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Symmetry-free, p-robust equilibrated error
indication for the hp-version of the FEM in
almost incompressible linear elasticity

Philipp Dorsek and J. Markus Melenk

Abstract — We consider the extension of the p-robust equilibrated error estimator due
to Braess, Pillwein and Schéberl to linear elasticity. We derive a formulation where the
local mixed auxiliary problems do not require symmetry of the stresses. The resulting
error estimator is p-robust, and the reliability estimate is also robust in the incompress-
ible limit if quadratics are included in the approximation space. Extensions to other
systems of linear second-order partial differential equations are discussed. Numerical
simulations show only moderate deterioration of the effectivity index for a Poisson ratio
close to %

2010 Mathematical subject classification: 65N15; 66N30; 65N50; 74B05; 74G15.

Keywords: a posteriori error estimates; equilibration; linear elasticity; hp finite ele-
ments; almost incompressibility.

1. Introduction

In the application of finite element methods to engineering problems, it is essential not
only to develop methods converging with an a priori determined rate, but also to give a
posteriori error indicators [29, 26, 14, 20, 3]; see also the references in [4]. These are used
to gauge the total error of the current approximation, thus serving as a stopping criterion
in calculations, as well as to steer an adaptive mesh generation, where only those elements
with high estimated error are refined. Equilibrated error estimators, cf., e.g., [16, 2, 12], have
seen a lot of interest in the last years, as they have particularly good properties. On the one
hand, they usually do not have generic constants in the reliability bound, hence providing a
precise estimate of the accuracy of the current approximation. Furthermore, it was recently
proved by Braess, Pillwein and Schéberl in [11] that the equilibrated error estimator based
on the solution of dual problems on node patches introduced by Braess and Schoberl in [12] is
p-robust, i.e., does not suffer from the p-gap observed in [18, 13] for residual error estimators.

While the implementation of equilibrated error estimators for the Laplace problem is
straightforward, the extension to linear elasticity is not. The issue stems from the symmetry
requirement on the stresses. In [20, 3, 4], Arnold-Winther elements [6, 7] and Arnold-Douglas-
Gupta elements [5], respectively, are used to obtain an equilibrated error estimator for the
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lowest-order case. Both of these finite element classes consist of symmetric functions and
allow higher orders of approximation. However, their implementation for higher polynomial
degrees is not straightforward, and the dimensions of the local approximation spaces are
very high. While a mixed formulation using a weak symmetry is more easily implemented,
stability results in the hp-context are still lacking (see [21, 22] for recent results with arbitrary
and non-uniform, but bounded p).

Therefore, we take a different approach. Instead of deriving a mixed formulation directly
using a variation of the Prager-Synge principle as a guideline, we interpret the results in [11]
as representability of the residual by a polynomial. Hence, we obtain an error indicator by
applying this methodology to the different components of the displacement field separately.

This yields a p-robust error estimator, but the reliability constant depends on the coer-
civity constant of the bilinear form. Therefore, we modify the error estimator to be more
suitable for applications in linear elasticity. The advantages of this modified estimator is
that if the polynomial degree is at least two everywhere, then the reliability estimate does
not contain the global coercivity constant, but instead only on the Korn constants of the
node patches. Hence, while our proof assumes shape regular meshes, our results apply to
discretisations of anisotropic geometries, such as beams, by shape-regular meshes, where the
local Korn constants are markedly smaller than the global constants.

Furthermore, we are able to prove that if quadratics are included in the approximation
space, the reliability estimate is robust in the nearly incompressible case, i.e., the reliability
bound does not degenerate if the Lamé parameter A tends to infinity (or, equivalently, the
Poisson ratio v tends to %) Such a property, combined with the p-robustness of the error
indicator, is particularly attractive in the p-context, as p- and hp-methods are known to be
free of locking, see [25, 24, 8, 9, 27, 23].

Recently, Kim derived in [15] an equilibrated error estimator in linear elasticity using
a nonsymmetric stress tensor approximation. His approach, however, takes the route of
equilibrated fluxes, is for lowest-order polynomials, and cannot be directly generalised to
arbitrary polynomial degrees.

This paper is structured as follows. In Section 2, we formulate our approach for general
vector-valued problems. Section 3 adapts the error estimator to linear elasticity. Section 4
contains computations for a model problem on the L-shaped domain, which confirms that
the proposed error estimator yields useful error bounds for the Ap-finite element analysis in
linear elasticity.

2. Equilibrated error indication for vector-valued problems

Let Q C R, d = 2,3, be a bounded, polygonal domain. We aim to provide an error estimate
for the hp-FEM approximation to a system of K second-order partial differential equations
on ).

The space HY(Q) is the standard Sobolev space of square integrable functions with square
integrable derivatives endowed with the norm

4 1/2
[vlla@) = <||U||i2(g) + ZH%‘H%Q(Q)) : (1)
=1

Here, [|[v||i2@) = (va(:Z”)Qd:?)l/2 denotes the usual norm in the Hilbert space L2(f2), and
v
'U,j = 8—%
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Fix K € N and denote I' := 0Q. For k = 1,...,K, let I' = I'p; U I'n, where we
assume that both I'p, and I'y are closed, that they have disjoint interior, and that I'p
has positive measure in I'. In particular, mixed boundary conditions are admissible. We
consider a variational problem set in the space V=V x X Vi, where for k =1,..., K,
Vi == {0 e HY(Q): v|r,, =0for k=1,..., K} is the closed subspace of H!({2) obtained
by prescribing (component-wise) homogeneous Dirichlet boundary conditions on I'p . Here
and in the following, we write ¥ = (vg)x—1,. x for v € V. The norm on V is defined by

K 1/2
|17l = <Z”UI€HI2{1(Q)> : (2)
k=1

Denoting (Dv)y; := vy j, we observe that
1115 = 1902y + DT 2ay)mxa- (3)

Here, we set

K 1/2
17l ey = (levklliz(gz)) and (4)
k=1

1/2
||T||(L2(Q))KXd = (/;2 Tk](f)Tkj(f)df) (5)

for 7 = (7o) k=1, i j=1...a: L — RE*? where we apply the Einstein convention of summing
over repeated indices.

In the context of linear elasticity, a standard boundary condition is to assume that
along a part I'¢ of the boundary, the body is in frictionless contact with a non-deforming
obstacle. This corresponds to assuming homogeneous Dirichlet conditions in the normal
and homogeneous Neumann conditions in the tangential direction. If we suppose that I'¢ is
parallel to a coordinate axis (2D) or a coordinate plane (3D), then this type of boundary
condition is contained in the above setup.

Let a: V x V = R be the bilinear form

a(u, v) = / i (T) i j (T )i (L) + Bijie ()0 (T) + Yik (F) us(T) vy (7). (6)
Q
The coefficient functions aji, Bije, vir: @ = R, ¢, k=1,... K, j, 1 =1,...,d are assumed

to be piecewise constant with respect to the triangulation; this will be made precise below.
Let furthermore ¢: V' — R be a continuous linear functional,

(W) = [ f(@) v@)di+) / 91 (Z)vg(Z)d sz, (7)
& k=1 /TIN5
prescribing component-wise Neumann boundary conditions on I'y . f and gp, k=1,..., K,

are assumed to be piecewise polynomials, and this is made precise below. This setup is
of interest in the application of our results to problems in linear elasticity, as there, pre-
scribing Dirichlet boundary conditions in some and Neumann boundary conditions in other
components corresponds to contact boundary conditions.
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The continuous problem now reads as follows: Find u € V such that
a(it,0) = 0(7) forall 7e V. (8)

We shall now formulate a finite element approximation with respect to the triangulation
Tn. We fix the parameters of the hp-finite element space as follows. For N, let Ty be a
partition of € into closed triangles (d = 2) or simplices (d = 3); an extension to quadrilateral
or hexahedral meshes should be possible, see also [1]. Let pxr € N be the polynomial degree
on element T € Ty, and let PP be the space of polynomials of total degree less than or equal
to p. Similarly as in [11], we suppose that for every T' € Ty, qijrlr, Bijklr, Yir|lr € R for 4,
k=1,....K,j5,l=1,...,d and fk‘T € PPV.T - and gk|3TﬂFN,k e PPyT for k=1,...,K. Our
estimates will depend implicitly on the shape regularity constants of the triangulation, which
therefore has to be assumed bounded for N — oo, but on the mesh width and approximation
order only in the manner stated below. The approximation space Vy is defined by

Vy = {UE Vvl € PPYT for T € Ty andkzl,...,K}. 9)

The discrete problem is then to find @y € VN such that
a(iin, Uy) = L(Ty) for all Ty € Vy. (10)

We suppose that both the continuous and discrete problems have unique solutions u and wuy
for every ¢ € V*, and that these satisfy the bounds

]y < Call€]

and  uy|y < Cnl[¢]

e 7 (11)

It is our aim to determine a representation of the residual ry € 17*, which is defined
through
rn (V) == a(d — Uy, V) = (V) — a(in, V). (12)

This will allow us to bound || — uy|| due to

ld = dnlly < Callrnlp-- (13)

We recall that ry(vy) = 0 for vy € VN by Galerkin orthogonality. With éj the canonical
basis of R¥, we have v = Elevkék, where v, € Vi,. We define the component residual
TNk € Vk* by

rng(v) == ry(vey) for v e Vi (14)

the postulated continuity of ry ;. follows from the continuity of ry. The results of [11] prove
that for every k =1,..., K, there exists c?f,k Q) — R? with the following three properties:

L. &5 clr € RTPVTHY(T) for all T € Ty, where
RTP(T) := {7: 7(x) = qr + syx with ¢r € (P")?, sy € P} (15)
is the Raviart-Thomas space,

2. (% k ﬁv)(Iﬁ(Q))d =ryx(v) for all v € Vi, and
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3. 0% el 2y < Cllrnll g wry/my+, where C' > 0 is a constant depending only on the
shape regularlty of the mesh but independent of the mesh resolution and the polynomial
degree, and wr == U g 20 T’ is the element patch of T', i.e., the union over all elements
sharing a node with 7.

Here, H'(w7)/R denotes the space of H!-functions on wr factored by the constant functions,
and (H'(wr)/R)" its dual space. Setting (o3)k; := 5, we define the local equilibrated
error indicator by

77N,T = ||O’ﬁ||(L2(T))K><d, T € TN. (16)
The global error indicator reads ny := (ZTETN nkr) V2o o Rl r2 () xa-

Theorem 1. The equilibrated error indicator (nyr1)rey defined above is reliable and
efficient. More precisely,
@ —un|y < Cany (17)

and

1/2
NNT < (ZHTN:’CH(Hl(wT )/R)* ) . (18)

The reliability and efficiency constants are independent of the local mesh width and the local
polynomial degree.

We stress that the reliability constant only depends on the stability estimate for the con-
tinuous, but not the discrete problem. Hence, even if an unstable discretisation is employed,
our estimates apply and yield a reliable and efficient error indicator.

Proof. We estimate

— K
rn\v _ TN,lc Vi
i iinlly < Coosup P ¢, gy Zkmr ()
ozsev [0y 0£TEV 191l
EK: (5:]%k>vvk) L2(Q))d
= o Sup k=1 : - ( ( )) < CaHU%H(LQ(Q))KXd
045V ||U||‘7

= UglIN- (19)

Hence, the proposed error indicator is reliable with a generic constant that is independent
of the mesh resolution and the polynomial degree. Similarly,

1/2

1/2 X
(zu MHW) <C<ZH7’N,kH?H1(wT>/R>*> | 0)
k=1

which proves local efficiency. O

Remark 2.1. If we assume that a is symmetric and coercive, we can choose to work in the
energy norm ||¥]|, := a(%, %)/2 on V instead of the standard norm. The reliability estimate
then becomes

I — dxlla < g%, (21)

L . a(7,
where ¢, 1= mfo?égev 177

q@l

)

is the coercivity constant of a.

<y
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3. An application to linear elasticity

The error indicator defined above is clearly applicable to problems in linear elasticity. Here,

k = d, and
a(u,v) = /QC(f)s(ﬁ)(f) e(v)(2)dx (22)

with C(Z) the Hooke tensor, &(%);; := 1 (v;; 4+ v;;) the small strain tensor, and p : q := p;;g;;
for p, g € R¥™?. A particular advantage is that we do not need to worry about the symmetry
condition on the strains and stresses as was done in [20] for lowest order approximations,
which is difficult in hp-methods (but see [21] for some results on the generalisation of Arnold-
Falk-Winther elements to meshes with varying, but bounded polynomial degrees). In this
case, however, we can improve our results by modifying the error indicator slightly.

Assume that the material is isotropic and, for simplicity, homogeneous; an extension to C
piecewise constant with respect to the partition 7y is possible. Then, C;jx 7 = )\Tkkéij +2 ,Lmj
with the Lamé constants X, g > 0. Furthermore, we can find an inverse C~! of C,
CC~'7 = C!Cr = 7, and this inverse is given explicitly by C;;ﬁﬂm mTkkéer Tij-

It is our aim to show that given pyp > 2 for all T € Ty, we do not have to 1nclude
the global Korn constant in the reliability estimate, but can instead use the maximal local
Korn constant, which is expected to be considerably smaller for beam problems and other
strongly anisotropic geometries. Moreover, we will establish that the reliability bound of the
error indicator is independent of A, i.e., it is robust for nearly incompressible materials. The
modified local error indicator is defined by

1/2
A
NN = (Z Ho-NzHi(ch(T)> , T ey, (23)

ZENN
where ||712() = (Joy ViiwiTi; (Z) i (T)d ) 2 Here, o5y, has support only in w, and satisfies

(082 DV) 12 yixa = T (Tp,), TEV, (24)

where ¢, denotes the hat function at a node z € Ny with Ny the set of all nodes of the
partition Ty, and w, := |J,., T = supp ¢. denotes the node patch of z € Ny. Hence, all but
d+1 terms in the sum in (23) vanish. The existence of o5, with its rows in a broken Raviart-
Thomas space, i.e., in practically computable form, is established under our assumptions in
[11]. We stress that it is possible to calculate o5, disregarding any symmetry assumptions.
The global error indicator again reads

1/2 1/2
nN::(Zn%V,T> (Zuamu%l ) - (25)

TETN 2eNN

This error indicator is still efficient by the results in [11], and its reliability constants have
better properties than the direct application of the indicator suggested in Section 2, as will
be seen below.

Remark 3.1. Similarly as in [11], we determine a5, in a broken Raviart-Thomas space by

solving the mixed variational formulation that results from the minimisation of ||o||2, ()
c—1\F#

under the constraint (o, D)2, )ixa = 1y (V) for v € V. In contrast to [20, 3], however,
we do not search for g%, in a space of symmetric tensors, which drastically simplifies the
implementation.
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Theorem 2. Assume that the polynomial degree p is everywhere greater or equal to 2.
Then, the equilibrated error indicator (nn)rery for problems from linear elasticity is reliable
with a constant in a robust manner with respect to approximation order and Lamé parameters,
1.€.,

a(u — un,u —uy)? < Cny, (26)

where C' > 0 is independent of the polynomial degrees p and the Lamé parameters \ and p,
but may depend on the local Korn constants of the node patches.

Remark 3.2. Strictly speaking, it would be necessary to also prove A-independent effi-
ciency of the equilibrated error indicator to ensure its performance in the nearly incompress-
ible case. This means proving results analogous to [11, Lemma 3, Theorem 5| for the case
of linear elasticity, i.e.,

1. given 7r € (PP)2, there exists o7 with rows in RT? such that —Diver = 7 and
[ P (Z)T(F)dE
||UT||L(?:71(T) < C’Sllpo?éﬁe‘7 T T”z?”a —. a d

2. given }%T on JT such that §3T| g € (PP)? for every edge E of T, there exists o7 with

rows in RT? such that opn = }%T on JT', where 77 is the outer normal vector to T,
Jor Ror (&)-0(F)dsz

7lla

Diver =0on 7', and HO'THL?C_MT) < Osupggep

Here, the constants C' > 0 have to be independent of 7' and p, and ||¥]|, = a(7, )"/

denotes the energy norm. Our numerical calculations show a A-robust behaviour of the error

indicator. Furthermore, we stress that this issue vanishes if we choose o4, as the minimiser

of 1l|lo||? (w.) under the constraint (0, D0)(12(u.))ixa = Tn(Tp,) for v € V in the space
c—1V#

of d x d-tensors row-wise in the broken H(div)-space. Then, A-robust stability is satisfied.
Hence, the problem stems from the difficulty of finding a “good enough” approximation of
the minimiser in a finite-dimensional space of polynomials.

Proof. For every z € Ny, let p, denote a rigid body motion with g.¢, € V. Clearly,
rn(p2p.) =0, as minger, pyr = 2 and p,p, is a polynomial of total degree at most 2. The
Cauchy-Schwarz inequality implies that

/pij(f)%j(f)df < ”p”L(QC_I(Q)HCI”L?C(Q) for p, q: @ — R (27)
0

Thus, as Y cx, 0= = 1,
rnv(@) = > rn(Tp:) = Y (T = 5)eps)

2eNN 2eNN

= Y (08 D(T = p2)) 2 wuyyixe

2eNN

1/2 1/2
(§]w@m@&w> <Eﬂww—@mawﬂ - (28)

2€NN zeNN

N

We shall now apply the Korn inequality to estimate the final terms. Assume first that z
is an unconstrained node. Then, p, can be an arbitrary rigid body motion. As p,; = 0 for
a rigid body motion p, and &(¥)y, = vk, it follows that

IDG = 2oy = (Me@relagury + 2D = 7)oy ) - (29)



8 Philipp Dérsek and J. Markus Melenk

The Korn inequality implies that there exists c¢,, > 0 such that
inf | D(V = ) 2.y < Con €@ L2, yaxa (30)
where the infimum is taken over all rigid body motions p,. Hence,
IDG = sy < i (Ae@elary + 2l 20yt
= @2y (31)

We stress that ¢, is independent of the specific size of w,, but only depends on its shape.
Therefore, we expect c;zl to stay bounded and small for typical sequences of shape-regular
finite element meshes.

A similar argument is possible if z is a constrained node. If z € I'py, k =1,...,d, we
necessarily have p, = 0, but we can apply the Korn inequality for constrained functions (in
this case, U vanishes along an outer edge of w,). If z € I'p ;, for some, but not all k =1,...,d,

we need to apply the respective Korn inequality, which is possible as all rigid body motions
p. that have to be factored out (translations in free directions, rotations within free planes)
satisfy p,p, € V. Altogether,

1/2
(o8, DO)r2(q)yixa < (gﬁx Py <Z ||€(17)||%C2(wz)>
N ZENN
< (3 max ) nnlle(@) @ = (3 max o Pmnlvlla (32)

Thus, we obtain robustness of the reliability constant with respect to A and p, and depen-
dence only on local Korn constants instead of the global one. O

Remark 3.3. At first glance, the dependence on local Korn constants in Theorem 2 might
seem bad, because it appears difficult to check in practice. However, if the mesh is refined
using newest vertex bisection [19, 30, 10], it is known that only certain patch types are
produced by the refinement. Hence, with a good initial mesh, it is ensured that the local
Korn constants will behave nicely.

4. Numerical examples

To confirm our theoretical results, we consider the test case given in [3, Example 1], i.e., the
approximation of the Mode 1 singularity function of linear elasticity, see also [28, Section
10.1.2]. The geometry € is the L-shaped domain given as the union of the 3 squares with

o () (5)- () @) w
(£):(6)- () (o) o
0)0)-()-(7) =
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respectively. The material is assumed isotropic and homogeneous with the Lamé parameters
A and p. We approximate the displacement field

1 o (=4 —B(a+1))cos(ab) - acos((a —2)6)
2u <(3—41/+5(a+1))sin(a0) +Ozsin((a_2)9)) 5 (36)

U=

where o = 0.544483737 and [ = 0.543075579, and v = m is the Poisson ratio. This

problem is chosen such that — DivCe(@) = 0 on €2, where Div is the row-wise divergence

operator. Furthermore, Ce(u)77 = 0 along the edges from (:1) to (8) and <8) to <_11)
Here, 77 denotes the outer normal vector to ) along these two edges. We hence assume,
as in [3, Example 1], homogeneous Neumann conditions on this part of the boundary, and
inhomogeneous Dirichlet conditions matching the exact solution on the remainder.

Let us comment on the impact of data oscillations in this example. The volume term
and the Neumann boundary data vanish, whence these terms do not lead to additional
errors. The inhomogeneous Dirichlet boundary data is not polynomial. Hence, we incur
0
o)
we see however that the given function is smooth, and any approximation error will be
negligible for reasonable polynomial degrees and mesh resolutions. We therefore ignore any
error in the approximation of the Dirichlet data in our error indicator.

We consider two choices of parameters. In both, we fix the Young modulus £ = 100.
In the first, we take the Poisson ratio moderately high, v = 0.3. In the second, we choose
v = 0.49999, which is reasonably close to the incompressible limit. Recall that the Lamé
parameters can be found from E and v through the formulas

data oscillations there. As the Dirichlet boundary is away from the singularity of o at

Ev FE

A aroasw) M A= oay

(37)

Let us give some general comments on the chosen methods. We compare h-uniform
methods of polynomial degree p = 1 and p = 4, an h-adaptive method of polynomial degree
p = 4, a p-uniform method, an hp-adaptive strategy along the lines of [13] (leading to an
aspect ratio of 0.5 at the singularity), and an hp-method on a priori generated, geometrically
graded meshes with aspect ratio 0 = 0.3 and minimal polynomial degree 3 on the elements
closest to the singularity, see [23, p. 170]. It is known that apart from the h-uniform method
with p = 1, all of these methods are stable for almost incompressible materials, cf. [8].
Our numerical experiments agree with these results, see Figures 1 and 3. Furthermore, the
geometrically graded hp-meshes yield an exponential convergence in the degrees of freedom
for both choices of the Poisson ratio. All calculations were performed using maiprogs [17].

4.1. Poisson ratio v = 0.3

The automatic hp-adaptivity is only slightly better than the h-adaptive strategy due to
the high polynomial degree, and because in the hp-adaptivity, we only do h-refinements
by cutting the element in half. While our error estimates contain a generic constant, the
maximum of the Korn constants of the node patches, the efficiency indices show that our
indicator only slightly overestimates the true error, at most by a factor of about 1.3 for the
uniform p-version.
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Figure 1. Poisson ratio v = 0.3, exact and estimated errors

Here, ex stands for the exact error and est for the error estimator, hup1 for the uniform h-
version with polynomial degree 4, hup4 for the uniform h-version with polynomial degree 4,
hap4 for the adaptive h-version with polynomial degree 4, pu for the uniform p-version, hpa
for the adaptive hp-version and hpgeom for the Ap-version on geometrically graded meshes.
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Figure 2. Poisson ratio v = 0.3, effectivity indices
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4.2. Poisson ratio v = 0.49999

The effectivity indices increase compared to the case v = 0.3, and this appears related to the
lack of a A-robust efficiency estimate. If the grid is fine enough in the uniform or adaptive
h-version with p = 4 or in the adaptive hp-version or the polynomial degree is high enough
in the uniform p-version, the error is only overestimated by a factor of less than 3.5, and
the results for the hp-version with geometrically graded meshes is similar, the factor being
3.8. The error of the uniform h-version with p = 1 is overestimated by a factor of more than
100. This seems to be related to low polynomial degrees, and corresponds well to our result
in Theorem 2 that states that the error estimator behaves better when higher order ansatz
functions are used. Here, the hp-adaptive strategy yields better results than the h-adaptive
method with polynomial degree 4.
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Figure 3. Poisson ratio v = 0.49999, exact and estimated errors

5. Conclusions

We have presented a simple approach to extend the equilibrated error estimation strategy
of [12, 11] to linear elasticity in such a way that the restrictive symmetry condition on
the stresses can be dropped. While the efficiency constant is always p-robust, we have
proved that the reliability constant is robust in the Poisson ratio and only depends on local
Korn constants if quadratics are included in the finite element space. We have established
that these ideas are applicable to a large class of elliptic systems. Numerical calculations
confirming our theoretical analysis have been shown.
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Figure 4. Poisson ratio v = 0.49999, effectivity indices
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