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Simultaneous quasi-optimal convergence in
FEM-BEM coupling

J.M. Melenk,'D. Praetorius,” B. Wohlmuth*

We consider the symmetric FEM-BEM coupling that connects two linear elliptic second order partial differential equations
posed in a bounded domain 2 and its complement, where the exterior problem is restated by an integral equation on the
coupling boundary I~ = 8{2. We assume that the corresponding transmission problem admits a shift theorem by more than
1/2. We analyze the discretization by piecewise polynomials of degree k for the domain variable and piecewise polynomials
of degree k — 1 for the flux variable on the coupling boundary. Given sufficient regularity we show that (up to logarithmic
factors) the optimal convergence O(h**'/2) in the H*/?(I")-norm is obtained for the flux variable, while classical arguments
by Céa-type quasi-optimality and standard approximation results provide only O(hk) for the overall error in the natural
product norm on H*(Q) x H~Y2(I).

Keywords: FEM-BEM coupling, a priori convergence analysis, transmission problem
MOS subject classification: 65N30; 65N38

1. Introduction.

The coupling of a linear differential equation in an exterior domain with an equation in a domain  arises frequently in numerical
computations. One way to tackle such a problem is to use a FEM-BEM (finite element—boundary element) coupling procedure.
Several techniques are available (see, e.g., [4] for an overview); typically, they involve the introduction of an extra unknown
@ on the coupling boundary I := 8Q. Since the recent contributions by Sayas [26], the stability and convergence analysis of
the coupled problem is fairly well-understood: for many coupling procedures, one has quasi-optimality in (natural) norms that
involve both the primal variable u on Q and the variable ¢ on I, see again [4]. In many situations, the best approximation
properties of the spaces used to approximate v and ¢ do not match. An example for such a mismatch is the setting of the
present paper: here, u is approximated in HI(Q) by piecewise polynomials of degree k, and ¢ is approximated in H’l/z(l_)
by piecewise polynomials of degree k — 1. The optimal rates are therefore O(hk) and O(hk“/z), respectively. The standard
convergence theory, however, gives only O(hk) for both unknowns. In the present paper we show that (up to logarithmic terms)
convergence O(hk“/2) is possible for the approximation of ¢ under suitable assumptions. We will show this for the symmetric
FEM-BEM coupling procedure which has independently been proposed by Costabel [10] and Han [18]. We believe, however, that
an extension to other techniques such as the Johnson-Nédélec coupling[20] is possible. Overall, this gives a first mathematical
answer to observations in [7, 5], where (optimal) higher-order convergence of ¢ was noted for adaptive FEM-BEM computations.

The present work is closely related to our previous works [24, 23, 19], where the convergence of the Lagrange multiplier in
mortar methods [24] and the convergence of surface fluxes [23] in mixed methods were studied. The unifying theme of these
works is to obtain improved and even optimal convergence rates for the quantities associated with lower-dimensional manifolds.
This entails a second link between all these works: they rely on the same analytical tools, namely, duality arguments that require
the analysis of elliptic problems with right-hand sides that are supported by a thin tubular neighborhood of some lower-dimensional
manifold. The basic mechanism that allows us to exploit, in a quantifiable way, that the support of the right-hand sides is small,
is the same one in the works [24, 23, 19] and the present one. We mention that [19] is a refinement of [24] and uses a slightly
different method of proof than the original [24]. The present work is closest to [19].

We close this introduction with some remarks on the techniques employed. As in our previous work, we employ regularity
assertions in Besov spaces. A feature of this approach is that it allows for a clear formulation of the regularity properties of
relevant dual problems and allows us to separate the question of elliptic regularity from FEM duality arguments as much as
possible. Nevertheless, the use of Besov spaces is not essential and alternative approaches purely based on weighted Sobolev
spaces are possible; we mention here [2, 1] and [21] as well as [15] in the context of mixed methods. Another alternative approach
opens up when changing the regularity requirements of the solution: in the present paper, we require the solution v to be in
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dirk.praetorius@tuwien.ac.at
iTechnische Universitat Miinchen, M2 Zentrum Mathematik, BoltzmannstraRe 3, D-85748 Garching, (wohlmuth@ma.tum.de)



2 PRELIMINARIES AND MODEL PROBLEM.

the Besov space Bé‘jw(Q); if instead W*t1°(Q)-regularity is assumed, then techniques from L*-estimates in FEM could be

applied. We refer to [15, 30] for examples in this direction in the context of mixed methods.

The paper is structured as follows: in Section 2, we introduce the model problem (8). The variational formulation with the
symmetric coupling is given in Section 2.4. Our numerical analysis will rely on duality arguments. The regularity theory for these
dual problems, which turn out to be classical transmission problems, is the topic of Sections 2.6 and 2.7. Section 3 is devoted
to the numerical analysis. The main result is Theorem 3.4: Estimate (38) gives an error bound for the variable v on a strip of
width O(h) near the coupling boundary . Estimate (37) then employs this result to obtain the optimal convergence rate for
the error in the variable ¢. The variational crime associated with approximating the input data is assessed in Section 3.4.1. Up
to logarithmic terms, Theorem 3.13 transfers the results of Theorem 3.4 also to this setting. Section 4 illustrates numerically
the convergence results of Theorem 3.4 for several geometries.

2. Preliminaries and model problem.

2.1. Notation and spaces.

Let QCRY, de {2,3}, be a bounded Lipschitz domain with boundary [ :=8Q. We assume that the boundary is
polygonal/polyhedral domain with Ny edges/faces I, i=1,..., Nr. *
For s € R, we employ standard notation for the Sobolev spaces H*($2) and H*(I5), i € {1,..., Nr}, see, e.g., [27]. For s > 0,
s & No, we define the Besov spaces B3 ,(2) for g € [1, 00] by interpolation (the “real” method, also known as “K-method”,
[27, 28]):
B5.4(Q) = (H°(Q), H™(Q))e.q, oc=|s], 86=s-o0.

We recall that for Banach spaces X1 C Xo, the interpolation space Xp q = (Xo, X1)s,q with 6 € (0,1) and g € [1, 0] is defined
by the norm | - ||x,, with

e q dt\1/a o
lullx, = (/ K| F) T forgellioo),  and ullx,. = supt °K(t ), (1)
' t=0 t ' t>0
where K(t, u) = infyex, ||t — vl|x, + t]|v|lx,. We recall the interpolation estimate
—0 110
IXllxeq S X157 X1, Vx € X1, ()

For I, we also employ standard notation for the Sobolev spaces H*(), s € [-1,1]. For s >0, we define the spaces
H3,, (M) C L2(I) as broken spaces, i.e., we identify them with the product [], H(/7). We introduce the nonstandard space

B3 o) = (H (1), H(M)1/2.001 e € (0, 1] arbitrary.

(The precise choice of € is immaterial due to the reiteration theorem [27, Thm. 26.3].) Important roles in our analysis are played
by the distance function r, the regularized distance function §r, and the strips S, near " given by

dist(x, ), or(x) == h+6r(x), (3)
{x € Q|6r(x) < h}, h> 0. 4)

or(x)
Sh

Naturally, properties of the trace operator 7y : H}(Q) — Hl/z(/—) C L3(I) feature prominently in coupling procedures. We recall
that «y is also well-defined on HY?2™¢(Q) for all € > 0 but not on HY?(Q). It is, however, well-defined on the slightly smaller
space B;f(Q) C HY2(Q) (see, e.g., [28, Thm. 2.9.3], [27, Sec. 32]). We close this section with an embedding result that will
be important to exploit additional regularity of the solution and to make use of the smallness of the support of the right-hand
side of certain dual problems.

Lemma 2.1 Let Q C RY be a bounded Lipschitz domain. Recall the regularized distance function or :=d&r + h from (3). Then,
for all z € HY?75(Q) or z € BY2(Q), there holds

T-1/2 -1/2
16 22y < 16722l 20y < Cllzllpze) YO <e<1/2, (5)
T-1/2 1/2
1672 2li2iy < ClInh[2 2]l 112 . ©)
T-1/2— -
16,2l 2y < Ch aHZHB;/f(Q) Ve >0, ()

where C > 0 depends only on Q2 and €.

*The restriction to polygonal/polyhedral domains instead of smooth of piecewise smooth domains is not essential and due to our desire to use standard
polynomial approximation results.



2 PRELIMINARIES AND MODEL PROBLEM. 2.2 Coupling model problem.

Proof: The estimate involving - in (5) can be found, for example, in [17, Thm. 1.4.4.3]. The estimates (6), (7) follow
from 1D Sobolev embedding theorems and locally flattening the boundary I” in the same way as it is done in the proof of [22,
Lemma 2.1]. ad

2.2. Coupling model problem.

We denote by n the normal vector on I” pointing into Q% := RY \ Q. For d = 2, we assume the scaling condition diam (Q) < 1
so that the single layer operator (defined in (11) below) is a bijection and, in fact, H=*/2(I")-elliptic. We emphasize that € is
connected by definition.

Let A € L”(Q;Rd”) be pointwise symmetric positive definite and satisfy 2 > oo > 0 for some ap > 0. We will require
2A € C*(Q) for lowest order discretizations (the case k = 1 below) and 2 € C**(Q) for higher order discretizations (k > 1
below). We mention in passing that the shift theorems Assumptions 2.5 and 2.9 also implicitly contain certain regularity
requirements on 2.

For given data (f, to, ¢o) € L2(Q) x HY?(I) x H™*2(I"), we consider the linear interface problem

V- (AVu) = f in Q, (8a)
A =0 in Q% (8b)

u—u" = on I, (8¢c)

(AVY - V™) - n=¢o on I, (8d)
™t =0o(x|™) as |x| = oo. (8e)

As usual, these equations are understood in the weak sense, i.e., we look for a solution (u, u®*) € H*(Q) x HE (Q%%), where
HE (%) = {v|v e HY(K), K CQ® UT compact}, and (8c) and (8d) are understood in H2(I") and H=*2(I"), respectively.
It is well-known (see also Lemma 2.3 and Section 2.5 below) that problem (8) admits a unique solution in 3D. In 2D, the given
data have to fulfill the compatibility condition

(f.1)a+(¢o, 1)r =0 9)

to ensure the behavior (8e) of the solution at infinity. Alternatively, one may relax the radiation condition (8e) to u®* = O(log |x|)
as |x| — oo, see Lemma 2.4 below.

2.3. Operators.

Let G be the Green's function for the Laplacian, i.e.,

1 . 1 1 .
G(X,y)——ﬂlog|x—y| if d =2, G(X’y)_ﬂ|x—y| if d=3. (10)
With G, we define the single layer and double layer potentials V and K by
Vo)) = [ 6o dsw), (Ru)0) = [ 0%)6(x7)u()dS(y) for x e R\ T
r r

Recall that vy = "™ : H*(Q) — H?(I") denotes the (interior) trace operator. Similarly, v : HE (Q%F) — HY?(I") denotes the
exterior trace operator. The single layer operator V : H™Y2(I") — HY2(I), the double layer operator K : H2(I") — HY2(I),
the adjoint double layer operator K' : HY?(I") — H~*2(I), and the hypersingular operator D : H*?(I") — H~Y/?(I") are defined
by

Voi=9"(Ve) =" (Ve). Du:=-87"(Ku) = ~07"(Kuw), an
K ¢ =08 (Vo) — 1/2¢ = 8>V ¢) + 1/2¢, Ku:=~y"(Ku)+1/2u = y*(Ku) — 1/2u.
Here and throughout, we define for sufficiently smooth v
v = y(Vv) - n.
Lemma 2.2 Let u € HY(I), ¢ € HY2(I"). Define
Ut =Ku— Ve, in Q. (12)

Then, the condition V @ + (1/2 — K)u = 0 implies the following assertions (i)—(ii).

(’) ,Yextuext = u and aﬁxtuext — ‘p.



2.4 Bilinear forms. 2 PRELIMINARIES AND MODEL PROBLEM.

(i) u®* satisfies the exterior Calderdn system:
P = (1/2+ K) (™) = V(O ™), (13)
AU = —D(Y ) + (1/2 — K85 u™). (14)
Proof: Taking the exterior trace in (12), we obtain
YUt = (1/24+Ku—-Veo=u+(-1/2+Ku—-Vop =u.

A calculation (which is non-trivial for the 2D case) shows that u®* satisfies the following, second representation formula (see,
e.g., the proof of [6, Lemma 2.3] for details):

uext _ R,Yext uext o \78,e,>¢ uext.

The exterior Calderén system then follows from taking the trace and the trace of the (exterior) normal derivative. Then, the
bijectivity of V implies 85t = (. O

2.4. Bilinear forms.

To state the FEM-BEM coupling (15) for the model problem (8), we define bilinear forms:
a(u,v) = (AVu,Vv)q, a(u,v) :=a(u,v)+{Du,v)r,
c(o.¥) = Vo, d)r, b(u,¥) == ((1/2 = K)u,¥)r.

The bilinear form c(-, -) induces a norm that is equivalent to the H=*2(/)-norm: |92 = c(, ) ~ |WH;24—1/2(/—)- For bounded
linear functionals Ly : H'(Q) — R and L, : H"Y2(I") — R, we consider the block system

a(u,v) —b(v,o) = Li(v) Vv e HY(Q), (15a)
bu ) +clp.¥) = La(w) Ve H V(D). (15b)

We set
X = HY(Q) x HY2(). (15¢)

The Galerkin formulation is obtained in the usual fashion: For a conforming subspace
Xpi=Vy x My C X, (163)
we define (up, @n) € Xj, by requiring that (15) be satisfied with the spaces H'(2) and H*/2(I") replaced with V, and M}, i.e.,

alun,v) = b(v,on) = Li(v) Yv e Vi, (16b)
b(up, ¥) + c(en, ¥) Lo(v) Vi € My, (16¢c)

We note that both the system (15) and its discrete counterpart have unique solutions for any (L1, L2) € X' by coercivity
properties of (15), which are collected in the following lemma.

Lemma 2.3 The bilinear form A((u, v); (v, %)) := a(u, v) — b(v, ¢) + b(u, ¥) + c(p, ¥) satisfies:
() A(-,-) is semi-definite: A((u, ¥); (u,@)) > C[HVUHfz(Q) + H(pHZV],Where C > 0 depends only on I and the coercivity
constant of 2.
(i) A(:,-) satisfies a Garding inequality.
(iii) The operator A : X — X' induced by A(-,-) is injective.
(iv) The operator A : X — X' induced by A(-, -) satisfies an inf-sup condition on X.

(v) Fix €€ H™Y2(I) with (£,1)r #0 (in particular, € =1 is admissible). For any conforming discretization X, C X that
contains (0, §), the discrete inf-sup condition is (uniformly) satisfied, i.e., the discrete inf-sup constant depends solely on
20 and the choice of €, but is independent of h. In particular, (15) as well as (16) admit unique solutions (u, ) € X and
(un, ¢n) € Xn. Moreover, there is a constant C > O depending only on 1 and &, such that the following quasi-optimality
result holds for the solutions (u, ¢) of (15) and its discrete approximation (up, ¢n) € Xp:

— — <C inf — — . 17
= unll ey + llo = @nllv < € - inf o= valliay + lio = dnllv (17)

4



2 PRELIMINARIES AND MODEL PROBLEM. 2.5 Weak formulation and Galerkin approximation.

Proof: Obviously, (i) is satisfied. The observation (ii) that A satisfies a Garding inequality was first made in [9]. (It is also
found in the seminal works [10, 18], where an additional Dirichlet boundary is assumed.) Together with the injectivity statement
of (iii), the inf-sup condition (iv) for A(:,-) holds. Item (v) is shown in [4]. The quasi-optimality assertion (17) is a consequence
of the (uniform) discrete inf-sup condition.

Finally, let us discuss the injectivity (iii) of A. Starting from

Al(w, @) (v.9)) =0 V(v.9) e X,

we get from (i) that v is constant (€2 is connected!) and ¢ = 0. This implies in view of b(u, ) = 0 for all ¥ and the well-known
fact (—=1/2 + K)1 = —1 that

0=(1/2 - K)u " =" —y,
O
2.5. Weak formulation and Galerkin approximation.
For the original problem (8), it is convenient to introduce the linear forms
Li(v) = (f,v)a+ {(¢o+Duo,V)r, (18a)
Lo() = (. (1/2=K)uo)r. (18b)
Our weak formulation of (8) is: Find (u, ¢) € X such that
a(u,v) —b(v,p) = Li(v) Vv e HY(Q), (19a)
buy) +clpd) = La(¥) Ve H(D). (19b)
The Galerkin approximation is correspondingly given by
alu,v) = b(v,@) = Li(v) Vv € Vi, (20a)
b(u,Y)+cle.¥) = L(¥) VeM,. (20b)
By Lemma 2.3, we have unique solvability of (19). The following lemma clarifies in what sense it solve (8):
Lemma 2.4 Let (u, ) € X solve (18)—(19). Define the solution u®* in Q% by
U= K(u = w) — V. (21)

Then the conditions (8a)—(8d) are satisfied (in the appropriate senses). Concerning the radiation condition at co, we have:

e for d = 3, the radiation condition (8e) is satisfied.
e for d =2, the radiation condition (8e) is satisfied if the data f, ¢o satisfy the condition

a=0 with a:=(f 1)+ (¢o,1)r. (22)
e Ifd = 2 and the compatibility condition (22) is not fulfilled, then the solution u®* satisfies with a € R from (22)

u®(x) = alog |x| + O(1/|x]), |x] — oo.
Proof: We first show (8a)—(8d). Integration by parts and varying the test functions yields
~V-@ve) = f in (H(Q) (23)
(AVU)-n+Du—(1/2—K)p = ¢o+Duo, in H7Y2(r), (24)
(1/2-Ku+Ve = (1/2—K)uw in HY2(I). (25)
From (25) and Lemma 2.2, we obtain that the function u®* defined in (21) has the following traces on I
YU = 1 — w, Tt = .
In particular, this proves (8c). Furthermore, Lemma 2.2 (ii) shows
o = —Dy™u™ 4+ (1/2 - K)e.
Upon insertion into (24), this gives
AVY)-n = —Du+(1/2—=K)o+¢o+Duy=—Dy™u" 4+ @+ Dy u™ + ¢o = 85" + ¢o,

which is (8d).

In 3D, the radiation condition (8e) follows from the decay properties at oo of the potentials V and K. In 2D, this decay
property at oo follows from the properties of V and K if (¢, 1)r = 0. The compatibility condition (22) implies this with the
test function v = 1. Finally, for d = 2 and the case where (22) is not satisfied, then the leading order behavior of u®* is clearly
alog |x|, and, in fact, alog|x| + O(1/|x]). O



2.6 The dual problem. 2 PRELIMINARIES AND MODEL PROBLEM.

2.6. The dual problem.

Our FEM analysis will rely on various dual problems. The first dual problem that we consider is: Find (w, X\) € X such that

a(lv,w) = b(v,\) = f(v) Vv e HY(Q), (26a)
b(w,¥)+c(,N) = 0  VoeH V(). (26b)

Due to symmetry of a(+,-) and c(-, ), Lemma 2.3 applies and proves existence and uniqueness of (w, X) € X. We denote the
corresponding solution operator by

T (HYQ) = X, o (TYE,T) == (w, \). (27)

If the right-hand side f has the form f(v) = (f, v)q for an f € L?(Q), then the above developments of Lemma 2.4 show that
(w, \) satisfies the transmission problem (8) with uy = 0, ¢o = 0 and, in 2D, the radiation condition

u™ = alog |x| + O(1/|x]), x| = oo.

Hence, (26) it is a classical transmission problem for which we will make the following assumption:

Assumption 2.5 There exists s € (1/2, 1] such that the mapping f — T f = (T“f, T*f) from (27) satisfies

A
N7 Fll pso ) + 11T fHH;Vyzﬂo(r) < Clifllpr-so(ayy -

Remark 2.6 Assumption 2.5 is satisfied in the following simple cases:
1. The coefficient matrix 2l is smooth and I is sufficiently smooth. Then, by classical regularity theory, s = 1 is possible.

2. In 2D, Q is a polygon and the matrix 2 has the form 20(x) = a(x) Id for a scalar-valued function a that is sufficiently
smooth. See, e.g., [12], [11, Appendix], [25].

3. The discussion in [14, Rem. 5.1] shows that the shift theorem of Assumption 2.5 is in general false for piecewise smooth,
pointwise SPD matrices . n

Recall the definition of Si from (3). We have the following

Lemma 2.7 Let Assumption 2.5 be valid. Then the operator T : (H*(Q)) — X from (27) satisfies

IITWfI\Bgfi(Q) + I\T*fl\ggm(r) < CIIfII(B;/lz(Q)),- (28)

In particular, if f € L?(Q) with supp f C Sy, then
IITWfIIngi(Q)+IIT*fHBgm(r) < ChPYIf |l 2. (29)
N7 Fllerzveqy + HTAfHHgW(r) < Ch1/275|‘f||L2(§2) V0<e<s—1/2 (30)

The constant C > 0 in (28)—(29) depends only on Q2 and Assumption 2.5, while that of (30) depends additionally on €.

Proof: We follow the arguments of [24, Lemma 5.2]. The starting point for the proof of (28) is that interpolation and
Assumption 2.5 yield with 8 = 1/(2s0) € (0, 1) and hence 5560 = 1/2 well-posedness and stability of

T ((HHQ) (H2(2) Yoo = (HH(Q), Y2 (Q))o.e = B, 52°(Q) = B ().

The arguments for T* proceed along the same lines, but rely on the mapping properties T* : (H*(Q)) — H™Y2(I") as well
as T 0 (H2(Q)) — Hpa/>™(I). Assuming, as we may, that so < 1, we have 0 < —1/2 + s, < 1/2. Hence, H™Y***(I") is
isomorphic to the product space H,N:fl H’”HSO(/’,) = H,,’Vﬁ/ZHU(/'). Thus, interpolation proves well-posedness and stability of

T (HHQ) (H72 () Vo0 = (HY2(0), HY250 (1)) = B UZF°(1) = B ().
As in [24, Lemma 5.2] (cf. [28, Thm. 1.11.2] or [27, Lemma 41.3]), we recognize that
(H(Q)) (H2(2)) oo = (B27°() = (B7(Q))

The combination of the last three observations proves (28). The proof of (29) follows by the same argument as in [24,
Lemma 5.2]. To prove (30), we first note that the case € = sp — 1/2 coincides with Assumption 2.5. For 0 < & < sp — 1/2, we
argue as for (28). Interpolation with 0 < 6 < 1 and 56 = 1/2 + ¢ yields

T Fllarzreiey + 1T Fllrs, (ry S N llgrare—eayy-
6



2 PRELIMINARIES AND MODEL PROBLEM. 2.7 The bidual problem.

where we again used H*(I") = Hpy (") as 0 < € < sp —1/2 < 1/2. Next, we use estimate (5) from Lemma 2.1 to see

~(1/2-¢)
16"

f,v §y2ef, 5-(1/27e),, _ vl
Il (rr2eyy = sup ) sup tor - i <16/°Fllizy  sup Ior " Vi
veH/2€(Q) ”V”Hl/Z*E(Q) vEHL/2—¢(Q) ”V”Hl/Z*E(Q) vEHL/2-¢(Q) ”V”Hl/Z*E(Q)
< hl/zfe f L2000 31
~ ()
where we finally exploited the support property of f. O

The u-components of the solutions of (15) and of (26) solve classical elliptic problem that feature interior regularity. We
formulate this in analogy to the corresponding result in [24, Lemma 5.4] and [19, Lemma 2.7]:

Lemma 2.8 Let z solve
-V -AVz)=v inQ

for some v € LQ(Q) with supp v C Sy,. Then there are constants ¢, &, ¢’ > 0 that depend solely on Q, such that for all sufficiently
small h > 0 the following assertions (i)—(iv) hold:
(i) Ifze B;ﬁi(Q), then H(S;/2V2ZHL2(Q\55,,) < Ci+/]In thZHB;/i(Q)' The constant Cy depends only on Q and ||| o g)-

(ii) Forevery o > 0, there holds ||6,°—‘V3z||Lz(Q\55h) < C2||6,9"1V2Z|\L2(Q\Sc,h). The constant Cz depends only on Q2 and ||| c11g)-

(iii) If z € H*/**¢(Q) for some € € (0,1/2), then | V2|l 2(cns
on , ||| co1(q). and €.

)y <G h’l/“gHZHHg/gﬁ(Q). The constant C3 > 0 depends only

ch

(iv) If Assumption 2.5 is valid and if z=T"v with T being the first component of the solution operator T from (27),
then |[V?z||12ens,,) < Callvlli2(q). The constant Ca > 0 depends only on Q and 2 through the coercivity constant of 2
and ||| cox (-

Proof: Proof of (i), (ii): [24, Lemma 5.4] is formulated for —A. However, the essential property of the differential operator —A
that is required, is just interior regularity. Hence, the result also stands for the present, more general elliptic operator —V - (AV).
The precise dependence on the coefficient 2 is taken from [16, Thm. 8.10].

Proof of (iii): This follows again by local considerations similar to those employed in the proof of [24, Lemma 5.4] and the
crude bound 6 2 h on Q\ Szp.

Proof of (iv): In view of (iii), we have to estimate ||z||,z/2+c()- By the support properties of v, the bound (30) yields

1z[ yr2+e () < Chl/Q*HvHLz(Q). Inserting this in (iii) produces the result. O

2.7. The bidual problem.

Similar to the procedure in [19], the analysis of the discretization of the dual problem requires estimates in norms other than
the standard energy-like norms. This analysis therefore requires a second class of problems, which we call the “bidual” problem.
It is given as follows: Find (w, A) € X such that

a(w, v) — b(v, \)
b(w,¥) + c(X\, )
with solution operator 7% : £ s (%, X). In view of the symmetry of the bilinear forms a(-,-) and c(-, -), problem (32) is, of
course, essentially the same as the dual problem (26). Thus, Assumption 2.5 holds for (32) if it does for (26). Nevertheless, in

order to emphasize the structure of the regularity requirements of our convergence theory, we formulate this shift theorem as a
separate assumption.

f(v) Vv e HY(Q), (32a)
0 YyeHYHn), (32b)

Assumption 2.9 There exists so € (1/2, 1] such that the mapping f — T (f) = (w, \) given by (32) satisfies
lwllpreso ) + H>‘||H;Vt/2“0(r) < ClIfll s (-

Our analysis will require an understanding of the Galerkin error for certain dual problems. This in turn will lead to a bidual
problem with right-hand sides in weighted spaces, which we now analyze:

Lemma 2.10 Let Assumption 2.9 be valid. Recall the regularized distance function 6r == 0r + h from (3). Let v € L*(Q) and
0 < & < sp— 1/2. Then, the function (w, \) = T°%(5-1v) satisfies

IWlgz g + Mgy < Cln A28l 2, (33)
—e)s—1/2
1Wler2veqy + Al cry < CH 1872V (34)

7



3 NUMERICAL ANALYSIS.

Moreover, the function (w, \) = TP (5172 satisfies
Wil przre ey + Mg,y < ClIBF2 v 2. (35)
The constant C > 0 in (33) depends only on Q and Assumption 2.9, while those of (34)—(35) depend additionally on €.

Proof: We proceed as in [24, Lemma 5.2]. In order to prove (33), we employ Assumption 2.9 and argue as in Lemma 2.7 to
see

-1
HWHBS/;(Q) + ||>\|‘ng(17) g ||6F VH(B;GZ(Q))"
Then, we compute

~ 12 712

~ (671v, 2) (6.2v,6.172) ~1/2

||5,—1VH(51/2(Q)), = sup W = sup 7,—"2" . S llor / Vlli2(q) sup E
o zegyf@ Pk @  zeBf @ By7() 2€8,7(@) B ()

<-1/2
187 2lli2(e)

The application of estimate (6) of Lemma 2.1 concludes the argument. For the estimate (35), we proceed similarly. First,
Assumption 2.9 and interpolation yield

T-142
HWHH3/2+£(Q) + H>\||H§W(F) <6t gVH(Hl/%s(Q))/-

Second, we compute

<gF1+2£V, Z> <S’F1/2+£V’ S’Fl/2+£ ||S'F1/2+£

~ z) T-1/2
1672V | ey = sup ——L = sup < 167 Ve sup o
ZeHI2-¢(@) HZHHl/Q’E(Q) zeHL2£(0) ||Z||H1/275(Q) zeH/27¢(Q) HZ|‘H1/Q—£(Q)

ZHLZ(Q)

An application of Estimate (5) of Lemma 2.1 concludes the proof of (35). Finally, we show (34). First, Assumption 2.9 and
interpolation yield

1Wlliraseqay + Mg, ry S 16 VIlro-eay

Then, we compute

To1/2+
o/

F-1/2  F-1/2
~ (6.7v,6/%z2) ~ - zll2(0
H6F1VH(H1/2*E(Q))’ = sup —————F——=< H5r1/2V||L2(Q)h ° sup —r @
zeH1/2—¢ ||Z||H1/2*E(Q) zeHY/27¢(Q) HZHHl/%e(Q)
Again, Estimate (5) of Lemma 2.1 finishes the proof. |

3. Numerical analysis.

3.1. Main results.

In the following, we assume that V,,, M, of (20) are spaces of piecewise polynomials. For future reference, we formulate

Assumption 3.1 Let T7q and Tr be two (not necessarily matching) quasi-uniform, affine triangulations of Q2 and I into volume
and surfaces simplices (i.e., tetrahedrons and surface triangles for d = 3) both with mesh size h. For a fixed k € N, let
Vi 1= SEN(T0) = {ve HY(Q)|vik € P« VYK €Ta}, My :=S"2(Tr):={vel?(N|v|lk € Piei VYK €T} be spaces of
piecewise polynomials of degree k and k — 1, respectively. Set X, := Vi X M.

Remark 3.2 Although Assumption 3.1 does not require the meshes 7q and 7r to be matching, it is natural to do so in
implementations. The analysis of the following Theorem 3.4 can be generalized to the case of two quasi-uniform meshes Tq, Tr
with differing mesh sizes hq, hr. n

Our starting point are the Galerkin orthogonalities satisfied by the exact solution (u, ) € X and its Galerkin approximation
(un, n) € Xp that are obtained by subtracting (20) from (19); in order to be able to account for certain types of variational
crimes we include additionally two linear forms €1 : H*(Q) — R and €2 : H~*/?(I") — R on the right-hand side:

alu—un,v) —b(v,o—wp) = ei1(v) Yv € Vi, (36a)
b(u—un¥)tclo—pnd) = e¥) YYeM, (36b)

8



3 NUMERICAL ANALYSIS. 3.2  Approximation estimates.

Remark 3.3 The exact Galerkin orthogonalities have the above form (36) with €1 =0 and €2 = 0. The terms g1 and &; are
appropriate to control additional errors introduced by approximating the jumps up and ¢o (cf. (18)), e.g., by piecewise polynomial
functions. Such approximations are practically unavoidable in view of the fact that the hypersingular operator appears on the
right-hand side (18) of the coupling equations (19). This issue will be studied further in Section 3.4.1 and plays a role in the
numerical examples in Section 4. n

The main result of this work is the following Theorem. We recall that the standard convergence theory yields O(h*) under

the regularity assumption (u, @) € H(Q) x HSV;I/Z(/'). Extra regularity of the solution (u, ) allows us to improve this:

Theorem 3.4 Let A € COY(Q) if k=1 and A € C*(Q) if k > 1. Let Assumption 2.5 and 2.9 be valid'. Let X, = Vi, x M}, be
given by Assumption 3.1. Let (u, @) € X be the solution of (18)—(19) and (us, pr) € Xp be the solution of (20). Suppose extra

regularity u € B§E3/2(Q) and ¢ € H, (). Then, we have

10 = nllvzqry < CHEY2(1+ Bl In Bl s gy + CH 2l (37)

()

lu = unllizgs,y < CH(+ Bl In ADllull s ) + CH 10l iy (38)

()
Here, k1 denotes the Kronecker symbol, i.e., 611 =1 and 6,1 =0 for k # 1. The constant C > 0 depends only on Q, the
coefficient 2, the approximation order k, Assumptions 2.5 and 2.9, as well as shape regularity of the quasi-uniform triangulations
Ta and Tr. More precisely, the dependence on 2l is—in addition to Assumptions 2.5, 2.9—in terms of the coercivity constant of
2, the bound ||A||corg) for k =1 and [|A||c1a ) for k > 1.

The proof of Estimate (38) in Theorem 3.4 is postponed to Section 3.4 since it requires several auxiliary results, which are
provided in Section 3.2—-3.3. The Estimate (37), however, is an immediate consequence of (38) as we now show.

Proof of Theorem 3.4, equation (37): We suppose that (38) is valid. The proof of (37) is based on the Galerkin orthogonality
(36b) (with g, = 0 there). We have

[dh —@nlly = c(Inp — ©n, Jno — @n)
c(Inp — @, Jnp — n) + c(@ — @n, I — ©n)

(3ib) C(J,,(p—(p,JMP*‘Ph)*b(ufuh'Jh(pi(ph)

S e —@lviidhe — enllv + llu = unll gz (rylldne — @nllv.

Hence, [[ne — @nllv < llo — Jnellv + llu — unllyrz(ry- The term [[u — up|| /2y is estimated with an inverse estimate on [ and
a suitable norm equivalence as follows:
lu = unllrzry v = Inull gy + 1190t = unll 2y

1/2

<
S M= dnullgragry + h 51 dhu = unll 2
<

[t = Jntll sy + I dnt = nll2(s,)-

Next, we use boundedness of the trace operator -y : B;/f(Q) — L2(I") (see, e.g., [28, Thm. 2.9.3]) to get boundedness of

v BSf/Q(Q) — HESX(T) N HY(I). For suitable Jyu € Vi, we have [|u — Intll ey + A — Inullizes,y S hk+1/2”'yu||/-/§;1(r)-

The approximation properties of M, yield ||@ — Jyolly < hk“/2|\(p|\H§W(,—). Combining these estimates with (38) yields

_ . K
e —@nllv S llo = dnplly + lu = Jntllyarzry + b lu = Jnullizgs,y + 0 Hlu = unll2s,y S A2 [||<P||ng(r) + ||U||B§.+13/2(9>] '
This concludes the proof. O

3.2. Approximation estimates.

We recall that the spaces Vi, and M, have the following approximation properties:

Lemma 3.5 (i) There is an elementwise defined (nodal) interpolation operator Jf : C(Q) — Vi, with
IV (u = Jh )|y < C diam (K) TV ]| 2

for j € {0,1,2} and all K € Tq.

TRecall that these two assumptions coincide in the present case.
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(i) Fore >0 and fixed0 < D < D'

! Hg,l/g,sv(u B J,',(u)|| , < thg—l/z—avkﬂuH , <C thkauH " [In h|1/2’ ife =0,
r L2(Sp) = r L2(Spn) = BT (Sp) | pe, ife >0,

(i) There are bounded linear operators R, : B;/;(Q) — Vi and Qp : BY (") — My with
W = Rewllyeay < Ch 2 Wllgsz ) 19— Qublly < CH[9llgg_(r).

The constant C > 0 depends only on k and shape regularity of Tq resp. Tr.

Proof: The assertion (i) is well-known. For (ii), we note that (i) yields the first inequality. The second inequality follows
from Estimate (6)—(7) of Lemma 2.1. In item (iii), we only show the construction of Q. It suffices to consider the
lowest order case k =1, i.e., M, consists of piecewise constant functions. For simplicity, let Q; be the projection in the
H~Y2(I")-inner product. Then for (fixed) € € (0, 1/2) by standard approximation properties || | =Qull,y-1/2(ryc ey < h*/>7° and
I =Qnlly-172¢ryre(ry < h/2*¢_ The result follows by interpolation. O

3.2.1. Local estimates via duality arguments. For the solution (u, ¢) € X of (19) and its Galerkin approximation (us, ©n) € Xh,
which solves (20), we define the error
e:=u-—u. (39)

Take the cut-off function xs, to be the characteristic function of Sp. Let (w, ) = T®(xs,e) be the solution of the dual
problem

a(v,w) —b(v,x) = (v,xs,€)a vv e HY(Q), (40a)
b(w, %) +c(,\) = 0 Ve H V). (40b)
Its Galerkin approximation (ws, A\p) € Xj is given by
a(v,wy) —b(v,An) = (v.xs,e)a Vv E W, (41a)
b(wh, %) +c(¥,Xn) = 0 Vi€ M, (41b)

Subtracting (41) from (40) leads to the following Galerkin orthogonalities:

a(v,w—wp) —b(v,\=Xp) = 0 Vv € Vi, (42a)
b(w —wp, ¥)+c(p,A—Xp) = 0 Yy € My. (42b)

Lemma 3.6 For any approximation (Jyu, Jnp) € Xy, we have
s, ell?2cq) = a(u — Jnt, w — wi) — b(t — Jpt, X = Ap) — b(W — Wh, @ — Jnp) — c(© — Jn@, X — Ap) + €1(wh) — €2(An).
()

Proof: The proof follows from simple manipulations with the Galerkin orthogonalities (36) and (42a) and the defining
equations:

(40a)

(xs,e.e)a = ale,w)—b(e,N)
ale,w — wy) + a(e, wy) — b(e,\ — \p) — b(e, \p)
alu — Jhu, w — wp) + a(Jpu — up, w — wp) + a(e, wy) — b(u — Jpu, X — Xp) — b(Jpt — up, X — Xp) — b(e, An)
(42a)

=" a(u—Jyu,w —wp) — b(u— Jpu, X — Xp) + a(e, wy) — b(e, An) .
—_—— ——

=:/ =:11
We rearrange the terms / and //.

I=aewy) " b(wn o —@n)+ei(wh)

= b(Wh, @ — Jnp) + b(Wh, Jnp — @) + €1(wh)

= b(wh — w, @ — Jn) + b(w, o — Jnp) + b(wh, Jnp — ©n) + €1(wh)
(40b) (41b) b(why — w, @ — Jpp) — c( — Jnp, N) — c(Jnp — ©n, An) + €1(Wh)
—c(® — @n An) + €2(An).

10
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3 NUMERICAL ANALYSIS. 3.3 Analysis of the dual problems: estimating w — wy and X — Ap.

Hence, we obtain

(xs,e.e)a=a(u—Jdyu,w—wp) —b(u—Jpu,X=Xp)+1—11
=a(u— Jpu,w — wy) — b(u — Jyu, X\ — Xp) + b(wh — w, o — Jhp)
—c(0 = Ino, X) = c(Inp — @n, An) + (@ — ©n, An) + €1(Wh) — €2(An)
= a(u— Jpu,w — wy) — b(u — Jptu, x = Xn) + b(wh — w, @ — Jhp) — (@ — Jnp, X — An) + €1(wi) — €2(Xn),

which is the desired equality. O

3.3. Analysis of the dual problems: estimating w — wy and X — Ap.

Lemma 3.6 shows that we can infer bounds for the error u — u, on a strip S, near I from knowledge about the errors w — wj,
and A — \,. The additional two terms e1(wj;) and €2(\) that appear in Lemma 3.6 will be bounded in Corollary 3.13 below; we
recall that they were introduced to treat certain types of variational crimes.

We will need the following regularity assertions for the solution (w, \) = T%?(xs, e) of the dual problem (26), which follow
from Lemma 2.7:

IWllgzz gy + IMlsg iy S 2lxs,elliza (43a)

Iwliporziey + Mg,y S B2 % lixs,ellizg VO <e<so—1/2 (43b)

3.3.1. Error analysis of w — wy, and X — X\, in the energy norms. The uniform inf-sup stability of the bilinear form A(, ")
(cf. Lemma 2.3) provides the following a priori bound:

Lemma 3.7 Let Assumption 2.5 be valid. Then, [|w — Wal[1(q) + A = Anlly-12¢ry < Chlixs,ell 2y The constant C >0
depends only on Q, Assumption 2.5, the shape regularity of T, Tr, and 2 through the coercivity constant of 2L and ||| (q)-

Proof: As observed in Section 2.6, the dual problem corresponds to a transmission problem and is hence covered by Lemma 2.3.
By the uniform inf-sup stability ascertained in Lemma 2.3, (v), we have the quasi-optimality (17). Combining the regularity
assertion (43a) with the approximation properties of Lemma 3.5 gives

. 1/2
1w = whlinay + 1% = Nlla-rzgry < € inf [l = Vil + 1% = Bllyrzgry] < CY2 Wl g ) +1Mleg_ ]
< Ch1/2h1/2||XSheHL2(Q)-

This concludes the proof. ]

The estimates of Lemma 3.7 allow us to control the terms b(u — Jyu, A — Xp), b(w — wh, @ — Jhp), c(@ — Jnp, X — Ap) that
appear in Lemma 3.6:

|b(u — Jhu, X — >\h)| + |b(W — Wh,  — Jh<p)| + |C((p — Jhp, A — >\h)| (44)
< Chlixs, ez [l = Jntlliry + 10 = ol |- (45)

Moreover, Lemma 3.7 yields the estimate
(D(u = Jnu), w — wi)r| < Chlixs,ell 2 llu = Jntll ey, (46)

which is a part of the term a(u — Jyu, w — wjp) in Lemma 3.6. Thus, from the terms appearing in Lemma 3.6, only the term
a(u — Jyu, w — wy) remains to be controlled. Its analysis is more elaborate and requires an analysis of w — wj, in weighted norms.
To see how this comes about, we fix D > 0 and write with a parameter € > 0 that will be selected later

AV (u — Jpt) - V(w — wy) + AV (u — Jpu) - V(W — wp) (47)
Sp Q\Sp

T-1/2— $1/2
S8V (u— JhU)HL2(sD)||5r/ V(W = wa)lli2(spy + IV (0 = Jnt)ll2gans ) IV (W = wi) [l 20 sp)-

la(u — Jhu, w — wp)| =

The choice Jyu = Jfu with the nodal interpolant Jfu of Lemma 3.5 puts us on familiar ground for the factors ||5~F1/275V(u -
Int)lli2(spy and V(v — Jpu)ll2(s,). Hence, we are left with estimating HS}-/QHV(W — wh)lli2(sp) and V(W — wi)ll2@nsp)
which is achieved in the subsequent Section 3.3.2. Although the parameter € > 0 is arbitrary at this point, we mention that we
will select € > 0 arbitrary (but small) for the case k > 1 and € = 0 for the lowest order case k = 1.
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3.3 Analysis of the dual problems: estimating w — wy and X — \p. 3 NUMERICAL ANALYSIS.

3.3.2. Error analysis of w — wy, and X\ — A\, in weighted norms. We estimate ||6~}/2+’5V(W — wh)ll12(sp) in @ manner that is
structurally similar to the procedure in [19] and also [24, Sec. 5.1.2]. Basically, we employ tools from local error analysis of FEM
as described, for example, in [29, Sec. 5.3] to control w — wj in terms of a best approximation in a weighted H-norm and a
lower-order term in a weighted L2-norm. The best approximation in a weighted H'-norm is estimated with a standard nodal
interpolant; the lower-order term in a weighted L2-norm requires more care and is handled in the following Lemma 3.8.

Lemma 3.8 Let Assumptions 2.5 and 2.9 be valid. With the regularized distance function 6r = 0r + h from (3) we have for
0<e<s—1/2

IA

1872 (W — wi)ll 120y Cih*2[1In 1) |[xs, ell 2oy, (48)
18725 (W — Wil < Coh®™|Ixs, elli2q)- (49)

A

The constant C1 > 0 depends on the same quantities as the constant in Lemma 3.7 and additionally on Assumption 2.9. The
constant C> > 0 depends furthermore on €.

Proof: Both estimates require yet another duality argument.
Proof of (48): Abbreviate e, := w — wj, and let (z, %) := T"%(§ e, ) denote the solution of the bidual problem

Az, v) = b(v.¥) = (b;lew, V) Vv e HY(Q), (50a)
b(z, ) + (¢, 1) 0 VYueH VXD, (50b)

From this, we get with v = e, for arbitrary Jy,z € V}, and Jyp € M,

L

z,ew) — b(ew, V)
z— Jnz, ew) + a(Inz, ew) — b(ew, ¥ — Inh) — b(ew, )

z— Jnz, GW) -+ b(JhZ, A — >\h) — b(eW, P — Jh'l,b) + C(Jh'l,b, A — >\h)
Z— Iz, €w) + b(Inz — 2. A — ) — b(ews % — Inth) + c(Inb — B, A — Ap)
b2 A — ) + (@ A — Ap)

5(2 — Jpz, GW) —+ b(JhZ —Z, = >\h) — b(ew, '(,[J — Jh'l,b) + C(Jh'(,[) — 'l,b, A — >\h)

T—1/2 2
18- eultoe =

(50a) ~

L

L

(

(

(422),(420) 3(
= a(

(50b)

This yields
T-1/2 2
1872 eullZzq@y S [I12 = Izl + 19 = Ibllu-vagr ] [Iw = wallingay + 1% = Aall-svzqry]

By virtue of Assumption 2.9 and hence the a priori estimate (33) of Lemma 2.10, we have

(z.9) = T3 ew) € BYL(Q) X Boo(1) with |zllg32 o) + [¥llsg_cry < 110 A1 2167 Zewll2()-

2,00

Lemma 3.5, (iii) yields

. 1/2 1/2 1/2 |5-1/2
ot = izl + 19 = Ibllvain ] £ 02 {12l o) + Wllag )] < V210 A 1B el e

By virtue of Assumption 2.5 and hence the a priori estimate (29) of Lemma 2.7, we have

(w,X) = T (xs,e) € By2(2) x BY () with IWllgarz ) + IMleg () S h? lIxs, elli2(0)-

2,00
With the quasi-optimality (17) of (w, \), we infer

lw = wallr) + X = Anlly=rr2ry S (J,,w,iJI:]:)eXh [HW — Wl + 1IN — Jh)\HHfl/Q(r)]

1/2
S B2 Wiz o + INleg_(r] S Blixs, el

Altogether, we arrive at
T-1/2
1672 ewlliz@y S b1 10 Al llxs, ell 2.

Proof of (49): Define the bidual problem as follows:

67 e, VYo Vv e HY(Q), (51a)
0 VmeH YA(). (51b)

a(z,v) = b(v,¥)
b(z, ) + (¥, )

12
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Then, we may proceed completely analogously as in the proof of (48) above. With the a priori estimate (35) of Lemma 2.10,
we obtain the bound ||z| /24¢(q) + [¥llHe, S ||6F1/2+sew|\Lz(Q). Therefore, classical approximation estimates give

pw

. T-1/2
ot llz = dhalingey + 19—l ] 0B el

We employ the a priori estimate (30) of Lemma 2.7 and argue as above to see
187 ewllizy S 2 [Iw = whllay + I = Nallv] < CH**llxs, ellezen.
This concludes the proof. O
We now turn to estimating ||5,1-/2+’5V(W — wi)lli2esp):

Lemma 3.9 Let Assumptions 2.5 and 2.9 be valid.
(i) There is a constants C1, C> > 0 such that
Ifk=1, then |I5/°V(w — wn)ll,20) < CilInAI*h*?||xs, ell 2(q-
Ifk>1ande € (0,5 —1/2] then  [|6/>*V(w — wh)ll,2(0) < C2h”**|Ixs, €l 2 (-
The constant Cy depends on the same quantities as the constant C1 of Lemma 3.8 and ||U||co1 ). the constant C2 > 0
depends on the same quantities as the constant C in Lemma 3.8 and additionally on ||| c1. -
(ii) For any fixed D' > 0, we have

2 ifk=1
IV(w = wi)lli2@s,) < Callxs,elliz) Bt ifks 1

The constant Cs > 0 depends on D' and on the same quantities as the constants Cy, Co in (i) for the cases k = 1 and
k > 1, respectively.

Proof: Proof of (i): The norm Hé?/ﬂgv(w — wh)|l2(q) is decomposed as

1672755 (w = wh)ll.2 @y < 167275V (W = wi)liags,,y + 16725V (W = wi) 2o (52)

ch)

for some fixed ¢ > 0 (determined below in dependence on 2 and the shape regularity of the triangulation 7g) and each of these
two contributions is estimated separately. We start with the simpler, first one:

Lem. 3.7
< h3/2+s

< h1/2+6|\V(W w2y S Ixs,elliz)- (53)

$1/2

1672555 (w — W)l 2(s,,y < (ch+ h)ZHIV (W = wh)ll s,y S

The second term, ||g,1—/2+£V(W — wh)ll 1(q\s,,) requires tools from the local error analysis in FEM. The Galerkin orthogonality
a(w —wn,v) =0 Vv € Vi N HG(Q)

allows us to use the techniques of the local error analysis of FEM as described in [29, Sec. 5.3]. This leads to the following
estimate for arbitrary balls B, C B,» with the same center (implicitly, r' > r + O(h))

(IV(w = wi)lli2s,) S IV(wW — JPI;W)HLZ(BH) + lw — whll2(s,). (54)

r'—r
where Jfw is a local approximant such as the one of Lemma 3.5. By a covering argument, these local estimates can be combined
into a global estimate of the following form, where for sufficiently small ¢; € (0, 1) (depending only on 2 and the shape regularity
of Ta)
1/2 1/2 —1/2
182459 (w = wi)l 2g@ns.y S 16725V (W = Jiw) l2@s, o + 1877275 (W — i) l2g@ns,, - (55)

An implicit assumption is that cich > 2h. We emphasize that € = 0 is admissible in (55).

We consider the cases k = 1 and k > 1 separately. _

For k > 1, we assume € € (0, so — 1/2] in (55). Employing in (55) the bound (49) for the term |6, (w— Wh)HLz(Q\SClch)
and the fact that k > 1 together with the approximation properties of Jf, we get for suitable ¢, € (0,1) (again depending only
on 2 and the shape regularity of 7q)

1/2+¢

. (49) _
1/2 1/2 k
167V (w — wh)ll2ens.y S 16777V (w — JEw)l2ans

2 1/2 3
< B VP w2 s

3/2
o F P lIxs, el
+ hPIxs, el 2 () (56)

CQClch)
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3.4 Proof of Estimate (38) of Theorem 3.4. 3 NUMERICAL ANALYSIS.

In this estimate, we have implicitly assumed that ¢ > 0 is sufficiently large so that c;cich > 2h. Combining Lemma 2.8, (ii),
(iii), and the regularity assertion (43b) allows us to conclude with yet another constant ¢z € (0, 1) (depending on Q and the
shape regularity of 7q)

Lem. 2.8 (ii)

1/2 3 —1/2 2
67/ Vi wWli@s,am S 17V Wle@gaqm
~1/2 2
S h / +£Hv WHL2(Q\C3CQClch) (57)
Lem. 2.8 (iii) 142
— €
N h HWHH3/2+£(Q) (58)
(435) —1/2+¢
S h s, ellizq)- (59)

Again, the implicit assumption on ¢ is that czccic > € with € given by Lemma 2.8. The final condition on c¢ therefore is
¢ > max{c/(acc3),2/(cic2)}. The above estimates, namely, the combination of (52), (53), (56), (59) shows for k > 1 and
€€ (0,50 — 1/2] that HS}-/HSV(W —wi)lli2@) S h3/2+5||X5heHLz(Q), which is the claimed estimate.

The case k = 1 corresponds to the limiting situation € = 0 in (55). The procedure is analogous to that for the case k > 1

except that we use ||6}/2V(W — J,'fW)HLz(Q\Sclch) S h|\5}/2V2W||L2(Q\5 y and then Lemma 2.8, (i) in conjunction with (43a).
—1/2

The contribution ||§"(w — Wh)||Lz(Q\5qch) is controlled with the aid of (48) of Lemma 3.8.
Proof of (ii): This follows more easily from (54). Since D’ > 0 is fixed, (54) leads by a covering argument to

cpcych

IV(w = wi)ll2s,y S IIV(W — JﬁW)HL?(Q\sDI,) + 1672 (w - wi)ll L2\ pn) (60)
for some D” > 0. Standard approximation properties of nodal interpolation
thWHHZQS!H ifk=1
IV(w = Jiw)ll2ens,n S 9 Lo @Aspm) (61)
b [wllps s,y i k> 1.

Interior regularity (note: —V - (AVw) =0 on Q\ Sp,) allows us to estimate

HWHHZ(Q\SD,,,) < HWHHl(Q) < hl/ZHXSheHLZ(Q)r and ||W||H3(Q\5Dm) S ||W||H1(Q) < h1/2||XSheHL2(Q) (62)

where we employed (43). The term ||5F1/2(W = wh)lli2(@\s,,) 1s bounded by h*%(|xs, ell 2@y by (49) of Lemma 3.8. Inserting

this and (61) in (60) yields the result. m]

3.4. Proof of Estimate (38) of Theorem 3.4.

Proof of Theorem 3.4, Estimate (38): Theorem 3.4 disregards variational crimes. Therefore, Lemma 3.6 applies with €1 =0
and g, = 0. Together with (44)—(46), Lemma 3.6 yields for arbitrary Jyu € Vi, Jpp € My:

Iyl S hllxs ellezay [l = htilnrzgry + 10 = Il | + (= Jous w = wh). (63)
Lemma 3.9, (i) provides

[Inhl*? ife=0

gl/2+£v wW—w < h3/2 e
llor ( h)HLZ(sD) ~ [Ixs, ||L2(Q) b ifec (0,5 —1/2] and k > 1

With (47), we hence get for the case k > 1 together with Lemma 3.9, (ii)

(47) ~ ~
[a(u — Jpu, w — wi))]| < 16,27V (u — JhU)HLZ(sD)Hé}/QHV(W —wi)lli2esp) + IIV(U = dht)l2@\sp) IV (W — wWi)ll 2o s,)
Lem<.3.9 T—-1/2—¢ 3/2+€ 1+sp
S [5rV — dlliasy) BT+ 190 = )l B0 s, el (64)

We choose Jpu = Jfu. From Lemma 3.5, we get

- InhlY2  ife=0
“1/2—¢ ok < pkioktl | :
ll6F V(u—=Jpu)llizsy S BV U||B;(12(Q) {hg e 0.

With this and standard approximation properties of J¥, we obtain

Lem. 3.5
o = . w =) (BT gy P+ BT iz s, el
k
STl g g Ixs ez, (65)
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3 NUMERICAL ANALYSIS. 3.4 Proof of Estimate (38) of Theorem 3.4.

where, in the last step, we employed the continuous embedding Bé‘jw(Q) C H*™(Q) and the assumption s, > 1/2.

The corresponding estimate for the lowest order case k =1 is
Jau =t w = )| S B2 0 B s g s €z (66)
Taking for Jy¢ a suitable (nodal) interpolant in (63), we get with k > 1 and sy > 1/2 from (65)—(66)

s, ell iz S H*2(1+ il In hDllull gsara gy + W20l g, oy (67)

This concludes the proof. ]

3.4.1. Extensions. Estimate (64) in the proof of Theorem 3.4 shows that we have actually obtained the following result:

Corollary 3.10 (best approximation property) Assume the hypotheses of Theorem 3.4. Then, for arbitrary Jyu €V}, and
Jnp € My, there holds:

(i) If k=1 then

T-1/2
lu—unllizs,y < B2 AM216 Y (u = Jhw)ll g + Allu = dntll ooy + Bll© — In@ll 172y

(ii) If k > 1 then for arbitrary € € (0,so — 1/2] and D > 0

lu—unllias,y S PPENEPTEV (= dpi)liagsy) + BRIV (0= ht) gy + Bllu = Intllprzry + llo = Jnpll vz

~

The constant C depends on the same quantities as in Theorem 3.4 and additionally on D and € in (ii). O

The statement of Corollary 3.10 (ii) for the case k > 1 suggests that the Bgf’/z-regularity of the solution is only required
near the coupling boundary I, while away from [ a weaker estimate is sufficient. The following result is meant to illustrate this
point; it does not lay claim on sharpness of the regularity requirements (in fact, the presence of the small factor h*=12 s a clear
indication of a lack of sharpness):

Corollary 3.11 (reduced regularity away from ') Assume the hypotheses of Theorem 3.4. Let k > 2. Let u € Bgf/z(sp) N
H*1(Q) for some fixed D > 0. Let ¢ € Hf, (). Then:

IN

3/2+k —-1/2
lu =iz < CHP2H [l grrnrns,) + 0% Nullie oy + lelig, )| (68)

A

k —
lo—nlly < CHY> ™ [lullgrrarg, + 1 Nullso ey + Nellg, ] (69)

The constant C depends on the same quantities as in Theorem 3.4 and additionally on D.

Proof: Follows from Corollary 3.10 (i), the assumption k > 2, the special choice Jyu = Jfu and Lemma 2.1. O

We recall that our proof of Theorem 3.4 does not assess the impact of variational crimes, i.e., it assumes €1 =0 and e, =0
in the Galerkin orthogonalities (36). As mentioned above, the terms €1, €2 were introduced in Lemma 3.6 in order to be able
to account for certain types of variational crimes. For their analysis, we need to address a technical issue, namely, the slight
mismatch between the regularity of the dual solution w available to us and the regularity needed for the trace operator to be
well-defined: we have w € B;{;(Q) but for Vw to have an L?(I")-trace on I, we need w € B;/f(Q), which is slightly stronger.

The following lemma shows that for w € Bgi’&(Q), one can construct a nearby function in the space BSEW(Q), which does
have a trace.

Lemma 3.12 Let Q C RY be a bounded Lipschitz domain with boundary I := 8Q and n € Np.

(i) Thereis C > 0 such that for every w € BSE/Q(Q) and every e € (0, 1], one can find we € H™™(Q) such that with 8 = %1/12

6
lw — well 2o +8n/(n+1)”W — Welln(a) + €l[We | i1y < Ce HWHBg;/Z ||Wa||ng1/2(Q) <C(1+] |n5|)||W||Bg§/2(Q)-

(70)

(O

(i) Fix & € (0,1]. Thereis C > 0 such that for every X € BS (") and every € € (0, 1], one can find \e € H*(I") such that

IX = Xell sy + 72X — ellsg ) + €llellscry < C51/2H>\||Bgyx(r), IXellizgry < CV/1 4] InellXlgg_r-
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3.4 Proof of Estimate (38) of Theorem 3.4. 3 NUMERICAL ANALYSIS.

The constant C > 0 depends only on 2, n, and §.

Proof: Proof of (i): First, we recall that the reiteration theorem [27, Thm. 26.3] allows us to define the Besov spaces
B3 4(2) by interpolation between Sobolev spaces H®(£2) and H%(2). We take specifically s1 =0 and s; =n+ 1. Then
Bg;l/Q(Q) = (L3(RQ), H™(Q))e.q with 8 = (n+1/2)/(n + 1). We recall the definition of the pertinent K-functional K(t, u) =
infyepntiio) |t — vili2@) + tlIVllant1q) and the corresponding interpolation norm from (1). By definition of the interpolation
"11/2(Q)), one can find, for every £ > 0, a function we € H™' () such that

2,00

space B
0
lw = welli2(q) + ellwellprinq) < Ce ||W||Bg§/2(g) and lw— WSHBQEQ(Q) < C||W||Bg§/2(g)- (71)

The first of these estimates follows from the definition, the second one is shown in [8, Lemma]. In order to complete the first bound
in (70), we recall that the reiteration theorem [27, Thm. 26.3] yields H"(Q) = (L3(%), 852/2(9))%2 with u=n/(n+1/2).
The interpolation yields inequality (2)

1-n/(n+1/2)
L2(9)

—n/(n+1

l[w — we ||F1/2) < 80/ (+1/2)) .
B

[lw — wellpn) S llw — well Byt @) ™

)0
g§/2(n) € HWHBSJ;OIQ(Q)
We turn to the second bound in (70). We first mention that, as it is shown in [13, Chap. 6, Sec. 7], we may replace the integral
over (0,00) in (1) by an integral over (0, 1). Next, we have the simple triangle inequality K(t, we) < K(t, w) + [[lw — Well;2(q).
A second bound for K(t, w.) is obtained by taking v = 0 in the defining infimum: K(t, we) < t]|we|lyni1(q). Put together, we
arrive at K(t, we) < min{t||wellpynii(qy, K(t, w) + [[w — well;2(q)}. We compute for we € H™1(Q)

€

- dt . dt _ .- - . dt
Wellggyny = [ R w) Gt [ oK w) G < e Ml + 6w = el + [ oK) G
2,1 t=0 t=¢ t=¢

(71) 0 o

1-6 _6-1
S &0 el gz g + 66 Wl ggiaragy + (14 NN Wl ggiregy S (L4 [Ine)wl g1

() )’

where we finally used ||we|| go+1/2 from (71).
2,00

(Q) S ||W||Bg+oi/2(n)

Proof of (ii): We proceed by similar arguments as in the proof of (i): We exploit the characterizations L?(I) =
(H™(I), H (")) 1/22 and BS (") = (H%(I"), H*(I"))1/2.0- From the properties of the K-functional, we get the existence of
Ae such that

1/2
A — >‘€||H*5(F) + E||>\£||/-/5(r) <Ce / H>‘||Bgyx(l')v A — >‘€||Bgyx(l') < CHA”Bng(I’)v

where the second bound follows again from [8]. It remains to bound |[Acll;2(ry. As above, we observe K(t Ae) <
min{t[Xellps(ry, K(EA) + [IX = Xelly-s(ry}- Hence,

2 ! —1/2 2 dt € 2 ! ~1/2 2 dt Yo 2
ellZ2r = O\t K| TS [ IDelug de+ 2R T [ I el dt
t= t= t=¢ t=¢

< elellfisgry + Inelsup [ 2K (e AP + e Ix = Aellsry S (1 TneDINIE_ .

from which the result follows. O

Theorem 3.13 (variational crimes) Let up € Hip (1) N HY(I) and ¢o € HE, (). Let (u, p) € X be the solution of (18)—(19).
Let (un, @n) € Xp be the Galerkin solution of (20) with uo and ¢o in (18) replaced by approximations Mfue and N~ ¢o that
have the following approximation properties:

B0 — Mstioll 2y + llto = Mt 2y < Copeh 2ol . (72)
_ k— k— k
h 1/ZH(i)O — Ty 1¢0||H*1(I') + H¢O — My 1¢OHH*1/Q(I’) < Capxh +1/2||¢0HH§W(I')' (73)
Under the assumptions of Theorem 3.4, it holds
k+1/2
lo =@l < ORI A [lull gy + ll gy + 10llug, oy + Iolls . (74)
k+3/2
||U - UhHL?(Sh) < Ch 2 [In hl [HUHB;IW(Q) + HUOHHS#(F) + ||‘P||ng(r) + ||¢0||ng(r)]- (75)

The constant C > 0 in (74)—(75) depends on the same quantities as the constant C in Theorem 3.4 and additionally on Capx.
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3 NUMERICAL ANALYSIS. 3.4 Proof of Estimate (38) of Theorem 3.4.

Proof: The Galerkin orthogonality (36) for the primal problem now includes the linear functionals
e1(v) == (¢o — My "o, v) + (D(wo — Miswio), v),
1
ex(®) = (5 ~ K)(un — Mhuo), ¥),

on the right-hand side. With Lemma 3.6, we observe that (63) then involves the summand &1(w;) — €2(Ap) on the right-hand
side. Recall that e = u — uj is the FEM-part of the primal error, and (w, A) € X is the solution of the dual problem (40) with
Galerkin approximation (wp, As) € Xp. Arguing along the lines of the proof of Theorem 3.4, Estimate (38), we see that additional

error terms
|61(Wh)| + |€2(>\h)|

Ixs,elli2)
arise. We now claim the following two bounds:
lex(wn)] S B2 1l luollggr ) + I9ollig )] s €llezca. (76)
2Ol S B2 10 b2 o 1, €l 2 50 (77)

(@) ~
provides an approximation we. € H?(Q) to w. (We still write we to avoid confusion with the Galerkin approximation wj.) The
estimates (70) take the form

From the a priori estimate (29) of Lemma 2.7, we obtain [[w|| g2 o) S h1/2||x5he|\Lz(Q). Lemma 3.12 with e = h*> and n=1
2,00

[lw — Well 2y + hlIw — wellppq) + R well iy S h3/2|\W|\B§{D2O(Q) < thXsheHB(Q), (78a)
||We|\53/12(m S linhl |\W|\B§{;(Q) S 2| lIxs,ellzi)- (78b)

Linearity of €1 yields
lex(wn)| < lex(w — wa)| + en(w — we)| + lea(we)l. (79)

For the first summand in (79), stability of the hypersingular operator D : HY/2(I") — H™Y/2(I"), assumption (72)—(73), and
Lemma 3.7 yield

lex(w — wa) = (o — Mo, w — wh) + (D(uo — M), w — wi)|
S 6o = boll-vaqry + o = Mol sz 1w = wall ey
(72)—(73)
k 2 k+1/2
S [h o ||¢0HH§W(/-) +h Y HUOHHS#(/—)] lw = wall ()
Lem.

<3'7 P12 [

~

ollg cry + el ry | s, €llezqen.

For the second summand in (79), we argue similarly, but rely on estimate (78a) to see

(72)~(73)
lex(w — we) S |:hk+1/2|‘¢0”H§W(I’) + th/ZHUOHHg;l(r)] [w = Well(q)
(782 k+1/2
S 2 gollug, o)+ luollggaen ] A lxs,ellizy.

For the third summand in (79), stability of D : L2(I") — H*(I") yields

lex(we)l = [{do— My o, we) + (D(uo — Miuo), we)|
< [0 = E Bollorry + lluo = Munllezgry] el ry
(72)—(73) P P
S [Pl i B g | el .

For the control of ||wel[1(¢r). we use (78b) and the continuity of the trace operator -y : B;I/f(Q) — L2(I) (see, [28, Thm. 2.9.1]
for the present case of polygons/polyhedra or [19, Lemma 2.1] for the case of Lipschitz domains) to get
1/2
Iellncry < 1llezqry + IV Wellizgry S 106l gy + IV Well gz oy S IWell oy S B2 10 s, el

Combining the last estimates, we arrive at
k k k
lex(wa)| S A*F*/2(1 4 | In h|) [h ol + h “HuOHst%r)] lIxs,ellizq).
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Figure 1. Domain Q C R? and initial triangulation into 12 triangles and 8 boundary segments for the numerical experiments in Section 4.

which is (76).
We now indicate the proof of (77): From the a priori estimate (29) of Lemma 2.7, we obtain H>\||Bg n S h1/2||x5he|\Lz(Q).

Lemma 3.12 with § = 1/2 and € = h provides A € HY?(I") with
IA = Xellg-172(ry + W2 X = >\a||3gyx(r) + bl Xell ey S W2 H>\||Bgyx(r) < hllxsyellizq). (80a)
elliogry S T AP INgs ) S B2 1082 lIxs, el q)- (80b)
Linearity of &, yields
le2(An)l < fe2(X = An)| + [e2(X = Ae)| + [e2(An)]-

We recall stability of K : H2(I") — HY?(I") as well as K : L2(I") — L2(I"). We use this, assumption (72), and estimates (80).
Arguing as for €1(wp), we obtain

(72)
k+1/2 k+1
le200)] S P2 0 sy [IX = Mall-vragry + TN = Aellyosregry ] + 1ol ry I ll2gry
Lem. 3.7 and (80), Kt1/2 41 12 12
S P2 ol sy B el + A luollggen iy 2110 B s, el oy
< R*32(1 + | In h|Y?) llvoll yesr ry sy elliz()-
This proves (77) and completes the proof. |

Remark 3.14 1. The estimate (72) can be realized by standard (nodal) interpolation. The estimate (73) can be achieved
by L2(I")-projection. Given that the space M), consists of discontinuous functions, this is again a local computation.
Hence, Corollary 3.13 shows that interpolating uy does lead to a method that, up to a logarithmic factor, preserves the
convergence rates of Theorem 3.4.

2. The proof of Theorem 3.13 shows that the logarithmic term can be removed if more regularity is required of up and ¢o
and correspondingly higher order interpolants are employed. n

4. Numerical results.

This section underlines the theoretical results of Theorem 3.4 and Theorem 3.13. Throughout, we consider the L-shaped domain
Q =1[(-0.2,0.2) x (0,0.4)]\[(—0.2,0) x (0,0.2)]
visualized in Figure 1. For an a > 0, we prescribe the exact solution (u, u®*) of (8) as
u(x, y) = 1000 - Re(z*) with z = x + iy, (81a)
u™(x,y) =Re (1/(z — v)) with z = x + iy and v = (0.1,0.1), (81b)
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error

—6— ||V(u~— Uh)HLZ(Q)
[lu— Uh”LZ(Q)

10 HUl/—z Uh”ﬂ(shs O(h°’?) -
—— Hh‘ (0 —on)ll2r ‘ ‘
10' 10° 10°

1/h

Figure 2. Performance of lowest-order FEM-BEM (k = 1) with o« = 3/2 in (81) for refinement levels £ =0, ..., 9.

where 20 is the identity, i.e., =V - (AVu) = —Au. We note that f := —Au =0 in Q resp. —Au™" = 0 in R\Q. The data f, uo,
and ¢ in (8) are calculated from the prescribed exact solutions. The exterior solution u®® is smooth in R\Q, while u has a
singularity at the lower left corner (0,0) of €2, whose strength is controlled by a. Away from this singularity, u is smooth, in
particular, near the reentrant corner (0, 0.2) of 2, where the solutions of the dual problem (26) and the bidual problem (32)
have a singularity.

With @ = 85" u®", the pair (u, ) is the unique solution of (18)—(19). By our choice of u®*, the function ¢ is edgewise smooth
and satisfies, in particular, all regularity requirements of the present work.

Remark 4.1 1. For o & N, the solution u in 2 has the regularity u € B;;’(Q). We will use oo = 3/2 for the case k = 1 and
a =5/2 with k =2, thatis, k+3/2=1+a andu € Bgi’/Z(Q). This regularity is marginally lower than what is required
in Theorem 3.4. Nevertheless, up to logarithmic terms (cf. Lemma 3.12 and the proof of Theorem 3.13) we expect the
results of Theorem 3.4 to hold.

2. The scaling factor 1000 in our definition of the solution u is chosen to ensure that the approximation of u dominates also
preasymptotically in the standard a priori estimate
lu = unlliry + le = @nlly-12m) S Jnf lu=Vviim@ + nf. e = wlly-12(r),
in particular for the case k = 2. A calculation gives:

a = 5/2 |U|H3(Q) ~ 2900, |<p|,_,2(r) ~ 867,
a = 3/2 |U|H2(Q) ~~ 828, |(p|H1(I') ~ 35.

Throughout, we consider a sequence of triangulations 7, that are obtained by uniform red refinement of the initial triangulation
Ta depicted in Figure 1. The boundary mesh 7r is always induced by the volume mesh 7 = Tq|r. The computations consider
meshes with #7q = 12 - 4% triangles and #7 = 8- 2% boundary segments, i.e., mesh-size h = 0.2 -27* for refinement levels
£=0,1, 2,.... Our computations are performed in MATLAB by means of the BEM library HILBERT [3]. The linear systems
are solved with the MATLAB backslash operator. The matrix entries, in particular of the BEM matrices, are computed analytically.
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error

—0— ||V (u — un)l2(e
—de— HU - UhHLZ(Q)
—— |

107 u - tnlliags, o) -
{7 (‘P“PhanL?(r) ‘ ‘
10’ 10° 10°

Figure 3. Performance of higher-order FEM-BEM (k = 2) with a = 5/2 in (81) for refinement levels £ =0, ..., 8.

In our numerical experiments, we let (up, @n) € Xp = S*1(Ta) x S*1°(Tr) be the Galerkin solution of

a(u,v) = b(v,o) = {(¢o+ DNy, v)r Yv e Vi, (82a)
b(u, ) + c(e. ) (¥, (1/2 = K)Nhuo)r) Vi € M. (82b)

Here, My : L?(I") — S**(7r) denotes the L*-orthogonal projection. We note that S*'(7r) = {v|r : v € S**(Ta)} is the
discrete trace space and that this choice satisfies the assumption (72) of Theorem 3.13 provided that uo = u — u®* and
¢o = (Vu—Vu®) - n are sufficiently smooth, i.e., o> k+1/2 in (81). Our actual choice a = k + 1/2 corresponds to a
limiting case, for which we still expect the convergence results to hold, up to logarithmic terms (cf. also Remark 4.1). The term
(o, v) in (82a) is treated by a high order Gaussian quadrature rule.

In our experiments, we consider the lowest-order case k = 1 as well as k = 2 and plot the errors

[lu— Uh||L2(Q)v

IV (u— uh)HLZ(Q)v

||h1/2(<P - (Ph)HL?(I')v

lu— unlli2s,). where Sp:=U{T € Ta : TNT #0},

versus the mesh size 1/h. In view of Theorem 3.13 we expect (up to logarithmic terms) ||V (u — up)ll 2y = O(h¥),
Ih2(0 — @n)lli2ry = O(R*TY/2), as well as [|u — upl|,2(s,) = O(h***/?). These rates are observed numerically in Figures 2 and
3 for the cases k = 1, 2, respectively.
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