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Approximation of the high-frequency
Helmholtz kernel by nested directional
interpolation

Steffen Borm and Jens M. Melenk
November 2, 2015

We present a data-sparse approximation scheme for integral operators as-
sociated with the Helmholtz equation in the high-frequency regime. The
technique combines the directional approximation [8), [10] with nested tensor
interpolation to achieve polylogarithmic-linear complexity.

We rigorously prove that the directional interpolation converges exponen-
tially with the asymptotically optimal rate and that the nested interpolation,
which is required to obtain an efficient hierarchical algorithm, preserves the
exponential convergence.

1 Introduction

We consider the integral operator
lul@) = [ ata)uty) do

where I' C R? is a two-dimensional surface and

exp(irlz —y|) (1)

g(z,y) = e p—

denotes the Helmholtz kernel function with the wave number xk € R>g.

Applying a standard Galerkin discretization scheme with a finite element basis (¢;)iez
leads to the stiffness matriz G € Ct*T given by

9ij = /Fsoz-(af)/rg(x,y)w(y) dy dx for all i,j € Z, (2)

where we assume that the basis functions are sufficiently smooth to ensure that the
integrals are well-defined even for z = y.



Since g(z,y) # 0 for all  # y, the matrix G is fully populated, and special matrix
compression techniques have to be devised and employed in order to achieve logarithmic-
linear complexity. Most successful modern techniques rely on a multilevel decomposition
of I' x I' into subdomains where the kernel function g can be suitably approximated.

Fast multipole methods [20, [13] were originally developed for the case k = 0, i.e., the
Laplace kernel. They can be generalized to the high frequency Helmholtz case by using
appropriate expansions and taking advantage of the fact that the operators appearing
in the expansion can be diagonalized [2I]. The expansion becomes unstable for low
frequencies, but this problem can be addressed by using an alternate expansion that is
suitable for this case [12]. Implementing the fast multipole method is a comparatively
challenging task, and since the error analysis relies heavily on the special form of the
kernel function, it is not obvious how to generalize the analysis to other kernels arising
in wave propagation problems.

Butterfly schemes (sometimes also known as multi-level matrix decomposition algo-
rithms, MLMDA) [18], on the other hand, work directly with the matrix entries to ap-
proximate submatrices by products of permutation and block-diagonal matrices. These
algorithms lead to comparatively simple algebraic structures that can be handled ef-
ficiently, but they will typically not reach the theoretical asymptotic efficiency that is
available to fast multipole methods. The butterfly representation is closely connected to
general H-matrix representations [15 [I1] in that it replaces general low-rank factoriza-
tions by the more efficient butterfly factorizations. Numerical experiments [14] indicate
that, similar to H-matrix methods, the butterfly representation can also be used to ap-
proximate the LR factorization of G, and this would give rise to efficient preconditioners.

Directional methods [8, 10} 17, 1] take advantage of the fact that, once a direction for a
plane wave is chosen, the Helmholtz kernel can be written as a product of this plane
wave and a function that is smooth inside a conical domain. The smooth part can then
be approximated, for example, by polynomials in this conical domain so that degenerate
approximations of g become available there. In turn these degenerate approximation lead
to low-rank blocks for the stiffness matrix G as in H-matrices and even H?-matrices (see
[16, 6, [4] and in particular [I] in the context of Helmholtz problems). In fact, the use
of matrix formats such as H2-matrices is an essential ingredient for the logarithmic-
linear complexity of schemes that are based on directional approximations. Such matrix
formats were implicitly used in [I7] and then explicitly in [I] with directional cluster
bases.

Directional methods are usually introduced using adaptive compression techniques
intended to improve efficiency. These techniques yield very convincing compression rates
in practice, but rely on a stability assumption for incomplete LU factorizations that —
to the best of our knowledge — has not been fully proven.

The purpose of our paper is to close this gap by investigating a non-adaptive direc-
tional approximation scheme based on polynomial interpolation. We present a complete
and rigorous mathematical proof of the exponential convergence of our method. For
the reader’s convenience, the scheme as well as the exponential convergence result are
collected at the end of Section [l

We point out that our approximation scheme can be combined with stable recom-



pression algorithms [3],[4] to obtain quasi-optimal compression rates while preserving the
rigorous error bounds.

The present work has two main mathematical results: first we prove that the product
of the Helmholtz kernel function g and a plane wave

exp(ir(llz =yl = {z =y, )
Az =yl

9e(w,y) = g(x,y) exp(—ir(z —y,c)) =

can be approximated by tensor interpolation if x and y are in domains satisfying suitable
admissibility conditions (see Section [4] and Theorem [27). Due to exp(ir{z — y,c)) =
exp(ik(z, c))exp(ik(y, c)), this result immediately gives rise to a low-rank approximation
of g. Given that analytic functions are to be approximated, the via regia is to bound
the holomorphic extensions of the reduced kernel function similar to [4, Section 4.4].

In order to obtain the polylogarithmic-linear complexity, we require an approximation
that uses nested expansion systems. Our second result (see Theorem shows that
these systems can also be constructed by interpolation and that the resulting approxi-
mation also converges exponentially as long as the degree m of the underlying polynomial
interpolation scheme satisfies the condition m € O(log(log(x))). This is a fairly weak
condition, since we have to require m € O(log(k)) to ensure that the error introduced by
the matrix compression is of the order of the discretization error. The analysis leading
to Theorem [30] is non-standard since it involves iterated polynomial interpolation. The
basic issues also had to be adressed in [I]; however, since the present analysis relies on
polynomial interpolation instead of cross approximation, we have significantly stronger
tools for the analysis at our disposal and are therefore able to obtain stronger results.

It is worth stressing that the directional methods are not particularly tailored to
the specific kernel g considered here. Therefore it should be possible to generalize our
approach very easily to other kernels associated with accoustic, electromagnetic or elastic
wave equations.

2 Plane wave interpolation

2.1 Tensor interpolation

Polynomial interpolation on tensor product domains feature importantly in the present
paper. We therefore fix some notation and assumptions. For m € Np, we denote by
I1,,, the space of univariate polynomials of degree m. Let &, ..., &, € [—1, 1] be distinct
interpolation points and define the associated Lagrange polynomials by

L,(z):= Hf_—% for all v € {0,...,m}, z € C. (3)
=0 SV o
HFV

The corresponding interpolation operator is given by

J:C[-1,1] = M, fF=> " (&)L
v=0



An interpolation operator J on [—1, 1] induces in a natural way an interpolation operator
Jjap) : C(la,b]) — Iy, on an interval [a, b] by

T lf] = ALf o @pagl) 0 Spprys

where @[, 5 is the affine mapping

b+a b—a
(I)[a,b} : [_17 1] - [avb]v é'_> 2 + 2 § (4)
This operator can be written explicitly as
j[a,b] : C([(L, b]) — Im, fe Z f(E[a,b],V)L[a,b},u
v=0

with interpolation nodes ¢, ), and Lagrange polynomials L, 4, given by

oty = Plap) (&) Liap)w | | g[ab v for all v € {0,...,m}, z € C.
ga [a,b],v g[a b, u
usﬁv

Tensor product interpolation generalizes this procedure to multiple dimensions. For an
axis-parallel n-dimensional box

B = [al,bl] X oo X [an,bn]
we introduce the interpolation points and Langrange interpolation polynomials by

v (g[al,bﬂ,ul’ v 7£[an,bn],l/n) € Ba
Lpy(x) = L, p111 (1) - Liay po] v (Tn)  forallz € C", v e M :={0,...,m}";

the tensor interpolation operator is then written in the familiar form

_ Z F(€s,) LBy for all f € C(B). (5)

veM

2.2 Plane wave approximation

The function
x = exp(isl|z — y||)

appearing in the Helmholtz kernel represents a spherical wave originating at y. If
the wave number « is large, the function oscillates rapidly and standard approximation
techniques such as polynomial interpolation require a fairly large number of terms to
reach a required accuracy. In order to overcome this obstacle, we follow the idea of
Brandt [§] and Engquist and Ying [I0]. That is, we introduce a vector ¢ € R? with
llc|| = 1 and use (z — y, ¢) as an approximation of ||z — y||:

exp(irf|z — yl|) = exp(ir(z —y,¢)) exp(ir([|z — yl| = (x — y,¢))
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Figure 1: x — cos(k(||z|| — x1)) in [-1,1] x [-1,1] for k € {5,10, 15,20}

= exp(ik(z, ¢)) exp(—ik(y, ¢)) exp(ir(||z — yll = (z —y.c))).  (6)

The first factor depends only on z, the second only on y. Hence, in order to obtain a
separable form, i.e., a (short) sum of products of functions of x and y only, we have to
require this of the third term in @ We have

T —y x—y
o= vl = (@ = ) = llo =yl = o = =2 = o=l (1= (22200
lz =yl lz =yl
1 .
= llz = yll(1 = cos £(z —y, c)) = Sz — 9 sin® Z(a — y, ¢).
In this case, the argument of the exponential function satisfies
. 1, .
iw(llz —yll = (2 —y, ) = Sikllz —y| sin® Z(z — y, ¢).

We observe that we can compensate a large wave number & if we ensure that the angle
between x — y and c is sufficiently small. In this case, the third term in @ is a smooth
function (cf. Figure [1)) that can be approximated using standard techniques.

In this paper, we use standard tensor product interpolation as described in Section [2.1
given axis-parallel target and source boxes By, By C R®, we approximate the modified
Helmholtz kernel function

exp(ir(llz — yl = {z =y, ¢)))
Az =y

(7)

ge(2,y) =



by its interpolating polynomial

gc,ts (‘T? y) = jBtXBs [gc] (Z‘, y) (8)

= Z Z gc(ft,uvgs,u)Lt,u(x)Ls,u(y) for all x € By, y € Bs.
veM peM

Compared to the notation of Section [2.1] we have made a slight change: we denote
the interpolation points by &, and &, instead of {p,, and &p, , and the Lagrange
polynomials by L;, and L, instead of Lp,, and Lp_ .

Feeding the approximation of g. back into @ leads to an approximation of the
kernel function g by

gts(.%', Z/) = eXp(i"f@j -Y, C>)gc,ts(x7 y)
= Z Z gc(&tﬂu fs,u) eXp(ili<$, C>)Lt7V(I)eXp(il<L<y, c>)Ls,u (y)

veM peM

By introducing the modified Lagrange polynomials

Licy(x) := exp(ik(z, ¢)) Lty (),
Lseu(y) = exp(ir(y, c)) Ls u(y) for all € By, y € B,

our approximation to the kernel g takes the form

gts(x’y) = Z Z gc(ét,wgs,u)Ltc,u(ﬂf)Lsc,u(y) for all z € By, y € Bs. (9)
veM peM

If M has only few elements, then @ is a short sum of separated functions. Such a
structure is at the heart of many multilevel schemes for non-local operators. The analysis
of this scheme has to address the following questions:

e Identify appropriate admissibility conditions for boxes B, By so that @ is a good
approximation with small M this is discussed in Section [4]

e Incorporate the fact that the direction ¢ depends on the pair (By, Bs) into a mul-
tilevel structure. Since for a given box B; possibly a large number of directions
have to be taken into account, we have to be careful in order to preserve the effi-
ciency of our scheme. This is addressed through the new technique of directional
H2-matrices introduced in Section [3l

3 Directional H2-matrices

An approximation of the form @D is only admissible if the boxes B; and B satisfy certain
conditions. In particular, it is not admissible for the entire domain I' x I', so we have
to split the domain into subdomains that either admit an approximation or are small
enough to be handled directly.



This approach immediately gives rise to the H2-matriz representation [16, [6, 4], which
we have to generalize to include the directions ¢ € R3 required by our approximation
scheme. We call the result directional H2-matriz representation (DH>-matrix represen-
tation for short). Our definition of DH?-matrices is not identical to the one used in [I],
since we do not switch to an H-matrix representation for the low-frequency case, but
use H2-matrix representations for all blocks.

Definition 1 (Cluster tree) Let T be a labeled tree such that the label t of each node
t € T is a subset of the index set . We call T a cluster tree for T if

e the root r € T is assigned ¥ =T,

e the index sets of siblings are disjoint, i.e.,

Aty =1t1 Nty =0 forallt € T, t1,ty € sons(t), and

e the index sets of a cluster’s sons are a partition of their father’s index set, i.e.,

t= U t for all t € T with sons(t) # 0.

t’esons(t)
A cluster tree for T is usually denoted by Tz. Its nodes are called clusters.

A cluster tree Tz can be split into levels: we let 7'1(0) be the set containing only the
root of 77 and define

7'1(0 ={t' €Tz : t' €sons(t) forate Tz(e_l)} for all £ € N.

For each cluster ¢ € 7z, there is exactly one £ € Ny such that ¢t € TI@). We call this the
level number of t and denote it by level(t) = ¢. The maximal level

pr := max{level(t) : t € Tz}

is called the depth of the cluster tree.

Pairs of clusters (t,s) correspond to subsets £ x § of T x Z, and by extension to
submatrices of G € CT*Z. These pairs inherit the hierarchical structure provided by the
cluster tree.

Definition 2 (Block tree) Let T be a labeled tree, and let Tz be a cluster tree for the
index set T with root rr. We call T a block tree for Tz if

e for each b € T there are t,s € Tz such that b= (t,s),
e the root r € T satisfies r = (rz,rz1),

o the label of b= (t,s) € T is given by b =1 x &, and



e for each b= (t,s) € T we have

sons(b) # ) = sons(b) = sons(t) x sons(s).

A block tree for Tr is usually denoted by Trxz. Its nodes are called blocks.

In the following, we assume that a cluster tree 77 for the index set Z and a block tree
Tzxz for Tz are given.

We have to identify submatrices, corresponding to blocks, that can be approximated
efficiently. Considering the form of the matrix entries, we require the approximation
Jts of the kernel function g to be valid in the entire support of the basis functions ¢; and
©;j fori€tandj€ 3.

Definition 3 (Bounding box) Let t € 77 be a cluster. An awis-parallel box B; C R3
1s called a bounding box for t if

supp(y;) € By for all i € 1.

In practice we can construct bounding boxes of minimal size by a simple and fast
recursive algorithm [5, Example 2.2].

Our approximation scheme @D requires a direction for the plane wave. In order to
obtain the optimal order of complexity, we fix a set of directions for each level of the
cluster tree and introduce a connection between the directions for a cluster ¢ and the
directions for its sons ¢’ € sons(t).

Definition 4 (Hierarchical directions) A family (D)2, of finite subsets of R3 is
called a family of hierarchical directions if

le|| =1Ve=0 for all ¢ € Dy, ¢ € Ny.

A family (sde)g2, of mappings sdy : Dy — Dyyq is called a family of compatible son
mappings if

lc = sde(e)|| < ||le— € for all c € Dy, ¢ € Dyyq, £ € No.

Given a cluster tree Tz, a family of hierarchical directions, and a family of compatible
son mappings, we write

Dy := Dlevel(t)a Sdt(c) = Sdlevel(t) (C) forallt €Tz, c€ Dlevel(t)'

Remark 5 The “direction” ¢ = 0 is included in Definition [§] in order to include the
low-frequency case in our scheme in a convenient way.

Remark 6 (Implementation) In practice, we only have to define Dy for £ < pz and
sdy for £ < pz. Our definition admits infinite levels only to avoid special cases.



In the following, we fix a cluster tree 7z, a family (Dy)7°,, of hierarchical directions
and a family (sd)j2,, of compatible son mappings.

Assume that a block b = (t,s) € Tzxz and a direction ¢ = ¢, € D; = D; is given.
Replacing g in with the directional approximation

gtsxy Z ch gtuagsuLtcu( ) sc,u( ) foralla:GBt,yGBS
veM peM

as defined in @ yields for the entries (g;;) of the stiffness matrix G

iet,jes

9ij =/F<pi(w)/rg(w,y)s0j(y) dydx%/Fsoz'(x)/réts(w,y)soj(y) dy dx
=3 3 gl [ ei@ e do [ o Tlu)dy (10)

M peM
veM pe =iShp ~
=Wtc,iv =Vsc,ju
* . 7 . A~
= Z Z SbvpVtcivVUsc,ju = (‘/thSb‘/Lgc)ij foralli et, j€s.

veM peM
Due to S, € C**F with k = #M, this is a factorized low-rank approximation
Glivs = VieShVie. (11)

In order to handle the matrices V;. efficiently, we rely on the ideas of fast multipole
methods and H2-matrices and assume that these matrices have a multilevel represen-
tation: For ¢ and a direction ¢ € D, consider a son ¢ € sons(t) and corresponding
direction ¢ = sd¢(c) as introduced in Definition 4| and look for a (small) transfer matrix
Ey,. € CF*F guch that

%c’{/xk ~ Ve Eye. (12)

This approximation brings about a complexity reduction since only the small matrices
Ey. € CF*F need to be stored instead of Vi. € C***. A motivation for the construc-
tion of Ey. is obtained from and consists in replacing the function L., (z) =
exp(ik(x,c)) L, (z) by an approximation. Setting ¢’ = sd;(c) we have

Lety(z) = exp(ik(z, €))Ly (x) = exp(ik(z, ') exp(ir(z,c — )) Ly (x)

~ explin(z, ), lexp(in(- ¢ — ) Ly, (x) (13)
= eXp(iIQ<£C, C,>) Z eXp(iﬁ<£t’,1/7 c— C,>)Lt,u(€t’,u’) Lt’,l/ ($) (14)
v'eM -

We will take this as the definition of Ey.. The approximation step has to be justified,
and we will do this in Section |§| under the assumption that ¢ — ¢’ is small (relative to &
and relative to the size of By); in that case, the function x — exp(ik(z,c— ¢’)) does not
vary much, and we will show that the interpolation error is small on By. This approach
immediately yields

Vteiv = / Soi(x>Ltcv dl’ ~ Z et’cuu/ )Lt’c z/( )dx = (Vt’c’Et’c)iV
I

v'eM



for all i € ' and v € M, which is equivalent to (12).

The notation Ey. is well-defined since the father ¢ € 77 is uniquely determined by
t' € sons(t) due to the tree structure and the direction ¢ = sd¢(c) € Dy is uniquely
determined by ¢ € D; due to our Definition [4

Our (approximate) equation gives rise to the following, purely algebraic definition.

Definition 7 (Directional cluster basis) Let M be a finite index set, and let V =
(Vie)teTy,cep, be a family of matrices. We call it o directional cluster basis if

o V. € ctM for allt € Tz and ¢ € Dy, and
e there is a family E = (Eyc)ieT v csons(t),ceD, Such that

Vielprur = Ve Eve for allt € Tz, t' € sons(t), c € Dy,  =sdi(c).  (15)

The elements of the family E are called transfer matrices for the directional cluster basis
V, and k := #M s called its rank.

We can now define the class of matrices that is the subject of this article: we denote
the leaves of the block tree Tzxz by

Lrx7z :={b€ Trxz : sons(b) = 0}.

The corresponding sets bCZxZforma disjoint partition of Z x Z, so a matrix G is
uniquely determined by the submatrices G|; for b € Lzx7. For most of these submatrices,
we can find an approximation of the form . These matrices are called admissible and
collected in a subset

E%Xz :={b € Lzx7 : bis admissible}.
The remaining blocks are called inadmissible and collected in the set
EEXI = £I><Z \ £—I’_><I'
How to decide whether a block is admissible or not is the topic of Section [4

Definition 8 (Directional H?-matrix) Let V and W be directional cluster bases for

Tz. Let G € CT*T be a matriz. We call it a directional H?-matrix (or simply: an
2 . . . o

DH=-matrix) if there are families S = (Sb)beﬁfxz and <Cb)b€£}rxz such that

o Sy € CH** and ¢, € Dy = Dy for all b= (t,s) € L, 7, and

o Glis = VieSyWe with ¢ = ¢y, for all b= (t,s) € LT ;.

The elements of the family S are called coupling matrices, and c is called the block
direction for b € Tzxz. The cluster bases V and W are called the row cluster basis and
column cluster basis, respectively.

A DH%-matrix representation of a DH2-matriz G consists of V., W, S and the family
(G|B)be£gxr of nearfield matrices corresponding to the inadmissible leaves of Trx1.

10



Remark 9 (Storage) It is possible to prove that a DH?-matriz representation requires
O(nk+r%k?logn) units of storage if the cluster tree is constructed by standard algorithms
(e.g., [11, [{)]) and the following conditions hold:

{yel : lz—y| <r} S for all z € R®, r € Ry, (16a)
diam?(B;) < |B;NT for allt € Tz, (16b)

#{teT  zeB} <1 forallz €T, € Ny, (16¢)

no dist(By, Bs) < diam(By) = #5 < #t for allt € Lz, s € Tz, (16d)

level(t) = level(s).

Here | X| denotes the surface measure of a measurable set X C T'. The conditions
and require I' to be “essentially two-dimensional”, the condition limits the
overlap of clusters, and the condition corresponds to fairly weak mesh regularity.
The proof can be found in [2, Theorem 11].

4 Admissibility and main result

In order to construct a DH?-matrix approximation, we have to find a cluster tree 77, a
block tree Tzxz, and a family of hierarchical directions (D¢)e7; such that

Glivs = VieSHWo, for all b= (t,8) € LS, 7, c = cp.

An analysis of the approximation (cf., e.g., [I7]) indicates that boxes By, B, and the
direction ¢ have to satisfy the following three admissibility conditions:

my — Mg m
— | < 1
Ime — my| CH = max{diam(B;), diam(B,)}’ (172)
x max{diam?(By;), diam?(B,)} < 1 dist(By, Bs), and (17b)
max{diam(B;), diam(B;s)} < 19 dist(B, Bs), (17¢)

where m; and mg denote the centers of the bounding boxes B; and Bs and 71,172 > 0
are parameters that can be chosen to balance storage requirements and accuracy.

The first condition ensures that the direction c of the plane-wave approximation
is sufficiently close to the direction of the wave traveling from m; to msg.

The second condition is equivalent to

max{diam(B;), diam(Bs)} < 72 '
dist(By, Bs) ~ kmax{diam(B;), diam(Bs)}’

it ensures that the angle between all vectors ¢ — y for x € B; and y € By is bounded
and that this bound shrinks when the wave number or the cluster diameter grows.

The third condition provides an upper bound for the same angle that is inde-
pendent of the wave number and cluster diameter. This is the standard admissibility
condition that is also used for the Laplace equation or linear elasticity.

11



In order to obtain a simple algorithm, we treat the first condition (17a]) separately
from the others: for each level ¢ of the cluster tree, we compute the maximal diameter

0p := max{diam(By) : t € TI(E)}

of all bounding boxes and then fix a set of directions Dy
m
K0y
Since all clusters on level ¢ share this set Dy of directions, the condition is guar-
anteed since (my — mg)/|lm¢ — mg|| is a unit vector for all t,s € 7z. We also note
that condition is trivially satisfied with ¢ = 0 for small d;, viz., 71 /(kd;) > 1. We
therefore require

|z —c|| < — for all z € R3, ||z]| = 1. (18)

c=0 if 6p < m/k. (19)

In our numerical experiments, we construct the sets D, by splitting the surface of
the cube [—1,1]% into squares with diameter < 21y/(kd;), considering these squares’
midpoints ¢, and projecting them by ¢ := ¢/||¢|| to the unit sphere. By construction,
each point on the cube’s surface has a distance of less than 72/(kdy) to one of the
midpoints, and we only have to prove that the same holds for the points’ projections to
the unit sphere. This is a consequence of the following general result:

Lemma 10 (Projection) Let z,y € R™ with ||z||, ||y|| > 1. We have

< [l
‘ llzl iyl H

Proof. [2, Lemma 6] O
The remaining admissibility conditions and do not depend on the directions
and can be used to construct a suitable block tree by standard algorithms [1T, [4].
With the Lagrange interpolation polynomials L;, associated with the cluster ¢ and
the chosen polynomial interpolation scheme, our approximation scheme is summarized
in Figures 2] and [3]
We close this section by assessing the error incurred by our approximation scheme.
Our approximation scheme yields a matrix G € CT*7 that is close to G € CT*Z:

Theorem 11 Let t,s € Tz and ¢ € Dy with level(t) = level(s) satisfy the admissibility
conditions (w and (@)

Let the 1D interpolation operator satisfy . Assume additionally that the bounding
bozxes By, t € Tz, have the contraction property (@ for some g € (0,1).

Then there exist constants C, b, K > 0 depending only on the parameters i, 12, § as
well as Cp, X of such that under the side condition m > K log(log k) the following

error estimates hold for the difference between the Galerkin matriz G € CT*T and its
approzimation G € CT*T:
~ 1 . . .
sup |9i — Gijl <C exp(fbm)m if (t, s).zs an admissible block,
(i,5)etxs lpill L1 F)H‘P]”Ll 0 otherwise.
Proof. Follows from combining Theorems [27] and O
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procedure build basis(t);
if sons(t) = () then
for c € D; do
forict, veMdo
Vteyiv < fp @z(x) eXp(ili<$, C))Lt,l/<x) dx
else begin
for ¢’ € sons(t) do build_basis(t');
for ¢ € D; do begin
d + sdi(c);
for v,/ € M do
Ct'e v < eXp(iH<£t’,1/y c— Cl>)Lt,zx(£t/,u’)
end
end

Figure 2: Construction of the directional cluster basis

procedure build_coupling(b = (¢, s));
if sons(b) = () then
if b satisfies and then begin
Choose ¢, = ¢ € Dy = D, with 1'
for v, u € M do begin
T ft,u - gs,u;

i

Shop <
end
end
else
forict, jesdo g+« Jrei(@) [r9(z,y)ei(y) dy dx
end
else
for b’ = (t',s') € sons(b) do build_coupling(t/ = (¢, s))
end

Figure 3: Construction of the directional cluster basis

13



5 Matrix-vector multiplication

Let G be a DH?-matrix for the directional cluster bases V and W, and let € CZ. For an
efficient evaluation of the matrix-vector product y = Gz. we follow the familiar approach
of fast multipole and H?-matrix techniques: since the submatrices are factorized into
three terms

Glixs = VieSoWe for all b= (t,s) € LF, 7,

the algorithm is split into three phases: in the first phase, called the forward transfor-
mation, we multiply by W7 and compute

Tse = Wixls for all s € Tz, ¢ € Dg; (20a)

in the second phase, the coupling step, we multiply these coefficient vectors by the
coupling matrices S, and obtain

Ute := Z SpTse for all t € Tz, c € Dy; (20b)
b:(t,s)eﬁ%xl

c=cp

and in the final phase, the backward transformation, we multiply by V. to get the result

vi= Y (Vic)i for all i € 7. (20c)
teTz, c€ED:
ict

The first and third phase can be handled efficiently by using the transfer matrices Ey.: let
s € Tz with sons(s) # 0, and let ¢ € D,. Due to Definition [1] the set {3’ : s’ € sons(s)}
is a disjoint partition of the index set §. Combined with , this implies

Wials= > Waelosn)'ale = Y EpVierle= Y Ejdve,

s’€sons(s) s'€sons(s) s'esons(s)

and we can prepare all coefficient vectors Zs. by the simple recursion given on the left
of Figure [4] By similar arguments we find that the third phase can also be handled by
the recursion given on the right of Figure

The submatrices corresponding to inadmissible leaves b = (,s) € L7, ; are stored as
standard arrays and can be evaluated accordingly.

We see that the algorithms use each of the matrices of the DH2-matrix representation
exactly once, so the bound provided by Remark 9 for the storage requirements yields an
O(nk + k%k?logn) complexity of a matrix-vector multiplication.

6 Interpolation error analysis

Our goal is to prove that our approximation scheme converges exponentially and that
the rate of convergence does not depend on the mesh resolution or the wave number x.

14



procedure forward(s, z, var ); procedure backward(¢, var 7, y);

if sons(s) = () then if sons(t) = () then
for ¢ € D, do Ty + Wials for ¢ € Dy do yl; « yl; + Viclre
else begin else begin
for ' € sons(s) do forward(s', =, T); for c € D, do
for ¢ € Dy do begin for ¢’ € sons(t) do
/fsc «— 0; /y\t’c/ «— ?/\t/c’ + Et’c:‘//\tc;
for s’ € sons(s) do for ¢’ € sons(t) do backward(t', y, y)
Tse & Tse + E:/C/x\s’c’ end
end
end

Figure 4: Fast forward and backward transformation

We use the maximum norm
| flloo,B := max{|f(z)| : = € B} for all f € C(B)

for compact sets B to measure the approximation error.
For bounding boxes By, Bs C R3 and a direction ¢ € R?, we immediately find

|exp(ir(x —y,0))| =1 for all z € By, y € Bs,

and we can conclude that multiplication with a plane wave does not change the maximum
norm. This implies
Hg - gts”oo,thBs = ”gc - gc,ts”oo,thBs (21)

for the approximations g:s and g.s defined in @ and . This equation allows us to
focus on interpolation error estimates for the modified function g..

6.1 Tensor interpolation

The error analysis of our scheme has to gauge two sources of error: the interpolation
error associated with and the interpolation error arising from ((13)). Both cases require
error estimates for tensor interpolation.

Definition 12 (Lebesgue constant) The Lebesgue constant of the interpolation op-
erator 3 : C([—1,1]) — II,,, is given by

m
Ay, = max {Z |L,(x)] @ ze]-1, 1]}
v=0
and is the optimal constant for the stability estimate

130 Moo (=117 < Amll flloo,(~1,1] for all f € C([-1,1]). (22)
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Remark 13 (Chebyshev interpolation) A good choice for J is interpolation in the
Chebyshev points

2 1
f,,—COS<2V—:_2> for allv € {0,...,m}.
m

According to [19], we have A, < 21In(m + 1) + 1, and this is very close to the best
stability constant a Lagrange interpolation scheme can reach.

The convergence theory of the present paper is formulated more generally for interpo-
lation operators J that satisfy the condition

Ay < Cp(m+1)2 for all m € Ny, (23)

where Cp € Rsg and A € R>y are independent constants. In the case of Chebyshev
interpolation, we can use Cp = X\ = 1.

Recall the tensor product interpolation operator Jg from that is obtained from
the 1D interpolation operator J. We will analyze the approximation properties of Jp
in terms of one-dimensional interpolation operators. To that end, we consider for an
axis-parallel n-dimensional box

B = [al,bl] X oo X [an,bn] (24)

the partial interpolation operators for each coordinate direction ¢ € {1,...,n} by apply-
ing J4, p,) only in this direction. The corresponding operators are given by

Ip.: C(B) - C(B),

f — <:L‘ — Z f(l'la s ,folvg[aL,bL],w LTytly--- a:L‘TL)L[aL,bL],V(mb)) :

v=0

A simple induction shows that the operator Jp of can be written as
Jp:=0p1o--0Jpn=Tpno---0Jpy1. (25)

It is easy to see that, if the underlying interpolation operator J : C([—1,1]) — II,,
satisfies , then

||j[a,b} [f]”oo,[a,b] < Am”f”oo,[a,b} for all f € C([a7 b]) and
195 o5 < Amllf ooz for all f € C(B), 1€{1,... n}. (26)

This leads to error estimates for the tensor interpolation operator:

Lemma 14 (Tensor interpolation) Let B be given by (24)). For f € C(B) define

f%L : [—1,1] —>R, t— f(1'1,...,.C[,'L_l,q)[a“bb}(t),l'b_;rl,...,xn) (27)
forallx € B and v € {1,...,n}. If we have
| faw = I failllooj=1,1) S € forallz € B, 1€ {1,...,n}, (28)

then
If = 3B[f]lloc,p < nAL e
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Proof. Let x € B, t € {1,...,n}, and t := Q[:L},bL](xb). By definition we have

fe () = fl@1, 201, P, ) (8), i1y - - 2n) = f(2),
and a straightforward computation gives us
Ifzul(t) = I, [f1(=),
so the assumption implies
1f =TIl f]lloo,m < € for all v € {1,...,d}.

Using a telescoping sum, we obtain with the stability property

1f = 38flloez <D 138100 Tpualf = Tp.[fllloc,
=1

n
<D A = T8 fllee,m < nAG e,
=1

which is the required error estimate. O

6.2 Reduction to univariate approximation

We have seen in that an interpolation error estimate for g. implies an estimate for
the directional approximation g:s of g.
In order to apply Lemma, [T4], we let

f: By x Bs — C, (z,y) = ge(x,y).

We have to investigate the functions f, ., introduced in forve{1,...,6}. Ift=1
holds, the first component of x varies in [at 1, bt 5], and we have

exp(ir(|ld — tp|| — {d —tp, c)))

fey) () = for all ¢t € [—1,1], (29)

d — tpl|
with the vectors
(atn +be1)/2 =y (agn —be1)/2
d:.= T2 — Y2 , p = 0
T3 — Y3 0

For « € {2, 3}, we obtain similar results by considering the second and third component
of the vectors instead of the first.

For + = 4, the first component of y varies in [ag 1, bs,1], and we can again use by
choosing the vectors

z1 — (as1 +bs1)/2 (asq —bs;1)/2
d:= To — Yo , pi= 0
T3 — Y3 0

17



We can handle ¢ € {5,6} in a similar fashion.
In all six cases, we have

max{diam(B;), diam(B;)}

lpll < 5 , (30a)
and since ®(, 5 maps into [a,b], we also have
d—Tmp€e€By—Bs={x—y : v € By, y€ Bs} for all 7 € [—1,1]. (30b)

Combining these inequalities with the admissibility conditions yields bounds that
can be used to estimate the interpolation error of f, . ,-
In order to keep the notation simple and the results general, we consider general

vectors p,d € R? satisfying the conditions (30al) and (30b).

Lemma 15 (Univariate formulation) Let t,s € Tz satisfy the admissibility condi-
tions (17). Let € € Rxo.
For p,d € R3 satisfying and , we define

exp(is(||d — tp|| — (d —tp, c)))
4r||d — tp||

g1:[-1,1] = C, t—

If we have
g1 — Tg1]lloo,—1,1) < € (32)
for all such p,d € R3, we find for Gis given by (@

Hg - gts”oo,thBs < 6A§n€.

Proof. We have already seen that f, ,y,, ¢t € {1,...,6}, corresponds to specific vectors
d,p € R? satisfying and . Since we have at our disposal for all pairs
of vectors satisfying these conditions, we can apply Lemma to obtain the required
estimate. O

7 Holomorphic extension of g;

In order to obtain bounds for the interpolation error of the functions g defined in ,
we consider its holomorphic extension into a neighbourhood of the interval [—1,1].
This extension can be constructed by combining holomorphic extensions of the inner
product, the Euclidean norm, and the exponential function.
For the inner product, we use the simple approach

n
(z,y) = Zfﬁzyz for all z,y € C".
j=1

This is not a sequilinear form, but the restriction to the real subspace R" is the standard
Euclidean inner product.
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The exponential function can be extended to the entire complex plane by using its
globally convergent power series representation.
Finally, the holomorphic extension of the Euclidean norm

|zl = V(z,x) for all x € R™

requires a suitable extension of the square root, which cannot be defined in all of C. We
choose the principal branch given by

VZ = \/mrilzh for all z € C\ Ry, (33)
z2+ |z a

which is holomorphic in C\ R<g. In order to identify a subset of C in which z —
\/ (d — zp,d — zp) is holomorphic, we have to determine the values z € C satisfying

(d — zp,d — zp) & R<yp.

Lemma 16 (Holomorphic extension) Let n € N and d,p € R™ with p # 0 and
define

we= o)/l wim AP =8, w = wy + o,
Ud :(C\{wr—i-ly : yERa |y’ zwl}

We have
(d— zp,d — zp) = |]p|*(w — 2)(w — 2) for all z € C. (34)
The function
f:Uq— C\ {0}, 2= /(d=zp,d—2p) = |lp|V/(w = 2)(w - 2),

is well-defined and holomorphic.

Proof. The equality follows from a direct computation using d,p € R" and |w| =
[d]l/]lpll: We have

(d—zp,d—zp) = ||d|I” = 2(d, p)z + |plI*=* = ||Ip[|*[w]* — |pl*(w + @)z + [|p]|*2*
= [Ipll*(w = 2)(@ — 2).
In order to show that f is well-defined, it suffices to demonstrate
z€Ug= (d—2zp,d—zp) € C\ Ry for all z € C.

We use contraposition: let z € C be such that (d — zp,d — zp) € R<g. We will show that
this implies z € Uy. Let x,y € R be such that z = x + iy.

(d— zp,d — zp) = ||p||*(w — 2)(@ — 2)
= |lp|*((wy — z) + i(w; — y)) (wy — ) + i(—w; — y))

19



Figure 5: Domain U, in relation to the interval [—1, 1] and {w,w}

= Hp||2((wT - ~T)2 - 2i(w7' - x)y + wz’z - yQ)-

Due to (d — zp,d — zp) € R<g, the imaginary part vanishes and the real part is non-
positive, i.e., we have

0 =2(w, — )y, 0> (w, — ) +w? — y? (35)
due to p # 0. If y = 0 holds, the inequality implies
0> (wr—x)2+wi2 >0,

and we get 0 = w, —z and 0 = w; < |y|, i.e., z & Uy.
Otherwise, i.e., if y # 0 holds, the equation in yields w, —x = 0, and the inequality

gives us
v > (wy — ) + w? = w?

1

and therefore |y| > w; and again z & Uy.

Contraposition yields that z € Uy implies (d — zp,d — zp) € C\ R<o.

Since z — (d — zp,d — zp) is holomorphic in U; and maps into the domain of the
holomorphic principal square root, the composed function f is also holomorphic. O

In order to obtain bounds for the derivatives of g; and the corresponding interpolation
error, we require bounds for its holomorphic extension. We start by investigating the
extension f of the norm t — ||d — tp]|.

Lemma 17 (Norm estimates) Letn € N and d,p € R™ with p # 0, and let f, w and
Uy be defined as in Lemma [16
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We define

d—t
G = HHM’pH7 Uy ={2€C : |z—t|<r} foradlt,reR, (36a)
C=min{¢ : te[-L1]}, U= | U forallr € R.  (36D)
te[—1,1]
Then we have
Utr € Ua, [f ) = Nl (¢ =) forallt € R, r€[0,(), 2 € Uty,
Ur C Uq, [f )= pll(¢ =) for allr €[0,¢), z € U

Proof. Due to , we have
ld = tpl* = [Ip|*(w — t)(w — t) = ||]p||*(w — ) (w — t) = [|p|*|w — t]*  for all t € R.
Let t € R. We have

ld—tpl2 pl2lw - 2 ,
= = =|w—t 37
e e (57)

and therefore (; = |w — t|.
Let (; > 0. In order to prove U, C Uy, we only have to show that w, + iy & Uy,
holds for all y € R with |y| > w;. Let z := w, + iy with y € R and |y| > w;. Due to

,Wehave
2 = t1? = (wr = 1)* + 3 > (w, = 1)* +wf = |w— 1> = ¢,

and this implies z € Uy, for all r € [0, ;).
Now that we have proven U, C Uy, we can consider the lower bound. Let r € [0, ()
and z € U;,. Using again , we find

lw—zl=|lw—t+t—z|>|lw—t|—|t—2z|>G—r>0,
w—z|=|lw—t+t—z|>|w—t|—|t—z|=|lw—t|—|t—2>G—r>0,

and this implies
[f ()] = lpllVIw =zl |w = z[ = |Ipll(¢ —r).

Assume now ¢ > 0, and let 7 € [0,() and z € U,. By definition, we can find ¢ € [—1,1]
such that z € Up,. Since ¢ = min ¢[_1 1) ¢r < (i, we get

z € Ug, [f )] = lpll(¢ =) = lpl(¢ =),

and the proof is complete. O
We also require a bound for the exponential function appearing in . Due to

|exp(x +1iy)| = |exp(x)| | exp(iy)| < exp(|z]) for all z,y € R,
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we only have to find an estimate for the real part of the argument of the exponential
function. Introducing

fe:Ug— C, 2z f(z) —(d— zp,c), (38)
we have
exp(ir(f(2) — (d — zp, c))) = exp(irfe(2)),
lexp(ir(f(2) — (d — 2zp, )| < exp(k[S(fe(2))]),

and our next goal is to find an upper bound for |J(fe(z))|. Following the approach of
[17], we apply a Taylor expansion of f around ¢ € [—1, 1] to obtain the required estimate.

Lemma 18 Let ¢ € Rog and r € [0,(). We have

l-s 1
T N3 dS = 597, 8"
0 (C—rs) 2¢3(C—r)
Proof. The proof is straightforward for r = 0. For r > 0, the function

(L+¢/r)—2s

h: [0,1]4)1&, 2’/"((-7"8)2 )

is the antiderivative of the integrand, and we can use the fundamental theorem of calculus
to obtain the equation. O

Lemma 19 (Taylor expansion) Let d,p € R® with p # 0 and ¢ € R3 with ||c|| = 1.

Lett € R and

_ lld—tpll

Gt =
el

as before. Let r € [0,(t), and let Uy, Ug and f be defined as in Lemmas . Let f,
be given by @ Then, we have for z € U, the representation

_ d—tp R s )
0= (=g =)+ [ AT TG0 @

The imaginary part of fe(z) can be bounded by

>0

—c|r+

9((2))] < ol (

Hudigu = ’“2> - (40)

Proof. Let z € U;,. Due to Lemma this implies z € U;. We have

F(z) = \/{d—zp,d — zp) = (d — zp,d — zp)'/?,
Flz)=— (p,d — zp) _ —(p,d — zp)
@ d—zp) 2 [(z)
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(p:p)f(2) + (p.d—zp) f'(2) _ (p,p)f(2) = (p,d — 2p)*/ f(2)

f//(2> = f(z)2 = f(z)2
_ (o) f(2)? = (pd—2p)* _ (d—zp,d—2p)(p,p) — (p.d — zp)?
f(z)? f(z)? '

We use a Taylor expansion of f(z) around ¢. More precisely, with the parametrization
z:10,1] — Uy, s Zsi=t+ (2 —t)s,
we have
f(20) = f(2), f(z1) = f(2), F(s)=2—t for all s € [0, 1],

and the Taylor expansion of f o Z around s = 0 yields
1
f2)=(fo2)Q) = f(t) + f(t)(= =) + /0 F(2)(1 = s)ds(z — )%
Hence, we obtain for the function f,
fe(z) = f(2) = (d = zp,¢)
1
=fO+fOE-1)+ /O F(2)(1 = s)ds(z —1)* = (d — 2p,c)

(d —tp,p)

= ||d = tp|| — (d — zp,c) — 1= i) (z—1)
Y d = Zp,d = 2p) (p,p) — (p,d — Zp)* — )2
+/O N (1—s)ds(z—1)

B d—tp d—tp
‘<d P rd—tpu> 4= zp,c) <(z e Hd—tp||>

' {d— Zp,d — 2:p)(p,p) — (p,d — Zsp)* 2
+/0 [TEAE (1—s)ds(z—1)

={({d—=z d—tp —c
- =

Y {d— zp,d — 2p)(p,p) — (p,d — Zp)*
+/0 [TEAE

We take a closer look at the integrand. For any z € C, we find

(1—s)ds(z —t)%

(d— zp,d — zp)(p,p) — (d — zp,p)°
= ((d,d) — 2z(d, p) + 2*(p, p)) (P, p) — ((d, p)* — 22(d, p) (p, p) + 2*(p, P)?)
= ldPPlp|I* = 22(d, p)lIplI* + 2*[Ipll* = (d, p)* + 22(d, p) IpII* — 2| Ip|l*
= [|dI*[lplI* = (d, p)* = [Id]]*||p||* sin® £(d, p). (41)

With this equation, we obtain .
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For any s € [0, 1], applying twice yields

{d — 2sp,d — 25p)(p,p) — (d — 2sp,p)?| = ||d||*||Ip||* — (d, p)*
= (d —tp,d — tp){p,p) — (d — tp,p)* = ||d — tp||*||p||* — (d — tp,p)*
= ||d — tp|?||p||* sin® Z(d — tp,p) < ||d — tp|*|[p||?,

and we obtain

f(z)? G

By definition, we have |2, —t| = [(z—t)s| < rs and therefore 2, € Uy ;5. Hence, Lemmal[l7]
yields | f(25)| > |[p||(¢ — 7s), and we can use Lemma [1§] to find

/1 (d— 2sp,d — Zsp) (p,p) — (p,d — 25p>2(
0

' (d— 2sp,d — 2sp)(p,p) — (p,d — 2sp)?| _ ||d — tp||*||p||?

1—s)ds(z—t)?

f(2)?
ld —tplP|lpl® [+ 1- ld — tp]?
< 3 ——g dslz =t < pllg g7
il o (G—rs ) 2|26 (¢ = )
G 2 _ L

HPHW = ||pHmT :

Write z = = + iy with z, y € R. This implies z —t = (z — t) + iy and |z — t| > |y|, so we
can apply the Cauchy-Schwarz inequality to get

d—tp d—tp
23 d—
”<< P =g wu‘§> <WWd ] > 'MWMhd ] ©

< _ —1
< ol =g~ | e < o | e

tp||
Combining both estimates with gives us . O

T.

Theorem 20 (Derivatives) Let d, p, c € R® with ||c|| = 1. Define

I 7= ar @

- Hd
]l
If 8 <1/2, then

) < ) Plslpla+ )
o O < = s a

Proof. If p =0, then g; is a constant, and the estimate is trivial.
Let p # 0 and (o := ||d||/||p|]| = 1/B. Assume § < 1/2. Then, we have (y > 1.
Let z € C with |z| < 1. Applying Lemma [I7 with ¢ = 0 and r = 1 < (o yields

£ (2)] = [Ipll(¢o = 1),

for all m € N.
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and with Lemma [19] this leads to
1 B
S(fe(2))] < lp <a+): D <a+>§ pll(a+ B).
SN < ol (04 55 ) = ol (0 + 57255 ) < Ipll@+5)
By the Cauchy formula for derivatives, we find

97 (0)] < m! max{|gi(2)| : z€C, |o| =1}

I C 2SR
sm! { 7] €C. I 1}
_elpl@+8) _ B ew(slplia+ )
<M =D ST
explslpla+ 8)
T

]

Corollary 21 (Directional derivatives) Let x, y, ps, py, ¢ € R® with x # y and
lle]| = 1. Let

r—y
— —c
lz =yl
If B <1/2, then we have

| 5. Ie=nill
=yl

XD (5P — pyll( + B))
- (1=B)lz -yl

Proof. We let p := p, — p, and observe

‘a&,py)gcw’y)’ =m for all m € N.

g1(t) = ge(x —tp,y) = ge(x — tpy + tps, y) = ge(@ + tpg,y +tpy) for all t € [—1,1].

This implies

gim)(o) = 0, p,)9c(T,Y) for all m € N.
An application of Theorem [20] completes the proof. O

8 Polynomial best approximation

Corollary [21]is already sufficient to obtain convergence results for the Taylor expansion of
ge, but the requirement ||p|| < ||d|| forces us to use rather strong admissibility conditions.

We can obtain better convergence rate estimates by considering an approximation by
interpolation. If a stable interpolation scheme, e.g., Chebyshev interpolation, is used,
we only have to prove that the function can be approximated by a polynomial, since
standard best-approximation arguments immediately result in an almost optimal bound
for the interpolation error.

In order to prove that g; can be approximated, we rely on the theory presented in [9]
Chapter 7).
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Definition 22 (Bernstein ellipse) We define

£ i €R (2"” )2+< 2y )2 1
=Rz=x+iy : z, ; =1,
¢ Y Y o+1/o o—1/0

2 \? 2y \?
D, =<Rz=x4+1y : x, ER,() —i—( ) <1 for all p € R+q.
’ { vy o+1/e 0—1/e g

The set &€, is called a Bernstein ellipse, the set D, is the interior of &,.

Lemma 23 (Existence) Let 6 € Ry, and let f : Dy — C be holomorphic. Given
0 € (1,0) and m € N, there is a polynomial m € I1,,, of degree m such that

2 _
1f = 7lloo,—1,1) £ ——0 "max{|f(2)] : z €Dy}
o—1

Proof. This is [9) eqn. (8.7), Chap. 7]. O

Our Lemmas [I7] and [I9] can be used to obtain bounds for the holomorphic extension
of g1 in the domains U,.. In order to apply Lemma 23] we simply have to find ¢ > 1 such
that D, C U,.

Lemma 24 (Inclusion) Letr € Ry, and let o := V72 +1+ 7.
For each z € @Q, there is a t € [—1,1] such that z € Uy ,. In particular, we have

D, C U,.
Proof. We start by observing
2 1— 2 1—
1/o= Vre + r :\/27"—1— 27“: /r2+1—r,
(Vri+l+r)(Vri+l1l—-r) r+1-r
V2 -1 2
Q+1/Q:2T+1:\/7T+17 0 /Q:l:
2 2 2 2
Let z € D,. We fix z,y € R such that z = z + iy. Deﬁnitionimplies
2z 2 2y 2 z? y?
12— + = + =. 43
- (@+ 1/@) (@—1/@) rP4l )

If z € [-1,1], we let t = x and find |z — t| = |y|. Since implies |y| < r, we have
A Utﬂn.
If x > 1, we let t = 1. The inequality yields

2 2
2 2 Y 2 re+1 9 9
T (T+)< TQ) e+ Sy <ty (44)
(@-1)2=2"-20+1<r?+2—12 — 20 <r? — ¢,

and we have [z — 112 = (z — 1)2 + ¢y <12, ie., 2 € Uy,
If x < =1, welet t = —1 and use again to find

(z4+1)2 =2 4+20+1<r? 42—y + 22 <r? —¢?
Since this implies |z + 112 = (z + 1)2 + y? < 2, we have z € Uy, O
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Theorem 25 (Approximation) Let d, p, ¢ € R? with ||¢| = 1. Define
Q := max —c|| : te [—1,1]}, §:=inf{||d —tp|| : te€[-1,1]}
=i~

and assume § > 0. Let ¢ := d/||p||, » € (0,¢), and o = Vr2+ 1+ r. Then for each

m € N there exists a polynomial m € I, of degree m such that for the function g1 of
exp(Y(r))  _m

M& —r/0°

) = wlplr (a4 55 ).

g1 — 7l <

where

Proof. We observe

lld — tpl|

> ¢ for all t € [-1,1].
I

G =
Let z € Uy, and let ¢ € [~1,1] with |z — ¢| < r. Lemma [19] yields

()1 < sl (15— =+ 3 =)

< k|p|| <ar + 2(C1—7‘)T2> = ().

Lemma [T17] yields
[F()] = plI(€ =r) = [lpllc(t = 7/¢) = 6(1 = 7/C),
e conehuee S - _expla(r)
exp(r|S(fe(z exp(y(r
l91(2)] < < .
4r|f(2)| (1 =r/C)
We have established this bound for all z € U,.. Due to Lemma this implies that the

bound holds for all z € D, so we can apply Lemma[23[and use p—1 = vr2 + 14+r—1>1r
to complete the proof. O

Lemma 26 (Approximate directions) Let t,s € Tz be given with level(t) = level(s)
and let ¢ € Dy = Dy be chosen such that the admissibility conditions (w hold.
Let d, p € R? be vectors satisfying (30d (-) and (-) Then we have

H d—p < m + 2
|

I —1,1].
d—p| || = kmax{diam(By),diam(B;)} for all v € [-1,1]
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Proof. Let q := max{diam(B;),diam(DBs)}.
Let v € [-1,1]. Due to (30b]) and (17b)), we have
k 2

|d — ~vpl|| > dist(B, Bs) > nl

Due to my € By and mg € B, we can apply (17b) to find

- K
[y — m|| > dist(By, Bs) > %q%

The last two estimates imply

>1, H(mt—7715):(]22 >1

- )

H(d 7p) 77;

so we can apply Lemma [10] to obtain

‘ d—yp  my—m
ld = ~pll [lmy — my]]

‘ < 0= 9) ~ m = )| 2.

Due to (30b)), we can find x € B; and y € By such that d — yp = x — y and obtain

1(d —=p) = (me —my)l| = [[(z = ma) = (y = m)|| < llz —mull + [ly — ms]|
<q/2+q/2=q.

Combining the estimates yields

— —c
IId vl ld —~pll  [lme — msll || msll
< e + m
< |I(d — —
< ld = p) = (g —my) |2 + 2 < B
This is the required estimate. O

Theorem 27 (Interpolation error) Let t,s € Tz be clusters with level(t) = level(s)
and let ¢ € D, = Dy be chosen such that the admissibility conditions hold.

Let r € (0,1/n2) and o0 = V12 + 1+ r. Then, we have for the approrimation Gis :=
exp(ik(r — y, ¢))I B, x B, [exp(—ik(r — y,¢))g] the bound

A3 (1+Ayy)
dist(By, Bs) ©

—m

lg — Gtslloo,B.x B, < Cin(m1,m2,7) for all m € Ny,

where

; 19 €Xp ( (m +m2) + 12 2(1— mz))
1n(77177727r) - 7 471’(1 — 7’772) .
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Proof. Lemma [26] yields

Q := max — P < n L
||t — || ~ kmax{diam(By),diam(Bs)}’

and the condition (30b|) implies
= inf{||d —p|| : v € [-1,1]} > dist(By, Bs).
With (30a) and the standard admissibility condition (17¢c|) we get

dist (B, Bs)

¢:=46/|p|| = max{diam(B;), diam(Bs)}

>1/m2 >0, ie, 1/¢ < mo.

Since r < 1/n9 implies r < ¢, we can apply Theorem 25| to find a 7 € II,,, with

9 exp(r(r
o =l < 250 o7 (45)

Using (30a)) in combination with the directional admissibility condition (17al) and the
parabolic admissibility condition (17b]), we find

) = el (a+ 5

m + 12 Ip|[*r?
<
< el T diam (B dam(BL)T T 351 —1/0)

o k max{diam(B;)?, diam(B;)?}
2 dist(By, Bs)(1 — /<)

72
20 =170 <r(m+mn)+r

Combining this estimate with yields

r(m +m2) +r

2 12

2 e —

Cln(nl’ 772’ ) -m
lgr =lloo 10 = G s, B C

With we get the estimate

91 — I[g1lllo,=1,1) = (g1 = ™) = T[g1 — 7llo,=1,1] < (L + Am)llg1 — Tlloo,[=1,1]
Cln(77177727 ) —
< (14 A, 012, 7) m
(1+ )6dist(Bt,Bs)

and Lemma [15| finally gives us
Cin(n1,m2,7)
6 dist(Br, Bs) ©
AS (14 Ap)
dist(By, B) ©

ch - jBt><BS [gC]HOO,BtXBS < GA%(l + Am)

—m

= Cin(nla 12, T)
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9 Nested approximation

As discussed in Section [3| an H2-structure is essential to reduce the complexity of our
matrix representation. The crucial step that permitted this structure is the approxi-
mation step . In this section, we analyze the impact of this step. The analysis is
non-standard since the functions L., are recursively approximated. Structurally similar
analyses can be found in [7, 22].

Since we will frequently have to interpolate functions of the form

z — exp(ikez)u(z)
for functions u, we introduce the short notation

exp(ike)u

[k
.

for these functions, where marks the position of the variable z and the multiplication
of the functions exp(ikc-) and wu is defined pointwise.

In order to perform the analysis, we introduce the notion of descendants of a cluster
te Tz

Definition 28 (descendant) Let Tz be a cluster tree. Fort € Tz define

sons*(t) := {1 € Tz | 7 is leaf of Tz and 3 (1), s.t.
t=19, T =1L, Tizx1 € sons(r;), i =0,..., L —1}.

We call (1;)E, the cluster chain connecting t with T. For given t € Tz, T € sons*(t), the
cluster chain (Ti)iLZO 1s unique. We call L the length of the cluster chain connecting t
with T € sons*(t).

Let Tz be a cluster tree with hierarchical directions (¢t)ie,. For givent € Tz, T €
sons*(t) with cluster chain (1;)E, the effective length of the cluster chain is defined by

I L if ¢r; 0 for alli € {0,...,L}
o min{i|c,, =0}  otherwise.

Remark 29 The cluster chain length L is bounded by the depth of the tree Tz. The
effective cluster chain length Lg is bounded by C'log k if the following two conditions are
satisfied:

e the directions ¢ € Dy, are selected such that ¢ = 0 for kdiam(By) < 1, and
e diam(By)/diam(B;) < ¢ <1 for allt € Tz, t' € sons(t).
In this situation, the condition in below is satisfied for m > K log(log k).

The step shows that approximation operators Jf, of the following form appear for
t € Tz, t' € sons(t), ¢ € Dy, ¢ = sdi(c):

w — J5[u] == exp(is(-, ) I, [exp(—ir(-, ¢))u] for all u € C(By).
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Note that these operator reduce to the usual polynomial interpolation if ¢ = 0. With
the aid of the operators J¢,, we define the following iterated operators: let ¢ € 7z and
7 € sons*(t). Denote (1;)L, the corresponding cluster chain. Define with the effective
length Ly of the cluster chain

~cC ~cC ~cC ~cC
= o) O+++0
‘jtﬂ' JTLO JTLofl J7’1

(If Ly = 0, then Jr= Id.) These operators arise in our algorithm. Indeed, for admissible
blocks b = (t, s), the interpolant @ is given by

= eXp(iK,<l‘ -y, C>) Z gc(gt,uags,u)Lt,zx(l‘)Ls,u(y) for all z € By, y € B,
v,ueM

and is approximated by our algorithm by
Gts,ro (z,y) = jg,r ® 3570[9] (z,y)

= Y 9e(&w o) Lirew (@) Logenly)  forallaw € B, y € B,
v,u€M

for 7 € sons*(t), o € sons*(s), where the functions Etmy are defined by
Etmy(x) = 07 1 [Lteo] (), for all x € B, T € sons*(¢).

The analysis is therefore reduced to gauging the difference L., — Em,,,. This is achieved
in the following theorem.

Theorem 30 Assume the 1D interpolation operator J satisfies . Assume the ex-
istence of § € (0,1) such that for any t € Tz, t' € sons(t), the corresponding bounding
bozes By = [as,1,be,1] X [ar2,be2] X [ar3,bi3] and By = [ag,l’bg,l] X [ag,zabg,z] X [02,3752,3]
satisfy the contraction property

b:t,i - a:;i

<g i=1,23 4
b =0 12,3 (46)

)

Assume (@ Choose q € (q,1). Then there exists K depending only on q, the chosen
q, the constants Cp, A of , and n1 such that for any t € Tz and T € sons*(t) with
effective cluster chain length Lg the following holds:

m > Klog(Lg + 2) = I Ltey — Lirew oo, < a™ (47)

Proof. The proof is a consequence of Theorem (with n = 3) and the following
observations: first, the parameter L in the statement of Theorem [36|is replaced by the
effective cluster chain length Lg, and second

’N,Bt = HLEVHOO,Bt < Agm

”Ltc,l/Hoo,Bt = H eXp(iK<C, '>)Lt,u

where, in the last step, we used that L;, is a Lagrange interpolation polynomial for the
box B;. O

31



9.1 Recursive reinterpolation in 1D

The following definition captures the essence of the reinterpolation process analyzed in
Theorem [30]in a 1D setting:

Definition 31 (i) We call the sequence of closed intervals € := (Ji)iLZO an interval
chain if Jy D J1 D - D Jp. If

| Jig1]
| Jil

<g<l1l, i=0,...,L—1,

for a g € R, we call § a contraction factor of the interval chain.

(ii) Let 3 : C([-1,1]) — I, be a polynomial interpolation operator with Lebesgue
constant A,,. For a sequence (ci)iLZO m R, a parameter k € R, and an interval
chain € = (J;)L, we define the operators 3¢ by

J5u = exp(ikc;+)T g, [exp(—ike;+)u] for alli e {0,...,L}, (48)
where J, is the interpolation operator J scaled to the interval J;.

(iii) The iterated interpolation operator is defined by

S 39035 40---03f, L>1 (49)
Id L=0.

We say that Jg is based on the interval chain €, the coefficients (Cz’)iL:o; and the
interpolation operator J with underlying Lebesgue constant A, .

We need the following result concerning the inclusion of a scaled Bernstein ellipse in
another one:

Lemma 32 Let —1 < a <b<1and h:= (b—a)/2. For o > 1 denote by DL the
interior of the “scaled” Bernstein ellipse for the interval [a,b]:

a+b

Db = + hDa,
where D, is given in Definition . Fiz e € (0,1). Then there is a oo > 1 (depending
solely on ) such that

Da,b

(1—e)o/h © D, Yo > 0p. (50)

Proof. We exploit that for large o the Bernstein ellipse &, is essentially a circle of radius
0/2. We start from the following inclusion of balls in Bernstein ellipses and vice versa:

B(y-1/9)/2(0) € Dy C By11/4)/2(0),
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where B, (z) = {|]z—z| <r : z € C} denotes the open disc around z of radius r. Hence,
we have to show (for p sufficiently large) that for o = (1 — €)p/h we have

b b
Di’bzia; +hDqy C a;

+ hB(a+1/a)/2(0)

|
= Bh(a+1/a)/2((a+0)/2) C Biy—1/4)/2(0);

all inclusions are geometrically clear with the exception of the last one. To ensure that

one, we require

atl/a _e-1/o
2 - 2

Inserting the condition o = (1 —€)p/h and rearranging terms, we see that is true if

we ensure

1+h (51)

2

h
59222Q+1+1 . (52)
In view of h € [0, 2], this last condition is certainly met if
1++/1+e(1+4/(1—c¢
v gy e LV AT =)
€
which finishes the argument. (]

Lemma 33 Fiz 0 < ¢ < 1 and v > 0. Choose q € (q,1). Then there is mg > 0
depending only on @, 7y, and the chosen q such that the following is true:

Let J; C Jo be two closed intervals with |Ji|/|Jo] < @ < 1. Denote hy := |Jo|/2,
hy :=|J1|/2. Let K, co, c1 € R and assume that

lkho(co —c1)] <.
Then for all m > mg and all m € 11,

it exp(inc)m — exp(ines)olle,s, < 4"l
Proof. Let @ : [—-1,1] — Jo be the orientation preserving affine bijection as in Section
Set T :=7mo®, [a,b] :=Jy := ®1(J1). Set h:= hy/hg = (b—a)/2 < G. We have

inf || exp(ikcg+)m — exp(iker+)v||oo,s, = Inf || exp(irho(co —c1))T — v

v€Elly, veEllym Oo"]l

By the polynomial approximation results of Lemma we estimate for arbitrary a > 1
and m € Ny

« . T
o 1 lexp(irho(co — e1))7 [l pas

200~ ™ ~a—1/a\ .
< T €XP <|/€h0(co — C1)h/> 17l

nf | exp(irho(co — c1))7 — vl 7, <

- 2
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We now choose a in dependence on m. Fix ¢ € (0,1 —q) (so that h/(1 — ) < 1) and
choose 8 > 0 such that (for the ¢ of the statement of the lemma)

.= h exp <7(1—6)/3>
1—c¢ 2 '

We set p = fm and o = (1 — e)g/ﬁ =(1- s)ﬁm/ﬁ. Lemma implies D&’ D, if
fm = o > po. We note that this condition imposes the condition m > my = go/p.
Furthermore, the Bernstein estimate [9, Thm. 2.2, Chap. 4], gives

~

17l o, pzt < T llco.pp < 0™ 1700 (~1,1)-
) «@

Hence we obtain

2 o\™ ~a—1/a\ .
1€nf || exp(ikho(co — c1)*)T — UHoo,fl < p— (&) exp (’yh2> 17 Ml oo, (1,1

< h o[ 25) &

Sa—1l\1=¢ 3 ) [Fllo1m
1—e)B\ -

_ 1( > exp(m”(z‘f)) il

m
v(1—¢)p . 2 ~
eXP B )) ”WHoo,(—l,l) = afquWHoo,(fl,l)

o — 1 1
< "7 | oy~

where, in the last step we used that a — 0o as m — o00; more precisely, we assumed

) h
m > mg := max {mo, {3(15)5“ )} ;

thus ensuring o > 3. U

Lemma 34 LetJ: C([—1,1]) — II,,, be an interpolation operator with Lebesque constant
Ay, Then, for 35 as defined in @, there holds for arbitrary m € 11,

lexp(irei—1-)m=Tlexp(irci—1)ml|loo,s; (53)
<(1+Ap) gﬁf | exp(irci—1+)m — exp(ikci+)v||oo, ;-
v m

Proof. Let w, v € I, be arbitrary. Write

exp(ikc;_1+)m — J5[exp(ikci_1+)7]
= exp(ikc;—1)m — exp(ike;+)v

— exp(ike;+)T g, [exp(—ike;-){exp(ikci—1)m — exp(ike;+)v}.
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Hence, by the stability of J we get

ilexp(irci—1+)7]|oo,;

| exp(ikci—1+)m — T
< (14 An)| exp(ikci—1+)m — exp(ikc;+)v| oo, i

which concludes the proof. O

Lemma 35 (Stability of reinterpolation) Letx € R. Let € := (J;)L, be an interval
chain with contraction factor g < 1. Write h; = |J;|/2. Let cy,...,cr, € R be such that

|/£hi(ci—ci+1)] §'y, iZO,...,L—l, (54)

for some v > 0. Let Jg be an iterated interpolation operator based on €, (cl-){;o and a
polynomial interpolation operator J with Lebesque constant A,,. Fix q € (g,1). Then
there is mgo > 0, which depends solely on v, G, and the chosen q, such that for allm > mg

|(Id =3, o - - 0 37) [exp(ikco) 7|l 00,1, < Em, Ll exp(ikco) T oo, 0 V€ I,,, (55a)
19¢llcwy—cwn) < Am (I +eme—1),  L=1, (55b)
emr =1+ (1+Ap)g™F — 1. (55¢)

Assume additionally that the Lebesgue constant A,, of the underlying interpolation op-
erator J satisfies for some Cp, A\ > 0. Fix q € (q,1). Then there is K > 0, which
depends solely on v, q, the chosen ¢, and the constants Cy, A, such that the following
implication holds:

m > Klog(L + 2) = em,r < ¢ (56)

Proof. Step 1. (stability of J¢). Let mg be given by Lemma Then, combining Lem-
mas and the following stability and approximation assertions hold for arbitrary
mell,andie{l,...,L}:

[exp(irci—1-)m = Filexp(irci-1)ml|loo,s; < (1+ Am)q™ || exp(irci—12)mloo,s;1s  (57a)

135 lexp(irci—1+)7]|[00,; < (1 + (L + Am)g™)[l exp(irci—1°) 7|00t -
(57b)

Step 2. We note the following telescoping sum:

Ey:=1d-3}0--- 07
= 1d =3¢ + (Id —35) 0 3¢ + (Id —35) 0 5 0 J¢ + - - -
F(1d=35) 05, 0F5 yo---0 .

Let 7 € 1I,,, be arbitrary and note that, for each ¢, we have

J$ 0TS 10T 50 0T{[exp(ircy-)n| = exp(ike;+)m;
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for some 7; € II,,,. Hence, the stability and approximation assertions (57al), (57b|) are
applicable, and we arrive at

L1
1B [exp(ireo)mllo,r, < D (14 Am)ad™ (14 (14 Aw)q™) || exp(inco-) oo,
=0

(14 (14 Ap)g™)*
(1 =+ Am)qm
= {(1+ (14 Ap)g™)* — 1} || exp(irco) 7 oo,so»

= (1 + Am)qm — H exp(iﬁc()')ﬂ'”oo,Jo

which show (55al).
Step 3. Inspection shows that (55b)) is valid for L = 1. For L > 2 and u € C(J),

define m; € II,,, by m1 := T, [exp(—ikc;+)u]. By definition of J§ we have

qu = exp(iﬁcl')ﬂ-lﬂ Hﬂ'lHOO,Jl < AmHuHOO,JN

Jgu =37 o--- o TJ5[exp(ikcy+)m).

The approximation result (55a)) is applicable to the interval chain J;, C J;_1 C -+ C Js
instead of €, and we get

Teulloo, s, = 137 - - 0 Fpfexp(incr)mi}lloc,sy
< [lexp(ircr)mifloo,s, + [|(Id =3 o - -~ 0 35)[exp(ircr) ]|l

(554)
< (T +emr-1) Amllullco, s

which shows (55b)).
Step 4. Fix ¢ € (¢,q). The assumption on A,, implies that for sufficiently large

m, we have
(14 Am)g™ < (1+ Ca(m+1)Mg™ < g™,

so we obtain

emp <(L+qME—1=1+gm7T """ — 1 <exp(Lg™) - 1,

where we used sup,~q(1 + )"/ < e. Using the estimate exp(z) — 1 < ex, which is valid

for x € [0, 1], and assuming that ¢™ L < 1 (note that this holds for m > K log(L + 2) for
sufficiently large K'), we obtain

q Mem <eq "q"L = e(q/Q)™ L = exp(log L +loge — m|log(q/q)l),
from which the existence of K that is asserted in can be inferred. O

9.2 Recursive reinterpolation in multi-D

Tensor product arguments allow us to generalize Lemma, to the multi-dimensional
setting. We formulate this as a separate result in Theorem For n € N we consider a
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sequence (B;)L, of nondegenerate boxes of the form B; = H?:ﬂaz‘,j’ bij]. Let (c;)E, C
R™ with ||¢;|| <1,7=0,..., L, and define the interpolation operators
Jfu = exp(ik{c;, +)) I B, (exp(—ik{c;, +))u), i=0,...,L, (58)

K3

where the tensor product operator Jp, is based on the 1D operator J with Lebesgue
constant A,,. We write I, := span{[] ; 27", |o; € {0,...,m}} for the usual space of
polynomials of degree m in each variable. In this setting, we have the following analog
of Lemma [35}

Theorem 36 Letn € N, k € R, L € N. Assume that the sequence (Bi)iL:O of boxes is
nested, i.e., Biy1 C B;, i =0,...,L —1 and that there is g € (0,1) such that

b. 1.5 — Qit1.q
max 1+ 5J i+ 5J S q
i=0,....L—1Lj=1,.n  b; ;j — a;;

Assume (¢;)L, satisfies, for some v > 0,
kdiam Bj|ciy1 — ¢ < 7, i=0,...,L—1.

Fiz q € (g,1). Then there is my > 0 depending only on G, q, and ~y such that for all
m > mg and every 7 € II7},

1(1d =35, 0+ 0 3])exp(ir(co, )] lloo,B, < em.rnAy || exp(irico, )7 lloc,By,  (59)

193¢l cayecm) < A (L4 emp—1nAp ') ; (60)

here, em 1, is defined in . Assume additionally that the Lebesgue constant A, of
the underlying interpolation operator J satisfies for some Cp, A > 0. Fixq € (q,1).
Then there is K > 0, which depends solely on v, §, the chosen g, the constants Cy, A,
as well as n such that the following implication holds:

m > Klog(L + 2) = emr < 7. (61)

Proof. The proof follows from tensor product arguments as in Lemma First, we
observe that the product structure exp(ir(z,c;)) = [[}_, exp(ikz;c; ;) implies that the
operators J§ of are tensor product operator with univariate operator of exactly the
form analyzed in Lemma [35 The tensor product arguments worked out in Lemma [14]
therefore give . (Note that Lemma |14] does not rely in an essential way on the fact
that polynomial interpolation is considered; essential is the combination of a univariate
approximation result with a stability assertion.) Inspection of the proof of shows
that is also true. Also the proof of follows in exactly the same way as that of
(56). 0

10 Numerical experiments

In order to investigate how accurately our theoretical results predict the convergence of
an actual implementation of our nested interpolation scheme, we have implemented a
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= 10, T2 = 1
m=2 m=3 m=4 m=5 m=6 m=
n=3x201k=6 [14_7y 739 32_19 14_11 44_13 2.0_14]0.04
n=2x22 k=8 [19.¢ 23.7 25.g 239 1819 1.3_11]0.09
n=3x22k=12[30_¢ 83_7 187y 33.5 5l.9 7.2.10]0.19
n=2x2"1k=16[42_¢ 14 39_7 11.- 25.5 529 |0.26

n=3x2"1k=24(31_¢ 12.¢ 3.7_7 9.7_g 0.32
n=2x261xk=32[20_¢ 95_7 34_; (0.41)
m =10, 1y =2

m=2 m=3 m=4 m=5 m=6 m=
n=3x2"91k=6 [42_¢ 587 5b5e_g 55_9 4.7_190 3.6_110.10
n=2x22 k=8 |18.5 45 13.¢ 337 T74d.g 155 [024
n=3x22Kk=12[19_5 69_¢ 18_¢ 43_7 95.g 185 |0.25
n=2x2"%1k=16|12_5 50 17-¢ 51_7 13_; 3.1_g [0.30
n=3x2"4k=24[53¢ 28 14 557 195 0.43
n=2x2%|xk=32|33¢ 18 847 (0.51)

Table 1: Absolute approximation errors ||G — G||2, estimated by the power iteration

“pure” version of the algorithm, i.e., a version that does not use adaptive techniques to
improve the compression rate. While we acknowledge that for practical applications an
algebraic recompression scheme [I7, [I, B, [4] is crucial, we have chosen this approach to
avoid pitfalls like unrealistically low errors due to full rank “approximations”.

We use the unit sphere as the surface I' for our test, approximated by a trian-
gular mesh constructed by regularly subdividing the faces of a double pyramid and
scaling the resulting vertices to move them to the unit sphere. We use meshes with
n € {4608,8192, 18432, 32768, 73728,131072} triangles.

The cluster tree is set up by standard geometrical bisection. The algorithm stops
subdividing clusters ¢ as soon as the corresponding index set ¢ contains not more than
64 indices.

The wave number s is chosen to provide us with a high-frequency problem: we have
kh =~ 0.6, where h denotes the maximal mesh width, i.e., we have approximately ten
mesh elements per wavelength.

The approximation G constructed by our algorithm is compared to the original matrix
G, and the spectral norm ||G — G|z of the error is approximated by 20 steps of the power
iteration applied to the matrix (G — G)*(G — G).

Table [I] summarizes our results: the rows correspond to the different meshes, while
the columns give the spectral error estimates for different interpolation orders m €
{2,...,7}. Missing numbers correspond to experiments that did not fit into our ma-
chine’s main memory.

The last column of Table [1| gives the geometric mean of the error reduction factors,
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Figure 6: Approximation errors for different meshes and different interpolation orders

and we expect it to be a good approximation of the asymptotic convergence rate.
We investigate two choices for the admissibility parameters 17, and n2: for n; = 10,
12 = 1, Theorem [27| predicts an asymptotic convergence rate of

1
T V211

We can see that the convergence rates in Table [1| appear to converge to this theoretical
bound. This is also illustrated in Figure [6] showing the measured errors for the four
finest meshes and the curve predicted by our analysis.

For the second choice 11 = 10, 2 = 2, we only expect a convergence rate of

~ 0.41.

1
VB4 +1/2

Once again, the measured rates are bounded by the predicted rate.
We conclude that our error estimate appears to be quite accurate, particularly for
smaller values of 1y, i.e., for more restrictive admissibility conditions.
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