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On thin plate spline interpolation

M. Lohndorf! and J.M. Melenk?

1 Kapsch TrafficCom, Am Europlatz 2, A-1120 Wien
2 Technische Universitit Wien, A-1040 Wien, email: melenk@tuwien.ac.at

Abstract. We present a simple, PDE-based proof of the result [17] by M. Johnson that the
error estimates of J. Duchon [11] for thin plate spline interpolation can be improved by n'/2.
We illustrate that .77’-matrix techniques can successfully be employed to solve very large thin
plate spline interpolation problems.

1 Introduction and Main Results

Interpolation with so-called thin plate splines (also known as surface splines, D™-splines, or
polyharmonic splines) is a classical topic in spline theory. It is concerned with the following
interpolation problem (1): Given a (sufficiently smooth) function f and points x; € R?, i =
1,...,N, find the minimizer / f of the problem

minimize V] (e under the constraint v(x;) = f(x;),i=1,...,N. (1)
Here, the seminorm |v|m(ga) is induced by the bilinear form

. m! o, o
<V7W>m.:|a§ma RdD vD%wdx. )

For m > d/2 and under very mild conditions on the point distribution, a unique minimizer I f
exists. The name “thin plate splines” originates from the fact in the simplest case m = d = 2,
If can be represented in terms of translates of the fundamental solution of the biharmonic
equation. For general m the interpolant /f can be expressed in terms fundamental solutions
of A™: There are constants ¢; € R, i=1,...,N, and a polynomial 7 € P,,_; of degree m — 1
such that (with the Euclidean norm | - ||, on RY)

N N
1f(x) =Y citn(lx—xill2) + Tw1(x), Y ciglxi)=0  VgeP,, (3
= =

i=

where ¢y, is given explicitly by

r2"=dlogr d even
r)= 4
P (1) {ﬂmd d odd. @

The representation (3) allows one to reformulate (1) as the problem of finding the coefficients
¢; and the polynomial 7, so that the (constrained) interpolation problem (3) is solved. The
classical error analysis for (1) is formulated in terms fill-distance: For a bounded domain
Q C R? and points Xy = {x;|i=1,...,N} C Q, the fill distance h(Xy) is given by

h(Xn) :=sup _inf |lx—x|2. %)
rxeQi=l.N



Starting with the seminal papers by J. Duchon [12,11] the error f — I f on €2 is controlled in
terms of 4 and the regularity properties of f (on £):

Proposition 1 ([11, Prop. 3]). Let Q C RY be a bounded Lipschitz domain. Let m > d /2,
k€N, p € (2,0 be such that H™ () C WKP(Q). Then, there are constants hg, C1, Cy >0
depending only on Q, m, d such that for any collection Xy = {x1,...,xy} C Q with fill
distance h:= h(Xy) < hg

Y IDY(f —1f)llpp(q) < CLi™ 2P| ER £ — I f| ) < Col™ AP £
=

here, E f denotes the minimum norm extension of f defined in (8).

In Proposition 1 and throughout the present note, we will use the standard notation for
Sobolev spaces W*? and Besov spaces B} ; we refer to [26] for their definition. Interpolation
space will always be understood by the so-called “real method” (also known as “K-method”)
as described, e.g., in [26,27]. We will use extensively that the scales of Sobolev and Besov
spaces are interpolation spaces. We will also use the notation |V-/‘f\2 =Yal=j é—ll |D°‘f|2.

It is worth noting that the interpolation operator / is a projection so that I(f —If) = 0.
Proposition 1 applied to the function f —If therefore yields

Corollary 1. Under the assumptions of Proposition 1 there holds

Y IDY(f —1f)llpp(a) < Col™ 2P| f — I f| g
|al=k

A natural question in connection with Proposition 1 is whether the convergence rate can
be improved by requiring additional regularity of f. It turns out that boundary effects limits
this. We mention that a doubling of the convergence rate is possible by imposing certain
homogeneous boundary conditions on high order derivatives as shown in [22] and, more
abstractly, in [24]. If this highly fortuitous setting is not given, then only a small further gain
is possible as shown by M. Johnson, [17,18]. For example, he showed that a gain of h'/2 is
possible if f € Bmﬂ/ 2 () and JQ is sufficiently smooth. The purpose the present note is to
give a short and s1mple proof of this result using different tools, namely, those from elliptic
PDE theory. The techniques also open the door to reducing the smoothness assumptions on
dQ in [17,18] to Lipschitz continuity as discussed in more detail in Remark 2. Our main
result therefore is a simpler proof of:

Proposition 2 ([17]). Ler Q C R? be a bounded Lipschitz domain with sufficiently smooth
boundary. Then there are constants hy, C1, Cs > 0 that depend solely on , m, d, and § such
that for any collection X = {xy,...,xy} C Q with fill distance h := h(Xy) < hg there holds

Q 1/2
|EL =1 lpmray < CLH | fll grian ) ©)
|EC f = If|pn(ray < Csh® | fllmis gy, 0<8<1/2. )

In particular, therefore, the estimates of [11, Prop. 3] (i.e., Prop. 1) can be improved by n'/2

for f € By1"*(Q) and by 1 for f € H"(Q).

Remark 1. A common route to error estimates for f — I f is via the so-called “power func-
tion” P(x). Indeed, classical pointwise estimates take the form |f(x) — I f(x)| < P(x)|[E?f —
Ilem<Rd) (cf., e.g., [8, Prop. 5.3], [29, Thm. 11.4]) and P is subsequently estimated in terms
of the fill distance /. Thus, Proposition 2 allows for improving estimates in this setting. "



We close this section by referring the reader to the monographs [29,8] as well as [16] for
further details on the approximation properties of radial basis functions, in particular, thin
plate splines.

2 Proof of Proposition 2

2.1 Tools

The precise formulation of the minimization problem (1) is based on the classical Beppo-Levi
space BL™(R?), which is defined as

BL"(RY) := {uc 2'|V"u c *(RY)}.

We refer to [10] and [29, Sec. 10.5] for more properties of the space BLm(Rd ); in particular,
cy (R?) is dense in BL™ (R?) (see [29, Thm. 10.40] for the precise notion). We also need the
minimum norm extension E2 : H"(Q) — BL™(R?) given by

ECU = argmin{|ulgyn g |u € BL"(RY), ulg =U}. 8)
The minimization property in (8) implies the orthogonality
(E2UWm=0  Wve{veBL"(R?)|v|q =0} )

The connection with elliptic PDE theory arises from the fact that £ 2y satisfies an elliptic
PDE in Q¢ :=R%\ Q:
AMERU =0 in Q¢. (10)
It will be convenient to decompose B(u,v) := (U, V)m = ¥|¢|=m m fea D*uD%y as B(u,v) =
Bg(u,v) + Bge(u,v), where
m! [

-
Bg (u,v) := Z %/QDO‘MDO‘V, Boe(u,v) := Z — D%uD%y.

| c
lal=m jal=m & /2

The trace mapping is continuous H'/2€(Q) — HE(9Q) for € € (0, 1/2]; however, the limit-
ing case £ = 0 is not true; it is true if the Sobolev space H' 12 () is replaced with the slightly

smaller Besov space B;/ ]2 (Q):

Lemma 1 (Trace theorem). Let 2 C RY be a Lipschitz domain, k € Ny. Then there exists
C > 0 such that the multiplicative estimate H”H%Z(a_q) < Cllullz2(@)llull g1 () holds as well as

k
lull200) < Cllullgre gy IViull2@0) < Cllull gz o). (11)

Proof. The case k > 1 in (11) follows immediately from the case k = 0. The case k =0 is
discussed in [27, Thm. 2.9.3] for the case of a half-space. The generalization to Lipschitz
domains can be found, for example, in [1, Lemma 1.10]. O



2.2 An interpolation argument

The following technical result, which is of independent interest, will be used to reduce regu-

larity assumptions to BZTI/ 2 ().

Lemma 2. Let X| C X be two Banach spaces with continuous embedding. Let q € [1,00],
0 € (0,1). Define (by the real method of interpolation) Xg := (Xo,X1)g 4 for 6 € (0,1). Let
0<6) <6, < <6, <1 be fixed and assume that | € X, satisfies for some Cy, Cy, € >0

LN < Gollfllx, — Vf€Xo,

n
A< | Y el flxg, +ellflx, VfEX].
i=1

Then there exists a constant C > 0 that is independent of € such that

() <Ce” | fllxy,  VfEX,.

Proof. We start with the special case n = 1 and we abbreviate 8 = 8. Let f € Xp. By defini-
tion of the K-functional we may choose f € X; with

1f = Fllx, +&llFlx, < 2K(, f). (12)

Using the linearity of /, we can bound

~ ~ _ -~ . (12) ~
() = 1(f = ) +I(F)] < Collf = Fllx, +Ci [ee\lf\lxe+8|\f\|x.] < CK(e,f)+€%|fllx,
< CK(e, f) + €% f = Flix, + €% fllx,-

We now use the bound || f — f]|x, < 3K (e, f) from [7, eqn. (2.8)] and then K (g, f) < Ce®|| | 1x,
(see, e.g., [27, Thm. 1.3.3]) to conclude

0
L) < CEZ[|Fx,-
We now consider the general case n > 1. We choose fvas in (12) and proceed as above to get

=100 = D +UDI < Collf = Fllxo +C1 | €1 Fllxe, + X 2%l +elFlx, | - (13)

i=2

In order to treat the terms involving HfH X, for i > 2, we use the reiteration theorem to infer
Xo, = (Xo,,X1)s;,4» Where s; € (0,1) is given by

6; = 91(17S[)+S[.

],si

Next, the interpolation inequality ||f]| X, < C I/ X Hfﬂ;l together with the elementary
! 1
bound ab < a” 4+ b (a, b >0, p, g > 1 with 1/p+1/q = 1) gives

|7l i—si || 7111 =Si o8if| 7|5 i—s:)/(1=s:) || 7] 7
£ llxo, < Ce® 1 Flly, " 171, < C [e@ /=) Fily,, +el| Flx, |
= C [ 17lxe, +elllx, |-
Inserting this result in (13), we get together with (12)

A< C e, )+ | Flx,, |-

Reasoning as in the case n = 1 now allows us to conclude the argument. O



2.3 Elliptic regularity

Lemma 3. Let Q C RY be a bounded Lipschitz domain with a smooth boundary. Let m € N
and k € Ny. Then there is Cq i depending only on £, m, k such that the following is true:
If g € H™5(Q) and u is the (variational) solution of the Dirichlet problem

AMu=g inQ, uzanu=-~-8,;”7]u=0 on 09,
then u € H"™(Q) with the a priori bound

lull gms @y < Camllgllg-r(o)-

Proof. This regularity result is a special case of a more general result for the regularity of
solutions of elliptic systems, [2,3]. Self-contained proofs of this result can also be found, for
example, in [30, Sec. 20] and in [19, Chap. 2, Thm. 8.2]. O

The minimum norm extension E< : H"(Q) — BL" (R?) satisfies
Q
|E* flamray < Call fllam@)- (14)
However, for smooth 9, it has additional mapping properties:

Corollary 2. Let Q be a bounded Lipschitz domain with a smooth boundary and let Q be
contained in the (open) ball Bg(0) of radius R centered at 0. For each j € {0,...,m} there
is a constant Cj o > 0 depending only on j, Q, and R such that the following is true for

the minimum norm extensioziE“Q : H"(Q) — BL™(RY): It is also a bounded linear map
H™I(Q) — H™ (Bg(0)\ Q) and, with '§ denoting the trace operator for Bg(0)\ 2,

16 (V" E2 )220 < Ciallflgrm g, (15)

Proof. We write Q := Bg (0)\ Q. The operator E< is clearly a bounded linear map E< :
H™(Q) — H™(Q). From Lemma 3, we also see that E2 maps H>"(Q) boundedly into
H¥" (fz) We denote by E the universal extension operator of [25, Chap. VI, 3], which we
may choose such that supp Ef C Bg(0). Next, we write E2 f in the form E?f = Ef +u,
where Ef € H*(Q) (since f € H*"(Q)) and u solves the differential equation

A"u=—A"Ef € [}(Q) inQ, U=0gu=--=3"lu=0 on 9Q.

Lemma 3 then gives u € H2"(Q) with the a priori estimate H"‘Hyzm@) < CHA’“EfHLZ@) <
CHEfHHZM(ﬁ) < C||fllg2n(q)- We have thus obtained

Q Q
1E® oy <CIFlimys I Fllanay < Cll ) (16)
An interpolation argument then gives us
Q i — _
IE f|‘3;l+l/2+j(§> SCHfHBV;.TjJrl/Z(Q), j=0,....m—1.

By the trace theorem (Lemma 1), we arrive at HVH’"EQfHLz(a_Q) < CHfHBr11+j+l/2(Q) for
2,1
j=0,....om—1. O



2.4 PDE-based proof of Proposition 2

Lemma 4. Let Q be a Lipschitz domain. Then
\Ef —Iflm < Calf —1flun(a).

Proof. We exploit that A’”(E“Q f—1f) =0 in Q°¢. To that end, let again E be the universal
extension of operator of [25, Chap. VI, 3]. We write E2f —If = E(f —If) + & for some
8 € BL™(RY) with §|o = 0. We get

[E®f—1fl5,=Ba(f—1f.f —1f)+Boc(E° f—If,E(f —1f)+8)
= |f = 1f[fim(q) +Ba: (E® f —1f E(f —If)),

where we used integration by parts, A”(E? f —If) = 0 on Q¢, and 8| = 0; the integration
by parts does not produce any terms “at infinity” since C7 (R?) is dense in BL™(RY) (in the
sense described in [29, Thm. 10.40]) and thus & can be approximated by such compactly
supported functions. The continuity of E implies

E2f ~1fln < Callf = 1f | um(e);

and the reduction to a seminorm follows from the Deny-Lions Lemma and fact that / repro-
duces polynomials of degree m—1. O

The solution /f of the minimization problem (1) satisfies the orthogonality condition
(ECf—1f.1f)m=0 (17)
since E2 f —1f € BL"(R?) and (E? f —1f)(x;) = f(x;) —If(x;) =0,i=1,...,N. Therefore,
(ECS—1f ECf—1f)m=(E2f ~1f.E® f)n
=Bq(f ~1f.f)+Ba:(E®f ~1f E® ). (18)
These last two terms are treated separately in Lemmas 5, 6. Inserting (19), (21) in (18) we get

|ELf =1 g < CH' P2\ fllgoiore ) |f = 1l

which readily implies (6) of Proposition 2. The bound (7) follows from (6) and an inter-

polation argument since the reiteration theorem asserts for 0 < § < 1/2 that H"9(Q) =

(H’”(Q),B’;Tl/z(ﬂ))z&z and |ng*1f|Hm<Rd) < C||fllgm(q)> which follows from com-

bining (17) and (14).

Lemma 5. Let Q be a Lipschitz domain. Then:

[Ba(f =111 < Cal P\f = Iflima) | gro1r2 ) (19)

Proof. Let f € H"1(Q). Integration by parts once gives

Bo(f=1f.f)| = (20)

IV =120 IV Flliza0) + IV (F = IOz () IV Fllz2 () -



The multiplicative trace inequality ||z]|7, (09) Sllzllz@)llzll g o). Corollary 1 with k =m —
1, and the trace estimate [|V"'z|[;2(90) < ‘|Z‘|Bm+l/2(g> yleld
2,1
[Balr—1£.7)| 5
1/2 1/2 = _ =
(1971 =102 1 = 1712 0 | 197 Pl o) + 197 = 1) 20 97 Flizay
< [h1/2|f—1f|ym<mHV’"fHLz(aQ) HLf =18l IV Pl ey

S {hl/szﬂBg]ﬂ/z(Q) +thHH'”+‘(Q):| |f = 1f ()

We conclude that the linear functional f — Bq (f —If, f) satisfies
[Ba(f ~1f. )| < CIf ~If i | Fllrme)
Bo(f —1f,/)| < Clf =Iflgma {h'/z\lf\l /2 +h\|f|\ym+l<g) ;

since BmH/Z(Q) = (H™(Q),H"T1(Q)) 1/2,1 Lemma 2 implies the estimate (19). O

We now turn to the second part of (20). The key step is to observe that the minimum norm
extension E€ f satisfies the homogeneous differential equation A™E< f = 0 in Q°.

Lemma 6. Let Q be a bounded Lipschitz domain with a sufficiently smooth boundary. Then:
[Boc(Ef ~11,E21)| < Cah' (£ ~1flmia) /1| rovs g @1

Proof. Let f € H¥(Q). By Corollary 2, we have E®f € H*(Bg(0) N Q°) for every R >0
sufficiently large. Furthermore, AMEQf f =0in Q€. Next, m-fold integration by parts yields

m
\Bgc (E?f—1f,E?]) \ ZHV'" HECf=1f)l2oa) 16V E? fllz0)  (22)

The integration by parts does not produce any terms “at infinity” since Ca"(Rd ) is dense in
BL"(RRY) (in the sense described in [29, Thm. 10.40]) and thus E€ f — I f € BL™(R?) can be
approximated by such compactly supported functions.

Since VIE® f =VifondQ for j=0,..., — 1, we use again the multiplicative trace
inequality and Corollary 1 to get

Boe(EQf —1f,E2 )| <CIf —Iflgma) Y V" E? fll 200
j=1
(15) B i
< Clf =1flumia) X0 N g - (23)
J=1 !

We reduce the regularity requirement on fby applying Lemma 2 to fr—> Bo:(E Q f—1f,E Q f)
We observe that the reiteration theorem of interpolation allows us to identify

j=1/2
m—1/2"

mtj—1/2 m 2m—1/2
szj / () = (H"(Q),B / (£2))e;,15 0; =



hence, we get (21) from an application of Lemma 2 with Xo = H™(Q), X| = B;’TI/Z(Q)

and & = B 1/2 since we have additionally the stability bound |Bqe (EQf—1If, EQf)| <
C|f —1f|pm(@) |l fllm (@) by Lemma 4 and (16). O

Remark 2 (Generalization to Lipschitz domains). The proof Proposition 2 relies on three
ingredients: a) integration by parts arguments to treat B, b) the approximation properties
given in [11] of the thin plate spline interpolation operator /, and c) regularity properties of
u:= E< f. Ingredients a) and b) are already formulated for Lipschitz domains. However, the
regularity properties of u = E< f are delicate in their generalization to the case of Lipschitz
domains. We note that u solves in ¢ the Dirichlet problem

—A"u=0 inQ°, 3 upo=0]"flgo. j=1,....m—1.

and [28,23,9] show a shift theorem by 1/2 in the sense that for f € B"+1/2(9Q), one can
control V/u|y¢ for j=0,...,m. This together with careful integration by parts arguments for
the treatment of B« allow for an extension of the proof of Proposition 2 to Lipschitz domain
and will be given in [20]. N

3 Numerical example

We illustrate Proposition 2 for the case m = d = 2, i.e., the classical thin plate splines. We
employ uniformly distributed nodes on two geometries, the unit square €; = (0,1)% and
the L-shaped domain Q, = (—1/2,1/2)?\[0,1/2]2. As usual, we denote r : x — ||x||o. We
interpolate 4 functions with different characters: the functions 7105 and r2'76, which are,
for any € > 0, in H295~¢ and H379¢ respectively, and the smooth functions exp(xy) and
F(x,y), where the so-called Franke function F is given by

F(x,y) =0.75exp(—0.25((9x — 2)% + (9y — 2)?) +0.75exp(—(9x 4+ 1)2 /49 — 0.1(9y + 1)?)+
0.5exp(—0.25((9x—7)2 + (9y —3)%) —0.2exp(—(9x — 4)> — (9y —7)?).

The results are presented in Fig. 1 and corroborate the assertions of Proposition 2, which
read, for m = 2. ||f — I ;=) < CH1*3||f|y2esq) with 8 € 0,1/2) and [|f — Lfl|;= () <

crw/ 21£1 B @) These numerical results were first presented at the conference [21].

3.1 Z-matrix techniques for solving the TPS interpolation problem

The numerical solution of the thin plate interpolation problem is numerically challenging
since the system matrix is fully populated. Nevertheless, several approaches for fast solution
techniques exist. For example, the matrix-vector multiplication can be realized in log-linear
complexity using techniques from fast multipole methods. This leads to efficient solution
strategies based on Krylov subspace methods provided suitable preconditioners are available.
We refer to [29, Sec. 15], [8, Sec. 7.3] as starting points for a literature discussion. For our
calculations, we employed related techniques based on the concept of J#-matrices, [14,15].
¢ -matrices come with an (approximate) factorization that can either be used as a solver (if
the approximation is sufficiently accurate) or as a preconditioner in an iterative environment.
The latter use has been advocated, in a different context, for example, in [4,13].
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Fig. 1. Convergence of TPS interpolation. Left: square ;. Right: L-shaped domain €2;.

For the case m =2 = d, the interpolation problem (3) results in a linear system of equa-
tions of the form

P’ O 0 .
( G P) (AC,) = (f)’ Gij:q)Z(Hxi*xjHZ): l,]= l,...,N. (24)

The matrix PV*3 is obtained by selecting a basis {b1,b,b3} of Py (e.g., {1,x,y}) and setting
P;; = b;(x;). The vector f € RV collects the values f(x;), the vector ¢ € RV the sought
coefficients c;, and the vector A € R3 is the Lagrange multiplier for the constrained problem
(3). The function ¢, (z) = z2logz is smooth for z > 0. Lemma 7 below shows that the function
(x,») = @2(]lx—||2) can be approximated by a polynomial, which is in particular a separable
function, i.e. a short sum of products of functions of x and y, only. This in turn implies that
the fully populated matrix G can in fact be approximated as a blockwise low-rank matrix, in
particular in the form of an J#’-matrix, [14,15].

By forming a Schur complement, the linear system of (24) can be transformed to SPD
form. To that end, we select three points and rearrange the problem (24) as

PlT 0 PzT €] 0
GuPiGn||A]|=[h Gy €R¥3, Gy e RN-3IX(N=3),
Gy P, Gy ¢ £,

where the vectors ¢, f; € R? and ¢, f, € RV=3 result from the permutations. The Schur

complement
—1
PO P
S::Gzz—(G21 Pz)(Glllpl) (G212)

is SPD. We computed an (approximate) Cholesky factorization of S using the library HLib
[5]. This factorization can be employed as a preconditioner for a CG iteration. The .7#-matrix
structure of S was ensured by so-called geometric clustering of the interpolation points.
Specifically, we used this hierarchical structure to set up G, by approximating its entries
with the Chebyshev interpolant as described in Lemma 7. In the interest of efficiency, the
thus obtained .7Z-matrix approximation of Gy, was further modified by using SVD-based
compression of blocks as well as coarsing of the block structure (these tools are provided by
HLib). The matrix S is a rank-3 update of the matrix G, which can also be realized in HLib.



Lemma 7. Let 7 > 0 be given. For any (closed) axiparallel boxes &, T C R? and a polyno-
mial degree p € Ny denote by IPC’""[’ :C(o x t) = Q) the tensor product Chebyshev interpo-
lation operator associated with o x T. Then there are constants C, b > 0 depending only on
N such that under the condition max{diam(c),diam(7)} < ndist(o, 7) there holds
sup  [92(llx—yll2) — 15" 9 (ke —yII)| < Cldist(o, 7)|* (1 + |logdist(o, 7)) e 7.
(x,y)eoxT

Proof. The proof follows with the tool developed in [6]. Consider Q := [T, [a;,b;] C R"
and a function f € C(Q;C). Denote by A, the Lebesgue constant for univariate Chebyshev

interpolation (note that A, = O(log p)). Introduce, for each x € Q and each i € {1,...,n},
the univariate function fy; : [—1,1] = C by fii(¢) = f(x1,...,xi—1, (@i + b;) /2 +t(b; —
a;)/2,Xi+1,---,%n). Then, standard tensor product arguments [6, Lemma 3.3] show that the

tensor product Chebyshev interpolation error is bounded by

n
1f =15 Flli=(0) < 1+ A)A;" Y sup inf [|fi — 7l p=(—1.1)-

i:]erﬂepp
The best approximation problems infrcp, [ f,i — 7THL°=(,]A’1) in turn lead to exponentially
small (in p) errors, provided the holomorphic extensions of the functions f,; can be con-
trolled. We show this for the case f(x,x2,x3,x14) = ¢2 (|| (x1,x2) — (x3,%4)]|]2) under consider-
ation here. Note that fy 1 (t) = ¢2 (][0 —p||2), where d = ((aj +b1)/2 —x3,%2 —x4) | and p =
(a1 —b1)/2,0) 7. Note |[9]|2 < (141)dist(c,T) and ||p||2 < 1/2max{diam(c),diam(7)} <
n/2dist(o, 7). As is shown in [6, Lemma 3.6, proof of Thm. 3.13], the holomorphic ex-
tension of the function n: ¢+ [[d —#p||2 is holomorphic on Uy := Uy 11B,(t) with r =
dist(o,7)/||p|l2 > 2/m and maps into the left half plane C4 = {z € C|Rez > 0}. We note
that sup,cy; [n(z)| < [[0]]2 +rllpll2 < (2+1)dist(c, 7). In view of ¢(z) = 7*logz, we con-
clude sup ¢y, | fx,i(z)] < C(dist(o, 7))2(1 +|logdist(c,7)|) for a constant C > 0 that depends
solely on 1. We finish the proof by observing that there is p > 1 (depending only on r and
thus on 1) such that U, contains the Bernstein ellipse &) (see [6, Lemma 3.12]). A classical
polynomial approximation result (see, e.g., [6, Lemma 3.11]) concludes the proof. 0O

3.2 [Edge effects and concentrating points at the boundary

The convergence behavior of thin plate splines is limited by edge effects. Above, we men-
tioned that imposing certain boundary conditions on f mitigates this effect. An alternative is
to suitably concentrate points near 9. Without proof, we announce the following result:

Proposition 3. Assume that the points x;, i = 1,...,N, satisfy for a § > 0 sufficiently small
Vxe Q: nf Ndist(x,xi) < 8 min { Ay, + dist(x,0Q),h}. (25)

i
i=1

Then, for f € H™1(Q) there holds | f —If|gm(q) < C (h,ﬁ{,ﬁ +h> |Flame ()

Inserting the result of Proposition 3 in the estimates of Proposition 1 shows that a factor
hlln/ii + h can be gained in the convergence estimates. Fig. 2 presents numerical examples for
the square €2 and the functions given in Sec. 3. We selected h,,;, = 1% and distributed the

points so as ensure the condition

Vi: 'rni'ng[ijHz 2 min { Ay, +dist(x,0Q), h}.
i

For the present case d = 2, it can then be shown that the number of points N is O(h~2), which
is also illustrated in Fig. 2.



=N
10°
S0t
(2]
£
K]
8 10°
o
102
102 107 10° 1072 107! 10°
fill distance h in interior fill distance h in interior

Fig.2. Concentrating points near 9. Left: Convergence. Right: problem size versus fill
distance in the interior.
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