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Optimal convergence rates in L? for a
first order system least squares
finite element method.

Part 1: homogeneous boundary conditions

M. Bernkopf * J.M. Melenk |

23. Dezember 2020

We analyze a divergence based first order system least squares method applied to a
second order elliptic model problem with homogeneous boundary conditions. We prove
optimal convergence in the L?(2) norm for the scalar variable. Numerical results confirm
our findings.

1. Introduction

Least Squares Finite Element Methods (LSFEM) are an important class of numerical methods for
the solution of partial differential equations with a variety of applications. The main idea of the
LSFEM is to reformulate the partial differential equation of interest as a minimization problem, for
which a variety of tools is available. For example, even for non-symmetric or indefinite problems, the
discretization with the least squares approach leads to symmetric, positive definite systems, which
can be solved with well-established numerical technologies. Furthermore, the least squares technique
is naturally quasi-optimal, albeit in a problem-dependent norm. For second order PDEs, which is
the setting of the present work, the most common least squares approach is that of rewriting the
equation as a First Order Least Squares System (FOSLS) that can be discretized with established
finite element techniques. A benefit is that many quantities of interest are approximated directly
without the need of postprocessing. We mention | | as a classical monograph on the topic as
well as the papers | , , , ]

The present work considers a Poisson-like second order model problem written as a system of first
order equations. For the discretization, an H (2, div) x H'(2)-conforming least squares formulation
is employed. Even though our model problem in its standard H'(Q2) formulation is coercive our
methods and lines of proof can most certainly be applied to other problems as well, see | , ]
for an application to the Helmholtz equation. The LSFEM is typically quasi-optimality in some
problem-dependent energy norm, which is, however, somewhat intractable; a priori error estimates
in more familiar norms such as the L?(£2) norm of the scalar variable are thus desirable. Numerical
examples in our previous work | | suggested convergence rates in standard norms such as the
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L?(Q)-norm which, to our best knowledge, are not explained by the current theory. In the present
work, we develop such a convergence theory with minimal assumptions on the regularity of the
right-hand side.

1.1. Contribution of the present work

Our main contribution are optimal L?(Q2) based convergence result for the least squares approxima-
tion wup to the scalar variable u. Furthermore, we derive hp error estimates for the gradient of the
scalar variable u, which do not seem to be available in the current literature, as well as an hp error
estimate for the vector variable ¢ in the L?(€2) norm, which is available in the literature for a pure
h-version. These optimality results are new in the sense that we achieve optimal convergence rates
under minimal regularity assumptions on the data. Here, we call a method optimal in a certain
norm, if the norm of the error made by the method is of the same order as the best approximation
of the employed space.

1.1.1. Review of related results

In | ] the author considered the classical model problem —Awu = f with inhomogeneous Dirichlet
boundary condition © = g in some smooth domain 2. Unlike the present work the least squares
formulation employs vector valued H' () functions instead of H (2, div) for the vector variable. The
corresponding finite element spaces are chosen such that they satisfy simultaneous approximation
properties in L?(2) and H'(2) for both the scalar variable u and the vector variable ¢. Using a
duality argument akin to the one used in the present work the author arrived at the error estimate

Ju— uhHL2(Q) SRl —en,u—up)ll,

see | , Thm. 4.1], where [|(-,-)||, denotes the corresponding energy norm. At this point higher
order convergence rates are just a question of approximation properties in ||(-,-)[,, see [ )
Lemma 3.1] for a precise statement. As stated after the proof of | , Thm. 4.1], one can extract

optimal convergence rates for sufficiently smooth data f and g. The smoothness of the data is
important as the following considerations show: For the case of a smooth boundary I' and f € L?(Q)
and g € H3/?(T'), elliptic regularity gives u € H?(Q). Therefore u can be approximated by globally
continuous piecewise polynomials of degree greater or equal to one with a error O(h?) in the L?(Q)
norm, which is achieved by classical FEM, due to the Aubin-Nitsche trick. In contrast, the above
least squares estimate does not give the desired rate: The norm ||(¢ — @n,u — up)||, contains a term
of the form
19 (@ = )l = If = V- @nl ooy

from which no further convergence rate can be extracted, since f is only in L?(12).

In | ] (see also [ ]) the problem —V - (AVu) + Xu = f with uniformly elliptic
diffusion matrix A and X a linear differential operator of order at most one together with ho-
mogeneous mixed Dirichlet and Neumann boundary conditions was considered. The least squares
formulation presented therein employs the same spaces as the present work. Apart from nontrivial
norm equivalence results, see | , Thm. 3.1], they also derived the following estimate of the
least squares approximation

f[u— UhHHl(Q) + e — ‘Ph“H(div,Q) S hs(Hu||Hs+1(Q) + ||‘P||Hs+1(9))7

assuming u € H*T1(Q) and ¢ € H51(Q). This result is then optimal in the stated norm, however,
the assumed regularity is somewhat unsatisfactory, in the sense that if the solution u € H*1(Q)
then the relation Vu + ¢ = 0 merely provides the regularity ¢ € H#®(Q2) and not the assume
regularity ¢ € H571(Q).



Finally in [ | the same model problem as well as the same least squares formulation is

considered. The main goal of [ ] is to establish L?(Q) error estimates for u and ¢. In [ ,
Lemma 3.4] a result similar to [ , Thm. 4.1] is obtained. This result, however, suffers from the
same drawback as elaborated above. Furthermore, they prove optimality of the error of the vector
variable ¢ in the L?(£2) norm, see | , Cor. 3.7).

The main tools for a priori error estimates in more tractable norms such as L?(Q) instead of
the energy norm in a least squares setting are, as it is done in the present paper and the above
literature, duality arguments, which lead to an estimate of the form

[ = unll 20y S NP = @nsw —un)l, -

As elaborated above it is not possible to extract the desired optimal rate from this estimate di-
rectly. In the proof of one of our main result (Theorem 4.13) we exploit the duality argument in
a more delicate way, which allows us to lower the regularity requirements on ¢ to what could be
expected from the regularity of the data f. Key components in the proof are the div-conforming
approximation operators I and I}, (cf. Lemmas 4.4, 4.7), which are also of independent interest.

1.1.2. Notation

Throughout this work, € denotes a bounded simply connected domain in R™, n € {2,3}, with C*
boundary I" := 9 and outward unit normal vector n. Let I' consist of two disjoint parts I'p and
I'v. We consider the following spaces:

HY(Q) = {uc L*(Q): Vu e L*(Q)}, H(Q,curl) = {p € L*(Q): V x ¢ € L*(Q)},
HH(Q) ={uec H(Q):u=00nTp}, Hy(Q,curl) = {p € HQ,curl): n x ¢ =0o0n 'y},
H}(Q)={uec H(Q): u=0onT}, Hy(Q,curl) ={p € H(Q,curl):n xp =0on I},

H(Q,div) = {p € L*(Q): V- p € L*(Q)},
Hy(Q,div) ={p € HQ,div): ¢ -n=0o0n Ty},
H)(Q,div) = {p € H(Q,div): ¢ - n=0o0nTI}.
For further detail and references see | ) ]. Since we will look at a first order system
formulation we have two finite element spaces to choose, one for the scalar variable u and one for
the vector variable ¢. We consider the following finite element spaces:

Sp.(Th) CHY(Q), N, (Tn) € H(Q,curl), RT,,1(7Tn) € BDM,, (%) C H(Q,div),
SP(Tw) CHB(Q), NY(T,) C Hy(Q,curl),  RT) _,(T,) CBDM) (T,) € Hy(Q,div),
Sp (Th) € Hy(Q), N (T) € Ho(Q, curl), RT) _,(7,) € BDM) (7,) C Ho(9,div),

po—1
where the polynomial approximation of the scalar and vector variable is denoted by p, > 1
and p, > 1 respectively. For brevity we also denote by V,, (75) either the space RT,, _1(75) or
BDM,, (7). The spaces V) (T;) and V9 (Tj,) are denoted analogously. Furthermore, the Nédélec
space N, (7p) is either of type one or two, depending on the choice of V,, (7). The same conven-
tion applies to the spaces with boundary conditions. See again | ] for further details as well
as Section 4. Further notational conventions will be:

e lower case roman letters like u and v will be reserved for scalar valued functions;
e lower case boldface greek letters like ¢ and % will be reserved for vector valued functions;

e K denotes the physical element and K denotes the reference element;



e quantities like uy and ¢y will be reserved for functions from the corresponding finite element
space, again scalar and vector valued respectively;

e if not stated otherwise discrete functions without a *~ will be in some sense fixed, e.g.,
resulting from a certain discretization scheme, whereas functions with a ~ will be arbitrary,
e.g., when dealing with quasi-optimality results.

1.1.3. Outline

The outline of this paper is as follows. In Section 2 we introduce the model problem, the first
order system least squares (FOSLS) method itself and prove norm equivalence results, which in
turn guarantee unique solvability of the continuous as well as the discrete least squares formulation.
Section 3 is devoted to the proof of duality results for the scalar variable, the gradient of the scalar
variable as well as the vector variable. In the beginning of Section 4 we first exploit the duality result
of Section 3 in order to prove L?({2) error estimates for the scalar variable of the primal as well as the
dual problem. We then argue first heuristically that these results are actually suboptimal and can
be further improved. To that end we introduce an approximation operator that also satisfies certain
orthogonality relations and prove best approximation results for this operator, which are then used
to prove our main result (Theorem 4.13). Furthermore, we derive L?({2) error estimates for the
gradient of the scalar variable as well as the vector variable. In Section 5 we present numerical
examples showcasing the proved convergence rates, focusing especially on the case of finite Sobolev
regularity.

2. Model problem

Let I' = 9Q consist of two disjoint parts I'p and I'y and let f € L?(Q2). (Later, we will focus on
the special cases ' =T'p and I' = T'y.) For v > 0 fixed we consider the following model problem
—Au+yu=f inQ,
u=0 onlp, (2.1)
Opu=0 onIy.

We formulate (2.1) a first order system. Introducing the new variable ¢ = —Vu we formally arrive
at the system

Vep+yu=f inQ, (2.2a)
Vu+p=0 inQ, (2.2b)
u=0 onlp, (2.2¢)
p-n=0 only. (2.2d)

Introducing the differential operator £: H 5 (Q,div) x H5(Q) — L2(2) x L*(Q), given by

¢ V-v ) [ V-p+u
U 1 Vv U Vu+ ¢

we want to solve the equation



The least squares approach to this problem is to find (¢, u) € H n(Q2,div) x H}(Q) such that

L L = L Y (4,v) € Hy(Q,div) x Hb(Q),
Q Q

where (-,-)q denotes the usual L?(f2) scalar product. Introducing now the bilinear form b and the
linear functional F' by

b((‘Pa u)> (wv U)) = (V T+ yu, Vv 1/) + 7”)9 + (Vu + @, Vv + 1/))97 (23)
F(@,v)) = (f,V-¥+v)q, (2.4)

we can state the mixed weak least squares formulation: Find (¢,u) € Hy(Q,div) x H}(Q) such
that
b((p,u), (%, v)) = F((%,v)) V¥ (,v) € Hy(Q,div) x Hp(Q). (2.5)

To see solvability of (2.5), let u € H}(Q) be the unique solution of (2.1). In view of f € L*(Q) the
pair (—Vu,u) is a solution of (2.5). Uniqueness follows if one can show that b((p,u), (¥,v)) = 0 for
all (¥,v) € Hy(Q,div) x H5(Q) implies (¢,u) = (0,0). To that end we introduce the (yet to be
verified) norm ||-||, induced by b:

1@, w)ll, = Vb((p,u), (@, u)). (2.6)

A general approach would be to show norm equivalence. In our case:

lull g1 ) + 10l g @,aiv) S 1@ Wy S ullgq) + 1€l @.ay) -

We will employ methods similar to a duality argument in the following Theorem 2.1 to prove such
a norm equivalence.

Theorem 2.1 (Norm equivalence). For all (p,u) € Hy(Q,div) x HL(Q) there holds the norm
equivalence

2 2 2 2
il + 101200y S (@00, (03 0) S Tulrs ) + el (2.7)

Proof. First note that by definition

b((p, u), (@, w) = | V- +yullz0) + | Vi + ¢ [172q),

=w =

from which the second inequality in (2.7) is obvious. For the first inequality, we will now split ¢
and u as follows:

V- +vyup =w in €, V- ps+vyus =0 in Q,
Vuy +¢1 =0 in €, Vug + 2 =1 in Q,
up =0 on I'p, us =0 on I'p,
w1 -n=0 on I'y, s n=0 on I'y,

with yet to be determined functions @1, @2, u; and us. We observe that ¢ = 142 and u = uj +us
since the difference solves (2.2) with zero right-hand side, which is only solved by the trivial so-
lution. Simply eliminating ¢, and - in the above equations, we expect u; and us to be solutions to



—Auy +yu; =w in Q, —Aug +yus = -V -9 in Q,
up =0 onI'p, us =0 on I'p,
Opu; =0 on 'y, Opug =0 on 'y,

where —V - 9 is to be understood as an element of (H3(Q)) given by F : v — (n,Vv)q. Both
equations are therefore uniquely solvable. This then determines the desired functions wy, us and
consequently the functions 1, 2, using the second equation in the first order systems.

Let us show that (¢1,u1) solves the above system. By construction it satisfies the differential
equations and furthermore, since ¢ = —Vu;, we have by standard regularity theory ¢ -n =
7VU1 ‘n = 7877,’11,1 =0.

Let us show that (2, ug) satisfies the above system. Let v € C§°(€2) be arbitrary. Integration by
parts and exploiting the weak formulation gives

(V-p2,v)0 = —(p2, Vv)o = —(n, Vv)o + (Vug, Vv)o = —(yuz, v)a.

Therefore the div-equation is satisfied. To verify the boundary conditions we calculate for any
ve HLHQ)

(P2 m,v) g-1/20) 2y = (P2, VV)a + (V- 92, v)0
= (=Vuz +n,Vv)g + (V- p2,v)q =0,

where we first used Green’s theorem, then the equations of the first order system and at last the
weak formulation for us. The a prior: estimate of the Lax-Milgram theorem gives

lurll o) S Mwllea @y < lwllzeq)
||U2||H1(Q) < HF”(H}D(Q))/ < ||’7HL2(Q)'

Due to the splitting v = uy + uso it is now obvious that

2 2 2
[l ) S 1wlizz @) + M1z ) -

We now estimate the H (€, div) norms of ¢; and ¢ as follows

2 2 2 2 2 2
o1z (0,0 = 1@1l72(0) + IV - @1ll120) = = VUil 72y + lw = yurll20) S lwllz2(q)
2 2 2 2 2 2
2l (0,aiv) = 12l 72(0) + IV - @2ll12(0) = 1 = Vuzllz20) + |=7u2llf2 ) < [Mll720) -
which completes the proof. O

Remark 2.2. Theorem 2.1 (norm equivalence) does not hold on all of H(, div) x H(Q) since one
can construct non-trivial solutions to the system
Vep+yu=0 in Q,
Vu+p=0 inQ,

due to the missing boundary conditions, even though | (¢, u)||, = 0 by construction. .

Remark 2.3. Theorem 2.1 (norm equivalence) is in fact much stronger than what we need to es-
tablish unique solvability of the system (2.5): The weaker coercivity estimate ||u||iz(m + ||<p||2LQ(Q) <
b((p, u), (p,u)) suffices to establish uniqueness. .

Remark 2.4. In the literature there are two main ideas for showing unique solvability when working
in a least squares setting concerning a first order system derived from a second order equation:



e The first one deduces solvability from the second order equation and uses some weaker coer-
civity estimates to establish uniqueness, as sketched in Remark 2.3. See also | , |
for these kind of arguments for the Helmholtz equation.

e The second approach is to establish a stronger coercivity estimate as in Theorem 2.1 and
directly apply the Lax-Milgram theorem to (2.5), where the right-hand side is a suitable
continuous linear functional. See also | ) ] concerning the model problem in
question and also [ ] for the Stokes equation. ]

3. Duality argument

The current section is devoted to duality arguments that are later used for the analysis of the L?(Q)
norms of u —up, V(u — up), and ¢ — ¢y, Since these duality arguments rely heavily on the elliptic
shift theorem, we restrict ourself to either the pure Neumann or Dirichlet boundary conditions, i.e.,
I' =Ty or I' = I'p respectively. In contrast, when considering mixed boundary conditions one has
to expect a singularity at the interface between the Dirichlet and Neumann condition, which has to
be properly accounted for in the numerical analysis by graded meshes for both the primal and dual
problem. This is beyond the scope of the present work. Our overall agenda is to derive regularity
results for the dual solutions, always denoted by (#,v). For w € HY(Q) and n € Hy(f,div) we
prove the existence of dual solutions such that:

o w]72q) = b((®,w), (%,v)), see Theorem 3.1,
b ||vw||§,2(f2) = b((‘paw)v (l‘/)av))v see Theorem 327

° ||n||iQ(Q) = b((n,u), (¥, v)), see Theorem 3.3.

These results are exploited in Section 4 with the special choices of w = u — up, and n = @ — @y,
respectively.

Theorem 3.1 (Duality argument for the scalar variable). Let T’ be smooth. Then there holds:

(i) ForT =Ty and any (¢, w) € Ho(Q, div)x H*(Q) there exists (v,v) € Ho(2,div)x H(Q) such
that Hw||2Lz(Q) = b((p,w), (¥,v)). Furthermore, ¢ € H3(Q), V -¢ € H*(Q), and v € H?(Q).
Additionally the following estimates hold:

[0l 20y S lwll g2 »
||"/’||H3(Q) S Hw||L2(Q)7
IV -9l g2y S llwll g2 -

(ii) ForT =Tp and any (¢, w) € H(Q,div) x H}(Q) there exists (v,v) € H(Q,div) x H}(Q) such
that ||w||2L2(Q) =b((p,w), (W,v)). The same reqularity results and estimates as in (i) hold.

Proof. We prove (i). Theorem 2.1 give the existence of a unique (¥,v) € Ho(2,div) x H(Q)

satisfying
(u, w)q = b((p,u), (P,v)) V(p,u) € Ho(Q,div) x H(Q). (3.1)

For the regularity assertions, we introduce the auxiliary functions z and p by
Vp+yv=z in Q,
Vo+y=p in Q, (3.2)
P-n=0 on I



Regularity properties of z and p: Regularity properties of z are inferred from a scalar elliptic
equation satisfied by z. To that end, we note that (3.1) is equivalent to

(u,w)a = (Vu+@,m)a+ (V- +yu,2)a V(p,u) € Hy(Q,div) x H'(Q). (3.3)
For v = 0 and integrating by parts we find
0=(p.mla+(V-p.2)a=(p,n—Vz)a Ve Ho(Q div),
which gives z € H(Q) as well as p = Vz. Inserting p = Vz and setting ¢ = 0 in (3.3) we find
(u,w)q = (Vu, V2)q + (yu, 2)a Vu € HY(Q).
Therefore z satisfies, in strong form,

—Az+vz=w in Q,

3.4
Opz=0 onT, (34)
and the shift theorem immediately give 2 € H?({2) with the estimate 12l 20y S 1wl 2q)-
Regularity properties of v: Eliminating 9 in (3.2), we discover that v satisfies
—Av+yw=w+ (1 —7)z inQ, (3.5)

Opv =20 on I
By elliptic regularity v € H?(Q) with the a priori estimate

[0l g2y S llw+ (T =)zl L20) S lwll2q) -

Regularity properties of ¥: Setting ¥ = V(z — v), we have found the desired pair (¥,v) €
Hy(Q,div) x HY(Q). Since ¥ = V(z — v) we first look at the regularity of 2 — v. Subtracting the
equations (3.4), (3.5) satisfied by z and v respectively we obtain

—“Az=v)+v(z—-v)=(y—=1)z in Q,
an(z_'U):O on I,
which gives z — v € H*(Q) with the estimate

12 = vll i) S N0y = Dzllgz@) S llwllz2 ) -

We can therefore conclude
¥l g2y = IV(z = V)l gy < 2 = vl ey S w2 >
and since V -9 = z — yv, we have
HV'QIJHH"’(Q) =z - 7U||H2(Q) S HwHL?(Q)’

which concludes the proof of (i). For the Dirichlet case (ii) the proof is completely analogous by
replacing every Neumann boundary condition with a Dirichlet one. O

Theorem 3.2 (Duality argument for the gradient of the scalar variable). Let T' be smooth. Then
there holds:



(i) ForT' =Tn and any (p,w) € Ho(Q,div) x H'(Q) there exists (1,v) € Hy(Q,div) x HY(Q)
such that HVwHiz(Q) = b((p,w), (Y,v)). Furthermore, ¥ € H*(Q), V-9 € H(Q), and
v € HY Q). Additionally the following estimates hold:
HUHHI(Q) S ”vaL2(Q)v
191 1120y S IVWll 2 »
IVl ) S IVl L2 ) -

(ii) ForT =Tp and any (¢, w) € H(Q,div) x H}(Q) there exists (v,v) € H(Q,div) x H}(Q) such
that ||Vw||ig(ﬂ) =b((p,w), (¥,v)). The same regularity results and estimates as in (i) hold.

Proof. We prove (i). Theorem 2.1 give the existence of a unique (¥,v) € Hy(Q,div) x H(Q)
satisfying
(Vu, Vw)g = b((p,u), (,v)) ¥ (p,u) € Ho(Q,div) x H(Q). (3.6)

For the regularity assertion, we introduce the auxiliary functions z and p by

V-yp+qyv==z in Q,
Vo+y=p in Q, (3.7)
P-n=0 on I

Regularity properties of z and p: We note that (3.6) is equivalent to
(Vu, Vw)g = (Vu+e,p)a + (V@ +yu,2)a  V(p,u) € Hy(Q,div) x H(Q). (3.8)
For u = 0 and integrating by parts we find
0=(p,p)a+(V-p,2)a=(p,p— V2o
which gives p = Vz. Inserting p = Vz and setting ¢ = 0 in (3.8) we find
(Vu, Vw)g = (Vu, V2)g + (yu, 2)o  Vu € HY(Q),
which can be solved for z € H'(Q) with the a priori estimate 2l 1) < IVWllp2(q)- Formally, 2

satisfies
—Az+7vz=-V-Vw in Q,

3.9
Opz =20 onT. (3:9)

where —V - Vw € (H(€))’ is to be understood as the mapping u — (Vu, Vw)q.
Regularity of v: Eliminating % from (3.7) and using p = Vz, we discover that v satisfies

—Av+yw=(1-79)z—V-Vw inQQ,
Opv =20 on I,

By the Lax-Milgram theorem we find that v € H(Q) as well as
loll ey S L= )2 = V- Tl iy S IVl o -

Regularity of ¥: Upon setting ¥ = V(z — v), we have found the solution (¥, v) € Hy(,div) x
HY(Q) of (3.6). To prove the estimates and regularity results for 9 first note that
“Alz—v)+7(z-v)=01-7)z nQ
On(z—v)=0 on T,



and therefore by elliptic regularity z—v € H3({) with the estimate ||z — Vg S 1A =Mzl S
[Vwll2(q)- Finally since ¢ = V(z — v) the regularity assertion for ¢ € H?(Q) follows. For the

Dirichlet case (ii) the proof is completely analogous by replacing every Neumann boundary condition
with a Dirichlet one. O

Theorem 3.3 (Duality argument for the vector valued variable). Let T’ be smooth. Then there
holds:

(i) For T =T n and any (g,u) € Ho(Q,div) x HY(Q) there exists (1,v) € Hy(Q,div) x HY(Q)
such that ||n||iz(9) =b((n,u), (¥,v)). Furthermore, ¢ € L*(Q), V-4 € H(Q) and v € H3(Q).
Additionally the following estimates hold:

||UHH3(Q) S ||"7||L2(Q)7
||"/)||L2(Q) S ||n||L2(Q)7
1A\ "¢'HH1(Q) S ||77||L2(Q) :

(ii) For T =Tp and any (n,u) € H(Q,div) x H} () there exists (v,v) € H(Q,div) x H} () such
that ||"7HiZ(Q) =b((n,u), (¥,v)). The same regularity results and estimates as in (i) hold.

Proof. We prove (i). Theorem 2.1 give the existence of a unique (3, v) € Hy(2, div) x H' () such
that
(@.ma = bl(p,u),®,v)) V(p,u) € Ho(Q,div) x H'(Q). (3.10)

For the regularity assertions, we introduce the auxiliary functions z and p by

Vy+yv=z in Q,
Vo+y=pn in €, (3.11)
P-n=0 on I

Regularity of z and p: (3.10) is equivalent to
(e:ma = (Vutepa+(V-p+7u,2)a Y(p,u) € Ho(Qdiv) x H (). (3.12)
For v = 0 and integrating by parts we find
(.o = (p.u)a+ (V- -9,2)a = (p,p— Vz)o
which gives p — Vz = 1. Inserting g =n + Vz and setting ¢ = 0 in (3.10) we find
0= (Vu,n+V2)g+ (yu,2)q Yue H(Q).
Hence, with the understanding that V - n means u — (Vu,n), the function z solves

—Az+~vz=V" in Q,
7 K (3.13)
Opz =0 on I
Thus, z € H'(Q) and setting p =1 + Vz we find (3.12) to be satisfied. Furthermore, note that

”ZHHl(Q) SV 77H(H1(Q))/ < ||n||L2(Q)a

where the last inequality following from integration by parts and exploiting the boundary condition
ne Ho(Q, le)
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Regularity of v: By eliminating % we find that v solves

—Av+yv=(1-7)z inQ,
Opv =20 on I,

Again by elliptic regularity we find that v € H3() as well as

ol sy S 1 =Mzl S Ill gz -

Regularity of 1: We have ¥ =1+ V(z —v), and the regularity of 9 follows from that of z of v.
For the Dirichlet case (ii) the proof is completely analogous by replacing every Neumann boundary
condition with a Dirichlet one. O

4. Error analysis

The goal of the present section is to establish optimal convergence rates for an hp version of the
FOSLS method for the scalar variable, the gradient of the scalar variable as well as the vector
variable, all measured in the L?(Q) norm, as long as the polynomial degree of the other variable is
chosen appropriately.

4.1. Notation, assumptions, and road map of the current section

Throughout we denote by (¢n,ur) the least squares approximation of (¢,u). Furthermore, let
e’ =u —uy and e¥ = @ — ¢, denote the corresponding error terms. For simplicity we also assume
I' =Ty, i.e.,, I'p = (. Furthermore, p will denote the minimum of the two polynomial degrees p,
and p,, i.e., p = min(ps, p,). The overall agenda of the present section is as follows:

1. We start off by proving | , Lemma 3.4] in an hp setting using our duality argument, i.e.,
the (in our sense) suboptimal L?({)) estimate

le“ll L2y < h/p (e, e, -

This is done in Lemma 4.2. In Remark 4.3 we present heuristic arguments that suggest the
possibility of optimal L2(2) convergence rates. These arguments suggest to construct an
Hy(9,div) conforming approximation operator I with additional orthogonality properties.

2. In Lemma 4.4 we prove that the operator I9 is in fact well defined. As a tool of independent
interest we derive certain continuous and discrete Helmholtz decompositions in Lemmata 4.5
and 4.6. These decompositions are then used in Lemma 4.7 to analyze the L?(Q) error of the
operator I9.

3. Next we prove an hp version of | , Lemma 3.6] (an h analysis of €# in the L?({2) norm).

4. In Theorem 4.11 we exploit the results of Lemma 4.10, which analyzes the convergence rate
of the FOSLS approximation of the dual solution for the gradient of the scalar variable, in
order to prove new optimal L?({2) error estimates for Ve.

5. We analyze the convergence rate of the FOSLS approximation of the dual solution in various
norms in Lemma 4.12. Finally we prove our main result, Theorem 4.13, which analyzes the
convergence of e in the L?() norm.

6. Closing this section we derive Corollary 4.15, which summarizes the results for general right-
hand side f € H*(2), by exploiting the estimates given by the Theorems 4.9, 4.11 and 4.13
together with the approximation properties of the employed finite element spaces.

11



Since we are dealing with smooth boundaries we employ curved elements. We make the following
assumptions on the triangulation.

Assumption 4.1 (quasi-uniform regular meshes). Let K be the reference simplex. Each element
map Fx: K — K can be written as Fx = Rx o Ak, where Ak is an affine map and the maps Rg
and Ay satisfy, for constants Cugine, Cietric, 0 > 0 independent of K:

”AIKHLoc(f() S CaﬂinehKa H(A,K)iluLoo(f() S Caﬂineh}_(lv
H(R/K)_lHLoo([() < Cmetrim ”VnRKHLoo(f() < Cmetricpnn! Vn € Np.
Here, K = Ag(K) and hg > 0 denotes the element diameter.

On the reference element K we introduce the Raviart-Thomas and Brezzi-Douglas-Marini ele-
ments:

) i span 2% Ja] < p},
) = PP(K)d7
RTp,l(I?) = {p+mq: pE Pp,l(f{)d,q € Pp,l(l?)} )

Note that trivially RTp,l(IA( ) C BDMp(IA( ) C RT,,(I? ). We also recall the classical Piola transfor-
mation, which is the appropriate change of variables for H (2, div). For a function ¢ : K — R? and
the element map Fy: K — K its Piola transform @ : K — R? is given by

@ = (det F)(Fye) ' o Fi.

The spaces Sp(7n), BDM,(7s), and RT,_1(7s) are given by standard transformation and (con-
travariant) Piola transformation of functions on the reference element:

Sp(Th) = {u c HY(Q): U‘K oFi € ’Pp(l?) for all K € ’771}7
BDM,,(7;) == {(p € H(div,Q): (det Fl)(Fj0) ' ¢|, o Fic € BDM,(K) for all K & n} :
RT, 1(Th) = {tp € H(div,Q): (det Fi)(Fi) " ¢|, o Fx € RT,_1(K) for all K € n} .

For the approximation properties of the H (2, div) conforming finite element spaces see | ,
Proposition 2.5.4] as a standard reference for non-curved elements and without the p-aspect. For
an analysis of the hp-version under Assumption 4.1 we refer to [ , Section 4].

4.2. The standard duality argument

Before formulating various duality arguments, we recall that the conforming least squares approxi-

mation (e, up) is the best approximation in the || - ||, norm:
I —n,u—un)llo = min_ (¢ =@y, u—dn)ls (4.1)
uhesps (7_h)1
@nEVY, (Th)

Lemma 4.2. Let T’ be smooth and (¢n,up) be the least squares approzimation of (p,u). Further-
more, let €* = u —uy and e = @ — . Then, for any tp € Sy, (Th), @5, € VY, (Th),

el 22y S —lI€®, )l
@)

L

>

. h - h .
S = lu =t g + » e —@nll2) + » IV (e —@n)llr2(o) -

3
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Proof. Apply T~‘heorem 3.1 (duality argument for the scalar variable) with w = e%“. For any
on € Sp,(Th), ¥y, € VY (Tn), we find due to the Galerkin orthogonality and the Cauchy-Schwarz
inequality:
w||2 u
le“llz2(q) = b((e?,€"), (¥, v))
= b((e?,€"), (% — Py, 0 — Tn)) (4.2)
< [l e)loll (% = %n, v = Tn)lo-

Using Theorem 2.1 (norm equivalence), and exploiting the regularity results and estimates of
Theorem 3.1 as well as the H'(Q) and H(Q,div) conforming operators in [ ], we can find

On € Sp,(Th), ¥y, € VY (Th), such that

1 =, v = 30)lls S o =l ) + 1% — $rllE@.ai)
S 1/p (Il 3y + 193 )
S h/pllellpzq)

where we exploited the regularity for (¥, v) and the a priori estimates of Theorem 3.1, which proves
the first estimate. The second one follows by the fact that the least squares solution is the projection
with respect to the scalar product b. Therefore ||(e?, e*)|[p < |[(¢ — @, u—p)]||p. The result follows
by applying the norm equivalence given in Theorem 2.1. O

Remark 4.3 (Heuristic arguments for improved L?(£2) convergence). We present an argument why
improved convergence of the scalar variable u can be expected. We again start by applying our
duality argument and exploit the Galerkin orthogonality as in (4.2) in the proof of Lemma 4.2.
Instead of immediately applying the Cauchy-Schwarz inequality we investigate the terms in the b
scalar product and analyze the best rate we can expect from the regularity of the dual problem:

||eu||2L2(Q) = b((e‘pv eu)y (¢ - 17)}1,71) - ’Dh))
= (V-e? +7e", V- (3 — ;) +7 (v —Tp))a + (Ve + €%, V(v — )+ — )0
\ % —— "\ AN ,
® ~h? ~h? ® ~h ~h3

Note that the terms are not equilibrated and we cannot expect any rate from the terms marked by
®. However choosing (¥, 75) to be the least squares approximation (¥, vy) of (¥,v) and again
exploiting the Galerkin orthogonality we have for any (@, 4p):

2

||€u||L2(Q)

"2 Qbhvu - ﬂh)v (6¢, ev))

=(V-(p—@p)+7y(u—14),V-e¥ +y e o+ (V(u—1in) +o — @, Ve’ +e¥)a.
(o —@p) +7 (u—tn),. s 7, hQ,)Q (V(u—1un)+o -9, . )o

~h? ~ ~ ~h ~h o
The improved convergence of the dual solution will be shown in Lemma 4.12. From a best approx-
imation viewpoint the V- term involving ¢ still has no rate. To be more precise, the second term

has the right powers of h resulting in an overall h2. Since the term ~(u — @) already has order h?
we have no problem with that one. The term with the worst rate is

(V-(@—&1),V-e)a~ h.

Out of the box we cannot find an extra h to get optimal convergence, even though % has far more
regularity, which we did not exploit yet. We now want to construct an operator I ?L mapping into
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the conforming finite element space of the vector variable. To exploit the regularity of 9 we insert
any 9, € VO (T,). We have

(V- (o —109),V-e¥)a = (V- (p—1}9), V- @ —9))a+ (V- (¢ = I09), V - (%), — 1))
Note that 1/~)h — 1y, is a discrete object. If we assume I9 to satisfy the orthogonality condition
(V- —I¢),V-xn)a=0, VxneV) (Th)

we arrive at ~
(V- (p—I09),V-e¥)a= (V- (p—Ipp), V- —,))a ~h’
h2

Therefore the operator I 2 should satisfy the aforementioned orthogonality condition and have good
approximation properties in L?(f2), as needed above. In the following we will construct operators
I? and Iy, acting on Ho((2,div) and H(Q,div) respectively. .

4.3. The operators I and I,
In the spirit of Remark 4.3 a natural choice for the operator I is the following constrained mini-

mization problem

1
L= argmin o llo—@ulia@ st (V-(@-Le).Vxna=0 VxneVy (Th).
er€VY (Th)

The corresponding Lagrange function is

1
L{en, An) = 5 len = ll72) + (V- (on =), V- An)a
and the associated saddle point problem is to find (¢, An) € VY (T) x V9 (T5) such that

(on —@.un)o+ (V- un,V-A)a=0 Yy € V) (Th), (4.3a)
(V- (en =),V -m)a =0 Vg, eV (Th). (4.3b)
Uniqueness is not given since only the divergence of the Lagrange parameter appears. However, by

focussing on the divergence of the Lagrange parameter, we can formulate it in the following way:
Find (pn, An) € V) (Tn) x V- V) (Ty) such that

(n tn)a + (V- i, An)a = (0, n)a Yun € V) (Th), (4.4a)
(V-on,mm)a =(V-p,m)a Y € V ~ng (Th). (4.4b

The construction of I}, is completely analogous, one just drops the zero boundary conditions every-
where.

To see that the operator I 2 is well-defined, we have to check the Babuska—Brezzi conditions, see
[ ]. Let us first verify solvability on the continuous level.
Coercivity on the kernel: Let p € {¢p € Hy(Q,div): (V- -¥,n)q=0,Yn € V- -Hy(Q,div)} be
given. The coercivity is trivial since by construction (V -,V - p)g = 0 and therefore

2 2 2 2
(1, p)o = ||#||L2(Q) = H/"HL2(Q) +V '#||L2(Q) = ”/"HH(Q,div)'
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inf-sup condition: Let n € V - Hy(£, div) be given. First let u € H({) with zero average solve

—Au=m7n inQ,
Opu=0 onT.
By elliptic regularity we have [lu[|g2q) < [17llp2(q) and upon defining p = —Vu we also have

el er(0,aiv) S 17l £2(q)- Note that by construction p € Ho(€2, div) as well as

(V-p,ma=nna= ||77HL2(Q) ||77||L2(Q) 2 HWHL?(Q) HIU'HH(Q,div) J

which proves the inf-sup condition.

Coercivity on the kernel - discrete: The coercivity is again trivial by the same argument as
above.

inf-sup condition - discrete: Let A, € V «ng (Tn) be given. As above in the continuous case we
solve the Poisson problem

—Au= ), inQ,

Opu=0 onT.
Let A = —Vu and again we have [A||g(q qiv) < A7) < lullg2@) S AR 2(q)- We now employ
the commuting projection based interpolation operators defined in | ], especially the global
operator IISY given in | , Remark 2.10], see also [ , Section 4.8] in the case V) (Tp) =

BDM) (75). Let therefore IIS¥-* denote either the operator ISV, if VO (7;) = RTY _,(Ty) or the
analogous operator Hgi" in the case ng (Tn) = BDMgv (Tr). We use this operator to project A onto
the conforming subspace. With Ay, := Hgf}v’*A we find

VoA, =V-TIEA =TV A =T, = A,

where Héj denotes the L? orthogonal projection on V - V9 (7). Using [ , Theorem 2.8 (vi)]
we can estimate

IA —Hgiv’*A”H(Q,div) S ATz ) S ARl L2 (q) -

which finally leads to
1ALl (@.aiv) = T All a9,y S 1A = TN Al m(0,aiv) + Al H@.aiv) S (A0l 2(0) -

For any A, € V- V9 (T) we estimate

sup (V-on, Ao > (V-Ap, Mo _ ARl L2
eneve () 1@nllm(o.aiv) IAnllz) — IARlE(@.aiv) Ml i) ARl E(0.div)

Pu

21

~ Y

which proves the discrete inf-sup condition. The above arguments can be modified in a straight-
forward manner when replacing V) (7,) with V, (75) and Ho(Q,div) with H(Q,div). The only
caveate is the fact that one has to replace the homogeneous Neumann boundary condition in the
auxiliary problem, used in the verification of the inf-sup condition, by a homogeneous Dirichlet
boundary condition. We have therefore proven

Lemma 4.4. For any mesh Ty, satisfying Assumption 4.1, the operators I9 : Ho(£2, div) — Vgﬂ (Tr)
and Iy, : H(Q,div) = V,, (T) are well defined with bounds independent of the mesh size h and the
polynomial degree p. They are projections.

We are now going to analyze the approximation properties of the operator I and I}, in the L?(€2)
norm. To that end we need certain decompositions on a continuous as well as a discrete level.
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Lemma 4.5 (Continuous and discrete Helmholtz-like decomposition - no boundary conditions).
The operators II°™: H(Q,div) — V x H(Q, curl) and II§"™: V,, (T3) — V x N, (Ts) given by

(I, V % o = (9, V x w)a i € H(Q, curl), (4.5)
(505, V x plo = (pn, V x o Yu €N, (T;) (4.6)

are well defined. Furthermore, the remainder r of the continuous decomposition ¢ = I 4 r
satisfies
V.r=V-p inQ,
Vxr=0 in €,
nxr=>0 on T,
as well as v € HY(Q). Additionally there exists R € H*(Q) N HY(Q) such that r = VR, where R

satisfies

AR=V-p inQ,
R=0 onT.
Finally, the estimate ||R|| 20y S (Il i) SNV - @ll12(q) holds.

Proof. For unique solvability of the variational definition of the operators, just note that they are
the L?(2) orthogonal projection on V x H(2, curl) and V x N, (75) respectively. By construction
we have

(r,Vxpao=0 VYuecH(Q,curl)

which by definition gives V x r = 0. Furthermore, by the characterization of H(f,curl) given
in | , Thm. 3.33] we have n x r = 0. Since Iy € V x H(f, curl) we immediately have
V -r =V . Exploiting the exact sequence property of the following de Rahm complex

0V 2L g1 (Q) Y Ho(Q, curl) Y5 Ho(Q, div) s L2(Q) -% {0
0 0

in the case that both € and I' are simply connected, we can find R € H}(Q) such that r = VR.
Therefore R solves the asserted equation. The Friedrichs inequality and elliptic regularity theory
then give the desired results. O

By nearly the same arguments we also have a version for zero boundary conditions:

Lemma 4.6 (Continuous and discrete Helmholtz-like decomposition - zero boundary conditions).
The operators TI™™ 0 : Hy (€2, div) — V x H (S, curl) and IO VO (Th) = V xNY (Tp) given by

(chrLOQD, V x ,U,)Q — (‘P; V X AU')Q Yu € HO(Q7CUTI) (47)
(I 0n, V x p)o = (on, V X p)a u €N (Tp) (48)

are well defined. Furthermore, the remainder v of the continuous decomposition ¢ = 0@ 4
satisfies
V.r=V-.p inQ,
Vxr=0 i €,
r-n=>0 on T,
as well asr € HY(Q). Additionally there exists an R € H*(Q)N H'(Q)/R such that r = VR, where

R satisfies
AR=V-p inQ,

0,R=0 onT.
Finally, the estimate || R gz2(q) < 1Tl 1) S IV @l 12y holds.
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Proof. Unique solvability as well as V xr =0 and V -r = V - ¢ follows by the same arguments as
in the proof of Lemma 4.5. Since ¢ € Hy(Q,div) and 100 € V x H (9, curl) C Hy(Q,div) we
find

rn=¢-n—I""0%.n=0.

Again by the exact sequence
R -9 HY(Q) s H(Q, curl) 25 H(Q, div) 5 L2(Q) -2 {0}

we can find R € H!'(Q) such that r = VR. Finally since 9,R = VR -n =r-n = 0, we find that
R solves the asserted equation. The Poincaré inequality and elliptic regularity theory then give the
desired results. O

Lemma 4.7. The operator IY satisfies for arbitrary @, € ng (Tn) the estimates

- h -
[ — I%‘PHLz(Q) Slle = nllpz@) + o IV - (e = @n)llr20) - (4.9)
HV ' (QO - I%‘p)HLZ(Q) < ||V ! ((P - ¢h)||L2(Q) : (4'10)
The same estimates hold true for the operator I, for arbitrary ¢, € V,, (Tr).

Proof. Let @), € ng (Tr) be arbitrary. Due to the orthogonality relation satisfied by the operator
I9 the estimate (4.10) is obvious. We have with e = ¢ — I ¢

||3H2L2(Q) =(e,p—@p)a+ (e,0, — INp)a.

In order to treat the second term we apply Lemma 4.6 and split the discrete object ¢, — IV €
ng (Tr) on a discrete and a continuous level. That is,

¢h_12¢:vxu+r7
@, —Ihp =V X pp +1y
for certain p € Hy(Q, curl), r € Hy(Q,div), pp € Ngv (Tw), and 7p, € ng (Tr). Since V- Vx =0 we

have
(e —Ie,V x pn)a =0
by definition of the operator I and consequently

(e,¢, —INp)a = (€,V x pn +71)a = (e,mh)a = (6,7, —T)a + (e,7)q = T + Ts.

Treatment of 77: To estimate T} we first need one of the commuting projection based interpolation

operators defined in [ ]. Especially the global operator Hgi" given in [ , Remark 2.10],
see also [ ]. Let therefore Hgi"’* denote either the operator Hgiv_l if V) (Tn) =RTY) _(Th) or

the analogous operator II4'Y in the case V9 (7,) = BDMY (7). First note that V-r =V -1, €
\Y% ~ng (Tr). By the commuting diagram property of the operator Hgi"’* as well as the projection
property we therefore have

V-(Hgiv’*r—rh):Hg(v-r)—v-rh:V-T—V-rh:O.

By the exact sequence property we therefore have Hgi"’*r —rp, € VX Ngv (Tr). Furthermore, the
definition of 7 and rj, in Lemma 4.6 gives the orthogonality relation r —r, L V xN9 (7). Putting
it all together we have

lr — rh“iz(ﬂ) =(r—rpr— Hgiv’*r)g + (r— rh,Hgi"’*r —rp)a=(r—rpr— Hgiv’*r)m
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which by the Cauchy-Schwarz inequality gives

7 — 7l o gy < [l — IS

THLZ(Q)~

Since V -r = V - rp, is discrete we may apply | , Thm. 2.8 (vi)] as well as perform a simple
scaling argument to arrive at

h
—|

iv h ~
Ir _Hgv "rllr2e) S Py ||7'HH1(Q) S D V(@ — I?L‘P)HLz(Q) )

where the last estimate is due to the a priori estimate of Lemma 4.6. Summarizing we have

h . h 7
TS - lelia@ IV - @0 = 1h0)l| o) S - llellaoy IV (0 = @n)ll 2oy

where the last estimate follows by adding and subtracting ¢, the triangle inequality as well as the
second inequality of the present lemma.
Treatment of Ts: The term 75 is treated with a duality argument. We select ¥ € H(£, div) such
that

(V"U,V"lp)g = (’U,’I")Q Yo €H0(Q,div).

To that end, we note that by Lemma 4.6 we have r = VR for some R € H?(f2). Therefore for
v € Hy(Q,div) we have

(V ‘v, V- ¢)Q = (’U,’I‘)Q = (’U, VR)Q = —(V v, R)Q
so that the desired % is found as ¥ = Vw with w solving
—Aw=R in Q,
w=0 onl.

Furthermore, since R € H?(Q), elliptic regularity gives w € H*(Q) and therefore ¢ € H3(Q).
Finally the following estimates hold

IV %lli) < [l @) < lwllgs) S 1Bl S Irlm@) SNV - @0 = 1@ 12y (411)
due to elliptic regularity and the results of Lemma 4.6. We therefore have for any 4, € ng (Tw)
Ty=(er)a=(V-eV-plo=(V-e, V- (¥ —9n))a <[IV-ell o) IV (@ —¥n)llL2q)

where we used the definition of T5, the duality argument elaborated above, the orthogonality relation
of IY) to insert any ¥, € V) (T), and the Cauchy-Schwarz inequality. Finally exploiting the a priori
estimate of 9 in (4.11) we find for p, > 1 that

T < ||V -ellL2q) '¢h€‘i,%f(ﬂ) IV - (@ =)l 2y S IV -ell 2y (W) IV - ¥l 2 (0

SV el (/9 [V - @~ 100) | o gy -
In the lowest order case p, = 1 we cannot fully exploit the regularity. However, we find
IV -l ) < 1l g20) < lwllgs@) S IR0y S|V - (@5 —12<P)H(H1(Q))m (4.12)
Proceeding as above and using estimate (4.12) we find

T < ||V'e||L2(Q) v in (¥ *"/’h)”p(m < Hv’e||L2(Q) h/po ||V '/‘/)HHl(Q)

i |V
n€VY (Th)
§ ||V ' e||L2(Q) h/pv ||V : (‘ph - I?l(p)H(Hl(Q))/ S ”V : e”L?(Q) h/pv H‘ph - I?l(pHLZ(Q) .
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The last last estimate is due to integration by parts and the boundary condition of ¢, — I ,gcp; in
fact

. (V- (@5 — T}p), v)a (@5 — T}, Vv)al
Hv ) (‘ph - I(})LSO)H(Hl(Q))/ = Sup L b = Sup L b
vEH(Q) HUHHl(Q) vEH(Q) HUHHl(Q)

§ Hsbh - I?l(pHLQ(Q)

holds. Putting everything together we have for p, > 1

2 ~ ~
lell Lz = (¢ — @1)a + (6,0, — Ing)a
=(ep—@pa+Ti+1T,
i h i
S llellpzqo) 1o = @nllp2 o) + o lell L2 IV - (@ = @)l 12 (e

h? -
+ 2 IV -ell 20 |V - (@1 — IgSO)HLz(Q)

- h - h? - w2
S llellpzqo) 1o = @nllr2 o) + o lell L2 IV - (@ = @)l 2 (a) + 2 IV (e =@tz
v v

where the last estimate again follows from inserting ¢ and using the second estimate of the present
lemma. Young’s inequality then yields the result for the operator I 2. The lowest order case is
treated analogous. For the operator I, the only difference is that one applies Lemma 4.5 instead
of Lemma 4.6 and perform the duality argument on all of H(§2,div) instead of Hy(2,div). Here
it is important to note that the potential R given by Lemma 4.5 satisfies homogeneous boundary
conditions, so that the boundary term vanishes in the partial integration. O

Remark 4.8. H(,div)-conforming approximation operators similar to I, and I are presented in
[ ], where the focus is on a patchwise construction rather than the (global) orthogonalities
(4.3b), (4.4b). .

Theorem 4.9. Let T be smooth and (pn,un) be the least squares approxzimation of (p,u). Further-
more, let e* = u —uy, and e =@ — . Then, for any y, € Sy, (Th), @5, € VY (Th),

u A h A
1%y S 1€, €Nllo + llo = @ullrzy + 2V - (0 = @n)ll12(0)

Ll
h N - h -
S 5 =l @) +lie = @ullez) + 7V - (0= @n)ll2 @)

Proof. Let (¥,v) € Hy(Q,div) x H'(Q) denote the dual solution given by Theorem 3.3 applied to
n = €®. Theorem 3.3 gives 9 € L2(Q), V-9 € HY(Q), and v € H3(2). Due to the Galerkin

orthogonality we have for any (v, 0p,)

€212 ) = bl(€2, €™, (1,0)) = b((€%, "), (¥ — By, 0 — 4)-
We now estimate all terms in the above:
(Ve +e?, V(v —tn))a < [[(€?, ) |o]|V (v = on) 20
(Ve +9e", V- @ =) +1(0 = 5n))a S (€%, ey [IV - (& = Bz + 1o = Bull ey |
(Ve“,q,b - 'th)ﬂ = _(eu, V- (1/) - '{ph))ﬂ < ||eu||L2(Q) HV : ("/’ - {bh)HL?(Qy

Therefore, we conclude that

He(pHQLQ(Q) S [1e® el [HV (W —p)lr2 ) + v - 'Dh”Hl(Q)} +(e2,% —¥y)a, (4.13)
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the limiting term being for now the last one. To overcome the lack of regularity of ¥ we perform
a Helmholtz decomposition. In fact since ¥ € Ho(Q,div) as well as V -9 € H'(Q) there exist
p € Hy(Q,curl) and z € H3(Q) such that 9 = V x p + Vz. The construction is as follows: Let
z € HY(Q) solve
—Az=-V-9¥ inQ,
Opnz =0 onT.

Since V- (1 — Vz) = 0 as well as (¢ — Vz) -n = 0 by construction, the exact sequence property of
the employed spaces allows for the existence of p € H(2, curl) such that ¥ — Vz =V x p. Finally
the following estimates hold due to the a priori estimate of the Lax-Milgram theorem and partial
integration for the first estimate, elliptic regularity theory for the second, and the triangle inequality
together with the first estimate for the third one:

||ZHH1(Q) SV '1/)||(H1(Q))f < W||L2(Q)7
12l s ) SNV - ¥llgrq)
IV x P||L2(Q) < ||‘/’||L2(Q) + HVZ||L2(Q) < ||"/’||L2(Q)~
We now continue estimating (4.13) by applying the Helmholtz decomposition. For any 1,7)2, 'J)Z €
VO (T;,) we have with 9, =4, + ),
(e‘p7¢ - ’I)Z'h)ﬂ = (e‘P7 V x p— ’{Z):L)Q + (e‘P7 Vz— "z}gL)Q =T°+T9.
Treatment of 7Y9: By the Cauchy-Schwarz inequality we have
~g ~g
19 = (e#,Vz =)o < He‘pHLZ(Q) Vz =9l r2(0)-
Treatment of T°: For any @;, € VO (Tj) we have
T° = (e%.V x p~Pp)a
=@~ @0V xp—b)a+ @, —@nV xp—wy)o =T +T5.

Treatment of 77: By the Cauchy-Schwarz inequality we have

T = (¢ — @y, V X P—1/~)h)ﬂ <lle —¢h||L2(Q)HV X p _"Lh”Lz(Q)'

Treatment of T5: In order to treat 75 we proceed as in the proof of Lemma 4.7 and apply
Lemma 4.6 to split the discrete object ¢;, — ¢y, € Vgu (Tr) on a discrete and a continuous level:

¢h_(ph:vxl~l'+r7
P —¢n =V X pp + 14,

for certain p € Ho(Q,curl), r € Ho(Q,div), pp, € N (Tp), and r, € V) (T,). We now choose
17); = HZ““’OV x p given by Lemma 4.6. Exploiting the definition of the operator qurl’o we find

T5 = (@, —@nV X p— )0
=(VxpVxp— H‘,:L“rl’ov x p)a+(rn, V xp— HZ“TI’()V X p)o
=0
= (=1, Vxp—TE"0V x p)g + (r,V x p — IOV x p)g
=T, +T5.
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Treatment of 77: With the same notation as in the proof of Lemma 4.7 and with exactly the
same arguments we have

h h -
Ir = rhllr2@) < Pu ||7'||H1(Q) S Dy V- (e — <Ph)||L2(Q) :
v

v

By the Cauchy-Schwarz inequality we have

TS 2 IV @~ 0n)lz IV X = T8 xpllay S 2o IV @1 = @)z I ol
where the last estimate follows from the fact that

IV % p =TV X pllr2i) < IV X p =V X pyll2(@)
for any p,, € Ngv (Tr) since it is a projection. Finally inserting ¢ and applying the triangle inequality
as well as estimating ||V - (¢ — ¢n)l[12(q) by [[(e*,€?)][[y we find

h ~ L .
Tl SJ ; ||V . (‘P - ‘ph)HLZ(Q) ||V X pHL‘Z(Q) —+ ;”(C‘P,e )”bHv % p||L2(Q)

Treatment of T: Note again that p € Ho (52, curl) and the fact that II"™" maps into V xNY (Th).

Therefore, we can write V x p — HZ““’OV x p =V x p for some p € Hy(Q, curl) and the boundary
terms consequently vanish in the following integration by parts

T2 = ('r,V X i)\)Q = (V X ’I‘,ﬁ)Q.

Finally, T5 = 0, since V x r = 0 by Lemma 4.6.
Collecting all the terms: Collecting the terms together with the estimate ||V x p||L2(Q) <

1%l 220 < €% 12(q) from the Helmholtz decomposition and the regularity estimates of Lemma 3.3
we find

~ ~g -
€?. Y —v)a S [IVe —Yullez) + e — @nlle
(4.14)

h i h .
oIVl = @lliao) + =l )b | €212 -

Since 9, = IOV x p e V x N9 (Tn) we have
~ ~g
IV - @ =)z = IV - (V2 =)l L20)-
Due to the regularity of z € H3(Q) we can find 12*2 € V) (Tn) such that

~g h h h h u
V2 =¥ H@.dv) S Py HVZHHl(Q,diV) S Py v '¢||H1(Q) S Py ||3¢||L2(Q) S ;\|(€‘P76 Me-

v

Therefore, estimate (4.14) can be summarized as follows:

- " B h .
(€29 =)o S (e*,e®)[ls + llo — @nllrz(o) + Py V- (e - ‘Ph)Hm(Q) ||e¢||L2(Q) . (415)

L
Pv
Again due to the regularity of v € H3(Q2) we can find 9, € S, (7) such that

- h h
[v—"onllm) < s ||UHH2(Q) S s ”e(pHL?(Q) :
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Finally, summarizing the estimates (4.13) and (4.15) and again using
- g h "
IV @ =¥z = IV (V2 =¢p)ll20) S ;II(C"’& e
we find
@12 < h P Lu > h > ®
e?11z2 ) < Ell(e )b+ lle — @nllrzo) + > IV (e =@l 2y | 1€%]] L2(q) -

Canceling one power of e, - (o) then yields the first estimate. The second one follows again by
the fact that the least squares approximation is the projection with respect to b and the norm
equivalence given in Theorem 2.1. O

Lemma 4.10. Let T’ be smooth and (pn,upn) be the least squares approxzimation of (@,u). Fur-
thermore, let €% = u — uy and €® = @ — @y,. Let (,v) € Ho(Q,div) x HY(Q) be the solution of
the dual problem given by Theorem 3.2 with w = e*. Additionally, let (Y¥y,vp) be the least squares
approzimation of (,v) and denote e’ = v —v), and e¥ =1 —1py,. Then,

v u v h u h u
Ie?,e”)lly S IVl o) and el 2y S 5 IV llpa)  and le?[lz20) < 5 IVelia o) -

Proof. Theorem 3.2 provides |[¥||g2q) + [V - ¥[lm1 ) + |[vlla1 @) S |Vw|/z2(). Stability of the
least squares method (cf. (4.1)) yields

Ie”, e”)lls S IVell2(q) -

By Lemma 4.2 we have
e”ll 220y < h/pll (€, e) b,

which together with the above gives the second estimate. By Theorem 4.9 we have
v < h . ~ h ~
lle¥ 2y < » v = nll 1) + 1% = Ppll2@) + EHV (W =Yl

for any o, € Sp.(Th), ¥, € V9 (Tn). The result follows immediately by again exploiting the
regularity of the dual solution and the approximation properties of the employed spaces. O
Theorem 4.11. Let T' be smooth and (@p,un) be the least squares approximation of (p,u). Fur-
thermore, let €* = u — uy. Then, for any @), € VS (Tp), un € Sy, (Th),

w ~ h . h .
Ve ||L2(Q) S llu— Uh”Hl(Q) + 5”90 - <Ph||L2(Q) + ;HV (o — ‘Ph)||L2(Q)-

Proof. As in Remark 4.3 with (e¥,¢”) denoting the error of the FOSLS approximation of the dual
solution given by Theorem 3.2 (duality argument for the gradient of the scalar variable) applied to
w = e" we have for any @, € V) (Tp), 4n € Sp,(Th)
||eu||iz(ﬂ) = b(((p - ¢h7 u— ah)v (e¢7 ev))
= (V- (p—@n) +7(u—1n),V-e* +7e")a+ (V(u—in) + ¢ — @, Ve’ +e¥)a.

We specifically choose @, = I%¢. In the following we heavily use the properties of the operator I
given in Lemma 4.7. First we exploit the regularity of the dual solution using Lemma 4.10 as well
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as the estimates of Theorem 3.2:
(Y(u— 1), V- € +7e")a S llu—inll 2 (€%, €) o
S llu— ﬂhHHl(Q) ||V€u||L2(Q) J
(V(u—=1n), Ve' +e®)a S IV (u—@n)ll 120 (€%, )]
S llu— ﬁh||Hl(Q) ||V€u||L2(Q) J
(¢ — TN, Ve')a = —(V - (¢ — I}p), ")
<[Vl =10)| 12 €l 2(0
Sh/p HV “(p— I?L‘p)HLQ(Q) HVe“HLz(Q) )
(V-(p—Ihp),ve)a < ||V- (¢ _I?L(p)HLQ(Q) el L2 (a)
S h/p HV (- I%‘P)HLz(Q) Hveu||L2(Q) )
(¢ —Ihe.e)a < [lo =100 1o lle? |2 (e)
Shiplle - I?L‘p”m(n) Ve llzz (o) »
(V-(p—I9)V-e!)a= (V- (p—I19). V- (%))
< ||V (¢ —I(;)L‘P)HL?(Q) IV - (¥ —12’h)||L2(Q)
Sh/p|[V - (@ = Tho)|| 2y IV 200 -

Canceling one power of ||Ve“||L2(Q), collecting the terms, and using the estimate for I9 we arrive
at the asserted estimate. O

As a tool in the proof of our main theorem (Theorem 4.13) we need to analyze the error of the
FOSLS approximation of the dual solution. This is summarized in

Lemma 4.12. Let T be smooth and (pn,upn) be the least squares approxzimation of (@,u). Fur-
thermore, let €% = u — uy, and €? = @ — @y,. Let (,v) € Ho(Q,div) x HY(Q) be the solution of
the dual problem given by Theorem 3.1 with w = e*. Additionally, let (Y¥p,vp) be the least squares
approzimation of (,v) and denote e’ = v — v), and e¥ =1 —1py,. Then,

v h u v h 2 u
I8 e 2 et lingey and ey S (2) Ietlaoga
Furthermore,
Mletliae, AV, (T0) = RIY(TL)
(5) el ey else.

Proof. Theorem 3.1 gives ¢ € H3(Q), V-9 € H*(Q) and v € H?*(Q) with norms bounded by
lle’|lz2(q). Therefore we have in view of optimality of the FOSLS method in the b-norm

||e¢||L2(Q) ~

(41)|

I€¥,e)lls < 1@ = Pp,v =)o S h/plle"ll 120y

where the first estimate holds for any o5, € Sp, ¥, € V9 (Tr) and the second one follows with the
same arguments as in the proof of Lemma 4.2. By Lemma 4.2 we have

el 2y S B/pll(EY, €,
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which together with the above gives the second estimate. By Theorem 4.9 we have
v < h . ~ h ~

el L2 < > o= Onll g1y + 1 = ¥nll2 ) + EHV (W =¥l
for any o, € Sp.(Th), ¥, € V9 (Tn). The result follows immediately by again exploiting the
regularity of the dual solution and the approximation properties of the employed spaces. O
Theorem 4.13. Let T' be smooth and (@p,un) be the least squares approximation of (p,u). Fur-
thermore, let €* = u — uy. Then, for any @, € V) (Ty), @n € Sp, (Th),

hllw = tn| 10y + hlle — @ullrz) + 1V - (@ — @p)llr2 (o) for RT3(Th),
e[| 2y S § Plle = allg o) + h2||<p2— @nllrz) + IV - (<p2— @nllrz(o) for BDM{(Ty,),

Bl =l o+ (2) o = @allzao + () 1V (0 = @u)luemy  else.
Proof. As in Remark 4.3 with (e¥, ¢?) denoting the FOSLS approximation of the dual solution given
by Theorem 3.1 applied to w = e* we have for any @;, € VO (Ty,), @n € Sp, (Tn)

w2 ~ ~ v
lle ||L2(Q) = b((p — @ u—n), (e¥,€"))
= (V- (p—@n) +7(u—1n),V-e +7e")q + (V(u—in) + ¢ — @, Ve’ +e¥)a.

We specifically choose @, = I%¢. In the following we heavily use the properties of the operator I
given in Lemma 4.7. First we exploit the regularity of the dual solution using Lemma 4.12 as well
as the estimates of Theorem 3.1:

(V(u—1n), V- +7e")a S llu—1nl L2 (q) 1%, ”)ls
S h/p v —tnll gy el L2 »
(V(u—1in), Ve’ +e¥)a S IV (u— ) 20 1%, )b
S h/pllu = tnl g ) €]l 20y »
(V- (¢ —Ip),e")a
|v (p— I?L(p)HL?(Q) ||€UHL2(Q)

(p — I, V")

IN

|
5 (h/p)2 HV : (QO - I(f)l,(p)HLZ(Q) ||€u||L2(Q) )
(V ! (90 - I?LSO)”)@U)Q < ||v : (‘P 7I?LS0)||L2(Q) ”evHLZ(Q)
(h'/p)2 ||V ' (‘P _Ig(p)HLQ(Q) ||eu||L2(Q) )

<
(p-Ip,e?)a S e *Ig‘PHLZ(Q) ¥ [l 22(q)

hlle - I%‘PHLz(Q) le* 12 it Vi (Tn) = RT3(Th),

(5) Nl — I5l 2 ¥l 20y~ else |
(V- (p—T59),V-e¥)a= (V- (¢ —I}9), V- (% — )0
<V @ =10 o) IV - @ = 9p) 220
hHV'(P—I?M)HLz(Q) H€u||L2(Q) if p, =1,

2
<%> HV ' (QO - Ig(’D)HL2(Q) ||eu||L2(Q) else.

A

A

A

Canceling one power of ||e“||L2(Q), collecting the terms, and using the estimate for I we arrive at
the asserted estimate. O
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Remark 4.14. Before stating the general corollary with prescribed right-hand side f € H*(Q) we
highlight the improved convergence result. Consider f € L?(f2). For the classical conforming finite
element method one observes convergence O(h?) due to the Aubin-Nitsche trick. More precisely,
let ufEM be the solution to the model problem obtained by classical FEM, then there holds

e = ™ 20y S B2 gz S B2 1 ey

As elaborated in Section 1 this rate could not be obtained for the FOSLS method by previous results,
since further regularity of the vector variable ¢ would be necessary. Results like [ , Lemma 3.4]
and | , Thm. 4.1] are essentially a duality argument like Theorem 3.1 and the strategy of
Lemma 4.2. Without further analysis the estimate of Lemma 4.2, does not give any further powers
of h, since the b-norm is equivalent to the H (£, div) x H'(€) norm. Theorem 4.13 ensures, at least
if the space V9 (7) is not of lowest order, i.e. p, > 1, that the FOSLS method converges also as
O(h?). More premsely, the estimate in Theorem 4.13 together with the approximation properties of
the employed finite element spaces and p, > 1 and ps > 1 gives

||eu||L2(Q) < h? ||UHH2(SZ) + h2||‘P||H1(Q) + RV - bl S h? ”fHL?(Q) .

So in fact the optimal rate in the sense of the beginning of Section 4 is achieved. If the lowest order
case p, = 1 also achieves optimal order is yet to be answered. Numerical experiments in Section 5,
however, indicate it to be true. .

We summarize the results for general right-hand side f € H*(Q2). This summary is essentially the
estimates given by the Theorems 4.9, 4.11, and 4.13 together with the approximation properties of
the employed finite element spaces.

Corollary 4.15. LetT be smooth and f € H*(QY) for some s > 0. Then the solution to (2.2) satisfies
u€ H2(Q), p € HTHQ) and V - € H*(Q). Let (¢n,up) be the least squares approzimation of
(p,u). Furthermore, let e* = u — uy, and e® = @ — @p,. Then, for the lowest order case p, = 1,

le“ll 2y S A2 f |

()
For p, > 1 there holds
h>min(8+1,ps,pv+1)+1

e llpagey < (p T

Furthermore, the estimate

h min(s+1,ps,py+1)
Vel 5 () [P

holds. Finally, we have

V), (Th) =RT} _(Th) V3, (Th) = BDM} (75)

Po Pv

o < (n min(s+1,ps+1,p,) 0 < (n
le®ll xS (4) 11y | Ne®llzae S (2

Proof. The regularity result follows immediately by standard arguments together with the fact that
¢ = —Vu. We now analyze the quantities in the estimates of the Theorems 4.9, 4.11 and 4.13:

[ — uh”Hl(Q (h/p)mm(s-i-l @ S (h/p>m1n(9+1,ps) HfHHS(Q

H(p B (‘bhHL?(Q) - (h/p)mm(s—i-l,pu) ||(p||HS+1 @ S (h/p)mm s+1,py) ||fHH @) for RTp _1(7—h)
~ A (B/p)m P (o s ) S (B/p)™PETEPAD || F ) for BDMY (Th),

IV - (@ = @n)llz2@) S (/)™ PV - @l oy S B P)

min(s+1,ps+1,py+1)
) e

s -
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The estimates of the Theorems 4.9, 4.11, and 4.13 together with the above estimates give, after
straightforward calculations, the asserted rates. O

We close this section with some remarks concerning sharpness of the estimates of Corollary 4.15:

Remark 4.16. Let the assumptions of Corollary 4.15 be satisfied. From a best approximation
point of view, since u € H**2(Q2), we have

inf u— U — O(pmin(s+1,ps)+1

@ €Sp, (Th) | nllze) ( )
inf _[|V(u—d — O(h™in(s+1,p0)
ane i gy IV (e = @)l 2 = OF )

O(mn(+1r) iV (T,) = RIS, 4 (Th),

inf — @ 200y = .
n ) ”‘P SohHL (£2) {O(hmln(s-‘rl,p“-‘rl)) if ng (77%) _ BDMgv (7-h)

PreEVY (Th
Excluding the lowest order case p, = 1 we have, choosing p, > ps — 1, sharpness of the estimates
for e and Ve". This can be easily seen, since the rates guaranteed by Corollary 4.15 for ||e“||L2(Q)
and [[Ve"|| ;2o are the same as the ones from a best approximation argument. The estimates are
therefore sharp. The lowest order case p, = 1 seems to be suboptimal, as the numerical examples
in Section 5 suggest. In all other cases, i.e., p, > 1 and p, < ps — 1, our numerical examples
suggest sharpness of the estimates, in both the setting of a smooth solution as well as one with
finite Sobolev regularity, but not achieving the best approximation rate. Since in the least squares
functional the term ||Vuyp, + <Ph||L2(Q) enforces Vuy, and ¢y to be close, it is to be expected that
an insufficient choice of p, limits the convergence rate. A theoretical justification concerning the
observed rates in the cases p, = 1 as well as p, > 1 and p, < ps — 1 is yet to be studied. In
conclusion, when the application in question is concerned with approximation of u or Vu in the
L?(2) norm, the best possible rate with the smallest number of degrees of freedom is achieved
with the choice p, = ps — 1 regardless of the choice of ng (Tr). Therefore, it is computationally
favorable to choose Raviart-Thomas elements over Brezzi-Douglas-Marini elements. Turning now
to [|€®]| ;2(q) similar arguments guarantee sharpness of the estimates. In this case when ps +1 > py,
and ps+1 > p, + 1, for the choice of Raviart-Thomas elements and Brezzi-Douglas-Marini elements
respectively. Again the other cases are open for theoretical justification. However, both theoretical
as well as the numerical examples in Section 5 suggest the choice of Brezzi-Douglas-Marini elements
over Raviart-Thomas elements, when application is concerned with approximation of ¢ in the L?(Q)
norm. .

5. Numerical examples

All our calculations are performed with the hp-FEM code NETGEN/NGSOLVE by J. Schéberl, [Sch,
]. The curved boundaries are implemented using second order rational splines.
In the following we will perform two different numerical experiments.

1. For the first one we choose f € C*°(2). The suboptimal estimate el 2y S h/pll(€?,e*)|o
of Lemma 4.2 suffices to deduce optimal rates. Therefore, we only present three graphs in
this section in order to highlight two aspects of the least squares approach: On the one hand
the optimal choice of the employed polynomial degrees ps and p,. On the other hand the
superiority of Brezzi-Douglas-Marini elements over Raviart-Thomas elements when approxi-
mating the vector valued variable. For completeness we present other convergence plots in
Appendix A.

2. To showcase our new convergence result we then choose f € N.soH'/27%(Q), but f ¢ H'/2(Q)
with u € NesoH?/?7%(Q) and ¢ € N.soH?/275(2). We again only present a selection of graphs
focusing on the new convergence results, other convergence plots can be found in Appendix A.
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In all graphs, the actual numerical results are given by red dots. The rate that is guaranteed
by Corollary 4.15 is plotted in black together with the number written out near the bottom right.
Furthermore, in blue the reference line for the best rate possible with the employed space S, (Tr)
or V) (Ty) is plotted, depending on the quantity of interest, i.e., for [e* ||z, the blue reference

line corresponds to Amin(s+1.pa)+1 for ||V6“HL2(Q) the blue reference line corresponds to A (s+1.ps)
and for ||6“°||L2(Q) the blue reference line corresponds to h™n(s+1.rv) for ng (Tn) = RTgv—l(ﬂ’) and
hmin(s—i—l,pv-‘rl) for ng (771) = BDMgv (771)

Example 5.1. We consider as the domain  the unit sphere in R2. The exact solution is the
smooth function u(z,y) = cos(2m(z? + y?)). The numerical results are plotted in Figures 5.1 and
A1 for [[€"[| f2(q), in Figures A.2 and A.3 for |[Ve"|[ 1), and in Figures 5.2 and 5.3 for [|€®|| ;2 (q.
There are some remarks to be made:

e Consider Figure 5.1 depicting [le"|| ;2 using Raviart-Thomas elements. The rates guaran-
teed by Corollary 4.15 are achieved in the numerical experiment. The important subfigures are
the ones in the subdiagonal of the discussed figure, i.e., corresponding to the choice p, = ps—1.
Here, apart from the lowest order case, the best possible rate with the smallest number of
degrees of freedom is achieved. Above this subdiagonal, i.e., p, > ps, additional degrees of
freedom will not increase the rate of convergence, since by pure best approximation arguments
the rate of convergence is limited by the polynomial degree ps of the scalar variable. Below
this subdiagonal, i.e., p, < ps — 1, we notice that the rate of convergence is also limited by
the polynomial degree p, of the vector variable. Note that the results for [[e*[| 2, in Corol-
lary 4.15 are independent of the choice of the vector valued finite element space, which is also
confirmed by our experiments. Additional convergence plots can be found in Appendix A.

e Consider Figures 5.2 and 5.3 depicting [|€®|| 2. Apart from similar observations as for the
scalar variable, it is notable that a difference in the approximation properties of the different
spaces for the vector variable is observed, as predicted by Corollary 4.15. Consider wanting
to achieve a rate of h®. The combination of spaces with the smallest number of degrees of
freedom corresponds to BDMY(7,) x S4(Tr) and RT9(Tr) x S4(Tx) respectively, highlighting
the superiority of the Brezzi-Douglas-Marini elements when approximating ¢. For further
discussion see again Remark 4.16.
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Figure 5.1: (cf. Example 5.1) Convergence of [le"|[;2q) vs. VDOF ~ 1/h employing Vo (Th) =
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Figure 5.2: (cf. Example 5.1) Convergence of [|e®|| 2y vs. VDOF ~ 1/h employing V9 (Th) =
RT,, 1(Th).
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Figure 5.3: (cf. Example 5.1) Convergence of He‘PHLz(Q) vs. VDOF ~ 1/h employing V9 (7;) =
BDM) (75).

Example 5.2. For our second example we consider again the case of €2 being the unit sphere
in R2. The exact solution u(z,y) is calculated corresponding to the right-hand side f(z,y) =
L1o,1/2)(v/22 + y2). Therefore u € N.~oH>/>7¢(2). The numerical results for the choice of Raviart-
Thomas elements are plotted in Figure 5.4 for [|e"| 2 (q), in Figure 5.5 for [|[Ve"| ;s ) and in
Figure 5.6 for [|€¥||;2q). Apart from the remarks already made in Example 5.1 we note that we
observe the improved convergence result when dealing with limited Sobolev regularity of the data.
Furthermore, in the lowest order case p, = 1 the guaranteed rate seems to be suboptimal. The
plots for the choice of Brezzi-Douglas-Marini elements are presented in Appendix A.
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Figure 5.4: (cf. Example 5.2) Convergence of ||e“||L2(Q) vs. VDOF ~ 1/h employing V9 (T) =
RTY . (Th).
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Figure 5.6: (cf. Example 5.2) Convergence of [|e®|| 2y vs. VDOF ~ 1/h employing V9 (Th) =
RT,, 1(Th).
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A. Appendix

For completeness we present additional convergence plots below. In Figure A.1 we plot [le"| ;2 q)
employing Brezzi-Douglas-Marini elements for the problem considered in Example 5.1. The Fig-
ures A.2 and A.3 depicting [[Ve"|| 2 (q) are essentially the same just one order less than [|e"|| 2o
The numerical results for the finite regularity solution considered in Example 5.2 are plotted in
Figure A.4 for [[e*(| 2, in Figure A5 for [|[Ve"| ;2 q) and in Figure A.6 for [[e®] ;2 q)-
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