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An analysis of discretizations of the Helmholtz equation in L?
and in negative norms (extended version)

S. Esterhazy J.M. Melenk
August 14, 2012

Abstract

For a model Helmholtz problem at high wavenumber we present a wavenumber-explicit error
analysis in weak norms such as L?, H~!. In 1D, we analyze the convergence behavior of the
lowest order optimally blended spectral-finite element scheme of [Ainsworth & Wajid, SIAM J.
Numer. Anal. (2010)].

1 Introduction

The Helmholtz equation is a basic equation when treating wave propagation problems in a time-
harmonic setting. Typical applications include acoustic and electromagnetic scattering problems as
well as laser physics. A particular case of interest is that of high wavenumbers k. Then the conditions
on the discretization are stringent due to the requirement to resolve the oscillatory nature of the
solution. More subtle is that classical discretizations of the Helmholtz equation suffer strongly from
dispersion errors. The stability and dispersive properties of discretizations of the Helmholtz equation
are by now understood: for regular, translation-invariant grids we refer to [1-3,6,9,11,13]—see also
the discussion in [10]. One of the outcomes of these analyses on regular grids is in particular that
high order methods are significantly less susceptible to dispersion errors (“pollution errors”) than low
order methods. The works [10, 16-18] rigorously establish this observation also for discretizations
on unstructured meshes. The present note concentrates on two aspects. The starting point for
the first aspect is that the analysis of [10,16-18] is performed in the H'-like norm || - [|% of (2.3).
Here, we focus on weaker norms, namely, the convergence in the L2-norm, the H~!'-norm as well
as the convergence of linear functionals that are generated by smooth weighted volume integrals.
While the asymptotic convergence rates are, of course, the ones to be expected from the underlying
duality arguments, the novel aspect of the present paper is that we are able to extract for our model
problem good estimates in the wavenumber k; numerical examples show that in favorable situations
our estimates are indeed sharp in k. The second aspect covered in this paper is related to the above
mentioned dispersion analysis on translation invariant meshes. Such regular meshes permit the use
of powerful tools such as Fourier techniques to understand and analyze discretizations and to design
new schemes with good dispersion properties. The recent proposal of [4] shows in particular that a
suitable combination of the Galerkin FEM and the spectral element method (SEM) can lead to new
methods with significantly reduced dispersion errors. This analysis is done on regular, translation-
invariant grids and suggests greatly reduced actual errors. For a 1D model problem on regular grids,
we provide an actual error analysis for the lowest order discretization and show that the greatly
reduced dispersion error leads to a gain in accuracy by a factor k as compared with the Galerkin
FEM.



2 The Helmholtz model problem

We consider a specific model problem on a bounded Lipschitz domain © € R? with Robin boundary
conditions:

~Au—ku=f in Q

Onhu—iku=g¢g on Of) (2.1)
where k > ko > 0.
The weak formulation of our model has the form:
Find u € HY(Q) s.t.  B(u,v) =1(v) Yv e HY(Q) (2.2)
B(u,v) := / Vu - Vo — k*uv — zk/ uv, l(v):= [ fov +/ gu.
Q o0 Q o0
An important role is played by the norm
lull3, = [Vl 22 () + K2 [ull7zq)- (2.3)

In this norm, the bilinear form B(-, ) is continuous uniformly in k& > ko > 0, i.e., there exists C. > 0
independent of k such that

|B(u, )| < Cellullallvlln Yu,v e HY(SQ)
(see, e.g., [16, Cor. 3.4]). The bilinear form B also satisfies the Garding inequality
Re B(u,u) = | Vul12q) — K[lullf2q)  Vue€ HY(S).

The abstract conforming discretization is as follows: given a closed space Viy C H'(2), the finite
element approximation uy € Vi is given by the condition

B(un,v) =1(v) Yv € Vi (2.4)
With these observations in hand, [17, Thm. 3.2] formulated the following result:

Proposition 2.1 ( [17, Thm. 3.2]). Define the adjoint solution operator S* : L?(2) — H(Q) by
the condition

B(U,S*f):/vf Vv e HY(Q)

Q
and the adjoint approximation property ny by

S*f —
77]%,2 = sup inf M (2.5)
ozfer2@)veVn || fllz)
If the condition
2
2C.knk <1 (2.6)

is fulfilled, then the Galerkin approxzimation un € Vy defined by (2.4) exists and is unique. Further-
more, the following two a priori estimates are valid:

lu—unlr < 2Cc inf [ju—ofy, (2.7)
veVN
lu—unll2) < Cenk inf |lu—vl|3. (2.8)
veVN



Proposition 2.1 gives abstract conditions and estimates for the Galerkin error in the || - ||3-norm
and the L?(2); we will make these estimates more specific in the context of the hp-FEM below. We
will also give estimates in the (H*(£2))’-norm and estimates for the evaluation of linear functionals.
For a priori estimates in the (H'(Q))-norm and H~!(Q)-norm (we set H~1(Q) = (H(2))"), we
have the following abstract result, which we will quantify below:

Lemma 2.2. Define

S*f — 1 S*f —
77]1;11 := sup inf M, 77]]\1;0 = sup inf M

, (2.9)
rert@veVs | fllm o) rert@ eV | fllm o)

If the solvability condition (2.6) is satisfied then the Galerkin error u — uy satisfies
lu—unllgn@y < 2028 nf flu— vl
lu=unllnri < 20530 g flu—vl.
Proof. We will just prove the estimate for ||u — un| (g1 (q)) using a duality argument and Galerkin
orthogonality: For arbitrary v € H(Q) and wy € Vy we have
|(u—un,v)r2)| = [B(u—un,S*)| = |B(u—un,S*v —wn)| < Cellu — un|#)|S* 0 — wy||z.

Since wy is arbitrary, we can conclude

1
‘(u - UNaU)LQ(Q)‘ < CcHU - UN||HHU||H1(Q)77§I

Dividing by [|v|| 1 (), taking the supremum over v € H'(£2), and inserting the best approximation
result (2.7) yields the result. O

We will also be interested in the error in linear functionals. Specifically, we will consider linear
functionals of the form

v L(v) := /QEU (2.10)

where the function z € L?(2) (or even smoother). The a priori analysis for the error L(u — uy) is
done, as usual, by duality arguments:

Lemma 2.3. Let z € L?(Q) and L be given by (2.10). Assume that (2.6) holds. Then

120 = D) = 12— ux)| < C i = vl ( ing 1% = wle)

Proof. Follows from arguments very similar to those of the proof Lemma 2.2 O

3 Regularity

The above considerations show that we have to quantify the adjoint approximation properties 775,
77]}31. This leads to the study of the regularity of the solution operator and the adjoint operator.
In this connection, it is worth noting that S*f is also the solution of a Helmholtz problem; in fact,
S*f = S(f,0), where (f,g) — S(f,g) denotes the solution operator for (2.1). This shows that the
regularity properties of S* can be inferred from those of S.




3.1 Prelude: the 1D situation

Several of the regularity issues for (2.1) can be already be seen in 1D. An important motivation for
us to discuss the 1D situation in some detail is that we will study numerically the 1D situation below
and will therefore need the regularity assertion given here. As the 1D model problem, we consider
the following situation studied already in [11-13]:

—u —Ku=f inl=(0,1), u(0) =0, u'(1) —iku(l) =g € C (3.1)

The Green’s function is known explicitly, namely,

G = e 02v2 5 @2
so that the solution can be written as
1 .
uw) = [ Gl ) dy-+ o s 3.3)
One has the stability estimate (see, e.g., [11, Thm. 4.4])
lullse < C [I1flL2cry + lgl] - (3-4)

For smooth f, the solution formula (3.3) is an oscillatory integral (for large k) so that integration
by parts is expected to give an additional power of k~1. The following lemma asserts the validity
of this expectation. Instead of working with the solution formula, we prove it using arguments that
will also be used in the multi-d case:

Lemma 3.1. The solution u of (3.1) satisfies, for a constant C' independent of k, f, and g,
lullze < C (&7 ey +gl] - (3.5)

Proof. We may restrict our attention to the case g = 0. Define the function ug(z) := —k=2f(z) +
k=2f(0) coskx. Then |jug|l% < Ck™Y|f| g (r)- The difference § := u — ug satisfies

— 8" — k%6 = —k72f",
5(0) =0, §'(1) —ikd(1) = —(=k2f'(1) — k=1 £(0) sin k) 4+ ik(—k"2f(1) + k2 £(0) cos k).
Applying now the stability estimate (3.4) and the Sobolev embedding theorem gives
I8l < C 21" 2y + K721 )+ &S+ ETHFOI] < C R 2y + 57 v en] -
Hence, we have obtained
[l < lluollze + 101l < C K721 f 2y + k7 il ) -

The term k™ 2|| | 2(r) can be reduced to a term of the form k(| f|| g1 () by interpolation arguments
as worked out in the proof of Lemma 3.4 below. O

Remark 3.2. We note that the term involving |g| in (3.5) is not improved by a factor k~! as com-
pared with (3.4). Inspection of the solution formula (3.3) shows that its k-dependence is sharp. Thus,
better estimates (with respect to k) can only be expected for the case of homogeneous boundary
conditions. See also [11, Sec. 4.7.2]. .

Concerning the regularity of the solution u of (3.1) we have:



Proposition 3.3. Let s € Ny. Then there exist constants C, A > 0 such that the following is true.
For every f € H*(I) and g € C the solution u of (3.1) can be written as u = ups+2 + ugq where
ugst2 € HY2(I) and u_y is analytic. Additionally,
E P ugaea 2y + lumese2lmeey < ClFlas,s
luallee < C[llfllz2) + 9]
G 2y < CXN R max{k, 0} 2 || 2y + 9] ¥n o€ N.

A

Proof. Follows by arguing as in the proof of [18, Thm. 4.5] and the appropriate modifications for
the Dirichlet boundary conditions at = 0 ( [18, Thm. 4.5] considers (2.1) with Robin boundary
conditions). O

3.2 Regularity in higher dimensions
3.2.1 Stability

The bilinear form B is not coercive in H'(Q2). Thus the Lax-Milgram-Lemma is not applicable to
show existence and uniqueness. Nevertheless, the bilinear form B satisfies a Garding inequality, i.e.,
it has the form “coercive + compact perturbation”, which makes the Fredholm theory applicable,
and solvability follows from uniqueness. This was shown in [14, Prop. 8.1.3], that is, for every
f e (HY(Q) and every g € H~/2(9Q), the variational problem (2.1) is uniquely solvable with the
stability bound
[ullze < C) [[1f @y + N9l a—1r200)]

for a constant C(k) > 0, whose dependence on k is unspecified. For conver domains 2, [14,
Prop. 8.1.4] (for d = 2) and [8] (for d = 3) established the k-explicit stability bound

E o ullmz) + lulle < C I llz2) + lgllz2om)]

for a C' > 0 that is independent of k. This motivates us to introduce the stability constant Cs.; (k) as
follows: For the bounded Lipschitz domain £ (not necessarily convex) and k > 0 we let Cso1(k) > 0
be the least constant such that for all f € L?(Q) and g € L?(92) the solution u of (2.1) satisfies

lull < Csor (k) [l fllz20) + 9l z2on)] - (3.6)

We mention that we are particularly interested in the case that Cs(k) is polynomially bounded,
ie.,

Csol(k) S 6i’solke (37)

for some 5501, 0 > 0 independent of k. As mentioned above, for convex ) we have § = 0 whereas
for general Lipschitz domain  we have § = 5/2 by [10, Thm. 2.4].

The stability bound (3.6) merely requires f € L?(Q2). As in the 1D situation, it is possible to
obtain a better k-dependence by exploiting additional regularity of the data f. The following result
shows this for the multi-dimensional case:

Lemma 3.4. Let Q C R%, d € {2,3} be a bounded Lipschitz domain. Let Csoi(k) be given by (3.6).
Let g = 0. Then there exists C > 0 independent of f and k such that

[ull < CETH(L + Coot (k)1 1] 1 (02)-
Proof. Assume first f € H?(Q). Define the function ug := —k~2f. Then [jug|% < Ck™|f| r2(q) +

k72| fll 2 (o)~ Then the function & := u — ug satisfies
—AS— k%6 = f—(—Aug—k*ug) = +k2Af, in O



By stability and generous trace estimates we have

1161+ Coot (k) [E2|Af |l 2y + &2 M10n fl L2(00) + k1 £l L2000 ]
CCsot(k) [K72 N flmr2(0) + k7 I f 1 12 )]

and conclude from the triangle inequality ||u||2; < [Juo|2 + [|6]|%

lullze < C K211 Fll2e + Coot(B) (R 2 f | zr20) + &~ 2 )] - (3-8)

<
<

In order to lower the regularity requirement for f from H? to H!, we employ an interpolation
argument. Recognizing that H'(€) is the interpolation space H*(Q) = (L*(2), H*(Q))1/2,2, we can
write, for every t > 0, the function f € H(Q) as

f=(f=fu2)+ fue,
where fr2 € H%(Q) and the following estimates are true (see [7] for details):

If = fa2llc2) +tfa2lla2@ < Ct1/2||f||H1((z),
I fellaiey < Clflla -

Selecting t = k2, we arrive at

If = frzllrz) < kM fllm e, I fu2 L o) + kM frz L2y < Clflla ),

We write © = u1 + uo, where u; and ugy solve

—Aul — k:2u1 = f — fH2 in Q —AUQ — k2U2 = fH2 in Q
Opuy —ikuy = 0 on 0f) Opus —ikus = 0 on 0f)

We conclude from (3.6) for u; and from (3.8) for us that

<l + Juzllx
< Con®)If — Frr ey +C (K20 e+ Cont(B) 2 iz ooy + 5™ for 1)
< O+ Coar(B)E £l (-

[l

O

3.2.2 Regularity by decomposition

A key step in the arguments of [17] and likewise in [10,16,18] is decompose the solution of (2.1) into
a part with finite regularity but k-independent bounds and an analytic part with k-explicit control
over all derivatives. We cite from [18] the following version:

Proposition 3.5 ( [18, Thm. 4.5]). Let Q € R, d € {2,3} be a bounded Lipschitz domain. Assume
additionally that Q has an analytic boundary. Let Cso(k) be given by (3.6). Fix s € Ng. Then
there exist constants C, A > 0 independent of k > ko > 0 such that for every f € H*(Q2) and
g € HTY2(0Q) the solution u = S(f,g) of the Helmholtz problem (2.1) can be written as u =
wps+2 + uq, where, for all m € Ny,

luallr.o < CCsor(k) (I1flL2) + 19l 172 00)) (3.9)
||vn+2U_AHL2(Q) S C/\nkilcsol(k) max{n, k}nJrQ (HfHLZ(Q) + Hg||H1/2(6Q)) (310)
sz || o2 (o) + 2 lugeel2) < C (1 1as) + 19l mre+1/2(00) - (3.11)



As we have seen in the 1D case, it is possible to improve the estimates by one power of k for the
special case of homogeneous boundary conditions and some additional regularity of the right-hand
side f. This extends to the multi-dimensional case:

Theorem 3.6. Let Q € RY, d € {2,3} be a bounded Lipschitz domain. Assume additionally that Q
has an analytic boundary. Fiz s € N. Then there exist constants C'; A > 0 independent of k > ko > 0
such that for every f € H*(Q2) the solution u of (2.1) with g =0 can be written as u = ups+2 + u 4,
where, for all n € Ny,

luallz.o < Ck™H (1 + Coot ()| f Il () (3.12)
an+2uA||L2(Q) < CXN'E72(1 + Cyoi(E)) max{n, k}n-"_QHfHHl(Q) (3.13)
HuHs+2 ||Hs+2(Q) =+ ks+2HuHs+2 ||L2(Q) S CHfHHs(Q) (314)

Proof. We decompose the data f: Using the operators L and Hq of [17, (4.1b)], we can write

f=Laf+Hof = fr+ fu,

where, by [17, Lemma 4.2, Lemma 4.3], we have for some C, n > 0 independent of k the bounds

A

Il < CE* 72| fllas=@), 0<s <s2<s,
IVPfelle) < Ck)PIfllLz@  Vp € No,
IVPfrlleei < C0k)P | fllas  Yp=>s.
We denote by uy, and ugy the solutions to (2.1) with right-hand sides f1, and fp, respectively. For

ug, we have fi € H*(Q) together with || fz| r2(q) < Ck™'|f| g1(e)- By Proposition 3.5, we may
write ug = ugs+2 + uy4 with

B2 [ugrare| 2y + lupsszllgere) < Cllifullms@) < Clfllas@
lualln < Csalk)lfullLz@)
||Vn17AHL2(Q) < C)\pkilcsol(k) max{k, n}prH”LZ(Q) Vn € Ny

recalling that || fx||2() < Ck™| fllm1(q), we see that up.+2 and %4 have the desired properties.
We now turn to ur. Since fr and 0f2 are analytic, the solution uy is analytic. For bounds on the
derivatives of uy,, we first note that Lemma 3.4 yields

luzllse < CE™H1+ Coot (k)L 111 () (3.15)

For higher order derivatives, we proceed as in the proof of [17, Lemma 4.13]: Upon setting ¢ := 1/k,
we observe that u, satisfies

—?Aup, —up =€%fr,  in Q, e20pur, —icur, =0 on 99

with fr satisfying the estimates above. Hence, the equation satisfied by ur has the same structure
as in the proof of [17, Lemma 4.13] making [15, Prop. 5.4.5, Rem. 5.4.6] applicable. The result is
then

an+2uL||L2(Q) < CK™2 max{n, k}n+2 [k—2HfLHL2(Q) + /{:_1||ULH7'J
for a K > 0 independent of k and n. Inserting now the estimate (3.15) for uy, yields
IV 2u | p2ge) < CK"? max{n, k}" k™ {|| frll220) + (1 + Csot (k)| fll e } -

Using || frllz2) < C|lfllr2(0) and setting u4 := U4 + ur, finishes the proof. O



4 Convergence analysis

4.1 hp-convergence analysis

We perform our convergence analysis for space Vi that have approximation properties typical of
the H'(Q2)-conforming spaces of piecewise polynomials of degree p. Specifically, we will stipulate the
following assumption, which formalizes the approximation properties of the hp-FEM spaces defined
in [16, Sec. 5] and formulated explicitly in [17, Prop. 5.3]; essentially, those spaces are spaces of
piecewise (mapped) polynomials of degree p on a mesh 7 whose elements have diameter h.

Assumption 4.1. The space Vi depends on two discretization parameters h and p and has the
following two properties:

1. Let~y > 0 be given. Then there exist constants C', o > 0 independent of k and the discretization
parameters h, p such that if u is analytic on Q with

V™l 20 < Cuy" max{n, k}" Vn € Ny

P P
1nf lu —v|lx < CC, (1—}—@) (( h ) +k(@) )
vEV, P h+o op

2. Let s € Ny be given. Then there exists a constant C independent of k and the discretization
parameters h, p such that if u € H*Y1(Q), then

then

kh h\*
inf |lu— vy §C<1+—> <—> llull go+1) p>s+1.
vEVN p b
A further assumption on the parameters h and p is that

@
p

<C
for a constant C. This implies that the factors (1 + kh/p) in the above estimates can be dropped.

It will be convenient to introduce the following shorthand:

e(h,p, k) := <hia>p+k<§—2)p (4.1)

These approximation properties together W1th the regularlty assertions of Proposition 3.5 and
Theorem 3.6 allow us to estimate the quantities 77N and n&

Theorem 4.2. Let Q C R, d € {2,3} be a bounded Lipschitz domain with analytic boundary.
Assume the approximation space Vi to have the properties stated in Assumption 4.1. Then for
constants C, o > 0 independent of h, k, and p:

< e[trcwmn {(7) e ()], 0
nﬁégnﬁl < C (%)min{27p}+(1+csoz(k))k2{(hﬁa)p+k(%)p}]. (4.3)




Proof. The estimate (4.2) has already been shown in [17, Prop. 5.3]; it follows from the approximation
properties of Vi in combination with the regularity assertion Proposition 3.5. The first bound in (4.3)
follows directly from the definition. For (4.3), let f € H'(Q) be arbitrary. Then u = S*f = S(f,0)
can, according to Theorem 3.6 with s = 1, be written as

U =Ugs + uA,

where the contributions uys and u 4 have the regularity properties stated there. Therefore, we get
inf ||ugs — v||n

from Assumption 4.1
h min{2,p}
c| - 1
nf G) T Whne

inf < Ck2(1+ Cyolk hpk:hkp
UlenVN Jua =l < (1 + Csor () f Nl () hro + a_p .

IN

The result now follows. O

Remark 4.3. As mentioned above, for our model problem (2.1), the constant Cy, (k) satisfies
the polynomial bound (3.7) with § = 5/2. Hence, the crucial condition (2.6) is satisfied if, for a
sufficiently small ¢; and a sufficiently large co, the following two conditions are satisfied:

kh
— < and p > cologk; (4.4)
p

the constants c1, ¢o depend only on C¢, o, 5301, and 6. "

Next, we formulate a best approximation result for data (f,g) € H*(2) x H*+t1/2(9Q), which is
proved very similarly to Theorem 4.2.

Theorem 4.4. Let Q C R, d € {2,3} be a bounded Lipschitz domain with analytic boundary. Let
the approximation space Viy have the properties of Assumption 4.1. For the solution u of (2.1) we
have:

(i) If s € Ng and f € H*() and g € H**/2(9Q), then

h min{s+1,p}
g o=l < c(2) (1 1@y + lglz-+37300)

(RN (kRN
+ Csor(k)k o +k op U2 + gl 12 o0)] -

(i) If s € N and f € H*(2) and g =0, then
h min{s+1,p}
inf u—vlxy < C (5) (FalFae)

veVN
h P Eh\?
+(1+Csol(k))k2{(m) +k (U—p> }|f|H1(Q)-

Proof. (i) follows from Proposition 3.5 and the approximation properties of V. The estimate in (ii)
is shown similarly, but we are able to exploit the improved k-dependence of Theorem 3.6. O

We are now in position to formulate some a priori error estimates. For simplicity of notation, we
employ the abbreviation e(h,p, k) of (4.1):



Corollary 4.5. Assume the hypotheses of Theorem 4.4. Assume in addition that h and p are such
that condition (2.6) is satisfied.

(i) If s € No, f € H*(Q) and g € H**1/2(9Q), then with Cy.g := || f| () + 91l mr=+1/2(00)

min{s+1,p}
h
HU_UNHH S CCﬁg{(E) +k—1CSOl(kz)5(h,p,k)}

h _
fuuxlize < C{ (%) 447 Curlbelhp) } lu = unlh

min{2,p}

h _

lu—unllg-10) < C{<]—)) +k 2(1+Csol(k))€(h7p,k)}|uUN||H

Furthermore, if the function z in (2.10) is in H* (Q) (s' € N) then

oo < (2

P +k_2(1 +Csol(k7))5(hapa k)} HU_UNHH

(i) If s e N and f € H*(Q) and g = 0, then,

min{s+1,p}
h
lu-unln < CC; { (;) R0 +csol<k>>s<h,p,ks>}
h _
lu—unllzg < c{(g) L +csol<k>>s<h,p,k:>} = unl
min{2,p}
h
lu—unllg-r) < c{(}—)) B 21+ Con(k))e(hy k)} lu = unlln

Furthermore, if the function z in (2.10) is in H* (Q) (s' € N) then

h min{s’+1,p}
)

|L(u) = L{un)| < C { (— + k72 (14 Coor(K))e(h, p, k)} llu — unlln

Proof. Follows by combining the above results. o

4.2 h-convergence analysis: examples

The above considerations are formulated in a general hp-setting. We will now present some numerical
examples in an h-FEM setting since this setting shows more clearly the k-dependence. For example,

we can simplify
h P Eh\?
e(h,p, k) = <h+a) +k (U—p) < CpkPTihP,

The next corollary follows from Corollary 4.5 by fixing p. Additionally, we assume explicitly the
condition (3.7) in order to make the k-dependence more visible:

Corollary 4.6 (h-FEM). Assume the hypotheses of Corollary 4.5. Fiz p € N. Then
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(i) If s € No, f € H¥(Q), and g € H**1/2(09Q), then with Cy 4 = || f| me(0) + 91l mre+1/72(00)

uw—unlly < CCp, RO 4 0P|
fi9
lu—unlr2@ < CCrg {hmm{sﬂ ?} 4 KO (kh) }h [1+ KO+ (kR)P—1]
h2(1 + k91 (kh)P—2 fp>2
u—un|lg-1 < + Z -
H ” @ CCf [hmm{erl ,p} kG kh + ) ) fp
9 k pr =1

If the function z in (2.10) is in H* (Q) (s’ € N), then

|L(u) — L(uy)| < CCj, [hmin{”l@} + kze(kh)p] {hmi“{ﬁ'“@} + KO (kh)P

(i) If s € N and f € H*(Q) and g = 0, then with Cy = || f| g=(a)

u—unlly < CCp |p™intsthe} 4 p0=1(gp)p
f
lu—unl2@ < CC; [hmi“{sﬂm} n k”‘l(kh)p} h[1+ K (kh)P]
lu—unllg-10) < W1+ K+ (kR)P=2)  ifp > 2

cC hmin{erl,p} k071 kh)P
po | + Ky hk? ifp=1

If the function z in (2.10) is in H* (Q) (s’ € N), then

|L(u) — L(uy)| < CCy, [hmin{sﬂﬁp} + k"*l(kh)ﬂ {hmm{ﬁ’“’p} + kf’*l(kh)p} :

Remark 4.7. A different way of phrasing the L?(2)-convergence result is as follows: If Q has an
analytic boundary and we assume that the exact solution u € H™T(Q) of (2.1) satisfies

|U|Hj(fZ)Nkja j:07"'7m+17
and the solvability condition (2.6) is satisfied, then
hk k (hky\p—1
|‘U7UN||L2(Q) <C (p ) {1+ {14’;(0’—1)) ](Csol(k)+1)}. (45)

This follows by combining the estimate for nﬁ2 with the a priori bound inf,cv, [[u — v|]l <
Ch™||ul| gm+1() < Ck(kh)™. The estimate (4.5) illustrates again that the special nature of the
case p = 1. -

4.2.1 1D examples

We will show several numerical examples for the simple 1D model problem (3.1). Without proof
we mention that the convergence results of Corollary 4.6 are valid in this case as well (in spite of
the fact that Dirichlet boundary conditions are imposed on parts of the boundary) with the special
choice 6 = 0; in particular, the different k-dependence for the cases g # 0 and g = 0 applies.

Example 4.8. We consider the smooth 1D example of (2.1) with f =1 and g = 0. With § = 0,
Corollary 4.6 gives
lu—unlln < C (WP + kfl(kh)p) < CkP~ihP

In Fig. 1, we plot the relative error in the H'(I)-seminorm. A closed form solution for u is available,
(4.10), and shows ||u'||p2(;y ~ k~'. Hence, the relative error in the H'(I)-seminorm (even in the

11



I |#%-norm) is expected to behave like O((kh)?), i.e., order p in the number Ny of degrees of freedom
per wavelength. This is visible in Fig. 1, where the relative error in the H!(I)-seminorm is plotted
versus N). Fig 2 shows the relative error in the L?(I)-norm versus Ny. From the close form solution
(4.10) we infer ||u||z2(;) ~ k72, Hence, Corollary 4.6 yields

— 1
= unlleen o o L e gt ey (1 4 k(RRYP1) < CORRYP (14 R(kR)P)
lull z2ry k
This formula shows that, in its k-dependence, the asymptotic behavior of the case p = 1 is different

from the case p > 1; this is again visible in Fig. 2, where we plot the relative error in L?(I) versus
Ny, the number of degrees of freedom per wavelength.

We finally turn the convergence behavior for a linear functional given by z = 1 in (2.10). Since
2 is again given by (4.10), we have |L(u)| ~ k=2 so that we expect by Cor. 4.6

|L(u) = L{un)|

1
< C— kP~ hPEP~IRP < C(kh)?P
=R = U

which is again visible in Fig. 3.

p=1; —u- Ku=1

——k=10

——k=10
- +-k=100
eweetio] -o- k=1000

S
T
\

8 8
5 5
- 107 o
= E
1072t
3 _4
10 - . 10 .
10° 10' 10% 10° 10° 10' 10°

0
DOF per wave length DOF per wave length

Figure 1: h-FEM for smooth right-hand side, relative error in H', p =1, 2 (see Example 4.8).

Example 4.9. We consider our 1D model problem (3.1) with f(z) = 2* and g = 0. We take the
specific choices « = —1/2 and a = 1/2. For o = —1/2, the right-hand side f in H*(I) for every s < 0

p=1;-U- Ku=1 p=2;-u- Ku=1
T=—k=10 ) " ——k=10
10° fu- SR -+-k=100 ] 107 fromeeQ R . -+-k=100 ||
ISR 2 -0- k=1000 .s‘ S -o- k=1000
2 s - >
10°F
S
o 107
T
10}
107
10 .
0 1 2 3 4 10 0 1 2 3
10 0 10 10 10 10 0 0 10
DOF per wave length

DOF per wave length

Figure 2: h-FEM for smooth right-hand side, relative error in L?, p = 1, 2 (see Example 4.8).
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p=ti—u'- KPu=1 p=2; -u'- Ku=1

——k=10 0 ‘ ——k=10
10° —e-k=too i 100 [ I
= 5 N
ksl -2 = -
510 r § ©
g §ro°f
£, 4 £
107 <
5 5
) 5
B 10° ®
107
-8 L L L
10 0 1 2 3 0 1 2 3
10 10 1 10 10 10 10 10
DOF per wave length DOF per wave length

Figure 3: h-FEM for smooth right-hand side, error in smooth linear functional, p = 1, 2 (see
Example 4.8).

and for o = 1/2, the right-hand side f is in H*(I) for every s < 1. Hence, we expect Cor. 4.6 to be
applicable with s = 0 and s = 1, respectively. We first consider the case « = —1/2 (corresponding
to s = 0). Then, only case (i) is applicable in Cor. 4.6, yielding

lu—unlz < C (hmin{sﬂap} + k”h”) < O (h+ (kh)P) = Ch (1 + kPhP=1Y |

where we inserted s = 0. We note the pronounced difference between the cases p = 1 and p = 2,
which is also visible in Fig. 4. For aw = 1/2, a similar situation arises. Applying case (ii) of Cor. 4.6
with s = 1, we expect the behavior

lu—unllpe < € (AR LR U) < O (2 RPN = OR2 (14 R0 ),

which is again visible in Fig. 5. Figs. 4, 5 also present the k-scaled L?(I)-norm error.

The absolute error in the linear functional of (2.10) with z = 1 is presented in Fig. 6. The top
row corresponds to & = —1/2 in conjunction with p =1 and p = 2 whereas the bottom row depicts
the case @« = 1/2 with p = 2 and p = 3. The first two cases (p = 1 for « = —1/2 and p = 2
for a = 1/2) are covered by Cor. 4.6. An improved estimate O(h™»{s+3/2.P}+P) can be shown by
exploiting the fact that the solution has a singularity at one point only. We refer to Lemma B.5 for
details. "

4.2.2 2D examples

In the following 3 two-dimensional examples, the solution is always smooth but the geometry differs:
whereas the first case is a convex geometry, the second one is non-convex and the third one is not sim-
ply connected. All examples are computed with the hp-FEM software package NETGEN/NGSOLVE
by J. Schéberl [19,20]. The curved geometry is resolved using high order approximations as provided
by NETGEN/NGSOLVE.

Example 4.10. The domain consists of the square [—1,1]? with two semicircular caps attached,
ie, Q=[-1,112U{(z,y)|(x £1)%2 + 3% < 1} (see Fig. 7, (a)).
For the problem
—Au—k]Pu=0 in Q
Opu—iklu=g on 909
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p=1,a4=-05

2107

o —
E s
2107 ¢
€ )
v =
T 10 k=t

—+—k=10
1078} "—k=100
—=-k=1000
_O(hs+1)

s
)
13
o
£
£
[
?
- [| k=1
——k=10
Ll —e—k=100
—&-k=1000
—or™ ol —om™?)
’ - 10 - -
10 10 10 10
DOF DOF

Figure 4: h-FEM for o = —1/2: p =1 (top row) and p = 2 (bottom row) (see Example 4.9).

The inhomogeneity g is chosen in such a way that the exact solution has the form u(x) = e™ ¥ =
elk1ztkay) where ky = —ky = k/v/2 and k € {1,10,100}. For fixed p = 1 ,2 we computed the
L2-error as well as the relative H!'-error.

In Fig. 8 we present the convergence of the h-FEM both in L? and H'-seminorm versus the
number of degrees of freedom per wavelength. We observe the same marked difference between the
cases p = 1 and p = 2 that we have seen already in 1D and which is explained by Corollary 4.6.
The convergence when evaluating a linear functional of the form (2.10) given by z = 1 is presented
in Fig. 9. "

Example 4.11. The model problem remains the same as in Example 4.10. Only the geometry is
modified to a non-convex domain, see Fig. 7, (b). The domain  is a subset of [-2,0.5] x [-0.5, 2],
thus diamQ) < 3.5. The h-FEM (error in L? and H'-seminorm as well as the error in a smooth linear
functional) with k& = {4,20,80} and p = 1, 2 is presented in Figs. 10, 11. .

Example 4.12. We consider the same problem as in Example 4.10 on a non-simply connected
domain, see Fig. 7, (¢). The h-FEM has been computed for k£ = {8,20,80} and p = 1, 2 is shown
in Figs. 12, 13. =
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Figure 6: error in smooth linear functions: top row: the case a = —1/2 with p = 1 (left) and p = 2

(right). bottom row: the case @ = 1/2 with p = 2 (left) and p = 3 (right). (see Example 4.9).
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Figure 7: domain geometries

16



convex geom., p=1 convex geom., p=2

10’ ; ‘ '
10° ]
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H" seminorm error
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1072l| o—k=20
——k=80
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Figure 8: Convergence plot for Example 4.10 with convex domain. Top: L2-error for h-FEM with
p=1and p = 2. Bottom: H!-seminorm error for h-FEM with p =1 and p = 2.
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10 : : 10 : :
10’ 10° 10° 10’ 10° 10°
DOF per wavelength DOF per wavelength

convex geom., p=2 convex geom., p=2

10’ 10° 10° 10* 10’ 10° 10° 10"
DOF per wavelength DOF per wavelength

Figure 9: Error in a linear functional for Example 4.10 with convex domain. Top: |Re [, (u —un)]
and |Im [,(u — uy)| for p = 1. Bottom: |Re [,(u — uy)| and |Im [, (u — uy)| for p = 2.
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Figure 10: Convergence plot for Example 4.11 with nonconvex domain. Top: LZ-error for h-FEM
with p = 1 and p = 2. Bottom: H'-seminorm error for h-FEM with p =1 and p = 2.
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Figure 11: Error in a linear functional for Example 4.11 with nonconvex domain. Top: |Re fQ(u —
uy)| and [Im [, (u — uy)| for p = 1. Bottom: |Re [, (v —un)| and |Im [, (u — uy)| for p = 2.
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Figure 12: Convergence plot for Example 4.12 with domain with hole Top: L2-error for h-FEM with
p=1and p = 2. Bottom: H!-seminorm error for h-FEM with p =1 and p = 2.
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Figure 13: Error in a linear functional for Example 4.12 for computational domain with a hole.
Top: |Re [o(u—uy)| and |Im [, (u—uny)| for p = 1. Bottom: |Re [,(u—uy)| and [Im [, (v —un)]
for p = 2.
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The optimally blended FE-SE scheme

It is possible to analyze the dispersive properties of a numerical scheme on regular, translation-
invariant meshes. Such an analysis is performed, for example, in [9,11-13] in an h-FEM context and
in [2-4] in a p-FEM and in a spectral element context; [1] analyzes various DG-methods for their
dispersion errors. A key idea of the recent work [4] is to exploit the different dispersive behaviors of
two different schemes in order to design a new scheme with less pollution error. This idea is worked
out in [4] by blending the Galerkin method (i.e., all bilinear forms are evaluated exactly) with the
spectral element method (here: all bilinear forms are evaluated with the Gau-Lobatto rule), giving
the two terms the relative weight 1 : p. That is, the bilinear form of the so-called “optimally blended
scheme” is given by

1 1
Brp_ =——8RB 1-—— | B
rE-sE(U,V) P FEM(U,U)+< p+1> sem(u,v),
where p is the polynomial degree employed and Brg(+,-) and Bsga(+,-) are bilinear forms of
the Galerkin method and the spectral element method respectively. On regular (infinite) grids, one
can associate a discrete wavenumber k with the numerical scheme and correspondingly measure the

dispersion error by relating the discrete wavenumber k to the exact wavenumber k. It is shown
in [2-4] that

|k — k| EO((kh)?P) for the Galerkin method,
|k —k| = kO((kh)?P) for the spectral element method,
|k —k| = kO((kh)?P*2) for the optimally blended spectral element method.

We will show in Theorem 4.13 below that such estimates for the dispersion error translate into
actually error bounds. We will do this specifically for the lowest order case p = 1 and errors in the
L2-norm for the model problem (3.1). To that end, we will assume that the discretization has the
form: Find u§ € Vv such that

Ba(ug,v) = I(v) = / fo  VeeV, (4.6)

where Vy C {v € HY(I)|v(0) = 0} consists of the classical piecewise linear functions on a regular
mesh of mesh size h. After selecting the classical basis of hat functions, we assume that the stiffness
matrix is tridiagonal. This setting includes the classical Galerkin FEM, the lowest order spectral
element method as well as lowest order optimally blended scheme. The salient feature of the analysis
is that such a discretization admits solution operators that can be expressed in terms of a discrete
wavenumber & (see the outline of the proof of Theorem 4.13 below). We will assume the following
property of k:

|k — k| = kO(hk)**, a>1 (4.7)

This assumption covers the classical Galerkin method with o = 1 (this case has been analyzed
previously in [11, Sec. 4.6.4]) and the optimally blended scheme with a = 2. It is worth pointing
out that the lowest order case is particularly striking in that the difference between the Galerkin
method and the optimally blended method is most pronounced in this case.

We can state the following result:

Theorem 4.13. Let u be the exact solution of the 1D-Helmholtz problem (3.1) with g = 0. Let uff
be the piecewise linear function solving (4.6). Then, for sufficiently smooth f and kh = O(1) the
error u — uj can be estimated by

fu —uf|zz S h*(1 + k(hk)*@=D)Cy,

where Cy depends only on the data f.
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Remark 4.14. We note the marked difference between the cases o = 1 (covering the lowest order
Galerkin and spectral element method) and o > 2 (which includes the optimally blended scheme).
If @ =1, then ||u — up||2 S kh*Cy. Assuming that the solution behaves like ||u|p2 ~ k2 (as can
be ascertained for smooth f using the solution formula) this leads to a relative error

[l — unllz

[[ullz2

< k(hk)?. (4.8)

Thus, the FEM converges at the optimal rate as measured in relative error versus N,, but the
constant is O(k). The case aw = 2 representing the optimally blended scheme gives

lu—unllzz S h*(1 + k(hk)*)Cy.

Thus in this case we arrive at
|u—un| 2

< (hk)?, (4.9)
[[ul| 2
where the constant in front of Ny 2 is bounded uniformly in k. "

The observation of Remark 4.14 is illustrated in the following numerical example.
Example 4.15. We consider (3.1) with f = 1 and g = 0. The exact solution w is given by

u(zx) = %(eikm —ie*sin(kx) — 1). (4.10)
The top leftmost plot in Fig. 14 shows the performance of the optimally blended scheme. The relative
error in L? is plotted versus Ny. We note the good agreement with the a priori estimate (4.9). The
performance of the classical Galerkin FEM is shown in Fig. 2, which clearly shows the k-dependence
predicted in (4.8). The remaining plots in Fig. 14 show the performance of the optimally blended
scheme on non-uniform meshes. The mesh points of a regular mesh were randomly perturbed by n
percent, where n € {10, 20, 30,40,50}. Although the favorable properties of the optimally blended
scheme are not proved under these circumstances, the numerical results indicate a certain robustness
of the method under meshpoint disturbation. "

Example 4.16. We consider (3.1) with f = 2® and g = 0. For the case « = —1/2 we present
the relative error in L? versus the number Ny of degrees of freedom per wavelength. We compare,
for p = 1 and p = 2 the Galerkin method with the optimally blended scheme. Fig. 15. We
remark in passing that the L2-norm of the exact solution is observed numerically to scale like
O(k—3/?). Although this examples is not covered by Theorem 4.13, the optimally blended scheme
is, in particular for the lowest order case, superior to the Galerkin method. "

Sketch of the proof of Theorem 4.13: As mentioned before the solution can be written in
the form

u(z) = L G, y)f (9)dy

where the Green’s function is defined in (3.2). Likewise, as described, for example, in [11], the nodal
values u?(x;) of the discrete solution uy can be expressed by means of a discrete Green’s function
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Figure 14: h-Method for the 1D blended spectral-finite element scheme on disturbed meshes
«

i in terms of the discrete wavenumber k:

N
up(zi) = hY G, z)ra(z;),
j=1
G (z,y) = 1 sin( Igzx (Asin( IE:y)—f—cos ky) 0<z<y<l1
iy hsin(hk) | sin(ky)(Asin(kz) +cos(kz)) 0<y <z <1
- k 12,/12 — (hk)2
A m Ak = (R)Zsin(R) cos(k) +ivI2y /12 — (hk

12 — (hk)2 cos?(k)
ra(@;) = h /Qf(y)%(y)d

Here, the nodes x; = ih, i =0,..., N, represent the mesh and the functions p;, 1 =0,..., N are the
classical hat functions associated with the nodes x;.

In particular we can see via Taylor expansion at hk = 0 that A =i+ O(hk)?

Let uz be the linear interpolation of the solution u. From the triangle inequality [[u —uj]|z2(q) <
lu —url p2Q) + lur — uyll22(q) and the standard polynomial interpolation estimate

lu = urllzz@) < CH* (I flloo + [1f'lsc) S H*Cy
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Figure 15: Galerkin FEM and optimally blended scheme for non-smooth right hand side. top: p =1
(left: Galerkin, right: optimally blended), bottom: p = 2 (left: Galerkin, right: optimally blended).
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we see that we have to estimate

lur = uplie@) = / [(ur — up)(@)Pde < B fu(e:) — uj(2i)? (4.11)

< hZ’/ (zi,y)f(y)dy — hZGh :L'z,:L'])Th(SCJ)‘Q
< hZ‘/ Gz, ) f(y)dy — (hZGh (@i, z)rn(x;) + Gh(xl,xl)rh(xl))—i—
=:A;
1 N h 2
+/ G(zi,y) f(y)dy — (h > Gﬁ(xivxj)fh(xj)ﬁL§Gi‘($i,fﬂz‘)7"h(zi))’ :
Ti j=i+1
=:Bi

We are thus left with bounding the sums ), A; and ), B;. This is achieved using integration by
parts and summation by parts, thus, exploiting regularity of the right-hand side f. Here, we give
merely some key steps and refer to Appendix A for more details.

We will need the following observation:

Lemma 4.17. With the abbreviation x4y = (j + 1/2)h, we have
Th (0) = 0

h? h3
) = Ef(wN) - Ff/(xN) + O(h*(| f" o)
) = hf(x;) + O f" ), for0O<i<N
rn(z1) —rR(0) = Th(wl)
7h3
) = ——f(wN 12) + fan- 1/2)— + O " lloo)
) = h f($j+1/2)+0(h5|\f”/||oo)f07“0<j<N—2

We abbreviate a term that arises in the definition of G-
o := Asin(kx;) + cos(kx;) = eifzi 4 (A —i)sin(kz;) = eifri 4 O((kh)?). (4.12)

Via integration by parts as well as the summation by parts rule

N N N—1 j
ijyj =yN Z»’Cj - Z Ziﬂz (yj+1 — ;) (4.13)
j=0 j=0 j=0 1=0
and using the properties of the right-hand side we get (after a lengthy calculation) for the first term,
Ai:
1

Ai = ﬁeikmf(o)_

a;h?

4sin (hk)

((0) + O(R?[1"lls))

1 ih, a;h?
— e cos(kx;) f(w;) — —————
[kQ 4sin2(h—2k)

cos(o) (f () + O] 1] )) |

. i—1
1 V/ZI / dihs 7 / 21| g1t

+— ! cos(ky)f'(y)dy - — E cos(kx; fx; )+ OR*] f" o
k2 o ( ) ( QSin(hk‘)Sin(hQ )j:O ( y+1/2)( ( j+1/2 ( || || ))

- @+®+0
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Inserting the definition of asymptotics o &; given in (4.12) and writing the discrete wavenumber k
in the form k = k(1 + ¢) with small ¢ = (hk)?“, we get

@ = ) -

) (5 002 (£(0) + O£ )

4sin(h7)

2 -
= L1 %em_m)ﬂo) +OU2(0) + OUPK 2 ]0)
1n 5

= O((M*+E ") fll) + O ET2(|f"]|0)-

l

For (O we get by inserting the asymptotics of &; given in (4.12) and using k — k = ke for small e:

2 7 ~
® = —%e“”icos(k:ci)f(xi)+W(eikzi+0(hk)2)cos(mi)[f(xi)+0(h2|f"|oo)}
111 5
2 7 ~
= %ﬁM@%mm;ﬁ%ﬁﬁm*mmeﬂﬂm+omﬂﬂ@+om%4ww@
11 5

= O +E7'o)fllec) + OM*E™2 f"]lc0)-

The treatment of the term () is more involved as is includes, as a first step, the discretization of the
integral by the midpoint rule:

i—1

1 ., [
ﬁe"”l / cos(ky) f'(y) dy = by cos(kaji1/2) [ (5172) + B2OK?|| f'lloc + Kl f" oo + 1" [loo)
0 =0

Inserting this result in the definition of (¢), we get after some manipulations
© S (W + k) Moo +B2ETH oo + K721 F" [loo)-
Thus this leads to
[Ail =@+ ®+© < (B + k) (IIflloe + 11 o0) + B2 (B lloo + K721 lsc)-

For the second term we proceed similarly: Summation by parts and use of the properties stated
in Lemma 4.17 yields

h2(1 + i)
2sin(hk)(1 — eifh)

B = {oysin(ke)* £(1) +

2 sin(/;:xi)eikf(l)}

+{ﬁ(~_2h) sin(l;:ci) cos(l;:)f(1)(A —1)
_ h?(1 + ei’;h)
2sin(hk)(1 — eikh)

— 11%2 sin(kaz;)e*®i f () sin(l;xi)eikxif(:ci)}

h2

{_m sin(kx;) cos(kx;) f (x:) (A — 1)

kh
)
2
x 1 ik h2eﬁ;h 7. = ik / 2 "
_”“_Qsm(kxi)/- A sin(hk)(1 — eikh) sin(kzi)h Z itz (f1 (x40 2) + O(R?]| f" )
h2 N-—1 _
+QST(h2_zé)h z:: cos(kaji12) (f'(@j41/2) + OB | f" o)) (A — i)}
= @+@+®
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By similar arguments as in the case of the term A;, one can show

@ < IfOIR*+E )
© < (*+E )l
® < P(Iflloo + 1 oo + B2 o) + (02 + BT )1 oo + A2 (KT loo + 57211 llo0)

This leads us again to

Bil=@+©@+® < (B +57"e) (If oo + 1/'llsc) + 12 (K7 lloo + B2 llo0)

and we end up with

lepotllZe < 2D~ 1A+ Bil* S (h* + k1) (1 oo + 11/ o) + B2 (B oo + K721 l1)

Since we assumed & = (hk)?*,a > 1, we conclude for smooth f

Ju—unlle S (1 + 17 ()) s S 2(0+ kb2,

~

For more details on the estimates in |A4;| and |B;| see the Appendix.
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A Proof of Theorem 4.13: detailed version

As discussed in Theorem 4.13 we need to estimate the pollution error epo; = ur —uj, in the L?-norm.
This will be done in (A.20).
In particular from (4.11) we have to estimate

lur —ugllfs ShY A+ Bil?
7

where -
T; — h
A; = / G(zi,y)f(y)dy — (hz G (zi, xj)re(z;) + —Gﬁ(xi,xi)rh(xi))
0 ) 2
and

1 N h
Bii= [ Gl i@y~ (b Y Gilonaynuley) + 5 G aivmm (o)

Our strategy now is to estimate both terms A; and B; by the same expression (independent of ).
A standing assumption will be that kh (and thus kh) is small. We will also use the abbreviation

a; = Ak, k)sin(kx;) + cos(kx;) (A1)
Ak B) = (hk)Qsin(l;)cos(l})+i\/ﬁ\/m

12 — (hk)? cos?(k)

This readily implies for kh — 0 (which also implies kh — 0) the relation
& = e 4 (A(k, k) — i) sin(ka;) = e+ O(kh)? = e (1 + O((kh)?)) (A:2)

The basic mechanism to obtain additional powers of k=1 on the continuous level is an integration
by parts. On the discrete level, this role is taken by the summation by parts formula:

N N N-1 j
Doy =yn Y wi— Y > @iy — ) (A3)
j=0 j=0 j=0 1=0
We will also require the identity
/ - sin 28 sin(ZELER)  cos kh _ cos(j + 2)kh
Z sin kx; = 22 = 2 2 (A4)
=0 sin Th 2sin %

We start by studying the discrete right-hand side defined by

Th(T5) = h/Qf(y)%(y)dy
which has the following properties:
Lemma A.1. (i) r,(0) =0
(ii) r(an) =% fan) = % f'(2n) + O(hY ]| o0)
(iii) Tn(x;) = B f(z;) + OB f||oe),  for0 <i< N
(iv) rrp(x1) —r4(0) = rp(ey)
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() rh(en) = ra(n—1) = =25 f@n_12) + @y -172)T5 + OB ]lo0)

(vi) T (@ja1) = ra(xg) = W3 (pp1g0) + 5 7 (@51 j2) + OS] fD|oc) for 0 < j < N —2
(vid) T (xj41) = o (x;) = B3 (2550 72) + O]l o)
(viii) (2 j41) = 1 (25) = B3 (214172) + OB £ )

Proof. In more detail, we have due to the Dirichlet boundary conditions on the left boundary that
rp(0) = 0. Further we can calculate

rh(N) = h/o f(y)wzv(y)dyzh/m f(y)y_zN_ldy

2

= [ (Gl + =) + 7o) L2 Ol — o)) — -y

= s | " - aen)dy + F(aw) / - aen) - ax1)dy

1

) [ ey [ ot en)y — ey

2
A
= fen)5 -5/ (zn) + O(h)
and
(i) = /f Y)pi(y)dy = h / fly ; 1d Jrh/i.jﬂf(y)ziﬂh—ydy

/_ (fzs) + f(xj)(y —25) + [ (= )@
R R e R R

J

+O0((y —2))) (y — x;-1)dy

= f(fﬂj)(/:l(y —xj-1)dy + /;M(%‘H - y)dy)

J

([ e aedis [0 e - )

-
T Tj4+1

w2 [ - ey

Tj—1 Zj

= flz;)h® +O(h*),

(v — ;)% (x41 — y)dy) +

for 0 <4 < N. Property (iv) follows obviously from (i). Next,

rn(xnN) —rp(zN—1) =

:/f‘PNdyh/f‘PNl

- / F@)on-1(y)dy + h / Fw) (o () — on—1(9))dy

- /IN?1 (fen—1y2) + f(@n_1/2)(y — xn_1/2) + O((y — fol/Q)Q))(y — n_2)dy

N-—-2
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4 / T (Flanotye) + F@nons)y — exy) + O — 2x12)?)) 2y — (ex + y-1))dy

N-—-1

= f($N71/2)( - /:Nl(y —an—2)dy + /;N (2y — (zn + :I:N—1))dy)

+fl($N71/2)(—/IN?I(Q—$N71/2)(y—$N—2)dy+/

TN-—-2 TN-—-1

(y—on_1/2)(2y — (zn + wN—l))dy)

TN

+(/:Nl O((y —xn—1/2)")(y — xn—-2)dy + /I O(y —on-1/2)")(2y — (o + xN‘l))dy)

N-—2 N-1
2

3
= —flon 1/2)h + fan- 1/2)7h +O(h*).

Finally

rh(zjy1) —ra(e;) = h/o Y)ej1(y)dy — h/f Y)pi(y)dy = h /f (pi+1(y) — wi(y)) dy

1
= h f Tjt1/2 )+ f(z j+1/2)(y*$j+1/2)+f (741/2)

— Zj41/2)° 4
+ " (@j41/2) W +O0((y — zj41/2) )) (i+1(y) — @;(y))dy

= W) [ )= et
+hf/(90j+1/2)/0 (Y —2jp1/2)(Pi+1(y) — i (y))dy

Y e e R

Ly — o 3
s agiagn) [ )~ gy
0

+h/0 O((y — mjs1/2) ) (@i41(Y) — ©5(y))dy

(y ]—‘,—1/2)
2

(=)

hd !
= BPf'(zjt12) + gf”/(fcj+1/2> + h/o O((y — zjz1/2)" ) (@1 (y) — @i (y))dy
h5
= B*f'(zj112) + gfm(%'ﬂ/z) +O(h°)
for0<j< N -2 O

A.1 The term A,

In order to estimate the term A;, we will need the following result:

Lemma A.2.

1 .
Zsm ire(z;) + B sin(kx; )rp(x;) =

hQCOS(%) 7. 210 g h2 — 3 £
= 2= [£(0) + cos(ka) f (x:) + OB " ]loo)] + ——=>_ cos(kaj1ya) (hf (24172) + OB 1" ]|))
2 sin(2k) 2s1n(%)] 0

Proof. The essential ingredient of the proof is a summation by parts given by (A.3). Together with
(A.4) we get
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i—1
- 1 -

Z sin(kx;)ry(z;) + 3 sin(kx;)ry (x;) =

=0

— (Z sin(l;xj ) rh(xi—1) Z (Z sin( k::cl ) rr(Zjt1) — ra(z )) + %sin(l}:zi)rh(zi)

=0 j=0 \1=0
1 ~ hk
B 2sin(Lk) (COS(_) —cos(hai = o5))ralrio1)
i 2 (st oy + ) () = 7a(a) + gsintEara(e)
- | 1 = {(cos(—) — cos(kx; %))rh(a@z_l) — cos(%) (rn(zjs1) — r(z;))
2sin(%") =
+3 cos(ka; + ) (ru(@41) — rule;)) + sin( )sm(kzzz)rh(zz)}
7=0
— 2Sln1(%) [(cos(—) — cos(kx; — —))rp(zio1) — cos(%)(rh(xz_l) —71,(0))
+icos(kxj + — ) (ra(zjs1) — ru(zy)) — cos(ka; — —) (rn(2i) — ru(zio1))
+ cos(%)(rh(m) —r(0) + sin(%) sin(l%xi)rh(xi)}
cos(%’%) cos( 2’5) k
= QSin(%’;)rh(zl) + 2sm(h2_k)COS(k:Ez)Th x;) 28111 % ZCOS k:cj Th(ijrl) - rh(zj))

Then, after applying the properties of the discrete right-hand side given in Lemma A.1, we get

Z sin(kx;)ry (x;) + %sin(/%wi)m(ﬂﬁi) =

B2 COS(h_Qk) oo h2 COS(%) .

— eim( ) (f(z1) + O(R? (| " lo0)) + sin( ) cos(kw:) (f(x:) + 02| "] oo))

2Sln(}L_)ZCOS k:L'] + %)(h f ( J+1/2) (hSHf///HOO))

coS(h—Qk) 20 prr , - h2c S(%fc) -
= 251n(hk) (f(x1) + O f" o) = hf'(x12) + OB f" |l00)) + 251n(M) cos(k:xl)(f(xi)-yO(h 1" ]o0))

QSlr];L( ZCOS kxj + @)(hf (-Tj+1/2) +O(h3Hf”I|| ))

o h 2 1"
- 28111((}‘7:) (f0) +hf'(0) + OBZ[| " lloc) = h(f'(0) + S £(0) + O(h*[ £ l0))
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cos(kz;) (f (i) + O(R*[[ f"]|0))

2sin(LE)
h2 i—1 7
3 coslr; + ) (1 (210072) + O £]10))
251n(7)] =0
h2cos(%fc) 2| g h2COS(%) 24 g1
ron) (£(0) + O(R*[[ "]|0)) + NTY cos(ka) (f (i) + O(h®|| f"]|oo))
p2 il

hk
Zcos kxj+ —)(hf (Tjp1/2) + O " || s ))

25111(%)] e

O
Using Lemma A.2, we obtain with the definition of &; in (A.1):
A= /Zi G(zi,y) f(y)dy — (hiG?{(zi, xj)re(z;) + th?{(ZEi, zi)rh(zt))
0 = 2
1 oake 74
= —¢!M k d
e /0 sin(ly) ()
h
,( ey hl; aZZsm kaj)ry(z;) 2hsm(hl~€) a; sm(kxz)rh(xz))
= 2 [ geostnr ) + 1 [ costinran]
~ 1—1 1 5
_sm(hk) 2 Osm k:x])rh(acj) + 3 sin(kxi)rh(aci)}
1 ikx; . /
= e [£0) = costhan) fa) + [ costif ()a]
641’ h2 COS(%I;) Tone. . 2 "
) L) O+ s () + 001 o)} +
h2 i—1
3" cos(hay 1) (S (@501/2) + OB £l o0)}]
251n(h7) e
L p0) - — G (O + 0GR | @
k2 4sin® (L)
1 i, o - "
{ {ﬁe‘kml cos(kx;) f (@) — 4sin2(%’5)ai cos(ka;) (f(x:) + O(h?(| f ||oo))} } ®
1 ; e / h n
{Jrﬁe‘kml/o cos(ky) f'(y)dy — m%hzcos kx; + f (Tj41/2) + o\ f ||oo))} ©

Next, we aim to estimate each of the terms @), ®), and (©). Therefore we will need the following
estimates:
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Lemma A.3. As kh — 0 (and thus ¢ — 0) we have (uniformly in z;, x;, z, y € [0,1])

L ik, (kh)* . 2 -1
— e — ———3;|=0(h") + O(k™"¢) A5
k2 4sin2(%) ( ( (A.5)
1, 2 -
e e* i cos(kaj) — ('kfh)}{di cos(kz;)| = O(h?) + O(k™'e) (A.6)
4sin”(%7)
eifr _ gikr — O(ke) (A7)
eife cos(ky) — % cos(ky) = O(ke)
hk 2 e
(7)~ k=k)zi — (1 + O((kR)?) + O(e))(1 + O(ke)). (A.9)
4sin®(2k)
Proof. We start with the proof of (A.7):
eife _ pike _ oika (ei(’;_k)z - 1) — ¢lh” (eik” - 1) = O(ke), Ve — 0. (A.10)

(If ke is small, then the statement is shown by Taylor expansion; if ke is not small, then ei*s* — 1 is
O(1) since k, €, = are real).

Next, we observe that (A.10) implies
1

cos(kz) — cos(kx) = 3

The bounds (A.8) is shown similarly using (A.7), (A.11):

(eikz _ eikw 4 ke eifcz) = O(ke). (A.11)

eife cos(ky) — eike cos(ky) = eike [cos(k:y) — ¢ilk=R)z (cos(l;:y) — cos(ky) + cos(k:y))}

= e [cos(ky) — (1 + O(ke))(cos(ky) + O(ke))]
= O(ke).
(Here, we ignore the term O(k?e?) that would formally arise since if ke = O(1), then the left-hand

side is also O(1)).
Next, we show (A.9):

2 z 2 =
(hk)2 ei(fck)zi<ﬁ> ( )2 ei(Ek)zi< 1 ) (hk)2 picke

451112(%) k 431112(%) L+e 4sin2(h7)
= (14+0() (1+ ) (1+ O(ke))
= (1+ O((kh)?) + O(g)) (1 + O(ke)).

Turning to the proof of (A.5), we get in view of (A.1) and (A.9) that (as kh — 0)

L ke, (kh)> 1 _ 1 _ (hk)? o
ﬁ ' 74Sin2(%~)az 7ﬁ‘1 4Sln2(hQ_~) (k ! (1+O(kh) )‘
. 1 (h’k)2 x; 2
—’1431112(’3—") |+ 00
= k2 {O((kh)?) + O(c) + (1 + O((kh)?) + O())O(ke) } +/<;20(52)} +O(h?)
=k72{O((kh)*) + O(ke)} + O(h*) = O(h*) + O(k™ '¢)
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We finally show (A.6):

— |et*®i cos(ka;) — (kh)2~ & cos(k;) L i cos(kaj) — (k h)2~ (e ikag + O(kh)?) cos(kx;)
k> ! 4sin2(%) ! k? ! 451n2(h7) !
= e*i cos(ka ;) — (k h)2~ etk cos(kz;)| + O(h?)
k? ! 4sin® (1) !
=O0(h?) + O(k™'e).
O
With these estimates, we can analyze @), ®), (©. From (A.5) we get
® 1= e 1(0) - — L (£(0) + 002 "]1)
k? 4 sin( th)
1 ke kh)? 1 kh)?
= (e - G ) )+ o)
k 4sin(2F)2 k* 4sin®(hk/2)
S (B2 + k) flloo + R2E72( oo
Similarly we get with (A.6):
- ,L ikz; . . L . B2 £
®:= 5¢€ cos(kx;) f (i) + 2 COS(k:CZ) f(@i) + O(R[| f"]| )
k 48in (7)
1 e h? = —27.2)| ¢V
= |—5e" " cos(kx;) + ———=—5&; cos(kx;)| f(xi) + Ok~ "h7|[ f"]| )
k 4 sin (th)
S (02 + k) flloo + 2R3 oo
For the third term, (©), we start with the observation
1 1 1 1
= = (1+O(kh)*),  kh—0. (A.12)
2sin(hk) sm(hk) 4 sin (hk) cos(hk) 4 sin (hk)
For the term (©), we discretize the integral by the midpoint rule to get
. i—1
1 ikw [ 1 i, _
ﬁelm/o cos(ky) f'(y) dy = 72¢ Ky cos(kajiaga) (@512 +k 2R ORP ]| oot kLf” oot L [loo)
§=0
(A.13)

Using (A.12) and (A.13), (A.6) we get for the third term (©:

1 ikx; o / 1 ~ N "
©:= ﬁek /0 cos(ky) f'(y)dy — (maz cos k$]+1/2)(h f(z J+1/2)+O( Hf ||oo))

i—1

1 . - -
= ﬁemlhZCOS(k$j+1/2)f'(zj+1/2) +R20(|f lloo + kM oo + 721 7" llo)
7=0
h2 i—1

_md h;cos k$]+1/2)(f (‘Tj+l/2 +O( Hfm”oo)))

i1 i1
1 B2 ) _
= —eip E cos(kxipqs0)f (jp1/0) — ———————ash g cos(kxjy1/0)f (241/2)
2 PRI Gin(hk)sin(BE) g TR Y

Jj=0
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+ R2O(1f oo + k™M 1" lloo + E721f" 1)
=h [ ehi cos(kx ) ———
Z e 4 sin (hk)

+h2O(1F lloo + B oo + 521" [loo)
S (0 + k7N oo + B2 oo + 22 R " loo

This leads us to

2 ~
(1 + O(kh)?)d; cos(kz 4 /2)} F(@501)2)

Ai=@+O+O < (1 + k") (Ifllo + 1 lloc) + ET B2 lloe + E2R%[f"loc)  (A.14)

A.2 The term B;
For the second term B; we will need

Lemma A.4. For kh — 0 (and thus kh — 0) we have

N

ik, L ik, W2(1 4 *h) o
D Ry (ag) + Sty () = *(7.~)6 P+ O] f"loo))
& 2 2(1 — elkh)
Jj=i+1
h2(1 + eifhy
7,61 Ti ;) + O h2 " o
i () + 001 )
; N-1
th 2’1 i];fl/“+1/2 I (o 20 g1
gy O € (g + O] )
j=i
N
- 1 . h2 cos(hk - -
S sinRe (o) + 3 sinChrgr () = — 2 cos(Ran) £(1) + OB oo + F~H27"]10)
& 2 2 sin( k)
j=i+1 2
h? cos(h—’;) ~
I o) (F(00) + O 17]0)
2sin( %)
+——h > cos(kzji1ye) (£ (@412) + O [ £ ]s0))
2sin(7) e
Proof. These two identities are again shown via summation by parts:
N 1.
> et may) + gt ira(e) =
j=itl
N N-1 1.
— Z elkﬂﬂj Th(mN Z (Z elkll> Th .T]+1) Th($j)) + §€lkzi7‘h($i)
j=i+1 j=i+1 \l=i+1
eil;mlurl _ eil;zN+1 N-1 eikz¢+1 _ eil;m]url 1 .
IR () - j;l | oikn =(rn(@j41) = ralzs)) + 5" ral@i)
1 i i i N-1
— ik$i+1 _ iklN+1 _ ikli+1 . — .
T [€ RV ) () — e ; (rn(xj41) = (7))
N-1 1 o
4 ZH eiFTsi1 (ra(zj11) — razy)) + 5(1 7€1kh)61kxirh(xi)}
j=i
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1 ika; ikz ikx
B (1 — eikh) [(e Rt — RN (2 ) — €T (g (en) — i (@ig)

N-—1
. . 1 ikhy ik
+ Z elFTit1 (rn(zjs1) —ralz;)) —e Feit (ra(zigr) —ral@) + 5(1 —eiM)elr Zrh(%)}
=i
1 then ik 1 ikh)y ik
= [_6 Frp(on) + ey () + S (1 =€) e iy (24)
T (1= eikh) 2

+ Z elk1j+1 7’h :CjJrl) (@ )) Jreil%mN (Th(ZEN> 77";1(:6]\771))}

= a 1eif€h) [ei’;((rh(:ﬁN) —rn(zn-1)) — ei’;hrh(xzv)) + %(1 + ei%h)ei’;“rh(xi) + Z eihe+1 (rn(zjg1) — T'h,(.’L'j))i|

Applying the properties of r, shown in Lemma A.1 produces

4 ik 1 ikx;
> e Tra(zg) + et ra (@) =

j=it1
~ s [ (= o+ £ B+ O 1) = 5 () = T o) + 001171
L0 O (a5 O o)) + 3 0 (7 4112) + O 7])
— (B (wn-172) + O£
ﬁ (=2 (fn) - 2 @) + 22 (P a) + O )
= pan) I pan) <0 () + 0057
%’C (@ + 0010 ) + o NZk (B (@0172) + OB )
-5 k) [ 2+ e (o) - %Sa — ) (o) + O 1))
L e (fah? + OU ) 3 (1 o) + O )
2(1 — eikh) — eifh) =
- —% (F0) + 0021 1) - %3f'<1>e”5 + % (F(@) + 002 1)
4 ) NZ 1 (1 (1 2) + O )

_ 20— eifch) e (f(l) +O(R*||f Hoo)) +

kh
h2

Z I (@je12) + OIS 1))

Meikxi T 2 /i
2(1 — eifch) (f( i) + O(7[|f ||oo))
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For the second identity of the lemma, we calculate with the summation by parts formula (A.3) and
the trigonometric identity (A.4):

Z sin(ka;)ry () + %sin(/;:xi)rh(%) =

j=i+1 \l=i+1

Il
.

N-1 J
sin(imj)) ra(zn) — Z ( Z sin(l?:zﬂ) (rn(zjp1) —rn(z;)) + %Sin(l;:zi)rh(zi)

- ; Sm(%};) (COS(k$i+1/2) — COS(/{/’.’L'NJrl/Q))T‘h((EN)
N-1 } ) 1 .
— Z (cos(kzit1/2) — cos(kzjp1)2)) (rh(zjs1) — rn(x;)) + = sin(ka;)ra(z;)
2sin(5) ;55 2

1

N-1

— QSinl(h—’;) [(cos(/%xiﬂ/g) — cos(l;xNH/Q))rh(xN) — cos(/;;xiﬂ/g)j;l (rh(xj+1) — rh(:nj))
N—-1 ~ ' hiﬂ o

+ Z cos(kxjp1/2) (rh(xjg1) — ru(x;)) + sm(?) sm(kxi)rh(xi)}
j=it1

-- sinl(%l;) [(cos(aien o) — cos(han o)) rm(en) = cos(Fairso) (malan) — (i)
N—2

+ Z cos(kajy1/2) (ra(@jer) — r(a;)) — cos(kaipr o) (r(zisr) — ralas))

+cos(kzy—_12) (rn(zn) — ra(zy 1)) + sin(h—:) sin(kx;)rn (m}

=5 sinl(h—’;) [( cos(kxn_1/2) — cos(kxnt1/2))rn(zn) — cos(kxn_12)rn(zn—1))

N-2 ~
+ 3" cos(kajp12) (rulejen) — ruley)) + (cos(zézm 1)+ sin(%) sin(l;:zi))rh(xi)}

i=i

My
= sin(kzy)rn(zn) — 2Sin1(%;;) cos(kxy_19)rn(Tn_1) + 2(3:1((%)) cos(kx;)rn(x;)
1 N—2 )
yin(h) ; cos(kxjy1/2) (ra(zj41) — ra(z;))
.7 h? h? / 41 g1 1 1. 2 4| g1
= Sln(k$N)(?f(-TN) - Ff (zn) + OB f o)) — o (hk) cos(kzn_1/2)(R* f(xn—1) + O(h*| f"|ls))
1n 5
COS(%];) 7. 2 4y £1 1 - 7. 3 g/ 51 £/
—2 cos(ka) (B2 f (i) + O(h*]| £"|oo)) + —— D cos(kaji1y2) (B2 (wj41/2) + Oh*[[ £ ]|0))
2 sin(4E) 2sin(4f) =
- : = cos(kaen—1/2) (W2 (2 -1/2) + O(W°|[ /" ]| ))
2sin( %)
~ h? h3
= Sin(kaN)(?f(xN) - Ef’(xzv) + O "))
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cos(kzn—172) (W (f(zn) = hf'(zn) + Oh*| ]| )) + OW*]L "))

25111(%)
COS(%];) 9 AN et 1 s 51 g1
oz cos(kai) (0 f (@) + O floo)) + ———= 37 cos(kjyaa) (1 F (w1412) + ORI f"]1))
2sin (%) 251“(?) j=i
h
- = cos(kan_1/2) (B (' (xx) = 5 " (2) + O] /" ][x0))) + OR° | ]| <))
2sin(5") 2
) hi 3 ) o 2 hik
-t C.OS(hlj ) cos(kxn) f(an) — h—f (1) sin(k) + sin(k)O(k~"h?|| f"|oo) + ! COS(h,f ) cos(ka) (f(w:) + O(h?| f]|o<))
2sin(7) 2sin(%)
1 N—
+ — Z cos kzj+1/2)(h [z J+1/2)+O(h5|‘f”1” )
2sin(%’) S5
2 ou( bk 2 gos( Lk
= P05 cos(ln) fan) + O e + 107 1e) + =) o) (1) + O] £7)
2sin(4F) sin(%")
B2 N-1
+— hz cos(kxjy19)(f'( i+1/2) + OB f"[|o0))
2sin(%) o
o
Thus, using the structure of &; given in (A.1) and Lemma A .4
a h
B; _/ G(zi,y dy—( Z Gy (zi, xj)rn(z)) + §G2‘($i,$z‘)%($i))

j=i+1

_ 1 in(k iky d h . I;’ al ~ h . ]; ~
= sin(kr;) / Sy — (s sind 7 3 Q) + g v (e)

1%/ e 1/ (y)dy|

N

sin(hk) sina;) L;l (e + sin(kay) (A(k, k) = 1)) rn(2;) + %(ei’;“ +sin(ka;) (A(k, k) - i))rh(wi)}

1 1 ;
=7 sin(kx;) [Eelkyf(y)

1
— g stk [ () = 4 fla) — [ p )

_sin(hlzz) sin(l;:xi)[ Z eikes ri(x;) + %eikxirh(xi) + ( Z sin(kx;)ry (x;) + %sin(fmi)rh(a@i)) (A(k, k) — 1)}
Jj=i+1 Jj=i+1

1
= % sm(kacz)[ k1) — b f(2) — / eikyf’(y)dy}

_ in ~.T' _ M eifC _ eilkcaci "y 21| g
i k) (= G ) = e )+ 0021 17)1)
205 N1
* (1h_ eil%h)h ; A Y O(h2||f”|\oo)))
———sin(Er)(AGk /%)—i){—h COS(%)(COS(/%)f(l) — cos(ka:) f(2:)) + O3 || |oo + E B3] ]| s0)
sin(hkz) ’ 2S1n(%)
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N-1

h o S cos(la 172 (£ (2541/2) + O 1" 1))}

e
. (h
2sin( 7 =

h2(1 _i_eifch)
2sin(hk)(1 — eikh)

1 : i N ik
= {lk—Q sin(kx;)e kf(l) + sin(kz;)e kf(l)} @

2

+{4sin?( )

1 .
> sin(kxi)e‘k:“f(aci)

sin(kxz;) cos(k) f(1)(A(k, k) — 1)

“3|:~'

- h2(1 + eifch)
2sin(hk)(1 — eikh)

sin(lzrxi)e”;“f(xi)} ®
2

{4sin2(

sin(ka;) cos(ka;) f (x:)(A(k, k) — i)

)
ikh N-1

L. ! i h?e™z . /7 ikx.
7@ Sln(kl'i)/ e kyf/(y)dy — Sln(h];,)(l eiich) sm(k:ci)h Z e k j+1/2 (f/(SCjJ,_l/Q) + O(h2||f/”||oo))
T - j=i

M|m'

h2

+7~
2sin( 1)

N—-1
h Z cos(kji1/2) (' (2541/2) + O(RZ[|f"|0)) (Alk, k) — i)} ®

In order to simplify these three terms, we need a lemma:

Lemma A.5. For kh — 0 (and thus kh — 0)

Ak, k) —i=O((kh)?) (A.15)
1 X h2(1 +eil§h) ~ =
— sin(ka;)e'* - — sin(kz;)e’” = O(k h? Al
e sin(kz;)e™ + 2 s (hE) (1 o) sin(kx;)e’™ = O(ke) + O(h?) (A.16)
1 . hzeifch/z ~ -
—— sin(kz;)e + sin(kx;)e'® = O(h?) + O(k~te). (A.17)

ik? sin(hk)(1 — eihk)

Proof. (A.15) follows from the definition of A(k, k) and a straight forward Taylor expansion.
For (A.16), we first note that the estimate is trivial if ke = O(1) (and kh is small). We may
therefore assume that additionally ke is small. With k = k(1 + €) we then have

h2(1 + eikh .
(~+ = ), sin(kx;)e'® =
2sin(hk)(1 — eikh)
(kRh)2(1 4 eikh(1+e))
2sin(kh(1 +€))(1 — eikh(1+2))

2 sin(kx;)e't +

1, .
?elk (sin(kzzi) +i sin(k(1 + E)zi)elk6)>

i

We set § = kh and perform a Taylor expansions (assuming § and € to be small) to get

(kh)2(1 + eikh(1+) §2(2+1i5(1 +¢) + O(6?)

)
2sin(kh(1+¢))(1 — elkh(42))  2(5(1+¢) + O(6%))(1 — (1 +i6(1 +¢) — 3(6(1 +¢))2 + O(6%))
1+ 20 4 0(s?)
(1+e40(82)(—i(1 +¢) + 26(1 4+ )2 4+ O(62))
1 14+ 2R 4 0(82)
—i(1+¢) (14+e+0(62)(1+idd6(14¢) + 0(8?))

1 qiow) = _ii(1 +0(6?) +0(e))

—i(1+¢)?
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Therefore, we get

(kh)2(1 4 etkh(1+e))
2sin(kh(1 +€))(1 — eikh(1+e))

1 .
—elk (sin(kzzi) +i

= sin(k(1 + E)zi)eik€)>
1

= ik%e““ (sin(kz;) — (1 + O(8%) + O(e)) sin(kx; (1 + ))ei*)

= ik’%eik (sin(ka;) — (14 O(6%) + O(e))(sin(kz;) + O(ke))(1 + O(ke)))
k=% (O(6%) + O(ke))
Recalling that § = kh finishes the proof of (A.16).

We now show (A.17). Taylor expansion gives (for small § and )
§2610(1+)/2
sin(d(1 +€))(1 — eid(1+2))

= -1+ 0(6*) + O(e)
Hence, we get with the notation § = kh
h2pikh/2

sin(hk)(1 — eitk)

1 .
—— sin(kx;)e +

2 sin(l;::ci)e”;y
i

= e (sin(ka) + (1 + O() + O(e)) sin(k(1 + ) )eH)

_ ikiQeiky (sin(kz;) + (1 + 0(6) + O(e))(sin(ka:) + O(ke))(1 + O(ke)))
= k72 (0(6%) + O(ke)) ,
which concludes the proof of (A.17). O

With Lemma A.5 in hand, we can bounds the terms @), ©), and (.
From (A.16), we get

@ <CIF )] (h* +E"e).
Combining (A.15) and (A.16) yields
@ < Clf ()l (B +k7"e) + Ch2[F(1)].
The term (F) consists of three terms
O =0, +D; +Ds.
The terms (D), and (), can be estimated using (A.15) by
@]+ D3l < CR?|f ()| + CB? (|1 £ lloc + B2 "l -

The term (), requires more care. Discretizing the integral in the term (), with the midpoint rule
we get

1 1 1 N—1 .
—arzsintie) [ ) dy = g sin(hzh 3 R ) RO oot e o)
(A.18)
With the aid of (A.17) and (A.18) we get for ©:
@ 1 i (k )/1 ikyf/( )d hQQiEh ¢ (iﬂ )hzf ik1j+1/2 (f/( )+O(h2||f///H ))
1= — o sin(kx; e y)dy — ——= o sin(k e Tiy1/2 o
ik o sin(hk)(1 — elkh) =
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N
1. ik, _
2 sin(kai)h Yy ez faiyn)  + k2RO f oo + B oo + 17 loo)
j=i
il’;h ~ N-1
sin(kxz;)h Z elF itz (f'(j1/2) + ORI " o))

i=i

h2e
sin(hk)(1 — eikh)

N-1

1 .
3" [ sinlhe,)ee 4
|
j=i

ikh
h2e’s

sin(hk)(1 — eikh)
kT2 R2OR2(| ' lloo + Kl oo + 11" lo0)
= (0(h*) + Ok ) f'lloc + k2R2OK?|| f'lloc + KILf " lloo + [LF" [lo0)-

sin(fﬂxi)eihﬂ'“”} f/(96j+1/2)

This leads us to

Bi=@+©@+® < (1 +57"e) (Ifllse + 1 loe) + R RS Nloo + &2 " lloo)- (A.19)

A.3 The final estimate
Combining (A.14) and (A.19) we arrive at

lepoullzz S [h D~ 1A+ Bil? S (W2 4+k7"e) (I Flloo+ 1/ loo) +AET L oo+ h2E2 1 /" lloo (A.20)
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B Duality arguments for specific right-hand sides

For simplicity of exposition, we do not work out the k-dependence explicitly. The argument follow
standard lines as illustrated, for example, in [21, Sec. 1.5]. We start with the nodal error:

Lemma B.1. Consider (3.1) and let Vy be the conforming subspace of piecewise polynomials of
degree p. Let uw € HPYY(I) and uny € Vi be the Galerkin approximation. Then for all mesh points
u(a;) = un(i)| < Cpph® [[ulP*V| pex,

where the constant Cy 1 is independent of h (by may depend on p and k).

Proof. Let G be the Green’s function and IG(x,-) € Vy be a piecewise polynomial approximation
to it. Then by the piecewise smoothness of G(z;,-)

|G (s,) — IG(zs, )| < ChP.

u(@i) = un(@i)| = B(u — un, G(zi, ")) = [B(u — un, G(w;,-) — IG(xi,))]
<llw = unllallGai, ) = IG(x3,-)lla < Crph™.

For quasi-uniform meshes, we also have L°°-bounds for the derivative:

Lemma B.2. Assume the hypotheses of Lemma B.1. Assume additionally that the mesh is quasi-
uniform. Then
(= un) |l poe(ry < CHP [P oo -

Proof. The proof follows [21, Thm. 1.5.1]. Fix an interval K of the mesh. Let Lo,..., L,—1 be the
Legendre polynomials scaled to the interval K = (2;,x;+1). Write, on the interval K, the error
e(z) = u'(z) —uy(z) as

e(x) = ¢;Li(w) + ORP),
=0

where the O(hP)-term involves only |[uP)||f(r). We next show that the coefficients c¢; = O(hP).
To that end, we denote by xx the characteristic function of K and let

£g = / "k (g(t) dr.

We note that if g is a polynomial of degree p — 1, then £g € V. Hence, the Galerkin orthogonality

gives us
/ e’gdt:kQ/eEgdt
K I

’/ egdt
K

Using the orthogonality of the Legendre polynomials, we get with hx ~ h:

In particular, therefore,

< Ck?|lellL2n)llgll L2

cj~hyt /K(e’ +O(hP))L;dt Sh™t (O(hPH) + k2||€HL2(I)||LjHL2(K)) = O(RP) + E2hPH1n =12 = O(hP).

O
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We now turn to the evaluation of linear functionals:

Theorem B.3. Let Vi consist of piecewise polynomials on a quasi-uniform mesh with mesh size h.
Letuw and uy be the exact solution of (3.1) and its Galerkin approzimation. Assume thatu € WH(I)
with t > 1. Let ¥ be smooth and ¢y be its Galerkin approximation. Then

Bl — wy, )| < Cpyeh™ =1},
Proof. By Galerkin orthogonality, we have
|B(u —un,¥)| = [Bu—un,¥ —¢n)| = |Blu— Tu,p — Pn)| < Ckllu — Tullwra )l — Ynllwre 1),

where [u is an arbitrary interpolant of w. Inserting now the approximation properties for the
interpolant /v and using Lemma B.2 concludes the proof. o

Theorem B.3 may be applied as follows:

Lemma B.4. Let u be of the form
u(z) = 22 + @,

where @ is smooth. Then uw € WH(I) for any 0 <t < a + 3.

Proof. The proof follows standard lines as worked out, for example, in [5]. We just consider the case
= 0. Let x € C*°(R) with suppx C [~1,1] and x = 1 on [-1/2,1/2]. For § > 0 define xs by
Xs(z) := x(x/9). Consider the decomposition

u = x5 4+ (1 — x5)x""2 =: uy + uo,
where the parameter § will be chosen later. Then for any integer k > « + 3

5 k
[ (uz)™®) loi < / 2 t2=8) go 4 Z 5~ (k=) /
5/2

i 5/2

é 1
1,0#‘1’27] dIL' +/ xa+27k dIL' ~ 6a+37k
)

Hence, for k > a+ 3
llutllwracy < CE¥FT3F

Next, for us we have
s
sl < [ a2 do 5249
0

This implies for the K-functional:
K(u, t) S ||u2||L1(I) + tHulek,l(]) S C(Sa-‘rs(l + té_k).

Upon selecting § = /%, we get
K (u,t) < Ctlet3)/k,

We calculate

1 dt 1

/ 7K (u,t)— < C tmImoH@tdR) gt < 5o

t=0 t t=0

if
o< (a+3)/k

Given that WH1(I) = (W2 (1), W' 1(I))g 1 with t = 0t; + (1 — )5 for integer t1, t2, we conclude
that

u € Wl (I), o< (a+3)/k-k=(a+3).
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Corollary B.5. Let Vi consist of piecewise polynomials of degree p on a quasi-uniform mesh of
mesh size h. Let u be solution of (3.1) with f(x) = x®. Then, for smooth z, the error in the linear
functional given by (2.10) is expected to be

|L(u) — L(uy)| < O pptmin{a+2,p}
Proof. This follows by combining Theorem B.3 with Lemma B.4. Strictly speaking, this procedure

only yields convergence O(hP+min{at3.2}=¢ for all £ > 0 but the proof shows that & can be removed.
O
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p=1,a=-0.5

optimally blended scheme, p = 1;0. = -0.5

DOF

10 10 ;

107" 1 107 3
21072 1 2107 :
o )
£ £
2107 1 210 |
! —4 | —4

T 10 k=t 1 = 10 ok 1
——k=10 ——k=10
10‘5,—9—k=100 J 10‘5,—9—k=100 1
—&—k=1000 —8-k=1000
. _O(hs+1) . _O(hs+1)
10 ~ ‘ 10 ~ "
10 10 10 10
DOF DOF
p=2,0=-05 optimally blended scheme, p = 2; o = -0.5
0 0
10 10 ;
107 ]
2
< 10 R
o 2107 3
[0} [0}
S £
2 2107 ]
4
5107 15
! | —4
T ——k=1 T 10 E
——k=10 ——k=10
o/ ~—k=100 10| —e—k=100
101l —=-k=1000 ~=-k=1000
—O(h5+1)‘ | o _O(hS”)‘
10° 10° 10° 10"

DOF

Figure 16: Galerkin FEM and optimally blended scheme for non-smooth right hand side. top: p =1
(left: Galerkin, right: optimally blended), bottom: p = 2 (left: Galerkin, right: optimally blended).

C Further numerical examples

We collect additional numerical examples in this section.

Example C.1. We continue Example 4.16 for the case « = —1/2 and compare the H!-performance
of the Galerkin method with the optimally blended scheme. We observe in Fig. 16 that both method
have the same asymptotic behavior but that the optimally blended scheme is much more efficient at
suppressing pollution, i.e., it reduces the preasymptotic regime.

Fig. 17 present a comparison of the Galerkin method with the optimally blended scheme for the
evaluation of the average (i.e., the linear functional is given by (2.10) with z = 1). n

Example C.2. We continue Example 4.16 for the case « = +1/2. In Fig. 18 and compare the
relative L2?-performance of the Galerkin method with the optimally blended scheme for the cases
a = 1/2 (which corresponds to s = 1) and p = 2 as well as p = 3. We mention that the numerics
suggest an O(k~?)-behavior for the L2-norm of the exact solution.
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p=1;4=-0.5 optimally blended scheme, p = 1; 0 = -0.5
0 0
10 T 10 T
107 ]
© ©
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£ 10 1 =
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g 107 —— | g ——k=1
[ ——k=10 [ 10*10,—|—k=10
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107! —&-k=1000 —&-k=1000
_O(hs+1 +p) _O(hs+1 +p)
10’ 10° 10° 10 10° 10’ 10° 10° 10 10°
DOF DOF
p=2;0=-0.5 optimally blended scheme, p = 2; 0. = -0.5
-5
107 F 1
107° 1
© ©
c c
RS o
© ©
c c
2 2
o = . 10
g g 10 ¢ 1
£ 410 =
R 1 e
S ——K=1 S ——k=1
) ——k=10 ) ——k=10
—-—-k=100 —-—-k=100
—8-k=1000 —#-k=1000
_ O(hs+3/2+p) —_ O(hs+3/2+p)
10° 10* 10° 10
DOF DOF

Figure 17: Galerkin FEM and optimally blended scheme for non-smooth right hand side. top: p =1
(left: Galerkin, right: optimally blended), bottom: p = 2 (left: Galerkin, right: optimally blended).
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Fig. 19 presents the comparison of the Galerkin method with the optimally blended scheme for
the cases p = 2 and p = 3 as measured in the H'-seminorm and Fig. 20 the comparison for the
evalulation of a linear functional given by (2.10) with z = 1.

0 p=2;a4=05 .
10" g=+@<= o optimally blended scheme, p = 2;a = 0.5
\_'_\'?\\ 10 "E,Q\
" N
DRSS \
. 102} %
. By
% 10 E 10’4 L
I £
® =107}
——k=1 2
107"+ k=10 g || k=1
-e-k=100 101 4 k=10
k=1000 -6-k=100
—O(h**?) 107l @ k=1000
5 —o(h**?
DOF per wavelength DOF per wavelength
0 p=3;a=05 o optimally blended scheme, p = 3;a = 0.5
10 ) 10 T T
.\*\4
»
} 5 b,
10~ 1 ®
-5 \"\
5 g1t
) )
o )
. -1 .
3107 |3
——k=1 ——k=1
- k=10 107"l + k=10
-6-k=100 -e-k=100 :
107} = k=1000 ] k=1000 Blgte
—O(hs+2) —O(hs+2) o© - -V O -
107 ¢ 10 10' 10° 10° 10

10
DOF per wavelength

Figure 18: Galerkin FEM and optimally blended scheme for non-smooth right hand side. top: p =2
(left: Galerkin, right: optimally blended), bottom: p = 3 (left: Galerkin, right: optimally blended)
for a = 1/2.
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p=2a=05 optimally blended scheme, p =2;a = 0.5
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Figure 19: Galerkin FEM and optimally blended scheme for non-smooth right hand side. top: p =2
(left: Galerkin, right: optimally blended), bottom: p = 3 (left: Galerkin, right: optimally blended)
for a = 1/2.
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p=2,00=05 optimally blended scheme, p = 2; 0. = 0.5

O 10 ‘ ‘
——k=10
107° —--k=100 |
= —8-k=1000 — ;a5 1 |
5 —opn) | £
8 §107"° ]
£ -0 =
10T =
‘g‘ <} ——Kk=1
5 & 107"l ——k=10 1
—o—k=100
—8-k=1000
_ 1
107° 107 Sl : :
1 2 3 4 1 2 3 4 5
10 10 10 10 10 10 10 10 10
DOF DOF
p=3;0=05 optimally blended scheme, p = 3;a. = 0.5
——k=1 s
107° ——k=10 I 107 ¢ 1
—-6—-k=100
= —=—k=1000 =
S _O(hs+3/2+p) S
B B 10
5107 5 |
@ @
2 2
= = 15
S 5 LU —— i
s10"” ) ——k=10
—-—-k=100
» —#-k=1000
1077 —O(h**¥2+P) P
10’ 10° 10° 10* 10° 10*
DOF DOF

Figure 20: Galerkin FEM and optimally blended scheme for non-smooth right hand side. top: p =2
(left: Galerkin, right: optimally blended), bottom: p = 3 (left: Galerkin, right: optimally blended)
for a = 1/2.
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