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QUASI-OPTIMAL CONVERGENCE RATES FOR ADAPTIVE
BOUNDARY ELEMENT METHODS WITH DATA APPROXIMATION,
PART I: WEAKLY-SINGULAR INTEGRAL EQUATION

M. FEISCHL, T. FUHRER, M. KARKULIK, J. M. MELENK, AND D. PRAETORIUS

ABSTRACT. We analyze an adaptive boundary element method for Symm’s integral
equation in 2D and 3D which incorporates the approximation of the Dirichlet data g
into the adaptive scheme. We prove quasi-optimal convergence rates for any H'/2-stable
projection used for data approximation.

1. INTRODUCTION & OUTLINE

Data approximation is ubiquituous in numerical algorithms, and reliable, adaptive nu-
merical schemes have to properly account for it. In this direction, the present work proves
quasi-optimal convergence rates for an adaptive boundary element method (ABEM) that
includes data errors. As a model problem, we study Symm’s integral equation

Vo=(1/2+ K)g onI :=0Q (1)

for given boundary data ¢ € H'/?(I') and a bounded Lipschitz domain Q C R? for d = 2,
3. The goal is to prove convergence and quasi-optimality of some standard adaptive
algorithm of the type

| solve | — | estimate | — |mark| — | refine |

steered by a residual-based error estimator plus data approximation terms. A focus of our
analysis will be on the fact that the data ¢ is not given exactly but approximated as part
of the algorithm. Our theory covers several of commonly used techniques to approximate
g.
In the framework of h-adaptive finite element methods (AFEM) for second order el-
liptic PDEs, algorithms of this type have been studied in several works, and convergence
with quasi-optimal algebraic rates can be proven (see e.g. [BDD04, CKNS08, Dér96,
FFP12, Ste07] and the references therein). Naturally, one is interested in the very same
questions like convergence of the approximations and convergence rates also for ABEM.
The recent works [FKMP13] and [Tso13] lay out the path for proving quasi-optimal con-
vergence rates of ABEM with respect to the error estimator, or even for the energy
error [AFF*14]. However, the above mentioned works [AFF™14, FKMP13, Tso13]| are re-
stricted to lowest-order discretizations and, more importantly, do not deal explicitly with
data approximation. The present paper raises ABEM to the same level of mathematical
understanding as AFEM already is. More precisely, the improvements over the state of
the art are fourfold and read as follows:
First, in contrast to the FEM, the right-hand sides in BEM typically involve boundary
integral operators, which cannot be evaluated exactly in practice. Thus, the analysis of
data error is mandatory. To compute the right-hand side term (1/2 + K)g numerically
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in our model problem (1), we follow the earlier works [AFLG'12, KOP13] and replace
the exact data g by an approximate, piecewise polynomial data G,. Our approach thus
decouples the problem of integrating the singular kernel of the integral operator K from
integrating the possibly singular data g to compute Kg. On their own, both problems are
well understood and can be solved with standard methods. Moreover, in 2D (see [Mai01])
one can even find analytic formulas to compute the term K G, exactly. For d = 3, there
also exist black-box quadrature algorithms to compute KG, (see, e.g., [SS11]).

Second, in contrast to [FKMP13, Tso13], where only lowest-order BEM is considered,
the present analysis works for arbitrary, but fixed-order discretizations.

Third, we provide an improved analysis for the optimality of the Dorfler marking.
This eliminates the efficiency constant in the estimates (even the weak efficiency used
in [FKMP13] is not needed) and in contrast to e.g. [CKNS08, FKMP13, Tso13] no lower
error bound of any kind is involved.

Finally, to deal with several non-local data approximation terms, we introduce a modi-
fied mesh size function. This may be of independent interest in the context of AFEM and
ABEM since it is pointwise equivalent to the usual mesh size function, but contractive
not only on the refined elements, but also on an arbitrary but fixed number of element
layers around them.

An overall advantage of the presented approach is that the possible implementation only
has to deal with operator matrices of the discrete integral operators. This is advantageous
in terms of fast boundary element methods as e.g. H-matrices. Consequently, adaptive
approximation of the Dirichlet data g seems to be the natural next step to the final goal
of a fast, fully discrete, and black-box ABEM algorithm.

Several other works deal with data approximations for adaptive BEM. However, they
focus on convergence of the error estimator instead of proving quasi-optimal algebraic
convergence rates. In the 2D case, [AFLG'12] proves estimator convergence of ABEM
for the Laplace problem with mixed boundary conditions. The algorithm is steered by
an (h — h/2)-based error estimator and also approximates the given data adaptively
by nodal interpolation. The work [KOP13] uses the L2-projection to prove estimator
convergence of ABEM with data approximation in 3D. Both works do not guarantee
any convergence rate of the estimator, and convergence of the error can only by proved
under the saturation assumption, which is widely believed to hold true in practice, but
still remains mathematically open for BEM (see [AFF*14] for the proof of a weaker form
of this assumption). In contrast to this, the present approach with residual-based error
estimator guarantees convergence even with optimal rates. In particular, we prove that
the optimal convergence is independent of the chosen data approximation operator.

The remainder of this work is organized as follows: We present the model problem
as well as the adaptive algorithm for data approximation by means of the Scott-Zhang
projection for d = 2,3 or nodal interpolation for d = 2 in Section 2. In Section 3, we
develop some crucial tools which are used to prove convergence of the adaptive scheme
in Section 4 and quasi-optimality in Section 5. Bootstrapping the foregoing results, we
are able to prove quasi-optimal convergence of a slightly modified algorithm in Section 6
for each H'/2-stable projection P, used for data approximation, i.e. G, = P,g. Finally,
Section 7 presents a numerical experiment which underlines the results of the work.

Throughout the work, the symbol < abbreviates < up to a multiplicative constant,
and ~ means that both estimates < and 2 hold. Finally, #M denotes the cardinality of
a finite set M.



2. MoDEL PROBLEM & ADAPTIVE ALGORITHM

2.1. Model problem. We consider Symm’s integral equation (1) where I' := 02 is the
boundary of a polygonal resp. polyhedral Lipschitz domain Q € R? d = 2, 3. For d = 2,
we ensure diam(§2) < 1 by scaling of the domain to guarantee the ellipticity of the simple-
layer operator V (see (3) below). With n(z) € R? denoting the exterior normal unit field
at x € I' and the fundamental solution of the Laplacian

L =
G(z) = { o loglz] d =2 for all z € R%\ {0}, (2)

=12 d=3
the simple-layer operator V' and the double-layer operator K formally read
(Vo)) == [ Gla—yo)dy and  (Kg)(@) = p-v. [ 0)Gla = )gly)dy  (3)

for all z € I'. Here, p.v. [ denotes Cauchy’s principal value. Then, (1) is an equivalent
formulation of the Dirichlet problem
—Au=0 1in €,

u=g¢g onl

(4)

in the following sense [McL00]: The normal derivative ¢ = d,,u € H~'/%(T) of the solution
u € HY(Q) of (4) solves (1) (Note that 9,u € H~'/?(T") is well-defined, since Au € L*(I)).
Conversely, with ¢ € H~'/2(T") being a solution of (1), the representation formula

u=Ve¢—Kge H(Q)

gives the solution of (4), where the operators V' and K are now evaluated in §2 instead
of I'.

2.2. Variational form and unique solvability. The operator V : H='/2(I") — H/2(T")
is an elliptic and symmetric isomorphism (see e.g. the monographs [HW08, McL.00, SS11]).
It thus provides a scalar product defined by (¢, ¥) := (V¢ , ¢) 12(ry. This scalar product
induces an equivalent norm on H~/2(T"), which will be denoted by [[|«[| := (¥, ) /2.
For some I'-dependent constant Co.m > 0, it thus holds

CromllVll < 1912y < Coomlll¢ll - for all o € H-/2(T). (5)
With this, we may state (1) equivalently as

(@, v) = (K +35)g, ¢) forally e HVI). (6)

The fact that (-, -) is a scalar product allows us to apply the Lax-Milgram lemma
and hence guarantees existence and uniqueness of the solution ¢ € H~V2(T') of (1).
Whereas g € H'/?(T") is sufficient to guarantee the solvability of (1), even without data
approximation, it is necessary to require g € H'(T') to formulate the weighted residual
error estimator 7,. In the present case (see Section 2.5 below), we make also use of the
fact that we approximate an H*(T") function.

2.3. Sobolev spaces and mapping properties. Consider the Hilbert space
H'Y(Q) == {v e L*(Q) : Vve L)},

equipped with the norm [|v]|%: gy = [[v[|720) + [VV[|72(). We define the trace v|r of a
function v € H'(Q) by continuous extension of the classical trace for smooth functions.

This permits the definition of
3



e the trace space
HYX(I) = {v € L*(I') : exists w € H'(Q) with v = w\p}

associated with the norm ||v|| g2y 1= inf{HwHHl(Q) : v =w|p forw € Hl(Q)}
and
e its dual space

H™YX(D) .= HY4(I)*.

We revisit the integral operators from (3) and continuously extend them to the following
boundary integral operators:

V. H VT - HY*(I),
K : HY*() — HY*(T).
According to [McL00, Chapter 7] there holds also well-posedness and continuity of
Vo VP s HY2(D),
K. HY?(D) — HY2(T).
for all |s| < 1/2.
2.4. Discretization. Let 7, denote a regular triangulation of I' into compact and flat

boundary simplices T' € T, with Euclidean diameter diam(7") and surface area |T|. Note
that diam(7") = |T'| for d = 2. For d = 3, we restrict to y-shape regular meshes, i.e.

y~tdiam(T) < |T|? < ydiam(T) for all T € Ty (7)
for a fixed constant v > 1. For d = 2, y-shape regularity is understood in the sense of
max {diam(T)/diam(T’) T, T eTrand TNT # @} <. (8)

Note that this assumption does not exclude strongly adapted meshes.
Given a mesh 7; and p € NU {0}, we define the space

PP(Te) = {‘I’g € L*(T) : Uy|p is a polynomial of degree at most p on each T € 7}}
of piecewise polynomials of degree p as well as the space
SPHHT,) == {Vg € C(I') : Vi|r is a polynomial of degree at most p + 1 on each T' € 72}

of continuous spline functions of degree p + 1. Note that there holds P?(7,) C H~Y/*(T')
and SP*1(T;) ¢ HY(T).

Moreover, we need generalized patches of subsets & C 7T,. We define the k-patch
wk (&) C T, inductively by

k=1: wi&):=wi(&):= {T €T, : TNT # 0 for some T € &},
k>1: wf(&) : wfil(gg)).

Note that due to v-shape regularity, there holds #&, ~ #wF(&), where the hidden
constant depends only on v > 0 and k£ € N, but not on & or 7,. Finally, for & C 7T,, we
write & := Upee, T C T

Wg<
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2.5. Data approximation. To compute the right-hand side (1/2+ K)g in the Galerkin
scheme, we replace the exact Dirichlet data g by an approximation G, € SP™(7,). It
remains to control the error introduced in this way. To that end, we define the auxiliary
solution ¢, € L2(T') ¢ H~Y(T)

Ve = (1/2 + K)G,. 9)

The regularity of the solution ¢, is a consequence of Gy, € HY(T') and the mapping
properties of V=1 : HY(T) — L*T) and K : HY(T') — HY(T).
The problem we actually solve on the discrete level reads: Find ®, € PP(7;) such that

(@0, Wp) = ((1/2+ K)Ge, Vo) r2qr) (10)

for all U, € PP(T;). As for the continuous problem, the Lax-Milgram lemma applies and
proves the unique solvability of (10). In Sections 3-5, we analyze data approximation by
means of the Scott-Zhang projection J, : L*(T') — SP*(Ty), i.e.,

Gy = Jyg.

The mapping property J, : L*(T') — SPT(T;) deserves a comment. The original con-
struction of [SZ90] is defined on H'(T") so as to be able to conserve boundary conditions.
However, since we are not interested in conservation of boundary data (I' has no bound-
ary), we may define the Scott-Zhang projection for a mesh 7; in an element-based way
on L?(T"). We briefly sketch the construction. We choose a nodal basis of SP™'(7;) with
basis functions &, associated with the Lagrangian nodes z € Ny of Ty (i.e. £,(2') = 0,/ for
all z, 2" € N, and Kronecker’s delta d,,. € {0,1}). Note that supp(&,) C wy(T.) for some
arbitrary, but fixed element T, € T; with z € T,. Let ¢, € PPT(T.) denote the L3-dual
basis function with respect to &, |r., i.e. Jr, §2Cdx = 6.0 for all z, 2" € Ny. Then, J, is
defined as

Jug =) (/T ngdx) &,

zENg

Obviously, g € L?(T") is sufficient to define J;g, and the results of [SZ90] hold accordingly.

Data approximation via other H'/2-stable projections such as the L2-orthogonal pro-
jection (for H'-stability see [KPP13]) or the nodal interpolation for d = 2 is analyzed in
Section 6.

2.6. Mesh refinement. For local mesh refinement, we use the bisection algorithm from [AFF*14]
for d = 2 and newest vertex bisection, see e.g. [Ver96, Chapter 4], for d = 3. For a set of
marked elements M, C 7T;, we denote by T, = refine(7;, M,) the coarsest refinement

(with respect to the above mentioned bisection algorithms), where at least all elements

T € M, are refined. To ensure uniform ~y-shape regularity (7) resp. (8), further refine-

ments are made so that M, C T, \ T.. We write 7, € refine(7;) if there exists a finite
sequence of meshes Tyo = Ty, To1, ..., Te,v = T« and sets of marked elements M, ; C Ty ;

for j =0,..., N — 1 such that 7, := refine(7;;, M,;) for all j =0,...,N —1. The

set of all meshes which can be obtained by refinement of the initial mesh 7j is denoted

by

T := {7 € refine(7y)}. (11)

We emphasize the following two crucial properties: First, the number of additional re-

finements which ensure regularity and y-shape regularity, does not dominate the number
5



of marked elements. More precisely, for 7, = refine(7y) with 7,41 = refine(7;, M;)
and M; C7; for j =0,...,¢—1, it holds that

-1
#To —#To < CL Y #M,;, (12)
5=0

where C7 > 0 depends only on 7,. Furthermore, for two meshes 7,,7; € T, there exists
a coarsest common refinement 7, & 7; € refine(7,;) N refine(7,) such that

#(Te & To) < #T + #T0 — #7To. (13)

Both properties (12) and (13) are proved for d > 2. The overlay estimate (13) was first
proved for d = 2 in [Ste07] and then for d > 2 in [CKNS08]. For newest vertex bisection,
the first proofs of (12) go back to [BDDO04] for d = 2 and later [Ste08] for d > 2. Their
proofs rely on a certain condition on the labelling of the reference edges in the initial
mesh 7. For two-dimensional meshes, i.e. d = 3, the recent work [KPP13] proved that
this particular condition is not necessary and can be dropped. The bisection algorithm
for d = 2 is analysed in [AFF*14] for d = 2. Moreover, uniform y-shape regularity (7)
resp. (8) holds for all meshes 7, € T with a constant v > 0 which depends only on the
initial mesh 7.

2.7. Error estimator. For error estimation, we employ the weighted residual error esti-
mator 7, which dates back to the seminal works [CS95, CS95, Car97] for 2D was extended
to 3D in [CMS01]. Given a mesh 7; as well as a solution ®, of (10), the local contributions
read

ne(T) o= TV DV (VO — (1/24 K)Gy) |72y for all T € T (14)

Here, V denotes the surface gradient on I' in the 3D case. For 2D, V reduces to the
arc-length derivative along I'. For any subset & C 7T,, we write

n7(Ee) = Y n(T).

TeE,

The global error estimator then reads
e =n(T2) = | )*V (V@ — (1/2 + K)Go)| 2y,

where hy € L®(I') with hy|r = |T|¥/@Y for d = 2,3 denotes the local mesh width
function.

To control the error of the data approximation, we introduce the so called data oscil-
lation term

oscy(T) := T V|(1 = y)Vgl|72y forall T €Ty, (15)

where IT, : L*(T') — PP(7T;) denotes the L*-orthogonal projection onto P?(7;). For p = 0,
this is just the piecewise integral mean. To abbreviate notation, we write osc?(&) =
S reg, 0sci(T) for all subsets & C T; and the global oscillation term is defined as osc, =
osc(Tp).

The error estimator and the oscillation term are combined to
p2(T) :=n;(T) +oscz(T) forall T € Ty.

Again, we write p} (&) := Ypeg, p(T) for each subset & C Ty and pj = nj + oscj.
6



2.8. The adaptive algorithm. Now, we are able to state the adaptive algorithm which
will be proved to converge even with optimal rate.

Algorithm 1. Input: initial mesh Ty, adaptivity parameter 0 < 6 < 1. Set £ := 0

(i) Compute approzimate data Gy = Jyg by use of the Scott-Zhang projection.

(ii) Compute solution ®, of (10).

(iii) Compute error estimator p(T) for all T € T.

(iv) Determine a set of marked elements M, C T, with minimal cardinality which
satisfies combined Dorfler marking

0p; < pij(Mo). (16)
(v) Refine at least the marked elements to obtain Tp1 = refine(T;, My).
(vi) Increment £ — £+ 1 and goto (i).
Output: sequence of error estimators (pg)een and sequence of Galerkin solutions (®g)een.

Remark. To achieve the minimal cardinality of the set My in step (iv), one usually
sorts the quantities p3(T;) in descending order po(Ty) > po(T2) > ... and defines M, :=
{T1,...,T};} for the minimal number j € N such that (16) is satisfied. In general, the set
My may not be unique. O

3. PRELIMINARIES

This section states some facts which are used throughout the work. First, we shall
need certain inverse estimates.

Proposition 2. Let 7, € T. Then, there exists a constant Ciy,, > 0 such that for all
€ L*(T) and v € H(T), it holds

Cinsllhe* TV 2y < Wl + 11 Y 2o, (17)
CilPe*V (1/2 4+ K)ol 2y < l0llay + 17> Vol ). (18)
Particularly, for all ¥, € PP(T;) and W, € SP™(T,), it holds that
1he*Well 2y + 1>V Vel 2ty < Cna [ %ell, (19)
Y2 Willay + B2V (/2 + KYWilloa < Con Willzgy (20)

The constant Cy,, > 0 depends only on Ty and p > 0.

Proof. The estimates (17) and (18) are proved in [AFF*12, Theorem 1] resp. [Kar, Sec-
tion 4.2]. The estimates (19) and (20) follow directly by employing the inverse estimates

from [GHS05, Theorem 3.6] for || - || =~ || - [ g-12) 2 ||h;/2(-)||L2(F), and from [CPO7,
Corollary 3.2] for || - || /2y 2 ||hé/2V(-)||L2(F). O
The following lemma states some properties of the Scott-Zhang projection.

Lemma 3. Let T, € T and g € H'(T'). For T denoting a (d — 1)-dimensional manifold,
the Scott-Zhang projection J, : L*(T') — SPTL(T,) satisfies

1hy"*V (1= J)gll 2wy + 11 = J)gll /ey < Coscoscr. (21)

Furthermore, for all refinements T, € refine(Ty), there holds the discrete local upper
bound

||(‘]* - Jf)gHHl/Q(F) < Cose OSC((W?(% \ 71)) (22)

for all ¢ € N. The constant Cos. > 0 depends only on Ty and p > 0.
7



Proof. The estimate (21) is a combination of [KOP13, Theorem 3] and [AFK*13, Propo-
sition 8], and the discrete upper bound (22) is proved in [AFK™13, Proposition 21]. O

Now, we take a closer look at the error estimator py.

Proposition 4. The error estimator py satisfies

(E1) Stability on non-refined elements: There exists a constant Cyap, > 0 such that
Cou|pe(ToNTD) = (T N T)| < (190 = Dlll + 1|G = Gellaprery

for all meshes Ty, T, € T.
(E2) Reduction property on refined elements: There exist constants 0 < Greq < 1 and
Cled > 0 such that

TAT) < tuear? (TN T) + Crea (120 = @l + G = GillZsoqey)

for all meshes T, € refine(7;) with Ty € T.
(E3) Reliability: There exists Cyey > 0 such that

Hl(b - (I)Zm S Crelpé

for all meshes T, € T.
(E4) Discrete local reliability: There exists a constant Cq, > 0 such that

[ — @l < Canpe(Re), (23)

for all meshes T, € T and refinements T, € refine(T;) with corresponding
Galerkin solution ®,. Here

Re:=wi(T\ To)
denotes an extended set of refined elements.

Proof. We first consider (E1). The fact that h¢|yn7) = ha|umng,) shows osc, (T, NTL) =
0sc,(Te NTy). Together with the triangle inequality, this yields

p(TNTE) = po(To N To)| < IRY2VV(®, = )|y + B2V (1/2 4 K)(Gy = Go)| 2y
S 1. = el + G = Gell gz,

where we have used the inverse inequalities from Proposition 2 to get the final estimate.
To see (E2), we use Young’s inequality with arbitrary 6 > 0 and estimate

PUTAT) < (L4 0) (1029 (Ve — (1/2 = K)Ci )l Faumry + 1021 =) Vgl e
5o (120~ Bl + G = ol

where we again applied the inverse estimates from Proposition 2. Exploiting h.|u7\7; <
27V, o7 for d = 2,3, we conclude the proof with geq = (1 4 6)27V=D for
sufficiently small § > 0.

Reliability of 7, with unperturbed right-hand side is proved in [CS95, Theorem 2| for
the 2D case and in [CMSO01, Corollary 4.3] for the 3D case, i.e.

Ilpe — @l S e for all T, € T. (24)
To obtain (E3), we incorporate the data oscillations via

¢ = @elll <l = @ell + e = Pelll < llg = Gell 2y + e
8



where we used the definition of ¢, in (9) as well as the stability of V=1 : HY?(I') —
H=Y2(T') and K : HY*(I') — HY*(T'). Now, estimate (21) implies
¢ — el < pe-

Finally, discrete local reliability (E4) of 7, is proved in [FKMP13, Proposition 4.3] for
p = 0. The proof holds verbatim for fixed p > 0. Therefore, we get

9% = Pelll S me(we(Te \ T2)) < me(Re), (25)
where ®¢ € PP(T,) is the solution of
(L, U,) = ((1/2+ K)G¢, U)oy for all U, € PP(T,).
We employ the definition of ®¢ and the stability of Galerkin schemes to see
197 = @ulll S NGs = Gell ey S osce(Re),

where the last estimate follows from (22).
Finally, we combine the last estimate with (25) and prove

19, — @l < |8 — R+ 195 — Dell S pe(Re)-
This concludes the proof. 0

Corollary 5. The error estimator is quasi-monotone, i.e. for T, € refine(T;) an arbi-
trary refinement of T, € T, there holds

Px S Cmonpé
with some constant Cpon > 0 which depends only on Ty and p > 0.

Proof. The triangle inequality and h, < h, yield
pe < pe + [BPVV(®y = @) || 2y + |12V (1/2 + K)(Gy — Go) | 2oy
S oo 1Py = ol + [|Gi = Gell oy,
where we applied the inverse estimates (19) and (20) from Proposition 2 to obtain the
last estimate. Now, with discrete local reliability (E4) and (22), we get
px S P+ po(Re) + 0sc(Re) S po-
This concludes the proof. 0

4. CONVERGENCE OF ALGORITHM 1

This section analyzes the convergence of Algorithm 1. Although the results of this
section may be interesting on their own (since convergence of the adaptive algorithm is
not clear a priori), they also provide the crucial foundation for the optimality proof of
Section 5.

4.1. Estimator reduction. The following estimator reduction result is a very general

concept and applies to numerous situations in the context of a posteriori error estimation
in BEM and FEM, see e.g. [AFLP12]

Proposition 6. Let T, := refine(7;) denote an arbitrary refinement of Ty such that the
set of refined elements Ty \ T, satisfies combined Dérfler marking (16) for some 0 < 6 < 1.
Then, there exist constants 0 < gest < 1 and Cost > 0 such that p, satisfies the perturbed
contraction estimate

/)z S Qestpg + C(est(|||q)* — (I)ZH|2 + HG* - GZH?{U?(F))' (26)

The constants Qest, Cest > 0 depend only on 6, Ty, and p > 0.
9



Proof. Recall Young’s inequality (a + b)* < (1 + §)a® + (1 + 6 1)? for all 6 > 0 and
a,b € R. We exploit stability (E1) and reduction (E2) to see

pi=pA(TeNT) + p(T\ To)
< (L+8)p (TN To) + drearp (Te \ T2)
+ (14071202, + Croa) (102 = @I + G — GellZpisary )-
Now, Dorfler marking (16) for 7, \ 75 implies
(14 60)pe(Te N T) + Greaps (T \ To) < (14 8)p = (140 = Grea) i (Te \ 7o)
<(140-0(140 = gea)) 5}

For sufficiently small § > 0, the combination of the last two estimates proves (26) with
Gest =1+ 0 —0(1 4+ 0 — qrea) and Cegy = (1 + 5 1)2C2,, + Creq. O

4.2. Contraction of quasi-error. In this section, we make explicit use of the fact that
Gy = Jyg is obtained via the Scott-Zhang projection. As a theoretical tool, we introduce
an equivalent mesh width function that takes care of the fact that in many of the local
estimates below the patches of the elements come into play.

Lemma 7. Let k € N be arbitrary and let (T;)een denote the sequence of meshes generated
by Algorithm 1. Then, there exists a modified mesh width function h, such that

he < hy < Cohy  for all £ € N, (27)

which is monotone and additionally provides a contraction on the k-patch of each refined
element, i.e. for all £ > 1 it holds

he < he_y pointwise almost everywhere in €, (28a)
helr < qhes|p for all T € Wf(To \ Tia). (28b)
The constants 0 < g < 1 and Cy > 0 depend only on Ty and on k € N.

Proof. First, we observe that due to vy-shape regularity, the number of elements in the
k-patch is bounded, i.e.

#wWH(T) < C3 forall T € T, (29)

The constant C3 > 0 depends only on the v-shape regularity and on k € N.

Recall the level function level(-) : Ugen 7¢ — N, which counts the number of bisections
needed to generate an element T' € 7, from its ancestor T' C Ty € Ty. By definition, there
holds level(Ty) = 0 for all Ty € Ty and for T' € T, \ Ty_1, with father T C T" € T;,_; there
holds level(T") > level(7”). According to [KPP13, Lemma 18] the level difference of two
neighbouring elements 7', 7" € T, is less than or equal to two for d = 3 and bounded for
d = 2 (see [AFFT14, Section 3]). Hence, the level difference of two elements T, T" € T,
which lie within one k-patch is also bounded, i.e.

llevel(T) — level(T")| < Cy  for T' € wi(T), (30)
for some constant Cy > 0. We define a modified level-function inductively as follows:

levelg(T) := 0 for all T € Ty
10



aswellasforall / >0and all T € 7,

N level(T) TeT\ T
levelg(T) = levelg,l(T) + 1/(20403 + 1) T e wf(’]} \ 7271) \ (72 \ 7271)
level,_1(T) else.

Note that for T € 7, the modified level level,(T) depends on the chosen sequence of
meshes Ty, ..., Ty, in contrast to level(T').

Below, we define the modified mesh width function %, via the modified level func-
tion levely(-). To obtain the equivalence (27), we first show that the level functions are
equivalent, i.e.

level(T) < levely(T) < level(T) + 2C5C4/(2C5Cy +1) forall ¢ € N and all T € 7;.
(31)

The lower bound follows from the definition of level,(-) by induction on ¢. For the upper
bound we argue by contradiction and assume the existence of an element 7' € 7, with
level,(T) > level(T) 4+ 2C5C,/(2C3C, + 1). With the convention 7_; := 0, let {4 < /¢
be such that T € Ty, \ Ty,—1. By definition of the modified level function, this implies
levely, (T) = level(T) (obviously, this also holds for o = 0). Again, by definition of the
modified level function, we know that the case

Te WZ(%j \%j_l) \ (72] \%j_l) for £y < Ej </

must have occurred at least 2C5C, + 1 times, since otherwise levely(T) < level(T) +
2C3C,/(2C5Cy + 1). Put differently,

wZ(T) N (Te; \ Te;—1) # 0 for all these (at least 2C3Cy + 1) many indices £y < £; < £,

Since wy (T') contains at most Cs elements, there is at least one element 7" € wf (T') with

205Cy + 1

T N (Te, \ Te,<1) # (0 for at least Npax > — many indices ¢y < {; < /.
3

Hence, there exists an element 7" € w§(T') with level(T") > Npyax +level(T”). Combining
this with (30), we obtain

Cy < Cy+1/C5 < Nypax — Cy < |level(T") — level(T")| — level(T") — level (T
< |level(T") —level(T)| < Cy.
This contradiction proves (31). Finally, with T45(7") € 7y denoting the unique father of
T C To(T) in the initial mesh 75, we may define

_ __ 1/(d—1)
ool = (2‘16V€15(T)|T0(T)|> forall T € T; and all £ € N,

The property (27) follows immediately from the equivalence (31) as well as the fact that
newest vertex bisection for d > 3 and simple bisection for d = 2 guarantee

1/(d—1) “level(T) 1/(d=1)
e T

For (28b), we consider an element T € wf(7T; \ Tr_1) with father T C T’ € T,_;. For
TS T, ie T€T\ T, there holds

levely(T) > level(T) > level(T") + 1 > level,_1(T") 4+ 1/(2C5Cy + 1), (32)
11



and therefore

= = _ 1/(d-1)
hulg < Pyl (271/COCHD) T (33)

1/(d—1
i.e. contraction in (28b) for T' € T, \ Tp—1 with ¢ = (2*1/(20304“)) M por T — T,

ie. T € wf(Te\Teo1) \ (Te\ Te—1), we see by definition of the modified level function that
there also holds

level,(T') > level,_1(T") 4+ 1/(2C5Cy + 1)
which implies (33) and hence (28b) for T' € wi (Te\Te-1)\ (Te\ Te-1). For T ¢ wi(Te\ Te-1),

there holds level,_;(T) = level,(T) and hence hy_i|p = he|r. This yields (28a) and
concludes the proof. O

The next lemma provides a decisive improvement of our analysis compared to [AFK*13].
Instead of treating all data approximation methods with the techniques of Section 6 below,
we use the locality of the Scott-Zhang projection together with the augmented contraction
area of the modified mesh width function hy, to prove a certain orthogonality relation of
the approximate Dirichlet data. This allows us to use the standard Dérfler marking (16)
in the adaptive algorithm (instead of the separate Dorfler marking (62) as in Section 6)
and is exploited in the proof of the contraction result of Theorem 9.

Lemma 8. Let T, € refine(7;) denote a refinement of T;. Then, there holds
Cs (T = gz < he* (1 = ) Vgl Faqry — 172> (1 = TL)VglfZ2ry (34)

for all ¢ € N. Here, h, denotes the modified mesh width function from Lemma 7 for
k =5. The constant Cs > 0 depends only on Ty and p > 0.

Proof. We employ Lemma 7 for k£ = 5 and obtain in combination with (22)
(T = T)gll ey S 1B = W) Vgl r2pemry  forall € € N. (35)
With monotonicity and the contraction property (28) of he, we see
he = he > (1= Q)hu Xuprary  forall L €N,

where X,s(7,\7,) denotes the characteristic function with respect to the set wy(7; \ 7).
Together with (35), we therefore conclude

1. = I lreey S [ (he =)
= ||h/* (1 = T Vgl[32ry — [1RY2(1 = ) Vg 32y
71/2 7
< |1 (1 = ) Vgl3aiy — [1RY2(1 = L) Vgl3ar
according to the elementwise best approximation property of II,. U

Theorem 9. Let T, = refine(7;) denote a refinement of Ty € T such that T,\ T, satisfies
the combined Dérfler marking (16) (e.g. in Algorithm 1 with My C Ty \ Tev1). Then,
there exist constants 0 < a < 1, >0 and 0 < k < 1 such that the quasi-error

By i= llée = el + g + BlIhe"* (1 = ) VllZaq (36)

satisfies the contraction property

(1-T1)Vg| do

A* S I{Ag.

Moreover, it holds ap; < Ay < (C? + a+ B)p} for all ¢ € N. The constants a, 3,k > 0

depend only on the use of newest vertex bisection, Ty, qest, and p > 0.
12



Proof. First, we observe that the data oscillations with the modified mesh width function
hy are still dominated by the error estimator, i.e.

1hy"* (1 = 1) Vg 2y < osee < pe (37)

for all £ € N.
Second, we recall that stability of the problem allows us to control the influence of the
data approximation in the sense of

6+ = Gell* < CollGs = Gelligr/o - (38)

The constant Cg > 0 depends only on the norms of V! and K. Furthermore, one has
reliability

l¢e — Pefll < Crme < Crpe (39)

with C7 > 0 independent of ¢ € N, cf. (24).
Third, by definition of ¢,, see (9), there holds orthogonality

(¢ — @i, Ou — D) = 0.
With (38), we infer
llpx = Dull>+|Dx — Bel* = [0 — Pe®
< (L +0)lge = Sell* + (1 + 7 Dllon — bl (40)
< (L4 0)llée — @oll* + (1 + 07 Coll G = Gell oy
for all 6 > 0. Next, we use the estimator reduction (26) to obtain
A, < (L+0)llge = @oll* + (1 +67)C6l| G = Gellzgnrery — 1P — 2I*
T e + aCo (19, = @2 + G — GallZsegey) + BIRYZ( = TL) Vg 2200
< (14 0)[lge — ell® + ((1 +071)Cs + ozCest) G = Gell3zry
+ aest + (@Ces = D@ = ell* + Bl (1~ TL)Vgl|Z2(r)-
With Lemma 8, this implies for § = ((1 +0 HCs + ozC’est) Cs
A, < (L4 0)llgr — Coll” + (aCest — |21 — 2
+ adenpf + B[R *(1 =) Vg o),
Now, choose aCy < 1 to simplify the estimate above to
A, < (14 6)llér = @ell® + agesipf + Bl (1 = T Vg Faqry.
We introduce some parameter ¢ > 0 and use the bounds (37) and (39) to obtain
Ay < (1+0=C7le)lde —
+ (e + 22)p} + (8 = )1 (1 = T) Vgl aqr)
< KA
with
K :=max{l +6 — C; e, (aqess + 2¢) /v, (B —€)/B}.

To ensure 0 < k < 1, choose £ > 0 such that ag.; + 2¢ < « and fix § = 07_15/2. The

equivalence p7 ~ A, follows immediately from (37) and (39). This proves the assertion.
U
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5. QUASI-OPTIMALITY OF ALGORITHM 1

The quasi-optimality proof roughly consists of two parts: First, we prove in Propo-
sition 10 that Dorfler marking (16) is not only sufficient for the contraction property
stated in Theorem 9, but in some sense even necessary. Second, Theorem 11 combines
the foregoing results with an estimate on the cardinality of the set of marked elements
M, and derives the optimality result.

5.1. Optimality of marking criterion. The following proposition can be seen as the
converse of Theorem 9.

Proposition 10. Let T, € refine(7;) denote a refinement of Ty. Let Oy, @, denote the
solutions of (10) corresponding to Gy = Jug, Gy = Jog. Let 0 < K, < 1 and suppose that
the corresponding error estimators satisfy

P} < Kupi. (41)
Then, there exists 0 < 0, < 1 such that p, satisfies the combined Dérfler marking (16)
0p; < pi(Re) (42)

for all 0 < 0 < 0, with the set Ry from (E4).

Proof. First, we employ stability (E1) as well as the discrete local reliability of the esti-
mator (E4) and of the Scott-Zhang projection (22) to obtain, for arbitrary § > 0,

pi = P{(TNT) + p{(TeN'T)

< PTNT) + (14 8)9 + (1467202, (118, = @l + (. = T)g 12

< (L4 (14072080 (Cae + Coie))Pi(Re) + (1 4+ 0)rup.
We choose ¢ > 0 such that (1 + d)k, < 1. Rearranging the terms, we thus see

0,07 < P (Re)
with
Or = (1= (1+0)k) /(14 (1+07)2C5,,(Cai + Coke)) € (0.1).

This concludes the proof of (42). O

Remark. Analyzing the proof of Theorem 11, we see that we may choose k, arbitrarily
small. This implies that for any 0 < 6 < 1/(1+2C2,, (C?.+C2.)) := 0, one may choose

osc

0 > 0 sufficiently large and r, > 0 sufficiently small such that 6 < 0,. O

5.2. Quasi-optimal convergence rates. To conclude the quasi-optimality proof in this
section, we introduce the set of all meshes which have at most N elements more than the
initial mesh 7y, i.e.

Ty ={T. €T : #T. — #T < N}
as well as the approximation class A?” characterized by

(6,9) € A? £ (o, 9)|l g7 7= sup min p,N* < oo. (43)
s NeNT+€TN
Here, ¢ and g are supposed to be the solution and data of our model problem (1).
Note that the method of data approximation G, ~ g influences the error estimator p,.
Hence, the definition of A?/ depends on the method of data approximation as well (which

is hence indicated by the superscript p, J). Now, the quasi-optimality is formulated in
14



the following theorem, which states that each possible algebraic convergence rate for the
error estimator will in fact be achieved by the ABEM algorithm.

Theorem 11. For sufficiently small parameter 0 < 0 < 1, Algorithm 1 is optimal in the
sense of

(6,9) € AP = py < Cope(#Ti — #T5)~°  for all £ € N. (44)

The constant Copy > 0 depends only on [|(¢, g)|lyps, 0 < 6 < 1, and on the constant
0 <k <1 from Theorem 9.

Proof. First, Theorem 9 states that A, is a contractive sequence, i.e. with 0 < kK < 1
given there

Apyqy < kA, forall ¢ € N. (45)

Now, let A > 0 be a free parameter which is fixed later on. According to the definition
of the approximation class A?/ in (43), we find for sufficiently small €2 := \p? > 0 some
triangulation 7. € T such that

H#T. —#To Se/* and p. <, (46)

where the hidden constant depends only on ||(¢, g)||,».s. We now consider the coarsest
common refinement 7, := 7. @ 7T, and first note that

#Te — #Te < (H#T+#To — #T0) — #Te = #T. — #To (47)
according to (13). Due to T, € refine(7.), we may apply Corollary 5 to get
e S P2 < M. (48)

Choosing A > 0 sufficiently small but fixed from now on, we enforce p? < k,p7 for some
k. € (0,1) and € ~ py. Next, we employ Proposition 10 to obtain that R, := w;(T;\T,) C
T, satisfies the combined Dérfler marking (16). Recall that M, is chosen in Step (iv)
of Algorithm 1 to be a set with minimal cardinality. Together with the fact that each
refinement splits the element into at least two sons, we get

HM < HR = (T T) S HT. - #T < #T - #T Se P = g (49)
Now, with optimality of the mesh closure (12) and contraction (45), we conclude
-1 -1 -1 (-1
4T — #T < Z 4M, < ij—l/s ~ ZA;l/(Qs) < Aé—l/(QS) ZHU(QS) < pz—l/s
j=0 =0 =0 =0
by convergence of the geometric series. Finally, this yields
pe S (#Te—#To)™"
for all £ € N and concludes the proof. O

Remark. Reliability (E3) of the error estimator shows the equivalence
Fm gt 4 |6 — Byl for all €€ N,

Therefore, the approximation class A?7 can be equivalently defined in terms of the total
error, as is done in [CKNS08, FKMP13]. O
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5.3. Characterization of approximation class. We aim to decouple the influence of
the data approximation from the problem (1) in the approximation class A?7. To that
end, we introduce

pe A &L |¢|lur = sup min pN® < oo, (50)
° NeNTx€Ty

where 1, denotes the unperturbed estimator studied in [FKMP13, AFF*14] for adaptive
BEM, i.e.
pe = [PV (V) — (1/2+ K)g) 2y
with @) € PP(7T;) being the solution of the problem with exact right-hand side
(oF, We) =((1/2+ K)g, Yo)r2r) (51)

for all U, € PP(7;). Note that the definition of A# does not incorporate the data approx-
imation Gy ~ ¢g. Finally, we introduce the approximation class

g €AY FESN || g]| acse := sup min osc,N*® < oo. (52)

NeN T+€TN

The relations between the approximation classes introduced are discussed in the following
theorem.

Theorem 12. There holds the implications
peAr geA — (¢,g)€ mm{SI s}
(6,9) €AY = ¢eAl ge A (54)
for all s1, so > 0.
Proof. First, we see by use of (17) and (18)
pi S g+ 1he*V (1724 K) (g = Go)lfaw) + 10V V(@ = @) 20y + 0sc;
S i+ 1lg = Gellinemy + 11V (g = Go) 2y + 19F — @l + osc]
< Hp + osc]

for all 7, € T. Here, we used the stability of Galerkin schemes as well as (21) to obtain
the last estimate. Analogously, one proves the converse estimate to obtain

Py = 7 + oscy. (55)
Now, assume (¢, g) € A?/. For all N € N, we obtain a mesh 7, € Ty with
Nosc, + N S Npe S 1(9, 9) [y
where we used (55). This implies immediately

[0llaz + llgllage S 11(6,9)llpr < 00,

which proves ¢ € A% and g € AP and therefore (54). To see (53), assume ¢ € A# and
g € AZ° and define s := min{sy, s5}.

For all N € N, the definition of A and A yields meshes 7, and 7,
TN/Q and

with 7, ,, T... €

osc )

po(N/2) S |0llag,  and  ose,, (N/2)% S |9l agy-
16



Now, we consider the coarsest common refinement 7, := 7., @ 7T,,.. Note that there
holds #7, — #To < #7T.,, + #Tro.e — 2#7To < N due to (13). Moreover, we see by use of

quasi-monotonicity of the error estimator and the fact that osc, < osc,,,.
Pr S M+ 0SC S fli, F OSCagye -
Altogether, we see
pxIN? 5 M*,LNsl + 08Cype N2 N ||¢||A§‘ + ||g||A‘;SC < 00.

The hidden constant depends only Cl,o, > 0 and the constants in Proposition 2. This
proves (¢, g) € A?’ and hence (53). O

Remark. Ford = 2 and g € H*™(T) for some ¢ > 0, the error estimator is even
efficient up to terms of higher order, i.e.

1 S e = ®ell* + hoty,
and consequently
pi S Mlé — @l + oscf + hot;.

The higher-order term satisfies hot, ~ h3/?*¢ for some € > 0 on quasi-uniform meshes Ty
with mesh width h = hy > 0 [AFF*14, Theorem 4]. With [AFF*14, Proposition 15] and
analogous arguments as in the proof above, one can characterize the approximation class
A" for all0 < s <3/2 as

peA" = $eh, andge A™,

where
def, . .
€A, = = — U, [|N? < o0.
¢ € A, 19lla, == sup min " min_ {l¢ = .|

6. OTHER METHODS OF DATA APPROXIMATION

This section analyzes other methods for approximating the Dirichlet data g. We dis-
tinguish two cases for Gy:

e For d = 2 and p = 0, i.e. I being a 1D manifold, we have g € HY(T') c C(T).
Therefore, it is admissible to use the nodal interpolation operator I, : C(I') —
SY(T;) for data approximation.

e BEach projection P, : HY?(T') — SP*1(T;) with f-independent stability constant

HPZUHHW(F)

Cp :=sup sup

(56)
teN ver/2on\o) 101z

is a valid choice.

The heart of the matter in the following section is to compensate the loss of orthogonal-
ity (34) in the data approximation term. To this end, we will use a modified marking
strategy from [Ste07], known as separate Dorfler marking, which forces the oscillation
term to contract if it is big compared to the estimator.

To clarify which method of data approximation is used, we write e.g. ®,p for the
solution of (10) and 7, p for the error estimator if the projection P, which is used for data

approximation is not the Scott-Zhang projection J,.
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6.1. Data approximation by nodal interpolation G, = I;g for 2D BEM. The
next lemma states some important properties of I,. Note that throughout this section,
we assume d = 2 and p = 0. This type of data approximation was already considered
in [AFLG*12] for the symmetric BEM formulation of the 2D Laplace problem with
inhomogeneous mixed boundary conditions. However, in [AFLG"12], only convergence
of an (h — h/2)-based error estimator to zero is proved. Similar techniques as employed
here, are also found in [FPP13], where the lowest-order AFEM of the 2D Laplace problem
with inhomogeneous mixed boundary conditions is considered.

Lemma 13. Let T, € T. For a 1D manifold ', the nodal interpoland satisfies
Cotll(X = 1) gl oy < V(1 = L)gll 22y = osce. (57)

Moreover, it satisfies the discrete upper bound

I(L = 1)l < ConcllF*(1 = )Vl 217, (59)
The constant Cyse > 0 depends only on Ty.
Proof. Estimate (57) follows from bootstrapping the estimate

11— L))l ey S >Vl ey for all v € HY(D)

proved in [Car97, Theorem 1], see e.g. [EFGP13, Lemma 2.2], and by use of the well-
known identity VI,v = II,Vv € L*(T') for all v € H'(T') valid in 1D. Estimate (58) was
first observed in [FPP13, Proof of Proposition 3] and follows by similar techniques and
L—I,=(1—1I)I,. O

By comparison with Lemma 3, we see that the nodal interpolation operator I, has
the same properties as (and even stronger than) the Scott-Zhang projection J,. This
implies that all the results of the previous sections hold accordingly. In particular, the
convergence result of Theorem 9 remains valid. Moreover, we obtain the optimality result
of Theorem 11, if we replace the approximation class A?” with

def, . s
(¢,9) € A2T & (¢, 9)l|por :=sup min p, pN* < o0, (59)
s NeN T+€Tn

where the error estimator now reads

pir =1 >V (Ve — (1/2+ K)Lg) 172 -+ osc;. (60)

6.2. Data approximation by an H'/2-stable projection G, = P,g for 2D and 3D
BEM. General projections P, : HY?(T') — SP*(T,) usually lack the discrete upper
bound (22). To overcome this difficulty, we use a slightly modified marking strategy
known as separate Dorfler marking [Ste07].

This variant was also used in [AFK™13] to prove quasi-optimal convergence rates of
AFEM for the Laplace problem with inhomogeneous Dirichlet data. Unlike [AFKT13], we
stress that our analysis of Section 4 above even covers the standard Dorfler marking (16)
if one uses the Scott-Zhang projection P, = J, for data approximation.

In [KOP13], the case G, = Il,g with IT, : L*(T") — SP*1(7;) denoting the L2-orthogonal
projection is considered. According to [KPP13], newest vertex bisection guarantees that
I, is H'(I') stable and hence, by interpolation, also H'/?(I') stable. In contrast to the
present work, [KOP13] uses an (h — h/2)-based error estimator to steer the adaptive
algorithm and proves only convergence of the estimator to zero without guaranteeing any

convergence rate.
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With the error estimator
1/2
pip=1ip+osci = [l *V(V@ep — (1/2 + K)Pig)ll o) + osc (61)
the adaptive algorithm now reads as follows:

Algorithm 14. Input: initial mesh Ty, adaptivity parameters 0 < 01,05,9 < 1. Set
0:=0

(i) Compute approzimate data Gy = Pg.

(ii) Compute solution ®,p of (10).

(iii) Compute error estimator ny p(T) and the data oscillations osc,(T") for all T € Ty.
(iv) Determine a set of marked elements My C T, with minimal cardinality which

satisfies separate Dorfler marking:
o In case of osc; < U p, find My such that

it p < 1 p (ML), (620)
e In case of oscj > Unj p, find My such that
fy0sc; < osci(My). (62b)

(V) Refine at least the marked elements to obtain Tp1 = refine(Ty, My).
(vi) Increment £ — £+ 1 and goto (i).

Output: sequence of error estimators (pe,p)een and sequence of Galerkin solutions (P p)en.

The next lemma shows the equivalence of the solutions and error estimators for different
approximations of the Dirichlet data g up to the Dirichlet data oscillations oscy.

Lemma 15. Let &, and ®yp denote solutions of (10) corresponding to the different
approzimations Gy = Jyg and Gy = Pyg of the Dirichlet data g. Then, it holds for any
subset E, C Ty

[|[®; — @ p|| < Csosc,  forall ¢ € N (63)
as well as
1ne(Ee) — ne.p(Ee)| < Cooscy  for all £ € N, (64)

where ng,nep denote the corresponding error estimators from (14) resp. (61). The con-
stants Cg > 0 and Cy > 0 depend only on Ty and p > 0.

Proof. We start with (63). By use of stability of K : HY*(T') — H'/%(T), there holds
@ = Pepll = [[(Je = P)gll ey < g = Jegllmrewy + 19 = Pegllgrrzy-
Now, we conclude with the H/?-stability of P,
lg — PZQHHW(F) =11 = FP)(1 - JZ)QHHW(F) S - JZ)Q”HU?(F) < osci,

by use of (21). The combination of the last two inequalities shows (63).
It remains to prove (64). To that end, we employ the triangle inequality as well as the
inverse estimates (19)—(20) from Proposition 2

[16(E6) = ne,p (€ < 10"V (@ = @y p)llzaqe) + 10>V (1/2 + K)(Je = Po)gllzaqr
S ®e = @eplll + [1(Je = Po)gll zrrry-
Arguing as before to see ||(Jo — Pr)gl| g1/2r) S 0sce, we conclude the proof. O

Now, we show that separate Dorfler marking (62) for ,057 p= nZ p+osc? implies combined

Dorfler marking (16) for p7 = n? + osci.
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Lemma 16. Let ®, and @, p denote solutions of (10) corresponding to different approa-
imations Gy = Jog and Gy = Pyg of the Dirichlet data g. Let the error estimator 1, p
together with osc, satisfy the separate Dérfler marking (62) for arbitrary 0 < 0,05 < 1,
sufficiently small0 <9 < 1, and a set of marked elements M, C T,. Then, p? := n2+osc?
satisfies the combined Dorfler marking (16)

Op; < pi(Mo) (65)
for some 0 < 6 < 1.
Proof. First, assume oscj < 917 p. Then, it holds with Lemma 15
My p(My) < 207 (My) + 2Cosc < 27 (My) + 2C50n; p.
Moving the last term to the left-hand side, we see
(1= 2C30)m; p(Me) < 207 (M) < 2p7(My).
Together with Lemma 15 and (62a), this yields
brpi < 20117, p + 61(2C + Dosc; < 61(2+ (265 + 1))z p < (2+ (205 + 1)) p (M)
<202+ (202 + 1)0)/(1 — 2C20)A(M,). (66)
Second, assume osc; > U7; p. Then, again with Lemma 15

Osp7 < 2027)2]3 + 05(2C2 + 1)osc; < 05(207 + 2C3 + 1)osc;

< (2071 4207 + 1)osc; (M) < (2071 + 205 + 1) p7 (M,). (67)

Hence, p, satisfies combined Dorfler marking (16) with
0 := min{f (1 — 2C209)/(4 + 2(2C2 + 1)1, 0,/ (207 + 202 + 1)}. (68)
This concludes the proof. O

Remark. We established convergence of Algorithm 14 at least for sufficiently small
0 < 9 < 1. The previous lemma shows that p, satisfies combined Dérfler marking (16)
in each step of the adaptive loop. Therefore, Theorem 9 is applicable and implies p? <
Ay — 0 as € — oco. The equivalence pyp ~ pe which follows immediately from (64) proves
limg_wo pPe,p = 0. -

Remark. Arguing as in the proof of Lemma 16, we see that separate Dérfler mark-
ing (62) for pep also implies combined Dérfler marking (16) for pep without any as-
sumption on 0 < 61,05,9 < 1. Then, the estimator reduction (26) of Proposition 6 also
holds in this case. In [KOP13], it is proved that this implies convergence of the adaptive
algorithm. O

Lemma 17. The error estimator py p satisfies (E1)~(E3) and there holds quasi-monotonicity,
i.e. for T, € refine(T;) being a refinement of T, € T, we have

Prp < Ciope,p (69)
for a constant Cyy > 0 which depends only on Ty.

Proof. (E1)—-(E3) follow verbatim as in the proof of Proposition 4. For quasi-monotonicity,

we apply the equivalence (64) to obtain p, p =~ p. S pr =~ pep. This concludes the

proof. O
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Proposition 18. Let 7, € refine(7;) be a refinement of T, € T. Let ®y p, O, p denote
the corresponding solutions of (10). Suppose that the error estimator satisfies

Pe.P < KiPo.p (70)

for some 0 < kK, < 1 sufficiently small. Then, the set Ry := w;(T; \ Tx) from (E4)
satisfies separate Dorfler marking (62) for sufficiently small 0 < 01,9 < 1 and arbitrary
0<by, <1.

Proof. First, we prove by use of (64)

Px < \/5(09 + D)pep < \/5(09 + D) kwper < 2(Co + 1)2k.pr, (71)
Therefore and with 2(Cy + 1)k, < 1, we may apply Proposition 10 to conclude
0.0 < p2(Ry). (72)

Now, we distinguish two cases. First, assume osc; < 9n; p. Then, it holds with (64)
Mp < 2 + 2C50sc; < 2 + 2C50n; p.
Now, we rearrange the terms in the above equation and employ (72) to get
(1— 209219)9*771%P < 2771?(7%) + 2050?(734) < 477§,P(R€) + (2092 + 2)19772P'
For ¢ > 0 sufficiently small, this shows
((1 —2039)0, — (2 + 203)79)/4 ?721: < U?,P(Ré)a
i.e. (62a) for all 6; < ((1 — 2C29)0, — (2 +2C3)0) /4.
Second, let oscj > Un; p. Here, we use the local definition of osc, to obtain
0se}(Te N T5) = |he/*(1 = M) Vgll2omnm) = 0sc2(TeN T,

<pl
< 2(Cy + 1)k, p7
< 2(Cy + 1)% k(277 p + (1 + 2C5)oscy)
< 2(Cy 4 1)k (2071 + 1+ 2C3)oscs.

Now, we conclude
osc; = osc; (TeN'T,) 4+ osc (Te \ 7o) < 2(Cy 4 1)%k, (207 + 1+ 2C3)osc; + osc; (Ry),

which shows (62b) for all y < 1 — 2(Cy + 1)*k, (2071 + 1 + 2CF). Moreover, for all
0 < 03 < 1 we may choose k, such that (62b) holds true. This concludes the proof. [

Now, we have collected all ingredients to prove an optimality result similar to Theo-
rem 11. To that end, we define the approximation class

(¢,9) € AT &5 |[(6,9)4pr = sup min pypN* < o0. (73)
s NeNT«€TN

Theorem 19. For sufficiently small parameters 0 < 61,9 < 1 and arbitrary 0 < 6y < 1,
Algorithm 14 is optimal in the sense of

(6,9) €AY = pop < C(#Te—#To)™* foralll €N. (74)

The constant C11 > 0 depends only on ||(&, g)HAg,p, 0<6,0,b,9<1,and0<rkr<1.
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Proof. Analogously to the proof of Theorem 11, the definition of the approximation class
provides a mesh 7T, € refine(7;) such that

per < taprp and  #(TN\T) S oo

where the hidden constant in the second estimate depends on 0 < k, < 1 which can be
chosen arbitrarily small.

Next, we apply Proposition 18 to obtain that R, := wj (7, \ T,) satisfies separate Dérfler
marking (62). However, M, was chosen in Step (iv) of Algorithm 14 to be a set with
minimal cardinality. Therefore, it holds

HFMy < Re~#(T\T,) < /)z_,zla/s < pe—l/s ~ Ae_l/(%)-

~Y

Lemma 16 shows that p, and M, satisfy combined Doérfler marking (16). Therefore,
Theorem 9 shows

App < kA, forall £ € N.
Now, the remainder of the proof follows analogously to the proof of Theorem 11. O
6.3. Characterization of approximation class. Finally, we prove that all the ap-
proximation classes introduced in this work coincide. In particular, the optimal rate for

the error estimator considered, is, in fact, independent of how the Dirichlet data are dis-
cretized. Each of the discretizations proposed, will lead to the same convergence rate of

ABEM.
Proposition 20. There holds for all s > 0

AL = AP ={(0,9) - & € AY and g € AT} (75)
and in case of d =2 and p =0, we even have
MDY = AP = a0" = {(0,9) : ¢ € AL and g € AT}, (76)

Proof. We introduce the error estimators py, pyr, and p, p corresponding to the different
methods of data approximation. Lemma 15 shows p; ~ pyp for all 7, € T. A similar
argument also proves py; =~ p; =~ p;p for all 7, € T in case of d = 2 and p = 0. This
yields immediately

(@ )l g7 = 1D 9)llppr and in case of d =2 [|(d, g)ll yor = [1(&, )] g7

Together with Theorem 12, we prove the assertion. 0

7. NUMERICAL EXPERIMENT

To underline the results of the previous sections, we present a 2D example for p = 0
and p = 1.
7.1. Details on the implementation. The results are visualized with the help of the
following quantities:
e Instead of the energy norm error ||¢ — ®,|| which can hardly be computed ana-
lytically, we plot the following reliable error bound:
[[¢ — | < errp+ osc, with err, := ||hé/2(¢ — D) || 2(r)-
e We plot the error indicator 7. The functions (V®;)(x) and (KGy)(x) are com-
puted analytically [Mai01].

To compare the adaptive approach of Algorithm 1 with uniform mesh refinement, we

consider the computational times:
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e The time tu,¢ to compute the solution @@ of the uniform approach is the time
needed to perform ¢ uniform refinements of the initial mesh 7y, plus the time
needed to build and solve the linear system corresponding to 7). Obviously, the
second contribution is vastly dominant.

e The time t,4ap to compute the solution ®, of the adaptive approach is the time
elapsed in all previous steps, plus the time to build and solve the system corre-
sponding to the mesh 7, to compute the error estimator, and to mark and refine
the mesh.

Although this definition seems to favour the uniform approach, we think that it provides
a fair comparison between those strategies. All computations were performed on a 64-bit
Linux work station with 32 GB of RAM in Matlab (Release R2010a). The implementation
relies on the open-source Matlab BEM library HILBERT, see

http://www.asc.tuwien.ac.at/abem/hilbert/

Throughout, all the occurring linear systems were solved directly with the MATLAB
backslash operator. In all experiments, the adaptivity parameter in Algorithm 1 is chosen

0.3
0.2

0.1

-0.1F
—02k

—03k

»D‘A —0‘3 -0‘2 -D‘l ‘G’ D‘l 0‘2 0‘3 D‘A
FI1GURE 1. L-shaped domain §2 with initial partition of the boundary 7.

as
0=1/2.

7.2. Experiment on L-shaped domain with singular solution and singular data.
Here, I' is the boundary of the L-shaped domain €2 in Figure 1. We prescribe the solution
u of

—Au =0 in €,

u=g onl, (77)

as u(z,y) := vos3(x, y) +vrs(x — 21,y — 22), where vs(z,y) := 1° cos(dcr) and z = (21, 22)
is the uppermost corner of the L-shaped domain in Figure 1. The solution ¢ has a
corner singularity at the re-entrant corner and in addition a singularity resulting from
the singular data g. Note that v; € H'™9~5(Q) for all ¢ > 0. Figure 2 compares the
uniform approach for p = 0 with the adaptive approaches for p = 0 and p = 1. We
use the Scott-Zhang projection for data approximation, i.e. Gy = Jyg for all £ € N. We
apply Algorithm 1 and confirm the theoretical results from Theorem 11. We see that
the uniform approach only leads to a suboptimal convergence rate N~%/3, whereas the
adaptive approach reaches the optimal order of convergence N~3/2 for the lowest-order

method p = 0 and N2 for p = 1. The comparison with respect to computational time
23



is also significant. Whereas the uniform approach is slightly faster in the first few steps
(due to the overhead which is naturally caused by the adaptive algorithm), we see that
on the long run, the adaptive method with p = 0 and particularly with p = 1 is much

superior.

107"
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error, estimator
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| oser p=1 ]
0 ==y, unif_ . AR N k| —o—erry '
——erry, unif AN S —9—erry, unif
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3 2 1
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FIGURE 2. Experiment on L-shaped domain with singular solution and
singular data. We compare adaptive and uniform mesh refinement in terms
of the quantities erry,, 7,, and osc, plotted over the number of elements
N = #T, (left). Additionally, err, is plotted versus the computational time
in seconds (right).
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