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Wave-Number Explicit Convergence Analysis for
Galerkin Discretizations of the Helmholtz Equation
(extended version)

J.M. Melenk* S. Sauter!

Abstract

In this paper, we develop a new stability and convergence theory for highly indefinite
elliptic partial differential equations by considering the Helmholtz equation at high wave
number as our model problem. The key element in this theory is a novel k-explicit
regularity theory for Helmholtz boundary value problems that is based on decomposing
the solution into in two parts: the first part has the H2-Sobolev regularity expected
of elliptic PDEs but features k-independent regularity constants; the second part is
an analytic function for which k-explicit bounds for all derivatives are given. This
decomposition is worked out in detail for several types of boundary value problems
including the case Robin boundary conditions in domains with analytic boundary and
in convex polygons.

As the most important practical application we apply our full error analysis to the
classical hp-version of the finite element method (hp-FEM) where the dependence on
the mesh width h, the approximation order p, and the wave number k is given explicitly.
In particular, under the assumption that the solution operator for Helmholtz problems
grows only polynomially in k, it is shown that quasi-optimality is obtained under the
conditions that kh/p is sufficiently small and the polynomial degree p is at least O(log

AMS Subject Classification: 35J05, 65N12, 65N30
Key Words: Helmholtz equation at high wavenumber, stability, convergence, hp—finite ele-
ments

1 Introduction

In this paper we analyze the numerical solution of highly indefinite boundary value problems,
which arise, for example, when electromagnetic or acoustic scattering problems are modelled
in the frequency domain and discretized by Galerkin methods. As our model problem we
consider the Helmholtz equation at high wave numbers k.
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For low order h-version finite element methods, it is well-known that unique solvability
of the discrete problem is only guaranteed under very restrictive stability conditions. More
precisely, the minimal dimension N, e.g., of a P, finite element space has to satisfy N > k?¢
where d € {1,2,3} denotes the spatial dimension. In the present paper, we demonstrate
that it is possible to ensure stability and quasi-optimality under the substantially relaxed
condition N > k. A different way of stating this result is that quasi-optimality of a piecewise
polynomial based FEM can be achieved in a setting where (on average) the number of degrees
of freedom per wavelength is independent of k. At first glance, this seems to contradict the
results of [4] where it is proved that, for any (even generalized) finite element method, N > k¢
is not a sufficient condition to guarantee quasi-optimality in general. However, in [4] only
polynomial approximations of fized order have been considered and a key result of this paper
is that the polynomial order must be chosen in a wave-number dependent way in order to
derive optimal stability conditions.

This quasi-optimality result hinges on two observations. Firstly, as was already exploited
in [6,29,30,35], the proof of quasi-optimality of Galerkin methods for Helmholtz problems can
be reduced to the question of how well certain adjoint problems can be approximated from the
ansatz space. Secondly, approximability questions are closely related to regularity issues. The
key ingredient of the present paper, therefore, are new k-explicit regularity results for solutions
of the Helmholtz equation. These regularity assertions take the form of a decomposition
of the solution into a highly oscillatory, but analytic part uy and an “elliptic” part with
k-independent regularity properties. Although the constant in the regularity estimate for
uy depends critically on the wavenumber, it is the smoothness of the part uy that can be
exploited in numerical schemes. As the most important application, we illustrate this point
for higher order finite element methods by showing that, for domains with analytic boundary,
the condition

kh
— small  together with p > Clogk (1.1)
p

suffices to ensure stability and convergence if one makes the reasonable assumption that
the solution operator for the Helmholtz problem grows at most polynomially in the wave
number k. For polygonal €2, the condition (1.1) is modified in the sense that appropriate
geometric mesh refinement is required in small neighborhoods of the vertices. While an at most
polynomial growth (in k) of the norm of the Helmholtz solution operator is stipulated as an
extra assumption in our regularity theory (see Assumptions 4.7, 4.17 for the precise statement)
we believe it to be reasonable in view of known results for special cases such as Helmholtz
problems associated with star-shaped domains, [26,31], and numerical evidence, [28].
Helmholtz problems have been studied to a considerable extent in the past decades with the
ambitious goal of understanding the influence of critical parameters such as the wave number
and, in the case of numerical schemes, the choice of the discretization and its parameters.
Results in this direction include sharp estimates for the inf-sup constant of the continuous
equations, lower estimates for the convergence rates, one-dimensional analysis by using the
discrete Green’s function as well as a dispersion analysis for standard and non-standard finite
element discretizations (see, e.g., [2,3,5,6,8-10,12-15,17-23,29,33-35,39,40] and the references
therein). In spite of a large body of literature, it seems that an understanding of the behavior
of numerical schemes that is fully explicit in the wave number and discretization parameters
such as the mesh size h and the approximation order p is only available in very structured
situations such as one-dimensional cases or fully regular tensor-product situations. The present
paper considers a significantly more general situation and discusses the following three cases:



1. Bounded domains in R? (d € {2,3}) with analytic boundary and Robin boundary con-
ditions.

2. Exterior domains in R?, (d € {2,3}) with analytic boundaries and Dirichlet boundary
conditions.

3. Convex two-dimensional polygons with Robin boundary conditions.

For these three cases, we show (under the above mentioned assumption of polynomial
growth of the appropriate Helmholtz solution operator) quasi-optimality if the scale resolution
condition (1.1) is met. The same condition has already been identified in the companion
paper [30], where a simpler full space problem was analyzed.

The paper is structured as follows. In Section 2, we formulate the model Helmholtz prob-
lems and corresponding abstract Galerkin discretization. In Section 3, we briefly recapitulate
the general convergence theory where the stability and convergence follows from approxima-
bility of certain adjoint problems. In Section 4, which is at the heart of the paper, we present
a decomposition of the Helmholtz solution into a high-frequency and a low-frequency part.
The high-frequency part is in the Sobolev space H? but features k-independent bounds in
the H?-norm. The low-frequency part belongs to some high-order weighted Sobolev spaces
— irrespective of the fact that we only assume that the right-hand side f € L?(Q) has finite
regularity. The ability to decompose the solution of Helmholtz problems into such two parts
appears to be a general feature. Similar decompositions are developed in [28] for the solutions
of boundary integral formulations of scattering problems. Finally, in Section 5 we consider the
hp-finite element method as an example and show that, by a suitable choice of the polynomial
degree p, the condition N > k? ensures discrete stability and optimal convergence rates.

1.1 Function Spaces and Notation

We employ standard notation concerning Sobolev spaces, [1]. For a bounded Lipschitz domain
Q CR? de {23}, and k > 0 we introduce the following k-dependent norms:

[ull3q = k2||u||2L2(Q) + |u|§{1(ﬂ)7 (1.2a)
6l mon = [agan + Fllel ey (1.20)
[l amon = E 2uRnn + Il aron (1.20)

here, the norm (1.2¢) will only be employed for smooth 052 so that it is indeed well-defined.
A large part of the analysis will be concerned with domains with analytic boundary or
convex polygons. For ease of future reference we therefore introduce

Assumption 1.1 Q C R? d € {2,3} is a bounded Lipschitz domain. FEither it has an
analytic boundary or it is a convex polygon in R* with vertices Aj, j=1,...,J.

For domains €2 that have a smooth boundary or are polygonal (not necessarily convex),
we introduce the following short-hand:

{g € L*(09) : g is edgewise in H'/?} if Q2 is a polygon,

1/2 —
H,,7(09) = { HY?(09) if 0€2 is smooth. (13)



Furthermore, for domains satisfying Assumption 1.1, we require spaces of analytic functions,
specifically, the countably normed spaces introduced in [25]. These function spaces are defined
with the aid of weight functions ® F4 that we now define. For 3 € [0,1), p € Ny, and k& > 0

we set
p+03

|z
T hi Ipl+1
min {1, Y

For a polygon Q with vertices 4;, j =1,...,J, and given E} € 10,1)7, we define

®, 55(r) =min ¢ 1

J
®, 5,0 = [[®sulz—4)). (1.4)
i=1

If Q ¢ R? is not a polygon, then we set,
® 5ile) =1 (1.5)

ﬁ
for all p and any . We use the symbol V" to denote derivatives of order n, more precisely,
for a function u: Q — R, Q C RY, we write

V= Y DDt (1.6

a€eNg:|al=n

Definition 1.2 Given C,, v, k > 0, we set

B, (Coy) = {ue H'(Q)|[ulna < Ck A (1.7)
19 5 . V"*2ul 120y < Culymax{p, K} VpeNo},  (18)

where the weight functions ®p§ . are given by (1.4) if Q is a polygon and by (1.5) otherwise.

Of additional interest to us will be the unit ball in H?(Q2) and the subset of B3 (ee)
obtained by the scaling condition C', = 1: 7

7—{OSC (77 k:) : = B%Jf(]"’y)? (1'9)
Ha @ = {U € H* () : [0l 200y < 1}. (1.10)

We close this section with some general comment on constants: C' > 0 denotes a generic
constant that may have different values in different occurrences. However, it will not depend
on critical parameters. We will use the symbol “<” to compare two quantities A < B if there
exists a constant C' > 0 such that A < C'B, where C' is independent of the parameters k, p, ¢
(which will be introduced in the sequel) and — if A and B contain norms of functions — also
is independent of these functions. We write A ~ B if A < B together with B < A.

2 Model Helmholtz Problems and their Discretization

We start by introducing the three model problems that will be analyzed in the paper.
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2.1 Robin Boundary Conditions for a Bounded Domain
2.1.1 The Continuous Problem

Let Q Cc RY, d € {2,3}, be a bounded Lipschitz domain. The Helmholtz equation with
wavenumber

k>ko>0 (2.1)
is given by
~Au—Ku=f in . (2.2a)
As boundary conditions we consider Robin boundary conditions
g—z —iku=g¢  on 0. (2.2b)

The weak form is given by
Find v € H' (Q) : /VwVE—kzu@—i/ ku@:/fm/ gv Ywe H'(Q). (2.3)
Q o0 Q o0

Proposition 2.1 ( [29, Prop. 8.1.3]) Let Q be a bounded Lipschitz domain. Then, there is
a constant C' (0, k) > 0 such that for all f € (H'(Q)), g € H~Y/>(I), a unique solution u of
problem (2.2) exists and depends continuously on the data.

2.1.2 Abstract Galerkin Discretization

The conforming Galerkin discretization of (2.3) is based on the definition of a finite dimensional
subspace S C H' () and given by

Find ug € S': /Vus-Vv—k;?uS@—i/ kus@:/fv+/ gu Yoe S, (24)
Q o Q o0

2.2 Dirichlet Boundary Conditions for an Exterior Domain

Let Q C R? d € {2,3}, be a bounded domain and let Q¢ := R?\Q denote its exterior. For
f € L*(R%) with supp f C Bpg for some ball Bg of radius R, we consider the problem of
finding u such that

~Au—FKu=f inQ° ulon = g, (2.5a)
and the Sommerfeld radiation condition
O | = o (||x|| = ) as ||| — oo (2.5b)
or
is satisfied. We define the spaces
Vg = {u|QcmBR cu € HY (Qc)} and Vg := {u\anBR cu € Hp (QC)} ) (2.6)

Next, we will introduce the Dirichlet-to-Neumann operator. Let Bj, := Rd\B—R and I'p :=
OBpg. Tt can be shown that, for given h € HY/? (T'g), the problem:
A ) w =0 in BY,

on FR,

find w € H._(B%) such that
)— —lkw\ = o (IxI*®) fxll = o



has a unique weak solution. The mapping h +— w is called the Steklov-Poincaré operator
and denoted by Sp : HY?(I'g) — H}, (B%). The Dirichlet-to-Neumann map is given by
Tr := mSp : HY?(I'y) — H'Y%(I'y), where v, := 3/0n is the normal derivative trace
operator on I'g. The operator Ty allows us to restrict (2.5a) to a finite domain: Find u € Vy
such that
—Au—k*u=f inQ°NBg=:0%,
u=g on I, (2.7)
Ou/On =Tgu on [g.

The weak formulation to this problem is given by

Find v € Vg with u|y, =g : / (Vu - VU — k:QuE) — / (Tru)v = fo Yv e Vg
Q

g e,
(2.8)

c
R

Proposition 2.2 ( [31]) Let Q2 be a bounded Lipschitz domain which is star-shaped with re-
spect to the origin. Then, (2.8) admits a unique solution u € Vg for all g € HY?(T') and
f € Vi which depends continuously on the data.

2.2.1 Abstract Galerkin Discretization
Again the conforming Galerkin discretization is based on the definition of a finite-dimensional

subspace S C Vg and given by

Find ug € S with wuglyq = gs : / Vus-VF—kzusE—/ (Trug) v = / fv Yve SNVgp.
Q r Q

(2.9)

R

Here, gs € S denotes some approximation to g in (2.7).

3 Abstract Stability and Convergence Analysis

In this section, we identify in an abstract setting conditions on the approximation properties
of ansatz spaces that ensure quasi-optimality of a Galerkin discretization.

3.1 Variational Formulations and Adjoint Problems

Many Helmholtz boundary value problems can be cast in the following abstract form:

find u € V s.t. a(u,v) — b(u,v) = l(v) Yo e V. (3.1)

Here, the space V is a suitable subspace of a Sobolev space H'(Q2) that reflects the possi-

ble presence of essential Dirichlet boundary conditions. The sesquilinear form a : H'(Q) x

H'(Q) — C has the form
a(u,v) == / Vu - VU — k*u, (3.2)

Q
and the continuous sesquilinear form b encodes the boundary conditions. Finally, [ is a
bounded antilinear functional on V. For example, the model problems of Section 2.1 and
Section 2.2 (with additionally ¢ = 0) have this form: In the setting of Section 2.1, we may



choose O = Q, V = H'(Q) and b(u,v) =i [,, uT; in the setting of Section 2.2 with g = 0 we
have Q = Q5, V = Vi, and b(u,v) = [, Truv.

Of interest to us will adjoint problems associated with (3.1). That is, given an antilinear
functional [ on V', we consider

find u € V s.t. a(v,u) —b(v,u) =1(v) Yo e V. (3.3)

An important observation is that the adjoint problems for the Helmholtz problems of Sec-
tions 2.1, 2.2 are themselves Helmholtz problems:

Lemma 3.1 i Denote by Sy : (f,g) — u the solution operator for the problem of Sec-
tion 2.1. The adjoint solution operator S for the problem:

Find z € H'(Q) s.t. /(Vv-VE—k:QvE)—i/ v?=/v?+/ vg Yo € HY(Q)
Q 09 Q o0 (3.4)

is given by Si(f,9) = Sk(f, 7).

ii Denote by S5 : (f,g) — u the solution operator for the problem of Section 2.2. For
the special case g = 0, denote by S : f + z to the solution operator for the adjoint
problem

Find z € Vg s.t./
Q

(Vv -Vz — k%?) — / TrvZ = / vf Yo € Veo.  (3.5)
5 Ir s,

Then, S7"(f) = S; (7, 0).

Proof. We will only show (ii) since (i) is shown with similar ideas. By [30, Lemma 3.10]
we have for the adjoint 7% (with respect to the (-,-)z2(r,) inner product) the representation
Thz = Trz. Hence, (3.5) is equivalent to finding z € V¢ such that

Vv -Vz - k*z — / vIRZ = fu Vv € Vryo. (3.6)
Qs T'n s,

By replacing v with 7, we recognize that Z = S¢(f,0), which concludes the proof. m

3.2 Abstract Stability and Convergence Analysis

It is well-known that in the context of variational problems that admit a Garding inequality,
Galerkin methods are asymptotically quasi-optimal, i.e., quasi-optimality is ensured if the
ansatz space is sufficiently rich, (see [36], [7]). The following theorem restricts this general
setting to one that is applicable to Helmholtz problems and formulates an abstract condition
on the approximation properties of the ansatz space that guarantees quasi-optimality. In
particular, the model problems of Sections 2.1 and 2.2 (with ¢ = 0) are covered by the
following theorem.

Theorem 3.2 Let Q C RY, d > {2,3} be a bounded Lipschitz domain. Let V. C HY(Q) be a
closed subspace of H'(Q), and let the sesquilinear form a be given by (3.2). Let the following
additional hypotheses be true:



i b:V xV — Cis a continuous sesquilinear form with

[b(u, v)] < Collullnallvlne  Vu,veV. (3.7)

it There exist 0 > 0 and v > 0 such that the following Garding inequality holds:

Re (a(u,u) = b(u,u)) + 0k |ullf g = Yllullzg ~ VueV. (3.8)
1s The adjoint problem

find z €V s.t. a(v,z) = b(v, 2) = (v, f)r2() YoeV (3.9)

is uniquely solvable for every f € L*(Q). Let §; . f +— 2z denote this solution operator
with (possibly k-dependent norm)

Cogi i=  sup 15 flirea (3.10)

recz@noy 1fllzz@)

Let S CV be a closed subspace and define the adjoint approximability

HS/:f - UHH,Q

M= b o o T (310
Then, the condition
Okn(S) < m (3.12)
implies the following statements:
1. The discrete inf-sup condition is satisfied:
inf  sup 1A Zbw V) 7 >0 (3.13)

“ES\{O}UES\{O} ||u||H’Q||UHH7Q - 2"—’}//(1 +Cb) +29/<:Csmb )

2. The Galerkin method based on S is quasi-optimal, i.e., for every u € H there exists a
unique ug € S with a(u — ug,v) — b(u —ug,v) =0 for all v € S, and there holds

2 :
lu = uslro < ;(1+Cb)iggllu—vllw,n, (3.14)

lu—uslz2@ < (14 Co)n(S)||u— us|ne- (3.15)

Proof. The proof follows very closely the proofs of [30, Thms. 4.2, 4.3]. Details can be
found in Appendix B. =

Theorem 3.2 is applicable to the model problems of Sections 2.1, 2.2 with § =2 and v =1
as we now show:

Corollary 3.3 Let k > k.

i For the model problem of Section 2.1 the assumptions of Theorem 3.2 are satisfied for
the choices V.= HY(Q), 6 =2, v =1, and a constant Cy, > 0 that depends solely on Q.
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it For the model problem of Section 2.2 with g = 0 the assumptions of Theorem 3.2 are
satisfied for the choices V= Vg (see (2.8)), 0 =2, v =1, and a constant C, > 0 that
depends solely on kg and R.

In both cases, the constant Coq; is finite (but possibly k-dependent) for any k > ky.

Proof. To see (i) we note that b(u,v) = i(u,v)r290). By [30, Cor. 3.2] Cj is bounded
uniformly in k. By Lemma 3.1 and Proposition 2.1 the solvability of the adjoint problem is
ensured. ;jFrom Reb(u,u) = 0, it follows that the Garding inequality is satisfied with 6§ = 2
and v = 1.

To see (ii) we observe b(u,v) = f(’)BR Truv. [30, Lemma 3.3] give a bound for Cj, that is
uniform in &; additionally, [30, Lemma 3.3] provides Reb(u,u) < —CR | ul[Z2(5p,) < 0 so
that again # = 2 and v = 1 are valid choices. The unique solvability of the adjoint problem
follows again by Lemma 3.1 and Proposition 2.2. =

The usefulness of Theorem 3.2 rests on the ability to quantify the adjoint approximability
n(S) in terms of the wavenumber k and properties of the approximation space S. Since
n(S) depends on the solution operator S; of some adjoint Helmholtz problems, we need a
regularity for these operators in which the influence of k is made explicit. This is the purpose
of the following Section 4. There, we construct for the model problems of Section 2 for every
[ € L*(2) a stable splitting S5 f = Cra(f)ua s+ Crz(f)ug2(f), where uy ; € Hose(7, k) and
up2 ¢ € Hen and Cy 4(f) and Cp2(f) are constants; we recall that the spaces Hosc(7, k) and
Hen are introduced in (1.9), (1.10). Furthermore, we show that

Cuz:= sup |Cy(f)] < o0, Cra:= sup |Cra(f)] < oc.
feL?(Q)\{o} feL?(Q)\{o0}

Accepting this decomposition result for the moment, we can formulate

Lemma 3.4 The adjoint approzimability (3.11) is bounded by

1 (S) < Crana () + Crznpz (5) (3.16)
where
na(S):= sup inf |[v —wl,, and ng2(S):= sup inf |lv—w|,. (3.17)
vEH o (1,k)\{0} WES veH (@) W€
HUHH2(Q):1

Proof. Follows by the triangle inequality. We refer to [30, Lemma 5.10], where a similar
calculation is worked out. m

The important conclusion of Lemma 3.4 is that the stability and convergence estimates for
Helmholtz problems follow from two types of approximation properties: 74 (S) measures the
approximability of the Galerkin space S for analytic, highly oscillating functions and g2 (S)
measures the standard approximation property of S for H2-functions. We mention at this
point that our analysis in Section 4 will show that the constant C'y2 in (3.16) can be bounded
uniformly in & and that Cjy 4 in (3.16) will have—due to our assumptions—a polynomial
growth in k. We emphasize that estimates for 774 (S), ngz (5) involve neither any stability nor
any regularity issues for Helmholtz problems. Finally, we point out that Lemma 3.1 shows
that the regularity properties of the adjoint problems for our model problems of Sections 2.1,
2.2 can be inferred from those of the “original” model problems. The focus of the present
paper is therefore the regularity of these “original” problems.

9



4 Stable Decompositions of the Helmholtz Solutions

4.1 Preliminaries

In this section, we will develop the theoretical tools which will be used for the regularity
estimates of the Helmholtz problems.

4.1.1 Frequency Splitting

The key role for proving the refined regularity results are played by a frequency splitting
of the right-hand side and some estimates of the solution operators applied to the high and
low frequency part of the right-hand side. We start with introducing the frequency splitting.
For functions on R? the splitting is defined via the Fourier transform and, for functions on
closed surfaces of finite domains, it is defined via the composition of a lifting operator of the
boundary data with the frequency splitting for functions in R?. Recall the definition of the
Fourier transform for functions with compact support

() = F (u) (€) = (2m)"" / D) y (o) dr  VE € R

Rd

and the inversion formula

<
S
I
N
=

) () = (2m) Y2 / =0 o (6)de Vo € R

R4

e For functions f € L? (Rd) the high frequency filter Hra and the low frequency filter La
are defined by

Flgaf) = xmuF(f),  F(Heaf) = (1= xq) F(f), (4.1a)
where X, is the characteristic function of the ball B,;(0).

e Let O C R? be a bounded Lipschitz domain and let Eq : L*(Q) — L?*(R%) be the
extension operator of Stein, [38, Chap. VI|. Then for f € L? (Q) we set

Lof = (Laa (Eaf))lg and Hof := (Hza (Eaf))lq. (4.10)

e Let 002 be smooth or (in 2D) polygonal. We remind the reader of the space H;f(aﬁ)
introduced in (1.3) and define operators Hj, and LJ, as follows. For smooth boundaries,
there exists a lifting operator GV with the mapping property GV : H*(9Q) — H3/?+3(Q)
for every s > 0 and 0,Gg = g. For polygonal domains, we have the existence of
a simplified lifting operator GV : H,%,z(BQ) — H?(Q) with 8,GNg = g (see, e.g.,
Lemma A.1 for details).

We then define HJ}, and L, as follows:
Hio(g) = 0. Ha(GV(9)),  Lia(9) = 0uLa(GY(9))- (4.1c)

In particular, for both smooth domains and polygons, we have HJ, : H;l/uz (09) —
H2(09) and LY, « HplZ (0Q) — Hp2(09).
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Remark 4.1 One has significant freedom in the choice of the lifting operator GV. Here,
we selected GV independent of k. For the Dirichlet problem in Sec. 4.3 we will select the
corresponding lifting operator GP in a k-dependent manner. This could likewise be done
here and would alter the k-dependence for the “analytic” part in the decomposition result
Theorem 4.9.

Lemma 4.2 Let n > 1 be the parameter appearing in the definition of Hga in (4.1a). Then,
the frequency splitting via (4.1a) satisfies for all 0 < s’ < s the estimates

| Hea fll ot gay < Cors (nk)™ " || f]
|Hofll g iy < Cos (k)" || f]

If 92 is smooth, then the operator HY, satisfies for 0 < s’ <'s

Ho®e) Vf e H5(R?), (4.2)
Q) Ve H(Q). (4.3)

1509l 00y < Coris ()" 9]l 000 - (4.4)

For smooth or polygonal 992, we have for s' € {0,1/2} and s = 1/2

Hz,, (092) < C(nk‘i)s,_ngHHéf(aQ)' (45)

1 H 5091

In particular, in (4.2)-(4.5) one can select, for any s' < s and any q € (0,1) a parameter
n such that Cn~ =) < ¢ < 1.

Proof. For s > &' and f € H* (R?) it holds

[ Hya f|

ey < Co (1+161P) 17 (P

Rd\Bnk(O)

1 2s’
< Cysup tr
r>nk 1 ‘I’T s

/ (L4 ) 1F ()P < Gy (k)2 |1 )12
R\ B, (0)

He(R4) -

The corresponding estimate for Hg follows from the properties of Hyra and the continuity
properties of the Stein extension operator En. We mention in passing that this argument also
works for Lipschitz domains €.

The estimate (4.4) for the case of smooth 02 and 0 < s’ < s follow from the continuity
properties of the trace operator. The limiting case s’ = 0 is shown by a multiplicative trace
inequality by observing that for ¢ > 1/2 we have ||u||290) S HUHEQSAQC |u H}{/g?é (see, e.g., [27,
Thm. A.2] for a short proof). Using this with ¢ := s+ 1/2 and recalling the definition of HJ,
as in (4.1c)) we get

1/(2s+1)

||VHQGN9||1 1/(2s+1) ||VH GNg| Her (@)

S 12(0)
S (nk,) (s+1/2)(1-1/(2s+1)) HGN
<

(nk)~*llg]

Finally, we consider the case of polygonal domains Q@ C R2 The result follows by the same
arguments as above if one observes that the mapping v — d,v maps H%(Q) into H,%f(@Q). n

The low frequency part represents an analytic function as can be seen from the following
lemma.

||Hévgg||L2(aQ)

lmrsrzy S k) 1GY gll ooz
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Lemma 4.3 The low frequency parts of the splittings (4.1a), (4.1b) satisfy

IVPLgafl 2@y < (nk)" [fl2@ay VP ENo Vfe€ L*(RY), (4.6)
IVPLafll 2@y < C0R)Iflle@ YPENe VfeL*(Q). (4.7)

The constant C in (4.7) is independent of p, n, and k. If f € H*(Q)) for some s > 0, then the
following stronger estimates are valid:

IV?Lafll 2) < € (k)" (||

wy VI EH(Q) VpeNy, p=>s. (4.8)

Again, the constant C' > 0 is independent of p, n, and k.
For s > 0 the operator LY, is obtained as the normal trace to 92 of an entire function,
viz., LYog =n - VLo(GNg)|aq, where the entire function LoG" g satisfies:

o if 002 is smooth and g € H*(0N)) for some s > 0, then

19| 25 02
(kY=g mse) Y E€No, p>s+3/2

I LQGNQ I H3/2+s(Q)

S
IV LaGNgllr2@) S

e if Q) is a polygon, then

1 LaG" gl 20
VP2 LaGN g 120

5 ||g||H;1/H2(8Q)’

< R lgl e VP €N (4.9)
In particular for analytic boundaries O we have that L,g is an analytic function and for

polygonal Q, the function LY,g is piecewise analytic on OS).

Proof. We recall the multinomial formula 37, n! ?:1 g2 = (Zle ff)n Then, by

=n a!

Parseval’s relation we have, for all p € Ny,

IV Lo @) < ||VPLRdEQf||L2<Rd>=\/ / el 1B

< \// IEIPP= 1€l F(Eaf)P < C k)Y Ifll ey - (4.10)
By (0)

The estimates for LoGY g follow by definition. m
Note that the statements of Lemma 4.2 and 4.3 imply that the splittings f = Lof + Hof
and g = LY,g + HJ, are stable in appropriate scales of Sobolev norms.

4.1.2 Properties of the Solution Operators N, and S5

We consider the regularity for two types of problems.
1.) The Helmholtz problem in the full space R? with Sommerfeld radiation condition is
given by: Find U € HL_(R?) such that

(-A-kK)U=f iR’ (4.11)

12



and the Sommerfeld radiation condition (2.5b) are satisfied in a weak sense (cf. [32]). Here,
J/0r denotes the derivative in radial direction x/ ||x||. We assume that f is local so that
supp f C Bpgr for R > 0, where B denotes the ball with radius R about the origin. It
can be shown that, for given g € H'2(I'), the problem (4.11), (2.5b) has a unique solution

U € H, (R?) in a weak sense (cf. [24]). The solution can be represented as a acoustic volume
potential
Ux) = (Nuf) (@)= [ Gele=)f)dy  VoeR! (112)
R
where "
o =l
Gi(2) = { 3 (k[al) d=2.
oE d=3

In [30], it is explained that (N f)|q is the solution operator on finite domains €2 if Dirichlet-
to-Neumann boundary conditions are imposed at 0S.

2.) For a bounded domain 2 C R? with smooth boundary let S§* be the solution operator
for the Laplace problem with Robin boundary conditions, i.e., u = S&(g) solves

~Au+k*u=0, inQ, Opu —iku =g on 0€. (4.13)

In the following we will analyze the regularity properties of the solution operators N, and
S2. The following lemma is a direct consequence of [30, Lemma 3.4].

Lemma 4.4 (properties of N,) For f € L?*(R%) with supp f C Bg, the function u =

Ni(f) satisfies —Au — k*u = f on Bg. Additionally, for every q € (0,1) one can select n > 1
(appearing in the definition of the operator Hga as in (4.1a)) such that

INeHa Pl < K70l s (4.14a)

Nl S 16l (414b)

Lemma 4.5 (properties of S2) Let Q be a bounded Lipschitz domain. For g € H~/2(99),
let u = S2g denote the solution of (4.13). Then:

lule < N9lla-12000) (4.15)
lulne < k19l 00, (4.16)
lullzoo) S kgl (4.17)

If 0 is sufficiently smooth or if 2 is a convex polygon (in 2D), then the following shift theorem
is true: If g € H'2(0Q) if 9Q is smooth or if g € Hyl2(9Q) if Q a convex polygon, then

HUHH2(Q) N HQHH;@?@Q) + kl/QHQHL?(aQ)- (4.18)

Proof. The function u satisfies

/Vu-V@ijz/u@—ik/ u@z/ g Yo € HY(Q).
Q Q o0 G

13



Taking v = u and considering the real and imaginary parts separately yields immediately the
bounds (4.15), (4.17), (4.16).
Since u satisfies
—Au+ k*u =0, Opu = g + iku

the standard shift theorem (which is applicable for smooth 02 and convex polygons with
piecewise H'/2-Neumann data, [16, Cor. 4.4.3.8]) gives

lll iz S Klalzzq@ + Il gagzom + Kl zgony-
Using (4.16) we get (4.18). =

Lemma 4.6 (properties of S2 o HJ,) Let Q have a smooth boundary or let Q be a convex
polygon. Let q € (0,1), and let S be the solution operator for (4.13). Then there exists n > 1

defining the high frequency filter H), such that for every g € H;{f(@@) there holds
HSkA(Hé\S[).QWH,Q < qk_1||9HH;Q2(aQ)’
1S (Hoo) 2y S Hg”H},{f(aﬂ)'

Proof. The combination of (4.16) and Lemma 4.2 gives the first estimate. The second
estimate follows from (4.18) and, again, Lemma 4.2. m

4.2 The Case of a Bounded Domain with Robin Boundary Condi-
tions

We consider the following problem:
~Au—Kku=f inQcCR? Opu —iku=g¢ on 0. (4.19)

Assumption 4.7 The solution operator (f,g) — u := Sk(f,g) for (4.19) grows only polyno-
maally in k:

[l S E (1 Fll 2@ + lgllz200) (4.20)
for some a > 0.

Remark 4.8 Let Assumption 1.1 be valid. Then it is proved in [29] that (4.20) holds with
a =0 if Q is star-shaped with respect to a ball.

The goal of this section is the proof of the following result:

Theorem 4.9 (decomposition for bounded domain) Let Assumptions 1.1 and 4.7 be
ﬁ
valid. Then there exist constants C, v > 0, 3 € [0,1)‘] independent of k such that for

every f € L*(Q) and g € HI}L/E(@Q) the solution v = Si(f,g) can be written as u = ua + uge2,
where, for all p € Ny, it holds

lualree < Ch* (11 fllzz@) + 19l 3200y ) (4.21a)

H(I)nﬁkvaUAHL?(Q) < CPk* ' max{p, k}"*+? (HfHLg(Q) + Hg”Hﬁ{f(@Q)) , (4.-21b)

lurzlla2@) + Fllug e < C (Hf||L2(Q) + ||9HH;I/U2(39)) : (4-21¢c)

Concerning the weight functions <I>p G g We remind the reader of our convention introduced in
Section 1.1, namely, (I)p? L =1 if Q has an analytic boundary.

14



Proof. The proof is based on Lemmata 4.14, 4.15 below. By linearity of the operator Sy
it suﬂices to consider the decomposition of u = Sk(f,0) and u = Si(0, g) separately. Writing
fO = f we get for Si(f@,0) from Lemma 4.14 that

u= uf) + ug% + Sk(fM,0) for some fU e L?(Q),

where ufg), ug% satisfy the desired bounds and || fM| 72 < ¢||f ]| 120 for some ¢ € (0,1).

Hence, we may iterate and can write u as a sum of series (one of analytic functions and one
of H?2-functions) that can be bounded (in appropriate norms) by geometric series. For the
decomposition of Sk (0, g) we proceed completely analogously. m

I_{)emark 4.10 For the case of polygonal Q2 the Theorem 4.9 merely asserts the existence of
B € [0,1)7 with the stated properties. The proof of Lemmata 4. 14, 4.15 relies on [25]. A
closer inspection of the proofs there reveals that for convex 2, any ﬁ € (0,1)” may be chosen.

In view of Lemma 3.1, the following corollary is evident:

Corollary 4.11 Under the hypotheses of Theorem 4.9, the statement of Theorem 4.9 holds
verbatim for the adjoint solution operator (f,g) — Sg,(f,9) (see (3.4)).

Lemma 4.12 (analyt1c1ty of Sk(LQf, LYh9)) Let Assumption 1.1 be valid. Then there exist
constants C, K > 0, 6 € [0,1)7 independent of k such that, for every g € H;{f(a(l) and
f € L*(Q), the function uy = Si(Laf, LYyg) is analytic on Q and satisfies for all p € Ny the
estimates

lualree < Ck* (1 llz2@ + 190 172 0y ) (4.22)
1, 5, V" Puallize) < CKPmax{k,p+ 2}k <Hf||L2(Q) + ||9HH;{5(69)) - (4.23)

Proof. We first restrict our attention here to the case of polygonal 2 with edges I';,
Jj=1,..., Np, and remark on the case of analytic J€) at the end of the proof.

Let u = Si(Laf, L)y9). Set fi=Lof and § := = LYhg = 0,LaGNg. From Lemma 4.3 we
have that f is an entire function. Note that for any I'; there exists an open neighborhood T;
of T'; such that the normal n; : I'; — S; can be extended to an analytic function n;:T; — R?
(in the present case of a polygon, this is trivial since n; is a constant vector). We set G, :=
<n;, VLoGN g> and assume that the open neighborhood T of T'; is such that G; is analytic
on 7} (in view of Lemma 4.3, which asserts that G is an entire function, this is again trivial).
We note Gj|r; = g. Furthermore, from Lemma 4.3, we have the following estimates:

IVl S k)PIfl2e Y € No, (4.24)
1Gjllr2r) < IIVLaGVgllrz) < [ LaGN gl S 191l 2725 (4.25)

(4.9)
IV Gillemy S IV LGVl S k)P lgll 00 VP € Noo  (4.26)

Q)’

The bounds (4.25), (4.26) for p = 0 together with the multiplicative trace inequality give
19l 200) S ||9||H1/2(ao)' This bound together with (4.24) and Assumption 4.7 implies (4.22).
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The regularity estimate (4.23) will be derived by applying [25, Prop. 5.4.5, Rem. 5.4.6]
and estimating the constants therein. To that end, we set € := 1/k and note that u solves

—?Au—u=¢e*f onQ,

e20,u = ¢e(ej+iu) on 0N
Then [25, Prop. 5.4.5] is applicable with

Cr = 52||f“L2(Q)7 Ce, = 5||9HH1/2(8Q)7 Ce, =¢, Cy=0, C.=1,
V= 0(1)7 Va1 = O(l)’ VG, = 0(1)7 Yo = 0, Ve = 0,

resulting in the existence of constants C', K > 0 and ﬁ € [0,1)7 with
|2, 5 "2 Skaullzay S K72 max{p +2, b1+ (k7201 Lz + b lullra + K 19200 )

for all p € Ny. Inserting (4.22) and using o > 0, we arrive at (4.23).

For the case of analytic 02, we proceed analogously. The main difference is that is suffices
to consider a single tubular neighborhood T" of 02 and that the analytic extension n* of the
normal vector is no longer constant on 7. Therefore, the estimate (4.26) (we write G instead
of G;) is replaced with

V"Gl ) S 7 maas{o, ) lgl ey 0 € N

for a constant ~ that reflects the size of the domain of analyticity of n*. The remainder of the
proof follows the above arguments but appeals to [25, Remark 5.4.6]. m

Remark 4.13 The k-dependence in the estimates of Lemma 4.12 is likely to be suboptimal
for several reasons. We treated the contributions stemming from the boundary data g in a
rather generous way to treat the case of domains with analytic boundary and polygons in a
unified way. However, sharper estimates are available for the lifting GV for the case of smooth
domains than for the polygonal case, and therefore sharper estimates are possible for the case
of analytic boundaries.

One important motivation for our choice of the formulation of Assumption 4.7 was the
fact that it holds for a class of practically relevant situations.

It will turn out that the function u4 can be approximated exponentially well, e.g., by hp
finite elements so that the algebraic growth of the reqularity constant can be absorbed by the
exponential convergence factor and the exponential convergence of this part of the solution is
preserved.

Lemma 4.14 (properties of Si(f,0)) Let Assumptions 1.1 and 4.7 be valid. Let q € (0,1).

Then there exist constants C', K > 0, E € [O,l)J independent of k such that for every
f € L3(Q) the function u = Si(f,0) can be written as u = uq + uy> + U, where

luallne < CEfll2@),
1® 5 V" Puallze < CR'KPmax{p+2,k}""(|fll2@  Vp €Ny,
lumzlle < ak ' fllrz@,
lumzlm2@) < Cllfllrz@),
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and the remainder & = Sy(f,0) satisfies
—AU- KT =f,  0,u—iku=0,
where
1z < all fll 2@y

Proof. Define
u_IA = Sk(LQf, O), ung = Nk(HQf)
Here, the parameter n defining the filter operators L and Hg is still at our disposal and will
be selected at the end of the proof. Then, ul; satisfies the desired bounds by Lemma 4.12.
Lemma 4.4 gives

[uhellre < Ak f ez
||U£{2||H2(Q) N ||f||L2(Q)

Here, the parameter ¢’ € (0, 1) depends on 7 and is still at our disposal.
The function u! := u — (uy + u};.) solves

—Au' — E*u =0, Ot — ikul = ikul, — Opulpe. (4.27)

We note with the multiplicative trace inequality

. 1/2 1/2 _

ikt el roony S Kllukell gy e i) S kl/?Hu;an,Q S A k72| f || 2oy (4.288)

ikl iz S Flubalm e S ¢0F e (4.28b)

1/2 1/2
H@ uH2HL2 (99) S HVUIH?HB(Q) H H2(Q \/ ||fHL2(Q (4.28¢)
H8 “H2HH1/2 (8Q) S HUZQHHQ(Q) S Hf||L2(Q)' (4.28d)
This implies in particular

ikt = Ot ll 2 00y S 1F |20 (4.29)

Next, we define the functions v and u}}, by

U_I/I‘ .= Sk(o, LaQ(lkuiqz - anug'{2)>7
upe 1 = Sp(HG(ikul, — 0,ul,)).

Then, the analytic part u'} satisfies again the desired analyticity bounds by Lemma 4.12. For

the function ugg we obtain from Lemma 4.6 the estimates

Jupellne < ¢k iku. — Ontiggs |l 172000y S k7 fll 2@,
g 2@ S likul. — anuiszH;{f(aQ) S I llzz )

We now set uq = uly +uj and up2 = ul, + ul, and conclude for the function u :=
u— (uyg + uy2) that it satisfies

—AT - KU = f = 2k, Ot — ikt = 0.

For fwe compute
120y < 2k[|ufrellme S @'l fll2@)
Hence, by selecting ¢’ sufficiently small, we arrive at the desired bound. m
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Lemma 4.15 Let Assumptions 1.1, 4.7 be valid. Let q € (0,1). Then there exist constants
H

C,~v>0, g € [0,1)‘] independent of k such that for every g € H;{f(@ﬂ) the function

u = Sk(0,9) can be written as u = uy + ugz + u, where

||UA||H7Q < CkaHgHH;{U?(aQ)
19, 7, V" Puallzze) < CROT P max{p + 2,k gl /2 o0,
||UH2||H,Q < qkf_IHQHH;{f(aQ)a
lume || g2 < CHgHH},{f(@Q)’

and the remainder u = Si(0,9) satisfies
—AU - k=0 Ohu — iku = g,
where
151200 < 9051200

Proof. The proof is very similar to that of Lemma 4.14. Define

uLl : :Sk(O’LéVQg)>
ule 0 = SP(H509),

where S§ is the solution operator for (4.13). Then ul is analytic and satisfies the desired
analyticity estimates by Lemma 4.12. For u!,, we have by Lemma 4.6

[ R e (1] PRVETIS (4.30)

where the parameter ¢’ < 1 is at our disposal and depends on 7 defining H)}, and LJ;,. Hence,
the function u! := uly + !, satisfies

—Au — K2l = kQUHQ, O ul —ikul = ¢
together with
126l o) S Rl S 1y (4.32)

Next, we define v and u}}, by
U%z .= Nk(HQ( k‘zqu))
Here, in order to apply the operator Nk, we extend Hq (2k2uH2) by zero outside of ). By

Lemma 4.12 and (4.32), we see that u!j satisfies the desired analyticity estimates. For the

function ugg, we obtain from Lemma 4.4

_ 2
Il < ok 2K el < ¢ llukellren < 4K 9l 00

e llme@) S 112Kl S Ellukellne S g H9||Hl/2 09)"
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We set uy := uf4 +uf and uge = uIH2 + U%Q. Then uy and upy2 satisfy the desired estimates
and U 1= u — (u4 + ugy2) satisfies

—AU— kK*u =0, opu — iku =g := ikugg - 8nu2,2
with

8100 < Flibellmmen + 0] e,

S Ellubellre + HUEWHH%Q) N q/Hg”Héff(BQ)'

The result follows by selecting ¢’ sufficiently small. m

4.3 The Exterior Dirichlet Problem

In the present section, we study the problem (2.7) of Section 2.2. Throughout this section,
we will make the following assumption:

Assumption 4.16 1. 09 analytic
2. supp f C Bg for fized R.

We recall that the solution operator Si for problem (2.7) and the adjoint solution operator
S.”* have been introduced in Lemma 3.1. Concerning the mapping properties of S§, we will
make a polynomial growth assumption:

Assumption 4.17 The solution operator Si. for the Helmholtz problem (2.7) grows only poly-
nomaally in k:
lullrr Sk (1f 112 g) + Ellgllhy2mo0) (4.33)
for some a > 0 where
10113, = K2[lv]|Z2 (g + [0]Fn )

Remark 4.18 Assumption 4.17 is true with o = 0 for star-shaped 2. This is shown for the
case g = 0 in [31, Lemma 3.5]. The case g # 0 can be reduced to the case g = 0 via a lifting
argument in the standard way: Given g € HY*(0Q), Lemma 4.21 below gives a function u,

with ug|gn = g and —Au, — k*u, = —2k*u, on Q°N Bag. Using a suitable cut-off function x,
the function @ := xug satisfies |aoq = g, U = 0 outside a ball of radius R, ||t||,r S ||9]l1/2,1,00
and || — At — k@[ 1200 S Fllugllmr S Nglly2mo0-

The precise k-dependence of S is hard in general. Sharper bounds than the ones stipu-
lated in Assumption 4.17 are available for special geometries, e.q., circles and sphere in [32,
Thm. 2.6.2].

The main result of this section is a decomposition result for the solution of (2.7). We

show in Theorem 4.19 that the solution can be decomposed in a low frequency part with good
regularity constants and an analytic part which contains the high oscillations of the solution.
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Theorem 4.19 (decomposition for exterior Dirichlet problem) Let Assumptions 4.16
and 4.17 be true. For f € L*(0%) and g € H*?(99) the solution u = S§(f,g) of (2.5a) admits
a decomposition u = u4 + ug2, where for all p > 2

luallrgs, < K (||f||L2(Q§;¢) + ||g||1/2,H,8Q) ,
IVPuallzziogy S 77 max{p, kY (K 1flla(ag) + O + k) gl jamon)
lumzller S Wl”f”y(gﬁ) + g1 /24,00
umellm2s) S Hf||L2(Q%) + kllgll3/2.1.00-

Proof. The proof is a consequence of the lemmata of Section 4.5 by reasoning as in the
proof of Theorem 4.9. m

Corollary 4.20 Theorem 4.19 holds verbatim (with g = 0) for the adjoint solution operator
S.* in view of Lemma 3.1.

The following two subsections are devoted to the details of the proof of Theorem 4.19.

4.4 k-dependent Lifting operators for Dirichlet Problems

Lemma 4.21 (Lifting operator G” from 99 to Q°N Byg.) Let Q C R? be a bounded Lip-
schitz domain with smooth OS). Then the exists a trace lifting operator

GP . HY?(0Q) — H* (Q° N Bag)
such that, for any g € H?(9Q), the function u, = GPg solves
—Auy + k*u, =0, Q°N Bap, ugloo = g, UgloB,, =0
and satisfies for a constant C' independent of k:

[ugll#2r < Cligllizmon- (4.34)

If g € H32(0Q) then additionally
gl 2(0) < CEllglls/2ro0- (4.35)

Proof. 1. step: We start with an estimate on a tubular neighborhood of 0€). For a
univariate function v € H*(0,1), we get for § € (0,1) from v(z) = u(0) + [; v'(t) dt the bound

ol < € (VOlo(O)] + 81/ llz20.1) ) (4.36)

where the constant C' > 0 is independent of §. If we introduce the set S5 := {z € Q°| dist(x,0Q) <
0}, then the univariate result (4.36) implies

vl 22y < € (Vollollzony + Slvlm@enne) Vo€ H(Q N Bap),  (437)
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where, for sufficiently small §, the constant C' > 0 is independent of . Next, we select 6 = 1/k
and a cut-off function y € Cg°(R?) with x = 1 on 99, |[VIx||p~wey < CK, j € {0,1},
supp x N Q¢ C Sy . Then, we arrive at

Ixelber S (VRIUlzen + lolmenng) Vo€ H(Q A Br).  (439)

2. step: We recall that u, is the minimizer in the || - || 2z-norm over all functions that satisfy
the boundary conditions. Let w, solve

_Aﬁtq =0 on 2°N Bopg, ag|6ﬂ =49, %|532R = 0.

Then
gl @enBar) S N9l 12000 -

In view of (4.38) the function yu, satisfies

||Xag||H,2R S \/E||g||L2(aQ) + ||?7g||H1(anBgR) N ||g||1/2,H,8Q-

This shows the bound for ||ug||s,25-
3. step: To get the H? estimate, we use elliptic regularity to conclude

lugllrr2(enmany S K llugllza@enman) + 9l mszo0) < Ellugllrer +119llmszo0) S Ellglls/zmon,

which finishes the proof. m
We define the frequency splitting of the Dirichlet traces by means of operators Lé’% and

Hfll)%, as follows: For g € HY?(09), we let GP be the trace lifting operator of Lemma 4.21 and
then set ’ ; N i
LQ%,Q = (LQcmB2RG g) Qs H%g = (HQCOBQRG g)
009 Q9 20 209 a9 -

In view of the stability properties of the operators Locqp,,, Hacnp,y,, given by Lemmata 4.2,
4.3 we get (with n > 1 defining these operators)

c )
QR

(4.39)

b (4.8) 5 (4.34)
ILag gl wr S 11G7gllnr S l9lhj2mon (4.40a)
D (4.8),(4.34)
IV Lo gl 2205, < (k)Plglijesen,  ¥p € Ny, (4.40D)
b (4.3) 5 (4.34)
[Hae gllnr S I1G7glwr < llgllizmon (4.40c)
(4.3) (4.34)
D < -1 D < -1
||HQ§'39HL2(Q%) S (k)G 9||H1(QcmB2R) S (mk) Hg||1/2,H,aQ, (4.404)
(4.3) (4.35)
17 gllir S 0F) G gllazenm < 07 19lls/2m00, (4.40¢)
5 43 (4.35)
Q¢ gl H2(0¢,) ~ G| H2(Q°NBar) ~ gl13/2,H,0Q- .
[Hoe gllzgy S 1G9l S kgl (4.40f)

Remark 4.22 The trace theorem in the multiplicative form yields

[llyjo 00 S lullyg Vu € H' (Q%),
lullareon K~ lgogog) + lulln Vo€ H2 (25).
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Hence, from (4.40) it follows

(4-41)
180 orion S || S lglhsscan, (4.41a)
5 5 (h41)
|59l rion S |HE|,, = 07 lgllsszicon. (4-410)
D < -1|lgD b (441).(4-41)
#5000 eon & 4 [y 8], S Nollonmn: 110)

4.5 Proof of Theorem 4.19

Lemma 4.23 (analysis of S¢(Lqcf,0)) Let Assumptions 4.16 and 4.17 be satisfied. The
function u = S;(Lae f,0) is analytic on an open neighborhood of 25, and satisfies

IVPSi(Lac £, 0) || r20g) S k79" max{p, k}7|| f]| r200).

Proof. Note that by replacing R in (2.7) by 2R and denoting the corresponding solution
by usp it holds u = qu\% . As a consequence it suffices to apply from [25, Section 5.5]

a) the interior estimates and b) the local estimates at the boundary I' = 0. In other
words, [25, Theorem 5.3.10] directly applies to this situation. Rewriting the equation satisfied
by u as

—?Au —u = ?Lae f, e:=1/k,

and noting that e2Lq. f satisfies
IVP(Lae )l 2or) S 0K fll2@g) VP € No,

we may apply [25, Thm. 5.3.10] with £ = ¢ = 1/k, C. = 1, 7y = O(1), Cy = O(*||fll 2(s))
and kllul[z2enBag) + IVUll2@enpor) S 5N fllz2g) to get

IV 2l sy S KPmax{p + 2, K372 (k72 fll 2o + K~ ullor)

<
< KPmax{p+2, k}p+2ka_1Hf||L2(%) Vp € Ny,
where we exploited the assumption a > 0. m

Lemma 4.24 (analysis of S°(0, Lj,9)) The function u = Si(0, Ljng) is analytic on an
open neighborhood of 1, and satisfies

19600, Lol S k*llglly2m00,
||VPS§(07L899)HL2(Q§3) S (k‘i‘ka)’ypmax{p, k}p||9H1/2,H,aQ Vp > 2.

Proof. Assumption 4.17 gives us
ull#.r < ka+1||g||1/2,7-[,89-
Next, interior regularity as derived in [25, Prop. 5.5.1] gives

1972l @) S K7 max{p, k)2 ulle  Vp € No,
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where S is a tubular neighborhood of 9§ of width O (1). These are the desired bounds away
from 0€). For the behavior of u near OS2, we write u = 1'Z+L£%g and set f := —ALgﬁg—l—kQLg%g.
Then, (4.40) gives us
IVPLG: g1l 225 (k) Hglh2mon Yo €N,
IV? £l r2as,) (k) Hgll2mon Yo € No,

Near 09, the function @ satisfies —A# — k%t = —f together with @|sq = 0. Hence, (25,
Thm. 5.3.10] gives us

S
S

VP24 25y S max{p + 2, k3P (Kllgll1 20000 + & dllw.r) Vp € No.
This concludes the argument. m

Lemma 4.25 (decomposition of S¢(f,0)) Let g € (0,1). The solution u = Sg(f,0) can be
decomposed as u = uy + ug2 + U, where uy is analytic on Q%, uy2 € H*(QY), and

IVPuAllizgy S K57 max{p, kY | flagaq) . VP € No,

1
lumllnr S gk ||fHL2(Q‘IZ%)7
<

||UH2||H2(Q%,)

171 22,
Additionally, & = S¢(f,0) for a function f € L*(QS,) with
HfHL?(QC) < q[[fllz20e)-
Proof. Extend f by zero to R? (and denote again by f the extended function). Define
uly = Si(Lraf,0),  upn = Nip(Hgaf).

Then we know by Lemma 4.23 that u!, is analytic and satisfies the desired bounds. Lemma 4.4
implies that u},, satisfies (by choosing n suitably)

[ufellr < ak™H fllz2e), (4.42a)
lupellzzny S 1fllzze). (4.42b)
The function u! := u — (uYy + ul,,) satisfies
—Aul — B2l =0, Won = —UIHz|aQ-

The trace inequality gives us [[ujpllmzee S ¢6 7' fll2@e) and the multiplicative trace
inequality (cf. (4.29))

VEl[ulellze0) < lujsllng S ak7HIFllzo0)-

That is, we have ||ul. ||1/21.00 S ¢k~ fll22e). Furthermore, we have from the trace estimate
||UIHQ||H3/2(QQ) 5 ||u£{2 ||H2(BR) that ||UIHQ||3/27H759 S ]{?_1||f||L2(Qc). Let uH be the lifting Of u1|m
given by Lemma 4.21. Then:

WMo = ullon,
(4.34)
a0, r S gk fllzze),
" (4.35)
w52 () S llez@e,

Aut + K2t = 2k = f,
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and
I fllz2iey < 2R3 w20y S Ellulrer S all fllz2e)-

We now set ugq := uly, upg2 = ul, + " and note that the function @ := u — ug — up2 =
u—uly — “L? — u'! has the desired properties. Readjusting the constant ¢ concludes the

argument. H

Lemma 4.26 (decomposition of S{(0,g)) Let ¢ € (0,1). The solution u = Sg(0,g) can be
decomposed as u = u + ug2 + u with

||UA||H,R S ka||9“1/2,H,897
IVPuallrzg) < (k+ k)" max{p, k}*llgllizmoe VP22,
||UH2||H,R N ||g||1/2,H,BQa
HUH2||H,R N Q||9H3/2,H,897
|umellu2e) S Kllgllsj2men,

and u = S(0,9), where g satisfies

||§||3/2,H,89 Q||g||3/2,H,6Qa

<
<

"5"1/277-[78(2 QHQ||1/2,H,OQ'

Proof. We split g = L5,g + HL,g and define
uly = Si(0, Lyng),  ul = GP(Hpg),

where G” is the trace lifting operator of Lemma 4.21. The function u!; satisfies the desired
analytic regularity estimates (cf. Lemma 4.24). From (4.41), we get

|H gl 200 S 1lglli/2m00.
||H8DQg||1/27H,BQ S QHQHS/QJ-LBQa
<

I Hj0913/2.1,00 91l3/2,7,00,

where the parameter g € (0, 1) is still at our disposal. Lemma 4.21 gives

ul < |\|gP < { ||g||1/2,7-{,8§2; 4.43a
lugellr S [[Hoagllh2mee S Q||g||3/2,H,8§27 ( )
[l Mg < klHzogllszmon S klallsemen: (4.43b)
Hence, the function u' :=u — (u!y + ul;,) satisfies
—Au — B2 = 2kl uMpq = 0,
and from (4.43a)
k’||9||1/2H o825
12Kul g2y < & (4.44)
R akllg s 00
Next, we define
uly 1 = Si(Lac(2k%ul,,), 0),
UE{Q .= Nk<HQc<2l€2U£qz)),
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and get from Lemma 4.23 that u!} is analytic, more precisely,

||Vpuf}1||L2(Q}:%) < kP max{p, k}? || Loe2k ul;, Vp € No.

120
By using
2.1 2[,1 (20
HLQ(k uH2)HL2(Q%,) Sk HUH2HL2(Q%,) S kllgllzmen
we finally obtain
||Vpu_I}‘||L2(Q%) < By max{p, k}*| gl /21,00 Vp € Np. (4.45)

The function u}}, satisfies by Lemma 4.4

lugeller S ah™ K el 2 ag) S allgllizman,
" , (4.43a)
lumllmzeg) S IR gl 2(as) S Flugellir S akllgllspmon.
Set wa = uly +ulf and upz := uj, + uff,. The function @ :=u — (ua + upy2) satisfies
—Au — kz2ﬂ = 0, alag = —ng,
and, for s € {1/2,3/2},
@l s 200 = lufellsron S dllgllsmoo

Choosing ¢ appropriately concludes the argument. m

5 Application to hp-Finite Elements

The present section shows how the regularity theory developed in Section 4 is applicable in the
context of high order finite element spaces. We proceed in two steps: Section 5.1 quantifies
na(S) and ng2(S) (see Lemma 3.4). Section 5.2 applies these results to the specific examples
of Section 2.1, 2.2.

5.1 hp-FEM Approximation results for 74 and 7y2(5S)

This section is devoted to the estimates of the split adjoint approximation properties 74 (S)
and ng2 (S) in the case where S is chosen as an hp—finite element space.

We have performed the regularity theory in Section 4 for domains with analytic boundaries
and polygons. These two cases require different types of meshes that we now introduce.

5.1.1 Domains with Analytic Boundary

We adopt the setting of [11]. The triangulation 7}, consists of elements which are the image of
the reference triangle (in 2D) or the reference tetrahedron (in 3D). We do not allow hanging
nodes and assume — as is standard — that the element maps of elements sharing an edge or
a face induce the same parametrization on that edge or face. The maximal mesh width is
denoted by h := maxger, diam K. Additionally, we make the following assumption on the

element maps Fi : K — K.
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Assumption 5.1 (quasi-uniform regular triangulation) Fach element map Fx can be
written as Fx = Ry o Ag, where Ak is an affine map (corresponding to the scaling hyx =
diam K of the triangle K ) and Ry is an h-independent analytic map which corresponds to the
metric distortion at the possibly curved boundary. The maps Ry and Ax satisfy for constants
Coaffines Chetric, ¥ > 0 independent of h:

[ A% ooy < Catinehs  [1(A%) ™ oo () < Cattineh™
||(R/K)_1||Loo([}) S C1n’1etric> ||vnRK||Loo([?) S C1n’1etric’}/n7fl! Vn € NO'

Here, K = Ag(K).

Remark 5.2 Triangulations satisfying Assumption 5.1 can be obtained by patchwise construc-
tion of the mesh: Let T™*° be a fixed triangulation (with curved elements) with analytic
element maps that resolves the geometry. If the triangulation Ty, is obtained by quasi-uniform
refinements of the reference element K and the final mesh is obtained by mapping the subdivi-
sions of the reference element with the macro element maps, then the resulting element maps
satisfy the assumptions of Assumption 5.1.

For meshes 7}, satisfying Assumption 5.1 with element maps Fx we denote the usual space
of piecewise (mapped) polynomials by

SPHT) == {u € H' (Q)|VK € T), : u|g o Fx € P}, (5.1)
where P, denotes the space of polynomials of degree p.

Proposition 5.3 Let Assumption 5.1 be satisfied. Then for na, ng2 introduced in Lemma 3./
there holds

wizch(1+4) wioe((ghe) -+ (4)) (+4)

where C', o > 0 are independent of k, h, p:

Proof. The proof of both estimates are simple consequences of the procedure in [30,
Thm. 5.5]. m

5.1.2 Polygonal Domains

For simplicity, we restrict our attention here to a special situation, namely, affine, shape
regular triangulations of the polygon (2 that consist of (a) quasi-uniform triangulations (with
mesh size h) away from the vertices and (b) geometric meshes in an O(h)-neighborhood of
the vertices. We mention already now that h = O(p/k) will be a choice of particular interest.
We denote by A;, j =1,...,J, the vertices of the polygon (2. The ball with radius ch about
A, is denoted by By, (4;).

Assumption 5.4 For h > 0, L € N, 0 € (0,1) the mesh T,(L) is an affine, shape reqular
triangulation of 0 such that:

1. The restriction of T,(L) to Q\ (U_;B(A;)) is a quasi-uniform triangulation of that
set with mesh size h. Like the shape reqularity constants, the constant c is independent
of h, L.
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2. For each vertex A;, the set restriction of T(L) to By(A;) N is a geometric mesh with
grading factor o € (0,1) and L layers (see, e.g., [37] for the precise definition).

We mention that the smallest elements in the triangulation are those abutting the vertices
and they are of size h,.;, = O(hol). Furthermore, the number of elements in 7, (L) is given
by [Th(L)| = O(h™ + L).

Remark 5.5 The meshes of Assumption 5.4 are based on a geometric refinement in an O(h)-
neighborhood of the vertices. The corresponding hp-finite element spaces with suitable choices
of p, L, and h (see Theorem 5.8) can be regarded as spaces of (quasi-) minimal dimension
which lead to unique solvability of the arising Galerkin discretizations and to quasi-optimal
error estimates.

Further enrichments of these finite element spaces merely need to focus on the approz-
imability of the solution uw. Good choices of the mesh T and the polynomial degree p of the
enriched space depend on reqularity properties of the solution and can be selected either in an
a priori or an a posteriori way.

On the geometric meshes of Assumption 5.4, we consider the SP'(7;(L)) as defined in
(5.1). We have the following approximation results:

Proposition 5.6 Let 7,(L) be a triangulation of the polygon Q that satisfies Assumption 5.4.

Assume
= < G (5.2a)
p < C'L, (5.2b)
for some C,C" > 0. Then for some ¢, b, o > 0 independent of h, k, p there holds
N2 (S) < Cﬁ, na(9) < Ck ((hk)l—ﬁmin eckh—bp | (ﬂ)p) |
P Oop

where Bmin = min;_; 7 B;. (Recall that according to Remark 4.10 any (small) positive choice
of B; is admissible for convexr domains.)

Proof. Since the meshes 7, (L) are finer than quasi-uniform meshes with mesh size h, the
bound for ny2(S) follows by standard arguments.

To see the bound for n4(S), we apply the approximation theory of [25, Chap. 3]. Let
u € Hese (7, k) and define the approximation v € SPY(7,(L)) elementwise with the aid of
the operator II>° of [25, Thm. 3.2.20]: v[x o Fg = II°(u o Fi), where Ff is the element
map for K. We note that the elements of 7,(L) can be divided into two categories, namely,
those belonging to a geometric mesh near the vertices, 7%, j = 1,...,.J, and those in a
quasi-uniform mesh Th“mf of mesh size h.

Let us first consider the error © — v near the vertices. Let S be a fixed sector with apex
A;, where A; is a vertex of the polygon €. In the notation of [25, Chap. 3], the assumption
u € Hose (7, k) means u € Bé’l/k(S, Cy,7), where C, = O(1). Then, [25, Lemma 3.4.7] gives
(inspection of the proof of [25, Lemma 3.4.7] shows that it is applicable with H = O(h))

k*h? 2 2
Z ||u—v||31,K < (1—|- p4) Z p4||u—v||Loo(K)+||V(U—U)||L2(K)

geo geo
KeTj KeTj

21,2
< (1+ kpff )k2 {(hk)2—2ﬁj echh—bp 4 )7 (hkaL)z_zﬁj}, (5.3)
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where we applied Holder’s inequality for the first estimate. The constant b > 0 is independent
of h, k, and p. The factor (1 + k*h?/p*) can be bounded in view of the assumption (5.3) and
p > 1. Next, in view of the assumption on L in (5.3) we arrive at

D = wllfy i < K2 (kR)*A-Fecth e, (54)
KE/J}QGO

where we suitably adjusted the constant b > 0. This is the desired estimate for the elements in
77°. For the remaining elements in ’Z;L“mf , we proceed by standard approximation arguments

as follows. For each K € T,/ set

2(n+2)
Cr=>_ . 10— V" 2ul2 -
2y max {k,n} n, B,k (K)

n>0

Then,

> Ccr<2

KeT,(L)
Consider now an element K with ? := dist(K, A;) > ch for all vertices A;. Abbreviate
B := Pmin. Then we have, for all n € Ny, (cf. [25, Lemma 4.2.2])

min{1, &

n+p8
AR }) — RHS.  (5.5)

||V"+2u||L2(K) < Cg(27)" P max{n, k}" (max{l, 3

By distinguishing the three cases a) n > k, b) n < k together with n + 1 < (k + 1)0, and ¢)
n < k together with n +1 > (k + 1)9, we arrive at
RHS < Ckmin{1, k0}*7%(29)" "2 max{k,n/0}""? Vn € N,.

Combining now [30, Lemma C.2] with [25, Thm. 3.2.20] gives the existence of some C', o¢ > 0
such that for ¢ € {0,1}

h/a p+1 k,h p+1
Hu — a(K) < in{1 2-6 _ — . .

We next distinguish the cases 0 > 1/k and 0 < 1/k. For ® > 1/k we have in view of 0 > ch

(k+h~") min{1, ko}*~* (hi/a)pﬂ = (k+h™) (ﬂ)pﬂ <k ( h/o

00+h/d O'o-'-h/h Uo+h/0
o \'"P /7 mp TP . 1\’
< S A — S — < =g _-
~ k(ao+h/0) <Uo+h/0 S fmin{l, b/} cop + 1
1 p
< i 1-8
< kmin{l, hk} <CUO m 1) , (5.7)

where we additionally exploited the monotonicity properties of x — (z/(0¢ + 2))P~1*# and
p > 1 together with § > 0. For the case h <0 < 1/k, we have

2-p 2-13
(s b mind1, kP S 1) = Kk (§) S ki kny = ()
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Exploiting again the monotonicity properties of x + (z/(1 + x))P~'*P together with p > 1,
3 >0, and 9 > ch we conclude also for the case 0 < 1/k

oy + h/b cop + 1
Inserting the estimates (5.7), (5.8) into (5.6), we get

1 p p
]{ZHU — UHL2(K) + \u — U‘Hl(K) 5 CK]{? <1’I111’l{1, kh}l_ﬁ ( ) + <ﬁ> ) .

cog+ 1 oop

(k4—h—1)nﬁn{1,ko}2**<——ﬁ19——>p+lfgkrnnqi,kh}L*3< ! )p. (5.8)

By summing over all elements K that are in the quasi-uniform mesh ’];l“mf

2:Hmwﬁﬂﬁk@m%wm%<m;£Y+GﬂY) (5.9)

) oop
f
KET,:””

Combining (5.4) with (5.9) and appropriately adjusting constants proves the claim of the
proposition. =

5.2 Stability and Convergence Analysis of hp-FEM for the Model
Problems of Section 2

In view of the oscillatory nature of solutions of Helmholtz problems, it is reasonable to expect
that a minimal condition for stability is that the dimension N of the ansatz space has to satisfy
N = O(k%). The next theorem shows that, indeed, the polynomial degree p and the mesh size
h can be selected such that the resulting approximation spaces has dimension N = O(k?) and
at the same time ensures quasi-optimality of the Galerkin FEM.

Since we will refer to the same hypotheses several times in the section, we formulate them
as an assumption:

Assumption 5.7 i If the model problem of Section 2.1 (cf. (2.8)) is considered, then
Assumptions 1.1 and 4.7 are valid. The given data satisfy f € L*(Q) and g € H;{f(@ﬂ).
The discrete formulation (2.4) is used with an hp-FEM S. If Q has an analytic boundary,
then the hp-FEM space S described in Section 5.1.1 is used; If §2 is a polygon, then the

hp-FEM space S described in Section 5.1.2 is is used with the additional assumption
L=0(p).

it If the exterior Dirichlet problem (2.8) is considered, Assumptions 4.16 and 4.17 are
valid. The given data satisfy f € L*(Q%) and g =0 on OQ'. The Galerkin method (2.9)
with gs = 0 is based on the Vg o-conforming subspace of the hp-FEM spaces described in
Section 5.1.1. The DtN-operator Tg is assumed to be realized exactly.

Theorem 5.8 (discrete stability of hp-FEM) Consider the setup of Assumption 5.7. As-

sume k > ko > 1. Then there exist constants 6, C' > 0 that are independent of h, p, and k

such that the conditions LA
22 <d and p>1+Clogk (5.10)
p

!The assumption g = 0 is made here to avoid further consistency estimates. Note that, for the analysis, we
assumed g € H3/? (9Q) which can be transformed in the standard way to the case of homogeneous boundary
conditions by a trace lifting of g to some function u, € H? (Q%) and then modifying the right-hand side f.
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imply the following: The discrete problem (2.4) or (2.9) has a unique solution which satisfies

lu—uslly = 21+ ) nf [lu — vl

h .
lu—usll2q) < C;})EEHU_UHH;

here, Cy, and C' are constants that are independent of h, p, k, and f, g.

Proof. In the interest of brevity, we will not consider the case of geometric meshes and
restrict our attention to cases where quasi-uniform meshes that satisfy Assumption 5.1 are
appropriate.

JFrom Lemma 3.4 and Proposition 5.3 we conclude that

o <ofan () () ) eet) (1) e

Assumption 5.7 implies via Theorems 4.9 resp. 4.19 that the constants Cj 4, Cy2 may be
assumed to have the form

Croa= Ck®™ ' and Ch2 = C, (5.12)
where C'is independent of k, h,p. By Lemma 3.4, the stability condition (3.12) is therefore
satisfied, if

h P Eh\*  hk
k® + kot <—) +— <p, 5.13
(h + Uo) aop p g (5:13)

for some p > 0 that is independent of k, h, p. Without loss of generality, we may require that
p < 1. By selecting ¢ sufficiently small, we can ensure

kh kh
—<0<p/3, = <b)og<1/2.
p 0P

Finally, since the computational domain is bounded, we have h/(oq + h) < 6 < 1. Therefore,
the left-hand side of (5.13) can be bounded by

k0P 4 k1277 4 p/3.
This can be bounded by p if p > C log k for sufficiently large C. n

Remark 5.9 Let k > ky > 1. Selecting

~ 0
p:=1+ {Clogk} , h:= ?p
for the constants ¢, C>0 of Theorem 5.8, we see that stability of the Galerkin method can
be ensured with hp-FEM spaces of dimension N := dim S ~ (p/h)* ~ k?. In other words:
stability is given with a fived number of degrees of freedom per wavelength.
Let us compare this with the lowest order FEM, i.e., the choice p = 1. In this case, the

requirement (5.13) reads
k*h 4 kT (kh) + hk < p.

Even if we assume that o = 0, this condition leads to the condition k*h < 1 so that the
minimal number of unknowns of the Pi-finite element space is dim S*' ~ k2?. This illustrates
the substantial savings for the choice p =~ log k over the lowest order case p = 1.

30



In order to get explicit convergence rates we employ Theorem 4.9 resp. Theorem 4.19. Let
Cra = 2o + 190y

Proposition 5.10 Let Assumption 5.7 be satisfied and let kh/p < 1. For the Robin problem
on bounded domains (2.3) we get

e for analytic domains

h Coh \* kh \"
' _ < Doy pet [ 22 o
11)1€1£Hu Ul NCM{P " <<h+0'0) g <00P) >} (5142)

e for convex polygonal domains we assume (5.2) and obtain

~ h B
forp>1+Clogh  inf |u—vl, < Cyy {— 4RO () e e—cp} , (5.14b)
ve P

where Buin € (0,1) is as in (5.6) and, according to Remark 4.10, can be chosen
arbitrary small.

forp=0(1) inf llu— ol S Cry (h+ (k) k). (5.14c)

For problem (2.8), we obtain

h Coh \* kh \"
i — < = a-1 2 ki
ilelg |u— vl < Cro {p +k ((h n Uo) +k (%p) )} . (5.14d)

Proof. We consider first the Robin problem on bounded, analytic domains and define
Cia:=CCt k! and Cp2 := CC} 5, where C'is as in (4.21). Theorem 4.9 defines a splitting
u = uyg + ugz with the property that the scaled functions wuy4, ugz given by the conditions
Craua =ug and Crrugz = uge satisfy ua € Hose (7, k) and ugz € Hep.

Hence, by arguing as for (5.11) and using Proposition 5.3 we obtain

inf ||u — |, < C Iy e (hk)' P e~ 4k LAY
ves GRS P oop '

For sufficiently large C' = O (1) (in (5.14b)) the last term can be absorbed in the second term
and we obtain the assertion.

The proof of (5.14b) and (5.14c) is analogously and based on Proposition 5.6.

The proof for the problem (2.8) is analogous by using Theorem 4.19. m
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A Lifting

Lemma A.1 Let Q C R? be a polygon, where all internal angles are different from 0, 7,
and 2m. Then there exists a linear operator G : H;{,?(@Q) — H?*(Q) with 8,G = g and

|G 20 < CHQHH%(@Q)'

Proof. In the interest of brevity, we base the proof on the solvability theory in convex

polygons.

step 1: Let T be a (convex) triangle. Then one can infer from [16, Cor. 4.4.3.8] the existence
of C7 > 0 such that for every g € H;{f(@T) with faTg = 0 there holds for the solution
ue H*T) of

—Au=0 inT, Oyu=g¢g ondl, /uzO
T

the a priori bound ||u|| g2y < CT||g||H;{UQ(8T).
step 2: Let S = {(rcos¢|rsing)|0 <r < 20,0 < ¢ < w} with edges I'y, I'y meeting at the
origin. Set I'1 5 := {(r,0) |0 < r <6}, I'ys :={(rcosw, rsinw) |0 < r < J}.

For the case of a convex sector, i.e., 0 < w < 7/2, it is easy to construct with the aid of
the first step a bounded linear operator L : [[-_,{u € HY?(I;) | suppu C T; 5} — H?(S) with
OuLfrs ), = Fi G € {1.2)) 1LU )l < O Sy [ illvoce

For the case of a non-convex sector, i.e., m/2 < w < 2w, let §" := Bys \ S and let
E : H*(S") — H?(R? be the extension operator of Stein, [38, Chap. VI|. Then S’ is a convex
sector of the form considered above. Then it is easy to check that (E(L(—f1, —f2)))|s €
H?(S") has the desired lifting property for S.
step 3: Localizing with the aid of partitions of unity, we can reduce the construction of the
lifting to the question of liftings from an infinite line to a half space and from two edges
that meet at a common vertex V' to the enclosed sector. The first case is well-known (see,
e.g., [16, Thm. 1.5.1.2]). The second case is covered by step 2. m

B Proof of Theorem 3.2

We present the proof of Theorem 3.2.
Given u € S, define z € V by 0k*Sfu and let zg € S be the best approximation to z in
the || - [[-norm. Then:
Re (a(u,u+ 2) — b(u,u+ z)) =
Re (a(u,u) — b(u,u)) + 9k2||u||%2(9) +Re (a(u, 2) — b(u, z) — 9k2||u||%z(9)>

S

-~

>yllull?, =0
With the preparatory consideration, we compute

Re (a(u,u + z5) — b(u,u + zg)) =

Re (a(u,u+ 2) — b(u,u + 2)) + Re (a(u, zs — 2) — b(u, zg — 2))
ullp; = (1 + Co)llullllz — 25l

Yl — (1 + Co)llullwn(S) 0k ||ull 2 (@)

(v = (1 + Co)0kn(S)) [lull3,.

AVARAVANLYS

32



Furthermore, we have

lu—zslln < lulls+ 1z = zsllr + ||2]
< Nullw + 0k ull 2@ (S) + 0k*Cagsllull 22
< (14 0kn(S) + 0kCagy) [|ull3,
so that
nf sup Rea(u,v) — b(u,v) > 2= (14 Cy)0kn(S)
0#&650;&1)65’ HUHHHUHH 1 +91{37](S) +9kcadj

.,
2+ /(1 + Cy) + 20kClg

This shows (3.13).
We next show the L?-bound (3.14). To that end, denote e := u — ug and define ¢ := S}e
and let ©g € S be the best approximation to ¥. Then in view of the Galerkin orthogonality

lellz) = ale,v) —ble, ) = ale, ) — bs) — ble, ¥ — 1)
< 1+ C)ellullv = vslln < (14 Co)n(S)lellxllell z2)-
Hence,
lellz2@) < (1 + Co)n(S)|lelln

which is (3.14). To infer from this a bound for |||z, we notice that Galerkin orthogonality
gives for arbitrary v € S

el < Re(ale,e) = ble,e) + 0k ellfaq ) = Re (ale,u—1v) = ble,u—v) + 0k |ellfzqq
(14 C)llelllu = vl + 082 )32

(1+ Cy)llellllu — vl + OFle]l 2 ykllell 2 o)

(1+ Gy)llelhllu = ollrc+ 6(1 + Cy)kn(S) el

(1+Gy)

L+ Cy)llellellu = vlls + /2 el

VAN VAN VAN VAN VAN

We conclude the desired estimate (3.14) for |le||y
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