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QUASI-OPTIMAL A PRIORI ESTIMATES FOR FLUXES IN MIXED
FINITE ELEMENT METHODS AND APPLICATIONS TO THE
STOKES-DARCY COUPLING

J.M. MELENK*, H. REZAIJAFARIT, AND B. WOHLMUTH?

Abstract. We show quasi-optimal a priori convergence results in the L?-norm on interfaces for
the approximation of the normal component of the flux in mixed finite element methods. Compared
to standard estimates for this problem class, an additional factor \/ﬁ| log h| in the a priori bound
for the flux variable is obtained by using new upper estimates in strips of width O(h) near these
interfaces. An important role in the analysis play anisotropic and weighted norms. Numerical results
including an application to the Darcy—Stokes coupling illustrate our theoretical results.

AMS subject classification: 65N30
Key words: anisotropic norms, local FEM error analysis, mixed finite elements,
saddle point problem, Stokes—Darcy coupling, weighted norms

1. Introduction. An important goal of many simulations in applications are ac-
curate and reliable values for the normal flux across certain interfaces or the boundary
of the domain. As an example, we mention that the treatment of complex problems
in physics or engineering requires quite often the use of a variety of models in different
parts of the computational domain, which in turn are coupled through the normal flux
across common interfaces. On the level of numerical methods, this entails a need to
understand and quantify the discretization error in the normal flux at interfaces. In
the present paper, we study this question, taking the Poisson problem in mixed form
as our model problem. Our setting is motivated by more complex problems in porous
media applications such as the well-known Stokes—Darcy coupling problem. There,
discretizations that are (locally) conservative are of particular interest, and one such
class are mixed finite element methods (FEM). An attractive feature of mixed FEM
is that, in contrast to the popular, well established finite volume schemes, methods of
arbitrary order are available.

In numerical methods that are based on a primal-dual formulation, the normal flux
at an interface can be extracted directly from the flux variable. In mixed FEM, the
errors in the primal and dual variables are linked to each other, and the standard
saddle point theory [7, 18] leads to a priori estimates for the flux variable in the L?-
norm on an interface which are at most of order [ — %, where [ is the order of the flux
error in the L?-norm on the domain. However, the best approxzimation error for the
normal flux in mixed finite element methods is typically better by a factor v/h. It is
this gap in the a priori analysis that the present paper removes (up to a logarithmic
factor). We flag at this point that this improved estimate is fairly easily achievable if
optimal order estimates in L are available; however, this requires significantly more
regularity than the present analysis.

In view of the technical nature of the article, we formulate in Section 2 our model
problem and state the main result which yields quasi-optimal a priori error estimates
for the normal flux. The remainder of the paper is devoted to the proofs of the a priori
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bound and to numerical results. In Section 3, we introduce a suitable anisotropic norm
and a dual problem with right-hand sides that are supported in a strip of width O(h)
near the interface. Section 3 also discusses the regularity properties of the solutions of
these dual problems. Section 4 quantifies the approximation properties of the Fortin
operator in these anisotropic norms. In Section 5, the convergence analysis for the dual
problems is given, and the proof of the main result, Theorem 2.2, is presented. Finally,
in Section 6 we provide numerical results including the application to a Stokes—Darcy
coupling.

2. Problem formulation and main results. Let Q ¢ R? d = 2, 3, be a
convex and bounded polyhedral domain and f € L?(Q2). We consider the model
problem

—Au=f in Q, u=0 on 09,
in its saddle point formulation based on H(div;) and L?(Q2), where
H(div; Q) := {r € L*(Q)¢, divr € L*(Q)}.
The saddle point formulation is: Find (o,u) € H(div; Q) x L?(£2) such that

a(o,6) +b(6,u) =0, &€ H(div;Q), (2.1a)
b(o, @) = —(f, @), u€ L*(Q), (2.1b)

where the bilinear forms a(, -) and b(+, -) are given, for 7,7 € H(div; Q) and v € L?(Q),
by

a(r,7) IZ/T-?dx7 b(r,v) ::/diVTvdx.
Q Q

The saddle point formulation is well-posed, [7, Sec. IV.1.2]. We note that in contrast
to the primal weak formulation, the homogeneous Dirichlet boundary conditions do
not enter into the definition of the spaces.

For integer k € Ny, Sobolev norms on 2 are denoted by || - ||5; the semi norm k > 1
is denoted by | - |i. For s & Ny the Aronstein—Slobodeckij characterization for norms
and semi norms is applied. A second lower index, e.g., || - [|s;w O | - |s; indicates that

the norm or semi norm is not considered on 2 but on w, which will typically be an
element or an edge or face. We will also work with the Besov spaces B3  (£2), which
are defined as interpolation spaces using the “real method” (see [21, 22] for details):
for positive s € N and ¢ € [1, 00| we set

B3 ,(9) == (H™(Q), HN Q) () - (2.2)

2.1. Discretization. For simplicity of notation, we restrict ourselves to a family
of quasi uniform simplicial meshes 7;, and use standard mixed finite elements. In 2D,
& stands for the set of edges whereas in 3D we write &, for the set of faces. We
consider the uniformly inf-sup stable pairings V;¥ x M} C H(div; Q) x L*(Q) where
V[ is either a Raviart-Thomas (RT) or Brezzi-Douglas-Marini (BDM) finite element
space. For details, we refer to [3, 4, 7, 27] and the references therein and to the original
contributions [1, 5, 6, 17, 19]. More precisely, we set

RT} := {7 € H(div;Q), 7|7 € RTW(T), T € Tp,}, RTx(T) := (Pe(T))? + P.(T)x
BDM} := {r € H(div;Q), 7|7 € BDM(T), T € T}, BDM(T) := (Px(T))<,
2



where k € Ny in the case of Raviart-Thomas elements and k € N for Brezzi-Douglas—
Marini elements. The local spaces on the element T' are denoted by Vi (T'). We recall
that RTZLC C BDM,fJr1 C RT}’fH, k € Ng. Quite often lowest order finite element
spaces are used. The popular choice RT}? has exactly one degree of freedom per
edge/face e € &, whereas BDM] has two degrees of freedom per face/edge.

For the approximation of L2(f2), we use piecewise polynomials

P} = {ve L*(Q), vlr € Pu(T), T € Tp}.

It is well known that the pairings (V}¥, MF) := (RTF, PF), k € Ny and (V}F, Mf) ==
(BDMF, P;ffl)7 k € N are uniformly inf-sup stable, [7, Sec. IV.1.2]. As can be easily
seen, mixed finite elements satisfy the inverse estimate

C
|7rnlo;e < ﬁHTh or, Th € Vi(T), T €Thec&, witheC IT. (2.3)

We note that all our constants 0 < ¢, C' < oo are generic constants and do not depend
on the mesh size but possibly depend on the order k.

Of crucial importance for our analysis will be the so-called Fortin operator I} (see,
e.g., [7, Sec. I11.3.3]) which maps a dense subset of H(div;2) onto V}*. Analogously to
the nodal Lagrange interpolation operator for standard conforming elements, I ,}fT|T €
Vi (T') is uniquely defined by 7 restricted to T. In the case of V}f = RT,ff, we have

divIfr =¥ divr (2.4a)
whereas for V¥ = BDMF, we have
div Ifr = It div . (2.4b)

Here H’fL stands for the elementwise defined L?-projection onto P}f. For simplicity of
notation, we introduce II; := Hfl in the case that V}f = RT,ff and II} = Hf;l in the
case that V¥ = BDMJ. We recall that I not only commutes with IT} but also with
w}’j, ie.,

(Iyrn)le = m; (rn)le, (2.5)

where 7} is the L2-projection onto I[1.c &, Pk (e). Moreover, the Fortin operator has
the following local best approximation properties, [7, Prop. 3.6, Sec. I11.3.3]:

17 = 57l jr < CR*F Y gpaer, 7€ (HPHT))Y, 0< s <k, je{0,1},
(2.6a)

1
(7 — IFr)n|jg.. < Ch* Y rn|gi.e, 7€ H(e), -5 <s<k. (2.6b)

It is obvious that (2.6b) directly results from (2.5). We note that (2.6) holds for
both choices of Vh]~c whereas for estimates in the L?-norm of the divergence we have
to consider, due to (2.4), the two families separately.

By (on,un) € V;F x MF we denote the finite element solution of the mixed formu-
lation, i.e., (op,up) satisfies (2.1) if the test spaces are restricted to V;* and M}.
Moreover, (op,,up) € V¥ x MF is be uniquely characterized by the following Galerkin
orthogonalities:

a(o —on,on) +b(Gn,u—up) =0, &, € VF, (2.7a)
blo —on, @) =0, 1y, € M. (2.7b)
3



2.2. Main result. The regularity assumption on o is formulated in terms of the

Besov space B3 1 (€2), which is defined in (2.2). We recall the fact that for each e > 0
and non-integer s we have the embedding H***(Q) C B5,(Q) C H*(Q).
Let T be a (d — 1)-manifold such that € is decomposed by T' into a finite number
of Lipschitz domains. We assume that the mesh 7, resolves I'. Note that we do
not require that the subdomains be convex. Moreover I' can be written as union of
O(h'~%) edges/faces in &, i.e., [ := Ueegnce, e For each e € & we associate a unit
normal n. In the case that e C 02, n is given by the outer unit normal, otherwise
the orientation is arbitrary but fixed. Then we associate with each e € & an element
T. € Tp such that e C 0T, and the outer unit normal of T, coincides with n. With
the aid of the elements T,, we define S}, as

?h = UeEEFTe- (28)

and note that Sy, is a subset of a strip of width O(h) around T".
LEMMA 2.1. Let (o,u) € H(div; Q) x L*(Q) be the solution of (2.1) and let (o4, up) €

3
ViEx M} be its finite element approzimation determined by (2.7). If o € (B§’41-2 ()4,
then the L?-norm error of the flux on the interface T' can be bounded by

1
llo = onmllor < € (W0l g + 7zl = onlus, ).

3
where || - ||Bk+% stands for the Besov space (B;J{Q (Q))4-norm.
2,1

Proof. Startiyng with the triangle inequality and using (2.3) and (2.5), we obtain the
upper bound
O;Sh,) :

The first two terms on the right yield, due to the best approximation property of
WZ and the local character of I f’f, order h**1 estimates provided that the solution
is sufficiently smooth. More precisely, for the second term, we can apply (2.6a) in
combination with [15, Lemma 2.1].

The first term can be bounded in terms of (2.6b) and the fact that the trace operator

is a bounded linear operator B;/f(Q) — L3(T), [22, Thm. 2.9.3]. O

Lemma 2.1 shows that there is some hope to recover an extra factor of vk in the a
priori estimates for the normal flux at the interface. We point out that this factor can
be trivially found if the regularity is such that L>-estimates of optimal order hold. We
refer to [25] for L>°-estimates for mixed finite elements and note that these estimates
require rather strong regularity assumptions. In the following theorem, which is the
principal result of the paper, this assumption is considerably relaxed.

THEOREM 2.2. Let Q C R?, d € {2,3}, be a convex polygon/polyhedron. Let (o,u) €
H (div; Q) x L%(Q) be the solution of the model problem (2.1) and let (op,up) € ViF x

3
MF be its finite element approzimation, which satisfies (2.7). If o € (BS’JP(Q))‘{,
then the L?-norm error of the flux on the interface T' can be bounded by

1 1
Ito = anpallor < € (Jlon - ahtonlor + llo - Holos, + =llo ~ o

(@ = awnllox < CR*loghllol] .y (2.9)
2,1



3. Dual problems and their regularity. The analysis of the L?-error on the
strip Sp, which is defined in (2.8), is based on a dual problem and closely related
to the Aubin—Nitsche trick. However, we have to use suitable anisotropic norms and
study the dual problem with right-hand sides supported by Sp,.

3.1. Dual problem formulation. We denote by (\,w) € H(div;Q) x L?(Q)
the solution of the dual problem

a(\, &) +b(6,w) = (x(0 —0on),6)0, &€ H(div;Q), (3.1a)
b\ W) =0, we L*Q), (3.1b)
where 0 < y < 1 is a smooth cut-off function that is equal to one in .S, and vanishes

on {x € Q: dist(z,I') > kh} with & sufficiently large but independent on the mesh
size. We will also assume

IVx/VXllLe < Ch™Y (3.2)

The mixed finite element solution of (3.1) is denoted by (An,wp) € V¥ x MF and
satisfies the Galerkin orthogonalities

a(X— X\, 1) + b(Gp, w—wp) =0, &, € V¥, (3.3a)
b\ — A\, @p) =0, @y € M. (3.3b)

It is well-known that a higher order a priori estimate can be obtained for the pressure,
namely, using the convexity of {2, one can show (see, e.g., [7, outset of Sec. V.3])

[wn = wllo < ChIA = Anllo- (34)

Using A and \;, as test functions in (3.1a), (3.3a), and taking into account (3.1b),
(3.3b), we get

[Allo < lx(e = an)llo,  [[Anllo < lIx(o = on)llo- (3.5)

For the further developments, it will be useful to note that for sufficiently regular w
we have

—Aw = div(x(o — op)), on Q, w=0 ondN. (3.6)

and correspondingly A = x(o — op,) + Vw.

3.2. Regularity. Our a priori analysis is based on regularity results of the solu-
tion (A, w) of (3.1). Let us study this problem in more generality by considering, for
g € (L?(£2))¢, the problem of finding (\,, w,) € H(div; Q) x L?(2) such that

a(Ag,0) +b(G,wy) = (g9,5)o, & € H(div; Q) (3.7a)
b(Ag, ) =0, W€ L*Q). (3.7b)

Let us denote by TM = (TM, TM) the solution operator g — (\,, wy) for (3.7), i.e.,
Ay = TMg and w, = TMg. Then, the following two technical lemmas give us suitable
regularity and stability results for the w-component TM g.
LEMMA 3.1. Let Q be a bounded Lipschitz domain. Then TM is a bounded linear
operator with the following mapping properties:

(i) TM . (H(div;Q)) — L*(9).



(it) Tp' + (L2(Q)) — Hy ().
(iii) If Q is convex, then TM : H(div; Q) — H2(Q) N HE(Q).

!
(iv) If Q is convez, then TM : ((B;{f(ﬁ))d) — 321/020(9)

Proof. The statement (i) follows from the well-posedness of the saddle point problem
(3.7). To see (ii), let w, € H} () satisfy

(V, Vo) = (9,Ve)o, ¢ € H(Q) (3.8)

and set 5\9 = g — V,. Then, we find div 5\9 = 0 and thus (5\9,11)9) € H(div;Q) x
L2(2). Moreover, (\y,10,) satisfies (3.7a) and (3.7b) are by definition and integration
by parts. Since the solution of (3.7) is unique, we conclude w, = w,; thus (ii) is valid.
For g € H(div;Q), an integration by parts shows that w, not only solves (3.8) but
also

(vwgpvgp)o = —(dng7g0)0, (7S] H&(Q)

The standard shift-theorem for convex domains then gives w € H?(f2) and thus (iii)
holds.

Finally, we show (iv). The proof exploits an equivalence of the weak and the very
weak formulation of Poisson problems in convex domains. We consider the variational
problem: Find y € L?(€) such that

B(y, ) :== (y, Ap)o = (9, Vo) (11 (2))ay x (H (2))4> e H*(Q)NHj(Q), (3.9)

where (-, ) ((m1()))a) x (1 ()¢ stands for the duality pairing between ((H*(£2))%)" and
(H'(2)%). By the convexity of (2, the bilinear form B satisfies an inf-sup condition and
thus the solution operator T2 : (H*(Q))4)" — L?(Q) given by g + y is bounded and
linear. Selecting ¢ € H%(Q) N Hy () in (3.8) and integrating by parts shows that w,
also solves (3.9). By uniqueness, we thus get that the solution y = T g = w, € H} ()
if g € (L2(2))?. Having that TL : (L*(Q))¢ — HY(Q) ¢ H(Q) is bounded and
linear, we can apply an interpolation argument to find that
IO, ((HH )Y (L)) 172,00 = (L), HY(9))1/2,00 = By/2 ()

2,00

is bounded. Finally, we recall that T2 = T2 on (L?(Q2))? and note that, see, e.g.,

VW

[22, Thm. 1.11.2] or [21, Lemma 41.3], we have

((HM )Y, (L)1 /2,00 = ((HU ()%, (L) )1/2.1) = (B/2 (€))%
0
REMARK 3.2. The assumption of convezity of 2 in assertion (iv) of Lemma 3.1 can be
weakened: it suffices that Q admit a shift theorem by more than 1/2; see Appendiz A
for details.
Next, we provide stability results in weighted Sobolev norms. As weight, we introduce
the regularized distance § from I', namely,

0(z) := h + dist(z,T). (3.10)

LEMMA 3.3. Let the bounded Lipschitz domain Q C R?, d € {2,3}, be a polygon
(d = 2) or a polyhedron (d = 3). Then there exist c; > 1, ca > 0 independent of h
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such that the following is true: if y € B;/;(Q) solves —Ay =0 in Q\ S¢,n, then

VoV ylloens.,. < CVITogAlIyl 512 o (3.11a)
IVoVyllogns.,.. < CVIog Ayl ysrz e i in BY2(Q).  (3.11b)

Here, Sup, = {x € Q, dist(z,T) < ah}.

Proof. The proof of (3.11b) can be found in [16, Lemma 5.4] and the proof of (3.11a)
follows by the same type of arguments. O

We are now in a position to apply Lemma 3.1 and Lemma 3.3 to the dual problem
(3.1), i.e., we set g = x(0 —op) in (3.7).

LEMMA 3.4. Let Q be convez, (\,w) € H(div;Q) x L?(Q) be the solution of (3.1).
Then w € H2(Q) N HL(Q), and it satisfies

IV8Vule < CVay/Tloghlllx(o — on)llo, (3.122)
IV3V2wllo < CVin/Tog hll| div(x(e — o4)llo. (3.12b)

Proof. We note that the support properties of x imply that w is harmonic in Q\ S, 5,
for suitably large ¢c; > 1 and thus we are in the setting of Lemma 3.3. We start
with the bound (3.12a) and decompose the domain € into Q \ Sc,, and Sc,,. Then
assertion (iv) of Lemma 3.1 in combination with [15, Lemma 2.1] yields

”\/ngHO;Q\Sczh < Cy/|loghl|Ix(o — Jh)H((B;_/f(Q))d)/ < C\/E”X(J —on)llo-

The assertion (ii) of Lemma 3.1 implies the bound |[Vw|o < C||x(c —o)lo, and thus

we have [|VoVwloss,,, < CVh|x(o = an)lo-
Proceeding as in the proof of (3.12a), we get in view of the assertion (iii) of Lemma 3.1

VoV2w

We note that [16, Lemma 5.2] and [15, Lemma 2.1] results in

0:5.5n < CVR|[V2w]lo < OV div(x(o — on))llo-

loll /2 0y < Clldiv(x(o = o) /2 gy < OVl div(x(e — on)o-

To bound the weighted norm on Q \ S.,5, we use (3.11b)
VoV wlloons., < Cv/Ioghllwllzr2 o) < CV/IlogAIVR| div(x(e = an)llo.

4. Approximation in anisotropic norms. In this section, we introduce aniso-
tropic norms and reconsider the approximation properties of the Fortin operator I ;f
and the L?-projection IT; with respect to these norms.

4.1. Anisotropic norms. The definition of our anisotropic norms is based on
the decomposition of a d-dimensional domain into a one-dimensional and a (d — 1)-
dimensional subset and is closely related to weighted Sobolev spaces where the weight
depends on the distance to I'. Let us introduce the (d — 1)-dimensional manifold ~,
by

vy = {x € Q, dist (z,T) =71}, 7>0.
7



We note that there exists a D < co depending only on the diameter of {2 such that
v, = 0 for 7 > D. We place ourselves in the setting of the Fubini-Tonelli formula for
integration over 2 and assume the existence of a measure du” such that

D
/wdx:/ / wdp” dT.
Q 7=0 J v,

This is done for simplicity of exposition—in the general case, we can use a localization
technique and fitted coordinate systems as done in [16].
Next, we introduce our anisotropic norms by

1
D AN
[l L2) = [0l Lr(0.0):22(3)) = (/ O(/ vr"duT) dT) , 1<p<oo, (41a)
T= Y-

1

2

P A — ( / vw) (4.1b)
7€(0,D) -

and observe that for p = 2 we recover the standard L?(Q)-norm. Roughly speaking the
L(p,2)-norm has a (d — 1)-dimensional L?-component and a one-dimensional LP-part.
As a consequence of the one-dimensional Holder inequality, we find

’/vf)dx
Q

4.2. Approximation in anisotropic norms. In this section, we reconsider the
Fortin operator and its approximation properties with respect to our newly defined
anisotropic norms. The definition (4.1b) of the L(oo;2)-norm shows that we have to
consider the L?(7y,)-norm in more detail. As a preliminary step, we introduce the sets

- 1 1
< ”UHL(p;Z)”UHL(q;Z)a 2; + 6 =1 (4.2)

Sp(1) ==Urer.T, T, :={T €Th:vNT#0} (4.3)

and observe that Sp,(7) is a subset of a strip of width O(h) around T'.
3
LEMMA 4.1. For o € (B;J{Q ()%, we have

o = Il < CH ol L. (1.4a)
2,1
| divo —II}, div o | 1. (o0i2) < CR¥|| div O”Bk+% . (4.4b)
2,1
Proof. Recalling (4.1b), we see that we have to bound the L?(~,)-norm. The trace in-

equality in combination with the H!-stability yields an upper bound for ||o —I¥c 0.+,
in terms of the norm restricted to Sy (7). Due to (2.6a), we get

k k
lo — ol = 3 llo— ol 7

TeT:
1
<cy (h||g — o3 + 2IV(o - Ilfff)ll%y)
TeT:
<C Z h2k+1|0‘z+1;T < Ch2k+1|0‘i+1;sh(7)~
TeT:



The definition (4.3) guarantees that an additional factor of h can be recovered using
[15, Lemma 2.1], i.e., |0\i+1,5h(7) < Chllo|? . s and thus (4.1b) yields (4.4a).

' B2,1 2
Now, we focus on (4.4b) and proceed as before

||diva—HZdivaH%m = Z HdiVO'—H;;diVOH(Q)_’Y T
TeT,

1
<C >y <h|| dive — ITj, div 0|2 + ||V (div o — IT, div 0)|(2);T>
TeT,
<C Y divell, < Ch* N divellg, ) < Ch| divaHQBH%.
TeT, 2,1
0
REMARK 4.2. We note that Lemma 4.1 is not sharp in the case that V}f = RT}IL“.
Then k on the right-hand side of (4.4b) can be replaced by k + 1 provided that the
solution is reqular enough. However, this sharper result does not significantly improve
the global estimate for the normal fluxz on the interface and is thus not stated.

5. Proof of the main result. In this section, we provide the proof of Theo-
rem 2.2. To start with, we consider in Subsection 5.1 local L?-estimate for the error
o — op. In Subsection 5.2, we focus on a priori bounds for the error in the flux of the
dual problem. Finally in Subsection 5.3, the main result (2.9) is established.

5.1. Local L*-estimates. The Aubin—Nitsche trick in combination with the
Hélder type inequality (4.2) allows us to bound ||\/x(¢ — o4)llo-
LEMMA 5.1. Let (o,u) € H(div;Q) x L?(Q) be the solution of (2.1) and (op,up) €
VE x MF be its finite element approzimation. Let (A\,w) € H(div;Q) x L*(Q2) be
the solution of the dual problem (3.1) and (A, wy) € ViF x MF be its finite element

3
approximation. Then for o € ngz (), we have

IvX(o = on)llg < CR* (RlIA = Anllzi2) + lw = Twllza;2) ol esg- (5.1)
2,1

Proof. A crucial observation for the proof is that div A, = 0. This follows from the
fact that div V;¥ = MF and (3.1b), (3.3b). Moreover, we recall that by (2.1b), we have
b(o — op,vp) =0 for all v, € MF. The symmetry of the bilinear form af(-,-) yields in
combination with (2.1a) that a(r,,0 — op,) = 0 for all 7, € V}, with div 7, = 0. Using
the definition of the dual solution and exploiting the Galerkin orthogonality (2.7a),
we find
Ivx(o = an)lls = (x(6 = on),0 = on)o = a(A, 0 — op) + b(0 — op, w)
=a(A— A\p,0 —op) + b(o — op, w — wy).

Now using the Galerkin orthogonality (3.3a), we can replace the finite element solution
op, by the Fortin interpolation of ¢ and wy, by the L?-projection of w

lvX(e = an)ll§ = a(A = An,o = Ijo) +b(o — Ijo,w — wp)
=a(A = Ay, 0 — Ifo) + blo — Ifo,w — Tw).
The Holder type inequality (4.2) for our anisotropic norms yields
IvX(@ = on)ll§ < 1A= Anllzaallo — IiollLios)
+ lw =i w|| 152y div o = IT}; (div o) || L (00s2) -

9



To obtain a bound for ||\/X(¢ — o4)||3 in terms of the mesh size, we have to control
the terms on the right-hand side. The two terms associated with the solution o and
the Fortin interpolant Ifo are covered by Lemma 4.1. For o € B;J{%(Q), we have
|| div a||B,€+% < HJHBH% and thus (4.4a) in combination with (4.4b) gives (5.1). O
2,1 2,1

5.2. A priori bounds on the error in the dual flux. The estimate for
0 — op, in Lemma 5.1 involves anisotropic norms of the FEM-error A — A\, and the
approximation error w — IIfw for the solution (A, w) of the dual problem (3.1). In
this subsection, we focus on the error in the flux variable A and use the regularity
assertions for w given in Lemma 3.4.
We start with some preliminary technical results which play an important role in the
bound for the flux error. As is standard for localized estimates in the context of finite
element approximation, we have to use a “super approximation” property (see, e.g.,
[23, 24] for its use in Poisson-type problem and also [8] for its use in the context of
mixed finite elements).
LEMMA 5.2 (“super approximation”). Fiz T € T,. Let z € W1°(T) be such that
[Vzllwose(ry < Coh™H|z|lwose(ry. Then there exists a constant C' > 0 depending
only on the shape reqularity of T, the constant C, and k such that

21 — 1§ (zm) lor < Ch||V2||woee () ITnllor, ™ € Vi(T), (5.2a)
115 (zri)llosr < Cllzllwose(rylmallose, ™ € Vi(T). (5.2b)

Proof. We start with the stability bound (5.2b). Since the Fortin operator is not
H(div; T)-stable, we use the triangle inequality, an inverse estimate for polynomials
and the approximation property (2.6a) to find

115 zri)llosr < Nlzmn — IE(zm) lloir + llz7nllosr
< C (hlzmhlir + z7allo;r)
< C (hl|zllwrsee ¢y |7

o + l|zllwoee (| Tnllosr) < Cllzllwoses 1yl mnllor-

Now, (5.2a) can easily be shown using (5.2b). Recalling that II9 2|77, € Vi (T) and
that the definition of IF(z7,) only involves values of z7, restricted to T, we get

losr = ||(z = 0)2)7h — I ((z = 19 2)73) [lor

< Cllz = Myzllwosee ()l h

lz7n — I,’f(zrh)

o0 < ChIV 2llwom o Imallor

0

The proof of the following Lemma 5.3 requires the introduction of some notation.
For z € 2 we select two balls Bg;w, i € {1,2} centered at = with radii x;d(x), where
0 < k1 < Ko are chosen independent of the mesh size suitably so that certain covering
arguments can be carried out below. We set Bg;x = Bg;x N Q. Furthermore, we
select x, € W% (Q) with supp chi, C Bf;w and x; = 1 on Bé;w. Furthermore, we
require || Vxz/v/Xz||woee < C6(x)~!. Then we obtain with the aid of the local super
approximation property (5.2a) and the bound on the gradient of y, the estimate

h
IXaTh — I§ (XaTh) llo < c@\mnwgm, ™ e VE. (5.3)

To apply the regularity results of Section 3, we relate our anisotropic L(1;2)-norm
with a weighted L2-norm. It can easily be shown by decomposing the interval (0, D)

10



into the two sub-intervals (0, k) and (h, D) that

h % D %
lvllL(12) =/ (/ vzd/f) dr +/ (/ UQduT) dr
7=0 Yr T=h

Yr
D D 1/2
< \/EHUHO;S;I, + (/ ! dT/ 02 dx dT)
T=h T=h -

< Vhl[vllo;s, + C|log |2 |[Vavllp.0ns,.- (5.4)

LEMMA 5.3. Let (o,u) € H(div;Q) x L2(Q) be the solution of (2.1) and (op,un) €
VE x MF be its finite element approzimation. Let (A\,w) € H(div;Q) x L?(Q) be
the solution of the dual problem (3.1) and (An,wp) € ViF x MF be its finite element
approzimation. Then, we have the bound

IA = Anll7(12) < Ch|log bl (Ix(o = an)llg + 7* [log hl|| div(x(o — on))l[5) -

Proof. In view of (5.4), we estimate [|A —Aplo;s., and [[VE(A—Ap)[lo.s., separately
for ¢ > 1 sufficiently large. The stability estimates (3.5) readily give vVA||[A—Ap|lo.s., <
2vh||x (o — on)l|o, which is stronger than required.

For the treatment of [|[v/§(A — Ap)[lo.0\s.,. We assume that ¢ > 1 so large that w is
harmonic on Q \ Sz.,. We fix x € Q. We start by considering the L?-norm of A — A\,
restricted to Bj,,. Using the super approximation property (5.3), (3.1a) and the fact
that 6(x) > h, we find

I = AnllG sz < Oa(X = An), A = An)o
= (xalA = TEA) A = An)o + Ot (TEA = A A — Ao
h
< O~ Ml (I = HEAog, + 57551 = Nl )
+ (L5 (Xa (IFA = An)), wn — w)
h
o, (17 T6losg. + 55100 = Al )

+ b(IE (X (IEA = An)), wn — T w). (5.5)

<ClIA = An

To estimate the contribution from the bilinear form b(-, ) we use the properties (2.4a),
(2.4b), the product rule, and the fact that I, ,’f)\ and A\ are divergence free to get

b(Ly (X (I5A = An))s wi — Iw) = b(xe (IFA — An), wp, — I w)
< [1divxa (ZEA = ) llollwn — Twllo,p2
C *
< m”ﬁf)\ = Anllo;sz, lwn —wllopz - (5.6)
Next, we consider a countable, locally finite covering of 2\ Sa.;, by balls {B;m ;4 €N}
such that the associated covering {B?m : 1 € N} is also locally finite; for details for the
construction we refer to [16, Appendix]. We assume furthermore that the sets Bimi,

1 € N, are contained in Q \ S.,. We note that for each y € Bg,xi we have equivalence
of §(y) and 6(z).
11



Applying Young’s inequality for € > 0, we get using (5.5), (5.6), and exploiting the
observation A = —Vw on Q\ S¢p

IVEO = M)l < € 8w IA = Mld s

Zi

< O (3IA = TN, 1A= Mallooz,, -+l = Al )
1 *

<c ((1 FDIVE— ENIZ + VB~ M + Al = MR + 1w~ H:;wna) -
For € > 0 fixed but small enough, we get by (2.6a) and s =0
V6 =)l < © (fﬂnxfmn% M = AR+l H;wn%)
< (WVYul + (o - on)IB + Hlie = N3 + s~ i)
< O (RIVaV2ul + hllx(e — on)13)

In the two last steps, we have used the super approximation property (3.4) of wy, with
respect to ITfw and the stability (3.5) of A and Aj,. To bound |[v§V?wl|y, we use
(3.12b). O

5.3. Proof of the main result. In this subsection, we show that Theorem 2.2
holds. The starting point of the proof is Lemma 5.1. Using (5.4) in combination with
(3.12a), we get

lw = TH w7 1.2y < Ch2[log h[[[VaVw|§ < Ch®[log hf?|[x(o — o)[3. (5.7)
Inserting the result of Lemma 5.3 and the bound (5.7) into Lemma 5.1 we find

V(o = an)llo < Ch**+3|log WPl g (Do = on)llg + B divix(e = on))5)

We recall that div(x(c — o)) = Vx - (0 —op) + xdiv(c — o1,) and thus we get in view
of (3.2)

. 1 . . 1
Jdiv(xto ~ o)l < C (VLo = ol + [xtdive 15 divo) )

1
<C (,lgllx/i(ff —an)lg + h2k+1||0||2k+g> :

2,1
Finally this bound results in
k k
V(e =l < Ch* ¥ 1oghPloll . g (umo — o)l + +3023k+g>
2,1 2,1
and thus ||[(c — op)|lo:s, < [Iv/X(0 —on)|lo < ChF3/2|log h|HaHBk+%. Now, our main
2,1

result, the a priori bound (2.9), follows from Lemma 2.1.
12



6. Numerical results. In this section, we present two examples to confirm
the theoretical convergence rates for the Laplace operator and one example with an
application to the Stokes—Darcy coupling. In all three examples, we consider problem
settings with a given solution on @ C R2. Beside the finite elements on triangles, which
we introduced in Section 2.1, we also consider finite elements on quadrilaterals such
as RT,Ek],BDM,[Lk] and BDFM,[f], k € Ny (see Fig. 6.1). Following the notation of [7],
the subscript [-] indicates the association to quadrilateral elements. Note that, unlike
the triangular case, where we have that RT}’f C BDM ,’f“ - RT}’L“H, this relationship

does not hold anymore for the quadrilateral case, since diV(RT}[Lk]) =Qr &€ P =

div(BDM, ,[Lkﬂ]). Figure 6.1 illustrates the elements employed and shows the number
of degrees of freedom associated with the edges and elements.

| Vo L Vi

a) RT, b) BDM |, ) RT} d) BDM ;
! (I T 1 11 r11
] L, ] Tl [ e B O s B
<« — < —> < —> < —
! Vo Vo Vi Vil
e) RT" f) BDM ! g) RTM h) BDM ! iy BDFM"

F1G. 6.1. Degrees of freedom of RT- and BDM-elements on triangles and quadrilaterals

6.1. Two dimensional model problems. Here, we consider two different
types of examples. Firstly, we introduce on Q = (0,1)?, the parameter-dependent
exact solution by

u=r"sing, r=|(z,y)" - (0.75,0.5)7],

where || - || denote the Euclidean distance. The interface I' is placed at y = 0.5 and
resolved by the mesh. We focus on the choices @« = 1.5 and a = 1.75. We note
that for 2 < a < 2, the solution is in 337/12(9) but not in W2>°(Q), and that no full
convergence rates can be expected due to the limited regularity.

6.1.1. Simplicial mesh. In Tables 6.1 and 6.2, the L2-errors of the normal

fluxes across the interface are presented for the limit case o = % and the case a = 1.75
for various levels of uniform refinement. The domain is resolved by an unstructured
simplicial mesh, and we use RT}, RT}}!, BDM} and BDM}? elements. As expected
from the theoretical point of view, the achieved asymptotic convergences rates are
determined by the low regularity of the problem. We note that the singularity is not
placed at a vertex of the initial mesh.
In Figures 6.2-6.3, the normal fluxes of the numerical solutions are plotted against
that of the exact solution u for both choices of a. We point out that only for RT}, the
flux is approximated by a piecewise constant whereas for the cases RT,% and BDM }}
the flux is approximated by linears and for BDM ,% by quadratics.
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TABLE 6.1
Error in the flux for a = 1.5

level RTY rate [ BDMj [ rate [ RT} [ rate BDM} rate
1 9.42e-2 - 4.84e-2 - 2.201e-2 - 1.75e-2 -
2 5.03e-2 [ 0.904 | 2.48e-2 | 0.964 1.07e-2 1.040 | 8.76e-3 | 1.000
3 2.70e-2 | 0.896 | 1.24e-2 | 1.003 5.36e-3 1.003 | 4.37e-3 | 1.002
4 1.44e-2 0.905 6.19e-3 1.001 2.68e-3 1.001 2.19e-3 1.001
5 7.65e-3 | 0.916 | 3.09e-3 | 1.000 1.34e-3 1.001 | 1.09e-3 | 1.001
6 4.03e-3 | 0.925 | 1.55e-3 | 1.000 | 6.64e-4 1.000 | 5.45e-4 | 1.002

TABLE 6.2
Error in the flux for o = 1.75

level RT,? rate [ BDM}L [ rate [ RT,% [ rate [ BDM,ZL rate
1 8.44e-2 - 3.36e-2 - 1.12e-2 - 8.35e-3 -
2 4.23e-2 0.996 1.44e-2 1.225 4.40e-3 1.349 3.51e-3 1.252
3 2.14e-2 | 0.985 5.92e-3 1.280 | 1.84e-3 | 1.257 1.48e-3 1.248
4 1.08e-2 0.987 2.46e-3 1.265 7.72e-4 1.252 6.21e-4 1.250
5 5.43e-3 0.990 1.03e-3 1.256 3.24e-4 1.252 2.61le-4 1.249
6 2.73e-3 | 0.993 | 4.33e-4 1.252 1.36e-4 1.257 1.10e-4 1.250
Normal fux an y=0.8 for =15 flevel 1) Normal fux on y=0.5 for a=1.75 (level 1)
1 1
~analytc soluson *analytc sokition
—AT? —AT?

0.8 —goM' 0.8 —BOM"
2 —AT' - -

Naormal flux
o
(-]

%

@

8

MNormal flux
o
o

02 0.4 08 [1X 1 [} 0.2 04 0.6 0.8
X-Axis X-Axis

P

F1G. 6.2. Numerical approzimation of the normal fluz across the interface I' for oo = 1.5 (left)
and o = 1.75 (right) on refinement level 1 (simplicial mesh)

Normal fux 0n y=0.5 for a=1.5 flevel 4) Normal fux 0n y=0.5 for a=1,75 (evel 4)
L =analyte sokison 1 ~—analytic solution
-— —ar® —RT®
0.8 ""‘-.._ —B0M" 0.8 —gom’
"-h” —R/T' ~_"- —rr!
= T BoM* » S soM
206 The 208 i
= — > E -
E LS T o E 1"
204 e S _ 504 = .
’ s, 7 b - 4 eyl ,:“
0.2 % ’v[ 0.2 \ / = 0 Do
\ e A
o : f o h &
[ 02 04 08 08 1 0 0.2 0.4 0.6 08 1
X-Axis X-Axis

F1G. 6.3. Numerical approzimation of the normal flur across the interface I' for oo = 1.5 (left)
and o = 1.75 (right) on refinement level 4 (simplicial mesh)

6.1.2. Quadrilateral mesh. Tables 6.3 and 6.4 show the same type of results
but for mixed finite elements on a quadrilateral mesh, in particular for RT,EO],RT}[LI],
BDM}", BDM[? and BDFM/” elements. In Table 6.3, the case a = 1.5 is displayed.
Here we cannot expect a higher convergence rate than one independently of the choice
of the finite element order. We recall that BDM, ,[Ll] and RT}[ll] have the same degrees
of freedom per edge but RT,[IH has additional interior degrees of freedom and thus
has a significantly smaller error on all levels. Although BDM, ,[12] and BDF M, }[Lg] have
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more degrees of freedom per edge than RT,EH, the quantitative errors are sensitive to
the number of degrees of freedom per element.

TABLE 6.3
Error in the flux for a = 1.5, quadrilateral mesh

[[level | RT™ [ rate | BDMT | rate | RTI [ rate | BDMT | rate | BDFMP! | rate |
0 [ Li8el | - 8.98¢-2 - [ 8dle2 | - 6.59¢-2 - 5.280-2 -
T | 92802 | 0348 | 50702 | 0.589 | 1.8le-2 | 2.218 | 3.40e-2 | 0.955 | 1.88e-2 | 1.486
2 | 5.1402 | 0.852 | 3.07e-2 | 0.056 | 8.73e-3 | 1.051 | 1.65c-2 | 1.038 | 9.45¢-3 | 0.996
3 | 2.77c2 | 0.800 | 1.54e-2 | 0.998 | 4.37e-3 | 0.999 | 8.28e-3 | 1.000 | 4.72e-3 | 1.000
1 | 1.48¢-2 | 0.002 | 7.68e-3 | 1.004 | 2.18¢-3 | 1.000 | 4.14e-3 | 1.000 | 2.36e-3 | 1.000
5 | 7.88c-3 | 0.013 | 3.84e-3 | 1.001 | 1.09e-3 | 1.000 | 2.07e-3 | 1.000 | 1.18e-3__| 1.000
6 | 4.160-3 | 0.923 | 1.92¢-3 | 1.000 | 5.46e-4 | 1.000 | 1.03e-3 | 1.000 | 5.91e-4 | 1.000

TABLE 6.4
Error in the fluz for a = 1.75, quadrilateral mesh

[level [ RTI [ rate | BDMT | rate | RT[T [ rate | BDMT | rate | BDFM[T [ rate |
0 [ L2lel [ - 8.36e-2 - [ 6822 [ - 1.796-2 g 3.5b6-2 -
1 | 833¢2 | 0540 | 4.4le2 | 0.923 | 7.81e-3 | 3.125 | 2.07e2 | 1.212 | 1.05e2 | 1.758
2 | 4.29c2 | 0.959 | 1.8902 | 1.222 | 2.920:3 | 1.418 | 8.35c-3 | 1.307 | 4.44c-3 | 1.240
3 | 2.16e-2 | 0.086 | 7.83¢-3 | 1.272 | 1.23c-3 | 1.247 | 3.52e-3 | 1.246 | 1.87e-3_ | 1.250
4| 1.09c-2 | 0.087 | 3.25c-3 | 1.267 | 5.21c-4 | 1.243 | 1.48¢-3 | 1.249 | 7.85c-4 | 1.250
5 | 5.49c-3 | 0.990 | 1.360-3 | 1.257 | 2.190-4 | 1.249 | 6.23c-4 | 1.250 | 3.30e-4 | 1.250
6 | 2.760-3 | 0.993 | 5.7lc-4 | 1.253 | 9.260-5 | 1.250 | 2.62c-4 | 1.250 | 1.39e-4 | 1.250

Compared to o = 1.5, the solution for a = 1.75 is more regular, and thus we only
expect for the lowest order RT}[LO] / RT}? discretization an asymptotic rate of one. In all
other cases, we observe asymptotically a rate of approximately 1.25. There is no qual-
itative difference between an unstructured simplicial mesh and a regular quadrilateral
mesh.

6.1.3. Higher order convergence. In the second example, we consider the
piecewise smooth solution

" { e "sin(2ry)? - (y— %) [zy(z — %)2 + e¥ cos(8may)(z + %)2] ity <
e~ (y — %)247r2 — (y — 5) [zy(z — 5)2 + e¥ cos(8mxy)(x + 5)2] if y >

on Q = (0,1)2. The interface I' is placed at y = 0.5 and resolved by the mesh. Since
the exact solution is sufficiently smooth we expect full convergence rates. Tables 6.5
and 6.6 show the numerical results for a uniform quadrilateral and a simplicial mesh,
respectively. The observed convergence rates confirm our theoretical result. Note
that the absolute errors for BDM ,[12] is again smaller than for RT™! on the first four
refinement levels although it has an additional degree of freedom per edge.

INEENIE

TABLE 6.5
Error in the flur, quadrilateral mesh

l level [ RT}[LU] [ rate [ BDM}[LI] [ rate [ RT,[Ll] [ rate [ BD]W}[Lz] [ rate [ BDF]VI}[LB] [ rate l

1 1.69e-0 - 1.55e-0 - 1.10e-0 - 2.64e-0 - 1.49e-0 -

2 8.13e-1 1.053 8.45e-1 0.871 4.15e-1 1.408 7.49e-1 1.819 3.32e-1 2.167
3 4.08e-1 0.996 2.11e-1 2.004 | 4.83e-2 3.103 1.41e-1 2.414 2.43e-2 3.774
4 1.81e-1 1.168 6.51e-2 1.695 | 8.55e-3 | 2.499 1.86e-2 2.915 1.24e-3 4.291
5 8.51e-2 1.091 1.75e-2 1.890 2.08e-3 | 2.042 2.33e-3 3.001 7.11e-5 4.123
6 4.18e-2 1.027 4.53e-3 1.953 5.19e-4 | 2.001 2.91e-4 3.001 5.78e-6 3.622
7 2.08e-2 1.012 1.15e-3 1.979 5.19e-4 | 2.001 3.63e-5 3.000 6.16e-7 3.230
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TABLE 6.6
Error in the flux, simplicial mesh

level RT,? [ rate [ BDM,IL [ rate [ RT,% [ rate [ BDJM,% rate
1 1.83e-0 - 1.67e-0 - 1.57e-0 - 1.90e-0 -
2 9.26e-1 | 0.987 | 8.35e-1 1.004 | 4.10e-1 | 1.934 | 2.83e-1 2.749
3 4.19e-1 1.145 2.26e-1 1.886 8.16e-2 2.329 5.32e-2 2.410
4 1.86e-1 1.173 5.45e-2 2.051 1.41e-2 2.534 7.42e-3 2.842
5 8.62e-2 1.108 1.33e-2 2.039 2.67e-3 2.398 9.54e-4 2.960
6 4.20e-2 1.038 3.33e-3 1.995 5.79e-4 2.206 1.20e-4 2.990
7 2.08¢-2 | 1.010 | 8.38e-4 1.989 | 1.36e-4 | 2.089 1.50e-5 2.997

6.2. Stokes—Darcy coupling. In this subsection, we consider a more general
problem setting which is not covered by our theoretical results. The coupling of the
Stokes problem with the Laplace equation plays in many applications an important
role. Of special interest are porous media applications where the Darcy velocity can
be used to describe a single-phase single-component transport. On the pore scale,
the pore structure is resolved and the Navier-Stokes equations model the flow in the
free-flow region and within the pores. On the “representative elementary volume”
scale, however, the mathematical model can be considerably simplified by applying
the potential theory resulting in Darcy’s law in the porous media. Two-domain models
exploit this observation and use suitable transfer conditions at the interface to couple
the simple Darcy model for porous media with, e.g., the simplified Stokes equation in
the free flow domain.

6.2.1. Coupling Conditions. In theory, the coupling conditions can be derived
by applying volume-averaging techniques [10, 26]. In practice, however, simplified
coupling conditions are often used. Here, we apply in tangential direction the Beavers—
Joseph velocity-jump condition [2] in combination with the Saffman modification [20]
(see also [11, 12]). This condition can be written as

us-T—\QEQn-D(uS)Jr:O. (6.1)

In normal direction, continuity of normal forces and mass conservation across the
interface is assumed,

us-n=up-n (6.2)

ps —2pn-D(ug) -n =pp, (6.3)

see also [14]. The fluid velocities ug, up and pressure functions pg, pp are defined on
the Stokes and Darcy domains Qg, Qp C RY, respectively. The unit normal vector
n points from Qg to Qp, and 7 stands for the tangential vector on the interface.
D(u) := (Vu+ Vu”) /2 stands for the deformation tensor. For a parameter i > 0 the
value k := 7- uK -7 describes the dynamic viscosity, and K is a positive definite tensor
that characterizes the intrinsic permeability of the porous medium. The parameter
v > 0 is a dimensionless constant that has to be determined experimentally.

6.2.2. Numerical results. For the numerical discretization we follow a hybrid
discontinuous Galerkin approach based on mixed finite elements of possibly different
orders in both subdomains [9, 13]. Here we consider the coupled Stokes-Darcy System
on the unit-square  := (0, 1)? which is subdivided into two subdomains

Qg :=(0,1) x (0.5,1), Qp :=(0,1) x (0,0.5)
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with the exact solution
. 2 3 2 T
ug = (we“’y sin(wzx) 4+ 227 (y — &) — 2G°, —we*? cos(wx) — 2z (y — &) ) ,

w w T
up = (wze? sin(wa)y — G2 (y +0.5)% ,  —we? cos(wz) — 2z (y + 0.5) Gz) )

ps = we? cos(wz) (K™'y — 2wp) + Gz (G — 8p),
pp =K1 (we% cos(wa)y + z (y + 0.5) G2) ,

where p := 1.0, K := 1.0, v :=20, G := ‘/%7, w = % and £ := 0.5 — G.
The solution is chosen to fulfill the coupling conditions (6.1)—(6.3) on the interface
I' = Qs N Qp, and we assume that K = diag(K). Note that the velocity has a
continuous normal component on I' but is discontinuous in tangential direction. The
domain is discretized by a sequence of uniformly refined quadrilateral meshes, where
the numerical solution in 25 is computed by the Symmetric Interior Penalty Galerkin
method using BDM ,[LkH] elements and in p we apply a mixed finite element method

using RT,Ek] elements. We point out that the choice of the pairing is motivated by the
idea of having the same order of convergence for the two subdomains. In Tables 6.7
6.8, the L2-errors of the normal velocities on I' are listed for all refinement levels for
k =0, 1. In Figure 6.4, the normal velocities of the numerical solutions are plotted
against the exact solution on two consecutive grid levels. Table 6.9 shows the H*({s)-
and the L?(Qp) errors for the velocities since these norms are natural given that the
Stokes system is (essentially) a second order equation whereas the Darcy equation a
first order system. The results show full convergence rates for both choices of k.

Normal velocity on interface for the ATF1 BOM' . coupling (mesh level 2.3) Nosmal velocity on interface for the ATI' BOMP - coupling (mesh leved 2.3)

-1.3 -1.3
—analytic solusion —anafysc sohuon
—lovet2 -ATH —leveiz - AT
-1.4 = level 2 - BOMI" -1,4/—evel 2 - BOMI Val

“lavel 3 -ATE = javel 3 - AT /
level 3 - BOM!
5

level 3 - BOMI"

tn

Normal velocity

Normal velocity
@

0 0.2 0.4 0.6 0.8 1 B 0.2 0.4 0.6 0.8 1
X-Axis X-Axis

Fic. 6.4. Numerical approrimation of the mormal velocity across the interface T' for the
RTWO/BDMU - coupling (left) and the RTM /BDM!2 - coupling (right)
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Appendix A. Regularity. In Lemma 3.1, we showed assertion (iv) under the
assumption of convexity of €2, i.e., under the assumption of full regularity. This
assumption can be weakened: it suffices that € admits a shift theorem by more than
1/2 as we now show.
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TABLE 6.7
L2-errors and convergence rates of the normal fluzes across the interface T for the low-order
solution (subscript L), solved with RTjg)/Po-element pair inside Qp and BDMy)/Po-element pair
inside Qg .

l level [ Ué - n - error [ rate [ ug «T - error [ rate [ lllb - n - error [ rate l

1 1.48e-02 - 3.06e-02 - 2.77e-01 -

2 1.69¢-03 3.125 3.48e-03 3.137 1.39¢-01 1.000
3 2.68e-04 2.662 7.20e-04 2.273 6.94e-02 1.000
4 5.58e-05 2.262 1.63e-04 2.142 3.47e-02 1.000
5 1.33e-05 2.068 3.96e-05 2.045 1.73e-02 1.000
6 3.29e-06 2.016 9.81e-06 2.012 8.67e-03 1.000
7 8.20e-07 2.004 2.45e-06 2.002 4.33e-03 1.000

TABLE 6.8

L2-errors and convergence rates of the normal fluzes across the interface I' for the high-order
solution (subscript H), solved with RTj;}/Q1-element pair inside Qp and BD Mg/ P1-element pair
inside Qg .

l level [ ug -n - error [ rate [ ug - T - error [ rate [ ug -1 - error [ rate ]
1 1.55e-02 - 2.29e-02 - 1.54e-02 -
2 1.68e-03 3.205 1.81e-03 3.656 1.71e-03 3.169
3 2.06e-04 3.028 1.96e-04 3.211 2.24e-04 2.930
4 2.53e-05 3.020 2.19e-05 3.162 3.38e-05 2.727
5 3.13e-06 3.014 2.54e-06 3.108 6.42e-06 2.396
6 3.89e-07 3.009 3.04e-07 3.064 1.45e-06 2.143
7 4.85e-08 3.005 3.70e-08 3.036 3.54e-07 2.040
TABLE 6.9
mean L? and H'-errors inside Qp and Qg respectively for the high- and low-order solution.
l level [ ué - error [ rate [ uIﬁ - error [ rate [ ug - error [ rate [ ug - error [ rate ]
1 1.05e-01 - 2.08e-01 - 1.06e-01 - 1.40e-02 -
2 2.57e-02 2.031 1.05e-01 0.991 2.36e-02 2.169 3.32e-03 2.077
3 7.68e-03 1.744 5.23e-02 0.998 5.74e-03 2.038 8.27e-04 2.007
4 2.80e-03 1.454 2.62e-02 0.999 1.42e-03 2.012 2.07e-04 2.001
5 1.23e-03 1.185 1.31e-02 1.000 3.55e-04 2.003 5.16e-05 2.000
6 5.92e-04 1.057 6.55e-03 1.000 8.87e-05 2.001 1.29e-05 2.000
7 2.93e-04 1.016 3.27e-03 1.000 2.22e-05 2.000 3.23e-06 2.000

For simplicity of exposition, we formulate this shift theorem as an assumption but
point out that, for example, for d = 2 it is valid for polygonal Lipschitz domains §2.
AssUMPTION A.1. . Denote by TP : H=Y(Q) — H}(Q) solution operator for the
Poisson problem: Given g € H=Y(Q) find y € H}(Q) such that

—Ay=g inQ, y=0 on 0Q. (A.1)
There exists so > 1/2 such that TP is a bounded linear operator TP : H=1t50(Q) —
HT50(Q).
We now show an analog of [16, Lemma 5.2]

LEMMA A.2. Assume the validity of the shift theorem of Assumption A.1. Consider
the variational problem: Given g € (L*())%, find y € H}(Q) s.t.

(Vy,Vz)o,o = (9, V2)o,0 Vz € Hy (). (A.2)

Then the solution operator TP : (L%(Q))¢ — HL(Q) given by g — y extends to a
bounded linear map

TP . ((Bé{f(@))ﬂf)/ ~ BY2(q).
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Proof. 1. step: Our starting point is a very weak formulation. Fix ¢ > 0 such that
1/2+¢ < s9. We introduce the bilinear form B on HY/27¢(Q) x (H3/?*¢(Q)n H(Q))
by

B(y7v) = <y7 7Av>1/2—8,—1/2+8' (Ag)

A few comments are in order: first, (-,-)1/2-c _1/24 stands for the duality pair-
ing between H'/275(Q) and H~'/?*¢(Q). We point out that the assumption ¢ > 0
implies that HY/275(Q) = HS/Q_E(Q) so that the duality pairing is indeed well-
defined. Second, from the mapping properties of —A (taken in the distributional
sense) —A : H2(Q) — L*(Q) and —A : HY(Q) — H~1(Q), we get by interpolation
that —A : H3/2+5(Q) — H~1/2%5(Q) so that B is indeed well-defined.

We claim that B satisfies an inf-sup condition. To that end, let v’ € C§°(£2) be arbi-

trary. By our assumptions on the mapping properties of TP stated in Assumption A.1,
there exists v € H3/2t¢(Q) N H{(Q) such that

(Vu,Vz)o,0 = (v, 2)0,0 = (W, 2) _1/24e,1/2—¢ Vz e C5° ()

together with the bound ||v[|3/24c0 < C||u'||-1/24¢,0. By the definition of the distri-
butional Laplacian, we obtain

B(z,v) = (U, 2) _1 /2421 /2—¢ Vz € CF ().

Taking the supremum over z € C§°(9), recalling the density of C§°(2) in H'/27¢(Q) =
Hé/Z_E(Q) and using the bound ||v[[3/24-.0 < C||u'[|-1/24¢,0, We get
B(Z,’U) 3 <u/7z>*1/2+6,1/276

sup =
zECE(Q) l2ll1/2-c.0llvll3/2+4¢.0 2€CE°(Q) [12[l1/2—c,0llvll3/24¢,9

A
u ||l—
lu']|~1/24¢.0 S >0

HU||3/2+5,Q
Furthermore, the bilinear form B satisfies the “sup-sup” condition so that the bilinear
form B induces an isomorphism between (H3/2+¢(Q) N H}(Q)) and H'/?74(Q).
2. step: Consider the problem: Given g € ((H1/2+5(Q))d)/, find y € H'/275(Q) s.t.
B(y,2) = (9. Va)garey sz Yz € H¥Y*T(Q) N H(Q). (A.4)
By the first step, the solution operator
TD, : (H'/* ()" — HY/?~2(Q) (A.5)

given by g — wu is well-defined and a bounded linear operator. We next claim that
TP also has the mapping property

(L*()? = Hy (). (A.6)
In fact, we will show the stronger statement
D = 1P on (L?(Q))4.

To see this, let g € (L2(Q))?. In order to see y := T g € H(Q), let p € (C§°(Q))?

w

and define z, = TP(V - @) € H3/2t(Q) N HE (). We note the classical estimate
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Izoll1,0 < Cllelloa. We also observe that pointwise —Az, = V - ¢. Hence, an
integration by parts together with the definition of the weak gradient Vy yields:

def (A.4)
(Vy,0) = =4, V-9)oa = (4,A2:)00 = —B(Y,2,) = (9, Vay) mriztey x gi/ze
= (9, Vzy)o,0-
For the right-hand side, we have |(g,Vz,)o.0l < |9llo.el|Vzelloa < llgllo.alleloo-

Hence, Vy € L*(Q).
As a next step towards showing that y = T2 g = TPg =: 3, we show that y — 7 is

harmonic. To that end, let ¢ € C5°(£2). Then

de ~ ~
(AW —9),9) Z (=T, —-Ap)oa = By, ¢) — (V, Ve)oo
= (9, Ve)oa — (g, V)o.a =0.

Next, we show y € H}(Q). In order to establish this, we note that, since —A(y —7) =
0, the co-normal derivative 9, (y —7) is a well-defined element of H~'/2(5€2) given by
the following relation for all ¢ € C5°(£2):

0= (Only—19),9) = (V(y—1),Ve)oa = (1, 0np)ooa — (¥, Av)oa — (VI, V)oa
= (Y, 0np)o,00 + By, ») — (9, Ve)o.a = (¥, Onp)o.00-

By varying ¢ € C§°(Q2), we conclude that y = 0 on 0.

We have thus shown that the very weak solution y = T2 g € H}(Q) if g € L3(Q). An

integration by parts then shows that y solves the weak formulation, and uniqueness of

the weak solution thus provides y = 7. This shows that T2 is the unique extension

of TP to ((H/2+=(Q))?).

3. step: The above steps have shown that T2 has the following mapping properties:
TR (HVPF=(@Q)Y — HY27= TR (LA(Q)T = Hy ()

vw

By a standard interpolation argument, 7'

vWw

is a bounded linear operator
TS = (L) (HY2H2) ) Vo006 = (Ho HY? )00 C (H', HY?7%)g o

for every 6 € (0,1). Select § € (0,1) such that 1/2 = 6(1/2+4¢). Then (H', H/27%)5 o, =
B3/2 (€). Furthermore, by [22, Thm. 1.11.2] or [21, Lemma 41.3]

2,00

((B32@)) = () (124900, = (27, (1 2+)y )

6,00

2,00
As we have already ascertained that T2 = TP on (L2(Q))4, the proof is complete. O
LEMMA A.3. Let Q satisfy Assumption A.1 Then the operator TM of Lemma 3.1 is
a bounded linear operator

/!
We conclude that T2 is a bounded linear operator from ((B;,/l2 (Q))d) to Ba/? (Q).

T (B B2 (@)

2,00

Proof. The proof follows by observing that on (L2(2))4, the operator TV coincides
with the weak solution operator TP of Lemma A.2, which has the stated mapping
property. O

20



REFERENCES

D. Arnold and F. Brezzi. Mixed and nonconforming finite element methods: Implementation,
postprocessing and error estimates. RAIRO, Modélisation Math. Anal. Numér., 19:7-32,
1985.

G. Beavers and D. Joseph. Boundary conditions at a naturally permeable wall. J. Fluid Mech.,
30:197-207, 1967.

F. Brezzi. A survey of mixed finite element methods. In Finite elements. Theory and applica-
tion, Proc. ICASE Workshop, pages 34-49. Hampton/VA 1986, 1989.

F. Brezzi. Stability of saddle-points in finite dimensions. In Frontiers in numerical analysis.
10th LMS-EPSRC numerical analysis summer school, Durham, UK, July 7-19, 2002,
pages 17-61. Berlin: Springer, 2003.

F. Brezzi, J. Douglas, and L. Marini. Two families of mixed finite elements for second order
elliptic problems. Numer. Math., 47:217-235, 1985.

F. Brezzi, J. Douglas, and L. Marini. Recent results on mixed finite element methods for second
order elliptic problems. In Vistas in applied mathematics. Numerical analysis, atmospheric
sciences, immunology, pages 25—43. dedic. G. I. Marchuk occas. 60th birthday, 1986.

F. Brezzi and M. Fortin. Mized and hybrid finite element methods. Springer, New York, 1991.

L. Gastaldi and R. Nochetto. Sharp maximum norm error estimates for general mixed finite
element approximations to second order elliptic equations. RAIRO Modél. Math. Anal.
Numér., 23(1):103-128, 1989.

V. Girault and B. Riviere. Dg approximation of coupled Navier-Stokes and Darcy equations
by Beaver—Joseph—Saffman interface condition. J. Numer. Anal., 47:2052-2089, 2009.

W. Gray, A. Leijnse, R. Kolar, and C. Blain. Mathematical tools for changing spatial scales in
the analysis of physical systems. CRC Press, 1993.

W. Jager and A. Mikelic. On the interface boundary condition of Beavers, Joseph and Saffman,.
SIAM J. Appl. Math., 60:1111-1127, 2000.

W. Jéger and A. Mikelic. Modeling effective interface laws for transport phenomena between
an unconfined fluid and a porous medium using homogenization. Transp. Porous Media,
78:489-508, 2009.

G. Kanschat and B. Riviere. A strongly conservative finite element method for the coupling of
Stokes and Darcy flow. J. of Comput. Phys., 229:5933-5943, 2010.

W. Layton, F. Schieweck, and I. Yotov. Coupling fluid flow with porous media flow. SIAM J.
Numer. Anal., 40:2195-2218, 2002.

J. Li, J.M. Melenk, B. Wohlmuth, and J. Zou. Optimal a priori estimates for higher order finite
elements for elliptic interface problems. Appl. Numer. Math., 60:19-37, 2010.

J.M. Melenk and B. Wohlmuth. Quasi-optimal approximation of surface based Lagrange mul-
tipliers in finite element methods. Technical Report 13, Inst. for Analysis and Sci. Com-
puting, Vienna Univ. of Technology, 2011.

J. Nedelec. Mixed finite elements in R3. Numer. Math., 35:315-341, 1980.

R. Nicolaides. Existence, uniqueness and approximation for generalized saddle point problems.
SIAM J. Numer. Anal., 19:349-357, 1982.

P. Raviart and J. Thomas. A mixed finite element method for 2nd order elliptic problems. In
Math. Aspects Finite Elem. Meth., Proc. Conf. Rome 1975, pages 292—-315. Lect. Notes
Math. 606, 1977.

R. Saffman. On the boundary condition at the surface of a porous medium,. Stud. Appl. Math.,
50:93-101, 1971.

L. Tartar. An introduction to Sobolev spaces and interpolation spaces, volume 3 of Lecture
Notes of the Unione Matematica Italiana. Springer, Berlin, 2007.

H. Triebel. Interpolation theory, function spaces, differential operators. Johann Ambrosius
Barth, Heidelberg, second edition, 1995.

L. Wahlbin. Local behavior in finite element methods. In P.G. Ciarlet and J.L. Lions, editors,
Handbook of numerical Analysis. Volume II: Finite element methods (Part 1), pages 353—
522. North Holland, 1991.

L. Wahlbin. Superconvergence in Galerkin finite element methods, volume 1605 of Lecture
Notes in Mathematics. Springer Verlag, 1995.

J. Wang. Asymptotic expansions and L>-error estimates for mixed finite element methods for
second order elliptic problems. Numer. Math., 55(4):401-430, 1989.

S. Whitaker. The method of volume averaging, volume 240. Kluwer Academic Publishers, 1999.

P. Wriggers and C. Carstensen, editors. Mized finite element technologies., volume CISM
Courses and Lectures 509. Wien: Springer, 2009.

21



	titelseite05-12
	mixedinterface

