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On superconvergence of Runge-Kutta
convolution quadrature for the wave equation

Jens Markus Melenk, Alexander Rieder
April 16, 2019

The semidiscretization of a sound soft scattering problem modelled by the wave
equation is analyzed. The spatial treatment is done by integral equation methods.
Two temporal discretizations based on Runge-Kutta convolution quadrature are
compared: one relying on the incoming wave as input data and one based on its
temporal derivative. The convergence rate of the latter is shown to be higher than
previously established in the literature. Numerical results indicate sharpness of the
analysis.

1 Introduction

Boundary element methods have established themselves as one of the standard methods when
dealing with scattering problems, especially if the domain of interest is unbounded. First
introduced for stationary problems, beginning with the seminal works [BH86a, BH86b] the
theory for deploying these kind of methods also for time dependent problems has been steadily
extended; see [Say16] for an overview. The method of convolution quadrature, introduced by
Lubich in [Lub88a, Lub88b], is a convenient way of extending the stationary results to a time
dependent setting.

It is well-known that the convergence rate of a Runge-Kutta convolution quadrature (as
introduced in [LO93]), is determined by bounds on the convolution symbol K in the Laplace
domain. Namely, a bound of the form

K (s)] < Cs”

leads to convergence rate ¢ + 1 — u, as was proven in [BLM11], see also [BL11, LO93] for earlier
results in this direction. Thus one might expect that changing the symbol to s~'K(s) would
increase the convergence order by one.

When considering discretizations of the wave equation using boundary integral methods,
this is not always the case. Instead, it has been observed that sometimes a “superconver-
gence phenomenon” appears, where the observed convergence rate surpasses those predicted,
see [RSM19a, RSM19b, Riel7].

In this paper, we give a first explanation why such a phenomenon occurs in the model problem
of sound soft scattering, i.e., the discretization of the Dirichlet-to-Neumann map. We expect
that similar phenomena can also explain the improved convergence rate for the Neumann prob-
lem or more complex scattering problems. The proof relies on the observation that the s~!-
weighted Dirichlet-to-Neumann map can be decomposed into a Dirichlet-to-Impedance map



plus the identity operator. For the Dirichlet-to-Impedance operator, it was observed in [Ban14]
that an improved bound holds compared to the Dirichlet-to-Neumann map as long as the ge-
ometry is given by the sphere or the half-space. It is then conjectured that a similar bound
holds for smooth, convex geometries. In this paper, we generalize this result to a much broader
class of geometries (namely smooth or polygonal) without convexity assumption. This will then
immediately give the stated improved bound for the convolution quadrature scattering problem.

We conclude that due to this phenomenon, it may often be beneficial to slightly tweak the
formulation to work with an extra time derivative. In many situations, such formulations are
even the natural choice, see, e.g., [BR18, BL18, BLS15]. Especially when working with the wave
equation as a first order system as in [RSM19b].

Another way of looking at this phenomenon is that when using a standard formulation (see
Proposition 3.2), then the discrete integral will exhibit a superconvergence effect.

We would like to point out that the present paper focuses on a semidiscretization of the
problem with respect to the time variable. For practical purposes one would also have to take
into account the discretization in space using boundary elements.

We also would like to note that while popular, convolution quadrature is only one possibility
to apply boundary integral techniques to wave propagation problems. Notably also space-time
based methods have gained popularity [GNS17, GMO™18, JR17] in recent years.

2 Model Problem

We consider a sound soft scattering problem for acoustic waves. For a bounded Lipschitz domain
Q~ C R? with QF := R?\ Q~, the problem reads

i = Au™* in QT and  u'(t)[r =0 fort >0, ut(t) = u(t) fort<0. (2.1)

Here 4™ is a given incoming wave, i.e., u'™ also solves the wave equation, and we assume that
for ¢t < 0 it has not reached the scatterer yet. The problem can be recast by decomposing the

total wave into the incoming and outgoing wave, u'°* = u"® 4 u, where u solves:
ii=Au in Q" and w'°'t)|p = —u™(t)|p for t >0, u©t(t) =0 fort <O0. (2.2)

This will be the problem we are discretizing.

For simplicity, we consider two possible cases. Either Q= C R has a smooth boundary or
)~ C R? is a polygon. While we expect that the results and techniques can be generalized to
the case of piecewise smooth geometries, such extensions would lead to a much higher level of
technicality in the present paper. We focus on the exterior scattering problem as our motivation
and model problem, but all of the main results also hold for the interior Dirichlet problem.

We end the section by fixing some notation. We write H™(Q¥) for the usual Sobolev spaces
on QT or Q7. On the interface T' := 9Q we also need fractional spaces H*(T') for s € [—1,1],
see, e.g., [McL00, AF03] for precise definitions. We also set HA (%) := {u € HY(QF): Au €
L2(QF)}. We write v+ : HY(QF) — HY?(T') for the exterior and interior trace operator,
and 9 : HA(Q*) — H~Y2(T) for the normal derivative. We note that in both cases, we
take the normal to point out of the bounded domain Q. We write [yu] := v u — v u and
{ryu} := 5 (v u+~"u) for the trace jump and mean, and [0 u] := 9, u — 9, u for the jump
of the normal derivative.



2.1 Boundary Integral Methods and Convolution Quadrature

It is well-known that scattering problems of the form presented in Section 2 can be solved by
employing boundary integral methods, see [Say16] for a detailed time-domain treatment. For
the frequency domain, results can be found in most textbooks on the subject, see [SS11, Ste08,
McL00, GS18, HWO0§].

The use of boundary integral methods for discretizing the time domain scattering problem
dates back to the works [BH86a, BH86b|, where also important Laplace domain estimates of
the form (3.2) were first shown.

For s € C; := {z € C: Re(z) > ()}, we introduce the single and double layer potentials

(SLP(s)p) (x) == / Bz — y:)p(y) dS (). (2.3a)
(DLP(s) / By @ — w3 5)iy) dS(y), (2.3b)

where ® is the fundamental solution for the operator —A + s2:

O(x;s) :=

7 1) /.
{4Hé ) (is|z|) ford =2, (2.4)

e_le| for d = 3.

4m|x]

Here Hél) denotes the Hankel function of the first kind and order zero, see [McL00, Chapter 9].
Finally, we introduce the boundary integral operators engendered by the potentials:

V(s) :== yESLP(s), and K(s) := {yDLP(s)}. (2.5)

In practice, these operators can be computed via explicit representation as integrals over the
boundary I'. For sufficiently smooth functions v, ¢ the following equations hold:

Vo= [ B e @), ad K)o = [ 0,800 00 ). (26
The operator we consider for discretizing (2.2) is the Dirichlet-to-Neumann map.
Definition 2.1. For s € C, given g € HY/*(T'), let u solve
~Au+s?u=0 mRI\T and yFu=g.
We then define the operators
DtN*(s)g := 0Fu and DtI*(s)g := 0Fu £ sytu = DINT g + sg. (2.7)
In practice, the following well known proposition gives an explicit way to calculate DtN.

Proposition 2.2 (see, e.g., [LS09, Appendix 2]). The Dirichlet-to-Neumann map can be written
as

DtN*(s) =V '(s)(F % + K(s)). O



Runge-Kutta convolution quadrature was introduced by Lubich and Ostermann in [LO93].
It provides a simple and general way of approximating convolution integrals by a high order
method and has the great advantage that only the Laplace transform of the convolution symbol
needs to be easily computable. We only very briefly introduce the method and notation.

Let K be a holomorphic function in a half plane Re(s) > o9 > 0, and let . denote the
Laplace transform and .#~! its inverse. We (formally) introduce the operational calculus by
defining

K(9)g =27 (K()ZLy),

where g € dom (K (9)) is such that the inverse Laplace transform exists, and the expression
above is well defined.

For a Runge-Kutta method given by the Butcher tableau A, b7, ¢, the convolution quadrature
approximation of K(0;) is given at the temporal grid points ¢; := jk where £ > 0 denotes the
timestep size by

[K(@F)g] (tusr) = BTATS Wy [glt + ked)]7L,  with K(ﬂ?):fﬁww.m&
j=0 n=0

The extension to operator valued functions K is straight forward.
We make the following assumptions on the Runge-Kutta method, slightly stronger than [BLM11].

Assumption 2.3. (i) The Runge-Kutta method is A-stable with (classical) order p > 1 and
stage order ¢ < p.

(i) The stability function R(z) := 1+ zbT (1—2A)~ 1 satisfies |R(it)| < 1 for 0 #t € R.
(iii) The Runge-Kutta coefficient matriz A is invertible.
(iv) The method is stiffly accurate, i.e. ¥ A~ = (0,...,0,1).

Remark 2.4. Assumption 2.3 is satisfied by the Radau IIA and Lobatto IIIC methods, see [HW10].
Also note that the order conditions imply that ¢, = 1 for such methods. .

Our analysis will employ the following result on Runge-Kutta convolution quadrature using
Laplace domain estimates:

Proposition 2.5 ([BLM11, Theorem 3]). Assume that K is holomorphic in the half plane
Re(s) > o9 > 0, and that there exist uy, e € R such that K(s) satisfies the following bounds
for all 6 > 0:

|K(s)] < Cgy|s|"*  for Re(s) > oo >0,
|K(s)| < Cypls/'®  for Re(s) > o > 0 with Arg(s) € (—n/2+6,7/2— ).

Assume that the Runge-Kutta method satisfies Assumption 2.3. Let r > max (p—i—ul,p, q+ 1)
and g € C™([0,T)) satisfy g(0) = g(0) = ...g" =1 (0) = 0. Then there exists k > 0 such that for
0<k<k,

tn
fm%ﬂm—K@mw>gm@Wﬁkw(Mww+/'MWWﬂMﬁ.
0

The implied constant depends on t,, oo, k, the constants Coys Cs, and the Runge-Kutta method.



3 Main results

For simpler notation introduce a symbol for the sectors in Proposition 2.5. Throughout this
work we fix for o9 > 0 and § > 0 and set

= {s € C,Re(s) > 09, Arg(s) € (—7/2+,7/2 - 0)}.

Remark 3.1. The choice of o9 > 0 and 6 > 0 in the definition of . is arbitrary, and all our
estimates will hold for any pick, although all the constants will be depending on o¢ and §. "

We are now able to state the main result of the paper. We start by stating the standard
convergence result for discretizing the Dirichlet-to-Neumann map.

Proposition 3.2 (Standard method). Let g € C7([0,T], H/*(T) for some r > p+2 and g(0) =
§(0) = ...g"(0) = 0. Let A := DtNF(9F)g be the exact normal derivative and \¥ := DtN*(9F)g
denote the standard CQ-approximation.

Then the following estimate holds:

r

_\k < 149
ORENO! Y ;Tes(l(l)%) I vy (3.1)

Proof. Follows from the well known bound

HDtNi(S)HHl/Q(F)ﬁH*lﬂ(F) S (3.2)

(see for example[LS09]) and Proposition 2.5. O

We will observe numerically in Section 5 that Proposition 3.2 is essentially sharp. Thus, when
considering the differentiated equation, one expects an increased order by one, which follows
directly from Proposition 2.5. But for the Dirichlet-to-Neumann map the increase of order is
even greater, as long as one assumes slightly higher regularity of the data.

Theorem 3.3 (Method based on differentiated data). Let g € C”([O, 7], Hl(F)) forr>p+2
with g(0) = §(0) = ...g"(0) = 0. Let A := DtN*(0F)g be the eract normal derivative and
M= [[0F] "' DtNE(9F)]g denote the CQ-approzimation using § as input data.

Then the following estimate holds:

r

Ak < 1.min(q+2,p)
ORENU! Y jZOTSZéF’T 9z (3.3)

Proof. We apply Proposition 2.5. By linearity, we can write the Dirichlet-to-Neummann oper-
ator as

s 'DtN(s) = s ' DtI(s) +1, or in the time domain ;' DtN(9;) = 9; ' DtI(d;) + 1(;).

The second operator (in frequency domain) is independent of s. It is a simple calculation that
in such cases the convolution weights satisfy W; = §, 0K (0). Thus, we have

1(0)g(tny1) = b" A" (g(tn + keo))i2y -



Since stiff accuracy implies b¥ A=! = (0,...,0,1) and ¢, = 1, the operator I is reproduced
exactly by the convolution quadrature. A similar decomposition was already invoked in [BLM11]
to explain a superconvergence phenomenon for a scalar problem. Theorem 3.4 shows that the
Dirichlet-to-Impedance map satisfies

||DtI(S)||H1/2(F)—>H*1/2(F) S |S|_2 for s € (C+, and ||DtI(S)HH1(F)ﬁH71/2(F) S 1for s € .7.
By Proposition 2.5, this implies (3.3). O

While Theorem 3.3 is the main motivation for this paper, its proof is based on another result,
which may be of independent interest.

Theorem 3.4. Let s € .. Assume that Q C R is smooth or Q C R? is a polygon. The
following estimate holds for the Dirichlet-to-Neumann map:

HDtNi(S)g + 5.9“]_1—1/2(11) <C HgHHl(F) qu € HI(F)' (3'4)
The constant C depends only on the geometry and the parameters og, 0 defining the sector ..

Proof. Due to its lengthy and technical nature, we defer the proof to Section 4. O

Since all our results hold for both the interior and exterior problem, we can also easily treat
the case of an indirect BEM formulation.

Corollary 3.5 (Indirect formulation). Let s € .7 and assume that Q C R? is smooth or Q C R?
is a polygon. Then, the operator V~1(s) — 2s satisfies the bound

V=" (s)p = 250 1o < el Vi € HM(D). (3.5)

Let g € C™([0,T), HY(T) for r > p + 2 with g(0) = g(0) = ...¢("M(0) = 0. Let ¢ := V"1(dF)g
be the exact density and " := [[0F] "'V =Y(0F)]g its CQ-approzimation.
Then the following estimate holds:

m

t) — oF(t §kmin(q+2’p) sup |lg(7 . 3.6
EOREO! - 2 s oy (3.6)

Proof. We can write V~1(s) = DtN~(s) — DtNT(s). Thus the statements follows from Theo-
rem 3.3 and Theorem 3.4. O

4 Proofs

The proof of Theorem 3.4 hinges on three main observations, which require some technical work
to make rigorous:

1. In 1d on R, the interior Dirichlet-to-Neumann map is given by g — sg.
2. The existing DtN-estimates poor s dependence is mainly caused by boundary layers.

3. Boundary layers are essentially a 1d phenomenon, so observation 1 applies.



4.1 Preliminaries

When working with the Helmholtz equation, it is convenient to work with |s|-weighted norms.

Definition 4.1. For an open (or relatively open) set O, parameters s € C4 and 0 € [0, 1], we
define the weighted Sobolev norms

2 2 20 1, 112
||U||\s|,9,o = |U|H9(O) + s HU||L2(O)- (4.1)
and the dual norms by
) (v, v)2(0)
”uH|8|7—9,0 = Sltp HUH :
veEHY(O) |s],0,0
We start with some well known s-explicit estimates for the (modified) Helmholtz equation.
Lemma 4.2 (Well posedness). Let s € .. The bilinear form
as(u,v) == (Vu, Vo) 2 + 32(U,U)L2(Q:t)
associated to —/A\ + s is elliptic, i.e.,satisfies
2
Re (Cas(u,u)) > Cllulliy) 1 0
for some scalar ¢ € C with |¢| = 1.
Proof. We set ¢ := 5 and calculate:

Isl

Re(s Re(s
Re (Cas(u,u)) = |s(| )(VU,VU)LQ(Qi) + |s(| ) \8\2 (u,v)L2(0%)-
Since Re(s) ~ [s| in the sector .7 this concludes the proof. O

Lemma 4.3 (Trace estimates). For s € ., let u € HY(QF) satisfy
—Au+s*u=f e L*(Q).

Then the following estimates hold for the traces of wu:

+ 1/2 —1/2
107 ulli7-1/2ry S T2 Nullg 1,05 + 11

—1/2

T
nyiuqul/Q(F) < sl ”UH\s\,mi )
|00 sv%ul gy S 1512 [l e + 51772 1) 2
Proof. We start with the normal derivative. For any £ € H1/ 2(I') and y*v = ¢ we calculate:
(O u, &) = (f,0)gx + (Vu, Vo)gs + % (u,0) e
S (lullyg.a 02+ 187 1 L2 02y) N0l 1.00
S (|3’1/2 HUH|S|,1,97 + ’3’_1/2 ||f”L2(Qi)) HfHHW(F) )

where in the last step we picked v as in [Say16, Proposition 2.5.1].
For the Dirichlet trace, we get using the multiplicative trace estimate and the same lifting v:

1/2 1/2 1/2 1/2
(V0 €)p < v ull oy el 2y S lull g Hellqe) 10115tz 10l o

—1 —1/2
< [l ullg gt 10l 00 S 1172 Nl g 16N /ey -

The estimate for the impedance trace then follows trivially. O



The previous lemma shows that when using the standard Sobolev norms on the boundary,
all the constants involved have some s dependence. The next lemmas show that when the use
of the weighted norms introduced in Definition 4.1 avoids such dependencies:

Lemma 4.4. The operators v+ : HY(QF) — HY2(I') have bounded right inverses £ and
satisfy the bounds:

H’Yiu‘hsu/?,p S ”uH\s\,l,Qi and HSiQH‘SLLQi S ”g|||s|,1/2,1" : (4‘2)

Proof. The existence of the right inverse follows from [MS11, Lemma 4.22]. We note that the
multiplicative trace estimate and Young’s inequality give:

1/2 1/2
|5|1/2 HWiUHLz(p) S (HUHHI(Qi) sl HUHL2(Qi)) / < (||U”§{1(Qi) + |5|2 HUH%Q(Qi)) 2

Combining this with the standard trace estimate concludes the proof. O

Lemma 4.5 (Dirichlet problem). Fiz s € .. Let g € H'/?(T), f € L*(Q%). Then there exists
a unique solution to the problem

—Au+sPu=f in QF and v Fu=g.
The function satisfies the a priori bound

—1
lullis .0t S 17 1l 22y + N9lls)1 2.0 - (4.3)

Proof. Existence follows using the usual theory of elliptic problems. For the a priori bound, we
first note that by [MS11, Lemma 4.22], there exists a lifting up satisfying

—Aup + s*u =0, lunlls 0 SNglga2r  and  yFup=g.
Thus the remainder u := u — up solves:
AU+ sU=f

with homogeneous Dirichlet conditions. Since the bilinear form a, from Lemma 4.2 is elliptic,
we get

[Gll}y 1 0+ S Re (Cas(@, @) = Re (¢ (f, @)= ) < Is| ™ |1 fll 2% (\S| HaHLQ(Qi)>
<187 1 £l 2y Nl 1,04 - =

Lemma 4.6 (Neumann problem). Fiz s € .. Let h € H-Y?(T'). Then there exists a unique
solution to the problem

—Au+ s%u=f in QF and dFu = h.
u satisfies the a priori bound

||UH|5\,1,Qi S ”hH|s\,_1/2,r + |3|_1 ||f||L2(Qi) : (4.4)
Proof. Follows easily from the weak formulation and (4.2). d

Lemma 4.7. We also have the following trace inequality in a weaker norm than H=Y/2. If
—Au 4+ s?u = 0 we can estimate:

H‘%“H|s|,—1/g,r S Nl 0- -

Proof. Follows easily from the weak definition of 9, u, the Cauchy-Schwarz inequality, and (4.2).
O



4.2 Smooth geometries

In order to prove a first version of Theorem 3.4, we consider a simplified setting of smooth
geometry and Dirichlet trace. Closely following the ideas from [MS99, Mel02], we construct a
lowest order boundary layer function which will be the basis for all further estimates.

Lemma 4.8 (Boundary fitted coordinates). Let T : O C R ! — T be a smooth local
parametrization of T'. Define F: O x (—¢,¢e) — R? as

F(z,p) := —pv(z) + T(2), (4.5)

where v(Z) is the normal vector to Q~ at the point T'(Z).
For e > 0 sufficiently small, F' is a smooth diffeomorphism onto F((’) X (—e, 6)) It holds that
F(O x (0,¢)) € Q™ and F(O x (—¢,0)) C QF. Additionally F satisfies

DFT(%, p)DF (3. p) = (Tﬁf) (1)) T pR(E.p). (4.6)

where T and R are smooth.

Proof. We only show (4.6). We select a smooth orthogonal basis of the tangent space at 7'(z),
denoted by €1(Z),...,eq—1(Z). This implies that Q := (e1(Z),...,eq—1(Z),v(Z)) is orthogonal.
We write the Jacobian as

T

DF(z,p) = (DsT(%),v(Z)) + pDzv(T) = ( 0

?) Q + pDu(3).

Here Ty := Q 'D;T(%), and thus ||T} ||z = | DzT'(Z)||5. We further compute:
—1

DFTDF~' = (DFDFT) ™" = ((i’;l ?) QQ" <%T (1)> + pRi1(Z, ﬁ))

~ ~ ~1
TTE 0 o
=( (' + pR1(Z, ) (4.7)
0 1
where R; collects the remaining terms. For sufficiently small p > 0, depending only on || DzT||,
and || Dzv||, we can linearize the inverse in (4.7) to get (4.6) with 7" := (TlTlT)fl. O

Lemma 4.9. Assume that Q= has smooth boundary U'. Fiz s € .. For every u € H(Q7)
solving
—Au+ s?u =0,

and y~u € H?(T') there exists a function upy, € H'(Q™) with the following properties:
(7') Y UBL =17 U,
(ii) O upr, — sy upr =0,

(iii) —Aupr, + s*upy = f with

||f||L2(Q*) S |8|1/2 H’Y_uHHl(I‘) + ’5‘_1/2 H’Y_UHH%F) . (48)



(iv) For all € > 0, consider the set Q7 = {x € Q= : dist(x,I") > e}. Then, the following
estimates hold for all £ € R with constants independent of s:

)
luBLll g2iozy < CelsI™ lvull g2y -

The analogous statement also holds for the exterior problem, replacing —s by s in (ii).

Proof. For shorter notation, set g := v~ u. We only show the case of the interior problem. We
work in boundary fitted coordinates (Z, p), as in Lemma 4.8. First assume, that supp(g) C T(0),
i.e., lies in the part of the boundary parametrized by 7. We note that if u solves —Au+s?u = f,

then U := u o F solves:
—V - (JDFTDFVA) + Js*u = fJ

with J := det(DF) (see, e.g., [Mel02, Appendix A.1.1]) and ]/f\: f o F. On the other hand, if
upy satisfies

—V - (JDFT'DFVipL) + Js*ipr = faL,
then upy, := Upr, o F~! solves
—Aupr, + s*upr = fprL, with fpp :=J ' fpr o FL

We set A:= DF~TDF~!, and define with § := g o T the function Up(Z, p) := e **G(Z) in the
boundary fitted coordinates.
By differentiating out, we note that

—V - (JAVE) = V3 - (JAVA) + 0,(e} JAYV + J A4.40,V,
where A is the upper (d — 1) x d-block of A. Inserting (4.6), we get that upy, solves
-V (JA\VQBL) + J82aBL =—-Vz- (JEVQBL) + @(e?Jﬁ)VﬂBL + péd,djagaBL = ]?BLp

as the leading 8g—term cancels with the s>-term. Structurally, the right-hand side can be written

as:
d—1 d—1
fBL(f, p) = Z aja@ﬁBL + bja@,&pﬂBL + Z Cija@agjaBL + dapﬁBL + pragaBL.
Jj=0 t,5=1

with smooth functions a, b, ¢, d, r.
From the definition, one can easily see that upg, satisfies the estimates
- - 2~ sl -~
HapuBLHL2(O><R+) + “8PV§UBLHL2(OXR+) + HpaPuBLHL2(O><R+) S \/?(S) HgHHl(O) s

d—1

1
Vzu + E 0,03, U S———=1g .
| UBLHL2(OxR+) z‘,j—lH i JUBLHLz(OX]R” Re(s) H9HH2(O)

Transforming back gives (4.8) for the part of Q~ parametrized by F. (iv) follows easily from
the definition, as the exponential decay dominates all powers of |s|.

This allows us to smoothly cut off ugy, for large p and extend it by 0 to the whole domain.
For general g, we use a smooth partition of unity to decompose ¢ into functions with local

support. ]
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As the next step, we lower the regularity requirement on v u.

Corollary 4.10. Assume that Q= has a smooth boundary . Fizs € .. For everyu € H'(Q7)

with v~u € HY(T') solving
—Au+ s?u=0,

there exists a function ugy, € H'(Q7) with the following properties:
(i) Oyupr — sy upL =0,
(ii) Hag(u —upr) — S(’Yiu - 'YiUBL) HH*1/2(F) S H’YﬁUHHl(I‘) )

—-1/2

(713) ||u — UBL|||S|7179— NRE] ||'7_u||H1(F) )

(iv) for all € > 0, consider the set Q7 = {x € Q : dist(z,I') > €}. Then, the following
estimates hold for all £ € R with constants independent of s:

luBLll 20y < Ce B H’YﬁUHHl(r)'

The analogous statement also holds in the case of the exterior problem, replacing —s by s in (i).

Proof. In order to apply Lemma 4.9, we needH?-regularity of g := vy u. We fix a function
g € H*(T") with the following properties:

llg — §|||s|,1/2,1“ < ‘5‘71/2 HQHHl(F) and ||§||H2(r) S |<5’|1 HQHHl(F) : (4.9)

Such a function can be constructed via the usual mollifiers. Let © denote the solution to

—ATU+sU=0 and vy u=g.

Since g € H%(T'), we can apply Lemma 4.9 to construct ugr. (i) then follows by construction.
For (iii): we note that by Lemma 4.5 and 4.9:

lu = upLlljg1,0- S llu—lly10- + 11— uBLllg) 10
~ -1 1/2
S llg = lhugajor + 1517 (15

—1/2
<1172 gl -

1/2

1012y + 15172 1) 2

For (ii), we use Lemma 4.3 and (4.3) to get that
. - - —~ 1/2 ~
105 (= @) — (7w =) | gossaqey S 112 19 = s S Nlare s -
Similarly, we have

16, (@ —upr) —s(y & —~"upL) HH71/2(F)

|71/2

S I8 @ = sl a0- + 15172 (1812 18] o) + 151772 182000y S D9l ey -

Point (iv) directly follows from Lemma 4.9 (iv) and (4.9). O
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4.3 Polygons

In this section, we work out what happens if the domain is non-smooth. For simplicity we
restrict ourselves to the case of polygons in two dimensions. In order to match the boundary
layer solutions from Lemma 4.9 at corners, we solve an appropriate transmission problem,
similarly to what was done in [Mel02]. See Figure 4.1b for the geometric situation we have in
mind.

We first need one additional Sobolev space. For a smooth curve IV and 6 € [0, 1], we introduce

HU(T') = {ue H)(T): el o pvy = Il goory + ldydrull 2 < oo},
where dyr denotes the distance to the endpoints of IV.

Lemma 4.11 (Transmission problem). Let O C R? be an open Lipschitz domain. Let TV C O
be a smooth interface that splits O into two disjoint Lipschitz domains Oy and Os.

Given g € HY2(I"), h € H-Y/2(I"), there exists a unique solution v € H'(O1 U Os) to the
following problem:

~Au+s*u=0 in0O, yu=0 ondO, [vu] = [vg] and [Onu] =h across T".

Additionally, the following estimate holds:
~1/2
lallg a0 S 190120 + Idap! *gllzqy + 10l 1o

Proof. Since g is assumed in ﬁl/Q(F/), we can extend it by 0 to a function § € HY/2(9O;) such
that )

~ ~1/2

”9”\5\,1/2,6@ S HgH|s|,1/2,F’ + [l dyrs QHLQ(F')
(see for example [McL00, Theorem 3.33)).

We solve a Dirichlet problem on O with data g to obtain u; and extend it by 0 to Os. Then
we solve the following problem on O: Find uy € HE(O) such that

(Vug, VU)Lz(O) + 52 (ug, 'l))LQ(O) = (h,ypv)r + (Vuq, VU)LQ(O) + Sz(ul, U)L2(O) Yu € H&(O),

where v denotes the trace operator on IV. The function u := u; + uo then solves the trans-
mission problem. The estimate follows from Lemmas 4.5 and 4.6. O

Before we can bound the functions used to match boundary layers, we must control the jump
between two boundary layer solutions. We start with a very simple geometric situation.

Lemma 4.12. Fiz an opening angle w € (0,27). Consider the sector S, := {(r cos(y),rsin(p)): r €
(0,1), ¢ € (0,w)} and let g € H*(—1,1) be given.

Let (Z,y) be the (right handed) Cartesian coordinate system such that positive y denotes the
distance to the axis {(rsin(w),r cos(w)) : r € (0,1)}.

For u > 0, define

ur(z,y) = gx)e and uz(3,7) = g(@)e V.

Consider the interface T := {r cos(w/2),rsin(w/2): r € (0,1)}. Then the following estimates
hold:

N RV R L CI] ST F i AT (4.10)

L2(17
Har:ul - a’:u2H|s|,71/2,F’ S |5|71/2 ||g||H1(—1,1) : (411)

where the orientation of the normal is arbitrarily fized.
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Proof. We work in polar coordinates. The boundary fitted coordinates are given by

x\ _ (rcos(¥) z\  [—rcos(w—1)
() () (@) () wenacio
For shorter notation we introduce the constants ¢; := cos(w/2), c2 := sin(w/2) and note ¢y > 0.
We start with the estimate for the Dirichlet jump, and calculate on I":

—Ca ST

[yul(r, 9) = wi (2, y) —ua(@,y) = [g(rer) — g(=re)]e

We estimate:

1 T 2
[/ g(re1)er dT] e 2Re(s)ucar gy

T

1
bl = [ lotren) - g=ren)? 2 ar = |

0

Yo 9 Re(s)ucar 1 2
S/O Hg/HLQ(fl,l)re 2Reear gr < Re(s)?2 H9/||L2(71,1)'

An analogous computation gives:

2 1 9
L2(IV) 5 RG(S) HgIHLQ(—l,l) :

Hd61/2[[w]])

Next we compute the tangential derivative of [yu] on I':

0
E[huﬂ = —spcge M [g(rer) — g(—re1)] + e ey [g (rer) + ¢ (rer)).

The first term is handled analogously to the L?-term. For the second term we use the crude
estimate |e”%*"2| < 1 and get:

0
HE[['WHHL%F') N HQ/HL2(—1,1)'

Interpolating these two estimates then gives (4.10).
In polar coordinates, the normal derivative of a function can be computed as

ou 10u

for smooth functions k1, ko. Thus it is sufficient to estimate the radial and angular derivatives.
We have already handled the radial part. On I/, we calculate for the angular derivative:

10

o (u —u2) = —[g(rer) — g (=rer)] cae

Onpu = K1(9)

—spcar —spucar

—slg(rer) — g(=re)] pere

Structurally, the terms are the same as for the derivative of [yu]. We analogously get the
estimate:

IOnulll L2y S NgllE vy -
To get to the weaker norm, we simply calculate for £ € H/2 (T):

([Onu], &)r < ||[[5nu]]||L2(r') ||f||L2(r') S |3|_1/2 ||[[6nu]]||L2(F’) ||f|||s|,1/2,rf )

which completes the proof. O
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(a) Global scheme of contributions. Subdomains (b) Geometric situation at a single corner
for defining up;, and interfaces of discontinuity.
Blue: supp(ucr)

Figure 4.1: Geometric situation for nonsmooth domains

Thus far we only considered smooth geometries. Next we handle what happens at corners.
We will do so by introducing corner layers, similarly to what was done in [Mel02, Section 7.4.3].

Theorem 4.13. Let Q= C R? be a polygon, s € .. If u solves
—Au+ s?u=0, Y u =g for ge HY(T),
then u can be decomposed into contributions u = ugy, + ucy, + r, where
(i) upr satisfies O, upr, — sy upr, = 0.

(ii) ucyp satisfies v~ ucrp =0 on T,

1/2

lucellro- 1872 gl and (|05 ucs — v uor -1/ S C lallmy -

(iii) The remainder is small in the sense
H(?;r - S/y_THH—l/Q(F) 5 C ”gHHl(F) :

The analogous statement holds for the exterior problem, replacing —s by s in (i)-(iii).

Proof. For simplicity, we focus on a single corner, and assume g € H?(T'). The boundary consists
of two straight boundaries I'y, I'y meeting at a vertex V. We consider two subdomains with
smooth boundary denoted by €27, €2, which contain the boundary parts I'y and I'y respectively,
and consider a sector S, = B, (V) N Q™ with apex V and radius « small enough that 95, =
(T UT2 U BL(V))NQ™, i.e. the boundary can be written as I'j, I'y and a circular segment. Let
I'" € Q] N5 be the line bisecting the angle at V; see Figure 4.1b. We extend g to 0, 05
by flattening the corner and reusing the values of g.
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On each 7, i = 1,2, the function upy, is given by applying the construction from Lemma 4.9
to u on 1, and using appropriate cutoff functions away from I' to get a function which is
globally defined on Q7. Defining ug;, this way leads to an discontinuity on the interface I,
which we correct using the corner layer function. It is defined as the solution to the following

transmission problem:

—Aucy + s*ucr, =0 on S, uw =0 on 95,
[vuce] = —[yupr] and  [Ohucr] = —[0nupr] on I'.

We note that, up to a translation and rotation, we are in the setting of Lemma 4.12 (uq, us
correspond to the two different boundary layer functions used for defining upy). Thus, we can
estimate the jumps across I'' by:

1/2

—1/2 _
1vuselllaor + Id5 sl e + M0nusllg -y xS 15172 gl -

By Lemma 4.11, this implies for the corner layer function:

—1/2
||UCL|||5|,1,S S sl / Hg”Hl(Q*) and HanUCLHHfW(F) S HgHHl(Q*)'

The bound on the impedance trace follows easily from Lemma 4.3.
After repeating this construction for all boundary segments and corners of 27, we have
constructed functions ugy, and ucy, such that: r := u —upy, — ucp € Hol(Q*) and solves

—Ar+s*r=7f

with f as in (4.8). The bounds of Lemma 4.3 and 4.5 then conclude the proof if g € H?(T'). For
only H'-regular g, we employ the same smoothing strategy as in Corollary 4.10. The result for
the exterior problem follows along the same lines. O

4.4 Proof of Theorem 3.4

If ©~ has smooth boundary, we use the decomposition u = upy + (v — upr) with ugy as
in Corollary 4.10. If Q7 is a polygon, we use the decomposition v = upp + ucr + r from
Theorem 4.13. In both cases, the impedance trace of ugy, vanishes, and the impedance trace of
the remainders has already been estimated, which is sufficient to prove (3.4).

5 Numerical Examples

In this section, we compare the performance of the numerical schemes of Theorem 3.3 with
the more standard method of Proposition 3.2 for an interior scattering problem. That is, we
compare the Runge-Kutta convolution quadrature approximation given by

e [DtN™(9F)]u™, which is denoted “standard method”, and
e [[0F]' DtN~(9F)]u", which is denoted “differentiated method”.

We use two different Runge-Kutta methods of the Radau ITA family, one with 3 and one with
5 stages. For the 3-stage version, we have ¢ = 3 and p = 5. We therefore expect a convergence
rate of order 3 for the standard method and full classical order 5 for the differentiated scheme.

In order to show that our theoretical estimates are sharp, we also look at the 5-stage method.
There, the stage order is ¢ = 5 and the classical order p = 9. The expected rates are therefore
5 and 7 respectively for the two numerical schemes.
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(a) Comparison of the standard and differenti-  (b) Comparison of the standard and differenti-
ated method for 3-stage Radau ITA ated method for 5-stage Radau ITA

Figure 5.1: Comparison of the standard and differentiated method for different RK schemes

For simplicity, we consider the interior scattering problem and prescribe an exact solution as
the travelling wave

TT (r—70)*

u(z,t) :=Y(d-z—1) with  ¢(7) := cos (7> e @

The wave direction is selected as d := (%, %), and the other parameters were 75 := 4 and
a := 0.05. We integrated until the end time 7" = 12. In order to show that the method works
with the predicted rates, even for non-convex geometries, we consider the classical L-shaped
geometry, given by the vertices

(0.5,0), (1,0), (1,1), (0,1), (0,0.5), (0.5,0.5).

As the space discretization, we employ a boundary element method of order 5, based on
the code developed by F.-J. Sayas at the University of Delaware. A sufficiently refined grid is
employed to be able to focus on the temporal error. Instead of evaluating the H~1/2-error, we
compute the quantity

jI:%aXn (V(l)ej, ej)F with €j = HLQ/\(tj) - Ak<tj).
Here IT; 2> denotes the L?-orthogonal projection onto the BEM space. Since the grid is sufficiently
fine and fixed, this should not impact the observed convergence rates.

In Figure 5.1, we observe that the rates from Proposition 3.2 and Theorem 3.3 are obtained
as predicted. We conclude that while the fact that the rate jumps by order 2, even though the
modification of the scheme is of order one, is at first surprising, this can be rigorously explained
by Theorem 3.3. Observations of this type provided the main motivation for the investigations
in this work.

Acknowledgments: The authors gratefully acknowledge financial support by the Austrian
Science Fund (FWF) through the research program “Taming complexity in partial differential
systems” (grant SFB F65).
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