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WAVE NUMBER-EXPLICIT ANALYSIS FOR GALERKIN
DISCRETIZATIONS OF LOSSY HELMHOLTZ PROBLEMS*

JENS M. MELENK', STEFAN A. SAUTER!, AND CELINE TORRES f

Abstract. We present a stability and convergence theory for the lossy Helmholtz equation and
its Galerkin discretization. The boundary conditions are of Robin type. All estimates are explicit
with respect to the real and imaginary part of the complex wave number ¢ € C, Re¢ > 0, || > 1.
For the extreme cases ¢ € iR and ¢ € R>(, the estimates coincide with the existing estimates in the
literature and exhibit a seamless transition between these cases in the right complex half plane.

Key words. Helmholtz equation, stability, hp-finite elements
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1. Introduction. For many problems in time-harmonic acoustic scattering, the
Helmholtz equation serves as a model problem, and its numerical discretization is a
topic of vivid research. For homogeneous, isotropic material the differential operator
is given by

Leu = —Au+ (Pu,

where ( = Re(+ilm({ =: v—kiwith v > 0 and k € R denotes the wave number. The
solution is highly oscillatory if [Im ¢| > 1, which makes the discretization challenging
with respect to both, stability and accuracy. To study this problem systematically
the case of purely imaginary wave numbers ( = —ik, k € R, has often been used
in the literature as a model problem for designing and analyzing numerical methods.
However, in many applications waves are damped, e.g., by friction and viscoelastic
effects in the material or loss via sound radiation or flow of vibration energy out of
the physical scatterer (see, e.g., [18]).

Another important application is the approximation of the inverse Laplace trans-
form by contour quadrature where the Helmholtz operator has to be discretized at
many complex frequencies in the right complex half plane (see, e.g., [5]).

For the two extreme cases ( = —ik and ( = v, k € R, v € R, a fairly complete
theory for standard Galerkin hAp-finite elements is available and the error estimates
are explicit with respect to the wave number (, the mesh width A of the finite element

mesh, and the polynomial degree p: a) For ( = —ik and large |k| the problem is
highly indefinite and a “resolution condition” of the form
k[

—— < C together with p> Cloglk|
p
has to be imposed in order to ensure solvability of the Galerkin equations and quasi-
optimality ([9, 10, 8, 2]); b) for ¢ = v > 0 and v = O (1), the problem is properly
elliptic and Céa’s lemma ensures well-posedness and quasi-optimality without any

resolution condition; c) for ( = v > 1, the solution exhibits boundary layers. Al-
though the Galerkin discretization is always well-posed in this last situation, special
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meshes should be used that are adapted to the boundary layers (see, e.g., [11, 16, 7]
and references there). In this paper, we will develop a unified theory for Galerkin
discretizations of £¢ with Robin boundary conditions that is applicable for all ¢ € C,
Re( > 0, and || > 1. All estimates are explicit in terms of Re{ and Im ¢ and re-
produce the limiting cases of purely real and imaginary (. It is shown that, for the
sectorial case, i.e., the wave number lies in a sectorial neighborhood of the real axis
in the right complex half plane, well-posedness and quasi-optimality is a consequence
of coercivity while for Re( — 0 the estimates tend continuously to the purely imag-
inary case ( = —ik. We follow the general theory developed in [9, 10] and refine
the estimates to be explicit with respect to the real and imaginary part of the wave
number.

The paper is structured as follows. In Sect. 2 we introduce the Helmholtz model
problem with Robin boundary conditions and formulate some geometric and algebraic
assumptions on the data. Further, we define for the wave number the (well-behaved)
sectorial and the (more critical) non-sectorial region.

The estimate of the continuity constant for the sesquilinear form is derived in
Sect. 3. Sect. 4 is devoted to the analysis of the inf-sup constant for the continuous
sesquilinear form. If the real part of the wave number is positive the estimate follows
simply from the coercivity of the sesquilinear form. However, this bound degenerates
as Re( — 0. This can be remedied by a different proof: first one uses suitable test
functions to derive stability estimates for an adjoint problem with L? right-hand sides
and then by employing this result for the estimate of the inf-sup constant in a vicinity
of the imaginary axis.

The key role for the analysis of the Galerkin discretization is played by a regular
decomposition of the Helmholtz solution. In Sect. 5, we introduce a splitting of the
Helmholtz solution into a part with (low) H?-regularity and wave number-independent
regularity constant and an analytic part with a more critical wave number dependence.
First, this is derived for the full space solution by generalizing the results for purely
imaginary frequencies in [9]. In the case of bounded domains, we generalize the itera-
tion argument in [10, Sect. 4] to general complex frequencies. In addition, this requires
sharp estimates of frequency-depending lifting operators which we also present in this
section.

Sect. 6 is devoted to the estimate of the discrete inf-sup constant for the standard
Galerkin discretization of the Helmholtz equation. We will derive two type of esti-
mates: one requires that the finite dimensional space for the Galerkin discretization
satisfies a certain resolution condition and allows for robust (as Re( — 0) stability
and quasi-optimal convergence estimates; the other one avoids a resolution condition
while the constants in the estimates tend towards oo as Re{ — 0 but stay robust
for the sectorial case. Numerical examples in Sect. 7 illustrate the application of our
analysis in the context of hp-FEM.

2. Setting. We consider the Helmholtz problem

—Au+Cu=f in Q,
Ohu+Cu=g on I' := 99,
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for f € L*(Q) and g € L?(I"). We assume that the wave number (frequency) ¢
satisfies!

(22) (eCy:={CeCso|[¢| =1},
where, for p € R,
Cs,={{€C|Re{>p} and Cs,:={{cC|Ref>p}.

Note that the choice { = —ik leads to the standard Helmholtz case. The frequency
domain C% is split into the sectorial and non-sectorial cases

Sp = {£ € C2g : [Imé] < FRes),
85 = {£ € C : [In¢] > FRe)

for some 8 > 0. Our focus is on the derivation of stability and error estimates that are
explicit in the real and imaginary part of ¢ but less on the development of a theory
with minimal assumptions on the geometry of the domain. In this light we impose
the following simplifying assumption.

ASSUMPTION 2.1.  C R3 is a bounded domain with analytic boundary that is
star-shaped with respect to a ball.

We note that our results can be extended to convex polygonal domains in a
straightforward way following the arguments in [10].
Let L? (Q) denote the usual Lebesgue space with scalar product denoted by (-, -)

(complex conjugation is on the second argument) and norm ||-|[2(q) := [|-]| := (-, )2,
Let V = H'(Q) denote the usual Sobolev space and let vy : H' (Q) — HY?(T) be
the standard trace operator. We introduce the sesquilinear forms

ap¢ (u,v) == (Vu, Vo) + (CQU,U) Yu,v €'V,
and

be (You, v0v) := (¢you, Yov)p Yu,v €V,

where (-, ) is the L? (') scalar product.
The weak formulation of the Helmholtz problem with Robin boundary conditions
(2.1) is given as follows: For F' = (f,-) + (g,70)r € V', we seek u € V' such that

(2.3) ac (u,v) == ao,¢ (w,v) + be (You,yov) = F (v) YveV.
In the following, we will omit explicitly writing the trace operator vy when it is clear
that it is implied.

3. The Continuity Constant. In this section, we will estimate the continuity
constant of the sesquilinear form ac (+,-). We equip the Sobolev space V' with the
indexed norm ||-[||.|, where, for p >0, we set

9 9 1/2
(3.1) el = lull, = (19l + o )

IThe condition |{| > 1 can be replaced by |¢| > po for any pg > 0. However, the constants in
our estimates, possibly, deteriorate as pg — 0.
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More generally, for measurable subsets T C 2 we write

[l

1/2
o1 = (IVullZacr + ol )

The L?-norm on T is denoted by || - [|p. On H'/2(T") we introduce the weighted norm

1/2
(3.2) 9l = (lgl3raszqy + PllgllE)
for p > 0.
THEOREM 3.1. The sesquilinear form a¢ is continuous and
(3.3) lac (w,0)] < (14 Cy) lull g loll, Vu,v € H' (@)
with Cy independent of ( € C>yp.

Proof. The continuity estimate for the sesquilinear form b¢ (-,-) is a simple con-
sequence of the multiplicative trace inequality (see [4, p.41, last formula))

1/2
(3.4) oully < Cirace lull™’? lull 2 0, -
Hence
1/2
(3.5) VI oul ey < Corace (1¢] [ul) 2 a2y < C llull ¢
which implies the continuity of b¢ (-, )
(3.6) |b¢ (ou, yov)| < C ||u||‘<| ||v|||<| Vu,v € H' (Q)
for a constant Cj independent of ¢ € C% and u, v. d

4. The Inf-Sup Constant of ac (-,-). Our goal in this section is to estimate
the inf-sup constant

(4.1) v¢ = inf sup lag (w,v)l

ueV yev Hu|||<| HUH|g|
which implies well-posedness of (2.3). This involves two different theoretical tech-
niques: In Sect. 4.1 we consider the case Re( > 0 and obtain estimates from the
coercivity of the sesquilinear form. These estimates give stable bounds for the secto-
rial case but deteriorate as Re ( — 0 in the non-sectorial case. In Sect. 4.2 we employ
the sesquilinear form with a suitably selected test function and obtain sharp estimates
also for the non-sectorial case.

4.1. The Inf-Sup Constant for Re( > 0. The estimate of the inf-sup constant
in the following Lemma 4.1 is a direct consequence of the technique used in [1].

LEMMA 4.1. Let Q C R3 be a bounded Lipschitz domain and let ¢ € CS,. Then
the inf-sup constant ¢ of (4.1) for the sesquilinear form ac¢ (-,-) (cf. (2.3)) satisfies
Re(

¢

For every F € V', problem (2.3) has a unique solution. In particular if there are
f€L?(Q), g€ L?(T) such that F (v) = (f,v) + (g,v)p, then the solution u satisfies

(4.3) wmqs§2@m+c¢mwm)
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Proof. We follow the idea of the proof in [1]. We choose v = ‘%u For the
sesquilinear form with Robin boundary conditions we have

¢ Re(¢ Re(
Reag (e ) = S Jully + €]l > S5 ol

The positivity of the inf-sup constant - implies unique solvability (see, e.g., [12,
Thm. 2.1.44]; the above argument can be used to show [12, (2.34b)]). We obtain

[q [E@)] _ 1< (I [[v]ly
lulle) < 5= sup < +llgll sup :
i<l Re¢ veH (Q)\{0} ||UH|q Re( |C| LD veH1(Q)\{0} Hv|||<|

A multiplicative trace inequality in the form of (3.5) leads to (4.3).

LEMMA 4.2. Let Q C R? be a smooth domain that is star-shaped with respect to
a ball or let Q be a convex polyhedron. Let the functional F € V' be of the form
F(v) = (f,v) + (9,v)p with f € L* () and g € L*(T). Then, problem (2.3) has a

unique solution and satisfies

(44) lullg < Cs (1 o V1 T |g||p>

for some Cg independent of ¢ € C,

Remark 4.3. In [3], a stability estimate is proved that is related to (4.4) if Re(
is sufficiently small. For ¢ € S5, the estimate (4.4) is non-degenerate for Re { — 0 in
contrast to (4.2) and the result in [3].

Proof. Without loss of generality, we assume that ) is star-shaped with respect
to the origin. We will fix a parameter 8 > 1 sufficiently large at the end of the proof.
We distinguish between two cases.

Case a: ( € Sg. The condition |¢| > 1 leads to

—1/2 —1/2

(4.5) Re¢ > (1+6%) 77[¢] > (1+5%)

and Lemma 4.1 becomes applicable:
Re(¢) 1
Yo 2 > ;
TR T Vir e

which implies (4.4) for ¢ € Sg.

Case b: ¢ € 5. For Re( > 0, existence and uniqueness follows from Lemma 4.1
while the well-posedness in the case Re = 0 is a consequence of [6, Prop. 8.1.3]. We
write ( = Re( +ilm( =: v — ik so that ¢ € S§ implies |k| > Sv for B > 1. First let
v > 1. We choose v = %u and consider the real part of (2.3), which yields

(4.6) |<| IVal® + viclllul® + ¢ lullp < [(f,w)] + [(g, w)].
Young’s inequality on the right-hand side leads to
VICI 2, 9]
Fu)l + (g, u)| < AP+ = glr + =
|(fy )l + (g, )l < o |<|H [ [[ul|* + 2|<| lglI7 5 lulE-
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These two inequalities imply

S AT I (4 ST 1 2, 1 2
B L2 < —
190l + Sl + 5Dl < 717 + o lgl,
which is the desired (4.4) in view of v > 1.
The proof for ¥ < 1 is essentially a repetition of the arguments in the proof of
[6, Prop. 8.1.4] using the inequalities for three different test functions in (2.3) and
Young’s inequality. For completeness, we show the relevant inequalities. The first

test function is v = u yielding, after taking the real part,

(4.7) IVull? = (k2 = v*)[[ull® + vlullf < |(f, )]+ |(g,w)r].
Next we choose v = — sign(k)u and consider the imaginary part to get
(4.8) 2|k [lull® + k] [[u]f < [(f,w)] + (g, w)r].

As a last test function we use v () = (z, Vu (2)); note that the assumptions on the
domain imply via elliptic regularity theory that v € V. Integration by parts yields

with d = 3 (we write d to indicate the generalization to arbitrary spatial dimension
d)

Reac (u,v) = Re (Vu, V (z, Vu)) + ¢* (u, (z, Vu)) + ¢ (u, (z, Vu)p)
= Va4 5 (w9 (IVul?) ) + Re (¢ (s, V) + a, G, V)

_ d 2 1 2 d(k*=v?) o
= (1= 5) 19l + 5 (G I9al’?), + S

@ ((z,n) u,u)p + Re (C (u, (z, Vu))) + 2vkIm (u, (z, Vu))

< |[(fs (@, Vu ()] + (9, (=, Vu (2)))r].

Rearranging yields
2

Al 4 e (9uhe < (5 = 1) 190lP + -Gty
Il G, T -+ 20l ol + 1(F, G, Fu)| + (g, (e, T

We remark that (4.8) and (4.7) give

+

(4.9)

(4.8) 1 k
(4.10) Fllult < 1(Fw)l + lglellulie < I(fwl + 52 lgle + Sl
(4.11) IVul* < (&2 = v?)|[ull® + |(f, w)] + (g, wr],
which allows for controlling ||u|r and ||Vu|| in terms of k||u|| and the data f, g:

2 1
(4.12) Fllullt < ZI£I1Klul) + +llglF,
3 2

(4.13) IVull* < (82 = v2)llull® + 2 £l Kllul) + llglIF-

Since €2 is assumed to be star-shaped, one has 0 < ¢; < (x,n(x)) < ¢y for all x € T

Inserting this and (4.13) into (4.9) gives with ¢3 = diam Q

C1 C2 d 3 2
02 =) l? + 219l < 22l + (5 - 1) stk + 2912 )

+ [Cllie i, Ve + 2vk|ul[[{z, Vu) | + [(f, (2, V)l + (g, (z, Vu))r].
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The proof can be completed with suitable applications of Young’s inequality, use of
(4.12), (4.13), and selecting # sufficiently large to treat the term vkl|ul|||(x, Vu)|| <
csvk||ull||Vul|. O

4.2. The Inf-Sup Constant of ac(-,-) for ¢ € S§. In the following Theo-
rem 4.4 we will prove an alternative estimate (compared to (4.2)) for the inf-sup
constant that is robust as Re{ — 0. To estimate this constant we employ the stan-
dard ansatz u € V and v = u + z for some z € V. Then

ag (uyu+2) = [ullfy + ac (u, 2) + be (ou,200) + (¢2 = 1¢P) ull”

The choice of z will be related to some adjoint problem.the next section.

THEOREM 4.4. Let Q C R3 be a smooth domain that is star-shaped with respect
to a ball or let Q) be a convex polyhedron. Then there exists a constant ¢ > 0 such that
for all ¢ € C% the inf-sup constant vy of (4.1) satisfies

1
ez Tmdl -
1+ CiIRec

Proof. Let v = Re¢ and k = —Im¢ and set o = 1/v/2. First, we consider the
case ( € C3 with v > o.
From Lemma 4.1 we have for any ¢ € CS, the estimate

Re( 1 1 1
Y = = > >
§ F

I T forc =1+ V2.

1+ (5" I e

It remains to consider the case ¢ € C3, with v < 0. Let u,z € V and set
v =u+ z. Then

(414)  ag(uw) = Jullly + (¢ = IC1) Il + ¢ (w w)p + ac (u, 2).
We consider the adjoint problem: find z € V' such that
(4.15) ag (z,w) = o?(u,w) YweV with o =[] - ZQ = —2ki(,
which is well-posed according to Lemma 4.2 and satisfies
2l < Cs Jal? Jull = 2Cs [kc] llull < 2Cs k] |lull -
For this choice of z, we consider the real part of (4.14) and obtain
Reag (u,v) > [ullfy + v [[ullf > [[ullf; -
Hence
loll ¢ < (1 +2Cs k) lull

and

1

> > for 0 <v<o. 0
NS TEaCs R T el T
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5. Regular Decomposition of the Helmholtz Solution. In this section,
we develop a regular decomposition of the solution of the Helmholtz problem (2.1)
based on a frequency splitting of the right-hand side. The frequency splitting for
functions defined on the full space R? is defined via their Fourier transform (Sect.
5.1). For functions defined on finite domains, we derive the regular splitting using
a lifting operator (Sect. 5.3). This generalizes the theory developed in [9, 10] to
complex frequencies and the resulting estimates are explicit with respect to the real
and imaginary part of the wave number.

5.1. The Full Space Adjoint Problem for ( € Sg. The first result concerns

the adjoint problem for the full space = R3. Let ¢ € L?(Q2) be a function with
compact support. We choose R > 0 sufficiently large so that the open ball Br with
radius R centered at the origin contains supp ¢. We consider the problem

(—A+3P)z=¢ in R,
(5.1) }<ﬁ7vz (x)> +Cz ()

To analyze this equation we employ Fourier transformation and introduce a cutoff
function p € C™ (R>¢) satisfying :w

=0 (Hx”_l) as ||z|| — oo.

IN
T =8

supp 11 C [0,4R], H|[o,2R] =1, |/L|lew(RZD)
(5.2)

Ve € R>o:0< p(x) <1, ,U|[4R,oo[ =0, |’M|W2’°°(R20) <

The fundamental solution to the Helmholtz operator Lou = —Au + (?u in R? is
given by

e ¢r

G (G ) =g (Gllzl)  with g(¢,r):=

Anr

It satisfies

’<%7 Vil (C,:v)> +(G ()| =0 (”xHil) for ||z|| — oo

so that z is given by z = G(C) * ¢. Define M (z) := p (||z|]) and
zy (z) = (G (Z) M) *QS::/B G(Z,x—y)M(m—y)(b(y)dy Vz € R3.

The properties of p ensure z,|p, = 2|B,. To analyze the stability and regularity of
z,, we introduce a frequency splitting of the solution z, = zy2 + z4 that depends on
the complex frequency ¢ € C>o and a parameter A > Ao > 1.

LEMMA 5.1. Let ¢ € L? (Rg) such that supp ¢ is contained in a ball B := Bg(0)
of radius R > 0 centered at the origin, and let u be a cutoff function satisfying (5.2).
Then there exists a constant C > 0 depending only on R and p such that the solution

z=G () x¢ of (5.1) and z, :== (G (C) M) x ¢ satisfy z|p, = Zulp,, and

(5:3) ol V¢ e Cxo.

Il < T gee
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Furthermore, for every A > Ao > 1 and ( € C>o with Im( # 0 there exists a A- and
(-dependent splitting z, = zy2 + 2.4 satisfying

A 2 _
63 el <07 (L) amayrtiel we o),

1 —2
(5.6) ||vpzA|s0'%}'{§'<(¢§A|Imc|)p ol VpeN.

Here, |VPz4| stands for a sum over all derivatives of order p (see (5.16)). The
constant C' depends only on Ao, R, and p.

Remark 5.2. As the estimates in Lemma 5.1 degenerate for Im ¢ — 0, we will
employ Lemma 5.1 for ¢ € S§ for fixed 8 > 0. Then [Im¢| > BRe( and we have

(5.7) Im¢| < [¢| < Cim¢| with €= 7“552

In particular, ¢ € S§ implies Im ¢ # 0.

Proof. For ( € C>p, we set v = Re( and kK = —Im(. In order to construct the
splitting z = zg2+2.4, we start by recalling the definition of the Fourier transformation
for functions with compact support

W (&) = F(w) = (27r)*d/2/ e 8Ty () de  VEERY
Rd

and the inversion formula

w(z) = F~' (w) = (21) 7 / J@ g (6 de W e RY
]Rd

Next, we introduce a frequency splitting of a function w € L? (€2) depending on ¢ and
a parameter A > 1 by using the Fourier transformation. The low- and high-frequency
part of w is given by

(5.8) Lgsw := F ! (xypF (w))  and  Hpsw :=F ' ((1 — xapm) F (w))

where y; is the characteristic function of the open ball with radius § > 0 centered at
the origin.
We construct a decomposition of z,

(5.9) Zy = zZg2 + 2.

as follows: We decompose the right-hand side ¢ in (5.1) via

(5.10) ¢ =@k + P = Lra¢ + Hga .
Accordingly, we define the decomposition of z,, by
(5.11) 22 = (G (O) M) x ¢y and  za = (G (Q) M) % .-

The Fourier transform of G (Z, ) M is given by

(6 @) © =0 Gl
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with

o 8in (rs) dr

o (C.s) = (20)¥4x / TG u)r

rs

In the following we will analyze the symbol o (¢,-). We have:

Iso (¢, 8)] = (2m)73/2 /000 e 1 (r) sin (rs) dr

4R 2
< (2m) 732 / eV dr = 43\/on (4Rv)
0 ™

with Ey (t) := 1‘;’% < G 195+ Applying integration by parts leads to

o (¢,8) = (%)_3/2/000 e " pu(r) Mdr

S

- (2@3/2%/000 e o, (M (r) 22 (TS>> dr

S
1 [ i
= (27)_3/2_/ e ¢ (M/ (r) = (rs) + 1 () cos Ts) dr.
¢Jo §
This allows for the estimate

|0 (C, )] = (2m) 72— . ’/ ( ! w—ku(r)cosrs)dr

I<]
< (27‘1’)_3/2% ; e V" (%T-i- 1) dr
< 4R(27r)_3/2% (4C,Ey (4vR) + Eo (4Rv))
with
El(t):# < E2(t).
Hence,

_sy2Fo (4Rv)

o (¢, 8)| < 4R(2m) ]

(1+4C, Eo(4Rv)) .

Since Ep (t) < 1 we end up with

3/2 Eo (4Rv)

| (¢, 8)| < 4R(1+4C,) (2m)~ <]

As a consequence, we have proved that

[CHIzull < 4R (1 +4Cy,) Eo (4Rv) |6l
[0izull < AREy (4Rv) |||

so that we have

lzull ¢ < /2 + (L4 4C,)? (167 R) By (4Rv) 6]
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This shows (5.3). In the following we estimate higher order derivatives. For the
product s%o (s), we get

’520 (¢, s)‘ = (271')73/2

/ e " (r) ssin (rs) dr
0

= (2m)7%/? /00 e " 1 (1) D, cos (1s) dr

0
< (2m) /2 ( /OO cos (rs) O (e=" pu(r)) dr
< (2m) (¢

)

0

/00 cos (rs)eS" u (r) dr

0
+ (2m)73/2 ( / cos (rs)e " u' (r)dr| + 1>
0
=T+ 71
The estimates
(5.12) T' < (27)3/24RE (4Rv) (|,
(5.13) TV < (27)~3/24CE, (4Rv)

follow from the properties of p (cf. (5.2)). As a simple consequence we obtain for
m > 2

(5.14) |s?0 (¢, s)| < (2m)73/24(C + R|(|) Eo (4Rv)
and

u "o )~ / C+R|<|) m—2
B19) s (oGl < ()G (TR (k).

Hence for o € N3, |a| = 2, we have

[0%2u]l <4 (RIC|+ C) Eo (4Rv) || 4]

and
1vrsall= | 3 (%) 0maal® < OB (4R (14 I) (IR 37 o]
aeNg
la|=p
1+ p—2
Gae) <o BR) el wenss

The bounds (5.16) expresses the desired estimate (5.6). A direct application of (5.14)
does not lead to (5.5) as it introduces an undesired factor |¢|. This is removed by
noting that is suffices to consider s = ||£]| with s > A|k| and that only the estimates
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for TT need to be refined. This is achieved with an integration by parts:
4R
T = (2m) "¢ / cos (rs) e " (r) dr
0

AR o=Cr(¢ cos(rs) — ssin(rs
_(%)3/2|<||< ¢ +/O (€ cos(rs) — ssin( ))u,(T)dT>

Gts? ¢+ s?
< (2m)73/2 <$ (1 +%/O4Re'” dr)
+ % /04R e " sin (rs) p' (r) dr ) )
Observe
[ <7

2 2
kP _ C P (lay

Also we have

sll AR A d]
V24 (s2—k2) ~ 12+ k2(A2—1) — A2 —1|Im(|
Hence,
ap O (1)
I « LY R
(5.17) |T"| < (2m) - (Imc) .
This leads to
A (1Y
‘820' (C,S)| S (27‘()73/20m <m> for |S| Z A |k|

and, in turn,

e A (Y 2
P < 3/2 Im ¢|)” > = .
0 (6.5) < (2n) 22052 (4L ) Mg ™? forlsl 2 Al p=0.1,2. 0

From this, assertion (5.5) follows.

5.2. The Helmholtz Solution with Robin Boundary Conditions. In this
section, we will derive a regularity result in the spirit of Lemma 5.1 for ¢ € S§ for the
interior problem with Robin boundary conditions:

(5.18) —Au+Cu=f inQ, Opu+Cu=g onl.

Note that Assumption 2.1 implies well-posedness of (5.18) via Lemma 4.2. The
solution operator for (5.18) is denoted S¢ : L? (Q) x HY/2(I') — V.

THEOREM 5.3. Let Assumption 2.1 be valid and fix f > 0. Then there exist
constants C, v > 0 such that for every f € L*(Q), g € HY?(I'), and ¢ € S§, the
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solution w = S¢(f,g) of (5.18) can be written as uw = ua +ug2, where, for all p € Ny,
5.20 U <C
5:20) fuall < <1+Re 151+ Wf )

P 1
5.21 VP a2y < ¢ max p, [¢|}PT2 f g ,
B20) 19 oy < CTmaxtn 1™ gy M1+ 7 ol
(5.22) gzl m20) + [Cllumz g < C (£ + lgllr ) -

Proof. The proof is the generalization of the proof in [10] for real wave numbers
to more general ¢ € C% with emphasis on the explicit dependence of the estimates
on the real and imaginary part. It follows from Lemmata 5.11 and 5.12, which are
presented in Sect. 5.3 ahead. a

5.3. The Solution Operators N, SCA, S’CL, and S¢. For the analysis we
introduce low- and high pass frequency filters for a bounded domain as well as for
its boundary. Let Eq : L?(Q) — L?(R3) be the extension operator of Stein, [17,
Chap. VI]. Then for f € L? (Q2) we set

(5.23) Laof = (Lga (Baf))lqg and Hof := (Hga (Eaf))lq:

for Lge and Hga defined in (5.8) for some A > 1. By [10, Lemmas 4.2, 4.3], these
operators have the following stability properties:
(5.24) I Lafllas ) < Csll fllas (o), 520,
(5.25) [Hof g @) < Cs,o AL 2| fll 120, 0<s <s,
where the constant Cs depends on s and C; o depends on s, s’ but is independent of
A and (.

To define frequency filters on the boundary we employ a lifting operator GV

defined in Lemma 5.4 below with the mapping property GV : H*(T) — H3/?+5(Q)
for every s > 0 and 8,,GNg = g. We then define HY and LY by

(5.26) HE (9) == 0,Ho (GY (9)),  Lf (9) := 9uLa (GV (9)) -

In particular, we have HY : H'/2(T') — HY?(T") and LY : HY/?(T') — HY?(T").

LEMMA 5.4 (Def. of lifting G).  Let 9Q be smooth. Given ( € Cxq, define
u:=GNg as the solution of

—Au+[Pu=0 inQ, O = g.

Then the following holds:

(5.27) |GN

gl < \/—HQHD

(5.28) 1GYglla2) S gl e -

Proof. The energy estimate (5.27) follows from the coercivity of the pertinent
sesquilinear form. The H?2-estimate follows from elliptic regularity theory. a
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LEMMA 5.5 (properties of Lr and Hr). Let 9Q be smooth. Fiz q € (0,1). Then
there is A > 1 in the definition of LY and HY such that the following holds (with
implied constants independent of q):

(5.20) IL¥glzcry S 112 gl e s €{0,1/2},

(5.30) IHY gll ey S @211 2 lglln i, s € {0,1/2}.
Proof. Recall that LY g := 40g", where

(5.31) gV = (n*, VLGN g)

and n* denotes an analytic extension of the normal n : I' = Sy on Q to a tubular
neighborhood T C Q of T and g is the standard trace operator. Using (3.5) yields

1
LY gllr < Cm||gNHICI,T

- (f g™ llzer +ﬁnv9 ||L2<T>>

(\/ HVLQGNgH+-Vr_HVVTLQGNgH>
where VVT denotes the Hessian of a function. From (5.24)
emma 5.4
~1/2
IZ¥ gl S VIAIGN gl o) + —= f e P S TIPS

For s = 1/2, we note

1LY gll g2y S NGV gl S Nlgllrjc)-

The proof of (5.30) is similar. We note

5.25
IHoG |2y S IGY L2y S llgllric)s
(5.25)
IHoGN Iy < all ™ 1IGN a2y S 1Sl gl e,

where ¢ is related to A via (5.25) and can be made arbitrarily small by selecting A
appropriately. Hence, recalling that HY g = 0, HoG" g we get
IH gll gr1/20y S NGV gllm2c0) S lglleieps

1/2 1/2 _
1R glle S 1GN gl |GN gl < a/21K7 2 glr ) 0

Next, we introduce the solution operators N¢, SC , S<L.
1. We denote by u := N¢f = G({) * f the solution of the full space Helmholtz
problem with Sommerfeld radiation condition (in the weak sense):

(=A+¢*u = f in R,

ou 1
‘E +Cu| = o(||:1c|| ) as ||z|| — oo,

for f € L*(R?) with compact support. Here §/9r denotes the derivative in
radial direction z/||z||.
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2. S’CA (g) is the solution operator to the problem

—Au+|¢)*u=01in Q,
Opu+Cu=gonl,

for g € L*(I).
3. We define SCL (f,9) :== Sc(Laf, LY g) as the solution operator to the problem
(2.1) for analytic right-hand sides Lo f, L¥g.
The proof of the next lemma is a direct consequence of Lemma 5.1.

LEMMA 5.6 (properties of N¢). Let Im¢ # 0. For f € L*(R®) with supp f C
Bpr := Bgr(0), the function u = N¢f satisfies —Au+ (*u = f on Bg. For any A > 1
(appearing in the definition of the operator Hgs defined in (5.8)) there exist C > 0
depending only on R and p such that

1 3 ~
(5.32a) IVt Dl < O3 (o) 61 sy,
G3%) N Dl < O (L) e
: ¢ R H(BR)— 1_)\ IHlC L(R‘)'

Furthermore, for 8 > 0 the following is true: given q € (0,1) one can select A > 1
such that for all ¢ € S§

(5.33a) INe(Hs )l ¢, < gl T g7 [ £l 22y,
(5.33b) NG (His Dl 25y < s 112255

Proof. (5.32) is a direct consequence of Lemma 5.1. The bounds (5.33) follow
from (5.32). O

The next two lemmata generalize the results in [10, Lemmas 4.5, 4.6] to complex
wave numbers (.

LEMMA 5.7 (properties of SCA). Let Q be a bounded Lipschitz domain and 3 > 0.
For g € L*(T) the function u = S’CA (9) satisfies

(5.34a) lullicr S Nlgll =172y,
(5.34b) lullie) S 16172 1gllr,
(5.34c) lulle S 1< glle

uniformly for all ¢ € S§. If ' is smooth and g € H'Y2(T) then additionally

[ull g2y < ||9||F,|g|
Proof. The proof is essentially given in [10, Lemma 4.5]. O
A combination of Lemma 5.5 and Lemma 5.8 imply the following corollary.

COROLLARY 5.8 (properties of SCA o HX). Let Assumption 2.1 be satisfied, 3 > 0,
and let g € (0,1). There exists X\ > 1 defining the high frequency filter HY such that
for every g € HY?(T) and every ¢ € S§ we have

1
ISE (HE 9)l¢) < 1 lgllr ¢+

ISAEY )2 S gl -
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LEMMA 5.9 (analyticity of SCL) Let Assumption 2.1 be wvalid and let A > 1
appearing in the definition of Lo and LY be fived. Then there exist constants C,
v > 0 independent of ¢ € C%, such that, for every g € HY2(I') and f € L*(Q),
the function ua = Sc(Laf, E%Vg) is analytic on Q and satisfies for all p € Ny the
estimates

(5.35) ||UAH|C| <C (1 T Re( HfH + \/HT \/— ”g”F C)
HV”HuAH < CHP max{|§|,p+ 2}p+2 |C| !
(5.36) (1 TR M \/7\/— lgllr, <> :

Proof. From Lemma 4.2, we have

1 1 v
(5.37) lualljg <€ (H—Te(() | Lo f]| + HT&)(Q”LF 9||F> .

The combination of (5.37), Lemma 5.4, Lemma 5.5 and (5.24) leads to

1 1 ny
luallg < € (1 oL Rvren ors L8 2||g|p,<> .

To estimate higher derivatives, we employ [7, Prop. 5.4.5] in a similar way as in
the proof of [10, Lemma 4.13]. To apply [7, Prop. 5.4.5] an estimate of the constant

_ 2 — 2
= 17\ lg¥ By + 112199 ey

is needed, where g% is defined in (5.31). We track the dependence of Cg, on |(| in
a modified way (compared to [10, p. 1225]): we use inequalities (5.27) and (5.28) to
obtain

(5.38) Ca, < CIKI?gllr j¢-

Estimate (5.36) then follows from [7, Prop. 5.4.5]. 0

COROLLARY 5.10. Fiz 3> 0. Let f, f € L*(Q) and ¢ € S§. Set @i = N¢(Hqf).
If g has the form g = (Opt + (@) then the function ua = S¢(Laf, LY g) satisfies for
all p € Ny

IV 2uall < Cov” max{|<|,p+ 2p7? |<|*1

e M1+ 17l
(e )

If f = f, this gives

[V ual| < Cpy? max {|¢],p + 2} ¢ £

(1+R )
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Proof. We proceed in the same way as in [10, Lemma 4.12] with £ = Im ¢ and
estimate the constant Cg, in (5.38). Lemma 5.6 and (3.5) lead to

(5.39) lalle < ¢ I¢1~ 2 Yl < Cle=*2 1)
(5.39b) @)l /20y < Cllif gy < C I

(5.39¢) |ontille < C([Val ' il o, < C 172 1IF,
(5.39d) 18nill g1/2 0y < C il g2y < CISI-

This implies

(5.40) 10n 17l 180+ Call gy S I

u+§u||Lz(p S \/_

and

Cag, = i+ (i) [l + —5 | Gnit + i) | sy < CIS2 -

el i

In the same way as at the end of the proof of Lemma 5.9 we obtain

V72| < Cor? max {|¢],p + 2} ¢|

<1+R If1l+ \/7\/—||f||+|<|||f||>

LEMMA 5.11 (properties of S¢(f,0)). Let 8 > 0, Assumption 2.1 be valid, and
¢ € S§. For every q € (0,1), there exist constants C, K > 0, depending on 3 such
that for every f € L*(Q) and ¢ € S§, the function u = Sc(f,0) can be written as
U =1ug+ug2 +u, where

lwalli < 1+R G )Ilfll

[P 2 |¢|7 KP max{p + 2, ||} 2| £ Vp € Ny,

C
= T Re
lugzlie) < gl £l
sz 2 ) < Ol f]]-

For a function f with ||f]| < q||f| the remainder @ = S’C(]T, 0) satisfies
—AT+Cu=f,  Ou+Cu=0.
Proof. Define
uly == Sc(Laf,0),  upe = Ne(Haf).

Here, the parameter A defining the filter operators Lg and Hgq is still at our disposal
and will be selected at the end of the proof. Then, ul, satisfies the desired bounds by
Lemma 5.9. Lemma 5.6 gives

lubellic < ICIHIAL and lulpellr2ge) < CIE-
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Also, the parameter ¢’ € (0,1) depends on A and is still at our disposal. In fact, in
view of the statement of Lemma 5.6 it can be made sufficiently small by taking A
sufficiently large.

The function !

= u — (uly + ulys) solves
(5.41) —Aul + ¢t =0, Opul + Cul = — (8nu£q2 + Cuftp) )
Next, we define the functions uL{ and ug2 by
uh =S¢ (0, =LY (Onufye + Culy2)), ull, = SCA (—HI{V (Opuiye + CuIH2)) .

Then, the analytic part uL{ satisfies again the desired analyticity bounds by Lemma 5.9

and Corollary 5.10 . For the function u%z we obtain from Lemma 5.8 and inequalities

(5.39) (set @ = ul;,) the estimates

sl < 11" [[Buathys + Gl 1oy < €I

ke Nl 20y < [|Ontils + e || S AL

Let v = Re( and k = —Im(. We now set u4 = u'y +ul} and uge = uiqz —|—ug2 and
conclude that the function @ := u — (u4 + up2) satisfies

~AT+Cu=fi=2(K +ivk)ul.,  9,u+Cu=0.
For fwe obtain

I£1l < Clelllubiallie) < C NI O

Hence, by taking A\ sufficiently large so that ¢’ is sufficiently small, we arrive at the
desired bound.

LEMMA 5.12 (properties of S¢(0,¢)). Let 8 > 0 and Assumption 2.1 be valid.
Let q € (0,1). Then there exist constants C', K > 0 independent of ¢ € S§ (but

depending on ) such that for every g € HY?(T') the function u = S¢(0,g) can be
written as u = ug + ug2 + u, where for all p € Ny

C 1
< - -

- 1 1
VP Puqll < Cl¢| " KP max{p + 2, |¢[}7**

\/HTG(O\/E ||g||1"7|§| )

sl < a7 Nl
lumzll20) < Cllgllp ¢ -
For a g with ||g|lr,ic| < llgllr,ic| the remainder u = S¢(0,g) satisfies the equation
~AU+Cu=0 O+ Cu=4g.
Proof. The proof is very similar to that of Lemma 5.11. Define

uly =50, Lfg)  and  ulye = SE(H{g).
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Then uL‘ is analytic and satisfies the desired analyticity estimates by Lemma 5.9. For

uip we have by Corollary 5.8

1
(5.42) [ufzli) < Q’m lgllr ¢
(5.43) ||u5112||H2(Q) S ||9||r,|g|
where ¢’ € (0, 1) is at our disposal and depends on the parameter A in the definition of
HY and LY. Upon abbreviating v = Re ( and k = — Im( the function u! := u£4—|—ufq2
satisfies

———
=i k¢
together with
: 1 1 (5-42) /
(5.44) 121 kCupp|| < Clclllug:llic < Cqllgllr -

Next, we define ufi and ugﬂ by
uLI‘ =S¢ (LQ (2 (k2 —l—iuk) uftp) ,O) and ugz = N¢ (HQ (2 (k2 + iyk) ung)) .

Here, in order to apply the operator N¢, we extend Hg (2 (k2 + il/k) uﬁp) by zero
outside of 2. By Lemma 5.9 and (5.44), we see that u!§ satisfies the desired analyticity
estimates. For the function u%p, we obtain from Lemma 5.6

. | GAD
ufizllic) < dICI7HI2(E + ivk)ule: || < Cd'llulp=llie < C (@) 1< gl e,

5.42

lugre 2 () < ClICPuell S Clllugellic S d'llgllng-

We set uy := qu + uf}l and ug2 = uIH2 + ugg. Then u 4 and up2 satisfy the desired
estimates and @ := u — (u4 + ug2) satisfies

—AU+Cu=0,  Oyu+Cu=7:=— (Onuls + (ulp)
with
111,11 S 1S 2 = lle + 161 1 0numzlle + ¢ ugrell iy + | 0wtk || oy
< C" (Il llukhe ey + ke ga oy ) < €7l e 0
The result follows by selecting A sufficiently large so that ¢’ is sufficiently small.

6. Discretization. We apply the regularity theory of the previous section to the
of hp-finite element method. Let S¢ be the solution operator of the adjoint problem:
find z € V such that

(6.1) ag (z,w) = (w,w) Ywe V.

Let S C V be a closed subspace and define the adjoint approximability

S.-f—
n(S) := sup inf 7” o UHK'.
FeL2()\{0} VES (Al
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6.1. Discrete Inf-Sup Constant ~4isc and Quasi-Optimality. For Re( > 0,
the existence and uniqueness of the Galerkin solution follows from Lemma 4.1. If
¢ = —ik is purely imaginary, well-posedness and quasi-optimality of the Galerkin
discretization are shown in [10] under the restriction that

1
kln(S) < ———,
where Cj is the constant appearing in (3.3). In the next theorem, we derive an
estimate of the discrete inf-sup constant for general ¢ € C3,,.

THEOREM 6.1. For ¢ € C>q let the sesquilinear form ac be given by (2.3). Then
the discrete inf-sup constant

. ac (u,v
Vdisc ‘= inf up | < ( )|
ueS\{0} ves\{oy [ull¢) V]l

satisfies the following:
1. If Re¢ > 0, then

Re(
Ydisc Z T
q
2. IfC € C2y and T2 p(s) < L4
- IfCeCly an ] n(S) < oy then,
1+R
(62) Ydisc > CﬁTecv

for a constant ¢ independent of C.

Remark 6.2. The resolution condition (6.2) is not an artifact of the theory: in [8,
Ex. 3.7], a domain €2, a finite element space S, and a purely imaginary wave number
¢ = —ik are presented where the Galerkin discretization leads to a system matrix
that is not invertible.

Proof of Theorem 6.1. Let ( = v —ik. The first statement follows directly from
the continuous inf-sup constant in Lemma 4.1. We prove the second statement. Let
u € S and choose v = u + z, where z = 2k?S¢ (u). Then it is simple to check that

Rea(u,u+ z) > ||u||‘2q
Let zg € V Dbe the best approximation of z with respect to the [|-|||; norm. Then
Rea(u,u + zs) = Rea(u,u + z) + Rea(u, zg — 2)
> [lullfy) = (1 + C)llullig llz — zs]
> Jullfe) = 2k (1 + Co)n(S) g l1ul

k2
> (1 _ 2m(1 + Cb)n(5)> l[ullie,

Y

1
Sl
Moreover

[+ 25l < Nlullig) + 1z = 2sllic) + ll2lli¢)

1 2k2
< (1 iy R T |<|) e
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and, in turn, we have proved

Rea(u,u + zg) 2

(63) Ydisc =
lulligllu+zsllie) — 2+ g + & 741 Cs

A simple calculation shows that there exists a constant ¢ > 0 independent of { € C<,
such that the right-hand side in (6.3) is bounded from below by the right-hand side
n (6.2).

THEOREM 6.3. Assume that Re( > 0. Then the Galerkin method based on S is
quasi-optimal, i.e., for every uw € V there exists a unique us € S with a(u — ug,v) —

b(u—wug,v) =0 forallve s, and

(6.4) Ju— sl < RLC(L)(HCZ,) inf [lu— vl
(6.5) lu = us|[L2@) < (14 Co)n(S)[u — uslg-

Equation (6.4) is a direct consequence of the discrete inf-sup constant proved
in Theorem 6.1. Estimate (6.5) follows from the proof of the next theorem (see
(6.9)). We note here that for ¢ € Sg, the ratio |¢|/ Re{ is bounded from above and no
resolution assumption is required. In the next theorem, we find that under a resolution
assumption, the estimate (6.4) can be improved, such that it is non-degenerate for
Re( — 0.

THEOREM 6.4. If

(Im ¢)? 1
6.6 Re( >0 and —nS) < ——,
(00 ‘= q "W=inra)
then the Galerkin method based on S is quasi-optimal and
(6.7) lu = uslig) < 2(1 + ) inf [lu —vll¢|,
(6.8) lu = usllL2) < (14 Co)n(S)llu — usllic-

Proof. We prove the theorem in the case where v = Re( > 0. Let e :== u —ug
and define ¢ := Sce. Let 1)g be the best approximation to ¢ with respect to the ||-|| N
norm. The Galerkin orthogonality implies

lell* = ac(e,v) = ac(e, v —¥s) < (L+ Co)lelli/llv — ¥slli
< (1+Co)n(S)llellicllell-

This yields
(6.9) llell < (1+Co)n(S)lell
in both cases. Let kK = —Im . We compute for v € S
lellf) = Re (ac(e, ) + 2k | e]|?)
< Re (ac(e,u—v) + 2k2||e||2)

< (1 +Go)llelliellu = v||<+2 (1+Cb) (S)lellfs

q

which leads to (6.7) under the condition ICln(S) < 4(1+Cb)
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6.2. Impact on hp-FEM Approximation. We have shown in Sect. 6.1, that
the Galerkin solution ug € S of the Helmholtz problem with Robin boundary condi-
tions (5.18) with ¢ € S§ is quasi-optimal for any closed subspace S C V, if the adjoint
approximability n(.S) fulfills the resolution condition

““fé_f) n(s) <

414+ GCy)’
Let Shp be the hp-FEM space described in [9, Sect. 5]. Similarly as in [10, 9], one can
show that the Galerkin method based on Sh, is quasi-optimal if

QL Im(Q)]

More specifically, one can prove that there exist constants C, ¢ > 0 that depend on
the shape regularity of the triangulation such that for ever f € L%*(Q) the function

u = S’K‘ (f) = Si¢|(aef,0) satisfies for the regular decomposition u = u4 + uyz2 given
by Theorem 5.3

Im ¢|? Im Imlh Im ¢|h\ 2
(6.11a) [ Im (] iréfSHqu—w||m§O| C'(' ¢l +(| < >>|f|,

€] €] p p
[Tm ¢J?
e ot llea =l <

(6.11b)

| Im ¢|? 1 (1 @)(ﬁ (@)1}
TR e ) GGy I

(see [9, Sect. 5], in particular the proof of [9, Thm. 5.5] for details). By choosing h
and p as in (6.10) the right-hand sides in (6.11a) and (6.11b) imply the resolution
assumption (6.6) and therefore the optimal convergence for the Galerkin solution.

If ¢ € S no resolution condition is needed for the quasi-optimality of the problem
(cf. Theorem 6.3). In that case, the solution is typically smooth in the domain and
exhibits, for large Re ¢, a boundary layer. Such problems can be handled by suitable
meshes capable to resolve the layers such as Shishkin meshes in the context of the
h-version of the FEM [11, 16, 7] and “spectral boundary layer meshes” in the context
of the hp-FEM, [15, 7].

7. Numerical Experiments. We consider the domain = B;(0) C R? and
the equation

—Au+CCu=1 in Q,
Opu+Cu=0 on I' =00Q.
Using Bessel functions and polar coordinates, the solution is given as
u(r) = erJo(i¢r) +¢2 c S ——
S C T @R i)

We consider values of ¢ with

¢ =|cle'e,
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where
a=z(l-a), aefo2 2227y,
I¢| € {1,10,50,100}.

The purely imaginary wave number corresponds to the choice « = /2 and o = 0
to the real-valued case. We consider the h-FEM on quasi-uniform meshes for p €
{1,2,3,4}. The results are presented Fig. 1, where the error is plotted versus the
number of degrees of freedom per wavelength

27V DOF < P >
RN hl¢|

The calculations were carried out within the hp-FEM framework NgSolve, [13, 14].
The following features are visible in Fig. 1:
a) A plateau before convergence sets in.
b) A pollution effect for ¢ close to the imaginary axis (o = 7/2). That is,
asymptotic quasi-optimality sets in for larger N¢| as [(| becomes larger for
Arg ¢ close to 7/2.
¢) The pollution effect decreases with increasing polynomial degree. In partic-
ular, the asymptotic behavior is reached for smaller values of Ni¢| as p is
increased.
d) The pollution effect decreases with decreasing angle a.
The observation a) reflects a natural resolution condition for the problem class under
consideration; that is, the best approximation error can only be expected to be small
if Ni¢j ~ [C|h/p is small. The pollution effect observed in b) is well-documented
for the purely imaginary case Re( = 0. Fig. 1 shows that it is present also for
Re( # 0 (and large Im (), albeit in a mitigated form. Theorem 6.4 quantifies how
this pollution effect is weakened as the ratio Re (/Im ( increases. More specifically,
the resolution condition (6.10), which results from applying Theorem 6.4 to high order
methods, illustrates the helpful effect of Re( # 0. In the limiting case Im ¢ = 0, the
Galerkin method is an energy projection method and even monotone convergence can
be expected in the energy norm on sequences of nested meshes.

The observation c) is also well-documented for the purely imaginary case Re( =0
and mathematically explained in [9, 10]. The regularity of the present work permits
to extend the hp-FEM analysis of [9, 10] to the case Re ¢ # 0 as done in Sect. 6.2. The
observation that the asymptotic convergence regime is reached for smaller Ni¢| as p
is increased can be understood qualitatively from Theorem 6.4 and the bounds (6.11)

for 1. Consider, for notational simplicity, the case Re( = 0. Then quasi-optimality
of the hp-FEM is reached if

cIn(S) < (1 n %) (% idl <%)> <1
p p op

Recalling Ni¢| = O(h[¢|/p) allows us to simplify the condition for quasi-optimality as

1 1 \"!
—+|<|( ) <1
Ni¢| oNj¢|

This shows that for larger p quasi-optimality of the hp-FEM may be expected for
small N|<|

Finally, observation d) can again be explained by Theorem 6.4 since the factor
(Im ¢)?/|¢] is reduced as the ratio Re (/Im  increases.
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Fic. 1. Plots with H'-seminorm for { = |¢|exp(iArg(), [¢| € {1,10,50,100}, Arg¢ = Z(1 — @) for & € {0,276,27%,272,271 1}, p € {1,2,3,4} and
different “number of degree of freedom per wavelength” N¢|.
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