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On the Convergence of Filon Quadrature

J.M. Melenk

Institute for Analysis and Scientific Computing, Vienna University of Technology
Wiedner Hauptstrasse 8-10, A-1040 Vienna

Abstract

We analyze the convergence behavior of Filon-type quadrature rules by making ex-
plicit the dependence on both k, the parameter that controls the oscillatory behav-
ior of the integrand, and n, the number of function evaluations. We provide explicit
conditions on the domain of analyticity of the integrand to ensure convergence for
n — oo.

Key words: highly oscillatory integrals, Filon quadrature

1 Introduction and Filon-type quadrature

For a given k € R with |k| large, we seek to evaluate
L.
Q)= [ 99 f(z) da. M
-1

Here, f and g are assumed to satisfy:

Assumption 1.1 G, C Gy C C are open neighborhoods of [—1,1]. The func-
tion f € L>(Gy) is holomorphic on Gy, the function g is real-valued on [—1,1],
g #0 on[-1,1], g and 1/g" are holomorphic on G,, and 1/¢g" € L>(G,).

Filon-type quadrature (see [4-6]) assumes that integrals [*, (@) (z) dz can
be evaluated for polynomials m. Hence, a quadrature rule for the integral
(1) can be obtained by replacing the integrand x ~— €9 f(2) with z
k9@ [ 5 f(x), where Ia f is a polynomial (Hermite-)interpolant of f; that is,
we obtain the Filon-type quadrature rule

o) = 11 eh9) [ F(7) da. (@)

Throughout this note, we will associate with a sequence A = (zg,..., 2,)
of n + 1 nodes the (Hermite-)interpolation operator In that maps f to the
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polynomial I f € P, of degree n that interpolates in the n 4+ 1 nodes; the
implicit understanding of Hermite interpolation is that if a nodes £ appears
m + 1 times in A, then (f — Inf)Y(¢) =0 for j =0,...,m.

For a sequence (A™)> , of interpolation points A" = (z(()"), .., 2) we can
study the convergence behavior of Q(f) — Qan(f) as a function of k£ and n.

This analysis is the purpose of the present note.

It is well-known that for large |k|, the most important contribution to the
integral comes from the endpoints. Hence, it is sensible to include as much
endpoint information in the choice of the interpolant I f as possible. The
extreme case is to take Ia as the interpolation operator of Hermite type as-
sociated with the endpoints £1; that is, A = A%’{_l =(=1,...,—-1,1,...,1),
where each of the nodes +1 appears p times. The Filon quadrature @) Azt
which we call “pure Filon quadrature” in this note, is shown to satisfy

7] (3)

Q) = Quzp 1 ()] < Cmin {q,

for some constants C, ¢, v > 0 independent of k£ and p (combine Thms. 2.1,
2.2). The parameter ¢ is in general > 1 so that convergence as p — oo is
not guaranteed—however, good approximations can be expected if |k| is large
compared to p. Theorem 2.2 gives explicit conditions on the domains of ana-
lyticity of f and g to ensure ¢ € (0,1), namely:

Assumption 1.2 In addition to Assumption 1.1, the domain Gy satisfies

G DOWH  for somer >1, WH.={zeC||z*> 1] <r?}. (4)

If Assumption 1.2 is satisfied, then ¢ € (0,1) in (3) so that the pure Filon
quadrature is a convergent (as p — 0o) method whose preasymptotic behavior
improves as |k| becomes large.

Assumption 1.2 is seen in numerical examples (see Section 4) to be neces-
sary for convergence of the pure Filon quadrature. Section 3.1 shows that
the limitations imposed by Assumption 1.2 can be overcome with composite
quadrature rules; an alternative, discussed in Section 3.2, is to insert additional
quadrature points in the interior of the integration domain. Section 2.3 finally
shows that by suitably clustering the quadrature points near the endpoints,
Filon-type quadrature rules can be designed that do not require derivative
information but still lead to convergent methods under Assumption 1.2.

Concluding this introduction, we mention that our analysis ignores several
important aspects: Firstly, we do not discuss the issue of numerical stability;
in particular, our numerical experiments in Section 4 are done in MAPLE with



high precision arithmetic. Secondly, we skirt the so-called moment problem,
i.e., the question of how to evaluate integrals f_ll k9@ (1) da for polynomials
m; one option is to use the classical method of steepest descent coupled with
GauB-Laguerre quadrature (see, e.g., [3] for a recent account of this procedure).
Concerning notation: Bs(z) C C denotes an (open) ball of radius ¢ centered
at z; for sets A C C, we set Bs(A) := U,caBs(2).

1.1  Reduction to interpolation error analysis

The simplest quadrature error estimate is

Q)= Qa(f) = QU —Iaf)| S If —Iafllr—1y) <2/ f—Iaf|ze-1,)- (5)

Integration by parts yields sharper bounds in terms of k:

Lemma 1.3 Let Assumption 1.1 be valid. Set v4 := ||1/4'||1~(g,). Let A =
(205 - -+, 20) C [=1,1] be given. Let Jy € Ny be such that (f — Inf)¥(£1) =0
for j =0,...,Jo — 1. Then, for every J € Ny and 0 < § < dist({£1},0G,)
and 0 < d < dist([—1, 1],0G,):

IQ(f) —Qalf)l =
. J J
|k| Z <%> 1f = Iafllz sy + (d;fg‘) 1 = Ia fll o (Ba-1.10)-

J=Jo

Proof: Let 1y := f — Inf and define the sequence (7;)32, of holomorphic
functions by the recursion

T]j+1 = (;ﬁj> y j :0,1,..., (6)

Integrating Q(f) — Qa(f) = Q(f — IAf) = Q(no) by parts J € Ny times gives
1= —1\7 /1 .

w2 (G e (@) [ o

g
The result now follows from Lemma 1.4 applied to ng = f — Iaf. O

-1

Lemma 1.4 Let G C C be open and g, 1y be holomorphic on G. Set v, 1=
11/9'[| (). For 6 > 0 define G5 := {z € G| dist(z,0G) > §}. Starting from
the function 1y, define the functions n;, j =1, ... recursively by (6). Then:

AN :
nile=ca < (22) Imllsv@,  5=0.1,.... ®)



Here, we employ the convention 0° = 1. If additionally nV)(z) = 0 for j =
0,...,p for a fized zy € G, then n;(z) =0 for j =0,...,p.

Proof: We proceed by induction on j. The statement is true for 7 = 0 by
definition. Assuming it to be true for some j € Ny and all § > 0, we get for
every x € G5 and every 0 < ¢ < ¢ by Cauchy’s integral representation formula

1 ﬁj(t) 1 /
; =|— ——————dt| < —||1 - | oo 9
=5 [, St < I sl ©)
Yo (VeI
<2 (9 ) (o) (10

If 7 =0, welet e — 0 in (9) to see that (8) is true for j = 1. For j > 1, we
select £ 1= §—= < § to get from (10)

J+
. j+1
%0+ 1Y
s < (2D i,

Noting that = € Gy is arbitrary, we can conclude the induction step. Finally,
if 19 and its derivatives up to order p vanish at zo, then ||no|| (B, (z)) < CrP*
for all sufficiently small » > 0. Taking G = B,(zp) and § = r/2 and letting
r — 0, the bound (8) then implies 7;(z) =0 for j =0,...,p. O

1.2 Polynomial interpolation

The following result is classical in polynomial interpolation of holomorphic
functions and can be found, for example, in [1, Chap. IV]:

Proposition 1.5 [Hermite] Let f € L>(D(f)) be holomorphic on the domain
D(f). Let A = (20, ..., 2,) and set wa(z) := [1"y(z — 2;). Then for every z €
D(f) and every simple, closed Jordan curve C C D(f) with {z, 20,...,2,} €
Int(C) C D(f) there holds

f@—hﬂ@~i% walz) f(t)

27 Jiec wa(t) t — 2

dt. (11)

Furthermore, for every compact K C D(f) there exist C, v > 0 depending
solely on K and D(f) such that if A C K then

f(2) = Iaf(2)] < Clwa()V" I flle=oiry V2 € K. (12)



Proof: The representation (11) is taken from [1, Chap. IV]; to see (12), select
a Jordan curve C C D(f) with K C Int(C). Then, dist(C, A) > dist(C, K) > 0.
Hence, |wa(t)| > Cdist(C, K)"*!, and (12) follows from (11). 0

Of particular interest here is Hermite interpolation in the endpoints given by

AP = (=1,...,-1,1,...,1). (13)
—_—— ——

p times p times
The Hermite interpolation operator [y2p-1 : CP~Y([-1,1]) — Py,_; is charac-
terized by the conditions

fOED) = Iz )V(F)  j=0,....p— L. (14)

Lemma 1.6 below will express the approximation properties of 1 A2 in terms

of the functions wjl, w”, and the sets W

wip(2) = (D2 =1 = (2 =17, Wf(z) =2 =1V (15)
WH={zecC|wfl(z) = /|22 -1] <r}. (16)
The sets W are nested: clo(WH) ¢ WH for ' < r. We note that the interval

[—1,1] is only contained in the sets W,* for r > 1. Then, however, already the
interval [—+/2, /2] is contained in W. The error representation (11) gives us:

Lemma 1.6 Let f be holomorphic on the domain D(f), and let r > 1 be
such that clo(WH) C D(f). Then for every 0 < r' < r there exists C' > 0
(depending only on v, 1') such that for every § with Bs({#1}) C W

/

2p
,
1 = Lazp-r fll ooy <C <7> [f Loy Vp € No,

7= 1o DN <€ (CCTD) g, ¥ € Balta)

A perturbation argument allows us to infer from Lemma 1.6 error bounds for
interpolation that clusters points near the endpoints:

Lemma 1.7 Let 1 < v’ < r and ¢ € ((r'/r)?,1). Then there exist constants
0o, C, v > 0, which depend only on r, v', q, such that the following is true:
For any § € (0,0q] and A*~1 with 2p points satisfying

A%~ has exactly p points in Bs(—1) and exactly points p in Bs(1)  (17)



the interpolation error f — IA f satisfies

1f = Lafll oo wy
|(f —Iaf)(2)]

< C| fl zoe wyy, (18)
< (V)N f Nl oo wy Vz € Bs({£1}). (19)

Proof: Let z;, i = 0,...,p — 1 be the points of A%~ in Bs(—1) and Let Z;,
i=20,...,p—1 be the points of A*~! in B;(1). We then write for z # +1:

w9 = T T2 = T 1+ ) T+ 225,

=0 =0 i=0 z+1 i=0
Hence, we can find v > 0 depending only on r, r’ such that for any p € Ny
(1= 70)lway(2)] < |waz-1(2)] < (1+90)*lwgy(2)] ¥z € W\ W (20)

Choosing § sufficiently small, we can make |waz-1(2) /wil (2)[*/#) arbitrarily
close to 1 uniformly in z € W \ W#. By the maximum modulus principle
for holomorphic functions (18) is shown once |f(z) — I f(2)| can be bounded
by the right-hand side of (18) for z € OW/. However, this follows from (15),
(20) and (11) with C = OWH. For (19), we insert into the error formula (11)
the bound |waz-1(2)] < (20)P(2 4 26)P together with (20) and (15). O

2 Quadrature error analysis
2.1 k-asymptotics

Theorem 2.1 (k-asymptotics) Let Assumption 1.1 be valid and let [—1,1] C
K C G, be compact. Set v, := ||1/4'||~(g,). Fir dp < min{1,dist({£1},0G,)}.
Then there exist constants C, v > 0 that depend solely on K, dist(K, 0G,) > 0,
and dg such that for arbitrary interpolation points A = (zg, ..., z,) with A C K
the following holds:

(i) Let p € Ny be such that (f — Inf)9(£1) =0 for 0 < j <p—1. Then

p+1
Q(f) = Qa(f)] < €y min {1, (%) } 1l

(ii) For 6 >0 such that §/|k| < 0y denote by p_1 5 :=card{i|0<i<n, z €
Bsjii(=1)} and p1s5 := card{i|0 < i < n,z € Bs (1)} the number of



interpolation points in the 0/|k|-neighborhoods of —1 and 1, respectively.
Set ps == min{p_15,p15}. Then

) 1)\
Q) - Qs < O in{l (%) }||f||Loo<gg>.

Proof: (5) together with (12) gives |Q(f) — Qa(f)] < CY""| flz=(g,)- To
complete the proof of (i), we apply Lemma 1.3 with Jy =p, J =p+1,6 =d =
1/2dist([—1,1],0G,) and again (12) (with the compact set clo(Bg([—1,1])).

To see (ii), let K’ C G, be compact such that Bs,({£1}) U By([—1,1]) C K’
for some 0 < d < 1/2. (12) provides a constant (again denoted ) such that
for = € By({£1}) we have [(f — s f)(2)| < C(5/k])1™ | fll (g, and
1f = Iaflle gy < CY" | fllze(g,)- Lemma 1.3 with Jy =0, J = 1 gives

E = |Q(f) — Qa(f)] < Cy*! f,j‘ 1f 1l g,)-

This is the first bound. Lemma 1.3 with Jy =0 and J = ps + 1 gives

ni1 i\ (25)" (s + 1)y, \"
E <Oy |z, [WZW <5/|k|> (m) *(W) ]

Ps N 25\ P? ps + 1 ps+1
oo ) e (£ ) ()

The convexity of the function j — (jv,/0)?(20/7,)P* then gives us

Ps
E<Cyttde (e -
<O\ £l z=(g,)

(ool (B (52"

ps ps
n Yo (Y 20 ps+1
< C'y +1(p6 + 1)—|]:| <—|]5|> ||f||Loo(gg) <max 7’ 6d ’2p5}> .
g

Noting ps < n + 1 and adjusting the constant ~ gives the desired bound. O

2.2 Convergent Filon quadrature

As Theorem 2.1 shows, it is advantageous to cluster interpolation points near
the endpoints £1 for large |k|. Convergence (as n — oo) of Filon quadrature



that is based on such interpolation point distribution can only be expected
under suitable conditions on the size of the domain of analyticity of f. The
following theorem shows that in the case of pure Filon quadrature the domain
of analyticity G; of f should contain W{:

Theorem 2.2 (pure Filon quadrature) Let A?™' be given by (13). Let
Assumption 1.2 be valid. Set v, = [|1/¢'|1~(g,)- Then there exist C', v > 0
(depending only on r and dist([—1, 1], 0G,)) such that

p+1
00 = Qa1 = € (i {2 2D

Proof: (5) and Lemma 1.6 with 7/ = 1 (note: [—1,1] C clo(W{)) give the
error bound |Q(f) — QA%H(fﬂ < Cr=?|| f|| pee(wr). Adjusting the constant
by the factor 72 gives the first estimate. For the second one, select 0 < d
dist([—1,1],0G,) such that By([—1,1]) € W/ for some v < r (e.g., 1’
(1+7)/2) and apply Lemma 1.6 to Lemma 1.3 with Jy=p, J =p+ 1.

O Il IA

2.8  Derwative-free Filon quadrature

Quadrature formulas that avoid knowledge of derivatives are of interest. [4]
proposes to cluster the interpolation points near the endpoints £1. As in
the case of the pure Filon quadrature, Assumption 1.2 is the key to ensure
convergence as n — 0o:

Theorem 2.3 Let Assumption 1.2 be valid. Fiz q € (1/r?/1). Set v, =
11/9'|(g,)- Then there exist &, C', v > 0 (all depending only on r, q,
dist([—1,1],0G,)) such that for any & with §/|k| < & and any A*P~' satisfying

A*~1 has exactly p points in By (—1) and exactly p points in By (1) (21)

the corresponding Filon quadrature Qaz»-1 satisfies

5 N
Q) ~ Qas (1) £ O2 min {m%} e,

Proof: The proof follows from the arguments given in the proof of Theorem 2.1
and an appeal to Lemma 1.7. O

The following point distribution guarantees a smooth transition from an ex-
treme clustering near the endpoints +1 to the asymptotic distribution that
essentially coincides with the Chebyshev points:



A%D_l 1= (20,3 Zp—1, —Zp—1, —Zp-2s- - -, —20), (22a)

. T . A 1
2; = cosb;, 0; == idc, 0c == §m1n{@,p — 1/2} : (22b)

here A > 0 is a user-chosen parameter. The Filon quadrature based on AZ ™"
converges under the same conditions on f and g as the pure Filon quadrature:

Theorem 2.4 Let Assumption 1.2 be valid. Then there exist ¢ € (0,1), C,
v > 0, and an open neighborhood U of [—1,1] (depending only on r and
dist([—1,1],0G,)) such that f — IAchflf with A%~ given by (22) satisfies

||f - IA2Cp71f||Loo(u) S quHfHLw(W,H) \V/p S NQ. (23)

Upon setting 74 := ||1/9'||L=(g,), the Filon quadrature based on AZ™! satisfies

[fllzegp- (24)

K|

Q) = Qa1 ()] < €% min {q’ Jcplk _'_|]:|/g(p +1) }p

Proof: See Appendix A. The result shows that the parameter A should be
chosen proportional to v,. The constants C, ¢, v are independent of A. O

3 Integrands with small domain of analyticity

Theorem 2.2 shows that the pure Filon quadrature converges as n — oo pro-
vided the domain of analyticity G; is sufficiently large—the numerical exper-
iments in Section 4 indicate sharpness of the result. Theorem 2.4 shows that
convergent derivative-free quadrature rules can be devised under the same reg-
ularity assumptions. As pointed out above, the condition [—1,1] C W is only
satisfied for r > 1, in which case already [—+v/2,v/2] C WH. Thus, the domain
of analyticity of f and g cannot be an arbitrary open neighborhood of [—1, 1].
We now discuss two options to create convergent Filon-type quadrature for
integrands f whose domain of analyticity is just an open neighborhood of
[—1,1]: In Section 3.1, we present composite Filon-type quadratures, and in
Section 3.2 we insert additional quadrature points in the interval [—1,1].

3.1  Composite Filon-type quadratures

Assumption 3.1 Qﬁ(f, g) is a quadrature rule for integration on [—1,1]

such that for every f, g satisfying Assumption 1.2 there exist constants C,



v >0, q € (0,1) (all depending only on r > 1 and dist([—1,1],0G,)) such
that, upon setting v, := ||1/4'||L~(g,), there holds

p+1
() - @“f(f,g»scmn{m%} fllomgy  Vpe N (25)

Assumption 3.1 is satisfied in the settings of Theorems 2.2 and 2.4 (if the
parameter A is chosen proportional to 7,). A composite quadrature rule is
obtained in the usual way: For a partition 7 of [—1,1] into elements K of
size hx and affine bijections Fi : [—1,1] — K the composite quadrature rule
Q7 kp is defined as

Q1 rp(f9) Z Tef (flx o Fr, 9|k o Fi).
KeT

Theorem 3.2 Let me satisfy Assumption 3.1. Let f, g satisfy Assump-
tion 1.1. Set vy, := Hl/g | 2o (g,)- Assume that T satisfies, for some r > 1,

FHG)oWH VYK eT. (26)

Then, there exist constant C', v > 0 depending only on the constants appearing
in Assumption 3.1 and dist([—1, 1], 0G,) such that

pHl
Q) = Qranl i) <C 3 e mm{mw} ey (27)

KeT hK|k|

Proof: We observe that (g|x o Fx) = ¢’ o Fc. Hence, the constants 7,
appearing in (25) is adjusted by a factor 2/hg, which gives the claim. O

Geometric considerations give an easy sufficient condition for (26) to be met:
Denoting my € K the mid point of the element K, then (26) is fulfilled if

ClO(BﬁhK(mK)) C Gy VK e T. (28)

3.2 Stabilized Filon-type quadratures

The composite quadrature that satisfies (26) can be viewed as inserting addi-
tional quadrature points in the interior of the integration domain. A similar
effect can be achieved by combining Hermite interpolation with interpolation
in, for example, the Gauf points. To fix ideas, denote by Af the n + 1 GauBl
points and define, for a parameter m € Ny to be chosen, the stabilized rule

10



with points AgG” 2 =AU AP~ That is, we use mp + 2p + 1 evaluations
of f or its derlvatlves in the quadrature. The quadrature error then satisfies:

Theorem 3.3 (stabilized Filon-type quadrature) Let Assumption 1.1 be
valid. Set v = [|1/g'||z=(g,)- Then there exist constants C, v > 0, q € (0,1),
and m € Ny depending only on Gy and G, such that

1 p+1
Q0) ~ Qugrar ()] = € (i {2 s

We note that the number of evaluations of f and its derivatives is (2+m)p+1.

Proof: Proceed as in the proof of Theorem 2.2. The key observation is that
the asymptotic distribution of the Gauf§ points is known, [1, Thm. 12.4.5].
Specifically, for the GauB points 2™, i = 0, ...,n and wl 1 (2) =TIy (2— 2" ))
we have lim,,_.. [wS, ()Y = 1p(z); here, p(z) > 1 is determined by the
condition z € 0&,(.), where the ellipse &, is given by £, = {z € C||z — 1] +
|2+ 1| = p+ 1/p}. For wAgmu)p(z) = wil (2)wG,41(2) we compute

. (29)

m p—00

WS (z> — lim |wA(m+2) ( )|1/(2p+mp+1) _ (UJH(Z)>2/(m+2) (—p(z)

The representation p(z) = ¢ + /(2 — 1 where 2¢ = |z — 1| + |z + 1| shows
that w? is a continuous function. Thus, the sets W* = {z € Clw3(2) <
r} are open. Note [—1,1] € W2 for r > 27™/(™+2) Fix 1 < p such that
clo(§,) C D(f). Fix 1/2 < r < p/2 and note that £, C &, for p’ < p. Then
(29) implies that for m sufficiently large, we have [—1,1] C W2 C £, C D(f).
The approximation properties of the interpolation operator I A@+mp IOW follow
from Proposition 1.5. Noting (f — Ag+m)pf)(j)(:t1) =0for0<j<p-1
allows us to complete the proof by arguing as in the proof of Theorem 2.2. O

Remark 1 Analogous results hold for Gauf$-Lobatto or Chebyshev points.
4 Numerical examples

All calculations in this section are done in MAPLE using a sufficient number of
digits to be able to focus on the convergence properties of the Filon quadrature.
In the Examples 4.1-4.3 we consider

g@) =1, file) =(a—2)"* = (Va+2)(Va—2)"? a>1 (30)

11



Example 4.1 (pure Filon quadrature based on A®~1) Assumption 1.2

is only satisfied for a > 2. For the pure Filon quadrature, we therefore expect
convergence (as p — oo) only for a > 2. In this case, we expect the initial
convergence to be the more rapid the larger |k| is. This is indeed visible in
Fig. 1. For a < 2 Theorem 2.1 suggests, for a problem-dependent constant -,
rapid error decay for p < 7|k| and error increase for p > 7|k|. This behavior
is also visible in Fig. 1 for the case a = 1.5. .

Example 4.2 (Filon quadrature based on A% ~") Theorem 2.4 ensures uni-
form (in k) convergence of the method A for a > 2. This is visible in Fig. 2
for the case a = 3. For a < 2, Theorem 2.4 leads us to expect good results
for k large compared to p and, since for p > |k|/\ the points essentially co-
incide with the classical Chebyshev points, also good results in that regime.
In the intermediate regime, the estimates of Theorem 2.4 permit large errors;
indeed, these arise as shown in Fig. 2 for the case a = 1.01. The parameter A
appearing in (22) is chosen as A = 1. .

Example 4.3 (composite pure Filon quadrature) Section 3.1 shows that
composite Filon rules can make Filon quadrature applicable to integrands with
singularities near the domain of integration. The condition to be satisfied is
(26), or, more simply, (28). It is desirable to minimize the number of ele-
ments in the mesh 7 under the constraint (26). For the integrand given by
(30), this can be achieved with geometric meshes that are refined towards the
singularities of f: Let the mesh 79 be defined by the points

{-1,-1+0" |i=0,...,L}U{l,1—-0¢"]i=1,...,L}. (31)

If ¢ > (v/2 — 1)?, then—with the exception of the elements K abutting the
endpoints £1—condition (26) is satisfied by all K € T regardless of a > 1.
Condition (26) is satisfied by the boundary elements only if L is sufficiently
small. Sufficiently conditions for 79¢° to perform well are therefore:

o> (V2 -1)? L > Ly with gam <va—1=dist([—1,1],0D(f)).

The numerical example shown in the bottom right part of Fig. 1 is done
with ¢ = 1.01, ¢ = 0.2, and L = 4 and a pure Filon quadrature on each
element. Since we show relative errors, we mention that Q(f) ~ 1.4 for k = 1,
Q(f) = 0.01 for k =10, Q(f) =~ —0.0025 for k& = 100. .

Example 4.4 (stabilized Filon quadrature) We consider the case

g() =1, folz)=(Va+2)'?  a>1 (32)

We employ the stabilized Filon quadrature Ag%" based on Hermite interpo-
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pure Filon quadrature based on Aﬁ'ﬂ forﬁl e (a-x?)*2, a=1.5 pure Filon quadrature based on Aa"’l forJ’i1 e* (@a-x?)12, a=2

10°
5 5
3 10° ]
2 2
3 3
° °
1] 1]
Q Q
G G
10—10
10715 L L L L L L L L
0 5 10 15 20 0 5 10 15 20
p p
. " 1 2,1/2_ik; — - -
pure Filon quadrature based on Aa" 1 forJ’i1 e* (a-x?)'2, a=3 . hp—Filon quadrature for 2, (a-x")"*e"*, a=1.01, L=4, 6= 0.2
10° 10
——k=1
;\\ -+-k=10
~ IR '-0-'k=100}]
10° 1 10
-3
 1n-10 10 "¢
5 10 5
5 5
Q L
- 210
S 5]
2 ©
G -
10°%
10*207
—e—k=1 -6
——k=10 10 ¢
-25|| —— k=20
101 ——k=100 .
. . ‘ ‘ 10 . . . ‘
0 5 10 15 20 0 5 10 15 20

P p

Fig. 1. Top row and bottom left: pure Filon quadrature based on Ag’_l for a = 1.5,
a = 2, and a = 3. Bottom right: composite Filon quadrature with geometric mesh
(31) for L=4,0=0.2, a =1.01.

lation in the endpoints and in the Chebyshev points:

20+1 7

AT AT g oo [ T
sC H mp+ 12

|i=0,...,mpp. (33)

Assumption 1.2 is only satisfied for a > 2. Hence, convergence (as p — o0)
cannot be guaranteed for a = 1.7 and m = 0; indeed Fig. 3 suggests divergence
as p — oo for m = 0. Convergence is ensured by selecting m > 1, which is
visible in Fig. 3.

The error bound of Theorem 3.3 is of the form u(p) := (min{q, y(p+1)/|k|})P™
for some ¢ € (0,1) and y > 0. For ¢ close to 1 the function u is decreasing on
(0, L—]fy‘), increasing on (‘g, @) and decreasing on (@, 00). Qualitatively, such
a behavior is visible in Fig. 3 for the case a = 1.7 and m = 1. It is worth noting
that the range of p in which this undesirable behavior occurs is proportional to
|k|. For sufficiently small ¢ the function u is monotone. Indeed, the numerical
experiment in the right part of Fig. 4 with a = 4 and m = 1 shows a better

behavior. -
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Filon quad. based on A(Z:'H forﬁ1 " (a-x)2, a=1.01

Filon quad. based on Aép’l for I}l e (a-x?)'2, a=3

10" ‘ ‘ ‘ ‘ : 10° : ‘ ‘ ‘ ‘ :
. ——k=10 ——k=10
",‘r"”‘""‘ H‘\\ —x= k=20 ‘z N =x=k=20
10 * -+ -k=50 * *\1‘--& - +-k=50
107107 * . ” ]
S 10° g
@ @
£ 210”
] 5
1%} -5 1]
|10 \ K
4
. |‘ 107307
10 \
*.
""N..N
10_15 L L L L L 10740 L L L L L L
0 10 20 30 40 50 60 0 5 10 15 20 25 30
P p
. . 2p—1 .
Fig. 2. Filon quadrature based on AZ ™" of (22) for a = 1.01 (left), a = 3 (right).
- f(x) = (@*+x)"?, a = 1.7, stabilized Filon, m=0 ) = (a2+x), a = 1.7, stabilized Filon, m=1
——k=1 ||
o 0 k=10
107t > k=20
-+ k=25
10°% -6-k=30]
. s
510" 5 i
Q
-5| [=]
g% Z ,
107
107 e
i
107B L L L L L
0 5 10 15 20 25 30 35
P
. f(x) = (a¥%+x)*2, a = 1.7, stabilized Filon, m=2 f(x) = (a¥%+x)"2, a = 1.7, k=100, stabilized Filon
10 : ‘ : S
10° t
10—107
s s
@ @
-15
210 2
[=] [=]
2 2
10 ©
10*257
10730 L L L
0 5 10 15 20
P

Fig. 3. Stabilized Filon quadrature based on Ag’ng for a = 1.7. Top row and
bottom left: m = 0, m = 1, m = 2. Bottom right: k¥ = 100 and m € {0, 1, 2}.

A  Proof of Theorem 2.4

Proof of Theorem 2.4: We start with the quadrature error analysis under
the assumption that (23) is true. (23) together with Lemma 1.3 with Jy = 0

14



112 12

f(x) = (a1’2+><)1/2, a = 1.7, composite Filon rule, 2 elements f(x) = (@~ “+x)" %, a = 4, stabilized Filon, m=1

—-©-k=10

102 | ——k=1 ||
! 0 k=10 ——k=20
g; . ->- k=20 —B-k=25
2090 k=25 -0~ k=30/|
10 f\\\1>\ 05 -6 -k=30]| ——k=40
H R
5 *p 5
CRT RN SRR S S bon 5
A T ~
g SR, e, T 2
2 % BTSN el
2 4 to \$ +-'"-|--‘[>‘I>~ a
® 10 . -+ 2 G
B S S e £
> < R Se ;‘+,1:
4
107107 i
e
10712 L L L L L L L L L 10_40
2 4 6 8 10 12 14 16 18 20 5 10 15 20 25 30
p p

Fig. 4. Left: composite pure Filon quadrature based on 2 elements of equal length,
a = 1.7. Right: stabilized Filon quadrature based on A?’g”p with a =4, m = 1.

and J = 1 implies immediately implies
7
Q) = Qaz— ()] < quﬁllfllw(gf) Vp € No.

Next, we can apply Theorem 2.3 to infer the existence of dy > 0 such that for
poc < 0y, we have

oclk P
Q) - Qup (1] = 078 (D,

Finally, for pdc > dy we have

poclkl +7(p+1)
14

> ~vd0p > min{q, v} > ¢,

which completes the proof of the error bound (24).

It remains to show the bound (23). This is done in the classical way. First, we
define for the points z; given in (22) the functions

p—1 p—1
wAchfl(z) =[[(z—2)(z+z) = [[(z* = 27) (A1)
i=0 i=0
The result now follows by inserting Lemma A.1 in Proposition 1.5. a

Lemma A.1 Let the points z; be given by (22) and let v > 1. Then there
exist constants C > 0 and q € (0,1) and an open neighborhood U of [—1,1]
independent of p, k such that for all z € U and all t € OW

Wz (2)

< C¢,
u)Achfl(t)

15



where Wpzp-t 08 defined in (A.1).
Proof: 1. step: From (15) we infer that for every 1 <’ <r

wA%;A(z)

WA?A (t)

N\ 2p
< <C> Ve oWl teowH.

—\r

(20) then implies the existence of Ag > 0 and ¢ € (0,1) such that pdc < Ay
we have

w Achq(z)
w Az (t)
By the maximum modulus principle for holomorphic functions, the lemma is
therefore true if pdc < Ay for some Ay > 0 depending on r > 1. Since by
definition of dc, we have pdc < 7/2 for all p € Ny, we are left with studying
the case 0 < Ay < pdc < /2 for some fixed Ay > 0.

2. step: In order to control the function

<dqf Vzee oWl teow!

1/(2p)
wpo(2) = |wpz (2)]

we introduce the function f,(6) := In|z? — cos? 0] to get

1
2pdc

1
2pdc

- 2 2 1 dcp
nw,c(z) = =——dc 3 In|2? — 22| = 2}9_50/0 £.(0)d0 + ——R(z)
=0

where R satisfies ]
|R(z)] < §5cp5c!|féllm<o,pac>-
3. step: We consider

1 P
T/ Cln|t2—00829| —1In|z? — cos? 0| df
poc 7o

for t € OWH and z in a neighborhood U of [—1,1] to be fixed below. From
t € OWH we conclude [t —1| = r?; hence, |t?—cos? §] > [t?—1| — (1 —cos? ) =
r? — 14 cos? 6. Thus,

1
poc

’ 1 d, 2_1 20
/pcln|t2_cos29|_1n|22—cos29|d92—/pclnr + cos do.
’ poc Jo |22 — cos? 0|

From Lemma A.2 we infer the existence of an open neighborhood U of [—1, 1]
and a constant ¢ > 0 such that this last integral is bounded from below by
¢ > 0 uniformly in z € U and pic € [Ag,7/2]. It is now easy to show the
existence of a constant C' > 0 independent of z € dU and t € OW, such that

|R(2)| < C&&p,  |R(t)| < C&p.

16



We conclude that

wp.o(2) < 1 poc

In
wp,(;(t) - 2p50 0

[2(0) — f:(0)dO + Céc < —c+ Coc

and therefore
wazea(2)
wazr 1 (0]
Since d¢p < /2, we conclude the desired result for z € OU and t € OW,.. By

the maximum modulus principle for holomorphic functions, we may extend
the bound to all z € U. O

< e—g2pe2p050 )

Lemma A.2 Letr > 1 and Ay > 0. Then there exists a constant ¢ > 0 and
an open neighborhood U C C of [—1, 1] such that

Tk

Proof: In view of the continuity assertion in Lemma A.3 and the fact that
(—2)? = 22, it suffices to ascertain

T

To see this pointwise bound, we start with some simple observations: First, if
a function g is monotone increasing, then the function A — = Jid g(t) dt is like-

————|df8>c>0 V(A z) € [Ay, /2] xU.

r—1+cos 0

22 —cos2f dé >0 V(A, z) € [Ag, m/2] x [0,1].

wise monotone increasing; if ¢ is monotone decreasing, then A — % f(f gN(t) dt

is monotone decreasing. Next, for fixed z € [0,1], we write z = cosf and
compute the integral

2 [m/2 ) ) 9 rom . )
]::—/ In |2 — cos 9|d9:—/ In | cos® 6 — cos” 0| df
T Jo 4 Jo
2 o = : ~
= E/o ln‘sm(@—i—ﬁ)‘ —i—ln‘sm(@ — 9)} db
1 2w . 2 T .
= —/ ln|sm:c|dx:—/ In|sinz|dr = —21In2, (A.2)
7 Jo 7 Jo

where we used [j Insinx dz = —7w1n2 by [2, (4.38.19)]. Next, we observe that

the function )
r—1+4cos?f
22 — cos20

0 — h(0) :(

is monotone increasing on the interval (0, 9) and monotone decreasing on the
interval (A, 7/2). Hence, we conclude immediately that for 0 < A < 6 (note:

17



this implies z # 1):

1 /A 1 /A ro\2
AAIMM%M_E%AA In h(6) 6 hmm)1n(2 J >0

Additionally, the calculation in (A.2) shows that [, ™2 1n h(6) df is independent
of z. Hence, [y n h(6) df can be evaluated by selecting z = 0 to arrive at

/2 /2 -1 2 2
h—/ nh(6)do = | m(i—iﬁ§£>d9

0 cos? 6
/2 r—1
- / In ( cos? «9) 0> 0.

We turn to the case § < A < 7/2. Since h is monotone decreasing on 0,7/2),
In h is likewise monotone decreasing on (6, 7/2) and therefore

1 4 1 6 1 A

Zémmmw_—/muﬁw+—ﬁmmﬁw
1 10

:ZAmM w+—————/hm

1 0 A—0 1
>— [ Inh(f)do + ——
_A/On( + . 7

1 0 A—0 1 /2 0
_ZAMM w+if}ﬂ—§v mM@W—Ammmw]

1 A-0 1 0 A—0 1 /2
_ |27 _| [ Inh(6)do + ——= _ In h() do
lA A wm—ekéll( A Wﬂ—HA nH9)

w/2
/ In h(6) d

1|x/2-A A—0§ /2
:—Zi——/lh 6) df + / In h(6) d
Al m/2-0 mj2=0%0 "
>0 >0 =1,>0
This last expression is therefore positive. This concludes the proof. O

Lemma A.3 Let Ay > 0 and K C C be compact. Then the function

g: (A z2)— ln |22 — cos® 0| do

1
A
is continuous on [Ag, /2] x K.

18



Proof: 1. step: For each z € K define f, : [0,1] — RU {£o0} by f.(z) :=
In |2? — z|. For n > 0 define

f(z) if[fa(2)] <
fli(x)={—n  if fu(z) < -
7 if f.(x) >

The Lebesgue dominated convergence theorem together with A > Ay > 0
then easily implies that the function

w/2

A
9" (A 2) — %/ f(cos? ) df = — X[0,41.f7 (cos® ) df)
0

A Jo

is continuous on [Ag, 7/2] x K. Here, xg denotes the characteristic function
of the set E.

2. step: Denote E, := {z € [0,1] | |f.(xz)| > n}. Then

1 /2
19(A,2) = (A, 2)| < [ xm, (cos? O)| f.(cos? 6) B
A() 0

C [ o) = s, ||
= — | Xg,|f:(0)|——=dr = —||x&, f-——=l1101)
Ag Jo *F Jel—z) A A —ay oY

Fix p, q, r € (1,00) such that r € (1,2) and 1/p+1/q+ 1/r = 1. The Holder
inequality then gives

1 1
l9(A,2) — g"(A, 2)| < A—\En\l/pﬂfz!lm(wHi!lmow
0 1 )

z(1—2x

By the choice r € (1,2) we have ||\/ﬁ”[ﬁ(071) < 00. Next, an elementary

calculation shows

1 q
||f2||%q(071) :/0 ‘1H|Z2 —[L’l‘ dx S C

for a constant C' > 0 that depends solely on K and the choice of ¢. Finally,
for n sufficiently large (depending only on K') we have

E,)| =|{x: |22 —2|<e "} < [{z:|Res® —a| <e 2} <2072
We conclude the existence of a constant C' > 0 such that
19(A, 2) — g"(A, z)| < Ce™/P) V(A, z) € [Ag, /2] x K.

3. step: combining the result of the first and second step gives us that g is
continuous on [Ay, 7/2] x K. O
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pure Filon quadrature based on Af‘pﬂ forﬁ1 e (a—xz)m, a=1.1 hp-Filon quadrature forﬁl (a—xz)meik", a=1.1, L=2, 0=0.2
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Fig. B.1. Case a = 1.1. Left: pure Filon quadrature @ ,2y-1. Right: Filon quadrature
H
on geometric mesh (31) with L =2, 0 = 0.2

B Further numerical examples

Fig. B.1 shows the behavior of the pure Filon quadrature @) A2t for the case
a=1.1.

Fig. B.2 shows the behavior of the Filon quadrature based on A% ™" of (22)
(with A = 1) for a = 1.01 and @ = 2. Additionally, Fig. B.2 displays the
behavior of QA%;H as a function of k for fixed p € {1,2,3,4}.

C The Moment Problem

There are several ways to compute efficiently the moments

.
my, (k) ::/ e L, () da.

-1
One way is to employ the method of steepest descent as described in [3]. For
the case g(z) = z, an alternative is to make use of three-term recurrence
relations for orthogonal polynomials. For example, in exact arithmetic, there
holds for the Legendre polynomials L,,:

1 om+1 fl
/ e L1 (2) do = — nr

. 1,
: RO L () do + / koL (2) do.
-1 ik -1 -1

This recursion appears to be stable for polynomial degrees up to the order of
|k|. To illustrate this, let m’¢¢(k) be the approximation to m,, (k) obtained from
the recurrence relation. We show in Table C.1 the errors max,—o__, |m,(k) —
mre¢(k)| for different choices of p and k. The calculations are done in MATLAB;

the “exact” values m, (k) is obtained by an overkill Gaussian quadrature.
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Filon quad. based on A(Z:'H forﬁ1 " (a-x)2, a=1.01

Filon quad. based on Aép’l for I}l e (a-x?)12, a=2
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Fig. B.2. Numerical results for @ y2p-1. Top: @ = 101 and a = 2. Bottom: the case
C

a = 2 for different values of fixed p.

k=-10 k=-100

p=kl+0 | 1.6.16 1816
p=|k+10 | 1145  3.4_
p=1lkl+20| 3.7 2.8-14
p=|kl+30| 6.3 2411
p=Ilk[+40 | — 71 g
p=Ikl+50 | — 6.0—4
p=|k+60] — L3

Table C.1
Stability of 3-term recurrence relation to determine moments.

D

Stabilized Hermite interpolation

In this appendix, we work out some of the details of the proof of Theorem 3.3.
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From [1, Chap. IV] we have the following result:

Lemma D.1 Let (A™)>2, be a sequence of interpolation points such that the
pointwise limit

w(z) = lim Jwan ()Y wan(2) = [[(z = 2™)

n—0o0

exists. Set
W, ={z€Clw(z) <r}
and assume that OW, is a simple, closed Jordan curve. Assume additionally

that W, C D(f) for somer > 0. Then for everyr’ <r andr'/r < q <1 there
exists a constant C' > 0 (independent of f) such that

1
"9 dist (OW,, Wy)

1 = Ian fllimon) < Cr ¢ fllzeory Y €No (D.1)

Denote by A% the n + 1 Gau$ points! . We augment the interpolation points

AP of (13) with AGP for a parameter m € Ny. That is, we consider A(52+m)p =

APTTUAZP. Define wSoi1(2) == 12 (2 — ). From [1, Thm. 12.4.5], we know

that the Legendre polynomials L,, satisfy

lim |L,(2)|""=p  Vze€&,,

where the ellipse &, is defined as
E,={ze€Cl|lz=1|+|z+1]=p+1/p}.

Since the leading coefficient of L,, is given by

e,

27(n!)?
we get

27 ((n + 1)!1)?

G _
and may conclude
1
wC(z) = lim |wC (2) |/ D) = ip(z), p(z) >1st. z2€ 0. (D.2)

Elementary considerations show that w® can alternatively be written as

20(2) = ( + /1, (z%{|z—1|+|z—l—1|}. (D.3)

1 analogous results can be obtained for Chebyshev or GauB-Lobatto points
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We remark that [ Nl f € Papimp is determined by

FOED =Tyeemn )P (FD), j=0,..p =1, (D-4a)
f(IZ) = (IAg+m)Pf)(xi)> 1=0,...,mp. (D4b)

The function w, @+m)» associated with this interpolation operator is
S

e (2) = DG () = (2 - P [[e - ). (D)

We can compute wj, (2) := 1m0 |w, @rmp (2) [P as follows:
S

ph_g)lo |wAg2+m)p (Z) |1/(2p+1+mp

— lim | /ZQ — 1|2p/(2p+1+mp) pli{{}o (|wG (z>|1/(mp+1))(mp+1)/(2p+mp+1)

P00 mp+1

= (W ()P (O ), (D.6)

) = ph_?(}o |w§7(z)|1/(2p+1+mp)|wgp+1(z)|l/(2p+mp+l)

The parameter m allows us now to control the form of the sets me ={z ¢
Clwi(2) <1}

Lemma D.2 Let w? be as defined above. Then:

(i) For each z € C\ {£1} there holds lim,,_..c w5 () = $p(2). The conver-
gence is uniform in z € K for compact K C C\ {£1}.
(11) For fized 1 < py < p < pg and sufficiently large m we have €,, C WQS‘pvm C

E,.

Proof: For illustration purposes, we compare in Fig. D.1 the level lines of the
sets W (corresponding to Hermite interpolation) with those of interpolation
in the Gauf} points.

For every compact K C C\ {£1} we have lim,, . (wH (z))z/(2+m) =1 uni-

formlyin z € K. Since w%(z) = 1p(z) by (D.2) and p is continuous on K and
bounded away from 0, the claim (i) follows.

For the second claim, we note that {z € C|w%(z) < r} = & 2. (ii) then
follows from (i). O

Lemma D.3 One can choose m € Ny sufficiently large such that the following
holds: One can find constants C' > 0, q € (0,1) (depending on D(f) and m)
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Fig. D.1. level lines of w! and w@.

such that in an open neighborhood G C C with [-1,1] C G C D(f) there holds

If — IA<Sz+m)pf||L°°(G) <O fllz=(r)-
Here, the set APT™P hasn = 2p + 1+ mp point. In particular,

(f = Incimp f)P(£1) =0,  j=0,...,p— L

Proof: Follows from Lemma D.2. O
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