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INVERSE ESTIMATES FOR ELLIPTIC BOUNDARY INTEGRAL
OPERATORS AND THEIR APPLICATION TO THE ADAPTIVE
COUPLING OF FEM AND BEM

M. AURADA, M. FEISCHL, T. FUHRER, M. KARKULIK, J. M. MELENK, AND D. PRAETORIUS

ABSTRACT. We prove inverse-type estimates for the four classical boundary integral oper-
ators associated with the Laplace operator. These estimates are used to show convergence
of an h-adaptive algorithm for the coupling of a finite element method with a boundary
element method which is driven by a weighted residual error estimator.

1. INTRODUCTION

A posteriori error estimation and adaptivity have a long history in finite element meth-
ods (FEMs), which harks back at least to the late 1970s. While the early mathematical
analysis (see, e.g., the monographs [AO, BS, V]) focussed on a posteriori error estimation,
significant progress has been made in the last decade in the analysis of the adaptive FEM
(AFEM) regarding provable convergence and achievable convergence rates. For linear ellip-
tic model problems and discretizations by fixed order polynomials on shape-regular meshes,
convergence and even quasi-optimal convergence rates for AFEM have been proved; we refer
to [CKNS] for symmetric problems as well as to [CN] for nonsymmetric problems and the
references therein.

The situation is less developed for the adaptive boundary element method (ABEM) and
even worse for the adaptive coupling of FEM and BEM. For the ABEM based on first kind
integral equations, [FKMP] and [G] proved very recently convergence and optimality. Specif-
ically, [FKMP, G| studied lowest order discretizations of equations related to the simple-layer
operator and hypersingular operator. We highlight that the symmetry of these two operators
is an important ingredient in the optimality proofs for the ABEM in [FKMP, GJ. As a first
step towards a full analysis of the more complex case of the adaptive coupling of FEM and
BEM, we show in the present paper convergence for Costabel’s symmetric coupling.

Broadly speaking, the procedure in [FKMP, G| and the present work relies on a framework
delineated for AFEM in [CKNS|. The starting point for AFEM are reliable residual type
error estimators. Ideally, the residual is measured in a dual norm; for example, in the
classical Laplace Dirichlet problem with numerical approximation wu;, one has to evaluate
|.f+Aup||g-1(0)- Since such duals norms are difficult to realize computationally, the classical
residual error estimators mimic local versions of them by weighted L?-norms of various
components of the residual. The appropriate weight is given in terms of the local mesh
size function h. Returning to the example of the Laplace Dirichlet problem, these are the
elementwise volume residuals ||h(f + Auy)||2(r) and the edge/face jumps of the normal
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derivative ||A"2[0,us]||2(p). In effect, the residual is measured in stronger, but h-weighted
Sobolev norms. Inverse estimates are therefore a key ingredient to showing efficiency of
these estimators and convergence in the context of adaptive methods. A second feature of
error estimators in the FEM is the local character of the volume and edge/face residuals.
This feature stems from the fact that a differential equation is considered. As a result, the
only inverse estimates needed in the FEM are classical ones relating stronger integer order
Sobolev norms to weaker ones.

Our point of departure for ABEM are computable weighted residual error indicators made
available in [C2, CMS, CMPS, CS1]. Analogously to the FEM, the nonlocal nature of the
norm in which to measure the residual (these are typically non-integer Sobolev norms) is
accounted for by h-weighted integer order Sobolev norms; for example, ||h'/2Vr(-)]| r2(r) 18
taken as a proxy for |- | m1/2(ry, where Vr is the surface gradient on the surface I'. The second
feature of the residual error estimators in FEM mentioned above is the local character of
the residual. This feature is not present in boundary integral equations. For example, the
weighted residual error estimator for Symm’s integral equation involving the simple-layer
operator V' is [|hY/*Vr(f — V)| 12(r); even when restricting the integral to a single element,
the nonlocal nature of V' involves the numerical approximation u;, on whole surface I'. As a
result, the classical inverse estimates for spaces of piecewise polynomials, which were suitable
in the FEM, are insufficient for the BEM. The appropriate inverse estimates are provided in
the present paper. In this connection, the works [FKMP, G] are particularly relevant. Using
similar techniques, [FKMP] considers the special case of the lowest order discretization of the
simple-layer operator U, whereas the present article covers arbitrary (fixed) order conforming
discretizations of all four operators. The work of [G] leads to very similar results; possibly
due to the use of wavelet techniques, [G] requires C'''-surfaces. Instead, our analysis relies on
techniques from local elliptic regularity theory, and we may thus admit polyhedral surfaces
here. We finally note that all four operators appear in our formulation of the FEM-BEM
coupling.

The remainder of this work is organized as follows: Section 2 collects all necessary notations
and preliminaries (Section 2.1-2.2) and proves the new inverse estimates (Theorem 1 and
Corollary 2), which are the main results of this work. Our analysis relies on elliptic regularity

estimates for the simple-layer potential Ol (Section 2.4) and the double-layer potential R
(Section 2.5). In Section 3, we consider an adaptive algorithm for Costabel’s symmetric
FEM-BEM coupling, which is applied to a linear transmission problem (Section 3.1). Our
discretization includes the approximation of the given data so that an implementation has
to deal with discrete boundary integral operators only (Section 3.4). We therefore extend
the reliable error estimator of [CS2] to include data approximation terms in Proposition 13.
Adapting the concept of estimator reduction [AFLP], which has also been used for (h—h/2)-
type error estimators in [AFP], we prove that the usual adaptive coupling (Algorithm 14)
leads to a perturbed contraction for the error estimator g, and thus obtain convergence g, —
0 as ¢ — oo. Since g, provides an upper bound for the Galerkin error, which unlike [AFP]
does mnot rely on any saturation assumption, we thus obtain convergence of the adaptive
FEM-BEM coupling (Theorem 15). A short Section 3.8 discusses the extension of these
result to nonlinear transmission problems. Numerical experiments in Section 4 illustrate the
convergence of the adaptive FEM-BEM coupling procedure and give empirical evidence that
the optimal order of convergence is, in fact, achieved.
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2. INVERSE ESTIMATES FOR INTEGRAL OPERATORS

In this section, we prove certain inverse estimates for the four classical boundary integral
operators associated with the Laplace operator. Independently of our work, similar estimates
for fixed order piecewise polynomials have been proved in [G] by means of wavelet-based
techniques. For technical reasons, [G]| assumes the boundary to be fairly smooth, namely,
OY1. In contrast, the present analysis is based on PDE techniques and allows us to treat
polygonal /polyhedral boundaries. We mention that the estimate (12) below has already been
shown in our earlier work [FKMP] in a discrete setting for lowest order elements ¥, € P°(&,)
and is generalized here to the case of arbitrary ¢ € L?(T").

2.1. Preliminaries & general assumptions. Let (2 be a bounded Lipschitz domain in
R?, for d > 2, with polygonal /polyhedral Lipschitz boundary I' = 9. The exterior unit
normal vector field is denoted by v. We define Q* := R%\ Q. Let & denote a conforming
triangulation of I' into simplices, i.e.

e &, is a finite set of non-degenerate (d — 1)-dimensional compact surface simplices, i.e.,
affine images of the reference simplex E,.s C R ! with positive surface measure;

o ['= UEG& Eie., T is covered by &;

e for each E, E' € & with F # F’, the intersection F' N E’ is either empty, or a j-
dimensional simplex for j = 0,...,d — 2, i.e., a joint node, or a joint edge, or a joint
face, etc.

Moreover, we assume that & is k-shape regular, i.e.,

di E d—1
maxﬁgﬁ<oo ford >3 (1)
Ee&, ‘E‘

with || the (d—1)-dimensional surface measure and diam(-) the Euclidean diameter, whereas

diam(E)

El:%é/le}%l m S k<oo ford=2. (2)

ENE'#)
Note that, for d > 3, conformity of & and k-shape regularity (1) also imply (2) (though
with a different, but bounded constant ). With each triangulation &, we associate the local
mesh size function hy € L>°(T") which is defined elementwise by hy|g := hy(E) = |E|"/(@1
for all £ € &. We stress that x-shape regularity of & implies hy|g ~ diam(FE).

Let v C T be a relatively open subset of I'. With

& =&, ={Ee€&: EC7}, (3)

we denote the restriction of & to v. It is always assumed that v is resolved by &, i.e., £/ is
a k-shape regular and conforming triangulation of ~.

2.2. Sobolev spaces and boundary integral operators. In this section, we very briefly
fix our notation concerning Sobolev spaces and boundary integral operators and refer the
reader to the monographs [M, HW, SS, Ver84] for further details and the precise definitions.

For the boundary I' = 99 of the bounded Lipschitz domain 2, we denote by Vr(-) the

surface gradient. The Sobolev space H'(T') can be defined as the completion of the Lipschitz
3



continuous functions on I' with respect to the norm
lulli ) = NullZay + 1 VeulZa

We denote by 7™ (+) the interior trace operator, i.e., the 7"« is the restriction of a function
u € HY(Q) to the boundary I'. The space Hl/Q(F) is the trace space of H'(f2) equipped
in the standard way with the quotient norm. For relatively open subsets v C I" and s €
{—1/2,0,1/2}, we denote by

H1/2+s(,y> — {,U"y = H1/2+S<F)},
HY?*5(y) = {v|, : ve HY**(I),suppv C 7}.

the space of all restrictions of functions to v and endow this spaces with the corresponding
quotient norms. In particular, if v € H/2¥3(y) is extended by zero to the entire boundary
I, then v € H'/?*(T") and [0l 1/245(,) = IVl z1/245(r). Finally, negative order spaces

H—l/Z(F) - Hl/Q(F)', ﬁ—(1/2+s)(7) — H1/2+s(7)l’ and H—(1/2+s)(7) — ﬁl/Q—l—s(,}/)/

are defined by duality, where duality pairings (-,-) are understood to extend the standard
L?-scalar product. We note the continuous inclusions

ﬁ:l:(l/2+s) (’7) C H:l:(l/2+s) (’7) as well as ﬁ:l:(l/2+s)(1—\) _ H:I:(l/2+s)(1—\)'
The interior conormal derivative operator 4" : HA(Q) — H~'/?(T"), where
HAQ) :={uec H(Q)| — Au € L*(Q)},
is defined by the first Green’s formula, viz.,

(u, v)r = (Vu, Vo)g — (—Au, v)q  for all v e H'(Q). (4)

Remark. The operator i generalizes the classical normal derivative operator: if u €
HX(Q) is sufficiently smooth near a boundary point xq, then ¥ can be represented near x
by a function given by the pointwise defined normal derivative Oy u. U

ext ext

The exterior trace 7§** and the exterior conormal derivative operator 7{* are defined
analogously to their interior counterparts. To that end, we fix a bounded Lipschitz domain
U C R? with Q C U. The exterior trace operator &< : H'(U \ Q) — HY2(T') is defined by
restricting to ', and the exterior conormal derivative v§** is characterized by (v{*'u, v)r =
(Vu, Vo)ng — (—Au, v)pg for allv € H(U\ Q).

For a function u that admits both derivatives, we define the jumps [yiu] := 7$u — yittu,
1nt

as well as [u] = 7§ u — y™u
We denote by GG the fundamental solution of the d-dimensional Laplacian

Glony) = \Sl log |z — 9|, for d = 2, 5)
T,y) = Fgre e —y| 74, for d > 3,

where [S?!| denotes the surface measure of the Euclidean sphere in R?, e.g., |Sl| = 271 and

|S?| = 4. The classical simple-layer potential 2 and the double layer potential R are defined
4



by
(Bv)(x) ::/FG(x,y)@/)(y) dl(y),  (Rv)(x) tz/rawy)G(x,yW(y) dl(y),  xeRI\T;

here, 0,(, denotes the (outer) normal derivative with respect to the variable y. These
pointwise defined operators can be extended to bounded linear operator with

Y e L(H V(D) H'(U)) and Re L(HY*(D); H{(U\T)). (6)
It is classical that AUy = 0 = ARv in U\ T for all ¢y € H-Y2(I") and v € HY2(T). The

simple-layer, double-layer, adjoint double-layer, and the hypersingular operators are defined
as follows:

1 1
V=0, f=g "R K=+ "D, and W= "R (7)

As is shown in [HW, M, Ver84], these linear operators have the following mapping properties
for s € {—1/2,0,1/2} and representations (in the case of the hypersingular operator 2, the
integral is understood as a part finite integral):

Ve LE PO, (W) = [ Gl b)) (5)
Re LEPEQRHRM), W) = [ 2Gle) o) drl) )
W e LU0 () 25 ), (R)() = / Ouie)Gl,y) oy) dT(y), (10)
W e L) HY0), (0)(w) = ~Ouio [ GGl o) dU). (1)

2.3. Statement of main result on inverse estimates. The following theorem is the
main result of this work and the mathematical core of the arguments that allow to transfer
convergence results from AFEM to ABEM.

Theorem 1. There exists a constant Ci,y, > 0 such that the following estimates hold:

Ihy >V 23y < o (1€l 1720y + 11820122 (12)
g2 Rl 2y < Cone (18l 12y + Mg >0l 22y, (13)
Ihy* VR 2y < Cmv(HU”Hmm + 17 Vel ). (14)
Iy * 20|22 < Chny (101l g2y + I > Vv 12(3)). (15)

for all functions ¢ € L*(y) and allv € ﬁl(fy). The constant Ci,, > 0 depends only on T, 7,
and k-shape reqularity of &,.

Remark.  The estimates (12)—(15) are rather easy to show for globally quasi-uniform
meshes, i.e., hy(E) ~ hy(E") for all E, E' € &. For example, to see (12), one recalls
stability of U : L*(v) — H'(v) to get
1/2 1/2 1/2
1> Vel 20y S b 101y < b1 22y = 10" 223 (16)
5



One sees that (16) us slightly stronger than (12), where an additional term ||| g-1/2(,, arises
on the right-hand side. O

For each element E € £/, let g : Eyef — E denote the affine bijection from the reference
simplex E.s C R4 onto E. We introduce the space of (discontinuous) piecewise polynomials
of degree ¢ and the spaces of continuous piecewise polynomials of degree p by

PUE)) ={V, € L*(y) : VE €& W, 095 is a polynomial of degree < ¢}, (17)
SUE) = PPENNC(), and SUEY) = {Vily Vi € S(E) with supp(Vy) € 7). (18)

We note the inclusions P4(E)) C L2(y) c H™Y2(v), (&) c H'(y) € HY%(y), and
SP(E)) C H'Y(v), as well as SJ(&) = SP(&) in case of v = T'. If we now restrict the
estimates (12)—(15) of Theorem 1 to discrete functions ¥, € PI(E)) and V, € S§(E)), we
obtain the following estimates.

Corollary 2. There exists a constant dnv > 0 such that the following estimates hold:
maX{laq}_lnhé/QVF%\I}EHL?h) < éinVH\I/fHﬁ—l/Q(,y
max{1, ¢}~ | by 2R Wl| 2y < Con el v,

P IR * Ve Vil o) < CondVill 2y

P~ I WVilliey < ConelVellosag

19
20
21

y (19)
1 (20)
(21)
(22)
for all discrete functions U, € P1(E)) and Vi € SJ(E)). The constant Ciny > 0 depends only

on v and the shape reqularity constant k of &, but is independent of the polynomial degrees
q>0resp.p>1.

Remark. We stress that for discrete spaces with locally varying polynomaial degrees, e.q.
PU(E)) :={W, € L*(7) : VE €& Wyong is a polynomial of degree < q,(E)},

the inverse estimates of Corollary 2 remain true as long as the polynomial degrees are compa-
rable on neighboring elements, i.e., q(E) ~ q(E") for EN E' # 0. For example, the inverse

estimate (19) involving U then reads
1hy" max{1, g0} "' VB 12(r) < Conl|Will 10y for all Wy € PH(E]),

and the estimates (20)~(22) can be extended analogously. We refer the reader to [K, Theorem
4.4], where the inverse estimates are proved in this extended fashion. (l

Proof of Corollary 2. Our starting point are two inverse estimates from [EG, Theorem 3.9]
and [AKP, Proposition 3]:

max{1, ¢} " |hy > Ul 20y S [0 i1 for all W € PUE)), (23)
p_1||hé/2VFV€HL2(v) S ||V€||ﬁ1/2(y) for all V; € §(&)), (24)

where the hidden constants depend solely on I' and the x-shape regularity of £;. Combining

(23) with (12)—(13) leads to (19)—(20); the bound (24) in conjunction with (14)—(15) yields

(21)—(22). O
6



The remainder of this section is devoted to the proof of Theorem 1. The proof will first
be given for v = I, and the general case ; I' is deduced from it afterwards.

On the technical side, an important difficulty of the proof of Theorem 1 arises from the
fact that the boundary integral operators are nonlocal. We cope with this issue by splitting
the operators into near field and far field contributions, each requiring different tools. The
analysis of the near field part relies on local arguments and stability properties of the BIO.
For the far field part, the key observation is that the BIOs are derived from two potentials,
namely, the simple-layer potential 9 and the double-layer potential R by taking appropriate
traces. Since these potentials solve elliptic equations, inverse type estimates (“Caccioppoli
inequalities”) are available for them. The study of these two potentials is the topic of

Sections 2.4 and 2.5. We will discuss the case of the simple-layer potential U in _greater
detail first and be briefer afterwards in our treatment of the double-layer potential &, since
the basic arguments are similar to those for .

2.4. Far field and near field estimates for the simple layer potential. We start with
subsection 2.4.1, where we introduce the decomposition of the simple layer potential into far
field and near field. For either of this parts, we provide inverse estimates. Subsection 2.4.2 is
devoted to the derivation of inverse estimates for the near field parts, whereas we deal with
far field parts in subsection 2.4.3

2.4.1. Notation and decomposition into near field and far field. For each element E € &, and
0 > 0, we define the neighborhood Ug of E by

ECcUg .= U Bg(ghe(E)(l‘), (25)
el
where B.(z) := {y € R? | |z — y| <} C R%. By r-shape regularity of &, there exist § > 0

and M € N such that I' N Ug is contained in the patch wy(E) of E, i.e.,
TNUp Cw(E) = J{F' €& : EnE+0}, (26)
and that the covering I' C (¢, U is locally finite, i.e.,
#{UE:Ee&andeUE}SM for all z € R? and ¢ € N. (27)

Finally, we fix a bounded domain U C R? such that
Up CU forall E€é&,. (28)

To deal with the nonlocality of the integral operators, we define for functions v € L*(T') and
E € &) the near field and the far field of the simple-layer potential uy = Ly by

near far

Uy | = (szmUE) and Uy g o= Q](IbXF\UE), (29)
where ., denotes the characteristic function of the set w C R%. We have the obvious identity

uy = ulyy +uyy forall E € &, (30)

near

In our analysis, we will treat ug% and ufar separately, starting with the simpler case of

near
Uy p-



2.4.2. Inverse estimates for the near field part uy. The near field parts of a potential can

be treated with local arguments and the stablhty properties of the associated boundary
integral operators.

Lemma 3. There exists a constant Cyear > 0 depending only on I' and the k-shape regqularity
of & such that for arbitrary E € & and ¥E € P°(&,) with supp (\IIZE) C wy(FE) there holds

~ ~ 1/2
S IVBEE |0, < Cuoar O 102 U200

E€&, Ee&y

Proof. We fix an element E € &. Denoting by UF(E’) the value of UF € P°(&) on the
element ' we compute

(VDU ()= Y WP(E) [ V,G(z,y)dl(y) forallzeRI\T.
E'cw(E) B

The number of elements E’ in the patch wy(F) is bounded in terms of the shape regularity
constant x and thus

VBV P S 3 [WEE)P( [ V.G p|ae)
B €wy(E) E’

with some F-independent constant, which depends only on k. Since the mesh & is k-
shape regular, we can select a constant ¢ > 0, which depends solely on x, such that Ug C
Bep, gy (bgr) and E' € By, gy (bg) for each nelghbor E' € wy(E). We integrate over Ug and
estlmate the remaining integral

[ wsuperas ¥ wrer [ ([ mowaw) s

E'cwn(E)
1 2
< ) |‘I’1§3(E,)|2/ (/ Wdr(?/)) dz,
E'cwy(E) Beny(m)(bpr) Beny(m)(bp )T g Y

where I'g: denotes the hyperplane that is spanned by E’. Scaling arguments then yield

[ sepmrars S owEEee [ ([ ) @

E'€wy(E) B1(0)
1/2
S D NVEER(E) S 10 L, .
E'cwy(E)
Summing this last estimate over all £ € &, we conclude the proof. (l

Proposition 4 (Near field bound for %) There is a constant Clear > 0 depending only on
I and the r-shape reqularity of & such that the near field part uyT, satisfies uyy € HYU)

and v ug € HY(T) as well as
1/2 int, near near 1/2
> Ve b e + > Vs 320 < Cuear 1y ¥l (31)
Ee&, Ee&y

Proof. The stability assertion U : L*(T') — H*(T') proved in [Ver84] gives, for each E € &,,

IV uss sl 2y < 1BWxvenn) lmey S lvxvsarllzza) = 191 r2@pnr)-
8



Summing the last estimate over all £ € & and using the finite overlap property (27) of the
set Ug, we arrive at

> IR PVt e sy = Y he(B) Vet ubs |3 )

E€&, Ee&y

S Y BN awpnr = 10Ny,

Ee&

where all estimates depend only on the k-shape regularity constant . This bounds the
first term on the left-hand side of (31). To bound the second term, let IT, denote the L*(T)-

orthogonal projection onto P°(&;). We decompose the near field as ugy% = %(Hg(meUE)) +

%((1 — )Y xrrw,). The condition supp(¢xrav,) € we(E) implies supp (I (Yxrav,)) €
we(F) and therefore, taking UF = I1,(¢)xrnp,) in Lemma 3, we conclude

S IVBI(xrrv) e S D e Te(@xrove) 3oy S 102030y, (32)

Ee&y Eeg,

where we used the local L?-stability of II, in the last estimate. Recalling the stability
U : HY2(') — HY(U) of (6) we can estimate

||V‘i}((1 — ) xrov) | 2w S ||V‘i7((1 — ) xrav, ) | 2w
S = o) xravg =172

Together with a local approximation result for II, from [CP1, Theorem 4.1}, we obtain

STIVB(( — T)exrrvs) e S S0 10 = T)dxeave |2 1e)

Ee&, Ee&y

S IR Wxerva) e = b "¢l 3e 0. (33)

Ee&

The combination of (32)-(33) yields the desired estimate in (31) for >° . [[Vugh|7 T2(Up)-
U

2.4.3. Estimates for the far field part ufa“r The following lemma is taken from [FKMP].
For the convenience of the reader and since the same argument underlies the proof of the
analogous lemma regarding the double-layer potential, we recall its proof here.

Lemma 5 (Caccioppoli inequality for u%rE) There is a constant Ceaee > 0 depending only

on the k-shape reqularity of € such that for the function ufar of (29) the following is true:

ugplo € C™(Q), ulploee € C®(Q™), and ugy|u, € C’OO(UE) with

1 ar
HD2U ”L B(Shl(E)(x)) S Ccacc W HVU%E”LQ(B%W(E)(:B)) fOT allx e K € Sg. (34)

Proof. The statements ug'plo € C*(Q) and ug'p|gee € C°(Q™") are taken from [SS, Theo-
rem 3.1.1], and we therefore focus on the statements on ufar glEp € C°(Ug) and the estimate

(34). According to [SS, Proposition 3.1.7], [SS, Theorem 3.1.16], and [SS, Theorem 3.3.1],
9



far

the function ug'y € Hj, (R?) := {v:R" - R : v|g € H(K) for all K C R? compact}

solves the transmission problem

—Augy, = 0 a.e. in QU Q™
[ufgrE] =0 in H'/2(T) (35)
[71Uf£rE] = —Yxrw, in HY2(T).

In particular, (35) states that the jump of ufar as well as the jump of the normal derivative
vanish on I' N Ug. This implies that uy g is harmonic in Ug by the following classical argu-
ment: First, we observe that ufar is distributionally harmonic in Ug, since a two-fold 1ntegra—
tion by parts that uses these jump conditions shows for v € C§3°(Ug) that (ug'y, —Av) =
Weyl’s lemma (see, e.g., [MO, Theorem 2.3.1]) then implies that ufar is therefore strongly
harmonic and ug, € C=(Ug).

The Cacmoppoh inequality (34) now expresses interior regularity for elliptic problems.
Indeed, [MO, Lemma 5.7.1] shows

1
1D%ullzzcsy S (17125, 00 + 7 190l5205,00 + pgllullis, ) (36)

for each u € H'(B,,) such that u € H?(B,) and Au = f on B,,; with balls B, C B,
with radii 0 < r < r + h and some f € L*(B,,,); the hidden constant depends solely on the
spatial dimension and is 1ndependent of r, h >0, and u, f. We apply (36) with f = 0 and

_ ,far h far
— r s in itionally a Poincar
u = uglp — cp, where cp = o (E) ‘me (E)()umE( )dy Using additionally a Poincaré

inequality then leads to (34). O

The nonlocal character of the operator U is represented by the far field part. Lemma 5
allows us to show a local inverse estimate for the far field part of the simple-layer operator:

Lemma 6 (Local far field bound for ‘f]) For all E € &, there holds

g Vet ulgs 2y < by Vsl 2y < Crar Vbl 2w (37)
The constant Cgy > 0 depends only on I' and the k-shape regularity constant of &,.

Proof. By Lemma 5 we have ug', € C(Ug). The first estimate in (37) follows from the
fact that, for smooth functions, the surface gradient Vrp(-) is the orthogonal projection of
the gradient V(-) onto the tangent plane, i.e., Vryitu(z) = Vu(z) — (Vu(z) - v(z)) v(z),
see [Ver84].
To prove the second estimate in (37), we fix an E € &. First, we select N points z; € E,

7 =1,..., N, such that

N

EC UB(Shl(E)('rj)'

j=1
We may assume that the number N of points depends solely on the r-shape regularity of
the mesh. This follows by geometric considerations as detailed in [FKMP, Lemma 3.5[;
essentially, one may select the points z; from a regular grid with spacing %5hg(E) and cover
E with balls of radii dhs(E) centered at these points. The centers outside E that are required

for the covering are then projected into E to ensure that all points are in E.
10



Next, let B; := Bsp,(p)(7;) and R := Bosn,(p)(7i) C Ug. Using a standard trace inequality
and the Caccioppoli inequality (34) we infer for all indices 7 that

IVussl7e 5om) < h( )IIV uggllias,) + IVugipl ) | D*us gl 2, Vg7

% S gy

We use the last estimate to get

N
m ar ar ar 1 ar
Ve ul e < IVusipliam < D IVugEliamne S 7o (E) Z IVussll?
i=1
< \V4 far
S 77 IVl
This concludes the proof of (37). O

Summation of the elementwise estimates of Lemma 6 yields the following result:

Proposition 7 (Far field bound for %) There is a constant Cgy > 0 depending only on T’
and the rk-shape reqularity of £ such that

1/2 int, far 1/2 ar 1/2
> Iy Ve el g < 3 by Vbl < Crae (1013 + 1082600 ) -

Ee&, Ee&y

Proof. We use the local far field bound (37) of Lemma 6 and u'y, = Wi — (o

1/2 int  far 1/2 ar ar
> Vet e < > My PVl e S Y IVUsE 2w,

Ee&, Ee&, Ee&

S D IVBeIGaw, + D IVusElfaw,)-

Ee&, Ee&y

(38)

The first term on the right-hand side in (38) is estimated by stability of 2 and the finite
overlap property (27)

> VB0, SIVOUIZ20) S 16l

Ee&y
The second term in (38) is bounded with the aid of the near field bound (31). O

2.5. Far field and near field estimates for the double layer potential. Section 2.4
studied the simple layer potential in detail. Corresponding results for the double layer
potential are derived in the present section.

2.5.1. Decomposition into near field and far field. We use the notation introduced in Sec-
tion 2.4.1. Additionally, in order to define the near field and far field parts for the double-layer
potential, we need an appropriate cut-off function: Let N, denote the set of nodes of &. For
any E € & define

= > (39)
2€NNwy(E)

where 7, € S'(&;) denotes the hat function associated with the boundary node z, i.e.,

n. € SY(&) is characterized by the condition 7,(z') = 4§, for all 2/ € N, where §,./
11



denotes the Kronecker delta. We use the abbreviation &(E) 1= wy(w(E)) := J{E' € & :
E'Nwy(E) # 0} for the second order patch, where we recall from (26) that w,(E) denotes
the patch of E € &, Note that wy(E) = supp(ng) for the cut-off function ng of (39). We
note

Nelrav, =1, nE|I‘\w4(wz(E)) =0, ||77E||L°°(F) =1, and ||VF77E||L°°(F) = hf(E)_1> (40)
where the constant involved in the last estimate depends only on the x-shape regularity of

&y. For the double-layer potential ug = Ao of a density v € H*(T') we define the near field
and the far field part by

Uy = jé((v - cE)nE) and u%‘% = ﬁ((v —cp)(l — 77E))> (41)

where cp € R is a constant that will be specified below. Since Al=-1inQ and K1 =0 in
Q= we have, for every F € &, the identities

ug+cp=ugp + ufﬁa&; in 0 and wug=ugy + ufﬁa&; in Q. (42)

2.5.2. Inverse estimates for the near field part ug’y. The proof of the near field bound for

the double-layer potential needs an appropriate choice of the constants ¢y € R in (41).

Lemma 8 (Poincaré inequality on patches). For given w € H'(T') and E € &, there is a
constant cp € R such that

|w = cell2@um) < CillheVrwl| 2@, z)), (43)
1/2

I(w = eo)nell ey < Cllb*Viwl 2@, e, (44)

l(w = ce)nplla ey < CLlIVewll 2@, @) (45)

The constant Cy > 0 depends only on the k-shape reqularity constant of £ and on the surface
measure of T".

Proof. The first estimate (43) is established by assembling local Poincaré inequalities on
We(F) with the help of [DS, Theorem 7.1]. The properties of the cut-off function ng detailed
in (40), the estimate (43), and the product rule yield

Ve ((w = ce)np)llz@) < ll(w = ce)Venellze) + [neVr(w — ca)llza) S [Vrwl @, e)),
since @y(E) = supp(ng). Hence, we obtain with the trivial bound hy(E) < |T|/@-D <1

l(w = cp)nellinw = I(w = ce)nelliw) + 1Ve((w = ce)np) 1Z2w) S IVrwllizg,)-
This proves (45). It remains to verify (44). To that end, we recall the interpolation inequality
I 120y S N llzzll -l and note that [|(w — cp)ngllraw) < lw — cpllr2@, @) to get

1/2 1/2
(w = ep)nelmay < I w = ceyel | (w — co)mell
1/2 1/2
S e Vel o, oy |V reo (s, iy
1/2
~ [|h* Vw2 e,
where the last estimate hinges on x-shape regularity of &,. U

The following lemma provides an estimate for the near field part of the double-layer

potential.
12



Proposition 9 (Near field bound for &). Let v € H(T') and consider ugy defined by (41)

int, near near

with the constant cg given by Lemma 8. Then vy *uyy € H'(T), ufHlo € HY(Q), and
wE g € H (U \ Q) with

1/2 int, near near near
> (Ihd Tl e 2oy + IVURE 2 e + IV 2oy
Ee&y ( 4 6 )

1/2
S Cnear ||h£/ VFUH%Q(F)
The constant Cear > 0 depends only on I' and the k-shape regularity of &,.

Proof. First, the trace of the double-layer potential v(i]nt:é = R—1: H(I) - HYD) is
continuous, (9). Taking into account (40) and the Poincaré-type estimate (45), we observe

int, near int, near

Ve ugs 2 < Ve ugs ey S 10— ce)nellm@ue) S 1Vrollzee)-

Summation over all E € &, shows

1/2 in near 1/2
Z Hh / Vo * ”L2(E) S ”h VFU”B (47)

Ee&y
Second, we use continuity of & : HY2(I') — HY U\ T) of (6) and get
near near 1/2
[Vug ||L2(UEmQ + ||VU ||L2 (UpnQext) ~S S (v — CE)77E||H1/2 S ||h/ VFUH%Q(@(E))?

where we have used (44) in the last step. Summation over all E € &, gives

near near 1/2
> (IVuE B awaney + VR Eanam ) S 10> Trolagy. (48)
Ee&y
Combining (47)—(48), we conclude the proof. O

2.5.3. Estimates for the far field part ufar As for the simple-layer potential, we have a
Caccioppoli inequality for the double- layer potentlal which underlies the analysis of the far
field contribution.

Lemma 10 (Caccioppoli inequality for ufar "2). For the constant Ceaee of Lemma 5 the func-

tions udy of (41) satisfy u@'zlo € C’OO(Q), U gee € C®(Q™Y), and u@'ylu, € C®(Ug)
with

ar 1 ar
ID*ud sl 2B, ()2 < Ceace Te(E) IVugell r2Bag, @y Jor allz € B € & (49)

Proof. The proof is very similar to that of Lemma 5. One observes that the far field ufar
solves the transmission problem

—Augy, = 0 a.e. in QU Q™
] = (v—cu)(1—np) in HY(T)
[%uﬁgﬂg] =0 in H=Y2(T).

We note that (1 —7g)|rnv, = 0 by construction of ng in (39). Hence, the same reasoning as
in the proof of Lemma 5 can be done to reach the conclusion (49). u

13



Lemma 11 (Local far field bound for :é) For all E € & there holds
Ihe Ve sl ey < IVl zm) < Cra VUil (50)
The constant Cgy > 0 depends only on I' and the k-shape regularity constant of &,.

Proof. The lemma is shown in exactly the same way as the corresponding bound for the
simple layer potential U in Lemma 6 appealing to the Caccioppoli inequality (49) instead of
(34). O

Proposition 12 (Far field bound for 8). There holds

1/2 int, far 1/2 ar 1/2
> b Vet lae < D 10 Vulsl e < Crar (I Vevliae + 10130 ) -

Ee&, Eeg,

The constant Cgy > 0 depends only on I' and the k-shape regularity constant of &,.
Proof. We have by Lemma 11

1/2 n ar 1/2 ar ar
> Ik Ver il e < D I *Vuillza e S D0 IVl @y

Eec& Ec& Ee&y (51)
= Z Vg7 Wwpne) T Z Vg, |72@mnaes)-
Ee& Eeg,
With the properties in (42) and a triangle inequality we get
1/2 ar a a
Z 172, / Vg ||L2 S Z <||Vﬁ(v - CE)H%?(UEHQ) + ||Vﬁv||%2(UEerxt))
Ec& Ee& (52)

+ 3 (I ey + I VUE I )

Ee&

The near field contribution is bounded by Proposition 9. Furthermore, noting V:écE =
V(—cg) =0in Q, we get

1/2 ar = = 1/2
S 1BV iy S 3 (190l + VR0 By ) + 152 Frol g
Ee&, Ee&y

1/2
S o122 + 102 Vev]Zeg,
™)

where we have used continuity of . U

2.6. Proof of Theorem 1 for v =T. We are now in position to prove the inverse
estimates (12)—(15) of Theorem 1.

Proof of the inverse estimate (12) for the simple-layer potential U and v =T. Let ¢p € L*(T).
Then,

IR 2B oy = D Iy > VB 132

Ee&

1/2 int, far 2 int, near
S DM Ve ugpll e + Y by Ve s e
Ee&, Ee&y
14

(53)



Both sums on the right-hand side can be estimated with the bounds of Propositions 4 and 7.
This yields

1>V o0l 2y S Nllm-rray + 1he ) 2.
and concludes the proof. (l

Proof of the inverse estimate (13) for the adjoint double-layer potential & and v =T. Lety €
L?(T"). We split the left-hand side into near field and far field contributions to obtain

1R Gy S 3 helE)IR WX ey + D he(BIR W) oy (54

Ee&, Ee&y

The continuity & : L*(T") — L?*(T") stated in (10) yields for the near field contribution
Z he(E) |8 ( TPXUEOF)HL%E) < Z he(E)|| & (wXUEﬂF)”m(F) S Z he(E |WHL2(UE0F)

Ee&, Ee&y Ee&
1/2
S 16y
For the far field contribution, we write ug’, = B(xr,) and note that & = —1/2 4+ 1My

int, far

and clearly (¥xr\vy)|e = 0. Therefore, on E' we have & (¥ xr\v,) = 71" ug - Furthermore,

by the smoothness of u§’, near E (see Lemma 5) we have 7" ug’y, = d,ug’y on E (cf.

Remark 2.2) and get

int_ far

IR (Wxr\oe)lz2m) = 1™ ugipllz2m) = 100wl 2w S [ Vugipllzae)-
The far field contribution in (54) can therefore be bounded by Proposition 7
> h(E)IR @xrwa) 12 S D bVl alFam S 10130y + 1612
Ee&, E€&,

Altogether, this gives

1/2 1/2
128 awy € gl + 19l -172r)
and concludes the proof. ([l

Proof of inverse estimate (14) for the double-layer potential & and v =T. Let v € H(T).
We recall the stability of & = £ 4+ 4*& : HY(I) — HY(T), from which we conclude
~int gy € HY(T). Therefore,

L~ 1
1"Vl 2y = 1"V (5 + 35 R)vll 2y < 510 Vol ey + 1> Verg*usl oy
(55)

with ug = Rv. There holds ug + ¢ = W +uf; in Q, cf. (42). For the second term on the
right-hand side in (55), we obtain with the constants c¢g of Lemma 8 that

1hy > Vit ug |y = D Ml E)IVer* (w + ep)llfaqm)

Ee&y

S Z he(E HVF’Ymt neaer(E) + Z he(E HVF’V(I)ntufﬁagE”B(E)
Ee&, Ee&y
15
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The first sum can be bounded by Proposition 9, whereas the second sum can be bounded
by Proposition 12. Altogether, this yields

1/2 1/2
I * Vool ) S [ollay + 1" Vool
and concludes the proof. O

Proof of inverse estimate (15) for the hypersingular integral operator 25 and v = T'. Let again
v € HYT). We split the left-hand side of (15) into the sum over all elements £ € &. On
every element, we subtract the constants cg from Lemma 8. Note that 20cg = 0. Splitting
now into near field and far field yields

1/2 1/2
1> 200220y = D 10w — )2

Ee&y
S P = epne) e + > 10 W0 = ep)(1 = 16)) 20
Ee&, Ee&

(57)
The near field contribution is bounded by the stability of 25 : H(T') — L?*(T') stated in (11):

120((v — CE)UE)H%?(E) S v - CE)nEH%{l(@g(E)) S ||VFU||%2(@¢(E))7

where we have used the Poincaré-type estimate of Lemma 8 in the last step. The sum over
all elements gives

1/2 1/2
> 100 = e)ne) e S D e E)IVeolltae,my S 10> Vol iz
E€&, Ee&y

[t remains to bound the second term on the right-hand side in (57). In view of the support
properties of g, the potential uf2, = R((v — cg)(1 —ng)) is smooth near E (cf. Lemma 10)

so that yimufﬁa% = ayuﬁg,gg on F. Furthermore, since 20 = —vilnt?i we see
120((v = ex) (1 = ne)zam) = I ugklizmw = 100kl Tm) < IVUgklim-

We use Proposition 12 to conclude

1/2 1/2w  far 1/2
> I ((w = en)(t = me)lEaey < D I Vuillagm S I *Vroler + o).
Ee&y Eeg,

Altogether, we obtain
1/2 1/2
20| 2y S (1" Vol ey + [l ragry
and thus conclude the proof. (l

2.7. Proof of Theorem 1 for v & C T. Finally, it remains to prove the inverse esti-
mates (12)—(15) of Theorem 1 for the case ¥ G I'. Let ¢ € L*(y) and v € H'(v). We define
the trivial extensions ¢ € L*(T") and v € H'(T") by
~ o [ ) ifreny v Jou(r) ifrey
V() = { 0 ifzeT\y ' @0 0" ifreryy
16



Note that [[¢[|g-1/2,) = H'IZHH71/2(F) and |[v|| g1/2(,) = 0] /2y With this, we see

1>V e 22y < he"* Vo0 22y < Con ([0l g-172) + 11y *Pllz2r))
1/2
= Cinv(|’¢”ﬁ*1/2(fy) + ”he/ wHLQ(V))’

which proves estimate (12). The other estimates (13)—(15) follow with the same arguments.
U

3. CONVERGENT ADAPTIVE COUPLING OF FEM AND BEM

In this section, we use the inverse estimates of Section 2 to prove convergence of an adaptive
FEM-BEM coupling algorithm.

3.1. Model problem. We consider the following linear interface problem

—div(/AVu™) = f in Q"= Q, (58a)
—Au™* =0 in Q% .= RNQ, (58b)

u™ — ™ =y on I (58c)

(RAVU™ — Vu™) - v = ¢q on T, (58d)
u™(z) = O(1/|x]) as |x| — oo, (58e)

see Section 3.2 below for some remarks on the radiation condition (58e) for 2D. Here, Q
is a bounded Lipschitz domain in R, d = 2,3, with polygonal resp. polyhedral boundary
[' := 00 and exterior unit normal vector v. We assume that the symmetric coefficient matrix
A(z) € ngxncf depends Lipschitz continuously on z and has positive and bounded smallest

and largest eigenvalues
0 < Chin < Amin() < Anax () < Chpax < 00 for almost all x € Q (59)

and z-independent constants Cp., > Chin > 0. The given data satisfy f € LQ(Q), Uy €
HY2(T'), and ¢9 € H~Y2(T'). As usual, (58) is understood in the weak sense, and the
sought solutions satisfy v™ € H'(Q) and u™* € H} (™) = {v : Q™ - R : v €
H'(K) for all K C Q% compact} with Vu™" € L*(Q)?,

With the boundary integral operators from (8)—(11), Problem (58) is equivalently stated
via the symmetric FEM-BEM coupling, cf. e.g. [CS2, Theorem 1|: Find (u,¢) € H =

H'(Q) x H™'/2(T") such that
(AVu, Vo) + (Wu+ (8 — 3)¢, v)r = (f, v)a + (P + Wuo , v)r, (60a)
(¥, Vo — (R —Fu)yr = —(¥, (R~ 3)uo)r, (60b)

for all (v,v) € H.
The link between (58) and (60) is provided by u = ™ and ¢ = Vu™* - v. Moreover, u®*
is then given by the third Green’s formula

u™(z) = R(u — uo)(z) — Vp(x) for x € Q™ (61)

where the potentials U and & formally denote the operators ¥ and R, but are now evaluated

in Q% instead of I". Note carefully that we do not use a notational difference for the function
17



u € HY(2) and its trace u € HY/2(T'), for which we compute the boundary integrals 20u and
(R — $)u in (60).

3.2. Existence and uniqueness of solutions. Assumption (59) guarantees pointwise
ellipticity

Cnon [V — w[* < (A(z)v — A(z)w) - (v —w) for all v,w € R? and z € O (62)
with (-) denoting the Euclidean scalar product on R¢, as well as pointwise Lipschitz continuity
1A(z)v — A(z)w| < Cyp |v —w| for all v,w € R and x € Q, (63)

where Cron = Chnin, Clip = Cr;@%( > 0 do not depend on x.

Existence and uniqueness of the solution u = (u, ¢) of (60) rely on the H—/2(T")-ellipticity
of the simple-layer potential 2. Details are found e.g. in [CS2, AFFKMP]. In 3D, the simple-
layer potential U is always elliptic, i.e.

[0 oy S (0, Be)r for all o € H-Y2(D), (64)

To ensure ellipticity in 2D, it suffices to scale 2 C R? appropriately so that diam(Q2) < 1.

In 2D, the radiation condition u(z) = O(1/|x|) either has to be relaxed to u(x) = O(log |z|)
as |z| — oo or the given data must satisfy the compatibility condition fQ fdr+ fr Podl’ = 0.
The latter implies [ ¢dl' = 0 and hence the right decay (58e) of u*** at infinity, as can be
seen from (61), cf. e.g. [S, Section 6.6.1].

3.3. Galerkin discretization. Let £ be a s-shape regular triangulation of the coupling
boundary I' in the sense of Section 2.1. In addition, let 7, be a regular triangulation of (2
into compact and non-degenerate simplices T' € T;. As above, we assume that ) as well as
I are exactly resolved by 7; and &}, and s-shape regularity of 7; is understood in the sense
of

diam (74
o(Te) max TS K < 00 (65)
with | - | denoting the usual volume measure on R%. By £5, we denote the set of facets of Ty

which lie inside of €2, but not on the coupling boundary.

For the discretization, we use conforming elements and approximate u by a continuous
Ti-piecewise polynomial U, € SP(T;) C H'(Q2) of degree p > 1. Moreover, ¢ is approximated
by a (possibly discontinuous) &£} -piecewise polynomial ®, € PI(EF) ¢ H~'/%(T') of degree
q > 0. We stress that the usual link between p and ¢ is ¢ = p — 1, and the lowest-order case
would be p =1 and ¢ = 0.

The discrete spaces read

Xy = SP(T) x PUET) € HY Q) x HV*T) =H, (66)
where the product space H, equipped with the canonical norm
1/2
VIl = (lollFn ) + 115 -2y) ™ for v = (v,9) € H, (67)

becomes a Hilbert space.
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The Galerkin formulation of (60) reads as follows: Find U} = (U}, ®;) € X, such that
@AVU;, VVi)a + (WU; + (& = 5)®;, Vior = (f, Vi)a + (do + Wuo, V)r, (68a)
(W, WD} — (8= DU = — (U0, (%= Do), (65b)

for all V, = (V4, ¥y) € A,.
Again, it is known that (68) admits a unique discrete solution U} € A, which is quasi-
optimal in the sense of the Céa lemma

lla = Uell < Coea min flu—Vell, (69)

where the constant Ccg, > 0 depends only on Q, see [AFFKMP)] resp. [AFP, Appendix] for
the fact that, contrary to [CS2, Corollary 3], no additional assumption on 7 or &} is needed.

3.4. Perturbed Galerkin discretization. The right-hand side of the discrete formula-
tion (68) involves the evaluation of 2wy and Rug, which can hardly be performed analytically.
Moreover, so-called fast methods for boundary integral operators usually deal with discrete
functions, cf. [RS]. Therefore, we propose to approximate at least the given boundary data
ug € H'?(T) by appropriate discrete functions and proceed analogously to [KOP]: To that
end and to provide below a local measure for the approximation error, we assume additional
regularity ug € H'(T') and use the Scott-Zhang projection J; : L*(T') — SP(&}) from [SZ] to
discretize Uy, = Jyug € SP(E}). Now, the perturbed Galerkin formulation reads as follows:
Find U, = (Ug, (I)g) € X, such that

(AVU,, VVi)a + (WU, + (R — )00, Vi)r = (f, Vida + (do + Wlos, Vi)r, (70a)

(W, VD, — (R— 5)Un)r = —(¥e, (R —3)Uo0)r, (70b)

for all V, = (V;,¥,) € A&p. Compared to (68), the only difference is that (70) involves
the approximate data Up, instead of uy on the right-hand side. Consequently, the same

arguments as before prove that (70) has a unique solution. Moreover, the benefit is that (70)
only involves discrete boundary integral operators, i.e. matrices.

Remark. We stress that the additional reqularity assumption ug € HY(T') is also necessary
for the well-posedness of the residual error estimator of Section 3.5. O

3.5. A posteriori error estimate. The overall goal of this section is to provide a residual
a posteriori error estimate (75) for our discretization (70). To that end, we assume additional
regularity ug € H*(T') and ¢y € L*(T). Recall the notation 7;, £, and & from Section 3.3.
We define the volume residual

n(T0)* = Y me(T)?, where no(T)? = T || f + div(AVU) |2z, (71)
TeT,
the jump contributions across interior edges
n(E? =Y mE), where n(E)? = |EM V[V - V| Fagmy  (72)
Ee&d
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and the boundary contributions on the coupling boundary
w(E)? =Y m(E? where n(E) =0’ (E) + 0 (B,
Eegl
0 (B = B |l — (AVU) -+ W(Ung = Un) + (5 = R) 272,
nP(E)? = |EY @D ||V (00, — (5 = R)(Uoe = Uo)l72(m)-
Moreover, we define the data approximation term

osc; = Z osco(E)?,  where osc(E)? = |E|Y@ Y ||V (ug — U07g)||%2(E). (74)

Eegl

(73)

Altogether, we thus obtain the following a posteriori error bound, whose local contributions
are used in Section 3.7 below to steer an adaptive mesh refinement.

Proposition 13. The error is reliably estimated by

2 9]
lu—Ul < Cragt = 3 0e(r)? with ou(7)? = {W) Jorm € TeUES, s

TET,UEQUET ne(T)? + osce(T)? forT €& .

The constant Cyq > 0 depends only on k-shape regularity of T, and E} .

Sketch of proof. Instead of solving the non-perturbed Galerkin formulation (68) of the weak
formulation (60), we solve the perturbed Galerkin formulation (70) in practice. Put dif-
ferently, U, = (Uy, ;) € A} is the Galerkin approximation of the unique solution u, =
(we, ¢¢) € H of the continuous perturbed formulation

(AVu,, Vo)g + (Wue + (R — 1)oe, v)r = (f, v)a + (¢o + Wy, v)r, (76a)
W, By — (R — Dur = @, (8- HTo)r, (76b)

for all v = (v,%) € H. By stability, the error between u and uy is controlled by
lla =l < lluo = Uosll ey S 1hy"* Ve (o — Uo,e) || 2ry = oscy, (77)

where the required approximation estimate for the Scott-Zhang projection can be found
in [KOP, Theorem 3]. Here, h, € P°(£}) denotes the local mesh size function of Section 2.1.
Therefore, it only remains to prove

e = Ul Sme= (D mel@?+ Y- ml(E)?)

TET, PeeQUEr

1/2

This follows along the lines of the 2D proof presented in [CS2, Theorem 4|. The only
remarkable difference is that in the 3D case the estimate

180, — (5 = ) (Uor — Ul prrzy S 1> Ve (00 — (3 = 8)(Une — Uo) llz2(r)

does not follow from continuity arguments as in [CS2], but from a Poincaré-type estimate
provided by [CMS, Corollary 4.2]. O

Remark. (i) For the scaling of the different contributions of o¢ defined in (71)—(74), recall
that diam(T) ~ |T|"? for a d-dimensional volume element T € T, and diam(E) ~ |E|Y/(d~=1

or a (d — 1)-dimensional boundary element E € EF or interior facets £ € EF. Altogether,
¢ ¢
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the volume contribution (71) is weighted by diam(T"), while all other contributions (72)—(74)
are weighted by diam(E)'/2.

(ii) In [KOP, Theorem 3|, the approzimation estimate in (77) is proved for any H'/?-stable
projection J; onto SP(E}). For p =1, it is proved in [KPP, Theorem 6] that newest vertex
bisection guarantees H'-stability and hence also H'/?-stability of the L*-orthogonal projection
I, : L*(T) — SY(&)) on the 2D manifold T. In the case p = 1, we may thus also use
U = Iyug to discretize the given Dirichlet data, and Proposition 13 still holds accordingly.
(iii) In 2D, one may also use nodal interpolation Uy, = Iyug to discretize the data, and (77)
holds accordingly. Details are found in [AFP, Proposition 1]. O

3.6. Local mesh refinement. Let 7, be a sequence of triangulations of {2 which is obtained
from a given initial triangulation 7y by successive local mesh refinement. We require the
following assumptions on the local mesh refinement of the volume mesh with /-independent
constants 0 < k < oo and 0 < ¢ < 1:

(T1) The triangulations 7, of § are regular in the sense of Ciarlet and s-shape regular.
(T2) Each refined element T € 7, is the disjoint union of its sons 7" € Ty 1.

(T3) The sons T € Ty41 of a refined element 1" € Ty satisfy |T7| < ¢ |T|.

(T4) The sons E' € £, of some refined facet E € & satisty |E'| < q|E]|.

In addition, let & be a sequence of triangulations of the coupling boundary T which is
obtained from an initial triangulation & by successive local mesh refinement. For the local
mesh refinement of the boundary mesh, we assume the following:

(E1) The triangulations £ of I' are regular in the sense of Ciarlet and k-shape regular.
(E2) Each refined element E € & is the disjoint union of its sons £’ € &y, .
(E3) The sons E' € &}, of a refined element E € & satisty |E'| < ¢|E|.

From (T2) and (E2), it follows that the discrete spaces are nested X, C Xpy1.

All of these assumptions are satisfied for the usual mesh refinement strategies, see e.g. [V].
For instance, one may use newest vertex bisection for both 7, and £'. We refer to e.g. [St]
for details on the latter algorithm, but remark that (T3)—(T4) and (E3) are then satisfied
with ¢ = 1/2. Moreover, we stress that 2D and 3D newest vertex bisection only leads to
finitely many equivalence classes of elements T € | J,2, 7e.

In the experiments below, we let £ = T;|r be the induced triangulation of the coupling
boundary I' and use newest vertex bisection to refine 7;. In 3D, & can then equivalently
be obtained by use of 2D newest vertex bisection from L. We stress, however, that this
coupling is not needed in theory.

3.7. Adaptive algorithm and convergence. In this section, we consider the following
common adaptive algorithm, which steers the local mesh refinement by use of the local
contributions of g7 = 17 + osc? of Proposition 13.

Algorithm 14. INPUT: Initial meshes (To, &) for £ := 0, adaptivity parameter 0 € (0, 1).

(i) Compute discrete solution U, € A.

(i) Compute refinement indicators o,(1) from (75) for all 7 € T,UELUEL.
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(iii) Determine a set My C T, U EL U EL which satisfies the Dérfler marking criterion

0o < D 0T+ > alE’+ D walE) (78)

TeTNM, EeElnM, Ee&lnM,

(iv) Mark elements T € T; N M, and facets E € (5 U EY) N M, for refinement.
(v) Generate (Toy1,Eor1) by refinement of at least all marked elements and facets.
(vi) Increase counter £ — { + 1, and goto (i).

OuTPUT: Sequence of error estimators (0¢)een and discrete solutions (Uy)en. O

Since adaptive mesh refinement does not guarantee that the volume mesh 7, and the
boundary mesh £ become infinitely fine, convergence U, — u is a priori unclear as £ — 0.
However, we employ the concept of estimator reduction from [AFLP] to prove g, — 0 as
¢ — 0. Finally, convergence U, — u as ¢ — oo then follows from the reliability (75) of gy.
These observations are stated in the following theorem.

Theorem 15. Algorithm 1 yields a sequence of meshes Ty, &, and approximations U, with
the following properties:

(i) there are constants 0 < p < 1 and Cy > 0 such that the overall error estimator o7 =
nZ + osc? satisfies

0f1 <00+ Co (1Ue1 = Ul + U1 — Uoellzpsoy)  for all £> 0. (79)

The constant O < p < 1 depends only on the mesh size reduction constant 0 < q < 1
from assumptions (T3)-(T4) and (E3) and the adaptivity parameter 0 < 6 < 1. The
constant Cy > 0 depends additionally on ), r-shape reqularity of T, and &}, and the
polynomaial degrees p, q.

(ii) The error indicators as well as the oscillation terms tend to zero:

lim 7, = 0 = lim osc;,. (80)
{—00 {—00
(iii) The adaptive coupling algorithm converges: Zlim [[lu—"U,| = 0.
—00

Proof of Estimate (79) of Theorem 15. We recall that (a + b)* < (1+6)a? + (1 + 6 )b* for
all a,b € R and arbitrary ¢ > 0.

e First, for the volume contributions (71) and the interior jumps (72), we argue as
in [CKNS]. By use of the triangle inequality, we see

77£+1(7Z+1)2 - Z |T,|2/d ||f+diV(QlVUf+1)H%2(T/)

T'e€Tos1
<(@+0) D TS + divAVU)Iz2r) (81)
T€Te41
(167 Y TP AVA(VUe = VU 72y

T'€To1

The product rule gives divRl(VUyy — VUy) = (divl) - VU1 + 2 2 D*(VU,, ., — VU,) with
D?(+) being the Hessian matrix. Using the triangle inequality and a scaling argument, the
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arguments of the second sum in (81) are estimated by
[T dival(V U1 = VU | Z2ry
ST P& o () |V (Uer = U2y + 18 e o) | D (VU1 = VU 72,
SN oo IV Ui = U [Z20)-

The first sum in (81) is split into non-refined and refined elements, and assumption (T3) is
used for the refined elements. Recall that assumption (T2) states that each element T' € Ty
is the union of its sons 7" € Ty, ;. This gives

ST+ div@AV U |12
T €Ty

< > TP+ dv@VUD [Fay + ¢ Y ITPIS + div@&VUD) [
TeTNTos1 TeT\Te+1
= 1(Te) = (1= ) ne( T\ Ten)*.
Altogether, this gives
et (Tewn)” < (14 0) (e(Te)* = (1= ¢*) T\ Ten)?) (82)
+ (1 +0 )OIV (U — Uz

where C' > 0 depends on €, on k-shape regularity of 7,1, and the (local) W*-norm of 2.
e Second, for the interior jumps (72), we argue

e (€)= ) 1Y IRV U V|

E'eEf
<(W+d) 3[BT v aqen )
E'eE
(1487 Y B EINRY Ut = Up) - V)
E'egl

The arguments of the second sum in (83) are estimated by use of a scaling argument, namely,

B[NV (Ui = Uo) - V12 S 1Moo, o 1V U1 = U122

WZ-H,E/)

with wep1 = T UT" being the patch of ' = T\ N1 € 5&1. To treat the first sum
in (83), the essential observation is that AVU, is continuous across new facets X, \&;* so
that the respective jumps vanish. This and assumption (T4) for refined interior facets give

Z BV DAV U, - |20 )

Q
Ee&il

< D EMEINRVU - vl + ¢ Y BRIV v e

Q Q Q\ cQ
E'€EPNER E'eEQ\ER

= ne(E77)° = (1= ¢y (EP\ER ).
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Altogether, we obtain

1 (E81)° < (1+0) (me(€7) — (1= ¢V D) (EMNERL)?)

_ (84)
+ (1 + 6OV (Urir — U720

where C' > 0 depends on k-shape regularity of 7;,; and the (local) W1*-norm of 2I.
e Third, we consider the first boundary contribution (73) of the discretization error esti-
mator. By use of the triangle inequality, we see

[0 — (AVUr1) - v + W(Up o1 — Usr) + (5 — &) Pesa [l 22
< |lpo — (AVU) - v +W(Up e — Up) + (5 — &)l 201)
+ 1AV (Upsr — Up) - V| 207y + 120((Uo 41 — Vo) — (U — U)) |2y

1
5 1Pt = Rell 2y + R (Per = Do)l 12
We sum these terms over all elements E' € £/, and use assumption (E3) to see

Z |E'[V @D gy — (AVUe) - v+ W(Uoe — U) + (5 — &) Pell72(1)

E'eg]
< D> BN e — (AVU) v+ W(Uoe — Us) + (5 — &)l
EegnEL,
+¢/0 N BN gy — (AVU) v+ W(Une — Up) + (3 — 8)l[25)-
EeEF\EL,

A scaling argument reveals

Y ETEVRAY U = Ue) - vl S IV Ut = U)oy,

T
Eegy

where the implied constant depends on the (local) W1>-norm of 2l and s-shape regularity
of Ty41. The inverse estimates of Corollary 2 for & and 2J shows

> B MY (I ((Unerr — Uoe) = (Ueer = U)) 12y + 1R (Pea — @) 72(0)
E'egl,

= [1hy 225 ((Uo.ex1 — Une) — Uerr — UD)) 2oy + IBEAR (Pesr — D)2y
S M Uoer1 = Uoe) = (Uerr = U3y + 1 @ess = el G172 ry-

An inverse estimate from [GHS, Theorem 3.6] proves

_ 1/2
> B[ ®p4y — Bl gy = 1he3 (@ern — o)l 2y S 1Pt — Poll3-1op-
E'eg],
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where the implied constant depends only on T, the k-shape regularity of & 41, and the
polynomial degree g. Combining all these estimates, we obtain

1 1 - 1
M (E50)° < (14 0) (7 (ED) = (1= g/ (E1\ELL))
+ (1 +0)C (IV (s = U0y + 101 = Uellpzry (85)
+ U1 = Uoellfneiey + [1@err = ellf-12ry)
for the first contribution to n,(&}) from (73). The constant C' > 0 depends only on I, on
k-shape regularity of £} +1 and Ty, and on the polynomial degree g.

e Fourth, we consider the second boundary contribution (73) of the discretization error
estimator. Arguing as before, we now use the inverse estimates from Corollary 2 for ‘U and
& as well as a local inverse estimate ||k, VeVl z2wy S Vel gz for all Vp € SP(T;) which is
e.g. found in [CP2, Proposition 4.1] for 2D and [AKP, Proposition 3] for 3D. We obtain

2 2 —1)y, (2
M ()" < (14 0) (7 (€D = (1= ¢/ (E1\ELL)°)
FA45C (101~ Uil (56)
+ U1 = Uoellzneiey + (1@t = ellf-12ry)
for the first contribution to n,(£}) from (73). The constant C' > 0 depends only on s-shape
regularity of £} 41 and Toyq, on I', and on the polynomial degree p.

e Fifth, we consider the oscillation terms from (74). Arguing as in the previous steps, it
follows that

OSC§+1 < (1+9) (oscf —(1— ql/(d’l))osq(c‘f{\c‘fﬁrlf)
+ (1 4+ 00 U1 = UoellFaa ey

where the constant C' > 0 depends on T, k-shape regularity of £/, and the polynomial degree
p.

e Sixth, we combine the reduction estimates (82), (84), (85), (86), (87) for the different
parts of g,. By a norm equivalence (with constants depending only on ) we have ||V (Upy1 —
UZ)H%Q(Q) + |Ups1 — UZH%I/Q(F) ~ ||Upyy — UgH%{l(Q). Together with 0 < ¢ < 1 and hence

¢*/* < ¢4 we obtain
01 = M1 (Tesn)® + 1 (E50)7 + e (E041)° + osciy,y
< (14 8) (0T + melER)? + e €F)? + osc}
(1= ) (T T mlENEE L+ meEPNETL)? + oseENET,)2))

+(1+6hHe <||Ue+1 — Ullin ey + 100001 = Uoellzey + | ®esr — (I)KH%I*I/?([‘))?

(87)

and the constant C' > 0 depends only on ), k-shape regularity of 7, and &, and the
polynomial degrees p, q. To abbreviate notation, we define the index set Z, := T, U EF U EL.
Together with norm equivalence [|Up 1 — Ug||§{1(m + || Doy — <I>g||§{_1/2(r) ~ [|Upy — U|?,
the previous estimate takes the form

Opr < (146) (07 — (1= ¢ ) 0(T\Ty41)?)
+ (1460 (IUe1 = Uell® + 1Uo,e1 = Uoell a2y -
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e Seventh, recall that marked elements and facets are refined so that M, C Z,\Z,,,. With
the abbreviate notation, the Dorfler marking (78) takes the form

0 07 < 0e(Mo)* < 0(T\Tu11)*
Therefore, the estimate (88) becomes

s = (14 6) (1= (1= ¢")9) @ + (14 6)C (I[Tss1 = UL + o1 — UoelZsegry)-

Now, note 0 < (1 — ¢4} < 1. Therefore, we may choose some sufficiently small
6 > 0 such that p := (1+4)(1 — (1 — ¢/ D)f) < 1. This concludes the proof of the
estimate (79). O

We recall that assumptions (T2) and (E2) imply &, C Xpy;. The proof of convergence (80)
of the adaptive coupling relies on the following a priori convergence result from [AFP, Proof
of Proposition 10] which essentially follows from the nestedness X, C X;,; of discrete spaces
and the validity of Céa’s lemma (69).

Lemma 16. According to assumption (T2) and (E2), the limit U%, := lim, U} of Galerkin
solutions exists strongly in H. If the limit Uy = lim, Uy, exists strongly in HY*(T), then
also the limit Uy, := lim, U, of the perturbed Galerkin solutions exists strongly in H. O

Moreover, the following result from [FPP, Lemma 18] proves a priori convergence of Up g
for the Scott-Zhang projection. We remark that [FPP, lemma 18] is stated and proved for
p=1and HY(Q), but the proof holds without any modification also for general p > 1 and
H'(T'). We recall that assumption (E2) implies nestedness SP(€}) C SP(&},,), whereas (E1)
states uniform x-shape regularity which enters the approximation and stability estimates of
the Scott-Zhang projection.

Lemma 17. According to (E1) and (E2), the limit J.g = lim; Jyg of the Scott-Zhang
projections ewists strongly in H(T') for all g € HY(T). O

Proof of Convergence (80) of Theorem 15. According to Lemma 17, the limit Uy o, = lim, Uy
exists strongly in H'(I') and hence also in H'/?(T"). Therefore, Lemma 16 applies and proves
that Uy, := lim, U, exists in ‘H. Consequently, the estimator reduction estimate (79) may
be written as

02 < pot+a foral >0

with a non-negative zero sequence oy — 0 as £ — oco. It is thus a consequence of elementary
calculus that limy o, = 0, cf. [AFLP, Lemma 2.3]. With o7 = 57 + osc? and reliability
[lu — Uyl < or, we conclude the proof. d

Remark. (i) Forp =1 and 2D, one may also use nodal interpolation Uy, = ILyug to dis-
cretize the Dirichlet data. It is proved in [AFGKMP, Proof of Proposition 5.2] that the limit
Uo.eo = limy Uy then exists strongly in H'(T') and hence also in HY2(T).

(ii) For p = 1 in 3D and newest vertex bisection, one may also use the L*-orthogonal pro-
jection T, : L*(T') — SY(&}). It is proved in [KPP, Theorem 3] that 11, is H'-stable and
in [KOP, Lemma 12] that the limit Uy, = limy Uy therefore exists weakly in H'(T') and, by
interpolation, hence strongly in HY/*(T).

(iii) In either case, the claims (79)—(80) of Theorem 15 remain valid. O
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3.8. Extension to nonlinear transmission problems. We consider the interface prob-
lem (58) with nonlinear A : R — R? and AVu(z) := A(Vu(x)), see e.g. [CS2, AFFKMP].
Under monotonicity (62) and Lipschitz continuity (63), the coupling formulation (60) as well
as the discretizations (68) and (70) still admit unique solutions. Moreover, the a posteriori
error analysis of Proposition 13 remains valid. Here, note that AV U, is T,-piecewise Lipschitz
continuous so that all occurring terms as e.g. the jump terms (72) are well-defined.

While the convergence result of Theorem 15 holds for arbitrary polynomial degrees p > 1
and g > 0 in case of linear problems, we did not succeed to prove the same for nonlinear
transmission problem. Difficulties are only met in the first step of the proof. In (81), the
term

Y TP (AT Uit = AVUL) |20y = [[he dive( @AV Uy — AVU) |70

T'€To1

arises, with div, the 7,-piecewise divergence operator. However, for lowest-order volume
elements p = 1, this term vanishes. Thus, our proof also covers the adaptive FEM-BEM
coupling for certain nonlinear coupling problems and lowest-order elements p = 1, where
2 : RY — RY satisfies (62)—(63).

For p > 1 and 2 being linear, we used a scaling argument to bound the latter term in (81)
by ||l wree ) | VU1 — VUe|| 12(0)- For A : R — R? being nonlinear, we did neither succeed
to find a similar bound (which seems, in general, to be impossible) nor to prove that this
term vanishes as ¢ — oo.

4. NUMERICAL EXPERIMENTS

0.25 PY

0.2

0.15-

0.1r

0.05F

FIGURE 1. Z-shaped domain and initial triangulations 7o, £ with #7; = 14
triangles and #&} = 10 boundary elements.

In this section, we present 2D calculations for the perturbed Galerkin discretization (70) of
the model problem (58). We consider different choices of the polynomial degrees p and ¢
for the spaces SP(7T;), P4(E}). For ease of implementation and also for stability reasons, we

restrict ourselves to the case £ = Ty|r, i.e., the boundary mesh is taken as the trace of the
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FIGURE 2. erry(§2) and 0,(£2) vs. N = #7; (left) as well as err,(I') and o,(I)
vs. M = #&} for adaptive and uniform mesh refinement with p = 2 and ¢ = 1.
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FIGURE 3. erry(2) and 0,(£2) vs. N = #7T; (left) as well as erry(I") and go(I")
vs. M = #&] for adaptive and uniform mesh refinement with p = 2 and ¢ = 0.

volume triangulation. All computations were performed on a 64-BIT Intel(R) Core(TM) i7-
3930K Linux work station with 32GB of RAM. For the computation of the discrete boundary
integral operators we used the MATLAB BEM-library HILBERT [ABEM], and all systems of
linear equations were solved with the MATLAB backslash operator.

We employ the adaptive Algorithm 14 with = 0.25 and compare the results with uniform
mesh refinement (this can be realized by setting # = 1 in Algorithm 14). The domain €2 is
taken as the Z-shaped domain visualized in Fig. 1. We take 21 = Id in (58) and prescribe
the data f, ug, ¢g such that the exact solution is given by

uint( 4/7

r,p) =47 sin(3¢),
o +y+025
|z + 512 + Iy + 5>
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FIGURE 4. erry(§2) and 0,(£2) vs. N = #7; (left) as well as err,(I") and o,(I")

vs. M = #&} for adaptive and uniform mesh refinement with p = 1 and ¢ = 1.
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the polar coordinates (r,¢) are taken with respect to the origin (0,0). The prescribed
solution u™™ has the typical singularity at the reentrant corner (z,y) = (0,0), which leads to
a reduced order of convergence O(h*7) for uniform mesh refinement.

Recall that the a posteriori error estimator g, from (75) is split into volume contribu-

tions (71)—(72) and boundary contributions (73)—(74)
0r = 0e()” + on(I)*.
Arguing as in [AFP], the Céa-type quasi-optimality produces
lla = el = llu— Udlln gy + 16 = Pell 32wy S llw = Uillinay + 16 = @)l 7y
= (errg(Q))2 + (errg(F))2

and thus provides a computable upper bound for the overall error. We plot the error contri-

bution err,(2) as well as the corresponding estimator part gy(€2) versus the number of volume
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elements N = #7,. We also plot the boundary contributions err,(I') and g,(I") versus the
number of boundary elements M = #&f. We observe convergence rates proportional to
N~ resp. M~" with some «, 8 > 0 for all computed quantities. The optimal convergence
rate for the FEM part with SP(7;) is a = p/2, whereas the optimal rate for the BEM part
with P9(&}) is B = 3/2 + q. Consequently, the optimal overall convergence rate for the
FEM-BEM coupling is proportional to N~ + M 5.

The use of a uniform mesh refinement leads to suboptimal convergence rates for both the
volume and boundary quantities. In particular, we observe the rate &« = 2/7 independently of
the chosen polynomial order p, g, see Figures 2, 3, 4, and 5. We recall that for uniform mesh
refinement there holds N ~ M? and therefore the overall convergence rate is proportional
to N=2/7,

In contrast to the uniform approach, the adaptive mesh refinement strategy recovers the
optimal overall convergence rate. We observe optimal rates & = p/2 and § = 3/2 + ¢ for
p=2 g=1laswellasp =2 ¢g=0and p =1, ¢ =0, see Figures 2, 3, and 5. In the
case of p = 1,¢ = 1 we observe that the error estimator contribution g,(I") converges with
order M~/ whereas the error quantity err,(T') has some slightly higher convergence rate.
Nevertheless, we stress that the optimal overall convergence order is achieved, since our
computations also show that N ~ M? in the case of p = 1,q = 1 and therefore the overall
error is dominated by the FEM part, which converges with order a = 1/2, see Figure 4.

In conclusion, our numerical experiments underline the fact that the adaptive mesh re-
finement strategy of Algorithm 14 achieves the optimal convergence rates in the presence of
singularities of the exact solution.
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