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FEM-BEM COUPLING FOR THE LARGE-BODY LIMIT IN
MICROMAGNETICS

M. AURADA, J. M. MELENK, AND D. PRAETORIUS

ABsTRACT. We present and analyze a coupled finite element-boundary element method for a model
in stationary micromagnetics. The finite element part is based on mixed conforming elements. For
two- and three-dimensional settings, we show well-posedness of the discrete problem and present
an a priori error analysis for the case of lowest order elements.

1. INTRODUCTION

Stationary micromagnetism is a theory that is successfully used to describe and predict mag-
netic phenomena, focussing typically on effects on a macroscopic length scale. The various models
currently in use originate from a classical approach by Landau and Lifshitz, 7], where the magne-
tization state m : Q — S := {x € R? : |z| = 1} of a rigid ferromagnetic body Q C R? (d = 2,
3) is the minimizer of a (possibly non-convex) minimization problem under a PDE constraint. The
following minimization problem, which is the starting point of our previous work [2] and the present
paper, is an example of this problem class:

Problem 1.1 (Reduced Minimization Problem — RMP). Let Q C R?, d € {2,3}, be a bounded
Lipschitz domain and ¢** € CY(R? Rsq) be convex. For a given applied field f € L*(Q)? =
L*(Q,RY) findm € A:={n € L>(Q)? : |n(z)| <1 a.c. in Q} that minimizes the energy functional

1
Ef*(m,u) ::/(p**om—/f-m—i——/ ‘Vu’Q, (1.1)
Q 0 2 Jrd

where the magnetic potential u € BLl’z(Rd) is related to m through and uniquely defined by

div (Vu —myq) =0 in D(R?). (1.2)
Here, xq is the characteristic function for the set 2, and the Beppo Levi space
BLY (R = {u e HL (RY) : Vue L2(]Rd),/ uds =0} (1.3)
T

is the space of all local H'-functions with finite energy, where the constant functions are factored
out.

For a discussion of this problem, in particular its relation to more complex models of micromag-
netism, we refer to our closely connected earlier work [2| and to the fundamental paper [27] on the
mathematical analysis of the large-body limit in micromagnetics. On the side of numerical analysis,
the present work is intimately linked to [2] and to |9, 24, 8, 16]. We pause to comment on the
use of the notation ¢™*: In more complex models, the minimization involves a possibly non-convex
function ¢ (in place of ¢**); nevertheless, it is shown in [27] that replacing ¢ with its lower convex
envelope ** yields a model that still retains relevant macroscopic information.

From a numerical point of view, which is the focus of the present work, Problem 1.1 (RMP) poses
several challenges:
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(i) The fact that ¢** is not necessarily strictly convex can lead to non-uniqueness of the mag-
netization m. Even if uniqueness can be ascertained for the continuous problem (this is, for
example, the case for so-called “uniaxial material”, which we will present in Example 1.2 be-
low) the uniqueness assertion does not necessarily extend to the discrete level. Motivated by
techniques of augmented Lagrangian methods, we develop in the present work a consistent
stabilization, which allows us to transfer the possible uniqueness assertion for the continuous
problem to the discrete one. In particular, this leads to well-posedness of the discrete problem.
A manifestation of the difficulties with uniqueness is that our a priori analysis does not control
the full L2-norm of the error in the magnetization m (cf. Theorems 4.8, 4.9).

(ii) The pointwise side constraint |m| < 1 is difficult to realize in practice. Following [9, 8, 2| we
adopt a penalty approach.

(iii) The energy functional Ef* involves a function u that is defined on the full space R? and
an integral extending over all of R%. A discrete setting requires an appropriate treatment
of such functions. In the simplified setting of [2|, the potential w is sought in the space
H&(Q) for some O O Q with dist((?ﬁ, Q) sufficiently large. Correspondingly, the integral over
R? is replaced with an integral over Q. Of course, this procedure introduces an additional
modeling error which is neglected in [9, 2| for simplicity. Furthermore, the computational
costs are considerably increased owing to the discretization of the large region Q \ Q. In the
present work, we circumvent these problems by coupling a finite element method (FEM) to a
boundary element method (BEM). The stability and error analysis of this coupling procedure
is the principal contribution of this work over [2].

As mentioned above, the convex function ¢** may fail to be strictly convex but a uniqueness
assertion for the magnetization m may nonetheless be true. We present such a function ¢** in the
following Example 1.2, and we will review this uniqueness assertion in the proof of Proposition 3.2.
We review this proof of uniqueness since it sheds light on the requirements for the stabilization in
the discrete setting. Our a priori error analysis below will in particular cover the case of the function
p** of Example 1.2.

Example 1.2. Uniazial materials, which favor magnetizations m aligned with one so-called “easy
azis” e € S¥1 can be modeled with an energy contribution fQ wom in the energy functional E¥,
where the uniaxial anisotropy density ¢ is given by

i8R, o) = 5 (1- (e 2)?), (1.4)

As mentioned above, we replace  in the energy contribution fQ wom with its lower convex envelope

™, which then leads to the energy functional of Problem 1.1. In this setting, the lower convex

envelope ©** is given explicitly as follows for an orthonormal basis {e,zy,...24-1} of RY, [9]:
1 d—1 d—1
0 (z) = 3 Zl(x -2;)%, Vo (z) = Zl(:n - 2;)z;, for all z € B := {z e R : |z < 1}. (1.5)
1= 1=

The remainder of the article is organized as follows: In Section 2.1 we recall boundary integral
operators and some of their properties in order to reformulate the minimization Problem 1.1 as

the minimization Problem 2.4 (also denoted (}?]\\ﬁj)) posed on the domain 2 and its boundary
I' := 0Q. Since we will work with the saddle point formulations of the continuous and discrete
problems, we formulate in Section 3.1 the continuous saddle point problem and show its equivalence

with (RM P). In Section 4.2 we illustrate why a straight-forward discretization of the saddle point

formulation can lead to instability. Since the overall setting is one of a constrained minimization

problem, the key issue is the relation between the kernel of the continuous operator characterizing

the constraint and the kernel of its discrete version. The proper relationship can be ensured with
2



suitable consistent stabilization terms, which we present in Section 4.3. Section 4.4 is devoted to a
detailed a priori error analysis of the stabilized method. We study in detail the case of lowest order
discretizations, where we show optimal convergence rates under suitable regularity assumptions.
While our stabilization scheme is not restricted to lowest order discretizations, our treatment of the
nonlinear terms is particularly well-suited for that setting. We conclude the article in Section 4.5
with numerical examples.

We will use fairly standard notation concerning Sobolev spaces (both integer order spaces H*(Q),
k € Ng) and fractional Sobolev spaces H'/2(T'), H~Y/2(I") as described in [22, 25, 28, 20] We write
H(div;RY) = {u € (L?(R%))?: divu € L*(R%)}. We have already introduced the Beppo-Levi space
BLl’Q(Rd) in the statement of Problem 1.1. This space is naturally endowed with the H'(R9)-
seminorm. For a comprehensive treatment of this space and the fact that (the natural inclusion of)

the test space D(R?) is dense within BL1’2(Rd), we refer the reader to [14].

2. THE COUPLED VOLUME-BOUNDARY INTEGRAL EQUATION FORMULATION

2.1. Boundary Integral Operators. In this section we recall some facts from the theory of
boundary integral equations and fix notations—we refer the reader to the monographs [22, 25, 28, 20|
for an extensive discussion of boundary integral operators and boundary element methods.

Let Q C R? (d = 2, 3) be a bounded domain with Lipschitz boundary I'. We stress that we do
not assume that diam(£2) < 1 for the case d = 2 as it is often done. We denote the exterior normal
vector field on I" by v. The interior and exterior trace operators are denoted by ~™ and <. We
define Oy := v - ¥V and 05y := v - v***Vu to be the interior and exterior normal derivative
for (sufficiently smooth) functions v on the boundary I'.

The fundamental solution for Laplace’s equation is

Glr,y) = {

For ¢ € H-Y%(T) and u € H'/?(T) the simple layer potential V¢ and the double layer potential Ku
are formally defined by

(Vo) (x) = /F G(z,1)6(y) dS(y), for z € RE\T, (2.2)

1 e
—ﬁioghx—m if d =2,

if d =3 (2.1)

4 Jz—y]

(Ku)(z) := A@L?;)G(x,y)u(y) dS(y), forxzeRI\T. (2.3)

The potential operators V and K define solutions of the homogeneous Laplace equation, i.e., for
¢ € H™Y2(T') and u € HY?(T) there holds

A(Vo)(x) =0 and A(Ku)(z)=0 for z € R4\ T. (2.4)

The simple layer operator V : H-Y/2(I') — H'Y2(T), the double layer operator K : HY?(I') —
HY2(I'), the adjoint double layer operator K' : H~Y?*(T') — H~Y2(T"), and the hypersingular
operator W : HY?(T') — H~Y?(I') are formally defined as the compositions of V and K with
various trace operators, namely,

Vo =" (Vo) =77 (Vg), Wu = =0} (Ku) = =07 (Ku),
K'¢:= 00" (Vo) —1/2¢ = 05 (Vo) +1/2¢,  Ku:=~+""(Ku) + 1/2u = v (Ku) — 1/2u.
(2.5)

For an explicit representation of these operators, we refer to [22|. The operators V and W are in
addition symmetric operators.
3



By (u; ¢)r we denote the extended L?(I')-scalar product for functions ¢ € H~'/?(I') and u €
HY2(I'). We note that K’ is in fact the adjoint of K with respect to the extended L?(I')-scalar
product. The norms in H~/2(T") and H'/?(I") are denoted by || - [=1/2,0 and || - [|12,r respectively.
We will work with the function spaces

HYAT) = {ve HY2D) : (v; 1) =0},
VAT = {p € HY2(T) « (95 Lr =0}

In the following two lemmas, we collect some properties of the boundary integral operators that will
be needed in the sequel. The following result can be inferred from [22, Thms. 8.12, 8.21]:

Lemma 2.1 (ellipticity of V and W). Let Q C R%, d = 2, 3 be a bounded Lipschitz domain. There
exist constants ¢}V, ¢f > 0 such that

[ulfy == (Wu; upr > oV |ull? o p,  for all u e HI?(D), (2:6)

1611t = (Vs dr > Y 1612 o, for all ¢ € HP(T). (2.7)
For d = 3 the estimate (2.7) is even valid for all € H-1/*(T).

Lemma 2.2 (representation formula and Calderon system). Let Q C R, d = 2,3 be a bounded
Lipschitz domain. Denote by Bpr the ball with radius R centered at the origin. Let the function
u € L2 (Q%Y) satisfy

loc
—~Au=0 in Q™ (2.8)
||VUHL2(QeXt) < Q.

Then, there exists a constant uss € R such that u satisfies the following:

(i) the radiation condition

u=us +0O(1/r), r— 00, (2.10)
(ii) the representation formula

u = K™ u) — V(O U) +use  in Q™ (2.11)
(i1i) the exterior Calderdn system

A = (1/2 + K)(v™u) — V(05 u) + uso (2.12)

Oy = —W (™) + (1/2 — K') (0% u) (2.13)
(iv) the formula of integration by parts

HVUH%Q(QEXQ = —(07%u; ur. (2.14)
Proof. See Appendix A. O

We also need the following auxiliary result:
Lemma 2.3. Let u € HY?(T) and ¢ € H*_l/z(F) satisfy
Vo+ (1/2— Ko )yr =0 Vap € H, V(D). (2.15)

Then there exists us, € R such that the function t := Ku — V¢ + us satisfies v = u and
0% = ¢. Furthermore, U satisfies (2.12)~(2.13) and in particular, ¢ = —Wu + (1/2 — K')é.
4



Proof. The condition ¢ € H, Y 2(I‘) implies that the function @ := Ku — V¢ satisfies on Q°** the
conditions (2.8)—(2.9) and thus has the properties stated in Lemma 2.2. Taking the exterior trace
on I' (cf. (2.5)) we conclude with (2.15)

(70— w ) = ((1/2+ K)u— Vo —wip)r = (~1/2+ K)u = Vgi)r =0 vy € H (D).
This implies that u — ' =: us, € R, and the function & := Ku — V¢ + us = U + un satisfies
v = u as well as 0%u € H, 1/2 (T") in the following way:

(YU 1) = (Y (Ku = Vo + uee); 1)r = (¢35 (1/2 = K)1)r = 0.

To see 0% = ¢, we first note that Lemma 2.2 gives a second representation of @, namely,

U = Iy — VOZ U + Tl = Ku — VO U + Tine (2.16)
for some 1, € R. Exploiting the two different representations for  we get 0 = — V(98U — @) + oo —

Uso on Q% applying 9% yields (cf. (2.5)) 0= (1/2 — K')(95*u — ¢). The assertion 5'u — ¢ = 0
is obtained from 0% — ¢ € H;1/2(I’) and the fact that 1/2 — K’ is one-to-one on H;1/2(I’) (cf.,
e.g., [29, Thm. 4.2| for the case d = 2 and [29, Thm. 3.3| for d > 3). O

2.2. Reformulation of (RM P) using boundary integrals. With the boundary integral op-
erators in hand, we can rephrase the minimization Problem 1.1, which involves the function u as
a function on the full space R?, as a problem posed on the bounded domain € and the boundary
I' = 99Q. This is achieved with the integration by parts formula (2.14). In Proposition 2.5 below,

we will formally show the equivalence of Problems (RM P) and (}m)

Problem 2.4 (}?]\\/ITD) Find a function
we HYQ) = {ve HY(Q) : (v; 1)r =0},

a magnetization state m € A, and a function ¢ € H,:I/Q(F) that minimize the energy functional

~ 1 1
Bi'(wm,o) = [ ¢ om— [ tome g [ [VuP - 05 ur, (2.17)
Q Q 2 Ja 2
under the side constraints
(Vu—m; Vo — (¢;m)r =0 for all n € D(RY), (2.18)
(Vo + (1/2 — K)(Y™u); ¥)r =0 for all v € Hy 4(T), (2.19)

where (-; -Yq denotes the L*(Q) scalar-product.

Proposition 2.5. Problem 1.1 (RMP) and Problem 2.4 (]m) are equivalent in the following
sense:

(1) Let (u,m) € BLl’Q(Rd) x A be a solution of (RMP). Then (u|g, m, 05 u) solves (I?]\\ﬁ)

(2) Let (u,m,$) € H(Q) x A x H*_l/z(l“) be a solution of (RM P). Then there exists uo, € R
such that (u,m) solves (RM P), where u is defined by

() = . u(x) if v € Q, )

T (Ky™u)(z) — (Vo) (x) +use  if z € R\ Q.

Proof. Step 1: We prove that the side constraint (1.2) of Problem 1.1 (RMP) is equivalent to

the side constraints (2.18)—(2.19) of Problem 2.4 (RMP). More precisely, we show that a pair

(u,m) € (BL1’2(Rd),A) satisfies (1.2) if and only if (ulg, m,d5"u) satisfies (2.18)-(2.19). Let
5
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(u,m) € (BLI’Q(Rd),A) satisfy (1.2). Then, ulg € H}(). Since Vu — myq € H(div;RY), the
following Green identity for the exterior domain Q% is valid, (cf., e.g., [17]):

(%% n)p = —(Au; N)ges — (Vu; Vn)gese  for all n € D(RY). (2.21)
With Au = 0 in Q¢ a direct consequence of (1.2), this leads to
0= (Vu—myq; Vn)gs = (Vu —m; Vn)g — (0% ; n)p, for all n € D(RY). (2.22)

Note that (2.22) can be extended continuously to H'() by density of the space of test functions.

The choice n = 1 then shows 9%y € H;1/2(F). .
With Lemma 2.2 applied to u|gexs we deduce (2.19) from (2.12) together with v = vty since

u € BLl’Q(Rd) is continuous across I'.
Conversely, let (u, m,¢) € HL(Q) x A x H*_l/Q(P) be a solution of (2.18)—(2.19). By Lemma 2.3,

we can find uo, € R such that the function u defined in (2.20) is continuous across T, i.e., y*'u =

Ay, Furthermore, 05 = ¢. Using this identity and v = % on  in (2.18) gives
(Vi —myq; Vg = (Vu—m; Vn)g — (0%%%; n)r =0 for all n € D(RY). (2.23)
Step 2: We have to prove the property of minimization. Let (uj,mj) be a solution of (RM P)

and (ug, mg, ¢2) be a solution of (RM P). Using the formula (2.20), we can construct an extension

ug € BLl’Q(Rd) of ug from the pair (ug,¢2). Then we have by the arguments of Step 1 that
¢o = 0%Uy and (U, my) solves (1.2). Together with the integration by parts formula (2.14), we
get

B (uz, ma, ¢o) = Ef* (g, mp) > Ef (uy, mu) = B (u1], my, 05w ), (2.24)

due to the minimality of (u;,m;) as a solution of (RM P). The converse case is completely analo-
gous. This ends the proof. O

Various FEM-BEM coupling methods could be formulated starting from (]?]\\ﬁj) following the
techniques proposed and discussed in [31, 6, 21, 11, 12]. Here, we focus on the symmetric FEM-BEM
coupling due to [11], in which the second equation of the exterior Calderén system (2.13),

¢ = —W(y"™u) + (1/2 - K)o, (2.25)
is substituted for the variable ¢ in (2.17) and (2.18).

3. THE CONTINUOUS PROBLEM

3.1. The Saddle Point Probleinx./ En route to a numerical scheme, we reformulate in this
section the minimization problem (RMP) as a saddle point problem, denoted (SPP). In the following
Proposition 3.2, we show their equivalence and the unique solvability in the case of uniaxial materials
of Example 1.2. One of our reasons for presenting the uniqueness assertions of Proposition 3.1 on
the continuous level is to be able to highlight for the discrete setting in Theorem 4.6 the need of a
suitable stabilization.

Problem 3.1 (SPP). Findu = (u,m,$) € X 1= H(Q) x L2(Q)¢ x H; "*(T), p = (p,¢) € M =
HYQ) x H, Y*(T) and Am € L*(9,Rsq) such that

a(u;p) +b(v;p) = {(f;n)q foralv=(v,n) e X, (3.1)
b(u; q) =0 for all q = (q,0) € M,
Am(2)(1 = jm(z)]) =0 for almost every x € Q,

6



under the constraint |m(x)| < 1 almost everywhere in S, where
a(u;0) := (Vu; Volg + (Wu+ 1/2(K' —1/2)¢; v)r + (V™ om + \yym; n)g
+1/2((K —1/2)u; ¥)r,
b(u;q) := —(Vu—m; Vg)g — (Wu+ (K'—1/2)¢; ¢)r + (Vo — (K — 1/2)u; O)r. (3.5)

(3.4)

Proposition 3.2 (Equivalence of (SPP) and (EZT/H/D) & (unique) solvability). The following state-
ments are true:
(i) The relaxed minimization problem (EZT/H/D) has solutions.
(ii) The minimization problem (E]\\ﬁ) and the saddle point problem (SPP) are equivalent in the fol-
lowing sense: for every solution (u, m, ) of (EZT/H/D) there exist p, Am such that (u, m, ¢, p, A\p,)
solves (SPP) and conversely, the components (u,m, @) of a solution (u, m,p,p, A\m) of (SPP)

solve (E]\\ﬁ)
(i1i) The magnetic potential u, its exterior normal derivative ¢ and the Lagrangians p and ¢ are
uniquely determined in (SPP).

(v) If ©** is given as in Ezxample 1.2 (“uniazial case”), then problems (EM/P) and (SPP) are
uniquely solvable.

Proof. Proof of (i): 27| proves that (RMP) has solution. Since (RMP) and (RMP) are equivalent,
by Proposition 2.5, this proves (i).

Proof of (ii): [27] shows the equivalence of the minimization problem (RMP) with the corre-
sponding Euler-Lagrange equation (3.6a) and the side constraints (3.6b) and (3.6¢): Find (u,m) €

BLY(R?) x L2(9)" and Am € L*(2, Rsg) such that

(Vu+ Vo™ om+ Apym: n)g = (f; n)g  for all n € L2(Q)4, (3.6a)
(Vu —myq; Vn)gd =0 for all € D(RY), (3.6b)
Am(7)(1 — jm(z)]) =0 for almost every x € (. (3.6¢)

We show the equivalence of (SPP) with (3.6). To that end let (u,m,A\ym) be a solution of (3.6).
Recalling equation (2.25) the equivalence of (3.6b) and (3.2) can be shown similarly as in the proof
of Proposition 2.5. Setting p = u|g and ( = %qﬁ and, of course, ¢ = 9% shows that the tuple
(ulg, m, ¢, Am; p, ) satisfies equation (3.1).

Consider now in turn a solution (u, m, @, Am;p, ) of (SPP). We first show p = v and { = %gb
Subtract equation (3.2) tested with q = (0,%) and multiplied with 1/2 from equation (3.1) tested
with v = (0,0,%) and set ¥ = ¢ — 2¢ afterward. This gives

1

S(K =1/2)(u—p); ¢ —2¢)

: V(6 -20)5 6 - 20)r = 0. (3.7)

Py
Subtracting this equation from equation (3.1) tested with v = (u — p,0,0) leads us to

1
HV(u—p)H?ﬁ\u—p@erZW—?CH% =0, (3.8)

from which we deduce the claimed p = u and ¢ = 3¢. Here, |- |lq denotes the usual norm in L*(9).
With p = u equation (3.1) tested with v = (0,n,0) results in equation (3.6a).

Proof of (iii): To prove uniqueness of the magnetic potential u and its exterior normal derivative
¢ we follow the lines of [9]. Let u; = (u;, m;,¢;) € X, pi = (pi,¢;) € M and A\, € L*(Q;R>p),
i = 1,2, be two solutions of (SPP). Subtracting equations (3.1) and (3.2) yields together with the

7



test functions v = (ug —ug, Mg —my, P9 — 1) € X and q = (p2 —p1, e — ) €M

IV (ug — u1)|& + |uz — w3y + (Vo™ omy — V™ omy ; my — my)g
+ (Am,m2 — Amymy ; mp — my)o + (K — 1/2)(u2 —u1); ¢2 — é1)r =0,

where the last term can be replaced by [¢2 — ¢1]|# in view of (3.2). From the convexity of ¢**,
we get the non-negativity of the third term, and pointwise non-negativity of the fourth term was
proved in [9]. Hence, all terms vanish, and we deduce uy = u; and ¢y = ¢;.

To show the uniqueness of p and ¢ let two solutions (u,m, ¢, Am;p;, Gi) € X x M, i = 1,2, be
given and set u = (u,m, ¢) and p; = (p;, (), ¢ = 1,2. From (3.1) we get

b(o,pa —p1) =0 forall v = (v,n,v) € X, (3.10)

(3.9)

and the desired conclusion p; = po follows from the fact that the bilinear form b satisfies an inf-sup
condition. Indeed, with the norms

il = IVuld, + Imllg + 16121 o p  and ol = [IVPI& + IS, 2.0 (3.11)
we get for arbitrary p = (p,({) € M \ {0} by Lemma 2.1
sup @Rl o [b(=p.0,Gp, )]

wex\{o} [ullxllpllar — [[(=p, 0, O)llx (P, O)llar

1
B W{HVPH?Z +(Wps pr + (V¢ Or} > min{1, ¢} } > 0.
AN

(3.12)
This implies

. b )|

2P > min{l, ¢} > 0. (3.13)
ety I Tullxlplar = intber)

Proof of (iv): This assertion was proved in [8]. We repeat here the essential arguments to give
an idea of what the key properties are that the stabilization term for the discrete method should
have. As explained above, equation (3.9) yields (Vo™ omy — Vo™ om;; my — my)q = 0. Using
the explicit formula for V™ given in Example 1.2 we get

d—1
> l(mg —my) -z = 0. (3.14)
i=1

Equation (3.2) together with the knowledge of uniquely determined u and ¢ (see (3.9)), gives by
linearity b(0, mgo—my,0;q) = 0 for all ¢ € M. In other words there holds (0, ma—m;,0) € kerb C X.
From this we deduce

div (my — my)xq =0 in D(R?). (3.15)

Combining (3.14) and (3.15) implies mg — m; = 0: For sufficiently smooth magnetizations this
follows by classical calculus. In the present setting of distributions, smoothing arguments have to
be employed as shown in [23, Satz 2.12] or [15, Lemma 14]. This concludes the proof. O

3.2. Penalization. The pointwise side constraint |m(z)| < 1 is difficult to enforce numerically.
We will therefore relax this condition using a penalty method as originally used in [9] and later also
in [8, 16]. We assume from now on that ¢** ist the restriction to B? of a convex and continuous
differentiable function defined in the full space RZ.
Given a function € € L*(§,R+) the penalized problem (RM P.) is:
8



Problem 3.3 (penalized problem (RMP.)). Find minimizer(s) v € H}XQ), m € L?>(Q)? and
¢ € H'2(T) of

~ —1)2
B (u,m, ¢) = Ef*(u,m, ¢) + % /Q % (3.16)

under the side constraints (2.18) and (2.19).

Later on, the penalization parameter € will be related to be the local mesh size in the discrete
version of (3.16). We mention that Ef?% is convex, continuous, Gateaux differentiable and coercive.
In particular, the direct method of the calculus of variations proves that (RM P.) has solutions, and
Proposition 3.2 holds accordingly. Related arguments can be found in [2, 8, 9, 16]. We omit the
details.

4. THE DISCRETE PROBLEM

4.1. Notations. Let 7 := {Kj,..., K/} denote an affine, regular, y-shape regular triangulation
of @ and T|r := set of all edges (d = 2) or faces (d = 3) of elements of 7 on I'. The spaces of
scalar-valued or vector-valued polynomials of (total) degree k on an element K are denoted P (K)
and P¥(K)?. We introduce the linear space

S (T)y={ue HYQ) : VK € T : u|g € PL(K)} (4.1)

of all T-piecewise affine, globally continuous scalar fields with vanishing integral mean on I'. By
ST ={veL*Q) : VK € T :v|g € P°(K)} and (4.2)
ST = {m e L2(Q)? : VK € T : m|g € PY(K)%} (4.3)

we denote the linear space of all T-piecewise constant scalar fields and vector fields, respectively.
The linear space of all T |p-piecewise constant scalar fields with vanishing integral mean is denoted

by
SOO(T|p) := {¢ € Hy Y*(T) : Ve € Tlr : ¢|e € PO(e)}. (4.4)

In addition we use the abbreviations Xy := Sy (T) x S%0(T) x $P°(T|r) € X and My :=
ST x SY(Tr) € M.

4.2. An unstable saddle point formulation. We formulate now a discrete version of the saddle
point problem (SPP). The starting point is the minimization of the penalized energy functional
E¢%(u) on the discrete space Xy. To be precise, the minimization problem (RM PY) is: Find
uy = (uy,my, ¢n) € Xy such that E;f’z is minimized under the side constraint

blun;qn) =0 for all qy = (qn,0n) € M. (4.5)

The Lagrangian associated with this constrained minimization problem is, with pny = (pn,(N) €
MN>

Lo(un;pn) = Ee(uy) +b(un;pn), (un;pn) € Xnv x My. (4.6)

The solution of the constrained minimization problem is the stationary point of the Lagrangian L..
If we choose the penalization parameter € to be a 7T -piecewise constant function, we can compute
the derivatives of L. explicitly. This leads us to the following formulation.
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Problem 4.1 (SPPN). Let ¢ € S%°(T) and ¢ > 0. Find (un;pn) = (un,mpy, on; N, (N) €
XN X My such that

an(un;0) +b(v;pn) = (£ n)q  for allv = (v,n,v) € Xy, (4.7

b(un;q) 0 for all q=(q,0) € Mn, (4.8)
where we set

an(un;0) = (Vuy ; Vo)g + Wuy + 1/2(K' —1/2)¢n ; v)r

. 1 (4.9)
+ (V™ omy + Ayvmpy; n)g + §<(K —1/2)un; YP)r,
Ay = M (4.10)
elmy|

Compared with the continuous formulation in Problem 3.1, the main difference is that the con-
tinuous Lagrange multiplier Ay, € L?(£2, R>q), characterized by the condition (3.3), is replaced by
the term (4.10).

Since the minimization problem (RM PN) has solutions, it is easy to show via the Euler-Lagrange
equation that (SPPEN ) has solutions, too. Here, the unique existence of the Lagrange parameters
pn and (v follows from a discrete inf-sup condition of the bilinear form b in the same way as in the
proof of Proposition 3.2. Reviewing the arguments of this proof also shows the unique existence of
uy and ¢n. However, uniqueness of the magnetization mpy cannot be ensured in the same way as
in the proof of Proposition 3.2, since kery b € ker b, where

kerb:={ue X : b(u;q) =0 forallqe M} C X and (4.11)
kery b:={uy € Xy : b(un;q) =0 forallqge My} C Xy. (4.12)

This lack of uniqueness expresses the fact that the discrete formulation is unstable, cf. [9, 16]. In the
next section we show how to enforce stability in the discrete case by adding a suitable stabilization
term. We close this section by making more explicit some properties of ker b:

Lemma 4.2. A triple u = (u,m, ¢) € kerb satisfies:

(i) Vu—m € H(div; Q) and additionally div(Vu — m) = 0 € L%(Q)
(i) (Vu—m)- v € H*_l/z(l“) and (Vu —m) - v = ¢, where v denotes the exterior normal vector

onT.

Proof. u € ker b implies div(Vu—m) = 0 € H~ () so that div(Vu—m) = 0 € L?(2) follows, which
gives us Vu — m € H(div; Q). Hence, (Vu —m)-v € H-Y2(I'). To see (Vu —m) - v € H;1/2(I’),
we note ((Vu —m) -v;1)r = —(div(Vu — m); 1)q = 0. Finally, the assertion (Vu —p) - v —¢ =0
is seen as follows. First, the condition (V¢ — (K — 1/2)u;6)r = 0 for all § € H*_l/Q(F) implies by
Lemma 2.3 the relation ¢ = —Wu+ (1/2 — K')¢. Thus, in view of div(Vu — m) = 0 we obtain

0=—((Vu-m) -vig)r — (Wu+ (K' —1/2)¢,0)r = —((Vu—m) v — ¢;q)r Vg H'*(D).
Since (Vu—m)-v —¢ € H;1/2(F), this implies (Vu —m) -v — ¢ = 0. O

4.3. A stable saddle point formulation. The aim of this consistently stabilized formulation
is to ensure also the uniqueness of the magnetization my in a solution (uy,mp, dn;pn,(N); in
other words, the formulation provides unique solvability of the modified saddle point formulation.
We introduce the augmented Lagrangian as

1
L2 (un;pn) = B (un) + b(unspy) + §U(uN§uN)a (4.13)
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where the stabilizing bilinear form o : (kerb+ Xy) x (kerb+ Xy ) — R is defined by
Y he([(Vu—m)-vle: (Vo —mn) v

e€€q(T)
+ Z he((Vu—m)-v —¢; (Vo—n) - -v—1).

e€T|r
with v = (v,n,v). Here, Eq(T) denotes the set of edges (d = 2) or faces (d = 3) of the elements of
the triangulation 7 of Q. For elements e € T|r, the vector v is the outer normal vector on I'. The

expression (-; -). denotes the integral over an edge (or face) e. Moreover, for e € Eq(T) the bracket
[]e denotes the jump across e and v is a normal vector of e, i.e.,

[(Vu— m) . I/]e = (Vu— m)]K/ VR =+ (V’LL— m)‘K// sV

(4.14)

on the edge (or face) e = K'NK” € Eq(T), which is the intersection of uniquely determined elements
K' K" € T. vgs and vgr denote the exterior normal vectors of K’ and K" respectively. Finally,
we denote with he the diameter of an edge (or face) e. The bilinear form o is indeed well-defined
as is shown as part of the consistency assertion of the following Lemma 4.3.

Lemma 4.3 (Stabilizing bilinear form). The bilinear form o(-;-) as defined in (4.14) is symmetric,
positive semi-definit, and consistent, i.e., the exact solution u = (u,m, ) € X satisfies o(u;0) =0
for all v € Xn. Moreover there holds the estimate

sup w < U(O,mN,O;O,mN,O)l/2 for all uy = (0,mp,0) € kery b.
geEHL(Q)\{0} ||QHH1(Q)
(4.15)
Remark 4.4. m € L%(Q)? together with SUDPge 171(Q)\ {0} w = 0 implies
div (myq) =0 in D(RYY, (4.16)
since for ¢ € D(R?) we have (div (myq); ¢)ge = —(mxq; V)gs = —(m; Vo). .

Proof of Lemma 4.3. Clearly, o is a symmetric and positive semi-definite bilinear form. To see that
it is well-defined and consistent it is sufficient to note that by Lemma 4.2 the jump terms and the
boundary terms in (4.14) vanish for u = (u, m, ¢) € kerb.

To prove the estimate (4.15), we employ the Clément interpolation operator Iy : H'(Q) —
SEUT) :={ue HY(Q) : VK € T : ulg € PY(K)} of [10]. For uy = (0,my,0) € kery b we have

0= b(0,mp,0;q,0) = (my; Vg for all ¢ € SH (),
and this equation also holds for all ¢ € SH1(T). Observe now for ¢ € H'(Q)

[(my 5 V(g — Ing))e —‘ZmN, (¢ —Ing)K —‘ZmN v;q—INgok
KeT
= ‘ > Almy-vlesg—Ing)e+ Y (my v q— Inghe
ec&q(T) ecT|r
Application of standard properties of the Clément interpolant yields the claimed estimate
sup [(my ; Vg)a| _ [(my; V(g — Ing))al
gerr @0y lallme) qul( N0} gl 1 ()
3 helllmy - vll? } { 3" he|my - v } < (0, my, 0;0, my, 0)1/2.
ec€q(T) eeT|r
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We formulate now the stabilized discrete saddle point problem (SPPEJX,).

Problem 4.5 (SPPEJYU). Find uy = (uy,mpy,¢n) € Xy and py = (pn,(n) € My such that
a¥(un;0) +b(v;pn) = (£ n)g  for allv = (v,n,9) € Xy, (4.17)
b(un;q) =0 for all q = (q,0) € Mn, (4.18)

with af,(un;v) := an(un;v) + o(un;v).

The following theorem states existence and uniqueness of the solution (uy,mpy, ¢n;pn,(n) of
the stabilized discrete saddle point problem.

Theorem 4.6 (Stability and (unique) solvability of the discrete saddle point problem (SPPXN)).
The following statements are true: 7
(1) The discrete problem (SPPXN) has solutions.
(2) The variables un and ¢n as well as the Lagrangians py and (N are uniquely determined in
(SPPY).
(3) If o** is given as in Example 1.2 (“uniazial case”), the discrete problem (SPPX,) is uniquely
solvable.

Proof. Existence of solutions (uy, my, ¢n;pn,n) for (SPPEJXT) as well as uniqueness of the vari-
ables uy and ¢y and the Lagrange multipliers py and (y follow as in the continuous case, cf.
Proposition 3.2. Let (uns;pn,i) == (uni, MmN, ON,i; PN, CNi), for @ = 1,2 be two solutions of
(SPPgX,). We use the abbreviations e, 1= uy2 — un1, €m ‘= My2 — My 1, €4 = ON2 — ON 1,
€p = PN,2 —DPN,1 and €¢c = CN’Q — CN,l- From (418) we obtain
—(Vey —em; Va)o — (Wey + (K'—1/2)ep; g)r + (Vey — (K —1/2)e,; O)r =0 (4.19)
for all ¢ = (¢,0) € My, and hence (e,,em,es) € keryb. The key step consists in showing
(€u,em,€p) € kerb, since then the same arguments as in the continuous can be employed to show
uniqueness.
Equation (4.17) with v := un2 — un,;1 = (€u, em, €y) yields together with (4.19)
1 d—1
IVeulldy + (Wews eu)r + (B = 1/2)es; eu)r + D llem -zl
i=1

1
+ (ANompy 2 — AN 1My 15 em)o + §<(K —1/2)ey; egp)r +0o(un2 —un1;un2 —un,) = 0.

(4.20)
Now (4.19) with q = (0, e4) gives (Vey — (K —1/2)e, ; eg)r = 0 and (4.20) simplifies to
d—1
IVeulld + (Wew: eur + (Veg s eghr + E; lem - 13 (4.21)

+ (ANompy 2 — Animpy 1 em)o +o(un2 —un;une —uy1) = 0.
In [9, Theorem 3.1], it is shown that (Ayomy2 — Ay 1mp 1) - €m > 0 pointwise almost everywhere
in €. The non-negativity of the bilinear form o together with the semi-ellipticity of W and the
ellipticity of V' on H*_l/Q(F) leads to e, = 0, ey -2; =0, fori =1,...,d — 1, and ey, = 0. From
estimate (4.15) we have

; V
sup [tem; Va)o| < (0, em, 0; 0, em, 0)/2 = 0, (4.22)

gerr @0y lallm @)
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which implies (e, em,es) = (0,em,0) € kerb. Furthermore, we deduce div (emxq) = 0 in D(R?)’
and hence ey o € H(div;R?) with div (emxa) = 0 in L2(RY). This observation combined with

em-2; =0, fori =1,...,d — 1 enables us to prove emxo = 0 on R% by smoothing techniques as
first noted in [23, Satz 2.12]. This yields uniqueness of my. Finally, the discrete inf-sup condition
of the bilinear form b ensures uniqueness of the Lagrange multiplier py = (pn, (n)- O

Remark 4.7. The stabilization terms employed here are closely related to the ideas discussed
in (3, 4, 5]. Whereas the primary concern of these references is to enhance the stability for the
Lagrange multiplier, the bilinear form b here is trivially inf-sup stable. The purpose of our term o
is to increase stability for the primal variables (u, m, ¢). "

4.4. A priori error estimation. In this section, we present a full a priori error analysis — in
Theorem 4.8 for general functions ¢** and in Theorem 4.9 for the special case of uniaxial materials
given in Example 1.2. In both theorems, the continuous problem is understood to be (SPP) and
the discrete problem (SPPS’NU).

We start in Theorem 4.8 with a general a priori estimate for arbitrary anisotropy densities **,
which gives convergence O(h? + ¢) (given sufficient regularity).

Define the seminorm | - |, on X by

[ulg = 1Vl + lulli o r + 10121 2.p- (4.23)
The seminorm | - |, is induced by the symmetric positive semi-definite bilinear form o of (4.14) in
the standard way by

ul? = o(u;u). (4.24)
Theorem 4.8 (A priori estimate). Let (u;p) = (u, m, ¢;p, () and (un;pn) = (un, my, dn; PN, CN)
be solutions of Problem 3.1 (SPP) and Problem 4.5 (SPPgX,). Fiz ca, cg > 0. The following a
priori estimate holds for all (wr;p7) = (ur,my, ¢7;p7,(7) € XN X Mpy:

u—unlz + (V™ om — V™ omy; m —my)o + [u—unlz + lp —pn |3

< Cofllu—urlk +u—urlz +llp = prll% + [l — prli3 + /2 AmmlE — e Avmy |8}

+ || Vo™ om — V™ omy||3 + c3)[Amm — Aymy||3.
(4.25)

The constant Cy > 0 depends on the domain €, the shape regularity of the triangulation T, and
properties of the boundary integral operators V, K, K',W. Furthermore, it depends on C, > 0
of Lemma /.12 and the reciprocals of the arbitrary, chosen co, c3 > 0. The mesh-dependent norm

lp — p7ll7 is defined by
o = o713 = llp = o717+ lp = 2713 )00 + I = ¢ 121 o p

= Z hgl”P —PT”E +lp _p’T”%/Q,I‘ +1[¢ = CT|E1/2,F'
ec&(T)

(4.26)

Given sufficient regularity, the right-hand side of (4.25) is O(h? + ¢). In the uniaxial case, this
upper bound is improved to O(h% + £2) in the following Theorem 4.9. The power of h is optimal
for lowest-order elements, and the power of € is observed to be optimal in the numerical studies in
Subsection 4.5 ahead.

Theorem 4.9 (A priori estimate for the uniaxial case). Assume in addition to the assumptions of
Theorem 4.8 that

Col[Ve™ omy — V™o mQH% < (V™ om; — V™ omy; m —my)q. (4.27)
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Then there holds the a priori estimate
u—unz + Vo™ om — Vo™ omp || + [[Amm — Avmy[[g + |u —un 5 + [lp — pnl3s
< (C1 + Collell poe ) {lw = wr 1% + [u—url5 + [lp — o753 + [P — p7l3s
+ [ Amm — I(Amm)|[3 }

+ Cslell oo (@) 1€ * Amm] [,
(4.28)

where T : L2(Q)? — S9O(T)4 denotes the L?(Q)%-orthogonal projection. The constants Cy, Cs,
Cs > 0 depend on the domain §2, the shape regularity of the triangulation T, properties of the
boundary integral operators V., K, K' W, and on C, > 0 of Lemma /.12.

Corollary 4.10. In addition to the hypotheses of Theorems 4.8 and 4.9, assume for the solution
(u, m, ¢, \m, D, C) of problem (SPP) the regularity assertions u,p € H*(Q) N HX(Q), m € H'(Q)?,
Amm € HY(Q)? and ¢, ¢ € H,}/Q(I‘), Then, with h := maxget hi, there holds

u—unla + [[Ve™ om = Vo™ ompy|lg + [[Amm — Avmyllo + [u —unlo + [[p = pn

= O(h + el Lo (@))-
(4.29)

Proof. The result follows from (4.28) with the choices ur = I, ru, pr = L. rp, m7 = IIm, ¢7 = Q¢,

and (7 = QC. Here, Q : H!

operator I, p : HI(Q) —» Si’l(T) is a quasi interpolation operator, which can be constructed with
techniques introduced in [26]. For example, letting I°% : H'(Q) — S1(T) be the Scott-Zhang
operator and NT be the nodes of the triangulation on I' with corresponding hat functions ¢., one
can set

/ 2(1“) — S%%(7) denotes the usual L%orthogonal projection. The

I.ru:= ISZu— Z © <U_ISZU; (PZ>F
*, = P .
ZEN[‘ <SOZ7 1>F

Since the functions (p.).en; form a partition of unity on I', this operator has the desired mapping
property L.r : HY(Q) — Si’l(T). The local approximation properties of I, r follow from the
local approximation properties of I°%. We refer to [1] for an alternative construction with tighter
locality. O

We start by formulating the Galerkin orthogonalities available to us: Subtracting (4.17) from
(3.1) and (4.18) from (3.2) yields together with the consistency of o the two relations

ap(u—un;on) + (V™ om — Vo™ ompy ; ny)o + (Amm — Aymy ; ny)o

+o(u—union) +blon;p—py) =0 forall by = (vy,ny,x) € Xy, (4.30)
and

b(u—un;qn) =0 for all qn = (qn,0N) € My, (4.31)
where we set

an(u50) 1= (Vu; Voo + (Wu+ /2K ~1/2)6; e + (K —1/2)u; d)r. (4.32)

We have the following estimates.
Lemma 4.11. With the definition of ay/(-;-) in (4.32) there holds

lapi(u;0)] < Cglulglvle  for allu e X. (4.33)
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If u e kerb oru € kery b then

ap (u; 1) ~ ul?. (4.34)
Furthermore, there holds

lule < Coxllullx forallu € X. (4.35)

Proof. Estimates (4.33) and (4.35) are straight forward. We show (4.34). From u € kerd or u €
kery b we get (K —1/2)u; ¢)r = (Vo ; ¢)r. The ellipticity of W on Hi/2(l’) and of V on H,:l/?(l’)

now yields
ap(u;u) = [|Vulgy + (Wu; wyr + (K = 1/2)u; ¢)r = [Vulg + (Wus u)r + (V; ¢)r
2NVl +lullf or + 0121 2r-

O
Lemma 4.12. There exists C, > 0 depending only on the shape-reqularity of T such that
lo(u; 0)] < |u|g|0]s- Vu,0 € X + ker b, (4.36)
]uN\U < CJHuNHX VuN c XN. (4.37)
Proof. (4.36) is again straight forward. We prove (4.37).
unlz = D hel(Vuy —mn) vl + D hell(Vun — my) - v — o
ec€a(T) ecT|r
= Y hll(Vu —ma) 2 42 3 Al(Vuy —my) v
e e (4.38)
ec€a(T) ecT|r
+2 Z heHQSNHz'
e€T|r

To estimate the first two sums we use transformation to the reference element and norm equivalence
on finite dimensional spaces on the reference element. This yields

> helll(Vuy —my) - v]e|2+2 > kel (Vuy —my) - v|?2 < CZ[Vuy — my|[3,
e€Eq(T) e€T|r
(4.39)

The last term in the sum (4.38) is estimated as hel[¢n|le S |én |l z-1/2(r) by by an inverse estimate
(cf. [18, Thm. 3.5|, [13, Thm. 4.6], [19, Thm. 3.6]). Together with (4.39) this yields

unlz < CZ(IVun g, + my |E, + lon17-1/20)) = Collunll- (4.40)
O

In the proofs of Theorem 4.9 and Theorem 4.8 we will use the following abbreviations:

d:=V¢™om, dy:=Ve~omy, (4.41)
Z = )\mm, EN = )\NmN. (442)

Moreover, we denote with lower case letters constants that can be chosen arbitrarily small, whereas
upper case letters denote constants that are independent of mesh parameters but depend on the
chosen lower case constants.
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Proof of Theorem 4.8. The proof follows an often employed path in saddle point theory. First, a
best approximation result is obtained in the constrained space kery b. This is done in Steps 1-7.
In the final Step 8, this restriction is lifted.
In Steps 1-7, we consider u} = (uj, m%, ¢%) € kery b C Xy and define d% := Vo™ o m%.
Step 1: Claim: There exists 0 < C < 1 such that

Sy =Ch|u —uy |2+ (d5 —dy; m¥% —mpy)o + (€ — €y; m—mpy)g + o(wr — un;udh —uy)
< ap(wr —wwy —uy) + (dy —d; m7 —my)o + (€ — €y ; m —m7)g

+ oWy —wuy —uy) — b(ufF —un;p — py).
(4.43)

Indeed, since - — uy € kery b the proof of Lemma 4.11 showed

S1 < ap(uyF —usuyr —un) + ap(u —un;uy —uy) + (dF —d; m> —mpy)o
+(d—-dy;myF —mpy)o+ (€ —£€y; m—mp)g+ (€ —Ly; mF —my)o  (4.44)

+o(uyr —uwuwy —uy) +o(u—uy;uy —uy).

The Galerkin orthogonality (4.30) with vy = Wy — uy then proves (4.43).
Step 2: Claim: For arbitrary pr € My and arbitrary cy;; > 0 the last term in (4.43), can be
estimated as follows:

b5 — unip = p)| < Cap{ eva{o(wr — iy = un) + an(f — sy — uy) }

+ 2y~ pri} o
oy P=p7llF -
To see this, observe that wh-,uy € kery b implies
b(wr —unip — pn) = b(ur —unip — pr) + bWy — un;pT — o) - (4.46)

=0

In order to estimate b(wy — un;p — p7), let oy ;= wr —uy € keryb C Xy and q:=p —p7 € M.
Then

lb(on;a)| < [(Voy —nn; Vol + [(Woy + (K" —1/2)0n 5 ¢)r|
+|(VYny — (K —1/2)vn; O)r|
< |(Vun —nn; Vol + [Wonl|l—1jarllallior + (K" = 1/2)n |12 llall /2,0

+ VYNl 2l -1 /2,0 + (K = 1/2)vn |1 /20101 /2,1
(4.47)
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We next introduce the bilinear form o by integrating by parts in the first term and using the
Cauchy-Schwarz inequality twice:

[(Von —nx: Va)o| = | 3 (Vox —ny: Va)x|

KeT
—| 3 ((Von = nx) - vles ghe + (Vo —nw) i |
ec€q(T)
:‘ > A(Von —nn) s e+ Y. {{(Vov —nn) v —n; e + (Un; @)}
ec€a(T) eGSF(T)
<3 nlivor —nn) -2} 7S na2)
ec€q(T) ec&q(T)
S hllvox —n) w2} LS B} el el
ecér(T) ecEr(T)
51 1/2
<|{ T weliToy - ny) e}
ec€q(T)
> nel(Fox —nw)-v - o2} NS w2} 4 ol sl
ecEr(T) ec&(T)
<220 (ox:00) 2 {3 B2} ol jar gl o
ec&(T)
=lqllr
= 2120 (on;08) " lallr + 6] 1o r lall o

(4.48)

Substituting into (4.47) gives together with a Young inequality and Lemma 4.11 the claimed esti-
mate, namely,

b(on; a)| < Cofo(on;on)2llallr + w1 jo,rlalhyzr + lonllierllaler
+ [Nl =120 llallie,r + 19N =1 /2,010 =1 /2,0 + HUNH1/2,F||9H—1/2,F}

1
<G [CY,I{U(UNWN) + ||7/)N||2—1/2,F + HUNH%/ZI} + a{ lqllF + HQH%/Z,F + H9||2—1/2,F }]

— 2
=[lallZ

1
< Cap{evaloonion) + aulonion)} + —allZ].
Cy,1

(4.49)
Step 3: Claim: With constants Cy, C3, Cy, C5, Cg arising from Young inequalities there holds:

Coluf — unlz + (dfF — dn ; m5 — my)o + Csfuf —un|;
< Cuyluf —uff + (df —d; mf —my)o + (£~ €y; m —mf)o (4.50)
1 1
+ Cs|wy — w2 + Collp — PTHQ% + 51181/23\\%2(9) - 5”81/2£NH%2(Q)-
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From Steps 1 and 2 we have
S3 ::Cllufr—uN]?L—i— <d$——dN; m}—mNm + (Z—EN; m—my)qo + ]ufr—uNg
<ay Wy —wuwyr —uy) + (dF —d; m¥F —mp)g
+ (€ —Cn;m—mF)g + oW —u;uy —uy)
1
+Cap [CY,l{U(U*T —un;uy —un) + ay(Wy — un;uy — UN)} + EHP - pTH?f} .
’ (4.51)

With Lemmas 4.11, 4.12 and the Young inequality we get

1 Cy,2
an (s — ) < Caluf — ulaludy —unla < Cod go—fu —uf} + T2y —unf3},
ap (W — un; s —uy) < Cylul —un|?,

CY,3
wh —ul? + T ur —up2,

o(uy —wwy —uy) < | —ulefufy —unle < 5
Cy,;3

o — iy —uy) < —uyf2,

(4.52)
which leads to
C C
S3 < gl —ul2 + Z5 i — w2 + (dF - di my - my)o
QCYQ
1 c
+ (€ —ty;m—mi)o + ok — uf2 + 2k - unf? (4.53)
20y73 2
1
+ Cupeva{ = unl} + Calu —unli} + o —prll% ).
We use the bound
1 1
5\\51/25NH%2(Q) - 51181/23\\%2(9) < (€ —£Ly; m—mpy)r2), (4.54)

of [9, Proof of Thm 4.3] and absorb the terms |u% — uy|2 and |u¥ — uy/|2 of the right-hand side of
(4.53) in the corresponding terms in Sz by taking cy 1, cy 3 sufficiently small. This yields (4.50).

Step 4: Claim: For any function uy € Si’l(T) there holds the estimate
C
Si = u—unli +(d —dysm - my)o + Csluf —unf3
§C7|u$——u|62l+(d—dN; m—my)o+ (£ —£€y; m—mj)g (4.55)
1 1
+ Cs[uf —ul; + Cllp — prl|% + 5“*51/25”%2(9) - §||51/2£N||%2(Q)'
First, a triangle inequality and a Young inequality give
Cy
2

Second, we have the identity

lu—uy s < Colu— w52 + Colul — uyf2. (4.56)

(d—dy;m—-—mpy)g=(d—dy; m—m7)g+ (d—dF; m> —my)g (457)
+(dF —dn; mF —mp)gq. '
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Using these two expressions, we get together with (4.50) the claimed estimate (4.55):

Sa < (Ca+ Co)luf —uf; + (d —dy; m—mi)g + (€ — £y ; m —mi)g (4.58)
1 1 4.58
+ Cslwy —uf + Collp = 7% + 5 e/l 720y — 5l *en 720,

if we set C7 := Cy + Cs.
Step 5: Claim: For arbitrary cg, ¢19 > 0 there holds

. C
mm{l, 72,03} Sy<fu—uyZ+(d—dy; m—mpy)g + | —uy|?

< Cs{lwy — ulf + [m — o7 |8 + [y — uf5 + [lp — pr]1%}

+oglld — dn [ + cioll€ — enllE + Cra{lle €720 — e 720 }-
(4.59)

Apply first a Cauchy-Schwarz inequality and a Young inequality to get

2

evs
2

1
(d—dy;m—mip)o < —=[d = dnf§+ 5 —[lm - m7|
v (4.60)

IN

1
(£ —£y;m—m7)g 16— enlg + 5 m — mlg.
Cy5

Next, recall the convexivity of ¢** which guarantees (d —dy ; m—mpy)q to be non-negative. Hence
the left-hand side cf. (4.58) can be reduced and multiplied with an appropriate constant, so that
the second inequality in (4.59) holds.
Step 6: Claim:
u—uy? +(d—dy; m—mpy)g + |u—uy|*
< 2Cs{[uf —uf; + m — | + [Ip — p7|5} +2(Cs + Duy —ul2 (4.61)

+2co]|d — dn | + 2c10[1€ — En§ + 201 { [l 7€) 720y — €N |72}

1
Add the term |u—u%|2 to both sides of (4.59), use the triangle inequality §]u —un|Z < ju—w2 4+

lu% — un|2 and multiply the whole inequality by 2. This shows (4.61).
Step 7: In this step we estimate p — p. The proof of the inf-sup condition for the bilinear form
b (cf. (3.12)) shows for arbitrary qn = (qn,0n) € My the validity of

b(on;qn)

> Bllan|ar (4.62)
lon|lx

for positive 8 = min{1, ¢} }, if one sets vy = (—qn,0,0y). Inserting pxy — qn = (py —an, v — On)
in place of qx in (4.62) and letting qy still be arbitrary shows with vy = (—(pny —gn),0,(n — ON)
b(on; PN — qn)

o x

> Bllpn — an|am- (4.63)

Next we split the bilinear form b into two terms and set qy = p7, that is

b(on;pn — b(on;pn —p) +b(oN;p —
Bllon —prilm < (onipN —p7) _ bon;py —p) +b(on:P PT)_ (4.64)
ol x lon]lx

Note that ny = 0 in the second component of vy. The Galerkin orthogonality (4.30) then yields

blonipn —p) = ap(u —un;on) +o(u—uy;oy) (4.65)
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and therefore
ap(u —un;oy) +o(u—un;oy) +bon;p — p7)
lon|lx
< Galu — unlafono +[u — un|olon]s + Crallp = prlallon]x
- lon|lx

Bllen —p7llm <
(4.66)

Due to Lemma 4.11 and Lemma 4.12 we estimate further with C = max{CoCy x,Co,Cr2}/B

~u—unlallon]lx + u—unlollonllx +llp — prilallonlx
- <C 4.67
oy —p7llar < Tox (4.67)
< C{lu —unla + u —unlo + [Ip — p7llac}- (4.68)

A triangle inequality together with a Young inequality yields

lp — v l3s < (I — prllar + o7 — pxllar)® < CfJu—un 2 + Ju—un 2 + [lp — prll3, ), |
(4.69

with a new constant C. We multiply this last equation with a constant and add it to (4.61).
Choosing this constant sufficiently small to be able to absorb the terms |u — uy|? and |u — uy|?
from the right-hand side, we end up with the new estimate

u—unfz +(d —dy; m—my)o + u—unl3 + [[p —pnlis
< Cro{Juy —ulf + lm — m¥% {3 + [Ip — p7l1% + [ —ul} + [lp — p7l3/} (4.70)
+ c1sl|d — A |G + c1all€ — € G + Crs{lle 2] 72 1) — Il *En[72 () )} -

Step 8: Step 7 shows that for arbitrary p7 € My, we have the best approximation result in the
constrained space kery b

lu—uy2 +(d—dy;m—mp)o+ |u—unlZ+[p—pnllis

<Crp inf  {wy =l + [[m - mF G + 1w — w2} + Croflle —prll3 + [0 — o7l )
uTEkerNb

+ c1sl|d — A |G + c1all€ — £ G + Crs{lle 2] 7210 — Il *En[72 () } -
(4.71)

To finish the proof, we need to estimate

inf = —ul? — m*||2 = —u2l. 4.72
At = o+ ) (4.72)

Let ur = (uy,m7,¢7) € Xy be arbitrary but fixed and u = (u,m, ¢) be the exact solution of
Problem 3.1 (SPP). We now construct a correction ty = (ry,sy,7n) € Xy such that ur + vy €
kery b. That is, we have to satisfy

b(tn;qn) = b(u—ur;qy) for all qy € My. (4.73)
The discrete inf-sup condition ensures solvability of (4.73), i.e., there exists a ty € Xy such that

BHtNHX < sup b(tN;qN) < . Cb,2Hu_uTHXHCINHM
aveMma\for lanllar — quenmpn\fo} lan s

= Cpollu — url|x,

(4.74)
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with the inf-sup constant 3 = min{1,c{ }. This result and ur+ty = (ur+7y, m7r+sy,d7+7N) €
ker b yields together with Lemmas 4.11 and 4.12

inf k2 _ * (12 a2
o dnt (=l = g 4 e w7}

< Ju— (ur +en)fz + m = (mr +s3)[[{ + [u— (ur + o)l
< 2{|u—urls +[en s + [[m = mr|E + [svlE + b —ur > + [enl3}
< 2{207 xllu = ur|% + 267 xlen % + [u—url2 + Collen % }
< Offlu —urlk + Ju—urf3},
with an appropriate constant C'. Plugging this into (4.71) leads us to
u—unfz +{d —dy; m—my)o + [u—uyl; + [Ip - pylli;
< Crofllu— wrle + [ —url2 + o — prl2 + o — 7l + 28020 — I€28n 12200}

+ ci3l|d — dn[|§ + cuall€ — £n 3,
(4.75)

which ends the proof. O

Proof of Theorem 4.9. Step 1: With the additional assumption (4.27) we absorb the term ||d —
dy|% on the right-hand side of (4.25) of Theorem 4.8 in the left-hand side:

u—un[z +lld = dnlfE + [u—un|> + [Ip — pulfF;
< Cifflu—urli + [ —ur s + Ip — prll% + lIp — prll3s + 1"/22018 — 1" en ]} (4.76)
+ 2|8 — e 1d;

here, co > 0 is still arbitrary.
Step 2: We claim

u—un[2 +[ld — dnlE + (1€ — exlld + [u = unlZ + [Ip — ol
< CofJu—ur|i + [ —ur s + lIp — prll% + lIp — prll3s + I"22008 — 1" 2enll  (4.77)
+|1€ —11e[|3, }
Indeed, using the L?(Q)?-orthogonal projection, the Galerkin orthogonality (4.30) with vy =
(0,11€ — £x,0), Lemma 4.12, and the Cauchy-Schwarz inequality, we get
ITE — en & = (£ — £ ; TIE — £x)g
=—(d—-dy; Il —Ln)g —oc(u—uy;on)— (IIL—Lxn; V(p—pN))a. (4.78)
< (ll[d = dwlle + Colu — unlo + V(0 — pv) o) ITT€ — £y |q.
Cancelling the factor ||IL€ — £x||o on both sides and squaring the inequality gives
T8 — £n][E, < 3C7{lId — dn I + [u—unlz + [V (p —pn)l3r}- (4.79)

Using now the triangle inequality [|€ — £x||3 < 2|[€ — T1€||3 + 2||TI€ — £x]||3 together with (4.76)
yields (4.77).

Step 3: In this last step, the claimed estimate (4.28) is proved. The following relation, valid for
all positive constants C, was proven in [23, Lemma 2.32], see also [9]:

{0y — 1320}
2 1/2 )2 1/2p 112 1 9 (4.80)
< CH{ Nl lle P2 () + llell el e 72 () } + 5 1€ = €n T2 (o)
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Plugging this into (4.77) with C' = Cy and absorbing the term 3|/€ — ENH%z(Q) gives

u—unfz + [ld = dnlfE + 1€ = Lx[|E + [u —un]3 + o —pn 3
< 2Co {|lu —ur % + [u—url5 + [Ip — p7l% + Ip — p7l3, + 1€ — TI€|3} (4.81)
+2C3 |lell Loy {22018 + 112 n 113 }-
Finally, the term |e!/2€x (|3 can be estimated using (4.77) resulting in the claimed bound (4.28). [

Remark 4.13 (choice of penalty parameter €). The estimate (4.29) is optimal with respect to
the local mesh size h and suggests the choice ¢ = O(h%) with a = 1 in order to balance the
upper estimate in (4.29). Numerical experiments (not shown here) reveal that the choice a € (0,1)
dominates the error in the sense that, for smooth exact solution (u,m), one observes numerically
a convergence behavior O(h%). In the experiment in Sec. 4.5, we choose the T-piecewise constant
penalization function € = h, where h € L*°(Q) is defined by h|g := diam K. .

4.5. Numerical example. For 2 = (—0.05,0.05) x (—0.25,0.25) C R? we consider the case of
uniaxial materials discussed in Example 1.2 with easy axis e = [1,0] and correspondingly z; =
z = [0,1]. The exterior applied field f = [0.6,0] is constant and parallel to e. Up to a scaling,
this set of data coincides with an example already studied in [9]. Fig. 1 shows the isolines of the
magnetic potential ux on the magnetic rod €2 whereas Fig. 2 presents the magnetization my on
a rather coarse mesh. Fig. 3 indicates the area of the rod €2, where the penalization Ay is active.
The convergence studies in Figs. 4-6 correspond to computations on a sequence of uniformly refined
meshes Ty, £ =0,1,..., ¢ — 1. The error is computed using a reference solution obtained on the
finest mesh 7y,,,,. Fig. 4 presents the convergence [|(m — my) - e[|z2(q) and [|(m — my) -z 72(q)
versus the number of elements in 2. Although our a priori estimates do not provide control over
[(m—my)-e[|12(q), we observe good convergence. Fig. 5 shows the convergence of ||V (u—un)||r2(q)
and ||V (p — pn)|[12(q) versus the number of elements in Q. Finally, Fig. 6 shows the performance
for the errors ¢ — ¢ and ¢ — (y. We measure the error in the norm || - ||y induced by the simple
layer operator (see (2.7)) and plot the error versus the number of boundary elements.

APPENDIX A. PROOF OF LEMMA 2.2
Proof of Lemma 2.2.
e Equations (2.12)—(2.13) are a direct consequence of (2.11), see, e.g., [22, 25, 28, 20].
e Proof of Equation (2.14). Since u € BLl’Q(QeXt) and Au = 0 in Q%' the Green identity for an

exterior domain, cf. e.g. [17], simplifies to

(Vu; V) r2(gexty = — (0% p)r  for all n € D(RY). (A1)

Since D(RY) C BLl’Q(Rd) is dense, [14], and each function in BLl’Q(QeXt) can be extended to a
function in BL"” (R9), equation (A.1) even holds for BLI’Q(QeXt). Setting n = win (A.1) gives (2.14).
e The formulas (2.10) and (2.11) are shown in the following Lemma A.1. O
Lemma A.1. Let Q C R%, d € {2,3} be a bounded Lipschitz domain and Q< := R\ Q. Then any
u satisfying
—Au = 0 in Q™
ulornp, € HY Q™' N Bg) VR > 0 sufficiently large
[Vullp2(qexty < o0 “finite energy”

satisfies the radiation condition (2.10) and the representation formula (2.11).
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Proof. 1. step: We claim that
Jim RY2(|Vul| 12 (95,) = 0. (A2)

To see this, let R be sufficiently large and denote by Bp the ball of radius R centered at the origin.
Using the multiplicative trace inequality and a standard scaling argument, we get

IVulZ20p,) < C | RVl gy 5 T HVUHLQ(BQR\BR)|VU|H1(BQR\BR)] :

Since the components of Vu are harmonic functions on Bzr \ Bg/y (for R sufficiently large), we
get by the Caccioppoli inequality (see, e.g., [30, eqn. (5.3.12)]) the bound [Vu|gi(p,,\B) <
CR*IHVuHLz(BBR\BR/Q). We therefore conclude HVuH%g(aBR) < C’R*IHVuH%g(BSR\BR/Q). The as-
sumption ||Vl 2(qexty < 0o implies Rlim [ Vullp2(qext\ ) = 0, which in turn implies (A.2).

—00

2. step: We claim the existence of a constant u., € R such that for z € Q% we have the following
representation formula

u(z) = G(x,y)0 uds, — / Bﬁ’EZ)G(x,y)’yeXtu dsy + Uso. (A.3)
o0 o0

To see the representation (A.3), fix z € Q% assume x € By, and compute with the representation
formula for the “annulus” Bp \

u(z) = G(x,y)0S" uds, —/ 8§?Z)G(x,y)’ye"tu dsy
o o
— G(w,y)@,,(y)u dsy +/ 3,,(y)G(x,y)u dsy,
8BR 8BR
where 0, denote the (outer) normal derivative. Let up = W uds, be the average of u
R| JOB
on 0BR. Since r € Bpg, we have by the jump relations satisfied bthhe double layer potential

faBR Ou(y)G(x,y) dsy = —1. Hence, we can compute

/ Oy Gz, y)udsy = / Ou(y)G (2, y) (v —UR) dsy —Ur
O0BRr 9Bg
so that we obtain the representation

u(r) = G(m,y)@,e,"tudsy—/ 85’{2)G(x,y)*ye"tudsy— (A.4)
o0 o0

G (2, Y)0y () udsy + / Ou(y)G(2,y)(u —UR) ds, — Ug.
8BR 8BR

Let us first consider the case d = 3. By the decay properties of G and 9,,(,)G:

- G(x,9)dyyudsy| < C(z)R™ D REV2|Vu|| 295,
: < Cl)RIRVIRZ|Vul gy, (AB)
- Ou(y)G (@, y)(u —Tg) dsy| < C(x)R™IRIDZ |y — g 12op,
: < C(z)R™ D REDPR(Vul| 2 (08,); (A.6)

in view of (A.2), we conclude that, as R — oo, the third and fourth integral in (A.4) tends to zero.

The first two integrals are (for fixed x) constant as is the left-hand side u(x). This shows that
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limp_,o UR exists:

Uso 1= — lim U = u(z) — G(x,y)05 uds, —|—/ 8e’zt)G(az Y)Y udsy,.
R—o0 o0 90

This is the desired representation formula.

We now consider the case d = 2, which requires a more delicate reasoning due to the logarith-
mic growth of the fundamental solution G. We proceed by using pointwise estimates for Vu(z).
Differentiating (A.4) yields

Vou(z) = Vg agG(:ﬂ,y)@,e,Xtudsy Va / aex G (@, y)v™ ‘udsy —

VG (2, y)0y () udsy + V)G (2, y)(u —UR) dsy.
O0BRr OBR

The explicit formula for G yields for a C' > 0 that depends on v***u, 9w, and 9

Vg G(x,y)0S uds,
o0

< Cla|WD), 'Vx /(99 35?Z)G(x,y)*ye"tudsy < Clz|%

Furthermore, we get for fixed = with the Cauchy-Schwarz inequality and (A.2)

Y - Oy G, y)(u —Tg) dsy| < [IVaVyG(@,) 12008y lIv — Trll 1208
= C(m)RidR(dil)/QR”quL2(aBR) —0 as R— oo,
‘w . G(2,Y)0yudsy| < [VaG(@,)lr2@mmlVullr2 08
< Cla)R DRV 295, =0 as R — oo

The above developments show two things, namely, a representation formula for Vu and an estimate:

Vu(z) = V, 89G(:ﬂ,y)8,eftud5y Vi / erzz Y)Y udsy, (A.7)

Vu(z)] < Cylz|~@Y as T — 00. (A.8)
The representation of the gradient (A.7) and an expansion of G yield for large x the asymptotic
expression
T

c—/ Ot uds, + O(|z| %) as |z| — oo,
o2

Vu(z) = FE

where ¢ # 0. Since we assume that Vu € L%(Q%), we conclude

O udsy = 0. (A.9)
o0

This implies that we can sharpen the estimate (A.8) to

|Vu(z)| < Clz|™, |z| — oo. (A.10)
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This sharper bound can be fed back into (A.4): the third and fourth integral can now be estimated

by

- G(m,y)@l,(y)udsy < C(x)lnRR(d_l)/z”VUHL2(53R),
R < C(x)lnRR¥'R™
. Ou()G (@, y)(u —Tg) dsy| < C(x)R™IRIDZ |y — g 129p,
< C(z)R™DRITRR™

These two terms tend to zero as R — oo. Therefore, as in the case d = 3, we obtain that limp_,o up
exists and conclude the argument in this case in exactly the same manner as in the case d = 3.

3. step: It remains to show u = us + O(1/r). For the case d = 3, this follows directly from
the representation formula (A.3) and the decay properties of the potentials. For the case d = 2, it
follows from the representation formula (A.3) and the addition properties [, 99 O uds, = 0, which
we proved in (A.9). O
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