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Convergence Analysis for Finite Element Discretizations
of the Helmholtz equation.
Part I: The Full Space Problem.

J.M. Melenk* S. Sauter!

Abstract

A rigorous convergence theory for Galerkin methods for a model Helmholtz problem
in R%, d € {1,2,3} is presented. General conditions on the approximation properties of
the approximation space are stated that ensure quasi-optimality of the method. As an
application of the general theory, a full error analysis of the classical hp-version of the
finite element method (hp-FEM) is presented where the dependence on the mesh width
h, the approximation order p, and the wave number k is given explicitly. In particular, it
is shown that quasi-optimality is obtained under the conditions that kh/p is sufficiently
small and the polynomial degree p is at least O(log k).

AMS Subject Classification: 35J05, 66N12, 65N30
Key Words: Helmholtz equation at high wave number, stability, convergence, hp-finite ele-
ments

1 Introduction

We consider the numerical solution of the Helmholtz equation by the finite element method
or generalizations thereof, which are based on non-standard approximation spaces. Clearly,
the derivation of stability and convergence estimates for the classical hp-version of the FEM
that are explicit in the wave number, the mesh width, and the approximation order, are of
great practical importance. Additionally, such results are also useful for the design and the
understanding of generalized finite element methods. Partial results such as sharp estimates
for the inf-sup constant of the continuous equations, lower estimates for the convergence
rates, one-dimensional analysis by using the discrete Green’s function as well as a dispersion
analysis for finite element discretizations and generalizations thereof have been derived by
many researchers in the past decades (see, e.g., [2,4,6,7,9-11,14,16-18,21-27,31, 34, 36, 37,
41,42]).

The main goal of the present paper is to derive quite general stability and convergence
estimates that are:
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e explicit in the wave number, the mesh width, and the polynomial degree of the hp-FEM
space;

e valid for problems in d spatial dimensions, d = 1,2, 3;

e only based on approximation properties of the (generalized) finite element space; the
rationale behind this requirement is that it is easier to verify such an approximation
property than to perform a full-fledged convergence analysis for a given approximation
space.

Such types of estimates require the development of new powerful analytical tools and
cannot be achieved in one stroke. As a first step, we consider in this paper the Helmholtz
equation in a bounded d-dimensional domain with non-reflecting boundary conditions and
analyze its finite element discretization. We derive stability and convergence estimates that
are explicit in the wave number, the mesh width and the polynomial degree of the finite element
space. Forthcoming papers will address more general situations such as the scattering of waves
by bounded smooth objects and later the scattering by polygonal/polyhedral domains. The
results which we derive in this paper will form the basis for such generalizations.

The outline of this paper is as follows: Section 2 formulates the model problem. Section 3
provides an analysis of the model problem. In particular, the k-dependence of the solution
is made explicit (Lemmata 3.7, 3.4). Section 4 analyzes the discrete stability and states
explicit conditions on the properties of the approximation space to ensure quasi-optimality
of the Galerkin scheme (Theorems 4.2, 4.3). Section 5 applies the results of Section 4 to the
hp-version of the FEM. In particular, we show in Corollary 5.5 that quasi-optimality of the
hp-FEM can be achieved under the assumption that

p
kh +k (@> <C (1.1)
p op

where the constants C', 0 > 0 are sufficiently small but independent of h, p, and k. Ap-
pendix A provides detailed properties of Bessel functions that are needed in Section 3. Ap-
pendix B provides hp-approximation results for functions in the Sobolev spaces H® which
allow simultaneous approximation in the L?- and H'-norm. It will turn out that such esti-
mates are essential for the error analysis of Helmholtz problems in the high frequency regime.
Appendix C finally provides hp-approximation results for functions that are analytic. These
latter approximation results are tailored to regularity properties of solution of Helmholtz-type
problems.

2 Formulation of the model Helmholtz problem

The Helmholtz problem in the full space R? with Sommerfeld radiation condition is given by:
Find U € H.(R?) such that

(—A-KHU=f in RY,

. 1-d 2.1
i8] =0 (I %) ] - oc (21)
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is satisfied in a weak sense (cf. [33]). Here, 0/0r denotes the derivative in radial direction
x/ ||x]|. We assume throughout the paper that the wave number is positive and bounded away

from zero, i.e.,
k> ko > 0. (2.2)

We assume that f is local in the sense that there exists a bounded, simply connected
domain 2 C R? that satisfies supp f C . The complement of €2 is denoted by Q* := R1\Q
and the interface by I' := QN Q*. Then (2.1) can be formulated in an equivalent way as a
transmission problem by seeking functions v € H' () and v € H} _(Q) such that

loc

(A —KHu=f in Q,,
(—A =Kk ut =0 in QF,
u=wu"t and OJu/On=0u"/On onT, (2.3)
ou™
S =ikt =o (k1) fx = o

Here, n denote the normal vector pointing into the exterior domain Q%.
It can be shown that, for given g € H'/?(T), the problem:

(—A—k)w=0 in QF,
w=gq on 012,

find w € Hy, (Q%) such that
‘— —1kw‘ — o (IxlI"™") Ixl| — oo.

has a unique weak solution. The mapping g +— w is called the Steklov-Poincaré operator
and denoted by Sp : HY/2(T') — H}_(Q%). The Dirichlet-to-Neumann map is given by

loc

T :=ySp : H/2(I') — H~Y2(I'), where ; := 0/0n is the normal trace operator. Hence,
problem (2.3) can be reformulated as: Find u € H' () such that

(A —kHu=f inQ,

ou/on=Tu  onl. (24)

The weak formulation of this equation is given by: Find u € H' () such that
a(u,v) = / (Vu, Vi) — k*ud — / (Tu)v = / fo Ywe H' (Q). (2.5)
Q r Q
The exact solution of (2.1) can be written as the acoustic volume potential. Let Gy :

R%\ {0} — C denote the fundamental solution to the operator £y := —A — k2, i.e., Gi (2) =
gk (l|2]1), where

. d=1,
g (r) == HY (kr) d=2,
E d=3

Then, the solution of (2.1) is given by

U(z):= (Nif) (z) := / Gr(x—y) f(y)dy Yz € RY (2.6)

Consequently, the solution of (2.4) and (2.5) is given by

w(z) = (Nof) ( /ka— )y Vreq



Finally, we recall that a Galerkin method for (2.5) is given as follows: For a (typically finite

dimensional) space S C H'(Q), the Galerkin approximation ug € S to the exact solution u is
given by:

Find ug € S s.t.  a(ug,v / fo Yves. (2.7)

3 Analysis of the continuous problem

The analysis of the continuous problem is split into three parts. First, we provide some
estimates for the Dirichlet-to-Neumann map 7. Then, we prove some mapping properties
of the solution operator and, finally, state the existence and uniqueness of the continuous
problem.

3.1 Estimates for the operator T
We equip the space H! (Q) with the norm

1/2
lully == (Jul} o + K2 )

which is obviously equivalent to the H'-norm. For d = 1, the boundary 9 consists of the
two endpoint of 2 and the L? (99Q)- and H'/? (9§2)-scalar product and norm is understood as

(%U)m(r) = Z u(z)v(z) and ||U||L2(r)—HU||H1/2 = Z

ze{—R,R} ze{—R,R}
For Lipschitz domains, it is well known that a trace estimate holds.

Lemma 3.1 There exists a constant Cy, depending only on 2 and ko such that
Vue H' (Q): [ull 1o (ry < Cr lull (3.1a)

and

Vue H' () lull oy < Cu llull ot llull 7, - (3.1b)
Corollary 3.2 Foru € H' (Q), we have

~ ; ~ CVr V 1+ k2
\/EHUJH[;(F) < Cy HUHH with Cy := \/—%k—oo

where ko is as in (2.2).

Proof. There holds
02
k ||U||i2(r) < Cik ||U||L2(Q) ||U||H1(Q) = 2tr (kQ ||U||i2(9) + ||UH?{1(Q)>
Ca

2 2 ~ 2
= 7 ((1 + k2) ||U||L2(Q) + |U|H1(Q)> < Cfr HUHH (3.2)




Since the right-hand side f in (2.3) has compact support, we may always choose (2 to be
a ball B (0, R) of radius R centered at the origin. In the following analysis we will always
restrict our attention to this case and assume that

R> Ry > 0. (3.3)

Lemma 3.3 Let Q C R? be the ball of radius R centered at the origin and let (5.3) and (2.2)
be satisfied. For d = 2, we assume, in addition, that kg > 1 holds. Then, there exist constants
¢,C > 0 that only depend on Ry and ko such that the following is true:

1.
(T, 0) oy < Cllull ol Vo w € H'(9). (3.4

2. Ford € {2,3} and all u € H'/?(T) the real and imaginary parts of (Tu,u) satisfy

2
u
—Re (Tu, w2y 2 CHH%, (3.4Db)
Im (Tw, w) oy >0 for u # 0. (3.4¢)
For d =1, instead of (3.4b), (3.4c), there holds
—Re (Tu,u) o py = 0, (3.4d)
0 (T, )y > - (3.40)

Proof. Case d = 3.
The Dirichlet data on I' = 0B (0, R) can be expanded according to

w(z)=>_ Y 'y (0,¢), (3.5)

£=0 m=—¢

where (R, 0, ¢) are the spherical coordinates for x € I' and the functions Y, are the standard
spherical harmonics. The solution to the exterior homogeneous Helmholtz problem with
Sommerfeld radiation conditions at infinity and prescribed Dirichlet data at I' can be expanded
in the form

0o 14 S h(l) (k??”)
u (m) = ;mgeué Yvé (97¢) m> (36)

where (7,6, ¢) are the spherical coordinates of z € R3\Q. By taking the normal derivative at
the boundary we end up with a representation of the Dirichlet-to-Neumann map

o) V4
Tu=3" 3" upy; (6.6) > (kR) (3.7)

{=0 m=—/4 R
. . (r") ) . .
with the functions z, (r) := T These functions have been analyzed in [33, Theorem
y) T
2.6.1] where it is shown that
1< —Re(z(r)<l+1 and 0<Im(z(r)) <r. (3.8)

bt



(In [33, Theorem 2.6.1], only Im z, (r) > 0 is stated, while the strict positivity follows from
the positivity of the function ¢, in [33, (2.6.34)].) It follows from (3.7) that

/Tuﬁ ié% uy vy

=0 m

and from (3.8) we conclude that

e 7] <[5 37 (P e ) - D i |

£=0 m=—/¢
0o ¢
1
= EZ > {Rez (kR)[ + [Imze (kR)[} [uf’| [vf]
=0 m=—¢
= EZ Z {16+ 1] + KR} |ug"| [v7"]
(=0 m=—4
-1
<C ( HU||H1/2(F) HUHH1/2(F) +k HUHLZ’(F) ”UHL2(F)> :

Using Corollary 3.2 we get

‘Re /F (Tw)T

By repeating these steps for the imaginary part we get the same upper bound and, hence,

/F (Tw)7

where C' only depends on Ry and k.

. 1
< C (1 7 ) bl

< Cllully o]l

The lower estimate of the real part follows from

—Re/F(Tu)ﬂ:i Z —Reﬁ (kE) Z Z —| ug'|* = ||UHL2(Q)

=0 m=—¢ =0 m——f
The upper estimate for the imaginary part is just a repetition of the previous arguments.

For the lower estimate of the imaginary part we consider u € H'/2(T")\ {0}. Hence, there
exists (m,, {,) in the expansion (3.5) so that u;"* # 0. This leads to

o0

¢
_ Imz (kR) |, ,, |2
Im/F(TU)U =3 — R [uf'* > Jug!

=0 m=—¢

>0

and the lower bound is proved.

Case d = 2.
We expand the Dirichlet data on I' in polar coordinates

— E ume1m97

meZ

6



where (R, #) are the polar coordinates of x € T". It follows (see, e.g., [12, (2.10)]) that

NN
kR) | Hi, ) (r)
Tu = Z umM ™ with  wy, (1) = r¢.

(3.9)
mez R H|(711)| (r)

Obviously, it is sufficient to analyze w,, only for m € Ny. By decomposing w,, into its real
and imaginary part we get

T Je+ Y Yo +i (Y[ — J)Y0)
r .

e T+ Y2

For the imaginary part, we obtain

©

1.27 1,9.1.16] 2
Yo g deyy PES

wr

)/Z/J( _ JéYg [17

We set M, := ‘Hél)‘ and obtain

d 2
_ e Y g

= = ) 3.10
VP Yoz T2 (3.10)
In the next step, we derive estimates for the coefficients wy.
Case d =2 and ¢ € N>,.
Let
2 - (5@ . (Qm)'w - )
M? == L th Oy = —5—" and Y, = 40 — (2k — 1 3.11
In (r) r Tnzz:o ,',,Qm Wl £, (m|)2 16m an ’767 IH ( ( ) ) ( )
and define R}7 := M} — M7, . Note that
(40)!
’7@7@ = W Z 0 and 7(744_1 = — (4£ -+ 1) 7@,8 < 0. (312)

We conclude from [44, §13.75] that, for the choice n = £ —1 > 0, there holds Rp}_, (r) > 0.
Thus,
M; (r) > M7,y (r) Vr>0. (3.13)

Let K, be the modified Bessel function of order v. From [44, §13.75] we obtain

d

NE:E

16 [
M = —— K (2rsinh t) sinh ¢ cosh (2¢t) dt
¢ 2 0

and
n

cosh (20t) Z Yem

cosht — (2m)!

sinh®™ ¢ + ]:Egn

If n > ¢ —3/2, the remainder ngn satisfies

{ ’—(ZWJ—I:;)' sinh?("+Y) t} if Yon1 >0,
n !

R, € (3.14)

{% sinh2+ ¢, O] otherwise.
n !



We introduce

n

16 m
NZn = Z 7 / K (2rsinht) (cosht) (sinh®™*" ¢) dt

16 - rYZm / 2 1
= —— Kl i+ dZ
2m—+2
7T2 — ( 27,, +
=N emr )% = T2
T2 m:O( m+1) r2m =y bn

Note that M7 (r) is monotone decreasing for 7 > 0 (cf. [35, §9-7.3]) and hence N7 (r) < 0 for
r > 0. Thus,

|N£2 (T)’ = _NZQ,n (r)+ Ré\fn with Ré\fn = —NZ(r) + NZn (r)

and R}, has the explicit representation
N 16 > . . ~2
Ry, (r) == K (2rsinht) (sinht) (cosht) Ry, (t) dt.
K 7r O K

Note that sinh, cosh, and K are positive on the positive real axes (cf. [1, 9.6.23]). We choose
n = ¢ and obtain from (3.12) and (3.14) that Ry, (f) is negative for ¢ > 0 and hence

INZ (r)] < =Ng,(r) vr>0. (3.15)

In summary, we have proved that

P Nf 1Y CmA DR _20—1 2041

[Rew| < - - < + (3.16)
2Mpy .y 20y e 2 2y
21 (A1) (42 1)
2 16472 '
Hence, for ¢ > 2 and r > 01\/2, the estimate
20— 1 9
< 1+ —
|IRe w,| < 5 ( + 8012)
follows.
It remains to consider the case
r < OWe. (3.17)
We derive from (3.10) and [1, 9.1.27]
r r
ENE ()| = —5NE () = EME (1) = 7 (Joa Je + YiYin)
and this leads to
SN2 () (Jodis + YiYeor)
r{Jede—1 Yy
Rew,| = 12— =(— . (3.18)
M (r) Mz (r)



We deduce from [1, 9.5.2, 9.1.7, 9.1.9] that
Jo(r)>0 and Yy(r)<0 YO<r</{

and, thus,
JoJi_1 + YY1 >0 VO<r</¢-—1.

If C; < 2712 there holds C1v/¢ < £ — 1 for all £ > 2 and we have proved |Re wy| < £.

To derive a lower bound of (— Rewy), we proceed as for (3.16) and obtain, for r > ko,

CRew () s M) 1SN eme D 1
= 9 Mzz,e(r) 2 Zﬁn:off;:ﬁ _21+ %{{
(201 Se,0—1
20—2
= 5 1 40—1 2 5 1 1
+ 362 + 32

For the imaginary part we get

2

= >k
WME(T)>O Vi e Ny Vr >k

Im wy (r)

(3.19)

(3.20)

because M} is non-negative and decreasing for r > 0 (cf. [35, §9-7.3]). For the upper bound,

we combine [19, 8.479] with the fact that M7 is decreasing to obtain for ¢ € Nx;

2
ME(T)ZE Vr > 1.

Hence, the upper bound

follows.
Case d=2and (=0, 1.
For ¢ = 0, we use [44, §13.75] and get

M) 2 043, 0) = 2 (1= 05 )

wr

For d = 2, there holds kg > 1/2 by our assumptions and, thus, for r > ko we get

1
MO2 (ry>—.

wr

The combination of (3.10) and (3.21) implies
2
r
Rew, (r)] < 0 [N (r)].

We deduce from (3.15) (which is also valid for £ = 0,1)

2 « Som 2 (1 (=0,
G AT SV PR S S

(3.21a)

(3.22)

(3.21b)



This implies, for r > kg (cf. (2.2))
2
N (r)] < C—=
| 4 (T)| = 7T7"2,
where C' depends solely on ky. Thus, for £ =0, 1,

[Rew,| <C<C(l+1).

Since M? is monotone decreasing (see [35, §9-7.3]), it follows from (3.9) that Rew, () < 0 for
all 7 > 0.

In (3.19) we have derived a lower bound for (— Rewy) provided ¢ > 1. It remains to
consider the case £ = 0. The assumption on kg implies r > ky > %\/g so that

r NG (r) 1 3 1
~R O [ A | > .
ewo (r) 202, (r) 2 &2) =1

To summarize both cases, we have proved that

O0<c<—Rewy(r)<C{+1) Vr>ky VleN,, (3.23a)

where ¢, C' only depends on k.

For the imaginary part, it remains (cf. (3.21a), (3.22)) to prove the upper bound for
(Imwp) and employ (3.10) and (3.21b) to obtain

Imwy = < 2r. (3.23b)

2
0
By proceeding as for d = 3 (after (3.8)) the estimates (3.4) follow from (3.23).
Case d =1
For boundary values ¢ : {—R, R} — R, the Dirichlet-to-Neumann operator is given by
Ty =ika.

The trace theorem (in one dimension) leads to

Re/(Tu)@ = |Re (ik Z u(?“)@(r))‘
r r=+R
<k|m Y u()v(r)| <k Y |u(r)|o(r

r=+R r=+R

or. 3.2
< Cllully [[vlly

where C' only depends on Ry and kj. By the same techniques we can estimate the imaginary
part and, thus, obtain (3.4a). The lower bounds (3.4d), (3.4e) follow from

_Re/F(Tu)ﬂ:—Re (ik > |u('r’)|2> =0

r=+R

Im/ Twya=k 3 Ju@)P > kfulam

r=xR

10



3.2 Local estimates for the solution operator

In this section, we derive some explicit bounds for the solution operator under the assumption
that the right-hand side is in L? (). These estimates will be the basic tool for proving the
discrete stability of the finite element discretization and the convergence. The key step for
the analysis of the hp-FEM in Section 5 is the following decomposition result:

Lemma 3.4 (decomposition lemma) Let Q be contained in a ball of radius R > 0. Then
there exist constants C', v > 0 depending only R and ko such that for f € L?(Q) the function
v given by

( Nkf /le‘— )dy, x €

satisfies
]| a1 + kllvlle2) < C|l fll2@)

and can be decomposed as v = vgz + v with

[vn2 || a2@) < Cllf 2@, (3.24a)
IVPoalliz@) < C (VR I fll2@ VP € No. (3.24b)

Here, VPv 4 stands for a sum over all derivatives of order p (see (5.1) for details).

Proof. We start by recalling the definition of the Fourier transform for functions with
compact support

a(&) = (2m)? /Rd e &%) 4 (2) dx VE € R

and the inversion formula
u(z) = (2m) / d @8 g (&)d¢  Va e R
R

Let Bo C R be a ball of radius R containing €. Extend f by zero outside of 2 and denote
this extended function again by f. Let € C*° (Rx¢) be a cutoff function such that

C
supp C [074R]7 M|[0,2R} = 17 |M‘W1700(]R20) S Ea
(3.25)
C
Vo e IR>0 0< M( ) 1, /JJ|[4R,oo[ =0, |M‘W2’°°(R20) < ﬁ
Define M (z) := p(]|z]|) and
@ = [ G- Ma-pfwdy VoeRe
Bq
The properties of ;1 guarantee v,|p, = v|p, so that we may restrict our attention to the
function v,. Since supp f C Bg we may write
v, = (GpM) * f, (3.26)

11



(1R

where “x” denotes the convolution in R?. We will define a decomposition of v, (which will
determine the decomposition of v on Bg) by decomposing its Fourier transform, i.e.,

T, = Oz + 04, (3.27)

In order to define the two terms on the right-hand side of (3.27), we let Bg/2(0) denote the
ball of radius 3%k/2 centered at the origin. The characteristic function of Bgy/2(0) is denoted
by xx. The Fourier transform of f is then decomposed as

f:ka+(1_Xk)f::ﬁ+J/t\Ig'

By the inverse Fourier transformation, this decomposition of J/‘“\entails a decomposition of f
into f and ff given by

fo@)i= @0 [ GO @ F©de and file)=f-fe (323)
Accordingly, we define the decomposition of v, in

V2 = (GeM) x fy  and v, 4 = (G&M) * f. (3.29)

The functions vy2 and vy in (3.27) are then obtained by setting vye := v, g2|o and vq =

v,alo. We will obtain the desired estimates by showing the following, stronger estimates:

v, m2 |52 ey < Cllfl|L2ey, (3.30a)
1D allaen < CFRH F ey, Vo € N, (3.300)

The estimates (3.30) are obtained by Fourier techniques. To that end, we compute the Fourier
transform of G, M:

(G/,Iw) (€) = (2m) "> / e~ 67 G () M (z) da

Rd

= (27r)d/2/ g (r) p (r)rd=? </ e~ iTE0) dSC> dr
0 Sa—1

= (2m) 1),

The integral I (£) can be evaluated analytically and I (§) = ¢ (||£]|) with

(

Q/OOng (r) p (1) cos (sr) dr d=1,
L(s) = 27?/0 g (r)p(r)rdy (rs)dr  d =2, (3.32)

e ACTIG e

Applying the Fourier transform to the convolutions (3.29) leads to

dr d=3.

\

Do = (2m) P G M fe = (2m)"? G M F(1 — i),
Bpa = (2m)"2 CuM i, = (21)"2 G M fx.

12



To estimate higher order derivatives of v, 2 and v, 4 we define for a multi-index o € N
the function P, : R? — R by P, (£) := £ and obtain — by using standard properties of the
Fourier transformation and the support properties of y; — for all |o| < 2

(3.33)

Pa(?k]\w(l_xk)ﬂ

o o d/2
107 012l 2 ey = (2) 12 ()

< @0 (e 1R0©1) 00 7]

£ER:[¢|>3k/2

L2(R4)
< 2n)" (s 310 5)]) v

Completely analogously, we derive for all a € Ng

HaaUM,AHL2(Rd) < (27T)d/2 <maX ’3|ab($)‘) HfHL2(Q)-

s<3k/2

We can complete the proof of the lemma using the bounds on the function ¢ given in Lemma 3.5
below. m

Lemma 3.5 For the function v defined in (3.32) the quantity s™u(s) can be estimated

(i) form =0 by -
ol <ct

(i1) form =1 by

1+ (Rk)™ d=1,
logkR|  d=2 and 4Rk <1,
1 d=2 and 4Rk >1,
1 d=3,

sle(s)| < CR

(11i) and for m =2 by
Rh+— d=1
Rk
$)(s) < C{ Nog(kR)| d=2 and 4Rk <1,

Rk d=2 and 4Rk >1,
1+ kR d=3.

(iv) For fized Ry, Ry > 0 there exists C' > 0 such that for Ry < R < Ry and any |s| > 3k/2

s*|u(s)| < C.

(v) Form € Ny, |s| <3k/2, and 0 < Ry < R < Ry, we have

s e ()] < © (%)m

13



Proof. In this proof, C' denotes a generic constant which may vary from term to term. It
suffices to prove the estimates (i)—(iv) because (v) follows directly from (i). We discuss the
cases d =3, d =1, and d = 2 in turn.

Case 1: d = 3.

There holds

|st(s)|=C < CR.

/ e 1 (1) sin (rs) dr
0

Applying integration by parts we obtain

/OOO eikr (’u, ) singS) () sin (TS)) "

C [ /c R
< — — 1)dr=0C-—.
< /0 (Rr+ > T Ck

For the product s (s), we get

(s)l =7

% (s)| = © /Oooeiw(r)ssm(m)dr _c /Oooeik’"u(r)&,cos(rs)dr
<C < /000 cos (rs) 0, (e pu(r)) dr| + 1)
< Ck +C ( /000 cos (rs) ™ p! (r) dr| + 1)

The estimates 70 < C'kR and T" < CM follows from the properties of p (cf. (3.25)). For
|s| > 3k/2, the estimate of T" can be refined by using integration by parts

/ cos (rs) e'* p (r) dr
0
=T+ 71"

k

/ cos (rs) eikr'u (r)dr| = 05 / (ei(k—l-s)r +ei(k—s)r) p(r) dr
0 0

< k—2+ ook—2| "(r)|dr | <C”
- 52_k2 0 82—]{32M - :

Case 2: d = 1.
There holds

T' < Ck

To estimate st (s), we apply integration by parts to obtain

00 ikr
/ sin (sr) O, (e I (7’)) dr‘ < C’1 T Rk.
0 k k

oo ikr
|st (s)| < / ek p (r) 0, sin (sr) dr
0

14



Similarly, we get by two-fold integration by parts

|52 (s) ‘/w e 10 (r) 82 cos (sr) /{a cos (sr) { (e;,u(r))}dr
) emen{ (T )}M\

00 ikr
/ cos (sr)e'* p (r) dr / cos (sr) <2ieik’"p’ (r) + ek w (r)) dr—i—l’
0
— 7T

<

<k +

The estimate T < C (1 + ﬁ%) directly follows from the properties of the cutoff function p
(3.25). The term T' was estimated already in Case 1 so that the proof of the case d = 1 is
complete.

Case 3a: d=2and r <4R < 1/k.
For brevity, we write

hy, (r) = H(()l) (kr) and  j,s(r) = J,(sr).

Estimate (A.3c) implies

VO <r <4R<1/k:|h(r)] <C (1 +logkr]) and Vr>0:|J(r) < L

Hence,

4R
e (s)] < 0/ (1 + [log kr|) rdr = CR* (1 + |log (4kR)|) .
0
For the estimate of s (s), we employ the relations (see [1, 9.1.30], [1, 9.1.1])

(rjrs (1) = rsjos (r) and (Tj&s (r))/ = —15%jo.s (1) (3.34)

Integration by parts results in

sule)l = € / et () dr| = € / ri1,s (1 hy + phy) dr
0 0
(A.8), (A.3¢), (A.11) 4kR
< C/ T{&}zgkm +k‘2 }d?“
0

< CR{1+ [logkR| + KR’} <CR(1+ |10g kR|) < CR|logkR)|.

Finally, we estimate s%: (s) by two-fold integration by parts
y

00 4R
()| = C / hipe (rig,) | < © ( / Jous (7 <hku>’)" + |lim (rh; <r>>]) . (33)
0 0 7"_’
Note that lim,_orhj (r) = 21 /7. For the first term, we use
(r (hap)) = 1o (rhl) + 2ri' By + (i) hy. (3.36)

15



We employ (A.12) for the first, (3.25), (A.11) for the second, (3.25), and (A.3c) for the third

term on the right-hand side in (3.36) to obtain

‘( (hep)' ( ‘ < OK*r (1 + |log (kr)|) + ]1% + R};— (1 + |log (kr)]) .

Hence,
5% (s)| < C ((kR)* (1 + [log(kR)|) + 1 + [log(kR)|)
C (1 + |log(kR)]) .

Case 3b: d =2 and 4Rk > 1.
We define ¢y (r) := hy (r) o (r) r and denote its antiderivative by @y (r fl/k or (t

We use the splitting

t) dt.

4R

. 1/k .

1 . 1 3

L(s) = 7/ Preos T 5 Orjos =: t1(8) + ().
0 1/k

For (1 (s), we employ the estimates as in Case 3a (with 4R replaced by 1/k therein) to obtain

C
a(s)l < 75

It remains to estimate u11 (s). Note that jj , = —sj1,. There holds

i [ 7i [AR i o
ur (8) = D) , YrJo,s = ) ) Prsj1,s + 7‘I>kj0,s
1/k 1/k

(3.37)

r=1/k

In the next step, we will estimate ®;. Let @y (r) := e~ 1*" ¢, (r) so that ®; can be written as

o r ikt ¢ r
Blr)i= [ e"“sak(t)dt:—/ a4+ 2O
1/k 1/k iK? ik |,_ 1k
r ikt 1 .
[ AW+ thil
Lk i L/_/
> -~ :.QII(T)
=91 (r) Fk
By using (A.6) and
YVt >0: }(t,u())}<0,
we obtain
1 [ 1 [ . .
oL < [ V= [ e ) o) e
k Jik k Jik

<C r 1dt<0\/7
Tk vkt T kVE

The function ®}' can be estimated by using (A.3a)

1 [r 1 KSVT O [y
<o(Li /oo yverer
= (k\/;Jrk?) = VR

16
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In summary we have proved

D) < Ty 5

By inserting this estimate and (A.3b) into (3.37) we get

4R
RUOIRS k3/2 \/ 1 +rs
4R+\/s [AR 1
SC(kS/QJrk kz+k2>'

0 (s)] < C%\/%Jr %. (3.38)

Next, we estimate s (s) by two-fold integration by parts

06 = €| [T i)

g T
k

r=1/k

This leads to

4R
< ¢ || [ e tuap | + it 0] | (3.39)
0 r—0
=2/
The first summand can be split according to
4R N 1/k N 4R N
| e Gty | < [ g )|+ | [ s ()| 0)
0 0 1/k
N -~ 7 ‘?

=:1

We conclude from Case 3a that |I;| < C holds. For the second integral, we employ (A.3a),
(3.25), (A.5), (A.7) to get

, 1 K 2
o) ‘: he (i + 1) + 1 21 + iyl < C \/j k\/j 3.41
‘(T(kﬂ)) | (" + ") + By, (e + 2rp’) + rhigu| < (NHJF St T) (3.41)

<C + kx/ﬁ)
(7‘\/—
The combination of (3.40), (3.41), and (A.3b) leads to

I, < C'kR\/ Rk
Rk
2 < \/ : :
5% (s)| < CkR & s (3.42)
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For 0 < s < k, we employ (3.38) and for s > k we use (3.42) to obtain for m =0, 1,2
s™ | (s)] < ORE™ L

For |s| > 3k/2 and R < C, the result can further be improved. In view of the assumption
Ry < R < R;, we may take as our starting point (3.35), which leads immediately to the
expression (3.40). The integral I; in (3.40) is already seen to be bounded independent of k.
Since, by [1, 9.1.1],
(rhy) = —k*rhy

we can write the integral Iy as

4R
I = / Jo.s (=K rhp 4 2rhigp + (rp')'hy) | -
1

Jk

Recalling that p/ = 0 on (0,2R), we can estimate I5 by

4R
I < / Josk?rhip
1

+CR sup {|j0’sh;€| + |]'07Sh1€|} .
re(2RA4R)

Jk

::IQI

We conclude from (A.3), (A.5), and (A.1) together with (A.2)

1 | [k 1
CR su o.shy] + [Joshi|} < CR +y/=+—| <C,
Te@Rﬂm{“]o’ kl + Loshil} VISR (R\/Rk: R Rk

where we used |s| > 3/2k and the fact that k > ky. It remains to bound . Lemma A.1
allows us to write

2:—

4R ) )
- k|8| /1 I(]{ZT‘),M(T) {el(s—&-k)rfl(sr) + el(s_k)TfH(S”/’)}‘ ]

g
Jk

Since fI, fI, ¢! are bounded functions by Lemma A.1, an integration by parts leads to

1 1
I <k
2= ¢ (|s+k|+|s—k|)

4R 6i(s—i—k)ra s ; ) 6i(s—k)ra - , .
[ S (g ) + S0, (7 el et

+Ck

Since |s| > 3/2k, Lemma A.1 provides the estimates

10, (£ (sr)g" (kr)u(r))| + |0 (F7 (sr)g" (kr)u(r))| < C. r>1/k

Combining these results, we arrive at the desired I < C. m

18



3.3 Existence and uniqueness

Existence, uniqueness, and well-posedness of problem (2.5) has been studied in much more
generality (concerning the assumption on the domain €2) in [12] by using different techniques.

The main goal of the estimates which we have derived in the previous sections is their
application to the proof of the discrete stability for the finite element discretization and the
convergence rates. However, since existence, uniqueness, and well-posedness for our model
problem are simple by-products we state them in passing.

Theorem 3.6 Let Q be a ball of radius R > 0. Then, there exists a constant C (2, k) > 0
such that for all f € (H'(Q)) the unique solution u of problem (2.5) satisfies

[ullyy < C(QR) [ f1] 1 gy -

Proof. The coercivity of the bilinear form a (u,v) follows from the compact embedding
H' (Q) <> L2 (Q) and (3.4b), (3.4d):

2 2 _ 2 2
Rea (u,u) > [|ullz, — 2k [[ull2q) — Re/F (Tw) @ > Jully, — 2k* [|ullj2(q)
Next, we show uniqueness of the adjoint problem:
a(v,u)=0 VYve H (Q) = u=0.

Let v € H' (Q) be a solution of the homogeneous adjoint problem. We choose v = u and
consider the imaginary part:

O:Ima(u,u):—Im/F(Tu)u:Im/F(Tu)u.

Lemma 3.3 implies u = 0 on I'. Hence, u € H} () and satisfies
/ (Vu, Vo) = K2 / W Vo H(Q). (3.43)
Q Q

This means in particular that u € H{ () is an eigenfunction of (—A)™" with eigenvalue k2.
However, for any 2 D 2, equation (3.43) implies that the extension

N u(x) zef
u(:v).:{() z ¢

satisfies (3.43) with Q replaced by Q, i.e., @ is also an eigenfunction of (—A) ™" with eigenvalue
k=2 on any domain Q D Q. A simple scaling argument shows that this is impossible. m

Note that the proof of Theorem 3.6 does not provide how the constant C' (2, k) depends
on the wave number. In [12], this question has been investigated in much more generality
and, hence, will not be discussed here. The Fourier analysis which we developed in Section
3.2 give explicit bounds on this constant provided the right-hand side is in L? (Q2).

Lemma 3.7 For any f € L* () and v := N f, there holds
o]l < Clfll 2y »
where C' only depends on ko and Ry (cf. (2.2), (3.3)).
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Proof. The radius of the minimal ball that contains €2 is denoted by Rq. If 4kRqo > 1,
the estimates

Rq
||U||L2(Q) < 07 Hf||L2(Q)
and

1
Vol < € (7 + Fa) I/l

follow from Lemma 3.5. If & < 4kRq < 1, then |log kRq| < |loga|. Hence, both estimates
remain valid (cf. Lemma 3.5), possibly with a different constant C' which, in addition, depend
ona.m

Theorem 3.8 Let ) be a ball of radius R and boundary I'. Then, there exists C. > 0 that
only depend on ko and Ry (cf. (2.2), (3.3)) such that for all u,v € H' (Q)

ja (u, ) < CelJully [[]l5 -

Proof. The estimate

0., 0)] < gy [0y + 2 el ey oy + \ [y

is obvious. Hence, the assertion follows from Lemma 3.3. m.

4 Stability and convergence analysis

This section is devoted to the analysis of the discrete problem (2.7) for the finite-dimensional
space S C H*(€); we will provide conditions on S under which unique solvability and quasi-
optimality of (2.7) can be guaranteed.

We employ the generalization of the theory of [31] that has been developed in [37]. There,
a measure of “almost invariance” of the approximation space S under the solution operator
of an adjoint Helmholtz problem has been introduced.

Adjoint Problem:
For given f € L? (), find 2 € H' (Q) such that

CL(U,Z) = (f?v)LQ(Q) Vv e Hl (Q)
Note that the strong formulation to this problem is: Find z such that

~Az—k2 =f inQ,
4.1
% =17z on I, (41)

on

where T™ is the adjoint of T'. The operator T* can be expressed as the normal trace applied
to the solution operator to the problem

(A= k)w=0 in QF,

w=gq on I

find w € Hy,, (Q%) such that o -
‘E + ikw‘ —o(IIxI ") lIxll = oo.
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The solution operator f + z for problem (4.1) is denoted by N} : L*(Q) — H'(Q) and
explicitly given by

2= Nif = [ Gile =) f () ds, (1.2
Remark 4.1 The stability estimate
||Z||H <C ||f||L2(Q)
holds as in Lemma 3.7, because Z = Ni.f and ||z|,, = ||Z|l5,, H?HLQ(Q) = [[fllz2()-

For the stability of the discrete problem, the following measure of almost invariance plays
a crucial role N+
n(S):= sup inf M
feL2(Q)\{o} v€5 Hf||L2(Q)
(Note that the quantity 1 (S) was denoted in [37] by 7 (S5).)

(4.3)

4.1 Discrete stability

In this section, we will prove the discrete stability in the form of an inf-sup condition.

Theorem 4.2 Let the assumptions of Lemma 3.3 be satisfied. Assume that the space S is

chosen such that ]

4C,

kn (S) < (4.4)

Then, the discrete inf-sup constant satisfies

: |a (u,v)| 1/2
inf sup > -}
ueS yes\{0} HUHH HUHH 14+ (2C) +k

and this ensures existence and uniqueness of the discrete problem (2.7).
Proof. Let u € S and set z := 2k*Nju. Then,
o (u,ut 2) = (/ (Vu, VD) + 2 [ul? —/<Tu)a> +alu,z)— 2k;2/ u?
Q r Q
— / (Vu, Va) + k? Jul® - / (Tu) u.
Q r
We derive from Lemma 3.3
Rea (u,u+z) > ||ull3,.

Let zg € S denote the best approximation of z with respect to the ||-||;,-norm. Then,

Thm. 3.8 9
Rea(u,ut 2s) = Rea (wu+2) — |a(uz—z5)] = Nl — Celuly |1z = zsl

> [l (Iullye = 26Can (S) ull ey ) = (1= 2kCn () ull,.
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The stability of the continuous problem (cf. Lemma 3.7) implies
[+ zsllyg < Nully + 112 = 2slly + Nzl < llully + 260 () [l g2y + 287 [l 120
< (14 2kn (S) + k) [lully

so that

1 —2C.kn (S)
>
Rea (u,u + zg) > T+ 2k (S) £ &

ully 1w+ 255 -

Thus, we have proved

ja (u,v)]

inf sup >

auo)l €
u€S e\ {0} HUHH HUHH k-

4.2 Convergence analysis

The convergence of the finite element discretization is proved by applying the theory as de-
veloped in [37] (see also [7,31,38], [8, Sec.5.7]).

Theorem 4.3 Let the assumptions of Theorem 4.2 be satisfied.
Then
lellye < 2. inf [ju — o]l (45)

The L*-error satisfies
lell 2y < Cen (S) llell -

Proof. In the first step, we will estimate the L?-error by the H!'-error and employ the
Aubin-Nitsche technique. The Galerkin error is denoted by e = u — ug. We set ¢ := Nfe (cf.
(4.2)) and denote by 1g € S the best approximation of ¢ with respect to the H-norm.

The L?-error can be estimated by

||€Hi2(n) =a(e, ) <ale,—s) < Cellelly 1V — sy
< Cen (S) [lelly H6”L2(Q) ; (4.6)

ie.,
lell 2y < Cen (5) llelly, (4.7)
To estimate the H-norm of the error we proceed as follows. Note that (3.4b), (3.4d) imply

Re (Tu,u) oy < 0. (4.8)
Hence, for any vg € S
lell7, = Re (a (¢, €)) + {[lell3; — Rea (e, e)}
= Rea (e,u — vs) + 2k* ||e||ig(9) + Re/ (Te)e
r

(4.7), (4.8) S
< Cellelly llu = vslly + 2 (kCen (S)) [lell5 -
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Note that (4.4) implies

2(kCen (5))* < (4.9)

N | —

so that we arrive at the final estimate

lelly, < 2C [lu = vs]ly, -

5 Example: hp-FEM

Theorem 4.2, 4.3 show quasi-optimality of arbitrary approximation spaces under the assump-
tion (4.4) on the measure of almost invariance 1 (S). However, for concrete finite element
spaces, or generalizations thereof, the verification of condition (4.4) is far from trivial. The
purpose of this section is two-fold: firstly, we show that for classical higher order FEM spaces
the assumption (4.4) can be met under a relatively mild condition on the local polynomial
order of the classical FEM space; in particular, we will demonstrate that for spaces consisting
of piecewise polynomials of degree p on quasi-uniform meshes that satisfy the side condi-
tion p > clnk, the key condition (4.4) is satisfied. Secondly, we derive conditions on the
approximation space that may be easier to ascertain in practice than the condition (4.4).

In view of the fact that the circle (in 2D) and the sphere (in 3D) are relevant geometries
for our theory (recall that Thm. 4.2, 4.3 have been shown for circles/spheres), we consider
triangulations with curved elements that permit inclusion of these geometries. We adopt the
setting of [13]. The triangulation 7}, consists of elements which are the image of the reference
triangle (in 2D) or the reference tetrahedron (in 3D). We do not allow hanging nodes and
assume — as is standard — that the element maps of elements sharing an edge or a face induce
the same parametrization on that edge or face. The maximal mesh width is denoted by
h := maxger, diam K. Additionally, we make the following assumption on the element maps
Fy - K— K but, first, have to introduce some notation. For a function v : Q — R, Q C R,
we write o)

V@)= Y D). (51)
a€eNg:|al=n
For later purposes, we recall the multinomial formula and a simple fact that follows from the
Cauchy-Schwarz inequality for sums:

dr 1
a€Ng:|al=n
1 o 1 n/2|xn
Z a|D u(z)| < ad V™ u(x)|. (5.3)
a€eNg:|al=n

Assumption 5.1 (quasi-uniform regular triangulation) Fach element map Fx can be
written as Fx = R o Ag, where Ag is an affine map and the maps Ri and Ag satisfy for
constants Cygine, Cmetric, 7 > 0 independent of h:

”A,K”LOO(IA() < Cafinch, ||(A,K>_1HL°°(IA() < Claineh ™
||(R/[()_1||Loo(k) S C(metrica ||vnRK||Loo(}}) S Cmetricfynn! vn S I\IO'
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Here, K = Ak (K).

Remark 5.2 Triangulations satisfying Assumption 5.1 can be obtained by patchwise construc-
tion of the mesh: Let T™*° be a fixed triangulation (with curved elements) with analytic
element maps that resolves the geometry. If the triangulation Ty is obtained by quasi-uniform
refinements of the reference element K and the final mesh is obtained by mapping the subdivi-
sions of the reference element with the macro element maps, then the resulting element maps
satisfy the assumptions of Assumption 5.1.

For meshes 7}, satisfying Assumption 5.1 with element maps Fx we denote the usual space
of piecewise (mapped) polynomials by SP'(7,) := {u € H(Q)|VK €T u|lx o Fx € P,},
where P, denotes the space of polynomials of degree p. The construction of approximants of
a given (sufficiently smooth) function from the space SP!(7}) is most conveniently achieved
in an element-by-element fashion. To that end, we introduce the following definition:

Definition 5.3 (element-by-element construction) Let K be the reference simplex in
R?, d € {2,3}. A polynomial 7 is said to permit an element-by-element construction of

~

polynomial degree p for uw € H*(K), s > d/2, if:
(i) (V) = u(V) for all d + 1 vertices V of K,
(i1) for every edge e the restriction w|. € P, is the unique minimizer of

1/2

= p 7w — 7| L2 + HU_WHHSéQ(e) (5.4)

under the constraint that  satisfies (i); here the Sobolev norm H&f is defined in (B.1).
(iii) (for d =3) for every face f the restriction w|s € P, is the unique minimizer of
7T'—>p||u—7THL2(f)+ Hu—ﬂ'pr(f) (55)
under the constraint that m satisfies (i), (ii) for all vertices and edges of the face f.

We are now in position to show that the solution v = N} f can be approximated well by
the FEM space SP!(7},) provided that kh/p is sufficiently small and p > cIn k.

Theorem 5.4 Letd € {1,2,3} and Q C R? be a bounded domain. Then there exist constants
C, o0 > 0 that depend solely on the constants appearing in Assumption 5.1 such that for every
[ € L*(Q) the function v := N} f satisfies

) kh kh Eh\?
nf bl = wlhe < Cll ey (1450 {E2 40 (1)),

weSP1(Ty) p op

Proof. We will only prove the cases d € {2,3}. The case d = 1 follows by similar
arguments where the appeal to Theorem B.4 and Lemma C.3 is replaced with that to [39,
Thm. 3.17].

By Lemma 3.4, we write v = vg2 + vy with vy € H?(Q) and vy analytic; we have the
bounds (cf. Remark 4.1)

lva2 [l m2) < Ol fllz29), IVP0ull200) < COYR)P M flli2) Vb € No.

24



We approximate vy2 and v4 separately. Theorem B.4 provides an approximant w2 € SP1(73)
such that for every K €7, we have, for ¢ =0, 1,

AN
”'UHQ — U)H2”Hq(K) S C (1—9) H’UHQHHQ(K) VK € ,];L

Hence, by summation over all elements, we arrive at

kh kh\ 2
e <; ; (;) ) T

We now turn to the approximation of v4. Again, we construct the approximation wy €
SP1(7;,) in an element-by-element fashion. We start by defining for each element K €7;, the
constant C'x by

VP07
2 . (K)
Ch=)Y_ T (5.6)
pENp
and we note
IVPuull2(r) < C(27k)"Ck Vp € No, (5.7)
4 (C\?
> k<3 (5) Wik (5:5)
KeT, v

Let the element map for K be Fg = RK~o Ag. Lemma C.1 gives that the function v :=
va|lk o Rk satisfies, for suitable constants C', C' (which depend additionally on the constants
describing the analyticity of the element maps R)

VPO o2y < CCP max{p, k}’Cx Vp € Np.
Since A is affine, the function 0 := v4|x o Fx = ¥ o A therefore satisfies
V70 12y < Ch™*2CPRP max{p, k}*Cx  Vp € No.

Hence, the assumptions of Lemma C.3 are satisfied, and we get an approximation w on the
element K that admits an element-by-element construction and satisfies for ¢ € {0, 1}

lvg — wl| < Ch¥?P-ap=2¢ h p+1+ LA
A Hi(K) = FI\h+o op '

Summation over all elements K €7}, gives

—w|Z < | —— k2 — = k| — 2 (5.
oa =l < [(’HU) i (h+0) T <UP) " <0p) 2, Cic: (59)

KeT,

The combination of (5.9) and (5.8) yields

h P hk ERN\? /(1 kh
_ < - 1 —_ — —_— .
ioa = < € [(G2) (1 22 ) ok (22 (242 st
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Furthermore, we estimate using h < diam{2 and ¢ > 0 (independent of h)

ho\? kh ho\"! h (1 kh
1 < 1 < 1 20224 2.
(h+0> < +a+h)_0h( + kh) <U+h) < Ch(1 + kh)p _Cp (p+ p)

We therefore arrive at

1 kh kh kh\?”
Flog —wlly < C (— i —) [— Tk (—) ] TS
p p p op

which completes the proof of the theorem. m

Combining Theorems 5.4, 4.3 produces the condition (1.1) for quasi-optimality of the hp-
FEM announced in the Introduction. We extract from Theorem 5.4 that quasi-optimality of
the h-version FEM can be achieved under the side condition that p > C'log k:

Corollary 5.5 Let the assumptions of Lemma 3.3 and Theorem 5.4 be satisfied. Then there
exist constants ¢y, ¢ > 0 independent of k, h, and p such that (4.4) is implied by the following

condition: i
— < together with p>colnk. (5.10)
p

Proof. Theorem 5.4 implies

o sofse) (B (2)).

The right-hand side needs to be bounded by 1/C.. It is now easy to see that we can select ¢y,
¢y such that this can be ensured. m

Remark 5.6 To the best of the authors’ knowledge, discrete stability in 2D and 3D has only
been shown under much more restrictive conditions than (5.10), e.g., the condition k*h < 1.

FEven in one dimension, condition (5.10) improves the stability condition kh < 1 that was
required in [26].

Next, we reformulate Theorem 5.4 by deriving the statement under some conditions on
abstract approximation spaces that are easier to verify than a direct proof of (4.4).

The key step in Theorem 5.4 is the ability to decompose v = N; f into an analytic, but
oscillatory part and an H2-regular part and to approximate each part separately. This gives
rise to the definition of two types of approximation properties.

Definition 5.7 For given Ct, C, v >0, and k > ko > 0 let
HE(C! 7, k) 1= {v € HYQ)| V70l agqy < C' (™ ¥p € Mo},
HIP (M) i= {v € HHQ) | 0l aga < C1}

Let S C H' (Q) be the—possibly k-dependent—finite dimensional approzimation space for the
Galerkin method. The approzimation properties for the oscillatory and the H*-part are then

defined as:

k
1 .
S,kﬁ = = f — s 5.11
napx( ) CI ) S?C’I:)I7 7k)&}ngnv w”')—{ ( )

k .
nix (S, k) := —i  sup inf lv —wl,, -
verH? (o1 WES
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Corollary 5.8 Let d € {1,2,3} and assume the hypotheses of Lemma 3.4. Let S C H' ()
be a finite dimensional approzimation space. Then

kn (S) < C{nip (S, k) +mipy (S, k)

Proof. We split v = N[ f as in the proof of Theorem 5.4: v = vy2 +v4. Then, vy €
HA(CY, 7, k) if we choose C' = Cllfllz2) and C,7 as in (3.24b). Hence, the minimizer

wy,, € S of the right-hand side in (5.11) satisfies

k ||UA - wg)ptH'H < ¢ ||f||L2(Q) nzlmpx (S’ k) :
In a similar fashion, we obtain
k HUH2 - optHH <C ||fHL2(Q) 77;{:»( (57 k)

By the triangle inequality we get for wop, = Opt + wopt the estimate

kllv = woptll3 < C { i (S, %) + 1 (S, B) } 1] 20

A Estimate of Bessel functions

In this appendix we derive some estimates for the Hankel and Bessel functions that are used
in Subsection 3.2. First, we will consider the case of large arguments z > 1 and then the case
0<z<1.

Case 1: z =Fkr > 1.
From [1, 9.2.5-9.2.16], we conclude that the Hankel functions H, él) and Bessel functions Jy,

¢ € Ny, can be written in the form

Jy (2) 1, 2:2.5] \/g (P (2)cosx — Qg (2)siny), (A.1la)
HY () M2 \/WZ (Pu(2) +1Q0 (2)) €, (A.1b)

where x := z — 7/4. The functions Py, ), have the following property: Upon defining

Po (2 Z Pt (Ae)
Be2k+1
Qf m Z 22k+1 (Ald)
with i
1Yok

By = and 7, asin (3.11)

23k
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there holds

¢ 1
V>0 V - — =
z > m>2 1

Ve, 2m+1 1
‘(Qé - Qé,mfl) (Z)| < 26m+2 (2m + 1)] z2m+1'

Note that in Subsection 3.2 the order ¢ is always small, i.e., £ € {0,1} and, hence, we do not
analyze the dependence of the constants on ¢ in the following estimates.
We conclude that

Va2 1P ()] < Py ()] + par] 1 <C (A.22)
z ¢ <C. .2a
BTN T (o 1)1 22T
and similarly
C C C
vzl Q< IBEI<S 1EI< S (A20)
Hence, for f € {Jg, } ¢ € Ny, there holds
Vz>1 ]f(z)\<£ (A.3a)
> =7 .
[1, 9.1.60]
and the combination with |J; (2)] <  C for all z > 0 yields
Va0 ()] < Cyf — (A.3b)
z = (\2)| > 1 T Z' .

We need an estimate of the derivative at the argument z = kr for z > 1. The derivative
of (A.1b) can be written in the form

C%Ho(l) (k) 22T G gikr \/7 LRy (kr) +1Qo (k1)) (A.4)
+ C (Py (kr) +1Qo (kr)) (z (eik’" H) )

The combination of (A.4) and (A.2) leads to

‘— <C (r\/lﬁ + \/E) . (A.5)

We also need an estimate of 9, ( —ikr H (k:r)) Employing (A.1b) we obtain

d%ln (e—ikr Hél) (kr)) — C% (@(P (0, kr) —I—iQ(O,kr))) :
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Thus, for kr > 1, we get
C

i

An estimate of the second derivative of Hél) is derived by using [1, 9.1.27, 9.1.28]

)a (e a" (/m«))(

d?
dr?

HY (k)
r

(A.3a)
< omt

—H" (kr) + ;

——H" (kr )‘ =k

Case 2: z=kr € (0,1).
To estimate Hél) (z) in the range (0,1) we employ

HY (2) = Jy (2) + Yo (2)

and use for Yj (z) the expansion

%(z)z%(log ) —%i (k+1) <_%>
k=0

(k1)*
where )
Y (n):=—y+ Z k™' and v :=0.57721566... is Euler’s constant.
k=1

For 0 < z <1, we have

2
7 <—’1
Y ()] < 2 Juog

Furthermore

k

k
1
[v (k + )]<7+1+Z <’y+1—|—/ ~dr =v+1+logk =:+" +logk.

s=2

Thus, for 0 < z < 1, we have
2 z| 2 =7 +logk
Y, <—(1 -] d T TOBS
\o(z)|_7T 0g2 +W<7+; 4k(k:!)2)

Yrlogk < 1 we get

4k k!

Since
2
1Yo (2)] < - llog z| + C.

This leads to 5
Vz €]0,1] ‘H(()l) (z)‘ < —|logz| + C.
T

The combination with (A.3a) finally results in

2 C
Y (2 ‘< =) C,—+.
’ min 7Tlogzl—i— WE
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We will need further estimates of J; and @Hél). From [1, 9.1.60], we conclude
V>0  Ji(2) <1/V2.
For the derivative of Yy, we obtain (by using Jj = —.J;)
N
)

Zw(mz)m.

k=0

YO,(Z>:g (Jo (2) g (z)logf> N

T z 2

[e.e]

SHRS

For 0 < z <1, we obtain

S\ k

Z (_ZI) 2 Hlog(k+1) 2=l

d E+2)—~2 < = < — — =Cxz.

OB )k!(k+1)!_7rz FUF (k1 1)! S T

k=0 k=0 k=0
Now,
(1, 9.1.62
()] < 2/2

and we get

2 z z ez 2
Y <—(—1 Zlog 2 —)
O(z)_ﬁz —|—20g2+2

Hence, for 0 < r < 1/k, we get

2

In addition, we need some weighted estimates for second order derivatives of Hél

(A.9) we obtain

™

00,0 (k) = 25 [ 20, () — krton ST ) 4 £S89 <<k:—'>2
k=0 '

This leads to the estimate, for 0 < z <1,

2 k
10, (r0,Yy (kr))| < =k*r (c + 1og§') .

T

Note that
o, (raTHél) (kr)) — k2T, (k) + 10, (r0,Y, (k)
and, hence,
(1) 2 2 kr
VO<kr<i1 0, (r@THO (kr))‘ < —kr|(C+ log7 )
T

We finally state a lemma required for the proof of Lemma 3.5:
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0, HS" (k)| = k (1 (k)| + YG (kr)]) < =+ Ch+ - < C (; + —T> .
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(A.9)

(A.10)

(A.11)
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(A.12)



Lemma A.1 Let |s| > 3/2k and k > ko > 0. Then

TJO(ST)H( )(k:r elsthr ¢ (sr) —I—el(s k)r H(sr)}gl(kr)

7T\/_{
where the functions f1, f11, g' satisfy forr > 1 and a C > 0 depending solely on ky:
|ff< )+l + 1" ()] < €
# (£ @+ L0+ e 0]) < ¢

Proof. (A.la), (A.1b) imply the stated representation with f/(sr) = 1 (Py(sr) — Qo(sr)),
fH(sr) = 5 (Po(sr) + Qo(sr)), and g’ (kr) = Py(kr) +1Qqo(kr). The estimates for f!, f!, ¢
now follow from the bounds for Fy, Qo, P, Qf given in (A.2a), (A.2b). m

B Approximation by hp-finite elements. Case I: finite
regularity

The purpose of the present section is the proof of Theorem B.4, which constructs a polynomial
approximation to a function u € H*, s > d/2, in an element-by-element fashion (see Def. 5.3).
The novelty of the present construction over existing operators such as those of [3], [32] is
that we obtain optimal rates (in p) simultaneously in the H'-norm and the L?>-norm. Closely
related results can be found in the recent [20], where similar duality arguments are employed
to obtain estimates in L2

B.1 Lifting operators

In the p-FEM, globally continuous, piecewise polynomial approximations to a function u are
typically constructed in two steps: in a first step, discontinuous approximations are con-
structed element by element. In a second step, the jumps across the element interfaces are
corrected by suitable lifting operators. The construction of these lifting operators is the pur-
pose of the present section; the ensuing Section B.2 is devoted to the analysis of polynomial
approximation.

Before proceeding we recall the definition of the Sobolev space H&éQ(Q). If Q2 is an edge

or a face of a triangle or a tetrahedron, then the Sobolev norm || - [| ,1/2 (o) 18 defined by
00
2
lall 172, = NullZpasey + || e (B.1)
Hop™(2) dist(-, 0Q) L)

Lemma B.1 Let K22 be the reference triangle in 2D. Vertexr and edge lifting operators can
be constructed with the following properties:

1. For each vertex V. of K2P there exists a polynomial Ly, € P, that attains the value 1

at the vertex V and vanishes on the edge of K?2P opposite to V. Additionally, for every
s > 0, there exists Cs > 0 such that || Lyl s g2py < Cop™ 1.
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2. For every edge e of K2P there exists a bounded linear operator ., : HééQ(e) — Hl(f?w)
with the following properties:

(a) Yu € P,N HééQ(e) D meu € Py,
(b) Yu € Hy)? (e) + metygan,, =0,

1/2
(¢) Yue Hf (e): plimeullaqgany + et omy < C (Il ey + 22 N0l z2ce)).

Proof. Let K?P = {(z,y)|0 <z < 1,0 <y < 1—=x}. Let w,P(x) = (1 — )% The vertex
function Ly, for the vertex V' = (0,0) is defined as Ly, (v,y) = w|,)y (v)w],)y (y) for p > 2
and taken as the standard linear hat function Ly (z) = (1 — z — y) that is associated with
the vertex V' for the case p = 1. A simple calculation then shows the result. The functions

Ly, for the remaining 2 vertices are obtained by completely analogous constructions.
For the edge lifting, let e be the edge e = {(z,1 — z)|0 < = < 1}. By [3] there exists

a bounded linear operator E : HY*(e) — H'(K2P) with the following properties: Fu|, =
u, Eulygep,, = 0, and Eu € P, if u € P, N Héf(e). Introduce the auxiliary operator
(Gu)(z,y) == wP(1 = (z +y))(Eu)(z,y). By [29, Lemma B.5], we have

PIGUl 2 ooy HIGull s oy < € (1Bl s iamy + 2220 ) < € () + 2 lullz2ge)) -

Denote by IT4" - HY(K?P) — HY(K2P)NP, the H-projection and set mu := Bu+TI (Gu—
Eu). Then by the stability of Hfl and F

||7Teu||H1(f<2D) < ||G“||H1(1?2D) +2[Gu — EUHHl(f(w) <C (“UHH&{?@) +p1/2“u”L2(e)) )

which is the desired H!-stability result. For the L2-bound, we use a duality argument as
in [20]:

|G~ Bu— T (Gu — Bu)| s gamy < Cp~[[(Gu — Bu) — T (Gu — B 1 2

The H'-stability of Hf " together with stability properties of E and G produces the desired
L?>bound. m

Lemma B.2 Let K30 be the reference tetrahedron in 3D. Vertex, edge, and face lifting oper-
ators can be constructed with the following properties:

(i) For each vertex V' of K3P there exists a polynomial Ly, € P, that attains the value 1
at the vertex V and vanishes on the face opposite V. Additionally, for every s > 0 there
exists Cs > 0 such that || Ly,| He(R3D) < Cyp=3/2+s,

(ii) For every edge e of K3 there exists a bounded linear operator m, : Hyl*(¢) — H'(IK3P)
with the following properties:

(a) Teu € Py ifuecPyn H%Q(e)
(b) (wou)|f =0 for the two faces f with fNe =

32



(c) for the two faces f adjacent to e (i.c., fNe=c¢)

pllmeullzzc + lreullm ) < C||UHH362(€) + "2 |ull 2,

—-1/2

Imetll ssqorsmy < C (72 lull gy + i)

plmetll sy + el sgisny < € (07l ey + lellizco )

(i1i) For every face f of K3P there exists a bounded linear operator Ty HééQ(f) — Hl(lA(3D)
with the following properties:

(a) mpu € Py if u € P, N HégQ(f)
(b) (mew)|p =0 for the faces f' # f

p”qu“Lz(f(sD) + Hﬂ-quHl(RBD) <C (”uHHéop(f) +p1/2||u”L2(f)) :

Proof. We take the reference tetrahedron K32 to be K3P = {(z,y,2)|0 < z < 1,0 <
y<l—z0<z<l—z-—y}

Proof of (i): We construct the function Ly, for the vertex V' = (0,0,0), the other cases
being handled analogously. For p € {1,2} we take for Ly, the standard linear hat function

associated with V. For p > 3 the function Ly, (z,y,2) = w}s (2)w]})s (y)w] )y () with

wy”(x) = (1 — x)7 has all the desired properties.

Proof of (iii): [32, Lemma 8] exhibits a bounded linear operator F : Héég(f) — Hl(f?w)
with the additional property that F'u € P, if u € P,N HééZ( f). Let, without loss of generality,
f = 0K*" N {z = 0}. Define the auxiliary operator (Gu)(z,y, z) := wyP (2)(Fu)(z,y, z). This
operator satisfies (see [29, Lemma B.5] where the analogous arguments are worked out in the
2D setting)

PGl ooy Gl ooy < € (1Fulsgisny + 921 Fullacn)) < Cllall ey 4972 ull 2 ).

Letting again IT!" - HYK3P) — HY(K3P) NP, be the H'-projection, we can set msu :=
Fu+ Hf ' (Gu — F'u). The desired properties of 7 are then seen in exactly the same way as
in the 2D case of Lemma B.1.

Proof of (ii): Set foy = OK* N {z =0} and f.o = K*’ N {1 -2 —y— 2 = 0}. The edge
shared by the faces f.; and fe2is e = {(z,1 —2,0)|0 < z < 1}. By Lemma B.1 a function
u € H(%Q(e) can be lifted to a function Eu € H'(f.,1) such that Eulsy, e = 0 and

PIBul sy + 1Bl gy < € (il gagegy + 2l 20 -

Additionally, if © € P,, then Eu € P,. Since the same lifting can be done for the face f. o, we
can find a function, again denoted Eu € H*(0K3P), that vanishes on 0K3P \ (f.1 U f.2Ue),

such that pl|Eul| 2 pzsp) + [[Eull g1 grepy < C (HuHHéég(e) —|—p1/2Hu||L2(e)>. Additionally, Eu
is a piecewise polynomial of degree p if © € P,. An interpolation inequality gives

1/2 1/2 —
HEUHH1/2(8IA(3D) < CHEUHLQ(BIA(BD)HEU|’I;1(3[?3D) <Cp 2 (HUHH(%?(af@D) +p1/2”uHL2(8IA(3D)> )
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For this function Fu, [32, Lemma 8] provides a lifting Fu € HI(I??’D) with [ F'ul| g1 gap) <
CllEull grs2gspy- To get a better L?-bound, we introduce the distance functions d;(-) :=
dist(-, fe.1) and da(-) := dist(-, fe2) as well as d(-) := dist(+, fe1 U fe2) = min{d;(-),da(-)} and
set w := (1 —d)?. Define Gu := wFu. Then (Gu)|yzsp = (Fu)|ygsp since wly, ,uf., =1

— 0. Additionally, Gu € H'(K®P) since w is Lipschitz continuous.

and Fulpgspy (. |7 )

Furthermore, we have
PGl zomy + Gl yrggony < C (IFulliggony + 921 Fulliorign) - (B2)

To see this, we adapt the proof given in [29, Lemma B.5]. We split K3° = K; U K, with
K; = {(z,y,2) € K3 |d(x,y,2) < di(z,y,2)}, i € {1,2}. We note that on K;, we have
d(x,y,z) = di(x,y, 2) = z. Hence, by the arguments given in [29, Lemma B.5], we get

pllGull 2y + 1Gull iy < C (| Full ey + M2 Full g, ) -

Proceeding completely analogously for K, gives us (B.2). Since Fu|sgsp coincides with Fu,
we conclude that Gu satisfies

PllGull 2y + |Gul| g,y < Cp~'/? (HuHHééz(e) +p1/2HU||L2(e)) i (B.3)
We recall that T : HY(K?3P) — HE(K3P) NP, denotes the H'-projection and define
Teu = Fu + Hfl(Gu — Fu).

If u is a polynomial of degree p, then m.u is a polynomial of degree p. Additionally, m.u = Fu
on OK3P so that the estimates for 7, on the faces of K3 are satisfied. To see the H'(K3P)-
and L2(K3P)-bounds we note that the stability of I together with (B.3) and the stability of
F gives us the H'-bound. The L?-bound follows as in the proof of Lemma B.1 and in [20] from
Nitsche’s trick: |[meul| 2 gap) < ||Tew — Gull 2 gap) + |Gull j2(gop) < Cp~ || Fu— Gul| g1 gapy +
|Gl 2 ooy m

B.2 Approximation operators

Lemma B.3 provides polynomial approximation results on triangles and tetrahedra. The
lifting operators of the preceding subsection are employed in Theorem B.4 to modify the
approximations of Lemma B.3 such that approximations are obtained that permit an element-
by-element construction in the sense of Def. 5.3.

Lemma B.3 Let K be the reference triangle or the reference tetrahedron. Let s > d/2. Then

~

there exists for every p a bounded linear operator w, : H*(K) — P, and for each t € [0,s] a
constant C' > 0 (depending only on s and t) such that

Ju = myllgiy < O Ol P51 (B.4)

s—d/2

Additionally, we have |lu—mpul| oo ) < Cp~( )|u|Hs(f(). For the case d = 2 we furthermore

have |lu — myul| ge(ey < Cp~ Y28y ey Jor 0 <t < s—1/2 for every edge and for the case
d = 3 we have ||[u — myu|| g5y < Cp*(sfl/zft)|u|H5(f<) for 0 <t <s—1/2 for every face f and

s—1—t

|u — mpul pregey < Cp¢ )|U‘H’€(I?) for 0 <t <s—1 for every edge.
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Proof. The construction of m, with the property (B.4) is fairly classical (see, e.g., [5]).
One possible construction is worked out in [29, Appendix A] first for integers s, ¢ and, then,
interpolation arguments remove this restriction. Next, we consider the L*>*-bound, for which
we need the assumption s > d/2: We recall that for a Lipschitz domain K C R? and s > d/2
there exists C' > 0 such that

lullzwe) < Cllullzgis ™ el Yu € B (K). (B.5)
From this, the desired L*-bound follows easily. The inequality (B.5) can be seen as follows:
First, using an extension operator for K (e.g., the one given in [40, Chap. VI]) it suffices to
show this estimate with K replaced with the full space RY. Next, [43, Thm. 4.6.1] asserts
the embedding Bd/ Z(R?) c C(RY). Finally, the Besov space B%Q(Rd) is recognized as an
interpolation space between L?(R?) and H*(RY): B%Q(Rd) = (L*(RY), H*(R%))4/(25)1. The
interpolation inequality then produces the desired result. The remaining estimates on the
edges and faces follow from appropriate trace inequalities. Specifically: let w C 0K be an
edge (for d = 2) or a face (for d = 3). By [43, Thm. 2.9.3] the trace operator v is a continuous
mapping in the following spaces:

o Bl/2(K) — [*(w), and 7: Ht([?) — H7V2 (W), t>1/2.

Together with the observation BI/Q(K) = (LQ(I?),HS(I?))SJ the desired estimates can be
inferred. It remains to see the case of traces on an edge e of the tetrahedron in the case d = 3.
In this case [43, Thm. 2.9.4] asserts the continuity of the trace operator in the following spaces:

’7232171(f?)—>[/2(6), and vth(l?) — H'"(e), t>1.

Again, these continuity properties are sufficient to establish the desired error estimates. m
We conclude this section with the construction of an approximation operator that permits
an easy element-by-element construction.

Theorem B.4 Let K C RY be the reference triangle or the reference tetrahedron. Let s > d/2.
Then there ezists C' > 0 (depending only on s and d) and for every p a linear operator T :

Hs(l?) — P, that permits an element-by-element construction in the sense of Definition 5.3
such that

pllu = mull 2y + llu = 7l g7y < O~ Vlul ey V=5 -1 (B.6)
Proof. We discuss only the case d = 3 — the case d = 2 is treated very similarly. Also, we
will construct mu for a given u—inspection of the construction shows that u — mu is in fact
a linear operator.
Let 7! € P, be given by Lemma B.3. Then, for p > s — 1 there holds

u =7 me(p) < Cp’(s’tfl/Q)\u]Hs(f(), Vfaces f, 0<t<s—1/2 (B.8)
Ju — 7| ey < Cp~ Y |u Ho(R)) Vedgese, 0<t<s—1 (B.9)
lu =7 o) < Cp7(573/2)|u’HS(I?)' (B.10)
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From (B.10) and the vertex-lifting properties given in Lemma B.2, we may adjust 7! by vertex
liftings to obtain a polynomial 72 satisfying (B.7)—(B.9) and addltlonally the condition (i) of
Definition 5.3. We next adjust the edge values. The polynomial 72 coincides with u in the
vertices and satisfies (B.9). By fixingat € (1/2,s—1), we get from an interpolation inequality:

1-1/(2 1/(2t)
/( t)Hu 2” /(2t)

p"?|u— [ p2(e) + HU—WQHH;(@(G) <p1/2|\u—7T2HL2 + Cllu— 2HL2 ©) Ht(e)

< Cp— (s—3/2)

Hs(K)-

Hence, for an edge e, the minimizer 7° of the functional (5.4) satisfies p'/2|lu — 7| r2() +

[l —me| 20 < Cp~ (s-3/2 |ul (i) the triangle inequality therefore gives that the correction
00

¢ — 2 needed to obtain condltlon (ii) of Def. 5.3 likewise satisfies p'/2||w¢ — 72| r2(¢) + ||7e —

7T2HH1/2( ) < Cp= =32y sy~ We conclude that the edge lifting of Lemma B.2 allows us to
00 \€

adjust 72 to get a polynomial 7® € P, that satisfies the conditions (i) and (ii) of Def. 5.3.
Additionally, we have

Pl =7l ) + lu = 7l g ) < O™
pllu — 7r3||Lz(f) + ||u — 7r3||H1(f) < C’p_(s 3/2) |u|Hs(f() for all faces f.
Since 7|, = 7 for the edges, the minimizer 7/ of the functional (5.5) for each face f has to
satisfy pllu — 7/ | 2() + [lu = 7/ ) < pllu = 7°[l2(p) + [lu = 7|11y < Cp~ =D Ju
From the triangle inequality, we conclude

He(K)"

pllm® = 7| o gy + |7 = 7 || gy < Cp_(s_3/2)|u]Hk(f(), together with 7 — 7/ € H(f).

Hence, the face lifting of Lemma B.2 allows us to correct the face values to achieve also
condition (iii) of Definition 5.3. Lemma B.2 also implies that the correction is such that (B.6)
is true. m

C Approximation by hp-finite elements. Case II: ana-
lytic regularity

In this section, we construct a polynomial approximation operator for analytic functions that
permits element-by-element construction in the sense of Def. 5.3 and leads to exponential
rates of convergence.

Lemma C.1 Letd € {2,3}. Let G1, G C R? be bounded open sets. Assume that g : G; — R¢
satisfies g(G1) C G. Assume additionally that g is injective on Gy, analytic on G and satisfies

IVPgll L=y < Covip! Vp € Ny, |det(g")| > co >0 on Gj.
Let f be analytic on G and satisfy, for some Cy, v¢, kK > 0,
IV? fll2e) < Cpy? max{p, }? Vp € Ny. (C.1)

Then, the function f o g is analytic on Gy and there exist constants C', v, > 0 that depend
solely on v,, Cy, co, and s such that

IVP(f o 9)llr2(c) < CCpyf max{p, k}? Vp € No.
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Proof. This is essentially proved in [28, Lemma 4.3.1]. Specifically, [28, Lemma 4.3.1]
analyzes the case d = 2 and states that C', v; depends on the function g. Inspection of the
proof shows that the case d = 3 can be handled analogously and shows that the dependence
on the function g can be reduced to a dependence on Cj, 7,4, and 7;. =

Lemma C.2 Let d € {1,2,3}, and let K C RY be the reference simplex. Let 7, C >0 be

giwen. Then there exist constants C, o > 0 that depend solely on 7 and C' such that for any
u that satisfies for some C,, > 0, h € (0,1], kK > 1 the conditions

IVPull 2y < Cu(Th)P max{p,k}’  Vp € Ny (C.2)
there holds for all p € Ny that satisfy

kh/p < C (C.3)

E @ e

Proof. The Sobolev embedding theorem H2(K) C C(K ) gives us for suitable C' > 0

the bound

1;1% lu =7l yeee iy < CCL

IV ull oo 2y < CuC [(FR)" T max{n + 2, }" " 4 (Fh)" max{n + 2, k}"]
< CC,(Fh)" max{n + 2, k}" (1 + max{(n + 2)h, hx}?) .

In view of hx < 5p, we may estimate for any v > 1 and appropriate C' > 0 :
IVl oo () < CCp*(Fyh)* max{n + 2,k}"*  Vn € Np. (C.5)

Define
pi=yVde, (C.6)

and let 7o = diam(K) and bz be the barycenter of K. The bounds (C.5), (5.2) and Stirling’s
formula in the form n! > (n/e)" imply that the Taylor series of u about z € K converges
on a (complex) ball By jn)(x) C C* of radius 1/(ph) and center x € K. For the polynomial
approximation of u, we distinguish the cases puh < 1/(2rg) and ph > 1/(2r).

The case ph < 1/ (27‘0) In this case the Taylor series of v about bz converges on an open
ball that contains the closure of K. We may therefore approximate u by its truncated Taylor
series Tpu. The error is then given by

1

u(z) = Tulz) = Y —D%ulbg)(x —bg), @ € Bug(bg) C C.
a€Ng:|a|>p+1 '
Hence (5.2) implies
lu = Tyull s, < —|Da gt < Z “dm V" ull o )
|a\2p+1 : n=p+1
= 1
2 - nn/2( =1\ __.
< CCyup Zl oy max{n + 2, k}"d"*(yyh)"ry =: S.
n=p-+
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This last sum S is split further using Stirling’s formula n! > (n/e)" and (1 + 2/n)" < e*:

a(n+2)"
n!

1
S=00p | Y. —S(dreygsh)+ Y (yyhnoVd)

p+H1<n<k—2 n>max{p+1,k—2}

< CCO,p2e? Z % (\/Ziryﬁ%h)n + Z (e ’W\/aroh)” =: 51+ 5,.

n>p+1 n2ptl 2

We estimate these two sums separately. For Sy, we use the assumption proh < 1/2, which
allows us to estimate

L p+1 L p+1
Sy < CCOp*e* (uroh)"™ = CC,p*e® (ﬁ) < OCuwpe ( Ly h) ‘

2uro  2pro 270

For S;, we recall that Taylor’s formula gives, for = > 0,

1 1 1 [ p+1
Z _'xn:ex_z_'xn:_' (-T—t)petdtgx‘ e”.
n>p+1 G n=0 s P Jo p:
Hence, we can estimate S; by (recall 3yvd = pu/e),
h)PH1 0 R\ Pt
5'2 S COUPZ ((/’l’/e)"“()'l‘f ) e(u/e)romh S Ccupg (e UToR ) ’
p: p+1

where, in the second inequality, we have used the assumption hr/p < C and Stirling’s formula
n! > (n/e)" and have abbreviated 6 := Cu/ery. Combining the estimates for S; and Sy we
arrive at the following estimate for suitable ¢ > 0 (depending only on p,rg, and C):

kh\ P! B\ Pt
- T o W< S < 5 .
o= Dol ooy = 5 = €€ ((op) * (a n h)

Since dist(K, 9By, (b #)) > 0, the Cauchy integral formula for derivatives then implies

K/h p+1 h p+1
Ju — TPUHWZOO(I?) < CCy ((0_1)) + (U + h> '

The case ph > 1/(2r¢): In this case, h is bounded away from 0, namely, hy := 1/(2rou) <
h < 1. We recall that for every z € K the Taylor series of u about x converges on the
(complex) ball By n(x) C C% Setting r1 := 1/(2u), we infer from this that u is analytic
on By, := U,z Bo, (2) C C% The estimate (C.5) and a calculation analogous to the above
reveals that on B, := U, 3B, (7) we have (note that h > hy)

||U||LOO(BT1) < CC,pPevth.

for a constant ¥ > 0 independent of p, k, h. Approximation results for analytic functions on
triangles/tetrahedra (see [28, Prop. 3.2.16] for the case d = 2 and [15, Thm. 1] for the case
d = 3) imply the existence of C', b > 0 that depend solely on r; such that

inf flu = 7l[2ee ) < CCyup* eVt e=tr Vp € Np.
TEPp+1
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We finally distinguish two further cases: If Jxh < pb/2, then we can estimate

h(] p+1
pZGﬁnhpe—bp S er—b/2p S C (U " h0> ’

for suitable constants C', ¢ > 0 depending only on b and hy. Since h > hy and the function
h +— h/(o + h) is monotone increasing, we have reached the desired bound. If, on the other
hand, Yxh > pb/2, then

~ ~ h 2 \P
pQGﬁ&hefbp < Ceﬁnh < CeﬂC’p —C <e§0>p < C (K_geﬂC) :
p
we recognize this bound to have the desired form. m

Lemma C.3 Assume the hypotheses of Lemma C.2. Then one can find a polynomial m € P,

that satisfies
h p+1 kh p+1
> C.7
3) (%) ©

and additionally admits an element-by-element construction as defined in Definition 5.3.

||u - 7T||W1,oo(f<) <CC,

Proof. The construction follows standard lines. We will only outline the arguments for
the case d = 3. In order to keep the notation compact, we introduce the expression

h p+1 wh p+1
() ()
In what follows, the constants C;, o; > 0 (i = 1,2,...) will be independent of C,, h, p, and
k. Let m € P, be the polynomial given by Lemma C.2. It satisfies |lu — 7[|yy2.00 ) < E(C, 0).
Therefore, we may correct m by a linear polynomial without sacrificing the approximation
rate to ensure u(V) — w(V) for all vertices V' € V. This corrected polynomial, denoted 72,
vanishes in the vertices and still satisfies ||u — 7T2HW2700(I?) < E(Cy,09). Next, we correct
the edges. We illustrate the procedure only for one edge. Without loss of generality, we
assume that K = {(z,y,2)|0 < x,y,2 < 1,z +y < 1 — z} and that the edge e considered
is e = {(0,0,2)]|z € (0,1)}. Let the univariate polynomial ¢ € P, be the minimizer of
the functional (5.4). From |ju — 7%||w2eee) < [Ju — 7r2||W2,oo(f() < E(Cy, 04) we can conclude

E(C,0):=CC,

that p'/2|lu — 7°|| z2(e) + |lu — 7Te||H3({2(e) < Cp'2E(Cy, 03). Hence, for the required correction

7¢ = 72|, — 7¢, which vanishes in the two endpoints of e, we get from a triangle inequality

and standard polynomial inverse estimates || 27| o) + |7 1ooe) < E(Cs,03). We may

lift this univariate function to K by

l—z—y—=2

T, T ()

7(x,y, 2) =

This is a polynomial of degree < p that vanishes on all edges but the edge e; clearly,
17| oo () < E(C3,03). The polynomial inverse estimate |7y 100z < CpQH%eHLOO(f{) shows
that [|7¢[|yy2.0 () < E(C4, 04). Proceeding in this fashion for all edges, we arrive at a polyno-

mial 73 with the desired behavior on all edges of K and satisfies ||u— Tl w2ee iy < E(Cs,05).
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It remains to construct a correction for the faces. To that end, the key issue is again that of
a lifting from a face f. Without loss of generality, this face is f := {(x,y,0)|0 < z,y,x +y <
1}. For a polynomial ¢ defined on f that additionally vanishes on df, we define the lifting
7! by
xy(l—az —y—2)
ry(l —z —y)

(2, y, 2) = (z,y).

This is a polynomial that vanishes on all faces of K except on f. Additionally, it is a lifting,
i.e., 7/|; = m° Asin the case of the lifting from the edge we see that if 7¢ is exponentially small
on f, then the lifting is likewise exponentially small. To see that the required correction 7¢ is
exponentially small, let 7/ be the minimizer of the functional (5.5). Since 7 has the desired
behavior on the edges of f, we have 7°|o; = m/[o; and therefore [|u — 7°( ;2.0 ) < E(C5, 05)
allows us to conclude ||7% — 7/|| ;1) < CE(C5, 05). Polynomial inverse estimates then imply
for the lifting 7/ that ||7?f||W1m(f() < E(Cg,06). m

D comments on the proof of Lemma B.3

We have heavily used “non standard” Besov spaces in the proof of Lemma B.3. The following
two lemmas show these spaces, being intermediary in the proof anyway, can be avoided.

Lemma D.1 Let Q C R? be a bounded Lipschitz domain. Let s > d/2. Then there exists
Cy > 0 such that
1-d/(2s d 25
lull 2oy < Cullull g™ llull3?
Proof. A short proof is as follows: Let £ : L*(2) — L?(R?) be the Stein extension operator.
Then ||Bul|2@e) < Cllullr2) and [|Eul|gs@ey < Cllullgs). By [43, Thm.4.6.1], we have

the embedding estimate BQd/f(Rd) C C(R%); in particular, |[u|zega) < CHU/HBd/s(Rd). Next,
) 2,1

we recognize that Bg/f(Rd) is obtained by interpolation between L?(R%) and H*(R?) via the
K-method; specifically, Bd/Q(Rd) (L*(R?), H*(R%))g, with 6 = d/(2s). Hence,

d/(2s)
Hs(Rd)"

1-d/(2s
ull g2 ay < Cllull 2 g (57 |lul

We conclude

1—d 25 d 25 1— d 25 d 25
| o) < CllBull poo ey < CllBull s | Eullricasy < Cllull o™ Iull s

An alternative proof that avoids the Besov space Bg/f(Rd) is as follows: We assume that s
is not an integer (the case of s being an integer is shown analogously). For the unit cube

Q = (0,1)4, the Sobolev embedding theorem asserts

1wl e @) < Cllul

(This can be seen by expanding u in a Fourier series). For the norm ||u
equivalent norm (the Aronstein-Slobodeckij norm)

D ula) — Druly)P
Il = Il + il where Iulhgyi= 3 [ [ P dvay
laf=Ls]

H*(Q), We now use the
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We use the analogous expression for |u
@, we can infer

Hs(Rd)- By covering R? with translates of the unit cube

||uHL°°(Rd) S C U|U||L2(Rd) + |U HS(]Rd)] \V/U S C?(Rd) (Dl)

We next proceed in the standard way to infer from this a multiplicative estimate. For u €
C5°(R?) we define, for R > 0 to be chosen below, the function ug(z) := u(Rz). Then

HUHLOO(]Rd) = ||UR||LOO(Rd) <C [”URHL?(Rd) + [ur HS(Rd)} =C [Rd/QHUHB(Rd) + Rd/2_s|u|H5(Rd)} .

This estimate holds for every R > 0 with C' > 0 independent of R and u. Selecting
e (e
||u||L2(Rd)

d/(2s) 1-d/(2s
b lull s Yo e CR(RY).

produces

|l Lo (ray < |u
From this estimate, the desired bound on {2 follows easily. =

Lemma D.2 Let K = R? and w = R x {0} be a hyperplane and s > 1/2. Then there
exists C' > 0 (depending s) such that
1- 1 1/(2s s
Iz < Cllulliage” Nl Yo € HY(K).
Proof. A proof based on the Besov space B217/12(K) can be found in [30, Thm. A.2]. An
“elementary” proof based on the continuity of the trace operator H*(K) — H* '/?(w) can be

shown using the same techniques as in the proof of Lemma D.1—see [30, Exercise A.1] for
details. =

Lemma D.3 Let d > 3, K = R?, w = R%2 x {0} x {0} be a hyperplane of co-dimension 2.
Let s > 1. Then
S— 1 s 1/s s
lullzzy < Cllull oyl Yu € H*(E).
Proof. The proof consists in iterating Lemma D.2. Let w = R4 1x{0}. Applying Lemma D.2

with s’ = s —1/2 > 1/2, we get in view of 1/(2s) = and 1 —1/(2¢') = 2=

25—

25—2 25— 1 1 25 1
lull 2wy < Cllull Sy Vlull 220,

Applying again Lemma D.2 and the trace theorem we arrive at

1 25— 1
25 25 1 ”u 25—1 (l]{)

35)50t
lullz2) < Cllullys u

elementary manipulations of the exponents produce the desired form. m
Acknowledgments: We would like to thank Prof. R. Hiptmair for discussions concerning
the choice of the model problem.
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