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QUASI-OPTIMAL APPROXIMATION OF SURFACE BASED
LAGRANGE MULTIPLIERS IN FINITE ELEMENT METHODS

J.M. MELENK* AND B. WOHLMUTHT

Abstract. We show quasi-optimal a priori convergence results in the L?- and H~1/2_norm for

the approximation of surface based Lagrange multipliers such as those employed in the mortar finite
element method. We improve on the estimates obtained in the standard saddle point theory, where
error estimates for both the primal and dual variables are obtained simultaneously and thus only
suboptimal a priori estimates for the dual variable are reached. We illustrate that an additional
factor v/A|Inh| in the a priori bound for the dual variable can be recovered by using new estimates
for the primal variable in strips of width O(h) near these surfaces.

AMS subject classification: 65N30
Key words: anisotropic norms, mortar methods, local FEM error analysis, Lagrange
multiplier

1. Introduction. An important goal of many finite element calculations in com-
putational mechanics are accurate and reliable values for the flux across certain in-
terfaces or the boundary of the domain. In non-linear contact problems, for example,
the appropriate flux is related to the surface traction in the contact zone and thus
plays an important role in various friction models. In numerical methods that are
based on a purely primal formulation, the flux can be extracted from the numerical
solution in a thin strip adjoining the interface. Hence, it is desirable to understand
and quantify the discretization error in such thin strips. Alternative approaches could
involve primal-dual formulations that produce the sought fluxes either as the Lagrange
multiplier or through a suitable post-processing procedure. Just as in purely primal
methods, a sharp a priori error analysis of these methods also requires good estimates
for the primal variable in a thin strip near the interface. The present note, therefore,
provides quasi-optimal estimates for the primal solution in thin tubular neighbor-
hoods of interfaces. As an example of how such estimates for the primal variable can
be used in the analysis of the convergence behavior of Lagrange multipliers, we study
the mortar method for the Poisson problem and show quasi-optimal convergence in
the Lagrange multiplier there as well. While we focus on the Poisson equation as a
model problem, the techniques employed may also be used for more general elliptic
systems and in other discretization schemes such as DG methods and XFEM.

The results of the present paper improve on standard estimates for the Lagrange
multiplier in mortar methods. These methods may be viewed as saddle point problems
where the Lagrange multiplier ensures weak continuity of the primal variable on the
interfaces. Then, the errors in the primal and dual variables are linked to each other,
and the standard saddle point theory [9, 17] leads to a priori estimates for the dual
variable in the H~'/2-norm which are at most of the same order as the error bounds
for the primal variable in the H!-norm. However, the best approzimation error for the
Lagrange multiplier in the H~'/2-norm is typically better by a factor Vh than the
best approximation error for the primal variable. It is this gap in the a priori analysis
that the present paper removes (up a logarithmic factor). Similar observations about
the mismatch between best approximation and available a priori estimates for the
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Lagrange multiplier can be made for the L?-convergence, [8, 23]. Also for this case,
our analysis recovers a factor v/h|In h|. Our analysis will also cover the closely related
situation of imposing Dirichlet boundary conditions weakly with the aid of a Lagrange
multiplier as proposed in [18].

In view of the technical nature of the article, we formulate in Section 2 our model prob-
lem and state the two main results. The first result (Theorem 2.1) gives quasi-optimal
a priori error estimates for the primal solution restricted to a tubular neighborhood
of width O(h) of the domain boundary and the interfaces. The second result (Theo-
rem 2.4) focuses on estimates for the dual variables on the interfaces. The remainder
of the paper is devoted to the proofs of these results. In Section 3 we introduce
anisotropic norms. Section 4 quantifies the approximation properties of nodal inter-
polation operators in these new anisotropic norms. Certain dual problems with locally
supported data are considered in Section 5. The concluding Section 6 is devoted to
the actual proofs of the two main results. Throughout the paper 0 < ¢, C' < oo stand
for generic constants not depending on the mesh size but possibly depending on the
approximation order k of the finite element spaces. For integer k, Sobolev norms on
domains w are denoted by || - || ;#(y,); the seminorm is denoted by |- |k (). We will
also work with the Besov spaces Bg,q(w), which are defined as interpolation spaces
using the “real method” (see [19, 20] for details): for positive s ¢ N and ¢ € [1, 0]
we set

BS,q(‘”) = (HLSJ (w>a H[é—‘ (w»s—l_sj,q (11)
2. Model problem and main results.

2.1. Model problem and discrete spaces. Let Q C R?, d = 2, 3, be a convex
and bounded polyhedral domain and f € L?(£2). As a model problem, we consider

—Au=f in{, (2.1a)
u=0 on 9N. (2.1b)
The domain €2 is decomposed into M non-overlapping subdomains €;, ¢ =1,..., M,

each of which is shape-regular and polyhedral. We note that the case M = 1 handles
a standard conforming situation. To obtain a unified notation for the two cases of
interest, namely, an approximation of the Neumann values at the outer boundary if
M =1 and an approximation of the inner fluxes if M > 1, we enrich the interior
interface T 1= U%—Zlaﬂi NOQ; by 0N and set T := T uan. Moreover, we assume
that the interface I' can be written as a finite decomposition of N planar open faces
in 3D or straight segments in 2D, i.e., I' = U{\Llfyl. For each 7, | < N"™ < N, we
have v, C T and there exist s(I) and m(l) € {1,..., M} such that v, is an open
face of Q) and ). As is standard in the mortar context, the subdomain €
is called slave subdomain and the subdomain €2,,,(;) is called master subdomain. The
naming originates from the fact that the discrete Lagrange multiplier will be defined
with respect to the mesh on the slave side, and thus the primal solution on the slave
side is dominated by the primal solution on the master side. In the case M = 1,
we have N = 0 and I'"™ = . For 7, C 99 there exists a unique ) such that
Y C Q).

For each subdomain €2;, let 7; be a quasi-uniform simplicial® triangulation of mesh size
h. Asis standard in the mortar context, these meshes are not assumed to match at the

Lthe restriction to simplicial triangulations is not essential; extensions to triangulations based on
quadrilaterals/hexahedra are possible



interfaces. On §2;, we define the standard space of order k of conforming finite elements

Vi, and on ; we denote by M,;) the Lagrange multiplier space associated with the

(d — 1)-dimensional mesh inherited from the d-dimensional triangulation of the slave

side. Associated with ; is also the trace space Wy := {v € Hi(w):v= Wy, W €

Vi@ }. Here we restrict ourselves to formulations where dim W) = dim M,q). We

assume that our Lagrange multiplier space M,(; satisfies the following properties:
(A1) Stability and well-posedness of the mortar projection: The operator Il ) :

L? (’yl) — Ws(l) defined by

/Hs(z)vuhds !=/ vppds,  Vup € My
i

"

1 1
is uniformly L%-stable and, if restricted to HZ (v;), also uniformly HZ(v)-
stable.

(A2) Best approximation property:

inf - 207y < OhF H* ().
thwsmllu pnllL2evy < CP |plae (Vi€ HY ()

We note that in 2D many choices are well established, e.g., standard Lagrange mul-
tiplier spaces such as kth order conforming functions or biorthogonal bases with the
cross-point modification satisfy these two conditions, e.g., [4, 15, 24]. For results in
3D, we refer to [7, 14].
From the Assumption (Al) we directly obtain that the pairing (Ms(l), We@y) is uni-
formly inf-sup stable with respect to the (L?(7;), L?(v;)) and (H~2(v), Holo/2 (m))
norm pairings. Here H~1/2(v;) stands for the dual norm of HégQ(m). Moreover As-
sumptions (A1) and (A2) guarantee a best approximation property in the H='/2(v;)-
norm, i.e.,
inf - < Ch¥ts H" ().

th}ws(l) [ Mh||H7%(w) < CR™ 2 | plgn iy, Y€ H ()
For the Lagrange multiplier on 4, we work with two different norms, the H~'/2(y;)-
norm and the v/h-weighted L?(7;)-norm. Correspondingly we work with the Holo/ 2 (m)-
norm and the vh~l-weighted L?(y;)-norm on trace spaces. If it does not matter
which one is considered, we use the abbreviated notation (|| - [« || - [[as(y,)) for
the (H~1/2(~;), Hy)*(7/))-norm and the (v/h-weighted L2(v;), vV/h~L-weighted L2(v;))-
norm.
The spaces My and Wiy, I = 1,...,N, on the interfaces 7, form the spaces
M, = Hl]il M,y and Wy, = Hl]il W@y, which we view as subspaces of L2(T)
in the standard way. Then the local mortar projections IL,(;) define the global mortar
projection IIj, : L?(T") — W), by

N
0, = > T (2.2)
=1
We get from Assumptions (Al) and (A2)

v ds
pallazry < C sup M

) V,U'h S Mh7 (23&)
vREW} HUhHIV[(F)

N
o= pnllare ) < CH 3|l ey, i€ HE(D) = [ H (w), (23b)
=1
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N N
see, e.g., [3]. Here |- H?w*(r) =3y 113, o and ||+ ||?V[(F) =0 H?w(,n) stands
for the broken norms on the interface I'. Also higher order norms on I' are always

2 — N 2
broken norms, e.g., | - |Hk(r) = o |H’“(vz)'
Based on these assumptions, we introduce now the finite element spaces of order k on
Q. Let us define the product space Vh_1 by

M
Viti={ve [[Vii vpm0,, = 0, N™ <1k < N}, (2.4a)
1=1

and the constrained space V}, by

Vi o= {v eV, b b(up,v) =0,V € My}, (2.4b)
where
N
b(#a ’U) = Z<Ma [U]>’Yl'
=1
Here [-] denotes the jump, i.e., on v, we have [v] := (v]a, )|y — (V|| 1 ST

N and [v] == (v|a,))|y, N™ <1 < N, and (), stands for the H'/2-(H'/2)
duality pairing.

We note that if M = 1 then V} is the standard conforming finite element space of
order k and if M > 1 then V}, is a non-conforming constrained mortar space of order
k. Due to the corner/edge constraints in (2.4a), we have that the Dirichlet boundary
conditions are strongly satisfied in the definition of Vj,.

2.2. Primal formulation and its main result. The weak discrete primal
formulation reads: Find uj € V}, such that

a(uh, vp) = Z(Uh), Yup € Vy, (2.5)

with
M M
a(w,v) = Vu-Vudz, (v :/fvdz, Yw,v € H ().
(w,v) ;/ = [I#@

It is well-known that, under suitable regularity assumptions, u; approximates the
exact solution u in the broken H'-norm and the L2-norm with orders k and k + 1,
respectively, [5, 6]. These a priori estimates are based on the best approximation
properties of the mortar space V; and an analysis of the consistency error and are
optimal.

The goal of the present section is to obtain quasi-optimal estimates in Theorem 2.1
for the error in the L2-norm on a strip S}, of width 2k, which is defined as

Sp = UL, Sh.s (2.6a)
Sh,i = {x € Q;: dist(z,0Q;) < h} (2.6b)

see also the left picture in Figure 3.1.
The regularity assumption on v in the following Theorem 2.1 is formulated in terms
of Besov spaces B3 ,(£2;), which were defined in (1.1). To help the reader gauge the

4



regularity requirement of Theorem 2.1, we recall the fact that for each ¢ > 0 and
non-integer s we have the embedding H*"*(;) C BS 1(Q;) C H*().

THEOREM 2.1. Let Q be convez, let the space My, satisfy Assumptions (A1) and
(A2), and let up, be given by (2.5). If the solution u of (2.1) satisfies the additional

. . M kt+3
reqularity requirement u € [[;Z) By * (), then

3
e = unlliags,y < CRY 3 bl oy,
2,1

2 M 2
where Jully.y o= Nil Il

2,1
Proof. The proof will be given at the end of Section 6. O

REMARK 2.2. Closely related results for general 2D polygons on graded meshes are
obtained in [1]. While [1] and the present work are based on similar techniques from
the local error analysis in FEM as described in [21, 22], significant differences lie in
the regularity theory developed for the analysis. In view of applications in control
problems, [1] focuses on elliptic equations with right-hand sides in L® or Holder
spaces; this naturally leads to a regularity theory with solutions in weighted W ?2°°-
spaces. In contrast, our regularity theory is based on weighted H2-spaces and the
anisotropic spaces introduced in Section 3. "
REMARK 2.3. Theorem 2.1 (and analogously Theorem 2.4 below) assume convexity
of . This is done to ensure that certain auxiliary problems have H?-regularity. =

2.3. Primal-dual formulation and its main result. Given the primal solu-
tion up, we can easily define a post-processed Lagrange multiplier A\, € M}, by

b(/\h, wh) = Z(Ehwh) — a(uh, Ehwh), Ywy, € Wh, (27)
where Ey, : W), — V,;l is defined by

N
Ey, = ZEs(l), (2.8)
=1

and Fyq) @ Wy — V) is the extension by zero to all nodal values associated with
nodes not in ;. We remark that the linear system (2.7) is block diagonal. These
blocks are invertible square matrices since we stipulate dim W) = dim M, and
assumption (A1). Consequently A, can be computed for each ~; separately.

The pair (up, \p) satisfies also the saddle-point formulation of a mortar problem
and weakly imposed Dirichlet boundary conditions. We note that in the case of
homogeneous Dirichlet conditions there is no difference between strongly and weakly
imposed boundary conditions. Then the discrete saddle point formulation for (2.1)
reads: Find (up, An) € V,;l x M, such that

a(up, vp) + b(An, vp)=l(vp), Yoy, € Vhfl, (2.9a)
b(uh,uh) =0, Yun € Mjy,. (29b)

We note that the formulations (2.5), (2.7) on the one hand and (2.9) on the other
hand are equivalent. As shown in [9], the abstract theory of saddle point problems
yields under suitable regularity assumptions on A the following a priori estimate:

M 1/2
A= Ml < C — up |3 inf  [|[A = Al . (2.10
[ rllary < (; v — unllz (Qi)> + o | nllar= () (2.10)

5



where A|,, := —0p,ula, ),
The approximation properties of Vj, with respect to the broken H!(2)-norm yield
O(h¥) for the first term in (2.10) whereas the best approximation property of M,
with respect to the M*(T')-norm yields even O(hF*1/2) by (2.3b). Hence, the a priori
estimate (2.10) for the dual variable is suboptimal by a factor v/A.? Numerical results
[15, 24] show that the upper bound for the Lagrange multiplier provided by (2.10) is
not sharp. Up to logarithmic factors, the following theorem recovers the optimal rate
of convergence for the dual variable:

THEOREM 2.4. Let Q be convez, let the mortar space My, satisfy Assumptions (A1)

and (A2), and let (un, Ap) be given by (2.9). If the solution u of (2.1) satisfies the

3
additional regularity requirement u € Hﬁl B;cflr2 (), then

and n; is the outer unit normal of 98y N ;.

IA = AnllL2r) < Ch¥|In hfllull g -
2,1

If additionally Q4 is convez, then

IA = < Ch** 3| hful 4.

_1 < F
H™2 (1) 2

Proof. The proof will be given at the end of Section 6. O
REMARK 2.5. We recall HF+3/2+¢(Q,) C B§j3/2(Qi) for all ¢ > 0. Therefore, in
the 2D case of a polygon Q and k& = 1, the solution u of (2.1) satisfies the regularity
assumption u € B;/E(Q) if all interior angles of the polygon 2 are smaller than
27 /3. Then, Theorem 2.4 shows that already piecewise constant approximation of

the Lagrange multiplier converges with rate O(h|Inh|) in the L?(T')-norm. ]

3. Anisotropic spaces and norms. A technical tool for the proof of Theo-

rem 2.1 are aniosotropic norms that reflect the anisotropic structure of tubular neigh-
borhoods of I'. Near I', one can introduce fitted coordinates that single out a spe-
cial variable 7 that measures the distance from I". An integration over the tubular
neighborhood can then be performed by integrating over the scalar variable 7 and
(d — 1)-dimensional manifolds that are “parallel” to I'. In view of this observation,
our anisotropic norms are based on L2-norms over these (d—1)-dimensional manifolds
and LP-norms with respect to the T-variable. The cases p = 1 and p = oo will be of
particular interest to us.
As is standard in the context of Lipschitz domains, we employ a localization technique
to define fitted coordinate systems. As we will discuss in more detail below, the
subdomains €; (which are assumed to the Lipschitz) are covered by “cylinders” Cj; C
Q;, j =1,...,J;, and each cylinder Cj; is a region above a Lipschitz graph ¢;;. On
each such cylinder Cj; we may then define anisotropic norms || -[|z2(,,,;z»). The global
anisotropic norm is obtained by combining the local anisotropic norms.

F1a. 3.1. Left: strip Sy, defined with respect to the distance function dr. Right: local shift -
with respect to ¢.



Let us give more details concerning the anisotropic norms. To that end, let B, B’ with
B cC B’ C R¥! be two (d — 1)-dimensional balls and ¢ be a Lipschitz continuous
function on B’. For 0 < D < D’, we define the open cylinders C, C’ and the open
strip S(a, 8) by

C:={(z,¢(zx)+7): € B, 0<7<D}
¢ = Y+ T):xeB, 0<T<D'},
S(a, B) :=={(z,¢(x) +t): x € B, a<t<pinl, a<p

8
-

o)
8]

and the (d — 1)-dimensional manifolds
¥r = {(z, ¢(x) + 7): x € B}, T>0.

The Fubini-Tonelli formula for integration over C yields

/Cw/leO/IEBw(x,¢>(x)+T)d:rdT.

This motivates the definition of a measure u” on 7, by defining the integral over -y,
by

/% wdy” = /meB w(z, $(x) +7) dz.

If ¢ is Lipschitz then the measure p” is equivalent to the classical surface measure
on the (d — 1)-dimensional manifold ~,: The surface measure on 7, is given by ds =
(1+]Vp(2)|13)/? dx, where ||- || is the Euclidean norm on R?~!. Hence, the constant
in the equivalence depends only on the Lipschitz constant of ¢.

Let 6., be the distance function to vy with respect to the Euclidean norm. Since ¢ is
assumed to be Lipschitz continuous, we have 6., (y) ~ 7 uniformly in y € 7, (see also
the right picture in Figure 3.1).

Now, we introduce anisotropic norms on C by

1
D z P
[0l L2 (yosLr) = </ 0(/ v2d/f> dT) , 1<p<oo, (3.1a)
T= Yr

1

2
[0l L2(yosLo) := sup (/ v2d/f) (3.1b)
Yr

7€(0,D)

and observe that for p = 2 we recover the standard L*(C)-norm, ie., | - |[2@) =
|- 1l 22(~o;22)- We recall that the definition of these norms is based on a decomposition
of the d-dimensional cylinder into a one-dimensional and a (d — 1)-dimensional subset.
Roughly speaking the L?(vp; LP)-norm has a (d — 1)-dimensional L?-component and
a one-dimensional LP-part. For the one-dimensional integral, we state an elementary

bound for all f € L>°((0,D)):

[l f@ydr = [l f(rydr+ [2, f(r)dr

1/2
< Bl + (F2, 7 ar [2, £ (r) dr) (3.2)
<

C (Rl fllz=om + VTRV F 20,0 ) -

7



The following lemma shows that a Holder type inequality holds for our newly defined
anisotropic norms and that the L?-norm on a family of strips can be bounded by a
weighted L2-norm.

LEMMA 3.1. For all v, w with well defined norms on C', we have

1 1
[ vwds| < ol ol 3+ 7 =1 (3.3
c b q
For0<a < f and s >0, we find
D/
J 10lBastarry 7 < Ol Bl (34)

D/
/_O TNl (5(r—s,r45)) A7 < Cslly/ (5 + 650)0ll ey (3-5)

where C, C(«, B) are independent of s and v but depend on the Lipschitz constant of
¢ defining the cylinders C, C'.

Proof. Rewriting |, c---as T[io f% ..., we obtain (3.3) from the standard one-dimensional
Holder inequality. To show (3.4), we apply Fubini-Tonelli and get

D’ ) min{D’,37} )
‘/memeM=/ / | j0(, 6(x) + D2 dt do dr
7=0 xeB’ min{D’,at}

min{t/a,D’}
/ / / lv(z, d(z) + t)|* dr da dt
t z€B’ Jr=min{t/B8,D'}

1

- —= / / tlv(z, p(x) + 1) dx dt
a t=0 Joep’

(a,ﬁ V05001122 cr)-

Finally, for (3.5) we first note that the case s > D’ is trivial. For s < D', we split

the integral ffio ointo [T ..+ ffis ... and observe that the first term is straight
forward since 7 < s < s+ d,,. The second term can be bounded by

D’ ) min{7+s,D’} )
/ TIvllZe(s(r—sirts)) 47 = / / B /t Tlv(x, () + )| dt dx dr
T=s rEB’

mm{tJrs D'}
/ / / Tv(z, p(x) + t)|* dr da dt
t=0 CEGB/ T=max{t—s,0}

< c/ / stlo(z, d(x) + £)[2 dudt < Cs||\/ogv]2acr).
t=0 Jzx

eB’
d
Since each subdomain §2; is a Lipschitz domain, it can be represented by finitely many
cylinders Cj;, 7 = 1,...,J;, of essentially the above form. More precisely, there exist

Ji Cartesian coordinate systems (described by the variables (Z;;,y;i) € R¥™1 x R)

and the cylinders C;; (with corresponding balls Bj; and Lipschitz maps ¢;; and a

fixed 0 < Dj; < D;) such that Cj; is described in these Cartesian coordinates by

Cji = {(Zji,0;:(Tji) +7): Tji € Bj;,0 < 7 < Dj;}. We note that cylinders that

cover the “interior” of €); can be described by the function ¢;; = 0 and that the ones
8



associated with the “boundary” are given in terms of the Lipschitz boundary functions
which are assumed to be piecewise affine. Furthermore, we have Q; = U;-]ileji and
note that some C;; do overlap. Combining the contributions from the cylinders, we
can then define broken anisotropic norms on 2 by

M J;

ey = 22 D Molzayy iy 1P <00, (3.62)
i=1 j=1

ollz2qripey = max, —max [lvllzeey; L), (3.6b)

where we describe, in local coordinates, v;; = {(Z;i, #;i(Zji)): Tj; € Bj;}. Following
the lines of the proof of Lemma 3.5 and using the definition (3.6), we obtain the global
Hoélder-type inequality for our anisotropic norms

‘/ vw dx
Q

REMARK 3.2. The Holder type inequality (3.7) shows [|ul/z2q) < |lullz2(r;z2). For
the converse estimate, we note that

A . |
< |lvlleieoyllwlleripey  for all p,q € [1,00] with » + P L (3.7)

ullZa(r;r2) < Covertapllull T2y Covertap = sup card{(j, i): @ € Cyil
x

In other words, Cyyeriqp measures the amount of overlap of the cylinders C;;. Using
a (non-negative) partition of unity (v;;);; subordinate to Cj;, one can show that
HuH%z(m) = Zj I wjiuH%Z(w;Lz)’ and we can recover the standard L?-norm. Since
we are not interested in the constants in our a priori bounds, we do not use a partition
of unity. .

4. Properties of interpolation operators. We revisit the standard nodal
Lagrange interpolation operator I} : Hﬁl C(Q) — sz\il V; of order k and consider
its approximation properties with respect to the newly defined anisotropic norms.
We recall the following approximation and stability results for function w that are
sufficiently smooth on each T € Tp:

||w - I}ImcwHH[(T) < Ch’milnvmeLZ(T)a te {07 1}am € {27k + 1}5 (413“)
||V21,]fw|\Lz(T) S CHV2’LU||L2(T) (41b)

The stability result (4.1b) follows directly from an inverse estimate and (4.1a) with | =
0 and m = 2 and using I}. The following lemma provides a low order approximation
result.

LEMMA 4.1. Let w € Hﬁl H?(Q;) N HE(QY). Then, with §; denoting the distance
from 0%,

M

1

3w — Ifw| 2oy + IV (w = IFw)l| 2oy < Cha/[Inh] Y |[Vh + 6:V2w] 12q,).-
1=1

Proof. We consider only the estimate for V(w — IFw) and restrict our attention to
a single pair of cylinders C C C' C ; as described in Section 3. Applying the trace
inequality for elements T" and the approximation and stability properties of the nodal

9



interpolation operator I ’,i, we find for the L?norm on v, NT

IV (w0 = BEw)2ag, iy < C (090w = i)y + BV = TEw) 32 )
where we used the approximation property (4.1a) and the stability property (4.1b).
Introducing the subdomain

Sn(1) :=Urer,T, L;:={T €Ti:»NT # 0} (4.3)

and observing Sy (1) C S(t — h, 7+ h) (here, we use that h is sufficiently small) we
get in view of (4.2)

IV(w = Liw)lfe,) = Xrer IV = iw)l3, 7

(4.4)
ChHV%’H%Z(sh(T)) < ChHVQwH%Z(S(Ph,TJrh))-

IN

Definition (3.1a) with p = 1 yields
D
IV = Th)lsainey = | 1900 = Fw)liae, dr

T=

D
< C\/ﬁ/ IV2w| £2(8(r—h,r 1)) AT
7=0

In the last step, we set f(7) = ||[V*w|| 2(s(r—h,7+n)) in (3.2) and use Lemma 3.1

190w — Iw) | z2rpizty < OV (BIVPwlla(s(0.2m) + VATV + 59 V2wl

S Ch\/ |1n h|||\/ (h + 51')V2’LU||L2(C/).

d

If M > 1, a crucial step in the proof of the optimal a priori estimate in the energy
norm is to establish best approximation properties of the constrained space V},. This
can be done with the aid of the operator P, : C(Q) N H}(Q) — V}, given by

Pyv = IFv — BT, [IF 0], (4.5)

where the mortar projection IIj, is defined in (2.2), and Ej, is given in (2.8). We
note that the operator P, has best approximation properties of order k£ in the broken
H'-norm and of order k + 1 in the L?-norm on Q. On I, we have for v € H}(Q)

||[’U — th]”L?('yl) < Chk+1|’U|Hk~+1(,n) if Uy, S HkJrl(’yl) ) (46&)

Moreover due to its construction, we get the more local estimate
1 k
|’U,7Ph’u,|H1(SZ)+E||U7Phu”L2(Si) < Ch |u|Hk+1(Sh), (46b)

where S} := U\, S5, C Sj. Here S}, is the union of all elements T' € T,y such that
TNy, # (. The estimates (4.6a)-(4.6b) are standard and result from the L2-stability of
the mortar projection and the local definition of the Lagrange interpolation operator.
Additionally, we have to establish order k 4+ 1 approximation properties of P, with
respect to the L?(T'; L°°)-norm.

10



LEMMA 4.2. There exists a constant C' > 0 independent of the mesh size but depending
on the subdomain decomposition and the approximation order k such that

k+3
||U_PhU||L2(F;L°°) < Cthrl”UHBkJr%’ Yv € HB 2 ﬂHO(Q)

Proof. The structure of the proof is very similar to the proof of Lemma 4.1, and we
restrict ourselves to one single pair of cylinders C C C’ C ;. Then the definition
of the L2(vp; L>)-norm shows that we have to consider the L?norm on «, in more
detail. As in the proof of Lemma 4.1, we have

1
o= PuolEagr <€ (10— Prolas, oy + IV = Prodl s, oy )

For Si,(1) N S5 = (), we have Pyv = Ifv on Sj,(7) and thus obviously get from the
local character of the Lagrange interpolation that

[o = Proll 2,y < CRP ol gisa(s, () < ChQ(Hl)HUHBHg-
2,1

The last inequality results from a 1D Sobolev embedding, (see [16, Lemma 2.1] for
details) and the fact that the width of Si(7) is O(h).

For Sy, (1) NS5 # 0, we apply the triangle inequality. Then the definition (4.5) of P,
shows that it is sufficient to consider EjII;[Ifv] in more detail. A standard inverse
inequality and the L?(vy;)-stability of the mortar projection give

1 C
EHEhHh[IﬁU]H%Z(sh(T)) + h||VEL L [TF 0] 725, () < _”EhHh[IilfU]H%Q(Sh(T))

N N
Z | EnILp IhU]HL2(5= na) = CZ T [T 0] 17 2 (7;N0%)
j=1
N
Z [T o)l 72 (v;n00;) = CZ [ Znv" — 0172, m00:)
= =

< Cp2(k+D) Z IUIHle noa < chz(kﬂ)”sz . 37
j=1

where the last bound follows from the fact that the trace map is a continuous operator
from Bé,/f(Qi) onto L?(9€;), [20, Thm. 2.9.3]. The global result is then obtained
from the local result by noting that the number of required cylinders is finite and
independent of the mesh size. O

5. Bounds for dual problems with locally supported data. A classical tool
to obtain L?-estimates in finite element methods is the Aubin-Nitsche trick, which
exploits properties of a dual problem with the finite element error as the right-hand
side data. Here, we consider two types of dual problems. The first one, studied in
Section 5.1, is associated with the global domain 2 and Dirichlet boundary conditions.
The second one is concerned with a subdomain €2,y and Neumann boundary data.
In both cases we are particularly interested in right-hand sides that are supported by
strips of width O(h).

11



5.1. Global dual problem with Dirichlet data. We consider
~Aw=vel*) inQ  w=0 ondN (5.1)

with locally supported data, i.e., suppv C Sy, see (2.6a) for a definition of S;,. We
introduce the solution operator TP : H=(Q) — H}(Q2) and assume that the following
shift theorem holds:

TP . H=150(Q) — H'™0(Q) N HY(Q) is a linear, bounded for some sy > 1/2 (5.2)

REMARK 5.1. For convex domains, it is well-known that sy = 1 is admissible, [13]. =

5.1.1. Regularity. We start with a regularity result which is similar to [2],
where the 2D case is studied.
LEMMA 5.2. Let Q C R?, d € {2,3} satisfy (5.2). Then the solution operator TP for
the problem (5.1) maps

(B2 @) = B2 (@) n (@), (5.3)

2,00
and moreover, for suppv C Sy, we have

@ < CVR[[v] 120y, (5.3b)

1720l 557
Proof. We start with the proof of (5.3a). By interpolation and assumption (5.2), we
have for 0 < 0 < 1:

TV s (B0 (@), HH(Q))o.oe — (HHH (), H! ())o,00 = B ().
For sg > 0.5, we get that 0 :== 1 — (2s9)"" € (0,1). By [20, Thm. 1.11.2] or [19,
Lemma 41.3], we have then

3/2 I+s0(1—0 s
BYZ(9) = By (9) = (Y (9), HY (2))p.00

and in view of the continuous embedding Hj () ¢ H'(Q) and Hy ™% (Q) € H'=%(Q),
we find

(B2@) = (BIT°070() = (= (92), (@)1

C ((Hy ™™ (Q), Hg(2))o,1)" = (Ho (), (H5(2))")s,0
= (H*7H(Q), H ()9,

This shows (5.3a). To see (5.3b), let v € L%*(Q) with suppv C Sp,. Then (5.3a) in
combination with [16, Lemma 2.1] shows

—C sup (vaz)Lz(Q)

[TPv] o2
Faee 2€B,/(9) ”Z”B;,/f(m

@ = Ol sy

2]l L2(s
<Olvllrzy swp e < OV|ol| 2.

2By (Q) ”Z”B;{f(m

12



REMARK 5.3. For Lipschitz domains © and suppv C S, we obtain (without assuming
(5.2)) with the aid of [16, Lemma 2.1]

ITPullme < € swp 2D ¢ o gy Tl oupy),.g,

2€HL(Q) ||ZHH1(Q) 2€EHL(Q) ||ZHH1(Q)
[ |
LEMMA 5.4. Let the bounded Lipschitz domain Q C RY, d € {2,3}, be a polygon
(d =2) or a polyhedron (d = 3). Assume that w € B;’/SO(Q) is the solution of (5.1)

and that suppv C S, then there exists constants C, & > 0 independent of v such that
H \% 5Fv2w||L2(Q\Sah) <C \% |lnh|||wHB;"/;(Q)’

where or is the distance function to T'.
Proof. Step 1: Let C C C' C Q; be a pair of cylinders as described in Section 3 such
that {(x,¢(x)): = € B'} is a part of I. We assume furthermore that on C’ we have

Cit < dist(z,T) < Cot  Vz= (z,¢(z) +t) €l

Let C” be a second cylinder of the form C” = {(z,¢(z) +1¢): 0 <t < D",z € B"}
where B CC B” CC B’ and D < D" < D'. Let x € C*°(RY) be such that x|cr =1
and x|o,\¢v = 0. To simplify the notation, we assume that function w is given in a
coordinate system commensurate with the coordinate system describing the cylinders
C, C', viz., w evaluated at a point (z,d(x) 4+ t) € C' is given by w(x, ¢(z) +1t). A
translation in the last variable defines the function @ by w(x, ¢(z) +1t) := w(x, d(x) +
t+ h/(2C1)). We note

CAG=0  on{(z,d(@)+t): we B, —h)2C)) <t<D —h/(2C))}  (54)
if h is sufficiently small. In this step, we show
@ gr3r2(ery < C\/WHWHB;;(Q”- (5.5)
Using the characterization of H%/2(C’) in terms of the K-functional, we write (cf. also
[10, p.193, eqn. (7.4)])

_ - _\2dt
Ilsey = [ (2K x@) F
t=0
1

© ~\2dt ~\2dt
- / (t‘1/2K(t,xw)) <5 / (t‘1/2K(t,xw)) % (5.6
t=0 t t=¢ t
The second integral in (5.6) can be estimated by
Ty _\\2 dt bodt —1/2 )2 ~ 2
[ (reream) F< [ Fo (02K 0@) <meldl
t=¢ t t=¢ t>0 2,oo( )

For the first integral in (5.6) we employ interior regularity estimates for solutions of
the (homogeneous) Laplace equation. Specifically, (5.4) and interior regularity (see,
e.g., [12, Thm. 8.8]) give

|‘X’[Uv||H2(C/) S Ch71|"LU||H1(C/).
13



Hence, estimating K (t, xw) = inf,c g2 [|[xW — || g1 ey + vl m2ery < HIxw| a2(cry, we
obtain

£
AR @) de < el ey < Ceh 2l e,
t=

We conclude with

IN

B2 0y C |eh™wll2 e, +1ng|\xw|\;g/2

(%))
< C[eh™ +1Ine] w2,
) Bylo

A

C leh™2 + In¢| ||w|\333/2
2,00

(c ()

where, in the penultimate last step we have employed that multiplication by a smooth
function and translation are bounded operations on Sobolev (and therefore also Besov)

spaces. Selecting & = h? shows ||x@|| s/2(cry < Cv/|Inhl||w]| gs/2 @) from which we

get (5.5) in view of the support properties of x.

Step 2: Let z solve —Az = 0 on a ball By4, of radius 1 + p for a fixed p > 0.
Then standard interior regularity (see, e.g., [12, Thm. 8.8]) gives ||V?z|[12(p,) <
Cllzlla1(B14,) < Cllzll 32, ,)- Since linear polynomials are harmonic, we even get
V22| 28,y < Clzlysraep,,,) with the H*/2-seminorm on the right-hand side. For
the remainder of the argument, we use the Aronstein—Slobodeckij characterization of
the H3/%-seminorm. In view of (5.6) we get for balls B, such that By, C C’

IV 2,y < Cr 1@ s s2ss,,0)-

Using, for example, the Besicovitch covering theorem, we can covering C by overlap-
ping balls B, (z;) with centers z; and radii r; ~ (h + dr(x;)) such that the stretched
balls B,,(14,)(%:) have a finite overlap property. A covering argument then shows

v/ 0+ + hV%FHLZ(C) < Clwlgsrzery < C’\/|lnh||\w||Bg/;(Q). (5.7)
Since w is obtained by a translation of w, we arrive at

1v/050 V2wl z2(e,) < CVImAlllwll g/ g

where Cp, := {(z, ¢(x) +1t): h/(2C1) <t <D —h/(2C1)}.
Finally, covering §2; by such cylinders allows us to conclude the proof. O

5.1.2. FEM a priori estimates. An important ingredient of the proof of The-
orem 2.1, which provides estimates for ||u — up||z2(s,), is the analysis of ||V(w —
wn)|| £2(r;L1), where w = TP v solves (5.1) with v supported by the strip Sy, and wy, is
the mortar approximation of w. In view of the support properties of v, the L' integral
appearing in ||V (w — wp)||L2(r;z1) is split into an integral over (0, ¢h) and (¢h, D) for
suitable ¢ > 0. These two integrals are handled differently. The integral over (0, ﬁ) is
handled in Lemma 5.6; the integral over (¢h, D) is covered by the following Lemma 5.5.
In contrast to Lemma 5.6, Lemma 5.5 does not exploit the support properties of v in
the dual problem (5.1). Instead, it uses local approximation properties of the FEM
as discussed in [21, 22]. Indeed, a key ingredient of the proof of Lemma 5.5 rests on
the following result that can be found, for example, in [21, Sec. 5.4]: For two balls
B, C B, C C’ with the same center and radii r, 7’ we have the local estimate

IV(w - wn) 2z < C (||v<w T

14
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T|w—wh||L2(BT,)) . (58)
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Based on similar covering arguments as those employed to reach (5.7), we obtain from
(5.8) the estimate
k w — Wh

IV orV(w —wn)llz2e\sen) < C 1V V(w = Tyw)| L2cns,) + Hwﬂm(c'\sm ;

(5.9)
here, ¢ is assumed to be sufficiently large (but independent of k). This weighted FEM
error estimate leads to the following lemma:
LEMMA 5.5. Let C C C' C Q; be cylinders as described in Section 3. Let w €
HY () N HE (Q4) and wy, € V; satisfy the orthogonality condition

/ V(w—wp) - Vode =0 Yo e V; N H(C). (5.10)

Then, with ér denoting the distance from I' we have for h sufficiently small and ¢
sufficiently large

D
w—w
HV(’LU — ’LUh)”LZ(%_) dr < Cy/ |hl h| hH\/ (SFVQ’LU||L2(C/\Sh) + Hih .
S Vor lL2ensy)

Proof. We start with an elementary bound resulting from Cauchy-Schwarz:

D 2 D
(/ ) IV (w —wn)| £2(4,) dT) < C|Inh| /;h TV (w — wh)H%z(%) dr

< Clh||VorV(w — wn) |22 c\s.,)-

The last term can be estimated with the aid of (5.9) and the local approximation
properties of the operator I ’,j allow us to conclude the argument. O

LEMMA 5.6. Let Q be convex. Then, for v € L*(Sy) C L*(Q) and w := TP (v) (see
(5.1)) and the mortar approximation wy, of w, there holds

IV(w = wn)llL2 vz < Ch3/2| InAf]|v][z2(e).-

Proof. Let C C C' C §; be cylinders as in the statement of Lemma 5.5. The Cauchy-
Schwarz inequality and Fubini-Tonelli imply for arbitrary but fixed ¢ > 0

ch ch
[ 19 = wnlzag, i < fh\/ | 196wl dr
7=0 7=0

< V||V (w — wy) || 22 (s0,6n)) < CVRIV (w — wh) || 26,

Since Q is convex, we have [|w| g2y < C||v||L2(q), and standard mortar estimates
. M
yield > .7 [lw — wh||§11(9i) < Ch2|\w||§12(m < C’h2||v|\%2(m. Thus,

ch
/ ||V(w—wh)||L2(%) < Ch3/2||UHL2(Q). (5.11)
7=0

For the integral ffi we recall the regularity assertions |[w]| 53/2 @ < CVh||v|| 20
- 2,00

of Lemma 5.2 and note that therefore we have estimates for V2w in a weighted Sobolev
space by Lemma 5.4. Combining this observation with Lemma 5.5 yields

ch’

D
/ IV (w —wp)|| L2(y,) dr < Ch32|Inh||[v]| p20) + Ch™2|lw — wh| r2). (5.12)
T=c¢h
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The convexity of £ implies (see, e.g., [3, Rem. 2.8])
H’LU — whHLZ(Q) S Ch2||’wHH2(Q) S ChQH’UHL2(Q). (513)

Inserting this in (5.12) and combining the result with (5.11), we get for the cylinder
C that H’LU - whHLQ('yo;Ll) < Ch3/2| In h|HU||L2(Q)-
By summing over all cylinders, we obtain the desired estimate. O

5.2. Local dual problem with Neumann data. The regularity theory and
convergence estimates of Section 5.1 are useful for the proof of Theorem 2.1 and, in
turn, the estimate for | A—Ap[[2(r) in Theorem 2.4. For the estimate [|A—Ap|| -1/2(4,)
of Theorem 2.4, we need to consider a local Neumann problem instead of the global
Dirichlet problem (5.1). Since most of the arguments run parallel to those of Sec-
tion 5.1, we will be brief.

We consider the problem: Given v, find w, such that

1

—Aw, =v— — v
: €4 Jo,

dxr in Q;, Opw, =0  on 09, / w, =0, (5.14)
Q;

where |Q;| denotes the measure of ;. Since the right-hand side v — 1/|Q] [, v
has vanishing mean, (5.14) has a unique solution. We denote by TV : v +— u the
corresponding solution operator. As is customary in elliptic regularity theory, for
functions v that are merely in (H'(€;))’, the integral [, lvda is understood as a
duality pairing so that T is in fact an operator (H(€;))" — H*($;). Concerning
its regularity properties, we have analogously to Lemma 5.2:

LEMMA 5.7. Assume that €; is conver. Let Sp; be as in (2.6b). Let TN be the
solution operator for (5.14). Then TV is a bounded linear operator (3217/12((21-))' —
Bg/fo(ﬂz) Additionally, if v € L?(Q;) satisfies suppv C Sp 4, then HTNUHBS’/;(Q

C\/EHUHH(Qi), where C > 0 is independent of v and h.

Proof. Lax-Milgram provides in the standard way that TV : (H1(€;)) — HY(Q;) is
bounded and linear; by convexity we have furthermore that 7% : L2(Q;) — H?(Q;)
is bounded. Reasoning in exactly the same way as in the proof of Lemma 5.2 then
yields the result. 0

The analog of Lemma 5.6 is

LEMMA 5.8. Let §; be convex, Si,; be given by (2.6b). Assume u € B;J{B’/Q(Qi) and
that up,; € V; satisfies the orthogonality condition

i)g

/ V(u—wupy) - Vode =0 Yo € V.
Q;

Then,

Jnf Ju—uni —mlLas, ) < Chk+3/2) A || g2 (5.15)

(2;)?

|u - uh7i|H1/2(6Qi) S Chk+1/2| In h|HuHB§+13/2( (516)

where C' > 0 is independent of h and u.

Proof. The proof follows from the developments in Section 5.1.2. Let m be the average

of u — up; over Sy ;. For any v € L*(Q;) with suppv C Sh, let m, be its average
16




over ;. Let v, € {z € Vii: [, zdx = 0} be the Ritz projection of T"v, where TV
is the solution operator for (5.14). Then, by the standard Aubin—Nitsche argument

(u— —m,v)r2(,) = (U — Uni — M,V — My)2(0,) :/ V(u—up;) - VINvdr
Q;
/ V(u—up; -V(TNv—vh)dx:/ V(u— Ifu) - V(TNv — wvp,) da.
Q;

We note that the regularity assertion of Lemma 5.7 for the Neumann problem is of
the same type as that of Lemma 5.2 for the Dirichlet problem. Therefore, the same
arguments as those used in Lemma 5.6 can be employed leading to

||TN’U — Uh”LQ(BQi;Ll) S Ch3/2| In hlll’UHLZ(Qi)'
Finally, the arguments of the proof of Lemma 4.2 yield ||V(u — I}fu)| 1200, 15) <
)’
(5.16) follows from (5.15) by the triangle inequality and inverse estimates: for ar-
bitrary m € R we can estimate |u — unilgi/290,) = U — uni — mg/290,) <

Chk HUHBk+3/2(Q which allows us to conclude the validity of (5.15). The estimate

lu — Iful gz g0, + 1w — uni — m|gizao,). The approximation properties of
1 ,’f allow us to estimate the first term in the desired way. Inverse estimates yield
[IFw—upi—m| /200, < Ch™HIFu—up—m| L2, ,) for suitable ¢ > 0. Inserting
again u by means of the triangle inequality, using the approximation properties of I, ’,i
and (5.15) allows us to conclude the proof. O

6. Proof of Theorems 2.1, 2.4.

6.1. Proof of Theorem 2.1. We start with some notation. For v € L?(S}) C
L?(Q2), let w = TPv be the solution of the dual problem (5.1). Correspondingly, we
let A, € L*(T) be defined by Ayly, = —0n,wla,,, . The function wy, € V; stands
for the nonconforming mortar finite element approximation of w (i.e., the solution of
(2.9) with I(2) = (v,2)r2(q))-

For our nonconforming mortar method, the classical Galerkin orthogonalities for u—uy,
and w — wy, do not hold anymore and have to be replaced with

alu —up, xn) +0(xn, A\) =0, Vxu € Vi, (6.1a)

a(w — wp, xn) + b(Xn, Aw) =0, Vxp € Vi, (6.1b)

where the second term in (6.1a) and (6.1b) measures the nonconformity of the finite
element approximation. We are now in position of prove Theorem 2.1:

Proof Theorem 2.1. For v € L?(Sy,), let w and wy, be as defined above. Then the
L2?-norm of the error e, := u — uy, restricted to S, can be expressed as

||ehHL2(Sh) = sup (ehvv)LQ(Sh) = sup (eh,*AU})LZ(Q).
UGLZ(Sh)a”UHLZ(sh):l UELQ(Sh%””HLZ(sh):l

Using Green’s formula, we find with the aid of (6.1) for all uy, i, € My and the
operator Py, of (4.5)
(en, —Aw)r2(q) = a(w,u — up) — b(u — un, Aw) — a(u — up, wp) — b(wp, A)
—a(w — wp, Phu — up) — b(Pru — up, Ay)
= a(w — wp,u — Pru)
+b(w — wp, A — pp) + b(u — Pru, Ay — fin)- (6.2)
17



Now we consider the three terms on the right hand side separately and start with
the two contributions resulting from the consistency error. First, the assumption

u € B;J{% implies by the trace theorem and the fact that the subdomains ; are
polygonal /polyhedra that A € HF(y,) edgewise/facewise, [20, Thm. 2.9.3]. The
convexity of Q implies w € H?(Q) with [Jw|| g2 < C|v| 12 and additionally
SM w - w3 o, < Ch2llwllfp(q) as well as the L*-estimate (5.13). Together
with the approximation property Assumption (A2) and the multiplicative trace in-
equality, we get

nf b(w —wn, A—pp) < inf - lfw = wn] L2 lIA = a2

M 1/2
< CR*||\]| ey (Z [w = wn |20, llw — wh||H1(Qi)>

=1
3 3
< ChMull wrgh® lwllmae) < CRE 2 lull g (6.3)

For the second consistency term in (6.2), we use the approximation properties of
P, given in Lemma 4.2 and our convexity assumption (which implies A, € H'/?
edgewise/facewise with corresponding bounds that can be controlled by [|v||z2(q)):

inf  b(u— Pyu, Ay — jin) < inf P 2y A = finll L2
oot (u — Phu, fin) < ﬂhlthH[u nlll L2yl fnll L2 (r)

< ChMHF3 |, | s SO Elu]l g (6.4)

H%(F)HUHB;*I%
The first term on the right of (6.2) can be bounded by
a(w — wp,u — Pyu) < CIV(w — wp)| 220;2) | V(u = Pow) || 20y o)

in view of the Holder type inequality (3.3). Then, the upper bounds (6.3) and (6.4)
in combination with Lemma 5.6 and Lemma 4.2 yield the result. O
COROLLARY 6.1. Assume Q) to be a convex polygon/polyhedron. Then

||<9nu - 8nuh||L2(p) < Chk| In h|||’u||B§+13/2

Proof. Fix one subdomain ;. By the triangle inequality, we get ||0, (u—un)||L2(00,) <
0n(u — IFu)|| 1200, + 10n(Ifu — un)||L2(90,)- The approximation properties (4.1)
then imply

10n (u—Tu) 7200,y < CHF*2(|ull grer s, B D2 ull g (s,) < CRERTY2||ull i s,)-

[16, Lemma 2.1] implies ||u| gr+1(s,) < Ch1/2||u||Bk+3/2 and thus [|0n (u—Ifu) | L2(00,) <
Ch¥||ul| gr+s/2. Using standard inverse estimates, we obtain ||, (un, — Tu)||2(00,) <

Ch=3/2||up, — Tul|2(s,)- The triangle inequality, Lemma 5.6, and (4.1a) allow us to
conclude the argument. O

6.2. Proof of Theorem 2.4. Since the exact solution (u, \) satisfies a(u,v) +
b(v,A) = I(v) for all v € sz\il H'(Q;) and the discrete saddle point solution (up, \s)
satisfies (2.9a), we have the relation

a(u —up,vp) +b(vp, A= Ap) =0 Yo, € Vi1, (6.5)
18



which will be important to transfer estimates for ||u—wup||z2(s,) to estimates for A—\p,.
Proof of Theorem 2.4. We start with the a priori bound in the L2-norm, whose proof
is based on Theorem 2.1 and the triangle inequality. Using (2.3a), (2.3b) and (4.6a),
(4.6b), we get with the aid of (6.5) (recall the definition of Ej, in (2.8))

(A*)\hﬂl}hds
||/\f)\h|\L2(F)§C( inf A= pallzar) + sup fr—)

wpEW), ||wh||L2(F)
bEh’u}h,Af/\h
< C(WH ALy + sup Q)
wnews,  |lwallLzr)
Epwp,up, —u
< O (W ull oy + sup HEpmt 1))
1 whEWh ||wh||L2(F)

< Ch*|lu] pht +CWI\Uh*UIIH1(sh>

1
< Ok ull g + (1P - ull sy + 3 1P = unflr2es,))
2,1

Vh

_ 1
S CMull g + B2 ul g s,y + 3 llu = unllzas, )

h2
< CR*|hl|lul| g,
Bz,l2

where in the last step we employed [16, Lemma 2.1] to bound ||Vk+1u||L2(S2h) <
C\/_HV]“HUH < CVh|u| B and used Theorem 2.1 to estimate [|u —un| r2(s),)-

This shows the desured L2(I) estlmate
For the H~1/?-estimate, we focus on one interface ; where 251 is convex. In contrast
to the weighted L?-norm, the trivial extension Ej, is not stable with respect to the

HO%O (y)-norm. Thus we have to work with a different extension operator. Here we
first extend wy, € Wy trivially to an element on 9€,(y and then apply the discrete
harmonic extension operator onto V(). The resulting element is denoted by H,ywp
and is trivially extended to the other subdomains. We note that Hypywy, € Vhfl. We
denote by uy ) € Vi) the solution of

/ V(u—up @) - Vodr =0 Vv € Vi,
Qs

which is unique if we impose the additional condition that u — uy, 4y has vanishing

mean. uy o) is viewed as an element of vail V; by the trivial extension. Following
the lines of the L?-estimate and using the uniform inf-sup stability in the H~'/2-norm,

we find using the facts that H,gywp and up — up, sy are discrete harmonic on y:

Ml g, <C( int Al oy b sup AR Awundsy
- -1 1m - 1 su -
Mlg=3,) = 1R €M,y Fhll Z (1) wheVIV)S(L) Hu}hHHz
00 )
a Wh, Up, — U
gc(hk+%||u|| w3+ sup (Howh, un ))
By’ wr €Wy (1) ”wh”

")

a(Hgpwp,up —u
= (Wl g+ sup (Hyn, un ’“5(“))
21 wp€Wy(1) HwhH

1
Hozo(’Yl)
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k+3 _
<Ch 2|‘“HB;+1%+C|U}L sl 13 90, 0)

k+l . 1
< OhFt2 HuHBjj% +C inf Sllun = uns@) = mllras, )
k+1 1
< CR 2l yig + O llu = unllp2s, .0
By, h ’

o1
+OWILIgR EHU — Up,s(l) — m||L2(Sh,s(l))'

Here, we used the strips Sp; defined in (2.6b). Finally the result follows from
Lemma 5.8 and Theorem 2.1. 00

An application of Besicovitch’s covering theorem. LEMMA 6.2. Let 2 C
R? be bounded open and M C S be a closed set. Fixc € (0,1) and e € (0,1) such that

1—c(l4+e)=:co>0.

For each © € Q, let By := Ecdist(z,M) () be the closed ball of radius cdist(x, M)

centered at x, and let B, = §(1+E)Cdi5t(z7M) (x) denote the stretched (closed) ball of
radius (1 + €)cdist(x, M) also centered at x.
Then there exists a countable set x; € Q, i € N and a constant N € N depending
solely on the spatial dimension d with the following properties:

1. (covering property) UienBz, D Q

2. (finite overlap) for each x € €U, there holds card{i|z € B,,} < N.
Proof. By the Besicovitch covering theorem (see, e.g., [25, Thm. 1.3.5] or [11, Sec. 1.5.2])
there exists N’, which depends solely on d, and there exist N’ families G;, i =
1,..., N’ of balls with the following properties:

1. Bach G; consists of a countable set of closed balls B;; = chist(mijﬁM) (wij)

(the countably family is, for convenience, indexed by j € N).

2. For each i, the elements of G; are pairwise disjoint

3. The balls cover €, i.e., Q C Uf\gl Ujen Byj
Hence, we have obtained the sets B, that cover ). In order to see the finite over-
lap property of the stretched balls Emi, we proceed in several steps. We recall the
definition of ¢y > 0 and introduce c¢; by

cop:=1—c(l+¢), cp:=1+¢(l+¢).
1. step: For € Q and ¢ such that x € EI there holds
co dist(x;, M) < dist(z, M) < ¢y dist(a;, M).

This follows from the triangle inequality in the following way. Since x € Emi, we have
|z — x| < e(l+ ¢e)dist(z;, M) and thus

dist(x;, M) < dist(x, M) + |x — x;| < dist(z, M) + ¢(1 + &) dist(x;, M),
which implies
(1—c(1+¢))dist(z;, M) < dist(x, M).
Conversely, we have

dist(x, M) < dist(x;, M) + |x — x;| < dist(x;, M) + ¢(1 + €) dist(z;, M)
= (1+c(1+¢))dist(x;, M)
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2. step Fix x € Q. Consider one of the families G;, i.e., fix i € {1,..., N’}. Then the
balls B;; of G; are pairwise disjoint. Define the set of indices
Iz = {]|SC c B”}

of stretched balls containing x. By the first step, for any j € Z,, we have that the
radius r; = cdist(z;;, M) of the ball B;; satisfies r; ~ dist(z, M) =: r, with the
implies constants depending solely on ¢y and ¢;. In order to estimate the cardinality
of 7., we write

| By |Bij| _ 1
cardZ, = 21: Z = NZ rdj :ﬁ|UjeLc Bij|

JET. JET. |Bij| JET,

1 ~ 1 ,
< —|Ujez, Bij| < —[Ber, ()] < .

T'l‘ T'l‘

Here, we exploited first the fact that for fixed ¢ the balls B;;, j € N are pairwise

disjoint, then the fact that all the stretched balls Eij, j € I, contain the point x and
have radius comparable to r, = dist(x, M). The constant C' > 0 thus depends solely
on c¢o and ¢; and therefore also the constant C”.

3. step: The second step shows that for each family G;, the cardinality Z,, is bounded by
C’. Hence, any = € {2 can be in at most N'C” of the balls {B;; |i € {1,...,N'}, j € N},
which concludes the argument. O
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