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LOCAL INVERSE ESTIMATES FOR
NON-LOCAL BOUNDARY INTEGRAL OPERATORS

M. AURADA, M. FEISCHL, T. FUHRER, M. KARKULIK, J. M. MELENK, AND D. PRAETORIUS

ABSTRACT. We prove local inverse-type estimates for the four non-local boundary integral
operators associated with the Laplace operator on a bounded Lipschitz domain Q in R¢ for
d > 2 with piecewise smooth boundary. For piecewise polynomial ansatz spaces and d €
{2, 3}, the inverse estimates are explicit in both the local mesh width and the approximation
order. An application to efficiency estimates in a posteriori error estimation in boundary
element methods is given.

1. INTRODUCTION

Inverse estimates are general tools for the numerical analysis of discretizations of partial
differential equations (PDEs). They provide a means to bound a stronger (semi-) norm of
a discrete function by a weaker norm up to some negative power of the mesh width. For
example, in the context of finite element methods, it is textbook knowledge that

1RV Vil 2) < C||Vi|lr2)  for all continuous 7Tj-piecewise polynomials V. (1.1)

The constant C' > 0 depends only on the shape regularity of the underlying triangulation
Ty of © C R? and the polynomial degree of Vj,. Here, h € L°(€) is the local mesh width
function defined by h|r := diam(7") for T" € T,,. Inverse estimates have also been derived
for fractional-order Sobolev spaces [GHS05, DFG'04]. The usual proof of inverse estimates
like (1.1) relies on scaling arguments, i.e., the powers of h arise by elementwise, i.e., local
considerations and transformations to reference configurations.

In the present work we consider the four classical boundary integral operators (BIOs)
associated with the Laplacian, e.g., the 3D simple-layer integral operator

1 1
Vop(xr) = i /89 P o(y)dy for x € ON. (1.2)

Here, Q C R%, d > 2, is a bounded Lipschitz domain with piecewise C''-boundary 9. Let
[’ C 99 be a relatively open subset of the boundary 2. Our main result for U and d € {2, 3}
reads, simplified,

IR0+ 1) VB 20y < CllPall-1/2(r (1.3)

for all T,-piecewise polynomials ®, of degree p € Ny, where Vr(:) denotes the surface
gradient. The constant C' > 0 depends only on the shape regularity of the underlying trian-
gulation 7;, of I'. In typical settings, U is an isomorphism between H~/2(I") and H/?(T),
so that we observe that (1.3) is in fact an inverse estimate for the finite dimensional space
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{‘Bq)h : @y, a Tp,-piecewise polynomial of degree p € No} for the weighted H!-seminorm and
the natural H'/2-norm. Inverse estimates of the form (1.3) will be shown for all four BIOs
associated with the Laplacian and discrete spaces with spatially varying polynomial degree,
cf. Corollary 3.2. In fact, in Theorem 3.1 we will show more general results of the type

w
[0 VB 12y < th_ZHM) 16l 7-ony + londllizey  forall g € I3(T),  (14)

where wy, is a fairly general weight function. The correct choice of the weight function wy,
and an inverse estimate from |[GHS05, KMR14] for the weighted L?-norm allows one to infer
(1.3) from (1.4).

Applications. The inverse-type estimate (1.3) arises naturally in adaptive BEM (boundary el-
ement method) when one tries to transfer the convergence and quasi-optimality analysis from
adaptive FEM [CKNS08, Ste07] to adaptive BEM [FKMP13, Ganl3|. Indeed, the present
results allow us to prove quasi-optimality of adaptive BEM for piecewise smooth geometries
and higher (fixed) order discretizations; we refer to [FFK*14] and [FFK*15|, where this is
worked out in detail for weakly singular and hypersingular integral equations, respectively.
While the inverse estimate (1.3) features prominently in the analysis of quasi-optimality of
adaptive BEM for symmetric problems, it is also a key ingredient for plain convergence in
non-symmetric problems such as FEM-BEM couplings. We refer to [AFF*13a] and the ear-
lier preprint [AFFT12] of the present work for a convergence proof of the adaptive coupling
of FEM and BEM.

A further application of estimate (1.4) concerns the efficiency of weighted residual error
estimators for both weakly singular and hypersingular integral equations [Car97, CMS01,
CMPS04|. To fix ideas, consider the weakly singular case and suppose that ¢ € L?(T) solves
Yo = f for some given f € H(T'). Let @), be the Galerkin approximation of ¢, where the
ansatz space consists of T,-piecewise polynomial of fixed degree p € Ny. While reliability

Crat 16 = ®ull g1y < Muw = [[B2Ve(f — D) | L2y (1.5)

is well-known (at least for polyhedral domains ), the converse efficiency estimate remained
open. As a consequence of (1.4), we will see in Corollary 3.4 that

Coi s < 1R (¢ — Q1) || L2(m), (1.6)

which expresses efficiency of the weighted residual error estimator with respect to the slightly
stronger norm [|AY2(¢ — @) 2y 2 |6 — Py || g7-1/2(ry- We refer to Corollary 3.7 for the case
of the hypersingular operator.

These efficiency bounds are specific instances of new stability estimates for the BIOs in
locally weighted L2-norms detailed in Corollaries 3.3 and 3.6.

Novelty. The discrete inequality (1.3) was first shown independently in [FKMP13] and
[Gan13], however, under some restrictions. The work [FKMP13| considers only lowest-
order polynomials, i.e., T,-piecewise constants, but works for polyhedral boundaries I'. The
work [Ganl13| proves (1.3) for arbitrary 7,-piecewise polynomials, but its wavelet-based anal-
ysis is restricted to C*!-boundaries I' and the constant C' > 0 depends on the polynomial
degree. Our proof of (1.4) generalizes the works [FKMP13, Ganl3| in the following ways:
1) we generalize the analysis of [FKMP13] for the simple-layer operator U to all four BIOs

associated with the Laplacian (i.e., the double-layer operator K, its adjoint &, and the
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hypersingular operator 20); 2) we extend our previous analysis from polyhedral domains
to piecewise smooth geometries; 3) we lift the restriction to fixed-order polynomial ansatz
space and permit very general ansatz spaces; 4) for ansatz spaces of piecewise polynomials of
arbitrary order, we make the dependence on the polynomial degree in the inverse estimates
explicit.

The technical difficulty in the proof of (1.4) and (1.3) lies in the non-locality of the
boundary integral operator U, which precludes simple elementwise considerations. We cope
with the non-locality of the BIOs by splitting them into near-field and far-field contributions,
each requiring different tools. The analysis of the near-field part relies on local arguments
and stability properties of the BIOs. For the far-field part, the key observation is that the
BIOs are derived from two volume potentials, namely, the simple-layer potential %0 and the
double-layer potential & by taking appropriate traces. Since these potentials solve elliptic
equations, “interior regularity” estimates are available for them and trace inequalities imply
corresponding estimates for the BIOs. Section 4 proves the relevant estimates for the simple-
layer potential U, whereas Section 5 is concerned with the double-layer potential K. The
final Section 6 then combines these results to give the proof of Theorem 3.1.

Although the present paper considers only the four BIOs associated with the Laplacian,
the scope is wider. As just mentioned, the key tool are interior estimates for potentials; such
estimates are available for many elliptic equations, for example, the Lamé system, so that
we expect that corresponding results can be proved as well for BIOs associated with these
problems.

General notation. We close the introduction by stating that | - | denotes, depending on the
context, the absolute value of a real number, the Euclidean norm of a vector in R?, the
Lebesgue measure of a subset of R~! or R? or the (d — 1)-dimensional surface measure of a
subset of 02. The notation a < b abbreviates a < C' - b for some constant C' > 0 which will
be clear from the context, and we write a ~ b to abbreviate a < b < a.

We write B,(z) := {z € R : |z — z| < r} for the closed ball with radius 7 and center z.

2. SPACES, OPERATORS, AND MESHES

2.1. Sobolev spaces. () is a bounded Lipschitz domain in R¢, d > 2, with piecewise C'-
boundary 92 and corresponding exterior domain Q% := R?\ Q. The exterior unit normal
vector field on 0f) is denoted by v. Throughout, we will assume that I' C 0 is a non-empty,
relatively open set that stems from a Lipschitz dissection 02 = TUOI'U(02\T") as described
in [McL00, pp. 99]. Note that I" = 092 is valid.

The non-negative order Sobolev spaces H/2¥5(9Q) for s € {—1/2,0,1/2} are defined as
in [McLO00, pp. 99] by use of Bessel potentials on R?~! and lifting via the bi-Lipschitz maps
that describe 0. We also need the spaces H/2+5(I') and HY/***(T"). In accordance with
[McL00], these are defined as follows:

HY24(D) .= {o|p: v e HY*™(60)}, (2.1)
HY?5(T) := {v: Eyrv € H/**(0Q)}, (2.2)

where Eyr denotes the operator that extends a function defined on I' to a function on

0€) by zero. These spaces are endowed with their natural norms, i.e., the quotient norm
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[Vl gr/2sry i= ||V || /24500y - Ve = v} and ||v||ﬁ1/2+s(r) = [|Eorv |l /245 (90)- Owing to
the assumption that 0Q = I'UJI' U (092 \ I') is a Lipschitz dissection, we have the following
facts, stated here without proof:

Facts 2.1. (i) For s = 1/2, we have the norm equivalences Hu”%p(ag) ~ HuH%Q(aQ) +
||Vpu||%2(am and ||u||%l(r) ~ ||“||?:2(r) + HVFUH%Q(F), where Vr is the (weak) surface
gradient.

(it) For s = 0, the norms |ul gi/200y and ||ul|gijzry can equivalently be described by the
Aronstein-Slobodeckii norms of w and Eoru (cf. [McL00, (3.18)] for the definition of
the Aronstein-Slobodeckii norm,).

(iii) For s = 0, the spaces H'?(9)) and HY/*(T') are obtained from interpolating between
the cases s = —1/2 (i.e., L*(02) or L*(T')) and s = 1/2 (i.e., H(092) or H(T')) using
the K-method (cf., e.g., [McL0O, Thm. B.11]| for the case of H*(0S2)).

Negative order Sobolev spaces are defined by duality, namely, for s € {—1/2,0,1/2},
HY2(0Q) := H'*(09),
H=O/29(T) .= HY>"(TY,  and (2.3)
H_(1/2+5)(F) — E[l/Q—&-s(F)/’

where duality pairings (-, -) are understood to extend the standard L?-scalar product on €
or I'. We observe the continuous inclusions

HH2E(r) € V(1) as well as HEV/2H9)(9Q) = HE/249(90).

We also note that for ¢p € L%(T') the zero extension Fyri satisfies Eyrtp € H~Y2(05)
with

10l g-1/2my = 1 Bortll 1200 - (2.4)

We denote by i (-) the interior trace operator, i.e., y{™u is the restriction of a function

u € H'() to the boundary 9Q. With Hx(Q) := {u € H'(Q) : —Au € L*(2)}, the interior
conormal derivative operator 7" : HA(Q) — H~/2(09) is defined by the first Green’s
formula, viz.,

(W*u, v)oo = (Vu, Vu)g — (—Au, v)q for all v e H'(). (2.5)

Remark 2.2. The operator ™ (-) generalizes the classical normal derivative operator: if
u € HA(Q) is sufficiently smooth near a boundary point xo, then ¥i"™u can be represented

near xo by a function given by the pointwise defined normal derivative Oy, u. .

The exterior trace 7§ and the exterior conormal derivative operator v{*' are defined

analogously to their interior counterparts. To that end, we fix a bounded Lipschitz domain
U C R? with Q C U. The exterior trace operator 4§ : HY(U \ Q) — HY2(99Q) is defined by

restricting to 92, and the exterior conormal derivative 7§** is characterized by (75, v)sq =

(Vu, Vo)ing — (—Au, v)jng for all v € H'(U \ Q) with 75 = 0 on 9U.

For a function u that admits both conormal derivatives or both traces, we define the jumps

(y1u] := ¥ — 4y and [u] = y&u — iy, respectively.
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2.2. Boundary integral operators. We briefly introduce the pertinent boundary integral
operators and refer to the monographs [McL00, HWO08, SS11]| for further details and proofs.
Green’s function for the Laplace operator is given by

log |z —y| for d = 2
Gl =\, 7 ’ 2.6
) {+|Sd—1 lz —y|~@2, for d > 3, (2.6)

where |S?1| denotes the surface measure of the Euclidean sphere in R?, e.g., [S!| = 27

and |S?| = 4m. The classical simple-layer potential 9 and the double- layer potential R are
formally defined by

(T) () == /aQG<x,y>w<y>dy, G = [ oGy, zeR!\ 00,

here, 0,(,) denotes the (outer) normal derivative with respect to the variable y. These
pointwise defined operators can be extended to bounded linear operators

U e L(HV2(0Q); HY(U)) and & e L(HY*0Q); HY(U \ 89)). (2.7)

It is well-known that ADy = 0 = ARv in U \ 99 for all ¢ € HY/2(9Q) and v € H/2(51).
The simple-layer, double-layer, adjoint double-layer, and the hypersingular integral operator
are defined as follows:

1 1 L~
g = mt‘Ii R=- + ﬂymtﬁ RA=—+ fyi“tﬁl], and W = —fyi“tﬁ (2.8)

2
These linear operators are bounded linear operators for s € {—1/2,0,1/2} as follows:

0 e L(HY?H5(0Q); H/*3(09)), (2.9)
R e L(HY*3(0Q); HY**(0Q)), (2.10)
& € L(HY*#(00); H/*5(0Q)), (2.11)
W € L(HY?"(0Q); H1/*5(09)), (2.12)

The operators 5], 5, & will often be applied to functions in L?(T"). Throughout the paper,
we employ the convention that for 1) € L*(T') we implicitly extend by zero, e.g.,

B means V(Eyrtp), Vi means V(Eorip), and K1) means R (Eor). (2.13)
An analogous extension is obviously used when 35{, R, 20 are applied to an v € HY 2(T).

Remark 2.3. Ellipticity of U and 2T is not used in our analysis of Theorem 3.1 and Corol-
lary 3.2. In particular, there is no need to scale ) to ensure diam(2) < 1 in 2D or to assume
that I" is connected. n

2.3. Surface simplices and adrmSSIble triangulations.  Fix the reference simplex
Tt = {2 €RL 0 < 2y,..., 04 1, Zj | ©; < 1}, which is the convex hull of the d vertices
{0,€1,...,eq-1} (“O-faces”). The convex hull of any j + 1 of these vertices is called a “j-face”
of Trer. We call the (d — 2)-faces “facets” of Te.

We require the concept of regular, shape-regular triangulations 7, of T'.
5



Definition 2.4 (regular and shape-regular triangulations). A set Tj, of subsets of I' is called
a regular triangulation of I' if the following is true:

(i) The elements T' € Ty, are relatively open subsets of I' and each T is the image of Tret
under an element map yr : Tief — T. The element map yr 15 assumed to be bijective
and C' on Tre.

(ii) The elements cover I': UTeThT =T.

(i4) “no hanging nodes” For each pair (T, T') € Ty x Ty, the intersection T N'T" is either
empty or there are two j-faces f, f' C 0Tyt of Tret with j € {0,...,d — 2} such that
TNT =~r(f) = o (f).

(iv) Parametrizations of common boundary parts of neighboring elements are compatible: If
0£TNT =~0(f) =y (f'), then v3' oypr : f' — f is an affine isomorphism.

We call the images of vertices of Tyes under the element maps nodes of T, and collect them

in the set Nj,. The images of the (d — 2)-faces of Tyt are called facets of Ty and collected in

the set Fp,. For each T € Ty, we set h(T) := diam(T) := sup, ,er [T — y|.

A regular triangulation is called k-shape regular, if the element maps vyr satisfy the fol-

lowing:

(v) Let Gr(x) := v ()T 44 (x) € RU=VXE=D pe the symmetric Gramian matriz of yr. The
triangulation is k-shape regqular if for all T € Ty, the extremal eigenvalues \pin(Gr(z))

and Amaz(Gr(x)) of Gr(z) satisfy

h(T)?
sup ( (T) )‘max(GT(x))) <k
TET et )\mzn(GT(x)) h<T)2
(vi) If d = 2, we require explicitly that the element sizes of neighboring elements are com-

parable:

R(T) < kh(T")  for all T, T" with T NT" # {).

With each triangulation 7}, we associate the local mesh size function h € L*>°(I") which is
defined elementwise by h|r := h(T') for all T € T,,. We note that for a x-shape regular mesh
we have

h(T)dfl
ax ——— <1 2.14
max = S (2.14)
where the implied constant depends solely on k.

If T is the union of pieces of (d — 1)-dimensional hyperplanes and the element maps
are affine, then the Gramians are constants and the Definition 2.4 generalizes the classical
concept of a shape-regular triangulation of I'. In the non-affine case, the following example
illustrates how triangulations as stipulated in Definition 2.4 can be created:

Example 2.5. Let I' C OS2 be an open surface piece and assume I = ’y(f) for some reference
configuration [ C R and some sufficiently smooth map ~y. Let 7A7L = {ﬁ, e ,fN} be a
standard, reqular, shape-reqular triangulation off with affine element maps /v\ﬁ, i1=1,...,N.
Then, the triangulation with elements T = ~ o vz (Tref) and element maps ~y o Vg, satisfies
the hypotheses of Definition 2.4.

This concept generalizes to surfaces consisting of several patches; it is worth emphasizing
that in that case the patch parametrizations need to match at patch boundaries. .
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Remark 2.6. In Definition 2.4 the conditions on the mesh are formulated so as to ensure
that the spaces STT(Ty,) below have good approximation properties. The conditions (iii) and
(i) in Definition 2.4 could be relaxed if only good approximation properties of the spaces
PYTy) are required. .

For an element T' € Tj,, we define the element patch wy,(T") by
wn(T) = (J{T + T € Ty with Tm?#@})o. (2.15)

The assumptions on the element maps of a k-shape regular triangulation imply that elements
of a patch are comparable in size. Furthermore, the fact that I' results from a Lipschitz
dissection of 02 imposes certain topological restrictions on the patches:

Lemma 2.7. Let T, be a reqular, k-shape reqular mesh. Then there is a constant C' > 0
that depends solely on k and the Lipschitz character of 02 such that the following holds:
(i) h(T) < Ch(T") for any two elements T, T" with T NT" # {.
(ii) The number of elements in an element patch is bounded by C.
(i1i) For any two elements T', T" in the element patch wp(T") there is a sequence T =
To,..., T, =T of elementsT;, i =0,...,n, inwy(T") such that two successive elements
T;, T;+1 share a common facet: T.N Tiv1 € Fp fori=0,...,n—1.

Sketch of Proof. Statement (iii): We show (iii) first for the node patch
wn(2) = (T : T € T with 2 € T})’

and some node z of T”. This follows from the fact that I" results from a Lipschitz dissection
and considerations in R%~! using local charts. After a Euclidean change of coordinates, we
may assume that 02 is (locally) a hypograph, i.e., there is a Lipschitz continuous function
A : B.(0) — R such that the set {(z,A(x)): x € B.(0)} C 09. Without loss of generality,
we assume the Euclidean coordinate change is such that z = (0, A(0)). One may also assume
that A is defined on R?! (and Lipschitz continuous) so that the map A:R?— RY given by
(x,t) — (x,A(x) +t) is bilipschitz.

We disﬁinguish the cases z € I' and z € JI'. Let z be an interior point of I'. Then, the pull-
backs T := A=Y(T), T C wy,(z), are contained in the hyperplane R?~! x {0} and (identifying
this hyperplane with R4~!) completely cover a neighborhood of 0 € R4"!. This together
with (iii) of Definition 2.4 shows the claim. If z € OI', then the fact that the elements are
contained in I' and that I' results from a Lipschitz dissection implies that near 0 € R,
the pull-backs T are all on one side of a Lipschitz graph in R¢~!. This together with (iii)
of Definition 2.4 again implies the claim. Since wy,(T"”) is the union of the d node patches
wp(2) associated with the d nodes of 7", this concludes the proof of (iii).

Statement (ii): Consider the case of an interior point z € I". The assumption (iii) of
Deﬁmtlon 2.4 and the fact that the map Ais bilipschitz implies that the solid angles of the
elements 7' at 0 are bounded away from zero by a constant that depends solely on « and A.
This implies the claim for a node patch wy,(2) and thus for wy,(T) with T" € Tj,.

Statement (i): For d = 2, this follows by definition. For d > 3 we first note that two elements
sharing a facet f € Fj, have comparable size by (iii)—(v) of Definition 2.4. We conclude the

proof with the aid of statements (iii) and (ii). O
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2.4. Admissible weight functions and discrete spaces.

Definition 2.8 (o-admissible weight functions and polynomial degree distributions). A func-
tion wy, € L*°(I") is o-admissible with respect to Ty, if

|wh||pee(ry < o wp(x)  almost everywhere on wy,(T).

A o-admissible function g, € L (T") is called a o-admissible polynomial degree distribution
with respect to Ty, if qn(T) := qu|r € No for all T € T,.

We write
PYTy) :={¥, € L*(T) : VI € T, ¥ 077 is a polynomial of degree < ¢4(T)}, (2.16)

for the space of (discontinuous) piecewise polynomials of local degree ¢, (7). Moreover, we
introduce spaces of continuous piecewise polynomials of local degree ¢, (T") + 1 by

SUNT,) =PI (T,) N H'(T), (2.17)
ST, == ST N HY(T). (2.18)
We note the inclusions PY(T;,) C L*(T) ¢ H-Y2(T), SaY(T,) ¢ HY(T') ¢ HY2(I), and

SAHL(T,) € HY(T), as well as ST(T;) = STTL(T;) in case of I = 9. N
For ¢ € Ny, the use of non-boldface superscripts in P4(T), S4(T,), and ST1(T},) indi-

cates that a constant polynomial degree is employed.

3. MAIN RESULT AND APPLICATIONS

3.1. Inverse estimates. The following Theorem 3.1 is the main result of this work.

Theorem 3.1. Let Ty, be a reqular, k-shape regular triangulation of I' and let w, € L*°(T)
be a o-admissible weight function with respect to Ty,. Then, it holds

1w VB 2y + wnk P 2y < Cin (lwn /2| o) 10 512y + lontlz2@y),  (3.1)
[wn Ve R0l L2y + 10280 2y < Cine ([lwn/BY 2| ey 0]l 172y + 1w Vol 2@y), (3:2)

for all functions v € L*(T) and all v € fII(F). The constant Cy,y > 0 depends only on OS2,
I', the k-shape reqularity of Ty, and o.

In the following Corollary 3.2, we apply the estimates (3.1)—(3.2) of Theorem 3.1 to discrete

functions ¥, € P(T,) and V,, € ST(T;,). We mention that the restriction to d € {2,3}
in Corollary 3.2 is due to the fact that the underlying reference [KMR14]| restricts to this
setting.

Corollary 3.2. Let T;, be a regular, k-shape regqular triangulation of I'. Suppose that d €
{2,3} and that qy, is a o-admissible polynomial degree distribution with respect to Ty,. Then,

there exists a constant Cy,, > 0 such that the following estimates hold:
IR (qn + 1) VoW, | oy + [B72(qn + 1) KWl o) < Coan[Wnll ooy (3:3)

1172 (qn + 1)~ VeVl sz + [1072(gn + 1) 7 WVl 2y < Cons[Vall oy, (34)
8



for all discrete functions ¥y, € PY(Ty,) and V), € gq“(ﬁ). The constant Ciypy > 0 depends
only on 02, T, the k-shape regularity of Tp, and the o-admissibility of qp, but is otherwise
independent of the polynomial degrees and the mesh Ty.

Proof. The starting point are the following two inverse estimates

112 (g + 1) Ul S [ Wlloavaqey for all ¥y, € PITS), (3:5)
1R 2 (g + 1) VieVill ey S WVillgr2qy  for all Vi, € ST (Th), (3.6)

where the hidden constants depend solely on 0f2, I', the k-shape regularity of 7, and the
o-admissibility of g,. The bound (3.5) is essentially taken from [Geo08, Thm. 3.9]. However,
since the non-trivial interpolation argument is not worked out in [Geo08, Thm. 3.9] and
since [Geo08, Thm. 3.9] is not concerned with open surfaces I, we present the details in
Lemma A.1. We remark that its proof employs the characterization of fractional Sobolev
norms in terms of the Aronstein-Slobodeckii norm. The bound (3.6) follows also from poly-
nomial inverse estimates and an interpolation argument for spaces of piecewise polynomials,
which is non-trivial—see [KMR14]| for details. We also refer to [AFF*14, Proposition 5| for
the h-version of (3.6), in which the dependence on the polynomial degree g, is left unspecified.

We define a weight function by wj := h**(gy + 1)7*. Note that [Jws/h'/?||per) < 1
and that wy, is 7-admissible, where 7 depends only on x and o. The combination of (3.5)
with (3.1) leads to (3.3). The bound (3.6) in conjunction with (3.2) yields (3.4). O

3.2. Application to efficiency of residual error estimation.

3.2.1. Weakly singular integral equations. The next corollary proves that the estimate (3.1)
provides stability of U and & in weighted norms for subspaces (1— B,)L*(T") C L*(T'), where
P, is some projection operator. Note that the following corollary is in particular applicable
to the Galerkin projection onto P4(7y).

Corollary 3.3. Let T;, be a regular, k-shape reqular triangulation of I'. Let X, be a closed
subspace of H=Y2(T) with P°(T;) C X, € L2(T). Let 10, : L2(T') — X, be the L2-orthogonal
projection onto X, and P, : H-Y2(T) — X, € H Y2(T) denote an arbitrary H=/*(T)-
stable projection onto Xj. Then, there is a constant CN’inV > 0 depending only on the k-shape
reqularity of Tr, the stability constant of Pr,, on 9Q as well as T such that for all ¢ € L*(T)
and P, € {Hh,]P)h}

IR 2V 0 (1 — Pyl 2y + |P2R (1 — Pyl 2y < Cine |21 — Pr)olle@y.  (3.7)

Proof. For arbitrary w € H'Y2(9) we get by transformation to the reference element and

standard approximation results that ||(1 — Hh)wH%Q(T) S WD) ||wl|3) (> Where we employ

the Aronstein-Slobodeckii norm in the definition of || - || j1/2(). Hence, by summation over
all T" € Ty, using the Aronstein-Slobodeckii characterization of || - || 1/2(s0), and then the
characterization (2.1) of the norm || - || 12y, We arrive at

1h=Y2(1 = Ta)wll 2y S Nwllgasory  for all w € HY2(T).
9



Orthogonality of 11, and a duality argument then shows (see [CP06, Theorem 4.1] for the
analogous proof on polygonal boundaries.)

(1 =)@l 12y S |RY?(1 = I1)$|| z2ry  for all ¢ € L*(I). (3.8)

Combining this estimate with the inverse estimate (3.1) for ¢ = (1 — II;)¢ and wy, = h'/2,
we get

IRV B (1 = 1)@l ey + [PPSR (1 = ) ol| 2ry S I1AY2(1 = 1)@l 2ry for all ¢ € L*(T).

For an H~V 2(T)-stable projection P, we note that the projection property of P, implies
(1—"P,)(1 —1I;) = (1 — P,). This and elementwise stability of I, imply, for all ¢ € L*(T"),

(L =P)oll g-r2py S (1= Tn) &l goryory (:? 121 = )@ 2y S NP2l 22y
Finally, we use the projection property (1 —P,)? = (1 — IP,) and argue as for I, to obtain
IK*V (1 = Pp)gll 2y + |22 (1 = Py)oll 2wy S [RY2(1 = Br)él 2y for all ¢ € L*(T).
This concludes the proof. [l

One immediate consequence of Corollary 3.3 is the efficiency of the weighted residual error
estimator 7, from [Car97, CMS01]: Suppose that % is H~/?(I')-elliptic (in the case d = 2,
this can be enforced, for example, by the scaling requirement diam(Q) < 1). For f € HY(T),

let ¢ € H-Y 2(T") be the unique solution of the weakly singular integral equation U¢ = f.
Let X;, C L*(T) be a discrete space which contains at least the piecewise constants, i.e.,
PO(Tr) C X}, and let @, € X}, be the unique Galerkin approximation of ¢ in X, i.e.,

<‘B(¢ — (I)h) , ‘I’h>r =0 for all v, € X,,. (39)

Under these assumptions (and, strictly speaking, for polyhedral I'), [CMSO01] proves the
reliability estimate

Crat 16 = Pull 120y < Mg = B2 Vr(f = VD) L2(r). (3.10)

The constant C, > 0 depends only on I' and the k-shape regularity of 7,. The following
corollary provides the converse efficiency estimate with respect to some slightly stronger
weighted L?-norm. We note that the additional assumption ¢ = U~'f € L?(T') is in partic-
ular satisfied for I' = 9).

Corollary 3.4 (Efficiency of n, o for weakly singular integral equations). Let Ty, be a regular,
k-shape reqular triangulation of T'. Assume ¢ = B~1f € L*(T) and let X, € H-Y*(T) be
a closed subspace with P°(T,) C X, C L*(T). Let ®), € Xj, be given by (3.9). Then the
weighted residual error estimator from (3.10) satisfies

M < Cett [|B2(6 — @) | L2y, (3.11)
where Cog = anv > 0 is the constant from Corollary 3.5.

Proof. With the Galerkin projection Py, : ﬁ]il/Q(F) — Xj and &, = P,,¢, Corollary 3.3 yields
Mg = [1PVeB(6 — @)l|2ry S 1h2(6 — Pa)ll2(ry- O
10



Remark 3.5 (Stronger efficiency of 2D BEM). While the efficiency estimate (3.11) involves
a slightly stronger norm on the right-hand side, particular situations (as, e.g., the 2D direct
BEM formulation of the Dirichlet problem [AFF*13b|) permit to bound ||h*/2(¢ — ®4)|| r2(r)
by || — (I)hHﬁ,l/g(r) up to higher-order terms. In [AFFT13b|, this is achieved by decomposing
¢ in a singular part associated with the vertices of §2 and a regular part; the higher-order
terms depend only on the reqular part of ¢. .
3.2.2. Hypersingular integral equations. Results similar to Corollary 3.3 also hold for the
double-layer integral operator 8 and the hypersingular integral operator 20. Here, particu-

larly interesting choices for the projection IPj, are Scott-Zhang type projections onto Satl (Th);
see [SZ90] as well as the adaptation to BEM in [AFF*14, Section 3.2].

Corollary 3.6. Let T, be a reqular, k-shape regular triangulation of T'. Let X, C ﬁl/Q(F) be
a closed subspace with S'(Ty) € X, € H'(T). Let P, : H'/*(T) — Xj, be an H'/*(T)-stable
projection onto Xy. Then, for allv € HY(T),

IR 2V e R — Pl 2y + |21 — Pp) | 2y < Chnv||R2V (1 — Py)oll 2@y (3.12)

The constant dnv > 0 depends only on the k-shape reqularity of Tn, the stability constant of
Py, and I.

Proof. Arguing along the lines of the proof of Corollary 3.3, we first consider the Scott-Zhang
projection Jj, : H/?(I') — S*(T) onto S'(T). According to [AFF*14, Lemma 7| (strictly
speaking, this result is formulated for polygonal boundaries only, but the proof transfers
with minor changes to the present case), it holds

(1= T wl oy S min  [[B72V (w = Wi [l 2y < [IB2V (1 = Jp)wllzqy (3.13)
W,eS(Tr)

for all w € H YT). The hidden constant depends only on I' and the x-shape regularity of 7y,.
Combining this with the inverse estimate (3.2) for v = (1 — J,)w, we arrive at

1R 2V R(1—Jy)w| 2y + [|RY2W (1= Jp)w| 2y S |2V ie(1—Jy)w]| g2y for all w € HY(I).

The same arguments apply for any HY/2-stable projection P, : H*2(I') — X, but addition-
ally employ its stability. 0
As in Section 3.2.1, an immediate consequence of Corollary 3.6 is the efficiency of the
weighted residual error estimator 7, from [Car97, CMPS04| for the hypersingular integral
equation: Suppose that H/2(T") does not contain any characteristic function y,, for w C T’
(this is in particular satisfied if 0 is connected and I' & 0€2). Then, 27 : HY2(T) —
H=Y2(T") is an elliptic isomorphism. For f € L%(I), let u € H2(T") be the unique solution
of the hypersingular integral equation Wu = f. Let X; C H 1(T") be a discrete space which
contains at least the piecewise affines, i.e., gl(ﬁ) C X}. In addition, let U, € X}, be the

unique Galerkin approximation of u in X}, i.e.,
<QB(U — Uh>, Vh>F =0 for all Vi, € X,,. (314)

Under these assumptions (and, strictly speaking, for polyhedral T'), [CMPS04| proves the
reliability estimate

Crat I = Unll g2y < mnaw = 102 (f = WUL) || 2(r)- (3.15)
11



The constant C, > 0 depends only on I' and the k-shape regularity of 7,. The following
corollary provides the converse efficiency estimate with respect to some slightly stronger
weighted H!-seminorm.

Corollary 3.7 (Efficiency of 7, for hypersingular integral equations). Let u = 207 'f €
HY(T'). Let X;, € HY*(T") be closed with S*(T,) € X, € HYT'). Let U, € X, be given by
(3.14). Then the weighted residual error estimator from (3.15) satisfies

Mo < Ceg ||R/ Vi (u — Un) |l 2@y, (3.16)
where Cog = anv > 0 s the constant from Corollary 3.6.

Proof. With the Galerkin projection Py, : ]:71/2(F) — X}, and Uy, = Pju, Corollary 3.6 yields
Mhaw = |20 = Up)| 2y S 102Ve(u = Un)l 2y D

Remark 3.8. If I' = 002 is connected, the kernel of 03 is the space f constant functions on
I'. Therefore, 20 : H*l/Q(GQ) — H*_l/z(@Q) is an elliptic isomorphism, where H?(0S)) =
{v e H(0) : (v, 1)oq = 0} for |s| < 1. Recall that W : H(0Q) — H1(09Q) is
an isomorphism for all 0 < s < 1. For f € H2(0N), the solution u := W f thus has
additional reqularity w € H}(0Q), and Corollary 3.7 holds accordingly.

3.2.3. Remarks on the extension to hp-BEM. The above efficiency statements are formulated
for the h-version BEM. They do generalize to the hp-version.

Since the corresponding reliability estimates have only been formulated for closed surfaces
I' = 00 and affine element maps in [KM14], we restrict the following result to this setting:

Corollary 3.9. Let d € {2,3}, T' = 09, and T, a regular, k-shape regular triangulation of
I'. Assume that the element maps are affine. Let q, be a o-admissible polynomial degree
distribution. Then there exists C' > 0 depending only on 0N), the k-shape reqularity of T,
and o such that the following holds:

(i) Let B : H~Y2(02) — HY%(09Q) be an isomorphism. Let ¢ = B~1f for some f €
HY(09Q). Set Xy, := PYT,) and let O, € X;, be the Galerkin solution given by (3.9).
Then:

C™ ¢ = Prpllg-12000) < Mipew = 1(h/ (14 qn)) >V (f — D)l 2200, (3.17)
hpo < CI(R/ (14 an)"* (6 — @ip) | 22(09)- (3.18)

(ii) Let T be connected and u = Q' f for some f € H?(0Q). Set X}, := ST (T,)NHL(90Q)
and let Uy, € X, be the Galerkin solution given by (3.14). Then:

C™ M u = Unpllrzony < mipan = [[(h/(1+ qu))>(f = WUy [| 22000, (3.19)

Mhp,20 < C[H(h/(l +a1)"*Vr(u = Unp) 2200 (3.20)

+ 1R/ (L + )2 (u = Unyp) 1200y |-

Proof. The reliability bounds (3.17), (3.19) are taken from [KM14, Cor. 3.9, Cor. 3.12].
For the proof of (3.18), we let I, be the L*(9€)-projection and Py, be the Galerkin pro-
jection. We note that the analogue of (3.8) is

1L = Prp)eéll 1200 S 1L = D)l -rv2omy S N/ (L+ )20l paomy Voo € L2(00)
(3.21)
12



(cf. [KM14, Thm. 3.8]). Hence, proceeding as in the proof of Corollary 3.3 with w;, =
(h/(1 4 qn))"? we get

lwnD(1 = Puy)oll 200y S N1+ gn) ™2 | oo (1 = Pop)* 0l r-1/2(00) + llwn(1 = Pu)o || 200
(3.21)
S+ qn) oo lwn (1 = Prp) @l r2ga0) + lwa(l — Pry) ol 2(a0)-

The proof of (3.20) proceeds along similar lines. The key is the analog of (3.13). Combining
[KM14, Lem. 3.7] and the proof of [KM14, Lem. 3.10| produces an approximation operator
Jhp o H(O2) — SH(Ty,) with

12 = Tap)oll o0y S I1Ch/ (L +an) 2Vrollzgaa) + (A (L + an) 0]l 2 (00).

Finally, an operator Jy, : H}(02) — X, is then obtained by setting Jyv = Jj v —
Jy,v, where the overbar denotes the average over 0. It is easy to see that Jj, has the

same approximation properties as J; , on the space H(09). Proceeding as in the proof of
Corollary 3.3 or 3.6 finishes the proof. O

4. FAR-FIELD AND NEAR-FIELD ESTIMATES FOR THE SIMPLE-LAYER POTENTIAL

The proof of Theorem 3.1 is based on decomposing the pertinent potentials into “far-field”
and ‘“near-field” contributions. In the present section, we analyze the decomposition for
the simple-layer potential and provide inverse estimates for both components. Section 4.2 is
concerned with inverse estimates for the near-field parts, which essentially follow from scaling
arguments, whereas Section 4.3 deals with the far-field part. Throughout the section, we let

Y € L*(T') and assume that 1 is extended by zero to 9Q \ T, (4.1)
i.e., we identify ¢ with Eyp.

4.1. Decomposition into near-field and far-field. For a parameter 6 > 0, we define
for each element T' € T, the neighborhood Ur of T' by

T C Ur = | Basnry (). (4.2)

zeT

Since 0f) is Lipschitz and I' stems from a Lipschitz dissection and by x-shape regularity of
Th, we can fix the parameter ¢ > 0 and find M € N (both § and M are independent of Ty,)
such that the following two conditions are satisfied:

(a) I'N Ur is contained in the patch wy (7)) of T' (see (2.15) for the definition), i.e.,
TN Uz C wp(T). (4.3)
(b) The covering I' C (Jyr. Ur is locally finite with a uniform bound, i.e.,
#{UT T eT, anderT} < M forall x € RY (4.4)
Finally, we fix a bounded domain U C R? such that

UrcU forall T €T, (4.5)
13



It will be important that U is chosen independently of 7,. To deal with the non-locality of
the integral operators, we define for T' € 7j, the near-field ug% and the far-field u@", of the

simple-layer potential uy := ‘f]w by

ug = BV(exrrw,) and iy == B(Wxr,). (4.6)
where Y,, denotes the characteristic function of the set w C R?. We have the obvious identity
up = B = ulss +uly, forall T € 7. (4.7)

In our analysis, we will treat uy?% and uf{fT separately, starting with the simpler case of

near
um,T .

4.2. Inverse estimates for the near-field part uy7. The near-field parts of a potential

can be treated with local arguments and the stability properties of the associated boundary
integral operators.

Lemma 4.1. There exists a constant 5near > 0 depending only on 02, ', and the rk-shape
reqularity of Tp, such that for arbitrary T € Ty, and Vi € P°(T;) with supp (\I/;‘f) C wp(T) it
holds

IVDE |2 wr) < Cuearl| W51 12, (1))-

Proof. We fix an element T € T;,. We recall that ¥} is piecewise constant and compute for
x €N

(VDU (2)= Y Ul | V,G(z,y)dy forallz e R!\T.
T €w, (T) £
The number of elements 7" in the patch wy,(T") is bounded in terms of the shape regularity
constant x (cf. Lemma 2.7). With some constant that depends only on x, we bound

e AT DA TN (48)

T'€wy, (T)

Next, we show for elements 7" C wy,(T)
2
/ ( / V.Gla.y)|dy) de < (T, (4.9)
Ur NJT

This follows from a local Lipschitz parametrization of 0€2. We assume that (after possibly a
Euclidean change of coordinates) that {(z/, A(z)): 2’ € Bs,(0)} is a part of OS2 that contains
wp(T). The function A is Lipschitz continuous, and we remark in passing that by [Ste70,
Thm. 3, Sect. VI| we may assume that A : R9~1 — R is Lipschitz continuous. (If such a local
consideration is not possible, then, since the number of local charts is finite by definition of
bounded Lipschitz domains, we must have diam(wp,(7")) = O(1) so that (4.9) is trivially true.)
We may also assume that Ur C {(z/, A(z") + 1) |2’ € By,.(0),t € R}. The key observation is
that the mapping A : R? — R given by (', t) — (2/, A(z") + t) is bilipschitz. We conclude
that A='Uy =: Uy and A"T" =: T' C B,(0) x {0} satisfy for some zy and some ¢ > 0, which

depends solely on the bilipschitz mapping A,

Ur € B (@) x [=eh(T), eh(T)], T’ € Banqry(ao) x {0},



Finally, using V.G (z,y) ~ |z —y|~@ Y, the definition of the surface integral, and the change
of variables formula for bilipschitz mappings from [EG92, Sec. 3.3.3|, we get

2 2
/ ( / \sz<x,y>|dy) o= | ( / r%—m—“—”d’zj) 07
zeUp yeT’ zeUr geT

ch(T) “ 2

5/ / / (1€ - n\2+t2) 2y dtde
E€Bp (1) (z0) Jt=—ch(T) NEBen(1)(0)
2
/ / (/ (16 =n)> + %) Y dn) dt d¢
£€Be(xo) Jt=—c €Bc(z0)

where the last estimate follows by a direct estimation of the integrals, which is independent
of h(T'). We have thus shown (4.9). Inserting (4.9) in (4.8) gives

/U (VB @)Pdr S S (W PRI ~ 20T s o) 0
T

T'€wp, (T)

~ h(T)

Proposition 4.2 (Near-field bound for i?) Let wy, be a o-admissible weight function. There
exists a constant Chear > 0 depending only on 02, T', the k-shape regularity of Ty, and o,
such that the near-field part ugs% satisfies uyg? € Hl(U) and v uyy € H'(T) together with

D lon Ve ugg e + Y llwn/hY 2 G I Ve 1, < Coear lwnt[Fay. (4.10)

TeTh TeT

Proof. The stability (2.9) of U : L?(0Q) — H'(99Q) proved in |Ver84] gives, for each T € Ty,

Vv w2y < 1D @xvean) lavon) S loxvearllzee) = 1912 wpnr-

Summing the last estimate over all T' € T, and using (4.3)—(4.4), and o-admissibility of wy,,
we arrive at

Z HthF’Yému%e?rer(T) S Z HwhH%oo(T)WH%?(UTmr) = |\wh¢Hi2(r)
TeTh TeTh

where all estimates depend only on the k-shape regularity of 7;, and the admissibility constant
o. This bounds the first term on the left-hand side of (4.10). To bound the second term,
let IT; denote the L*(T)-orthogonal projection onto P°(7,). We decompose the near-field
as ulsy = V(I (Yxravy)) + B((1 — M) xravy, ). The condition supp(Yxrv,) S wa(T)

implies supp (IT, (¥ xrrv,)) € wi(T) and therefore, taking U7 = IT;, (Y xrry,) in Lemma 4.1,
we conclude

Z ||wh/hl/2||%oo(T)||V§3(Hh(¢XFmUT))||%2(UT)

T€TH

5 Z Hwh/hl/2H2L°°(T)"hl/znh(¢XFﬂUT)H%2(wh(T)) (4'11)
TeTh

S ||wh¢||%2(r)a
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where we used the local L2-stability of II, in the last estimate. Recalling the stability
U HY2(0Q) — HY(U) of (2.7), the equality (2.4), and the approximation property (3.8)
of I, we get

Z ||wh/h1/2||%m(T)||Viﬁ((1 — 1) xrros) 122w

=
(2<7) BL2|2 111 2
<3 /2 ey L~ )X 1 e 1)
=
(38) RL/2(12 RL/2 2 -~ 2
Z [[wn/ ||Loo(T)|| (I/JXFmUT)HLQ(r) = ||wh¢||L2(r)-
=
Combining (4.11)~(4.12), we bound Y-, [[wn/h'?|] < [[Vug5 1720, to conclude the
estimate in (4.10). O

4.3. Estimates for the far-field part u";,. The following lemma is taken from [FKMP13].
For the convenience of the reader and since the same argument underlies the proof of the
analogous lemma for the double-layer potential (Lemma 5.3 below), we recall its proof here.

Lemma 4.3 (Caccioppoli inequality for ul’). With Q™ = R\ Q, the function ul from
(4.6) satisfies ug'plo € C™(Q), ugloee € C(Q™), and uf'r|v, € C=(Ur). Mm“eover,
there exists a constant Ceace > 0 depending only on 0€), T, and the k-shape reqularity of Tp

such that Hessian matriz D*ufd, satisfies

ar 1 ar
||D2ufm,T||L2(Béh(T)(m)) S Ccacc m ||VU%7T||L2(325}L(T>($)) fOT allz €T € 77L (413)

Proof. The statements ug'slo € C™(Q) and ugy|gee € C®(Q™) are taken from [SS11,
Theorem 3.1.1], and we therefore focus on ufar rluy, € C®(Ur) and the estimate (4.13).
According to [SS11, Proposition 3.1.7|, [SS11, Theorem 3.1.16], and [SS11, Theorem 3.3.1],
the function uf’, € Hj, (RY) := {v : R" = R : v|x € H'(K) for all K C R? compact }
solves the transmission problem

Loc

—Au%rT = 0 in QU Qext)
[uliy] = 0 in H'/?(0Q), (4.14)
hlu%rT] = —¢xrwu, in HY2(0Q).

In particular, (4.14) states that the jump of uf{}‘fT as well as the jump of the normal de-

rivative vanish on 02 N Up. This implies that uyp is harmonic in Up by the following
classical argument: First, we observe that uf,f}fT is distributionally harmonic in Uy, since a
two-fold integration by parts that uses these jump conditions shows for v € C§°(Ur) that
(ug'p, —Av)q = 0. Weyl’s lemma (see, e.g., [Mor08, Theorem 2.3.1]) then implies that u",
is therefore strongly harmonic and ufar e C*(Ur).

The Caccioppoli inequality (4.13) now expresses interior regularity for elliptic problems.
Indeed, for each v € H'(B,;.) such that v € H*(B,) and Au = f on B,,. with balls
B, C B,;. with radii 0 < r < r + ¢ and some f € L*(B,..), [Mor08, Lemma 5.7.1] shows

1
1D%ulzzcoy S (1Al + = IVl + iz, ) (4.15)
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The hidden constant depends solely on the spatial dimension and is independent of r, & > 0,
and u, f. We apply (4.15) with r = 6h(T) = ¢, f = 0, and u = u"; — cr, where ¢p =
m / Basnery (@) U uld (y) dy. An additional Poincaré inequality finally leads to (4.13). Note
that 6 and hence Ccacc depend only on 092, I', and the x-shape regularity of 7j,. 0

The non-local character of the operator U is represented by the far-field part. Lemma 4.3
allows us to show a local inverse estimate for the far-field part of the simple-layer operator:

Lemma 4.4 (Local far-field bound for ). For all T € Ty, it holds
||h1/2vr7mt f‘f}wTHLQ(T < ||h1/2vufar ||L2 < Cfar”VU ||L2(UT) (4.16)
The constant Cg,r > 0 depends only on I', 9 and the k-shape reqularity constant of Ty,.

Proof. By Lemma 4.3 we have ug’, € C*(Ur). The first estimate in (4.16) follows from the
fact that, for smooth functions, the surface gradient Vp(:) is the orthogonal projection of
the gradient V(-) onto the tangent plane, i.e., Vryitu(z) = Vu(z) — (Vu(z) - v(z)) v(z),
see |Ver84].

The second estimate in (4.16) is proved with a trace inequality and the Caccioppoli in-
equality (4.13) in the following way. We fix an element T' € Tj,.
1. step: We provide a trace inequality. Let B = B,.(x) be a ball with center z € T' C 92 and
radius » > 0. Let B’ = By, /2(x) and B" := Bs,/4(x). We define a smooth cut-off function
B € C5°(RY) with supp xp C B’ and Xp =1 on B by

XB = XBr* Pr/4,

where p.(z) is a standard mollifier of the form p.(z) = ¢~%p;(x/e) for a fixed p; € C°(RY)
with p; > 0, suppp; € B;(0) and f]Rd p1(x)dr = 1. We note that for a C' > 0 depending
solely on the choice of p;, we have

IVXB oo ey < Cr!

With this cut-off function in hand, we estimate for sufficiently regular functions v and the
standard multiplicative trace inequality for 0f2

IVl Z2sroe) < IXBYIL200) S IXBYIL20) + IXB0IlL2@) IV (XB0) [ L2(0)
S + 02 | Vll2 s (4.17)

2. step: The set F := {th( () |2 e T} is a closed cover of T' with sup g  diam(B) < oo,

and T is the set of their midpoints. According to Besicovitch’s covering theorem, cf. [EG92,
Sect. 1.5.2], there is a constant Ny, which depends only on the spatial dimension d, as
well as countable subsets G; C F, j = 1,..., Ny, the elements of every G; being pairwise

disjoint, such that 7" C Ujvzdl Ugeg, B- Let C:] be the set of balls obtained by doubling the

radius of the balls of G, i.e., Q] : {th x) | Bsnery2(x) € gj}. As the elements of G, are
pairwise disjoint and all balls have the same radius dh(7)/2, there is a constant Z/\7d, also
depending only on the spatial dimension d, such that at most V; elements of G; overlap. If

we write B := Bgyr)/2(x), B' := Bsjasnry(z), and B = Bspry(), the multiplicative trace
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inequality (4.17) and the Caccioppoli inequality (4.13) show

(417 1 (413) 1

Hvufar HL2 (BNT) 5 h( )“V far ”L2 B) + ||VUfar ||L2 B') HD2 rT”LQ B) 5 h( )HV far ”
3. step: We use the last estimate to get
all NN,
ar ar d d ar
HVuf HL2 < HVU ”L2 BnT) |VUf B S~ Vug 3 HL2(UT)
( )~ ( )
This concludes the proof of (4.16). O

Summation of the elementwise estimates of Lemma 4.4 yields the following result:

Proposition 4.5 (Far-field bound for %) There is a constant Cr,, > 0 depending only on
00, T', the k-shape reqularity of Ty, and the o-admissibility of the weight function wy such
that

Z [V %rTHLQ < Z Hwhvufar HL2

TeTh TeTh
< Char (/B2 e 1011 s ey + lon o))

Proof. We use the local far-field bound (4.16) of Lemma 4.4 and u%fT — ) — uy to see

(4.16)
Z ||wth7(l)nt“f§rT||L2(T) < Z ||whvu%fT”%2(T) S Z ||wh/h1/2||%o<>(T)||v X ||L2(UT)

TETH TeTH TeTh

(4.7) -
S Y lwn /WP iy IV N2y + D /DYooy | Vs 72 - (4.18)

TeTh TeTh

The first term on the right-hand side in (4.18) is estimated by stability of 9, the finite
overlap property (4.4), and (2.4)

(4.4

- ) -
D wn/ B2 ) IV Doy S wn/ B oy VBN 2y S Non/ B2 o oy 01 =2 -
TeT,

The second term in (4.18) is bounded with the near-field bound (4.10). O

5. FAR-FIELD AND NEAR-FIELD ESTIMATES FOR THE DOUBLE-LAYER POTENTIAL

Section 4 studied far-field and near-field estimates for the simple-layer potential. Correspond-
ing results for the double-layer potential are derived in the present section. Throughout this
section, let

ve HY(T) c H'(09).
In particular, v € HY2(T") with [0l 120y = [0l 1200y Since H'? does not allow jumps,

the splitting into near-field and far-field contribution of the double-layer potential ug := Ru
cannot be done by characteristic functions, but requires smoother cut-off functions and

greater technical care.
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5.1. Decomposition into near-field and far-field. We use the notation introduced in
Section 4.1 concerning the neighborhoods Ur. In order to define the near-field and far-field
parts for the double-layer potential, we need appropriate cut-off functions: For each T' € Tp,
we define ny € C5°(R?) with the aid of the standard mollifier p. that was already used in
the proof of Lemma 4.4:

NT = X, * P5/4h(T): Ur := Uzer Bsjon(1), Up = Uzer Bsjan(r).- (5.1)
This function satisfies:
1
suppe C U, wrly, =1, Dnrllmen <10 [9mrllieen S 7o (52)

where the implied constant depends on the x-shape regularity of the triangulation through
the parameter §. We note that the assumptions on Uy imply (suppnr) N T C wy (7).

The following lemma may be viewed as an extension of [DS80, Thm. 7.1] to the case of
curved elements.

Lemma 5.1 (Poincaré-Friedrichs inequality on patches). Let v € H Y(T). For each T € Ty,
there is a constant vy € R such that (v — vr)nr € HY(T), (v —vr)(1 —nr) € HY(9Q), and

v —vrll 2@, )y < CLlAVrY|| L2, 1), (5.3)
(v — ve)nrll gz < CillR*Vrv| L, ), (5.4)
[(v = vr)nrll o) < CillVevll L2, m)- (5.5)

The constant vy satisfies vy = 0 if Owy(T) N O contains a facet of the triangulation. The
constant Cy > 0 depends only on 0S) and the k-shape reqularity constant of Ty,.

Proof. Tt is clear that (v —vr)(1 —nr) € HY(9R), since v € HY(I') and 5y is smooth. The
remaining statements require more care.

1. step: For v € H'(T') and a facet f € F, of the triangulation 75 (recall that facets are
images of (d — 2)-faces of T,¢ under the element map) denote by ¢¢(v) the average of v
on f. As (¢(1) = 1, we can use the Deny-Lions lemma on the reference element, and the
assumptions on the element maps then imply

v = L)l 20y S WD) Vvl 2 if f is a facet of T, (5.6)
104, (v) = Lg, ()] S R(T) D2 Vrv)| oy if f1, fo are two facets of T. (5.7)
2. step: Fix an element T € T},.

e If nr|or = 0, then select an arbitrary facet fr of the element patch wy, (7).

o If nr|or #Z 0, then we claim that there exists a facet f of wy,(T) with f C JI". To see
this, let g € OT' with nr(xg) # 0. By continuity of 7y and since 9T is covered by
facets of the triangulation, we may assume that x( is in the interior of a boundary
facet fr. This facet belongs to a unique element 7% of the triangulation; by continuity

of nr, we may assume supp ny N Ty # 0. Since (suppnr) NT C wy,(T), we conclude
Ty C wy(T) and thus the boundary facet fr is a facet of wy,(T).

Set vy := £y, (v). An immediate consequence of v € H I(T") is that vy = 0 if 5y does not
vanish on dT. Since 7y is smooth, we conclude (v — vy)nr € HY(T). In fact, viewed as a
function on Jf2, we have

supp((v — vr)nr) C wp(T). (5.8)
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3. step: The bounds (5.6), (5.7) in conjunction with Lemma 2.7 imply
[0 = vl 2@y S V]l L2, @), (5.9)
Ve (v = vr)l| 2@,y = 1Vrvll L2,y (5.10)

where (5.9) is already the claim (5.3). The product rule, (5.2), (5.8), the estimate (5.9), the
trivial bound A(T) < |T|¥/ @D < |T|V@=D < 1 yield

IVr((v = vr)nr) 2o < (v —o1)Venrll 2w,y + 1m0V e = o)l 2@, ) S 1Vl z2 @, o).

which proves (5.5). It remains to verify (5.4). To that end, we recall the interpolation
inequality ||u||§{1/2(6m S Nl 200 6] m1o0) for all u € H'(092). Since ||(v — vr)nr|| L2 e0) <

v — vr || L2, (1)), We get

1/2
(0 = v)nrllimvan) S 1 = vl g (0~ v >"T”fﬂ<8ﬂ
1/9 1/2
< ||hvpv||L/2 (on(T) ||VFU||L/2 (wn(T
~ ||BM*V 00| 2w (1)
where the last estimate hinges on k-shape regularity of 7, (cf. Lemma 2.7, (i)). -

Let v € f[l(F). For each T' € Ty, let vy be the constant from Lemma 5.1. For e%ch TeT,
we define the near-field and the far-field part of the double-layer potential ug = Kv by

ugy = E((v —ovr)nr) and  udh = E((v —vr)(1—nr)). (5.11)

Note that (v —vp)np € HY(T') C Hl(OQ) and (v—uvr)(1— 77T) € H'(09) so that u}%", uflt, €
HY(U\OR) are well-defined. Since £1 = —1 in Q and &1 = 0 in Q™' we have, for every
T € T, the identities

ug +vr = ugr + u%arT in Q) and wug=ugy + uffrT in Q. (5.12)

5.2. Inverse estimates for the near-field part u’y. The following proposition provides
an estimate for the near-field part of the double-layer potential.

Proposition 5.2 (Near-field bound for .Ei) Let wy, be a o-admissible weight function. There
exists a constant Cpear > 0 depending only on 02, T, the k-shape regularity of Ty, and o such
that the near-field part ugy satisfies v uid € H'(T), wi¥lo € H'(Q), and ugF| g €

HY(U\ Q) with

S ln /B2 ey (I52V 0 2y + IV gy + IV s o)
T€eTh

S C'neaur Hwhvl‘vHi2(F)- (513)

Proof. Recall stability (2.10) of 7' & = &1 : H'(9Q) — H'(9Q). Taking into account (5.2)
and the Poincaré-type estimate (5.5), we observe
) ) (2.10) (5.5)
Ve ugs lzery < IV ug? ey S v —venrlmeey S I1Vevll ..
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Summation over all T' € 7}, shows

D lwn/ W2 iy B2V e w1y S llewnVrol|Zar) (5.14)
TeT

Next, we use the continuity of & : HY/2(8Q) — H'(U \ Q) from (2.7) and get

2.7) (5.4)
IV 72 pn0) + IV T2 pnaey S 10 = v0)n0lnme0 S IR 2Veol e, m@)-

Summation over all T" € Tj, gives

> leon /B2 ey IV 2 iy + VU W gy ) S I0n Vol Bay. (5.15)
T€ETh

Combining (5.14)—(5.15), we conclude the proof. O

5.3. Estimates for the far-field part uﬁgi‘p. As for the simple-layer potential, we have
a Caccioppoli inequality for the double-layer potential, which underlies the analysis of the
far-field contribution.

For the next result, recall U/ from (5.1).

Lemma 5.3 (Caccioppoli inequality for ufar ‘). For the constant Ceaee of Lemma 4.3, the func-
tions ug'. of (5.11) satisfy u@|o € CO"(Q), Ui |gee € C®(Q), and u@p|y, € C=(Uy)
together with

ar 1 ar
||D2uf ||L2 (Bsnrys(@) < < Crpec —— h(T) ||Vuf€i,T||L2(th<T)/4(x)) fOT allz €T € 771 (516)

Proof. The proof is very similar to that of Lemma 4.3. One observes that the far-field ufar
solves the transmission problem

—Au?rT =0 in QU Q=
W] = (w—vr)(1—nr) in HY2(09),
[’ylufng] = 0 in H=1/2(0Q).

We note that (1 — nr)|rnyz, = 0 by construction of 7 in (5.2). Hence, the same reasoning
as in the proof of Lemma 4.3 can be applied to reach the conclusion (5.16). 0

Lemma 5.4 (Local far-field bound for JT%) For oll T €Ty,
1h!/2Vr ’Yému%ngLQ(T) < th/zvufar 21y < Ctar Hvufar 22wy (5.17)
The constant Cg,y > 0 depends only on OS2 and the k-shape regularity constant of Ty.

Proof. The lemma is shown in exactly the same way as the corresponding bound for the
simple-layer potential U in Lemma 4.4, appealing to the Caccioppoli inequality (5.16) instead
of (4.13). O
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Proposition 5.5 (Far-field bound for jé) Let wy, be a o-admissible weight function. There
is a constant Cry > 0 depending only on 0X), the k-shape reqularity constant of Ty, and o
such that

D Mwn /B2 ey 1 2V e

TeT,

< D lenVughlzae

TETh
< Crae (Jn Vol + leon /B2 ey o1y )

Proof. Lemma 5.4 implies

D MlonVeyg u@liem < D lenVa@liam S D lwn/B 2 e VUi

TeT, TeT, T€Th
= Z ||wh/h1/2||3:oo(T)||vufar ||L2(U/ no) T Z ||wh/h1/2||L°°(T ||Vufa“r ||L2 ULNQext)- (5.18)
TeT, TeT

With the identities (5.12) and a triangle inequality, we therefore obtain

D lonVugh e

TETh
(5.18) 1/2 A 2 G112
S Y /2y (IVR@ = o)y + VRO Bayraen)  (5.19)
TeTh
+Z||wh/hl/2||%oo(T)(H near||L2U’mQ)+|| near”ﬂU’erxﬁ))
TeTh

The near-field contribution is bounded by Proposition 5.2. Furthermore, noting V:fvivT =
V(—vr) =01in Q, we get

Y oV liae

TET,
(5.13) ~ ~
||wh/h1/2||%oo(r) Z (HVﬁUH%?(U/TmQ) + ||v'ﬁv||%2(U§erxt)> + ”wthUH%Q(F)
TET,
2.7
S Nwn/ 2| ooy 10l 30 gy + lonVrolZ

where we have used continuity (2.7) of 8, the overlap property (4.4), and ||v ey =

HU||H1/2(89)~ ]

6. PROOF OF THEOREM 3.1

Finally, we are in a position to prove the inverse estimates (3.1), (3.2) of Theorem 3.1.

Proof of the inverse estimate (3.1). Let ¢» € L*(T"), extend v by zero to the entire boundary

0f€), and recall the notation from Section 4.1. First, we treat the simple-layer potential *U.
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With the bounds of Propositions 4.2 and 4.5 we get

[wn Ve ||72 0y = Z [wn V0|22 )

T,
SO on Ve u§e e + D lon Ve ug§ll72qy  (6.1)
TETs TeT,

S Mlwn /B2 oo ) 112 oy + 1o 22 ry-

The estimate for the adjoint double-layer potential & follows by similar arguments. We split
the left-hand side into near-field and far-field contributions to obtain

lwn N 72y S D wnllF ooy IR @Xra) 172y + D wnllF o IR (x0v0 ) 21y (6:2)
TeT, TeT,

The continuity & : L?(9Q) — L*(0R) stated in (2.11) yields for the near-field contribution

Z ”whH%C’o(T)Hﬁ/(wXUTﬂF)H%Q(T) < Z ||wh|’%oo(T)Hﬁ/WXUTmF)”zﬁ(aQ)
TeTh T€ETh
(2.11)

S D lwnlie ) 191 wenr) S lwontbllaqy
TeTh

For the far-field contribution, we write u%fT = %(QﬁXF\UT) and note that & = —1/2 + vilnti?
and clearly (¥xr\u, )|z = 0. Therefore, on T we have & (¢ xr\u,) = 71" usg’p. Furthermore,

by the smoothness of ug’, near T (see Lemma 4.3), we have v"ul, = dyul’y on T (cf.

Remark 2.2) and get

I8 (xrvoe) 2y = 0wzl 2y = 10vus |l 2y S IVugr iz

The far-field contribution in (6.2) can therefore be bounded by Proposition 4.5

D lwnllZ e IR W@xewn) 12y S D lonVusgrlFa

TeT TeTh
S lwntbl oy + lwn /B2 o o) 10151 2y

Altogether, this gives
lon &l 2y S lhontbllzzey + lwn/ B2 ooy 9] g-1/28]

Proof of inverse estimate (3.2). First, we treat the double-layer potential K. Let v € H L),
extend v by zero to v € H'(99), and recall the notation from Section 5.1. We recall the

stability of & = § + v(i)nt;é . HY(0Q) — H'(99), from which we conclude thﬁv e HY(I).
Therefore,

L~ 1 .
[wn V&l 2y = [[wn Ve (5 + 10" R)vll 2y < 5 lwn Vol + |wp Vv ugl 2@y (6.3)
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with ug = Rv. There holds ug + vy = ugT + ufar in Q, cf. (5.12). For the second term on
the right-hand side in (6.3), we obtain

lon Ve tuglfam < Y llwn/hY2 o 102V (us + vr) ey

TeTh
612 1/2 1/2 ¢
S lwn/ B2 e IR PV oA w s | oy (6.4)
TeT
+ Z ||wh/h1/2|ﬁ: ||h1/2VF7H[1t fﬁarTHLQ(T
TeT,

The first sum can be bounded by Proposition 5.2, whereas the second sum can be bounded
by Proposition 5.5. Altogether, this yields
lwon Ve[| 2wy S lwn/h2 (| oo @y l1oll /20y + 1on Vo] 2y

and concludes the first part of the proof.
The result for the hypersingular integral operator 2U is shown with similar arguments. Let

again v € H'(T') and vy as in Lemma 5.1. Note that Qv = 0. Splitting now into near-field
and far-field yields

HwhﬂﬂvH%Q(p) = Z Hwhw(v - UT)H%Q(T)

TeTh
S w8 (v = vr)nr) 72y + D wn28((v = vr) (1= n2) 1720y (6.5)
TeT TeT

The near-field contribution is bounded by the stability of 20 : H'(9Q) — L*(99) stated in
(2.12) and the Poincaré-type estimate (5.5)

(2.12) (5.5)
120((v — vr)ne) ey S 1@ =vo)mrlline,ry S IVrollZe,my:

The sum over all elements gives
> lwon (0 = vr)ne)lizeery S Y wnllZeo | Vool Ze,my S lwnVrvlzaey
TeTH TeT

[t remains to bound the second term on the right-hand side in (6.5). In view of the support
properties of 77, the potential uy. = R((v —vr)(1 —nr)) is smooth near T' (cf. Lemma 5.3)

so that ™ uf2l, = d,uit, on T. Furthermore, since 20 = —~I R we see
120((v = vr) (1 = ) IZery = IM" uszllZo) = 10ugi oy < VU7

We use Proposition 5.5 to conclude

> Mwn2((w = or) (1 =)y < D lonVuiliam

TET, TET,
S NwnVrol[Zamy + lwn /B2 oo 1ol 31y
Altogether, we obtain
[wr200]| 2y S NlwnVrollz2ry + llwn/hY?| Loy [0l /2 ry- O
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APPENDIX A

Lemma A.1. Let T, be a regqular, k-shape regular triangulation of I'. Suppose that d > 2
and that gy is a o-admissible polynomial degree distribution with respect to ‘Tn. Then, there

exists a constant Cy,, > 0, which depends solely on 0X), the k-shape regqularity of Ty, and o,
such that

112 (g0 + )7 Wall 2y < ConelWallgray  for all ¥y, € PYT,). (A1)

Proof. Foreach T € Ty, let \ XT.,q,(T) b€ @ smooth function on Tt with the following properties
for some fixed § > 0 (see, e.g., the proofs of [Geo08, Lem. 3.7, Prop. 3.8] or the arguments
below):

supp )?th(T C {x € Tyer: dist(x,0Trer) > 0/(qn(T) + 1)2},
(

0 < Xrgur) <1 in Th, VX1 anr) Lo (en S (@n(T) + 1) 72,

(A2)
) < (A.3)
Xrgr) =1 in {x € Tiee: dist(z, 0Trer) > 30/ (qn(T) + 1)%}, (A.4)
|7l L2(nee) < CllTXTpr)ll22(1h) ¥ POlynomials 7 of degree g, (T), (A.5)
|7 X g0 L1 (1) < C(L+ @n(T))?|I 7| 227y V¥ polynomials 7 of degree g, (T).  (A.6)

XT,q,(7) is obtained from a mollification of the characteristic function of T \ Sas J(an(T)+1)2 5
where S. 1= {& € Tyer: dist(z,0Tet) < €}. The parameter § > 0 is dictated by the re-
quirement (A.5). For this, we use the shorthand £(8) = 36/(qn(T) + 1)* and observe
that we assume XT,gn(r) = 1 on Tiet \ Se(s) so that we are done once we have established
17l L2 (s, 5) S H7T|‘L2(Tref\ss<6) [LMWZ10, Lemma 2.1] and the polynomial inverse estimate

17l ot (1) S (n(T) 4 1) [|7]| L2(7,4), yield
17l Z2s.05) < €Ol 2t 17l i (1) S €O (an(T) + 1) 1711227,y

= c(8)(@n(T) + D2 [l s + 1720500 |-

Taking ¢ sufficiently small produces ||7[|2(s, ;) < |

7T||L2(Tmf\58(5) as desired.
Define x4, (1) With supp X7.g,(r) € T by X174, (1) © V7 = X195 (1)- Given ¥, € PI(Ty), define
H ) sv:= ZTeTh vr in an elementwise fashion by requiring suppvr C 7" and

h(T)
m(‘l’hh)Xﬂqh(T% (A7)

Note that vy € H (') by the support properties of x7,4,(r). An interpolation inequality and
the estimate (A.6) on the reference element give

UT’T =

||UT||%1/2( < ||UT||H1/2 99) S ||UT||L2(aQ)||UT||H1(aQ) = ||UT||L2(T)||UT||H1(T)
MO (1 +n(T))? 1o
S WHUTHLQ(T)‘
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This implies

From [SS

Finally, we estimate

h1/2
H 1+ qn

[AFF*12]

[AFF+13a]
[AFF+13b]
[AFF+14]

[Car97]

[CKNS08]
[CMPS04]
[CMS01]

[CPOG|

an+1 |

RVERG (A.8)

5> bl 5|

TeTh
11, Lemma 4.1.49] we get from (A.8)

2
L +aqn
ol = [Sor| S S lorlua 5 | e

T€Th H/2(I) TET,

2wy

(A.9)

L(I)

2 2 2

1/2

h T 1/2
) XT,qh(T)\Ijh

\Ij P
h 1+ qh(T)

~Z

LT TET;

< > ||1+q \/Xth DUnlliery = Y (07, @) 2y = (0, W) )

TeTh TeTh

1+ aqn
hij2

L2(1) TeTh 1 + G (1)

(A.9)

< nllg-re@ylloll gy S 1¥RlE-12) v

L(T)
(A7)
1 all =172y

h1/2
e

I+ qn

L2(D)
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