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1 polynomial interpolation
goal: given (x;, f;),1=0,...,n,
find p € P, s.t. p(a;)) = fi, i =0,...,n. (1.1)

applications (examples):

e “Extrapolation”: typically f; = f(x;) for an (unknown) function f. For T & {xo,...,z,}
the value p(T) yields an approximation to f(Z).

e “Dense output/plotting of f”, if only the values f; = f(x;) are given (or, e.g., function
evaluations are too expensive)

e Approximation of f: integration or differentiation of f — integrate or differentiate the
interpolating polynomial p

1.1 Existence and uniqueness of the polynomial interpo-
lation problem

Theorem 1.1 (Lagrange interpolation) Let the points (“knots”) x;, i = 0,...,n, be dis-
trinct. Then there exists, for all values (f;)7-, C R, a unique interpolating polynomial p € P,,.
It is given by
T —x;
p) = ), Gl =[] L2 (1.2
1=0 j=0 """ J
J#i
The polynomials (¢;)1_, are called Lagrange basis of the space P,, w.r.t. the points (x;)’,.

Proof: 1. step: one observes that ¢; € P,, i =0,...,n.

2. step: one asserts that (;(z;) = d;;, i.e., {;(x;) =1 and {;(x;) = 0 for j # i.

3. step: Steps 142 imply that p given by (1.2) is a solution to the polynomial interpolation
problem.

4. step: Uniqueness: Let py, po € P, be two interpolating polynomials. Then, the difference
p = p1 — po is a polynomial of degree n with (at least) n + 1 zeros. A mathematical theorem
(“fundamental theorem of algebra”) states that a non-zero polynomial of (exact) degree n has
exactly n zeros (counting multiplicity). Hence, p =0, i.e., p; = pa. O

Example 1.2

The polynomial p € Py interpolating the data

00, 5 I



s given by

p(x) =0-lo(x) + g Ai(x) + 1 ly(x),
(x —m/4)(x —7/2)

= ( = — s LU2
lo(z) = 00— " (1.909...)z + (0.8105...)
(z—0)(x—m/2) . 2
0 (z) = CTECIEE T (2.546...)z — (1.62...)
(z — 0)(x —m/4) 2
ly(z) = TR R —(0.636...)z + (0.81...)x
That is, p(z) = (1.164...)x — (0.3357...)2> .

Example 1.3 The data of Example 1.2 were chosen to be the values f; = sin(z;), i.e., f(x) =
sinx. An approzimation to f'(0) = 1 could be obtamed as f'(0) = p'(0) = 1.164.... An

approzimation to fow/z (x)dx =1 is given by fo r)dr = 1.00232... .

1.2 Neville-Scheme

It is not efficient to evaluate the interpolating polynomial p(x) at a point = based on (1.2)
since it involves many (redundant) multiplications when evaluating the ¢;. Traditionally, an
interpolating polynomial is evaluated at a point z with the aid of the Newille scheme:

Theorem 1.4  Let xg, ..., x,, be distinct knots and let f;, 1 =0,...n, be the corresponding
values. Denote by p; ., € Py, the solution of

find p € Pp, s.t. p(xx) = fx fork=j,7+1,...,7 +m. (1.3)

Then, there hold the recursions:

pJO fyu j - 0 (14)
pj7m(;(;) — (z=2;)Pjr1,m— 1x(jlm(_$xjm]+m)inym 1(x) m Z 1

The solution p of (1.1) is p(z) = pon(z).

Proof: (1.4) Vv
(1.5)  Let 7 := be the right-hand side of (1.5). Then:

e TP,
o m(7;) = pjm-1(z;) = fj

) 7T(LL’j+m) = pj+1,m—1($j+m) = [j+m

finis 1DS



o for j+1<i<j+m—1 there holds

=fi =fi
—_———
71'({EZ) _ (% - $j)Pj+1,m—1($Ci) —(Iz‘ - Ij+m) pj,m—l(SCi) _
Ljtm = Ly
(@i w ) i £
N zj—i—m — Z’j N !

Theorem 1.1 implies ™ = pj .

Theorem 1.4 shows that evaluating p at x can be realized with the following scheme:

zo | fo = poo(xr) — poilz) — po2(x) — ... — pon(x)=p(z)
/! /! : /!

| fi = po(@) —  pa(z) :
/!

Ty | f2 = Pz,o(l")

— Pno2a(2)
A
— Pu-11(2)

/!

:L:n fn = pn,O(x)

[ here, the operation “ 7 7 is realized by formula (1.5) |

Exercise 1.5 Formulate explicitly the algorithm that computes (in a 2-dimensional array) the
values p; ;. How many multiplications (in dependence on n) are needed? (It suffices to state o
in the complexity bound O(n®).) .

The scheme computes the values “column by column”. If merely the last value p(z) is required,
then one can be more memory efficient by overwriting the given vector of data:

Algorithm 1.6 (Aitken-Neville Scheme)
Input:  knot vector x € R, vector y € R" of values, evaluation point T € R
Output: p(T), p solves (1.1)

for m=1:n do
for j=0:n—m do > array has triangular form



_ E=z)yin1—@—2jtm) y;
Tjtm—T;

Yj -
end for
end for
return 1

Remark 1.7 e Cost of Alg. 1.6: O(n?)
o The knots x; need not be sorted.

e The Newville scheme, 1i.e., the algorithm formulated in Ezercise 1.5 is particularly con-
venient, if additional data points are added at a later time: one merely appends one
additional row at the bottom.

1.3 Newton representation of the interpolating polyno-
mial (CSE)

The cost of evaluating the interpolating polynomial p at a single point z is O(n?). If the
interpolating polynomial has to be evaluated in many points z (e.g., for plotting), then it is of
interest to reduce the cost (i.e., number of floating point operations) from O(n?) to O(n) per
evaluation point z. The “classical” way to achieve this is with the Horner scheme.

The Newton polynomials w;, j =0,...,n, w.r.t. the knots o, 1, ..., x,, are given by

7j—1
w;(z) == H(m — ;) (an empty product is defined to be 1);

written explicitly:
1, (z—x0), (x—x¢)(x—11), (r—20)(x—21)(T—22), ..., (x—x0)(x—21) - (T—2p_1). (1.6)

These polynomials form a basis of P,. That is, for every polynomial p(z) of degree n there are
coefficients dy, . . ., d,, such that

p(z) =do- 1+ di(x — x9) + dao(x — 20)(x — 1) + d3(z — x0)(z — 21) (2 — X2) (1.7)
+ o+ dy(r—xo)(x —x1) - (T — ). (1.8)
Example A particular case is g = 1 = -+ - = x,,_1. Then the representation of p is the Taylor polynomial (around z). ]

Once the coefficients d; are available, the polynomial p(x) can be evaluated very efficiently by
rearranging (1.7) as follows:

plr) = do+di(r—xo)+da(x—x0)(x—21)+ ... +dp(x —20) (T —21) ... (T —Tpyq) =

= dy+ (z — xp) d1+(x—z1){d2+ (l’-l’g)[... [dp—1 + (2 — 2n1)[dy]] ]H

This procedure is formalized in the following “Horner scheme”:

4



Algorithm 1.8 (Horner scheme)
Input:  knots x;, coefficients d;, evaluation point T

Output: p(T) = Y djw;(T)
j=0
Yy :=d,
for j=n—1:-1:0 do
y=d;+ (T —x;)y
end for
return y

Remark 1.9  Cost:
e O(n?) to compute the coefficients d; (— see below)
e O(n) to evaluate p(t) using Alg. 1.8

= Horner scheme is useful, if p is evaluated at “many” points t.

The Horner scheme is particularly economical on multiplications. Thus, the Horner scheme is
useful in situations where multiplications are expensive. An example is the evaluation of matrix
polynomials p(A) = Y0 a; A", since the multiplication of two N X N matrices A, B costs
O(N3) floating point operations.

Example (Conversion of binary numbers into decimal numbers) The binary number 1011y5,,y means
1-2041-2840-22+1-23 With 2 = 2, we have to evaluate a polynomial at = 2, which can be
done efficiently with the Horner scheme. a
We now answer the question how to determine the coefficients d; in (1.7) for given data

(x07f0>7 (xlvfl)v R (mnufn)

This is achieved by using successively the interpolation conditions:

r =u1xo in (1.7)
fo = p(xo) = do (1.9)
r=umx in (1.7)
fi = p(x1) = do + di(xy — x0) = fo+ di(z1 — 20)
:>d1 _ fl _fO (11())
Ir1 — X
r =y in (1.7)
fg = p(l’g) = d(] + dl(l’g — LL’()) -+ dg(l’g — SL’(])(LL’Q — S(Zl)
= f() + fl _ fO ({L’g — [L’o) + dg(l’g — [L’())(ZL’Q — 1’1)

Ty — Zo



Rearranging yields
Si—Jfo

fo—f+fi—fo— (g —x0) = do(w2 — 20) (22 — 21)
r1 — X
fo—fi (h=f)@i—z) (= fo)lwa—x0) _ B
= T2 — X1 * (931 - 270)(172 - 931) (931 - fl?o)(lé - 931) - d2($2 xo)
— fo—f (fi = fo)(wo — x1) + (f1 — fo) (w2 — x0) — dy(s — 70)
T2 — T1 (931 - 270)(172 - 931)
PN fo—hHh Hh—-f _ (s — o)
To — X1 r1 — Ig
and finally

(1.9), (1.10), and (1.11) suggest to define the so-called divided differences :

zeroth divided difference
flzo] == f(xo) = fo
first divided difference

f(x1) — f(zo) _h—fo _ flz1] = flzo]

f[x0>$l] = —
1 — Zo T — Zo T1 — Zo
second divided difference
fo—hf fi—fo
To—T1 T1—T0 f[zlax2] - f[anxl]
Tg, T1, To| = =
f[ 0,41, 2] Ty — X0 Ty — To

Analogously, we obtain the third divided difference

f3—fo _fo—rf1 fo—f1 _fi—fo
_ - _ Xr1,To,T3| — To, L1, T
flzo, x1, 22, 23] = L5721 L2770 = Slw1, w2, 23] = flao, 21, 2].
T3 — Xo I3 — Zo

We recognize how the k-th divided difference should be defined:

The denominator is the difference x — x¢, the numerator is the difference between the (k—1)-th
divided difference for the knots xi, ...,z and the (k—1)-th divided difference for the knots
o, X1, ..., TE_1. Formally:

Definition 1.10 The divided differences are given by the following recursion:

f[xl]:f(xl):fla 7;:0,1,...,77/,

and
flay, - o] = flwo, - - wp] (1.12)

f[xo,l’l,...,l’k] = .
T — Xo




The above discussion suggests that the coefficients d; in (1.7) are given by the divided differ-
ences. This is indeed the case:

Theorem 1.11 Let the knots xg, ..., x, be distinct. Then the interpolating polynomial p has
the form

p(x) = flzo] + flxo, 1](x — o) + flwo, 21, 2] (¥ — x0) (2 — 21) (1.13)
+ -+ flro, . xn) (@ — x) - (X — Tp).

Proof: For any polynomial m € P, of the form 7(z) = Y , a;a" we define its leading coefficient
le(m) := a,. We show with the notation of Theorem 1.4 that, for any 7, k,

le(pjr) = flxj, .o xjpk). (1.14)

To see (1.14), we proceed by induction on k. By definition, we have p;o = f[z;] for all j. Let
us assume that (1.14) holds true for all k£ < K. Then with the aid of Theorem 1.4

1e(p; o) Thm. 1.4 lC(pj+1,K) - lC(pj,K) induction hyp. f[fl?j+1, e ,$j+1+K] - f[l"j> e ,l"j+K]
o o =
’ Tj+(K+1) — Tj Tj+(K+1) — Tj
Def. 1.10
=7 flrg, o miral]
This shows (1.14). From (1.14) we obtain the claim of the theorem (why?). O

Remark 1.12 Divided differences can be interpreted as approximations to derivatives.

1. Consider the specific knots x1 = xg+ h, xo = xo+ 2h, x3 = o+ 3h, ... for small h. Then
we have (the =~ becomes an equality in the limit h — 0):

flrom) = 228 5 pao)
1, To| — flxo, 11 (x) — fl(x 1
flwo, 1, 30] = Il 2]2hf[ i) ~ §f( ) hf( J ~ §f”($o)

T1, X9, x3] — flxg, x1, 13f(z) = 1f"(x 1
f[$07x17$27$3] _ f[ 1,2 3]3hf[ 0,1 2] ~y §2 ( 1) ; 2 ( 0) ~ 2'3f///(l’0).
In general, one has

1
f[l’o,l’l,...,l'k] ~ Hf(k)(l'o) (115)
2. This observation suggests to define for xg = x1 = ... = xy the divided difference by

f[ZL'Q, L1y ,l’k] = %f(k)(l'o)

This definition also allows one to gemeralize the definition of divided differences to the
case when some knots coincide. With this generalized notion of divided differences (which
we do not give in detail here), the statement of Theorem 1.11 also holds if some knots
coincide.



3. In general, for any knot sequence xy, ..., x, there is an intermediate point

¢ € (min{zo, ...,z }, max{zo,...,xx})
such that ]

Exercise 1.13 Formulate an algorithm similar to the Neville scheme to compute the divided
differences flxzo|, ..., f[zo, ..., xs]. How expensive is the evaluation of an interpolating polyno-
mial of degree n in M points? "

1.4 Extrapolation as a prime application of the Neville
scheme

A typical application of the Neville scheme is the extrapolation of a function value that is
not directly accessible. The following example determines the derivative of a function if only
function values are available.

Exercise 1.14 Let u(x) = exp(x). We seek an approzimation to u'(0). Define the function®

u(O—i—h})L—u(O) h # 0

h+— D(h) :=
(2) {u’ (0) h=0

Compute the Neville scheme for h =277, j =0,1,...,10. Compute a second array containing

the actual errors®. What do you observe in the first, second, and third column of the Newville

scheme?

1.5 a simple error estimate

We now assume that the values f; are point values of a function f, i.e., f; = f(z;).
Question: how big is the error f(x) — p(z) for the interpolating polynomial p?
We have:
Lthe given definition of D(0) is natural since it is the limit limy_o D(h). It is a formal definition since the

algorithm will not require knowledge of D(0).
Zrecall: u/(0) = exp(0) =1




1.0 — sin(x)
=== interpol. poly.

—— abs(error) ,
=== upper bound F4
/

—————— 0.030

0.8 0.025 4

0.020 4
0.6
0.015 4
0.44
0.010 4

0.24
0.005 4

0.01 0.000 1

T T T T T T T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 0.0 0.2 0.4 0.6 0.8 1.0 1.2 14 1.6

Figure 1.1: Left: f(x) and the interpolating polynomial. Right: absolute value of the error
and upper bound.

Theorem 1.15 Let [a,b] C R and the knots x; € [a,b], i = 0,...,n, be distinct. Let f €
C*([a,b]), and let p be the interpolating polynomial. Then for x € [a,b] there exists a
¢ € (a,b) such that

FrE)
(n+ 1)1

Fo(E)

Yoy (1.16)

= Wn+1(x)

f(@) =p(z) = (z —x0) -+ (. — w)

where
n

Wni1(T) == H(x —x;) = (x —x0) -+ (T — xy).

=0
Proof: 1. step: (recalling the mean value theorem/Rolle’s theorem) Let g € C'([a/,b']) for an
interval [a, V'] with g(a’) = g(b'). Then there exists £ € (a/,1') such that ¢'(§) = 0.
2. step: The claim is trivial for = € {zo,...,z,}. (Why?)

3. step: Let « & {xg,...,x,} be fixed. Consider the function
r)—px
Lo glt) = F(0) = plt) = Kuona(t), K = L) 2D

wn—i—l(x)

Then, g has at least n + 2 zeros (the knots z;, i = 0,...,n, and z). By the first step, ¢’ has at
least n + 1 distinct zeros. Hence, (again by the first step) ¢” has n distinct zeros. Repeating
these considerations one sees that ¢g"*!) has at least one zero ¢. Hence, (note: p™+1) = 0 since

peP,and WV (z) = (n+ 1))
0= gm™(e) = fO(g) — pHV(e) — Kl (€) = fD(€) — K(n+ 1)L,

Hence, K = £ ((::i)(,g), which completes the proof. O

The error formula (1.16) yields bounds for the interpolation error:

Example 1.16 (c¢f. Example 1.2) Let f(z) =sinz and [a,b] = [0,7/2]. Let v =0, 1 = 7/4,
xy = m/2. Then the interpolating polynomial p € Py satisfies in view of max,eg |f® (y)| =
maxyeg | — cosy| <1

fPE 1 1
TR 6|W3(93)| = —|(z = 0)(xz — 7/4)(z — 7/2)|.

|[f(2) = p(z)] < |ws()] 5

9




h m=—0 m=1 m=2 m=—3 m—4 m=>5 m=—6 m=7
20 1.000 | 4.14_; | 2521 | 1.68_1 | 1.15_1 | 8.06_5 | 5.66_2 | 3.99_5
2=L 11 7.07_; | 293_; | 1.79_¢ | 1.19_1 | 8.17_5 | 5.70_5 | 4.00_5 | 2.82_5
272 |1 5.00_; | 2.07_; | 1.26_; | 8.40_5 | 5.77_5 | 4.03_5 | 2.83_5

273 || 3.54_; | 1.46_; | 8.93_5 | 5.94_5 | 4.08_5 | 2.85_5
274 |1 2.50_; | 1.04_; | 6.31_9 | 4.20_5 | 2.89_9
2
2
2

5 N 17721 | 7329 | 4.46_5 | 2.97_,
=6 111.25_; | 5.18_5 | 3.16_9

T 8.84_5 | 3.66_9
278 11 6.25_9

Fehler Vh Vh Vh Vh Vh Vh

Figure 1.2: (cf. Example 1.18) Extrapolation error at h = 0 for the function A= (u(h) — u(0))
with u(z) = |2[>/2.

Fig. 1.1 visualizes this estimate. The upper bound is pretty good in this example: it overestimates
the error merely by a factor 1.5. .

Example 1.16 generalizes as follows:

Theorem 1.17 Let f € C"*Y([a,b]) and h; = ¢*, i = 0,1,..., for a chosen 0 < q < 1. Let
xo € [a,b]. Denote by p;,m € Pm the polynomial that interpolates f in the points xo + hiy;,
j=0,...,m. Then there exists a constant C' > 0 (which depends on f, m, and q), such that
form<n+1

|f (o) = pim(20)| < CHTT (1.17)

Proof: From Theorem 1.15, we get (exercise!) for some & € (xq, xo + h;)

m

il @) TT o = o+ hevy))| < ORI

[ (@o) = Pim(@o)l < gy

O

If the function f is smooth, then the difference quotient D(h) = (f(xzo + h) — f(x)/h is a
smooth function of h (Taylor expansion!). In that case, we may apply Theorem 1.17 to the
function h — D(h). Then, Theorem 1.17 explains the convergence behavior that was observed
in Exercise 1.14 for the columns of the Neville scheme:

The assumption that f be smooth (i.e. n in Theorem 1.17 is fairly large), is essential for the
rapid convergence behavior in the columns of the Neville scheme:

Example 1.18

Consider the Neville scheme as in Ezercise 1.14 for the function u(z) = |z|>?, i.e., D(h) =
V|h|. Then D is not smooth—it is not even differentiable at h = 0. Fig. 1.2 shows the errors
|D(0) — pim(0)]. We observe that increasing m does not lead to better results. .

Often the interpolation error is measured in a norm, e.g., the mazimum norm. For an interval
[a, b], the maximum norm ||g||s,a,5 Of & function g € C([a,b]) is defined by

19100,y := max |g(z)]. (1.18)
x€[a,b]
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Theorem 1.15 implies for the interpolation error

||f(n+1)||007[a,b} < (b . a)n+1 ||f(n+1)||00,[a,b]

- 0,|a S n oo,|a =~
||f p|| 7[ 7b} Hw +1H 7[ 7b] (n_'_ 1)] (n+ 1)'

Often, one approximates functions by piecewise polynomials as illustrated in the following
exercise:

Exercise 1.19 The goal is to approximate the function f on the interval [a,b] by a piecewise
polynomial of degree n. Proceed as follows: Partition [a,b] in N subintervals [t;,t;11], 7 =
0,...,N —1, of length h = (b — a)/N with t; = a+ jh. In each subinterval [t;,t;11] select
as the interpolation points x;; = t; + %ih, i =0,...,n, and approximate f on [t;,t;41] by
the polynomial that interpolates f in the points x;;, i = 0,...,n. In this way, one obtains a
function p that is a polynomial of degree n on each subinterval. Show:

If = Plloo,at) < R £ -

(n+1)!

Sketch the function p for the case n = 1. "

1.6 Extrapolation of function with additional structure

Sometimes, the function f to be approximated has additional structure that can (and should!)
be exploited. We illustrate this phenomenon for the approximation of the derivative of a
function using symmetric difference quotients:

Example 1.20

Given a function u consider the function

Dayuth) = O HOZH) o) 4 2 o) 4 a0t +

The goal is to approximate Dsym(()) using only evaluations of u. We recognize that Dgyp, is a
function of h?, i.e., Dgym(h) = D(h?). If (hi, Dgym(hi)), i =0,...,n, are given, then one could
obtain an appro:mmatwn 0f Dgym(0) in 2 ways:

1. Interpolate the data (hi, Dsym(hi)), 1 = 0,...,n, and evaluate the interpolating polynomial
at h = 0.

2. Interpolate the data (h2, Dyym(h)) = (h2, D(h2)), i = 0,...,n, and evaluate the interpo-
lating polynomial at h? = 0.

Effectively, the first approach interpolates the function Dy, whereas the second approach in-

terpolates the function D. In practice, the interpolation of D is again realized with a Neville
scheme:

11
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h m =0 m =1 m =2 m =3 m =4 m =25

1 1.175201193643802 0.909180028331188 1.001883888526739 0.999862158028692 1.000000383252421 0.999999993723462
21 1.042190610987495 0.978707923477851 1.000114874340948 0.999991744175937 1.000000005896242 0
272 1.010449267232673 0.994763136625174 1.000007135446563 0.999999489538722 0 0
273 1.002606201928923 0.998696135741217 1.000000445277203 0 0 0
2—4 1.000651168835070 0.999674367893206 0 0 0 0
25 1.000162768364138 0 0 0 0 0

h? m =0 m =1 m = 2 m =3 m =4 m =[5
1.175201193643802 0.997853750102059 1.000003157261889 0.999999999319035 1.000000000000025 1.0000000(00000001

h
T T
1 2 1.042190610987495 0.999868819314399 1.000000048661892 0.999999999997365 1.000000000000001
-2 274 1.010449267232673 0.999991846827674 1.000000000757749 0.999999999999990

3 6 1.002606201928923 0.999999491137119 1.000000000011830
4 8 | 1.000651168835070  0.999999968207161
5 1 2710 | 1.000162768364138

Figure 1.3: (cf. Example 1.20) Top: Extrapolation of the function h + Dgyn,(h). Bottom:

Extrapolation of the function h2 — D(h?) for u(z) = exp(z). Correct digits are marked in
boldface.

h | h? m=0 m=1 m=2 m=3
h'(] h’% Dsym(h'O) = DOO DOI D02 D03
h’l h’% Dsym(h’l) = DlO Dll D12 D13
h’2 h’% Dsym(h’Q) = D20 D21 D22 D23
h’3 h’% Dsym(h’3) = D30 D31 D32 D33
h’4 h’?} Dsym(h'4> = D40 D41 D42
h,5 h% Dsym(hf5> = D50 D51
hfﬁ h(2; Dsym(h(i) = DGO

DiO = Dsym(h2>

h2,

_ i+j ~
Dij = DiwnG-n =75 39 [Drvy -1 — Dig-v],  7=1
1+ 1

Fig. 1.8 illustrates both approaches for the function u(x) = exp(x). We observe that the
extrapolation of D yields much better results than the extrapolation of Dsy,, at comparable
costs. Intuitively, this can be seen as follows: Let p € P,, be the interpolant for the points
(h?y ;s Deym(hiv;)), 3 = 0,...,m. Then, p(h*) € Pay, interpolates the data (Ezercise! Note:
Dgy, is a symmetric function)

(hivjs Dsym(hits), (=hivj, Dsym(=hivs)) = (=hisj, Dsym(hivg)),  j=0,....m.

Effectively, therefore, p(h*) is an interpolating polynomial of degree 2m instead of m. From
Theorem 1.17 we therefore expect error bounds of the form Ch¥™ in column m of the Neville
scheme. "

Exercise 1.14 and Example 1.20 present two different ways to approximate the derivative of
a function using difference quotients. The extrapolation based on “symmetric difference quo-
tients” Dy, of Example 1.20 yields much more accurate approximations than the extrapolation
based on the one-sided difference quotients of Exercise 1.14 at the same computational cost.
For smooth u, the former method is therefore preferred.

12



Chebyshev points for n=5 Chebyshev points for n=25
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| |
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| | | | |
¢ & 6 &

|
‘ i
1 0.5 0 05 K -1 0.5 0 05 1

Figure 1.4: Chebyshev points 2% i =0,...,n, for n =5 (left) and n = 25 (right).

wno)

~~

1.7 Chebyshev polynomials

1.7.1 Chebyshev points

Question: If one is allowed to choose the interpolation points, which one should one choose?
The representation of the interpolation error (1.16) has the advantage of being an equality. It
has the disadvantage that the intermediate point £ is not known and depends on the function
f and the chosen knots z;. Typically, one does not study the error in single points but studies
the interpolation error in a norm. Here, we consider the maximum norm and estimate

1] ooyt

(n+1)!
depends solely on the knots
depends solely on f and n

Hf _pHoo,[a,b] < ||Wn+1||oo,[a,b}
—— ——

This shows that a sensible strategy to choose the knots z;, ¢ = 0,...,n, is to minimize

||wn+1||oo,[a,b}:
given n, find z; € [a,b] s.t.||wn1]|c,[ap) 15 minimal, (1.19)

where again w,,1(x) = (r — z¢) -+ (¢ — x,). This minimization problem has a solution, the
so-called Chebyshev points:

Theorem 1.21 (Chebyshev points) The minimization problem (1.19) has a solution given

by
b b— 2i+1
T = ot + axChEb, xFheb . — cos <7r Z_l_ ) : i=0,...,n. (1.20)

2 9 im

For this choice of interpolation points, there holds

oSt eion =2 (“77)

In particular, for every choice of interpolation points x; with corresponding polynomial wyyq
there holds

lwntllocfapr = w5 lloc,a-

Example 1.22

The Chebyshev points xfffab, i=0,...,n, for the interval [—1, 1] are not uniformly distributed

in the interval [—1, 1] but more closely spaced near the endpoints £1. Fig. 1.4 illustrates this. m
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1.7.2 Error bounds for Chebyshev interpolation

Question: How does the interpolation error compare to the best approximation error?
We fix the interval [a,b] = [~1,1] and denote by I f € P, the polyomial of degree n that
interpolates f in the Chebyshev points.

Exercise 1.23 The mapping f +— IS"*f is a linear map, i.e., for continuous functions f, g
and X € R there holds I"*(f + g) = (IS"f) 4+ (I€"*q) as well as I"P(\f) = MIChtf.  u

Exercise 1.24 Show that IS" f = f for all polynomials f € P,. Hint: Uniqueness of polyno-
maal interpolation, Theorem 1.1.

We define the Lebesgue constant A" by

AP = max Y (7)), (1.21)

ze[—1,1] P
where ({7 are the Lagrange interpolation polynomials for the Chebyshev points.

Theorem 1.25 (Chebyshev interpolation) There holds:

()
17 Flloe1 < ALl F lloe-1 (1.22)

(ii) There holds:
1f =I5 flloo—1,1) < (14 A ;g})ﬂ If = alloo,j=11

(i) AS" < 2In(n+1)+1

Proof: Proof of (i):

’|[,fh6bf]|m,[—1,1]: max ‘([Shebf)( |_ max ‘Zf Cheb £Cheb( )‘

z€[—-1,1] z€[—-1,1]

< max |f(ag malxl]ZwCheb 2)] < | flloo 1 AS™

Proof of (i1): We employ Exercise 1.23, 1.24 and obtain for arbitrary q € P,

e Exer. 1.23, 1.24 e
1f = IS flloo o1 = 1f = aq—IS"(f = q)llo, 1)
<N f = dlloomr1 + S (F = @)oo, =1.1]
(2)
<1 = allos,—1.0 + AN = Dlloo=1.1 = (1 + AT ) F = qlloo-1,1

Proof of (iii): Literature. O
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Remark 1.26 (Interpretation of AS"®) 1. The factor 1+AS"" measures how much worse
the approzximation of f by the Chebyshev interpolation is compared to the best possible
polynomial approzimation (in the norm || - ||so—1,1)- The logarithmic growth of AS"
is very slow so that Chebyshev interpolation is typically very good: for example, for (the
already rather high polynomial degree) n = 20 one has AS"® ~ 2.9 and thus 1+A§) < 4.

2. AChb can also be understood as an amplification factor: If, instead of the evact func-
tion values f(x{)), perturbed values f; with |f; — f(x)| < & are employed, then the

i,m

“perturbed” interpolation polynomial ), filCheb satisfies (Exvercise!)
1O Ft ) = I flloo -1, < A6,
i=0

In other words: Since AS"® of Chebyshev interpolation is moderate, perturbations or
errors in the values f(x$"*) have a rather small impact on the error in the interpolating

polynomial.

s

Chebyshev interpolation converges very rapidly for for smooth functions:

Exercise 1.27 Consider the function f(x) = (4—2*)"". Give an upper bound for minep, || f—
q||oo,[—1,11 by selecting q as the Taylor polynomial of f about a suitable point.

Determine the interpolating polynomials IS f forn =1,...,10. Plot the error semilogarith-
mically (semilogy in matlab or matplotlib.pyplot.semilogy in python) versus n. To that
end, approzimate the error || f — IS" f|le.(—1,1) by simply computing the error in 100 points
that are uniformly distributed over [—1,1].

1.7.3 Interpolation with uniform point distribution

For large n, the choice of the interpolation points may strongly impact the approximation
quality of the interpolation process. Whereas interpolation in the Chebyshev points usually
yields very good results, other systems of points may produce poor results even for functions f
that may seem “harmless’. The following example illustrates this:

Example 1.28 (Runge example) Consider f(z) = (1 + 252*)~ on the interval [—1,1].
Fig. 1.5 shows the interpolation in Chebyshev and equidistant points. Whereas Chebyshev in-
terpolation works well, we observe failure for the interpolation in equidistant points. "

The famous example of Runge of Example 1.28 shows that one should not use equidistant
points for interpolation by polynomials of high degree. If the data set is based on (more or less)
equidistant points, then one typically approximates by splines, i.e., piecewise polynomials of a
fized degree (e.g., n € {1,2,3}) as illustrated in Exercise 1.19. An important representative of
of this class is the “cubic spline” (see Section 1.8.2.)
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——cquid. knot distrib
=== f(x) = 1/(1+ 252

-1 -0.5 0 0.5 7'1 -0.5 0 0.5 1 T -0.5 0 0.5 1 ] -0.5 0 0.5 1
x X X

Figure 1.5: Interpolation of (1 + 252?)~! on [—1,1]. Top row: interpolation in Chebyshev
points (n = 2, 12, 22, 42). bottom row: Interpolation in equidistant points (n = 2, 12, 22, 42).

1.8 Splines (CSE)

Splines are widely used to fit given data or to describe curves or surfaces, e.g., in CAD systems?.
Splines are piecewise polynomials on a partition A of an interval [a,b]. The partition A is
described by the knots a = zg < 21 < -z, = b. We denote the elements by I; = (z;, z;y1),
t=20,...,n—1and set h; :== x;.1 —x;. We also set h := max; h;.

For a partition A (described by the knots x;, ¢ = 0,...,n) and p, r € Ny the spline space
SPT(A) is defined as

SPT(A) == {u e C"(la, b)) |u|, € P, Vi}. (1.23)
Given values f;, i =0,...,n, we say that s € SP"(A) is an interpolating spline if
s(x;) = fi i=0,...,n. (1.24)

1.8.1 Piecewise linear approximation

The simplest case is p = 1 and r = 0. The interpolation problem: Given knots a = 2y < 1 <
.-+ < x, = b and the corresponding partition,

find s € SYO(A) s.t. s(z;) = fi, i=0,...,n. (1.25)

It is uniquely solvable and has as the solution

s(z) = Z fivi(z),

3key words: Bézier curves. Extensions of the idea of splines are NURBS ( = nonuniform rational B-splines)
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where the ¢; continuous, piecewise linear function defined by the condition ¢;(z;) = §;; (Exer-

cise: sketch the p;!) Concerning error estimates, one has from a generalization of Exercise 1.19
(check this!)

If — SHOO,[a,b} < Chz”f”HOO,[mb]'

1.8.2 the classical cubic spline

The classical cubic spline space is given by the choices p = 3 and r = 2. The interpolation
problem is:
find s € S3?(A) s.t. s(x;) = f;, i=0,...,n. (1.26)

Obviously, (1.26) represents a system of n+1 equations. We now show that dim S*?(A) = n+3.
Hence, we will have to impose addition constraints.

Lemma 1.29 Let A be a partition given by n+ 1 (distinct) knots xq, ..., z,. Then
dim SP"(A)=n(p+1)—(n—-1)(r+1) (1.27)

Proof: Instead of a formal proof, we simply count the number of degrees of freedom /parameters
needed to describe a spline: We have dimP, = p + 1 so that the space of discontinuous
piecewise polynomials of degree p is (p + 1)n. The condition of C" continuity at the n — 1
interior knots xi,...,x,_1 imposes (n — 1)(r + 1) conditions. Thus, we expect dim S?"(A) =
nip+1)—(n—1)(r+1). O

For the case p = 3, r = 2, we get dim S*?(A) = 4n — 3(n — 1) = n + 3. The interpolation
conditions (1.26) yield n+1 conditions. Hence, two more conditions have to be imposed. These
two extra conditions are selected depending on the application. Typically, one of the following
four choices is made:

1. Complete/clamped spline: The user provides two additional values f{, f/ € R and imposes
the following two additional conditions:

S(xo) = fo,  S(wa) = fo- (1.28)
2. Periodic spline: one assumes fy = f,, and imposes additionally
s'(xg) = §'(xn), §"(xg) = " (). (1.29)
3. Natural spline: one imposes

s"(xg) = 0, s"(x,) = 0. (1.30)

4. “not-a-knot condition”: one requires that the jump of s” at the knots x; and x,_; be
Zero:

1' " — 1 " 1 " — 1 " . 1 1
Jim s%(z) = lim s%(z),  lim s%(z) = lim  s"(x) (1.31)

Concerning the accuracy of the interpolation method, we have:
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Theorem 1.30 Let f € C*([a,b]) and h := max; h;. Let f; = f(x;), i = 0,...,n. Then the
estimates

1f = 8lloo 0] < Oh4||f(4)||0<>,[a,b}> I(f = S),HOO,[a,b] < Oh3||f(4)||oo7[a,b}
hold in the following cases:
(i) s is the complete spline and fi = f'(xo) and f! = f'(x,).

(11) s is the periodic spline and f is additionally periodic, i.e., f € CY(R) and f(x+(b—a)) =
f(z) for all x € R.

(7ii) s is the not-a-knot spline.
In particular, in each of these cases, the spline interpolation problem is uniquely solvable.

Remark 1.31 If only the values f; = f(x;) are available and a good spline approximation to f
s sought, then typically the not-a-knot interpolation is chosen. This is the default choice of the
spline command in matlab and in scipy.interpolate.CubicSpline. However, both matlab
and python also allow for other endpoint conditions. u

minimization property of cubic splines

By Theorem 1.30, the cubic spline interpolation problems with any of the above 4 extra condi-
tions is uniquely solvable. In the three cases “complete spline”, “natural spline”, and “periodic
spline” the interpolating spline has an optimality property:

Theorem 1.32 (“energy minimization” of cubic splines) Let I = [a,b] and A be a par-
tition given by a =xg < a1 < ---x, =b. Let f;, 1 =0,...,n, be given values.

(i) (complete spline) Let fi, fl € R be additionally be given. Then the complete spline
s € S32(A) satisfies
||8//||L2(1) < ||y//||L2(1) Vy € Ccompletev

where Ceomplete 15 given by
Ceomplete = {v € C*(I)|v(z;) = fi fori=0,...,n and v'(xo) = f}, v'(x,) = f'}.
(i) (natural spline) The natural spline s € S>*(A) satisfies
8"l c2y < N llz2ay VY € Crar,
where Cpqr 18 given by
Crat = {v € C*(I)|v(z;) = f; fori=0,...,n and v"(zy) = v"(x,) = 0}.
(iii) (periodic spline) Assume fo = f,. Then the periodic spline s € S>*(A) satisfies
||3”||L2(I) < ||y”||L2(I) Vy € Cper,
where Cpe, 1s given by

Cper = {v € C*(I) |v(z;) = fi fori=0,...,n and v'(z9) = v'(x,) and v"(xo) = v"(z,)}.
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Remark 1.33 The minimization property explains the name “spline”. If one studies the de-
flection of an elastic “spline”, then the theory of linear elasticity states that the deflection is
such that the spline’s elastic energy is minimized. If y describes the deflection of this spline,
then in good approximation, the elastic energy of a spline is given by (ignoring physical units)
%Ily”llizu). Hence, if the spline is forced to pass through points (x;, f;), i = 0,...,n, then the
sought deflection s is the minimizer of the problem:

L 1
minimize o Hy”||2Lz(I)
under the constraint y(x;) = f;, i = 0,...,n (plus possibly further conditions)

Theorem 1.32 states that the minimizer is the interpolating cubic spline if the additional con-
straints are that the spline is the “complete”, "natural”, or “periodic” one. "

computation of the cubic spline

The computation of the interpolating spline can be reduced to the solution of a linear system
of equations. In principle, one could make the ansatz that s is a cubic polynomial on each
element I; = (x;, z;11). The interpolation conditions s(z;) = f;, the continuity conditions
D) — T <) - _ -
xl_l):g}_s (x) xl_l):g;rs (x), i1=1,...,.n—1, j=0,1,2
and the two additional conditions for complete/natural /periodic/not-a-knot splines describe a
linear system of equations that can be solved.

1.8.3 remarks on splines
Exercise 1.34 Show: for r > p, one has SP"(A) = P, irrespective of the partition A. .

Remark 1.35 For fized, (low) r the spaces SP" are much more local than the spaces P,. In
polynomial interpolation, changing one data value f; affects the interpolant everywhere. For
splines (with small r), the effect is much more local, i.e., a value only affects the spline inter-
polant in the neighborhood of the data point. This is of interest, e.q., in the following situations:

1. some data values have large errors (e.g., measurement errors): then the spline is only
wrong near the corresponding knot. In contrast, in polynomaial interpolation, the approxi-
mation is affected everywhere.

2. point evaluation: if a spline is truely local (e.qg., in the case r = 0), then the evaluation
of a spline at a point x requires only the data points near x, i.e., a local calculation.

Example 1.36 Fig. 1.6 shows polynomial interpolation and the (complete) cubic spline inter-
polation of the Runge example (cf. Example 1.28) on [—1,1]. Forn =8, the n+1 =9 knots are
uniformly distributed in [—1,1]. We observe that, while the polynomial interpolation is rather
poor, the cubic spline is very good. "
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f(x) = 1/(1+25x*x); n+ 1=9 knots
1() (1+ ); n+ ‘

.......... f(X)
O interpolation points

-1 -0.5 0 0.5 1

Figure 1.6: polynomial interpolation and cubic spline interpolation for uniform knot distri-
bution; Runge example

1.9 Remarks on Hermite interpolation

A generalization of polynomial interpolation is Hermite interpolation. Its most general form is
as follows: Let xo, ..., x, be n+1 distinct knots, and let d; € Ny be given for each i. Then, given
values f/,71=0,...,n, 7 =0,...,d;, the Hermite interpolant is given by: Find p € Prysr  di
s.t.

P (x))=f, i=0,...,n, j=0,...,d;. (1.32)
Remark 1.37 Hermite interpolation generalizes the polynomial interpolation problem (1.1):
the choice dy = dy = --+ = _dn = 0 reproduces (1.1). Another extreme case is n = 0 and
do = N. Then p(x) = Z;-V:o ’;—‘?(x — x0). In particular, for f] = fU)(xq), we obtain the Taylor
polynomial of f of degree N. "

One can show that problem (1.32) is uniquely solvable. One can also show that, if f/ = ) (x;)
for a sufficiently smooth f, then an error bound analogous to that of Theorem 1.15 holds true
(see literature).
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1.10 trigonometric interpolation and FFT (CSE)

convention: In this chapter, i = v/—1 with i = —1, that is, not an index. Numbering of
indices of vectors starts at 0.

1.10.1 trigonometric interpolation

motivation

Classical trigonometric polynomials are of the form

p(x) = ag+ Z a; cos(jx) + b; sin(jz). (1.33)
j=1
A meaningful interpolation problem is: given 2m + 1 knots x;, k = 0,...,2m and values y

find the coefficients a;, b; such that
p(Tk) = Y, k=0,...,2m. (1.34)

Using the Euler formula e = cosz + isin x, one can rewrite trigonometric polynomials also in
the form

p(z) = Z c;el, where ¢; = 3(a; — ib;) for j > 1 and c_; = 3(a; + ib;) for j < 0.
j=—m
(1.35)
Hence, the interpolation problem (1.34) of finding the coefficients a; and b; can equivalently be
posed as finding the coeffcients ¢; of p in the form (1.35) such that (1.34) holds.

Remark 1.38 (i) The trigonometric polynomial x — p(x) is a 2m-periodic function. It
therefore is natural to assume that the knots xy, € [0, 27).

(ii) The (continuous) Fourier transform is an important tool in signal processing, e.g., when
analyzing audio signals. In the simplest setting, a signal is assumed to be periodic (over
a giwen time interval (0,T)) and writing it as a Fourier series decomposes the signal into
different frequency components. These components are then analyzed or modified (e.g.,
low pass or high pass filters).

For T = 27, the Fourier series is simply the representation

> i 1 [% iy

fla)= > fe fi=o- | flo)e e, (1.36)
. 0

j=—00

and f; are the Fourier coefficients. In order to avoid evaluating the integrals, one could
proceed as follows: 1) sample the signal in the points x;; 2) approzimate f by its trigono-
metric interpolant p; 8) interpret the Fourier coefficients of p as (good) approximations
to the Fourier coefficients of f. .
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a simplification of the trigonometric interpolation problem
Multiplying the polynomial p(z) in (1.35) by €™, one arrives at

m

2m
. . .. ..
€lmmp(l’) — elmz § : Cjelygc — § :Cj,_mel‘] T
Jj'=0

j=—m

so that the interpolation problem (1.34) can be rephrased as finding a trigonometric polynmo-
mial p(z) of the form Z?Zo cjr—me€'® such that p(zy) = Ux = ype™*.
These considerations motivate us to introduce the following definition:

n—1

Definition 1.39  The polynomialsp: R — C, p(z) = > ¢;j®, ¢; € C are called modified
7=0

trigonometric polynomials of degree n — 1.

The interpolation problem now reads: given distinct knots z; € [0,27), j =0,...,n—1 and
values y;, j =0,...,n — 1 solve:

find modified trigonometric polyomial p of degree n — 1 s.t.p(z;) =vy;, j=0,...,n—1
(1.37)

Remark 1.40 The interpolation problem (1.34) for a polynomial of the form (1.35) can also be solved
with the same techniques as the problem (1.37). In particular, the FFT-techniques that we develop
below can be applied. See Remark 1.5/ below for more details.

Reasons for introducing the modified trigonometric polynomials and the interpolation problem (1.37)
are mostly due to the fact that the DFT-matriz (and subsequently the FFT) take a form that is more
common in the literature and can be found in the matlab and numpy implementations. .

Remark 1.41 The modified trigonometric polynomial x — p(x) is a 2mw-periodic function. The
coefficients c; are its Fourier coefficients. "
The mathematics of the interpolation problem (1.37)

Theorem 1.42  Let z; € [0,27), j = 0,...,n — 1 be distinct. Then (1.37) is uniquely
solvable for each sequence (yj);-‘;ol e Cm.

n—1
Proof: Setz; :=¢€'%, j=0,...,n—1. Then the z; are distinct. The ansatz p(z) = > ¢, €l**
k=0

yields the linear system of equations:

0 1 n—1
20 20 A ) Co Yo
0 1 n—
Zl Zl P Zl Cl yl
, - (1.38)
0 1 n—1
Zp—1 “n—1 “n—1 Cn—1 Yn—1
~ o ~ o ~~ o
-V =:c =y
V is a so-called Vandermonde matrix with detV = [[ (2 —%;) #0 O
0<j<k<n—1
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In the remainder of the chapter, we consider the uniform knot distribution

-
xj:%, j=0,...n—1 (1.39)

It is expedient to introduce the root

27i

Wy =€ n, (1.40)

which satisfies w” = 1. [ note: w! = e |
The matrix V of (1.38) is easily inverted under the assumption (1.39):

Theorem 1.43  Assume (1.39) and (1.40). Lety = (yo,...,yn_1)' € C" be given and

n—1
p(z) = 3 ¢; €Y% be the solution to (1.37). Set
j=0

V, = (wflk):;o [ “DFT matrix” | (1.41)
Then:
n—1
@) Vay=c  Lie, a=23 iy
j:

1 _
(i1) ﬁvn symmetric and unitary ( i.e., (%Vn) = %fo = %Vn)
e ez s n—1 o n—1
(i) V, = (wnjk)j,kzo - (wnjk)];kzo
Proof: ad (ili): Vv
ad (ii): Letw;, j=0,...,n—1 be the columns of ﬁvn. Then:

n—1
o vy, = LY w ik =1
Jj=0
o k#£I:
1 n—1 1 n—1 )
H o —jk, i 1—k\J googetr.
Vp I = — E Wy” Wy, = — (wn ) =
n < n < series
7=0 7=0
—k\" -k
11— (™) 11— (w) , ., (1.40)
= - Tk T T T I =0 smcewnzl
n 1—-w, n 1—-w,

ad(i):  For the equidistant points z;, j =0,...,n — 1, given by (1.39), the linear system of

— i — -1
equations (1.38) has the form V,c =1y W = V., 1y = % (ﬁVn) y= %ﬁvny =

%Vny. O

Exercise 1.44 Show the formula for the geometric series by multiplying out the right-hand
side:

l—a™'=(1-2)) a', az#l
=0
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Definition 1.45  The linear map

Fo cr - C
Yo
Yn—1

is called the discrete Fourier transform (DFT) of length n.
The inverse F, ' is called IDFT (inverse discrete Fourier transform).

Remark 1.46  Theorem 1.43 yields

- 1 1 1 —
'Fn ly = _Vny = _Vny = _fn(Y) (142)
n n n

1.10.2 FFT

observation:  The matrix V,, is fully populated. A naive realization of the DFT therefore
requires O(n?) arithmetic operations. Exploiting the special structure of V,, leads to the Fast
Fourier transform (FFT), which only needs O(nlogn) arithmetic operations. The FFT is
a prime example of a divide and conquer algorithm.

2mi
n

Lemma 1.47 Letn=2m, w=e¢ . Let (yo,...,Yn_1) € C". Then the terms
n—1
ak::Zijkj k=0,....n—1
=0
with € == w? and 1 =0,...,m — 1 can be computed as follows:
m—1
Qg = Zgj gt with  g; == Yj + Yjm
=0
m—1
gy = Z h,&ot with  hj = (Yj — Yjam) W’ j=0,....m—1
5=0

Proof:  Since w™ =1 we get
n—1 %_1
_ 2 21; A(+2)
Q= E:ij 7= E YWty w Urs) =
j=0 7=0

n-1 —1

= Z W (y; + Yj+u W) = Z W (y; + Yj+z)
=0 =0

N3
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. n
Since w2 = —1 we have:

n—1

_ 2+1)j __

Qo1 = E ij( b=
§=0

n_1

_ Zw@l—i—l)jyj +yj+% WEFDG+E) =
j=0

n_q

2
_ Wil q o gmY
= E w? (y;w + Yjn - w ww?) =
Jj=0
n_q
_ 7, ,2lj
= E (yj—?/jJrg)WW
=0

|

Lemma 1.47 shows that the computation of y = (Jo,...,9Jn_1) = Fn(y) can be reduced to
the computation of Fu(g) and Fx (h).
With n = 2m we have

m—1

(:g07g27"'7gn—2)—r :fm(g) , 8= (y]_'_y]—l—m)]:()
S ~ iym—1
(y17 Yz, .- 7yn—1)T = ‘Fm(h) ) h = ((yj - yﬁ+m) wgz)jz()
This yields
Algorithm 1.48 (FFT)
Input: n=2°, peNy, y=(yo,...,Yn1) €C"
Output: ¥ = (Yo, -+, Yn-1) = Fn(y)

if n=1 then
Yo = Yo
else
—2mi
wi=en
m:= 3
m—1 m—1
(gj)j:o = (y; + yj—l—m)j:o
m—1 iym—1
(}Z'J)]A—() = E(yj - yj+m) w )j:()
(y(b Y2, .- 7yn—2) = FFT(m7 g)
(Ql, g3, c. ,gn_l) = FFT(TTL, h)
end if
return (y)
Similarly for the Inverse Fourier Transform: (9o, ..., ¥,_1) := F, '(y) (cf. first equation in

(1.42)):
(G0, F2 -+ Un—2) | = %}_g_l(g) , 8= (y; + ?/j+m);n:_ol 1
(G2, G35 -+ 5 Gn1) T = %}—g_l(h) , h= ((yy - yj+m)w_n])?=o



Algorithm 1.49 (IFFT)
Input: n=2", peNg, y= (Yo, Yn_1) €C"
Output: vy = F,; (y)

if n=1 then

Yo = Yo
else
2mi
W =e€en
m:i= 3
m—1 1 m—1
(gj)j:o =5 (y; + yj+m)j:0
m—1 iym—1
(h’j)j:O = % ((Yj — Yjm) &’ )j:()
(’go, gg, . ,gn_g) = [FFT(m, g)
(’gl, gg, e agn—l) = [FFT(m, h)
end if
return (y)

Cost of the FET:  Denote by A(n) the cost of the call of FFT(n,y) and let n = 2P, p € Nj.
Then:

A(n) <2A(n/2) + C n (1.43)
computation of g, h
and thus:
(1.43) n
< — =
A(n) < 2A<2>+Cn
(1.43)
= 242N +C2 <
(1.43)
< 2 (2A(2p—2) +02p—1) +C2 =
(1.43)
= 2PA(2?) +202 <
(1.43)
< 2 <2A (27%) +C 2p—2) +202° =
= 22A2P) 4302 < ... <
< QAR +pC2? =
= nA(l)+ (logyn)Cn <
< n-logon-C"  mit C'=C+ A1)

1.10.3 Properties of the DFT

The DFT appears very prominently when one is trying to compute efficiently the convolution
of two sequences, which is defined in the following definition.
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Definition 1.50 (i) A sequence § = (f;)jez is called n-periodic, if fjy, = f; Vj € Z. C},
denotes the space of the n-periodic sequences.

(ii) The DFT F, s defined by:

F,. Cr - C7.,

per

(fi)jez + (;Z:; W%kfj)
J= keZ

Since w) = 1 the DFT F, is well-defined; [ i.e., F,((f;)jez) is again an n-periodic
sequence |

(#i) the convolution x is defined by:

x: C, . xCr — CI

per per per

(f.g) = (Fxoh = (gfk_jgj) Vk e Z

(v) the pointwise multiplication - is defined by:

G, xC., — C,

per

(f,9) = F-ox = fro-gr VKEZ

Remark 1.51 The DFT of Def. 1.45 coincides with the definition of the DFT of Def. 1.50, if
one extends the finite sequence (fj)?z_o1 n-periodically. n
Theorem 1.52  Forf , g e Cy, let fi= Fu(f), 8
Then:

Fn(g) be the Fourier transformations.

(i) Fn: Cp.,. — Cp., is linear.
n—1 )
(ii) F ' (f) = %(Z W’%)
=0 keZ
(iii) (convolution theorem)
frg = Falixg) = T-8

Proof: Exercise U

Remark 1.53 In the context of periodic sequences, the DFT can alternatively be defined by

n—m—1

(Fuf)e = Y wiff (1.44)

j=—m

for any m € Z, i.e., it is only essential that the summation in j extends over one period but
TLOt where Zt StCLT’tS. This is easily seen by computing (we assume m > 1)

n—m-—1 n—1 n—m-—1

—1 n—m-—1 —1 ( ) n—m-—1 , m § 9 n—1
gk _ ik gk o _ jtn)k ik o _ i’k ik periodic ik
Z wrn fj Z wy fi + Z wy fj = Z W fi+ Z wy f5 = Z wp "o Z wrn fj - Z wi i
j=—m j=-—m J=0 j=—-m 3=0 i'=n—m 3=0 ji=0
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The DFT of Def. 1.45 is (up to scaling) the definition employed in matlab or numpy. Often in
the literature, however, the DFT is defined differently from Def. 1.45, for example, as in (1.44)
with m = n/2 + 1. The above shows that these definitions coincide if one places oneself into
the setting of periodic sequences. This corresponds to rearranging the input data if necessary. =

Remark 1.54 With Remark 1.53 we can easily solve the interpolation problem of finding the
vector (c;)™ that solves the interpolation problem

j=—m
Z cjeij:”’ﬂ = Yk, k=—-m,....,m.
j=—m
(Note that we conveniently posed the interpolation problem in the points xy, k = —m, ..., m.)

In matriz-vector notation, this is

y = Vg, V = (wflk);”k:

—m>

where we adopted the notation to index the matriz V for j, k = —m, ..., m rather than from 0
to 2m — 1. Inspection of the proof of Theorem 1.48 shows that (2m)~'/?V is unitary and that
hence

That is:
1
Ck:%'z wiFy;, k=-m,...,m,
j=—m

which is the same formula as for the standard DFT—only the range of the summation has
changed. In view of Remark 1.53, this is the standard DFT (after suitably periodizingy and
c). In particular, the FFT techniques are applicable. "

1.10.4 application: fast convolution of sequence

Example 1.55 Let§f, g € C!... The naive evaluation of the convolution b :=fx*g costs

per”
O(n?) operations. It is more efficient to proceed with Theorem 1.52:

1.) compute § and § using FFT cost: O(nlogn)
2.) compute b :=7§-g cost:  O(n)
3.) compute h = F,! (6) using IFFT cost: O(nlogn)

The convolution of finite (non-periodic) sequences is defined slightly differently, namely, for two
finite sequences ( fj)jy:_ol, (gj)j-vz_ol, its convolution is given by the sequence (cj)ﬁy:_ol with entries

j
¢ = Z Ji—kGk- (1.45)
k=0

The sequence (cj)éy:_ol can also be computed with the aid of the FFT:
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Example 1.56 et (f]) o ,(gj) _01 be finite sequences.

j
goal:  compute (hj);y:_ol given by h; = > fi—k gk, j=0,....,N—1
— =0

idea:  periodize the two sequences (fj);y:_ol and (g]) , so that Example 1.55 is applicable.

Procedure: ~ Choose an n > 2N of the form n = 2P for ap € Ny and define ', g' € C} by

f,: fj fOT j:O,,N—l
7 0 for j=N,...,n—1

, _{ gi for 7=0,...,N—-1

N-1

9579 0 for j=N,...,n—1
Then:
fi=0 forN-—n<j<-1 (1.46)
g;=0 forN<j<n-—1 (1.47)

For k € {0,...,N — 1} we have:

n—1 N-1 k k
(1.47)
(Fedde=D fisdy =" D fior =2 fiyo+ ORI S M
j=0 j=0 j=0 >~ hrgl J=hL o~ ) j=0

The convolution of non-periodic sequence arises, for example, when polynomials are multiplied.

Example 1.57 Let polynomials m(x) = ZN o fia? and mo(x) = Z;V:_Ol g;x? of degree N — 1

be given. Then the product w7y 1S a polynomzal of degree 2N — 2 given by
2N—-1

m Z hja?, i —k Gk

k=0
where we implicitly assume that fr = g =0 for k € {N,...,2N —2}. Hence, Example 1.56 is
applicable. "

An application that exemplifies the use of the FFT in connection with the computation of the
convolution of sequences is the multiplication of very large numbers.

Example 1.58 (multiplication of numbers with many digits) The fast realization of the
multiplication of numbers with many digits is nowadays done by FFT*. Consider the multipli-
cation of two integers with n digits that are written as

x:ijbj? y:Zgjb]>
j=0 Jj=0

where b € N (e.g., b = 10) and the coefficients (“digits”) satisfy f;, g; € {0,...,b—1}. We
seek the representation of z = xy in the form z = Z?ZO ¢! with ¢; € {0,...,b—1}. This is
very similar to Example 1.57, and a formal multiplication yields

2n J
Ty = Z h;¥, hj = Z fi—kGk
j=0 k=0

4This is also a building block of arbitrary precision arithmetic
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where we again assumed that f; =0 = g; for j € {n+1,...,2n}. The sequence (h;); can be
calculated with cost O(nlogn) using the FFT as described in Example 1.56. The sought coeffi-
cients (c;); of z are obtained from the sequence (h;); by one more sweep through the sequence
with cost O(n) that ensures that the coefficients c¢; satisfy ¢; € {0,...,b—1}. The following
loop overwrites the h; with the sought c;:

for j=0:2n do
if hj > b then > carrying over is necessary
hj = hj - Lh]/be
hjv1 = hjpr + [h; /0]
end if
end for

Example 1.59 (solving linear systems with circulant matrices) A matriz C € C™*" is
called circulant, if it has the form

¢  Cp-1 Co 1
C1 C  Cn- C2
C= C1 Co
Cn—2 B o Cp—1
Ch—1 Cp—2 - (O Co
Introduce the vector ¢ = (co,...,cn_1)%. Observe that the matriz-vector product Cx is a

convolution, i.e., the entries y; of the vector y = Cx are given by

n—1
y; = E Cj_kXk,
k=0

"1 as an element of C

J=0

n
per

where we view the sequence (c;)
periodically). That is,

(i.e., extend the sequence (c;)j—,

(Cx); = (c*x);, j=0,....,n—1.
Hence, given b € C", the linear system of equations Cx = b can also be written as

cxx =Dbh. (1.48)

Solving for x can be achieved with the FFT. To that end, write € = F,(c), X = Fp(x), b =
Fn(b) and observe:

1. Applying DFT on both sides of (1.48) gives by the convolution theorem ¢;z; = Ej, J
0,...,n—1.

2. Hence, T; = b;/c;.

3. an inverse DFT of X = (Z;)1—) gives x.
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Hence, the work to solve Cx =b is 2 FFTs of length n and n divisions. "

Example 1.60 Circulant matrices arise in the discretization of differential equations with pe-
riodic boundary conditions. Consider the problem

—u"+u=f on(0,1), uw(0) =u(l), «'(0)=1'(1)

discretized by a finite difference method on the regqular the grid x; = ih, i =0,...,N, h=1/N.
That is, denoting by w; an approximation to u(x;) and replacing the differential operator by a
difference quotient one arrives at the following system of equations

Uip1 — 2U; + Uiy

h2

+u2:f2:f($z)7 iZO,...,N—l,

Inserting the periodicity condition, i.e., uny = ug and u_1 = uy_1 yields a linear system Au = f
with A € RYYN given by

A=—Ap+M, Ap=

-1 -1 2

The matriz A is a circulant matriz. Hence, the linear system Ax = b can be solved using the
FFT. .
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2 Numerical integration

Goal: determine (approximately) f; f(x)dz
Quadrature formulas: We consider quadrature formulas of the form

b n
[ ra)dn=Qin) = S wista) (21)
a i=0
The points x; are called quadrature points, the numbers w; quadrature weights.

Example 2.1 [slide 10
Partition [a,b] in N subintervals [t;,t;11], 1 =0,...,N —1 with t; = a+ih, h = (b—a)/N. Let
m; = (t; + ti11)/2 be the midpoints. Then the composite midpoint rule is

b N-1
/ f@)de = QL) = 3 hfm)

Example 2.2 The (composite) trapezoidal rule is given, with the notation of Example 2.1, by

-1 N-1

[ ra)de~ Qs Zh% D+ [t = | 5 (@) + 3 1) + 570

= =1

The Examples 2.1, 2.2 are typical representatives for the way composite quadrature rules are
generated:

1. define a quadrature rule Q fo x) dz on a reference interval, e.g., [0, 1].
2. Partition the interval [a, b] in subintervals (¢;,¢;11) of lengths h; = t;41 — t;
3. The observation ftt“ f(z)dz = h; fol f(t; + hi&) d§ motivates the definition
it N-
/ I dm—Z/ I dx_Zh/ Pt + i) d zz hOf (ki + her))
i=0

Remark 2.3 Quadrature rules are normally formulated for a reference interval, which is typ-
ically [0,1] or [=1,1]. For a general interval |a,b], the rule is obtained by an affine change of
variables (as done above). .

32

finis 3DS



2.1 Newton-Cotes formulas

The Newton-Cotes formulas for the integration on [0, 1] are examples of interpolatory quadra-
ture formulas. They are based on interpolating the integrand f and integrating the intepolating
polynomial. The interpolation points are uniformly distributed over [0, 1].

Example 2.4 (closed Newton-Cotes formulas) Let n > 1 and x; = %, 1 =20,....,n. The
interpolating polynomial p € P, is

pla) = S, blo) =[] —

iy T — Ty
i
Hence, the quadrature fromula is
1 1 1 n n 1 N
[ @ [pwrde= [ st de =3 fw) [ aeyde = Ges)
0 0 0 =0 i=0 <
with the quadrature weights w;, i = 0,...,n, which are explicitly given in Fig. 2.1. "

[slide 11]

The endpoints of the interval are quadrature points for the “closed” formulas of Example 2.4.
If, for example, integrands are not defined at an endpoint (e.g., 1/y/z, logx), then it is more
convenient to have formulas that do not sample the integrand at the endpoint. Hence, another
very important class of Newton-Cotes formulas are the “open” formulas:

Example 2.5 (open Newton-Cotes-Formeln) Let n > 0 and x; = 227’;12, 1 =20,...,n.
Then the quadrature is given by
1 n 1 N N T — .
| t@de= Y s [ tmde= Q. =[E
0 =0 0 . ot Tt

=:w; ‘77&7’

The choice n = 0 corresponds to the midpoint rule

tAf@ﬁm%Qmﬂﬁ:fﬂﬂ)

By construction the Newton-Cotes formulas are exact for polynomials f € P,. In fact, one can
show that, if n is even, then both the closed and the open Newton-Cotes formulas are exact for
polynomials f € P,,11.

Exercise 2.6 1. Show for the quadrature weights: » ., w; = 1(= length of the interval [0,1])
(hint: apply the quadrature formula to a suitable function f.)

2. Show that the quadrature formulas CA)ZNC, @‘,’LNC are exact for f € P,.

3. Show the symmetry property w,_; = w;, i = 0,...,n. (hint: Use the symmetry of the
points with respect to 1/2. The symmetry of the weights is visible in Fig. 2.1.).
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n weight fo f(z)d name

1 % % 1 h3 fA () trapezoidal rule
2 % % % %h‘r’ )(€) Simpson rule
3 % % % % 2R FO () 3/8 rule

4 % % 1_(2) % % o5 S RTFO)() Milne rule
JIEEEE R R EE L

6 % % % % % % % mhgf ®)(¢) Weddle rule

Figure 2.1: the closed Newton-Cotes formulas for the integration over [0,1]. Quadrature
points are z; = £, i =0,...,n; h=1

4. Let n = 2m be even. Consider the function f = (x — 1/2)""Y, which is odd with respect
to 1/2. Show: fol flx)de = 0 = QNO(f) = QNO(f). Conclude that the quadrature
formula is exact for polynomials of degree n+ 1. In particular, the midpoint rule is exact
for polynomials in Py, and the Simpson rule is exact for polynomials in Ps. .

The Newton-Cotes formulas are typically used for fixed n in composite rule. We illustrate the
convergence behavior for two important cases, the composite trapezoidal rule and the composite
Simpson rule. Let a = g < 7 < ... < xy = b be a partition of [a, b] and h; := z;11 — ;. Then
the composite trapezoidal and Simpson rules are defined by

T (F) = 3 hug () + (i)

i T Tip1

Stzo,ant(f) == Z hz% (f(%) +4f($T) + f($z+1)) :

=U,...,
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Proof: We only prove the case of the trapezoidal rule—the assertion for the Simpson rule is
proved using similar techniques.

We denote by Tya; 2,11 (f) = hiz(f(x;) + f(2541)) the trapezoidal rule for the interval [z;, z;11].

This rule is exact for polynomials of degree n = 1. Hence, for arbitrary v € P,
Tit1 Tit1 Tit1
/ ﬂ@df—ﬂ%mgﬁ%=/ ﬂ@—v@ﬁﬁ+/q v(2) dz — Tz, w13 ()
Tit1
= / f(SL’) - U(SL’) dx + T{Ii,%ﬂ}(”) - T{xivxi+1}(f)
j’L‘i+1
= [ #e) = e do = T = 0)

Therefore,

[ = T (0)

IN

(xi-i-l - $1)||f - ,U||007[1’i793i+ﬂ + |T{Ii71‘i+1}(f - 'U)|

< (@i = @IS =Vl + @1 = 21 =Vl
< 20|l f = Voo feirws41)-
Hence,
b Nl e, N—-1
f(z) Ta,.., -’EN}(f)‘ - Z / f(z) de — T{Ii@iﬂ}(f) < Z 2hi ?elgi Iy = UHOO’[zi’miH}
a i=0 v T =

which is the statement (i) for the trapezoidal rule. In order to conclude (ii), we select for each
subinterval [x;, x;11] a polynomial v € P; that approximates f on [z;, z;41] well, e.g., the linear
interpolant. From the error bound of Theorem 1.15 we obtain

1 2
II)IEI%DH If — /U||007[-'Ei7-'ﬂi+ﬂ < §($i+1 — ;) ||f”’|00,[xi7xi+1]7
from which we arrive at
1
)~ Tiaposn) ()] < Z}jwwwmmmﬂ

1
mwwmm}’zzmwmwm ..... #meuwH

1 2 " — 1 2 "
< I Nlos fa > hi= 11 Nlos a1 (0 = a).
i=0
m

We say that a quadrature rule has order m if the the composite rule leads to error bounds of
the form C'h™ (for sufficiently smooth f). Die composite trapezoidal rule has therefore order
m = 2, the composite Simpson rule order m = 4. More generally, the proof of Theorem 2.7
shows that a Newton-Cotes formula (or, more generally, any composite rule) that is exact for
polynomials of degree n leads to a composite rule of order n + 1.
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h 20 -1 1 272 [ 273 | 271 2-° 26 27 28
Fivap ~ 1/h 2 3 5 9 17 33 65 129 257
Eirap 14_1 [ 362 [ 89322 5[56_4] 1.4_4 | 35_5 | 87_¢ | 2.2_¢
FSimpson ~ 1/h | 3 5 9 17 33 65 129 257 513
ESimpson 5.8_4 | 3.7-5 1236 | 157919 |57 10 | 3.6_11 | 2212 | 1.4_13

approximation of I(; € dx with trapez. and Simpson rule

error

——trapez.
- e-Simpson
—ON?) -
- 'O(N74) ‘ ‘f
10' 10? 10
number function evaluations

3

Figure 2.2: convergence behavior of composite trapezoidal and Simpson rule for smooth
integrand.

Example 2.8 |slide 12

We compare the composite trapezoidal rule with the composite Simpson rule for integration on
[0,1]. We partition [0,1] in N subintervals of length h = 1/N. By Theorem 2.7 the errors
Etrap, Esimpson satisfy (F denotes the number of function evaluations):

Et“lp(h) S Ch2 ~ CF_27 ESimpson S Ch4 ~ CF_4.

We show in Fig. 2.2 the error versus the number of function evaluations F', since this is a
reasonable cost measure of the method. We note that methods of a higher order are more
efficient than lower order methods. .

Das O(h?) convergence behavior of the composite trapezoidal rule and the O(h*) behavior of
the compositive Simpson rule require f € C? and f € C4, respectively:

Example 2.9 Integration of f(z) = 2% on [0,1] does not yield O(h*) but merely O(h*!') as
is visible on

2.2 Romberg extrapolation

Extrapolation can be used to accelerate convergence of composite rules for smooth integrands.
We illustrate the procedure for the composite trapezoidal rule. For that, let the interval [a, b]
be partitioned in N subintervals (z;, z;11) of length h = (b — a)/N with x; = a + ih. Define

N-1
=h)_ 5
=0

xz +f xz—i—l))

l\DI}—t
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The sought value of the integral fab f(z)dx = limy,_,0 T (h), so that one may use extrapolation
for the data (h;, T'(h;)), i = 0,1,..., with h; = (b —a)M~* for some chosen M € N, M > 2.
In fact, T'(h) has an “additional structure” (cf. Section 1.6): There holds the Euler McLaurin
formula (

)

b
T(h) = / f(l’) dx + Clh2 + Cgh4 + CghG —+ - s (22)

where the coefficients ¢; depend on higher derivatives of f. Therefore, one will perform extrap-
olation as discussed in Section 1.6.

Remark 2.10 FEaxtrapolation of the composite trapezoidal rule for M = 2 yields in the first
columns of the Neville scheme the composite Simpson rule; in the second column, the composite
Milne rule arises. The choice M = 3 produces in the first column of the Newville scheme the
composite 3/8-rule. n

2.3 non-smooth integrands and adaptivity

Example 2.9 shows that, for non-smooth integrands, composite quadrature rules based on
equidistant partitions xg < z; < --- < xy do not work very well. Our goal is a choose the
partition in such a way that the composite trapezoidal rule yields convergence O(N~2), where
N is the number of quadrature points. In other words: the convergence (error vs. number of
function evaluations) is similar to the case of smooth integrands.

This can be achieved for quite a few integrands f if the partition is suitably adapted to f.
Basically, one should use small interval lengths h; where f is large (in absolute value) or varies
rapidly (i.e., higher derivatives of f are large):

Example 2.11 |slide 14

Consider the composite trapezoidal rule for fol f(x)dx mit f(z) = 2% for two partitions of
0=2¢0<z1---<zny =1 0f the form

1. equidistant points: x; = (i/N), i =0,..., N
2. points refined towards x = 0: x; = (i/N)?,i=0,..., N mit 3 =2

The convergence behavior of the composite trapezoidal rule is shown in Fig. 2.3. While the
convergence is only O(N~—) for the equidistant points, it is O(N~2) for the one where the
points are refined towards x = 0. "

In practice, it is difficult to construct a good partition for a given integrand. One is therefore
interested in adaptive algorithms. Structurally, these algorithms proceed as outlined in Algo-
rithm 2.12: the accuracy of an approximation for the integration on an interval [a,b] (here:

Istrictly speaking, T'(h) is only defined for h of the form h = (b —a)/N, N € N, so that one should write
P f(x) dz = limy o0 T(R(N)).
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Figure 2.3: (cf. Example 2.11) numerical integration of f(z) = 2%! using composite trape-

zoidal rule based on a) equidistant nodes and b) nodes suitable refined towards = = 0.

using the trapezoidal rule) is estimated with a better rule (here: Simpson rule). If the esti-
mate accuracy does not meet the desired tolerance, then the interval [a, b] is subdivided into two
subintervals [a, m|, [m, b] with midpoint m = (a+b)/2 and the quadrature routine is recursively
called for the two subintervals.

Algorithm 2.12 (adaptive algorithm based on trapezoidal rule)
adapt(f,a,b,7)

% approximates f; f(x)dx to given accuracy T
% Nmin = minimal interval length ; p € (0,1) safety factor
% T([a,b]) = trapezoidal rule fir [a,b]; S([a,b]) = Simpson rule for [a,b]
if (b—a) < hpn return(S([a,b])) %forced termination!
if |S([a,b]) — T'([a,b))| < pr { % desired accuracy reached :)
return (S(/a,b])) }
else {
Y%desired accuracy not reached — subdived [a, b] into [a, m]| and [m,b]

m:= (a+b)/2

I := adapt(f,a, m,7/2) + adapt(f, m,b, 7/2)
return(/) }

2.4 Gaussian quadrature

Question: How to choose n + 1 quadrature points so that polynomials of the highest possible
degree are integrated exactly?

Answer: Gaussian quadrature integrates polynomials of degree 2n + 1 exactly. The n + 1
quadrature points (“Gaussian points”) of this quadrature rule are the zeros of the Legendre
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polynomial L, ;.

2.4.1 Legendre polynomials L, as orthogonal polynomials

We consider the interval [—1,1]. On the space C(]—1, 1]) we define a scalar product by
1
(u,v) ::/ u(x)v(x) de. (2.3)
-1

We seek a sequence of polynomials L,, € P,, n =0, 1,...,, with the following properties:
(i) {Lo,..., Ly} is a basis of P, (for each n)
(ii) L, is orthogonal to the space P,_1, i.e,.

(Lo,0) =0 Yo € Puy. (2.4)

Such polynomials can be constructed inductively with a variant of the “Gram-Schmidt-orthogonalization”:

We choose 2,

Lo(z) := 1, Li(z) := .
We note that

(L1, Lo) =0, (2.5)

so that (2.4) is satisfied for n = 1.
For L, € Py we make the ansatz

Z2(:c) = le(x) + 7

for a polynomial r; € P; to be determined. Writing r, = aozo + alzl the orthogonality
conditions (2.4) imply the two equations

0= <22>z0> = (le(@, Z0(95)> + aop (Zo, Z0> +ay (Zl, Zo) ;
—— ——

>0 =0 b/c of (2.5)
02 (Lo, L)) = (wLi(z), Ly) + a0 (Lo, L1) +ay (L1, Ly).
—— ——
=0 b/c of (2.5) >0

for the coefficients ag, a;. This system of equations can obviously be solved and therefore Ly is
determined. By construction, we have (2.4) for n < 2.

Zsince the “classical” Legendre polynomials L,, are scaled slightly differently (see below), we employ the
notation L,,
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Inductively, we make for Ly the ansatz Ls(z) = xLy(z) + r5(z) for an o € Py. Again, (2.4)
yields after writing 75(7) = -, a;Li(x) a linear system of equations for the a;:

0= (L3, Lo) = (xLa(2), Lo) + Z%’(ijo%

J=0

0= (L3, L) = (wLa(2), L) + > a;(L;, L),

J=0

0= (L3, Ly) = (vLo(x), Lo) + > a;(L;, Lo).

J=0

Again, since we already know (2.4) for n < 2, the system of equations simplifies to

0= (Ls, L;) = (wLy, L) + a; (Li, L), i=0,1,2.
0
>

This yields the coefficients a; and therefore Eg. In this way, we can construct inductively the

polynomials L, € P,, n =0, 1,.... Our procedure yields the representation
~ ~ n 1 - o~ ~

This can be simplified furthermore with the aid of (2.4):

~ ~ (2.4

(@Ln(2), Li(2)) = (Ln(z), 2Ls(z)) 20 firi+1<n—1, (2.6)

Hence, we arrive at the so-called “3-term recurrence relation”

Loa(x) = xLn(2) - L (2Ln(x), Li()) Li(w) (2.7)

i=0 <Lia Li)
u 1

W (@) = Y = (eLa(a), L) L) (2.8)

I
8
h
Py
=
|
X
i

n(®) —byLy_1(x) = (x — a,) Ly (x) — by L1 (), (2.9)

with ~ _ ~ _

L) L@ 5 (Ea@), L)
' <Ln7 Ln> ’ ! <Ln—17 Ln—1>

Polynomials that satisfy the conditions (i), (ii) are not unique. For example, each L, could

be multiplied by a factor ¢, # 0. However, this is the only freedom, i.e., each system L, that

satisfies the conditions (i), (ii) is of the form L, = ¢, L, with the above constructed L,. The

“classiscal” Legendre polynomials L, are fixed by the “normalization condition” L, (1) = 1.

We have:

Theorem 2.13 (Legendre polynomials) There holds:
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A. There is a unique sequence (Ly)nen, of polynomials L, € P,, the Legendre polynomials,
that satisfy the following conditions:
(i) {Lo,..., Ly} is a basis of P, (for each n)
(11) L, is orthogonal to the space P,_1, i.e., satisfies (2.4) for all n € Ny.
(iii) L,(1) =1 for all n € Ny.

B. The Legendre polynomials L,, have the explicit representation (“Rodrigues formula”)

1 oa
—onpl dgn

L, () (2 —1)" (2.10)

C. The Legendre polynomials satisfy the “3-term recurrence relation”

(n+ 1) Lpsa(z) = 20 + 1)aLy(z) — nLy_y(2) (2.11)

Proof: Item A has essentially been shown already. Items B, C are essential seen by direct
computation—see the literature for details. O

Remark 2.14 The 3-term recurrence (2.11) is the standard way to evaluate Legendre polyno-
mials. The Legendre polynomials are a very important representative of the class of orthogonal
polynomials. Other important families of orthogonal polynomials are the Chebyshev polynomi-
als and the Jacobi polynomials. All orthogonal polynomials satisfy 3-term recurrence relations
and are typically evaluated in this way. "

2.4.2 Gaussian quadrature

We will use the following result without proof:

Theorem 2.15 For each n € Ny, the Legendre polynomial L,y has exactly n + 1 (pairwise
distinct) zeros g, . .., x,. Furthermore, x; € (—1,1) for all i.

Proof: Literature. t

With the aid of the n+ 1 zeros of L, 1 we define the Gaussian quadrature as the interpolatory
quadrature, i.e., we interpolate the integrand in the n + 1 zeros of L,,; and integrate the
interpolating polynomial:

Gauss points: z{, = zeros of L, (2.12a)
1 n T — ;L'G
Gauss weights: w& = / 0i(z) du, li(z) = H R (2.12b)
’ 1 LL & gt
7=0 7,m J,n
J#i

By construction, this is a quadrature formula Q5™ (f) := > jw, f(«¢)) that is exact for
polynomials of degree n:

/_ g(x)dz = QSm(g) g e P, (2.13)

1

In fact, this rule is exact for polynomials of degree 2n + 1:
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Theorem 2.16 (Gaussian quadrature) The quadrature rule Q9> defined (2.12) satisfies:

1

QG (f)y= | fla)de  Vf € Pop (2.14)
—1

wi >0 i=0,...,n (2.15)

Furthermore, there is no quadrature rule with n + 1 points that is exact for all polynomials of
degree 2n + 2.

Proof: Proof of (2.14): Let f € Paypr1. With the aid of polynomial division (“Euklidian
algorithm”)

we write f as
f(2) = Lp1(2)gn () + ro(2)
with two polynomials ¢, r, € P,. Then

/_11 f(z)d /1Ln+1 dx+/_11 ro(x) dz

-~

=0 by (2.4)

n
(2 13)
/ QGauss n) — Z wgnrn(xG

1

Ln+1i . sznLn+1( Zn)q”( zn)+rn( zn) QGauSS(f)

=0
Proof of (2.15): We apply the quadrature formula to ¢;:
=01 ti(2§,,)=0i,; &
=Y waliaf,) T wjn(i(5,,))?
J=0 J=0
= Qe e | B)ds> 0.
-1

Proof that no rule with n + 1 points is exact for all polynomials of Popio: Let x;, 1 =10,...,n,
be the quadrature points of a rule. Consider

n
H T — ;) e Ponto

7=0
Then 0 < [, f(x) dz, but Q,(f) = 0. O

Gaussian quadrature converges for integrands f € C([—1,1]) if n — oc:

Theorem 2.17 (convergence of Gaussian quadrature) There holds:

1
fl@)de — Q5™ (f)| <4 min ||f — 0o 11 (2.16)

‘ -1 vEPan11

In particular there holds f_ll f(x) dz = lim,_o QE™5(f) for each f € C([—1,1]).
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Proof: As in the proof of Theorem 2.7 we exploit that the quadrature rule is exact for poly-
nomials of a particular degree. For arbitrary v € P, we have

/_ @) do = Q) T / (f(2) = v(@)) do + QT (v) — QF*()

-1

:/_ (f(z) —v(x)) do + QE™3(v — f)

1

and therefore (note: >, ,w = QF*5(1) = f_ll ldx = 2)

[ i) <| [ -

+ Q5 (f —v)|

J/

<2f —ollooy + Y |wf, |f (@) — v(ag,)]
i=0 N A

B :wfn b/c of (2.15) §||f—Uﬁ,oo,[—1,1]
<2+ wi I = vlloo 1 = 4l f = vlloo 1)
=0

Since v € Py, 1 was arbitrary, we may pass to the minimum and arrive at the claim. O

Gaussian quadrature is very efficient for smooth integrands:

Example 2.18 We consider Gaussian quadrature with n+ 1 points on the interval [0,1] (i.e.,
the quadrature points are x; = 5(1 4 x¥) and the weights w; = swf, ) for fi(x) = exp(z) and
fa(x) = 2%, While very rapid convergence is visible for the smooth integrand fi, Gaussian
quadrature is not very efficient for the non-smooth integrand fs.

Typically, Gaussian quadrature is also employed in composite rules. Then the number n+ 1 of
Gaussian points (per subinterval) is typically fixed. Convergence results analogous to those for
the composite trapezoidal and Simpson rule of Theorem 2.7 hold true.

Remark 2.19 There is no explicit formula for the Gauss points and weigths for n > 5.
There are may implementations, e.g., gauleg.c from “Numerical Recipes” (also available as
gauleg.m)) or numpy.polynomial.legendre.leggauss. L]

2.5 Comments on the trapezoidal rule
The (composite) Gauss rules are much more efficient than then composite trapezoidal rule for

smooth integrands. There is one exception: the integration of smooth periodic functions over
one period. In this case, the trapezoidal rule converges very rapidly and is typically employed:
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Figure 2.4: Gaussian quadrature on the interval [0, 1] for smooth integrand f(z) = exp(z)

and non-smooth integrand f(z) = 2%1.
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Figure 2.5: Composite trapezoidal rule on [—1,1] for fi(z) = sin(nz), fo(z) = (cos(rz))"™,

f3(z) = exp(sin(8mz)).

44




Example 2.20 We employ the composite trapezoidal rule for the numerical integration on
[—1, 1] for the following three periodic functions:

fi(z) = sin(7zx), fa(x) = (cos(mx))'?, f3(z) = exp(sin(8mx)).

We observe in Fig. 2.5: the composite trapezoidal rule is exact for rather large step sizes h for
f1; for somewhat large step sizes it is exact for the trigonometric polynomial fo; for fs we also
observe fast convergence.

2.6 Quadrature in 2D

Goal: Determine [, f(x) dz, where T C R is the reference triangle T' = {(z,y) |0 <z < 1,0 <
y < 1 —x} or the reference square S = (0, 1)2.

In principle, the typical construction of quarature rule for triangles or rectangles follows that
in 1D: one selects quadrature points and weights in such a way that certain polynomials are
integrated exactly.

2.6.1 Quadrature on squares

A quadrature rule for the square S is typically obtained from a 1D rule by a product construc-
tion. To that end, let

QP () = Y wif () / f () de (2.17)

be a 1D rule. Then, one can define for functions F(z,y) the 2D rule
QP (F) =Y waw;F(x;, ). (2.18)
i,j=0

Exercise 2.21 Let the 1D rule (2.17) be exact for polynomials of degree p, i.e., QP (f) =
fol f(z)dx for all f € P,. Then the rule Q*P is exact for all polynomials F € span{(z'y’ | i,j =
O, . ,p}. u

2.6.2 Quadrature on triangles

Quadrature rules on the triangle T" are typically created in one of the following two ways:

1. One selects points in 7. The condition that certain polynomials are integrated exactly
determines the quadrature weights.

2. The triangle T is transformed to a square and a quadrature formula for the square S is
employed.
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Exercise 2.22 The simplest case is a quadrature rule with 1 point, e.qg., the barycenter of
T. What is the corresponding quadrature weight so that the rule exact for polynomials of
degree 02 Show that this rule is in fact exact for polynomials of degree 1, i.e., for polynomials
F(z,y) =a+br + cy.

The next case is a quadrature rule with 3 points, e.q., the vertices of T'. Construct the weights
such that the rule is exact for polynomials of degree 1. "

Example 2.23 Let Q*” be a quadrature rule on S with N points x; = (z,y;) € S and corre-
sponding weights w;, i = 0,..., N. The substitution (“Duffy transformation”)

/TF(x,y) dydz — /io /y:F(g;,y) dydz — /io /;OF(x, (1= 2)n)(1 — 2) dn do

suggests the following quadrature rule on T':
1 1
/ F(z,y)dydx = / / F(z,(1—2)n)(1 —z)dndz ~ Z F(z;, (1 —2)y:) (1 — x)w;.
T =0 Jn=0 i

Typically, rules Q*" for S are derived from 1D rules as described in Section 2.6.1. The 1D rule
can be a Newton-Cotes formula or a Gauss rule or a composite Newton-Cotes or Gauss rule. m

2.6.3 Further comments

Integrals over “arbitray” domains G' C R? are typically done by composite rules, in which G
is decomposed into triangles or quadrilaterals and each subdomain is then treated by a rule of
the above type.
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2.7 Comments on Gaussian quadrature (CSE)

goal: compute the Gaussian quadrature points and weights
In principle, there are two approaches to compute the Gaussian quadrature points, both of
which are used in the numerical practice:

1. find the zeros of the Legendre polynomial L, .; by some Newton method (— see below).
The starting values are taken to be the Chebyshev points, which are explicitly avail-
able. The Legendre polynomials are evaluated using the three-term recurrence relation.
Newton’s method requires also the derivatives L;_,, which also satisfies a three-term
recurrence relation.

2. Identify the zeros of L,1 as eigenvalues of a suitable symmetric matrix in R"+Dx(n+1)

and compute those with some eigenvalue solver.
The following lemma shows how the zeros of L,, can be computed as the eigenalues of a matrix.

Lemma 2.24 Let the functions L; satisfy the three-term recurrence relation
L,(z) = (apx + by)Lp_1(x) — cyLy_o(x), n=12..., (Lo:=1;L;:=x) (2.19)

Assume that a;, ¢; > 0 for all i. Then, the zeros of L, are the eigenvalues of the matriz J of
(2.21). Associated with each eigenvalue x;, 1 = 0,...,n — 1 is an eigenvector v; of J. These
ergenvectors are pairwise orthogonal.

Proof: The recurrence relation can be written as

L0(1’> —% aL 0 L(](LU) 0
Ly(x) e b1 Ly(x)
‘ as as a2 .
x : = 0 : +
Cn—1 bn_1 1
. an—1 _anfl angl O
Ln—l(x) 2_:1 _ﬁ . Ln—1<x> éLn(x)
B (2.20)
we can write this as ]
L =TL+ —L,(z)e,,
Qp
where T € R™" is a tridiagonal matrix and e, = (0,0,...,0,1)" is a unit vector. This

shows that L = (Lo(€), Li(€),..., Ly_1(€))" is an eigenvector for the eigenvalue ¢ of T if
and only if L,(¢) = 0. Hence, the eigenvalues of T are the zeros x; of L, with eigenvector

(Lo(l’i), Cee Ln_l(Ii>>T.
The tridiagonal matrix T can be made symmetric with a similarity transformation: for suitable
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diagonal matrix D = diag(d, . .., d,_1), there holds

ar B 0
B as P
. . . b; Cit1 1/2
DTD_l:J: 0 s s s ) QG 1= __29 61: (L) ‘
a; Qi1
Bn—l
ﬁn—l Ay,
(2.21)
(Exercise: check this!) Since D is a diagonal matrix, the eigenvectors of J are the form
Lo(z;) diLo(7;)
vi=D : = : . (2.22)
Ly—1(x;) diLn—1(7;)
Since J is a symmetric matrix, its eigenvectors v; are pairwise orthogonal. O
Once the Gauss points zy, . .., Z,_1 (i.e., the zeros of L, ) have been determined, the weights w;,
1 =20,...,n—1, can be computed by solving a linear system of equations from the exactness
condition
1 n—1
/ f(x)der = ijf(xj), VfePu. (2.23)
-1 =0

In fact, if the eigenvectors of the matrix J are available, then the weights w; can easily be
determined directly:

Lemma 2.25 Let vy,...,v,_1 be a basis of R™ of eigenvectors of J corresponding to the eigen-
values x;, 1 =0,...,n — 1. Then the quadrature weights are given by

wi(v, vi) = /_ Li(x) dx = 2((vi)1)?, i=0,...,n—1

1

Proof: By Lemma 2.24, the eigenvectors v;, ¢ = 0,...,n — 1, of the matrix J are orthogonal,
i.e., v/ v; =0 fori# j. Formula (2.22) shows that

Vi:di(LQ(ZEi),...,Ln_l(llfi))—r, z:(),,n—l
From the exactness condition (2.23) applied to the function f(z) = d;L;(x), we get

1 1
S widiLi(z;) = / d; Li(x) dz "= d; / Lo(2)Li(x) de ™ =" Siodi]| Lol 320y “E" 2didig
X —1 —
J

1

(2.24)
With the matrix V and the unit vector e; given by

V= (Vi ..y Vao1), e =(1,0,...,0)"
the n equations in (2.24) can be written as

Vw = 2d;eq,
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where w = (wy,...,w,) . Multiplying from the left by the vector v, and using that the
eigenvectors are pairwise orthogonal yields

VZTVZ'U}Z' = 2diV;|—el = 2dl(Vz)1 (Vi)lzﬁLOZdi 2((Vi)1)2
O
2.7.1 Gaussian quadrature with weights
goal: given a positive function w on (—1,1), determine quadrature points z;, i = 0,...,n and

weights w; such that the exactness condition

/_ 1 flo)w(z) doe = Zw f(x) (2.25)

holds for polymials of as a degree as possible. Proceeding as in the case of the classical Gaussian
quadrature (i.e., w = 1) one can show that

Theorem 2.26 If the function w is positive on (—1,1) and satisfies f_l
points x; € (—1,1),i=0,...,n, and weights w; > 0 such that

L w(r)dr < oo there are

f z)dr = Zw, ) Vf € Poppr. (2.26)

In particular, for the quadrature error one has

/_ f@)ala) de =3 wif ()

The theory is set up completely analogously to the case of the Gaussian quadrature: one
computes polynomials that are pairwise orthogonal with respect to the weighted inner product

<u,v):/_ u(z)v(z)w(z) de.

1

1
<2 (/ w(x) dx) inf || f — v||oo,[=1.1]- (2.27)
—1

VEP2n 11

Denoting these orthogonal polynomials P,, the quadrature points x;, ¢ = 0,...,n are the zeros
of P,;1. The weights are obtained by requiring exactness of the quadrature rule for polynomials
of degree n.

Important examples are:

1. w = 1: the orthogonal polynomials are the Legendre polynomials L,
2. w(x) = (1 — 2%)~1: the orthogonal polynomials are the Chebyshev polynomials 7T},

3. w(z) = (1 —2)*(1 + x)? for some a, 8 > —1: the orthogonal polynomials are the Jacobi
polynomials, usually denoted P,Sa’ﬁ ). Note that the special case o = 8 = 0 corresponds
to the Legendre polynomials and o = f = —1/2 to the Chebyshev polynomials.

Example 2.27 We wish to evaluate the integral f_ll(l —2)*f(x)dx. This is done with the

Gauss-Jacobi quadrature, i.e., the quadrature points are the zeros of P,(Li/f 0) (x) with corre-

sponding quadrature weights. The performance for the smooth function f(x) = e is shown in
Fig. 2.6. By Theorem 2.26 we should expect very fast convergence. "
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Figure 2.6: Gauss-Jacobi quadrature of f_ll(l —x)%” dx for a = 1/2.
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3 conditioning and error analysis

3.1 error measures

slide 18
slide 19

slide 20
Numerical simulations contain errors that come from various sources:

e Modelling error: when describing a problem with mathematical equations, various effects
are typically neglected (e.g., continuum models versus the atomic structure of gases or
solids)

e measurement errors: models typically contain parameters that have to be measured

e roundoff errors: computers work with finite precision numbers (typically floating point
numbers), so that an error is made in each floating point operation

e discretization errors: numerical methods are not exact. Examples we have encountered
are numerical differentiation and integration

errors are typically measured using norms:

Definition 3.1 (norm) A mapping || - || : R — R{ is called a norm, if
(i) (triangle inequality) [|x +y| < [[x[| + [yl for allx, y € R"
(ii) (homogeneity) |Ax|| = |A|||x|| for all x € R*,; A € R
(iii) (definiteness) ||x|| = 0 implies x = 0.
Example 3.2 Important norms on R™ are:
1. the euklidian norm |||z := />, [xi[?
2. the oco-norm ||x||oo = max;—1__, |X]

3. the 1-norm ||x[|; := > 1, x| =

3.2 conditioning and stability of algorithms

The condition number of a problem measures how the (exact) mathematical problem deals with
perturbations/errors in the input data:

Definition 3.3 The condition number of a problem (described as the evaluation of a function
f) is the factor by which input perturbations are amplified in the worst case. One distinguishes:

(a) absolute condition number kqs(x) is the smallest number such that for all sufficiently small
Ax:
1f(2) = fz + Az)|| < Kaps(2)[| Az

o1



(b) relative condition number k... (x) is the smallest number such that for all sufficiently small

A 1£(2) - f(z+ A)|
I

In practice, one can compute the condition number in terms of the derivative of f. In the interest
of simplicity, we consider the simple case f : R — R. If f € C*', then Taylor expansion yields
flz+ Az) = f(x) + f'(x)Az + - - - so that (approximately) |f(z + Az) — f(x)| < |f'(z)||Az|.
Hence, we see that (essentially)

finis 6DS

Kabs () = | ['(2)]

For the relative condition number we obtain analogously (for f(z) # 0)

[+ Ax) = f(2)] _ |f(@)Az] _ |f'(2)]]]|Az]
|/ ()] /()] [f(@)] el

£/(2)
et =
In the following, we consider the relative condition number of a problem. We say that a
problem is well conditioned, if k,¢(x) is “moderate” and it is called ill conditioned, if K, (z) is
“large”. The notion of “moderate” and “large” are vague, since it depends on the setting and
the ultimate goal of the calculation whether a certain amplification of input errors is acceptable
or not.

That is, we expect

Example 3.4 The addition of two positive numbers is well conditioned: Let x, y > 0 and A,
Ay with |[Ax|/x < § and |Ay|/y <. Then

|(x + Az) + (y + Ay) — (z + )| < |Az| + |Ay| xvy<>0 ox + oy
|z + y] - r+y - x+y

)

i.e. kreq < 1. The (relative) error in the result is at most as large as the (relative) input error.

Example 3.5

Subtracting two numbers of similar size is ill-conditioned (“cancellation”). Consider the sub-
traction

1 = 1.23456897 - 10°
Ty = 1.23456797 - 10°

where 7 stands for an error/uncertainty in the input. The relative input error is thus of size
1078, For the difference

x1 — xy = 0.00000117 - 10° = 1.17 - 107©

we get a relative error/uncertainty of 1072, Thus, we have lost 6 digits. Correspondingly, the
(Tela/tive) COTLditiOﬂ number 7;5 Rprel ~ 18 ° 106 auziliary computation:

(z +Az) — (y+Ay) — (z —y)
z—y

Az — Ay‘ < |Az| + |Ay|

z—y |z —yl

This leads to 2 - 1078 /(1.1-107%) ~ 1.8 . 107 2. [ ]

Exercise 3.6 Show that multiplication and division are well conditioned (relative condition-
ing). .
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3.3 stability of algorithms

The algorithmic realization of a mathematical function f is typically done as a concatenation

f=fiofe-ofn

of functions f1, ..., fv, where one may think of the functions f; as “elementary functions” such
as the addition, subtraction, multiplication, division or as more complex subproblems such as
the evaluation of integrals, finding zeros of functions, solutions of differential equations. An
algorithm will typically not realize a function exactly, i.e., f will be approximated by

Examples of such approximations are:

e A computer realizes numbers typically as floating point numbers. Hence, already the
input is rounded. The elementary operations +, —, *, / cannot be realized exactly.

e Subproblems f; such as the evaluation of integrals are not exact but are tainted with
discretization errors.

An inaccuracy/error that results from using an approximation ﬁ instead of f; is potentially
amplified by the subsequent functions ﬁ, cee ﬁ-_l. A stability analysis of algorithms tries to
identify ill-conditioned subproblems f; and will possibly modify them. Modifying subproblems
fi (or choosing a different decomposition f; o---o fy/) is a sensible approach if some subprob-
lems are ill-conditioned but if at the same time the corresponding “exact” functions are well
conditioned. We illustrate this procedure with some simple examples in which cancellation (cf.
Example 3.5) is the culprit.

Example 3.7

Consider the evaluation of the function f(x) = log(1 + ) for small x. The problem is well-
conditioned since
_ @)l ||

Rre(T) = Tl - 0T loed+2) <2 (for x sufficiently close to 0)

The “naive” numerical realization is

z 3w = (93+1)£>10gw.

The mapping fi1 is ill-conditioned near w = x + 1:

w 1 1 1

~

fre(w) ~ w|log w| B | log w] - log(1+x)
Hence, we observe the following: The intermediate result 1 + x has a relative accuracy of 16
digits but the subsequent application of fo may amplify (relative) inaccuracies by a factor ~ 1/x.

For example, for v = 1071 one has to fear that one loses 10 digits. Indeed, in matlab:

>> x=1.234567890123456e-10;
>> w=1+x; f=log(w)
£ =

1.234568003306966e-10
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The true value (rounded to 16 digits) is f = 1.234567890047248¢ — 10. That is, although the
IEEE-floating point arithmetic of matlab uses 16 digits, the result has only 6 corret digits, i.e.,
10 digits were lost.

Since the original function [ is well-conditioned, one may hope to find another algorithm that
circumuvents this cancellation problem. Indeed, using, e.g., the Taylor approximation of f for

small x gives
1 1

2 3
and one obtains for x — x?/2 the value 1.234567890047248¢ — 10, which is correct to all digits.
This example is not untypical. The situation is such that the final result (here: x) is small but
that the intermediate results (here: 1+ x =~ 1) are large relative to the final result. One should
fear that the small final result is then somehow obtained by subtracting numbers of similar size.
A different way of understanding the problem is: by (3.1) the final result is approximately x
so that one shouldn’t lose information contained in the digits of x. However, the intermediate

results remove information about x as the following calculation with 16 digits shows:

1.000000000000000
0.0000000001234567890123456
1.0000000001234568

Example 3.8 The two zeros of the quadratic equation x*> — 2px —q = 0 are given by

o =p—p*+4q, T =p+p*+q (3.2)

A (mathematically equivalent) alternative formula is given by

x1:p+ \/p2+ 5 (33&)
- —— =P+ +vr+q) —q _q

To=p—\p*+q= = =—— (3.3b)

P+ /PP +q P+ /PP +q T

Consider the case p, ¢ > 0. If p?> > q we expect again cancellation when computing xo. Indeed,
in matlab:

>> p = 400000; q = 1.234567890123456;
>> r = sqrt(p~2+q); x0=p-r
x0 =

-1.543201506137848e-06

The exact solution is —1.543209862651343129e¢ — 06. The reason is again cancellation in the
last step of the realization of the formula for xo. The alternative formula (3.3b) avoids this
subtraction and yields a result with 16 correct digits:

>> x1=pt+sqrt(p~2+q) ;x0=-q/x1
x0 =
-1.543209862651343e-06

finis 7DS
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Figure 4.1: schematic representation of lower (left) and upper (right) matrices (n = 4); blank
spaces represent a 0

4 Gaussian elimination
goal: solve, for given A € R™" and b € R", the linear system of equations
Ax =b. (4.1)

In the sequel, we will often denote the entries of matrices by lower case letters, e.g., the entries
of A are (A);; = a;;. Likewise for vectors, we sometimes write x; = ;.

Remark 4.1 Inmatlab, the solution of (4.1) is realized by x = A\b. In python, the function
numpy . linalg.solve performs this. In both cases, a routine from lapack® realizes the actual
computation. The matlab realization of the backslash operator \ is in fact very compler. A
very good discussion of many aspects of the realization of \ can be found in [1]. "

4.1 lower and upper triangular matrices

A matrix A € R"™" is
e an upper triangular matriz it A;; =0 for j < ¢;
e a lower triangular matriz if A;; =0 for j > i.

e a normalized lower triangular matriz if, in addition to being lower triangular, it satisfies
Aii:1f0ri:1,...,n.

Linear systems where A is a lower or upper triangular matrix are easily solved by “forward
substitution” or “back substitution”:

Algorithm 4.2 (solve Lx = b using forward substitution)
Input: L € R™" lower triangular, invertible, b € R"
Output:  solution x € R" of Lx =b

forj=1n do
j=1
xj = (bj -> ljkxk> /ljj [ convention: empty sum = 0
k=1

end for

inear algebra package, see en.wikipedia.org/wiki/LAPACK
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Algorithm 4.3 (solution of Ux = b using back substitution)
Input: U e R™™™ upper triangular, invertible, b € R"
Output:  solution x € R" of Ux =b

for j=n:1:1 do
Ty = <bj - 2 ujk“) /Ujj
k=j+1
end for

The cost of Algorithms 4.2 and 4.3 are O(n?):

Exercise 4.4 Compute the number of multiplications and additions in Algorithms 4.2 and 4.35.

The set of upper and lower triangular matrices are closed under addition and matrix multipli-
cation?:

Exercise 4.5 Let Ly, Ly € R™™™ be two lower triangular matrices. Show: Li + Ly and LiLs
are lower triangular matrices. If Ly is additionally invertible, then its inverse Li* is also a
lower triangular matriz. Analogous results hold for upper triangular matrices.

Remark 4.6 (representation via scalar products) Alg. 4.2 (and analogously Alg. 4.3) can
be writen using scalar products:

for j =1 do

2(j) = [bG) = LG = 1) (1= )] /LG, j)
end for

The advantage of such a formulation is that efficient libraries are available such as BLAS
level 13. More generally, rather than realizing dot-products, matriz-vector products, or matriz-

matrix-products directly by loops, it is typically advantageous to employ optimized routines such
as BLAS. "

Remark 4.7 In Remark 4.6, the matriz L is accessed in row-oriented fashion. One can reorganize the two loops so as to access L in a column-oriented
way. The following algorithm overwrites b with the solution x of Lx = b:

for j = 1mnm-1 do
b(j) = b(3)/L(3, 5)
BG4+ 1:n) i=b(j+1:n) —bGLG +1:n,5)

end for

2That is, they have the mathematical structure of a ring
3Basic Linear Algebra Subprograms, see en.wikipedia.org/wiki/Basic Linear_Algebra_Subprograms
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4.2 classical Gaussian elimination

The classical Gaussian elimination process transforms the linear system (4.1) into upper trian-
gular form, which can then be solved by back substitution. We illustrate the procedure:

a11ry + apre + +  apr, = b1
a91T1 + A922T9 + + Aonly — bg
Ap1T1 +  GpaTy + + appT, = bn
Multiplying the 1st equation by
21
l21 =
ai1

and subtracting this from the 2nd equation produces:

21 21 21
(a1 — e an) x1 + (ag — P aiz) To + -+ + (ag, — P A1) Tp
11 11 11
—_——— —_——— —_———
0 ) .
=ilgg —~“§n)

Multiplying the 1st equation by

j— a3y
31 ‘&= —
a1

and subtracting this from the 3rd equation produces:

asi asi asi
(a31 — —aq1) 1 + (@32 — —a12) T2 + - - - + (a3, — —ay,) -2y
11 a1 11
—_———— ~—_———— —_——
0 o) @)
=ia39 azp

(4.2)
— by~ P (4.3)
4&/
::bg)
= by — By (44)
ai
by

Generally, multiplying for i = 2,...,n, the 1st equation by l;; := a;1/a;; and subtracting this
from the 7th equation yields the following equivalent system of equations:

a11T1 -+ a12T9 -+ —+ AinTy, = b1
ag):):g + + agi):vn = 652)
afﬁxz + + adz, = b

Repeating this process for the (n — 1) x (n — 1) subsystem

CL§22).§L’2 + + agi)xn = bf)
aﬁﬁ} Ty + + o T, = b2
of (4.5) yields
a11r1 + 129 + a13%3 + - -+ A1nTy
ag):):g + a%)a:g + + agi):)sn =
aé‘?xg + + agi):cn =

(4.5)
b
by
b (4.6)
b



Figure 4.2: Gaussian elimination: reduction to upper triangular form

One repeats this procedure until one has reached triangular form. The following Alg. 4.8 realizes
the above procedure: It overwrites the matrix A so that its upper triangle contains the final
triangular form, which we will denote U below; the entries [;; computed on the way will be
collected in a normalized lower triangular matrix L.

Algorithm 4.8 (Gaussian elimination without pivoting)
Input: A
Output: non-trivial entries of L and U; A is overwritten by U

for k=1:(n—1) do
for i=(k+1):n do

lik = Zf’;
A(i, [k +1:n])+ = —lip- Ak, [k +1:n))
end for
end for

Remark 4.9 In (4.8) below, we will see that A = LU, where U and L are computed in
Alg. 4.8. Typically, the off-diagonal entries of L are stored in the lower triangular part of A so
that effectively, A is overwritten by its LU -factorization. "

Exercise 4.10 Fxpand Alg. 4.8 so as to include the modifications of the right-hand side b. m

4.2.1 Interpretation of Gaussian elimination as an LU-factorization

With the coefficients /;; computed above (e.g., in Alg. 4.8) one can define the matrices

1
0
L®*) .= 0 1 : k=1,....,n—1
g1k
: 0
0 0 L O 0 1
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Exercise 4.11 Check that the inverse of L*) is given by

1
0
_ 0 1
(L*)~ (4.7)
~lpt1,k
0
0 -+ 0 —lyy 0 --- 0 1

Each step of the above Gaussian elimination process sketched in Fig. 4.2 is realized by a
multiplication from the left by a matrix, in fact, the matrix (L*))~! (cf. (4.7)). That is, the
Gaussian elimination process can be described as

A=AD 5 A® _— (L(l))—lA(l) — AB) — (L(2))—1A(2) — (L(2))—1(L(1))—1A(1) N
(n) o (=D\=1A(n-1) _ (7 (n=1)\=1/7 (n—2)\—1 @\—1/7 (1)\=1 A (1)
= A — (L) IAG=D = = (L) LeD) L (@) LL) 1A

=:U upper triangular
Rewriting this yields, the LU-factorization
—_—
=L

The matrix L is a lower triangular matrix as the product of lower triangular matrices (cf.
Exercise 4.5). In fact, due to the special structure of the matrices L®*) it is given by

1

as the following exercise shows:

Exercise 4.12 For each k the product LOLETD ... L= s given by

1
0
LG . 1) 01
lks1k 1
lpyo k41
0o - 0 ln,k ln,k—i—l o ln,n—l 1

59



Thus, we have shown that Gaussian elimination produces a factorization
A =LU, (4.8)

where L and U are lower and upper triangular matrices determined by Alg. 4.8.

4.3 LU-factorization

In numerical practice, linear systems are solved by computing the factors L and U in (4.8) and
the system is then solved with one forward and one back substitution:

1. compute L, U such that A = LU
2. solve Ly = b using forward substitution

3. solve Ux =y using back substitution

Remark 4.13 In matlab, the LU-factorization is realized by 1u(A). In python one can use
scipy.linalg.lu. L]

As we have seen in Section 4.2.1, the LU-factorization can be computed with Gaussian elimi-
nation. An alternative way of computing the factors L, U is given in the following section?

4.3.1 Crout’s algorithm for computing LU-factorization

We seek L, U such that

1 ull . e .« .. uln a/ll . e .« .. aln
In - : 1
lnl e ln,n—l 1 Unn Qp1 -+ < App

This represents n? equations for n? unknowns, i.e., we are looking for l;;, u;;, such that
n
! .
aik:Zliju]’k, \V/Z,k‘:]_,...,n.
i=1
L is lower triangular, U is upper triangular —-

min(z,k

)
Ak ; Z lij Ujk \V/Z,k‘: 1,...,n (49)
j=1

40ne reason for studying different algorithms is that the entries of L and U are computed in a different
order so that these algorithms differ in their memory access and thus potentially in actual timings.
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Idea:

Traverse the n? equations in (4.9) in following order: (“Crout ordering”)]]
(L1, (1,2), ... ,(1,n)
(2,1), (3,1), ... ,(n,1)
(2,2), (2,3), ... ,(2,n)
(3,2), (4,2), ... ,(n,2)
etc.

Procedure:
l.step: i=1, k=1,...,n in (4.9):

!
li uig = axg
-1
= U(1l,:) can be computed
2.step: k=1, i=2,....,n in (4.9):

linun = ai
= L([2:n],1) can be determined
3.step: =2, k=2,...,n in (4.9):
!
l21 U+ loo uopy = ag for k=2,...,n
~— =~ ~
is known is known =1
by lé step by l{ step
= can compute U(2,[2: n])
4. step: k=2, i=3,...,n in (4.9):
! .
lil U12 +ZZQ U922 = ;9 for 1 = 3, o,
~ ~—
known by known by known by
2. step 1. step 3. step

= can compute L([3 : n],2)

The procedure is formalized in the following

Algorithm 4.14 (Crout’s LU-factorization)
Input: invertible matrix A € R™" that has an LU -factorization
Output:  the non-trivial entries of the normalized LU -factorization
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for i=1:n do
for k=i:n do
i—1
Uik "= Qi — ) Lijujk
Jj=1

end for
for k=i+1:n do

i—1
lyi = (aki - Z lkj“ji) /Uu
Jj=1

end for
end for

Remark 4.15 (cost when solving (4.1) with LU-factorization)

e The LU-factorization dominates with O(n®) (more precisely: 2/3n*+O(n?) floating point
operations) the total cost, since the cost of back substitution and forward substitution are

O(n?)

e An advantage of an LU -factorization arises, when problems with multiple right-hand sides
are considered: solving Ax = b for M right-hand sides b, requires only a single LU -
factorization, i.e., the cost are %n?’ + 2Mn? "

In practice A is overwritten by its LU-decomposition:

Algorithm 4.16 (LU-factorization with overwriting A)
Input: A, invertible, A has a LU-factorization

Output: algorithm replaces a;; with w;; forj>1

and with l;; for j <i

for i=1:n do
for k=i:n do
i—1
Qi = Qgf — Z A5 Ajk
Jj=1

end for
for k=(i+1):n do

i—1
Ak = (aki - Ak aji) /aii
j=1

end for
end for

4.3.2 banded matrices

A matrix A € R"*" is a banded matriz with upper bandwidth q and lower bandwidth p if a;, = 0
for all ¢, k with ¢ > k+p or k£ > ¢+ q. The following theorem shows that banded matrices are
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Figure 4.3: banded matrix with upper bandwidth ¢ and lower bandwidth p.

of interest if p and ¢ are small (compared to n):

Theorem 4.17 Let A € R™ " be a banded matrixz with upper bandwidth q and lower bandwidth
p. Let A be invertible and admit an LU -factorization. Then:

(i) L has lower bandwidth p and U has upper bandwidth q.
(ii) Cost to solve Ax =b:

(a) O(npq) floating point operations (flops) to determine LU -factorization
(b) O(np) flops to solve Ly = b
(c) O(nq) flops to solve Ux =y

Proof: (Exercise) Prove (i) for the special case of a tridiagonal matrix, i.e., p = ¢ = 1. To that
end, proceed by induction on the matrix size n:

e n—1 ve

e for the induction step n — n+1 make the ansatz

0
A = A, L Ln 10 Un |
0
o1 0
(pn41 ‘ ‘p
0 -+ - 0 pgin | Ontint1

and compute [T, u, and p. Use the structure of L,,, U, given by the induction hypothesis.

O
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4.3.3 Cholesky-factorization

A particularly important class of matrices A is that of symmetric positive definite (SPD)
matrices:

e A is symmetric, i.e., A;; = Aj; for all 7, 5
e A is positive definite, i.e., x"Ax > 0 for all x # 0.

Remark 4.18 An alternative criterion for positive definiteness of a symmetric matriz is that
all its eigenvalues are positive. "

For SPD matrices, one typically employs a variant of the LU-factorization, namely, the Cholesky-
factorization, i.e.,

A =CC', (4.10)

where the Cholesky factor C is lower triangular (but not normalized, i.e., the entries C;; are
not necessarily 1).

Exercise 4.19 Formulate an algorithm to compute C. Hint: Proceed as in Crout’s method for
the LU -factorization. .

Remark 4.20 If an SPD matriz A is banded with bandwidth p = q, then the Cholesky factor
C s also banded with the same bandwidth. .

Remark 4.21 The cost of a Cholesky factorization (of either a full matriz or a banded matriz)
1s about half of that of the corresponding LU -factorization since only half the entries need to be
computed. "

Remark 4.22 A Cholesky factorization is computed in matlab with chol. .

4.3.4 skyline matrices

Banded matrices are a particular case of sparse matrices, i.e., matrices with “few” non-zero
entries. We note that the LU-factors have the same sparsity pattern, i.e., the zeros of A
outside the band are inherited by the factors L, U.
Another important special case of sparse matrices are so-called skyline matrices as depicted on
the left side of Fig. 4.4. More formally, a matrix A € R™*" is called a skyline matriz, if for
1 =1,...,n there are numbers p;, ¢; € Ny such that

aijzo ifj<i—piori<j—qj. (4-11)

We have without proof:
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Figure 4.4: lines indicate non-zero entries. Left: skyline matrix, whose sparsity pattern is
inherited by LU-factorization. Right: not a skyline-Matrix and the LU-factorization does not
inherit the sparsity pattern.

1 1 1 1
1 2 2 1
1 3 3 1
A=]11 2 3 5 18 L=U"=]12 31
1 5 1
1 6 1
1 2318 5 6 92 1 234561

Figure 4.5: A € R™7 and its LU-factorization.

Theorem 4.23 Let A € R™™ be a skyline matriz, i.e., there are p;, q; with (4.11). Let A
have an LU -factorization A = LU. Then the matrices L, U satisfy:

lij=0 forj<i—p; uy =0 fori<j—g;

Theorem 4.23 states that the factors L and U have the same sparsity pattern as A. Figure 4.5
illustrates this for a simple example. Obviously, this can be exploited algorithmically to econ-
omize on memory requirement and computing time by simply computing the non-zero entries
of L and U. Note that the matrices in Fig. 4.4 should not be treated as banded matrices as
then the bands p, ¢ would be n. The right example in Fig. 4.4 is not a skyline matrix, and
the sparsity pattern of A is lost in the course of the LU-factorization: L ist in general a fully
populated lower triangular matrix and U a fully populated upper triangular matrix. This is
called fill in.

Exercise 4.24 The sparsity pattern of matrices can be checked in matlab with the command
spy. Check the sparsity patterns of the LU -factorization of the matrices A given above. .

Remark 4.25 Modern solvers for sparse linear systems typically perform as a preprocessing
step row and column permutations so as to minimize fill-in during factorization. (— see Ap-
prozimate Minimum Degree, Reverse Cuthill-McKee).
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4.4 (Gaussian elimination with pivoting

4.4.1 Motivation

So far, we assumed that A admits a factorization A = LU. However, even if A is invertible,
this need not be the case as the following example shows:

2= (52)

does not have a factorization A = LU with normalized lower triangular matriz L and upper
triangular matriz U.

Exercise 4.26 Prove that the matriz

The key observation is that permuting the rows of A leads to a matrix that has an LU-

factorization: Let
0 1
=)

be the permutation matrix that interchanges the rows 1 and 2 of A:

3 2
n-(31)

This matrix has an LU-factorization. The general principle is:

Theorem 4.27 Let A € R™"™ be invertible. Then there exists a permutation matriz P, a
normalized lower triangular matriz L, and an upper triangular matriz U such that LU = PA.
Here PA is a permutation of the rows of A.

Exercise 4.28 Let P be given by

where the off-diagonal 1 are in the positions (i1, is) and (is, 1) (with iy # iz). Show: The matriz
PA is the matriz A with rows i, and iy interchanged. Furthermore, P~ =PT = P. n
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4.4.2 Algorithms

A factorization as given in Theorem 4.27 can be obtained by modifying Alg. 4.8: if a definition
of an [;; is not possible because ag-jj) = 0, then a row j’ from the rows {j + 1,...,n} is chosen

with agjj), # 0 (this is possible since otherwise A is rank deficient). One interchanges rows j and
j' and continues with Alg. 4.8.

Mathematically, it is immaterial, which row j’ is chosen. Numerically, one typically chooses
the row j’ such that the corresponding entry a%? is the largest (in absolute value) from the set
{ang) J=j+1,...,n}. This is called partial pivoting.

To formalize the procedure, we need the concept of permutation matrices:

Definition 4.29 Let 7: {1,...,n} — {1,...,n} be a permutation®. Then,

P7r = (ew(l) g ey ew(n)>

denotes the corresponding permutation matriz.

Theorem 4.30 Letw: {1,...,n} — {1,...,n} be a permutation. Then:
(Z) P7T €; ‘= 0] Vi
(i) Pt =Py

(iii) PLA is obtained from A by row permutation: the i-th row of A becomes the m(i)-th row
of PrA. Put differently: (PrA);. = Ar-1(;. or, still equivalently, (Pr-1A);. = Ar)..

(iv) AP, is obtained from A by column permutation: (AP.).; = A, ).
Proof: Exercise. (Prove (ii), then (iv). Finally (iii) using (ii) and transposes.) O

In practice, the LU-factorization of A with (row) pivoting operates directly on the matrix A,
i.e., overwrites the matrix A and the row permutations are not done explicitly but implicitly
with pointers. This leads to:

Algorithm 4.31 (Gaussian elimination with row pivoting) Input: invertible A € R"*"
Output:  factorization PA = LU, where A is overwritten by U:
Wij = An(); and P =P = P is implicitly given by the vector w

m:=(1,2,...,n)

for k=1:(n—1) do
seek p € {k,...,n} s.t. |apr| > |ap| Vi >k
interchange k-th and p-th entry of vector ™
for i=(k+1):n do

_ Ox(i)k

ao) e == A (k),k
for j=(k+1):n do
Ur(i)g “= Qn(i)g — bn(i) e Qr(k).j

5That is, 7 is a bijection
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end for
end for
end for

Theorem 4.32  Let A € R™ " be invertible. Then Algorithm 4.531 yields a factorization
LU = PA, where L satisfies |l;;| <1 Vi,j. P is a permutation matriz.

Remark 4.33 The matlab/python commands to compute LU-factorization typically return
matrices L, U, P of a factorization LU = PA and perform (at least some) pivoting. .

Exercise 4.34 Given a factorization LU = PA | determine the solution x of Ax = b. .

4.4.3 numerical difficulties: choice of the pivoting strategy

Alg. 4.31 selected the largest element from among the possible pivot elements. Why this is a
good strategy becomes more clear when one studies the case that the pivot element is non-zero
but small as in the following example.
e 1
=(01)

Consider for small € the matrix
1 0 15 1
A_<6_1 1)(0 1—6_1>

Let now € = 1072 In typical floating point arithmetic (16 digits) one therefore expects this to
be realized as with approximate factors L, U given by

1 0 o (1070 1
_<10201)’ U‘( 0 —1020>

If one performs (in matlab, say) the forward and back substitution for the linear system

iﬁx:(}))

one obtains x = (0, 1) whereas the correct solution of the original problem is (up to machine
precision) x = (—1,1). That is, the solution is completely inaccurate. In contrast, solving the
row-pivoted problem yields the correct solution.

Rather than fully analyzing round errors for the solution of linear systems, let us give a heuristic,
why the pivoting strategy is reasonable. Let us assume that the entries of the matrix A and the
right-hand side vector b and the solution vector x are “moderate” in size. If small pivots are
used, i.e., some agz) is small during Gaussian elimination, then one should expect the entries of L
to be large (as in the above example). Hence, in the course of the forward or back substitution,
one should expect large intermediate values. If the final result is again “moderate”, then one
should fear that this is achieved by subtracting numbers of similar size. That is, one should

fear cancellation and thus loss of accuracy. In Alg. 4.31 the pivoting choice ensures that the

Its LU-factorization is

=
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entries of L are all bounded by 1, thus moderate. We stress that this is not an insurance against
roundoff problems as the pivoting strategy does not control the size of the entries of U. While
this is possible (“full pivoting”), it is usually avoided due to the cost considerations.

4.5 condition number of a matrix A

An important quantity to assess the effect of errors in the data (i.e., the right-hand side b or
the matrix A) on the solution is the condition number (see (4.13) ahead). In order to define it,

let || - || be a norm on R™. On the space of matrices A € R"*", we define the induced matriz
norm by
A
IA] = max X (4.12)
0£xeR" || x|

Exercise 4.35 Show:

LI - || = || - oo, then the induced matriz norm || - ||oo is given by (“row sum norm”
n
Ao = miaxz |aij]
j=1
2. If | - | = || - I, then the induced matriz norm || - ||« is given by (“column sum norm”)
n
1Al = max ) ay|
G

8. For| - ||z one has |A||2 = Anae(ATA), where Ao denotes the mazimal eigenvalue. w
Exercise 4.36 Prove: For A, B € R™" there holds ||AB|| < ||A]/||B]|. .
We study the effect of perturbing the right-hand side b. We consider

Ax=Db
A(x+ Ax) =b+ Ab

In order to estimate Ax in terms of Ab we note AAx = Ab as well as ||b|| = ||[AA"!b|| <
|A||||A~'b]|| so that

absolute error: ||Ax| = ||[A"*Ab|| < ||A7Y|||Ab]|,

: |Ax|| _ [IAT'Ab| _ [[ATY][||Ab 1, [1Ab]]
relative error: = < = ||A|[|AT || 5=
Il |A~="D]| Ibl[/lA bl
The quantity
r(A) = [A]ATY| (4.13)
is called the condition number of the matrix A (with respect to the norm || - ||). It measures

how a perturbation in the right-hand side b could impact the solution of the linear system.
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Remark 4.37 In floating point arithmetic, a rounding error ||Abl|/||b|| = O(e) with machine
precision € is typically unavoidable. Thus, ek(A) indicates of the level of accuracy that could
at best be expected. "

Remark 4.38 The condition number also appears when one assesses the impact of perturba-
tions of matriz entries. One has (see, e.qg., the class notes of Schranz-Kirlinger)

| Ax] |AA]
—— < K -
AN

where x and X solve

Ax=b, (A+AAX=b
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4.6 (QR-factorization (CSE)

The basic idea above to solve linear systems is to write Ax = b as LUx = b since the linear
systems Ly = b and Ux = y are easily solved by forward and back substitution. We now
present a further factorization A = QR, the QR-factorization, where the factors Q and R are
such that the linear systems Qy = b and Rx = y are easily solved. Although computing the
QR-factorization is about twice as expensive as the LU-factorization it is the preferred method
for ill-conditioned matrices A.

4.6.1 orthogonal matrices

Definition 4.39 A matriz Q € R™" is orthogonal, if Q'Q = I. O, denotes the set of
orthogonal n X n-matrices.

Theorem 4.40 (i) The product of two orthogonal matrices is orthogonal; the inverse of an
orthogonal matriz is orthogonal.

0 Qn—k

(ii)) Q € O, = [Qx|2 = |x|l2 Vx € R [ that is, Q preserves length/euclidean norm—it
is this property that makes orthogonal matrices so attractive in numerics. |

ﬁUHQeO%mMm<h 0 )eOn

Proof: Ezercise. O

Remark 4.41 (multiplication by Q € O,, is numerically stable) Consider relative errors:

[Qx+Ax) — Qx| _ [[QAx, _ 1. |Ax[]5

H QX||2 || QXH 2 “amplification” factor HX||2
for rel. error

Exercise 4.42 Check that the Gram-Schmidt orthogonalization process for a matriz A € R™*"
produces an upper triangular matrix R and an orthogonal matriz Q with AR = Q. Hence, for
invertible R (i.e., invertible A ), Gram-Schmidt provides a QR-factorization of A. .

4.6.2 () R-factorization by Householder reflections

Definition 4.43 Let m > n.

(1)) R € R™" is a generalized upper triangular matriz if r;; =0 Vi > j, i.e.,

R:(%) with R e,

U,, denotes the set of m X m upper triangular matrices.

61n other words: O, is a group with respect to matrix multiplication.
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(ii) A factorization A = QR of a matrix A € R™" with an orthogonal Q € O, and a
generalized upper triangular matriz R is called a QR-factorization of A.

Theorem 4.44 Let A € R"™" be invertible. Then: A has a QR-factorization. It is unique if
one fizes the signs of the diagonal entries r; of R.

Proof: The existence follows from the explicit construction in Alg. 4.49 below. ror definiteness’ sake,
assume that the signs of diagonal entries are fixed to be positive: r;; > 0. Let QR = Qﬁ = A be two QR-factorizations. Since A is invertible, so is R.
Hence, Q' := QTQ =RR ! =: R’. We have to R’ is upper triangular (as the product of two upper triangular matrices) and an orthogonal matrix
(since Q' is orthogonal as the product of two orthogonal matrices). Thus, the columns of R/ are orthogonal and by using that R’/ is upper triangular,
checking inner products of columns of R’ reveals that R’ is a diagonal matrix (e.g., 0 = (R:/YI)T(R:/Q) = 7“117“12 and r11 # 0). Diagonal matrices that
are orthogonal have +1 or —1 on the diagonal. One can show (e.g., by induction on n) that (R);1 = 1/7r;; and it is not difficult to see that the diagonal
entries of (RR™1);; = R;; (R™1);; = 745 /7i;. Since, by assumption, 7;; and r;; have the same sign, 7;;/r;; = 1. Hence, Q' Q = Q' = RR™! =1

That is, Q = Q and R = R. O

The QR-factorization of A is schematically obtained as follows:

* * Z; N
A= A0 — ﬂ) QA ) —. AL = )
* * 0 x .
*
* * O *
0 % ... % Q2€0, .
A0 [ 7 ] 2 QAW =A@ = | f 0« s
0 =x *
0 0 = *
0 = * * *
A _ 0 =« T N €O ey _ | O
0 O * .. % 0 0

Then: Q,—1Q,—2... QA =R.
That is, the sought QR-factorization is A = Q] ... Q! R.

n—1
The Q; are constructed using so-called Householder reflections, which are “elementary” orthog-
onal transformations:

Definition 4.45 (Householder reflections) Given v € R" with ||v||s = 1 the matric H =
I —2vv' is called the induced Householder reflection.

Lemma 4.46 (properties of Householder reflections) Let v € R™ with ||v|s = 1. Then
the matric H =1 — 2vv' satisfies:

(i) H is symmetric, i.e., H' = H)
(11) H is an involution (H> =1)
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Figure 4.6: The Householder H with Hx || e'; cf. proof of Lemma 4.47

(iii) H is orthogonal H H = 1)

Proof: Exercise.
The geometric interpretation of H is that the linear map represented by H is a reflection at
the hyperplane {x € R"|v'x = 0}. O

Lemma 4.47 Let x € R"\ {0} and e! = (1,0,...,0)" € R*. Then 3 Q € O, with Qx €
span{e'}. In particular:

(1) if x || €', then Q:=1T

(i) if x [f €', then set” A\ = signx|[x[2. Then H = I —2vv' with v = m has the

desired property Hx = —\el.

Proof:

X1 + (signxy)||x||2
X2
x + el =

Xn

2 n
I + e (I3 = (Ixa] + [Ix[l2) " + > xF = 2(1x]13 + 2[xa|[[x]|2 # 0
i—2
x + \e'

I —2vv )x =x —
( ) ST + 2xi T

.
<x + sign X1HX||2el> X = —\e'

(.

[+ 115l

"we assume signx; # 0. If x; = 0, then select signx; arbitrarily as 1 or —1.
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Remark 4.48 (choice of \) Househoulder reflections H with Hx € span{e'} are not unique.

For example, v = ||;:>\>\eell||2 with A = —(signxy)||x||2 is also possible. This choice, however, is
numerically unstable if x and e' are nearly parallel, i.e., |x1| ~ ||x||2. Then cancellation occurs
when computing X + \el. "

Algorithm 4.49 (Householder QR-factorization) Input: A € R™" m > n, rank(A) =
n

Output:  factorization A = QR with Q € O,, and R € R™" generalized upper triangular

matriz. Q is given implicitly as Q7' = Q,_1---Qu [ note: Q = Qu--- Q1 since the Q; are
symmetric, i.e., Q] = Q; |

o set AO) := A and select Qi as a Householder reflection s.t. QAF?l) | et € R™

e “Householder step”:
1 1 1
A
AD — QA — 0 ay ... ay,
0 aSQ) aﬁi%

o select Q) as a Householder reflection s.t. QIAE;)m],z | el € R™!
e set
1| 0
Q. = ~
ol @
e “Householder step”:
(1) (1)
ay .. .. ... a
[Ny (1) 1 in
ay; ayg ... a 2 2
o “h 0 a) ... ... a
22 - Qg =AD 5 QAL = A® = : 0 a:(),? @:(),33
0 ag) oad : : ; :
’ 0 0 o@ ... a2
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e analogously, the next steps are:

(1)

e
Qoo
0 aff
0 0 a%

a,

on 0 1

) | =A® — B A2

: Q>

am
* %
0
: %
0 . 0
0 . 0

Remark 4.50 (i) see literature (e.g., the book by Golub—van Loan) for a precise formulation

(ii) Algorithm 4.49 does not stop prematurely since rank A = n [ if a column (a

(k) (k) T
E41ks* o ak+1,n)

is zero, then A cannot have full column rank n! |

(iii) cost:  For A € R™ " the algorithm requires

4
3

n® arithmetic operations — twice as expense

as LU-factorization and 4 times as expensive as a Cholesky decomposition.

(iv) storage: Q is typically not stored explicitly but merely the Householder vectors are stored.
One possibility of storing the factorization in place of A:

e store the entries r;; , j >1 in place of a;;

o store the k-th Householder vector wi, € R™=F in place of az, , i >k

e store the ry separately

Remark 4.51 Although the QR-factorization is more expensive than the LU-factorization, it
15 employed for its better numerical stability properties if the condition number of A s large. m

4.6.3 QR-factorization with pivoting

Analogously to LU-factorizations with pivoting one can perform QR-factorizations with piv-
oting by constructing factorizations QR = AP for a permutation matrix P. This is useful, for
example, to treat the case when m > n and rank A < n (“rank-deficient case”).
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Procedure:

P 1= permutation matrix that moves the column of ~ Householder ~
A©) AL .— A(O)Pl v A= Q1A(1)
A with the largest || - ||2 norm to the first column
P2: exchange columns 2 and p where ~ Householder ~
A®) — A®@ = AP, — 3 A®) = Q,A?
1 1
p>2 and AL |2 = max;so [|AG) o
%k e PR PR PR PR %k
0
A¥Y — . — AW = = final form
termination:

. - o (k)
remaining matrix” | a;

¢

e The procedure termines if the is the null matrix. Then

rank A =k

>i,j,2k+1

e The diagonal entries ry; satisfy |rii| > |roe| > -+ > |rg| > 0 (exercise: why?). If the
(k) (k) k
[k’+1:end],[k’+1:end] has small norm, €.g., HA[k’—l-l:end],[k’—i-l:end]||2 < 5machHA( )H2

with a0 being on the order of machine precision, then the rank of A is effectively £'.

submatrix A

4.6.4 (Givens rotations

The application of a single Householder reflection affects many entries of the matrix. Some-
times, it is useful to work with orthogonal matrices that introduce zeros in a matrix in more
selective way, i.e., affect rather few entries at the same time. Givens rotations are then typically
employed. We mention that, for full matrices, a QR~factorization using Givens rotations is (by
a factor) more expensive than with Householder reflections.

For 6§ € [0,27) set ¢ := cosf, s := sinf. Then the Givens rotation G(i,j,0) with i # j is
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defined as

G(i,j,0) =

Geometrically, G(i, j,6) is a rotation by an angle 6 in the two-dimensional plane span{e;,e;}.
Thus is an orthogonal matrix. We have

Lemma 4.52 Given i # j, 0 € [0,27) abbreviate

~ _ ( c s )
-5 c
Then:

(i) G(1,7,0) is orthogonal

(i) AG differs from A only in columns i and j and these are linear combinations of the
columns i, 7 of A:

~

(AG)(:, [i,5]) = A(L [1, )G
(iii) GTA differs from A only in rows i and j and these are linear combinations of the rows
1, J of A: R
(GTA)([i,7],:) = GTA(li, 1], 2)

(iv) Leti# j and i’ # i. Then there is a Givens rotation G(i,7,0) such that (GTA);; = 0.

Proof: We only show (iv). For that, we note

i'Q

i'j

@A) = EAG D= () (A A

S C

. * ‘ CAZ'j — SAZ‘/j
- * | * '

Hence, the requirement (GTA)U = 0 implies that § should be chosen such that sA;; = cA;;.
1. case: A;; = 0: select c =1, s =0.

2. case: A;; # 0: select 6 € (0, 7) as the solution of cot § =

. Ayrj O

i]‘
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Lemma 4.52 informs us that one could also compute a QR-factorization of A using Givens
rotations. We sketch the procedure:

*
* * 0 =
*
* G(1,2) G(1,3) 0 =
A — . 5 S S
: . *
* * ’ .
k * k .
* k k
0 = 0 0 =
g | 0 * ces | 00 Gin-1m) | 0 0
— e =5 — — e =
0 0 = 00
0 * ... x 0 % ... =% 00 ... =x

The construction of a QR-factorization using Givens rotations is more expensive than the one
using Householder reflections for full matrices. Givens rotations are typically employed if the
matrix has already many zeros that one wishes to preserve by orthogonal transformations as
the following example shows.

Example 4.53 We compute the QR-factorization of an upper Hessenberg matriz.

(Upper) Hessenberg matrices A are matrices with A;; =0 fori > j+1 (i.e., upper triangular
and one additional subdiagonal may be nonzero). The basic step of the so-called QR-algorithm
for the (iterative) computation of eigenvalue of a matriz A is to compute the QR-factorization
of Q and then compute the product of these factors in reverse order, i.e., RQ. We show that,
if the matrix A is upper Hessenberg, then the product RQ s again upper Hessenberg.

We compute the matriz Q' as the product Q" = G(n — 1,n)---G(2,3)G(1,2) of n — 1
Givens rotation to annihilate the subdiagonal entries of A. By construction QT A is thus
upper triangular and is the factor R. Next, we multiply from the right by Q, i.e., we com-
pute (QTA)Q = (QTA)G(1,2)"G(2,3)" ---G(n —1,n)". One then checks the multiplication
of (QTA) by G(1,2) introduces an additional non-zero term in the (2,1) position. The subse-
quent multiplication by G(2,3) introduces one in the (3,2) position. Continuing in this fashion,
we see that Q"HQ is an (upper) Hessenberg matriz. "
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5 Least Squares

goal: Given A € R™*" b € R™, determine a “reasonable” solution to

Ax=Db (5.1)

Remark 5.1 For m > n, problem (5.1) is overdetermined so one cannot expect existence
of a classical solution. For m < n, problem (5.1) is underdetermined so one cannot expect
uniqueness. n

A reasonable approach is to minimize the residual b — Ax in some norm of interest. The
(> norm || - ||» is particularly convenient as we will later see.

Definition 5.2 (least squares solution) x € R" is called a least squares solution of Ax =
b, if it solves the following minimization problem:

Find x € R" s.t.|b — Ax||s = min {||b — Ay|2|y € R"} (5.2)

Although a theory for general A € R™ "™ can be developed, we consider, in the interest of
simplicity and brevity, in the present section only the case that A has full rank. That is, if
m > n, then A has n linearly independent columns and if n > m, then A has m linearly
independent rows.

Example 5.3 The matlab command polyfit actually solves a least squares problem: given
n+ 1 data points (z;,y:), i = 0,...,n and m < n, the coefficients (a;)7L, of the polynomial
m(x) == Y a2l are found such that Y7 (m(x;) — y;)? is minimized. matlab actually uses

the technique based on the QQR-factorization described below. "

5.1 Method of the normal equations

goal: derive a linear system of equations for the solution x of (5.2).
To that end, let x € R™ be the solution of (5.2) and let v € R™ be arbitrary but fixed. Define

m: R—=R
t[[b—A(x+tv)|3 =|b— Ax —tAv|5 = (b — Ax,b — Ax), — 2t({b — Ax, Av), + t*||Av|];

7 is (as a function of ¢) a quadratic polynomial and has, by the choice of x, a minimum at ¢ = 0
(choose y =x + tv in (5.2)). Hence,

0=7'(0)=2(b—Ax,Av); =2v' AT (b — Ax).
Since v € R" is arbitrary, we conclude that

0=v'A'(b—-Ax) VveR" = A'(b-Ax)=0 €R"
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Hence, x satisfies the normal equations
ATAx=A"b (5.3)

The normal equations (5.3) are a necessary condition for solutions x of (5.2). They are also
sufficient: By tracing back the above steps, one observes that, if x solves (5.3) then for every
fixed v the polynomial ¢ — |[b—A(x+#v)||3 has a minimum at ¢ = 0. Since also ||b—Ax||3 =
7(0) < (1) = ||b— A(x+Vv)||3 for every v, one concludes |b— Ax|2 < |b—Ay|? VyeR"
We have thus proved:

Theorem 5.4 x € R" solves (5.2), if and only if it solves (5.3).

In many applications the square system (5.3) is solvable and thus an option to solve the least
squares problem.

Theorem 5.5 Let m > n and let the columns of A be linearly independent. Then AT A is an
invertible matriz, and the unique solution of (5.8) is the unique solution of (5.2).

Proof: If the columns of A are linearly independent, then AT Ay = 0 implies y = 0 (Exercise!).
Since ATA € R™™" is a square matrix, it is invertible. Thus (5.3) is uniquely solvable. By
Theorem 5.4 the problem (5.2) is uniquely solvable. O

5.2 least squares using ()R-factorizations

A problem often encountered when solving the least squares problem (5.2) using the normal
equations (5.3) is that the matrix AT A is ill-conditioned, i.e., k(AT A) is very large. In many
applications, therefore, one solves (5.2) using the Q) R-factorization of A in spite of the increased
cost.!

5.2.1 () R-factorization

Definition 5.6 (orthogonal matrix) A matriz Q € R" is an orthogonal matrix, if Q™' =
Q.
Example 5.7 In R3, reflections at a plane, rotations, or permutations matrices:

1 1 1
1 , cosf sinf |, 1
-1 —sinf cos6 1

Orthgonal matrices realize transformations of R™ that preserve a) (euklidean) length and b)
angles:

Exercise 5.8 Let Q be an orthogonal matriz. Show:

'In the typically setting of m >> n, the cost based on QR-factorization is 2mn? versus mn? for the method
based on the normal equations.
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(a) 11Qxl> = ]l for all x € R".
(b) xTy = (Q)x)T(Qy) for all x, y € R" .

(c) 1Qll2=|1Q"||2 =1 and conclude k(Q) = 1 (with respect to | - ||2).

(d) The columns of Q have length 1 and are pairwise orthogonal. .
We have

Theorem 5.9 Let A € R™ "™ with linearly independent columns. Then A can be written as
A = QR, where Q € R™ ™ is orthogonal and R “upper triangular” matriz in the sense that
(Rij =0 fori>j.

Proof: Applying the Gram-Schmidt orthogonalization process to the vectors A. 1, A. 4, ..., A.,
yields the first n columns of Q as well as R. The remaining m — n columns of Q have to be
selected such that the Q is orthogonal. O

Remark 5.10 There are several algorithms to compute the QR-factorization of A. Their cost
is O(m?®n). Inmatlab, QR-factorization is realized with qr, in python as numpy.linalg.qr.

Remark 5.11 Ifm > n andif A has full rank (i.e., the columns of A are linearly independent),
then the first n columns of Q are an orthogonal basis of the range of Q, i.e., the span of the
first n columns of Q is the span of the columns of A. "

5.2.2 Solving least squares problems with () R-factorization

Let A = QR where Q € R™*™ is orthogonal and R € R™*"™ is upper triangular. We assume
m > n. We partition

R = ( IS ) , R* € R™" upper triangular.

If we assume that the columns of A are linearly independent, then the diagonal entries of the
matrix R* are non-zero, i.e., R* is invertible (since the columns of R are linearly independent).
We partition Qb as

b*

Qb= (F ). vo@w@ier,  b-@b)at1im) R

We observe that for arbitrary y we have

|Ay — b|> = |[QRy - b|? = [QRy — QTb)||> "=* |[Ry — Q"b|* = |R*y — b*| + ||b]|%.

This expression is minimized for the choice y = (R*)"'b*. We have thus arrived at the following
way to compute the minimizer:

L [Q R]=qr(A)
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2. compute Qb and set b* = (Q"b)([1 : n])

3. solve R*x = b* with back substitution

Remark 5.12 The QR-factorization can also be used in the case m = n to solve a linear
system Ax = b with the following three steps:

1. compute the QR-factorization of A
2. solve Qy = b by computingy = Q'b
3. solve Rx =y by back substitution

The cost is about twice that of the procedure using an LU -factorization. It is, however, preferred
if k(A) is large.

Example 5.13 Consider

2

1 1
. . . 1 T . 1"—52 1
N T e R R ]
0 ¢ €

Note Ax = b so that x is the exact solution of the least squares problem. We note k(ATA) =
8% + 1 so that A is ill-conditioned for small €. In matlab:

>> e = le-7;
>>A=1[11; e 0; 0el; b= [2;e;e];
>> x = (A’*xA)\(A’*b) Ysolution using normal equations
X =
1.011235955056180
0.988764044943820
>> [Q,R] = qr(4) ;

>> bb=Q’*b ;
>> xx = R(1:2,1:2)\bb(1:2) Ysolution using QR-factorization
XX =

1.000000000000000
1.000000000000000

The method using the normal equations yields a solution with two digits of accuracy (consistent
with k(ATA) ~ 10*) whereas the method based on the QR-factorization yields the correct
solution. -
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* % oy 0
A= % x| =U| 0 o |V
* % 0 0

Figure 5.1: structure of the SVD of an 3 x 2 matrix; U, V are orthogonal

5.3 underdetermined systems

The system (5.1) is underdetermined if m < n. Let us assume that A has full rank, i.e., it has
m linearly independent rows. Then (5.1) has a solution. However, the solution is not unique.
One way to fix the solution is to seek the minimum norm solution, i.e., to find x* such that

17|z = min{[ly[l2 | Ay = b}.

A convenient tool to solve this minimization problem is the singular value decomposition (SVD)
of A.

5.3.1 SVD

The SVD is a very important tool in the analysis of matrices. Without proof, we state its
existence:

Theorem 5.14 (SVD) Let A € R™" (m, n arbitrary). Then there exist o1 > g9 > «++ >
Omin{mn} = 0 and orthogonal matrices U € R™*™, V. € R™" and ¥ € R™" with ¥;; = 404,
o; > 0, such that

A=UxV', (5.4)

The values o; are called the singular values, the columns of U the left singular vectors and the
columns of the V the right singular vectors.
The SVD of a matrix A reveals many important properties of A:

Exercise 5.15 Let the singular values o; be sorted in descending order. Then:

1. Letoy > 09>+ >0, > 0pq1 = Opga = -+ = Ominfmn} = 0. Then r is the rank of A.
(If all singular values are positive, then the matriz A has full rank).

2. The columns U(:,[1 : r]) form an orthogonal basis of the range Im A of A

3. The columms V(:,[r + 1 : n]) form an orthogonal basis of the kernel of A. The columns
V (., [1:7]) form an orthogonal basis of (ker A)*, the orthogonal complement of the kernel
Of A. u

Hint: The range Im B of a matriz B € R™*" is defined as {Bx|x € R"}. One way to define
the rank of B is to set rank B = dimIm B. Try to show that Im¥ = span{ey,...,e.}. Con-
vince yourself that also ImYXV' = span{ey,...,e,} and that therefore In ULV ' = span{U(:

1), UG )}

Exercise 5.16 Let ULV be the SVD of A. Show: the eigenvalues of AT A are the eigenvalues
of the diagonal matriz XTX and those of AAT the eigenvalues of the diagonal matriz XX 7.
What can you say about the eigenvectors of the matrices ATA and AAT? "
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Remark 5.17 In matlab/python, the SVD is available as svd /numpy.linalg.svd. n
For r = rank(A), we introduce the matrices
U=UG[1:7]), V=V(G[:r]), S=x([1:7,1:7]), V :=V([r+1,n)]).

We note that A = USVT and ¥ is invertible. This factorization of A is called the reduced
SVD. We also note that the columns ov V' span the kernel of A.

Remark 5.18 A slightly different interpretation of the SVD is obtained by writing it as AV =
UX. Writing V = (v1,...,v,), U= (u,...,u,,), this means Av; = ow;, i = 1,...,r, where
r =rank(A). That is, we have found pairwise orthogonal vectors v; that are mapped under A
to an orthogonal basis of the range of A. "

Exercise 5.19 Show: V'(V')Tx is the orthogonal projection of x onto Ker A.. VVTx is the
orthogonal projection of of x onto (Ker A)*. Analogously, UU'x is the orthgonal projection
of x onto Range A. -

5.3.2 Finding the minimum norm solution using the SVD

Let m < n and assume (for simplicity) that A has full rank, ie., r = rank(A) = m. Then
U = U and the reduced SVD then takes the form A = UXV . We observe that

X :=VY'Ub
satisfies Ax* = b since
A =ULVVE U Tb=USS"'Ub=UUb=b

We note that every solution x of Ax = b has the form x = x* + V'y for ay € R"". We also
note that X* is orthogonal to ker A (which is spanned by V). That is: for every solution x of
Ax =Db we have

[ = %12 + [ V'y [1%,

which is obviously minimized by y = 0. Hence, x* is the sought minimum norm solution.

5.3.3 Solution of the least squares problem with the SVD

The least squares problem could, alternatively to using the () R-factorization, also be solved
with the SVD:

Exercise 5.20 Assume that m > n and that an SVD of A (with full rank) is given. Formulate
a method to compute the solution of (5.2). Remark: Since computing an SVD is more expensive
than computing a Q R-factorization, this is rarely done in practice. "
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5.3.4 Further properties of the SVD

Exercise 5.21 Let A = UXV' be the SVD of a matriz A. Show:

(a) ||Allz = 32,07, where the Frobenius norm of A is given by ||A[|% =37, . [Ayl*.
(b) Al = max; o7 = of.

We have:

Theorem 5.22 Let A = UXV'" be the SVD of the matriz A with rank r. Let the singular
values be sorted in descending order. Then for every v € {1,...,r} the matriz A, := U(:,[1 :
vDE([1: ], [1:v])V(, [1:v])T satisfies

IA=Ayflo=_ min - [A=DBs,

€R™Xn: rank(B)

|A—A,||r= min |A — B||g.

BeR™*7": rank(B)

Remark 5.23 The SVD can be used to determine the rank of a matriz by checking the number
of non-zero singular values. In practice, one has to select a cut-off ¢ > 0 (typically a little larger
than machine precision) and defines the rank r = #{o; | o; > €}. .
finis 9DS

5.3.5 The Moore-Penrose Pseudoinverse (CSE)

We consider the least squares problem without conditions on m, n, and the rank of A:
find x € R" s.t. ||JAx —bl|s < ||JAy — bl Vy € R"™. (5.5)

This problem has solutions but possibly more than one. To enforce uniqueness, we seek again
the “minimum norm” solution, i.e., the x* € R™ with the smallest norm. We have:

Theorem 5.24 Let A € R™*" with rank A = r. Let A = ULV be the reduced SVD of A.
Then x* := A*b with the Moore-Penrose pseudoinverse

At =Vy U’ (5.6)
is the minimum norm solution of the least squares problem (5.5).

Before proving Theorem 5.24, we formulate a representation of the orthogonal projection onto
a subspace, which takes a particularly simple form if an orthonormal basis of the space is
available:

Lemma 5.25 Let V € R™* have orthonormal columns. Then the map x — VV'x is the
orthogonal projection onto the subspace V spanned by the columns of V. If V € R"XAE"_’“) S
such that (V, V) is an orthogonal matriz (i.e., the space V spanned by the columns of V is the
orthogonal complement of V) then

x=VV'x+VV'x Vx € R™. (5.7)
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Proof: We recall that the orthogonal projection Px € V of x onto )V is characterized by
(x— Px,y)2=0 VyeV. (5.8)

We now check that Px := VV x satisfies (5.8). We note that VV 'x € V and that any y’ € V
can be written as y' = Vy for some y € R*¥. We compute for arbitrary x € R”, y € R*:

(x—VV'x,Vy)y=(VI(x=VV'x),y): = (VIx=V'VVT'x), y), =0,
=I

which shows (5.8). Similarly, VVTx is the orthogonal projection of x onto the space V. By
construction x — VV x is in the orthogonal complement of V), i.e., in the space V. Hence, by
the projection property VV'(x — VV'x) = x — VV’x. Since V'V = 0, we obtain (5.7) by
rearranging the terms. O

Proof of Theorem 5.24: We decompose b into its component in Range A and the rest using
Lemma 5.25: s
b=UUb+U(U)'b, U :=U([r+1:n]).

Next, we compute for arbitrary x € R”
|Ax = b3 = [USVTx = b[|; = [UEV x = UTb) + U'(U') "b|3
=[OV x - U'b)[|3 + |[U'(U) "bl|3
= [|IEV'x = U'b|; + |U'(U") "blj3

This expression is minimal if we can find x such that
Vix=2"1U"b. (5.9)

(We will see at the end of the proof that indeed such x exist.) Let us now seek the x* from all
x satisfying (5.9) with minimal norm. We write again with Lemma 5.25

x=VV'x+V(V)'x
Hence, any x that satisfies (5.9) has to satisfy
Ix[3 = [IVV "x|l3 + [V'(V') "x[|3 =" [VEU |3 + [|V'(V) x]3.
We see that x* with the smallest norm should be such that (V’)"x* = 0. Then, we get

o V=0 55T v (69

A AR =TS

Indeed, this x* satisfies (V') Tx* = 0 as well as (5.9). Hence, we have found the unique minimum
norm solution. O

Let us interpret the Moore-Penrose pseudoinverse. To that end, we let us restrict A to (Ker A)*,
which we denote by A to emphasize that the domain of definition and range has changed:

Ak : (KerA)t — RangeA
Vz = AVz=UXV'Vz=UXz
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This map is a bijection. Indeed, since the columns of U and V are linearly independent, the
inverse A" is easily read off to be:?

A UC— VR

We now consider
—1

R™ Range A Ar, (Ker A)*
b — U(U™) +— VX'U™Db

ortho. Proj.
—

This is precisely A™! Hence, the Moore-Penrose pseudoinverse takes from a vector b its com-
ponent in Range A and then applies the well-defined inverse AI_(1 that maps from Range A to
(Ker A)*.

Exercise 5.26 Let rank A = r. Show: ||[AT|y = o, . .

5.3.6 Further remarks

e The Moore-Penrose pseudoinverse is the inverse of A if A € R"*" is invertible.

e In general, A" shares some properties with the inverse: AATA = A and (AT)" = A.

Computing the SVD

The SVD is computed with variants of algorithms that compute eigenvalues and eigenvectors.
Since ATA =V Y'YV and AAT =U'EXTUT, one could compute the SVD by computing
the eigenvalues and eigenvectors of AT A or AAT. However, since ATA and AAT are typically
ill conditioned, one resorts to computing the eigenvalues and eigenvectors of the symmetric

matrix
0 AT
A 0 ’

whose eigenvalues are +0;. A popular algorithm for the SVD is — Golub-Kahan.

2An alternative way to see that A g is a bijection is to check the dimensions: dim(Ker A)* = n — dim Ker A
and by a linear algebra fact n = dim(Ker A)* + dim Range A so that dim(Ker A)+ = dim Range A
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6 Nonlinear equations and Newton’s method

goal: determine zero x* of f(x*) =0
Since there are typically no exact solution formulas, the zero x* is approximated by iterates x,
with lim,,_,, X, = x*. The most common form is that of a fixed point iteration

Xni1 = P(x,) (6.1)

with an initial guess xq that is taken sufficiently close to x*. Thus, the iterative method is
described by the function ®.

Exercise 6.1 Show: If x, — x* then x* is a fixed point of ®, i.e., x* = ®(x*) (assumption:

® is continuous at x*). .

6.1 Newton’s method in 1D

goal: Find zero z* of f(z*) =0
Idea: linearize f at the current iterate x,, and find zero of the linearization.
procedure:

1. x,, = current iterate

2. L(z) == f(z,) + f'(xn)(x — x,) [ linearization is the tangent at xz,, i.e., the Taylor
expansion up to the linear term |

3. Xy := zero of L, i.e.,

I =T )
n

(6.2)

We recognize that the 1D-Newton method (6.2) has the form z,; = &N (z,) of a fixed
point iteration with ®Vewin given by

@Newton(l,) =7 — ;/(ég . (63)

Example 6.2

x* = \/a is the zero of f(x) = 2? — a. With f'(x) = 2z, Newton’s method is

2
. _ @Newton L) =, — f(x”> =z, — Ly — CL.

The rapid convergence of the method is wvisible in Fig. 6.1 for the choice a = 2 and initial
value xog = 2. In fact, we observe so-called quadratic convergence in that the error behaves like
|o* — 21| = Cla* — 2,]? for some C > 0. .
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Newton iterates error

(2o = 2)
Ty 1.5 8.578643762690485_,
To 1.416666666666667 2.453104293571595_5
I3 1.414215686274510 | 2.1239014147411694_¢

T4 1.414213562374690 | 1.5947243525715749_19
exact: | 1.414213562373095

Figure 6.1: Newton’s method for computing v/2 (cf. Example 6.2)

6.2 convergence of fixed point iterations

The key property that ensures convergence of the fixed point iteration (6.1) is that ¢ is a
contraction:

Definition 6.3 The function ® : R — R? is a contraction (with respect to the norm || - ||)
near the point x* if there are ¢ € (0,1) and € > 0 such that

[P(x) — ()l <¢llx -yl  vx,y € BAx"). (6.4)

Exercise 6.4 Consider the case d = 1. Show: If ® € C' and |®'(2*)| < 1 near a point z*,
then ® is a contraction near x*. n

The following result shows that the contraction property implies convergence of the fixed point
iteration (6.1) if the initial value xq is sufficiently close to the fixed point x*.

Theorem 6.5 Let & be a contraction with contraction constant q € (0,1) near the fixed point
x* = ®(x*). Then there is € > 0 such that for xo € B.(x*) the iterates x,, given by (6.1)
converge to xX*. Moreover,

|Ix* — xpi1]] < ql|x* — x4 Vn € Np. (6.5)

Proof: Let £ > 0 be given by Def. 6.3 and x,, € B.(z*). Then:

)H z* fixed pt contraction property

27 = |l = fl2" — @(n [P (") = ()| qllz® — x|

Hence, if zy € B.(z*), then by induction all iterates z,, € B.(z*) and ||z* — z,|| — 0. O

Exercise 6.4 gives an easy condition (in the scalar case d = 1) when the iteration (6.1) converges:

Exercise 6.6 Let d =1 and ® € C" satisfy |9'(x*)| < 1 at the fived point z* of ®. Then the
iterates x,, given by (6.1) converge to x* provided the initial value xq is sufficiently close to x*.
Remark: The vector-valued analog is as follows: The derivative ®' is a d X d matriz and if there
is a norm || - || such that || ®'(x*)|| < 1 at a fized point x* of ®, then ® is a contraction near x*.

Example 6.7

We seek a solution of the nonlinear equation

2 — 122 —¢e"=0. (6.6)
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Tn+1 = (I)l (:En)

Tn+1 = (I)2 (xn)

0.592687716508341
0.437214425050104
0.672020792350124
0.204473907097276
0.879272743474883
stop: (2 — %87 < 0)

0.559615787935423
0.522851128605001
0.546169619063046
0.531627015197373
0.540795632739194
0.535053787215218

25

-
e

0.538664955236433
0.536399837485597
0.537823020842571
0.536929765486145

© 00 O Ui W = OB

Table 6.1: Left: fixed point iteration of Example 6.7. Right: 2 + e* and z + 2 — 22

Graphical considerations show that there is exactly one positive solution x* =~ 0.5. For x > 0
equation (6.6) can be converted to a fized point form in several ways:

r=12—e* = O(x), r=In(2 — 2°%) = Oy(x), (6.7)

The fized point iterations based on ®1 and o behave differently when initialized with xo = 0.5
as is visible in Table 6.1: Whereas the iteration x,.1 = ®o(x,) converges to the correct value
x* = 0.5372744491738 ... the iteration x,.1 = ®1(x,) does not converge. The reason is that
| D) (%) = | — 1.59| > 1 whereas |P4(z*)| ~ 0.31 < 1. n

Theorem 6.5 shows that if ® is a contraction, then one has linear convergence, i.e., the error
decreases by a factor ¢ € (0,1) in each step. A special situation arises if ®'(z*) = 0. Then
faster convergence is possible:

Theorem 6.8 Let d = 1 and ® € CP(RY), p > 2. Assume 2* = ®(z*) and 0 = ®U)(2*) for
j=1,....,p—1. Then there are C, £ > 0 such that for xq € B.(x*) the iterates z, given by
(6.1) converge to x* and

|z* — zpqa| < Clz* — z,|? Vn € Np.

Proof: By Theorem 6.5 we already know that the iterates converge to z* if ¢ is sufficiently
small. For the estimate, we modify the proof of Theorem 6.5. By Taylor expansion around z*
we have

Tn

* * 1 —
|z* — xpiq| = |P(2") — P(z,)] = )m/ (x, —t)? 1<1>(p)(t) dt
PP . B (o
|| || ,Be( )|LL’* . xn‘p-
(p—1)!

O
In the setting of Theorem 6.8, we say that the iteration converges with order p. In particular,
for p = 2 the method converges quadratically. Example 6.2 shows that the Newton method

applied to the problem f(x) = 2*> —a = 0 convergence quadratically. This is typical of the
Newton method:
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Corollary 6.9 Let d = 1 and f € C%. Assume f(x*) = 0 and f'(z*) # 0. Then Newton’s
method converges quadratically. That is, there are constants C', € > 0 such that if |x* — x| < €
then the sequence (x,), converges to * and

|2* — 2pp1| < Clo* — x| Vn.
Proof: One computes (exercise!) @Nd%m(x*) = 0. Hence, Theorem 6.8 implies (at least)
quadratic convergence. O

The quadratric convergence asserted in Cor. 6.9 requires f’(xz*) # 0. This is not an artefact of
the proof:

Exercise 6.10 Apply Newton’s method to find the zero of f(x) = x?. Show that Newton’s
method converges only linearly. "
6.3 Newton’s method in higher dimensions

Idee: as in 1D: linearize (= Taylor expansion up to linear terms) and find zero of linearization
procedure:

e in R™: x, = current iterate
e linearization L(x) = f(x,) + f'(x,)(x — x,) = linearization of f at x,, where
) ) )
P Mo e 2
, g (%) g - g
f'(x) = . S :
7L. 7L‘ ‘ 6 7L.
() a(n) o 2

e determine x,,; as the zero of L | i.e.,

Xpi1 = X, — (f’(xn)> _1f(xn).

That is, the iteration function ® is
-1
pNewton(y) = x (f’(x)) £(x) (6.8)

The convergence of the method is analogous to the 1D situation:

Theorem 6.11 Let f € C?(Bs(x*)) for some § > 0. Assume f(z*) = 0 and f'(z*) is an
invertible matriz. Then there exist ¢ > 0 and C' > 0 such that if xg € B.(x*), then all iterates
x, are in B:.(x*), one has convergence x,, — x*, and

" = xpa ]| < Clx" =%l Vi

Theorem 6.11 states quadratic convergence of Newton’s method (provided the starting value is
sufficiently close to x*) provided f’(x*) is invertible.
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Remark 6.12 In practice the Newton step is not realized by computing the inverse (f')~1 but
by solving a linear system:

1. compute f'(x,,) and the residual f(x,)
2. compute the correction by solving the linear system f'(x,)d = f(x,,)

3. perform the update X, 11 := X, — 0 "

Remark 6.13 The residual f(x,,) is some measure for the error x* —x,,. If '(x*) is invertible,
then for x,, sufficiently close to x*, Taylor expansion indicates

f(x,) =f(x,) — f(x*) ~ f'(x")(x, — x¥)
so that we can expect
I(E (7)) T (xa) | =2 (1" = ¢l (6.9)

The residual £(x,,) still is a measure for the error, however, only up to a constant depending
on f'(x*):

IEGe) | < £/ = xall + O(lx" — %), (6.10)
™ = x| < ()G + O(l1x" = xa?). (6.11)

6.4 implementation aspects of Newton methods

stopping criteria

1. x,, close to x* = quadratic convergence = |[|X,4+1 — X,|| is a good estimate for
[ — x7[:
%0 = x| < {lxn = Xnga || + X000 — X7
—_———

< cllan—a*||2
< llzn—=*|

= If each Newton step is cheap, then the stopping criterion is

|Xn+1 — Xn|| < given tolerance

2. If Newton steps are expensive (e.g., for large systems of equations) then one can approx-
imate ||x,+1 — X,| as follows:

-1
I =l = (£ x)) G0l (£ (xa)) £
This expression is computable since f'(x,_;) has been determined for the computa-

tion of x,. If an LU-factorization of f'(x,_1) is available, then the computation of
£ (x,_1)f(x,) is comparatively cheap.
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computing f'(x,):

1. problem:  often f’ is not explicitly available but only f (e.g., if f is available as a
C-code). Then f'(x,) can be approximated by difference quotients.

2. problem:  Computing f'(x,) can be expensive (for example: for large d the d x d-matrix
f’ has many entries) Then one often uses the simplified Newton method

Xpi1 = Xp — (f’(xo))_lf(xn)

Since one uses the same, fixed derivative (at the point xg), the method is only linearly
convergent.

Exercise 6.14 Let B € R¥? be invertible, f(z) := Bf(z). Then: £(z*) = 0 if and only if
f(x*) =0, and the Newton iterates for computing the zeros of £ and of f coincide. "

6.5 damped and globalized Newton methods

Problem: Newton’s method converges only locally, i.e., if xq is sufficiently close to the zero x*.
goal: methods that cope (reasonably well) with poor initial values xg.

6.5.1 damped Newton method

Problem: quite often, the Newton steps x,,,1 — X, are too large for convergence.

The way to cope with this problem is the damped Newton method where, for chosen A, € (0, 1],
the update is
Xpp1 = Xn — M (F(x,)) 7 (x0) (6.12)

For suitably small \,, this method converges for a larger regime of initial values xy. However,
the convergence is only linear. One is therefore interested in methods where the parameters A,
are selected adaptively and in particular A\, = 1 for the iterates sufficiently close to x* so as
to obtain the quadratic convergence of the Newton method. An algorithm that realizes this is
given in Alg. 6.16.

6.5.2 a digression: descent methods

Let g : R? — R be a given function. Minima of ¢ can be sought with descent methods, which
are iterative methods that determine the next iterate x,,,; from a current iterate x,, as follows:

1. select a search direction d,,

2. select a step length A, such that for x,,41 := x, + A, d,, one has g(x,11) < g(x,).
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The search direction d,, is called a descent direction if the 1D function g(t) = g(x, + td,)
satisfies ¢'(0) < 0, i.e., is decreasing for small ¢ > 0. Put differently, d,, needs to satisfy

Vg(x,)-d, <0.

The method of steepest descent corresponds to the choice d,, = —Vg(x,).
The second ingredient of a descent method is the choice of the step length \,. The “greedy”
approach would be to select A, such that

min (1) = GO

Since this “line search” is still quite expensive, several other options are common that realize
the idea of selecting a step size with “sufficient” descent. We mention the so-called Armijo-rule:
Given o € (0,1) and ¢q € (0, 1) one selects the largest step length of the form ¢*, k = 0,1,...,
such that
9(¢") < 9(0) + g (0)¢",
or, written in terms of g
9(%n +q"dy) < g(x,) + 0(Vg(x,) - dn)g". (6.13)

This can be realized by trying the cases k = 0, 1, etc. in turn until (6.13) is satisfied. This step
length choice can be interpreted as trying to make fairly large steps with a reasonable reduction
of the functional g.

6.5.3 globalized Newton method as a descent method

observe: zeros of f are minima of x — ||f(x)]|3 = f(x)"f(x).

idea: View the damped Newton method as a descent method with search direction d, :=
—(f'(x,))"'f(x,) and step length parameter \,.

For this idea to work, we need to know that the so-called Newton direction

d, = —(f'(x,)) " "f(x,) (6.14)
is a descent direction for g(x) := ||f(x)||3.
Lemma 6.15 Let f € C*(R?). Then: For given x and d := —(f'(x))"*f(x) the function

d(A\) == g(x+ Ad) has the Taylor expansion g(\) = g(x) — 2Xg(x) + O(N\?) for small \.
Proof: For notational simplicity we consider the case d = 1. Then g(z) = f?(z) and g(\) =
f2(x + Xo(z)) with 9(z) = —(f'(x)) "' f(x). Then by Taylor, we have for small \

g(N) = 3(0) + Ag'(0) + O(N) = f*(w) + A2f (2) f'(z)d(x) + O(N?)

— Pla) - 220 (@) f () L)

/() +O\) = f7(z) = 2Af7(z) + O(X).

O

Lemma 6.15 shows that the Newton direction is a descent direction and that, for A\ sufficiently
small, we may achieve a descent

9(x, + Ady) — 9(x) = 20,9(%,) (6.15)

= sensible goals for selecting A are:
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o if x,, is close to x* then select A = 1 (so that actual Newton steps with quadratic con-
vergence are performed!). We note that the quadratic convergence implies a descent of
almost ||f(x,)||*: for x,, near x* we have

d. conv

, (6.10) . ) . . , (6.11) A
[E(xp) |7 < Chllx™ = xn4alf3 Colx" = xally < Csllf(x0)ll5-

In other words: for actual Newton steps, we expect ||f(x,)[|2 — |[f(x,11)]|2 = ||f(x.)]|3.

e If x,, is far from x*, then select A small but s.t. the descent ||[f(x,)[|3 —[|f (x, +Ad(z,)) |3
is large. By (6.15), a descent ||f(x, + Ad,,) |3 — [|f(x.) |3 & 2\, ||f(x,)||3 is possible for
small A\,

We wish to require the descent to be compatible with Newton steps. Therefore, we require a
descent of ~ \,||f(x,)||3 rather than the “greedy” 2\, ||f(x,)||3. This is what we enforce in the
following algorithm:

Algorithm 6.16 Input: initial value xq, parameter pu,q € (0,1)

)\0 =1

n:=0

while (stopping criterion not satisfied) do
1

d, = — (f’(xn)) f(x)
while (Hf(Xn) ||§ - ||f(Xn + )\n dn) ||% < l[L )\n ||f(Xn) ||%> dO % reduce X until sufficient amount of descent

A = A q
end while
Xpnt1 = Xp + )‘n dn
)\n—i-l ‘= min (1, %") % try a little large X\ newt time
end while
Remark 6.17 The || - ||2-norm was selected for convenience of exposition. Especially for large
systems, other morms may be more appropriate. "

6.6 Gauss-Newton

A practically relevant case is that of “nonlinear least squares problems”: given a function
F :R™ x R™ the goal is

Find 2* s.t.  ||[F(@*)|s < |[F(2)]s Vo € R™ (6.16)

Such problems arise, for example when fitting parameters x to measurements of a nonlinear
model.

95



(Local) minima x* of the function g(x) := || F(z)]|3 satisfy Vg(z*) =0, i.e.,
G(x) = (F'(x)) "F(x) = 0.
The Newton iteration is then®
G'(z,) Az, = —G(x,), G'(z) = (F'(x)) F'(z) + (F"(x)) " F(z). (6.17)

Let us next assume that F’(x) has full rank near a solution z* so that (F'(x))" F’(z) is invertible.
Let us also assume that

F(z*)=0.
Then, F"(x)F(x) is small near the solution z* so that one could replace in (6.17) the full deriva-
tive G'(z) = (F'(z)) " F'(x) + (F"(z))" F(z) with a simplified version G'(x) ~ (F'(z))" F'(x).
The resulting method is

(F'(2,)) F'(20) Az = —(F'(2,)) T F(2,). (6.18)
These are the normal equations for the following linear least squares problem:
Find Az, s.t.||F'(z,) Az, + F(x,)|5 < |F(z0)y + F(z,)|l5  Vy € R™ (6.19)

Thus, the nonlinear least squares problem (6.16) has been reduced to a sequence of linear least
squares problems. The simplification is quite significant in that the second derivative G” does
not have to be computed! Normally in Newton methods, an approximation of the derivative
(here: G') leads to a convergence reduction from quadratic to linear. In the present case, the
neglected term F”(x)F(z) is small and even vanishes asymptotically as x — x*. Hence, there
is hope that the Gauss-Newton method still converges quadratically:

Theorem 6.18 Assume that F is sufficiently smooth, that F(z*) = 0 and that F'(z*) has
full rank. Then, the Gauss-Newton method (6.19) converges locally quadratically, i.e., for xg
sufficiently close to x*, the sequence of iterates x,, satisfies

2" = Znsall < Clla” —aul; Vn.

If F(z*) # 0 but still F'(z*) has full rank, then the Gauss-Newton method converges but only
linearly for starting values sufficiently close to the solution x*.

Exercise 6.19 Consider the case n = m = 1. Formulate the Gauss-Newton method for solving
f(x*) = 0. Under the assumption f(z*) = 0 and f'(z*) # 0, show that the Gauss-Newton
method reduces to the standard Newton iteration for the problem of finding x* with f(x*) = 0.

IThe second derivative G” is a third order tensor but we will not formally define this object as we will not
need it in the sequel. At this point, it suffices to accept that the notation is set up in such a way that what one
expects from simple calculus in 1D extends to multi-d
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6.7 Quasi-Newton methods (CSE)

Problem: often, the computation of ' is expensive.

simple solution: simplified Newton method where f'(x,) is replaced with f'(x;). Downside:
linear convergence

goal: methods that converge superlinearly but are cheaper than full Newton method

6.7.1 Broyden method

Setting: f € C1(R%RY), f(x*) = 0, f/(z*) invertible

Broyden methods are iterative methods of the form x,,1; = x,—H,, 1f (x,,) with suitable matrices
H,.

idea of Broyden’s method

e after computing x,,,; compute the next H,,.; from H,,

e H, ., is some kind of “approximation” to f'(x,1)
Taylor yields —f(x,11) + £(x,) = £/(X011) (X0 — Xn11) + O([|Xns1 — X,]|?) so that we expect
f'(x01) (X1 — X)) = f(x,41) — f(x,) Hence, a resonable condition on H,.; is the “secant
condition” '
H, (X001 — %) = f(x031) — £(x2) (6.20)
Condition (6.20) does not fix H,; (unless d = 1). A reasonable further condition is that H,
does not deviate much from H,,, i.e., that H,,.; — H,, be small. This leads to the problem:

Find H,,;; satisfying (6.20) s.t. |[H,+1—H,|r = min{||A—H,||r | A(Xn+1—%n) = f(x41)—f(x,) }

(6.21)
This constrained minimization problem has a unique solution:

1
H,.,=H,+ W (y — H,s) ST, S=Xpi1 — Xn, Yy ="Ff(x1)—f(x,). (6.22)
2

The reason is the following, more general result:
Lemma 6.20 Let B € R4 s,y € R? with s # 0. Then the matriz B € R¥? given by

1
B, =B+ W(y — Bs)s' (6.23)
2
solves the following constrained minimization problem:
Find the minimizer A of |A — B||p under the constraint As =y (6.24)

Furthermore, the minimizer is unique.

Proof: We will only show that the given B solves the minimization problem. By construction,
B.s =y. For arbitrary A with As =y, we compute

1 1 st
By = Bllr = |[-—(y = Bs)s" [lr = [l—5(As = Bs)s" |[r = [|(A = B) =]
Isl3 Isl3 Isl3
IGH| » <G| r||H]|2 ss'
< |A —BlFr =z ll2
|3

=1 since ss' is sym. with d — 1 EVs 0 and one EV 1
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Figure 6.2: Comparison of Newton method, Broyden method, and gradient method (See
Example 6.21).

The update formula (6.20) yields the following Broyden method:
1. given H,, compute x,,1; = x,, — Hf(x,)
2. compute H,,;; via (6.22).

Important features of this method are:

1. The method converges (locally) superlinearly, i.e., for some sequence ¢,, — 0 there holds

Hxn+1 - Xn“ < 5nHXn - Xn—lH

2. The Broyden updates are rank-1 updates. For rank-1 updates of matrices, the inverses can
be computed fairly cheaply with the Sherman-Morrison-Woodbury formula, which asserts
(exercise!) that for arbitrary invertible A € R%“ and vectors u, v (with v A~tu # —1)
there holds

(A+uv ) t=A"1—

Example 6.21 sllde 32a

We seek the zero x* = (0,1)T of

Flx) = ( (x1—|—3)(x§—7)+18>:0

sin(xge™ — 1)

Aluv AT (6.25)

with initial value xg = (—0.5,1.4)T. The classical Broyden method is started with Hy = F'(xq).
One observes in Fig. 6.2 in particular superlinear convergence of the Broyden method. For

comparison purposes also the gradient method (steepest descent) for f(x) = ||F(x)||3 with
0=0.9 and ¢ =0.5 (see Sec. 6.8.1) is shown.
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Remark 6.22 There are many important variations of the Broyden method. Consider for
example the case that Newton’s method is applied to find the minimum of a function f (see
Section 6.8.1). Then the Hessian of f is symmetric and — at least in the vicinity of the sought
minimum — positive definite. One would like to make Broyden-like updates that preserve sym-
metric and positive definiteness. Such methods exist: see PSB (“Powell symmetric Broyden”),
DFP (“Davidson-Fletcher-Powell”), BFGS (“Broyden-Fletcher-Goldfarb-Shanno”). .

Remark 6.23 Just like globalized Newton methods, Broyden and Broyden-like methods are in
practice combined with algorithms that select the step length. "

6.8 wunconstrained minimization problems (CSE)

goal: minimize a function f: RY — R
This problem can be approached in several ways, for example:

1. The minimizer satisfies V f(x*) = 0 so that a (globalized) Newton method could be used.
We note that then the Hessian of f is required.

2. Descent method: These methods identify a descent direction for f (e.g., —V f(x,)) and
then make a step that reduces f. These methods typically require only Vf and are
discussed in Sec. 6.8.1.

3. Trust region methods: these methods approximate f locally by a quadratic function that
is minimized in a region where the quadratic approximation is deemed reliable. This is
sketched in Sec. 6.8.3.

6.8.1 gradient methods

The simplest minimization strategy is the following iteration, starting with an initial point x:

1. select a search direction d,, with V f(x,)-d, <0

2. select a step length A\, such that f(x, + \.d,) < f(x,)

Concerning the search direction d,,, the simplest one is the negative gradient: d,, = =V f(x,).
This is called the steepest descent direction.

There are many choices for the step length \,. The “greedy” approach is to take \, as the
minimizer of 1D optimization problem:

minimize t — ¢(t) := f(x, + td,). (6.26)

Since this minimization problem is typically still difficult to solve, various simplified versions are
employed. A typical condition imposed on the step length A, is that each step make sufficient

descent, namely,
f(xn+Ady) < f(x,) + Mo Vf(x,)-d, (6.27)

for some user chosen parameter . That is, the reduction in f should be proportional to the
step size as well as the directional derivative V f(x,,)-d,. One popular technique to ensure this
is the Armijo-rule: Given ¢ € (0,1), one selects ), as the largest number of the form ), = ¢*,
k € Ny, such that the condition (6.27) is satisfied.
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6.8.2 gradient method with quadratic cost function
We consider the special case of a quadratric function f:
1
f(x)=y+c'x+ §XTQX (6.28)

where v € R, ¢ € R? Q is SPD. [ note: in the vicinity of a minimum of f, one expects
f to be close to a quadratic polynomial of this form by Taylor . We employ as the search

direction d,, := —V f(x,). Rather than using the Armijo rule, we use the minimum rule since
the minimum can be computed: The minimum of ¢ : t — f(x, + td,) is explicitly given by
b= f(xn) - d,
d;Qd,
since
1

1) = f(xn +td) = f(x0) + V[ (x0) - dn + 57, Qd,
¢'(t) = VF(x,) d,+td) Qd,;
therefore, one step of the gradient method is

Vf(xn> -d,

d
d,Qd, "

Xp4+1 = Xp +tdn = Xp —

The convergence can be estimate:

Lemma 6.24 Let f be given by (6.28) with an SPD matriz Q. Consider steepest descent, i.e.,
d, == -V f(x,). Then:

)\max_)\min ? * k—1 ? *
o) = 0 < (2322 ) (160 = 160 = () () = 76,
2 )\max_)\min 2 2 k—1 ? 2
s = xTy < (220 ), <l = (21 ) = xRy

where HZHZ2 =2'Qz and k = Mz Amin 15 the condition number of Q.

Proof: Literature. O
Lemma 6.24 shows that the steepest descent method degrades if Q has widely differing eigen-
values (i.e., large condition number ). This problem can be solved or at least mitigated by

selecting the search directions in a different way. In fact, if one takes an SPD matrix H (as a
“preconditioner”) and considers as the search direction

d, = -HVf(x,)
then, one can show that

)\max(H_lQ) - )\min(H_lQ)
)\mam(H_lQ) + )\mzn(H_lQ>

so that the contraction factor can be much smaller than in the unpreconditioned case. The
extreme case H = Q leads to convergence in one step.

o) = £ = )QU@M—f@ﬂ%

100



Remark 6.25 The minimization of the quadratic function f can be done explicitly with solution
" = —Q7c so that a (steepest) descent method seems useless. Nevertheless, the discussion of
quadratic functions f is of interest as it indicates weaknesses of the steepest descent methods
for general f: one should expect slow convergence if, for example, the Hessian of f has a large
condition number. "

Returning to the quadratic problem, it is of interest to note that the minimum can also be
found as the zero of the function x +— V f(x). This is a linear function. The Hessian of f is
H = Q. Applying the Newton method yields convergence in one step. The Newton step is

Xpi1 = X, — H'Vf(x,).

This is precisely the preconditioned gradient method with the above identified optimal precon-
ditioner H = Q.

6.8.3 trust region methods

starting point: many minimization techniques are based on “sequential quadratic program-
ming”, i.e., the function f is approximated locally by a quadratric “model” of the form

a(x) = f(xr) +gr - (v — ) + %(I — z3,)" By(z — ), (6.29)

that is then minimized instead. Examples are:

e g, = Vf(xy) and By = H(zy), where H(zy) is the Hessian of f at z,: — Newton’s
method if H(z;) SPD

e g, = Vf(xx) and By = Id: — gradient method (with step length ¢, = 1)
Problems:
e the quadratic model is only valid in a small region near z,. Too large steps of the

minimization algorithm may lead to leaving the region of validity of the model.

e [f By is not SPD, then the minimization problem is not meaningful.

In trust region methods the model g is not minimized over R¢ but merely on a ball B, ()
for given Ay:

Minimize qi(z) under the constraint ||z 1 — x| < Ag. (6.30)

e (6.30) has a solution
e key ingredient of the algorithm is the steering of the Ay.
e in order to assess whether the quadratic model is “good”, one defines

_ fl) = fang)
C qr(wr) — @rl(wrgr)

[ = ratio of actual descent and descent predicted by the model |

[ denominator is always non-negative | If the model is “good”, then p; =~ 1 will be close to 1.
In particular, for p;, < 0 no descent is achieved (since the denominator is positive!).

In trust region methods, the search directions and the step lengths are not selected separately.
Rather, they are selected in some sense simultaneously.

(6.31)
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Algorithm 6.26 (Trust region method) %input A, A€ (0,A), ne [0,1/4)

for £k=0,1,...do{
minimize q, with minimizer Ty,

pr = (f(Trar) = f(2e)) /(@r(Trar) — ai(n))

if pr <1/4 then Ay = iAk % Model “bad” — reduce trust region

else if (p, > 3/4 and ||Zps1 — 24]| = Ar) then Ay y = min(2A;, A)
% model “good”, minimizer at boundary — trust region apparently too small
else Ay 1 = Ay
if pp > n then x,,1:=Tp1 % model OK, — accept step
else ;.1 := x4 % model not OK — reject the step

}

Remark 6.27 The actual realization of a trust region method is non-trivial as the constrained
minimization problem of finding Ty11 has to be (approximately) solved. For actual realizations
of trust region methods: see literature. "
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7 Eigenvalue problems

goal: compute some or all eigenvalues of A € R™*"

7.1 the power method

goal: compute largest (in absolute value) eigenvalue and corresponding eigenvector
Algorithm 7.1 (power method)
Yinput : A € R™", 0#xy€R"”

X0

(=0 ; x¢:= . o —XOAXO
[[%0]|2
AX@ .
repeat { Xgp1 1= —— % approx. eigenvector
[ A2

A1 = xﬁle@H % approz. eigenvalue

(:=0+1

} until sufficiently accurate (7.1)

Theorem 7.2 Let A € R™" have a basis of eigenvectors (i.e., A is diagonalizable) {vy,...,v,}
with eigenvalues Ay, ..., A, satisfying [Ai] > |Xo| > -+ > |\u|. Let xo = > 1 ;v with oy # 0
Then:

(i) The x; of Alg. 7.1 are well-defined.
(ii) 3C > 0 s.t. [\ — M| < C|32[%, €=0,1,...

Proof: xo = Y, a;vi = A'xg = >, a;A\v;. The assumption oy # 0 A \; # 0 implies
A’xy # 0V(. Inductively, this implies that x, # 0 for all £ and that x, = ¢,Ax( for ¢, :=
1/||A%q]|o # 0. Therefore:

n o )\Z l
Xy = CgOél)\li Vi + ; a—l ()\_1) Vi | . (72)

7

~~
=€y

The assumption |\;| < [Ao| < |A1| Vi =2,...,n then implies

el < Z

For ¢ large, we have that ||€g||2 is small =

)4
Qg

for suitable C' > 0. (7.3)

Ao
\vzuz<c\A

Ixelo=1 X' Ax,  (vi+e)TA(vi+e)  viIPAvi+ VT Ae + e Avy + €] Ay
1%c][3 [vi + e[3 [[vi + el[3

MVl + O(||ed]]2)
=M+0
[v1 ]2 + O(Jle]]2) 1+ O([leel[2)

N = xPAx,
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Hence, |A1 — Ae| < Cllella < C'|32

Remark 7.3 1. Since vy is not known, the requirement oy # 0 cannot be checked. In

practice, this is not a problem since:

e o randomly chosen xq satisfies ay # 0 with probability 1

e rounding errors create a component in the direction of vy

2. analogous result holds for the eigenvalue converge if A1 is a multiple eigenvalue

3. Algorithm 7.1 does not converge, if Ay # Ay but |A\1| = |\a|. This case arises, e.g., when

A € R™™ but A has complex eigenvalues.

4. greatest weakness of Algorithm 7.1: slow convergence if A1 is not well-separated from

. Ao | -
a(A)\ {\}, ie., ‘/\—f‘ is close to 1.
5. common application: estimate |Al|3 = Apaz(ATA)

In addition to providing approximations to the largest eigenvalue, Algorithm 7.1 also yields an
approximation to the corresponding eigenvector. To capture this convergence mathematically,

we introduce the notion of “distance” between the spaces spanned by two vectors:

Definition 7.4 Let {0} # S = span{x} and {0} # T = span{y}. We define

d(S,T) :=|sing| = m, cos p = Xy

Ixll2llyll2

Remark 7.5 (geometric intepretation) ¢ is the angle between the vectors x and y.

X ||y, then ¢ =0, i.e., S =T and indeed d(S,T)=0. Ifx Ly, then d(S,T)=1.
The following Theorem 7.6 shows that |sin Z(vy,x,)| — 0:

Theorem 7.6 Assumptions as in Theorem 7.2. Then 3 C' > 0 such that

A é
221 r=0,1,...

d(span{v;}, span{x,}) < C 3
1

Proof: From (7.2), we get span{x,} = span{v; + ¢,}. Hence from (7.3) and a calculation
Ao

d(span{x,},span{v,}) < el <C "
1

v+l T
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7.2 Inverse Iteration

goal: eigenvalue other than the largest one

observation: if A is invertible and o(A) = {)\;|i =1,...,n} then c(A™1) = {/\L li=1,...,n}
i.e., the largest (in absolute value) eigenvalue of A~! is the reciprocal of the smallest one (in
absolute value) of A.

Algorithm 7.7 (inverse Iteration) ¢ :=0, X 1=

repeat {
- solve Axy 1 = %y

L X
- X = =T
t+1 1Xe1ll2

- Nepn =X Axen
-0=041
} until sufficiently accurate

Remark 7.8 1. If 0 < |\ < |[Au1| < -+ < | A1, then, analogous to Theorem 7.2, one has
. ¢
Au— Al < €|

An—1

[ exercise |

2. since a linear system is solved in each step — perform an LU -factorization of A at the
beginning

The inverse iteration is a special case of an inverse iteration with shift:

Algorithm 7.9 (inverse iteration with shift) % input A € R™", shift A € R, xq €

R™\{0}
(:=0;xp:= 3

[I%oll2

repeat {

- solve (A — N)Xyp11 = Xy

X
- X = oz
t+1 I%e+1ll2

- 5\£+1 = Xz_lAXZ—l—l
-l=0+1
} until sufficiently accurate

Theorem 7.10 Let A € R™ " be diagonalizable; N € R. Let the eigenvalues of A be numbered
such that [A\y — A > [Ag = Al > -+ > [Auo1 = A > [N, — A] > 0.
Then: 3 C' > 0 such that the approximation Ay computed by Algorithmus 7.9 satisfies:

Ay — )|

A, — M| <O |2
| o < W
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Proof: analogous to that of Theorem 7.2. O
observation:

e inverse iteration with shift converges to the eigenvalue closest to the shift parameter A —
it is possible to seek specific eigenvalues

e the closer A is to an eigenvalue, the faster the convergence

idea: use, in each step of the iteration, as a shift parameter \ the best available approximation
to an eigenvalue — Rayleigh quotient iteration with shift A\, = x}' Ax,

Algorithm 7.11 (Rayleigh quotient iteration) % input A € R™*", 0 # x, € R", (=ini-
tial guess for eigenvector corresponding to sought eigenvalue)
(:=0;x9:= —”;‘00”2

repeat {
- 5\( = XfA[L’g

- solve (A — 5\5)5&“1 =Xy

} until sufficiently accurate

One expects better convergence of the Rayleigh quotient iteration than in the case of a fixed
shift. One has, for example:

Theorem 7.12 Let A € R™ ™ be symmetric, X\ € o(A) be a simple eigenvalue with correspond-
ing eigenspace span{v}. Then: 3 C > 0, €y > 0 such that Ve € (0, ¢): If xo € R"\{0} satisfies
the condition d(span{xo}, span{v}) < ¢, then x; (= one step of Algorithm 7.11) satisfies

HA
d(span{x, }, span{v}) < C¢® and W — )\‘ < Cé.
. . . . . X{{Axl 6
Proof: See literature. Note in particular, that the result implies e — A < C¢. d
Xl 2

Remark 7.13 1. Analogous result holds also for general diagonalizable matrices: One then
has locally quadratic (instead of cubic) convergence.

2. Iterations with variable shift are more expensive than those with fized shift for which a
factorization can be amortized over several iterations.
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7.3 error estimates—stopping criteria

7.3.1 Bauer-Fike

Question:
Relation of 0(A) and o(A + AA)?

Theorem 7.14 (Bauer—Fike) Let A € R™" be diagonalizable, i.e., 3T € R™™ with T"'AT =
diag(A1, ..., Ay) = D. Then: Let AA € R"™™. Then for any p € o(A + AA) there holds
min | — A;| < cond,(T)||AA||,, where cond,(T) = [|T|,[| T, and p € [1,00] arbitrary.

Proof: Without loss of generality let u € o(A + AA)\ 0(A). Let v be an eigenvector with
eigenvalue p. Then:

(A+AA) —pl)v=0 = (A—uD+AA)v=0 = (I+(A-p) 'AA)v=0 =

Iv A — ) TAAV 1 [AAY
1 — H ||p — ||( ) Hp < ||(A—M) 1||p|| HID
vl vl Vil
A=T7'DT . 1 . .
< T =pT)  LIAAlL < (T ID = @) LI Tl AA]L
1
— _ N\ =
= | AA]|, cond,(T)| (Dd- 1)l = 1A cond,(T) max ~——
1a4.
1
= —F—||AA d,(T
i = 18A I cond, (T)

Remark 7.15 cond,(T) can be large if the eigenvectors of A are close to being linearly depen-
dent. This does not happen in the self-adjoint (symmetric) case: .

Corollary 7.16 Let A € R™" be self-adjoint (symmetric), AA € R™*". Then:

VueoA+AA) /\Ier;i&)\u—ﬂ < [[AA];

Proof: A selfadjoint = A = Q¥DQ with Q orthogonal, i.e., cond,(Q) = 1 O

7.3.2 remarks on stopping criteria

A pair (x, \) € R"\ {0} x R is an eigenpair, if Ax — Ax =0 .
hope: For (x, A) not necessarily an eigenpair, the residual Ax — Ax is a useful measure for the
deviation from an eigenpair. We have

Theorem 7.17 A € R™" diagonalizable, (T"'AT = D), ||x||s = 1, A € R. Setr := Ax— x.
Then:
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(1) minyeqo(a) |A — A < condy(T)||x |2
(ii) minyey(a) A — Al < |tz if A is selfadjoint (symmetric).

(iii) If X = xAx and A is selfadjoint and X\ sufficiently close to a simple eigenvalue of A,
then
min |\ — X[ < C||r[|3
A€o (A)
Proof: ad (i): (perturbation argument)
The matrix A + AA = A — rx* satisfies

o |AA]2 =2
e A co(A+AA), since (A + AA)x = Ax —rxx = \x

=1

The claim follows from Bauer-Fike (Theorem 7.14).
ad (ii): follows from (i)
ad (iii): see literature. O

7.4 orthogonal Iteration

recall: the power iteration generates a sequence (Afspan{xg}), of 1-D spaces that converge
to an invariant subspace of the matrix A (in fact, the eigenspace corresponding to the largest
eigenvalue).

Idea: Perform power iteration on a k-dimensional space (described by X, € R™*¥)

Hope: The sequence (A*X()%, of k-dimensional spaces converges' to the invariant subspace
that is spanned by the & dominant eigenvectors.

essential for the numerical realization:

The power iteration in Sec. 7.1 used a normalization of the vector in each space (i.e., an ONB of
the space spanned by A‘x, was created). Here, an ONB of the space spanned by the columns
of AfX, is created.

Algorithm 7.18 (orthogonal iteration) % input: A € R™" X, € R™F* with linearly in-
dependent columns.

(=0

Xy =: QoRy, where Qy € R™* has orthogonal columns, R € R¥** wpper triangular.

repeat {

X1 = AQy

lactually, we haven’t introduced the notion of distance on the space of k-dimensional spaces, so that this
statement has to remain vague
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X1 = QeriRe % reduced QR-decomposition of X4 :
Qi1 € R™* has orthogonal columns
Ry € RFF s upper triangular

0 =0+1

} until sufficiently accurate

Remark 7.19 1. The columns of Q,; form an ONB of the space A*S® where S° is the space
spanned by the columns of Xj.

2. Orthogonalization is numerically essential: without orthogonalization one performs only
k independent vector iterations that all converge to the same dominant eigenspace.

Theorem 7.20 Let A € R™™™ be diagonalizable, {v1,...,v,} basis of R" of eigenvectors with
corresponding eigenvalues i, ..., Ap. Let |A1] > |Aa] > oo | Ak| > [Arga| = - > |l

Let 8° C R™ be the k-dimensional subspace spanned by the columns of Xq € R™* and assume
S° Nnspan{viy1,...,vo} = {0}. Then, there exists C > 0 such that the k eigenvalues Xy,
i=1,....k, of QTAQy satisfy

l

~ A
min [N, — A < C‘ as
AEo(A) Ak

Furthermore, for any matriz Q, € R™ "% such that (Qe, Q}) is an orthogonal matriz, one
has for the block matrix

Ay = (Qy, QZ)HA(Qéa QZ) = ( i; i;z )

that
¢

A
[Ag || < C |2
Y

Proof: see literature. O

Remark 7.21 The matriz (Qq, Q)7 A(Qy, Q)) is similar to the matriz A. Hence, its eigen-
values are the same as those of A. Theorem 7.20 states that the eigenvalues of the block Aqq
are close to the k largest eigenvalues of A. Theorem 7.20 also states that the block Ay tends
to zero as £ — oo. That is, the sequence of matrices Ay tends to block diagonal form. "
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7.5 Basic (QR-algorithm

A first way to understand the classical @ R-algorithm (without refinements such as shift strate-
gies) is to view it as the orthogonal iteration with starting matrix Xo = I € R"*™:

Algorithm 7.22 (orthogonal iteration with X, =1) % input: A € R X, =1 €
Ran

(:=0

Xy =: QoRy, where Qg € R™™ has orthogonal columns, R € R™™ upper triangular.

repeat {

X1 = AQy
Xor1 =: Qri1Ryy % QR-decomposition of Xyyq :
Qe € R™™ has orthogonal columns
Ryi1 € R™"™ s upper triangular
(=041

} until sufficiently accurate

Remark 7.23 Algorithm 7.22 actually performs n orthogonal iterations simultaneously. That
is, for each k € {1,...,n}, the first k columns of Qu are those that would be created by the

orthogonal iteration Alg. 7.18 started with Xy = [eq,...,eg]. To see this, we compute with
Xo=1

A‘T=AX; =A"'AX = A"'QR; = A" ?PAQR; = A”°Q:R:R; = - - = QR Ry
Since the product Ry - - - Ry is upper triangular as a product of upper triangular matrices, we see
that the columns of Atley, ..., e are linear combinations of the first k columns of Q. Hence,
for invertible A, the first k columns of Q; form an ONB of the space A'S°, where S° is the
space spanned by Xo = [eq,...,ex]. See also Remark 7.19. .

Since Alg. 7.22 performs n simultanenous orthogonal iterations (by Remark 7.23) Theorem 7.20
suggests that the sequence of matrices

A= QIAQ,

converges to upper triangular form. Indeed, if |A\;| > [A2| > -+ > |\,| (and the technical condi-
tions span{e, ..., ex} Nspan{vgi1,...,v,} = {0} for every k € {1,...,n}) then Theorem 7.20
asserts that each block Ay([1 : k], [k + 1 : n]) of A, tend to zero. Since the matrices A, are
similar to A, the eigenvalues of A, and A coincide. Thus, the diagonal entries of the matrices
A, converge to the eigenvalues of A.

The basic () R-algorithm creates the matrices A, in a more efficient way than computing Q¥ AQ
directly. One makes the following observations:

X1 = AQr = Qu1Req,
A= QIAQ = Q' Qi1 Rey is “the” (QR-decomposition of Ay,
—_———

=:Qu41

A= QL AQu = (QeQu)TAQu = QL QIAQQeir = QL AQu1 = Re1 Q.
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(The QR-decomposition is indeed unique for invertible matrices if one additionally fixes the
sign of the diagonal entries of the R-factor—cf. Theorem 4.44.) We conclude that A, ; is
obtained from A, by computing “the” @) R-factorization of A, and then multiplying the factors
in reverse order. This is the classical () R-algorithm:

Algorithm 7.24 (basic form of classical () R-algorithm without shift and deflation)
% input: A € R

(.= 0,’ A() = A

repeat {

Ay = QR % QR-decomposition of Ay
Apr = ReQu

(=041

} until sufficiently accurate

Remark 7.25 Computationally, Alg. 7.24 is still too expense as each (QR-decomposition costs
O(n3). In practice, A is brought to Hessenberg form (with cost O(n3)) and then each QR-
decomposition is only O(n?), see Example 4.53. This is comptuationally essential: assuming
that O(n) QR-steps are needed to compute the n eigenvalues, the total cost are then O(n?®) +
O(n)O(n?) = O(n3). If, instead, cost O(n3) are incurred for each QR-step, then one expects
the total cost to be O(n)O(n?) = O(n?). =

Remark 7.26 In practice, the QQR-algorithm is combined with the Rayleighquotient iteration
idea, i.e., with suitable shifts. This improves the convergence of the algorithm. u
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7.6 Jacobi method(CSE)

7.6.1 Schur representation

goal: eigenvalue-revealing representation of A

Diagonalizable matrices A can be written as A = TDT ! with the diagonal matrix D. This is
an eigenvalue-revealing representation. However, if cond(T) is large, then this representation
is numerically not advisable. In this case, an alternative is the Schur form

Theorem 7.27 (Schur form) Let A € C"*". Then there is a unitary* matriz Q € C**" and
an upper triangular matriz R with A = QRQ!. The diagonal entries of R are the eigenvalues
(according to multiplicity) of A.

Proof: We prove the theorem by induction on n. For n = 1 the theorem is obviously true.
Suppose it is true for all matrices in R®=D*(=1  Let v € R™ be an eigenvector of A, i.e.,
Av = \v. Let the columns of V' € C™* (™~ be such that V := (v, V') is unitary (i.e., the
columns of V’ are an ONB of the orthogonal complement of span{v}).

A wl

HAN —
VAV-(O C

) : = Rn—l’ Ce R(n—l)x(n—l).

By the induction hypothesis, there is a unitary Q € R™=Dx(=1) gych that Q¥CQ = R’ is

upper triangular. Then
H
1 0 % 1 0
(v a) vav(oa)

is upper triangular. Thus we have obtained the desired Schur decomposition for A € C"*". O

Remark 7.28 In MATLAB, the Schur form of a matriz can be computed with schur. .

7.6.2 Jacobi method

The QR-method for eigenvalue computations is based on the idea of finding a sequence of
orthogonal matrices Q,, such that the Q AQ,, converge to upper triangular form. Since these
are similarity transformations of A, the diagonal entries of the upper triangular matrix contains
the eigenvalues. If the entries in the lower part are small, then these diagonal entries are indeed
good approximations to the eigenvalues:

Exercise 7.29 Consider a matriz R + AA where R is upper triangular. Show, using Theo-
rem 7.14 that for each A\ € (R + AA) there is a diagonal entry Ry

A —Ry| < C|AA],

where the constant C' depends on R but is independent of AA. "
2ie, QAQ =1
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A simpler form than the Q R-method is Jacobi’s method, which constructs the Q,, by Givens
rotations. Recall the definition of Givens rotations G(%, j, f) of Section 4.6.4. We also introduce
for a matrix A

off(A)” =) A, = [|A]F =) A (7.4)
i,J i=1
i#]

We consider symmetric matrices A. The basic step of the Jacobi eigenvalue procedure consists
of three steps:

1. select a pair (7,j) with 1 <i<j<n

2. select 0 such that (we write again ¢ = cos, s = sin )
B“’ Bij . C S i Au Aij C S (7 5)
Bji Bjj - —S C Aji Ajj —S C '

3. overwrite A with B = G(7,7,0)"AG(i, j,0)

is diagonal

In other words: one makes a similarity transformation of A with a Givens rotation in such a
way that the entries (¢,7) and (j,7) of A are annihilated. We now show that the transformed
matrix has a smaller off-diagonal part:

Lemma 7.30 Let A be symmetric. Let B := G(i,,0)" AG(i, j,0), where 0 is chosen such
that Bij = Bji =0. Then
off(B)? = off(A)? — QA?J-.

Proof: We consider the transformation (7.5). Since the Frobenius norm is invariant under
orthogonal transformations, we have

2 2 2 2 2 2 2 2

Hence, we get

off(B)* = |BII}: — ) Byuf?
=1

k=
=[lAlE: = Y Bul’— Bal’ — Byl
kt{i.g}

only rows/colums i, j are touched
= Al = D Al = [Bul* = Byl
ke{i.j}

= Al =D [Awl® + | Aul* + |A41° — Bal* — By,
k=1

9 off(A)? — 2|Ay2
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Lemma 7.30 suggests that one should select the pair (4, j) such that |A;;| is as large as possible.
That is, taking the largest possible off-diagonal entry yields, with N = n(n —1)/2

off(A)> < N(A}, + A3) (7.7)
and therefore

Lemma 7.30 7.7 1
Oﬂ‘(B)2 = = OH(A)2 - (‘AU|2 + ‘Aﬂ|2) S <1 - N) OH(A)2

Thus, the Jacobi method converges to upper triangular form?

Remark 7.31 1. Searching the largest off-diagonal entry incurs large costs. Practically, one
therefore simply loops through the off-diagonal entries of A. — “cyclic Jacobi” method.

2. The convergence is linear. However, the asymptotic convergence is actually quadratic,
i.e., for the k-th matriz A% one has off(A*+N))2 < O off(AM)*,

3. The Jacobi method is not competitive with the QQR-algorithm in general. However, if A
15 already close to diagonal, then it is an option.

4. Variants exist that produce the SVD of A.

7.7 QR-algorithm with using Hessenberg form (CSE)

Computationally, each @ R-factorization in the basic QR-algorithm (Algorithm 7.24) incurs
cost O(n?). The situation changes if A has Hessenberg form*. As discussed in Example 4.53
it is possible to compute the QR-factorization of a Hessenberg matrix with cost O(n?) (using
Givens rotations). Moreover, the multiplication RQ is also achieved with cost O(n?) and the
resulting matrix R() has again upper Hessenberg form. In conclusion, it is computationally
advantageous to bring a matrix A to Hessenberg form prior to applying the QR-algorithm (or
the variants that we will describe below) to it.

7.8 QR-algorithm with shift (CSE)

goal: convergence acceleration of QR-algorithm using shifts.

mathematical background: Implicitly the QR~algorithm with shift performs an inverse iteration
for A so that choosing Rayleigh quotients as shift leads to rapid convergence.

So far, we assumed A to be real (although this is by no means essential). Since we want to
allow complex shifts, we allow A to be complex. We note that the concept of QR-factorizations
also holds for complex matrices.?

A generalization of the basic QR-algorithm is the QR~algorithm with shift:

3the matrix A is symmetric and the multiplications with the Givens rotations produce symmetric matrices.
Since symmetric upper triangular matrices are in fact diagonal, the Jacobi method applied to symmetric matrices
converges to diagonal form.

4upper triangular and one subdiagonal is allowed to be nonzero, i.e., A;; =0 for j > i+ 1

Sin fact, the eigenvalue algorithms are probably better understood by viewing A € C™*" and specializing to
real matrices if necessary
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Algorithm 7.32 (QR-Algorithm with shift) £:=0  Ag:= A
repeat {

- choose shift p©)

- Ay — Y = QR

- Ap1 =R Qupr + 49

} until Ay is sufficiently close to upper triangular form

Exercise 7.33 Check that Ay and Ay q are similar and hence have the same eigenvalues.

Let us consider the case that the shift u is an eigenvalue of A,. Then, A, — ul

%) is singular

and therefore Ry, has a zero on its diagonal. Let this be the R,,, entry (this would happen, if
a QR~factorization with pivoting is employed). Then, the row vector (Ryy1Qe11)(n,:) is zero so
that Ay q1(n,:) = (Rep1 Qe +p9)(n,:) = (0,0,...,0,u®). That is, A, has “block triangular
form” and ¥ is identified as one eigenvalue of A, ;. We also note that “deflation” is then
possible, i.e., one could continue with the (n —1) x (n — 1) submatrix Ay 1(1:n—1,1:n—1)
instead of Ayy;. In general one would expect that a shift close to an eigenvalue leads to a
small off-diagonal entry Agyq(n,n — 1) so that, by Theorem 7.14, the entry A, 1(n,n) is a

good approximation to an eigenvalue.

Lemma 7.34 Let the shifts u© be such that p'9 & o(A) VC.

orthogonal iteration with shift ‘ QR-iteration with shift
Qo:=1]Ay:=A
(A — ) Qr = QuiiRepr | Ay — D = QuaRepy
Appr =R Qe + p

Then: V¢:

(i) (A—p®) (A—=pD) . (A—pu®) Qo = Qi1 Reyy with Ry = Reyy .. Ry

(i) A, =QFAQ,
(i) Qv = Qi --- Qs

PI‘OOf: EXQI‘CISG. Define the matrices Qy and R, by the QR-iteration with shift, i.e., by A, — u(e) = QuRy.

Qg = Q1 - Qg and ﬁg :=Ry---Rj. Then (iii) is satisfied by definition. To see (ii) we compute
241 241 H 2+1 H
Appr =Ry Qupy +pfHD) = p 04D 4 Qi1 (Ag — pNQeyy = Qpy1A¢Qet1-

Hence, an induction argument will show (ii).

We now show that matrices Q defined above satisfy (i). To that end, we compute

Quy1Roq1 = QQui1Rep1Re = Qu(Ay — 1R, @ Q. Q) AQ, - pNR, = (A - u)QR,

Hence, an induction argument shows (i).
It remains to see that the Q actually satisfy

A —uNq, = Qri1Rpq1-

Since the R; are invertible, this follows from (7.8) by multiplying both sides with ﬁ;l, which gives

—~ ~ ~ ~ 7.8 ~ =~ o~ =
QuiiReit = Qo Rep Ry ™= (A - u)Q,RR; ! = (A - 1D)Q,.
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We have observed in Remark 7.23 that the orthogonal iteration (with X, = I') performs several
orthogonal iterations simultaneously. That is, the first & columns of Qg are an ONB of the
space Afley, ..., e;]. More generally, Lemma 7.34 shows that the first & columns of Qg are an
ONB of (A — u®) - (A — ey, ..., e

The following Lema 7.35 shows that in the case without shift that (Af)~‘e, is a multiple of
the last column of Qg.

Lemma 7.35 Let A € C™*" be invertible. Define the permutation matrix

1
P pu—
1
[ BP = B( [ c—1: 1]) PB=PB=B(n:—-1:1],:)]
Let A = QgRg with Qg unitary and Rg upper triangular. Then:
(Af) e, = (A7) *Pe, = Qg( (PHIA{Z_HP)el) = multiple of last column of Q
—_—
llex
len
Proof: direct calculation. O

Lemma 7.35 shows that the last columns of the matrices Q correspond to an inverse iteration
for A, More generally, one can show for the case with shifts:

Lemma 7.36
(AT — p0)t o (AT — 1 O) e, = multiple of Qu(:,n).
with Qg given by Lemma 7.34.

Proof: Computation/literature. O

That is, the last column of Qg corresponds to an inverse iteration for A with shifts related to
the shifts of the QR-iteration. Hence it is sensible to select the shifts 1 of the QR-iteration
such that u(f is the Rayleigh quotient for q, : Qg( n):

— . A"

p® = a’Aq, = (Que,)"AT (Qe,).

lan ]z

Hence,

~ ~ H ~ ~
,U(e) = ((Qéen)HAH(Qéen)> = erIL{Qé{AQZen = efAE—i-len = AZ-i-l(na n)

That is, the shift should be taken as the bottom lower entry Ay 1(n,n) of Ayy;. We have arrive
at the classical QR-algorithm with (single) shift:
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Algorithm 7.37 (classical QR-Algorithm with (Rayleigh) shift and Hessenberg form)
(=0, A, := hessenberg(A)

repeat {

- choose shift ) .= Ay(n,n)

- Ay —p9 = QR

- A1 = R Qe + 1Y

} until Ay is sufficiently close to upper triangular form
Exercise 7.38 Show that if p is an eigenvalue of A, then T is an eigenvalue of AH. "

A few comments are in order:

1. The general behavior of the QR-algorithm with (Rayleigh) shift is that one has rapid con-
vergence (quadratic convergence!) towards one eigenvalue since it behaves like a Rayleigh
quotient method. Furthermore, one has linear convergence towards the remaining eigen-
values.

2. The rapid convergence towards one eigenvalue make deflation possible — iterate on a
smaller matrix!

3. For deflation, monitor Ay(n — 1,n): Since one will perform the QR-algorithm for Ag
in Hessenberg form (so that all A, have Hessenberg form — cf. Remark 7.25) A, is
Hessenberg, and it has only two non-zero entries in the nth row, namely, A,(n,n — 1)
and Ay(n,n). Hence, deflation can be done when A,(n,n — 1) is sufficiently small (e.g., a
small multiple of machine precision). That is, if Ay(n —1,n) is deemed sufficiently small,
the entry Ay(n,n) is recognized as an eigenvalue and the search for further eigenvalues is
done by applying the QR-method to the (n —1) x (n—1) submatrix A(1:n—1,1:n—1).
This reduction has two positive effects: a) one reduces the size of the matrix one operators
one (i.e., reduction in computational cost) and b) the shift strategy (leading to quadratric
convergence!) focuses on the next eigenvalue.

Given the importance of the potential of deflation, we reformulate Algorithm 7.37 to include
deflation

Algorithm 7.39 (classical QR-Algorithm with (Rayleigh) shift, Hessenberg form, and deflatio:
% signature: [ev] = qr(A)

% input: matriz A in Hessenberg form (i.e., call hess(A) prior to calling qr)

% output: list of eigenvalues ev

{:=0

repeat {

- choose shift ) .= Ay(n,n)

- Ay — ,u(g) = Qi1 Ry % QR-decomposition of Ay — ,u(g)

- Appr =R Qe + p¥

}until |Ay(n — 1,n)| is sufficiently small
[ev)] =qr(Ay(l:n—1,1:n—1)) % recursive call with submatriz Ag(1:n —1,1:n—1)
return [ev, Ay(n,n)] % return Ay(n,n) and the eigenvalues of Ay(1:n —1,1:n—1)
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7.8.1 further comments on QR

Problem: in particular, for real matrices with eigenvalues appearing in complex conjugate pairs,

(1) (1) ) Then the QR-iteration

it is possible for the Rayleigh quotient method to fail: A = (
(with shift) yields Ay, = AV/.

solution: (Wilkinson-shift):

consider the two eigenvalues A;, Ay of A(n — 1 : n,n — 1 : n) and choose the shift as the
eigenvalue that is closer to A(n,n).

Problem: QR-algorithm does not converge with Wilkinson shift:

A:

O = O
_ o O
o O =

o(A) = {1, %(—1 +V/3i), %(—1 —V3i)}

here, the (Wilkinson) shift is 0 and all eigenvalues have absolute value 1. Indeed, A, = A for
all £.

solution: If the QR-iteration does not converge, then make a “random shift”. In general, this
leads to a separation (in absolute value) of the eigenvalues and thus convergence: If A3 # A\; #

)\2 7& )\3, but |)\1| = |)\2| = |)\3|, then |)\2 — )\| 7& |)\1 — )\| 7é |)\2 — )\| 7é |)\3 — )\|

7.8.2 real matrices

Suppose A is real and one is not interested in complex shifts (e.g., because one wishes to stay
with real arithmetic). In this case, eigenvalues appear in complex conjugate pairs A, A\. One
can therefore makes two QR-steps with shifts A and X. It is possible to combine these two steps
purely in real arithmetic.
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8 Conjugate Gradient method (CG)

Goal: iterative solution of Ax* = b, A € RV*N symmetric positive definite
“rules”: employ solely the matrix-vector multiplication x — Ax

Remark 8.1 In many applications A can be very large but sparse, i.e., A has only few non-
zero entries per row. Then, the matriz-vector multiplication is feasible but a factorization of A
may be infeasible (Cholesky factors of A typically need much more memory than A ). .

We will employ two scalar products:
e (x,y)2:=x"y =Y .x;y; (“euklidean scalar product”)
o (x,y)a :=xTAy (“energy scalar product”)

Exercise 8.2 (-,-)a is a scalar product and ||x||a:= \/(X,X)a is a norm on RV,

Notation:

e xy € RY arbitrary (=initial value)
e x* solution of Ax* =b
e 1y := b — Axy = initial residual

e e = X* — Xg = initial error

define, for each ¢ € N the Krylov space
Ko :=Ki(A, ro) = span{rg, Arg, ..., A"y}

We have the residual equation
Aeo =Ty (81)

Question: Can one approximate ey well from the spaces IC; (for “small” ¢)? Consider the best
approximation
find &, € Ky, s.t. [[eg — &/l|a < |le0 — x||a Vx € Ky (8.2)

Correspondingly, one obtains an approximation x, := Xy + €, of the original problem. Since
ey = X* — X(, we may characterize e, also as:

find x; € xo + Iy s.t. || X" —x¢l|a < [|X"—x[]a  VxEX+ LKy (8.3)

The solution x, of (8.3) can also be characterized as follows:

Lemma 8.3 The following are equivalent for x, € xo + KCy:
(i) x¢ solves (8.3)
(ii) (x* —xp,v)a=0 VYveEK,

(iii) (re,v)a =0 Vv €Ky, wherer,:=b— Ax,
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Proof:

(i) & (ii): (x* =%, V)a =0V e Ky & (A(X* —x¢),v)e =0V € Ky & (b— Axy, V), =
0Vv e IC[

(i) = (ii): Define for arbitrary v € K, the function 7 : R — R by 7(t) := ||x* — x; + tv]|3 =
I — xel[4 + 26(x" — x, V)a + 2]V

By assumption, 7 has a minimum at t =0 = 0= 7'(0) = (X* — x4, V)a.

Since v € K is arbitrary, the claim follows.

(ii) = (i): Let x4 € x9 + Ky be such that (x* — x,,v)a =0Vv € K,

Hence, the function 7 defined above has, for each fixed v, its minimum at ¢t = 0 = 7(0) <
7(t) Vt € R. Since v is arbitrary, (i) follows. O

For small ¢, the ¢ x ¢ linear system of equations corresponding to (8.2) (or, alternatively, (8.3))
could be set up and solved (exercise!). However, the CG-algorithm proceeds in a much more
economical way that determines x, as a cheap update of x,_;.
Xy, — X € Ky implies
r,=b—Ax;=b—-Axs—A(xy—%0)= 19 —A(xr—x0) € K1,
~— ——
Lo CKes1 e,

—_———
ER¢+1

i.e., ry € Kppq. Since 1y is orthogonal to IOy (cf. Lemma 8.3,(iii)), we obtain inductively that
K1 = span{rg,ri,... 1}

We now focus on the algorithmic construction of the approximations x,. To that end, it is

convenient to determine vectors dy, dy, .. ., such that {dy,...,d,} is an orthogonal basis (w.r.t.
the (-, -)a-scalar product) of Ky q. This is achieved with Gram-Schmidt orthogonalization: In
view of Ky = span{ry,...,r, 1} = span{dy,...,dy_1} and Kyy; = span{rg,...,r,}, we have

that d, has the form
-1
dy =1 = Bid;
i=0

for suitable §;. The orthogonality conditions

(dg,di)A:OfOTOSiSE—l

produce
(I'z, di)A
Bi = T30 1= 07 7£ -1
[EHIER
For 1 < ¢ — 2 we have
EA/C7;+1CICZ'+2CIC(:Span{l‘o,...,rlfl}
=
ﬁ' _ (I‘g, dz)A _ (I‘g, Ad; )2 Lemma:8.3,(iii) 0
o dillA [ dilIA
Therefore,
ry,dy_
de=r,— Bradey, B = %- (8.4)
[de-1a
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Next, we derive recursions for the x, and r,: Since x; — x,1 = (X — Xo) — (X — X¢p_1) € Ky
and the orthogonality of Lemma 8.3,(ii) implies that x, — x,—1 = (x, — X*) — (X* — xp_1) is

(+,-)a-orthogonal to K,_; we conclude

Xy — X1 = apdy_y

for some ay € R. To derive an equation for the unknown «, we note that applying A to this

equation yields
Ongdg_l = A(Xg - Xg_l) = AXg —b-— (AXg_l — b) = —TIy+7Ty_q

so that

L 83, (i)
ap(Ady 1,1t 1)y = (—rp+ 1o g, 10 y)e =

a3
We have thus obtained:

(@) dg =1 — Be1dyr, Be—1 given by (8.4)

(B) ro =111 — ayAdy_q, ay given by (8.5).

() xe=x¢1+ apdy

Remark 8.4 Computationally, is it better to compute oy, By as follows:

SO 1 e el
(de—1,re1)a (deo1,de1 + Beade2)a  ||de-1]lA
G~ edea  (oAdey)s (0TS ey el
_1 = = = — = = —
[de]la [de]la [rsvasyii agllde-r|z [re-1l3

We have thus derived the following algorithm:

Algorithm 8.5 (CG) % input: SPD matriz A, b € RY | initial vector xg
% output: (approx.) solution x, ~ A~'b

rg \= b — AXO, d() =T

for ¢ =1,..., until stopping criterion is satisfied do {
o lre—all3

el

ry =11 — ogAdy

Xy = Xy_1+ Oégdg_l

Byy = — llre2
=1 I

d;:=r,— ﬁz—ldz—1

Q
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Remark 8.6 o (G ist very economical w.r.t. memory requirements: merely 4 vectors of

length N have to be kept in memory concurrently (xy, vy, dg, Ady).

the method from realizing the exact solution after N steps.

8.1 convergence behavior of CG

e A € RV*N SPD = 3 ONB {&,...,&n} of RY consisting of eigenvectors of A with

corresponding eigenvalues \;, 1 =1,..., N

pEPuAX=) %8 = p(A)x =3, p(N)&x:

Write p(A) = Z;—n:o ijj = p(A)x = Zj ijj Yo Xk = Z” psz-/\fé} = > x&ip(

p € Prand x = 37x:6 = [Ip(A)x[[3 = > x7[p(Ai) [P A

x =30 %6 = X[ = (%, Ax)s = 3, (%6 Ax&) = X, X0y =

Z?Ll Xzz)‘i

Ip(A)xi = (p(A)x, Ap(A)x)s =D (xi&p(Ni), x;EA0(N)))2

i,

= lexjp M)A (&b €5 2—Z|Xz‘ Ailp(A )‘

5LJ

In view of K; = span{rg,..., A" 'rg} = {q(A)rg|q € P,_1} and o = Aey:

In exact arithmetic, CG terminates with the exact solution after at most N steps. Tech-
nically, one may view CG therefore as a direct solver. Round-off problems, however, stop

A))

X" —x = min ||x* — x||ao = min||le; — z||a = min ey — Z
H ZHA XEXOI'HCZ H HA ze}Ce H 0 HA zEICe——span{rlo ..... Al=lry} H 0 ||A
= min |leg — qg(A)r = min ey — g(Ae = min Ae .
WP H 0 Q( ) 0||A 4P 9(0)=0 H 0 Q( ) 0||A ge J=1 ||Q( ) 0||A
Therefore:

Theorem 8.7 The iterates x; of the CG method satisfy

[x* —x[[a = mlﬂ ||Q( )eolla
qEPy:

We estimate further with eg = > x;&;:

la(A )eO||A<ZX2)‘q (M) < max 7 ZXQA = max CI( )leolla

Aeo(A

Hence:

x*—x < min ma e
I xila < _win - max gV [leolla
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Theorem 8.8 Let A € RN be SPD , 0 < Mnin(A) < Apae(A), k 1= condy(A) = Amag (A)

>\7nin(A) :
Then: The iterates of the CG method satisfy
¢
VE—1

x* —x <2 e

I = xela <2 (V251 ) lleals
Proof: We have

*— < i A e
I xla < min o max a0 eola
N—_— ——
Smaxxe(r,,in Amaz] 14N
We select a specific ¢:
Tf(a-i;)b—Z:c)
q(l‘) = 7_2 a = )\minv b= >\mam
To(3%2)
T(x) = Chebyshev polynomial = % [(z + V2% — 1)’ + (z — V22 — 1)"] and uses
a+b—2x
| ——— || = T, =1.
s |1 (5527)| = e o
O

Remark 8.9 Theorem 8.8 shows that the condition number of A is very important for the
convergence behavior of the CG method. For matrices A with large condition number, one will
therefore apply the CG not to A directly but to B-*A where the SPD matriz B is SPD. For
more, see literature on the so-called “preconditioned CG” (PCG). .
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Figure 8.1: The orthogonality conditions (8.7) and Lemma 8.3, (ii).

8.2 GMRES (CSE)

goal: iterative methods for non-symmetric matrices A € RV*V,
technique: for the Krylov space K; := span{ry, ..., A*"'rs} GMRES seek x, € x¢ + K, such
that

IIb — Axylls < [|b— Az||2 Vx € xo + Ky (8.6)

The minimization property (8.6) implies an orthogonality condition:

Exercise 8.10 Show that the residual ry := b — Ax, satisfies
(b — Al’g,V)g = (I‘g,V)g =0 Vv e AK,. (87)

Hint: Proceed as in the proof of Lemma 8.3 or in the derivation of the normal equations in
Least Squares. (Note: GMRES can effectively be understood as a Least Squares method!)

Remark 8.11 The form (8.7) of GMRES suggests generalizations of GMRES: given a second
space Ly one could consider: Find x, € xo + Ky such that

(b—Axy)y = (ry,v)2=0 Vv € Ly. (8.8)

Different choices of L, lead to different method. The choice Ly = Ky leads (for SPD matrices)
to the CG-method (cf. Lemma 8.3), the choice L, = AKC, to the classical GMRES. .

One can show (this is not complicated, see literature) that for invertible matrices A GMRES
finds (in exact arithmetic) the exact solution in N steps. As with the CG method, the impor-
tance lies in the fact that in practice good approximations are obtained ¢ << N.

Computing the x;

As in the CG method, one computes the approximations x, successively until one is found that
is sufficiently accurate. It is, of course, essential that the x, be computed efficiently from the
orthogonality conditions (8.7). The general procedure is:

e Construct V = [vy,...,vy] an N x{ matrix the columns of which form a basis for the space
K. It will be computationally convenient to choose the vectors vy, ..., v, orthogonal.
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e Construct W = [wy,..., w,] an n x ¢ matrix the columns of which form a basis for the
space L, = AK,.

e Write the approximate solution as
Xy = X9 + Vy,
where y € R? is the vector of weights to be determined.

e Enforcing the orthogonality conditions (8.7) the system of equations
WTAVYy = W, (8.9)
from which the approximate solution x, can be written as
x; =X + V(WTAV) "W, (8.10)

We note that the matrix WP AV is only of the order ¢ x ¢; therefore its inversion is
affordable (for ¢ < N). In exact arithmetic the choice of the basis of Iy (i.e., the
choice of V) is immaterial and the vectors {ro, Ary, ..., A*'ry} could be used. However,
then the corresponding matrix V is rather ill-conditioned (recall: the vectors Ar, are
scaled versions of the vectors of the power method, and they converge to the dominant
eigenvector!) so that one expects numerical difficulties when solving (8.9). In practice,
therefore, some orthogonalization as discussed next is advised.

8.2.1 realization of the GMRES method

GMRES computes the vectors vy, ..., successively such that the {vy,...,v,} is a basis of K.
Then the linear system described by (8.10) is solved in an efficient way.

We note (exercise!) that Koy = AK, D K, for all . In the following, we will make the
assumption that the inclusion is strict: Iy ; KCoyq for all £ of interest. That is, dim ICp = £+ 1.
One can show (see literature) that the case K, = Kyy; is a fortuitous case as then x, = x*
(“lucky breakdown”).

The first step of the GMRES algorithm is to generate a vectors vi,...,. Since we want the
vectors v;, j = 1,..., ¢, to be orthogonal, we will construct them using a variant of the Gram-
Schmidt orthogonalization procedure given in Alg. 8.12 (in practice, a variant, the so-called
“modified Gram-Schmidt” procedure, is used that is numerically more stable—see lines 58 of
Alg. 8.14).

Algorithm 8.12 (Arnoldi, standard Gram-Schmidt variant)
% input ry;
%output: ONB of K, = span{ry, ..., A" ry}

1: vi = I'Q/||I‘0||2

2: forj=1,2,... 0 do

3: fori=1,2...,j do

hij = (Avj,vi)

end for '
Wi =Av; = >0 hijvi
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7 hyeg = [willa
8 Vi =W;/hjn,
9: end for

The algorithm generates the (¢ + 1) x ¢ Hessenberg matrix

(
(Avy,vi) (Avy,vy) (Avs,vy) ... (Avyvy)
(Avi,va) (Avy,va) (Avs,vs)
(Avy,v3) (Avs,vs) e+ D)xe
I:I — cR +1)x
¢ (AVg, V4)
(AV(, Vg)
(Avy, Vi)
together with the orthonormal vectors v; = ”XZ:HQ that are produced by the Gram-Schmidt
orthogonalization procedure:
Wi, = AV1 — (AVl, V1)V1
Wo = AV2 — (AVQ, V1)V1 — (AVQ, V2)V2

as well as
HWZ||2 = (Wz,Vz+1)2 = (AV£7V£+1)2 = hyt1y

Exercise 8.13 Assuming that Alg. 8.12 doesn’t terminate prematurely, the vectors v;, j =

1,...,¢, form an orthonormal basis of the Krylov space ICy.
We set V= (vi,vy,...,v,) € RV*¢ Since the vectors v;, j = 1,...,{, are orthonormal and
since Av; € span{vy,...,v;;1} and thus Av; = ST (Av,, v;)v; we get
AVg = [AVl e AV[]
041
= |(Avy,vi)vi+ (Avy,vo)ve ... Z(Avg, Vi) V;
i=1
- V.., H. (8.11)
Additionally,
V/AV, = V)V, H,=[I]0]H,=H, (8.12)

where Hy is the square matrix obtained by removing the last row of Hy.
We abbreviate

B = |lroll2
and note that fv; = rg. Additionally, we observe gV, ,.1e; = fv; = ry, where e; =
(1,0,0,...,0)" € R
GMRES minimizes the residuum (cf. (8.6)). Hence, seeking x, in the form x, = x¢ + Vsy we
can write

b — AXg = b-— A(Xo + Vz)’) =Tg — Ang = ﬁVl — Vg+1I:Igy
= Vi(Ber — Hyy);

126



exploiting the fact that the columns of V,,; are orthonormal, we can determine the vector y
by (8.6), i.e., y is the minimizer of

b — Ax[ls = min _||b — Ax||; = min ||fe; — Hyy||2. (8.13)

xexo+K, yER?

One way to solve for y is to set up and solve the normal equations using the Cholesky factor-
ization with cost O(¢3). However, since H has Hessenberg form, its QR-factorization can be
computed with O(£?) using, e.g., Givens rotations. The pseudo-code for the GMRES-algorithm
now be given as Algorithm 8.14.

Algorithm 8.14 (GMRES (basic form)) % input: xq, number of steps {
1: Compute ro = b — Axg, 8 = |[ro||2, and vi =1o/5
2: Define the (¢ + 1) x { matriz Hy and set elements hy; to zero
3: forj=1,2,... 0 do

4: w; = Av;

5: fori=1,...,7 do

6: hij = (w;, v;)

7: W; =W; — hijvi

8: end for

9 hjrrg = [[willa-
10: If hji,; =0 goto 12 % lucky break—ezact solution found
11: vig =w;i/hj,
12: end for

13: Compute y, as the minimizer of ||Be; — H(1:j+1,1:5)yl3 (e.g., QR-factorization)
14: Xp = X9 + Vyys

A few comments concerning Alg. 8.14 are:

Remark 8.15 e The derivation of Alg. 8.14 assumed that matrix H has full rank since we
assumed that dim K, = ¢ + 1. Alg. 8.14 takes this into account by stopping if h;+1; = 0,
which happens if ;;; = K;. However, a more careful analysis of the algorithm reveals
that if H does not have full rank, i.e., if K; = K;;1, then GMRES has actually found the
exact solution x*. This situation is therefore called a “lucky breakdown”.

e Solving the minimization problem in line 13 is done by QR-factorization of the Hessenberg
matrix H, e.g., with Givens rotations.

e The algorithm is implemented differently in practice. The parameter ¢ is not determined
a priori. Instead, a maximum number ¢,,,, is given (typically dictated by the computa-
tional resources). The vectors vy, vs, ..., v, are computed successively together with the
matrices Hy; that is, if the vectors v;, 1 < j < £ — 1 and the matrix H,_; have already
been computed, one merely needs to compute v, and the matrix H, is obtained from
H,_, by adding one column and the entry hy,1,. An appropriate termination condition
(typically, the size of the residual ||b — Axy||2) is employed to stop the iteration. If the
maximum number of iterations has been reached without triggering the termination con-
dition, then a restart is done, i.e., GMRES is started afresh with the last approximation
Xy,... as the initial guess. This is called restarted GMRES({ 4. ) in the literature.
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GMRES applied to besstk14.mtx; x = (1,1,...., 1)T

residual
)

10 10
iteration

Figure 8.2: Convergence history of GMRES (A is SPD).

Remark 8.16 Faute de mieux, the residual ||b— Axy|| is typically used as a stopping criterion
in GMRES. It should be noted that for matrices A with large k2(A), the error may be large in
spite of the residual being small:

1% — x|

12

b — Axylla

< m(A) g

Example 8.17 MATLAB has a robust version of restarted GMRES that can be used for exper-
imentation. Applying this version of GMRES to the SPD matrix A € R806x1806 pegstk14 . mtx
of MatrixMarket with exact solution z = (1,1,---,1)T results in the convergence history plot-
ted in Fig. 8.2. We note that the residual decays as the number if iterations increases. If the
number of iterations reaches the problem size, the exact solution should be found. As in this
example, this doesn’t happen in practice due to round-off problems, but the residual is quite
small. It should be noted that, generally speaking, GMRES is employed in connection with a
suitable preconditioner. We expect this to greatly improve the convergence behavior. .
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9 numerical methods for ODEs

goal: solve, for given y, € R and function f the initial value problem

y(t)=fty®),  y0)=w (9.1)

We will be interested in the solution y in the interval [0,7]]. The numerical methods will seek
approximations y; & y(¢;) in the points

O=to<ti<---<ty=T.

We denote by h; :=t;,1 — t; the step lengths and by h := max; h; the maximal step length.

9.1 Euler’s method

The simplest method is the explicit Euler method. Starting from the known value yo = y(to)
we seek an approximation y;. By Taylor approximation we observe

y(t1) = y(to) + hoy/(to) + O(hg) ) Yo + ho f(to, yo) + O(h?).

Hence, we are led to the approximation

Y1 := Yo + hof(to, Yo)-

Since we assume that y; is a good approximation to y(¢;), we may repeat the Taylor argument to
obtain y, := y1 +hy f(t1,y1). This leads to the ezplicit Fuler method: define the approximations
y; to the exact values y(t;) successively by

It is not obvious that the final approximation y(7') — yy = y(tny) — yn really is a good one
as errors over many steps may accumulate. Indeed, while the Taylor approximation is valid in
the first step (yp is exact), already in the second step we replace y(¢;) with the approximation
y1 in the Taylor approximation and we have to expect that this additional error is potentially
amplified by the recursion (9.2). Nevertheless, under reasonable assumptions the explicit Euler
method converges. For the proof, we need the notion of the consistency error T: Let t — y(t)
be the exact solution. The consistency error 7.z (t, h) of the explicit Euler method at ¢ is defined
as

Tep(t h) == y(t+h) = [y(t) + hf(t,y(1))] (9-3)

We recognize that 7.p measures the error of one step of the method when started with the
exact value y(t). We note that Taylor’s formula gives

1
|TEE(ta h)| < §h2||y”||oo,[0,T+h] (94)

Theorem 9.1 (convergence of explicit Euler) Let f € C'(R?) with bounded derivatives,
i.e., there is L > 0 such that |V f(t,x)| < L for all (t,z) € R?. Then there exists C' > 0 such
that for the approximation y; obtained by (9.2)

Dl < LT )
i:$?§_1|y(t2) yz‘ < Ce" h

129



Proof: We define the errors
ei = y(t:) — i
and note that ey = 0. For simplicity of notation, we assume a uniform step length h; = h

(exercise: check that the proof also works for variable step size). We seek a recursion for the
errors. To that end, we write

Yie1 = Yi + hf(ti, vi),
Y(tiv1) = y(t:) + hf(ti, y(ts) + 7(ti, h).

We obtain

eiv1 = ¢ + h[f(tiy(t:) — f(ti, v:)] +7(ti, h),

- -

(k) —)By £ (1:,)

where used the intermediate value theorem for some & between y; and y(t;). We obtain

leiv1] < lei| + hly(t:) — yz’Uayf(ti,f)lHT(ti, h)| < (1+ hL)le;| + |7(ti, h)| < €™ |es| + |7(t:, )]

=|es] <L

We now repeatedly use this estimate:

les| < eMleimt| + T(timy, B)| < € [ eia] + |7(Tica, )] + [T (tiz1, )]

= eeig| + " |T(Tica, )| + [ (tioa, 1)
i1
<< eel + Y M|t b))

=0
We note that ey = 0. For the sum, we use that jh =t; <T and (9.4) to infer

i—1 i—1

: 1 1 , 1
lei| < ZeJhL|T(ti_j_1, h)| < §€TLZ W2y |l oo,jo,r4+8] = §6TLHy//||oo,[O,T+h]Zh2 < §€TLH?J”HOO,[07T+h}Th,
j=0 5=0
which is the desired first order convergence. O
Example 9.2 hier ein Beispiel fuer expliziten Euler "

The explicit Euler method was motivated by Taylor expansion around t; to obtain the value
Yir1 ab t; 1. Alternatively, one could perform Taylor expansion around t¢;,;. That is,

y(ti) = y(tipr) + (6 — tiy1) Y (i) +O(R),
——
=f(ti+1,y(ti+1))

so that, by replacing y(t;) with y; and y(¢;11) with y;,; and dropping the O(h?), we get the
implicit Euler method
Yir1 = Yi + hif (tiv1, Yir1). (9.5)

The method is implicit since ;1 is obtained from y; by solving a (in general) nonlinear equation.
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Exercise 9.3 Formulate the Newton method to compute y; 11 given y;. "

Analogous to the consistency error for the explicit Euler method (9.4), we have for the consis-
tency error for the implicit Euler method the equation

Tip(t,h) =yt +h) —hy(t) + hf(t+ h,y(t +h))], (9.6)

where t — y(t) is again the exact solution of y'(t) = f(¢,y(t)). Taylor expansion again gives
7.5(t,h) = O(h?) for exact solutions y € C?. One can show that the implicit Euler method

satisfies
max [y(t;) — yi| < Ch.

Both explicit and implicit Euler method are first order methods. finis 13.DS

9.2 Runge-Kutta methods

The explicit and implicit Euler methods are one-step methods! of order 1. A generalization of
these two one-step methods are methods of the form

Yirr = Yi + ha®(ti, hiy i, Vi) (9.7)

for some given increment function ® (®(t;, hy, yi, yiv1) = f(ti, y;) is the explicit Euler, ®(¢;, hy, yi, yiv1) =
f(ti+ hi,yiy1) is the implicit Euler method.) We are interested in deriving increment functions
® such that the method is of order p, i.e., that (given sufficient smoothness of f) one has

max |y(t;) — yi| < ChP.

9.2.1 explicit Runge-Kutta methods

There are many different ways to introduce one-step methods of order higher than 1. Here, we
motivate the structure of so-called Runge-Kutta-methods by extrapolation techniques, which
we encountered already in Section 1.4. The extrapolation technique relies on comparing two
different approximations: a) one step of the explicit Euler with step length h and b) two steps
of the explicit Euler method with step length h/2, viz

y§” = 9o + hf (%o, %),

h h h
g = Yij2 + §f(t1/2,y1/2), Yij2 = Yo + §f(to, Y), tip=1t+ 5

From the above developments, each of these approximations has error O(h?), i.e.,

y(t) — yt) = 7D (tg, h) = O(h?),
y(t) — yt2 = 7 (tg, h) = O(h?).

that is, the value y;,1 is determined by y; and not, for example, by y; and y;_1
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We define the actual step of the method as a linear combination of y%l) and yf) in such a way
that the resulting consistency error is y(t1) — y; = O(h?). To that end, we carefully employ
Taylor’s theorem:

/ 1 !/
y(t1) = y(to) +hy (to) + =h*y" (to) + O(h?),
—~— 2
Y=yo
i = yo + hy' (t)

h h h hoh
y§2) = Y12 + §f(t1/2, y172) = yo + 5.f(to,v0) + 5. (to + 5,90 + 5./ (t0, %0))

2 2 2 2
h h h h )
= Yo+ §f(t0>y0) + 5 f(to, yo) + atf(t0>y0)§ + ayf(to,yo)gf(tmyo) + O(h%)

2
= yo + hf(to,yo) + hz (0,1 (to, o) + Oy f (to, Yo) f (to, yo)] + O(h?)

Next, we use that ¢ — y(t) is a solution of the differential equation, i.e., y/(t) = f(t,y(t)).
Hence, by differentation with respect to t we get with the chain rule

y'(t) = 0 f(t.y(t) + 9y f(t.y()y'(t) = 0 f (£, y(t) + O, f (£, y (D)) f (2. y(2)).
In particular, for t = ¢y and y(ty) = yo, we obtain

/ h2 !
y?) = Yo + hy (to) + Zy’ (to) + O(h3)

Therefore, for parameters «, 8 we can compute

y(t) — [yt + By
2 2

= yo + hy/(to) + %y”(to) + O(h*) — alyo + hy'(to, yo)] — Blyo + hy/(to) + hzy”(to) +O(h?)]
— 1= a = B) +(w)hl1 = = 5]+ @) |5 - 5] + 00

The conditions on « and [ are therefore
l-a—-p=0
2—-05=0

with solution f = 2 and o = —1. The method is therefore y; = 2y§2) — ygl) or, more explicitly,

ki = f(to, vo), (9.8a)
h h

k2 = .f(tO + 57'3/0 + §kl)a (98b)
h h

Y1 = 2 Yo + El{fl + 5]{72 — Yo + hkl) = Yo + hk2 (98C)

This method is of order 2, i.e., max; |y(t;) —y;| < Ch? (for sufficiently smooth exact solution y).
In principle, even higher order methods can be constructed by this extrapolation idea. However,
a more general class of methods emerges from the structure in (9.8), the explicit Runge-Kutta
methods:
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Definition 9.4 (explicit Runge-Kutta method) For a given number of stages s € N, pa-
rameters ¢; € [0,1], b; € R and a;; € R define

k1= f(to,yo),
ko = f(to + c2h, yo + hasiky),

s—1

ko= f(to+ cshyyo + h Y agk;)

j=1
and the update y; = yo+h > ;_, biki. The method is compactly described by the Butcher tableau:
010

cplan 0
c3 | as  as 0

Cs | Qg1 " Qgs—1 0

by, by, --- b,
Exercise 9.5 Write down the Butcher tableau for the explicit Euler method and the method of
order 2 derived above. .

Example 9.6 (RK4) A popular explicit Runge-Kutta method is RK/ with J stages and order
4 given by y1 = yo + h®(t,y1, h), where

1

(I)(t, Y, h) = 6 []{71 + 2]{32 + 2]{73 + ]{74] y
kl = f(tvy)v
h 1
k’g = f<t+§,y+§hk‘1),

2
]{74 = f(t+h,y+hk3)

The corresponding Butcher tableau is

h 1
k’g = f(t+—,y+§hk:2),

0

1)1

$12

210 3

110 0 1
T2z 1
6 6 6 6

Exercise 9.7 Program RK/J and apply it to the right-hand side fi(t,y) =y and yo = 1. Plot
the error at T =1 versus h for h=2"",n=1,...,10. "

Exercise 9.8 The solution of y'(t) = f(t), y(to) = 0 is given by y(t) = fti f(r)dr. Hence,
for right-hand sides of the form f(t,y) = f(t), a Runge-Kutta method results in a quadrature
formula. Which quadrature formula is obtained for RK4?
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9.2.2 implicit Runge-Kutta methods

The form of the explicit Runge-Kutta methods in Def. 9.9 suggests a generalization, the so-
called implicit Runge-Kutta methods:

Definition 9.9 (implicit Runge-Kutta method) For a given number of stages s € N, pa-
rameters ¢; € [0,1], b; € R and a;; € R define the stages k;, i = 1,...,s as the solution of the
following (nonlinear) system of equations:

ki:f(t0+cih>y0+hzaijkj), i=1,...,s.

J=1

One step of the implicit Runge-Kutta is then given by y1 = yo + h>_,_, bik;. The method is
compactly described by the Butcher tableau:

€101 Q2 - Qis

Co| @21 Q22 -+ Qg

Cs | Qs1 ++° (Ags—1 0Ag

by by -+ b,
Exercise 9.10 Show that the implicit Euler method is a 1-stage implicit Runge-Kutta method
by writing down the corresponding Butcher tableau. "

Example 9.11 (6-scheme) For 6 € [0, 1] the scheme with Butcher tableau

0|60
1
is called the 0-scheme. It is given by

ki = f(to + 6h,yo + Ohky), Y1 = Yo + hk;

The auziliary variable ki can be eliminated using yo + Ohky = 0(yo + hki) + (1 — @)yo =
Oy + (1 — 0)yy so that it is

y1 = yo + hf(to + 6h,0y; + (1 — 0)yo)

We recognize the explicit Fuler method for 6 = 0 and the implicit Fuler method for § = 1. For
0 = 1/2, the method is called “midpoint rule” (the simplest Gauss rule). We mention that the
0-scheme is of order 1 for 6 # 1/2 and it is of order 2 for 6 =1/2. .

9.2.3 why implicit methods?

Explicit Runge-Kutta methods are usually preferred over implicit methods as they do not
require solving a (nonlinear) equation in each step. These nonlinear equations are typically
solved by Newton’s method (or some variant), and the user has to provide the derivative 9, f.
Nevertheless, implicit Runge-Kutta methods (or variants) are the method of choice for certain
classes of problems such as stiff ODFEs. A typical situation where implicit methods shine are
problems that describe problems with vastly differing time-scales. In these situations, explicit
methods would require very small step sizes for reasonable results whereas implicit methods
achieve good accuracy with much larger step sizes.
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Example 9.12 Consider the solution of initial value problem

1 —21 19 —-20
v=Ay, yO)=[ o |, A= 19 —21 20
—1 40 —40 —-40
The eigenvalues of A are given by A\; = —2, Ay = —40(1 +1), A3 = —40(1 —1i). The solution is:
1 1
yi(t) = 56_% + 56_40t (cos 40t + sin 40t) ,
1 1
ya(t) = 56_% - 56_40t (cos 40t + sin 40t),
ys(t) = —e " (cos40t — sin40t) .

All 3 solution components vary rather rapidly in the regime 0 <t < 0.1 so that a step length
restriction A << 1 seems plausible. For ¢ > 0.1, however, the components y; and y, vary rather
slowly (the rapidly oscillatory contribution has been damped out due to the factor e=4%) and
y3 is close to zero. From an approximation point of view, therefore, one would hope that larger
time steps are possible. However, Fig. 9.1 shows that, for example, for h = 0.05, the explicit
Euler method yields completely unacceptable results. Indeed, one can show that the explicit
Euler method can only be expected to yield acceptable results if the step length h satisfies the
stability condition
|1+h2‘ <1 26{)\1,)\2,)\3}

i.e., it has to satisfy h < % = 0.025. In contrast, the implicit Euler method, which is also visible
in Fig. 9.1 performs much better since it does not have to satisfy such a stability condition. =

slide 37a

slide 38
slide 39
slide 40

9.2.4 the concept of A-stability (CSE)

The above examples have shown that for certain examples of ODEs explicit methods “fail” in
the sense that convergence only sets in for very small step sizes. In contrast, (certain) implicit
methods perform well for much larger step sizes. Mathematically, the notion of A-stability
captures the difference in behavior.

the stability function R

Consider the scalar model equation

v =Xy,  y(0)=1yo (9.9)

where A € C. The exact solution is y(t) = eMy,. One step of length h of an RK-method has

the form

where R(z) is a polynomial for an explicit method and a rational function for an implicit
method:
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Figure 9.1:

Comparison of explicit and implicit Euler method for the stiff problem of Exam-
ple 9.12: exact solution (top left) and numerical approximation.
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Exercise 9.13 Show:
1. explicit Euler method: R(z) =1+ z
2. implicit Euler method: R(z) =1/(1 — 2)

3. O-scheme with = 1/2: R(z) = izg

4. RKJ: R(z)=1+z2+%5+5+5

Without proof, we mention that for any RK-method that leads to a convergent method the
stability function R has the form R(z) =1+ z + O(2%) as z — 0.

Definition 9.14 An RK-method is said to be A-stable, if
|IR(2)| <1 Vz with Re z < 0.

Exercise 9.15 If R is a polynomial, then the corresponding RK-method cannot be A-stable.
Since the function R associated with an explicit RK-method is a polyomial, explicit RK-methods
cannot be A-stable.

In particular, the explicit Euler method is not A-stable whereas the implicit Euler method is.
The 0-scheme with 0 = 1/2 is A-stable. See also Fig. 9.2. .

Consider the case Re A < 0. Then the exact solution y(t) = ey, stays bounded for ¢t — oo.
(For Re A < 0 the solution even decays to 0.) From (9.10) we see that the discrete solutions y;
are given by

yi = (R(AR))'yo,  i=0,1,...,

Hence, for the discrete approximations to be bounded (as i — 00), we have to require |R(Ah)| <
1. Since Re A < 0 and h > 0, we see that this is ensured for A-stable methods irrespective of
h > 0.

Put differently: A-stability of an RK-method ensures that the property that the solution y(t) =
eMyqy is bounded (for Re A < 0) is reproduced by the numerical method for any h > 0.

Example 9.16 A-stability ensures boundedness of the discrete solution for Re A < 0 and any
h. For Re X < 0 and sufficiently small h the condition |R(Ah)| < 1 is ensured. We illustrate
this for the explicit Euler method: For the explicit Fuler method, one has R(Ah) = 1 4+ Ah.
Hence, for A < 0 one has

2
IROAR)| <1 <= [1+M]<1 = hgm.

If A << —1, then this condition on h is very restrictive. "
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3 Stabilitaetsgebiet von expl. Euler Stabilitaetsgebiet von impl. Euler
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Figure 9.2: stability regions {z € C||R(z)| < 1} for explicit Euler, implicit Euler, RK4, and
implicit midpoint rule.
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stability of RK-methods

To get insight into the performance of an RK-method, we consider the model

y =Ay, y(to) =yo (9.11)

where A € C™™ is a (constant) matrix. Such a model may be viewed as a linearization of a
more complex ODE and one hopes that studying the RK-method applied to the linearization
captures the key properties. We assume additionally that A can be diagonalized:

A=T"'DT
so that after the change of variables y = Ty the ODE (9.11) is equivalent to
y = Dy, y(to) = ¥o = Tyo. (9.12)

It can be checked that for RK-methods, one step of the RK-method could be computed in
two different ways: either one applies the RK-method directly to (9.11) or one applies it to the
transformed equation (9.12) and transforms back. This is depicted in Fig. 9.3. The RK-method
applied to (9.12) is simpler to understand since it reduces to the application of the RK-method
to scalar problems of the form (9.9) where A € C is a diagonal entry of D, i.e., an eigenvalue
of A. One step of length h of an RK-method applied to (9.9) has the form y;t" = R(\,h)y:
where R(z) is the stability function and we use the subscript k& to indicate the component of
the vector y while the superscripts 7 + 1 and ¢ indicate the association with time steps ¢;,; and

t;. Hence, ' , .
Fi = ROWTE = = (RS, k=1,.n,

If Re Ay, << —1 then one is well-advised to ensure |R(Azh)| < 1 to reproduce this boundedness
of the exact solution component. For A-stable methods, this is ensured no matter what h is.
The following considerations argue why this is a sensible condition. For simplicity of notation,
we assume that the eigenvalues \j are real (so as to be able to formulate conditions on A
instead of on Re A\x):

e One may expect a good approximation for those components yj, for which |[Azh| is small.
For these components, one has R(Ah) ~ 1 (note that R(z) = 1 + O(z) in the examples
of Exercise 9.13). Suppose that for some A\, << —1 and an h > 0 one has |R(Ah)| > 1. If
the RK-method is applied to the diagonalized form (9.12), then the error in these compo-
nent yj. is very large while the other components may be reasonably well approximated.
One may be tempted to argue that this is acceptable since that solution component is
practically zero (and thus known!) so that there is no need to approximate it numeri-
cally anyway. However, if the RK-method is applied to the original form (9.11), then the
presence of a single eigenvalue A, with |R(Axh)| > 1 will ruin all components since the
transformation y = T~'y mixes all components of ¥ so that one expects that all compo-
nents of y! have contributions of y; (unless T~! has special structure). In other words:
When applying the RK-method to (9.11), the time step h > 0 is dictated by
the maximum of {—)\;|j = 1,...,n}. However, is very unsatisfactory that solution
components y, with large —\; dictate the step size although they hardly contribute to
the exact solution.

139



change of variables _,

i i y
y' =Ty
RK methodl lRK method
yiH change of variables i+l

y; = Ty

Figure 9.3: RK-method applied to y’ = Ay and to y = DYy after change of variables. The
superscripts 7 and ¢ + 1 refer to the time steps t; and ¢;.

e Related to the above point is a consideration of error propagation. In each step of the
RK, some consistency error is made. Consider again the RK-method in the variable y
and an initial error €°. For A\, << —1 and |R(M\¢h)| > 1 the error in the kth component
is actually damped by the exact evolution (by a factor e*") whereas it is amplified by a
factor |R(Axh)| by the RK-method. Thus, initial errors are amplified by a factor |R(Agh)|*
in the ith step. Fixing t; = ih, we rewrite this amplification factor as

[ROWR)[T = [ROWR)[5™ = (IR(AR)|™)"

For fixed ¢; and |R(A\;h)| > 1, we have that |R(\zh)|"/" is very large. In conclusion,
we have to expect that the method will dramatically amplify initial errors for small h.
Again, this error amplification in one component will affect all components if one applies
the RK-method to the original form (9.11).

What about Ay > 07 In a nutshell: large (positive) Ay also impose step size restrictions, i.e.,
they also require that \yh be small. However, this step size restriction is acceptable since it is
necessary to approximate the solution. To be more specific, we note that the error amplification
discussed above arises for |R(A;h)| > 1 and this situation occurs also for A\, > 0 (e.g., for the
explicit Euler method is R(Axh) = 1+ A\gh). However, the exact solution grows as well so that
the amplification of the relative error is not dramatic. To fix ideas, consider the explicit Euler
method. Then with initial error €, the relative error at t; is

R\:h)|*[e? %l (1 4+ \yh)ti/h e?
—| ( kAO)| | k|e)"“ti = |A]8| (1+ Akt_) < |A18| = rel. error at tg,
N2y N ek N2y

where we used (1 + x) < e so that (1 + A\,h)iM/Qeh) < etide,
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9.3 Multistep methods (CSE)

goal: high order methods with less function evaluations than RK-methods

observation: one-step methods such as RK-methods do not make use of the “history” available
— reuse previous function evaluations for efficiency increase

setting: we employ uniform step size h (multistep methods with variable step size are rather
complicated!)

notation: t; = to + ih, fi := f(t;, y;)

9.3.1 Adams-Bashforth methods

Let r € Ny. Given (t;_x,Yi—x),-- -, (t;,y;) we wish to find y;11. To motivate the method, we
note that the exact solution satisfies

tit1

) =ut)+ [ y@d =y [ ) (9.13)

Noting that we have approximations to f(t;—j,y(ti—;)) = fi—;, 7 = 0,...,k, in our hand, we
approximate the integrand by its interpolating polynomial of degree k, i.e.,

k k P
~ D Sl ®), () =] —
j=0 s=0 ]—s 1—S8
s#]

In view of t; =ty + hi and the change of variables t = t; + hT we compute

i+1 tit1 o k T=
[ Sreacion- S e S [T
S#J

—1
=0 g/
575

(. J/

Bj

We note that 5, is independent of h and f and can be precomputed (see Example 9.17). We
have thus arrived at the Adams-Bashforth method

k
Yit1 =Yi t h Z Bjfi-j (9.14)
=0

Example 9.17 Adams-Bashforth methods (ezplicit):
k=0 yu1=vy;+hf; (explicit Euler)
k=1 Yin :yi+h% (3fi = fi-1)
k=2  yin=y+ h% (23f; — 16fi—1 + 5 fi—2)

1
k=3 Yiv1 = Yi + hﬂ (55f; — 59fi 1+ 37fi_o — 9fi_3)
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Theorem 9.18 The k + 1-step Adams-Bashforth method is a method of order k + 1, i.e., if
f is sufficiently smooth, then the consistency error (i.e., the error in one step) is O(h¥+?).
Specifically, provided the initial errors |y(t;) —yi|, i = 0, ..., k, are O(h**Y) then

max |y (t;) — yi| < ChF,
where the constant C' depends on f and the terminal time T = ty.

We note that the method requires only one evaluation of f per step. It is therefore more
economical than the RK-methods (if the number of function evaluations is taken as the cost
measure).

9.3.2 Adams-Moulton methods

The Adams-Bashforth method above is an explicit method. The Adams method exist also in
implicit variant. This method is derived in a way very similar to (9.13) by simply changing the
domain of integration. The exact solution satisfies

tit1

Y(tiv1) = y(ts) + f(ty(t))dt. (9.15)

t;

Again, replacing the integrand with the polynomial interpolating in (t;11-;, ¥i11-;), 7 =0,..., k,
we arrive at the method

k tit1 k t t
— bi4+1-s
Yisr = Ui+ Y fi-‘rl—j/ i) dt, L) =1 ; +t dt
=0 t =0 i+1—7 = bitl—s
s#j

Again, the terms ftt;“ liv1—;(t) dt are of the form hf; for some coefficients ; depending only
on k (Exercise!). The first few Adams-Moulton methods are given in the following example:

Example 9.19 Adams-Moulton method (implicit):
k=0 wyi1=v+hfi (implicit Fuler)
k=1 wy1=vy+ h% (fix1+ fi) (trapezoidal rule)
k=2 yin :yi+h1_12 (5fir1 +8fi — fiu1)
k=3 yimi=y+ h2—14 (9fixr +19fi =5fica + fioa)

Theorem 9.20 The k-step Adams-Moulton method® is a method of order k+1, i.e., if f is suf-
ficiently smooth, then the consistency error (i.e., the error in one step) is O(h¥2). Specifically,
provided the initial errors |y(t;) — yi|, i = 0,...,k, are O(h**1) then

max |y(t;) — y;| < ChM,

where the constant C depends on f and the terminal time T = ty.

2for k = 0, the Adams-Moulton method is the implicit Euler method, i.e., also a 1-step method
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The Adams-Moulton methods are implicit methods since the involve fii 1 = f(ti11,yit1) to
compute the y;i1.

Exercise 9.21 The Adams-Moulton method have fixed point form for the unknown y;1,1 and
could be solved with the fized point iteration (cf. (6.1)). Assume that f is smooth. Show, using
Theorem 6.5, that the fived point iteration converges for sufficiently small h.

In practice of Adams-Moulton methods, the fixed point iteration discussed in Exercise 9.21 is
refined:

Remark 9.22 (predictor-corrector method) A reasonable starting guess for y;+1 is y;. (By Tay-
lor, one expects yi+1 — yi = O(h).) A better approzimation could be obtained by an explicit Adams-
Bashforth method. Then, one performs m steps of the fixed-point iteration (9.16). That is,

0) .

Y; 1 = approzimation obtained from an Adams-Bashforth method (P)
forn=0,...,m—1 dof
F = Sty (B)
k
yi(ﬁl) =yt hﬁofi(ﬁ +h Z f(tiv1—jYir1—j), (©)
j=1
}

In this context, the first step is called “prediction” (denoted P) and the m steps of evaluating f are
called “evaluate” (denoted E) and “correction” (denoted C). Correspondingly method is abbreviated
P(EC)™. n

9.3.3 BDF methods

The most important class of linear multistep methods are the BDF methods (“backward dif-
ferentiation methods”). The BDF methods are suitable for stiff problems.

The BDF-k methods is obtained by interpolating (¢;11—j, ¥i+1—;), j = 0,...,k by a polynomial
of degree k and collocating the differential equation in the point #;;:

L Livi-s

k
interpolating polynomial: me(t) = E Yir1—iliv1-;(t), Uivi—;(t) = ,
— ~g b — tivis
j S—
S#J
. !
collocate in ti+12 W];(ti+1> = f(ti+1, Wk(ti+1)) = f(ti+1, yi—l—l)-

Example 9.23 We consider the simplest case, k = 1:
t—t; t—1it1

interpolating polynomial: m(t) == yin1 Py
. Yit1 — Yi !
collocate in t;yq: . (tiv1) = % = f(tiv1, Tk(tiv1)) = f(tic1, Yir1)-
This is the implicit Fuler method. "

More generally, we have:
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Example 9.24

k=1 Yiv1 — Y; = hfi—l—l (Zmplzct EUZ@T)

4 1 2
k=2 yi1— 3Yi + 3Vi-1 = hgfi-i-l BDF2
18 9 2 6
3 Yin 1Y + 1Yt~ Y2 11f+1 3

Theorem 9.25 The BDFk-method is a method of order k, i.e., if f is sufficiently smooth then
the consistency error (i.e., the error in one step of the method) is O(h**1). Specifically, provided
the initial errors |y(t;) —vil, i =0,...,k — 1, are O(h*) then

max [y(t;) — yi| < Ch*
Remark 9.26 Since the BDF methods are typically employed for stiff problems, the implicit

equations are not solved by a simple fixed point iteration but by Newton’s method or a Newton-
like method. u

9.3.4 Remarks on multistep methods

The Adams methods and the BDF-formulas are special cases of so-called linear multistep meth-
ods, which are update formulas of the form

k k
Zajyi-i-l—j = hZiji—i-l—j (9.16)
=0 j=0
for coefficients «;, ;. These methods are explicit if 3; = 0, otherwise they are implicit.

Starting value:

A multistep method determines y; 4, from several previous values y; 11—, j = 1,..., k. Since at
the beginning only ¥, is given, one needs to compute the initial values ¥, ..., y; by some other
method. For example, a Runge-Kutta method is employed. These values need to be computed
to accuracy O(h?), where p is the order of the multistep method (p = k+1 for Adams-Bashforth
and Adams-Moulton, p = k for BDFk).
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