High order transparent boundary conditions for the
Helmbholtz equation

Lothar Nannen

Abstract We consider finite element simulations of the Helmholtz equation in unbounded domains. For
computational purposes, these domains are truncated to bounded domains using transparent boundary con-
ditions at the artificial boundaries. We present here two numerical realizations of transparent boundary
conditions: the complex scaling or perfectly matched layer method and the Hardy space infinite element
method. Both methods are Galerkin methods, but their variational framework differs. Proofs of conver-
gence of the methods are given in detail for one dimensional problems. In higher dimensions radial as well
as Cartesian constructions are introduced with references to the known theory.

1 Introduction

We consider finite element simulations of time-harmonic, scalar waves in open systems. Since standard
mesh based methods like finite element or finite difference methods are restricted to bounded domains,
for these methods unbounded domains of propagation have to be truncated to a bounded computational
domain. Typically, such a truncation results in artificial reflections at the truncation boundary. Due to the
non-locality of the waves, the reflections may pollute the solution in the whole computational domain.

The purpose of this paper is to present some high order transparent boundary conditions such that artifi-
cial reflections are minimized. Thereby we restrict ourselves to finite element based transparent boundary
conditions. For boundary element methods we refer e.g. to [34].

The simplest transparent boundary condition is the so-called first order absorbing boundary condition.
It has no extra costs, but the computational domain typically has to be quite large in order to minimize
artificial reflections. For a review of higher order local absorbing boundary conditions we refer to [24, 15].
For these transparent boundary conditions, as for all subsequent ones, additional unknowns are needed.
Since the construction and the theoretical framework are quite complicated, we will not present them in
this paper.

The so-called complex scaling or perfectly matched layer (PML) method (see e.g. [31, 19, 2, 8]) fits
very well into the variational framework of finite element methods. It surrounds the computational domain
with an artificial, anisotropic damping layer. It is very flexible and allows to reduce artificial reflections
as much as necessary. A downside is, that it can be difficult to find optimal method parameters, since it
depends on the damping profile, the thickness of the layer and on the finite element discretization in the
absorbing layer.

For infinite elements no artificial truncation is needed. The unbounded domain outside of the compu-
tational domain is discretized with special basis and test functions. For classical infinite element methods
(see [12, 13]) these functions fulfill the Sommerfeld radiation condition. Since the infinite elements are
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defined on an unbounded domain, integration over these basis and test functions needs to be done carefully.
Moreover, the discretization matrices typically have large condition numbers.

Hardy space infinite elements (see [20, 33, 32]) also discretize the whole unbounded domain, but the
basis functions are completely different to the classical ones. The basis functions are constructed using
the pole condition [35, 22] as radiation condition. Roughly speaking this radiation condition characterizes
outgoing waves by the poles of their Laplace transforms, which belong to a certain class of Hardy spaces.
The Hardy space infinite element method is a Galerkin method applied to a variational problem in a space
which is built using a Hardy space. Just as the PML method the Hardy space infinite element method allows
for arbitrary small discretization errors. It is even more flexible as the PML method and can be applied to
time harmonic wave equations with backward propagating modes, where standard PML methods fail (see
[17,18]).

For the Helmholtz scattering problems given in Sec. 2 we present the PML (Sec. 3) and the Hardy
space infinite element method (Sec. 4). To explain the basic ideas, we start for both methods with a one
dimensional model problem, even though in one dimension there exists an easy to use exact transparent
boundary condition. These ideas are then generalized to higher dimensions using radial, as well as Cartesian
coordinates. In Sec. 5 we compare the two methods in terms of efficiency and programming effort.

2 Helmbholtz scattering problems
In this section we start with the problem setting and the most popular radiation conditions in order to
control the behavior of solutions u to the Helmholtz equation for large arguments.

2.1 Problem setting

Let u be a solution to the Helmholtz equation
—Au(x) — 0> (1+ p(x))u(x) =0, xXeQ,

for an unbounded Lipschitz domain Q C R¢, d = 1,2,3, with angular frequency ® > 0. p is a coefficient
function with compact support supp(p) := {x € R? : p(x) # 0} in an open ball Bg := {x € R? : |x| < R} of

radius R > 0. |x| ;= / 72 | [xj|? denotes the standard Euclidean norm.
Moreover, let the boundary dQ be contained in Bg and let u fulfill the boundary condition

%—&—Ozu:g, forx € Q2
with given functions ¢ and g and the unit normal vector n pointing to the exterior of Q. We refrain from
Dirichlet boundary conditions in order to simplify the presentation.

Since problems on unbounded domains €2 cannot be discretized with standard finite elements, we in-
troduce a bounded and star shaped Lipschitz domain D C R? such that dQ C D and p = 1 in RY\ D.
Then € is the disjoint union of the bounded interior domain Q;, := £ N D, the unbounded exterior domain
Qexi := R\ D and the interface I" := 9 Qi N I ey E.g. one could choose D = Bg.

In Qcx, we are looking for solutions u of the homogeneous problem

—Au— *u=0, in Qext, (2.12)
u = up, onl, (2.1b)
u is outgoing for |x| — oo (2.1c)

The radiation condition (2.1c) ensures that (2.1) is uniquely solvable for all Dirichlet data ug € H 1/2 (I
and all @ > 0, and that these solutions are physically meaningful. For such a unique solution u,, we define
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the so-called Dirichlet-to-Neumann operator DtN : H'/2(I") — H~'/2(I") by

0
DtNug := ;“0.
n

Here, the unit normal vector n on I" points to the interior of Q.. The interior problem for u € H 1 (Qipy) in
weak form is given by

/ (Vu.Vv—a)z(ler)uv)der/ (Xuvdsf/(DtNuh—)vds:/ gvds (2.2)
Qint 9Q r 0Q

for all test functions v € H'(Qiy(). Representation formulas of the Dirichlet-to-Neumann operator for d =
2,3 will be the subject of the following subsections.

In one dimension solutions to (2.1a) are given by linear combinations of x — exp(i®|x|) and x —
exp(—im|x|). Using the standard convention exp(—iwt) for the time-harmonic ansatz, x — exp(i®|x|)
is a radiating solution. Hence, the Dirichlet-to-Neumann operator in one dimension is simply given by
DtNug = iouy.

2.2 Sommerfeld radiation condition

Following [28] for time-harmonic waves of the form R (u(x)exp (—iwt)), the averaged outward energy
flux through the interface I" is given by

Using Green’s first identity in a domain Bg N ey, it can be shown that

. 2 dul’ 2012
Jr(u)—mlggrolo <:F/83R ds:l:/aBR (‘311’ + o ul” | ds (2.3)

for all solutions u € H2_(Qex)! to (2.1a). Using (2.3) with the minus sign in the first integral, Jr (u) is
non-negative for solutions to (2.1a), if u fulfills the Sommerfeld radiation condition

d—1)/2 du(x) _
d|x|

@ iw
3n:F "

lim |x|( x
x|

icou(x)) =0 uniformly for all directions (2.4)

x|
Moreover, using (2.4) as radiation condition the problem (2.1) is uniquely solvable (see e.g. [36, Sec. 9,
Theorem 1.3]). So the Sommerfeld radiation condition leads to a well defined Dirichlet-to-Neumann oper-
ator.

It can also be used to construct an approximation to the exact Dirichlet-to-Neumann operator: If the
interface is a sphere of radius R > 0, then the so-called first order absorbing boundary condition is given
by ug — i@ug. This Robin type boundary condition is only the exact boundary condition for d = 1. But
since for a numerical realization no extra costs are needed, it is widely used in practice for d = 2,3 as well.
Typically, R has to be quite large in order to guarantee, that the artificial reflections at I" are negligible.

! H}" .(2) denotes the space of functions, which belong to H "(£2) for each compact Q C Q.
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2.3 Dirichlet-to-Neumann operator

For x € Qex = R?\ Bx we can use polar coordinates x = r£ with 7 := |x| > 0 and £ = x/r € dB) in order
to construct a representation formula for solutions u to the exterior problem (2.1). In polar coordinates the
Helmholtz equation (2.1a) is given by

%u(rf) d—10u(rf) 1
- 52(:)6)_ . ua(:x)—ﬁA);u(r)E)—a)zu(r)E):Q r>R,% € JB;.

—A; is the negative Laplace-Beltrami operator. As it is hermitian and positive semi-definite, all eigenvalues
are non-negative. E.g. in [11] it is shown, that for d = 3 the eigenvalues are given by A, := v(v + 1) with
multiplicities My :=2v+1,v € NoZ. For d = 2 the eigenvalues are A, := v2 with multiplicities M, := 2
for v € Nand My := 1 for v = 0. The corresponding eigenfunctions, the spherical harmonics Y\E” ), build a
complete orthonormal set of L?(9B;). Hence, there holds

© My

wird) = ¥ Y uu(N¥ (),  r>R, %€dB 2.5)
v=0pu=1

with uy , (r) := [5p, u(rﬁ)Yé”)()?)dﬁ. The series converges for each r > R in the L?(dB;) sense. If u is
a sufficiently smooth solution to (2.1a), we can differentiate under the integral and deduce that uy  is a
solution to the (spherical) Bessel equation

_u/‘f(r)—d_lu’v(r)—i— (l;'—aﬂ) uy(r) =0, r>R. (2.6)

r r

Solutions to (2.6) with @ = 1 are linear combinations of the (spherical) Hankel functions of the first and
second kind. We denote the Hankel functions (d = 2) and the spherical Hankel functions (d = 3) of the first

and second kind by %(1,2). Their asymptotic behavior is given by

C . \Z/3 1
A (1) = ,(dfll)/z °xp (il (t_7)> <l+ﬁ(t>)’ e @7

/ +iC, . \% 1
A0 = rmen (£(-5)) (” 7 (t>) F e 270

with C; := +/2/mexp (Fin/4) and C3 := exp (Fin/2). Hence, there holds

lim r@-1)/2 (%(1,2)’ F i%(l’z) (r)) =0.

F—yoo

In particular, the functions u(rg) := %(1) (a)r)Yv(“ ) (%) solve the Helmholtz equation (2.1a) and satisfy the
Sommerfeld radiation condition (2.4). Moreover, using (2.3) we compute

5 d

2027

I
w

L d=2
JF(”) = {w{V 9 (28)

i.e. the outward energy flux is positive and independent of v and u. So these functions radiate energy to
infinity and are therefore physically meaningful.

Remark 2.1 A second way of motivating the choice of outgoing solutions is the limiting absorption prin-
ciple (see e.g. [36, Sec. 9]). Similar to the idea of shifted Laplace preconditioners, we replace the positive
Sfrequency @ in the Helmholtz equation by (1 + €i) with € > 0 adding artificial absorption to the problem.
Since the solutions to the perturbed problem should be bounded for r — oo, these solutions are given by

2 N denotes the set of all positive natural numbers and Np := {0} UN.
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ug(rf) ;== %,(1) (w(1 —i—ie)r)Y‘S”) (®). Passing € to the limit 0 leads again to the Hankel functions of the first
kind.

Using the Hankel functions of the first kind in (2.5) and incorporating the boundary condition (2.1b)
leads to the series representation

My fa& uo(RE)YM (£)d

L)X

A (0r)YM (%), r>R, tcdB. 2.9)
v=04=0 ) (wR)

For uy € L2(8BR) itis shown in [11, Theorem 2.14], that this series as well as the series of the term by term
derivatives converges absolutely and uniformly on compact subsets of Qe = R3 \ Bg. The results holds
true for Qe = R2 \ Bg as well. Moreover, it is indeed a solution to (2.1) with the Sommerfeld radiation
condition and each solution to (2.1) satisfying the Sommerfeld radiation condition is given by (2.9). Hence,
(2.9) can be used to construct the Dirichlet-to-Neumann operator on spheres of radius R by

w My (ny
DNup:= Y Y ( / uo(RS) “”(;e)we) MYW %). (2.10)
v=0u=0 y (0R)

Note, that the roots of the (spherical) Hankel functions of the first kind have negative imaginary part and
therefore the denominator never vanishes for @R > 0.

A second representation formula for solutions to (2.1) can be deduced using the fundamental solution
of the Helmholtz equation

s (LD a2
12 ) (@]x - y)), d=3

In [11, 36]) is is shown, that for smooth boundary I" a solution u of the exterior problem (2.1) combined
with the Sommerfeld radiation condition has the integral representation

) = [ (u<y>a§lfg‘)” g:‘l(y)(b(x,y)) ds(y),  x € Qex @11

This representation can be used to construct a Dirichlet-to-Neumann operator for arbitrary smooth bound-
aries I".

Remark 2.2 The representation formulas (2.9) and (2.11) can also be used as radiation conditions. Since
the (spherical) Hankel functions are holomorphic in {z € C : R(z) > 0}, the solutions u to (2.1) using these
radiation conditions are holomorphic with respect to complex frequencies @ with R(@) > 0. This is not the
case, if the Sommerfeld radiation condition is used, since for ® with R(®) > 0 and S(®) < 0 the Hankel
functions of the second kind fulfill the Sommerfeld radiation condition. So for resonance problems, where
the frequency is the sought complex resonance, the Sommerfeld radiation condition is not useful.

3 Complex scaling method

For test functions v € H' (Qext) with compact support in Qex¢ UT, the variational form of (2.1) is given by

/ (Vu-Vv—a)zuv)dx:—/DtNuovds. 3.1
-Qexl r

In the complex scaling or perfectly matched layer method the left hand side of this equation is first refor-
mulated such that the solution u and the integrand is exponentially decaying for |x| — co. Then a truncation
of the unbounded domain .4 to a bounded layer leads to an approximation of the Dirichlet-to-Neumann
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operator on the right hand side. As we will see, this approximation converges exponentially to the correct
Dirichlet-to-Neumann operator with respect to the thickness of the layer.

3.1 One dimensional PML
For simplicity we start with a one dimensional problem. Let u € HILC (R+) be an outgoing solution to
/ (u (x)V' (x) — o’ (1+ p(x))u(x)v(x)) dx = —uyv(0) (3.2)
0

for all test functions v € H! (R, ) with compact support in R>. u(, € C denotes a given Neumann boundary
value of ' (0). If p € L (R, ) with supp(p) C [0,R), u is given by
u(x) =  tn (x), ’ X € Qipe := (O,R) (3.3)
uinc(R) exp(io(x —R)), X € Qexy := (R, )

where uin; € H'(Qiy) is a solution to the interior problem.

For the complex scaling we use a twice continuously differentiable function 7 : R>9 — R with 7(0) =
0 and 7(¢) > Ct, C > 0, for sufficiently large 7. One might use simply the identity. For a € R and R > 0 the
complex scaling function is defined by

T r<R
A =2" =, 34

Year(r) {r+aif(r—R), r>R 34
Yr.a.k is continuous and at least twice continuously differentiable for all  # R. For the monomials 7(z) = ik,
Yr,a.R 18 k — 1 times continuously differentiable at » = R and arbitrary smooth elsewhere. Based on the
complex scaling function we define the complex scaled variable

Xy(x) 1= {i?’r,oc_k(x)7 reRI\ {0}

3.5
0, x=0. 3.3)

Since outgoing solutions u are given by (3.3) and in particular since u|g
the complex scaled function

has a holomorphic extension,

ext

Uy:=uoxy 3.6)

is well defined and solves the complex scaled Helmholtz equation

_i M -’ X)uy(x) = X
ox (ﬁa,R(@) O™ e (3)1ty(x) =0, >R. 3.7

Note, that uy inherits the regularity of ¥ o g. Moreover, it decays exponentially for x — oo if and only if
o > 0. Hence, partial integration on both sides yields

!
uyv

,/cht (I/l/\)/ _ a)zuv) dx = —V(R) DtN(u(R)) = /-QCXl (/)/ﬁa.’R _ w2%7a7ku7‘7> dx

for all test functions v € H'(Qex) with compact support in [R, o) and all # € H'(Qex) with #(R) = v(R).

Theorem 3.1. Let ®, 0, R > 0, and p € L™ (R.) with supp(p) C [0,R). Moreover, let the assumptions on T
be fulfilled. Then u € HllOC (Ry) is an outgoing solution to (3.2) if and only if uy € H' (R, ) defined in (3.6)
is a solution to
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= up/ 2 _ 1
— 0° (14 p) Y qrityy | dx=—ugv(0), veH (Ry). (3.3)
0 Vr,a,R

Proof. We have already shown the first direction. Vice versa, let ii be a solution to (3.8). Using test functions
v with compact support in (R,0) and elliptic regularity results, fext := il|(g ) € H 2((R,)) solves (3.7).
Hence, fiex is a linear combination of x — exp(£i@7yr g r(x)). Since R(LiwYr o r(x)) = FOT(Xx —R)
and fiex; € H?((R,0)), we have flex(X) = flext (R) exp(i0(Yz o r(x) — R)). Plugging this into (3.8) and using
partial integration in [R, o) for test functions v with compact support in [R, ) leads to

R
/ (@ — @2 (1 + p))v) dx = i0a(R)V(R) — uyp(0), v e H'(Qu),
Jo

i.e. to the correct Dirichlet-to-Neumann operator at x = R. Thus, u defined by (3.3) with ujy := i Qi 18
outgoing and solves (3.2). a

Corollary 3.2 Let u be a solution to (3.8). Then u|q,  is independent of the damping function ¥; q g.

Of course, (3.8) is still posed on an unbounded domain R and cannot be discretized directly using stan-
dard finite element methods. But since the integrand is exponentially decaying, R is typically truncated to
a bounded domain (0,R + L) with L > 0 sufficiently large. Then, the truncated problem on H'((0,R+ L))
is discretized using standard finite element methods.

3.2 Convergence of a one dimensional PML

Proving convergence of a truncated and discretized PML is typically done in the following way (see e.g.
[1,23]): Similar to the last proof, the problem in the perfectly matched layer (R, R+ L) is solved analytically
at first. This results into a perturbed Dirichlet-to-Neumann operator at the interface x = R. Typically the
error to the correct Dirichlet-to-Neumann operator is bounded by the complex scaled function at the trun-
cation boundary R+ L, i.e. the truncation error decays exponentially with increasing layer thickness L. For
sufficiently large L > 0 it is then shown, that the truncated problem is uniquely solvable if the untruncated
problem is uniquely solvable.

Once this is established, compact perturbation arguments of strictly coercive operators can be used
to show, that the discrete problem on the truncated domain is uniquely solvable for sufficiently fine dis-
cretization. Moreover, using the generalized Céa Lemma the discretization error can be bounded by the
approximation error.

Here, we will use an approach, where truncation and discretization error are treated simultaneously. For
scalar waveguides this approach was proposed in [21]. For simplicity, let us assume that 7 is the identity.
Then ¥; o g(*) = 0 := 1 +1ic for x > R and there exists a rotation 6 € {z€ C: [z| = 1,%R(z) > 0} and a
constant a; > 0 such that

L S 2 1
m(e/R <G|u| — 00 |uf )dx) > anllully gy, U EH ((R,e0)). (3.9)

Since R(O) > 0, the Garding inequality

oo u 2 R
R (9/ ( W™ (1 -|-p))/17a1R |u|2> dx—i—C/ |u|2dx> > O£||u||12_11(R+) (3.10)
0 Y;'.,oc,R 0

holds for u € H'(R ) with constants ¢ := min{c,R(6)} > 0and C > 0 sufficiently large. Since L?((0,R))
is compactly embedded in H'((0,R)), a Fredholm operator of the form Ag g + Ko g : H' (Ry) — H'(R:)
can be associated to (3.8). Ag g is continuous and strictly coercive and K5 g is compact. Hence, Riesz-
Fredholm theory can be used to show convergence of the truncated and discretized problem with homoge-
neous Dirichlet boundary condition at the truncation boundary. Note, that L?>(R ;) is not compactly embed-
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dedin H'(R,), since R is unbounded. Hence, the compact pertubation argument for the low order term
in (3.10) cannot be used for the low order term in (3.9).

Theorem 3.3. Let V;,;, C {f € H'((0,R+L)) : f(R+L) = 0} be a usual finite element discretization of
the truncated domain, such that for all v € H'((0,R + L)) with v(R+ L) = 0 the orthogonal projection
converges point wise, I.e.
A%Vhlen‘&||V—Vh7L||H1((o,R+L)) =0. G.1D
If (3.8) is uniquely solvable with solution uy € H'(R.), then there exist hy > 0 and Lo € N such that for
all h < hg and all L > Ly a unique solution u, 1 € Vi, 1 to

/

R+L [ uly
/ a— + ) Yearlyv | dx=—ugv(0), veE VL. (3.12)
0 Vr,a,R

exists and depends continuously on uj. Moreover, there exists a constant C = C(hg,Ly) > 0 such that

ey —wnllg 0p51)) <€ ( inf |y —varllgiorer) ||u}’||H1((R+L,oc))> : (3.13)

VL€V
Proof. We define a finite dimensional subspace of H!(R, ) by
Vip:={f €H'(Ry): fliorsr) € Ve flRsr.0) = 0}

Since functions with compact support are dense in H' (R ), the orthogonal projection onto Vh7 1, converges
point-wise for 4 — 0 and L — 0. So the first part of the theorem follows with [27, Theorem 13.7], since
(3.12) is the projection of (3.8) to Vh’L. The error estimation is a consequence of Céa’s Lemma (see e.g.
[27, Theorem 13.6]). a

(3.13) includes truncation and discretization error. Since
|uy(x)| = |uy(R)|exp(—waT(x—R)),  x>R,

the second term of (3.13) decays exponentially with respect to L. For the first term we introduce for fixed
€ >0 and k € N the functions

@ 1, x<R+L—-¢ (3.14)
X) = .
ek - (tesReLyk x€(R+L—€,R+L)

such that x — uy/(x)ge x(x) belongs to H*((0,R+ L)) and vanishes at R+ L. Hence, it can be approximated
by functions vj, € V., using (3.11). The remaining H'((0,R + L))-error of x — uy(x)(1 — g x(x)) again
decays exponentially with respect to L for fixed € and k.

Remark 3.4 For functions u € H**! (Q) the approximation error of finite element discretizations typically
is bounded by
: k
virel‘f/hHufvhHHl(Q) < Ch|[ul| g1 (- (3.15)

The constant C > 0 is independent of the mesh size h, but depends amongst others on the order k € N of the
used polynomials. See e.g. [6, Sec. 4.4] or [9, Theorem 3.2.1] for sufficient conditions on finite elements
such that (3.15) holds.

For those (3.11) is satisfied by density of H*() in H'(Q). Moreover, (3.15) can be used to bound the
approximation error of uyge 1 1.
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Fig. 1 sketch of a complex scaling. The dotted lines indicate possible discontinuities of the Jacobian Dyxy in Qcx;.

3.3 Radial complex scaling

For problems in higher dimensions we may use radial complex scaling. Let us assume, that the interface
I' between the interior and the exterior domain is piecewise smooth, i.e. there exists a parametrization of
I" which is piecewise k times continuously differentiable with k € N. Moreover, we require that for all
x € I' with normal vector nj-(x) the scalar product x - np-(x) does not vanish and that I" is the boundary of
a domain D, which is star shaped shaped with respect to the origin. Most often, I is just a sphere, but e.g.
convex polyhedrons are also possible.

Using the complex scaling function of Sec. 3.1, we define as in (3.5) for all x € Q \ {0} the complex
scaled variable

xy(x) = yf'aifc'(lxl)x with R(x) :=sup{r e Ry : rﬁ € Qint}- (3.16)

If 0 is contained in £, we define xy(0) = 0. See Fig. 1(a) for a sketch of the radial complex scaling.

For a spherical complex scaling, i.e. I’ = dBg, R(x) = R becomes constant. It is straightforward to see,

that xy(x) = x for all x € €, and that 3 (xy(x)) = an. Since 7 increases at least linearly for

sufficiently large arguments, for & > O the imaginary part of the Cartesian components of xy(x) increase at
least linearly with respect to the distance of x to the interface I

Lemma 3.5. Let I’ C I be parametrized by a k times continuously differentiable function 1 and let the
Junction T in the definition of the complex scaling function ; o g(x) be also k times continuously differen-
tiable. Then xy is k times continuously differentiable in the pyramidal frustum {r% € RY:r>1,2€l}.

On the interfaces between the pyramidal frustums and to the interior domain in, Xy is at least contin-
uous.

Proof. For x € Qe UI there exists at least one intersection point of the rays {rx € R :r> 0} with T,
since I is the boundary of a domain containing the origin and not containing x. This intersection point
is unique, since otherwise the bounded domain would not be star shaped or there would be an X € I" with
x-np(£) = 0. Clearly, this intersection point depends continuously on x. Hence, R(x) in the definition (3.16)
of the complex scaling depends continuously on x, since it is the Euclidean norm of this intersection point.
Since the complex scaling function ¥; 4 g(y) is continuous with respect to the argument and to R, xy(x) is
continuous in Q.

Now, let x be in the interior of one pyramidal frustum {r£ € R : r > 1,£ € '} and let ' = n(S)
with § € R?~!. We have to show, that for x = r(x)n(¢(x)), @ € S, the function r is k times continuously
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differentiable. Since R(x) in the definition of the complex scaling is given by R(x) = |x|/r(x) , this proves
the claim.

So we define F : Qex X (Ry xS) = RY by F(x,(r,9)) :=x—rn(¢). Since the Jacobian D, F (x, (1, )) =
(—n(@),—rDyMny) is always invertible due to the assumption £ - n(£) # 0 with £ = n(¢) and since F is k
times continuously differentiable, the implicit function theorem guarantees the smoothness of r. a

Explicit forms of the Jacobian J,(x) = D,xy(x) are complicated, but for the most common situation
I' = By it is straightforward to compute

_ Vr,a,R(|x|)

YO = Ci P L L L

|x|3 XX,

xeQ\ {0} (3.17)

xx" € R denotes the dyadic product and Id; € R?*“ the identity matrix. In the following we restrict
ourselves to spherical interfaces in order to simplify the proof.

Theorem 3.6. Let I be a sphere of radius R and let u € HILC (Qext) be a radiating solution to (3.1). If & >0
and if T is the identity, then uy =uox, € H '(Qext) decays exponentially and there holds

/Q t (J;TVuy . J;TVV - a)2uyv) det(Jy)dx = — /F DtNugvds (3.18)

forall v € H' (Qeyx).
Vice versa, if o >0 and if i € {f € H' (Qext) : fIr = o} is a solution to (3.18) for all v € Hé (Qext),
then (3.18) holds true for all v € H' (Qex;).

Proof. The series representation (2.9) of a solution u to (3.1) converges absolutely and uniformly on com-
pact subsets of 4. The same holds true for the series of the term by term derivatives. Moreover, the spher-
ical Hankel functions are holomorphic in C\ {0} and the Hankel functions are holomorphic in C\ R<y.
Hence, the series representation has a holomorphic extension from x = rf € Qey with r = |x| > R and
X = x/r to complex variables ¥ = #£ with complex radius 7 € C\ R<.

So uy is well defined and the last lemma guarantees, that u, € H]LC(QCM). Based on the integral repre-
sentation (2.11) for a sphere in the interior of e, it can be shown that u, decays exponentially. So the
first part of the theorem follows with the chain rule for the transformation of the gradients.

The second part can be shown using a separation into (spherical) Bessel problems. For the details see
[10, Theorem 1]. O

For a different kind of complex scaling it is shown in [4], that there holds a Géarding inequality for a
complex scaled bilinear form, which is similar to the one in (3.18) with £ instead of Q.. Hence, for this
modified complex scaling the same approach as for the one dimensional problem in Sec. 3.2 can be used.
The error induced by truncation and finite element discretization is again bounded by an exponentially
decaying truncation error and the usual finite element approximation error.

3.4 Cartesian complex scaling

If I" is the boundary of a rectangle (d = 2) or a cuboid (d = 3), usually a Cartesian complex scaling is used.
In the radial complex scaling (3.16) basically the absolute value of x € Q¢y; is scaled. Hence, all Cartesian
components are scaled simultaneously with the same scaling function. In Cartesian complex scaling, each
Cartesian component can be scaled individually.

W.lLo.g. we assume, that Q;,, = QN ®?:1 (—Rj,R;j) withR; >0, j=1,...,d. It general it is possible to

choose 24 different functions T/(.l’z) in the complex scaling function and 2d different constants a;l’z) >0,

j=1,....d.Forx = (x1,...,x;5) " € Q we define the complex scaled variable xy = ((xy)1, ..., (xy)a) " by
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Y0 ) g, (%3): xj >R,
JooT
(xy) ;2= { %, x;€[-R,R)], j=1,....d. (3.19)
—Vrﬁz),a§2>,Rj(_xf)’ xj < —R;

In Fig. 1(b) a sketch of the Cartesian complex scaling is given. Since 12

J
where. The regularity of 'c](-l’2> carries over to the regularity of xy in {x € Qe 1 x; # £Rj,j=1,...,d}. The
Jacobian Jy(x) for a Cartesian scaling is a diagonal matrix, where the diagonal entries are the derivatives of
the scaling functions. Therefore a Cartesian complex scaling is typically much easier to implement than a
radial complex scaling.

In contrast to the radial PML, the convergence theory is more involved, see e.g. [26, 5]. In [5, Theorem
5.8] it is shown, that for 7(z) = ¢ and with some constraints on 7 the truncation error decays exponentially

with respect to the thickness of the layer.

(0) =0, xy is continuous every-

3.5 Choice of complex scalings and bibliographical remarks

Cartesian complex scaling typically is easier to implement than a radial one. But if the most popular linear
complex scaling 7(¢) =1 is used, one has to take into account the discontinuities of the Jacobian J, shown
in Fig. 1. Since the solution uy in this case is only in H (), a high order finite element method would
suffer a lot (confer with Rem. 3.4). This can be avoided, if the finite element mesh is chosen such that the
discontinuities of Jy are part of the skeleton of the mesh. Hence, uy is smooth in the interior of each finite
element, which guarantees the standard approximation error estimates of high order methods. Of course,
choosing more regular damping functions also solves this issue.

The choice of the thickness of the complex scaling layer, the damping function and of the mesh in the
layer is delicate. For a linear complex scaling one might use a priori error estimators for the truncation
error of the form exp(—waL) with L being a measure for the layer thickness. Afterwards, for the truncated
problem standard mesh refinement strategies can be used (see e.g. [7]).

There is a vast amount of literature using the complex scaling method. In comparison theoretical results
are rare. Without claiming to be exhaustive, we mention the following references, where unique solvability
and exponential convergence of the truncated complex scaling problem is shown for Helmholtz problems
in free space. Note, that in most cases for the truncated problems standard finite element results can be
used.

The results in [29, 30] include spherical complex scaling as in (3.16) and some additional assumptions
on 7. In particular, due to an assumption 7”(z) > 0, linear complex scaling is not covered from the theory
there. [23] also deals with spherical complex scaling with one main difference: In this work, ¥ has to
be at least two times continuously differentiable in a bounded transition zone (R,R). Moreover, for all
r > R the complex scaling is purely linear, i.e. y(r) = or. So in contrast to (3.4) with 7(¢) =1t, there is a
translation by (o — 1)R. A similar scaling is used in [4], where this translation is crucial for the existence
of a Garding inequality. [3] uses spherical complex scaling with scaling functions of the form y(r) =
r+io(r) with (r) = log(R — 1) —log(R — r) for r € (1,R) with R > 1. For this kind of complex scaling
no truncation is needed, but the coefficients in the complex scaled variational formulation become singular.
In [19] the spectral properties of untruncated radial complex scalings are investigated for R(o) = 1 and
two times continuously differentiable scaling functions. [25] extended this work with studies on truncated
radial complex scalings.

Cartesian complex scalings were studied e.g. in a series of papers by Joseph E. Pasciak and coauthors
[26, 5]. The last includes convergence results for linear complex scaling under some constraints on G.
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4 Hardy space infinite element method

Classical infinite element methods (see [12, 13]) directly discretize the exterior variational formulation
(3.1) with special test and basis functions for |x| — eo. These basis functions have to satisfy the Sommerfeld
radiation condition (2.4). Hardy space infinite element methods use the same idea, but they are based on
the pole condition. This is another kind of radiation condition, which is to some extent equivalent to the
classical ones.

4.1 One dimensional pole condition

We start with this pole condition for one dimensional problems of the form (3.2). The details can be found
in [20, Sec. 2]. Arbitrary solutions « to (3.2), which do not fulfill a radiation condition, are given for x > R
by u(x) = Cugyt(x — R) + Duipc (x — R) with complex constants C,D € C and

Uont(r) :=exp(ior), uin(r) :=exp(—ior), r>0.

In the following we will use the Laplace transform (£ v)(s) := [;” exp(—sr)v(r)dr, R(s) > 0, and for a
complex constant xp € C\ {0} a Mbius transform

1 1
(A 9)(@) = —F <”‘0?—L1> £ 1. (4.1)

The constant ki will be the main parameter of the Hardy space infinite element method. It is somehow
equivalent to the complex scaling parameter o = 1 + «i for a linear complex scaling.
Since
1
i(ko — )z +i(Kko+ @)’
1
i(ko+ )z +i(ko — @)’

(M ¢y L tiowr) (z) = zeC, 4.2)

(M L ttine) () = z€C, 4.3)

+1
o-+ko
ox ) -For®>0and R(xp) > 0, the pole

of M ¢, £ uou has absolute value larger than 1. So .# ¢, £ uy can be expanded into the Taylor series

My L {u(®+R)} is a meromorphic function with poles at (

B 1 > o — Ky jj
(%Koguout)(Z)i(Ko—f—(D)j:ZO((D—‘rKo) e ZEC,

which converges for all |z| < 1. In particular, .# i, -Z uoy: is holomorphic in the complex unit disk and
belongs to the Hardy space 3 H*(S!) of the complex unit sphere S := {z € C: |z] = 1}.

If R(ko), ® >0, A ¢, L uinc € H(S"), since it has a pole with absolute value smaller than 1. So we
can use Hardy spaces in order to ensure, that a solution u to (3.2) only contains the outgoing solution uy;.

Definition 4.1 (pole condition). Let H* (S') denote the Hardy space of the complex unit sphere S' and let
Ko € C with positive real part be fixed. Then a function u € L2 ((R,)) is outgoing, if /4 ,-Z u(e+R) is
well defined and belongs to H*(S1).

3 HF(S') c L*(S") consists of functions of the form Yo a;7/, z € S', with a square summable series (). These functions

are boundary values of some functions, which are holomorphic in the complex unit disk. Equipped with the L? (S') scalar
product, H*(S') is a Hilbert space. For more details to Hardy spaces we refer to [14].
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4.2 Hardy space variational formulation in one dimension

In order to be able to use this radiation condition, we have to reformulate (3.2). First, we define interior
functions tine := u| (o g)> Vint := V|(0,r) and shifted exterior functions uex(r) := u(r +R), vext(r) := v(r +R)
for r > 0. For these functions (3.2) is split into

_MZ)V(O) = bint(“inta Vint) + bext(“exta Vext)7

with interior and exterior bilinear forms
R
bine(Uing, Vint) 1= /O (1 () Vi (%) — @ (14 p(x) Yty (%) Vine (x) ) dx,
bext(“exta Vext) = /0 (”éxt(r)véxt(r) - wzueXt(r)VeXt(r)) dr.

Using test functions of the form vex(r) = vine(R) exp(iAr) with (A1) > 0 and R(A/Kkp) > 0, we can use
the identity in [20, Lemma A.1] to show

bext(”exta Vext) =4k (///KO -iﬂu;xm ///Ko gv/m) - wquO (///KO L Uext, ///rco gvext)a 4.4)
with the bilinear form g : H* (S') x H*(S') — C defined by

ZK() 21

=—— U(exp(i@))V (exp(—i@))do, U,V e H (SY). 4.5)
27mi Jo

G (U, V) :

gk, is almost the L?(S") scalar product: Let z + Z denote the standard complex conjugation and let

¢ : H'(S') — HT(S') denote the involution defined by (¢'V)(z) := V(z), z € S!. Then gy, (U,6V) =

2Ky (U,v) 2(s1)- Moreover, the monomials z — 77/, J € N, are orthogonal with respect to the bilinear form

qxy-
KOThere are two main difficulties in (4.4). First we have to ensure, that our basis and test functions
are continuous at the interface x = R. Due to (4.2), e.g. for the test functions there holds viy(R) =
ﬁ (/// Ky L vm) (1). The right hand side would not be well defined for an arbitrary function V €
H*(S") C L*(S"). The second challenge are the terms .# , - u.,, and 4 , -V, which have to be
computed if test functions for .# x, £ ey and A ) L vex are used.
Both issues can be solved with one modification. We define the operators 7+ : C x H(S') — H*(S")
by

yi(vo,v)(z)::%(v0+(zil)v(z)), zes',  (v,V)eCxH'(SY. (4.6)

Lemmad4.2. Let v € H\. (R.) NC(Rxg) be such that the Mobius and Laplace transformed function
My LV is well defined. Moreover, we assume that M ¢, Lv € T _(C x HT(SY)), i.e. there exists
(vo,V) € Cx HT(SY) such that M v, £ v = % T _(vo,V). Then vo =v(0) and M 1, LV = T +(vo,V).

Proof. By a limit theorem of the Laplace transform, there holds

0)=1 =1l £ = limi ) (M L .
v(0) = limv(r) = lim (£ 7)(5) = limixy (2 + 1) (5, 27) (2)
The limit of the right hand side exists, since by assumption (.# , -Zv) (z) = 1/(2ik0) (vo + (z— 1)V (2))
with V € L2(S'). Hence, vo = v(0). The second assertion follows from direct calculations with (.Zv')(s)

s(Zv)(s) —v(0). O
Using this lemma, the exterior bilinear form becomes

1

1
bescry (0, U), (v0,V)) = iy (75 (10, U, T+ (v0,V)) = 0 (mo 7 w0 V)s e 9_<VO7V>) 7
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with (ug,U), (vo,V) € C x H*(S"). up and vy represent the Dirichlet values of uex(0) = uin(R) and
Vext(0) = vin((R) respectively. This allows a continuous coupling of classical finite elements for v;, with
infinite elements for .4 i, £ vex:.

Lemma 4.3. For R(ky) > 0 there exists a rotation 0 € {z € C: |z] = 1,R(z) > 0} and a constant o. >0
such that for all (vo,V) € C x HT(S")

9‘ (ebext,xo ((VO)V)a (%7%‘/))) Z a”(v()?V)HéxH-F(Sl)' (483)

Moreover, bexi i, is continuous, i.e. there exists a constant C > 0 such that for all (uy,U), (vo,V) € C x
H*(SY)
|bext,xy (10, U), (v0,V))| < Cll(ut0, U) lesesr=st) | (v0, V) | e (s1)- (4.8b)

The norm on C x H* (S') is thereby defined as

100V llesrrs sy = /0P VI, (0.V) €Cx HF(sY).

Proof. The continuity of bex i, follows from the continuity of g, and of the operators 7 .. Since
2.9 +(vo,V)(z) =vo+2zV(z) £V (2), the parallelogram identity leads to

1 1
| y—(VOaV)Hiz(sl) +l «7+(V0>V)||22(51) :EHVO“"V(’)HiZ(sl) + E”VHiZ(sl)

—_

1
=3 vol* + ||VH§2(51) > EH (vo,V) ||(2ch(51)-

The last identity yields by orthogonality of the monomials z — z/, j € Ny, in L?(S'). Choosing 8 with
R(6) such that

—2ikp )\ 1 (“2ikp)(—w?) )\ @* o
R < o 6) = Es(K’OG) and R (271:(”(.0)26) = WS(KOG)

are positive, yields the claim. a

Theorem 4.4. Let 0,R > 0, p € L*(R) with supp(p) C [0,R), and xy € C with positive real part. If
u is an outgoing solution to (3.2) and ujp := u|(07R), then there exists a function U € H(S") such that
(tin,U) € H'((0,R)) x H*(S') solves

- M6V(0) = bint(uintv Vint) + bcxt,KO ((”im(R)a U)a (Vint(R)7 V)) 4.9)

for all test functions (vin,v) € H'((0,R)) x HT(S"). Vice versa, if (uin;,U) € H' ((0,R)) x HT(S") is a
solution to (4.9), then uiy is the restriction to (0,R) of an outgoing solution u € Hll)c (Ry) 10 (3.2).

Proof. For a radiating solution u to (3.2), # , L u(e +R) = -~ 7 _(u(R),U) with

K

(@ — Ko)u(R)

1
o= o)t (% F @) zes. (4.10)

U(z) =

We have already shown, that (i, U) € H'((0,R)) x H* (S") solves (4.9) for a special kind of test functions.
Since these test functions are dense in H +(Sl) (see [20, Lemma A.2]) and since the bilinear form in (4.9)
is continuous, (4.9) holds true for all test functions in H'((0,R)) x H*(S").

Conversely, let (i, U) € H'((0,R)) x H*(S!) be a solution to (4.9). As in the proof of Theorem 3.1, we
start with test functions (v, V) € H'((0,R)) x H*(S') with viy = 0. (4.9) reduces to the exterior bilinear
form with vy, (R) = 0, which is coercive due to the last lemma. Hence, U is unique and due to the first part of
the proof given by (4.10). Plugging U into (4.7) with arbitrary test functions (viy, V) € H'((0,R)) x HT(S")
leads to bext, i, ((tint(R),U), (Vint(R),V')) = i@utin (R)vin (R), i.e. the correct Dirichlet-to-Neumann operator.

O
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Corollary 4.5 Let (ujn,U) € H'((0,R)) x H*(S') be a solution to (4.9). Then uyy is independent of the
parameter Kp.

4.3 Hardy space infinite elements in one dimension

Theorem 4.6. With the same assumptions as in Theorem 4.4 let Viyy, C H'((0,R)) be a standard finite
element space such that the orthogonal projection onto Vg, converges point wise for all v € H '((0,R)).
Moreover, let ITy C H* (S") denote the set of polynomials of maximal order N € Ny and

Vi 1= Vinen x Iy € H'((0,R)) x H*(S"). 4.11)

If (4.10) is uniquely solvable with solution (u;yn,U) € H'((0,R)) x H(SY), then for sufficiently small h
and sufficiently large N there exists a unique solution (Uinen,Un) € Vi to (4.10) with test functions only
in Vi, n. Moreover, there exist constants C,c > 0 independent of h and L such that

||uim7h — ”intHHl((O,R)) S C ( inf Huim — vinLhHHl((O,R)) + exp(—cN)) . (4]2)

Vint,h EVinth

Proof. Similarly to the linear complex scaling in Sec. 3.2 there holds a Géarding inequality in H'((0,R)) x
H*(S') and the theorem is a consequence of the projection method applied to a compact perturbation
of a coercive operator [27, Theorems 13.6 and 13.7]. For xy = @ there is no approximation error in the

Hardy space. Otherwise, U has a pole at p := <z’:—';g), which has absolute value larger than one. Since
U(z) = uini(R) X7 p Ut infyyen, ||V — Ul 2(s1y converges exponentially with p~(V+D), O

In the one dimensional case the choice of the parameter kj is obvious: If Ky = ®, we have U = 0 and the
Hardy space method reduces to the correct Dirichlet-to-Neumann operator. In higher dimensions this is no
longer the case, but typically xy =~ ® remains a good choice.

In contrast to the complex scaling method, no truncation error occurs and no mesh in the exterior domain
is needed. Moreover, we have exponential convergence with respect to the number of unknowns in the
Hardy space. But we have to implement a new bilinear form and a new infinite element.

In the one dimensional case this is extremely easy. As basis functions for (vinih(R),Vw) € C x Iy we
use @_1(z) := (1,0) and the monomials ®;(z) := (0,z/), j=0,...,N. The operators 7 1 y : C x ITy —
Iy, 1 =span{z’,...,z"1} in this basis are given by the bidiagonal matrices

141
Lo ER(N+2)><(N+2)'
2 1 +1
1

Since gy, is orthogonal with respect to the monomials, we have

N .
Sy = (g, (T + @}, T + @k))j7k=_1 = (—21K0)TENT+7N, (4.13a)
i . 2i
My = (q (1/(1%0) 7 @5, 1/(10) T~ @)y =TT (4.13b)
and finally
(bext,Ko (¢j7 ¢k))1j\jk:71 = SN — szN.

Only this matrix has to be implemented for Hardy space infinite elements in one dimension. The first row
and the first column belong to viy(R) and ujn(R) respectively. Hence, they have to be coupled with the
corresponding degrees of freedoms of Vigy C H!((0,R)).
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4.4 Radial Hardy space infinite elements

As for the complex scaling method there exists different ways to generalize one dimensional infinite ele-
ments to two or three dimensions. For generalized Cartesian Hardy space infinite elements in two dimen-
sions we refer to [33, Sec. 2.3.1.]. Here, we only use radial infinite elements. Since the correct mathematical
framework is rather involved, we restrict ourselves to the presentation of the numerical method. For a math-
ematically correct construction of the method we refer to [20] and for proof of convergence to [16].

We use the same assumptions on the interface I" = Qi N Qex as for the radial complex scaling in
Sec. 3.3. For a parametrization 1 : § C R?~! — I" of the interface, we parametrize the exterior domain by
F:Ry XS — Qe with

F(r,o):=(1+rn(e), r>0,¢€S. (4.14)

If n is piecewise smooth, due to Lemma 3.5 F is piecewise smooth in each segment of the exterior domain
(see Fig. 1(a)) and at least continuous everywhere. Hence, the exterior bilinear form in (3.1) is given by

Oritex T —17-T ( Irvex 2
~/R+ xS <(V¢ue;1> I (V(Pve):t) -0 ueXtveXt) det(‘]) d(r7 (p)a

With uex := U0 F, Vexe := vo F and Jacobian J(r,@) = (n(@), (1 +r)Den(@)) € R¥*?. Since J(r,p) =
7(®) (8 (14810, ) With J(9) == (1(9).Dy11(9)), we define

R N A _ T
det(7(9))F () Mlg) T = (Gui@ Gaey,

with G11(@) € R, Ga1(¢) € R4 and Gy () € RU=1D*(4=1) for all ¢ € S. For the exterior bilinear form
we have to discretize the two integrals

Vi Vvde= [ [ (140 (90611 (9)9,ve 1 0)
Qext SJO

+(1 + r)dizaruext(ra (p)G2l ((P)Tv(pvext(r, (P)

(4.152)
(1417 2V pttext (1, @) T Ga1(9) Iy vext (1, @)
+(1+ 1)V ptext (1, @) T G2 (@) V pvexe (, <p))drd<p
and .
/ wvdx — / / text (1, @)vexs (r, @) (14 )4~ det(J(9)) drdp. (4.15b)
Qexl §J0

Similar to Def. 4.1 we formulate the radiation condition in terms of the Mobius and Laplace transformed
function: uey is outgoing if .# y, £ uexi(®, @) exists for all ¢ € S and belongs to the Hardy space H +H(sh.
In order to use this radiation condition, we transform the integrals [;°(...)dr in radial direction as in the
one dimensional case into the bilinear form (4.5) using the identity [20, Lemma A.1]. Special attention has
to be paid to the the factors (1 +r)*!.

In order to treat these, we first study the Mobius and Laplace transformation of a multiplication op-
erator. If .4, £ v and (.4, £v)" belong to the Hardy space H*(S'), then .4, £ {r— rv(r)} =
2w D M v, L v with

(2V)(2):=(z— D)V (@) + (z—1)V(2), VeH*'(sh.

Hence, we deduce

+1
M 2 (s (L4000} = (S50 7) g 2 @16
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with the identity operator .# : H*(S') — H*(S'). For implementation the orthogonal projection onto ITy, |
of & *ﬁ P : Ilyy1 — Iy, is useful. In the monomial basis it is given by

1 2 -5 3

Dy, := Idyio — =—

c (C(N+2) x(N+2)
21Ky

"N —2N-1 N
N+l —2N-3

Note, that.it islsymmetric, i.e. D% = Dy,. For the inverse operator (7 —ﬁ
as approximation.

We are now ready for a computation of the radial Hardy space infinite elements: Let Vj, C H'! (i) be a
standard finite element discretization of H'! (Qin¢) and let ¥, ..., Py with N € N denote the non vanishing
traces of the finite element basis functions in H'(£;,). We need standard finite element matrices on the

interface I”

2)~! we use the inverse Dy

Nr Nr

Mp = (/Sdet(f(fp))%(w)%(fp)dfp> L= (/S %<¢>Gll<<p>%<<p>d¢) ,

Jk=1 jk=1

s12:= [ (Vo(p) Gar(9) (o) o

Nr Nr

st ([ vemte) catov i)

and for the basis functions @_1,..., Dy 41 € C x Iy, defined in the last subsection the non-standard Hardy
space infinite elements

2i

2i
T pd-1 00 ._ T pd-3
N Dy T- N, Sy = —T_NDi, " T- N,

M, .= —T_
Ko ’
§}0 =21\ DY 2Ty, S}t i= (=2ik0) Ty p, D& T,

For the tensor product basis functions ®; ® ¥ the discretization of me Vu-Vvdx is due to (4.15) given
by
T T
S=S"@sP+s00sM +51° @5 +5PesH. (4.17a)

The infinite element matrix for |, Quy UV dx is given by
M:=M,®Mr. (4.17b)

As in the one dimensional case the basis functions ®_1 @ ¥, k = 1,...,Nr, have to be coupled to the
corresponding basis functions in H' (i) in order to ensure continuity at the interface I".
Remark 4.7 If uiy is a solution to (2.2), liexy a solution to (2.1), Uext = fiext © F and

_ 2iK0 M iy L {uexi(®, 9) }(2) — uini (1 (9))
z—1

Ulz,9): :
then (uing, U) belongs to a subspace of H' (Qin) x HT (S') ® L?(S). This subspace is constructed such that
the bilinear forms in (4.15) are continuous (see [20, Eq. (3.7) and Lemma A.3] for a slightly different
bilinear form or [16, Eq. (3.7)]). The Hardy space infinite element method is in this space a Galerkin
method with tensor product elements. In [16] a Gdrding inequality is shown leading to super-algebraic
convergence with respect to the number of unknowns in the Hardy space.

The numerical results in [20, 33, 32] confirm this result. The main parameters of the method are kj, the
number of unknowns in radial direction and the choice of the interface I'". The numerical results indicate,
that Ky ~ o is recommendable. The interface I" has to be chosen carefully.

Of course, in order to minimize the computational effort in i, one would like to choose £2;;; as small
as possible. On the other hand the numerical results show, that the number of radial unknowns has to
be increased, if the distance of I" to a source of the scattered wave becomes smaller. For a distance of
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one or two wavelengths typically less than 10 radial unknowns are needed to ensure, that the error of the
infinite elements is negligible. As mentioned in [16, Remark 3.3], highly anisotropic interfaces I" should
be avoided, when radial infinite elements are used. For such interfaces Cartesian infinite elements as in [33,
Sec. 2.3.1.] are preferable.

S Summary

We have presented PML and Hardy space infinite element methods for Helmholtz problems in open sys-
tems. Both methods are Galerkin methods and for both methods convergence can be shown. However, the
type of convergence is different.

PML methods converge exponentially with increasing layer thickness. The convergence with respect to
the finite element discretization of the perfectly matched layer depends on the used finite elements and typ-
ically is #* for polynomials of order k. Hardy space infinite element methods converge super-algebraically
with respect to the number of unknowns in radial direction and with the usual finite element convergence
order for the interface unknowns. In a comparison in [33] the Hardy space infinite element method was su-
perior to a complex scaling method for a two dimensional problem with inhomogeneous exterior domain.
Of course, this might change in a different situation.

For the Hardy space infinite element method the programming effort typically is noticeable larger than
for a standard PML. A non-standard infinite element with non-standard discretization matrix has to be
implemented. The matrix itself is very easy and do not require a remarkable effort. On the other hand a
standard PML will not converge, if the layer thickness or the damping is not increased. Realizing this in a
given finite element code is not an easy task neither.

One big advantage of both methods is the flexibility. In this chapter we have only used Helmholtz
problems in free space, but the methods can be used for wave-guides [1, 21] and inhomogeneous exterior
domains [33, 7] as well. Moreover, they are not restricted to scalar problems in frequency domain.
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