q2]*factor_logx
SquareIntegrand_V_smooth(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
Data_Basis ,intpointl,intpoint2,i,k,
denominator , Jdet);
}
squareint += weights_gauss[ql]l*weights_gauss[q2]*factor_ratx*
SquarelIntegrand_V_rational (Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,j,m,Jdet);
// second double integral
intpointl=t_limi+H_ll*nodes_gauss[ql]l*nodes_gauss[q2];
intpoint2 = t_12m1 + H_12 * (l1-nodes_gauss[q2]);
denominator=nodes_gauss [q2];
Jdet=nodes_gauss [q2];
if (delta_jm) {
squareint += weights_gauss[ql]l*weights_gauss[q2]*factor_logx*
SquareIntegrand_V_smooth(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
Data_Basis ,intpointl,intpoint2,i,k,
denominator , Jdet);
}
squareint += weights_gauss[ql]l*weights_gauss[q2]*factor_ratx*
Squarelntegrand_V_rational (Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,j,m,Jdet);

// integral with s-logarithmic singularity
if (delta_jm) {
for (q1=0;ql<n_loggauss;ql=ql+1) {

for (q2=0;92<n_gauss;q2=q2+1) {
intpointl=t_l1imi1+H_l1*nodes_loggauss[ql];
intpoint2 = t_12m1+H_12% (1-nodes_loggauss[ql]*nodes_gauss[q2]);
Jdet=nodes_loggauss [ql];
squareint += weights_loggauss[ql]l*weights_gauss[q2]*factor_log
*SquareIntegrand_V_log(Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,
Data_Basis,intpointl,intpoint2,i,k,Jdet);
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// integral with t-logarithmic singularity
if (delta_jm) {
for (q1=0;ql<n_gauss;ql=ql+1) {
for (gq2=0;92<n_loggauss;q2=q2+1) {
intpointl=t_1liml+H_ll*nodes_gauss[ql]l*nodes_loggauss[q2];
intpoint2 = t_12ml + H_12 * (l1-nodes_loggauss[q2]);
Jdet=nodes_loggauss [q2];
squareint += weights_gauss[qll*weights_loggauss[q2]*factor_log
*SquareIntegrand_V_log(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
Data_Basis ,intpointl,intpoint2,i,k,Jdet);

}
}

return squareintx*factor;

void build_Vmatrix (double* output ,NURBSData* Data_Gamma,double* wcpointsl_gam,

double* wcpoints2_gam,NURBSData* Data_Basis,
QuadData* Data_Gauss ,QuadData* Data_LogGauss ,double lambda,
double mu){

double* nodes_gauss=get_QuadData_nodes (Data_Gauss);
double* weights_gauss=get_QuadData_weights(Data_Gauss);
int n_gauss=get_QuadData_n(Data_Gauss);
double* nodes_loggauss=get_QuadData_nodes(Data_LogGauss);
double* weights_loggauss=get_QuadData_weights(Data_LogGauss);
int n_loggauss=get_QuadData_n(Data_LogGauss);
double* knots=get_NURBSData_knots(Data_Basis);
int N=get_NURBSData_N(Data_Basis);
int p=get_NURBSData_p(Data_Basis);
double tmp[2];
int i,k,11,12,q91,q92,j,m;
double b=knots[N-1];
int multb=0; // #b
while (nearly_equal (knotseq(Data_Basis ,N-multb),b)) {multb=multb+1;}
double R_til[N-multb+1+p][p+1][n_gauss];
// R_til[i-1+p][11-i]J[q1l=\tilde{R}_{i,11}(nodes_gauss([ql])
double gammal [N][n_gauss];
// gammal[11-1]1[ql1] is first component of
// gamma(t_{11-1}+H_l1*nodes_gauss[ql])
double gamma2[N][n_gauss];
// gamma2[11-1][q1] is second component of
// gamma(t_{11-1}+H_l1*nodes_gauss[ql])
double squareint; // integral over square
double t_11m1,t_11,H_11,t_12ml1,t_12,H_12;
// t_{11-1},t_11,H_11,t_{12-1},t_12,H_12
double intpoint; // integration point
int delta_jm;

// calculation of R_til
// R_i
for (i=1-p;i<=(N-multb+1);i=i+1) {
// elements with nonemty intersection with support of R_i
for (l1=max(i,1);11<=min(i+p,N);11=11+1) {
// quadrature points
for (q1=0;ql<n_gauss;ql=ql+1) {
t_liml=knotseq(Data_Basis,l1-1);
t_li=knotseq(Data_Basis,11);
H_11=t_11-t_11mi;
intpoint=t_l1lml1+H_l1l*nodes_gauss[qll;
eval _NURBSCurveDeriv (tmp,Data_Gamma ,wcpointsl_gam,
wcpoints2_gam, intpoint);
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R_til[i-1+p][11-i]J[ql1]l=eval _NURBS(Data_Basis, i,intpoint)
*norm(tmp) ;

}
}

// calculation of gammal, gamma2
for (11=1;11<=N;11=11+1){
for (ql=0;ql<n_gauss;ql=ql+1){
t_liml=knotseq(Data_Basis,l1-1);
t_ll=knotseq(Data_Basis,11);
H_11=t_11-t_11m1;
intpoint=t_l1imi+H_l1l1*nodes_gauss[ql];
eval _NURBSCurve (tmp,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
intpoint);
gammal [11-1] [q1]=tmp [0];
gamma2 [11-1] [q1]=tmp [1];

}

// calculation of Vmatrix
for (j=0;j<=1;j=j+1) {
for (m=0;m<=j;m=m+1) {
delta_jm = (j==m);

// R_i
for (i=1-p;i<=(N-multb+1);i=i+1) {
// R_k

for (k=1-p;k<=i;k=k+1) {
output [i+p-1+(k+p-1)*2*(N-multb+1+p)+j*(N-multb+1+p)+
m*x2*x (N-multb+1+p)*(N-multb+1+p)]=0;
// elements with nonemty intersection with support of R_i
for (li1=max(i,1);11<=min(i+p,N);11=11+1) {
// elements with nonemty intersection with support of R_k
for (12=max(k,1);12<=min(k+p,N);12=12+1) {
t_liml=knotseq(Data_Basis,11-1);
t_li=knotseq(Data_Basis,11);
t_12mi=knotseq(Data_Basis ,12-1);
t_l2=knotseq(Data_Basis ,12);
H_11=t_11-t_1l1imil;
H_12=t_12-t_12m1;
// quadrature
if (0<min(H_11,H_12)){
// elements with no intersection
squareint=0;
if ((!nearly_equal(t_liml,t_12m1))
&& (!nearly_equal(t_1liml,t_12))
&% (!mnearly_equal(t_11,t_12m1))
&& (!'nearly_equal(t_11,t_12))
&& ((l1'=(N-multb+1)) || (12!'=1))
&% ((12!'=(N-multb+1)) || (11!=1))) {
for (ql1=0;ql<n_gauss;ql=ql+1) {
for (q2=0;92<n_gauss;q2=q2+1) {
tmp [0]=gammal[11-1][q1l]
- gammal[12-1]1[q2];
tmp [1]=gamma2[11-1] [q1l]
- gamma2[12-11[q2];
squareint+=
weights_gauss [ql]*weights_gauss [q2]
/ (4xM_PI*mu* (2*mu+lambda))
*(delta_jm#*((-3)*mu-lambda)
*log (norm(tmp))+(mu+lambda) *
tmp [j1*tmp [m]/(norm(tmp))/
(norm(tmp)))*R_til[i-1+p]l[11-il[q1l%*
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380 R_til[k-1+p][12-k][q2];

381 }

382 }

383 }

384 // elements with intersection

385 else {

386 // identical elements

387 if (11==12){

388 squareint+=SquareIntegral_V_Identical(
389 Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
390 Data_Basis ,Data_Gauss ,Data_LogGauss,

391 i,k,11,j,m,delta_jm,lambda,mu);

392 }

393 // adjacent elements

394 elsef{

395 // singularity at s=0,t=1

396 if (nearly_equal(t_liml,t_12)

397 [ ((12==(N-multb+1)) && (11==1))){
398 squareint+=Squarelntegral_V_Adjacent(
399 Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
400 Data_Basis ,Data_Gauss ,Data_LogGauss,
401 i,k,11,12,j,m,delta_jm,lambda,mu);
402 }

403 // singularity at s=1,t=0

404 elseq{

405 squareint+=SquareIntegral_V_Adjacent(
406 Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
407 Data_Basis ,Data_Gauss ,Data_LogGauss,
408 k,i,12,11,j,m,delta_jm,lambda ,mu);
409 }

410 }

411 }

412 output [i+p-1+(k+p-1)*2* (N-multb+1+p)+j*(N-multb+1i+p)+
413 m*2% (N-multb+1+p)*(N-multb+1+p)]+=

414 H_1l1xH_12%*squareint;

415 }

416 }

417 }

418 if (i'=k){

419 // V symmetric

420 output [k+p-1+(i+p-1)*2* (N-multb+1+p)+j*(N-multb+1+p)+

421 m*2% (N-multb+1+p)*(N-multb+1+p)] =

422 output [i+p-1+(k+p-1)*2*(N-multb+1+p)+j*(N-multb+1+p)+

423 m*2* (N-multb+1+p)*(N-multb+1+p)];

424 }

425 if (j'=m) {

426 // V symmetric in blocks

427 output [i+p-1+(k+p-1)*2*x (N-multb+1+p)+m*(N-multb+1+p)+

428 j*2*x (N-multb+1+p)*(N-multb+1+p)] =

429 output [i+p-1+(k+p-1)*2* (N-multb+1+p)+j*(N-multb+1+p)+

430 m*2* (N-multb+1+p)*(N-multb+1+p)];

431 if (i'=k){

432 // V symmetric

433 output [k+p-1+(i+p-1)*2*x (N-multb+1+p)+m*(N-multb+1+p)+
434 j*2*%(N-multb+1+p)*(N-multb+1+p)] =

435 output [i+p-1+(k+p-1)*2*x (N-multb+1+p)+m* (N-multb+1+p)+
436 j*2%(N-multb+1+p)*(N-multb+1+p)];

437 }

438 }

439 }

440 }

441 }

442 }
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443 %}

A.2. Fvector.h and Fvector.c

The computation of the right-hand side vector F}, is discussed in on Section 4.1.2.

Listing A.3: Fvector.h

1 #ifndef _Fvector_h

2 #define _Fvector_h

3

4 #include <math.h>

5 #include <stdio.h>

6 #include "Spline.h"

7

8 /* parameters:

9 Data_Gamma...NURBSData* for geometry Gamma, see Structures.h

10 wcpointsl_gam...first component of weighted control points

11 w_1"\gamma*C_1"\gamma for geometry corresponding to knots

12 wcpoints2_gam...second component of weighted control points

13 w_1"\gamma*C_1"\gamma for geometry corresponding to knots

14 Data_Basis...NURBSData* for Basis of approximation space

15 Data_Gauss...QuadData* for quadrature with weight function 1 on [0,1],
16 see Structures.h

17 Data_Gauss_small...QuadData* (see Structures.h) for quadrature with weight
18 function 1 on [0,1] (with smaller number of nodes as Data_Gauss),

19 used for quadrature for identical elements or adjacent elements

20 in function build_Fvector

21 with_K...0 to set Kg=0, 1 else

22

23 comments:

24 we assume that:

25 -)path gamma induced by Data_Gamma and wcpoints_gam is either positively
26 orientated regular closed curve,

27 which parametizes boundary Gamma of Lipschitz domain Omega with diam(Omega)<1
28 or regular open curve, in this case we assume #b=p_gam+1

29 -)#t_i~gamma<=p_gam+1

30 -)number of different entries in knots of Data_Gamma >= 4

31 -){t_i“gamma:i=1...N_gam}<={t_i:i=1...N}

32 —)#t_i<=p+1

33

34 */

35

36 double PartDeriv_FundamentalSol (NURBSData* Data_Gamma,bdouble* wcpointsl_gam,
37 double* wcpoints2_gam,int i,int k,int m,
38 double s,double t,double Jdet,double lambda,double mu);
39 // returns \partial_{i,t}\check{U}_{km}(s,t)

40

41

42 double Sigma(NURBSData* Data_Gamma,double* wcpointsl_gam,

43 double* wcpoints2_gam,int j,int p,int q,

44 double s,double t,double Jdet,double lambda,double mu);

45 // returns sigma_{pq}(\check{U}_j)(s,t)

46

47

48 double SquareIntegrand_K(NURBSData* Data_Gamma,bdouble* wcpointsi_gam,

49 double* wcpoints2_gam,NURBSData* Data_Basis,

50 int i,int j,double s,double t,double Jdet,

51 double lambda,double mu);

52 // returns \gamma_{1,y}\check{U}(s,t)*\tilde{g}(t)*\tilde{R}_i(s)x*Jdet,
53 // where s!'=t in [a,b), i,k in {1-p,...,N-#b+1} and Jdet in \R
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C

double SquarelIntegral_K_Identical (NURBSData* Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam ,NURBSData* Data_Basis,
QuadData* Data_Gauss,int i,int j,int 1,
double lambda,double mu);

// returns \int_0~"1 \int_0"1 \gamma_{1,y}\check{U}_{1,1}(s,t)

// \tilde{R}_{i,1}(s) \tilde{gl}(t) dt ds,

// where i in {1-p,...,N-#b+1} and 1 in {max(i,1),...,min(i+p,N)} with H_1>0

double SquarelIntegral_K_Adjacent (NURBSData* Data_Gamma,bdouble* wcpointsl_gam,
double* wcpoints2_gam,NURBSData* Data_Basis,
QuadData* Data_Gauss,int i,int j,int 11,
int 12,int singtype,double lambda,double mu);
// returns \int_0"1 \int_0"1 \gamma_{1,y}\check{U}_{11,12}(s,t)
// \tilde{R}_{i,11}(s) \tilde{g}(t) dt ds for adjacent elements,
// i.e. \gamma ([t_{1_1-1},t_{1_1} \cap \gamma ([t_{1_2-1},t_{1_2}]) consists
// of one point, if singtype=0: singularity at s=0 and t=1
// else singularity at s=1 and t=0,
// i in {1-p,...,N-#b+1}, 11 in {max(i,1),...,min(i+p,N)} and 12 in {1,...,N}
// with min(H_11,H_12)>0

void build_Fvector (double* output ,NURBSData* Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam,NURBSData* Data_Basis,
QuadData* Data_Gauss,QuadData* Data_Gauss_small,int with_K,
double lambda,double mu);

// turns output[i+p-1] into <Kg+g/2,\hat{R}_i>_{L_2(Gamma)} for i=1-p...N-#b+1,

// \hat{R}_i=R_{i,p} \circ gamma~(-1) are the transformed basis functions

#endif

Listing A.4: Fvector.c

#include "Fvector.h"

double PartDeriv_FundamentalSol (NURBSData* Data_Gamma,double* wcpointsl_gam,
double* wcpoints2_gam,int i,int k,int m,
double s,double t,double Jdet,double lambda,
double mu){

double den=4*M_PI*mu*(2*mu+lambda);
double deriv=0;

double deriv_part=0;

double tmpl[2];

double tmp2[2];

double diff_gam[2]; // gamma(s)-gamma(t)

eval_NURBSCurve (tmpl ,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,s);
// gamma(s)

eval _NURBSCurve (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);
// gamma (t)
diff_gam [0]
diff_gam[1]

tmpl [0] - tmp2[0];
tmpl [1] - tmp2[1];

if (i==k){

deriv_part += diff_gam[m]/norm(diff_gam);
}
if (i==m){

deriv_part += diff_gam[k]/norm(diff_gam);
}
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28 deriv = (-1)*(Jdet/norm(diff_gam))*deriv_part;

29 deriv += 2*(diff_gam[il/norm(diff_gam))*(diff_gam[k]/norm(diff_gam))*
30 (diff_gam[m]/norm(diff_gam))*(Jdet/norm(diff_gam));

31 deriv *= (mu+lambda)/den;

32 if (k==m){

33 deriv += (3*mu+lambda)/den*((diff_gam[i])/norm(diff_gam))*

34 (Jdet/norm(diff_gam));

35 }

36 return deriv;

37 3}

38

39

40 double Sigma(NURBSData* Data_Gamma,double* wcpointsl_gam,

41 double* wcpoints2_gam,int j,int p,int q,

42 double s,double t,double Jdet,double lambda,double mu){
43

44 int r;

45 double div=0;

46 double sigma_val=0;

47 double eps_j_pq=0;

48

49 it (p==q){

50 for (r=0;r<=1;r=r+1){

51 div += PartDeriv_FundamentalSol(Data_Gamma,wcpointsl_gam,
52 wcpoints2_gam,r,j,r,s,t,Jdet,
53 lambda ,mu);

54 }

55 sigma_val += lambdax*div;

56 }

57 sigma_val += muxPartDeriv_FundamentalSol (Data_Gamma ,wcpointsl_gam,
58 wcpoints2_gam,p,j,q,s,t,Jdet,
59 lambda ,mu);

60 sigma_val += mu*PartDeriv_FundamentalSol (Data_Gamma,wcpointsl_gam,
61 wcpoints2_gam,q,j,p,s,t,Jdet,
62 lambda ,mu);

63 return sigma_val;

64 }

65

66

67 double SquareIntegrand_K(NURBSData* Data_Gamma,double* wcpointsi_gam,
68 double* wcpoints2_gam,NURBSData* Data_Basis,
69 int i,int j,double s,double t,double Jdet,

70 double lambda,double mu){

71

72 double tmpl[2];

73 double tmp2[2];

74 double nul[2];

75 double g_vec[2];

76 int p,q;

77 double R_til_i; // \tilde{R}_{i,p}(s), first resp. second

78 // coordinate of \check{g}(t)|\gamma’(t)|\nu(\gamma(t))

79 double squareint=0;

80

81

82 eval _NURBSCurve (tmp2,Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,t);

83 // gamma (t)

84 g(g_vec,tmp2);

85 // g_vec = g(gamma(t))

86 eval_NURBSCurveDeriv(tmpl,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,s);
87 // gamma’(s)

88 eval_NURBSCurveDeriv (tmp2,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,t);
89 // gamma’ (t)

90 R_til_i = eval_NURBS(Data_Basis,i,s) * norm(tmpl);
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91 nu[0] = tmp2[1];

92 nul1] = -tmp2[0];

93

94 for (p=0;p<=1;p=p+1) {

95 for (q=0;q9<=1;q9=q+1) {

96 // conormal derivative

97 squareint += nul[q] * g_vec[p] * Sigma(Data_Gamma,wcpointsl_gam,
98 wcpoints2_gam,j,p,q,s,t,
99 Jdet ,lambda ,mu) ;

100 }

101 }

102 return squareint * R_til_i;

103}

104

105

106 double SquareIntegral_K_Identical (NURBSData* Data_Gamma,double* wcpointsl_gam,
107 double* wcpoints2_gam,NURBSData* Data_Basis,
108 QuadData* Data_Gauss,int i,int j,int 1,
109 double lambda,double mu){

110

111 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

112 double* weights_gauss=get_QuadData_weights(Data_Gauss);

113 int n_gauss=get_QuadData_n(Data_Gauss);

114 int q1,q2;

115 double t_lmi=knotseq(Data_Basis,l-1); // t_{1-1}

116 double t_l=knotseq(Data_Basis,1l); // t_{1}

117 double H_1=t_1-t_1lml; // H_1

118 double squareint=0; // integral over square

119 double intpointl, intpoint2; // first and second integration point

120 double Jdet; // Jacobi determinant for Duffy transformation

121 double tmpl,tmp2;

122

123 for (q1=0;ql<n_gauss;ql=qi+1) {

124 for (q2=0;92<n_gauss;q2=q2+1) {

125 // first double integral

126 intpointl=t_lmi1+H_l*nodes_gauss[ql]l*nodes_gauss[q2];

127 intpoint2=t_1lmi+H_l*nodes_gauss[ql];

128 Jdet=nodes_gauss[ql];

129 tmpl=Squarelntegrand_K(Data_Gamma,wcpointsl_gam,wcpoints2_gam,
130 Data_Basis ,i,j,intpointl,intpoint2, Jdet,
131 lambda ,mu) ;

132 squareint+=tmpl*weights_gauss[qll*weights_gauss[q2];

133 // second double integral

134 intpointl=t_lmi+H_l*nodes_gauss[ql];

135 intpoint2=t_lmi1+H_l*nodes_gauss[ql]l*nodes_gauss[q2];

136 Jdet=nodes_gauss [ql];

137 tmp2=Squarelntegrand_K (Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,
138 Data_Basis ,i,j,intpointl,intpoint2, Jdet,
139 lambda ,mu);

140 squareint+=tmp2*weights_gauss[qll*weights_gauss[q2];

141 }

142 }

143 return squareint;

144

145

146

147 double SquareIntegral_K_Adjacent (NURBSData* Data_Gamma,double* wcpointsl_gam,
148 double* wcpoints2_gam,NURBSData* Data_Basis,
149 QuadData* Data_Gauss,

150 int i,int j,int 11,int 12,int singtype,
151 double lambda,double mu){

152

153 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);
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154 double* weights_gauss=get_QuadData_weights(Data_Gauss);

155 int n_gauss=get_QuadData_n(Data_Gauss);

156 int q1,q92;

157 double t_liml=knotseq(Data_Basis,l1-1); // t_{1_1-1}

158 double t_lil=knotseq(Data_Basis,11); // t_{1_1}

159 double H_11=t_11-t_11m1; // H_{1_1}%}

160 double t_l2mi=knotseq(Data_Basis,12-1); // t_{1_2-1}

161 double t_l2=knotseq(Data_Basis,12); // t_{1_2}

162 double H_12=t_12-t_12m1l; // H_{1_1}

163 double squareint=0; // integral over square

164 double intpointl, intpoint2; // first and second integration point

165 double Jdet; // Jacobi determinant of Duffy transformation

166

167 if (singtype==0){

168 for (q1=0;ql<n_gauss;ql=qi+1) {

169 for (q2=0;92<n_gauss;q2=q2+1) {

170 // first double integral

171 intpointl=t_l1ml+H_l1l*nodes_gauss[ql];

172 intpoint2 = t_12m1+H_12*(1-nodes_gauss[qll*nodes_gauss[q2]);
173 Jdet=nodes_gauss[ql];

174 squareint+=weights_gauss[qll*weights_gauss[q2]

175 *SquareIntegrand_K(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
176 Data_Basis ,i,j,intpointl ,intpoint2, Jdet,
177 lambda ,mu);

178 // second double integral

179 intpointl=t_liml+H_lil*nodes_gauss[ql]l*(1-nodes_gauss[q2]);
180 intpoint2 = t_12m1 + H_12 * nodes_gauss[q2];

181 Jdet=1-nodes_gauss [q2];

182 squareint+=weights_gauss[qll*weights_gauss[q2]

183 *Squarelntegrand_K(Data_Gamma ,wcpointsl_gam ,wcpoints2_gam,
184 Data_Basis ,i,j,intpointl ,intpoint2, Jdet,
185 lambda ,mu) ;

186 }

187 }

188 } else {

189 for (q1=0;ql<n_gauss;ql=ql+1) {

190 for (q2=0;92<n_gauss;q2=q2+1) {

191 // first double integral

192 intpointl=t_1l1ml1+H_l1*(1-nodes_gauss[ql]l*nodes_gauss[q2]);
193 intpoint2 = t_12ml1 + H_12 *nodes_gauss[q2];

194 Jdet=nodes_gauss [q2];

195 squareint+=weights_gauss[qll*weights_gauss[q2]

196 *SquareIntegrand_K(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
197 Data_Basis ,i, j,intpointl,intpoint2, Jdet,
198 lambda ,mu) ;

199 // second double integral

200 intpointl=t_liml1+H_ll*nodes_gauss[ql];

201 intpoint2 = t_12ml

202 + H_12 * nodes_gauss[q2] * (1 - nodes_gauss[qll);

203 Jdet=1-nodes_gauss [ql];

204 squareint+=weights_gauss[qll*weights_gauss[q2]

205 *SquareIntegrand_K(Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
206 Data_Basis ,i,j,intpointl ,intpoint2, Jdet,
207 lambda ,mu) ;

208 }

209 }

210 }

211 return squareint;

212}

213

214

215 void build_Fvector (double* output,NURBSData* Data_Gamma ,double* wcpointsl_gam,
216 double* wcpoints2_gam,NURBSData* Data_Basis,
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217 QuadData* Data_Gauss,QuadData* Data_Gauss_small,
218 int with_K,double lambda,double mu){

219

220 double* nodes_gauss=get_QuadData_nodes(Data_Gauss);

221 double* weights_gauss=get_QuadData_weights(Data_Gauss);

222 int n_gauss=get_QuadData_n(Data_Gauss);

223 double* nodes_gauss_small=get_QuadData_nodes(Data_Gauss_small);
224 double* weights_gauss_small=get_QuadData_weights(Data_Gauss_small);
225 int n_gauss_small=get_QuadData_n(Data_Gauss_small);

226 double* knots_gam=get_NURBSData_knots(Data_Gamma);

227 int N_gam=get_NURBSData_N(Data_Gamma);

228 double* knots=get_NURBSData_knots(Data_Basis);

229 int N=get_NURBSData_N(Data_Basis);

230 int p=get_NURBSData_p(Data_Basis);

231 double tmp[2];

232 double g_vec[2];

233 int i,j,k,11,12,q91,q92;

234 double b=knots[N-1];

235 int multb=0; // #b

236 while (nearly_equal (knotseq(Data_Basis ,N-multb),b)) {multb=multb+1;}
237 double R_til[N-multb+1+p][p+1][n_gauss];

238 // R_til[i-1+p][11-i]J[q1l=\tilde{R}_{i,11}(nodes_gauss[ql])

239 double squareint; // integral over square

240 double Jdet; // Jacobi determinant of Duffy transformation

241 double t_11mi1,t_11,H_11,t_12ml1,t_12,H_12;

242 // t_{11-1},t_11,H_11,t_{12-1},t_12,H_12

243 double intpointl, intpoint2; // first and second integration point
244 int index; // help index

245

246 // calculation of R_til

247 // R_i

248 for (i=1-p;i<=(N-multb+1);i=i+1) {

249 // elements with nonemty intersection with support of R_i
250 for (li=max(i,1);11<=min(i+p,N);11=11+1) {

251 // quadrature points

252 for (ql1=0;ql<n_gauss;ql=ql+1) {

253 t_liml=knotseq(Data_Basis,11-1);

254 t_li=knotseq(Data_Basis,11);

255 H_11=t_11-t_1l1im1;

256 intpointi=t_liml+H_lil*nodes_gauss[ql];

257 eval _NURBSCurveDeriv (tmp,Data_Gamma,wcpointsl_gam,
258 wcpoints2_gam,intpointl);

259 R_til[i-1+p][11-i]J[ql] = eval_NURBS(Data_Basis,i,intpointl)
260 * norm(tmp) ;

261 }

262 }

263 }

264

265

266

267 if (with_K==1){

268 // calculation of <Kg,\hat{R}_i~j>_{L_2(Gamma)l}

269 for (j=0;j<=1;j=j+1) {

270 // R_i

271 for (i=1-p;i<=(N-multb+1);i=i+1) {

272 output [i+p-1+j*(N-multb+1+p)]1=0;

273 // elements with nonemty intersection with support of R_i
274 for (li=max(i,1);1l1<=min(i+p,N);11=11+1) {

275 // all elements

276 for (12=1;12<=N;12=12+1) {

277 t_limi=knotseq(Data_Basis,11-1);

278 t_ll=knotseq(Data_Basis,11);

279 t_l2mi=knotseq(Data_Basis,12-1);
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t_l2=knotseq(Data_Basis ,12);
H_11=t_11-t_11mil;
H_12=t_12-t_12m1;
// quadrature
if (0<min(H_11,H_12)){
squareint=0;
// elements with no intersection
if ((!nearly_equal(t_l1iml,t_12m1))
&% (!nearly_equal(t_11ml,t_12))
&& (!nearly_equal(t_11,t_12m1))
&% ('nearly_equal(t_11,t_12))
&& ((11!=(N-multb+1)) || (12'=1))
&& ((12'=(N-multb+1)) || (11!'=1))) {
for (ql1=0;ql<n_gauss;ql=ql+1) {
for (g2=0;q92<n_gauss;q2=q2+1) {
intpointl = t_liml1+H_l1*nodes_gaussl[qll;
intpoint2 = t_12ml1+H_l2%*nodes_gauss[q2];

squareint +=

weights_gauss [qll*xweights_gauss [q2]*
SquareIntegrand_K(Data_Gamma,
wcpointsl_gam,wcpoints2_gam,
Data_Basis ,i,j,intpointl,intpoint2,
1,lambda ,mu);

}
}
}
// elements with intersection
else {

// identical elements
if (11==12){
squareint=Squarelntegral _K_Identical(
Data_Gamma ,wcpointsl_gam,
wcpoints2_gam,Data_Basis,
Data_Gauss_small,i,j,11,
lambda ,mu) ;
}
// elements with point intersection
else {
// singularity at s=0,t=1
if (nearly_equal(t_liml,t_12)
|| ((12==(N-multb+1)) && (11==1))){
index=1;

while (!nearly_equal (t_12,knots_gam[index-1])){

index=index+1;
if (index==(N_gam+1)){break;}
}
// t_12 no knot of Gamma
if (index==(N_gam+1)){
squareint=Squarelntegral _K_Adjacent (
Data_Gamma ,wcpointsl_gam,
wcpoints2_gam,Data_Basis,
Data_Gauss_small,i,j,
11,12,0,lambda ,mu);

}

// t_12 knot of Gamma

else {

squareint=Squarelntegral _K_Adjacent (

Data_Gamma ,wcpointsl_gam,
wcpoints2_gam,Data_Basis,
Data_Gauss ,i,j,11,12,0,
lambda ,mu) ;

}
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}
// singularity at s=1,t=0
elseq
index=1;
while (!nearly_equal (t_11,knots_gam[index-1]1)){
index=index+1;
if (index==(N_gam+1)){break;}
}
// t_11 no knot of Gamma
if (index==(N_gam+1)){
squareint=Squarelntegral_K_Adjacent (
Data_Gamma ,wcpointsl_gam,
wcpoints2_gam,Data_Basis,
Data_Gauss_small,i,j,
11,12,1,lambda ,mu);
}
// t_11 knot of Gamma
else {
squareint=Squarelntegral _K_Adjacent (
Data_Gamma ,wcpointsl_gam,
wcpoints2_gam,Data_Basis,
Data_Gauss ,i,j,11,12,1,
lambda ,mu) ;
}
}

}
}
output [i+p-1+j*(N-multb+1+p)] += H_11 * H_12 * squareint;

// calculation of <Kg+g/2,R_hat_i>_{L_2(Gamma)}
for (j=0;j<=1;j=j+1) {
// R_i
for (i=1-p;i<=(N-multb+1);i=i+1) {
if (with_K==0){
output [i+p-1+j*(N-multb+1+p)]=0;
}
// elements with nonemty intersection with support of R_i
for (li=max(i,1);1l1<=min(i+p,N);1l1=11+1) {
t_limi=knotseq(Data_Basis,l11-1); // t_{11-1}
t_li=knotseq(Data_Basis,11); // t_11
H_11=t_11-t_l1imil;
// quadrature
if (0<H_11) {
for (ql1=0;q9l<n_gauss;ql=ql+1) {
eval_NURBSCurve (tmp,Data_Gamma ,wcpointsl_gam,wcpoints2_gam,
t_liml1+H_l1*nodes_gauss[ql]);
g(g_vec ,tmp);
output [i+p-1+j*(N-multb+1+p)] += H_11 =*
weights_gauss[ql] * g_vec[jl/2 * R_till[i-1+p]l[11-il[q1]l;
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