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Chapter 1

A new proof for existence of H-matrix
approximants to the inverse of FEM matrices:
the Dirichlet problem for the Laplacian

Markus Faustmann, Jens M. Melenk, and Dirk Praetorius

Abstract We study the question of approximability of the inverse of the FEM stiff-
ness matrix for the Laplace problem with Dirichlet boundary conditions by block-
wise low rank matrices such as those given by the H-matrix format introduced
in [Hac99]. We show that exponential convergence in the local block rank r can
be achieved. Unlike prior works [BHO3, B6r10a], our analysis avoids any a pri-
ori coupling r = O(|log h|) of r and the mesh width h. Moreover, the techniques
developed can be used to analyze other boundary conditions as well.

1.1 Introduction

The format of H-matrices was introduced in [Hac99] as blockwise low-rank matri-
ces that permit storage, application, and even a full (approximate) arithmetic with
log-linear complexity. This data-sparse format is well suited to represent exactly
sparse matrices arising from discretizations of differential operators and to represent
at high accuracy matrices stemming from discretizations of many integral operators,
for example, those appearing in boundary integral equation methods.

The inverse of the finite element (FEM) stiffness matrix corresponding to the
Dirichlet problem for elliptic operators with bounded coefficients can be approx-
imated in the format of H-matrices with an error that decays exponentially in
the block rank employed. This was first observed numerically in [GraOl]. Us-
ing properties of the continuous Green’s function, [BHO3] proves this exponen-
tial decay in the block rank up to the discretization error. The work [Bor10a] im-
proves on the result [BHO3] in several ways, in particular, by proving a correspond-
ing approximation result in the framework of H?-matrices. Whereas the analysis
of [BHO3, Bor10a] is based on the solution operator on the continuous level (e.g.,
by studying the Green’s function), the present approach works on the discrete level.
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The exponential approximability in the block rank shown here, is therefore not lim-
ited by the discretization error. Moreover, in [BH03, Bor10a] the block rank r and
the mesh width h are coupled by r ~ |log h|, which is not needed in our case,
since we prove an error estimate explicit in both r and h. We mention that the re-
sult presented here can be generalized in various ways. First, [FMP12b] shows that
with similar techniques other boundary conditions such as Neumann boundary con-
ditions can be treated, which was not done in [BHO3, Bor10a]. Second, [FMP12a]
illustrates that approximation results for the inverses of discretizations of first kind
boundary integral operators can be obtained with the techniques employed here.

1.2 Main results

Let 2 C RY, d € {2,3}, be a bounded polygonal (for d = 2) or polyhedral (for
d = 3) Lipschitz domain with boundary I" := 0f2. We consider the bilinear form
a: Hi(2) x H}(2) — R associated with the Poisson problem and given by

a(u,v) := (Vu, Vv), (1.1)

where (-, -) denotes the L?({2)-scalar product. For its discretization, we assume that
{2 is triangulated by a quasiuniform mesh 7, = {T1,...,Tn, } of mesh width
h := maxr, c7;, diam(T}). The elements T); € Ty, are triangles (d = 2) or tetrahedra
(d = 3), and we assume that 7}, is regular in the sense of Ciarlet. The nodes are
denoted by z; € N}, fori = 1,..., Ny. Moreover, the mesh 7}, is assumed to
be ~y-shape regular in the sense of diam(7};) < «|T;|*/? for all T; € T. In the
following, the notation < abbreviates < up to a constant C' > 0 which depends
only on (2, the dimension d, and ~-shape regularity of 7. Moreover, we use ~ to
abbreviate that both estimates < and 2 hold.

For the sake of definiteness, we consider the lowest order Galerkin discretization
of the bilinear form a(-, -) by piecewise affine functions in S3'* (75,) := SV (75,) N
Hg(82) with SY1(Tp) = {u € C(2) : u|y, € P1,VT; € Ty}, taking as the
basis of Sol’l(ﬁ) the classical hat-functions associated with the interior nodes of
the triangulation. This basis is denoted by By, :== {¢); : j=1,...,N}.

The Galerkin discretization of (1.1) results in a symmetric, positive definite ma-
trix A € RV*N with

Our goal is to derive an H-matrix approximation By of the inverse matrix B =
A~'. An H-matrix By is a blockwise low rank matrix based on the concept of
“admissibility”’, which we now introduce:

Definition 1 (bounding boxes and 7n-admissibility). A cluster 7 is a subset of the
indexsetZ = {1,..., N}.Foracluster 7 C Z, we say that Bg, C R%is a bounding
box if:
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(i) Br, is a box with diameter R,
(i) supp ¥; C Bg, forall: € 7.

Letp > 0. A pair of clusters (7, 0) with 7,0 C Z is n-admissible, if there exist
boxes Br_, Br, satisfying (i)—(ii) such that

maX{RTaRo’} < ndiSt(BRq—7BRa)' (12)

Definition 2 (blockwise rank-r-matrices). Let P be a partition of Z x Z. A matrix
By € RVXN s said to be a blockwise rank-r matrix, if for every n-admissible
cluster pair (7,0) € P, the block By|;x, is a rank-r-matrix, i.e., it has the form
Bylrxo = X0 YL with X, € RI7*" and Y,, € RI?I*". Here and below, ol
denotes the cardinality of a finite set o.

The following theorems are the main results of this paper. Theorem 1 shows that
admissible blocks can be approximated by rank-r-matrices:

Theorem 1. Fix ny > 0. Let the cluster pair (T,0) be n-admissible. Fix ¢ € (0,1).
Then, for k € N there are matrices X, € RITIxr y_ e Rlolxr of rank r <
Caimq ™ “k1 with

||A71|7‘><0' - XTO'YZ

oy < Capx(1+n)h ™", (1.3)

The constants Capx, Caim > 0 depend only on (2, d, and ~y-shape regularity of T

The approximations for the individual blocks can be combined to gauge the approx-
imability of A~! by blockwise rank-r matrices. Particularly satisfactory estimates
are obtained if the blockwise rank-r-matrices have additional structure. To that end,
we introduce the following definitions.

Definition 3 (cluster tree). A cluster tree with leaf size njcas € N is a binary tree
Tz with root Z such that for each cluster 7 € Tz the following dichotomy holds:
either 7 is a leaf of the tree and |7| < njeat, or there exist so called sons 7/, 7 € T,
which are disjoint subsets of 7 with 7 = 7/U7". The level function level : Tt — Ny
is inductively defined by level(Z) = 0 and level(7’) := level(7) + 1 for 7’ a son of
7. The depth of a cluster tree is depth(Tz) := max,cr, level(r).

Definition 4 (far field, near field, and sparsity constant). A partition P of Z x 7
is said to be based on the cluster tree Tz, if P C Tz x Tz. For such a partition P
and fixed > 0, we define the far field and the near field as

Proy :={(1,0) € P : (7,0) is n-admissible}, Phear := P\ Prar-

The sparsity constant Cg;, of such a partition is defined by

Csp = max{max|{a€'ﬂ‘z i T X0 € Peay}|, max [{T € Tz : TXO'EPfaI}l}.
T€TT ceTr



4 Markus Faustmann, Jens M. Melenk, and Dirk Praetorius

The following Theorem 2 shows that the matrix A~! can be approximated by
blockwise rank-r-matrices at an exponential rate in the block rank 7:

Theorem 2. Fix n > 0. Let a partition P of T x T be based on a cluster tree T.
Then, there is a blockwise rank-r matrix By, such that

_ppt/ @+

|A™" = By||, < CapxCip(1 + n) Ndepth(Tz)e (1.4)

The constants Cypx, b > 0 depend only on (2, d, and y-shape regularity of Tp.

Remark 1. Typical clustering strategies such as the “geometric clustering” described
in [Hac09] and applied to quasiuniform meshes with O(NN) elements lead to fairly
balanced cluster trees Tz of depth O(log N) and feature a sparsity constant Cy,
that is bounded uniformly in /N. We refer to [Hac09] for the fact that the memory
requirement to store By, is (9((7’ + Nieat) NV log N).

Remark 2. Using h ~ N~/ and ﬁ < |JAl, S Y271 = N(d=2)/C2d) ye
get a bound for the relative error ’

|A™" = B,
A=,

EETRVICESS)
e br .

5 Capxcsp(l + U)N(d+2)/(2d)depth(']TI) (1.5)

1.3 Approximation of Galerkin solution on admissible blocks

In terms of functions and function spaces, the question of approximating A =1 |,y , ~
X.o YL by alow-rank factorization can be phrased as one of how well one can
approximate the solution ¢ from low-dimensional spaces on Bp_ for data sup-
ported by Br_. In order to study this question, we consider the question of finding
¢n € Sy’ (Th) such that

a(n, ¥n) = (Von, Voor) = (f,n) Y € Sg™ (Th) (1.6)

with supp(f) C Bg, . By coercivity of a(-,-), the solution ¢y, is well-defined. In
the following, we extend the Galerkin solution by zero outside of {2 and denote this
extension by ¢y, as well. Due to the boundary conditions, this extension belongs to
H*'(BRg, ). For n-admissible cluster pairs (7, o), the restriction of the solution ¢, to
Bpr_ can be approximated from a low-dimensional space. The heart of the matter is
stated in the following:

Proposition 1. Fix n > 0. Let the cluster pair (1, o) be n-admissible. Fix q € (0, 1).
Then, for each k € N there exists a sequence Vi of spaces with dimVj, <
Caimq~ kL such that for arbitrary f with supp(f) C Bgr, N £, the solution
on of (1.6) satisfies

525}16 [on = vllz2(Br.) < Chox(1 + n)qkllfHL?(BRgﬁQ)- (1.7
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The constant Cgiyy, > 0 depends only on §2, d, and ~y-shape regularity of Ty, while
Chox > 0depends only on (2.

The proof of Proposition 1 will be given at the end of this section. The basic
steps are as follows: First, one observes that supp(f) C Bgr, N {2 as well as the
admissibility condition dist(Bg., Br,) > 7~ ! max{diam(Bg. ), diam(Bgr,)} >
0 imply the orthogonality condition

(Von, Von) = (f.0n) 125, ey =0 Von € Sg (Th), supp(vn) C Br, (1.8)

i.e. ¢y, is discrete harmonic on Bp_. Second, this observation will allow us to prove
a Caccioppoli-type estimate (Lemma 1) in which stronger norms of ¢y, are estimated
by weaker norms of ¢, on slightly enlarged regions. Third, we proceed as in [BHO3,
Borl0a] by iterating an approximation result (Lemma 2) derived from the Scott-
Zhang interpolation of the Galerkin solution ¢p. This iteration argument accounts
for the exponential convergence (Lemma 3).

1.3.1 The space H (D) of discrete harmonic functions

Let D C R? be a domain. A function v € H'(D) is called discrete harmonic on
Dn o, if

Vu-Vopde =0 VYep € 55’1(771), supp(pr) C DN L. (1.9)
holal?)
For domains D, we need a space of functions that are piecewise affine and discrete
harmonic on D N {2:

Hp(D) == {ue H'(D): Fu € L>(RY) s.t.u|p = Ulp, ulo € Sy (Th),
supp(u) C 2, w is discrete harmonic on D N £2}.

Clearly, the finite dimensional space H,(D) is a closed subspace of H'(D), and
we have ¢, € Hp(Bgr,) for the solution ¢p, of (1.6) with supp(f) C Bpg, and
bounding boxes Br,, Br, which satisfy the n-admissibility criterion (1.2).

A main tool in our proofs is the Scott-Zhang projection

Jp s HY(2) = SYY(Th)

introduced in [SZ90], which preserves homogeneous Dirichlet boundary conditions,
i.e. it maps Hg (£2) to Sy (Th). By wr := J{T" € Tr, : TNT’ # 0}, we denote
the element patch of T', which contains T' and all elements 7" € 7, that have a
common node with 7'. Then, J; has some local approximation property for 7p-
piecewise H'-functions u € Hj,(£2)
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[ = Tntt]| Fpom gy < CRPE™ N Julfpe gy, 0<m <1, m < £< 2. (1.10)
T'Cwr

The constant C' > 0 depends only on y-shape regularity of 7;, and the dimension d.
For a box Bg with diameter R, we introduce the norm

2 h\? 2 1 2
lully g == o IVullz2(p,) + i lullz2(mp) -

which is, for fixed h, equivalent to the H'-norm. The following lemma states a
Caccioppoli-type estimate for functions in H,(B(14s)r)), Where B(1,5)r is a box
of diameter (1 4 0) R with the same center as the box Bp.

Lemma 1. Let § > 0 and % < g. Let uw € Hp(Ba4s)r) for a box Bays)r of
diameter (1 + 0)R. Then, there exists a constant C > 0 which depends only on 7y

and d, such that 5
1+
IVull 25, < CT Ny, (146)r - (1.11)

Proof. Let 1) be a smooth cut-off function with supp(n) C B145/2)r. 7 = 1 on
Br,and [Vl (5, S 570 D277HL0<>(BR) < 577z Recall that £ is the maximal
element width and 2h < §R. Therefore, T" C B1s)p forall T' € T, with T'N
supp(n) # 0. With the abbreviate notation B := By 14y, We have

IVl < IVl = [ V- V70) = 209 Vude.

By locality of the Scott-Zhang projection J, : H(£2) — SY1(T}), we observe
supp(Jn(n?u)) C B. The orthogonality relation (1.9) implies

/ Vu - V(n*u)dx / Vu - V(n*u — Jn(n?u))dx
B B
< HVUHLQ(B) HV(UQ’U’ - Jh(WQU))HLz(B) .

For the last term, we use the approximation property (1.10) and obtain

IV 0Pu = Tn P[5y S 02D 1D20PW) [y S B2 1D 0P|
TETh
TCB

S h2( HDQUHLOO(B) HUUHL?(B) + anHLOC(B) ||77VUHL2(B)
2
1Dl i Il 23 )
h h 2
S (W [ull 2y + SR |77VU|L2(B)) :

Finally, we combine these estimates and use the Young inequality to see
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2 h 1
HUVUHLZ(B) S SR ||VU||L2(B) SR HU||L2(B) + ||77VU||L2(B)
1
el oy 17Vl o i)
h2 2 1 2 1 2
<Csm IVullr2 sy + Csime l[ullp2cm) + 5 InVullzzp) -

Moving the term 3 ||77Vu|\2LQ( p) to the left-hand side, we conclude the proof. 0

1.3.2 Low-dimensional approximation in (D)

Let [T : (H'(Br), |-ll,.z) = (Hn(Br),|l-I,.z) be the orthogonal projection,
which is well-defined since Hp,(Br) C H'(Bg) is a closed subspace.

Lemma 2. Let 6 > 0 and v € Hp(B(1426)r). Assume % < g. Let Ky be an (infi-
nite) y-shape regular triangulation of R and assume % < %for the corresponding
meshwidth H. Let Jy : H*(RY) — SY1(Ky) be the Scott-Zhang projection. Then,

there exists a constant C' > 0 which depends only on (2, d, and ~, such that
(i) (w— Iy rJuu)| 5, € Hn(Br)

(ii) [lu — n,rTmull, p < CH2 (3 + 55) ully (142005

(iii) dim W < C (%)d, where W := Iy, rJaHn(B(1425)R)-

Proof. The statement (iii) follows from the fact that dim Jg (Hn(B426)r)) =~
(1420)R/H)®. Foru € Hp,(B1426)r), we have u € H;,(Bg) as well and hence
II, g (ulBr) = u|pg, which gives (i). It remains to prove (ii): The assumption
% < g implies (J{K € Ky : wx N Br # 0} C B(14s)r- The locality and the
approximation properties (1.10) of Jg yield

1

T lu = Jrullp> gy + IV = Jau)ll L2 s,y S 1VUll2p, g0 -

We apply Lemma 1 with R = (1 + 0)R and 5 = %. Note that (1 + 5)1% =

(14 26)R, and % < g follows from 2h < R = OR. Hence, we obtain

2 2 2
o~ Il = Uil (1 — T2 < = il
A% 2 1 2
— (%) 190 = s,y + gz I Tl

h2

2
2 2
S 25 IVl s + 7 1V 53 )

1425 (h H\\?, .o
(C 5 (E“‘E)) |||“|||h,(1+26)127

IN
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which concludes the proof. O

We have not specified the gridsize H of K to be used in Lemma 2. We will use

h < H below. Otherwise, we can choose a grid K g such that K| is a refinement

of T, and so the piecewise affine approximation constructed above is equal to the

Galerkin solution. In terms of matrix blocks, this corresponds to the case that the

ranks of the matrix blocks are comparable to the blocksize. Hence, in the estimate
h

H
above the term 3 < 47 can be dropped.

Lemma 3. Let ¢, s € (0,1), k € N. Then, there exists a finite dimensional subspace

Vi of Hn(Br) with dimension dim Vi, < Caimq~ kT such that for every u €
Hn (B(lJrI{)R) it holds

: k
min flu—vlly g < ¢ flully (14m)r- (1.12)

The constant Cqiy, > 0 depends only on §2,d, and ~y-shape regularity of Tp,.

Proof. We iterate the approximation result of Lemma 2 on boxes B(1¢,)r, With
0j = fs% forj = 0,...,k. We note that Kk = §g > 01 > --- > 0 = 0. We
choose H = %, where C' is the constant in Lemma 2.

If h > H, then we select Vi, = H;,(Bgr). Due to the choice of H we have
dim Vi < (2)? <k (£)? ~ Caimg— k4.

If h < H, we apply Lemma 2 with R = (1 +6;)R and gj = m < 3.
Note that 6,_1 = §; + + gives (1 + §;_1)R = (1 + 20;)R. The assump-
m = % is fulfilled due to our choice of H. For j = 1,

Lemma 2 provides an approximation w, in a subspace Wy of H(B(145,)r) With

d
dim Wy < € (S5 such that

tion £ <
R

H 1425
luw —w: |||h,(1+61)R S 20(1 +061)R 51 |||“|”h7(1+6o)R

kH ~
= 4Cf(1 +261) |||u|||h,(1+n)R <q |||u|||h,(1+l<a)R'

Since u — w1 € Hn(B(145,)r). We can use Lemma 2 again and get an ap-
proximation wy of u — wy in a subspace W of Hp,(B(146,)r) With dim W5 <

d
C (%) . Arguing as for j = 1, we get

flu —wi — ’LU2|||h.,(1+52)R <qllu—w |||h,(1+51)R <q "|“”|h,(1+f<)R'

Continuing this process k — 2 times leads to an approximation v := Z?Zl w; in the

k . . . (1+rk)R d d1.d+1
space Vi = ZFl W; of dimension dim V3, < Ck (T) = Caimq %kt
O
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Now we are able to prove the main result of this section.

Proof (of Proposition 1). As mentioned in the beginning of this section, for ¢, the
assumptions of Lemma 3 are satisfied if we fix x € (0, 1) small enough such that
dist(B(1+x)R. » Br,) > 0. The Poincaré inequality implies

16151 2y S UVORIIT2 () = (F+ 8n) S ISl L2(mr, e I6nlan ey

Furthermore, with RL < 1, we get

1 1
nlh e, S (14 72 ) Wnllingoun,) < (14 1) I9n0nco

1
S (14 7 ) Wl

and we have a bound on the right-hand side of (1.12). Finally, the admissibility
condition leads to

. . k
521‘2 l[én — U”L?(BRT) < Ry 1{21‘2 llon — U"|h,R,. S (R-+1)g ||fHL2(BRUﬁQ)

< (n+ 1)diam(2)¢" | f | 2 (5, e -

which concludes the proof. O

1.4 Proof of main results

We use the approximation of ¢, from the low dimensional spaces, given in Propo-
sition 1, to construct a blockwise low-rank approximation and consequently an H-
matrix approximation of the inverse FEM-matrix. The remaining steps of the proof
of Theorem 1 follow the lines of [Bor10a]. Therefore, we only sketch the proof.

Proof (of Theorem 1). If Cqimg~%k®*! > min(|7|,|o]|), we use the exact ma-
trix block X,, = A7 !,x, and Y,, = I € RIZXICITf Cyng= k4! <
min(|7],|o]), let A; : L?(£2) — R be continuous linear functionals satisfying
Ai(¥;) = d;;. We define the mappings

Ar i L2(2) = R v s (Xi(v))ier and T : RITV— S0 (TR), x ) by

JET

Let V}, be the finite dimensional subspace from Proposition 1. We define X, as an
orthogonal basis of the space V := {A,v : v € Vi}and Y., := A1 fXUXm.
Then, the rank of X,,, Y, is bounded by dim V}, < Cgimg~%k?*!. The error
estimate follows from combining the estimate in Proposition 1 with the stability

estimate h/? |[x[|, < |77% | 20y S h? [1x]l,, see [Bor10a] for details. O
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Now, the estimates on each block can be put together to prove our main result.

Proof (of Theorem 2). Theorem 1 provides matrices X,, € RI7*", Y _ e Rlol*x7,
and we define the H-matrix By by

By = XTUYZG’ if (7_7 U) € Pfara
7V A Y, x, otherwise.

On each admissible block (7,0) € Pry, we use the blockwise estimate of Theo-
rem 1. On the other blocks, the error is zero by definition. Now, an estimate for the
global spectral norm by the local spectral norms from e.g. [Gra01, Hac09] leads to

AT =By, < Cop [ D max {||(A™" = By)lruol|, : (1,0) € P,level(r) = ¢}
=0
< C'spcvapx(1 + n)hiqudepth('ﬂ})

. . _prt/@+n)
Defining b = f%qd/(d“) > 0, we obtain ¢¥ = e~" and hence
dim
_ppl/(d+1)

|A™" = B||, S CapxCsp(1 + n)Ndepth(Tz)e ,

which concludes the proof. O
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