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Abstract We show that optimal L?-convergence in the finite element method on
quasi-uniform meshes can be achieved if, for some so > 1/2, the boundary value
problem has the mapping property H 'T5 — H'TS for s € [0, s0]. The lack of
full elliptic regularity in the dual problem has to be compensated by additional
regularity of the exact solution. Furthermore, we analyze for a Dirichlet problem
the approximation of the normal derivative on the boundary without convexity
assumption on the domain. We show that (up to logarithmic factors) the optimal
rate is obtained.

Keywords L? a priori bounds - duality argument - reentrant corners

1 Introduction

In the finite element method (FEM), the solution of a boundary value problem is
approximated by piecewise polynomials of degree k. In the classical case of second
order elliptic equations with an H'-coercive bilinear form, the method is of optimal
convergence order in the H'-norm. An important tool for the convergence analysis
in other norms such as the L?-norm are duality arguments (“Nitsche trick”). The
textbook procedure for optimal order convergence in L? is to exploit full elliptic
regularity for the dual problem. Conversely, this procedure suggests a loss of the
optimal convergence rate in L? if H?-regularity fails to hold. This occurs, for
example, in polygonal domains with reentrant corners.

Nevertheless, it is possible to recover the optimal convergence rate in L?, if the
exact solution has additional regularity to compensate for the lack of full regularity
of the dual problem. More precisely: In this note, we consider a setting where an
elliptic shift theorem holds for both the dual and bidual problem in the range
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[—1,—1 + so] for some sg € (1/2,1] (see Assumption 1.1) and show that if the
solution is in the Sobolev space Hk+1+(1_50), then the extra regularity 1 — so can
be exploited to recover the optimal convergence rate in L2 (up to a logarithmic
factor in the lowest order case k = 1).

In the second part of this note, we consider the convergence in L? of the normal
derivative on the boundary. We show that the optimal rate O(h*) (up to a logarith-
mic factor in the lowest order case) can be achieved, if the solution is sufficiently
smooth. The proof is based on a local error analysis of the FEM as discussed,
e.g., in [23,24]. Here, we extract error bounds for the flux on the boundary from
an optimal FEM estimate on a strip of width O(h) near the boundary. Although
we present the convergence of the flux for an H'-conforming discretization, the
techniques are applicable to mixed methods, [17], FEM-BEM coupling, [16], and
mortar and DG methods, [18,25]. In fact, the results of the present work lead to
a sharpening of [18], where convexity of the domain was assumed to avoid the
analysis of a suitable additional dual problem. The techniques employed here are
in part similar to those developed in [18]. Nevertheless, they are also significantly
different since we have opted to forego the direct use of anisotropic norms and
instead rely on weighted Sobolev norms and the embedding result of Lemma 2.1.

The analysis of the optimal convergence of fluxes has attracted some attention
recently. Besides our own contributions [16-18], we mention the works [2,3,13]
where similar results have been obtained by different methods.

1.1 Notation

For bounded Lipschitz domains 2 C R? with boundary I' := 912, we employ
standard notation for Sobolev spaces H®(§2), [1,21]. We will formulate certain
regularized results in terms of Besov space: for s > 0, s € N, and ¢ € [1,00] the
Besov space B3 ,(£2) is defined by interpolation (the “real” method, also known as
K-method as described, e.g., in [21,22]) as

Bio(2) = (HW (@), H* (20,0, 0=5—s].
Integer order Besov spaces B3 ,({2) with n € N are also defined by interpolation:

B3 ,(92) = (H" ' (2),H"™(2))1 /2,4, neN.

To give some indication of the relevance of the second parameter ¢ in the definition
of the Besov spaces, we recall the following (continuous) embeddings:

H°T5(2) C B5.,(2) C H*(2) C B5.oo(2) CH"°(2)  Ve>0.
Of importance will be the distance function dr and the regularized distance func-
tion dr given by
Or(x) = dist(z, I), 5p(z) := h+ dist(z, T). (1.1)
Later on, the parameter h > 0 will be the mesh size of the quasi-uniform trian-
gulation. Also of importance will be neighborhoods Sp of the boundary 92 given

by
Sp:={zx € 2|ir(x) < D}, (1.2)

with particular emphasis on the case D = O(h).



On optimal L2- and surface flux convergence in FEM (extended version) 3

1.2 Model problem

We let 2 C R d € {2,3}, be a bounded Lipschitz domain with a polygo-
nal/polyhedral boundary and let (1.3) be our model problem:

-V - (A@)Vu)=f in 0, u=0 on 0 (1.3)

We assume that A and f are sufficiently smooth. Moreover A is pointwise sym-
metric positive definite, and A(x) > ao1 for some g > 0 and all z € 2. As usual,
(1.3) is understood in a weak sense, i.e., for a right-hand side f € (H&(.Q))/ the
boundary value problem (1.3) reads: Find u € H{(£2) such that

a(u,v) = /QAVU Vv = (f,v) Yo € Hy(£2). (1.4)

We denote by T : (H$(£2)) — HE($2) the solution operator. We emphasize that
the choice of boundary conditions (here: homogeneous Dirichlet boundary con-
ditions) is not essential for our purposes. Essential, however, is the following as-
sumption:

Assumption 1.1 There exists so € (1/2,1] such that the solution operator f —
Tf for (1.4) satisfies

1T a0y < ClFllgg-sogyy < Clfllzaca)-

Here and in the following 0 < ¢, C' < oo denote generic constants that do not
depend on the mesh-size but possibly depend on so. We also use < to abbreviate
<C.

Remark 1.2 The present problem is symmetric. As a consequence certain dual
problems that will be needed below coincide with the primal problem. This will
simplify the presentation but is not essential. Inspection of the procedure below
shows that we need Assumption 1.1 for the dual problem and the bidual problem
with weighted right-hand side. "

Let 7 be an affine simplicial quasi-uniform triangulation of {2 with mesh size h
and V}, = 55’1(7’) C H(£) the continuous space of piecewise polynomials of
degree k. This space has the following well-known properties:

(i) Existence of a quasi-local approximation operator: The Scott-Zhang operator
If - H'(2) — S™(T) of [20] satisfies:

If u € Hi(2) then Ifu € Vi, = S8 (T).

If is quasi-local and stable: ||VI;’fu||L2(K) S IVl L2(wy), where wye is

the patch of elements sharing a node with K.

I has approximation properties:

IV7 (= I§w) |2y S BTV gy, 5 €1{0,1), 0<I<k
(1.5)

(ii) For every v € B3/2 (2) N Hg (2) there holds

2,00

. 1/2
dnf o —zllme) < BNl gy -

(This follows from property (i) and an interpolation argument using the K-
method).
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(iii) The space Vj, satisfies standard elementwise inverse estimates: for integer
0<j<m<k

[olgrm (i) < CR™ Dol iy Vo € Vi (1.6)
The Galerkin method for (1.4) is then: Find uj, € V}, such that
a(up,v) = (f,v) Yv € Vp,. (1.7)

Remark 1.3 The restriction to simplicial triangulations is not essential. Our pri-
mary motivation for this restriction is that in this case the space V}, is known to
have the above approximation properties, the inverse estimates, and moreover it
has the “superapproximation property” that underlies the local error analysis as
presented in [24, Sec. 5.4]. .

2 Regularity

2.1 Preliminaries

A key mechanism in our arguments that will allow us to exploit additional regu-
larity of a function is the following embedding theorem.

Lemma 2.1 The following estimates hold, if 2 C R? is a bounded Lipschitz do-
main and z sufficiently reqular.

1671272l L2y < 1672 2l L2gay < Cellell ey, € € (0,1/2], (2.1)
15722l L2y < CIAI 2] s g, (2.2)
1572 2l gy < Ceh 2l grrngys  €>0, (2.3)
lellzecsy < ChY Izl paragy, B> 0, (24)
12lz2ry < Cllzll parz - (2.5)

Proof The estimate involving ép in (2.1) can be found, e.g., in [10, Thm. 1.4.4.3]
and (2.4) is shown in [14, Lemma 2.1]. The estimates (2.2), (2.3), (2.5) follow
from 1D Sobolev embedding theorems for L°° and locally flattening the boundary
I' in the same way as it is done in the proof of [14, Lemma 2.1]. For example,
for (2.5) we note that local flattening the boundary I" and the 1D embedding

[0l 7 0,1) S N0l 220,y 0l 0,1) implies [12]1 22y S 12l L2(2) 2]l 1 () - This im-
plies the estimate [|z||z2(py S ||z||B1/2(Q) by [21, Lemma 25.3]. O
2,1

One of several applications of Lemma 2.1 is that it allows us to transform negative
norms into weighted L?-estimates:

Lemma 2.2 For e € (0,1/2] and sufficiently regular z there holds

1622l gr1/2-2(2yy < Cl|f T 2 2 pagay, —1+2e < B <0, (2.6)
T T—1/2
167 2l 172y < Clnh|" 21652 L2y (2.7)
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Proof Firstly, we show (2.6):

(67.2,v)
1622 (gise-z(oyy =  sup  —L T
PENEEED) = vae o) Wl a/e-c )
5B+1/2 ez,6_1/2+€v B
~ ap O PO 652 ey,
veH/2=2($2) ”v”H‘/?*E((Z)

where, in the last step, we employed (2.1) of Lemma 2.1. Secondly, (2.7) follows by
the same type of arguments, where the application of (2.1) is replaced with that
of (2.2). O

2.2 Regularity

We recall the following variant of interior regularity of elliptic problems:

Lemma 2.3 Let 2 be a bounded Lipschitz domain and z € HH'B(Q), B € (0,1],
solve
-V (AVz2)=f in .
Then:
1-Bo2 1—
185792222 < Cs (1052 F sy + Izl ) -

Proof The upper bound follows from local interior regularity for elliptic problems
(see [19, Lemma 5.7.2]) and a Besicovitch covering argument, see, e.g., [6, Section
1.5.2] and [15, Chapter 5]. We refer also to [12, Lemma A.3] where a closely related
result is worked out in detail. o

2.2.1 Refined regularity for polygons and polyhedra

It is worth pointing out that neither the structure of the boundary I nor the
kind of boundary conditions play a role in Lemma 2.3. One possible interpreta-
tion of Lemma 2.3 is that z could lose the H?-regularity anywhere near I". For
certain boundary conditions such as homogeneous Dirichlet conditions and piece-
wise smooth geometries I" the solution fails to be in H? only near the points of
nonsmoothness of the geometry. With methods similar to those of Lemma 2.3 one
can show the following, stronger result:

Lemma 2.4 Let 2 be a (curvilinear) polygon in 2D or a (curvilinear) polyhedron
in 3D. Denote by £ the set of all vertices of £2 in 2D and the set of all edges of
2 in 3D. Let 5¢ be the distance from E. Let z € H*A (), 8 € (0,1], solve (1.3).
Then

1887922l 122y < Cs (1652 Flluacay + 2l amescen) -

Proof Follows from local considerations as in Lemma 2.3. The novel aspect is the
behavior near the boundary away from the vertices (in 2D) and the edges (in
3D). This is achieved with an adapted covering theorem of the type described in
Theorems A.5, A.6. The key feature of these coverings is that they allow us to
reduce the considerations to balls B = B;.(x) and stretched balls B = B 4¢),(x)
(with fixed e > 0) with r ~ dist(z, S) and the following properties: either x € (2
with B, () € L or x € I' and BN 2 is a half-ball. Local elliptic regularity
assertions can then be employed for each ball B. a
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Lemma 2.4 assumes that a loss of HZ2-regularity occurs at any point of non-
smoothness of I'. However, the set of “singular” vertices or edges can be further
reduced. For example, in 2D for A = Id, it is well-known that only the vertices
of £2 with interior angle greater than m lead to a loss of full H2-regularity. It will
therefore be useful to introduce the closed set Mg of boundary points associated
with a loss of H?-regularity. Before introducing this set, we point out that this set
is a subset of the vertices and edges:

Definition 2.5 (H?-regular part and singular part of the boundary) Let
2 be a polygon (in 2D) or a polyhedron (in 3D) with vertices A and edges £.

1. A vertex A € A of 2 is said to be H*-regular, if there is a ball B-(A) of radius
€ > 0 such that the solution u of (1.3) satisfies u|p.(a)ne € H*(£2) whenever
f € L?(£2) together with the a priori estimate ||ul| gr2(5.(a)n02) < CllfllL2(2)-

2. In 3D, an edge e € £ of 2 with endpoints A1, Az is said to be H*-regular if the
following condition is satisfied: There is ¢ > 0 such that for the neighborhood
S = UmEeBCdiSt(Iv{AhA?})(ﬁ) of the edge e we have the regularity assertion
u|lsna € H? for the solution u of (1.3) whenever f € L*(§2) together with the
a priori estimate ||ullg2(sno) < C|fllLzco)-

Denote by A, C A the set of H?-regular vertices and by E. C E the set of H?-
regular edges. Correspondingly, let As :== A\ Ay, and & := E\ & be the set of
vertices and edges, respectively, associated with a loss of H?-regularity. Define the
singular set M as

M= As| J& CT. (2.8)

With the notion of the singular set in hand, we can formulate the following regu-
larity result:

Lemma 2.6 Let 2 be a polygon or a polyhedron. Let M be the singular set as
defined in Definition 2.5. Then the following is true for any solution z € H}(£2)
of (1.3): If z € H'FP(9) for some B € (0,1], then with dpr, := dist(-, My), there
holds

185,722l 2ey < Co (18572 Fll sy + lallzrengen) -

Proof The proof is based on local considerations as in Lemma 2.4. We recall that
not all vertices and edges (in 3D) are included in the singular set M. This is ac-
counted for by a further refinement of the covering employed. We restrict ourselves
to the 3D situation. Using finite coverings provided by Theorem A.6, one may re-
strict the attention to balls B, = B;(x) and stretched balls B = B .),(z) (with
fixed e > 0) with r ~ dist(z, &) where one of the following additional properties
is satisfied: a) = € £ with B.(z) C ; b) z € A, and BN 2 is a solid angle;
c) x € UEr and BN 2 is a dihedral angle; d) x lies in the interior of a face and
BN R is a half-ball. We emphasize that we do not need to consider balls B,.(z)
with € As or x € &; since the covering provided by Theorem A.6 is such that for
every such z there is a neighborhood U, of  that is covered by (countably many)
balls whose radius tends to 0 as their center approaches x.

O
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2.2.2 Shift theorems for locally supported right-hand sides

We have the following continuity results for the solution operator 7" for our model
problem (1.3):

Lemma 2.7 Let Assumption 1.1 be valid. Then T : (H}(2)) — H(82) satisfies

”Tf”BS/fo(ﬂ) < C”f”(]gé{f(g))m (29)
1T fll zar2ve () < C€||6}“/278f||[,2(9), 0<e<so—1/2. (2.10)

In particular, if f € L*(2) with supp f C Sy, then

1Tl p3r2 (@) < CRY2 1S N2y, (2.11)

T fllrsr2sey < Ceh> 75| Fllz20ys 0<e<so—1/2. (2.12)

Proof We follow the arguments of [18, Lemma 5.2]. The starting point for the
proof of (2.9) is that interpolation and Assumption 1.1 yield with 6 € (0, 1)

T ((Hy (), (H3 (2)))o,00 = (H'T0(2), H'(2))0,00 = By 120 77(92).
Next, we recognize as in [18, Lemma 5.2| (cf. [22, Thm. 1.11.2] or [21, Lemma 41.3])

(HE™(2))', (HS(2)) 0,00 = (HE™(2), HE(2))0,1)'
S ((H'7™(2), H (2),1) = By (02)).

Setting 6 = 1 — 1/(2s0) € (0,1/2], we get (By ;" "(2))" = (By//(2)) and
B;;O(l_e)((z) = BY/? (£2). The assertion (2.10) follows from the Assumption 1.1

2,00
and (2.6) with 8 = 0. For the bound (2.11), we argue as in the proof of Lemma 2.2
and use (2.4), see also [18, Lemma 5.2]. Finally, the proof of (2.12) follows from
(2.10) and the assumed support properties of f. O

We will also require mapping properties of the solution operator 7 in weighted
spaces:

Lemma 2.8 Let Assumption 1.1 be valid. Then for v € L*(12)

T <—1/2
ITG7 o)l 22 () < Clnh| 2165 20] 12, (2.13)
TG o)l grorarey < Ceh™ 167" vllL2), € € (0,50 — 1/2], (2.14)
IT@r*20) | srave) < Cell6r* vllage), €€ (0,50 —1/2.  (2.15)
Proof The results follow by combining Lemmas 2.2 and 2.7. a

For the analysis of the FEM error on the neighborhood S}, we need a refined
version of interior regularity for elliptic problems. The following result is very
similar to [18, Lemma 5.4] and closely related to Lemma 2.3:
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Lemma 2.9 Let z solve the equation
—V-(AVz)=v in 2.

Then there exist C, c1 > 0 such that for z € B3/2 (£2), we have

2,00
1/2
”51“/ V2Z||L2(Q\Sh) < Cvy | lnhHlZ”Bg/fo(Q) + C” 6FU||L2(Q\SClh). (2.16)

If the right-hand side v is in L*(£2) and additionally satisfies suppv C Sp, and
z = Tw, then there are constants C, ¢ > 1, & > ¢ > 1 independent of v such that
for all sufficiently small h > 0:

(i) If z € BY/2(2) then |67/*V22| 12\ sy < C/] mAll|z] g2 -
(i) For every a > 0 there holds

162V 2| 22\ 82) < [Cl||A||cml(rz)||5?_1V22||L2(0\sc,h) +C2||A||0171(rz)||5?VZ||L2(9\SC,,1)} .

(iii) If = € H**2() for some € € (0,1/2), then for some Ce > 0 independent
of z there holds ||V2Z||L2(Q\Sah) < C’gh_l/2+€||z||H3/z+a(Q).
(iv) If Assumption 1.1 is valid, then ||v2z||L2(Q\SCh) < Clvll2(o)-

Proof of (2.16), (i), (ii): [18, Lemma 5.4] is formulated for —A. However, the
essential property of the differential operator A that is required is just interior
regularity. Hence, the result also stands for the present, more general elliptic op-
erator (with the appropriate modifications due to the fact that the coefficient A
is allowed to be non-constant). In the interest of generality, we have also tracked
in (2.16) the dependence on the right-hand side v, which was not done in [18,
Lemma 5.4]. A full proof can be found in Appendix C.

Proof of (iii): This follows again by local considerations similar to those em-
ployed in the proof of [18, Lemma 5.4] and the obvious bound dr > h on 2\ Szp.
A full proof can be found in Appendix C.

Proof of (iv): In view of (iii), we have to estimate ||z|| gs/2+¢ (). By the support
properties of v, the bound (2.12) yields [|z[| gs/2+< (o) < Ch1/2_€||v||Lz(9). Inserting
this in (iii) gives the result. O

3 FEM L2-error analysis

Let up, be the FEM approximation and denote by e = u — u;, the FEM error. The
standard workhorse is the Galerkin orthogonality

a(e,v) = a(u — up,v) =0 Vv € Vi, (3.1)
We start with a weighted L2-error:

Lemma 3.1 Let Assumption 1.1 be valid. Assume that a function z € Hg(12)
satisfies the Galerkin orthogonality

a(z,v) =0 Yv € Vj,.
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Then
[Fraian W22y, e €(0,s0—1/2],  (3.2)

167222 122y < CRY 2| b2 2] 11 () (3.3)

2|20y < Ce

Proof The proof follows standard lines. Define ¢ = T(5;1+2€z), which solves
(0,67"722) = a(v, 1) Yo € Hy(R).
Then we have by Galerkin orthogonality for arbitrary I € Vj,
||61:1/2+€Z||2L2(Q) =a(z,Y) = a(z,¢ — IY) < Clz||lpray | — IV a1 (0)-

From (2.15) in Lemma 2.8, we have [|¢)|| ya/2+-(0) < Cg||6;1/2+82||L2(_Q) so that
with the approximation properties of V}, we get

. 1/24 —1/2+
ot [ = Tl ) < CehM 240512452 1 .

This shows (3.2). For (3.3), we proceed similarly using the regularity assertion
(2.13) and the approximation property of V},. O

Corollary 3.2 Let Assumption 1.1 be valid and the solution u be in H*(£2), s > 1.
Then the FEM error e = u — uy, satisfies for e € (0,50 — 1/2]

167" el| 2y < Ceh" ™2 ¥ |[ullgugy, = min{s, k+1}.

The following Theorem 3.3 shows that the optimal rate of the L?-convergence of
the FEM can be achieved also for non-convex geometries if the solution has some
additional regularity:

Theorem 3.3 Let Assumption 1.1 be valid. Let the exact solution u satisfy the
extra regularity u € H*F27%°(0). Then the FEM error u — uy, satisfies

lu—wnllLzqa)y S Bl greo-so o) (3.4)
More generally, if u € H*(2), s € [1,k + 2 — so|, then
lu—unllzzco) S A 0N ull ey, 1< s<k+2— so. (3.5)

Proof of (3.4): We proceed along a standard duality argument. To begin with,
we note that the case sp = 1 is classical so that we may assume sop < 1 for the
remainder of the proof. Set € := sg —1/2 € (0,1/2) by our assumption 1/2 < sg <
1. Let w = Te and let wy, € V}, be its Galerkin approximation. Quasi-optimality
and the use of (2.6) give us the following energy error estimate:

1/2+
o R (L] Py

lw —wrll a1 (o) S Uiél‘f;h lw — vl g1 ()
SR el (i S RV lell - (3.6)

The Galerkin orthogonalities satisfied by e and w — wjp, and a weighted Cauchy-
Schwarz inequality yield for the Scott-Zhang interpolant IFu

||e||2L2(Q) =a(e,w) = ale,w —wp) = a(u — I;lfu,w — wp) (3.7)

< CN6R PV (= Tu)|| oo 161>V (w — wp) | 2(0y. (3.8)
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We get by a covering argument and (2.6) of Lemma 2.1

15727V (u — TEu) || L2y S RE167 2oV | 12 )

SRV | g1 gee . (3.9)

It should also be noted at this point that in (3.9), the weight 5;1/2+E

considered as constant in each element K. For the contribution ||5}/ 27€V(w —
wh)| L2(0) in (3.8), we have to analyze the Galerkin error w — wy, in more detail,
using the techniques from the local error analysis of the FEM. We split 2 into
Secn U $2\ Scp, where ¢ > 0 will be selected sufficiently large below. For fixed ¢ > 0,
the L?-norm on S.;, can easily be bounded with (3.6) by

can be

157275 (w = wn)l[2(s.0) S B2V (w0 = wn)llzace) S bllellzzca). (3.10)
The term ||S}/276V(w — wh)||L2(2\8.,) requires more care. Obviously, gllﬂ/%e <
511/275 on §2\ Scn. We have to employ the tools from the local error analysis in
FEM. The Galerkin orthogonality satisfied by w — wy, allows us to use techniques
as described in [24, Sec. 5.3], which yields the following estimate for arbitrary balls
B, C B, with the same center (implicitly, ' > r + O(h))

IV (w = wn)llL2(s,) S IV (w = Tiw) | r2es,,) +

- |lw—wnlz2B,). (3.11)
By a covering argument, these local estimates can be combined into a global es-
timate of the following form, where for sufficiently small ¢; > 0 (¢1 depends only
on (2 and the shape regularity of the triangulation but is independent of h):

167/°75% (w — wi) || 22\ 50m) S (3.12)
167279 (w — Ifw)l| L2(o\ 800,y + 187275 (w = wh) |l L2 (\S0, ) -

This estimate implicitly assumed cich > 2h, i.e., at least two layers of elements
separate I" from 2\ S¢,cn. We now fix ¢ > 2/¢q1. The first term in (3.12) can
easily be bounded by standard approximation properties of [ }f , Lemma 2.3, and
Assumption 1.1:

181/27°V (w — IFw) | L2\ sopny S hIOE 2 V0] 12002
1/2—
Sh {1672 %elluagay + 1wl mosaee )| S Bllellzacay.

In the last step, we have to deal with the term ||5;1/2_€(w —wn)llL2(2\S.0,n) Of

(3.12). Lemma 3.1 and (3.6) imply

167275 (w — w22 (\5eusy S RT2EN0EY 2T (w — wh) |2 (e2)

SET2RY P w — wp |0y S hllellre(a). (3.13)

Here we have used the quasi-optimality of the Galerkin approximation with respect
to the H'-norm.
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Proof of (3.5): The above arguments show that the regularity of u enters in the
bound (3.9). For u € H'(£2), the stability properties of the Scott-Zhang operator
IF show

167125V (u — IFw) || 2y S B2l - (3.14)

Hence, a standard interpolation argument that combines (3.9) and (3.14) yields
1672275V (u — IFu)|| L2y S Y2557 u o) for s € [1,k + 2 — s0]. Com-

bining this estimate with the above control of ||6;/2_€V(w —wp)||L2() yields the
desired bound in the range s € [1,k 4+ 2 — sq]. O

4 FEM L2-error analysis on piecewise smooth geometries

The convergence analysis of Theorem 3.3 did not make exzplicit use of the fact
that a piecewise smooth geometry is considered; the essential ingredient was As-
sumption 1.1 (which, of course, is related to the geometry of the problem). This
is reflected in our use of g]", which measures the distance from the boundary I
One interpretation of this procedure is that one assumes of the dual solution w
(and, in fact, also of the solution of the “bidual” problem employed to estimate
||g;1/2+8(w —wh)||£2(0) in Theorem 3.3) that it may lose H?-regularity anywhere
near I'. However, for piecewise smooth geometries in conjunction with certain
homogeneous boundary conditions (here: homogeneous Dirichlet conditions), this
loss of H?-regularity is restricted to a much smaller set, namely, a subset of ver-
tices in 2D and a subset of the skeleton (i.e., the union of vertices and edges) in
3D. This set is given by M, in Definition 2.5. For this set M, we introduce the
distance function

Sa, i=dist(-, My),  Sn, = h+ 0. (4.1)

Theorem 4.1 Let 2 be a polygon (in 2D) or a polyhedron (in 3D). Let Ms be
the set of vertices (in 2D) or edges and vertices (in 3D) associated with a loss of
H?-regularity for (1.3) as given in Definition 2.5. Let Assumption 1.1 be valid. Let
Iu € Vi, be arbitrary. Then we have

lu—unllL2(e) < RIS,V (u—Tw)| L2(0)-

Proof We may assume so < 1 since the case sop = 1 corresponds to the standard
duality argument with full elliptic regularity and set € := so — 1/2 € (0,1/2). The
key observation is that, starting from the duality argument (3.7), one can replace

the weight function 5;1/2+E in (3.8) with any positive weight function. Taking as
the weight function 5;41/2“, we get
2 ~—1/2+ ~1/2—
lellZ2a) < 103>V (u = Tu)ll 2 1837V (w = wi) o). (4:2)

The estimate of w — wy, in the weighted norm is done similarly as in the proof of
Theorem 3.3, taking into account the improved knowledge of the regularity of w.
With Sar,.ch :={x € 2|0m,(z) < ch} we have the trivial bound

103>V (w — wn) [ 22(2) (4.3)

<1/2— <1/2—
183,77V (w — wi) | 2(sar, o) + 103"V (w — wi)ll L2\ 8, o)
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where the parameter ¢ will be selected sufficiently large below. The first term in
(4.3) is estimated in exactly the same way as in (3.10) and produces

<1/2—
183,275V (w — wi) | 2($ar, o) < ChllellL2)-

The second term in (4.2) again requires the techniques from the local error anal-
ysis of the FEM, this time with the appropriate modifications to account for the
boundary conditions. Inspection of the arguments in [24, Sec. 5.3] shows that the
key estimate (3.11) extends up to the boundary in the following sense:

l|lw — wh”L?(BT/m.Q)?

(4.4)
besides the implicit assumption 7’ > r 4+ O(h), the balls B, and B, are assumed
to have the same center  and satisfy one of the following conditions:

IV (w —wn) L2800 SV (w— Iilf'w)”L%BT/ﬂQ) t o

B, = By/(z) C {2,

x € 082 and B,/ (z) N (2 is a half-disk;

x is a vertex of (2;

(only for d = 3) z lies on an edge e and B, ()N {2 is a dihedral angle (i.e., the
intersection of (B, (x) N 2) with 92 is contained in the two faces that share
the edge e.

Ll O

The reason for the restriction of the location of the centers of the balls is that
the procedure presented in [24, Sec. 5.3| relies on Poincaré inequalities so that
the number of possible shapes for the intersections B, N {2 should be finite. A
covering argument (see Theorem A.5 for the 2D case and Theorem A.6 for the
3D situation) then leads to the following bound with an appropriate ¢1 > 0 (here,
¢ > 0 is implicitly assumed sufficiently large):

183>~V (w — wn) | 2(2\ S0, o) S (4.5)

||5~"1]\4/52—€ —1/2—¢

. N
V(w = IRw) || L2(2\S s, ey n) T 100 (w —wn) || L2(2\Sus, ceyn)

s

The first term in (4.5) can be estimated with the improved regularity assertion of
Lemma 2.6 to produce (with appropriate c2 > 0 and the implicit assumption on ¢
that ccica > 2)

~1/2— k F1/2—e 2
18375V (@ = IR} [ 2(2\Sar, ey S UK V2012 (0 )
/2
Sh {1832 %elluagay + Il moraee )| S bllellzacay.
For the second term in (4.5) we note that —1/2—¢ < 0 so that 5;41/275 < 5;1/275.
This leads to

<—1/2— <—1/2—
18327 (w — W)l L2(\ Sty o) S 103227

S 10027 (w — wi)ll 2oy S P28 (w — wi) [l p2 g

(w —wn)L2(2)

the term h_2€||6~;1/2+€(w —wh)|| L2(0) has already been estimated in (3.13) in the
desired form. O
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The regularity requirements on the solution w can still be slightly weakened. As
written, the exponent so — 1 is related to the global regularity of the dual solution
w. However, the developments above show that a local lack of full regularity of the
dual solution w (and the bidual solution) needs to be offset by additional local
regularity of the solution. To be more specific, we restrict our attention now to
the 2D Laplacian, i.e., A = Id. In this case, the situation can be expressed as
follows with the aid of the singular exponents o := 7/w;, where w; € (,27) is
the interior angle at the reentrant vertices A;, j=1,...,J.

Corollary 4.2 Let 2 C R? be a polygon and let A = 1d. Let §; := dist(-, A;),
j=1,...,J, for the J reentrant corners. Set §; := h+9d;. Let w; and o be defined
as described above. Fiz $; > 1 — «; arbitrary. Then for any Iu € Vj,

J
lu—unllzgey S YN8, 7V (u = Tu)12(q).
j=1
Proof The proof follows by an inspection of how the regularity of the solution

w = Te of the dual problem enters the proof of Theorem 4.1. By, e.g., [10] the
solution w = Te is in a weighted H?-space with

J
Bj
I TT 67 V2wl S llellaas (4.6)
j=1

and Assumption 1.1 holds with any sp < min; a;j. The regularity assertion (4.6)

suggests to choose H;-]=1 gf as the weight in the proof of Theorem 3.3. Inspection
of the procedure in the proof of Theorem 4.1 then leads to the result. a

We extract from this result another corollary that we will prove useful in the
numerical results. We formulate it in terms of (standard, unweighted) Sobolev
regularity in order to emphasize the difference in regularity requirements of the
solution near the reentrant corners and away from them:

Corollary 4.3 Assume the_hypotheses of Corollary 4.2. Let s > 1 and s; > 1,
1=1,...,J. Let U := 2\ UU;, for some neighborhoods U; of the reentrant vertices
A;. Letw e H(U;), i =1,...,J and w € H*(U). Then for arbitrary ¢ > 0

lu—unllL2(o) < Ceh™, 7 :=min(1 4k, s,jginJ(—l +aj+s5—¢)).

Proof The approximant [u in Corollary 4.2 may be taken as any standard nodal
interpolant or the Scott-Zhang projection. Then standard estimates and Corol-
lary 4.2 produce with the choice 8; := 1 — a; + ¢ for arbitrary small but fixed
e>0:

J . .
||u — Uh||L2(_Q) 5 h?l:ilil{hmln{k’s_l}7h_BjJrSj_l}s j{nlinJ{hmln{k+l,s}’ haj+sj—1—€}.

O
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5 Optimal LZ?(S})-convergence

Additional regularity of the solution also allows us to prove that the error on the
strip Sy, of width O(h) near I is of higher order:

Theorem 5.1 Let Assumption 1.1 be valid. Then the FEM error u — up, satisfies
k+3/2
lu = unllz2gs,y S B2+ Sk D) ul grsore o),

lu —unllz2¢s,) S ReT32 (14 61| 1n k) ||l

B2y s € (0,k),

lu = unllzacs,y S B2+ Skl bl ull gyre ).

where dy,1 is the Kronecker symbol.

Remark 5.2 1. The regularity requirement B§j3/2(9) can be weakened: it suffices

that u be in B§j3/2(SD) in a fixed neighborhood Sp of I" and in H*T!(£2).
See [16] for the details of a closely related problem.

2. Since B;:gz/Q(Q) D H*F3/2(1), the assertions for s € (0,k) can be weakened
by replacing ”ullB;ij/?(Q) with [[u| ge+s/2() on the right-hand side. Only for
the limiting cases s = 0 and s = k, we require the stronger requirement u €
By (0) c HP2(0). .

Proof The structure of the proof is very similar to that of Theorem 3.3. The
main difference arises from the fact that the right-hand side of the dual problem
is supported by the thin neighborhood S}, and this support property has to be
exploited.

Let e = u—up,. Let xs, be the characteristic function of Sy. Let w = T'(xs, €)
and wy, € Vj, its Galerkin approximation. Again, Galerkin orthogonality for u—uy,
and w — wy, implies

lellZ2(s,) = (e, xe) = ale,w) = ale,w — wp) = a(u — Iiu,w — wp)
< O3V (u = )|z 197V (w = wn)l| gy, (5.1)
where € > 0 is arbitrary (in fact, ¢ € R would be admissible). We flag at this point
already that we will select e = 0 for £ = 1 and € > 0 arbitrary (but sufficiently
small) for k£ > 1. Each of the two factors in (5.1) is estimated separately.

1. step: For the first factor in (5.1) we use approximation properties of the
Scott-Zhang operator I together with Lemma 2.1 to get for j € {0,...,k}

1671279 (w = IEu)l| p2gy S B2 160 27V ) L2,

(kY2 e ) ife =0 652
) 2,1 5.2
~ — +1 .
h E||V3 UHB;Y/IQ(.Q) if e > 0.
With the Kronecker symbol dg ., we have shown for j € {0,1,...,k}
1671275V (u — IFu)|| L2y S BTh™5(1 + 8o, | lnh|1/2)||u||Bgﬁ3/z(m. (5.3)
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Since the Scott-Zhang operator I¥ is defined on H'(£2) irrespective of boundary
conditions, we may use an interpolation argument to lift the restriction to integer
values j. Specifically, the reiteration theorem (cf., e.g., [21, Thm. 23.6]) asserts
that the Besov space B;)Jgim(()), which we have defined by interpolation between
(integer order) Sobolev spaces, coincides with the interpolation space between

Besov spaces, viz.,
B;)Jgim(()) = (33(12((2), BSISM(Q))s/k,m (equivalent norms).

Hence, we may decompose for arbitrary ¢ > 0 a function u € B;)Jgim(()), s € (0,k),

as u = u —uy + up with ug € B§j3/2(9) and up :=u —u1 € 33(12((2) together
with
s/k s/k—1
||u0||Bg{12(_Q) < Cct ||u||B;12/2(0), ||u1||B§j’3/2(g) < Ct ”u”B;ﬁﬂ(g)'

Writing u — Ifu = (uo — I,’fuo) + (w1 — I;lful) we can use (5.3) with j = k for the
second term in brackets and j = O for the first term in brackets to get with the
choice t = h¥

1571275V (w = Tiu)l 2oy S A7 (1 + S0, A" 2) ul| 5oso/2 (5.4)

()

Combining the estimates (5.3) with j = 0 and j = k and (5.4) for s € (0,k) we
arrive at

167275V (w = I 22 (5.5)
hslluHB;frf/?(Q)v s =0,
< (14 60.c|Inh|Y?)ne ol gossra ), s € (0,K),
S J—
h ||u||B§j3/2(ﬂ)’ s=k.

2. step: The second factor in (5.1) requires more work. We start with a regu-
larity assertion for w that exploits the support properties of x g, e and follows from
(2.11) and (2.12):

||w||Bg(020(g) < BV ||xs,ell e, (5.6)
lwll g2y S B2 lIxsiellz), € € (0,50 — 1/2). (5.7)

We obtain an energy error estimate for w — wy in the standard way by using
quasi-optimality, the approximation properties of V}, and the regularity assertion
(5.6):

. 1/2
lw—wn|la(e) S Ulen‘ﬁh lw =l Sh ||w||Bg{fo(Q) S hlixs,ellzz(a)- (5-8)
Lemma 3.1 is applicable with z = w — wy,; hence, obtain with (5.8)

167127 (w — wi) L2y S B2 8 |Ixsnellz), e € (0,50 — 1/2], (5.9)

16712 (w = wi)ll L2y S B2 k|2 || xs,ellL2(0)- (5.10)
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The bound (5.1) informs us that control of w — wy, in a weighted H'-norm is re-
quired. In this direction, we first write for a constant ¢ > 0 that will be determined
later sufficiently large

185245V (w — wp) || L2(e2)
<1827V (w — wn)ll L2(so) + 10 2TV (w — wh)ll L2(o\su)
< ChY*2 |V (w — w) || 2y + 104 2TV (w — wa) || L2(os

(

ch)

5.8) - R
< CRPHIxs,ellaqa) + 167275V (w — wh) [ 22(a\s (5.11)

cn)

We emphasize that ¢ = 0 is allowed in (5.11). It remains to control ||g;/2+EV(w —
wh)|l L2(2\s,,)- This is done again with the same arguments from the local error
analysis as in the proof of Theorem 3.3. The estimate (3.12) holds verbatim, i.e.,

1/2+¢
1877275V (w — wh) || L2 (2\ 8.0 (5.12)
1/2+¢ —1/2+¢
S 16745V (w = Ihw)l| 2 (2 5.0y + 157275 (w = wi) [ 122\ 5100

We emphasize that ¢ = 0 is admissible in (3.12). As in the proof of Theorem 3.3,
the constant ¢ will be selected in dependence of various inverse estimates that are
applied. Combining (5.9), (5.10), (5.11), (5.12) we see that we have shown

1674V (w — wn) | L2 (2) (5.13)
< h3/2+€||xshe||L2(_Q) + ||§11ﬂ/2+6~Y(2w — [;]fw)HLz(Q\SClCh) ife > 0,
YRR 2 s, el ) + 1872V (w = TEw) |2, i e =0.

3. step: We estimate the approximation error ||6~;/2+€V(w - I,lfw)||L2(Q\SCICh). At
this point the cases k = 1 and k£ > 1 diverge: since w solves a homogeneous elliptic
equation on §2\ Sc,en (if c1c > 1), interior regularity is available so that higher
order approximation can be brought to bear if k¥ > 1 in contrast to the case k = 1.
We start with the simpler case k = 1.

The case k = 1: From standard approximation results for [, ;’f , the inverse esti-
mate of Lemma 2.9, (i), and (5.6) we get for a constant cz € (0,1) (implicitly, we
assume that c is so large that cacich > 2h)

<1/2 <1/2
1872V (w — Ihw) | L2(\s,,on) S RIS 2V 0 L2\, on)

S kA 2wl gorz o S B2 A xs el (5:14)

Inserting (5.5) (with ¢ = 0) with the combination of (5.14) and (5.13) (again
with ¢ = 0) in (5.1) yields the desired final estimate for the case k = 1 if we fix
c=2/(c1c2).

The case k > 1: We fix an ¢ € (0,50 — 1/2] arbitrary. From standard ap-
proximation results for I, the inverse estimates of Lemma 2.9, and the regularity
assertion (5.7) we get (again for suitable constants ca, ¢z € (0,1) and the implicit
assumption that c is such that czcacic is sufficiently large)
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18727V (w — Ifw) | L2(o\s.,0) S B0 TSV 0 L2 (s

Lem. 2.9,(i4)
<

cperch)

<1/2+
c3C2C]Ch) + ||6F/ va”LZ(Q\Scsczclch)}

~

B2 (157 V2wl e
/S h2_1/2+€ |:||v2w||L2(Q\Sc362clch) + ||vw||L2(g\Sc3c2clch)i|

Lem. 2.9,(iv) 2—1/24
S h €||XSh€||L2(9)- (5.15)

Combining this with (5.5) produces in (5.1) the desired final estimate for the case
k> 1. O
From Theorem 5.1 we can extract optimal convergence estimates for the flux error
[[0n(u — un)llL2(r):

Corollary 5.3 Let Assumption 1.1 be valid. Then with the Kronecker symbol 6 1

k
h ”UJHB;“:‘{-*/Q(Q)’
”anu_anuh”LQ(I‘) ,S (1+5k,1|1nh|) hsllu”B;tg/Q(Q)a s € (ka)a
||u||Bg/12(Q)
Proof Structurally, the proof follows [18, Cor. 6.1] in that estimating the error on
I is transferred to an estimate on the strip Sy. The triangle inequality gives
10n (w = wn)lL2(ry < 10n(u = Tiw)|[L2cry + 100 (The — wn)| L2y (5.16)

The two terms in (5.16) are estimated separately.
1. step: We claim that

k
¥ |lull gvsrz )
100 (u = Ihu) | L2gry S § B llull gevsrz gy s € (0,k), (5.17)

||u||33{12(g)'

We will only show the limiting cases u € B§j3/2((2) and u € B;)/f(()); the inter-

mediate cases follow by an interpolation argument similar to the one used in the
proof of Theorem 5.1. For the case of maximal regularity, we use an elementwise
multiplicative trace inequality for the elements abutting I" to get

1n (u — IFu)|lary S BE 23/ IIVF | g2 5y hE D20 VR L2,
2.4

(2.4)
k—1/2 1 —k+1 k|xok+1 k
Sh / IV u||L2(S2h) SR MY u”le,/f Sh ”u”Béﬁf

(2) ~ 20y

For the case of minimal regularity, u € Bg’/f((z) we first note that we obtain from

(2.5) that ||v]|z2(ry < ||Vl g2,y - Using this and inverse estimates, we get
B2,1 (‘Q)

10n (w = Tw) || 2ry < N10ntll2cry + 10wl 2y
SVl gurz gy + B2 IV IR ullLa(s,)

IFstable —1/2 2.4)
S ”vu”B;/f(Q)_'—h ||vu||L2(Szh) S ||vu||B21/12(_Q)'
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2. step: The term |0, (IFu — up)||z2(ry in (5.16) is controlled with inverse
estimates and Theorem 5.1 as follows:

10n (I w — un)ll 2y S B2V IR = un)llz2es,) S h ™32 I1IEu — unllp2s,)

ShTP |l — IFullags,y + b3 2 lu — unll2gs,)-

The term ||u — I,’fu||L2(sh) can be controlled with the approximation properties of

If in the desired fashion: |lu — Iful|r2(s,) S BlIVullr2(sm) S h3/2||Vu||B;/12(Q).

The contribution ||u — un||12(s,) is estimated with the aid of Theorem 5.1. O

6 Extension of the results of [18]

The arguments of the present paper are similar to those underlying [18], in spite of
the fact that we did not employ the anisotropic norms that we introduced in [18]
but instead worked with weighted Sobolev spaces. A feature of the analysis here
that was not present in [18] is our FEM error analysis in Lemma 3.1 for a weighted
L?-estimate, which, in turn, relies on the regularity assertions of Lemma 2.8 for
problems with data in weighted spaces. This additional technical issue was cir-
cumvented in [18] by assuming convexity of {2 so that optimal order L?-estimates
could be cited from the literature. The present analysis provides the necessary
technical tools to remove this simplification in [18], where a more complex mortar
setting is analyzed. It is possible to make use of weighted L?-estimates similar to
those of Lemma 3.1 in the setting of [18]. For that, regularity results of the type
provided in Lemma 2.8 have to be used. The outcome of this refinement is that the
main results of [18], namely, [18, Thm. 2.1], which provides L?-estimates on strips
of width O(h) around the skeleton, and [18, Thm. 2.5], which provides optimal
order approximations for the mortar variable, hold true if the geometry is such
that Assumption 1.1 is valid. We will not provide the details of the arguments here
and refer to [11, Appendix B] instead. Nevertheless, for future reference we record
the end result:

Theorem 6.1 In [18, Thms. 2.1, 2.5], the assumption of convezity of {2 can be
replaced with [18, Assumption (5.2)].

7 Numerical results

We consider the simple model equation —Au = f in 2 C R, d € {2,3} with inho-
mogeneous Dirichlet boundary conditions. These are realized numerically by nodal
interpolation of the prescribed exact solution u, and the data f is also computed
from u. In the case of a non-smooth solution, we use a suitable quadrature formula
on finer meshes to guarantee that the L?-error is accurately evaluated.

7.1 Two-dimensional results

We use a sequence of uniformly refined triangular meshes, where each element is
split into four triangles.
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7.1.1 Lowest order discretization

We consider two typical domains for reentrant corners. We start with the L-
shaped domain (—1,1)?\ (0,1) x (—=1,0) and then consider a slit domain (—1,1)?\
((0,1) x {0}). In both cases, the prescribed solution is given in polar coordi-
nates by u(r,¢) = r*sin(a¢) where «, a are given parameters. For non-integer
a, u € 321;0‘((2) by [4, Thm. 2.1]. Moreover, we test the influence of the position
(x0,90) of the weak singularity at r = 0 by defining r? := (z —20)*+ (y —yo)?. We
note that irrespective of the location (zo,yo) of the singularity on the boundary
I', we have v € BAT2(2) ¢ H'**~2(2) for any € > 0.

2,00

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m7 a=m
DOFs L?-error rate L?-error rate L?-error rate

81 6.1585e-03 - 6.8141e-03 - 6.2506e-03 -

289 2.6986e-03 1.19 2.5648e-03 1.41 2.1211e-03 | 1.56

1.089 1.1123e-03 1.28 8.8428e-04 1.54 6.7413e-04 1.65
4.225 4.4037e-04 1.34 2.9202e-04 1.60 2.0903e-04 1.69
16.641 1.7107e-04 1.36 9.4164e-05 1.63 6.4027e-05 1.71
66.049 6.5689e-05 1.38 2.9909e-05 1.65 1.9471e-05 1.72
263.169 2.5030e-05 1.39 9.4012e-06 1.67 5.8930e-06 | 1.72
1.050.625 9.4877e-06 1.40 2.9328e-06 1.68 1.7774e-06 1.73
4.198.401 3.5834e-06 1.40 9.0968e-07 | 1.69 5.3475e-07 | 1.73

Table 7.1 L domain, k = 1: Influence of the position of singularity for o = 0.75.

For the L-shaped domain, the shift parameter so can be taken to be any sp <
2/3. From the theoretical results in Section 3, we therefore expect the error decay
to have a rate of at least min(2, 1+« —1/3) uniformly in the position (xo,yo) of the
singularity. Table 7.1 shows the numerical results for « = 0.75 and a = 2/3m, for
which min(2, 1+a—1/3) = 1.417. As it can be seen for (zo, y0) = (0,0), we observe
a good agreement with Theorem 3.3. However for the locations (zo,y0) = (0.5,0)
and (zo,y0) = (0,1), the rates are substantially better. This can be explained by
the more refined analysis of Section 4. Using Corollary 4.3, we expect an improved
convergence rate of 1.75 for these cases.

o =10/9 oa=4/3 a=3/2

DOFs L?2-error | rate L?-error rate L?-error rate
81 6.5660e-03 - 8.6776e-03 - 8.9932e-03 -

289 2.3309e-03 1.49 2.8523e-03 1.61 2.8151e-03 1.68
1.089 7.3413e-04 1.67 8.2870e-04 1.78 7.8034e-04 1.85
4.225 2.2257e-04 1.72 2.3073e-04 1.84 2.0751e-04 1.91
16.641 6.5650e-05 1.76 6.2539e-05 1.88 5.3910e-05 1.94
66.049 1.9056e-05 1.78 1.6688e-05 1.91 1.3835e-05 1.96
263.169 5.4810e-06 1.80 4.4099e-06 1.92 3.5256e-06 1.97
1.050.625 1.5690e-06 1.80 1.1580e-06 1.93 8.9467e-07 1.98
4.198.401 4.4822e-07 1.81 3.0279e-07 1.94 2.2641e-07 1.98

Table 7.2 L-shaped domain, k = 1: Influence of exponent « for a = 2/37 and (zo,yo) = (0, 0).
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Table 7.2 shows the results for (zo,y0) = (0,0) and « € {10/9,4/3,3/2}. From
Theorem 3.3, we expect convergence rates of 1.78, 2, and 2, respectively. The
observed numerical rates of 1.81, 1.94, and 1.98 are quite close.

The situation is similar for the slit domain where the regularity of the dual
problem is even further reduced. It corresponds to a limiting case of our theory,
which, strictly speaking, we did not cover, since the parameter so of Assumption 1.1
may be taken to be any sop < 1/2. Nevertheless, one expects from Theorem 3.3 a
convergence rate close to min{2,1 + a — 1/2}. For a = 0.75 this is 1.25, which is
visible in Table 7.3 for the case (zo,y0) = (0,0). Again, the better convergence
behavior for (zo,y0) = (0.5,0) and (zo,y0) = (0,1) can be explained by the the-
ory of Corollary 4.3, which predicts 1 + a = 1.75. Table 7.4 shows the results for
(zo0,y0) = (0,0) and o € {10/9,4/3,3/2}. From Theorem 3.3, we expect conver-
gence rates of 1.61, 1.83 and 2, respectively. The observed numerical rates of 1.65,
1.86, and 1.96 are reasonably close to these predictions.

(ZBO, yO) = (07 0) (w07 yo) = (0'57 0) (w07 yo) = (07 1)

a=m/2 a=m a=m
DOFs L2-error rate L2-error rate L?-error rate
97 6.1391e-03 - 1.1088e-02 1.0692e-02

348 2.8187e-03 | 1.12 4.1329e-03 | 1.42 3.8553e-03 | 1.47

1.315 1.2351e-03 | 1.19 1.4164e-03 | 1.54 1.3388e-03 | 1.53
5.109 5.3338e-04 | 1.21 4.7830e-04 | 1.57 4.4562e-04 | 1.59
20.137 2.2846e-04 | 1.22 1.4725e-04 | 1.70 1.4420e-04 | 1.63
79.953 9.7267e-05 | 1.23 4.6683e-05 | 1.66 4.5843e-05 | 1.65
318.625 4.1233e-05 | 1.24 1.4761e-05 | 1.66 1.4401e-05 | 1.67
1.272.129 1.7428e-05 | 1.24 || 4.3773e-06 | 1.75 4.4861e-06 | 1.68
5.083.777 7.3524e-06 | 1.25 1.3285e-06 | 1.72 1.3889¢-06 | 1.69

Table 7.3 Slit domain, k£ = 1: Influence of the position of singularity for oo = 0.75.

o =10/9 oa=4/3 a=3/2
DOFs L?-error rate L?-error rate L?-error rate
97 5.7534e-03 - 7.3549e-03 - 7.5901e-03 -
348 1.9412e-03 1.57 2.2414e-03 1.71 2.1664e-03 1.81
1.315 6.2583e-04 1.63 6.4849e-04 1.79 5.8638e-04 1.89
5.109 1.9689e-04 1.67 1.8251e-04 1.83 1.5450e-04 1.92
20.137 6.1446e-05 1.68 5.0718e-05 1.85 4.0197e-05 1.94
79.953 1.9191e-05 1.68 1.4021e-05 1.85 1.0396e-05 1.95
318.625 6.0229e-06 1.67 3.8699e-06 1.86 2.6803e-06 1.96
1.272.129 1.9023e-06 1.66 1.0682e-06 1.86 6.8978e-07 1.96
5.083.777 6.0474e-07 1.65 2.9514e-07 1.86 1.7730e-07 | 1.96

Table 7.4 Slit domain, k = 1: Influence of exponent « for a = 1/27 and (zo,y0) = (0,0)

7.1.2 Second order finite elements

In this subsection, we test the performance of quadratic finite elements for the L-
shaped domain. We use the same type of solution as before and vary the parameter
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a for (xo,yo0) = (0,0), i.e., the re-entrant corner. Here we expect from our theory a
convergence rate of min(3,a+1—1/3). For a € {2.175,2.275,2.375}, the observed
numerical rates, which are visible in Table 7.5, are very close to the theoretically
predicted ones.

a=2.175 o =2.275 a = 2.375
DOFs L2 error rate L2 error rate L2 error rate
289 2.7565e-04 - 2.4570e-04 - 2.2177e-04 -
1.089 5.1121e-05 | 2.43 4.1696e-05 | 2.56 3.3912e-05 | 2.71
4.225 7.5320e-06 | 2.76 5.7319e-06 | 2.86 4.3221e-06 | 2.97
16.641 1.1051e-06 | 2.77 7.8407e-07 | 2.87 5.4888e-07 | 2.98
66.049 1.5938e-07 | 2.79 1.0553e-07 | 2.89 6.8762e-08 | 3.00
263.169 2.2723e-08 | 2.81 1.4044e-08 | 2.91 8.5292¢-09 | 3.01
1.050.625 3.2138e-09 | 2.82 1.8538e-09 | 2.92 1.0497e-09 | 3.02

Table 7.5 L-shaped domain, k = 2: Influence of « for a = 2/37 and (zo,yo) = (0,0).

7.2 Three-dimensional results

In the three dimensional setting, we consider a Fichera corner 2 := (—1,1)3\ [0, 1)
and prescribe the smooth solution u(z,y, z) := sin((z + y)m) cos(2nz). The inho-
mogeneous Dirichlet conditions are realized by nodal interpolation. The discretiza-
tion is based on trilinear finite elements on hexahedra and uniform refinements.
Although the dual problem lacks full regularity, Theorem 3.3 asserts that this
can be compensated by extra so regularity of the primal solution to maintain full
second order convergence in L2,

DOF L?-error rate

316 0.075444 -
3.032 0.017182 1.96
26.416 0.0039376 2.04
220.256 | 0.00094597 | 2.02
1.798.336 0.00023208 2.01
14.532.992 5.7491e-05 2.00

Table 7.6 Fichera corner, k = 1: L%-error for a smooth solution.

Table 7.6 shows that we observe numerically already for coarse discretizations
the predicted convergence order two, and the theoretical results are confirmed.

We point the reader to Appendix E for a further numerical results.
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A Coverings

In this appendix, the distance dist(z, M) for some set M appears frequently. For
notational convenience, we set dist(z,()) = 1 to include the degenerate case M = {).
We quote from [18, Lemma A.1]:

Lemma A.1 Let 2 C R? be bounded open and M = M be a closed set. Fix
c€ (0,1) and € € (0,1) such that

1—c(1+¢€)=:co>0. (A.1)

For each x € (2, let By := Ecdist(m’M)(w) be the closed ball of radius cdist(xz, M)
centered at x, and let By = §(1+€)Cd15t(va)(w) denote the stretched (closed) ball
of radius (1 + €)cdist(xz, M) also centered at x.

Then there exists a countable set x; € (2, i € N, and a constant N € N
depending solely on the spatial dimension d with the following properties:

1. (covering property) U;enBg, D 2
2. (finite overlap on §2) for each x € §2, there holds card{i|x € Bg,} < N.

Proof [18, Lemma A.1]| assumed that M C 2. However, an inspection of the proof
shows that this is not necessary.

Before we proceed with variants of the covering result of Lemma A.1, we introduce
the notation of sectorial neighborhoods relative a singular set M:

Definition A.2 (sectorial neighborhood) Let e, M C R? and ¢ > 0. Then
Se e = Uzee Bz aist (e, M) ()
is a sectorial neighborhood of the set e relative to the singular set M.

We are interested in coverings of lower-dimensional manifolds by balls whose cen-
ters are located on these manifolds:

Lemma A.3 Let d € N and 1 < d' < d. Let w C R? and let 2 C R? be the
canonical embedding of w into RY, i.e., 2 := w x {0} x --- x {0} C RY. Assume
the hypotheses and notation of Lemma A.1. Then there are ¢ > 0, N > 0, and a
collection of balls Bz,, 1 € N, as described in Lemma A.1 such that

(i) (covering property for 2) U;enBz, D 2.
(i1) (covering property for a sectorial neighborhood of 2) U;enBz;, O S m z-
(iii) (finite overlap property on RY) for each x € R, there holds card{i|z €
Ba.,} < N.

Proof We employ the result of Lemma A.1 for the lower-dimensional manifold w

noting that B, Nw is a ball in R?. In order to be able to ensure the covering

condition for the sectorial neighborhood of (2 stated in (iii), we introduce the
/

auxiliary balls B, := Ec/g dist (z,0) (x) of half the radius. Applying Lemma A.1

with these balls B, and the stretched balls Ez therefore produces a collection of
centers x; € §2, i € N, such that

1. B;i N §2 covers §2;
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2. for the stretched balls Emi, we have a finite overlap property on {2:
Ve € £2: card{i|z € Eml} < N. (A.2)

We next see that the balls Ezl even have the following, stronger finite overlap
property:
Ve eR?:  card{i|z € Ezl} < N. (A.3)

To see this, define the infinite cylinders Cy, := {z |74 () € By, N 2}, where ma
is the canonical projection onto the hyperplane {z = (z1,...,24) € R |2g 11 =

- = x4 = 0}. Clearly, éx C 5’90 These infinite cylinders have a finite overlap
property by (A.2) as can be seen by writing any 2 € R? in the form z = (7q (), z’)
for some 2’ € R%% and then noting that = € C,, implies mq (z) € B,, N 1.

Is remains to see that the balls B, cover a sectorial neighborhood of 2. To
that end, we note that the balls B}, cover (2. Furthermore, for each z € 2,
we pick z; such that * € Bj,, C By,. Since the radius of By, is twice that of
By, we even have B./sqist(z,,m)(2) C Be,. Furthermore, by ¢ € (0,1), we have
0 < (1—c)dist(zi, M) < dist(z, M) < (1+c)dist(z;, M). Therefore, there is ¢’ > 0
such that Bz qist(z,ar)(®) C By, and thus

Uzen Bz aist(z,m) (%) C UiBg,.
]

We next show covering theorems for polygons and polyhedra. In the interest of
clarity of presentation, we formulate two separate results. Before doing so, we point
out that balls with center located on the boundary of the polygon/polyhedron {2
will feature importantly so that the intersection of this ball with (2 will be of
interest. We therefore introduce the following notions:

Definition A.4 (solid angles and dihedral angles)

1. Let £2 C R? be a Lipschitz polygon. Let A be a vertex where the edges e1, e2
meet. We say that the set B:(A) N 2 is a solid angle, if O(B:(A) N 2) N OS2 is
contained in {A} Ueq U es.

2. Let 2 C R3 be a Lipschitz polyhedron. Let A be a vertex of £2. We say that
the set B:(A) N {2 is a solid angle, if 9(B:(A) N 2)N L2 is contained the union
of {A} and the edges and faces meeting at A.

3. Let £2 C R? be a Lipschitz polyhedron. Let e be an edge of {2, which is shared
by the faces fi1, fo. Let © € e. We say that the set B-(z) N2 is a dihedral angle,
if 9(Be(x) N 2) N IS is contained in e U fi U fa.

Theorem A.5 Let 2 C R? be a bounded Lipschitz polygon with vertices Aj,j=
1,...,J, and edges £. Let M C {A1,..., As}. Set A’ :={A1,..., A;}\ M and fix
e € (0,1).

(i) There is a sectorial neighborhood Sas e of the vertices A" and a constant
c € (0,1) such that Sar nz s covered by balls Bi := B aist(a;,m)(Ti) with
centers x; € A'. Furthermore, the stretched balls B = §(1+E)cdist(mi’M)(a:i)
are solid angles and satisfy a finite overlap property on R?.
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(ii) Fiz a sectorial neighborhood U := S ar ar,er of the vertices A'. For each edge
e € &, there is a sectorial neighborhood Se vz and a constant ¢ € (0,1) such
that Se a1z \ U is covered by balls B; = Ecdist(x“M)(wi) whose centers x;
are located on e. Furthermore, the stretched balls Ez = §(1+a)cdist(xi,M)($i)
satisfy a finite overlap property on R? and are such that each Binfisa
half-disk.

(iii) Fiz a sectorial neighbood U := Sg¢ nr,cr of the edges . There is c € (0,1) such
that 2\ U is covered by balls B; = B, dist(x;,M) (Ti) such that the stretched
balls E, = §(1+€)Cdist(zi,M) (zi) are completely contained in 2 and satisfy a
finite overlap property on R2.

Proof The assertion (i) is almost trivial and only included to emphasize the struc-
ture of the arguments. Assertions (ii), (iii) follow from suitable applications of
Lemmas A.3 and A.1. O

The 3D variant of Theorem A.5 is formulated in Theorem A.6. We emphasize that
the “singular” set M need not be the union of all edges and vertices but can be
just a subset. We also emphasize that it is not necessarily related to the notion of
“singular set” in Definition 2.5, although it is used in this way. The key property of
the covering balls is again such that the centers are either a) in (2 (in which case
the stretched ball is contained in (2); or b) on a face (in which case the stretched
ball B; is such that B; N 2 is a half-ball); or ¢) on an edge in which case BN
is a dihedral angle (see Definition A.4); or d) in a vertex in which case B; N 2 is
a solid angle (see Definition A.4).

Theorem A.6 Let 2 C R® be a Lipschitz polyhedron with faces F, edges &, and
vertices A. Let Mo C A and Mg C E. Let M = M = M4 U Mg and fiz e € (0,1).
Let A" :={A € A| A & M} be the vertices not in M and &' :={e € E|enM =0}
be the edges not abutting M. Then:

(i) (non-singular vertices) There is a sectorial neighborhood S 4/ pz of the ver-
tices izA' and a constant ¢ € (0,1) such that Sar s s covered by balls
Bi := B gist(:, M) (xi) with centers x; € A’. Furthermore, the stretched balls

Ei = E(lJra)cdist(xi,M)(xi) are solid angles and satisfy a finite overlap prop-
erty on R3.

(ii) (non-singular edges) Fiz a sectorial neighborhood U := Sar ar,er of A'. For
each edge e € &', there is a sectorial neighborhood Se vz and a constant
c € (0,1) such that S. arz \ U is covered by balls B; = Ecdist(xi,M)(l“i)
whose centers xz; are located on e. Furthermore, the stretched balls E, =
§(1+E)cdist(x“M)(:vi) satisfy a finite overlap property on R® and B; N §2 is a
dihedral angle.

(iii) (faces) Fix a sectorial neighbood U := S¢ nr,er of £. There is a sectorial neigh-
borhood Sr az and a constant ¢ € (0,1) such that Sz vz \U is covered by
balls B; = B, dist (x:,M) (Ti) with centers x; € O12. Furthermore, the stretched

balls éz = E(l_‘_g)cdist(zi’M)(mi) satisfy a finite overlap property on R® and
BiN 2 is a half-ball.

(iv) (interior) Fiz a sectorial neighbood U := Sx i, of F, where F is the set
of faces. Then there is ¢ € (0,1) such that 2\ U is covered by balls B; =
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Bcdlst(ml (i) with centers x; € 2. Furthermore, the stretched balls B =
B(1+€)Cd15t(m“M) (x;) satisfy a finite overlap property on R® and Bic 0.

Proof Follows from Lemmas A.3 and A.1. a
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B Details for the extension of the results of [18].

The arguments used in the proof of Theorem 5.1 rely on techniques developed in
[18]. A feature of the analysis here that was not present in [18] is the bidual problem
with right-hand side ggl(w—wh) that allowed us to estimate w—wy, in a weighted
space. This technical issue was circumvented in [18] by assuming convexity of
2 so that optimal order LZ2-estimates could be cited from the literature. The
corresponding bidual problem can be analyzed in the mortar setting of [18] as well.
The end result is then Theorem B.1, which states that the convexity assumption
in [18] can be relaxed to the validity of Assumption 1.1 for the Poisson problem,
ie., [18, (5.2)].

In the interest of brevity, we employ in this appendix the notation of [18] and
assume the reader’s familiarity with [18].

It will be useful to write Hy,,(I") for the space given by the broken Sobolev
norm on the skeleton I'; i.e., the Sobolev norm is understood facewise. Further-
more, we will write |- || g1 for the broken H'-norm, i.e., [|-[|31 = 32, ||-[1F1(0,)- We
also introduce the L2—pr0jection Hj{‘/fh L2 (I') = My, and recall that, since M}, is
a product space based on the faces, it inherits from [18, (A2)] the approximation
property

lz = IT§, 2llcecry < OBzl ). s € 0,4]. (B.1)

The main result is:

Theorem B.1 In [18, Thms. 2.1, 2.5], the assumption of convexity of §2 can be
replaced with [18, Assumption (5.2)].

Proof We will only sketch the modifications entailed by the weakenend regularity
assumptions.

Proof of [18, Thm. 2.1]: The starting point is the error representation [18,
(6.2)], which consists of three terms:

a(w — wp,u — Ppu) + b(w — wp, A — pp) + b(u — Pruy, Ay — fin), (B.2)

where pip, fir, € My, are arbitrary. The first term in (B.2) can be estimated as in 18,
Proof of Thm. 2.1] in view of the generalization of [18, Lemma 5.5] given below as
Lemma B.3. The third term in (B.2) can again be estimated as in [18, (6.4)] since
Lemma B.2 below provides the estimate infz, e ar,, || Aw —fin |22y S h1/2||v||L2(9).
The second term in (B.2) requires a modification of the procedure in [18, (6.3)].
Taking pn = ITH; X in [18, (6.3)] yields

b(w — wi, A — Ty \) = / [w — wy] (A — ITk \)
I

=Awwww—nﬁw~wmu—nﬁm

L2
< B2 [w — wnll ey IA = g, [ 2y
2
S B2 lw — wh |l g IA = T, Al oy

S B lw = wp | [ M|,
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the last step followed from (B.1). The proof is completed with the aid of Lemma B.2

and the trace estimate ||>\||H§ ) S ||U||Bk+3/2(0).
w 2.1

Proof of [18, Thm. 2.5]: The proof stands as given in [18]. O

Lemma B.2 Assume that 2 satisfies [18, Assumption (5.2)]. Then, for v &€
L%(Sy) € L*(2) and w := TP (v) and the corresponding Lagrange multiplier Ay,
defined facewise by Awly, = —Onwl|q,,, and the corresponding mortar approzima-
tion wy, of w there holds:

\/Z lw = wnlBp gy = 10— wnllan S Bllollza(o), (B.3)

| Aw HM,/\ lz2ry S < 2 vl L2 (02)- (B.4)

Proof We start with the proof of (B.3). It results from standard convergence theory
for mortar methods as follows. [18, Assumption (5.2)] provides w € H*/?*¢(82) for
some € > 0 together with ||w||H3/2+a(_Q) S C||U||H—1/2+a(_q). The Lagrange multi-
plier Ay, is given facewise by the expression Ay |y, = —Onw|a,,, € H®(y1) together
with the estimate ||Aw ||z (1) < |0l gr-1/2+(g2)- The standard convergence theory
for mortar methods (as worked out, e.g., in [8, Prop. 2.3]) then gives

< h1/2+6|

1/2+
lw —wallgn S B2 wll grosase ) S o]l g 1/24- (02)-

The proof of (B.3) is complete if we can show that

ol gr-1/242(2y S B2 ol 2y (B.5)

This last estimate exploits suppv C Sp and follows by interpolation arguments
similar to those employed in the proof of [18, Lemma 5.2]: Define § = 1—2¢ (we as-
sume e < 1/2). Then H~Y/2+<(Q) = (HY/?~5(Q))’ = ((L2(Q), By/(2)), ) -
(B (@), L),
||v||(Bl/2(m),||v||L2(m The argument is completed by noting in view of suppv C
Sh that

~

so that the interpolation inequality yields ||’U||H—1/2+£(Q) <

[vllL2(2) < llvllzz(e) and ||U||(B;/2(Q))/ < CVR|v]| L2,

S RE=O2|y) o) S W2 E||v||L2(Q) This proves (B.5).
The bound (B.4) follows from (B.1) and ||)\w—HMh>\w||L2(p) < Ch* [ Awllme, ()

R\l grsrere 2y S N[l gr-1/242(0)- An appeal to (B.5) finishes the proof. O

so that [|v|| g-1/24¢(0) S

We generalize [18, Lemma 5.5]:

Lemma B.3 [generalizations of [18, Lemmma 5.5]] Assume that (2 satisfies [18,
Assumption (5.2)]. Then, for v € L*(Sy) C L*(2) and w := TP (v) and the
mortar approrimation wy, of w, there holds

IV (w — wp) || p2(rpty < CRY2(1 + 61| Inh|) [0 20

<

~
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Proof Inspection of the proof of [18, Lemma 5.5] shows that we have to estimate
the following two terms:

ch D
o= [Vl wd T [ 9= el
=0 T=ch

Estimating T1: Inspection of the proof of [18, Lemma 5.5] shows that
T1 < Vh||V(w = wh)||L2(s(0,en)) < VIV (w = wn)l|L2(2,)
We conclude together with (B.3)
Ty < CR*2||o]|2()-

We now turn to estimating 7>. As in the proof of [18, Lemma 5.5], we consider
the lowest order case k = 1 and the higher order cases k > 1 separately.

Estimating T2 for k = 1: Inspection of the proof of [18, Lemma 5.5] gives
(cf. [18, eqn. (5.13)])

D
[ 19wl dr (B.6)

=c

1/2 —1/2
5 |h’lh|1/2(||6F/ V(w — Iém)||L2(c/\501h) + ||5F / (’LU — wh)”Lz(C’\Sclh))'

The term w — I}w is estimated as in the proof of [18, Lemma 5.5] with the
aid of (weighted) H?-regularity asserted in [18, Lemma 5.4] and the estimate
||w||B3{;(Q) < \/EHUHLQ(Q) of [18, Lemma 5.2]. In total, we get

1612V (w — IEw)|| L2 ens, ) S 1AM 203 2||v]| L2 (.-

c1h)

The second contribution of the right-hand side of (B.6) has to be treated with
more care than in the proof of [18, Lemma 5.5], where the convexity of 2 was
conveniently exploited in order to control ||w — wp||L2(); more precisely, we do
not have full H?-regularity but only the limited shift theorem of [18, Assump-
tion (5.2)]. In order to control the term ||6;1/2(w —wn)l[z2(c\s.,,) appearing on
the right-hand side of (B.6), we proceed by yet another duality argument. Let
= TD(SI?I(w —wy)), where g]" is the regularized distance function g]" ~ h+0r.
Note that g]" ~ dp on C \ Sc,n. Denote by Xy the Lagrange multiplier for 1,
ie, Ayly, = —0ntla,, - From Lemma B.4 we have for some ¢ > 0 given by the
stipulated shift theorem ([18, Assumption (5.2)])

<—1/2
1l 53z ) S A28 2w — w2y, (BT)
Nollzz, () + 1912y S B0 (w = wn)llz2(a)- (B.8)
The pair (1, Ay) solves the following saddle point problem:
a(z,9) +b(z,Ag) = (2,0 '(w—wy))  Vze{ze [[H (2)]2lon =0},
(B.9a)
b(,q) =0  Vge []Hp (). (B.9b)
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The Galerkin orthogonality satisfied by w — wy, reads for arbitrary Iy € Vj,
a(w — wp, 1Y) + b(Ih, \w) = 0.

Hence, we get by taking z = w — wy, in (B.9a)

167" (w = wn) [ 2(0) = alw = wn, %) + b(w — wn, Ay) (B.10)

= a(w —wp, ¥ — 1Y) — b(I, Aw) + b(w — wp, Ay).
We estimate |a(w — wp, ¥ — IY)| < [|w — wa| g1 [l — 1| 2. Since Iy € Vi, and
[1)] = 0:
BT, Aw)| = bl = T4, Aw = I, Aw)| S 11 = Fll ey P = I, Mol 22
<l = Il o 16 = Tl 2R [Nl e )

where, in the last step, we employed the multiplicative trace inequality and the
approximation property (B.1). For the term b(w — wp, Ay ), we employ again that
[w] = 0 and that wy, € V}, to get

b(w — wp, Ay) = /F o — wn] (g — T Ay)

2 2
— [ (= wn) = 11k, [ = w0~ 1765, 00)
r
S 2w = wnlll e oy B I Lz, ()

Noting ||[w—wp]|| < ||lw—wp|| g1 we obtain by inserting the above estimates

in (B.10)

HyL>(I)

16712 (w = wa)ll722) S
lw = wllg |6 = Il + 16 = T2 1 — Tl Dl s, oy
+ 12w — wp | A A [, -

The terms involving 1) — I are estimate with the aid of Lemma B.5 and the bound
191l gare (o) given in (B.7); the terms |Jw — wp ||z are controlled in (B.3); using
2,00

”)‘“’HHéw(I‘) 5 ||U||H_1/2+E(_Q) and (B7) for ||>\¢||H;w(p) we get
16712 (w — wn)l 22y <
K32 b2 |l 20y + R I 2 o]l 2oy S [0l g -1/2ve () + B 2RERTE[0]| L2 (-

Now the result follows from (B.5).
Estimating T2 for k > 1: We proceed similarly to the case & = 1. The
difference is that (cf. [18, (5.12)]) we need to control

—eys—1/2+
BN 2E w — wn) | zaensi, -
As in the case k = 1, we set up a dual problem with solution ¢ = TD(SI?H%(w —
wp,)) and corresponding Lagrange multiplier A\y,. By Lemma B.4 (and trace esti-
mates) we have the regularity assertions

T—1/2
Nl s, 0y + 19l asese(ay S 10724 (w — wh) | L2(e)- (B.11)
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Proceeding in the same manner as in the case k = 1, we arrive at

167 12F (w — wi) |72 ()

S llw = wall [ = Tl + 19 = T [0 — Tl R [ Awll e, ()
+ b2 lw — w || b Ay |, -

The regularity assertions (B.11) as well as the approximation properties of Lemma B.5
yield 57124 (w — wn)| () S h*/>*<[[o] z2(s) and hence

R 67278 (w — wi) |2 ense, ) S B2 [0llz2(e)-

O
Lemma B.4 (Generalization of [18, Lemma 5.2]) Let 01 be the regularized

distance function. Then for the operator T we have for w := TD(SI_-IU) (and
€ > 0 sufficiently small):

F-1/2
Il g3z ) < ClAIM 255 20l (), (B.12)
[l grasaee 2y < Ceh ™58 0]l 122y (B.13)
For w = TP (57:'7%%v) we have
F-1/2
[l /2=y < CIOE > 50] L2 (B.14)
Proof The proof is done with the same arguments as those of Lemma 2.8. a

We need an approximation result for the approximation from the constrained space
V}, for functions that do not permit nodal interpolation.

Lemma B.5 (approximation from constrained space) Let the constrained
space Vi, be defined in [18, (2.4b)] and assume hypotheses [18, (A1), (A2)]. Define
the operator P, as in [18, (4.2)] but replace the interpolation operator Iy by a (sub-
domainwise) Scott-Zhang operator I,{f’SZ (cf. [20]) that conforms to the boundaries
of the subdomains 2, i = 1,..., M. Then P, is defined on H*(£2) N H(R2) for
s > 1, it maps into Vy,, and has the approximation properties

K2

\/Z lo = BuolZh gy < OB ol e,
lv = Phollae) < Chllvllgsa),  1<s<k+1,
\/Z o= Buolips o, < OB lolli; o,
7

lv = Phol|2(2) < Ch®|Jo]

Bj .. (2) 1<s<k+1, s & N.
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Proof We only show the first estimates as the estimates with B3 . ({2)-regularity

follow by interpolation arguments. It suffices to study the contribution Ex T, [I*5% v
to the operator Pp. We recall that by the multiplicative trace inequality ||w||2L2(3Qi) S
7852

lwll L2 (2 llw]l g1 (2,) and the simultaneous approximation properties of in

L? and H' we have |jv — Ik’SZvHLz(aQZ_) < Ch871/2||U||Hs(Qi). Exploiting the

L?-stability of the mortar projection IIj,, we get the bound
B ITn[ 155 ]l s ) € BT R 2T 20] | 2o,

ShTY2 o = I%%%0 1200y S B0l a2y
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C Details concerning Lemma 2.9

The following lemma is an expanded version of Lemma 2.9. It is closely related to
Lemma 2.3 with 5 = 1/2 there. The essential difference is that we replace the norm
|2l 322y with the weaker norm ||| 5s/2 () At the expense of a factor |Inh|'/2,

2,00
Lemma C.1 Let the bounded Lipschitz domain 2 C RY, d € {2,3}. Assume that
w e B3/? (£2) is a solution of

2,00
-V - (AVw) =wv.

(i) There exist constants C, c1 > 0 independent of v and w such that with the
distance function ép

IV6r V2wl L2 avs,) < CV/ W hff|w] gsrz o) + CllVorvllLz(as., .- (C.1)

In particular, ifvio\s,,, = 0 then ||/ 51‘v2w||L2(Q\Sh) < Cy/|In h|||w||Bg/2 @)
(i) Let ¢’ > 0 be fized. Assume v|g\s ,, = 0. Then there ezist ¢, ca > 0 such for
every a > 0

167 V2wl L2 (2\50) < CillAllcor () I68 VW /lL2(a\s.,m) (C.2)

+ Cal| Ao (@ ISR TYW L2050y |

(iii) Let ¢’ > 0 be fized. Assume v|o\s,, = 0. Assume that w € H3/?%2(Q) for
some € € (0,1/2). Then there exist ¢, cz > 0 such that

IV2wll 2800y < Ceh™ 2 w]l rosave ).

Proof

Proof of (i): We may restrict our attention to a local situation near a part of the
boundary. The boundary I can locally be described by a graph ¢. That is, in a
suitable coordinate system, we can define cylinders

Cs = {(z,p(x) +1t)]|0 <t < D+ 6z € B},
Cs = {(z,¢(x) +1)|§ <t < D' +6,z¢c B},

where § < D < D’ and B, B’ are two concentric balls with B CC B’. Furthermore,
for § = 0 we assume C, C §2. In particular, {(z,¢(x))|x € B’} C I". We also note
that ¢ ~ dist((z, ¢(x) +¢), I).

Let C§ be a third cylinder of the form Cj = {(z,¢(z) +t): § <t < D"+ 6,2 €
B"} where B cC B” cc B’ and D < D" < D'. Let x € C*°(R?) be such that
x| » =1 and X|Q\c(’] = 0. To simplify the notation, we assume that the functions
w, A, v are given in a coordinate system commensurate with the coordinate system
describing the cylinders Cs, C, viz., w evaluated at a point (z,¢(x) +t) € Cj is
given by w(x,¢(x) +¢). A translation in the last variable defines the function @
by w(z, ¢(x) +t) := w(z, ¢(z) + ¢t + 25). We note

v (Ava) =% inClgs: (C.3)
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here (again in the coordinate system used to describe the cylinders) A (z, ¢(z) +
t) =A(z,¢+t+20) and v(z, p(x) +t) = v(z, d + t + 20).
1. step: We show (if § is sufficiently small)

0l /2 ey < Cv/ |1n6|”w”32/020(g) + Co||9| L2 ,)- (C.4)

Using the characterization of H*/?(Ch) = (H'(C)), H*(C)))1/2,2 in terms of
the K-functional, we write (cf. also [5, p.193, equ. (7.4)])

_ vz _\2dt
Il = [ (K Ex®)
t=0

= /;O (rl/u{(t, Xﬁ))2 % N /; (t—l/QK(t’ X@))Q %.(0.5)

=€

The second integral in (C.5) can be estimated by

1 2 1 2
/ (t_1/2K(t,xﬁ)) a g/ i p (t—1/21<(t,xm)) < Inellx@|%s o)
t=e t t=¢ t t>0 2,00( o)

For the first integral in (C.5) we employ interior regularity estimates for solutions
of second order elliptic equation with vanishing right-hand side. Specifically, (C.3)
and interior regularity (see, e.g., [9, Thm. 8.8 and proof]) give (here, we assume
that ¢ is sufficiently small)

~ 1~ ~
x| fr2(cy) < O wllaer ) + Clivllrzcer ,)-

Hence, estimating K (¢, xw) = inf, ¢ 2 ”X'(E_U”Hl(c(’))+t||v||H2(C(’)) < t||XzE||H2(Cé),
we obtain

/:O t2K(t, xw) dt < €||X@||§J2(cg) < 055_2||m||§11(CL6) + C'6‘||5||2L2(cg(5)-
We conclude
Ix@lr2qcepy < C [e87 2Nl cry +elTlEacer,) + elxdliBy: )] (CO)
<C [56*2 + lne} ||w||2B§,/fo(C6) + 6||5||2L2(CL5),

where, in the last step we have employed that multiplication by a smooth func-
tion and translation are bounded operations on Sobolev (and therefore also Besov)
spaces. Selecting ¢ = 62 shows X0 g3/2cy) < C/[1n 5|”wHBg{;(n)"'C‘SW”W(CLg)

from which we get (C.4) in view of the support properties of x.
Step 2: Let z solve, for a fixed p > 0 and a parameter r < 1, the equation

-V (:&Vz) =f in a ball B,.(14,) of radius r(1 + p).
We claim:
IV?2ll2(5,) < C [1f 128,000 + 1920828, ) + 7 2l 27208, | H(CT)

V2| L2,y < C {”f”L?(BT(H_p)) + 7“71||VZ||L2(BT<1+F,>)} . (C.8)
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We point out that the H3/2-seminorm in (C.7) is defined in terms of the Aronstein-
Slobodeckij norm for scaling reasons. The bounds (C.7), (C.8) follow from interior
regularity in the following way. R

Scaling the ball B,.(14,) to a ball Bi4, of radius 1 + p leads to an equation of
the form

-V (AVE) =r?f in a ball El—&-p of radius (1 + p), (C.9)
where A and fare the coefficient and the right-hand side in the scaled variables.
We note that

IV All ey, ) ~ P IV Al (5 j €No.

r(140))?

Then standard interior regularity (see, e.g., [9, Thm. 8.8]) gives in view of r < 1
2 2 7 =
V=2l 2,y < € [r 1228, .,y + ”Z”Hwéw)} : (C.10)

Since the constant functions are in the kernel of the operator —V - (;&VZ) it is
easy to conclude with a Poincaré inequality that (C.10) implies

IVl 25, < € [PUTlas,.,) + 19251, ) - (C.11)

Scaling this equation back to B,(14 ) yields the desired bound (C.8). For the proof

of (C.7), we have to bring in the H®/2-seminorm. Let m € P; be arbitrary. Then
the function z — 7 satisfies in view of the fact that V= is constant

-V (;&V(?— 7T)) =r’f4+V- (;&Vﬂ') =r?f+(V-A)-Vr=f
(we employed the convention that the divergence operator V- in the expressmn
V- A acts on columns of A) Applying (C.10) to this equation (and replacing r 2f
with f and 2 with 2 — ) yields
||v22||L2(§1) <lz- 7T||H2(§1) <cC [Hf”Lz(EHp) + 1z - 7"||H1(1§1+p)}
20 7 ~
< C [Pl + P19 a5, + 12— Tl o,
2 7 ~ ~
< C [Pl B.0s) + IV s,y + 1B = o)

Infimizing over all = € P; yields

||V22||L2(1§1) <cC |:r2||f||L2(B1+p) +7IVEl L2 s, ) + |/Z\|H3/2(}§1+p)} - (C12)

Scaling back to B,(14,) yields (C.7), if we note the scaling properties of the
Aronstein—Slobodeckij seminorm.
3. step: Applying the result of step 2 to the function w yields

IV?@ 225, < C [IV@ll12(8,011,0) + 72 @ 11372 (514000 + 1T 228,000
(C.13)
for all balls B, such that B(14,), C C’ 55. Using, for example, the Besicovitch cov-
ering theorem [7], we can cover Co by overlapping balls B, (x;) with centers x; and
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radii r; ~ dr(z;) such that the stretched balls B, (1,)(z:) have a finite overlap
property (see [18, Lemma A.1| for details). A covering argument and afterwards
(C.4) then show

IV6rV?w| L2,y < C [||@||H3/2(cg;) + IV orVuwl ey + |l 6F5”L2(C3)}
< [VImdllwl gz o) + ol zaer ) + I1V/orallneey |

Since w and v are obtained by a translation, we arrive at

IV6r V2wl p2ie,y) < C [\/ [ dfflwll 3r2 (o) + IV 5FU||L2(9\5625)}

for a suitable c2 that depends solely on the Lipschitz character of I'. Taking § ~ h
produces the desired result.

Proof of (ii): The estimate merely expresses interior regularity for solutions
of elliptic equations with vanishing right-hand side. It follows from (C.8) and a
covering argument. More precisely, as in Step 2, we start from

-V - (AVz) = f ina ball B,14,) of radius r(1 + p).
Differentiating this equation once gives for v € N with |a| =1
-V - (AVD®2) =D“f+V-(D*A)Vz in a ball B, (14, of radius 7(1+ p),

where again the divergence operator in the expression V - (D%A) acts on the
columns of D*A. We get from (C.7) by considering all o € N% with |a| =1

V22l L2(8,) <
C [llVfHL?(BT(Hp)) +r V22l L2 Brs ) ||V2A||L°°(BT(H,;))||VZ||L2(BT(1+,;))} :

A covering argument then produces the claim since f is assumed to satisfy f =0
on {2\ S, in the statement (ii). We also note that ||V2A||Loo(g) can be bounded
by [VA[lw:<(0)-

Proof of (iii): Our starting point is the above Step 2: We claim that for the
function z satisfying (C.9) we have

1922l 28,y < C [1ll2B,010) + 19222800 + 772 L2l mvare(s,0,,)

(C.14)
where the H*/?T¢_seminorm is again an Aronstein-Slobodeckij norm. To see this,
we check the derivation of (C.12). We see that one can (marginally) modify the
arguments to obtain instead of (C.12) the estimate

24 201 7 ~ ~
Y Z”L2(§1+p) ST ||f||L2(§1+p) +T||VZ”L2(§1+;>) + |z|H3/2+5(§1+p)'

Scaling back to B,.(14,) yields

3/24¢

21192 2
V2l LB,y ST NIL2B ) IVl L2(B oy ) T 2l gsrove (B,

which leads to (C.14). We now use f =0 on {2\ S/, and use these estimates with
w in place of z. A covering argument then gives

2 —1/2
V20| 22\ 500) S IVWllL2ions,,) + B 2wl goszee o)

This concludes the proof of (iii). O
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D Details of [24, Sec. 5.3]

By and large, we follow the arguments of [24, Sec. 5.3] and adapt them as needed.
In what follows, 7 is a quasi-uniform mesh with mesh size h. We consider the
bilinear form

a(u,v) ::/ AVuy -V
Q

where the matrix A is sufficiently smooth and pointwise symmetric positive defi-
nite.

D.1 The interior case

In this subsection, we assume that Vj, = S&1(7).
For balls By of radius d, it will be convenient to introduce the notation

1
lully,zq =l sy + Fllull2za)-
We start with making the notion of “superapproximation” more precise:

Lemma D.1 (superapproximation on balls) Let By C (2 be a ball of radius
d. Let w € C™ with suppw C Bg/o and

VWl <Cd™?,  j=0,... k. (D.1)

Then for every u € Vi, the interpolant I(w?u) € S*Y(T) N HE(By) satisfies

h
|wu — 1w u) (5, < Cllull,, (D.2)

1 %
3||w2u — I(wu)||z2(B,) < C (E) Ml B,- (D.3)

We assume implicitly that d > h is sufficiently large.

Proof Since suppw C Bg/z and d is large compared to h, we have supp I(w?u) C
B,. For each element K we have the estimates

[|w?u — I(w2u)||L2(K) + h||V (W u — I(w2u))||L2(K) < Chk+1||vk+1(w2u)||L2(K).

Inductively, we see that ||V’ (w?)||z~ < Cd™ for j = 0,..., k. Using the fact that
u is piecewise polynomial of degree k& we conclude

k
IV W) |2y < € d™F D W[ pa gy,
j=0

An inverse estimate produces in view of h/d <1
2 2 2 2 h |1
llw™u = I(w ) [ L2y + AV (w0 u = I(w u)) |2y < Chg | S llullnzsy) + lulm sy

h
< cnzllully, s,
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The next result shows an inverse estimate for “discrete harmonic” functions:

Lemma D.2 Let up, € Vj, satisfy
a(up,v) =0 Yv eV, with suppv C Bg (D.4)

for a ball Bqg C 2 of radius d (implicitly assumed sufficiently large compared to
h). Then

IVunllza(s,,.) < Cd™HlunllL2cs,)-

Proof Select a cut-off function w with suppw C By and (D.1) as well as x =1 on
By
We write for arbitrary x € V3, with supp x C By

/ W AVuy, - Vuy, = / AVuy, - V(w2uh) — / 2upwVw - AVuy
12 12 Q
= / AVuy, - V(w2uh - X) — / 2upwVw - AVuy,.
10 Q
We conclude from Lemma D.1 with x = I(w?uy) there and Young’s inequality
2 < h 1 2
o AVun - Vun S SlIVunlz2 sy lunlly e, + 25 lunllza .-

We conclude

h 1
IVunllLa(s,,) S E|||Uh|||1,Bd + E”uh”L?(Bd)'

Iterating the argument yields

h 1
Vunllzz(p,,.) S E|||Uh|||1,Bd + E”uh”Lz(Bd)’

Finally, a standard inverse estimate produces

1
IVunllzzz,,. S Zllunllcz .,
which is the desired final bound. O

We now show the main result:

Theorem D.3 Let u € Hl(Q) and up € Vi, be such that
a(u —up,v) =0 Yo eV, with suppv C By

for a ball Bqg C 2 of radius d (implicitly assumed sufficiently large compared to
h). Then

IV (w = un)liza(sa) < € inf llu—xll, 5, + Cd™ " u —unl|L2(z,) (D.5)

< C inf |V(u—= L2, + Cd  lu—unllL2(s,- (D.6)
XEVh
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Proof The second bound (D.6) follows from (D.5) by an application of the (second)
Poincaré inequality.

Let w € C* with supp x C By be such that w =1 on Bg/s and assume (D.1).
Define

U= wu
and let @, € Vi, N H(Bg) be its Galerkin approximation on Vj, N B (By), i.e.,
a(i —Up,v) =0 Yo €V, N Hy(By).

Then it is classical (and easy to see) that

Vi, - (AVa,) < [ Vi (AVa).

Bd Bd
In particular, we get
[unl (8. < Clulm s, < llull,s.- (D.7)
Next, we write
U — up = (17 — ﬁh) + (ﬁh — uh) in Bd/g (DS)

and estimate each of the two terms separately. For the first one, we employ (D.7)
to get
IV (@ —=un)llL2B,,.) S IVl sy < llull,z,- (D.9)

For the second term in (D.8), we observe that %, —uy, is discrete harmonic in Bg/o
(in fact, almost in By) since

a(lp —un,v) = a(@—u,v) =0  Yv € Vi NHj(Bgy).
Therefore, Lemma D.2 is applicable and yields in view of w =1 on By/s:
IV (@ — un)ll 2B, < Cd™Htin — unllL2(5,,.)
< Cd™Han — ullz2(s,,,) + Cd ™ Hlu — unllL2(s,,.)
= Cd_1||’l~l,h — 17||L2(Bd/2) + Cd_1||u — uh||L2(Bd/2)7

where in the last step we exploited u|p,, = u|p,,, due to w|p,,, = 1. Since up,
% € Hg(By), a Poincaré inequality together with (D.7) produces

IV (@n = wn)ll 2B,y SV @n = 8)| 225, + 4l —unllL2s,,)
Sllells,z, +d7Hlw = unll 25, (D.10)
Combining (D.9) and (D.10) yields again with w =1 on By,
IV(w—un)ll2(B,.) < NIV@—=n)lL2(s,,.) + IV(@L —un)llzzs,,,) (D.11)
Sz, +d™Hlu— unll 2 s,)-

The final step consists in noting for arbitrary x € Vj, that u—up = (u—x)+(x—un)
so that an application of (D.11) applied to u — x yields

—1
V(u—un)llLzBy.) S llu—xll,e, +d7 [lu—unllL2(B,)-
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D.2 The boundary case

We now check to what extent the above results extend up to the boundary. We
Let I" be (a part of) the boundary 9f2. We denote by
Dg=BgnN {2

semiballs of radius d, where the implict assumption is always that the center of
Dy lies on I'. Another implicit assumption in the following is that for all semiball
appearing in the following, we assume

oDgNnoRc o’
We define |ul|1,p, := |ulmi(p,) + 3|lullL2(p,)- We employ a space V3, which sat-
isfies
Vi CSPNT),  wlr=0 Ywe V. (D.12)

We employ the following observation: For a semiball Dy C B,y (same center) as
described above, w € C§°(By), and u € Vj,, we have wu € H} (Dg).
Compared to Lemma D.4, the cut-off function w may be = 1 near parts of I

Lemma D.4 (superapproximation on semiballs) Assume (D.12). Let Dy C
2 be a semiball of radius d. Let w € C*°(R™) with suppw C Bg/s and (D.1). Then
for every u € Vi, the interpolant I(w?u) € S®1(T) N HY(Dg) satisfies

h
(w?u = 1)l (p,) < Callells .. (D.13)

1 %
EIIwQU— I(w?u)| 2(p,) < C (3) lullr, D4 (D.14)

We assume implicitly that d > h is sufficiently large.
Proof Follows by the same arguments as in Lemma D.1. a

The next result shows an inverse estimate for “discrete harmonic” functions:
Lemma D.5 Assume (D.12). Let up € V), satisfy

a(up,v) =0 Vv €V, with suppv C Dy (D.15)

for a semiball Dg C §2 of radius d (implicitly assumed sufficiently large compared
to h). Then
Vunllz2(p,,,) < Cd ™ unll2(p,)-
Proof Again, this follows by tracing the arguments in the proof of Lemma D.5. O
Theorem D.6 Assume (D.12). Let u € H"(2) with u|r = 0 and u, € Vi be
such that L
a(u —up,v) =0 Yo € Vi, with suppv C Dy

for a semiball Dg C §2 of radius d (implicitly assumed sufficiently large compared
to h). Then

IV(u—un)llL2(py,,) < Cxig‘f/h llw = xll1,p, + Cd™ lu = unllL2(p,)
< C inf |[V(u—x)llr2pg) + Cd " u— unlp2(py)-
XEVh

Proof The second inequality follows again from a Poincaré inequality (the first
one, this time). The first inequality follows again from tracing the arguments of
the proof of Theorem D.3. a
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E Detailed numerics
E.1 Slit domain

The geometry is a slit domain
2 =0%:=(-1,1)%\0,1) x {0}.
The exact solution is given by
|x — xo|” sin(ame)

for different choices of the parameters o and xo (and a).
The inhomogeneous Dirichlet boundary conditions are realized by nodal inter-
polation. The equation considered is

—Au = f.

Starting from a coarse mesh, we perform a sequence of uniform (red) refinements.
We consider a lowest order discretization, i.e., k = 1.

Strictly speaking, the slit domain is not covered by our theory. Also not cov-
ered by our theory are the variational crimes associated with approximating the
inhomogeneous Dirichlet data. Nevertheless, we expect the convergence behavior
detailed in Corollary 4.3 to be an good description of the actual convergence be-
havior. We assume that the global regularity of the solution u is described by
s =14 « (actually, it is 1 + a — ¢ for all € > 0). Corollary 4.3 then lets us expect
for the two cases 29 = (0,0) and z¢ # (0,0) the following convergence rates:

20 =1(0,0) = 7 =min{2,1 + o, -1+ 1/2+ (1 + @)} = min{2,1/2 + a}
20 # (0,0) = 7 =min{2,1 + o, -1+ 1/2 4+ 0o} = min{2,1 + a}

In the following tables, given by E.1 - E.7, we change the paramter a. In
each table separately we vary the location. The locations under investigation are
(zo,y0) = (0,0), (zo,y0) = (0.5,0) and (x0,y0) = (0,1). We observe that the
theoretical convergence rates are mostly achieved by our numerical simulations.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m7 a=m
DOFs L?-error rate L?-error rate L?-error rate

97 2.9124e-02 - 3.8405e-02 - 3.0468e-02 -

348 1.5745e-02 | 0.89 1.0451e-02 1.88 1.2883e-02 | 1.24
1.315 8.1422e-03 0.95 4.8926e-03 1.10 5.2831e-03 1.29
5.109 4.1322e-03 | 0.98 2.1508e-03 1.19 2.0814e-03 | 1.34
20.137 2.0799e-03 0.99 8.1046e-04 1.41 7.9896e-04 1.38
79.953 1.0430e-03 1.00 3.0969e-04 1.39 3.0187e-04 1.40
318.625 5.2221e-04 1.00 1.1780e-04 1.39 1.1288e-04 1.42
1.272.129 2.6125e-04 1.00 4.1750e-05 1.50 4.1903e-05 1.43
5.083.777 1.3066e-04 | 1.00 1.4985e-05 1.48 1.5472e-05 | 1.44

Table E.1 Slit domain, k = 1: Influence of the position of singularity for oo = 0.5.
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(z0,y0) = (0,0) (z0,y0) = (0.5,0) (zo,y0) = (0,1)
a=m/2 a=m7 a=m

DOFs L?-error rate L?-error rate L?-error rate

97 1.1642e-02 - 1.6577e-02 - 1.6031e-02 -
348 5.6371e-03 1.05 6.5153e-03 1.35 6.0796e-03 | 1.40
1.315 2.6059e-03 1.11 2.3569e-03 1.47 2.2272e-03 1.45
5.109 1.1835e-03 1.14 8.4203e-04 | 1.48 7.8285e-04 | 1.51
20.137 5.3296e-04 | 1.15 2.7392e-04 | 1.62 2.6776e-04 | 1.55
79.953 2.3888e-04 1.16 9.1902e-05 1.58 9.0042e-05 1.57
318.625 1.0679¢-04 | 1.16 3.0823e-05 1.58 2.9942e-05 | 1.59
1.272.129 4.7666e-05 1.16 9.6773e-06 1.67 9.8788e-06 1.60
5.083.777 2.1257e-05 1.16 3.1032e-06 1.64 3.2407e-06 | 1.61

Table E.2 Slit domain, k = 1: Influence of the position of singularity for o = 2/3.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

97 6.1391e-03 - 1.1088e-02 - 1.0692e-02 -
348 2.8187e-03 1.12 4.1329e-03 1.42 3.8553e-03 | 1.47
1.315 1.2351e-03 1.19 1.4164e-03 1.54 1.3388e-03 1.53
5.109 5.3338e-04 | 1.21 4.7830e-04 | 1.57 4.4562e-04 | 1.59
20.137 2.2846e-04 1.22 1.4725e-04 1.70 1.4420e-04 1.63
79.953 9.7267e-05 1.23 4.6683e-05 1.66 4.5843e-05 | 1.65
318.625 4.1233e-05 1.24 1.4761e-05 1.66 1.4401e-05 1.67
1.272.129 1.7428e-05 1.24 4.3773e-06 1.75 4.4861e-06 1.68
5.083.777 7.3524e-06 1.25 1.3285e-06 1.72 1.3889¢-06 | 1.69

Table E.3 Slit domain, k£ = 1: Influence of the position of singularity for a = 0.75.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L2-error rate L2-error rate L2-error rate

97 4.1949e-03 - 3.0111e-04 - 2.9784e-04 -
348 1.4605e-03 1.52 9.9257e-05 1.60 9.3618e-05 1.67
1.315 4.8756e-04 | 1.58 2.9679e-05 1.74 2.8033e-05 | 1.74
5.109 1.5909e-04 | 1.62 8.6201e-06 1.78 8.0205e-06 | 1.81
20.137 5.1667e-05 1.62 2.2994e-06 1.91 2.2266e-06 1.85
79.953 1.6874e-05 1.61 6.2533e-07 | 1.88 6.0606e-07 | 1.88
318.625 5.5687e-06 1.60 1.6832e-07 1.89 1.6270e-07 1.90
1.272.129 1.8596e-06 1.58 4.3035e-08 1.97 4.3240e-08 | 1.91
5.083.777 6.2798e-07 | 1.57 1.1235e-08 1.94 1.1403e-08 | 1.92

Table E.4 Slit domain, k£ = 1: Influence of the position of singularity for a = 1.01.
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(z0,y0) = (0,0) (z0,y0) = (0.5,0) (zo,y0) = (0,1)
a=m/2 a=m7 a=m

DOFs L?-error rate L?-error rate L?-error rate

97 5.7534e-03 - 2.8888e-03 - 2.8799e-03 -
348 1.9412¢-03 1.57 9.1606e-04 | 1.66 8.6618e-04 | 1.73
1.315 6.2583e-04 1.63 2.6267e-04 1.80 2.4731e-04 1.81
5.109 1.9689¢-04 | 1.67 7.2833e-05 1.85 6.7463e-05 | 1.87
20.137 6.1446e-05 1.68 1.8673e-05 1.96 1.7871e-05 | 1.92
79.953 1.9191e-05 1.68 4.8621e-06 1.94 4.6455e-06 1.94
318.625 6.0229e-06 1.67 1.2518e-06 1.96 1.1921e-06 | 1.96
1.272.129 1.9023e-06 1.66 3.0913e-07 | 2.02 3.0311e-07 1.98
5.083.777 6.0474e-07 | 1.65 7.7720e-08 1.99 7.6552e-08 | 1.99

Table E.5 Slit domain, k = 1: Influence of the position of singularity for o = 10/9.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

97 7.3549e-03 - 6.3401e-03 - 6.3849¢e-03 -
348 2.2414e-03 1.71 1.8792e-03 1.75 1.7790e-03 | 1.84
1.315 6.4849e-04 1.79 5.0365e-04 1.90 4.6905e-04 1.92
5.109 1.8251e-04 | 1.83 1.3007e-04 | 1.95 1.1878e-04 | 1.98
20.137 5.0718e-05 1.85 3.1798e-05 2.03 2.9443e-05 2.01
79.953 1.4021e-05 1.85 7.8665e-06 | 2.02 7.2227e-06 | 2.03
318.625 3.8699e-06 1.86 1.9356e-06 | 2.02 1.7642¢-06 | 2.03
1.272.129 1.0682e-06 1.86 4.6924e-07 2.04 4.3055e-07 2.03
5.083.777 2.9514e-07 | 1.86 1.1524e-07 | 2.03 1.0519e-07 | 2.03

Table E.6 Slit domain, k = 1: Influence of the position of singularity for o = 4/3.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

97 7.5901e-03 - 7.6006e-03 - 7.6553e-03 -
348 2.1664e-03 1.81 2.1751e-03 1.81 2.0530e-03 1.90
1.315 5.8638e-04 1.89 5.6614e-04 1.94 5.2238e-04 1.97
5.109 1.5450e-04 1.92 1.4246e-04 1.99 1.2877e-04 2.02
20.137 4.0197e-05 1.94 3.4615e-05 2.04 3.1388e-05 2.04
79.953 1.0396e-05 1.95 8.5086e-06 | 2.02 7.6403e-06 | 2.04
318.625 2.6803e-06 1.96 2.0921e-06 2.02 1.8651e-06 2.03
1.272.129 6.8978e-07 1.96 5.1307e-07 2.03 4.5726e-07 2.03
5.083.777 1.7730e-07 | 1.96 1.2691e-07 | 2.02 1.1258e-07 | 2.02

Table E.7 Slit domain, k = 1: Influence of the position of singularity for oo = 1.5.
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E.2 L-shaped domain

The geometry is an L-shaped domain:

Q=0%:=(-1,1)%\[0,1) x (—-1,0].

The exact solution is given by

|z — 0| sin(ame)

for different choices of the parameters «, xo, and a.

E.2.1 Lowest order discretization k =1

Structurally, the situation is similar to the situation in Section E.1. From Corol-
lary 4.3, we expect the following convergence rates:

20 =(0,0) = 7 =min{2, 1+ o,—-1+2/3+ (1 + o)} = min{2,2/3 4 o}

2o # (0,0) = 7 =min{2,1 4+ o, -1+ 2/3+ o0} = min{2,1 + a}

Also in this case the numerical rates depicted in Table E.8- E.13 are very close to
the rates expected by our theory.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

81 1.1719e-02 - 1.0132e-02 - 9.5383e-03 -
289 5.4059e-03 1.12 4.0619e-03 1.32 3.4014e-03 | 1.49
1.089 2.3165e-03 1.22 1.4839e-03 1.45 1.1426e-03 1.57
4.225 9.5790e-04 | 1.27 5.1844e-04 | 1.52 3.7569e-04 | 1.60
16.641 3.8922e-04 1.30 1.7681e-04 1.55 1.2222e-04 1.62
66.049 1.5663e-04 | 1.31 5.9408e-05 1.57 3.9513e-05 | 1.63
263.169 6.2682e-05 1.32 1.9762e-05 1.59 1.2720e-05 | 1.64
1.050.625 2.5002e-05 1.33 6.5263e-06 1.60 4.0824e-06 1.64
4.198.401 9.9525e-06 1.33 2.1437e-06 1.61 1.3072e¢-06 | 1.64

Table E.8 L domain, k = 1: Influence of the position of singularity for o = 2/3.
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(z0,y0) = (0,0) (z0,y0) = (0.5,0) (zo,y0) = (0,1)
a=m/2 a=m7 a=m

DOFs L?-error rate L?-error rate L?-error rate

81 6.1585e-03 - 6.8141e-03 - 6.2506e-03 -
289 2.6986e-03 1.19 2.5648e-03 1.41 2.1211e-03 | 1.56
1.089 1.1123e-03 1.28 8.8428e-04 1.54 6.7413e-04 1.65
4.225 4.4037e-04 1.34 2.9202e-04 1.60 2.0903e-04 1.69
16.641 1.7107e-04 | 1.36 9.4164e-05 1.63 6.4027e-05 | 1.71
66.049 6.5689e-05 1.38 2.9909e-05 1.65 1.9471e-05 1.72
263.169 2.5030e-05 1.39 9.4012e-06 1.67 5.8930e-06 | 1.72
1.050.625 9.4877e-06 1.40 2.9328e-06 1.68 1.7774e-06 1.73
4.198.401 3.5834e-06 1.40 9.0968e-07 | 1.69 5.3475e-07 | 1.73

Table E.9 L domain, & = 1: Influence of the position of singularity for a = 0.75.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

81 4.6216e-03 - 1.8387e-04 - 1.6841e-04 -
289 1.6860e-03 1.45 6.0370e-05 1.61 5.0364e-05 1.74
1.089 5.4867e-04 1.62 1.8034e-05 1.74 1.3883e-05 1.86
4.225 1.7284e-04 | 1.67 5.1378e-06 1.81 3.6942e-06 | 1.91
16.641 5.2963e-05 1.71 1.4253e-06 1.85 9.6399e-07 1.94
66.049 1.5970e-05 1.73 3.8870e-07 | 1.87 2.4842e-07 | 1.96
263.169 4.7758e-06 1.74 1.0474e-07 1.89 6.3437e-08 1.97
1.050.625 1.4238e-06 1.75 2.7971e-08 1.90 1.6086e-08 1.98
4.198.401 4.2471e-07 1.75 7.4181e-09 1.91 4.0561e-09 1.99

Table E.10 L domain, k£ = 1: Influence

of the position of singularity for o = 1.01.

(z0,y0) = (0,0) (zo,y0) = (0.5,0) (zo,y0) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

81 6.5660e-03 - 1.7641e-03 - 1.6229e-03 -
289 2.3309e-03 1.49 5.5465e-04 1.67 4.6837e-04 1.79
1.089 7.3413e-04 1.67 1.5847e-04 1.81 1.2424e-04 1.91
4.225 2.2257e-04 1.72 4.3172e-05 1.88 3.1761e-05 1.97
16.641 6.5650e-05 1.76 1.1458e-05 1.91 7.9588e-06 | 2.00
66.049 1.9056e-05 1.78 2.9916e-06 1.94 1.9695e-06 | 2.01
263.169 5.4810e-06 1.80 7.7249e-07 1.95 4.8311e-07 | 2.03
1.050.625 1.5690e-06 1.80 1.9789¢-07 | 1.96 1.1771e-07 | 2.04
4.198.401 4.4822e-07 1.81 5.0393e-08 1.97 2.8532e-08 2.04

Table E.11 L domain, k = 1: Influence of the position of singularity for o = 10/9.
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(z0,y0) = (0,0) (z0,y0) = (0.5,0) (zo,y0) = (0,1)
a=m/2 a=m7 a=m

DOFs L?-error rate L?-error rate L?-error rate

81 8.6776e-03 - 3.8962e-03 - 3.6446e-03 -
289 2.8523e-03 1.61 1.1374e-03 1.78 1.0008e-03 | 1.86
1.089 8.2870e-04 1.78 3.0272e-04 1.91 2.5331e-04 1.98
4.225 2.3073e-04 | 1.84 7.7239e-05 1.97 6.2153e-05 | 2.03
16.641 6.2539e-05 1.88 1.9331e-05 | 2.00 1.5073e-05 | 2.04
66.049 1.6688e-05 1.91 4.7956e-06 2.01 3.6440e-06 2.05
263.169 4.4099e-06 1.92 1.1852e-06 | 2.02 8.8167e-07 | 2.05
1.050.625 1.1580e-06 1.93 2.9260e-07 | 2.02 2.1389e-07 | 2.04
4.198.401 3.0279e-07 | 1.94 7.2263e-08 | 2.02 5.2069e-08 | 2.04

Table E.12 L domain, k£ = 1: Influence

of the position of singularity for o = 4/3.

(zo,90) = (0,0) (zo,90) = (0.5,0) (zo,90) = (0,1)
a=m/2 a=m a=m

DOFs L?-error rate L?-error rate L?-error rate

81 8.9932e-03 - 4.7178e-03 - 4.4942e-03 -
289 2.8151e-03 1.68 1.3287e-03 1.83 1.2166e-03 | 1.89
1.089 7.8034e-04 1.85 3.4367e-04 1.95 3.0580e-04 1.99
4.225 2.0751e-04 | 1.91 8.5903e-05 | 2.00 7.5035e-05 | 2.03
16.641 5.3910e-05 1.94 2.1227e-05 2.02 1.8321e-05 2.03
66.049 1.3835e-05 1.96 5.2331e-06 | 2.02 4.4827e-06 | 2.03
263.169 3.5256e-06 1.97 1.2917e-06 | 2.02 1.1011e-06 | 2.03
1.050.625 8.9467e-07 1.98 3.1955e-07 2.02 2.7158e-07 2.02
4.198.401 2.2641e-07 1.98 7.9238e-08 2.01 6.7212e-08 2.01

Table E.13 L domain, k£ = 1: Influence of the position of singularity for a = 1.5.
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E.2.2 Second order discretization k = 2

All calculations are performed for g = (0,0) and a = 2/3. Only the singularity
parameter « is varied.
Here, we expect the convergence rate

7=min{3,-1+2/3+ (1 + @)} = min{3,2/3 + a}

Table E.14 shows the numerical results for the second order case in which the
received rates are close to the theoretical expected once.

a=2/3 a=3/4 a=1.01 a=10/9

DOFs L?-error rate L?-error rate L?-error rate L?-error rate

289 3.1686e-03 - 1.6898e-03 - 4.8115e-04 - 5.9011e-04 -
1.089 1.2099e-03 | 1.39 6.0844e-04 | 1.47 1.4003e-04 | 1.78 1.5596e-04 | 1.92
4.225 || 4.6505e-04 | 1.38 2.1881e-04 | 1.48 3.7277e-05 | 1.91 3.8312e-05 | 2.03

16.641 1.8057e-04 | 1.36 8.0073e-05 | 1.45 9.9546e-06 | 1.90 9.3965e-06 | 2.03
66.049 7.0635e-05 | 1.35 2.9545e-05 | 1.44 2.6951e-06 | 1.89 2.3314e-06 | 2.01
263.169 2.7771e-05 | 1.35 1.0960e-05 | 1.43 7.4481e-07 | 1.86 5.8950e-07 | 1.98
1.050.625 1.0955e-05 | 1.34 || 4.0799e-06 | 1.43 2.1075e-07 | 1.82 1.5257e-07 | 1.95

a:4/3 a:3/2 a=2.175 a = 2.275
DOFs L2-error rate L2-error rate L2-error rate L2-error rate
289 6.1433e-04 - 5.5363e-04 - 2.7565e-04 2.4570e-04 -

1.089 1.5136e-04 | 2.02 1.3540e-04 | 2.03 5.1121e-05 | 2.43 4.1696e-05 | 2.56
4.225 3.3604e-05 | 2.17 2.8521e-05 | 2.25 7.5320e-06 | 2.76 5.7319e-06 | 2.86
16.641 7.7002e-06 | 2.13 6.2123e-06 | 2.20 1.1051e-06 | 2.77 7.8407e-07 | 2.87
66.049 1.8014e-06 | 2.10 1.3642e-06 | 2.19 1.5938e-07 | 2.79 1.0553e-07 | 2.89
263.169 4.2916e-07 | 2.07 3.0106e-07 | 2.18 2.2723e-08 | 2.81 1.4044e-08 | 2.91
1.050.625 1.0374e-07 | 2.05 6.6649e-08 | 2.18 3.2138e-09 | 2.82 1.8538e-09 | 2.92

a = 2.375

DOFs L?-error rate
289 2.2177e-04 -

1.089 3.3912e-05 | 2.71
4.225 4.3221e-06 2.97
16.641 5.4888e-07 | 2.98
66.049 6.8762e-08 | 3.00
263.169 8.5292e-09 3.01
1.050.625 1.0497e-09 | 3.02

Table E.14 L-shaped domain, k = 2: Influence of « for a = 2/37 and (zo,y0) = (0,0).
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E.3 Fichera corner

E.3.1 Smooth solution

The geometry is

The exact solution is prescribed to be the smooth solution

Table E.15

u(z,y, z) = sin((x + y)7) cos(27z).

2=0".=(-1,1)°%\[0,13

The discretization is done on lowest order hexahedral elements, regularly refined.

DOFs L2 error rate

316 0.075444 —

3.032 0.017182 1.96
26.416 0.0039376 2.04
220.256 | 0.00094597 | 2.02
1.798.336 | 0.00023208 | 2.01
14.532.992 | 5.7491e-05 | 2.00

E.3.2 Solution of point singularity type

In the next calculations, the exact solution is given by

u=r7r",

where r = dist(z,zo) measures the distance from the point zo, which is varied.
The L2-error is computed with a tensor product Gauss rule (5 points in each
coordinate direction).

z0=(-1,-1,-1),«a=0.55 | 2o =(—-1,—-1,-1),«a=0.55 | o = (—1,—-1,—1), « = 0.55
DOFs L2-error rate L2-error rate L2-error rate
316 0.00073994 — 0.00069287 — 0.00074102 —
3.032 0.00016401 2.00 0.00023565 1.43 0.00023 1.55
26.416 3.9176e-05 1.98 6.8242e-05 1.72 6.2591e-05 1.80
22.0256 9.6835e-06 1.98 1.9077e-05 1.80 1.6589e-05 1.88
1.798.336 2.4305e-06 1.97 5.2412e-06 1.85 4.3418e-06 1.92
14.532.992 6.1407e-07 1.98 1.44225e-06 1.87 1.1264e-06 1.94

Table E.16
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