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Abstract

We consider three different methods for the coupling of the finite element method and the bound-
ary element method, the Bielak-MacCamy coupling, the symmetric coupling, and the Johnson-
Nédélec coupling. For each coupling we provide discrete interior regularity estimates. As a conse-
quence, we are able to prove the existence of exponentially convergent H-matrix approximants to
the inverse matrices corresponding to the lowest order Galerkin discretizations of the couplings.

1 Introduction

Transmission problems are usually posed on unbounded domains, where a (possibly nonlinear) equation is
given on some bounded domain, and another linear equation is posed on the complement of the bounded
domain. While the interior problem can be treated numerically by the finite element method (FEM), the
unbounded nature of the exterior problem makes this problematic. A suitable method to treat unbounded
problems is provided by the boundary element method (BEM), where the differential equation in the
unbounded domain is reformulated via an integral equation posed just on the boundary. In order to
combine both methods for transmission problems, additional conditions on the interface have to be
fulfilled, which leads to different approaches for the coupling of the FEM and the BEM. We study three
different FEM-BEM couplings, the Bielak-MacCamy coupling [BM84], Costabel’s symmetric coupling
[Cos88, CES90|, and the Johnson-Nédélec coupling [JN80]. Well-posedness and unique solvability of
these formulation have been studied in, e.g., [Stell, Say13, AFF*13|, where a main observation is that
the couplings are equivalent to an elliptic problem.

Elliptic problems typically feature interior regularity known as Caccioppoli estimates, where stronger
norms can be estimated by weaker norms on larger domains. In this paper, we provide such Caccioppoli-
type estimates for the discrete problem. More precisely, we obtain simultaneous interior regularity
estimates for the finite element solution as well as for the single- and double-layer potential of the
boundary element solution (cf. Theorems 2.3, 2.4, 2.5). Discrete Caccioppoli-type estimates for the FEM
and the BEM separately can be found in our previous works [FMP15, AFM20, FMP16, FMP17]. While
the techniques for the FEM and the BEM part are similar therein, some essential modifications have to
be made to treat the coupling terms on the boundary.

An important consequence of Caccioppoli-type estimates is the existence of low-rank approximants to
inverses of FEM or BEM matrices, as these inverses are usually dense matrices [BH03, Bor10a, FMP15,
FMP16, FMP17]. In particular, FEM and BEM inverses can be approximated in the data-sparse H-
matrix format, introduced in [Hac99]. In comparison with other compression methods, H-matrices have
the advantage that they come with an additional approximative arithmetic that allows for addition,
multiplication, inversion or LU-decompositions in the H-matrix format; for more details we refer to
[Gra01, GHO03, Hac09]. In this work, we present an approximation result for the inverses of stiffness
matrices corresponding to the lowest order FEM-BEM discretizations. On admissible blocks, determined
by standard admissibility conditions, the inverses can be approximated by a low-rank factorization, where
the error converges exponentially in the rank employed.

Acknowledgement. MP was funded by the Austrian Science Fund (FWF) project P 28367 and JMM was supported
by the Austrian Science Fund (FWF) by the special research program Taming complexity in PDE systems (grant SFB
F65).



The paper is structured as follows: In Chapter 2, we present our model problem and state the main
results of the article, the discrete Caccioppoli-type interior regularity estimates for each coupling, and the
existence of exponentially convergent H-matrix approximants to the inverse matrices corresponding to the
FEM-BEM discretizations of the couplings. Chapter 3 is concerned with the proofs of the Caccioppoli-
type estimates. Chapter 4 provides an abstract framework for the proof of low-rank approximability to
inverse matrices, which can be applied for other model problems as well. Finally, Chapter 5 provides
some numerical examples.

2 Main Results

On a Lipschitz domain Q C R?, d = 2,3 with polygonal (for d = 2) or polyhedral (for d = 3) boundary
I':= 09, we study the transmission problem

—div(C-Vu) = f in €, (2.1a)
—Aut =0 in Qe (2.1b)

u — u™* = g on T, (2.1¢)

(CVu— Vu™) v =y on T, (2.1d)
ut = O(|z| ") as |z] = . (2.1¢)

Here, Q% .= R? \ © denotes the exterior of €2, and v denotes the outward normal vector. For the data,
we assume f € L2(Q), up € HY?(T), o € H™'/2(T"), and C € L>®(;R?) to be pointwise symmetric
and positive definite, i.e., there is a constant Cg; > 0 such that

(Cz,z), = Can||]5. (2.2)
For d = 2, we assume diam {2 < 1 for the single-layer operator V introduced below to be elliptic.

Remark 2.1. In the following, we consider three different variational formulations, namely, the sym-
metric coupling, the Bielak-MacCamy coupling, and the Johnson-Nédélec coupling for our model prob-
lem. All three are well-posed without compatibility assumptions on the data. The compatibility condition
{f, 1>L2(Q) + {0, 1>L2(F) = 0 for d = 2 ensures the radiation condition (2.1¢); lifting the compatibility

condition yields a solution that satisfies a different radiation condition, namely, u™* = blog |z|+O(|z| ")
as x| = oo for some b € R for the three coupling strategies considered. Our analysis requires only the
unique solvability of the variational formulations. "

With the Green’s function for the Laplacian G(z) = — 3= log || for d = 2 and G(z) = ﬁﬁ for d = 3,
we introduce the single-layer boundary integral operator V € L(H~'/2(T"), H'/?(T)) by

Vo(z) = /FG(x —y)o(y)dsy, xe€l.
The double-layer operator K € L(H/?(T"), H'/?(T')) has the form
Ko(a) == [ 0uGlo=9)owds,. weT.

where 0, (,) denotes the normal derivative at the point y. The adjoint of K is denoted by K'. Finally,
the hyper-singular operator W € L(H'Y?(T), H-'/?(T")) is given by

Wo(r) = 0,0 / (Bun)G(@ — 4))d(y)ds,, z€T.

The single-layer operator V is elliptic for d = 3 and for d = 2 provided diam(€Q2) < 1. The hyper-singular
operator W is semi-elliptic with a kernel of dimension being the number of components of connectedness
of T.



In addition to the boundary integral operators, we need the volume potentials V and K defined by
Vo) i= [ Gla—9)ot)ds,. v RAL,
r
Ko(x) == / 0y )Gz — y)d(y)ds,, z e RAT.
r

In this paper, we study discretizations of weak solutions of the model problem reformulated via
three different FEM-BEM couplings: the Bielak-MacCamy coupling, Costabel’s symmetric coupling,
and the Johnson-Nédélec coupling. All these couplings lead to a variational formulation of finding
(u,p) € HY(Q) x H~Y/2(T') =: X such that

a(u,;9,¢) = g, () Y(¥,() €X, (2.3)

where a : X x X — R is a bilinear form and g : X — R is continuous linear functional.

For the discretization, we assume that €2 is triangulated by a quasi-uniform mesh 7;, = {T1,...,T5}
of mesh width % := maxr, e, diam(7;). The elements T; € Tj are open triangles (d = 2) or tetrahedra
(d = 3). Additionally, we assume that the mesh 7}, is regular in the sense of Ciarlet and y-shape regular
in the sense that we have diam(7}) < v|T}|'/? for all Tj € Tj,, where |T}| denotes the Lebesgue measure
of Tj. By Ky, := {Ku,...,Ks}, we denote the restriction of 7; to the boundary I', which is a regular
and shape-regular triangulation of the boundary.

For simplicity, we consider lowest order Galerkin discretizations in S11(7) x S%(K;,), where

SYY(TL) = {ueCQ): ulr € P(T) VT €T},

SOO0(Ky) = {u e L*(I) : ulg € Py(K) VK € Ky},
with P,(T) denoting the space of polynomials of maximal degree p on an element 7. We let B) :=
{¢ : j =1,...,n} be the basis of S*(7},) consisting of the standard hat functions, and we let W), :=

{x; : 7=1,...,m} be the basis of S®°(K}) that consists of the characteristic functions of the surface
elements. These bases feature the following norm equivalences:

cth2 ||x]ly < |9 pa gy < c2h®? ||l vx eRY, (2.42)

esh@ D72 |y lly < [0yl oy < k@ D2 y], ¥y eR™ (2.4b)

for the isomorphisms ® : R™ — SV1(Ty), x = 37 x;€; and W : R™ — S90(K), y = Y7 yix;-

Finally, we need the notion of concentric boxes.

Definition 2.2. (Concentric boxes) Two (quadratic) boxes Br and Br: of side length R and R’ are
said to be concentric if they have the same barycenter and Bgr can be obtained by a stretching of Br: by
the factor R/R’ taking their common barycenter as the origin.

Before we can state our first main results, the interior regularity estimates, we specify the norm we
are working with, an h-weighted H'-equivalent norm. For a box Bg with side length R, an open set
w C R4 and v € HY(Bgr Nw), we introduce

2 2 2
Bl s = B2 V012 ey + 1022 ) - (2.5)

For the case w = R?, we abbreviate Il & ma =: I}, and for the case w = RAT we write I-l5 . gave =:
I, & re and understood the norms over Bi\T' as a sum over integrals Bg N and Br N Q™. Moreover,
for triples (u,v,w) € H'(Br N Q) x H'(Bg) x H'(Bg\TI'), we set

,21, Rre - (2.6)

We note that u will be the interior solution, v be chosen as a single-layer potential and w as a double-layer
potential (which jumps across I'), which explains the different requirements for the set w.

2 2 2
Il (w, v, W)l g = lully r.q + IVl & + llwl



2.1 The Bielak—-MacCamy coupling

The Bielak-MacCamy coupling is derived by making a single-layer ansatz for the exterior solution, i.e.,
u* = Vg in Q% with an unknown density ¢ € H~1/2(T"). For more details, we refer to [BM84]. This
approach leads to the bilinear form

abmc(u7 ©; 1/% C) <CVU’ V’l/J> 2(Q) + <(1/2 - K/)(p> 1/}>L2(F) - <u7 €>L2(F) + <V<p7 <>L2(F) ) (27&)
gbmc(lﬁ,é) = <f7w>L2(Q) + <<P0a7/)>L2(r) - <U07C>L2(r)' (2‘7b)

Replacing H' () x H~'/%(T) by the finite dimensional subspace S™'(T) x S%°(K}), we arrive at the
Galerkin discretization of (2.7) of finding (up,¢n) € SV (Th) x S9O(K},) such that

(CVuh, v¢h>L2(Q) + <(1/2 - Kl)‘ﬂh;¢h>1;2(r) = <fa 7//h>L2(Q) + <<P07wh>L2(r) th € Sl’l(’rh)y (2-83)
<Uh7Ch>L2(F) - <V<PhaCh>L2(p) = <u03<h>L2([‘) vCh € SO’O(’Ch)~ (2~8b)

If the ellipticity constant of C satisfies Coy > 1/4, then [AFF*13, Thm. 9| shows that the Bielak-
MacCamy coupling is equivalent to an elliptic problem with the use of a (theoretical) implicit stabiliza-
tion. Therefore, (2.8) is uniquely solvable.

The following theorem is one of the main results of our paper. It states that for the interior finite
element solution and the single-layer potential of the boundary element solution, a Caccioppoli type
estimate holds, i.e., the stronger H'-seminorm can be estimated by a weaker h-weighted H'-norm on a
larger domain.

Theorem 2.3. Assume that Cey > 1/4 in (2.2). Let € € (0,1) and R € (0,2diam(R?)) be such that
% < 15, and let Br and B(14¢)r be two concentric bozes. Assume that the data is localized away from
B(1+5)R7 i.e., (supp f U supp o Usuppug) N Byor = (). Then, there exists a constant C depending

only on Q, d, and the vy-shape regqularity of the quasi-uniform triangulation Ty, such that for the solution
(un,on) of (2.8) we have
7(1—&-5)R> ’

With the bases By, of S*!(Ty,) and W, of S%°(K,), the Galerkin discretization (2.8) leads to a block
matrix AbInc (= R("+m)><(7L+7n)

C
L2(BR) ER

IVl aagnny + [ 770n] (ol e+ [[7on

where the norms on the right-hand side are defined in (2.5).

Apne =

InT _ KT
A QMVK>’ (2.9)

M

where A € R™ ™ is given by A;; = (CV¢;, V&)L , M € R™*™ by My; = (&, X)) 12
Kij = <K€i7Xj>L2(1“)a and V € R™*™ by Vz] = <VX]7X7>L2(F)

> K € R™" by

2.2 Costabel’s symmetric coupling

Using the representation formula, or more precisely, both single- and double-layer potential, for the
exterior solution, one obtains an expression u®** = —Vp+ Ku®™* with ¢ = Vu®™*.v, [AFFT13, Eq. (55)].
By coupling the interior and exterior solution in a symmetric way (which uses all four boundary integral
operators), this leads to Costabel’s symmetric coupling, introduced in [Cos88] and [Han90]. Here, the
bilinear form and right-hand side are given by

asym (U, 939, Q) 1= (CVU, V) 12q) + (K" = 1/2)0,¥) p2(p) + (W, ¥) p2ry

+{(1/2 = K)u, >L2(F) +(Ve, C>Lz(p) ) (2.10a)
Isym (¥, Q) = ([, V) 2(q) + (o + Wuo, ¥) 2y + ((1/2 = K)uo, ) 21y
= <f7 >L2(Q) + <’U0, >L2(F) + <w07C>L2(F) . (210b)



The Galerkin discretization leads to the problem of finding (up, ©n) € S¥1(Ty) x S%0(K},) such that

(CVup, V¢h>L2(Q) +{(K'=1/2)pp, wh>L2(F) +{Wup, wh>L2(p) =(f, ¢h>L2(Q) +(vo, wh>L2(F) (2.11a)
<(1/2 - K)u;“ <h>L’-’(F) + <V<Pha Ch>L2(1“) = <’LU0, Ch)L?(F) (2.11b)

for all (vn, Cn) € SV (Th) x S%0(K).

With similar arguments as for the Bielak-MacCamy coupling, [AFFT13] prove unique solvability for
the symmetric coupling for any Ce > 0.

The following theorem is similar to Theorem 2.3 and provides a simultaneous Caccioppoli-type esti-

mate for the interior solution as well as for the single-layer potential of the boundary solution and the
double-layer potential of the trace of the interior solution. Here, the double-layer potential addition-
ally appears since all boundary integral operators, especially the hyper-singular operator appear in the
coupling.
Theorem 2.4. Let € € (0,1) and R € (0,2diam(f2)) be such that % < &, and let Br and Bior
be two concentric boves. Assume that the data is localized away from B(14c)g, i.¢., (supp f Usuppvo U
suppwo) N Bateyr = 0. Then, there exists a constant C depending only on 2, d, and the y-shape
regularity of the quasi-uniform triangulation Ty, such that for the solution (un,pp) of (2.11) we have

HVU}LHLQ(BRHQ) + vaﬁﬂh

+ HVI?U}L’ uh,‘7¢h,f~(uh)mh (2.12)

<zl
L2(BgR) L2(BR\I) ~ eR (1+e)R’

where the norm on the right-hand side is defined in (2.6).

With the bases By, of SU1(T,) and Wi, of S%°(K},), the Galerkin discretization (2.11) leads to a block
matrix Agym € R(n+m)x(n+m)
_(A+W KT-1MT

where A, M, K are defined in (2.9), and W € R™*" is given by W;; = <W§j7£i>L2(F)'

2.3 The Johnson-Nédélec coupling

The Johnson-Nédélec coupling, introduced in [JN80] again uses the representation formula for the exterior
solution, but differs from the symmetric coupling in the way how the interior and exterior solutions are
coupled on the boundary. Instead of all four boundary integral operators, only the single-layer and the
double-layer operator are needed. The bilinear form for the Johnson-Nédélec coupling is given by

ajn(ua 31, () == (CVu, vw>L2(Q) - <8071/)>L2(p) +{(1/2 —= K)u, <>L2(I‘) + Vo, <>L2(I‘) , (2.14a)
Gin(¥, Q) := ([, V) 12y + (@0, ¥) 2y + {(1/2 = K)uo, Q) 2y
= (f) p2q) + (00 V) 2y + (W0, O 2y - (2.14b)

The Galerkin discretization in S*1(7;,) x S%9(K;) leads to the problem of finding (un, ¢p) € S¥H(Th) x
S99(Ky) such that

<CVuh, th>L2(Q) - <<Ph71/)h>[,2(r) = <f7 wh>L2(Q) + <¢Oa¢h>[,2(r) VT/)h S 51’1(7—h)7 (2-153)

((1/2- K)Uh’Ch>L2(F) + <V@h7<h>L2(F) =((1/2- K)“Oa<h>L2(I‘) VCh € S%O(KCh). (2.15b)

As in the case of the Bielak-MacCamy coupling, the Johnson-Nédélec coupling has an unique solution
provided Cep > 1/4, see [AFFT13].

The following theorem gives the analogous result to Theorem 2.3 and Theorem 2.4 for the Johnson-
Nédélec coupling. Similarly to the symmetric coupling, we simultaneously control a stronger norm of the
interior solution and both layer potentials by a weaker norm on a larger domain.



Theorem 2.5. Assume that Cey > 1/4 in (2.2). Let € € (0,1) and R € (0,2diam(2)) be such that
% < 35, and let Br and B(11.)r be two concentric bozes. Assume that the data is localized away from
B(i4e)r, i€, (supp f Usupp o Usupp(1/2 — K)ug) N Byoyg = 0. Then, there exists a constant C
depending only on S, d, and the ~y-shape regularity of the quasi-uniform triangulation Ty, such that for

the solution (up,@r) of (2.11) we have

(2.16)

IVunliasanes + [V7n| 1y, + [ 7R < g o Vons K],

L2(Bg L2(Br\D) (1+e)R’

where the norm on the right-hand side is defined in (2.6).

With the bases By, of S¥(T;,) and Wy, of S%°(K}), the Galerkin discretization (2.15) leads to a
matrix Aj, € R X (otm)

A -M7T

where A, M, K, V are defined in (2.9).

2.4 H-Matrix approximation of inverses

As a consequence of the Caccioppoli-type inequalities, we are able to prove the existence of H-matrix
approximants to the inverses of the stiffness matrices corresponding to the discretized FEM-BEM cou-
plings.

We briefly introduce the matrix compression format of H-matrices. For more detailed information,
we refer to [Hac99, Beb08, Hac09, Bor10b].

The main idea of H-matrices is to store certain far field blocks of the matrix efficiently as a low-rank
matrix. In order to choose blocks that are suitable for compression, we need to introduce the concept of
admissibility.

Definition 2.6 (bounding boxes and n-admissibility). A cluster 7 is a subset of the index set T =
{1,2,....n +m}. For a cluster 7 C I, the azis-parallel Br, C R? is called a bounding box if B, is a
hyper cube with side length R; and U;c,supp&; € Br, as well as U;e-supp x; € Br, .

For n >0, a pair of clusters (7,0) with 7,0 C T is called n-admissible if there exist bounding bores Br,
and Bgr, such that

min{diam(Bg, ), diam(Bgr,)} < n dist(Bg,, Br, )-

Remark 2.7. Definition 2.6 clusters the degrees of freedom associated with triangulation Ty, of Q and
the triangulation Ky, of I' simultaneously. .

The block-partition of H-matrices is based on so-called cluster trees.

Definition 2.8 (cluster tree). A cluster tree with leaf size nje.r € N is a binary tree Tz with root T such
that each cluster T € Tt is either a leaf of the tree and satisfies |T| < nieat, or there exist disjoint subsets
7', 7" € Tz of T, so-called sons, with T = 7' U7". Here and below, || denotes the cardinality of the finite
set 7. The level function level : Tz — Ny is inductively defined by level(Z) = 0 and level(r') := level(7)+1
for 7" a son of T. The depth of a cluster tree is depth(Tz) := max e, level(r).

Definition 2.9 (far field, near field, and sparsity constant). A partition P of T x T is said to be based
on the cluster tree Tz, if P C Tz x Tz. For such a partition P and a fixed admissibility parameter n > 0,
we define the far field and the near field as

Py :={(7,0) € P : (1,0) is n-admissible}, Ppear := P\ Prar- (2.18)

The sparsity constant Cy, of such a partition was introduced in [HK00, Gra0l1] as

Cyp = max {max {o €Tz : 7x0 € Py}, max |{reTz : Tx0€ Pfar}} . (2.19)
T€Tr o€Tz



Definition 2.10 (H-matrices). Let P be a partition of T x I that is based on a cluster tree Tz and
n > 0. A matriz A € ROTmMX(Xm) s an H-matriz with blockwise rank r, if for every n-admissible block
(1,0) € Prar, we have a low-rank factorization

A|‘r><o’ = XTO'YT

TO)
where X,o € RITX" and Y., € Rlolxr,

Due to the low-rank structure on far-field blocks, the memory requirement to store an H matrix
is given by ~ Cyp depth(Tz)r(n + m). Provided Cy, is bounded and the cluster tree is balanced, i.e.,
depth(Tz) ~ log(n+m), which can be ensured by suitable clustering methods (e.g. geometric clustering,
[Hac09]), we get a storage complexity of O(r(n + m)log(n + m)).

The following theorem shows that the inverse matrices Agélc, As’ylm, and Aj;l corresponding to

the three mentioned FEM-BEM couplings can be approximated in the H-matrix format, and the error
converges exponentially in the maximal block rank employed.

Theorem 2.11. For a fixed admissibility parameter n > 0, let a partition P of T x T that is based on the
cluster tree Tz be given. Then, there exists an H-matriz By with mazimal blockwise rank r such that

_ppl/(2a+1)

|Af ke = Ba||, < CapxCsp depth(Tz)h =+ e

bmc

for the Bielak-MacCamy coupling. In the same way, there exists a blockwise rank-r H-matriz By such
that

145 = Ball, < CupeCip depth(Tz)h =+ etr

for the symmetric coupling and

1/(6d+1)

HA;E - BHH2 < CopxCsp depth(Tz)h~ D e=br

for the Johnson-Nédélec coupling. The constants Cypx > 0 and b > 0 depend only on Q, d, n, and the
v-shape regularity of the quasi-uniform triangulations T, and Kp,.

3 The Caccioppoli-type inequalities

In this section, we provide the proofs of the interior regularity estimates of Theorems 2.3-2.5.
We start with some well-known facts about the volume potential operators V', K and the boundary
integral operators V, K, K’, W. For details, we refer to [SS11, Ch. 3] and [Ste07, Ch. 6].

e With the interior trace operator v{"* (for ) and exterior trace operator v§** (for R?\Q)), we have
WV e = Ve =15V,
YKy =(-1/24+ K)u  and  A5Ku = (1/2 + K)u, (3.1)
which implies the jump conditions across I'
hoVel =6 Ve =W Ve =0,  [oKu=u. (3.2)

e Similarly, with the interior vi"u := 42V - v and exterior conormal derivative 7$*'u := y§*Vu - v

(v is the outward normal vector of ), we have

WV =(1/2+K)p and Vo= (-1/2+K')p,

A Ky = —Wu = 5 Ku, (3.3)
and consequently the jump conditions

int

V] =8V — Vo = —p, [y Ku] =0. (3.4)



e The potentials V¢ and Ku are harmonic in R\T and are bounded operators (see [$S11, Ch. 3.1.2])

V:H YT - HEPSRY), K HY?() = HEPRAD),  |s| < 1/2. (3.5)

loc loc

Consequently, we have the boundedness for the boundary integral operators as

V:H7Y2E(T) —» HY?(D), K :HY**() —» H/?*(), W:HY?>T(T) - H V23T
(3.6)

for s € R with |s] <1/2.

In the following, the notation < abbreviates < up to a constant C' > 0 which depends only on €, the
dimension d, and the ~-shape regularity of T,. Moreover, we use ~ to indicate that both estimates <
and 2 hold.

3.1 The Bielak-MacCamy coupling

This section is dedicated to the proof of Theorem 2.3. The techniques employed are fairly similar to
[FMP15, FMP16]|, where Caccioppoli-type estimates for FEM and BEM are proven. Nonetheless, in the
case of the FEM-BEM couplings, the additional terms in the bilinear forms arising from the coupling on
the boundary need to be treated carefully.

We start with a classical approximation result, so-called super-approximation, see, e.g., [NS74,
Waho1].

Lemma 3.1. Let I} : L*(T') — S%%(K}) be the L?(T')-orthogonal projection. Then, there is C' > 0
depending only on the shape-reqularity of the triangulation and I' such that for any discrete function
¥y, € S9O(Ky) and any n € Whe(T)

Hn¢h - Ig(nzz/]h)HH—lﬂ(P) < Ch3/2 HV,OHLOO(F) H/(/)h”Lz(Fﬂsupp(n)) : (37)

Proof. For details, we refer to [FMP16]. The main observation is that, on each element K € K}, we have
Vir|k = 0. Therefore, the standard approximation result reduces to

||771/1h - Iﬁ(nwh)Hp(K) Sh ||V(771/’h)||L2(K) Sh ||V(77)¢hHL2(K) :

Since I} is the L2-projection, we obtain an additional factor h'/2 in the H~'/2(T")-norm. O

A similar super-approximation result holds for the nodal interpolation operator I : C(Q) — SV (Tp,)

H’I]’Uh — I;?("TUh)HHk(Q) 5 hz_k <||V77||L°°(Q) ||Vvh||L2(Qﬂsupp(77)) + HD277HL°°(Q) ||Uh||L2(QmSUDP(77))) (38)

for any discrete function vy, € SV1(73,), any n € W2°°(Q), and k = 0, 1, where H°(Q) := L?(Q).
In the proof of the Caccioppoli type inequality, we need the following inverse-type inequalities from
[FMP16, Lem. 3.8] and [FMP17, Lem. 3.6].

Lemma 3.2 ( [FMP16, Lem. 3.8], [FMP17, Lem. 3.6]). Let B C Bpg be concentric bozes with
dist(Br, 0Bgr:) > 4h. Then, for every 1, € S°°(Ky), we have

4l 2 ey < B [0

L2(Bp)
Moreover, for every vy, € SY1(T), we have
H’ylf?vh‘ < h_1/2 vavh’ + ; H]?Uh‘ (3 9)
L2(BrnT) ™ L2(By) dist(Bgr,0Bg) L2(Bp) ) ’

Combining Lemma 3.1 with Lemma 3.2 (assuming suppn C Bg), we obtain estimates of the form

o = 5 Grom) -1 20y S 21Vl ey ||V V0

. 3.10
L2(Bp/) ( )



Remark 3.3. An inspection of the proof of (3.9) ([FMP17, Lem. 3.6]) shows that the main observation
is that I}vh is harmonic. The remaining arguments therein only use mapping properties and jump
conditions for the potential K and can directly be modified such that the same result holds for the single-
layer potential as well, i.e., for every vy, € S°°(T), we have

1

vl P 357
H”l Vi LBy | dist(Br,0Br)

(e

[

. A1
L2(Bps) ) (3:11)

Now, with the help of a local ellipticity result, the discrete variational formulation, and super-
approximation, we are able to prove Theorem 2.3.

L2(BgMT)

Proof of Theorem 2.3. In order to reduce unnecessary notation, we write (u, ¢) for the Galerkin solution
(un, p). The assumption on the support of the data implies the local orthogonality

abme (U, 930, ) =0 V(¥n, ) € SV (Th) x SY0(K))  with  supp vy, suppn, C Bayor.  (3.12)

Let n € C(RY) be a cut-off function with suppn C B(14s/4)r; 17 = 1 on Br, 0 < 5 < 1, and

||D 77HL°°(B<1+5>R) < (5R for j = 1,2. Here, 0 < § < ¢ is such that . We note that this choice of
¢ implies that (J{K € K, : suppn N K # 0} C B(14s/2)r- In the ﬁnal step of the proof, we will choose
two different values for § (< ¢) depending on ¢ - one of them, § = 5, explains the assumption made on

€ in the theorem.

Step 1: We provide a “localized” ellipticity estimate, i.e., we prove an inequality of the form

< Gpme(u, 03 0%u,n?@)  +  terms in weaker norms.

IV ) ey + [ TP,

(See (3.23) for the precise form.) Since the ellipticity constant Ce) of C satisfies Cen > 1/4, we may
choose a p > 0 such that 1/4 < p/2 < Cey. This implies C), := min{l — Cenn — 5§} > 0, and we start
with

(Con = §) 19l + (1= 57 ) [V,

L2(]Rd)

2p’

Can IV ) 320y + [V o

~ 2 p
-5 [varal, 0, — 5 IV
(3.13)
Young’s inequality implies
P 2 7
55 [V07O, ) = 5 IVl < [ TaTe)|, , 19600l200
< - % . :
< (Vo). Vim)) , (3.14)
Inserting (3.14) into (3.13) leads to
~ 2
Co IV ey + G [T, L <[ FT0) L+ Carl VOl
- % : 1
(Vave). Vi), (3.15)
An elementary calculation shows
(YaVe), Vi) = {(VVe, Vi)
L2(Q) L2(Q)
(Ve V0m)) L (TVen(Vnu) L (316)



Since the single-layer potential is harmonic in €, integration by parts (in Q) and ’yil“tf/ =1/2+4 K’ lead
to
7 2 _ int{; 2 _ / 2
<VV<p>V(77 u)>L2(Q) = <71 Vi, u>L2(F) = ((1/2+ K ), n"u) oy - (3.17)
Similarly, with integration by parts (in Q and Q') and the jump condition of the single-layer potential
we obtain

2

HV(nf/go)’ + <V77‘7% VUV80>

= <V‘~/g0, V(n21~/g0)>L2(Rd)
S < [ylfhp] ,n2Vg0>L2(F) + <V77‘7<P, an/90>

= (Ve 1120} oy + (V0V 0, VV0)

L2(R4) L2(R4)

L2(RY)

: 3.18
Loz (3.18)

Moreover, the symmetry of C implies
Can V() 22 < (CV (), V() 12y = (CVU, V(520)) 12 ) + (CV, Vi) gy (3.19)

Plugging (3.16)—(3.19) into (3.15), we infer
9 ~ 2
Co IV ()20 + C, HV(ano)HLQ(Rd) < {CVu, V(r2w)) 12 ) + (CVu, V) oy + (Veo 120) 1

+ HV?]‘N/QO‘

2
’ 2
L2(RY) - <(1/2 + K )9077’ u>L2(F)

+ <V‘~/<p7 (Vn)nu> — <V77‘~/<P7 V(mt)>

L2(Q) L2(Q)

2

= apme (U, 95 7w, 1%9) + (CVnu, Viu) 12 o) + HW‘N/@’

L2(R4)
Vv — (Vv : 2
(Ve (Vi) = (VVe V)) L (320)
Young’s inequality and ||Vl ;e ga) < % imply
~ _ - -
‘<VV¢, (VU)HU>L2(9)‘ < ‘<V(77V90), VT)U>L2(Q)‘ + '<V77V<p, VHU>L2(Q)
<[P | IVl + o [7]
- ne L2(Q) n L2(2) (5R)2 L2(B(145)rNSY) ¥ L2(Bays)r)
c 2 ~ 12 c, ~
< i
= ((5R>2 (||u||L2(B(1+5)Rr‘|Q) + HV(tD’ LQ(B(1+5)R)) + 4 HV(WVQO)‘ Lz(]R‘i)’
(3.21)
as well as
- _ -
'<V77V<p,V(77U)>L2(Q)‘ < HVnVsO‘ @ V)l 2 (q)
2C 1= )12 C 2
< |7¢| + 2|V (nu . 3.22
(5R)2 SO LZ(B(1+5)R) 4 || ("7 )||L2(Q) ( )
Absorbing the gradient terms in (3.21)-(3.22) in the left-hand side of (3.20), we arrive at
2
2 > 2, 2
IVl Eaqey + [TV, gy < Gbmelon 030°0,7)
ez o (3.23)
— —— |u : :
ORI Ao~ (GR)2 A Basnnn®)

Step 2: We apply the local orthogonality of (u,p) to piecewise polynomials and use approximation
properties.

10



Let I3 : C(€2) — SY1(73,) be the nodal interpolation operator and I} the L?(T')-orthogonal projection
mapping onto S%°(K;). Then, the orthogonality (3.12) leads to

Abme (ua 2 7’}2U7 7)2<P) = Abmc (U, ©; 772U - If? (77211), 772<)O - If1: (77290))
= <Cvu7 V(nzu - 11?(772“))>L2(Q) + <(1/2 - K/)(Pv I}?(n2u) - 772U>L2(1—~)
+ <V<)O7 T]2<p - I}I;(W2<P)>Lz(p) - <ua I}IL‘(UQQO) - 772(‘0>L2(F)
=: Tl + TQ + T3 + T4. (324)
The term T3 can be estimated in exactly the same way as in [FMP16]. More explicitly, we need a second

cut-off function 7 with 0 < 77 < 1, 7 = 1 on B(i1s/2)r 2 supp(n®¢ — I} (n*¢)), supp7) € B(i1s)r and
HVﬁHLw(B(Hé)R) < 5. Here, the support property of I (n%¢) follows from the assumption on §. The

trace inequality together with the super-approximation properties of I ,1: , expressed in (3.10), lead to

(V26 = IE0P0)) oy | = | (V0,26 = TE0P0)) oy | NVl g1sary 192 = T PO -1y

- h -
S HW |1 e 57 197%]
~ ||V HY(Q) OR v L2(B(148)R)
1
< vv ‘ ’ ‘ : 3.25
SR H ¥ L2(B(14s)R) ((SR v L2(B(146)R) ( )

With the same arguments, we obtain an estimate for Ty

+ o5z Il

<55 ||U .

L2 B(1+5)R) (5R)2 L2(B(1+6)Rmﬂ)
(3.26)

‘<’U/ Ih(n (P) 77 90 L2 p)‘ ~ §R ||VUHL2(B(1+5)RHQ 5R Hv 90‘

The volume term 77 in (3.24) can be estimated as in [FMP15]. Here, the super-approximation properties
of I3? from (3.8), Young’s inequality, and % <1 lead to

‘<CV“’V("2” - I’?("Q“)»B(Q)‘ <NCVuUll 2, 5 oy V070 = B 00)) || 12 g
h h
S HVUHLZ(BOM)ROQ) ((53)2 ||UHL2(B(1+5)RmQ) +E ||77VU||L2(B(1+5)R09)>
h? 2 1 9
= CW HVUHLQ(B(HS)RNQ) + 4 anu”H(B(lH)RmQ) : (3.27)

It remains to treat the coupling term T3 involving the adjoint double-layer operator in (3.24). With the
support property supp(I3}(n?u) — n?u) C B(145/2)Rr, which follows from 8h < R, and (1/2 — K')¢ =
—$tV . we obtain

extvsal

(172 = K, I (r2u) = 1) | < | RO =l ey (3:28)

L2 B(1+5/2>R0F

The multiplicative trace inequality for €2, see, e.g., [BS02], the super-approximation property of I} from
(3.8), and % < g lead to (see also [FMP15, Eq. (25), (26)] for more details)

(|73 (nu) — 772“||L2(F) < |1 nPu) — WQUHLz(Q) + (|23 (*u) =1 uHLZ(Q [V (23 () ||1L/22(Q)
<% o) 2 (3.20)
~ 6R L2(Banrn) T (5R)2 L2(B(145)rNQ) * '

11



We use estimate (3.11) and (3.29) in (3.28), which implies

‘<(1/2—K/)80’I}?( u) —n U>L2(F)’ hle (HVVW‘ LQ(B(1+6)R)>.

+ 55 1IV¢]
L2(Buisyr) OR 4

h3/2 h 3/2
(5R IVull 2By 5y nn) + 502 OR)2 [[ull > B(H(;)Rﬁﬂ))

< 2
~ 5R{( HVV()D‘ LZ B(1+6)R) + ||vu||L2(B(1+5)RmQ))
~ 2
+ W ( Hu||L2(B(1+6)RﬂQ) + HV@’ LB ) } (3.30)

Finally, inserting (3.25), (3.26), (3.27), and (3.30) into (3.24) and further into (3.23), and absorbing the
term 1 ||nVu||2LQ(B(H5)R) on the left-hand side implies

~ 2
IVl + [T ., < V00030 + [T 0700,

h
1 (1901 e + [ 77

s (ull?
(6R)? LZ(B(1+6)ROQ) SD

L2(Rd)

S sh

L2(3(1+5>R)>
(3.31)

L2(B(1+5)R))

Step 3: We iterate (3.31) to obtain the claimed powers of h for the gradient terms.
We set § = £, and use (3.31) agam for the gradient terms on the right-hand side with the boxes By

and B(1+6)R’ where 5= -5 and R = (1+4¢/2)R. We note that 16h < eR implies 8h < 0R, so we may

apply (3.31). Considering (1 + 6)(1 +5) =1+¢, we get

, 2 h?
<
IVull 2 pn0) + vasp’ 2(Br) ~ (eR)

L2(B(1+5)R)>
h 1 ,
+ GRP + GR? Hu||L2(B(1+E>RﬂQ) +

and with % < 1, we conclude the proof. O

3 (”VU”Lz(B(HE)RmQ) + HV 80’

‘ <p‘ ) . (3.32)

L2(B(11<)R)

3.2 The symmetric coupling

In this section, we provide the proof of Theorem 2.4. While some parts of the proof are similar to the
proof of Theorem 2.3 and are therefore shortened, there are some differences as well, mainly that it does
not suffices to study the single-layer potential. Indeed, one has to add a term containing the double-layer
potential to the Caccioppoli inequality in order to get a localized ellipticity estimate.

Proof of Theorem 2.4. Again, we write (u, ¢) for the Galerkin solution (u, ¢p). The assumption on the
support of the data implies the local orthogonality

asym (U, ©30n,Ch) =0 V(¥n,Gr) € SUH(Th) x S®O(Ky)  with  supp s, supp(n C Biyeyr.  (3.33)

As in the proof of Theorem 2.3 let 1 € Co (Rd) be a cut-off function with suppn C B(14s/4)r, 1 = 1
j h
on Br,0<n<1,and HDM;HLN (Bassn) < 55 for j =1,2. Here, 0 < § < ¢ is given such that £ < 2
and will be chosen in the last step of the proof.
Step 1: We start with a local ellipticity estimate. More precisely, we show

2

<a u, ©; n*u, n*p) + terms in weaker norms.
Loy = sym (U, 031" u, 77)

+ HV(nIN(u)’

IV ) 30y + 076

L2(R4)

12



(See (3.38) for the precise statement.) From (3.19) and the Cauchy-Schwarz inequality we get

2 2

Cont |V (1) 720 + % [vave) + % V()|

L2 (R4) L2(RA\D)

2
< <CVu, V(n2u)>L2(Q) + (CVnu, Vnu)Lg(Q) + HV(ano)‘

L2(R4)
VR V(nVe), V(nK 4
— . 3.3
+H (n u)‘LQ(Rd\F) < (MVe), V(n u)>L2(Rd\F) (3.34)
; ; ) |12 _ a2 7 25
A direct calculation reveals that ||V(77KU)HL2(W\F) = ||(V77)Ku”L2(Rd\F) + <VKU, V(n KU)>L2(Rd\F)'
Inserting this and (3.18) in (3.34) yields
Can IV () ey + 5 ||V@7R| 45 [w)|
et VAT L2(0) T 5 VATV P o gay T 2 (VY12 W 2 gav
< (CVu, V(0*u)) 1 ) + (CVnu, Vigu) o) + (Vo 1°0) 1 1)
~ 2 - - 2
vyl Ku, V(K |7 Eul
+ H(Vﬁ) Pllz2@a + <V w V(o u)>L2(Rd\F) | (VK L2(R4\T)
- % K : :
(Vo) VaRw) (3.35)

Integration by parts together with the jump conditions (3.2), (3.4) for the double-layer potential gives

<Vl?u, V(n2gu)>L2(Rd\F) = (Wu, n2u>L2(F) . (3.36)

With a calculation analogous to (3.16) (in fact, replace u there with K u), we get
~ ~ B ~ 5
<V(77Vgp),V(77Ku)> = <V(V¢),V(17 Ku)>L2(]Rd\F) + Lo.t.,
where the omitted terms (cf. (3.16))
lLo.t. = <(V77)‘7(p, V(nf?u)}L%Rd\p) — <V‘7<p, n(Vn)I?u)Lz(Rd\p)

can be estimated in weaker norms (i.e., H‘~/<p||L2(B(1+6/2)R), ||I~(u||Lz(B(l+5/2>R\p)) or lead to terms that
are absorbed in the left-hand side as in the proof of Theorem 2.3 (see (3.21), (3.22)). With integration
by parts on £ and Q°*t, we get

<V\~/go, V(n2gu)>

L2(RINT)

e <7i1“t‘7<p, WK u)> o <7§Xt‘7w, WP K U)> e
= (K" +1/2)0.0*(K = 1/2)u) a0y — (K" = 1/2),0° (K +1/2)u) 1, )
= <772ap, (K — 1/2)u>L2(F) - <(K' - 1/2)<p7172u>L2(F) i (3.37)
Putting everything together and using HVUHLM(B(H&R) < ﬁ, we obtain

2 2

IV0) a0+ V0V, .+ |[V0Ew

)

1
2 2 2
L2RAD) S Gsym (u, 0, n7u,n7@) + W Hu||L2(B(1+5)RﬁQ)

2 1 -
L2(B(i+s)R) (‘SR)Q L2(B(146)r\I)

L2(Rd)
~ 2
Vgo‘

+ @ H (3.38)

Step 2: Applying the local orthogonality as well as approximation results.

With the L?(T)-orthogonal projection I ,1: and the nodal interpolation operator I ,?, the orthogonality
(3.33) implies

Asym (1, 95 0%1, 1°9) = asym (u, 0377w — I (), 70 — I (7))
= <CVu, V(n*u — I,?(nQu))>L2(Q) + <Wu, n*u — I,?(nZu)>L2(F)
+ (K" = 1/2)p,n*u = LH07Pw)) oy + (Voo = I (00) 1o
+((1/2 = K)u, ¢ = I, (09)) o)
=T+ T+ T3+ Ty + T (3.39)
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The terms Ty, T3, Ty can be estimated with (3.27), (3.30) and (3.25) respectively as in the case for the
Bielak-MacCamy coupling. Therefore, it remains to estimate 75 and T5.

We start with T, which can be treated in the same way as in [FMP17]. In fact, with techniques similar
0 (3.25), the proof of [FMP17, Lem. 3.8] (taking v = Ku there and noting that [FMP17, Lemma 3.6] is
employed, which does not impose orthogonality conditions on v) provides the estimate

1 2
Wi = I 0) | < € i [V a5
’< i w U)>L2(F) o L2(B46)r\TI) * (0R)? " L2(Ba4s)r\T)
2

\wnm)\

+f\ |
4 L2(B(146)r\TI")

We note that [FMP17, Lemma 3.8] imposes the condition 16k < JR.
We finish the proof by estimating T5. To that end, we need another cut-off function 77 € S*'!(7y,) with

0<7<17=1onBuiszr 2 supp (I (1¢) —n*¢), supp il € Batsyr and [Vl pe (g, 50 S 55-

Since (1/2— K)u = “‘tK u, we get with a trace inequality and the approximation properties expressed
n (3.10) that

o ~ int 7.- 2 I/ 2 mt 2 I/ 2
|T5| = ’<mo Ku,n*p — I}, (n 90)> . ‘ ”K“)HHuz(r) 7% = I @)l 121y

h ~

S 7 K] o [77
R H(Q\D) 4 L2(B(116)R)

<h(Hv H vl & (3.40)

< + )+ | (340
R L2(B(1+5)r\I) 4 L2(B(1+s)R) (0R)? L2(B(1+5)r\I)

Putting everything together in (3.39) and further in (3.38), and absorbing the terms iHnVuHLQ(Q),
vk

: in the left-hand side, finally yields

2 2

+ HVf(u‘

IVl sy + va\

L2(Br) L2(Br\T)

~ 2
S3m Ko |77+
~OR <||VUHL2 (Ba+o)rN) - HV L2(Ba+s)r\T) HVVe L2(Ba+s)r)

S VEu H . (341

+ 7 (s snrms [Pl ] ) G
Step 3: By reapplying (3.41) to the gradient terms with 0 = 5 and suitable boxes, we get the desired
result exactly as in step 3 of the proof of Theorem 2.3. O

3.3 The Johnson-Nédélec coupling

In this section we prove the Caccioppoli-type inequality from Theorem 2.5 for the Johnson-Nédélec
coupling. Most of the appearing terms have already been treated in the previous sections. The main
difference is that the double-layer potential appears naturally due to the boundary coupling terms, but
the local orthogonality is not suited to provide an approximation for it, since the hypersingular operator
does not appear in the bilinear form. A remedy for this problem is to localize the double-layer potential
by splitting it into a local near-field and a non-local, but smooth far-field. This techniques follows
[FM18], where a similar localization using commutators is employed and a more detailed description of
the method can be found.

Proof of Theorem 2.5. Once again, we write (u, ) for the Galerkin solution (up,¢n). The assumption
on the support of the data implies the local orthogonality

ajn (U, 030, Cn) =0 V(Up, () € SV (Th) x S%°(Kp)  with  supp vy, supp(n C Biisor.  (3.42)

Let n € C°(RY) be a cut off function with suppn C B(145/2)r, 7 = 1 on Bi4s/4r, 0 < n < 1, and

||DJ77HLoo (Bassn) < (5R)7 for j = 1,2. Here, 0 < § < ¢ is given such that h < 5 . We note that the
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condition 7 = 1 on B(i4s/4)r is additionally imposed due to following estimate (3.43), as the localization
of the double-layer operator is additionally needed in comparison with the other couplings.
Step 1: We start with a localization of the double-layer potential. More precisely, with a second cut-off
function 7 satisfying 77 = 1 on Br and supp 7 C B(145/4)R> ||vﬁ||L°°(B(1+5)R) < ﬁ, we split

ﬁf?u = ﬁk(?’}u) + ;]\I?(]- - 77)“ =! Unear T Vtar-

At first, we estimate the near-field vyear 1= ?)IN{ (nu). The mapping properties of the double-layer potential,
(3.5), together with the fact that supp V7) C B(14s/4)r \ Br and the trace inequality provide

1 = 1 =
IVonearll L2z ovry S Imull ey + S IE W L2504 0 m\Br) S 10Ul i19) + SR IK W L2804 0 0\BR)-

Since (1 — n) = 0, the far field vg,, is smooth. Integration by parts using AIN(((l —n)u) =0, as well as
[v1Ku] = 0 and 7(1 — n) = 0 (therefore no boundary terms appear), leads to

2

1900002 ) = |<vf<<<1 ), VEE(( - )

n>u>\

+ |[(FmE( = nw)|

L2(RNT) L2 (R4)

2

1
~ ( L2(B14s5/4)rR\BR)
2

R ()|

Here, we used that supp(V7) C B(145/4)r \Br- For the last term, we apply [FMP16, Lemma 3.7, (i) and
(ii)] to obtain

2|
L2(B(145/4)r\BR) (5R)2 L2(B(145/4)r\BR) '

| K )|

SVORI(1/2 = K)(u) | 20y + VIRV (T + )R VK ()|

L2(B(11s/4)r\BR) L2(B(145/4)r\I)

With the mapping properties of K, K from (3.5), (3.6) and the multiplicative trace inequality this implies

1 ~
Sl —= Il )+W Il

S \/— ([ ||L2(Q) — \/7 H77u||L2 Q) IV (nu ||L2 @ TV 1+1/ H77u||H1(Q)

L2(B(1+6/4)R\BR) \/

S E Inull L2 ) + IV ()l L2 ) + V1 +1/6 Inull g -
Putting the estimates for the near-field and the far-field together, we obtain

HVIN(u’

< v near v ar
L2(Bp\D) — [VUne ||L2(BR\F) + ||V, ||L2(BR\F)

(3.43)

1 1~
< I _
S VIl o) + 55 1l mm00 57 HK“’ L2(Boss sy r\T) |

Step 2: We provide a local ellipticity estimate, i.e., we prove

2
< ajn(u, 93 n%u, n?p) + terms in weaker norms.

L?(Br\T)
2
L2(Rd)>

2

V07 ey + [ V7|,

+ HVI?U’
L2(Rd)

(See (3.48) for the precise form). We start with (3.43) to obtain

2 ~ 2 ~
IV a0y + [VOVO L, o+ |[VEY

< 1+1/8) (19t + [T 7))

(1+1/6) 5
- - 7 2 o || K ’
(OR)2 [ullr (Butsyrn@) T (5R)2 H u‘ L2(Baye)r\D)
(3.44)

L2(BR\I) ™

+
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The last two terms are already in weaker norms, and for the first two terms, we apply (3.15). Since
we assumed Ccll > 1/4 for unique solvability, we choose a p > 0 such that 1/4 < p/2 < Cq and set
Cp := min{l — 5-,Ce — 5} > 0. Then (3.15) implies

2p’
Co IV () ey + o [VO70)|, L < Car IV oy + [ VP9
~(YOVe). V) (Ve VPR
+ <V‘~/<p, (n Ku > 2D (3.45)
The first three terms can be expanded as in Theorem 2.3, where (3.16) leads to
(VOwe). V) |, = (Ve V0Pu)) Lot (3.46)

where the omitted terms (cf. (3.16))
Lo.t. = (V) Ve, V(nu)) 12 () — (VVeo, n(Vn)u) 12(0)

can be estimated in weaker norms (i.e., ||Vg0||L2 (Bass/mrn)s 1UllL2(B 4 s/mpne)) OF lead to terms that
are absorbed in the left-hand side as in the proof of Theorem 2.3 (sce (3.21), (3.22)). Equations (3.37)
and (3.17) give

<V‘~/ga, V(nzu)>L2(Q) + <V‘7g0, v(n? ={(1/2+ K)u,n’p),, L2 (3.47)

L2(R\T)
Therefore, we only have to estimate the last term in (3.45). We write in the same way as in (3.46)

<V1~/<p,V(n2I~(u)> = <V(7721~/<p),VI~(u> + Lo.t.,

L2(RINT) L2 (RAT)

where, again, the omitted terms
Lot. = 2(V(nV), (V) Ku) 2 mavr) — 2((Vn) Vo, V(nK 1)) 12 (rayr)

can be estimated in weaker norms (i.e., by ||[~(UHL2(B(1+5/2)R\F) and H‘790||L2(B<1+5/2)R) or absorbed in the
left-hand side. Now, integration by parts on R4\Q and € together with AKu = 0 and [%f( ul =0=
[V ] implies

<V(n2‘~/ga),V[?u> = <n2‘~/<p,Al~(u> =0

L2(RI\D) L2(RA\D)

Putting everything together into (3.45) and in turn into (3.44), we obtain

2 2

) _ ~
||v(77u)||L2(Q) + HV(T]V@)’ L2(R%) + HV(’I’}KU)’ L2(R4\T)
(1 + 1/5
< (1 +1/6) ajn(u, 3 n*u, H ’
( / ) j ( 3N n (‘0 L2(B(146)r\I")
(1+1/9) ’

(1 a 1/5) 74| (3.48)

“orz Mo+ TERE

L2(B@4s)R)

Step 3: We apply the local orthogonality of (u,¢) to piecewise polynomials and use approximation
properties.

Let I;} : C(Q) — S11(Ty) be the nodal interpolation operator and I} the L?(T')-orthogonal projection
mapping onto S%°(K}). Then, the orthogonality (3.42) leads to

ajn(u, 0377w, 1%0) = agm(u, 03 0°u — I (Pw), 170 — I, (1°9))
= (Vu, V(iPu = L} 17)) 2 ) + (Voo i’ = I (0%9)) 1oy
— (e’ u = 0P ) oy + ((1/2 = K)u, 0’0 = I, (0%0)) 1o
=T +To+T5+ 1T} (3.49)
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The terms T7, T have already been estimated in the proof of Theorem 2.3, inequalities (3.27), (3.25),
and Ty was treated in (3.40) in the proof of Theorem 2.4.
It remains to estimate 75. With supp (nzu — Iﬁf (772u)) C B(i45/2)r due to 16h < 0R, we get

2 Q. 2 2 Q. 2
1Tl = (o mPu = I20P0)) o | < 160280 ey 120 = TGP0y

Lemma 3.2 provides

-1/2 1
||<)0HL2(B(1+§/2)R) g h HVVSO’

L%2(B(14s)r)

Therefore, with the super-approximation properties (3.8) of I ,?, we obtain

~ h3/2 B3/2
Q2N 2 < p—1/2
(o TR OP0) = ) oy | S 2 [0V ( 5 IV Uli2a,onn) + G u||L2<B(1+5>Rm>)
h = 12 2 1 2
S OR <HVV<'0‘ L2(Baisr) + ”vu||L2(B<1+6>R”Q)> + (6R)? ”u||L2(B<1+5>R) :
(3.50)
Putting the estimates of Ty, Ts, T3, Ty together and using & < 1 leads to
9 ~ 12 ~ 112
HVUHLZ(BRHH) + HVVSD’ L2(Br) + HVKu‘ L2(Bg\I)
< (v, Nz +|[vE|
~ %R L2(Ba+arn) L2(Bi+5)R) L2(B(1+6)r\T)
L (uf? 7ol Rl 3.51
+ 53 R2 (HUHLQ(B(HMR“Q) + H <P‘ L2(Bass)r) + H u’ L2(Baisyr\D) /) (3.51)
Step 4. Reapplying (3.51) to the gradient terms with § = § and suitable boxes, we get the desired
result exactly as in step 3 of the proof of Theorem 2.3. O

4 ‘H-matrix approximation to inverse matrices

In this section, we prove the existence of exponentially convergent H-matrix approximants to the inverses
of the stiffness matrices of the FEM-BEM couplings, as stated in Theorem 2.11.

Analyzing the procedure in [FMP15, FMP16, AFM20] shows structural similarities in the derivation
of H-matrix approximations based on low-dimensional spaces of functions: A single-step approximation
is obtained by using a Scott-Zhang operator on a coarse grid. Iterating this argument is made possible by
a Caccioppoli-inequality, resulting in a multi-step approximation. The key ingredients of the argument
are collected in properties (A1)—(A3) below. We mainly follow [AFM20].

4.1 Abstract setting - from matrices to functions

We start by reformulating the matrix approximation problem as a question of approximating certain
functions from low dimensional spaces.

Let X be a Hilbert space of functions. We consider variational problems of the form: find u € X
such that

a(u, ) = (f, ) VpeX

for given a(-,-) : X x X = R, f € X'. Here, the bold symbols may denote vectors, e.g., u = (u, ) in
(2.3) for X = H'(Q) x H=Y/2(T"), and (-,-) denotes the appropriate duality bracket.
For fixed k, £ € N (given by the formulation of the problem), we define L? := L2(Q)* x L2(T)".

Definition 4.1. Let Xy C X be a finite dimensional subspace of dimension N that is also a subspace
Xy C L2. Then the linear mapping Sy : X' = Xy 15 called the discrete solution operator if for every
f € X/, there exists a unique function Sy f € Xy satisfying

aSnf.y) =({f.¢) Ve Xy (4.1)
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Let {¢,...,dx} C Xx be a basis of X. We denote the Galerkin matrix A € RV*Y by

N
ij=1"

A = (a(e;, 1)) (4.2)

The translation of the problem of approximating matrix blocks of A~! to the problem of approximating
certain functions from low dimensional spaces essentially depends on the following crucial property (A1),
the existence of a local dual basis.

(A1) There exist dual functions {Ay,...,Ax} C L? satisfying
N
(@A) =di and || Yoxx| < Can(V) Ixly
j=1

for all 4,57 € {1,...,N} and x € RY. Moreover, we require the \; to have local support, in the
sense that #{j : supp(A;) Nsupp(A;) #0} S1forallee{1,...,N}.

We denote the coordinate mappings corresponding to the basis and the dual basis by

o { RY — XN A { RY — L2
: N 5 : N
X X X = XA

The Hilbert space transpose of A is denoted by AT. Moreover, for 7 C {1,..., N}, we define the sets
D;(7) := Uje, supp A; j, where A, ; is the j-th component of A;, and write L?(7) := Hfif L3(Dj(1)).

In the following lemma, we derive a representation formula for A~! based on three linear operators
AT, SN and A.

Lemma 4.2. ([AFM20, Lem. 3.10], [AFM20, Lem. 3.11]) The restriction of AT to Xy is the inverse
mapping ®~1. More precisely, for all x,y € RN and v € Xy, we have

(Ax, Py) = (X,¥)5, ATdx = x, ATV = v.

The mappings A and AT preserve locality, i.e, for 7 C {1,...,N} and x € RN with {i :x; # 0} C 7, we
have supp(Ax) C [[; D;(7). Forv € L2, we have

ATV 2y < IAT IV ey -
Moreover, there holds the representation formula
Alz=A"SyAz  VzecRY.

Proof. For sake of completeness, we provide the derivation of the representation formula from [AFM20,
Lem. 3.11|. Using that A7 = ®~!|x, and the definition of the discrete solution operator, we compute

<AATSNAx,y>2 = a(PATSyAx, Dy) = a(SyAx, Dy) = (Ax, Py) = (x, Y)o
for arbitrary y € RV. O
This lemma is the crucial step in the proof of the following lemma.

Lemma 4.3. Let A be the Galerkin matriz, A be the coordinate mapping for the dual basis, and Sy be
the discrete solution operator. Let T x o C {1,...,N} x {1,..., N} be an admissible block and W, C L2
be a finite dimensional space. Then, there exist matrices X, € RITIxr vy e Rlolxr of rank r < dim W,
satisfying

infw W, SNf_W T
Ao — X, YT, ew, || L2 ()

ol

< |A)? sup
feL: 12
supp(f)CII; D;(o)
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Proof. We use the representation formula from Lemma 4.2 to prove the asserted estimate. With the
given space W,., we define X,, € RITI*" columnwise as vectors from an orthonormal basis of the
space W := (ATW,)|.. Then, the product X,,XZ_ is the orthogonal projection onto W. Defining
Y., = (A7, 4s)TX, o, we can compute for all x € RY with {i : x; # 0} C o that

- (r)

A e = X YE el = 0= X XE A Sl oy = 0 [[(A ) =

Lem. 4.2 . T 1
=t AT S A = W)y S AN g S AR = Wlagp)

Dividing both sides by ||x||,, substituting f := Ax and using that the mapping A preserves supports, we
get the desired result. O

Finally, the question of approximating the whole matrix A~! can be reduced to the question of
blockwise approximation. For arbitrary matrices M € RV*¥  and an arbitrary block partition P of
{1,...,N} x{1,..., N} this follows from

M|, < N?*max{|[M|rx.|l, : (r,0) € P}.
If the block partition P is based on a cluster tree Tz, the more refined estimate
M|, < Cqp depth(Tz) max{[|[M|rxo [, : (T,0) € P} (4.3)

holds, see [Gra01], [Hac09, Lemma 6.5.8], [Bér10b].
In Section 4.3, we give explicit definitions of the dual basis for the FEM-BEM coupling model problem.

4.2 Abstract setting - low dimensional approximation

We present a general framework that only uses a Caccioppoli type estimate for the construction of
exponentially convergent low dimensional approximations.

Let M € N be fixed. For R > 0 let Bg := {B;}}, be a collection of boxes, i.e., B; € {Bgr N
Q,Bgr,Bg\l'} for all i = 1,..., M, where Br denotes a box of side length R. The choice, which of the
three sets is taken for each index i, is determined by the application and fixed.

We write B C B’ := {B/}M, meaning that B, C B, for all i = 1,..., M. For a parameter § > 0, we
call BY := {B2}M, a collection of §-enlarged boxes of Bp, if it satisfies

B? € {Bpi2s NQ, Bryas, Bryas\I'} Yi=1,..., M, and B D Bg,
where Br and Bpr4as are concentric boxes. Defining diam(Bg) := max{diam(B;),i =1,..., M}, we get
diam(B%,) < diam(Bg) + 2V/d5. (4.4)

In order to simplify notation, we drop the subscript R and write B := Br in the following abstract
setting.
We use the notation H'(B) to abbreviate the product space H'(B) = Hf\i1 H(B;), and write

M
Hv||f{1(8) =3 ”ViHiIl(Bi) for the product norm.

Remark 4.4. For the application of the present paper, we chose boxes (or suitable subsets of those) for
the sets B;. We also mention that different constructions can be employed as demonstrated in [AFM20],
where a construction for non-uniform grids is presented and where the metric is not the Fuclidean one
but one that is based on the underlying finite element mesh. .

In the following, we fix some assumptions on the collections B of interest and the norm |||z on B we
derive our approximation result in. In essence, we want a norm weaker than than the classical H'-norm
that has the correct scaling (e.g., an L?-type norm).

(A2) Assumptions on the approximation norm ||-||5: For each B, the Hilbertian norm -]z is a norm
on H'(B) and such that for any 6 > 0 and enlarged boxes B’ and H > 0 there is a discrete
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space Vi gs C H'(B%) of dimension dim Vi g5 = C(diam(B%)/H)M? and a linear operator Qp :
H!(B°) — Vy s such that

Iv = Quvls < CaupH(IV VIl 125y + 07" IVI5s)
with a constant Cqap > 0 that does not depend on B, B?,6, and N.

Finally, we require a Caccioppoli type estimate with respect to the norm from (A2).

(A3) Caccioppoli type estimate: For each B, § > 0 and collection B? of §-enlarged boxes with § > Cget (V)
with a fixed constant Csei(N) > 0 that may depend on N, there is a subspace H;,(B?) ¢ H'(B?)
such that for all v € H;,(B°) the inequality

diam(B)>~!
99 a5 < Cone D (15

holds. Here, the constants Ccac > 0 and o > 1 do not depend on B,B?, §, and N.
We additionally assume the spaces H;,(B%) to be finite dimensional and nested, i.e., H,(B') C
Hp(B) for BC B'.

By IIj, 5, we denote the orthogonal projection Iy, 5 : H'(B) — H,(B) onto that space with respect
to the norm ||-|| 5, which is well-defined since, by assumption, H(B) is closed.

Lemma 4.5 (single-step approximation). Let 2diam(Q) > & > 2Cset(N) with the constant Csey(N)

from (A8), B be a given collections of boxes and B C B2 C B° be enlarged boves of B. Let ||| zs be a

norm on H'(B®) such that (A2) holds for the sets B C B%/%. Let v € Hy,(B?) meaning that (A3) holds
. aMd

for the sets B%/2,B°. Then, there exists a space W1 of dimension dim W1 < Cyga (dlamf([)’%) such

that

1
inf — <= .
kv = wly < 5 vl

Proof. We set Wy := 11, 3QuHn(B°) C Vi ps. Since v € Hy(B°), we obtain from (A2) and (A3) that

Iv =T 5Quvlls = Mns(v = Quv)lls < IV = Quvlls < CqupH IVl 1252y + 26" VIl s/2)
diam(B%/2)—1

< CICQapCCaC 5o

H [[v]l 55 (4.6)

with a constant Cy depending only on € since « > 1 and § < 2diam(€2). With the choice H =

5610 Cc5 TamBha-T> We get the asserted error bound. Since Wi C Vi s and by choice of H, we
apCCac

have

diam(B)\ M4 diam(B%)e \ M4 diam(B5)\ “Md
dim W, < ¢ (SRBIN T 0 (50 Con Cone TBITN T (o (diam(BY))
H 0 )
which concludes the proof. O
Iterating the single-step approximation on concentric boxes leads to exponential convergence.

Lemma 4.6 (multi-step approximation). Let L € N and § > 2Cset(N) with the constant Csey(N) from
(A8). Let B be a collection of boxes and B°F D B a collection of 6 L-enlarged boxes. Then, there exists a
space W1, C Hy(BY) such that for all v € Hy(BY) we have

. _ < oL
Wi v —wils <27 [Vlgse

and

diam(B) >aMd+1

dim WL S C(dim (L + s
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Proof. The assumptions on B and B allow for the construction of a sequence of nested enlarged boxes
BC B CB?»C... CB° satisfying diam(B%) < diam(B) + C/4.

We iterate the approximation result of Lemma 4.5 on the sets B, ¢ = L,...,1. For ¢ = L,
Lemma 4.5 applied with the sets BZE~19 ¢ B provides a subspace Vi C Hy(B°F) with dimV; <

. aMd
C (%BM)) such that

_inf v =Villgiz-ns <27 [V]gsr - (4.7)
Vi€V

For vi € Vy, we have (v —v;) € ”HN(B(L_D‘;), 5o we can use Lemma 4.5 again with the sets B(F=2)%

B(L—1)5))aMd

B=1D% and get a subspace Va of H (BE~2)9) with dim V, < C(diam( 5 . This implies

inf inf ||[(v—Vvy)-—V s <271 inf lv—¥ s <272 v . 4.8
Jnf g v = %)~ Dallgon S 27 nf V- Tilgens <20 VEge . (49

L
Continuing this process L — 2 times leads to the subspace Wy := @ V, of Hx(B°L) with dimension

=1
L . L .
. diam(B%%)\ aMd diam(B) alMd
aimw, < 037 (HamB g (diam(B)
() =X (G

i aMd+1

é Cdim (L + dl%(lg)) B
which finishes the proof. O

4.3 Application of the abstract framework for the FEM-BEM couplings
In this section, we specify the assumptions (A1)—(A3) for the FEM-BEM couplings.

4.3.1 The local dual basis

In the setting of Section 4.1, we have X = H'(Q) x H~'/2(I"). In order to suitably represent the data
fr 0,00 in (2.1), we understand the discrete space S™1(T5) ~ Sy (Tn) x SV1(Ky) € L2(Q) x L*(T),
where Sy (T5) := SV1(T) N HE(Q). Having identified S™'(7;) with Sy (75) x SU1(Kp), we view the
full FEM-BEM coupling problem as one as approximating in S5 (75,) x Sb1(Kp,) x S%°(K},). That is,
we set k = 1 and ¢ = 2, and consider L? = L?(Q2) x L?(T") x L?(T") for all three FEM-BEM couplings.
The discrete space Xy = Sé’l(Th) x SLL(Kp) x §99(Ky) € L? has dimension N = nj + ng + m, where
ny = dim(Sy" (T5)), n2 = dim(S™1(Ky)) (n1 4+ ne = n) and m = dim(S%°(Ky)), and it remains to show
(A1).

The dual functions A; are constructed by use of L2-dual bases for SU1(7,) and S*°(K;). [AFM20,
Sec. 3.3] gives an explicit construction of a suitable dual basis {\? : i = 1,...,n;} for Sg* (7). This
is done elementwise in a discontinuous fashion, i.e., A € SYO0(T;,) € L?(), where each A$! is non-zero
only on one element of 7, (in the patch of the hat function &;), and the function on this element is given
by the push-forward of a dual shape function on the reference element. Moreover, the local stability
estimate

IS0
j=1

holds for all x € R", and we have supp )\? C suppé&;. We note that the zero boundary condition is
irrelevant for the construction. The same can be done for the boundary degrees of freedom, i.e., there
exists a dual basis {\ : i = 1,...,ny} with the analogous stability and support properties.

For the boundary degrees of freedom in S%9(K},), the dual mappings are given by u! == x;/ ||x: ||22(Q),

< h~42 4.9
L) S [1xI[5 (4.9)

i.e., the dual basis coincides — up to scaling — with the given basis {x; : i = 1,...,m} of S%0(K}). With
(2.4b), this gives

< h=E@=D2 |y, (4.10)

L2()

m
H Zyg'uﬂ
j=1
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for all y € R™.

Now, the dual basis is defined as A; := (A\,0,0) for i = 1,...,n1, Ajyn, := (0,A],0) fori=1,...,ny
and ;1 := (0,0, pu)) for i = 1,...,m, and (4.9), (4.10) together with the analogous one for the A} show
(A1).

4.3.2 Low dimensional approximation

The sets B, 3° and the norm |||
We take M = 3 and choose collections B = B := {Br N, Br, Bg\I'}, where Bpg is a box of side
length R. For ¢ € N the enlarged sets B% then have the form

B% = BY := {Bpryase N, Bryase, Bry2se\I'} (4.11)

with the concentric boxes Bgrios¢ of side length R + 2§/.
For v = (u, v, w), we use the norm from (2.6)

Ivll 5 := Nl (w, v, )], &

in (A2). For the Bielak-MacCamy coupling, taking M = 2 and choosing collections Bg := {BR N, B}
would suffice, however, in order to keep the notation short, we can use M = 3 for this coupling as well
by setting the third component to zero, i.e., v = (u,v,0).

The operator Qg and (A2)

For the operator @ g, we use a combination of localization and Scott-Zhang interpolation, introduced
in [SZ90], on a coarse grid. Since the double-layer potential is discontinuous across I', we need to employ
a piecewise Scott-Zhang operator. Let Ry be a quasi-uniform (infinite) triangulation of R¢ (into open
simplices R € Rpy) with mesh width H that conforms to 2, i.e., every R € Ry satisfies either R C Q
or R C Q%" and the restrictions Ry |q and Ry |qext are y-shape regular, regular triangulations of £ and
Q°*t of mesh size H, respectively.

With the Scott-Zhang projections 1'%t I for the grids Ry|q and Ry|qe, we define the operator
I - HY(RY\T) — SLH(Ru) = {v : vlo € S"(Rula) and v|ge € ST (Rplgex)} in a piecewise
fashion by

TPV, — { Ity on Q,
H ISy on Q.

We denote the patch of an element R € Ry by

(4.12)

wg := interior (U {ﬁ: R € Ryla st. RNR # @}) ,
w%m := interior (U {ﬁ: R € Rylgext st. RNR # @}) .

The Scott-Zhang projection reproduces piecewise affine functions and has the following local approxima-
tion property for piecewise H*® functions:

2 .
"U|Hs(w%) it RCQ

t,s €{0,1}, 0<t<s<1, 413
‘Uﬁ{s(wgext) if R C Qext s €{0,1} s ( )

w12 s—
”U_IJIZI v”Ht(R) < CH2( t){

with a constant C' depending only on the shape-regularity of Ry and d.
Let n € C§°(Br-+26) be a cut-off function satisfying supp 7 C Br+s, 1 =1 on Bg and V]| e ey S

%. We define the operator

Quv = (Iliﬁ?t(nvl)vIH(nV2)=IIp{W(nV3))ﬂ (4'14)
where Iy denotes the classical Scott-Zhang operator for the mesh Ry. We have

2 i 2 2 2
Iv—Quvlly = ||vi = IF* v, g +I1ve = I (va)lly g + Vs =I5 (1va)lly g ope -
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Each term on the right-hand side can be estimated with the same arguments. We only work out the
details for the second component. Assuming A < H, and using approximation properties and stability
of the Scott-Zhang projection, we get

Vo = T (mva) s g = Inva = T (va)lly 5 = K2 IV (0va = Tu (va)|[ 72 s,y + l1v2 = T (va) [ 725,
2 — 2
S (0 + B [V 0va)ll oy S H2 (192l 3a (50 + 07 Vel () )

which shows (A2) for the discrete space Vi gs = SUN(Ru)|Bryosn X SUH(Ru)|Bryss X Spi (RE)| Bryas

diam(Br25) \ M?
of dimension dim Vy gs < C (%)

The Caccioppoli inequalities and (A3)

Theorem 2.3-Theorem 2.5 provide the Caccioppoli type estimates asserted in (A3) with 6 = eR/2. For
the Bielak-MacCamy coupling we have o = 1 and Cgey = 8h, for the symmetric coupling o = 1 and Cgey =
16h. For the Johnson-Nédélec we have to take a = 2 and Cgse, = 16h. For B = {Br N, Br, Br\I'},
the spaces Hp(Br) can be characterized by

Hun(Br) :={(v,Vp,Kv) € H'(BRNQ) x HY(Bg) x H'(Bg\I') : I € SV (Tn), é € S°°(K,) :
U Brna = V| Brnas ‘N/¢~5|BR = Vé|an, f~(5|BR\r = f(U|BR\F, a(v, ¢;¢n,Cp) =0

V(¢n, Cr) € SV (Th) x S®O(Kn), supp ¥, (n C Br},

where the bilinear form a(-,-) is either asym or ajn. For the Bielak-MacCamy coupling, it suffices to
require
Hp(Br) :={(v,V,0) € H'(BRN Q) x HY(Bg) x H'(Br\I') : Fv € SV (T1), d € S0(K,) :

B|Brre = VBrna,  VOlsr = VolBr,  abme(v; d;9n,Ch) =0
Y(¥n,Cn) € SUH(Th) x S“U(Kp), supp ¢n, Cn C Brl-

With these definitions, the closedness and nestedness of the spaces H;,(Bg) clearly holds.

4.3.3 Proof of Theorem 2.11

As a consequence of the above discussions, the abstract framework of the previous sections can be applied
and it remains to put everything together.

The following proposition constructs the finite dimensional space required from Lemma 4.3, from
which the Galerkin solution can be approximated exponentially well.

Proposition 4.7 (low dimensional approximation for the symmetric coupling). Let (1,0) be a cluster
pair with bounding bozes Br_ and Bgr, that satisfy for given n >0

ndist(Bg,, Bgr,) > diam(Bg_).

Then, for each L € N, there exists a space W[ C SEL(TL) x S99(Kp) with dimension dimW, <
ClowL3* such that for arbitrary right-hand sides f € L*(2), vg € L*(T'), and wo € L*(T") with ( supp fU
supp vo U supp wo) C Bg,,, the corresponding Galerkin solution (up,@n) of (2.11) satisfies

L min (lan = @l 2o,y + 100 = Bl ey ) < Cooxk™227E (Ifllagay + lollaqey + Noll ey ) -
u,p)eEWr

The constants Clow, Chox depend only on 2, d, n, and the ~y-shape regularity of the quasi-uniform
triangulation T, and Ky,.

R,

Proof. For given L € N, we choose § := TR

Then, we have

1 1
dist(Bp. 1001, Br,) > dist(Br_, Br,) — Lovd > VERT(ﬁ - %) > 0.
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With Br, = {Bg, NQ,Bg,,Br, \I'} and BY = {Br, 1251 N Q, Br, 4251, Br, 1250 \I'} from (4.11), the
assumption on the support of the data therefore implies the local orthogonality imposed in the space
Hh(Bf%LT ). In order to define the space Wy, we distinguish two cases.

Case ¢ > 2Cge: Then, Lemma 4.6 applied with the sets B}%T and B%LT provides a space W, of
dimension

; 9
N dlam((sBm))adH < (L N \/&RTQnL>3d+1 < padit

dm W, < Cyim (L —1 i <

with the approximation properties for v = (uy, ‘N/goh, IN(uh)

. —(L-1
e v = wllg <27 vl (4.15)

Therefore, it remains to estimate the norm |||z from above and below.
With A < 1, the mapping properties of V and K from (3.5), and the trace inequality we can estimate

H‘(Uhvf/(ﬂhaf(uh)wlgu S lunllgr ) + H‘N/%H + HKWLH
Ry

HY(Bi41/¢2n)) R, \I')

S lunlle @) + lenll 12y - (4.16)

HY(B(14+1/(2n)R+)

The stabilized form asym(ua ;3 , C) = asym(u7 ®; 0, C)+<17 Vo + (% - K)U>L2(p) <1a V(E+ (% - K)w>L2(F)
is elliptic, cf. [AFF*13]. Moreover, [AFF*13, Thm. 18| prove that the Galerkin solution also solves
Zisym(ulu Phs P, C) = gsym(¢a C) + <17 w0>L2(I‘) <17 (% - K)q/) + V<>L2(F)' Therefore, we have

”‘Ph”?{flﬂ(r) + ||Uh||?{1(g) 5 asym(uh,@héuhaWh) = <f7 uh>L2(Q) + <U07uh>L2(1") + <w0a<Ph>L2(p)
(1, (1/2 = K)un + Vipn) paey (1 wo) oy - (4.17)

The stabilization term can be estimated with the mapping properties of V and K from (3.6) and the
trace inequality by

(1, (1/2 = K)un + Veon) gaqry (L w0) oy | S (10172 = Kunll ooy + 1Venllzaqry ) lwoll ey
S ol gagry (el sy + el r-sr2ry ) -

Inserting this in (4.17), using the trace inequality and an inverse estimate we further estimate

lonll3e-s72 oy + Nl S (1 12y + Ivollg-1aqry ) Mmoo
+ Hwo\lm) (H<Ph||L2(F) + ||Uh||H1(Q) + ||‘ph||H*1/2(F)>
< (1152 + Ivoll 172y )
+ B2 woll sy (lunll gy + Nenllg-1aqry) -

With Young’s inequality and inserting this in (4.16), we obtain the upper bound

i P )

< (112 + ool agry + B2 fwoll qry) (4.18)

sL ™
BRT

The jump conditions of the single-layer potential and Lemma 3.2 provide for arbitrary ¢ € S%°(K},)

o
(B ) ¥ (Veon —=Ve)

L [

lon = Bl2(mg, ry = |0 V0] = 01 72| .

. 4.19
h,R+265 ( )
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Finally, we define W, = {(u, [v17]) : (u,v,w) € W_r}. Then, the dimension of W, is bounded by
Wi < OL**! and the error estimate follows from (4.15) since

inf <||uh =l 2, na) Tt llen = @HLQ(BRTOF)) <Sh32 inf || (un, Vn, Kup) — WH

(@,P)eEWL wEWL

(uha ‘7()0}17 I?Uh) H

5
BY,

< p—3/29-L H

B
Applying estimate (4.18) finishes the proof for the case § > 2C.
Case § < 2Cs¢ = 32h: Here, we use the space Wy := S (Tp)|p, x S°(Ky)|p, . Since

(un,¢n)|Br. € WL the error estimate holds trivially. For the dimension of WL, we obtain

. 2d 2 2d
dimW, < C (dlam}(LBRf)> <C (W) <C (2Cset\/<§2nL) <,

which finishes the proof. O

Proposition 4.8 (low dimensional approximation for the Bielak-MacCamy coupling). Let (7,0) be a
cluster pair with bounding boxes Br, and Br, that satisfy for given n > 0

ndist(Bg., Bgr,) > diam(Bg. ).

Then, for each L € N, there eists a space W[, C SEL(TL) x SY9(Kp) with dimension dimW, <
Clow L?*+L such that for arbitrary right-hand sides f € L*(Q), po € L*(T), and ug € L*(T") with (supp fu
supp o U supp uo) C Bg,,, the corresponding Galerkin solution (up,@p) of (2.8) satisfies

Cmin (un = @l gz 0y + 98 = Fliasn, ary) < Cboch ™27 (Ifll 2y + I0ll sy + luollaqry ) -
(u,p)eEW L,

The constants Clow, Chox depend only on 2, d, n, and the ~y-shape regularity of the quasi-uniform
triangulation Ty, and Kj,.

Proof. The proof is essentially identical to the proof of Proposition 4.7. We stress that the bound of
the dimension dim W, < Clow L??*! is better, since no approximation for the double-layer potential is
needed, i.e., we can choose M = 2 in the abstract setting. O

Proposition 4.9 (low dimensional approximation for the Johnson-Nédélec coupling). Let (7,0) be a
cluster pair with bounding boxes Br, and Br, that satisfy for given n > 0

ndist(Bg,, Br,) > diam(Bg_).

Then, for each L € N, there exists a space W[ C SEL(TL) x SY9(Kp) with dimension dimW, <

Clow L%t such that for arbitrary right-hand sides f € L*(Q), po € L*(T), and wo € L*(T') with
(suppf U supp @o U supp wo) C Bg,,, the corresponding Galerkin solution (up,@r) of (2.15) satisfies

Cmin (un = @l gz, 0 + 198 = Flas ary) < Cooxh =227 (Iflla(a) + I90ll oy + lwollaqr ) -
(U,ﬁp)EWL

The constants Clow, Chox depend only on 2, d, n, and the ~y-shape regularity of the quasi-uniform
triangulation Ty, and Kj,.

Proof. The proof is essentially identical to the proof of Proposition 4.7. We stress that the bound of the
dimension dim W, < Clow L1 is worse than for the other couplings, since in the abstract setting, we
have to choose M = 3 and a = 2, and the bound follows from Lemma 4.6. O

Finally, we can prove the existence of H-Matrix approximants to the inverse FEM-BEM stiffness
matrix.
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Proof of Theorem 2.11. We start with the symmetric coupling. As H matrices are low rank only on
admissible blocks, we set By|,xo = A;ym”g for non-admissible cluster pairs and consider an arbitrary
admissible cluster pair (7,0) in the following.

With a given rank bound 7, we take L := |(r/Ciow)"/ 3?1 |. With this choice, we apply Proposi-
tion 4.7, which provides a space Wi C SLL(Ty) x S%0(K;,) and use this space in Lemma 4.3, which
produces matrices X,,, Y, of maximal rank dim WL, which is by choice of L bounded by

dim W, = Clon L < 1.
Proposition 4.7 can be rewritten in terms of the discrete solution operator of the framework of Section 4.1.
Let f = (f,vo,wo) € L? be arbitrary with supp(f) C []; D;j(0). Then, the locality of the dual functions
implies (supp f Usupp vy Usupp wo) C Bp,_, and we obtain

inf SwF - Wleay < inf (Jlun = @l a(s,, a0y + 190 = Pl o)
weW, (u,p)EW L,

Sh2t (Hf||L2(Q) + [lvoll L2 (ry + ||w0||L2(F)> Sh27E 1 Fllge -

Defining By|,xo := X, Y2, the estimates (4.3) and ||A|| < h~%2 together with Lemma 4.3 then give
the error bound

A5k~ Bl < Cop depth(T2) max (A~ ~ Bl :0) € 7)

sym

inf & |[|Svf—w
< Cup depth(T7) [A]?  max sup weW, 19 = Whe(r
(T7U)EPfar f€L2: ||fHL2
supp(f)CIT; D;(0)

< Csp depth(TI)h—(d+2)2—L
< CopxCsp depth(’]rl-)h*(dﬁ’Q) exp(_brl/(3d+1)).

This finishes the proof for the symmetric coupling.

The approximations to Al:nllc and Aj_n1 are constructed in exactly the same fashion. The different

exponentials appear due to the different dimensions of the low-dimensional space A 1, in Proposition 4.8
and Proposition 4.9. O

5 Numerical results

In this section, we provide a numerical example that supports the theoretical results from Theorem 2.11,
i.e, we compute an exponentially convergent H-matrix approximant to an inverse FEM-BEM coupling
matrix.

If one is only interested in solving a linear system with one (or few) different right-hand sides, rather
than computing the inverse — and maybe even its low-rank approximation — it is more beneficial to
use an iterative solver. The H-matrix approximability of the inverse naturally allows for black-box
preconditioning of the linear system. [Beb07] constructed LU-decompositions in the H-matrix format
for FEM matrices by approximating certain Schur-complements under the assumption that the inverse
can be approximated with arbitrary accuracy. Theorem 2.11 provides such an approximation result
and the techniques of [Beb07, FMP15, FMP16, FMP17] can also be employed to prove the existence of
‘H-LU-decompositions for the whole FEM-BEM matrices for each couplings.

Here, we additionally present a different, computationally more efficient approach by introducing a
black-box block diagonal preconditioner for the FEM-BEM coupling matrices.

We choose the 3d-unit cube 2 = (0,1)3 as our geometry, and we set C = I. In the following, we only
consider the Johnson-Nédélec coupling, the other couplings can be treated in exactly the same way.

In order to guarantee positive definiteness, we study the stabilized system (see [AFFT13, Thm. 15]
for the assertion of positive definiteness)

(w2 +) ()-0)
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where the stabilization s € RV¥*M is given by s; = (L, (1/2 = K)&) oy for @ € {1,...,N} and
S; = <17VX’£>L2(F) for 7 e {N+ 1,,M}

We stress that [AFF+13] show that solving the stabilized (elliptic) system is equivalent to solving the
non stabilized system (with a modified right-hand side). By At := A +bb”, we denote the stabilization
of A, where b contains the degrees of freedom of s corresponding to the FEM part.

All computations are made using the C-library HLiB, [BG99|, where we employed a geometric clus-
tering algorithm with admissibility parameter 7 = 2 and a leafsize of 25.

5.1 Approximation to the inverse matrix

The H-matrices are computed by using a very accurate blockwise low-rank approximation to

A -M7T T
B:= (%M—K v )—i—ss . (5.2)

Then, using H-matrix arithmetics and blockwise projection to rank r, the H-matrix inverse is computed
with a blockwise algorithm using #H-arithmetics from [Gra01]. In order to not compute the full inverse,
we use the upper bound

B~ =B, < BT, L - BBl

for the error.

We also compute a second approximate inverse by use of the H-LU decomposition, which can be
computed using a blockwise algorithm from [Lin04, Beb05]. Hereby, we use HI — B(LHUH)*1H2 to
measure the error without computing the inverse of B.

Figure 1 shows convergence of the upper bounds of the error and the growth of the storage re-
quirements with respect to the block-rank r for two different problem sizes. We observe exponential
convergence and linear growth in storage for the approximate inverse using H-arithmetics and the ap-
proximate inverse using the H-LU decomposition, where the H-LU decomposition performs significantly
better. The observed exponential convergence is even better than the asserted bound from Theorem 2.11.

5.2 Block diagonal preconditioning

Instead of building an H-LU-decomposition of the whole FEM-BEM matrix, it is significantly cheaper
to use a block-diagonal preconditioner consisting of H-LU-decompositions for the FEM and the BEM
part. The efficiency of block-diagonal preconditioners for the FEM-BEM couplings has been observed in
[MS98, FFPS17].

In the following, we consider block diagonal preconditioners of the form

(P4 O
P = ( 0 PV> ’
where P4 is a good preconditioner for the FEM-block AS* and Py is a good preconditioner of the
BEM-block V.
The main result of [FFPS17] is that, provided the preconditioners P4 and Py fulfill the spectral

equivalences

caxTPax < xTA%x < OuxTP4x (5.3)

cvxPyx <x'Vx < Cyx'Pyx,

then, P is a good preconditioner for the full FEM-BEM system. More precisely, the condition number
P~ !B (with B from of (5.2)) in the spectral norm can be uniformly bounded by

max{Cy,Cy}

P 'B) <
KZ( ) =C min{cA,cV} ’
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100 [ = __ N 4‘Efm‘em. LHUH
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z —8 |I1-BLxUxn) "', s N Y I
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Figure 1: H-matrix approximation to inverse FEM-BEM matrix; left: error vs. block rank r; right:
memory requirement vs. block rank r; top: N = 6959 (FEM-dofs), M = 3888 (BEM-dofs); bottom:
N = 10648, M = 5292.

where the constant C' only depends on the coefficient in the transmission problem. As a consequence,
one expects that the number of GMRES iterations needed to reduce the residual by a factor remains
bounded independent of the matrix size.

Therefore, we need to provide the preconditioners P 4, Py and prove the spectral equivalences (5.3).
In the following, we choose hierarchical LU-decompositions as black-box preconditioners, i.e.,

P, :=L5U4, Py =LYUY,

where ASt ~ LfLUﬁ and V ~ LY UY,. [FMP15, FMP16| prove that such LU-decompositions of arbi-
trary accuracy exist for the FEM and the BEM part and the errors, denoted by €4 and ey, converge
exponentially in the block-rank of the H-matrices.

With |[Pa — A%, < ea ||A%]],, we estimate

|xTPAx - xTAStx| < ||x||§ [Pa— AStH2 <ea HXH; HAStH2 < Creah™ T AStx, (5.5)

where the last step follows from the scaling of the basis of the FEM part and the positive definiteness of
At In the same way, for Py it follows that

x"Pyx — x"Vx| < |x[[5 |Pv — V]|, < ev [[x]3 [V, < Coevh™ %7 Vx. (5.6)

Choosing the rank of the H-LU-decomposition large enough, such that, e.g., Cie4h~% = % as well as
Caeyh~ 01 = %, then Cy = Cy =2 and ¢y = cy = % and the condition number of the preconditioned

system is bounded by ko(P~!B) < 3C.

Finally, we present a numerical simulation that underlines the usefulness of block-diagonal H-LU-
preconditioners.

Here, the H-LU decompositions are computed with a recursive algorithm proposed in [Beb05].

The following table provides iteration numbers and computation times for the iterative solution of
the system without and with H-LU-block diagonal preconditioner using GMRES. Here, for the stop-
ping criterion a bound of 1073 for the relative residual is chosen, and the maximal rank of the H-LU
decomposition is taken to be r = 1.
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h FEM | BEM Iterations Iterations | Time solve | Time solve Time
DOF | DOF | (without P) | (with P) | (without P) | (with P) | assembly P
2731 729 768 679 3 3.7 0.03 2.6
21| 4913 3072 3565 4 315 0.9 12.2
275 | 35937 | 12288 11979 5 35254 30 51.9

Table 1: Iteration numbers and computation times (in seconds) for the solution with and without
preconditioner with block rank r = 1.

As expected, the iteration numbers of the preconditioned system is much lower than those of the
unpreconditioned system and grow very slowly. The computational cost for the preconditioner is theo-
retically of order O(r3N log;3 N). With the choice r = 1, we obtain a cheap but efficient preconditioner

for the FEM-BEM coupling system.
Table 2 provides the same computations for the case r = 10.

h FEM | BEM Iterations Iterations | Time solve | Time solve Time
DOF | DOF | (without P) | (with P) | (without P) | (with P) | assembly P
23 729 768 679 2 3.7 0.02 5.8
2-4 | 4913 3072 3565 2 315 0.48 24.6
275 135937 | 12288 11979 2 35254 15.7 243.7

Table 2: Iteration numbers and computation times (in seconds) for the solution with and without

preconditioner with block rank r = 10.

A higher choice of rank obviously increases the computational time for the assembly of the precondi-
tioner, but leads to lower iteration numbers and faster solution times.
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