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Abstract

The Euler-Bernoulli beam equation is used to model many mechanical systems from in-
dustry and engineering. The need to control the dynamics of these systems has made
stabilization, stability analysis and simulation of such systems an important research area.
In this thesis, a model for the time evolution of a cantilever with tip body is considered. It
is assumed that the cantilever can be modeled by the Fuler-Bernoulli beam equation. This
system belongs to the class of passive infinite dimensional systems and hence a passivity
based feedback controller may be applied at the free end to include damping into the sys-
tem. The feedback controller is considered to be dynamic and hence a hybrid PDE-ODE
system is obtained. The main questions studied in this thesis are the well-posedness of such
control systems and the long-term behavior of their solutions, in particular the asymptotic
stability.

In order to perform the stability analysis, the system is posed as an evolution problem
and treated within semigroup framework. Identifying an appropriate Lyapunov functional
for the system proves to be fundamental in the present approach. The stability proof
proceeds in two steps. First, it is demonstrated that the system operator generates a
strongly continuous semigroup of uniformly bounded operators. Next, by demonstrating
the precompactness of system trajectories, the asymptotic stability follows from La Salle’s
invariance principle.

The Euler-Bernoulli beam system with linear and nonlinear dynamic control is treated
separately. From the literature it is known that the system with linear dynamic feedback
control is asymptotically stable. However, by means of spectral analysis it is proved that
this system is not exponentially stable. Alternatively, in case when the control law includes
nonlinearities, the proof for the precompactness property of the system trajectories is far
from obvious and a novel approach is developed. For this purpose, a toy-model is introduced
first: an Euler-Bernoulli beam with a tip body and attached to a spring and a damper,
both nonlinear. For this system it is shown that the trajectories of classical solutions are
precompact and that, for almost all moments of inertia of the tip body, the trajectories
tend to zero as time goes to infinity. However, for countably many values of the moment of
inertia, the trajectories tend to a time-periodic solution. For given initial conditions it is
possible to characterize this asymptotic limit explicitly, including its phase. The developed
method for showing the precompactness of trajectories is further extended from the toy-
model to the case with the nonlinear dynamic boundary control where the asymptotic
stability of the system is demonstrated for all classical solutions.
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Another research topic considered in this thesis is a numerical method for the Euler-
Bernoulli beam system with dynamic boundary control or nonlinear spring and damper
attached at the end. The goal is to derive a dissipative numerical method which conserves
the dissipativity property of the Lyapunov functional. The discretization of the system is
performed in two steps: first a semi-discrete numerical method is obtained utilizing the
finite element method for the discretization in space, and in the second step a fully discrete
numerical scheme is obtained using the Crank-Nicolson scheme for discretization in time.
It is demonstrated that this numerical method leads to energy dissipation, analogous to
the continuous case and that the method is well-defined and stable. In the linear case the
convergence of the method is shown and a-priori error estimates are obtained. In order
to illustrate the effectiveness and above mentioned properties of the developed numerical
method, simulation results are presented. For a finite element space, the piecewise cubic
Hermitian shape functions are chosen in the simulations, and the advantages of this choice
are discussed.



Kurzfassung

Der Euler-Bernoulli-Balken wurde oft verwendet, um in der Industrie und in den Inge-
nieurwissenschaften oft auftretende mechanische Systeme zu modellieren. Mit der Her-
ausforderung die Regelung dieser Systeme zu verbessern und weiterzuentwickeln, sind die
Stabilisierung, Stabilitatsanalyse und Simulation dieser Systeme auch zu einem wichtigen
Forschungsbereich geworden. Diese Dissertation befasst sich mit einem Modell fiir das dy-
namische Verhalten eines Kragbalkens mit einem Starrkorper am Balkenende. Dabei kann
die Biegung des Balkens mit der Euler-Bernoulli Gleichung beschrieben werden. Dieses
System gehort zur Klasse passiver unendlich-dimensionaler Systeme. Damit das System
dissipativ wird, wurde eine passivitatsbasierte Riickkopplung am freien Ende des Balkens
durchgefiithrt. Die Riickkopplung wurde als ein dynamischer Regler entworfen, und fol-
glich erhélt man ein hybrides PDGL-GDGL System. In der vorliegenden Doktorarbeit
wurde nachgepriift, ob dieses riickwartsgeregelte System ein korrekt gestelltes Problem ist.
Ebenfalls werden das Langzeitverhalten und die asymptotische Stabilitat untersucht.

Fiir die mathematische Behandlung, sowie fiir die Stabilitatsanalyse, wurde das System
als eine Evolutionsgleichung formuliert und in diesem Rahmen die Halbgruppentheorie
betrachtet. Ein grundlegender Schritt der Analyse ist die Identifikation einer geeigneten
Lyapunov-Funktion des Systems. Der Beweis zur asymptotischen Stabilitidt besteht aus
zwei Schritten. Erst wird gezeigt, dass der Systemoperator der infinitesimale Generator
einer stark stetigen Halbgruppe von gleichméaflig beschrankten Operatoren ist. Falls die
Prakompaktheit der Losungstrajektorien des Systems nachgewiesen werden kann, folgt
darauf die asymptotische Stabilitat direkt aus dem La Salle’schen Invarianz-Prinzip.

Das Euler-Bernoulli-Balken-System mit dem linearen und nichtlinearen dynamischen
Regler wurde getrennt behandelt. Aus der Literatur ist bekannt, dass das System mit
linearer dynamischen Riickkopplung asymptotisch stabil ist. Dennoch wird mit Hilfe der
Spektralanalyse gezeigt, dass das System nicht exponentiell stabil ist. Wenn die Regelung
auch Nichtlinearitaten enthalt, ist der Nachweis fiir die Prakompaktheit der Losungstrajek-
torien schwierig und es wurde ein neuer alternativer Ansatz entwickelt. Hierzu wird zuerst
ein einfacheres Modell betrachtet: Ein Euler-Bernoulli-Balken mit einem Starrkorper am
Ende sowie ein am Balkenende befestigtes nichtlineares Feder - Dampfer System. Fiir dieses
System wurde gezeigt, dass die Trajektorien der klassischen Losungen prakompakt sind,
und dass fiir fast alle Tragheitsmomente des Starrkorpers, die Losung im Langzeitverhalten
gegen Null konvergiert. Demgegeniiber wurde fiir abzahlbar viele Werte des Tragheitsmo-
ments gezeigt, dass die Trajektorie sich einer zeitperiodischen Losung nahert. Angenom-
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men, dass die Anfangsbedingung bekannt ist, ist es moglich diesen Grenzwert, sowie
seine Phase explizit festzustellen. Die entwickelte Methode fiir die Prakompaktheit der
Losungstrajektorien wurde weiterhin auf das System mit nichtlinearen dynamischen Re-
glern ausgeweitet. Ebenso wurde die asymptotische Stabilitat des Systems fiir alle klassis-
che Losungen gezeigt.

Neben der mathematischen Analyse wurde eine weitere Fragestellung in dieser Dis-
sertation behandelt. Dabei handelt es sich um eine numerische Methode fiir das Euler-
Bernoulli-Balken-System mit einem dynamischen Regler oder mit einem nichtlinearen
Feder-Dampfer-System am Balkenende. Das Ziel ist es ein dissipatives numerisches Ver-
fahren abzuleiten, welches die dissipative Eigenschaft der Lyapunov Funktion erhélt. Die
Diskretisierung des Systems wird in zwei Schritten durchgefithrt. Zuerst wurde zur Orts-
diskretisierung die Methode der Finiten Elemente angewendet, woraus in weiterer Folge
eine halb-diskrete numerische Methode entwickelt wurde. Im zweiten Schritt wurde das
Crank-Nicolson Schema fiir die Zeitdiskretisierung ausgefiihrt. Diese numerischen Meth-
oden fithren zur Energiedissipation, welche dem Beispiel aus dem kontinuierlichen Fall
entspricht. Im linearen Fall wurde die Konvergenz des Verfahrens nachgewiesen und eine
a-priori-Fehlerabschatzung bewiesen. In mehreren Simulationsbeispielen wird die Effizienz
des entwickelten numerischen Verfahrens illustriert.
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Chapter 1

Introduction

This thesis is concerned with analytical and numerical aspects of mechanical systems with
control mechanisms. In particular, the Euler-Bernoulli beam (EBB) with one end clamped
and a tip body attached to the free end shall be considered. As a stabilization and for
damping of the system, several variants of boundary control at the free end shall be ana-
lyzed.

The EBB equation with a tip body is a well-established model with a wide range of
applications: satellites with flexible appendages [3, 5], flexible robot arms [46], oscillations
of telecommunication antennas, flexible wings of micro air vehicles [10], tall buildings due
to external forces [42], and even vibrations of railway structures [64]. These are some
of the many examples arising in engineering and industry, which demonstrates that the
stabilization and tracking control of EBB indeed is an important reseach area. The interest
of engineers and mathematicians in this problem has been greatly stimulated in the 1980s,
when The National Aeronautics and Space Administration (NASA) started a Spacecraft
Control Laboratory Experiment (SCOLE), see e.g. [45, 4, 5], with the goal to control the
dynamics of large flexible spacecraft. The structures comprised within the SCOLE project
include an offset-feed antenna, attached to the space shuttle by a flexible mast, modeled
by an EBB with a tip body.

Since the demand on high precision performance for these systems continuously grows,
it is of great interest to extend the existing stability results to the case of dynamic linear
and nonlinear boundary control. These problems will be the focus of this thesis. First, the
existing analysis for dynamic linear boundary control of EBB with tip body is completed.
A new strategy needs to be developed to extend the stability results to the nonlinear case.
Hence, the long-term behavior of a toy model is analyzed first: an EBB with a spring and
a damper (both nonlinear) attached to its end. Another aim of this thesis is to design a
numerical method for the dissipative systems under consideration. The method is derived
in such a way that the discretized systems preserve dissipativity. For the discretization in
space, finite element method is used, and Crank-Nicolson method for the discretization in
time. The numerical method is validated by various simulation examples, and in the linear
case its convergence is demonstrated.
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1.1 Piezoelectric cantilever with tip body

The system under consideration was derived in [40] to model the bending motion of a
piezoelectric cantilever with tip body at the free end. The mass of the tip body is denoted
by M, and its momentum of inertia by J. The system consists of a piezoelectric cantilever
of length L, clamped at the left end x = 0, and a tip body fixed at the tip x = L. In
its reference state, the mid-axis of the beam lies on the z-axis, as illustrated in Figure
1.1. The cantilever is composed of thin piezoelectric layers, each of length L, and width

Figure 1.1: The beam is depicted in both its reference state and when deflected. It is
clamped at x = 0, and there is a rigid body fixed at the other end x = L. Deflection of
the beam at x is denoted by u(x)

B, see Figure 1.2. Some of the layers are covered by thin, appropriately shaped metallic
electrodes, and are used as actuators, or as sensors. The third type of layers, called
substrate layers, are not covered with electrodes, and their purpose is to provide isolation
between the electrodes. Furthermore, all of the layers come in couples, and are placed
symmetrically with respect to the mid-axis, as depicted in Figure 1.2. The authors in
[40] use shape of the electrode layers as an additional degree of freedom in the controller
design. The sensor layers were given rectangular and triangular shaped electrodes, so that
the difference of the charges measured on the sensor layer couple at z = 0 is proportional
to the tip deflection u(¢, L) and the tip angle of the beam, respectively u, (¢, L). Also the
actuator layers were assumed to be covered with both rectangular and triangular shaped
electrodes, with the following motivation: A voltage supplied actuator layer couple with
rectangular (or triangular) shaped electrodes acts in the same way on the structure as a
bending moment (or force) at the tip of the beam.

Such piezo-actuation of the elastic cantilever is used for motion planning of the ho-
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rectangular-shaped electrodes

| / /
L] /i
| / 7 B T axis

Figure 1.2: Rectangular-/triangular- shaped piezoelectric layer couples, that are utilized
for actuation and sensing

mogeneous beam system. More precisely, a feed-forward tracking control is derived which
causes the tip position and the tip angle of the beam to closely follow prescribed trajecto-
ries. The feed-forward control inputs ©¢ and ©9 represent the voltage applied at z = 0 on
rectangular- and triangular-shaped electrodes respectively, up to a constant that depends
on system parameters. The desired prescribed trajectory is denoted by ud(t,z). A very
common approach for solving trajectory planning problem is used, the so-called method of
differential flatness. For more details, the reader is referred to [40].

In the following, linear system (1.1)—(1.5) represents the evolution of the trajectory
error system: function u(t,z) denotes the deviation of the actual beam deflection from
the desired reference trajectory ud(t,z). Similarly, ©; () denote the difference between
the applied voltages to the electrodes of the piezoelectric layers and 6?,2 specified by the
feed-forward controller. Note that due to the linearity, the beam trajectory and the error
of the beam trajectory solve the same equations of motion.

Py + Niggee = 0, 0<z<L,t>0, (1.1)

u(t,0) = 0, ¢>0, (1.2)

uy(t,0) = 0, t>0, (1.3)

Jugsr(t, L) + Ay, (t, L) + O©1(t) = 0, t>0, (1.4)
Muy(t, L) — Mg (t, L) + O2(t) = 0, ¢>0. (1.5)
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Here, mass density and the flexural rigidity of the beam are positive constants, denoted
by u > 0, and A > 0, respectively. They are calculated from the geometrical properties
(length L, width B, hight H! — H"), and material specifications of the piezoelectric layers.
In the above system, the equations of motion for the elastic beam and an attached body
consist of a partial differential equation (1.1) which describes the deviation of the beam,
coupled to the ordinary differential equations (1.4) and (1.5) which govern the motion of
the tip body. Therefore, in literature, the system (1.1)—(1.5) is often called hybrid [45].
Equation (1.4) states that the beam bending moment at x = L (i.e. Aug,(t, L)) plus the
bending moment of the tip body (i.e. Juyu(t, L)) is balanced by the control input —©;.
Similarly, equation (1.5) states that the total force at the free end, which is equal to shear
force at the tip (i.e. —Augq.(t, L)) plus the tip mass force Muy, cancels with the control
input O,.

The control inputs ©; and ©5 need to devise a stable feedback control for that beam,
such that the beam evolves very close by to a desired trajectory, in the sense that the error
system (1.1)—(1.5) approaches the zero state u = 0 (as t — oo0). However, when designing
the control inputs, only u(t, L), u, (¢, L) and their time derivatives can be employed, in order
to make the system technically realizable with the aforementioned piezoelectric sensors.
Furthermore, the control laws should be such that the resulting closed-loop system is a
well-posed problem, i.e. it has a unique solution.

1.2 Dynamic feedback boundary control

Various boundary control laws for EBB systems have been devised and mathematically
analyzed in the literature — with the stabilization of the system being a key objective
(cf. [45]). Soon afterwords, also exponentially stable controllers were developed which re-
quire, however, higher order boundary controls for an EBB with tip body [58]. On the
other hand, if only a tip mass is applied, lower order controls are sufficient for exponential
stabilization [15]. In spite of this progress, and due to its widespread technological applica-
tions, considerable research on EBB-control problems is still underway: In the more recent
papers [31, 29] exponential stability of related control systems was established by verifying
the Riesz basis property. For the exponential stability of a more general class of boundary
control systems (including the Timoshenko beam) in the port-Hamiltonian approach, refer
to [69].

As a supplement to the feed-forward control, feedback control which have the goal
to drive the error system to the zero state is introduced. The objective of this section
is to review linear feedback control laws for (1.1)—(1.5) introduced in [40], and extend it
further to nonlinear feedback control. The controllers are taken to be dynamic, rather than
static, since the dynamic controller has the advantage of better disturbance rejection in
comparison to the static controller (see [51] and [43]).

For the controller design, it is essential to observe the total energy of the system:

A [F L M J
o 5/ yum(;c)|2d:c+g/ yut(:c)dex+7ut(L)2+E(um(L))Q, (1.6)
0 0
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where the first term represents its potential, and the remaining ones its kinetic energy.
Assuming sufficient regularity of u, the time derivative of energy of the system can be
written as:

d

L L
aEbeam = A/ UgprUprt dx + /1// U Ut dx -+ MUt(L)Utt<L) —+ Jut:v(-[/)uttx(L)
0 0

= —O1u(L) — Oyuy(L), (1.7)

whereby partial integration and identities from (1.1)—(1.5) have been employed. This
identity serves as a motivation for the design of the control inputs ©; and ©,, which needs
to ensure that energy of the system decays in time. Furthermore, (1.7) implies that the
system (1.1)—(1.5) is passive [47].

An effective strategy the for control design is to couple the Euler-Bernoulli beam system
with a passive system in the feedback path [40, 67, 47]. The motivation for such control
design is the fact that, in the finite dimensional case, the feedback interconnection of
a passive systems yields a stable closed-loop system (for the concept of passivity based
controller design see [38] and [39]). This principle of passivity-based controller design has
recently been generalized to the infinite dimensional case, to systems frequently considered
in the literature (such as wave equation, Euler-Bernoulli and Timoshenko beam [47]).
The passivity-based linear and nonlinear feedback controllers are further discussed in the
subsections 1.2.1 and 1.2.2.

1.2.1 Linear controller

The approach used in [40], takes a strictly positive real (SPR) controller! as the passive
controller in the feedback loop. Consequently, the proposed linear controller has a dynamic
design, thus coupling the governing PDEs of the beam with a system of ODEs:

(C1)e(t) A1) + biug(t, L),
(C)e(t) = AaGa(t) + baue(t, L),

O1(t) = kiuy(t,L) + c1- G(t) + diun(t, L),
Oy(t) = kou(t,L) + co - Go(t) + dowy(t, L),

~+

(1.8)

with the auxiliary variables (1,( € C([0,00);R") and 6,0, € C[0,00). Moreover,
Ay, Ay € R™™ are Hurwitz? matrices, b;,¢; € R, kj,d; € R for j = 1,2, and coeffi-
cients k1 and ko are assumed to be positive. It is also assumed the transfer functions
G(s) :=(sI — A;)7'b; - ¢; + d; for j = 1,2 satisfy

R@(gj(%d)) Z dj > 5j >0 Yw 2 0,

LA SPR controller is defined as a controller with SPR transfer function.
2A square matrix is called a Hurwitz matrix if all its eigenvalues have negative real parts.
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for some constants d; and d5. This assumption yields that the transfer functions are SPR
(for its definition refer to [36], [47]), and hence the feedback control system (1.8) is passive.
It follows from the Kalman-Yakubovich-Popov Lemma (see [36], [47]) that there exist
symmetric positive definite matrices P;, positive scalars ¢;, and vectors g; € R™ such that

PjAj+ APy = —q;q] — ;P (19)
1.9
Pibj = ¢; — q;1/2(d; — 55),

for j = 1,2. In [40], it was shown, using (1.9), that (1.8) introduces damping into the
system. In order to see this, an energy functional for the controller is defined:

1 k 1 k
E(I;ontrol = §<1TP1<1 + éux(L)Q + ECQTPQCQ + 52U<L)2

The time derivative of the energy functional read as follows:
d
aEcLonm = G Pi(G)s + knug (D)ug (L) + G Pa(G)i + Kou(L)uy(L)
= { Pi[AiG1+ biuai (L)) + ¢ Pa[AsGs + byuy(L))
gt (L)[O1 — 1 - (1 — ditugr(L)] + g (L) [O2 — 2 - (o — douy(L)]
€ 1 ~ 2
= Ouu(L) = S PG = (D) = 5 (G- + (L))
€2 T 9 1 - 2
+Oou, (L) — 542 Py — Sauy (L) — Bl (C2 g2+ 52Ut(L)> )

where equations (1.8) and (1.9) were used. Hence, defining

Etl:)tal = Ebeam + Eglontrob (110)
gives
d € 1 . 2
—EL = ——= P — Sun(L)? — - (Cl g1+ 51uxt(L)>
dt 2 2
£ 1 - 2
—EQCngzCz — bouy(L)* — B <C2 “q2 + 52Ut(L)> <0.
(1.11)

Since the expression in (1.11) is always non-positive, it follows that due to (1.8) the energy
of the system indeed decays, and it implies that the functional E,  is a good candidate
for the Lyapunov functional of the system (1.1)—(1.5) and (1.8).

Equations (1.1)—(1.5) and (1.8) constitute a coupled PDE-ODE system for the beam
deflection u(z,t), the position of its tip u(t, L), and its slope u, (¢, L), as well as the two
control variables (;(t), (2(t). The main mathematical difficulty of this system stems from

the high order boundary conditions (involving both x- and ¢- derivatives) which makes the
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analytical and numerical treatment far from obvious. Well-posedness of this system and
asymptotic stability of the zero state were established in [40] using semigroup theory on
an equivalent first order system (in time), Lyapunov functional as in (1.10), and LaSalle’s
invariance principle.

In Chapter 2, a more general case of inhomogeneous EBB is considered. In Section 2.1
the stability of the system shall be analyzed further and it shall be shown that this unique
steady state is not exponentially stable, thus extending the results of Rao [58] to dynamic
control of inhomogeneous Euler-Bernoulli beams.

1.2.2 Nonlinear controller

Although considerable attention has been paid to the stability analysis of flexible beams,
most results deal with the situation in which the control is linear, and in general the respec-
tive stability analysis uses results from linear functional analysis. Extending the boundary
control to a class of nonlinear dynamic controllers increases greatly the stabilization pos-
sibilities of flexible beam systems. Also it enables one to choose among different options
in order to find one with best disturbance rejection, depending on the practical problem
at hand. This is necessary due to the fact that in real-life applications, the sensors and
actuators do not perform as precisely as in theory, and therefore the system input and the
system output contain some disturbances. However, the analysis of the nonlinear boundary
control is not straightforward in most cases, since the linear techniques do not apply in
this situation any more. In particular, up to the knowledge of the author the only models
with nonlinear boundary control considered in the literature do not have a tip body (see
[13, 18, 19]). Thus the model introduced here is a first step toward closing this gap, with
the goal of investigating possible approaches for demonstrating asymptotic stability.

In this subsection, a SPR nonlinear control law is proposed to asymptotically stabilize
the EBB system (1.1)—(1.5):

(@)e() = a1(Ci(t)) + bi(G(t))uae(t, L),

(Q)e(t) = a2(C(t)) + ba2(Ca(t))ue(t, L),
O1(t) = ki(ue(t, L))+ r(Gi(t) + di(Gi(t))ualt, L),
O2(t) = ko(u(t, L)) + ca(Ca(t)) + da(Ca(t))u(t, L),

(1.12)

where a;,b; € C*(R™;RY), ¢;,d; € CY(R™R), k; € C*(R,R"), j = 1,2 and the following
condition is satisfied:
kj(x)x >0, j=1,2. (1.13)

In particular, the Kalman-Yakubovich-Popov Lemma implies that there exist functions
V; € C*(R™,R), such that:

Vi(G) = 0, ¥ eR"
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Vo) = o, (1.14)

and that the coefficient functions satisfy:

VVi(G) - a;(G) < 0, ¢ #0,
VVi(G) - 0;(G) = ¢(G), (1.15)
di(¢) > 0,

for all (; € R", j = 1,2. The demonstration of the decay of the energy of the system will
serve as the justification for a control law given by (1.12). With this purpose in mind, an
energy functional for the controller is given by:

ugz (L) u(L)
B = V@) + [ R(@do 4 Va@)+ [ ha(o)do,
0 0

which, due to (1.13) and (1.14), is always non-negative. Then it follows:

iEg)Ir;trol = VVA(G)(G)r + k(e (L)) uar (L) + VVa(C2)(Ca)e + ka(u(L))ur(L)

dt
= VVi(C)[a1(Cu(t)) + b1 (C(8) ) uar(t, L)] + K1 (ua (L)) (L)
+VVa(G)a2(C(t)) + ba(Ca(8))ue(t, L)] + ka(u(L))ui(L)
< Orug(L) — di(Cr)ug(L)? + Ogus(L) — do(Ca)us(L)*.

where (1.12) and (1.15) were used. Therefore, the functional

NL ._ NL
Etotal = Ebeam + £,

control?
is a good candidate for the Lyapunov functional of the system (1.1)-(1.5) and (1.12), since

SENL < —d(Gun(L) — Gl L) <0 (1.16)

It is a common strategy to formulate the Euler-Bernoulli beam with high order non-
linear boundary conditions as a nonlinear evolution equation in an appropriate (infinite-
dimensional) Hilbert space. In general, showing that every mild solution tends to zero
as time goes to infinity consists of two steps, namely showing the precompactness of the
trajectories and proving that the only possible limit is the zero solution. In the linear case
verifying the precompactness is straightforward by showing that the resolvent of the sys-
tem operator is compact [47]. For the nonlinear case, the inspection of the precompactness
property is more complex. The most commonly used criteria for the precompactness of
trajectories can be found in [23, 55, 54, 70], and further generalizations in [20, 66]. There
the authors split the system operator into the sum of two operators A+ N (where A is its
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linear, and N its nonlinear part) and infer precompactness under the following conditions.
In [23] A is required to be m-dissipative and N applied to a trajectory is L' in time. In [54]
the requirement on A is loosened by assuming uniform local integrability of A applied to
a trajectory, however the linear semigroup e** needs additionally to be compact in order
to still ensure precompactness. Finally, in [70] operator N needs to map into a compact
set, and A needs to generate an exponentially stable linear Cp-semigroup. These strategies
have successfully been applied in the literature to the Euler-Bernoulli beam without tip
payload and with nonlinear boundary control: in [18] the precompactness of the trajecto-
ries follows directly from the m-dissipativity of the system operator, and in [13] from the
L'-integrability of the nonlinearity.

In contrast to the mentioned literature, the nonlinear boundary control considered in
this thesis does not fall into any of these sets of assumptions. In this thesis, A shall be
m-dissipative, but not compact and it does not generate an exponentially stable semigroup.
On the other hand, the operator N does not necessarily satisfy the strong assumptions
either, for it is compact, but L'-integrability can not be guaranteed. Thus the properties of
the system operator considered here are too weak in order to apply the mentioned standard
results. However, in this thesis the precompactness of the trajectories is demonstrated in
a novel way, thus extending the available methods.

1.3 Coupling to nonlinear spring-damper system

In order to tackle the challenges arising from stability analysis of the EBB with nonlinear
boundary terms (as introduced in Section 1.2.2) first a toy model is analyzed. An Euler-
Bernoulli beam is considered, which is clamped at one end, and at the tip of the beam
there is a payload of mass M > 0, which has the moment of inertia J > 0 (see Figure
1.3). Moreover, the beam has mass density ¢ > 0 and length L. The beam is parametrized
with « € [0, L], and is described by its deviation wu(t,z) from the horizontal (as depicted
in Figure 1.3). The constant flexural rigidity is A > 0, and the tension is assumed to be
zero. It is assumed that only two forces act upon the beam. First, the tip is assumed
to be attached to a non-linear spring, producing the restoring force —s(u(t, L)). Second,
there is a nonlinear damping force, given by —d(u(t, L)). Furthermore, it is assumed that
s € C*(R), d € C*(R), and

/ s(w)dw >0, Vz € R, (1.17)
0
d'(z) >0, d(0) =0, Vz € R. (1.18)
Additionally, the following is assumed:
ld(z)| > Dz*, Vzel, (1.19)

for some positive constant D > 0, on a small neighborhood U := [—4, §] around zero. Note
that (1.17) implies k1(0) = 0. For the derivation of the model, the approach in [26] and [40]
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Figure 1.3: At the end x = L, beam is attached to a nonlinear damper and a spring

is followed, whereby it is assumed that the beam satisfies the Euler-Bernoulli assumption.
The equations of motion can be derived according to Hamilton’s principle, i.e. they are the
Euler-Lagrange equations corresponding to the action functional. In the present model the
kinetic energy Ej and the potential (strain) energy E,, are

L M A L
E, = g / ut(x)2 dz + 7ut(L)2 + gum(L)Q, E,=— / um(x)2 dz.
0 0

Additionally, the virtual work dW of the external forces reads:
W = —s(u(L))ou(L) — d(us(L))ou(L).

Taking into account the boundary conditions u(0) = u,(0) = 0 of the clamped end, the
Hamilton’s principle implies that u solves the following system:

pug(t, ) + Mgy (t,2) =0, 0<axz<L,t>0, (1.20a)

u(t,0) = uy(t,0) =0, ¢ >0, (1.20b)

—ANtyyy(t, L) + Muy(t, L) + s(u(t, L)) + d(u(t, L)) =0, t>0, (1.20c)
Ay (t, L) + Jug,(t, L) =0, t>0. (1.20d)

Due to the damping, it is expected that the total energy of the beam will decrease in time.
The total energy of the system is given by

FEiota = Ex + E, + Ej, (1.21)
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where E; := fou(L) s(w) dw represents the potential energy stored in the nonlinear spring,.
Now (1.17) ensures that this integral always stays non-negative. The time derivative of
the total energy is computed using the Euler-Lagrange equations (1.20):

d

L L
EEtotal = A/ UggUtzy AT + M/ gty A + Mug(L)ug (L) + Jug (L), (L)
0 0

+ s(u(L))u(L)
—A /0 ' Ut AT 4 Mtttz |2 — Mttty + 1 /O ’ upttyy Az
+ Mug(Lyun(L) + Jugs (L) (1) + s(u(L))us(L)
— Mt (D)t () — Mt (D)) + ML) (L) + ot (D (1)
+ 5(u(L))u(L)
Nt (L)L) + Mo (L) () + s(u( L)y (I)
— —d(uw(L))w(L) < 0. (1.22)

The decay of the total energy of the system makes it a good candidate for a Lyapunov
function, and it will be used to show the stability of the system in Chapter 3. Furthermore,
it will be shown that the trajectories of the classical solutions are precompact and that
for almost all moments of inertia J > 0 the trajectories tend to zero as time goes to
infinity. Interestingly it is found that, for countably many values of the parameter .J, the
trajectories tend to a time-periodic solution. For given initial conditions it is possible to
characterize this asymptotic limit explicitly, including its phase. Let it be stated here, that
precompactness of the trajectories does not follow from any standard criteria found it the
literature. Instead, the novel method, introduced in this thesis, is used as for the EBB
with nonlinear dynamic boundary control described in Subsection 1.2.2.

A possible application of the method developed here is the nonlinear extension of the
linear theory in [7], describing a model for a flexible micro-gripper used for DNA manip-
ulation (the DNA-bundle model consists of a damper, spring and a load). Studying the
stability of the system, when nonlinear phenomena for the controller and DNA-bundle
are included, is a goal for future research set in [7]. The analysis and the results on the
asymptotic behavior obtained in Chapter 3 of this thesis can be considered as a step in
this direction.

1.4 Numerical method for EBB with tip body

In general, the solution of the EBB coupled to a control system or some mechanical system
at the boundary can not be obtained explicitly, and hence it is important to develop
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an efficient numerical method for these systems. Such a method proves to be necessary,
since the available simulation tools are often not apt for simulating complex dynamical
boundary control problems. The EBB systems described in Subsections 1.2.1, 1.2.2, and
1.3 are dissipative systems, as seen in (1.11), (1.16), and (1.22), respectively. The goal of
the second part of this thesis is to design the numerical method in such a way that the
discretized systems are dissipative as well. In the rest of this subsection, several numerical
strategies for the EBB from the literature are briefly reviewed and compared against the
numerical methods introduced in this thesis.

1.4.1 Linear boundary conditions

In [68] the authors propose a conditionally stable, central difference method for both space
and time discretization of the EBB equation. Their system models a beam, which has a
tip mass with moment of inertia on the free end. At the fixed end a boundary control is
applied in form of a control torque. Due to higher order boundary conditions, fictitious
nodes are needed at both boundaries. In [22] the authors consider a damped, cantilevered
EBB, with one end clamped into a moving base (as a boundary control) and a tip mass
with moment of inertia placed at the other. For their numerical treatment they considered
a finite number of modes, thus obtaining an ODE system. Also [40, 41] are based on a
finite dimensional modal approximation of (1.1)—(1.8). In [43] the EBB with one free end
(without tip mass, but with boundary torque control) was solved in the frequency domain:
After Laplace transformation in time, the resulting ODEs could be solved explicitly. How-
ever, this approach has a disadvantage that in addition a numerical method for the inverse
Laplace transformation is necessary. The more elaborate approaches are based on FEMs:
In [16] the authors present a semi-discrete (using cubic splines) and fully discrete Galerkin
scheme (based on the Crank-Nicolson method) for the strongly damped, extensible beam
equation with both ends hinged. In [4] the authors consider a EBB with tip mass at the
free end, yielding a conservative hyperbolic system. They analyze a cubic B-spline based
Galerkin method (including convergence analysis of the spatial semi-discretization) and
put special emphasis on the subsequent parameter identification problem. Their extended
model in [5] involves a viscoelastic damping (in the equation), hence leading to an abstract
parabolic system. All these FEMs are for models without boundary control. In this the-
sis, the coupled hyperbolic system (1.1)-(1.8) will be considered, where the damping only
appears due to the boundary control. Hence, the focus of this thesis is on the correct large-
time behavior (i.e. dissipativity) in the numerical scheme. To this end a Crank-Nicolson
scheme in time is used, which was also the appropriate approach for the decay of discretized
parabolic equations [2]. Let it be noted that the modeling and discretization of boundary
control systems as port-Hamiltonian systems also has this flavor of preserving the struc-
ture: For a general methodology on this spatial semi-discretization (leading to mixed finite
elements) and its application to the telegrapher’s equations, the reader is referred to [27].
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1.4.2 Nonlinear boundary conditions

Concerning the numerical simulations of the Euler-Bernoulli beam with nonlinearities, the
contributions in the literature are much fewer. Thereby a common approach is to use the
Galerkin method: In [6] two space-time spectral element methods are employed to solve
a simply supported, nonlinear, modified EBB subjected to forced lateral vibrations but
with no mass attached: There, Hermitian polynomials, both in space and time, lead to
strict stability limitations. But a mixed discontinuous Galerkin formulation with Hermi-
tian cubic polynomials in space and Lagrangian spectral polynomials in time yields an
unconditionally stable scheme. As the result of the discretization, nonlinear systems of
equations are obtained, which are solved using the Picard method. In [72] the authors use
spectral Tchebyshev technique for the spatial discretization of Euler-Bernoulli and Timo-
shenko beams without tip mass. The spatially discretized equations of motion are obtained
applying Galerkin’s method with Tchebychev polynomials as spatial basis functions. The
authors do not propose a method for full discretization in time, hence the obtained equa-
tions, which form a system of ODEs, are solved by commercial ODE solvers, in order to
demonstrate numerical efficiency and accuracy of the semi-discrete method.

In this thesis, the numerical method for the EBB with linear boundary control is
adapted in order to numerically handle nonlinear boundary conditions: FEM approxi-
mation in space and Crank-Nicolson in time is utilized. This approach will prove to be
unconditionally stable in both linear and nonlinear case. Moreover, it is structure pre-
serving in the sense that the finite difference of the energy functional of the fully-discrete
solution is always non-positive and it corresponds to the (also non-positive) time derivative
of the energy functional of the solution to the continuous problem. Furthermore, the dis-
sipativity property and stability of the method are independent of the choice of the finite
dimensional approximation space.

1.5 Organization and the summary of the thesis

This thesis is organized as follows: In Chapter 2 linear dynamic boundary control for
an inhomogeneous EBB will be considered. Section 2.1 is dedicated to discussion of the
stability of the closed-loop system. Firstly, the analysis of [40] is completed, proving that
despite asymptotic stability, this system is not exponentially stable. Toward this analysis
the asymptotic behavior of the eigenvalues and eigenfunctions of the coupled system is
inspected. Obtained results are an extension of Rao’s analysis [58] to dynamic controllers
and inhomogeneous beams. Further, the Riesz basis property and spectrum-determined
growth condition has been demonstrated. To the knowledge of the author, there exist no
such results in the literature for the non-homogeneous beam with tip body and dynamic
controller. In Section 2.2 the weak formulation of the closed-loop system is discussed. The
techniques of Lions [44] are used to demonstrate the existence and uniqueness for the weak
solution to the initial-boundary value problem (1.1)-(1.8). In Section 2.3 an unconditionally
stable FEM (along with a Crank-Nicolson scheme in time) is developed, which dissipates
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an appropriate energy functional independently of the chosen FEM basis. Error estimates
(second order in space and time) of the numerical scheme are derived. Chapter 3 considers
a problem of a cantilevered Euler-Bernoulli beam attached to a nonlinear spring and a
damper, introduced in Section 1.3. In Section 3.1 the system is written as an evolution
problem and its well-posedness is analyzed. In Section 3.2 the precompactness of the
trajectories is proved for all classical solutions, and the long-term behavior and stability of
the system are discussed in Section 3.3. Thereby, possible w-limit sets are characterized,
proving that any regular solution tends either to zero or to a periodic solution, depending
on the prescribed value of the moment of inertia J. Section 3.4 is concerned with the weak
formulation of the system, and in Section 3.5 a dissipative numerical method is developed.
In Chapter 4 an EBB system coupled to nonlinear feedback boundary control is analyzed.
Section 4.1 discusses well-posedness and the stability of the system. In Section 4.2 a
weak formulation of the problem is introduced, and in Section 4.3 a dissipative numerical
method is developed. For all three cases (i.e., coupling the beam to a dynamic linear
and nonlinear control, and a nonlinear spring-damper system), it has been shown that the
appropriate numerical method, which conserves dissipation of the system, is combining a
FEM discretization in space, and the Crank-Nicolson discretization method in time, as
presented in Sections 2.3, 4.3, and 3 respectively. Finally, in Chapter 5, the simulation
results for the numerical methods are presented, and their implementation in MATLAB
is discussed. For easier understanding of the thesis, some results and lengthy proofs are
deferred to Appendix A. For completeness, the Appendix B states the most important
results from the literature used in this thesis.



Chapter 2

Linear dynamic boundary control

In this chapter, the system (1.1)—(1.5) will be generalized to the case where the mass
density pu € C*0, L] and flexural rigidity of the beam A € C*[0, L] are inhomogeneous:

p(x)ug + (M) ugz)ew = 0, 0<zx <L, t>0, (2.1)

u(t,0) = 0, t>0, (2.2)

ue(t,0) = 0, t>0, (2.3)

Jugee(t, L) + (Auge)(t, L) +01(t) = 0, t>0, (2.4)
Muy(t, L) — (Auge).(t, L) + O2(t) = 0, t>0, (2.5)

where, it is assumed p(z), A(z) > 0, for all x € [0, L]. For the feedback boundary control
the dynamic linear SPR controller is considered, as designed in [40], and described in
Subsection 1.2.1:

(C)e(t) = AGi(t) + brug(t, L),

(C2)e(t) = AaCal(t) + bauy(t, L), (2.6)
O1(t) = hkuy(t,L) +c1- G(t) + diug(t, L),

Oy(t) = kou(t,L) + co - Go(t) + dowy(t, L).

This chapter is organized as follows. In Section 2.1 the system (2.1)—(2.5), (2.6) is for-
mulated as an evolution problem and studied in semigroup framework. In order to examine
if the system is exponentially stable, the spectrum of the system operator is analyzed and
it is demonstrated that the generalized eigenvalues of the operator form an Riesz basis in
the corresponding state space. Next, in Section 2.2 the weak formulation of the system
is defined, and the existence and uniqueness of the weak solution are demonstrated. This
formulation is used in Section 2.3 to develop a dissipative numerical method for the system.
The results of this chapter were published in [48], with exception of the subsections 2.1.4
and 2.1.5.

15
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2.1 Stability of the closed-loop system

Well-posedness of the closed-loop system (2.1)—(2.6) and asymptotic stability of the zero
state were established in [40] for constant g and A using semigroup theory, a carefully
designed Lyapunov functional, and LaSalle’s invariance principle. In order to perform the
stability analysis of the system, the authors formulate the problem as an evolution problem
first.

2.1.1 Semigroup formulation

The theory of semigroups is vital for investigating the properties of solutions to partial
differential operators. In particular, semigroups generated by the system operator of an
abstract Cauchy problem, can be used to completely characterize the well-posedness and
the stability of its solution. Hence, the following formulation provides an efficient tool for
the discussion on asymptotic and exponential stability. Let ﬁ[é“ (0, L) for k > 2 be defined
by:

ak0,L) = {u € H*0,L)| u(0)=1u,(0)=0}

The analytical setting for (2.1)—(2.6) in the framework of semigroup theory is revised from
[40]. The Hilbert space is defined by:

7-[ = {Z = (uav7<17627§71/})—r: uc f{g(oa L),U € LQ(OaL)7€17C2 € Rn,fﬂ? € R}?
with the inner product

(=,2) 1/LA Vd+1/L e+ €€+
z,2) = = Upg Uy AT + = vodr + — —
: 2/, 2 ), 27°° " oM

1 y 1 y 1 o1 y
+ §/€1Ux(L)Ux(L) + §/f2U(L)U(L) + §C1TP1C1 + §C2TP2C2>

where ||z||3; denotes the corresponding norm. Let A: D(A) C H — H be a linear operator
with the domain

D(A)={zeH:ue HY0,L),v € H30,L), = Ju,(L),v» = Mv(L)},  (2.7)

defined by
e _ y ;
A G _ Ai1G+ bl%
G2 AzCa + bz%
3 —A(L)tge(L) — kyug(L) — e1 - G — di S
LY ] L (Auge)o(L) — kou(L) — o+ (o — dote
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Now (2.1)-(2.5), and (2.6) can be written formally as a first order evolution equation:

Zt = AZ,
Notice that in order to incorporate the higher order boundary conditions (2.4), (2.5) and the
boundary terms on the r.h.s. of (2.6), it shows to be essential to introduce u(t, L), uz(t, L)
as separate variables, see (2.7). More precisely, 1 = Mwv(L) is the vertical momentum, and
J = Ju,(L) the angular momentum of the tip mass, where v = u, is the velocity of the
beam’s deflection.

Theorem 2.1. Operator A is densely defined (i.e. D(A) is dense in H ), and it generates
a Cy-semigroup of contractions, denoted by {T'(t)}>o0-

Proof. The proof that D(A) is a dense subset, and the operator A is a dissipative, is
identical as in [40]. On the other hand, since in [40] the functions p and A are constant, the
inverse A~! can be explicitly determined in order to show that A~! is compact. However,
in the case when the beam is inhomogeneous, the inverse of A is not explicitly known.
Still compactness of A~! can be shown as in the proof of Lemma 2.23. Now according to
Liimer-Phillips Theorem, the statement of the theorem follows. ]

Before discussion on well-posedness and stability of (2.8), a definition of a classical
solution is given.

Definition 2.2. A function z: [0,00) — H is said to be a classical solution of (2.8) if
z € C([0,00); D(A)) N C*((0,00); H), and z satisfies the initial conditions and (2.8) on
(0, 00).

The existence and uniqueness result for the classical solution follows immediately from
Theorem B.1 in Appendix B:

Theorem 2.3. For all zg € D(A), there ezists a classical solution to (2.8), and it is given
by z(t) = T(t)zo.

Furthermore, a more general solution will be considered, when z; is not necessarily in
D(A). Then (2.8) is not guaranteed to have a classical solution at all. For this purpose, a
notion of mild solution to (2.8) is introduced, which is also called the generalized solution.

Definition 2.4. Let A be the infinitesimal generator of a Cy-semigroup 7'(¢) on a Banach
space X. For zg € X, mild solution of (2.8) is defined by z(t) = T'(t)zo.

Next result follows directly from Theorem 2.1:

Theorem 2.5. For any zo € H, (2.8) has a unique mild solution z € C([0,00); H).
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Notice that the contractivity of the semigroup also implies that ||.||3 is a candidate for
the Lyapunov functional for (2.8). More precisely, let the functional V': H — R be defined
by:

L[e L, &£ 9

= == A d - d > 4 7

VE) = o= | Adadoeg [Cptdos e g
1 , 1 A 1

Analogously as in (1.11), for all classical solutions z it follows that:

2 2
iv(z) = _%CIHQ — 01 (é) - % (Cl “q1 + 51§)

dt J J
2 ) 2
_62_2§;P2C2 — 09 (%) ~35 (@ “go + 52%) <0, (2.10)

hence time evolution of the functional V' along the classical solutions is non-increasing. For
the mild solutions, due to the lack of regularity, the time derivative is generalized:

Definition 2.6. The generalized time derivative of V' along the mild solution z(t) of (2.8)
to the initial value zo € H is defined as:

; V(z(t) = V(=)

V(2p) := limsup ; ,
AV

which may take the value —oo.

Definition 2.7. Functional V: H — R is a called a Lyapunov functional of the evolution
problem (2.8) if the following holds:

i) V(2) >0, VzeH\{0},
ii) V(0) =0,
i) V(z0) <0, V2 € H.

Since {T'(t)}+>o is a linear semigroup of contractions, the decay of V' along the trajec-
tories can easily be extended to mild solutions (see [40]), and hence V is the Lyapunov
functional for (2.8). Moreover, the largest invariant subset of

M:={z€H:V(z) =0}

contains only zero solution (for the proof when the beam is homogeneous see [40], in the
inhomogeneous case see the proof of Theorem 4.17). Now, applying La Salle’s invariance
principle (stated in Appendix B, Theorem B.2) the central stability result obtained in [40]
follows:
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t—o00

Theorem 2.8. Let z(t) be the mild solution to (2.8), for some zy € H. Then z(t) — 0
in H.

Therefore, the system (2.1)-(2.5) and (2.6) is asymptotically stable. However, there
remains an open question if the system is exponentially stable as well. This question is
tackled in the remainder of this section.

2.1.2 Spectral analysis for the operator A

Spectral analysis has often been used in the past century to determine dynamic behavior
of vibrating systems. In particular, [29], [31], and [15], are some of the examples in the
literature in which stability analysis of a cantilever beam with tip mass (or tip body) and
boundary control has been performed solely by means of spectral analysis. In general,
stability problems of infinite dimensional systems are much more complicated than those
of the finite dimensional systems. Asymptotic stability, exponential stability, as well as
the property that all eigenvalues of A are located on the open left-half complex plane are
equivalent in finite dimensions. For infinite dimensional linear systems, however, these
equivalences do not hold in general. Two different stability types will be studied here, for
which definitions are given in a semigroup framework:

Definition 2.9. A Cy-semigroup T'(t) is said to be asymptotically stable if for every z € H,

lim T'(t)z = 0.

t—o0

A Cy-semigroup T'(t) is said to be exponentially stable if there exist constants M > 1, and
w > 0 such that

1T (@) < Me™".

As can be seen in Theorem 2.5, asymptotic stability for (2.8) has already been demon-
strated in [40]. Furthermore, from the proof of Theorem 2.1 it is known that A™! is
compact. The asymptotic stability and compact resolvent property of the operator A,
offer more information about the spectrum of A:

Theorem 2.10. For all A € o(A), Re(\) < 0.

Proof. Statement follows directly from Theorem B.3. [

However, contrary to the finite dimensional case, exponential stability for the infinite
dimensional systems can not be deduced solely from the fact that the spectra of the system
lies in the open left-half complex plane. Additional necessary conditions are needed, and
these are considered in the next subsection.
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2.1.3 Non-exponential stability

The focus of this subsection will be the study of the exponential stability of system (2.8),
which has remained an open question. For this purpose, a commonly used criteria due to
Huang [33] is stated.

Definition 2.11. Let B be a linear operator. The spectral bound of B is defined by:
r(B) =sup{Re(\): X € 0(B)},
where r(B) may take value co.

Theorem 2.12. Let S(t) be a uniformly bounded Cy-semigroup on a Hilbert space with
infinitesimal generator B. Then S(t) is exponentially stable if and only if

r(B) <0 (2.11)

and
sup || R(i\, B)|| < oo (2.12)
AER

holds.

This method of examining exponential stability of a semigroup, as presented in Theo-
rem 2.12, is also called frequency domain criteria. Some of the first articles dealing with
the construction and analysis of linear boundary control for an Euler-Bernoulli beam with-
out tip body [11, 12, 51] show exponential stability of the system using frequency domain
criteria. However, in this thesis this criteria will be utilized to demonstrate the lack of
exponential stability. This result does not come as a surprise, since it is already known
from the literature that the linear boundary feedback controller composed of lower order
derivatives does not exponentially stabilize an Euler-Bernoulli beam with tip body. First
such result was shown in [45], for a specifically chosen controller parameters, and a more
general result, for arbitrarily chosen parameters, is presented in [58]. The following theo-
rem, which is the main result of this section, can be seen as an extension of work in [58]
to inhomogeneous beam and dynamic control.

Theorem 2.13. The operator A has eigenvalue pairs A, and M, n € N, with the following
asymptotic behavior when n — oo:

o /@n—Dr\?  ARMT(L)IA(L)E — 1
Ao = ’[( 2h * 282

him /OL (%) dw, (2.14)

and I is a real constant given by (2.39). Therefore,
sup{Re(A\): A € o(A)} =0,

+0(n™), (2.13)

where

and hence the evolution problem (2.8) is not exponentially stable.
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Proof. 1t is already known that the operator A has a compact resolvent. Thus, its spectrum
o(A) consists entirely of isolated eigenvalues, at most countably many, and each eigenvalue
has a finite algebraic multiplicity [35]. Since A also generates an asymptotically stable Cy-
semigroup of contractions, it follows (see Theorem B.3 in Appendix B):

Red <0, VA€ a(A).

The matrices A; and Ay are Hurwitz matrices and therefore only have eigenvalues with
negative real parts. The set o(A)N(c(A;1)Uo(Az)) C Cis therefore empty or finite. Hence,
it suffices to consider only such eigenvalues \ of the operator A that are not eigenvalues of
Ay or Ay. Now z = (u,v,(1,(,&,9)" € D(A) is a corresponding eigenvector if and only
if:

vo= \u,
Cl = )\ux(L) ()\I — Al)il bl,
G = Mu(L) (M — Ay) "' b,

and u satisfies the following boundary value problem:

(Augy),, +pNu = 0, 2.15
w(0) = 0, (216
u(0) =

ALYty (L) + (ky + A (A — Al)‘l by - c1 4+ My + N2 )u,
— (M), (L) + (kg + XM — Ag) by - ey + Ady + N2 M)u

oo o oo
TN N N N TN
DO
—_
~J
S N N N

)
(L) =
(L)

In order to solve (2.15)—(2.19), spatial transformations as introduced in [30] are performed,
which convert (2.15) into a more convenient form. For this reason, (2.15) is firstly rewritten

as:
2Am Axm M2
2w i 22y = 0. 2.9
Uazze + 3 Usww + uerA)\u 0 (2.20)

In order to transform the coefficient function appearing with « in (2.20) into a constant, a
space transformation is introduced. Let u(z) = u(y), where

v=vw = [ (%) du, (221)

with h defined as in (2.14). From (2.16)—(2.20) it follows that @ satisfies:

9 9 y o 4y29
Uyyyy + Q3lyyy + Qollyy + only + A°A G =

(0)
iy (0) =
)

)

(2.22)

o 0o o0 oo

ﬁyy(l) + Zv‘y(l) (Bo + K1(N)
—yyy (1) + Briyy (1) + Batiy (1) + ka(A)u(1
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with
o = (55) (5. 22
i = {2 () [ (49) ]+ (42) " (42)

1

RO (4 2< D) D] e

and «a; being a smooth function of h, -, and % for K = 0,1,2,3. The coefficients

Bo, b1, B2 are constants, depending on h, ‘31 /,:( ), and %(L) for £k =0,1,2. Furthermore,
the following notation has been introduced:

N[

_ b (MmN A e 2
ki(\) = NI ( (L)) (k1 + X (AT = Ay) " by) - + Ay + M)

w7 oAb e )
Ka(N) = o) ( (L)> (k2 + A (ML = Ag) 7 bo) - ca + Ada + A2M) .

In order to solve (2.22), the strategy as in Chapter 2, Section 4 of [52] is used. Hence,
to eliminate the third derivative term agt,,,, a new invertible space transformation is
introduced:

i(y) = e" 14 0 L), (2.25)

Boundary value problem (2.22) can be written as:

Uyyyy + Q2llyy + 1Ty + Qo+ h*N* T = 0, (2.26)
71(0) = 0, (2.27)
u,(0) = 0, (2.28)
1)+ 8(0) (-4 1) + 1) (51— qoult A>) — 0 e
_ayyy(l) + B5ﬂyy(1) + 66ay(1) (57 + “2( ( ) = 0, (2-30)
where 3 3
Ga(y) = s (y) — gas(y)’ — S(as)y(y), (2.31)
and @, ap are smooth functions of A, ikﬁ}, and dk“ for £k = 0,...,4. The constant

coefficients fs,..., 7 depend on h, 4EA(L), and 4 k( ) for K = 0,...,3. Due to the
invertibility of the above transformations, the obtal ed problem (2.26)- (2 30) is equivalent
to the original problem (2.15)—(2.19).
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Since the eigenvalues of A come in complex conjugated pairs, and have negative real
parts, it suffices to consider only those A in the upper-left quarter-plane, i.e. such that
arg A € (5, 7. Note that 7 € C is uniquely determined with Re(7) > 0, and A\ = 1;—2 It
can be seen that arg7 € (0,%]. Now, the solution to (2.26) can be approximated by the
solution to the differential equation with the dominant terms only, i.e. Tyzzp + A2h*0 = 0.
More precisely, it holds (by adaptation of Satz 1, pp. 42 of [52]; and the last result of
Lemma 2.14 is stated in the proof of Satz 1):

Lemma 2.14. For 7 € (0,%], and |7| large enough, there exist linearly independent solu-

tions {v;}j_,, to (2.26), such that:

vily) = e (1 + fi(y),

d* it _
dyk%’(y) = (wn)fe ™ (1+ f;(y) +O(7172)) k€ {1,2,3},
(2.32)
where wy =1, wy =1, w3 = —1, wy = —1, and
foy ao(w) dw . ‘
(y)=——7—""—+0 =1,...,4.
i) = =2 O, as il o0 =1

Furthermore, the functions dd—;mj are analytically dependent on T, for |1| large enough,
j=1,...,4and k=0,...,3.

Now, due to Lemma 2.14, the solution to (2.26)—(2.30) can be written as:
a(y) = Cimnly) + Cama(y) + Css(y) + Cinaly),

where the constants {C;}j_, are determined by the boundary conditions (2.27) — (2.30),
and therefore satisfy the following linear system:

0 = Ci71(0) + Cy72(0) + C373(0) + Cy7v4(0),
0 = Ci(m)y(0) + Ca(72)y(0) + C5(73)y(0) + Ca(74)y(0),

4
0 = Zcim:n',
zjl
0 = Zcim4i>
i—1

(2.33)

where

1

mai = (Vi)yy(1) + (B3 + £1(N)) (73)y (1) + (Bs — Za?v(l)"fl()\))%(l)a
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mai = —(%i)yyy (1) + B5(7i)yy (1) + B6(7i)y (1) + (Br + K2(A)) (1)

From (2.32) easily follows:

%(0) =14 £;(0),  (9)y(0) = wyr(1 + f;(0) + O(I7[7%)), j=1,....4,

mg = ¢ (7 + Lr)(1 + f(1) + O()

My =€’ ((l ™ =1+ f1(1) + O(|T|3)) )

mg = €7 (i + L) (1 + f2(1)) + O(|7)) ,

may = ¢ (s + i) (1 + f2(1)) + O(7]) . (2.34)

maz =e¢ " ((=L° + LT (14 f3(1)) + o(I71%) ,

maz = e 7 ((Is7 + 7°) (1 + f3(1)) + O(|7]*))),

mas = e 7 (=il 7° + L") (1 + f2(1) + O(7%)),

mag = e (I — i) (1 + f1(1)) + O(|7]?))

with

=D (Xg) B ﬁsi((% (i(é))) ) (%)

For 4 to be nontrivial, the determinant of the system (2.33) has to vanish:

71(0) 72(0) 73(0) 74(0)

ST
i

(M)y(0) (72)4(0)  (73)5(0)  (74)y(0)| _ (2.35)

Next (2.35) shall be written in an asymptotic form when Re(7) is large:
Bl(m31m44 - m41m34) + B2(m31m42 - m41m32) + O(|T|10) =0, (2-36)

where

By =~ (1+14)[1L+ fo(1) + f3(1)] + O(|7] %),
By :=(1—i) [1+ f3(1) + f2(1)] + O(I7]7?).

Noting only the terms with leading powers of 7 in (2.36), and after division by e” 7',
it is obtained

(2.37)

cosT — 71! ((é[l ll?))(COST + sin 7')) +0O(7I™%) = o, (2.38)

where

. /O o) du, (2.39)
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Let k = n—% for n € N be sufficiently large and the equation (2.38) for 7 in a neighborhood
of km be considered. Rouché’s Theorem (see [37], e.g.) is applied to the equation (2.38),
written as

cosT+ f(1) =0, (2.40)

where f(7) = O(|7|™!). Consider cosT on a simple closed contour K C {(n — 1)m <
Re(r) < nr} “around” 7 = km such that |cos7| > 1 on K. For n large enough, the
holomorphic function f satisfies |f(z)] < 1 < |cos7| on K. Since 7 = km is the only zero
of cos T inside K, Rouché’s Theorem implies that (2.40) has also exactly one solution inside
K:

Tp = km + hy,. (2.41)

Then, cos7, = (—1)"sinh,. Furthermore, (2.40) implies h, = O(n~!). To make the
asymptotic behavior of h,, more precise, note that

sint, = —(=1)"cosh, =—(—1)"+0O(n"?),
cost, = (=1)"h,+0O(n?).

Using this in (2.38), it follows

Finally, this yields
ARMTY(L)SA(L)E — T

-2
b pyam +O(n™7),
and (2.41) implies
T\ 2 kr\? AWM pu(L)iA(L)i — 1 )
(T | (kT -1y, 2.42
A z<h> z[(h)—i— o +Om™ (2.42)
Hence, condition (2.11) fails and T(t) is not exponentially stable. O

In Figure 2.1 the eigenvalue pairs corresponding to the first simulation example from
Section 5.1 (depicted in Figures 5.1 and 5.2) are shown. They were obtained by application
of Newton’s method to the equation (2.35).

Remark 2.15. Let us compare this result to a similar system studied in [50] and Section
5.3 of [47], which also consists of an EBB coupled to a passivity based dynamic boundary
control, but without the tip mass. Then, that system is exponentially stable.

Remark 2.16. Note that the dominant term of the system eigenvalues (2.13) for large
n depends only on geometrical and physical properties of the beam and the tip body.
Therefore, the asymptotic behavior of the eigenvalues is independent of the choice of the
dynamic linear controller.
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4000
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Figure 2.1: The eigenvalues A, of the system approach the imaginary axis as n — oo.

2.1.4 Riesz Basis Property

The Riesz basis property is an elegant way to obtain stability results and it is ever more
employed in the literature [14, 17, 29, 31]. In order to closely inspect this property, a
definition for Riesz basis is revised.

Definition 2.17. A sequence {y, }nen in H is called a Riesz basis for H if there exists an
orthonormal basis {®, },en in H and a linear bounded invertible operator 7" such that

T(pn) = Py, Vn € N. (2.43)

Definition 2.18. Let B : D(B) C H — H be a closed linear operator. Then z € H is
said to be a generalized eigenfunction corresponding to an eigenvalue A € o(B) with finite
algebraic multiplicity, if

(M —B)"z =0,

for some n € N. Furthermore, it is said that B satisfies Riesz basis property if the general-
ized eigenfunctions of B form a Riesz basis for H.

When the operator of the evolution equation satisfies the Riesz basis property, it permits
one to deduce many important features of the system. Examples are the optimal decay rate,
as well as spectrum-determined growth condition, that has both theoretical and practical
significance, which are stated next.

Definition 2.19. Let the linear operator B be the infinitesimal generator of a Cy-semigroup
S(t). The growth rate of S(t) is defined as:
I [[S@)
wo(B) = inf —=—
From the definition it follows that there exists a constant M > 0 such that ||S(¢)| <
Me@oB)+e)t for any ¢ > 0. Furthermore, if wo(B) = r(B), it is said that S(t) satisfies the
spectrum-determined growth (SDG) condition.
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It follows easily that wy(B) > r(B), but the equality does not hold in general. Conse-
quently, if the SDG condition holds, the exponential stability of S(t) is equivalent to the
condition that r(B) < 0. Thus the SDG condition gives a practical criterion when the
exponential stability of S(¢) is completely determined by the spectrum of B. Such method
for studying the exponential stability is also called spectral analysis method. The most
frequent approach in the literature for showing that the SDG condition holds, is verifying
that the system satisfies the Riesz basis property. A system that satisfies the Riesz basis
property, is usually referred to as Riesz spectral system (see [71]).

Note that the condition (2.43) from the Definition 2.17 is equivalent to the generalized
eigenfunctions of the system {¢,}>2; being approximately normalized, i.e. there exist
01,09 > 0 such that for all sufficiently large n the following holds:

01 < ||enlln < 0. (2.44)

However, the Riesz basis property is often not straightforward to verify for infinite di-
mensional systems, not even for flexible beam systems which have already been greatly
studied in the literature. The main difficulty for such a verification is usually the non
self-adjointness of the system operator. However, recently a new approach has been in-
troduced in [32] for studying the Riesz basis property of a system. An advantage of the
aforementioned method is that only the asymptotic behavior of the eigenfunctions needs
to be considered. This turns out to be a very helpful result, since in the case of a beam
with variable coefficients, it is not possible to obtain an explicit expression for the solution
of the characteristic equation nor the system eigenfunctions. The method is presented in
the following lemma, which is a corollary of the Bari Theorem (stated in the [32], Theorem
1, pp. 243).

Lemma 2.20. Let B be a densely defined operator in a Hilbert space H with compact
resolvent. Let {w,}° | be a Riesz basis for H. If there exist an N > 0, and a sequence of
generalized eigenvectors {z,}o2 n. of B such that

o0

D lwn = zl® < oo, (2.45)

n=N+1

then:

i) There exist M > N and generalized eigenvectors {zno} ., of B such that {z,0}M, U
{zn}o a1 forms a Riesz basis for H.

it) Consequently, let {2,012, U{2,}52 1111 correspond to eigenvalues {\,}32, of B. Then
o(B) = {\.}22,, where \, is counted according to its algebraic multiplicity.

iii) If there exists My > 0 such that A, # Ay, for allm,n > My, then there is an Ny > My
such that all \,, for n > Ny, are algebraically simple.
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The aim of the rest of this subsection is to apply Lemma 2.20 to the operator A, in order
to demonstrate that A has the Riesz basis property. First, the asymptotic behavior of the
eigenfunctions z, corresponding to eigenvalue \,, of the operator A when n — oo is studied.
Since the system matrix (2.35) has rank 3 for every n large enough, it follows that there
exists only one linearly independent solution to (2.26)—(2.30) for 7 = 7,,. Therefore, all
eigenvalues \,, for n sufficiently large, are geometrically simple. Furthermore, the function
Uy, has the form (see [52] and Proof of Theorem 2.13):

71(0) Y2(0) v3(0) 74(0)
= 1(1)y(0) (72)4(0) (73)y(0)  (74)y(0)

un(y) m31 m32 m3s3 M3y
7y ) k) ),

up to a multiplicative constant. Using the Laplace expansion, scaling the expression with
2 . . . . .
—6’77’8571, and considering only the terms with leading powers of 7, it can be seen that,

for n large,

1 1 1 )
’I]n(y) = )\;1 |:e_(n—2)7ry — COS ((’I’L — —)Wy) -+ sin <(n — _)ﬂ-y) + (_1)n€(n—§)7r(y—1) + O(n_l):| 7

2 2
(2.46)
y € [0,1]. Therefore, the following result holds:

Theorem 2.21. The function u,, corresponding to the eigenvalue A, (solving (2.15)—(2.19))
has the following asymptotic property as n — n:

1 1

un(z) = Aledlionle)ds [e‘("‘é)”y — cos <(n - é)ﬂy> + sin ((n - 5)?1@)

—1—(—1)”6(”_%)”(@’_1) + O(n_l)} ) (2.47)

where 0 < x < L, with y = y(z) and az as in (2.21) and (2.23). Hence the eigenfunction
corresponding to \, has the form

AU,

M (U)o (L) (M d — Ay) "' by
Antin (L) (A — Ag) "' by
I (1) (L)
MM\, un (L)

2y = (2.48)

Additionally, Z, are the eigenfunctions corresponding to conjugated eigenvalues \,, n € N.

Remark 2.22. 1t is interesting to note that the asymptotic behavior of @,(y) in (2.46) is
the same as of the first coordinate of the eigenfunctions for a homogeneous beam, with no
tip mass attached, and only control torque applied at the boundary, as considered in [32].
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The next step in showing that A has the Riesz basis property will be to choose an
appropriate reference Riesz basis {wy, }nen. To this end, the system (2.1)-(2.5) coupled to
a simplified control law which does not include damping into the system:

(C1)e(2) brug(t, L),
t) = b t, L
(@h(0) = bt L), 210
('?1(t> = klux(t, L) + Plbl . Cl (t),
(“)2<t) = kﬁgu(t, L) + P2b2 . Cg(t),
is considered. The system is written as an evolution problem
2 = Az, (2.50)

where the associated operator is given by

[ w ]| [ v ]
Cl . bl—
Al o= i ,
§ — ALYty (L) — kyug (L) — Piby - G
L 7/1 i | (Aum)x(L) — kQU(L) — Pgbz . §2

and D(A.) = D(A). This system is conservative, since for any zy € D(A,) it is easily
demonstrated that £|z(¢)[|3, = 0. Moreover, the following holds:

Lemma 2.23. Generalized eigenfunctions of A. form an orthogonal basis for H. Further-
more, the eigenvalues {v,,U,} of A. have the following asymptotic behavior when n — oo:

(2.51)

A /@n=1)7r\> 4hM'W(L)IA(L)1 — T .
Vp = z[( o > + N +0(n™),

where h and I are the same real constants as in (2.14), (2.39). The eigenfunction corre-
sponding to v, has the form:

C

Vn Uy,

(un)z (L) by
uy, (L) by ’

Jvn (ufz)x(L)

| Muvuug (L)

w, = (2.52)

with

1 1
uG(z) = vyleildoal@)ds {e_(”‘é)’ry — cos ((n — 5)%?/) +sin ((n — 5)%9)



30 CHAPTER 2. LINEAR DYNAMIC BOUNDARY CONTROL

F(=1)rer 2 =D 4 O~ Y| | (2.53)

Hence, for the dissipative system (2.8) and for the conservative system (2.50) (i.e. with
A9 =0,d12 =0), the asymptotic behavior of the eigenvalues and the eigenfunctions is the
same.

Proof. For any z,z € D(A.) one can obtain

(Acz,z) = %/L A(Vgplliyy — Vpgllyy) AT
0
+ %kl(—ux(L)m(D + iy (L)ox (L)) + %kz(—u(L)ﬁ(L) +a(L)v(L))
+ % (¢! Py (L) + & Pty v (L)) + % (¢ Pabo 0(L) + & Paby ol L))

= _<Z7Acé>7

hence A. is skew-symmetric. Next it is demonstrated that A. has a compact resolvent.
This result is much more tedious than in the case of an inhomogeneous beam with a non-
dynamic controller (cf. [29], [28], [15]), where the inverse of the operator can be obtained
in the closed form. To proceed, let 2 = [f g T1 To 2 ¥]" € H be given, and z € D(A,) is
to be determined such that (Al — A.)z = 2, for some A € C. This problem is equivalent to

v Au— f,
¢ = Ju(L),
Y = MU(L) (2.54)
Cl = 1(T + bﬂ]m(L))
G = 1(T2+52?}( ),
where
(M), + 1020 = pulg+ M), (2.55)
u(0) = 0, (2.56)
uz(0) = 0, (2.57)
A(L)uy. (L) + (kl +bTP1b1 + 22 J) (L) = B, (2.58)
with B; o introduced as
By = 24 AJLAL) — b1 BTy + 0] Pabs £o(L),

and

1 1
By i= W+ AMJ(L) = $by PyYa + b5 Pabs f(L).
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Notice that |B;| < C|Z][3, i = 1,2, for some C'= C(\) > 0. Now, it is argued that there
exists a particular solution u, € Hy (0, L) to (2.55). Due to the Lax-Milgram Lemma, there
exists a unique weak solution u, € HZ(0, L) to (2.55), and it holds

(A(Up)an)aa = —pAul + (g + Af) € L*(0, L).

Hence
A(tp)zze = (Mtp)as)o — Ma(Up)ea € L*(0,L).
Since A(z) > Ay > 0 for some positive constant Ag, it follows that A € L*(0,L).
Furthermore, A € W2(0, L) implies

 A(ty)eze € L0, L),

(up)mx =

==

Therefore,
A(up)wwze = =205 (Up)aaz — Nz (Up)ww — /L)\ui +ulg +Mf) € L*(0, L).

This finally implies (up)zzze = %(A(up)mm) € L*(0, L). The solution u can now be written
in the form u = uy + u,, where uy, is a solution of the homogeneous equation, as in (2.15).
It follows that uy, satisfies the boundary conditions (2.56),(2.57), and

A(L)tge(L) + (ky + b Piby + N2 J)u,(L) = By, (2.60)
— (M), (L) 4 (kg + by Poby + N>M)u(L) = By, (2.61)
where )
By = By — A(L)(tp) 2z (L) — (k1 +b] Piby + N J)(u,).(L),
and

By = By + (A1) ), (L) — (K + by Poby + XN2M)u,(L).

As before, it can be easily seen that |B;| < C(\)||Z||%, i = 1,2. Therefore, the boundary
value problem for u;, can be compared to (2.15)-(2.19), and the same solution strategy
applies. The space transformations as in (2.21) and (2.25) can be performed to obtain
an equivalent problem: u; is sought such that it satisfies the following boundary value
problem

(Tn)yyyy + Qo (n ) gy + a1 (Tn)y + Go(tn) + AN (1) 0 (2.62)
an(0) = 0, (2.63)

(tn )y (0) 0 (2.64)

(2.65)

(@n)yy(1) + (tn)y (1) (B3 + F1(A)) + wn(1) <@4 - }lagu)gl@)) — B,
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~ (1) yyy (1) + Bs () yy (1) + Bo(tin)y (1) + (Br + Ra(N) (@n)(1) = Bz, (2.66)

with
1
~ h p(L)\ T 2
A) = —— | —= kv + by Piby + A\°J
w0 = 5 (i) ),
i (DN :
= — ko + by Pob M) .

w0 = 5z (K)o

Here, the functions &;, ¢ = 0,1,2 and constants s, ..., 7 are the same as in the proof

of Theorem 2.13. Hence, u; can be written as @, = Zle Ci7i, where ~; are the linearly
independent solutions to the homogeneous equation (2.62), given in Lemma 2.14. The
coefficients C; are determined by the boundary conditions, and they satisfy the following
linear system

71(0)  72(0)  s(0)  7(0) Cy 0
(771%250) (V;r)bzso) (7;’%1?()0) (V;)Lz;io) gz _ gl 7 (2.67)
My e M43 m C, B,

with mg,;, my; given by:

1

M3i i = (%i)yy(1) + (Bs + Ri(A) (0)y (1) + (Ba = Jaa(D)&i(A)%i(D),

My = _('Yi)yyy(l) + 55(%)1/3/(1) + 56(%')1/(1) + (87 4 Fa(A))7yi(1).

Two cases will be distinguished:

(i)-the determinant in (2.67) is zero: This is true for a given A if and only if A is an
eigenvalue of A.. Since A. is skew-symmetric, its eigenvalues are purely imaginary. Fur-
thermore, they come in complex-conjugated pairs. Proceeding as in the proof of Theorem
2.13, it follows easily that the eigenvalues {v,}nen have the asymptotic behavior as in
(2.51). Let w, denote the eigenfunction corresponding to v,, and let uf denote its first
coordinate. As in the Theorem 2.13, it shows that the asymptotic behavior of u{ is given
by (2.53). The eigenfunction corresponding to the conjugate eigenvalue 7, is w,.

(ii)-the determinant in (2.67) is not zero: Then a unique solution u, exists, and it
holds that |Cy| < C(M)||%]l, @ = 1,...,4. Due to Rouché’s Theorem, it is known that for
all A in some neighborhood U, around v, the determinant in (2.67) is not zero. For a
fixed X\ € U, there exists a solution u to (2.55)-(2.59), and |[u||g2(0,2) < C(N)||%][» holds.
From here follows that [|z]lyz < C(MN)||Z||3, and hence A € p(A.). Moreover, it is easily
shown that ||u||g40,1), [|v]|H200,0) < C(N)]|Z]|l% as well. Thus, due to compact embeddings
H*0,L) << H?*(0,L) << L*(0, L), it follows that R(\,.A.) is compact. Hence, ac-
cording to the corollary of Theorem VII.3.1 in [73], A, is skew-adjoint. Furthermore, the
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spectrum o(.A.) consists of countably many isolated eigenvalues (cf. Theorem I11.6.26 in
[35]), and hence eigenfunctions of A, form an orthogonal basis for H (Theorem V.2.10 in
[35]). O

At this point, everything is prepared for stating the main result of this subsection.

Theorem 2.24. There exists a sequence of generalized eigenfunctions of the operator A
which forms a Riesz basis for the state space H. Furthermore, for the semigroup e
generated by A, the spectrum determined growth condition holds: wo(A) = r(A).

Proof. 1t suffices to show that eigenfunctions w, and z, satisfy (2.44) and (2.45). From
(2.47), it follows directly that:

u, = O(n?),
2.68
() = O 209
Further, (u,).(L) and (u,).. need to be considered. It easily follows that:
) n0) 7200 3(0) %)
d* s L )y(0) (2)y(0)  (98)y(0)  (74),(0)
g B W) = —me o o ma mn ma | keN. (2.69)
@) i) 4 arna)
Inspection of the dominant terms for large n gives
; T B 1 i (0t
(Un)y(y) ihT, [ e + cos ((n 2)7ry) + sin ((n 2)7ry>
+ (=1)rer D)l 4 O(n_l)} : (2.70)
and
(in)yy(y) = —ih? e~ (") 4 cos ((n - 1)7Ty> — sin <(n - 1)7Ty>
" 2 2
H(=1)remm =1 (’)(n‘l)] : (2.71)

y € [0,1]. Immediately, due to (2.70), (u,),(y) = O(n™1), Yy € [0,1] and (u,),(1) =
O(n~?). Furthermore,

et = 3 (50 (@00 - peslnn ()]

+sin <(n - —)7Ty> + (—1)%@—%)”@—1)} + O(n_z)} (2.72)
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and hence
JAu (L) = O(1). (2.73)

From (2.21) and (2.25) follows

(tn)a() = % (& ($)>é 3 Jas

—sin ((n — l)ﬂ'y> + —1)”6(”_5)”(?’_1)} +0O(n™). (2.74)

Similarly, for uf given in (2.53), it can be obtained that (u%).(x) and (uf)..(z) have the
same asymptotic expression for large n as in (2.68), (2.72), (2.73) and (2.74), respectively.
Hence, the sequences {z,}>%, and {w,}:°, are approximately normalized, i.e. satisfy
(2.44). Therefore {w,}°, is a Riesz basis for H. These results, together with (2.51),
imply that for n large enough

120 = wall3 = O(n?)

holds. Therefore, the condition in (2.45) is satisfied. According to Lemma 2.24 it can be
concluded that the operator A has the Riesz basis property and that the eigenvalues of
A with sufficiently large modulus are algebraically simple. Consequently, the spectrum-
determined growth condition holds. Furthermore, algebraic simplicity also implies that the
asymptotic behavior for the generalized eigenfunctions of A is fully provided by (2.47) and
(2.48). O

Remark 2.25. In the analysis above, approximately normalized eigenfunctions of the sys-
tem (2.50) (as in (2.44)) and not normalized eigenfunctions itself have been taken. The
reason for this is that the condition (2.45) is easier to verify in the case of approximatively
normalized eigenvalues, since in case of normalized eigenvalues, the asymptotic behavior
of norms ||w, || and ||z,|l%x when n — oo would need to be considered as well.

2.1.5 Frequency domain criteria

Frequency domain criteria, as presented in Theorem 2.12, is a common technique in the
literature for proving exponential stability of a beam system. According to another vari-
ation of Huang’s theorem, it even suffices to show that the imaginary axis belongs to the
resolvent set and that resolvent norm is bounded along imaginary axis:
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Theorem 2.26. Let A be a linear operator on a Hilbert space H. Assume that A generates
a bounded Cy-semigroup T(t) on H. Then T(t) is exponentially stable if and only if the
following holds:

i) imaginary axis belongs to the resolvent set of A
i) the following resolvent estimate holds:

sup || (iwl — A)7H| < oo (2.75)

weR

However, in this subsection it will be shown that the condition (2.75) does not hold for
the system (2.8), which offers another evidence for the lack of exponential stability. For
simplicity it is assumed that p and A are constant on [0, L]. Let 2 = [fg T ToZ¥]" € H
and A € R be given. We consider the resolvent equation: find z € D(A) such that

(M — A)z =%,

In vector form, the equation reads:

AU — v
AU+ %Aumm
U\Cl - A1C1 - blvx(L)

&S B -

. = 2.76
iAG — A2 — byu(L) (276)
L Z/\w — Auzm(L) + /{ZQU(L) +Co - <2 + dg’U(L) i | |
From (2.76) follows that z is uniquely determined by wu:
v o= id\u—f,
(o= (A — A7 (bwo(L) + 1),
CQ = (Z/\] - AQ)_l (bgU(L) + T2)7
& = Ju(L),
v = Mou(L).
Furthermore, from (2.76) it follows that u satisfies forth order boundary problem:
u(0) =0, (2.78)
u.(0) = 0, (2.79)
At (L) 4 (k1 — JN? +iMG1 (iA))ug (L) = hy, (2.80)
~ Mgy (L) + (kg — MN? 4+ iAGo(iN))u(L) = ho, (2.81)

where

hy = E+ (A + Gu(iN) fo(L) — e1 - A — A)~MY,
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and
hy = U + (iIAM + Go(i\)) f(L) — ¢z - (iM] — Ag)™'Ys.

It is enough to consider A > 0, to show that (2.12) is not true. Let 7 = v/X and o = {*/%
SUch 7 is uniquely determined. Equation (2.77) can be rewritten as:

Upgae — T 0 = (T2 f + g).

Taking into account the domain boundary conditions (2.78) and (2.79), implies that the
general solution for (2.77) is of the form
u(r) = a(x) + up(z)
where
u(z) = A(coshare — cosarz) + B (sinh arz — sinartz)
and u, is a particular solution

uy(z) = %/ (sinhat(z — o) —sinar(z — 0)) (it*f(0) + g(0)) do.
™ Jo
Taking the remaining boundary conditions (2.80) and (2.81), a linear system in A and B
is obtained:

e | A “2_;2 : (2.82)
Ma1  Ma2 B P

where

1
my; = A(coshatL + cosarL) + ;(sinh atL +sinarL)(k; — Jr* +i72G, (i7?)),

1
mis = A(sinharL + sinarl) + ;(COSh atl — cosarL)(k; — Jr* +it2G,(iT?)),

1\2
me = —Aar(sinharL —sinarL) + (E) (coshatL — cosatL)(ky — M7* +it2Gy(iT?)),

1\2
Moy = —Aart(cosharL + cosarl) + (E) (sinh arL — sinarL)(ky — M7* 4+ i72Gy(i7?)),

and

ro= E+4 fo(L) (iT*T + Gi(it?)) — of (iT*] — A) 'Yy
Ao [F

2 (sinhat(L — o) +sinar(L — o)) (it*f(0) + g(0)) do

2

—(ky — Jr* +iT%G, (iTz))a— /0 (coshar(L — o) — cosat(L — o)) (it>f(o) + g(0)) do,

272

ro = U+ f(L) (iT°M + Go(i7%)) — 5 (i7°] — A) ™15
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+%L0(mmamL_@+C%aﬂL—wxw%wa+mwww

273

—(ky — MT* + iTQQg(iTQ))& /L(sinh at(L — o) —sinan(L — o)) (it*f(o) + g(0)) do.
0
Now, introducing following notations
L
o= [ e (iflo) + 9(0)) do
0
L
I = eort / €7 (i foal0) + 9(0)) doy,
0
L
I; = / sinat(L — o)(—if(o) + g(o))do,
0
L
I, = / cosat(L — o)(—ifs(o) + g(0)) do,
0

it holds that

_ ik . _
no= S L) - G - A
Ao® . Ad? Ao? O P N )
(L T4 s 20 (2 a_2 g A - 24 (. 2 0‘_2
(k1 = JT° +i1°G1 (177))— Lo + (k1 — JT° + 077G (377)) = 14,
472 272
and
‘k 2
ry = U f(L)EES — o) (iT] — Ay) 7'y
T
Aot Aot Aot
—I——a]leaTL + _CY ]2 + —Oé I4 — (k?g — ]\47‘4 + iTQQQ(iTQ))—& ]1€aTL
4 4 2 473
. . 07 . . (67
+(ky — M7T* + 172%(”2))—473 I+ (ky — M7 + 27'29'2(”2))%]3-
Note that

L= I = O (|| frall2 + ll9]l2)).

Let the determinant of the linear system given in (2.82) be denoted by D. Then the
following is obtained:

D = myimaoy — miamog
= " {JMa 7’ cosarL + AJ7'(cosar L + sinarL) — MAa~*7*(cos aTL — sinarL)

—i(Mdy + Jda)a ™7 cosarL — iAdiT*(cosaTL +sinarL) } + O(1e*™).
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Furthermore, it holds:

1
A = m (Tlm22 - T2m12) )
1
= m (—r1m21 + szn) .

The second derivative of the solution is of the form:
3

tealw) = I+ O (| faalla + )
+ Aa’7t*(cosh atx + cos atx) + Ba’r*(sinh arz + sin artx)
= 01" 4+ Che ™ 4 Cycos atz + Cysinarz + OT (|| fuall2 + llgll2),
where

C, = %2 ((A+B 72+%Il>,
C, = (A-B) 0‘2272,
C3 = Ad’m?
Cy, = Ba*r.

Considering only the dominant terms of 7, the following is obtained:

1
CiD = JMZ(—2.71—|—Igsinom'L+13(sinaTL+CosaTL)
+I(—sinarL + cosatl)) 7t + O(7%)| 2||%),
1
C:D = JM7 (LisinatL — I, = Is + 1) e+ O ™| 2] 1y,
1
CsD = JMZ (Ii(sinatL — cosarL) — Iy — I3 + I,) 7™ + O(7%e*™|| 2|l %),
1
c,D = JMZ (—Li(sinarl +cosarl) + Iy + I3 — 1) 7™ + O(r3e“™ || 2| %).
Moreover, since
EEINY
(] = O(r2|Z]l%),
L] = O >[[Z]ln),
1Is| = OZ]ln),
1Ll = O(Z]ln),

it follows that

|tz |2

1 L } 1
E\/§ (ICsD? +|CaDP?) + O(rTex || £13,) + O(r | 2l2)
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JMT

I JLll = 1ipet 1 O et |2 + O 1.

For every 7 large enough, a function %, = (f,,0,0,0,0,0) can be chosen with f, € H2(0, L)
such that

VLI = IR+ 03 12013) > K2, (283)
where constant K does not depend on 7.
For this purpose, let f, be defined with

T T T 1 T

fr(x) = —# sin (ar(L — x) — Z) — ECOS (arL — Z) + Wsin (arL — Z)
Then
(fr)ze(z) =sin(a7(L — z) — %)7
and
(el = £ + 0. -
Hence

A k k
£ 0B = SICaalls + 5 (F)a(D)* + 3 f(L)?

= %4—0( Y, (2.85)

which implies that for all 7 large enough, ||, ||3 is bounded by come constant independent

of 7. There holds:
L
L—I = / (sin ar(L — 0) - cosar(L — 0))(f-)ua(0)dor
= i\/E/OL sin (on’(L —0)— £)2d0
= V2I(fr)all3-

Therefore (2.83) follows easily from (2.84) and (2.85) for 7 large enough. Moreover

JMrie™t 1y
[(tr)zall2 = KTHZTHH +O0(r |z ),
for all 7 large enough. Hence, a sufficiently large 7 can always be found so that

D<S€TL 3

where constant S > 0 does not depend on 7. For such 7, there holds:

KJM y
1Ml + O 22l l20)-

[(tr)zalla = 7
This implies that there exists some constant M > 0 independent of 7 such that

I = &) 2 s g
127 |2

Therefore (2.75) does not hold, and (2.8) can not be exponentially stable.
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2.2 Weak formulation

In this section the system of equations (2.1)—(2.5) and (2.6) is written in the weak form,
and the existence and uniqueness of the weak solution is demonstrated. This reformulation
will be used in Section 2.3 to develop a dissipative finite element method for the observed
system.

2.2.1 Definition of a weak solution

In order to derive the weak formulation, the following initial conditions are assumed:

u(0) = up € HZ(0, L), (2.86a)
uy (0) = vo € L*(0, L), (2.86b)
€1(0) = G0 € RY, (2.86¢)
(2(0) = G0 € R™, (2.86d)

Moreover, let vo(L) and (vg).(L) be given in addition to the function vy, and not as its
trace. Multiplying (2.1) by w € HS(O L), integrating over [0, L], and taking into account
the given boundary conditions (2.2)-(2.5) yields:

L L
/ 1 ugw dx + / A Uppwyy de + Muy(t, L)w(L) + Juy,(t, L)w, (L)
0 0
+kiug (t, L)w, (L) + kou(t, L)w(L) 4+ dyug, (t, L)w, (L) 4+ douy(t, L)w(L)

te1 - Gt) we(L) 4 ¢ - G(t) w(L) =0,  Yw e H20,L), t > 0. (2.87)

This identity will motivate the weak formulation. The first step in the definition of the

weak formulation is the appropriate space setting. Let the Hilbert space H with its inner
product be defined by:

H = RxRxL*0,L), (2.88)
(2,0 = J(¢)('0)+ M (@) D) + (1@, *0)pa, '
for p = (14, 24, 3p), U € H. Next, the Hilbert space V with its inner product is introduced
as follows: ~
V o= {w = (w.(L),w(L),w): we H0,L)},
(w1, W)y = ((W1)azs (Wa)ea)rL2-

It can easily be shown that V is densely embedded in H. Therefore taking H as a pivot
space, a Gelfand triple V. € H C V' is obtained. Furthermore, let the bilinear forms
a:VxV >R b:HxH—Rand e, e : R" XV — R be given by

(2.89)

a(wy, we) = (AW, wa)y + ki (wr)(L)(w2) (L) + kowq (L)we(L),
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b(@,0) = di'¢li+dy 2%,
61(C1, w) = (01 : C1) wx(L)a
es(G,w) = (2 G)w(l)

Definition 2.27. Let T' > 0 be fixed. Functions @ = (u,(L),u(L),u) and (3, (> are said
to be the weak solution to (2.1)—(2.6) on [0, 7] if

o€ L*0,T;V)NH0,T; H)n H*(0,T; V"),
Cla §2 € H1(07 Ta Rn);
and they satisfy:
\%dl <'&tt7 1I)>V -+ CL(’&, ﬁ]) + b(ﬁt, ’UA]) + e (Cl, ?I)) + €2(C2, UA}) = 0, (290)
for a.e. t € (0,7),Viw € V. Here the bilinear form (., .)y is the duality pairing between V'
and V', which is a natural extension of the inner product in H. Equation (2.90) is coupled

to the ODEs

(C)e(t) = ArGi(t) + by M),

Clt) = AsColt) + bo 2i(0). (2.9)
with initial conditions
@(0) = tg = ((w0)x(L),uo(L),uo) €V, (2.92a)
at<0) =1y = ((Uo):C(L), Uo(L), U()) € H, (2 92b)
G(0) = G0 € R, (2.92¢)
(2(0) = G0 €R™ (2.92d)

In (2.92a) the first two components of the right hand side are the boundary traces of
uo € H2(0, L), but in (2.92b) they are additionally given values. Note that in the case when
@ € H*(0,T;V), formulation (2.90) is equivalent to identity (2.87). This weak formulation
is an extension of [4] to the case where the beam with the tip-body is additionally coupled
to the first order ODE controller system. Here, terms u;(L) and u, (L) also need to be
considered. And these additional first order boundary terms (in ¢), included in b(.,.),

require a slight generalization of the standard theory (as presented in Chapter 8 of [44],
e.g.).

2.2.2 Existence and uniqueness results

In order to give a meaning to the initial conditions (2.92a), (2.92b) the following lemma
shall be used (special case of Theorem 3.1 in [44]).
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Lemma 2.28. Let X and Y be two Hilbert spaces, such that X is dense and continuously
embedded in'Y . Assume that

w € L*0,T;X),
w € L*0,T;Y).

Then

u e C([0,T]; [X,Y]1]),

after, possibly, a modification on a set of measure zero. Here, the definition of intermediate
spaces as given in [44], Section 2.1, was assumed.

1
2

Additionally, the following 'Duality Theorem’ (see [44], Chapter 6.2, pp. 29) will be
needed in the proof of Theorem 2.30.

Lemma 2.29. Let X and Y be two Hilbert spaces, such that X is dense and continuously
embedded in'Y. For all 6 € (0,1),

X, Y]y = I, X
holds.
Theorem 2.30.
(a) The weak formulation (2.90) — (2.92) has a unique solution (u, (1, ().
(b) The weak solution has the additional reqularity
u e L>(0,T;V), d, € L>(0,T;H), (2.93)
¢, G € C([0,T]; R™), (2.94)
ue C([0, TV, H]y). (2.95)
€ C([0,T] [V, H] ). (2.96)

NS

1
2

The following proof is an adaption of the proof of Theorem 8.1 in [44], for the system
studied here. It is included for the sake of completeness.

Proof. (a)-ezistence: Let {wy}52, be a sequence of functions that is an orthonormal basis
for H, and an orthogonal basis for V. Existence and construction for such basis is given
by Theorem A.1 in Appendix A. Finite dimensional spaces are introduced as follows:

W, = span{wy, ..., Wy}, Vm € N.
Furthermore, let sequences g, Umo € Wm be given so that

ﬂmg — QAL() in V, (2 97)
Umo — Vg in H. .
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For a fixed m € N, the Galerkin approximation
U (t) = ()2 (L), um (L), tum) = Zd’:n@)ﬁ%
k=1
is considered, with d () € R, which solves the formulation (2.87) on W,,:
((ﬁ/m)tt) /LD)H + CL('LALm, 'LZ]) + b((/&’m)t) w) + €1 (Cl,ma 'I,Z]) + 62(C2,m; w) - Oa \V//LZJ € Wm (298)

and (i m, C2.m solve the ODE system

(Cim)e(t) = A1C1,m(t)—|—b11('&m)t(t),
(Com)e(t) = AsCom(t) + by 2(lm ) (t), (2.99)

with the initial conditions

amm) = U,
(tm t(O) = Umo,
C1m(0) = o,
Com(0) = Cap-

Thus a linear system of second order differential equations is obtained. After rewriting
it as a system of first order differential equations, standard existence theory for linear dif-
ferential equations implies that there exists a unique solution satisfying 4, € C*([0,T]; V)
and (1, Com € CH([0, T];R™). Next, an energy functional is defined analogous to (2.9),
for the trajectory (u, (1, (a):

kﬁ( O+ ) + gl

+§g1 ()P (t) + QCQT (£) PaGa(?)

= ”(uauhCthaJutz(J)aMut(L))”H- (2100)

E(t§@aC1,C2) = —||\/KU()||V

Taking @ = (Uy,); in (2.98) and using the smoothness of @y, (1.m, C2.m, a straightforward
calculation yields

& Bt G o) = 0 ()~ 5 (G 51 )
dt s Um, 1,ms $2m - 1 Um )t 1m q1 1 Um )t
2
022 (m)e)? = 5 (G + @2 + 022 (m)y))
_%(gl,m)—rplgl,m - g(CQ,m)TP2C2,m

= F(t; s Cromy Com) <0, (2.101)

l\DID—*[\DI»—*
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which is analogous to (2.10) for the continuous solution. Hence

E(t;r&magl,m7<2,m) S E(Oaﬁmm <1,07C2,0)7 t Z 07

which implies

{lm}men is bounded in C([0,T]; V),
{(tm)¢}men 18 bounded in C([0,T]; H), (2.102)
{Cl,m}meNa {Cz,m}meN are bounded in C([O, T]; Rn)_

Due to these boundedness results, it holds Vw € V:
|t (1), @) + b((dn )e(t), ) + €1(Cm(t), W) + e2(Cam(t), )| < Dif|d]v,

a.e. on (0,7, with some constant D; > 0 which does not depend on m. Now, let m € N
be fixed. Furthermore, let @ € V, and w = @1 + ¢g, such that ¢ € Wy, and ¢, orthogonal
to W,, in H. Equation (2.98) yields:

((tm)ets D) = ((Um)us P1)E
= _a'(arrw @1) - b((/&m)t? @1) - el(gl,ma 951) - 62(C2,m7 (;51)
< Dil[@illv < Daf|]|y
This implies that also () is bounded in C([0,7];V’). Furthermore, from (2.99) it
trivially follows that {(Ci,m)itmen and ({C2m)i}men are also bounded in C([0, T7; R").
According to the Eberlein-Smuljan Theorem, there exist subsequences {tm, }ien,
{Cim hiens {Coumy e, and @ € L2(0,T; V), with @, € L*(0,T; H), 4y € L*(0,T; V"), and
1,6 € HY(0,T;R™) such that
{fin,} — @ in L*(0,T;V),
{ ()¢} — @y in L2(0,T; H),
{ (G, )ee} — e in L*(0, T; V"),
{Cim} = G in L*(0, T5R"), (2.103)
{<2,ml} — CQ in L2<07 T? Rn)?

{(Cram )} = (G1)e in L2(0,T; R™),
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{(Comy)e} = (C2)r in L2(0, T5R™),

Furthermore, (2.103) yields

{Z(ﬁml>t(t)} — i’&t(w’
{(Gim)e ()} = (o)),

for i = 1,2, and for almost every ¢t € [0,7]. Taking m = my; in (2.99), and passing
to the limit [ — oo, it follows that (2.91) holds. Let now mo € N. For all functions
¢ € L*0,T;W,,,) of the form

mo
Pt ) = aj(tyw;(x), (2.105)
j=1
where a; € L*(0,T;R), and for all m; > my, equation (2.98) yields

T
/ ((ﬁ/ml)tt? @)H + CL(’LALml, (25) + b((ﬂmz)t’ @) + el(CLmz) @) + 62(C27mz7 95) dt = 0. (2106)
0

Therefore, passing to the limit in (2.106), convergence results (2.103) give:

T
/ v, P)v + alit, @) +b((@)r, P) + e1(Cr, @) + e2(Ga, p) dt = 0. (2.107)
0

However, functions of the form (2.105) are dense in L*(0,7; V'), and hence (2.107) holds
for all $ € L?(0,T;V). This implies that (2.90) is satisfied almost everywhere on [0,T].
Therefore @ and (; 2 solve the weak formulation.

(b)-additional reqularity: From (;, ¢, € HY(0,T;R") follows the continuity of the con-
troller functions, i.e. (2.94). It is easily seen from the construction of the weak solution
and (2.102) that @ satisfies (2.93). Result (2.95) follows immediately due to Lemma 2.28,
after, possibly, a modification on a set of measure zero. Moreover, regularity (2.96) follows
from Lemma 2.28 and Lemma 2.29.

(a)-initial conditions, uniqueness: It remains to show that @, (;, and (, satisfy the

initial conditions. For this purpose, equation (2.90) is integrated by parts (in time), with
w € C*([0,T); V) such that w(T) = 0 and w;(T) = 0:

T
/ (i1, )1 -+ ity ) + by, ) + (1, ) + ea(Go, )] dr
0

= —((0),0:(0)) & + v+ (1 (0),0(0))y.

(2.108)
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Similarly, for a fixed m it follows from (2.98):

T
/ [(amu UA}tt)H + a(ﬂm, ’(Z)) + b((ﬂm>ta w) + el(CIma w) + eQ(CQm) w)] dr
0

= — (@m0, W¢(0)) it + (Do, W(0)) 1.

(2.109)

Due to (2.97) and (2.103), passing to the limit in (2.109) along the convergent subsequence
{tpm, } gives

T
/ [(ZAL, wtt)H + a(d7 ’(Z)) + b(ﬂtu uA}) +e (Ch IZ)) + 62(427 ’lZJ)] dr
0

= —(tig, ¢(0)) g + (9, (0))pz.

Comparing (2.108) with (2.110), implies @(0) = 4 and 4,(0) = 9. Analogously, (;(0) =
CLO and CQ(O) = §2,0 is obtained.

In order to show uniqueness, let (u, (1, (2) be a solution to (2.90) and (2.91) with zero
initial conditions. Let s € (0,T) be fixed, and set

o) ::{ [a(r)dr,  t<s,

0, t> s,

(2.110)

and
Zit) = /0 G(7) dr,

for i = 1,2. Integrating (2.91) over (0,t) yields with (1.9)

SHETRZ)N0) = — e ZT(OPZ) ~ (e Zi0) + (1)
+(d; — 8)("u(t))? + Zi(t) - c;("a(t)), (2.111)

A

for 0 <t < T,i=1,2. Equation (2.90) is then integrated over [0,7] with @ = U.
Performing partial integration in time, yields:

A

/OS (ae(7), 4()) i — a(Us(7), U (7)) + b(al7), a(7)) dr
+3 [ 2 atatmyar <o (2112)
From (2.111) and (2.112) follows

|4 (%namuz — Sal0(r), 0(r) + 5 > <T>Pizi<r>> dr
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- —Z/ ( + 220 (r )Pz-zi(T)+%(qi-zi(f)wl-(ia)(ﬂ)?) dr.

Therefore,

Slla()lE + 5a(U(0),0(0) + ) ;ZZT( )PiZi(s) < 0.

=1

The matrices P;, j = 1,2 are positive definite, and the bilinear form a(., .) is coercive. Hence
u(s) =0, U(0) =0, and Z;(s) = 0. Since s € (0,T) was arbitrary, « =0, (; =0, i = 1,2
follows. O

2.2.3 Higher regularity results

In this subsection, it will be demonstrated that even stronger continuity holds for the weak
solution @ solving (2.90) — (2.92).

Theorem 2.31. After, possibly, a modification on a set of measure zero, the weak solution

U of (2.90)-(2.92) satisfies

a € C([0,T;V), (2.113)
a, € C([0,T]; H), (2.114)
¢ € CY0,T;R"). (2.115)

Before the proof of the continuity in time of the weak solution, a definition and a lemma
are stated.

Definition 2.32. Let Y be a Banach space. Then
Co([0,T];Y) = {we L>®0,T;Y): t — (f,w(t)) is continuous on [0,7T], Vf € Y'}.

denotes the space of weakly continuous functions with values in Y.
The following Lemma was stated and proved in [44] (Chapter 8.4, pp. 275).

Lemma 2.33. Let X, Y be Banach spaces, X CY with continuous injection, X reflexive.
Then
L0, T; X)NCu(0,T;Y) = Cu(0,T; X).

Proof of Theorem 2.31 . Note that it suffices to show that (2.113) and (2.114) holds.
Regularity (2.115) then follows easily from (2.91). This proof is an adaption of standard
strategies to the situation at hand (cf. Section 8.4 in [44] and Section 2.4 in [65]). Using
Lemma 2.33 with X =V, Y = H, it follows from (2.93) and (2.95) that @ € Cy,([0,T]; V).
Similarly, (2.93) and (2.96) imply u; € C\,([0,T]; H).
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Next, the scalar cut-off function O; € C*°(R) is taken, such that it equals one on
some interval I CC [0,7], and zero on R\ [0,7]. Then the functions Osi : R — V and
O1(¢1,0:( : R — R™ are compactly supported. Let n° : R — R be a standard mollifier in

time. For example, n° may be given by

where )
T_1412

f o doer i <1,

() { 0, 1] > 1.

Following definitions are introduced:

W = n°x0Oru e CPR,V),
(i = n°x01¢ € CF(R,R"),
G = n"x01¢ € CF(R,R").

Now (7 and (5 converge uniformly on I to (; and (, respectively. Moreover, 4° converges
to @ in V, and 4 to 4 in H a.e. on I. Then, E(t; 4, (5, ¢5) converges to E(t w,(1, (o) a.e.
on [ as well. Since u°, (7, (5 are smooth, a straightforward calculation on I yields

PG GG) = FHe,¢,6), (2.116)

with F defined in (2.101). Passing to the limit in (2.116) as & — 0

d - Ay o
%E(t U,C1,6) = F(ta,C1, ) (2.117)
holds in the sense of distributions on /. Since I was arbitrary, (2.117) holds on all compact
subintervals of (0,T). Now ¢ — E(t;u,(1,(2) is an integral of an L'-function. Note that
the input functions of F satisfy 4,24, € L?(0,T)), so F' is absolutely continuous.

For a fixed t, let lim,, ,, t, = t and let the sequence x,, be defined by

Xn = —||\/_(ﬁ() atn)) I + 1||ﬁt(lﬁ)—ﬁt(ltn)llfq
kl ~ 1 2 kQ 2 2~ 2
+§( alt) = “alta))” + 5 Calt) = “a(ta))

+%(§1(t) = Giltn) " PUG(E) = Gi(ta)
F5(Gl) — 1) P(G(1) — Galt).

Then
Xo = E(ti,¢,G) + Bty d, G, G) — (M), @(t,))v — (i(t), t(ta))m
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—kya(t) altn) = ke *a(t)*a(ts) — Gu(t) " PiGu(ta) — Ga(t) " PaGa(tn)-

Due to the t-continuity of the energy function, weak continuity of u, %;, and continuity of
(1, (s, it follows

lim y, = 0.
n—o0
Finally, this implies that
Jim [Jin(t) — do(t) 5 = 0,
lim ||a(t) —a(t,)|[, = 0,
n—oo
which proves the theorem. O

2.3 Dissipative FEM method

The goal of this section is to develop a stable and convergent numerical method which
faithfully describes the behavior of the system (2.1)—(2.6). From (2.10) it is known that
the norm of the solution z(¢) of the evolution formulation (2.8) decreases in time:

d 2 B 2
St = = (5) -3 (i)

2 2
—02 (%) - % (Cz “ g2 + Sz%) (2.118)

£ £
~5 U PG - 56 PG <0,

where §; = 1/2(d; — 9,), j = 1,2. Note that the r.h.s. of (2.118) only involves boundary
terms of the beam and the control variables. Hence, %||z[|3, = 0 does not imply z = 0
(which can easily be verified from (2.8)).

Therefore, it is important that the corresponding numerical method also preserves this
structural property of dissipativity. The importance of this feature is twofold: For long-
time computations, the numerical scheme must of course be convergent in the classical
sense (i.e. on finite time intervals) but also yield the correct large-time limit. Moreover,
dissipativity of the scheme implies immediately unconditional stability.

In this section first a time-continuous and then a time-discrete FEM shall be developed,
such that they dissipate the norm in time. The main results on the convergence of the
numerical schemes are stated in Theorems 2.35 and 2.38.

The different options to proceed shall be briefly discussed. Evolution formulation
(2.8) is an inconvenient starting point for deriving a weak formulation due to the high
boundary traces of w at * = L: The natural regularity of a weak solution would be
u € C([0,00); H3(0,L)), v = u; € C([0,00); L*(0,L)). Hence, the terms wuy,(t, L),
Ugee(t, L) in (2.8) could only be incorporated by resorting to the boundary conditions
(2.4), (2.5). Therefore, in this approach it is rather started from the original second order
system (2.1)—(2.6).
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2.3.1 Semi-discrete scheme

In this subsection, first a FEM method for discretization in space is presented, followed by
the dissipativity argumentation. Finally, a choice of an appropriate finite element space
for the proposed method is discussed and a-priori error estimates are obtained.

2.3.1.1 Space discretization

Let W, € H2(0, L) be an arbitrarily chosen finite dimensional space. It follows that its el-
ements are globally C'[0, L], due to Sobolev embedding. Furthermore, let w;,j =1,..., N
be some fixed basis for W),. As already seen in the proof of Theorem 2.30, the Galerkin
approximation of (2.90) reads: Find u;, € C?([0,00), W), i.e. 4, = ((up)z(L), un(L), up) €
C2([0,00),V), and (1 € C*([0,00), R") with

i1 ) wy da + fi A (un) e (w05) i d + M (up )i (L)w; (L) + T (up) o (L) (w;)o (L)

4 [k (un)o (L) + dy (un)ae (L) + c1 - Ci(8)] (w;)o (L)

+[k2uh(L) + dg(uh)t(L) + Co - 52(t)}wj(L) = 07 j = 1, ce ,N7 t> 0,
(2.119)
coupled to the analogue of (2.91):
(El)t = Alél + b1 (up)ae (L),
~ . (2.120)
(C2)e = Axlo + bo(up)i(L),
and the initial conditions
up(0,.) = uno € Wh,
up)e(0,.) = wvpo € Wi,
() ho € Wi .
¢i(0) = Co€R”,
52(0) = C270 c R™.

Equation (2.119) is a second order ODE-system in time. Its solution can be expanded in

the chosen basis, i.e.
N

up(t, ) = Z Us(t)wi(),
i=1
and its coefficients denoted by the vector

U=[U, U, ... Uy]'.

It will be said that U is the vector representation of the function w;. This notation yields
that (2.119) is equivalent to the vector equation:

AUtt -+ BUt -+ KU —+ (Wl X Cl)Cl + (Wg (059 C2><2 = O, (2122)
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where its coefficient matrices are defined by
L
Ay = / pwwy da -+ Muwy(Lywy (L) + J(w)o(L)(w;)o(D),
0
Biy = dy(wi)o(L)(w,)(L) + dow,(Lywy (L)

Kij = /0 A (i) o (W))aw A + Ky (W) 2 (L) (w;)e (L) + kywi(L)w; (L),

fori,j =1,..., N, and the coefficient vectors as
Wi o= [(wi)a(L) (wa)o(L) ... (wn)a(L)] "
Wy = [wi(L)wy(L) .. .wn(L)]".

The matrix K is symmetric positive definite, since there holds k; 5 > 0. Since A is
symmetric positive definite, one sees very easily that the initial value problem (2.119),
(2.120), and (2.121) is uniquely solvable.

2.3.1.2 Dissipativity of the method

Next, the dissipativity of the semi-discrete scheme is demonstrated. As an analogue of the
norm ||z(t)||+ defined in Subsection 2.1.1, the following time dependent functional for a
trajectory u € C?([0,00); H3(0, L)) and (12 € C*([0,00); R™) is defined first:

1

L M J
E(t; u, Cla CZ) = 5 / (Auxx(t> $)2 + ,uut(t? 17)2) dx + ?ut(ta L)2 + §uxt(ta L)2
0

P07+ 2,1+ ST OPGE) + 56 (O Palt).

For a classical solution of (2.8) in D(A), it holds E(t;u, (1, () = ||2(¢) 1|3,

Theorem 2.34. Let u, € C*([0,00); H3(0,L)) and (2 € C([0,00);R") solve (2.119),
(2.120). Then it holds fort > 0:

(G- 4 Bulum)ae D)) = 02 (un)oe(2)?

N | —

d - €127 - x
Pt G.6) = —S PG -

28 PG 5 (G Dol (D) = da(wn)(L)? <0
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Proof. Equation (2.119) with the test function w;, = (uy); is used in the following compu-
tation:

d - L g
%E(t;uh,ﬁ,@) = /0 A(uh>a:x(uh)mt dw—"/{; “(uh)t(uh)ttdm

+M (un)e(L) (un)ee(L) + J (un)a (L) (un) etz (L)
Hhr () (L) (n)at (L) + ke (un) (L) (un)e (L)
+C PG+ G Pa(Go)s
= —di(un)at(L)* = da(up)e(L)?
—c1 - Glun)er(L) = ¢3 - Golun)e(L) + T PG + G PGy
and the result follows with (2.120) and (1.9). O

Note that it has been shown in the proof of Theorem 2.30, that the energy functional
for the weak solution (u,(y,(2) of (2.90) - (2.92) has an analogous dissipative property
(2.117).

2.3.1.3 Piecewise cubic Hermite polynomials

In this subsection, the choice of an appropriate discrete space for the FEM is discussed.
For notational simplicity, a uniform distribution of nodes on [0, L] is assumed:

Tm =mh, me{0,1,...,P},

where h = 1%. A standard choice for the discrete space W), is a space of piecewise cubic
polynomials with both displacement and slope continuity across element boundaries, also
called Hermitian cubic polynomials (see e.g. [60], [6]). They are not only employed for
the Euler-Bernoulli beam, but often for Timoshenko beams (cf. [25]) as well. This space
is often denoted by Hs(7), where m = (x,,,)f _, stands for the discretization of the domain
(notation as in [57]). In particular, for a fixed s € Hs(), it holds that p,, := s|jz,. _,.em] €
Py([xm_1,2m]), m = 1,...,P. Due to the continuity of s and its derivative across the
nodes, the following needs to hold:

pm(xm) = s(xm) :pm-i-l(xm)a

P () = 8" (2m) :p,m+1<xm)7

m = 1,...P. Therefore, s is uniquely determined by {s(z),s (zn), m = 1,..., P}.
Hence, the nodal values of a function and of its derivative are the associated degrees of
freedom.
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— W2m-1
Wa2m

Xm\%m Xm + 1 L

Figure 2.2: Basis functions ws,,_1, we,, associated to discretization node x,,

— Wap_1

X1 Xp\/

Figure 2.3: Basis functions associated to o =0 and zp = L

To define a corresponding basis for H3(7), two piecewise cubic functions are associated
with each node x,,, m > 1:

1, m=k
mefl(xk) = { 0. m 7& k w;m—l(zk) = 07
(2.123)
1, m=k
o) ={ g L ) =0,
for all k = 0,...,P. Note that such functions exist and are unique (see Figure 2.2).

Because of the property (2.123), they are known as the cardinal basis. Moreover, they can
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be written in their explicit form:

2
|(E—(Em| |-’E_xm‘
wgm_l(x) = ( h - 1> (2 h + 1) y T E [xm—hxm—&—l]
0, otherwise

(2.124)

2
| _ ml
Wom (T1) = ( Z ,f — 1) (x —xy), € [xm'_l,mmﬂ]
0, otherwise

for 1 <m < P —1. For m =0, and m = P the same expression holds, only the intervals
on which the functions are nontrivial are restricted to [zo, z1], and [zp_1, zp|, respectively
(see Figure 2.3). Thus, Vs € Hj(7)

(@) = 3 () wam 1 () + 5 (o) w2 ().

m=1

Due to the boundary conditions at z = 0 in W), € H2(0, L), the functions w_; and wq
associated to the node xy = 0 can be excluded from the basis set. Thus, N = 2P. For the
coupling to the control variables in (2.120), the boundary values of uj, at x = L shall be
employed. An advantage of this choice of discrete space and its basis is that it yields the
simple relations u,(t, L) = Un_1(t), (un).(t, L) = Un(t). Moreover, the compact support
of the basis functions {wj}é\/:l, leads to a sparse structure of the matrices A, B, and K:
A and K are tridiagonal, B is diagonal with only two non-zero elements By_1 y_1 = da,
By = di. And the vector C := (W; ® ¢1)¢1 + (Wy ® ¢2)¢2 has all zero entries except for

Cno1=co- C2, Cnyn=c- C1-

2.3.1.4 A-priori error estimates

In this subsection, the a-priori error estimates for the Galerkin solution to (2.119) and
(2.120) shell be derived, where the discrete space W), is the space of Hermite cubic polyno-
mials as introduced in Subsection 2.3.1.3. Thereby, the common method for obtaining error
estimates (cf. [16]) will be adjusted to the problem at hand. Since using cubic polynomials
for the space approximation, accuracy of order two in space (in H?(0, L)) is obtained. The
Hermite interpolation of the weak solution u to W}, is denoted by u:

u(t,z) = Z u(t, T Wapm—1(x) + Z Uy (T, T )W ().

m=1 m=1

Assuming that
u € C([0,T); Hy (0, L)),

u € L*(0,T; HX(0, L)), (2.125)



2.3. DISSIPATIVE FEM METHOD 95

uy € L*(0,T; H3(0, L)),

it can be seen (e.g. in [8], [16]) that a.e. in ¢:

IN

Ch2||U||H4(0’L)7

|lu — @l 52(0,L)

||Ut — ﬁt||H2(07L) S ChQHUtHHAl(O’L), (2126)

Hutt—ﬂttHLQ(O,L) < ChzuuttHHQ(O,L)'

The error of the semi-discrete solution (uy, 51, 5'2) is defined as ¢, :== up, — @ € W), and
¢f = ¢ — G, i = 1,2. Utilizing equations (2.119)—(2.120), it follows:

/0 w(en)nw do +/0 A (&) zaWae Az + M (ep)i(L)w(L) + J(€p)we(L)w, (L)
(koo () + dy (o)t L) + - G (1)) (L)

- (kaen(t, L) + da(en)e(t, L) + 2 - G5(1)) w(L)

L L
= / (g — Uy )w da +/ A (Ugy — Uy )W,y dix, Yw € Wy, t >0,
0 0
coupled to:
(C)e(t) = A¢i(t) + bi(en)ue(t, L),
(G)et) = A2 (t) + ba(en)e(t, L).
Using w = (g3,); and proceeding as in the proof of Theorem 2.34 yields:
1d L L
S Eten G, G) < / p (ug — U ) (€n)e da +/ A (Usz — Uge)(En)tn Az,  (2.127)
0 0

for a.e. t € [0,T]. Integrating (2.127) in time, and performing partial integration, it
follows:

E(t;en ¢1,¢) < E(0;21(0),¢1(0),¢5(0))
+ / / (uit(s,z) — Gu(s, ) (en)e(s, ) do ds

b2 /O At (£, 7) = Tiaa (£, 2)) (e o (t, 7) da (2.128)

L2 /0 A (1 (0, 2) — i (0, 2)) (€ ) (0, 2) Iz
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t L
2/ / A (Utzr (8, 2) — Ut (S, ) (ER) e (s, ) da ds.
o Jo
Applying Cauchy-Schwarz to (2.128) yields:

E(t;€h7C167C2€> S E(O,Sh(O),Cf(O),Cg(O))
t
+ Fllun — Gl raror + B / Hen)els, 2o dls
_ A
b 8t )~ et Wiy + 5 Nt Moy (2129)
_ ~ A
+ 8A[[uzs (0, ) — e (0, )||L2 0.L) T 8”(5'1)0696( w)H%Q(O,L)

+ A”ut U’t”LQ 0,7;H2(0,L)) +A/ (&) (s, >||L2(OL) ds,

where A := max,co7) A(z) and I := max,ep,r p(z). Utilizing equation (2.126), it is
obtained that:

5

% B(0;4(0), €£(0), G5 0)) + 2 / E(s;en ¢,C5) ds

3 e e
ZE(t§5h7C17C2) < 4

+Ch! (||UH%([0,T];H4(0,L)) + Hut||2L2(o,T;H4(0,L)) + HuttH%Q(O,T;HQ(O,L))> :
(2.130)

Gronwall’s inequality applied to (2.130) gives:

BltienCi.G5) < O (B(0:24(0), Gel0), Gel0))
_|_

<\|U|’20([0,T];H4(0,L)) + HUtH%%o,T;m(o,L)) + HuttH%Z(o,T;m(o,L)))) :
(2.131)

Finally, the following result holds:

Theorem 2.35. Assume (2.125), and take W), to be the space of the piecewise cubic
Hermite polynomials. The following error estimate holds for u, € C*([0,T]; W) and
(12 € CH[0,T);R™) solving (2.119), (2.120):

Bt un — .G = G, G — )} < € (B(0:24(0), el0), Gel0))

+ h? (Hutt“LQ(O,T;H?(O,L)) + Hut||L2(o,T;H4(o,L)) + HU\|C([0,T};H4(0,L)))> )
(2.132)
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0 <t < T. Furthermore, if (1(0) and (5(0) are chosen as in (2.121), upo and vho are
Hermite interpolations of ug and vy respectively, then:

= = 1
E(t; up — U, G — (1, G2 — C2)2 < Ch? (||Utt||L2(o,T;H2(o,L))

+||Ut||L2(o,T;H4(0,L)) + ||UHC([07T];H4(07L))> )

Proof. The result follows from (2.126), (2.131), and the triangle inequality. O

2.3.2 Fully-discrete scheme

The goal of this subsection is to perform discretization of the system (2.119)-(2.120), i.e.
(2.122) in time, in such a way that the dissipation of the system energy is preserved. For
this purpose, the system is first written as a first order system and then the Crank-Nicolson
scheme is used, which is shown to be crucial for the dissipativity of the scheme. Lastly,
the a-priori error estimated are obtained.

In order to write the system as an first order ODE, vy, := (uy); is introduced, and
furthermore let V := U, = [V} V, ... Vv ]" be its representation in the basis {w;}. In
what follows, the solution of the semi-discretized system (2.119), (2.120) is denoted in a
vector form: z, = [u, vy 51 52 ]T. In contrast to Subsection 2.1.1, the boundary traces
vn(L), (vn)z(L) need not to be included since in the finite dimensional case both u;, and vy,

are in H2(0, L). In analogy to Subsection 2.1.1, the natural norm of z;, = 2;,(¢) is defined
as

1 [F 1 [F M
lzall? = 5/ A(uh)ixdx—l—g/ pvrdre + —vi(L) +
0

9 (Uh)i(L)

k k 1- ~ 1~ .
+§1(uh)i(L) + 52“2@) + ECIHQ + §C2TP2C2'

2.3.2.1 Crank-Nicolson scheme

The time interval [0,7] is discretized into S equidistant subintervals, for a fixed S € N.
Let At :=T/S denote the time step and

te = kAL, Vke{0,1,...,5}, (2.133)

represent the nodes of the discretization. For the approximation of the solution z, at
time ¢ = t;, the notation zF = [u* v* ¢} (§]" shall be used. Let U* V¥ be the vector
representations (in {w;}.,) of u¥ and v*, respectively.

Furthermore, let the vector C* be defined by:

C*:= (Wi ® )t + (W2 ® )¢5
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The Crank-Nicolson scheme for (2.122), (2.120) then reads:

k+1 _ Tk 1
HI%E:Z§W“+W% (2.134)
M — —E(KU'C“ + KU*) — E(BVkH + BVF)
At 2 2
1
_§(Ck+1 +C), (2.135)
kL ck i V(L k([
1 k Ly ok k41 k
— + v L)+ v"(L
QTtCQ = A,2 5 G + by ( >2 ( ). (2.137)

Notice that if the chosen basis {w;} is the cardinal basis for the space of piecewise cubic
Hermite polynomials as given in Subsection 2.3.1.3, the last term of (2.136), (2.137) reads
(V' +VE) /2 and (Ve + VE_,) /2, respectively.

2.3.2.2 Dissipativity of the method

In the following, it is shown that the fully discrete scheme (2.134)-(2.137) dissipates the
norm. The somewhat lengthy proof is deferred to the Appendix A.

Theorem 2.36. For k € Ny it holds for the norm from (2.133):
kLY — k(L 2
sz+1”2 —_ szH2 . At{él (uac ( ) uw( )>

At

2

1 P < ubtN(L) — Wb (D)
T3 (‘h' g o At )
uk+1(L) _uk(L> 2 k+1 +Cz ~ k+1<L) _uk(L) 2
N 52( At > +§<q2’ y - o At )
e1 ( k+1+§1) k+1+§1 & ( k+1+§2) k+1+§2
t 3 2 A= +y 2 2 P =

This decay of the norm is consistent (as At — 0) with the decay (2.118) for the
continuous case, and with the decay of the semi-discrete solution stated in Theorem 2.34.
For the uncontrolled beam (i.e. ©; = ©, = 0), Theorem 2.36 shows that ||z*|| is constant
in k. This justifies the choice of the Crank-Nicolson time discretization.

Remark 2.37. Note that the scheme (2.134)—(2.137) and the norm dissipation property from
Theorem 2.36 were written independently of the basis {w;}. Hence, this decay property

applies to any choice of the subspace W;, C HZ(0,L). Same remark applies to Theorem
2.34.
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2.3.2.3 A-priori error estimates

In this subsection, a-priori error estimates are given for the scheme (2.134)—(2.137).
Thereby, additional regularity of the weak solutions wu, (; and (> shall be assumed. Sup-
pose that u € H*(0,T; H2(0, L)) and ¢, ¢, € H*(0,T;R"). Let @ € W, be defined as the
projection of the weak solution wu, such that

a(u(t), w,) = a(u(t), wy), Ywy, € Wy,

Vt € [0,T]. One easily verifies that it holds u € H*(0,T; H2(0, L)), since the projection
u + @ is bounded in H{(0,L). Furthermore, let u® := u — % denote the error of the
projection. Assuming u € H?(0,T; H;(0, L)), the error estimates for @ are obtained (cf.

[61]):
|20,y < CR*||ullgao,n),
luillzzor < Ch|ludllaso.n), (2.138)
lug 2o,y < Ch?{|uwll .-

Let z( k) = [u (tk) ut(tk) Ci(tr) Cao(ty)]" denotes the weak solution (2.90) at time t = t;,

and 2% = [u* v* ¢F ¢¥]T the k-th iteration of the fully discrete scheme (2.134)-(2.137),
approximating z(t;). Then the approximation error is defined by

b= uF —a(ty),
dF = WF — (),
o= - Gt), i=1,2,

and zF .= [eF @F ¢F) ()T, for every k € {0,1,...,S}.
The second order error estimate (both in space and time) of the fully discrete scheme
is obtained. However, due to the length of the proof, it is deferred to Appendix A.

Theorem 2.38. Assume u € H?*(0,T;H}0,L)) N HY0,T; H3(0,L)) and (1,{ €
H3([0,T];R™). Furthermore, let k € {1,...,S}. Then the following estimate holds:

125 = z(te)| < C122 + ||l mzorma0,0)) + (A (|weel| 20,7500, 1))

+  Nwwllm207:820,0)) + I1(C) el 50,7507y + ||(Cz)tt||H1(o,T;Rn)) }
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Chapter 3

Euler-Bernoulli beam attached to a
non-linear spring and a damper

In this chapter, the asymptotic behavior and numerical method for the system introduced
in Section 1.3 is considered. First the equations of motion of the system are revised. The
system consists of an EBB clamped at x = 0, and attached to a nonlinear spring and a
nonlinear damper at x = L, as depicted in Figure 1.3. It is assumed that the force of the
spring acting at the tip of the beam is given by —s(u(t, L)), and the force of the damper
by —d(u(t, L)). Furthermore, functions s,d € C*(R) are assumed to satisfy the following
assumptions:

/Zs(w) dw >0, Vz € R, (3.1)
O d(2) >0, VzeR. (3.2)
d(0) = 0, (3.3)
and
d(z)| > D=2, for |2] <6, (3.4)

for some constants D,d > 0. The equations of motion of the system, which have been
derived in Section 1.3, read as follows:

g (t, ) + Aigaer(t,2) =0, 0<z <L, t>0, (3.5a)

u(t,0) = u,(t,0) =0, ¢>0, (3.5b)
—ANtyyy (t, L) + muy(t, L) + s(u(t, L)) + d(u(t, L)) =0, t>0, (3.5¢)

From (3.5d) it can be seen that there is no external moment of inertia acting on the
top of the beam.

61
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This chapter is organized as follows. In Section 3.1 the existence and the uniqueness
of the real-valued mild solution u of (3.5) will be demonstrated, followed by the study of
the precompactness of the solution trajectory in Section 3.2, and its long-time behavior
in Section 3.3. Sections 3.1-3.3 are joint work with Dipl. Ing. Dominik Stiirzer, and
the obtained results are presented in [49]. In addition to these results, in Section 3.4 a
weak formulation of system (3.5) is introduced, followed by a dissipative numerical method
presented in Section 3.5.

3.1 Existence and uniqueness of the mild solution

Since the nonlinear spring and damping force are defined on R, only real-valued solutions of
(3.5) are considered. Hence, if not explicitly stated, all functions occurring in this chapter
are considered to be real-valued.

For this reason, subspaces of L?(0,L) and H*(0,L) which contain only real-valued
functions are introduced:

L(0,L) :=={f € L*(0,L)| f : [0, L] = R},

HE(0,L) = {f € H*(0,L)| £ : [0.L] — R},
However, all linear operators appearing in this chapter are assumed to be defined on a
dense subset of a complex Hilbert space.

The aim of this section is to show that, for given sufficiently regular initial conditions
u(0,2) = ug(x) and u;(0,2) = vo(z), the system (3.5) has a unique (mild) solution w.
Therefore, the problem is written as an evolution problem in the standard state space
setting for Euler-Bernoulli beam with tip payload (as introduced in [40] and in Section

2.1). However, since the functions s and d are defined on R only, the following real Hilbert
space is introduced:

Ho={y=[u0.6¢]": ue Hip(0,L),v € LE(0, L), € R},

where FI&R(O,L) = {f € HR(0,L) : f(0) = f.,(0) = 0} for n > 2. The inner product of
the space H is given with

A [ T 1 1
(Y1, Y2)n = 5/0 (1) ge(U2)zs do + 5/0 vivg da + ﬁflfz + W%@Dz, Yyi,y2 € H.

Let the linear operator A on H be given by:

v

A
—~Ugzzx
Aly) = | (L) (3.6)
Auzxx(L)a
and defined on the dense domain

D(A) :={y e H:u € Hyp(0,L),v € Hip(0,L),& = Jv, (L), = Mv(L)}.
The proof of the following Lemma is deferred to the Appendix A.
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Lemma 3.1. The linear operator A generates a Cy-semigroup (etA) of unitary operators

m H.

>0
Furthermore, a bounded nonlinear operator ' on H is defined by:
0
0
0
—s(u(L)) —d(;;)

With this notation the system (3.5) can be written formally as the following evolution
equation in H:

Ny) =

yr = Ay, (3.7a)
y(0) = wo, (3.7b)

for some initial condition 1y, € H, where the nonlinear operator A := A + N is defined on
the domain D(A) = D(A).

Definition 3.2. A solution y(t) is said to be a classical solution of (3.7) on [0, 77 if
y € CH((0,T], H) N C([0,T], D(A)),

initial condition (3.7b) is satisfied, and (3.7a) holds for all ¢ € (0,7]. Furthermore, a
continuous function y € C([0, 7], H) which satisfies the Duhamel formula

¢
y(t) = ey, +/ e(t_T)ANy(T) dr, te(0,7), (3.8)
0

is called a mild solution of (3.7) on [0, T, see [56].

A properly defined Lyapunov function on H shall prove to be essential for well-posedness
and stability analysis of the system. In the Section 1.3 a candidate for a Lyapunov was
obtained by (1.21). Therefore, for mild solutions of (3.7) the following functional is defined:

A

g 2 1% L 2 L, L u(L)
Viy) = = o K L duw. 3.9
(y) 2/O(u)d96—|—2/ovd95+2 w+2J€ —l—/o s(w) dw (3.9)

Its derivative along the classical solutions of (3.7) satisfies:

V() = (1 0) 1) <0 (310)

where the non-positivity is ensured by (3.2) and (3.3). It can trivially be seen that the
functional V satisfies the following properties.
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Lemma 3.3. The function V : H — R is continuous with respect to the norm | - 3.
Moreover, for any Y C H there holds:

sup{V(y): y €Y} <oo < sup{|yllu:yeY}<oo
Next result states the existence and uniqueness of the local mild solution.

Proposition 3.4. For every yo € H there exists a unique mild solution y : [0, Timax(y0)) —
H, where Tyax(yo) s the mazimal time interval for which the solution exists. If Tyax(yo) <
oo then a blow-up occurs, i.e.

i [y (8) = co.
Proof. Due to the assumptions made on d and s it follows that N is continuously dif-
ferentiable on H, and thus locally Lipschitz continuous. Furthermore, A generates a Cy-
semigroup. Hence, according to Theorem B.5 stated in Appendix B, a unique mild solution
exists on [0, Tihayx), for some maximal 0 < Tpax(yo) < 00. Moreover, if Tiax(yo) < 0o then
lim o, [y(t) I3 = oo. .

Moreover, if the solution is classical, it is also global.

Lemma 3.5. Ifyy € D(A) then the corresponding mild solution y(t) is a classical solution.
Furthermore y(t) is a global solution, i.e. Tyax(yo) = 00.

Proof. Since N is continuously differentiable, Theorem B.6 stated in Appendix B implies
that y(t) is a classical solution. Therefore (3.10) holds and implies:

V(y(t)) S V(?-/O)? Vt € [0>Tmax)-

Thus, according to Lemma 3.3 the norm ||y(t)||3 stays uniformly bounded. Consequently,
no blow-up occurs and Ty, = 0. O

The following result is a consequence of Proposition B.7 stated in the Appendix B:

Proposition 3.6. Let y : [0,7] — H be a mild solution of (3.7) for some yy € H, and
T < oo. Also, let {yno}nen C D(A) be such that y,o — yo in H. Denote by y,(t) the
classical solution of (3.7) to the initial value yno. Then y, — y in C([0,T];H).

Finally, this leads to the main result of the section, which states that the mild solution
is global for any initial conditions in .

Theorem 3.7. For every yo € H the initial value problem (3.7) has a unique global mild
solution, which is classical if yo € D(A). Moreover, the function t — V(y(t)) is non-
increasing, and ||y(t)||» is uniformly bounded on R .
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Proof. For an approximating sequence {y, }nen as in Proposition 3.6, it holds that
Vy(0) = Im V((6), 1 € [0, Touue(un))

since V' is continuous. Due to (3.10), for the classical solution it follows that ¢ — V (y,(t))
is non-increasing for each fixed n € N, i.e.

Viga(t)) 2 V(ya(ta))  0<ty <t

Passing on to the limit n — oo in this inequality shows that ¢ — V(y(¢)) is non-increasing
on [0, Tnaz). In particular this implies sup,c 1,,,.)[l¥(t)[[% < oo. Hence no blow-up can
occur at t = Tyaq, and thus Tiax(yo) = 0. O

Corollary 3.8. The function V : H — R is a Lyapunov function for the initial value
problem (3.7).

Proof. According to Theorem 3.7, it follows that ¢ +— V(y(t)) is non-increasing for all
yo € H. This implies V(yo) < 0, which proves the statement. ]

Furthermore, Theorem 9.3.2 in [9] implies the following result.

Theorem 3.9. Let the family of operators {S(t)}i<o, be defined by

S(t)yo == y(t),

for every yo € H, and for all t > 0, where y(t) is the mild solution of (3.7) corresponding
to the initial condition yo. Then {S(t)}+>0 is a strongly continuous semigroup of nonlinear
operators in H.

In the next two sections, the asymptotic stability of the nonlinear semigroup S will be
considered, whereby first the precompactness property of the trajectories will be demon-
strated. Secondly, it will be shown that the semigroup is asymptotically stable, except for
countably many values of the parameter J. For these exceptional values of .J, it is demon-
strated that there exist non-trivial solutions which are periodic in time, and therefore do
not decay. Explicit formulas for such solutions are also obtained, see (3.68) below.

3.2 Precompactness of the trajectories

In this section the precompactness of the trajectories of (3.7) is investigated. Thereby, for
given yy € H the corresponding trajectory is denoted by v(yo) and defined by:

(o) = [J S(t)wo.

First, the precompactness property is demonstrated for solutions that are twice dif-
ferentiable in time. This result is then extended to all classical solutions. Therefore the
following lemma is necessary:
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Lemma 3.10. Let yo € D(A?) and let y be the corresponding solution of (3.7). Then
y € C?([0,00),H) and y:(t) € D(A) for all t > 0.

Proof. Note that if y € C?([0,00),H), then it follows that § := y; is a solution of the
following evolution equation:

U = Ay + (3.11)

e o o o

—s'(u(L))

According to Lemma 3.5, it holds that y € C'([0,00),H). Further, yo € D(A?) implies
Ay(0) = y,(0) € D(A). Motivated by (3.11), let the following functions be defined for a
fixed y(t):

— 4G

Ft) = —s’(u(t,L))%) e CY([0, 00)),
G(t,2) = d(%)% = g(t)x,

where z = [U,V,(,x]" € H. Since y(t) is a classical solution, both F(t) and g(t) are
continuously differentiable. Consequently, the operator N : [0,00) x H — H, defined
by N(t,z) == [0,0,0, F(t) + G(t,2)]", is also continuously differentiable (in time). Fur-
thermore, N is Lipschitz continuous in H, uniformly in ¢ € [0, 7] for every T > 0. The
following linear, non-autonomous, initial value problem is considered:

z=Az+ N(t,2), (3.12a)
2(0) = 2o € H. (3.12D)

Applying Theorem 6.1.2 in [56] yields that there exists a unique global mild solution z(t)
of (3.12) for every zy € H. Furthermore, if 2y € D(A), then z(t) is a classical solution.

Next, it is shown that for the given classical solution y(t) the function y,(¢) is a mild
solution of (3.12) for zy = Ayy. Clearly, y(t) satisfies the Duhamel formula (3.8), and
differentiation with respect to t yields

d t
ye(t) = e Ay + ! e =DANy(s) ds. (3.13)
0

According to the proof of Corollary 4.2.5 in [56] there holds

d
dt J,

Inserting the above equation in (3.13) proves that y(¢) fulfills the Duhamel formula for
(3.12), and as a consequence y;(t) is the unique mild solution of (3.12) to the initial
condition zy = Ayy. However from the beginning of this proof, it follows that the mild
solution z(t) = w(t) is a classical solution of (3.12) if Ayy € D(A), i.e. yo € D(A?).
Therefore y, € C*([0,00),H) and y € C?([0,00), H). O

¢ ¢
et DANy(s) ds = e Ny + / e(t_S)AdiNy(s) ds.
0 s
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Remark 3.11. The above result is straightforward in the situation where the evolution
equation is linear and autonomous, i.e. N/ = 0 in this case, and it is standard in the
literature. This argumentation depends on commutative property of the time derivative
and the linear operators, and can not in general be applied in the nonlinear case. According
to Section I1.5.a in [24] the density of D(A?) in H also immediately follows. Since in this
case D(A?) it is not a linear subset of H (see (3.19)), its density needs to be checked
separately:

Lemma 3.12. For any y € D(A), there exists a sequence {yntnen in D(A?) such that
lim, o0 Yn = ¥ and lim, o Ay, = Ay in H.

Proof. First the set D(A?) is characterized. It holds that y € D(A?) if and only if y € D(A)
and Ay € D(A), or equivalently

v € Hyp(0, L), (3.14)

w€ HS (0, L), tppre(0) = Ugpen(0) = 0, (3.15)

€ = Ju,(L), (3.16)

¢ = Mu(L), (3.17)

Mtass(L) = s(u(L) = d(37) = = Franal L) (3.19)

It suffices to show that for an arbitrary y € D(A), a sequence {y, tnen C D(A?) can be
constructed such that y, = [u, v, &, ¥,] " converges to y in the space H*(0, L) x H*(0, L) x
R2. Since the space

T0%(0,L) := {f € C>=([0, L], R): f®™(0) = 0,Vk € {0} UN}

is dense in fI§7R(O, L) (see Theorem 3.17 in [1]), there exists a sequence {vy, }neny C C’gf}R(O, L)
such that lim, ., v, = v in H?(0, L). Further, function v, satisfies (3.14), for all n € N.
Defining &, := J(v,).(L) and 9, := Muv,(L) ensures that y, satisfies (3.16) and (3.17).
Moreover, the Sobolev embedding H?(0, L) — C*(0, L) implies that lim, , &, = £ and
lim,, o ¥, = 1. As a final step, a sequence {u,},en C C°°([0, L], R) is constructed such
that w, satisfies (3.15), (3.18), and (3.19) for all n € N, and lim,, o u,, = u in H*(0, L).
For this purpose, first the polynomial

B () := hon@® + h3n®® + hen@® + hy @ + hgn@® + ho n@” + hion2'® + hyp o't

is introduced, for all n € N, where hy,,...,hi11,, € R are to be determined. In the
following, the notation At := k- (k—1)----- (k—1+41) is used, for k,l € N, k > [. Notice
that

hn(0) = (hn)2(0) = (Pn)eawa(0) = (An)azaae(0) = 0, (3.20)
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holds. Let hy,, = “”T(O) and hs, = “”T‘””(O), which is equivalent to

(hn)azx(()) = um(o)a (hn)wmx(o) = u:rm(o) (3'21)
Assume further that
(L) = u™ (L), ke {0,1,2,3},

or equivalently:

hn,6 + hn77L + hn,8L2 + hnngs + hn’10L4 + hn711L5 =T, (322&)
6hn6 + ThpsL + 8hygL? + Ry, oL + 10h, 1oL* 4+ 11h, 11 L° = 7y, (3.22b)
62h,, 6 + T2hp 7L + 82, s L* + 9hy oL + 102h, 10L* + 112h,, 1, L° =13 (3.22¢)
62Ny 6 + T2hp g L + 8 R, L* + 93hy o L2 4+ 102h, 10L* + 113R, 1 L = 7y, (3.22d)
where
. (L) usz(0)  Usa(0) . Ur(L)  uz(0)  Ugaa(0)
LTS 2LA 6L3 = * LS LA 2L3
8= "4 T T4 T s 0 ™MT Ts T T s
Additional conditions are imposed on h,,:
MA n
2 i )asaal ) = —Ntana(L) + 0l D) + (7). (3.23)
J
;(hn)mm(L) = Uy (L). (3.24)
Equations (3.23) and (3.24) are equivalent to:
64Ny 6 + T*hp g L + 8y g L? + 9%h, o LP 4+ 1020, 10L* + 11%R,, 11 L = 75, (3.25a)
6hn6 + T2hy 7L + 82h, g L? + 92hy oL + 102h, 10L* + 112, 1, L = 16, (3.25b)
with
—Nttgn (L) + s(u(L)) + d(') [tz (L)
rs = T'e = :
5= H AML? T L

The linear system (3.22) and (3.25) has a strictly positive determinant. Hence, its solution
h, exists and is unique. Consequently, (3.20), (3.21), and (3.22) imply that v — h,, €
Hy(0,L), for all n € N. Since Cg%(0, L) is dense in Hjg(0, L), there exists a sequence
{tn}nen C C§R(0,L) such that |[i, — (u — hy)|lgs < +, ¥n € N. Here the following
definitions have been used:

or(0, L) :={f € C5°(0, L) | f : [0, L] — R},

Hip(0,L) :={f € Hy(0,L)| f: [0,L] = R}, Vke€N.

Now defining u,, = @, + hy, gives lim,_,o u, = v in H*(0, L). Obviously u,, satisfies (3.15)
for all n € N. Also due to (3.23) and (3.24), w, satisfies (3.18) and (3.19), as well. The
statement follows. O
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The next result is the main result of this section, and it states that all classical solutions
have precompact trajectories.

Theorem 3.13. The trajectory v(yo) is precompact for yo € D(A).

Proof. For a fixed yo € D(A) it shall be demonstrated that the corresponding trajectory
y(t) is precompact in H. As seen in Lemma 3.5, the solution y is classical. Due to the
compact embeddings H*(0, L) << H?(0, L) << L?(0, L) it is sufficient to show that

sup || Ay (t) || < oo.
£>0

Moreover, since y; = Ay, it is equivalent to show that g, is uniformly bounded in H.

Part 1: In the first part of this proof, it is assumed that y, € D(A?). According to
Lemma 3.10, the time derivative y; of the corresponding solution is a classical solution of
the system (3.5) differentiated in time once:

Mg + Mggzar = 0, (3.26a)

wy(t,0) = 0, (3.26D)

Ut (t,0) = 0, (3.26¢)

Muye(L) — Mtyaea (L) + ' (u(L))ue(L) + d'(us(L))un (L) = 0, (3.26d)
Justir (L) + Aigyy (L) = (3.26e)

Next, the time derivative of V' (y;) is calculated:

d L L
—V(y) = u / U Uy AT + A/ Utz Uiz AT + JUgpe (D) pe (L) + Mgy (L)ug (L)
0 0

dt
+s(ue(L))uw (L)
= utt(L)(Muttt(L) — Agyrr (L) + s(ut(L)))
Fturn (L) (Attggr (L) + Jugs (L))
= (L) (s(u(L)) = 8'(u(L))ue(L) — d'(us(L))un (L)), (3.27)

where the partial integration in z was performed twice and the equations (3.26b)-(3.26¢)
were used. Due to (3.2), it holds

—d'(us(L))ugy (L)* <0,  Vt>0.
Integrating (3.27) in time gives
V() < V(5:(0)) +/0 un(7, L) [s(us(7, L)) = 8" (u(7, L))us(7, L)] dr. (3.28)

The first integral on the right hand side, which is

+(7,L)
/utt(T L)s(u(r, L)) dT—/ dT/ w)dwdr
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ut(t,L) ut(O,L)
:/ s(w)dw—/ s(w) dw, (3.29)
0 0

is uniformly bounded, since u,(t, L) = w(t) is uniformly bounded, see Theorem 3.7. For the
second term on the right hand side in (3 28) it holds:

tutt(T,L)S/(U(T,L))Ut(T,L)dT: ti (ulr, )P s'(u(r, L)) dr
J [ (5

B ut(téL) Jult, L) — ut(OQ,L) (0. L))_/O @ (u(r, L)) 7. (3.30)

Due to the Sobolev embedding H?(0, L) < C(0, L), the estimate |u(t, L)| < Cllul|g2 <
Clly|l3 holds. Therefore s”(u(t, L)) is also uniformly bounded for ¢ € [0,00). Together
with the previously shown uniform boundedness of u,(t, L), it follows that the first two
terms in (3.30) are uniformly bounded, and the remaining integral satisfies the following

inequality
L)
’/utT (u(r, L)) d’l"<0/ lu (7, L) dr.

Due to (3.4), and considering (¢, L) is uniformly bounded, there exists a positive constant
C > 0 such that |d(u(t, L))| > Cuy(t, L)? for all ¢ > 0. This yields

/oo lug (¢, L)|* dt < C/oo d(uy(t, L))uy(t, L) dt,

and since < (V(y(t))) = —d(us(t, L))u(t, L) is integrable on [0,00), it follows wu(.,L) €
L3(0,00). Therefore, all terms in (3.30) are uniformly bounded. Together with the uniform
boundedness of (3.29), inequality (3.28) yields that V(y(t)) € L*°(0,00), and therefore
t — |ly:(t)]|% is uniformly bounded, see Lemma 3.3. Therefore, v(yo) is precompact.

Moreover, notice that:
sup lye (@)l < Cllyollae, 1 (0)120), (3.31)

where the constant C' depends continuously on ||yo||% and ||y:(0)||%.
Part 2: In the second part of the proof, a more general case yy € D(A) is considered.
According to Lemma 3.12, there exists a sequence {yno}neny C D(A?) such that

lim Yno = Yo,
o (3.32)
lim Ay,o = Ayo.

n—oo

Taking y,,(t) := S(t)yno, there holds y,, € C'([0,00); H) N C?((0,00); H) for all n € N and
hence (y,):(0) = Ayno. This implies

lim (y,):(0) = Ayo in H. (3.33)

n—oo
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Therefore (3.32) and (3.33) imply that the both sequences {y,}nen and {(y,)¢(0)}nen are
bounded in H. Together with (3.31), this yields that there holds:

sup |[(yn)e ()l < C,
t>0,neN

i.e. (yn)¢ is bounded in L*(]0,00); H). Now the Banach-Alaoglu Theorem (see Theorem
1.3.15 in [59]) shows that there exists § € L>([0,00); 1) and a subsequence {y,, }ren such
that

(Yn)e = in L2((0,00); H).
Now let z € H and t > 0 be arbitrary. Then

t

lim mmmm@mh=A@Mwmm,

k—oo 0

which is equivalent to

im0 (1) = 000, = [ 57) 0.2,

k—o0

According to Proposition 3.6, lim, o yn(7) = y(7) in H, V7 € [0,00), and hence

i) = 0) = { [ r)anz)

Due to z being arbitrary, it follows that

MWw@zéMﬂM (3.34)

Now, since y € C*(]0, 00); H), the time derivative of (3.34) can be calculated, and obtained
that y, = g. This implies y, € L®((0,00); H), i.e. [|y:(.)]|% is uniformly bounded, which
proves the precompactness of v(yo). O

Remark 3.14. The question of precompactness for trajectories of the mild solutions which
are not classical, remains open. In contrast, in the case of uniformly bounded linear
semigroup, i.e. N = 0, the proof of trajectory precompactness of mild solutions is much
simpler, and it follows from precompactness property of the classical solution. Namely,
for classical solutions y(¢) it holds that Ay(t) = Ae'dyy = e Ay, so Ay(t) is uniformly
bounded. Since A~! is compact, this proves the precompactness for classical solutions.
Considering that {e!};>¢ is bounded, any mild solution can uniformly be approximated
by classical solutions, which implies the trajectory precompactness also for mild solutions.

However, in the case when s is linear, and d is non-linear, the precompactness property
of the mild solution can still be verified. If the linear term s and the linear part of d
are incorporated into A, this operator still generates a contraction semigroup, is invertible
and has a compact resolvent. For the remaining nonlinear term it can be shown that
N(y(.)) € L'(]0,00); H), using (3.10) and (3.35). Then the prerequisites of Theorem B.8
stated in Appendix B are fulfilled, and the precompactness of the trajectories for all mild
solutions follows.
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3.3 w-limit set and asymptotic stability

In the study of the asymptotic behavior of systems, the analysis of the w-limit sets is vital.
Therefore, their properties are examined at the beginning of this section.

Definition 3.15. Given the semigroup S, the w-limit set for yy € H is denoted by w(yo),
and defined by:

w(yo) :=={y € H: Htn}nen C R, ILm tn =00 A lim S(t,)yo = y}

n—o0

In general, it can hold w(yg) = (. However, in the case that w(y) is non-empty,
Proposition 9.1.7 in [9] states:

Lemma 3.16. For yo € H, the set w(yo) is S-invariant, i.e. S(t)w(yo) C w(yo) for all
t>0.

For some fixed yog € H, the function t — V(S(t)yo) is monotonically non-increasing, as
seen in Theorem 3.7, and bounded below by 0. Therefore, V(S(t)yy) converges for ¢t — oo
and the following definition is introduced:

v(yo) == tlim V(S(t)yo) > 0. (3.35)
Lemma 3.17. Assuming w(yo) # 0, there holds
V(y) =v(w), Yy €w(yp)

Hence V(y) = 0 for all y € w(yo).

Proof. Let y € w(yp). There exists a sequence {t,},en C RY, with ¢, — oo, such that
lim,, 00 S(tn)yo = y. Since V' is continuous,

lim V(S(t,)y0) = V(y).

n—o0

Due to (3.35), V(y) = v(vo), and the result follows. O
Hence the possible w-limit sets may be identified by investigating trajectories along
which the Lyapunov function V' is constant. For this purpose, let the set 2 C H be defined

as the largest S-invariant subset of {y € H : V(y) = 0}. There holds
w(yo) C Q, Vyo € H, (3.36)

therefore it is important to characterize the set 2. The following proposition follows directly
from Theorem A.3, stated and proven in Appendix A:
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Proposition 3.18. For every yo € H the following holds, for allt > 0:

/ (M dr € D(A). (3.37)

and

t t
S(t)yo — yo = A/ S(T)ydr + / NS(7)yo dr. (3.38)
0 0
Now the following result can be obtained.

Proposition 3.19. For all y = [u,v,&,¢]" € Q, there holds ¢ = u(L) = 0.

Proof. For a fixed yo € Q, let y(t) = S(t)yo. Since Q is S-invariant, it follows that
V(y(t)) = v(yo) for all t > 0. First it is shown that

D) =0, V>0 (3.39)
In the case when yo € QN D(A), (3.39) follows easily since (3.10) implies

V) =0 & ¢t)=

Next the case when yy € Q\ D(A) will be investigated. Then there exists a sequence
{Ynotnen C D(A) such that lim, o yno = yo in H. Theorem 3.7 implies y,,(t) — y(¢) in
C([0,T); H) for any T > 0, where y,,(t) = S(¢)yno. In particular

U (t) = Y(t) in C([0,T];R). (3.40)

Together with (3.10) this implies

{ (;itv( un(t ))}nEN

is a Cauchy sequence in C([0, T]; R). Since V is locally Lipschitz continuous in # it follows
that {V(yn(t))},cy is a Cauchy sequence in C([0,T];R). Thereby, {V(y,(t))},cn is a
Cauchy sequence in C'([0,T];R). Therefore, there exists a unique w(t) € C'([0,T];R)
such that

V(ya(t) = w(t) in C'([0,T];R). (3.41)

T};
On the other hand, there holds V(y,(t)) — V( ( )) = v(yo), for every t > 0, and hence
w(t) = v(yo). Together with (3.41) this implies < (y,,(t)) = —d(w)% converges uniformly
to 0 on [0,7]. With (3.40) this now yields (3. 39)

Next, u(t, L) = 0, ¥t > 0 is demonstrated. From (3.37) it follows that

)| = o
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Together with first equation in (3.38), it implies

oz(/otu(T)dT)

Therefore u(t, L) is constant along y(t), which gives

=u(t,L) —u(0,L).

z=L

/tu(s, L)ds = ug(L)t, t>0. (3.42)

Since {v(t): t > 0} is bounded in L*(0, L), the second component of (3.38) implies

sup ([ utsras)

The Gagliardo—Nirenberg inequality (cf. [53]) is applied next, which guarantees the exis-
tence of C' > 0 such that for all ¢ > 0 there holds

ol [ 2O

L2(0,L)

t t
| vl < AN wr09),.,

The first factor on the right hand side is uniformly bounded due to (3.43). For the second
factor, according to Theorem 3.7 it follows that ¢ — ||u(t)|/12(0,z) is uniformly bounded,

< o0. (3.43)
L2(0,L)

(3.44)

L2(0,L)

and therefore t — s) ds||r2(,) increases in time at most hnearly Altogether this
0 (

implies in (3.44) that t > fo (s,L)ds increases in time at most as t5. However, this
contradicts (3.42) unless ug(L) = 0. Hence u(t, L) = 0 for all ¢ > 0.
O

This result allows to represent any solution S(t)y, which lies in Q (i.e. yo € Q) as a
solution to a simpler, linear system, which thus characterizes (). By inserting the result
of Proposition 3.19 in the equation (3.38), it is obtained that any mild solution y of (3.7)
with y(t) € Q, Vt > 0, satisfies the boundary condition

u(t,L) =0, Vt >0, (3.45)

and the following system:
u(t) —u(0) = /0 v(r)dr, (3.46a)
A t
v(t) —v(0) = ~ (/0 u(T) dT) . (3.46D)

: (3.46¢)

(3.46d)
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It shall be demonstrated that this system is overdetermined. The system (3.46) can be
interpreted as a mild formulation of a linear evolution equation in a Hilbert space H:

=B
= P (3.47)
w(0) = wy,

with w = [u,v,€]T € H and where wy = [ug, vo, & T. Thereby H is the Hilbert space
H = {w=[u,v,§]" - u € Hip(0,L),v € LE(0, L),§ € R},

and B is the following linear operator in #:

u v
Blo|=| St |, (3.48)
13 — Ay, (L)

with the domain
D(B) :={y € H:u € Hyp(0,L),v € Hyu(0,L),& = Jvy(L), tuyp(L) = 0}.
The space H is equipped with the inner product

A [ T 1
(W, we)) = 5/ (1) ga(u2),, do + 5/ vivg dz + Eflfz'
0 0

As shown in Proposition A.4 in Appendix A, B is skew-adjoint and generates a Cjy-
semigroup of unitary operators. The eigenvalues {\, }nez\ (o} are purely imaginary, and
come in complex conjugated pairs, i.e. A_, = \,, for n € N. Zero is not an eigenvalue since
B is invertible, see [40]. The corresponding eigenfunctions {®,, },cz\ (0o} form an orthonormal
basis for the space X (extension of # to complex functions). They are given by

U,
®, = Ant, : (3.49)
A ()2 (L)

where u,, is the unique real valued solution of

TN (Un)o(L) + A(tn)ee(L) = 0, (3.50¢)

normalized such that ||®, ||+ = 1. Note that A2 < 0. From (3.49) it follows that ®_,, = ®,,,
and therefore u_,, = u,, Yn € N. The complete spectral analysis of B is performed in the
Proposition A.4 in the Appendix A.

In the following lemma, the solutions to (3.50) will be closely examined.
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Lemma 3.20. There exists a non-trivial solution wu, of the system (3.50) that satisfies
un(L) = 0 if and only if

L\? (=1)¢ + cosh f7
= — l : 51
J=p <€7r) . ) for some £ € N (3.51)
In this case, u, is unique up to normalization, and N\ = —% (%)4. The uniquely deter-

mined index is denoted by n = n*(¢) > 0.

Proof. A solution ¢ € HE(0, L) to (3.50a) for some \ € iR is of the form
up(x) = Cy[cosh pr — cos px] + Cy[sinh px — sin pz], (3.52)

with p = (%’\2)i > 0. The boundary conditions (3.50b) and (3.50c) are now equivalent
to the following equations for C'; and Cj:

C (sinhpL —sinpL) + Cy (coshpL + cospL) = 0, (3.53)
and

Cy [Jp? (sinh pL + sinpL) + pA (coshpL + cospL)]
+Cs [Jp? (coshpL — cospL) + pA (sinh pL + sinpL)] = 0. (3.54)

Furthermore, notice that the condition ¢(L) = 0 is equivalent to
Cy (coshpL — cospL) + Cy (sinh pL — sinpL) = 0. (3.55)

First, it is assumed that ¢(L) = 0. In order for ¢ to be non-zero the determinant of the
linear system formed by (3.53) and (3.55) needs to vanish, i.e.

(sinhpL — sinpL)? — (coshpL — cos pL)(cosh pL + cos pL) =
—2sinh pLsinpL = 0.

Since pL > 0, this is true if and only if p = %”, for some ¢ € N. Hence \? = —% (%)4. Now
(3.53) gives that Cy = —Cy S8 Multiplying (3.54) by S it follows

A ! A
—J; (%) sinh (7 + g%[coshﬁw + (=1 =0,

and equivalently

I L ? cosh b + (—1)*
— M\ or sinh {7 '

Reversely, let (3.51) for some ¢ € N, and let ¢ be defined by:

(nx (nx sinh /7 Inx Inx
— (cosh % _ - mh T —sin ) (3.
o(z) (COS 7 T cosT ) cosh b+ (<1 (Sm 7 —sin— ) (3.56)
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It needs to be verified that ¢ satisfies both (3.50) and ¢(L) = 0. It follows immediately:

_ v (sinhfm)?
©(L) = coshlm — (=1 By g

(cosh f7)? — 1 — (sinh £7)?

- cosh m + (—1)* =0
and
r\? sinh {7
L)=[— inh (7 — h -1)9| = 0.
azz(L) (L) [sm 2 P — (_1>Z(cos (m+(—1) )} 0

Moreover, there holds:

ir sinh (7
[) = —— |sinh ¢7 — himr —(—1)¢
(L) [sm lm cosh ? ( 1>€(cos lr —( ))]

U sinh {m(cosh fm 4 (—1) — cosh {m + (—1)")
T L cosh (m + (—1)*

_ Um 2(—1)"sinh {7

= L coshlm + (=1)*

and
2 :
h (7)?
b 1y (sin
> [COS fr+ (1) cosh {m 4 (—1)*

? (cosh )% + 2(—1)! cosh £ + 1 — (sinh ()2
cosh ¢m + (—1)*
%

With A2 = —& ()" this yields

Pea(L) =

25 (L) = A (Y
Apes(D) + INpu(0) = Mgl D) = 15 () il

2 1\ - 1\
_y tr A(—l)Z—A( 1)'—1— cosh ¢r  sinh f7(—1)
L sinh (7 cosh ¢ + (—1)*

=0.

Therefore ¢ is the sought w,+(s), which concludes the proof.

In accordance to Lemma 3.20, the set

s () ey a7
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is introduced, and its ¢-th entry is denoted by J,.

In the following theorem, the characterization of the set €2 is given in dependence on
the parameter J.

Theorem 3.21. Concerning the set €2, it will be distinguished between two situations:

i) Assume that parameter J ¢ #. Then w = [u,v,£]" = 0 is the only solution to (3.47)
with u(L) = 0, and therefore Q@ = {0}.

i) Otherwise if J € ¢, then Q is

spang { [tn+,0,0,0] ", [0, s, J ()2 (L), 0] " }.

Thereby ., is the non-trivial solution from Lemma 3.20.

Proof. This proof closely follows the argumentation in [18]. According to Corollary A.5 in
the Appendix A, the solution of the linear evolution equation (3.47) can be written as

w(t) = ePwg = Y (wo, Bp) 5Py, (3.58)
nez\{0}

where {\, }nez\ (0} are the (imaginary) eigenvalues of B, and the ®,, are the corresponding
cigenfunctions, see Lemma A.4. Thereby ((.,.) is the inner product on X defined in
Appendix A. Let ¢, = ((wp,®,)) for all n € Z. Due to the orthonormality of the
eigenfunctions {®, }nez\ 0y and the fact that {A,},ez (o3 C iR it holds for all N € N:

H 3 e, 1: 3 el (3.59)

[n|>N [n|>2N

Due to Parseval’s identity it follows that > 7\ 1oy [{wo, ®,) 21> = [lwoll%. As a conse-
quence, the right hand side in (3.59) tends to zero as N — oo. So, for every € > 0 there
exists some N > 0 such that

sup H Z cpeMtd,

>
20 Taisn

<e. (3.60)

x

The first component of the series (3.58) converges in H?(0, L) and therefore also in C([0, L]).
Thus it holds
ut, L) = > cpe’uy(L), VE>0. (3.61)
nez\{0}
Using this representation formula, those w(t) that satisfy w(¢, L) = 0 for all times are
investigated. It immediately follows for every N € N:

‘ Z cne’\"tun(L)‘ < C’H Z cne’\”tun‘

[n|=N [n|=N

H2(0,L)
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< C’H Z cpe 't ®,,

[n|>2N

According to (3.60) this implies that, for every € > 0, there exists N € N large enough
such that

N
Ant
su n"nL’<, 3.62
tzg Z e’ u, (L) < e (3.62)
n=-N
n#0

provided that u(t, L) = 0 for all ¢ > 0.

Let some k € Z \ {0} and € > 0 be fixed, and let N € N be so large that |k| < N and
(3.62) is satisfied. Next, the finite sum in (3.62) is multiplied by e **! and integrated over
[0, T7:

1 T N N 1 T
_/ Z Cne)\ntun(L)e—/\kt dt = Z Cnun(L)—/ e()m—)xk)t dt.
T Jo N " T J
n=— n=—
n#0 n#0

Due to (3.62), this expression has modulus less than €. Now let 7" — oco. Since all
eigenvalues A, of B are distinct (see Proposition A.4), all terms in the integral vanish
except for the term where n = k, and it follows

leg ug(L)| < e.
Since € was arbitrary, the following can be concluded:

There needs to be distinguish between two situations: Either J ¢ # or J € ¢. In the
first case, due to Lemma 3.20, u,(L) # 0 for all n € Z. Then (3.63) implies that ¢, = 0
for all £ € Z \ {0}, and consequently w(t) = 0 for all ¢ > 0. Therefore @ = {0}. In
the case J = J;, € _#, according to Lemma 3.20 it holds that u;(L) = 0 if and only if
k # +n*(¢).Therefore, (3.63) yields:

k=0, VkEeZ\{£n*(0)}, (3.64)
¢ € C  arbitrary, (3.65)

and c¢_,+ = ¢,+. Therefore, ) is given by

Upy* 0
Re (span(c{ [‘I)(_)n} | [@51 }) - SpaHR{ 8 7 J(u:jn)x(L) } (3.66)
0 0
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Remark 3.22. An alternative approach is to consider the system (3.46a)-(3.46¢) together
with (3.45), and consider the condition (3.46d) afterward. The system (3.47) can be
formulated on the space

Hy = {w e H:u(l) =0}

instead of H, where the system operator B has a different domain:
Di(B) :={w € Hy :u € Hyp(0,L),v € HZx(0,L),& = Ju,(L),v(L) = 0}.

Analogously to the Proposition A.4 one finds that the operator (B, D;(B)) is again skew-
adjoint, generates a Cy-semigroup of unitary operators, and its eigenfunctions form an
orthogonal basis. The first component w, of the eigenfunction has again the same form
(3.52). Applying the remaining condition (3.46d), the same characterization of €2 is ob-
tained.

In the case where J € ¢, it has been seen (in Theorem 3.21) that Q =
spang{[®.,+,0]"}. From the definition of the ®.,, it follows that they are precisely the
two common eigenfunctions of (B, D(B)) and (B, D;(B)). Therefore, in order to determine
the w-limit set, the two approaches using either (B, D(B)) or (B, D;(B)) are equivalent.
They only differ in the order in which the boundary conditions .., (L) = 0 and u(L) =0
are applied.

At this point, the prerequisites to show the main result are obtained.

Theorem 3.23. Assume J ¢ #. For every yo € D(A),

lim y(t) =0,

t—o00

i.e. the system (3.7) is asymptotically stable.

Proof. Due to Lemma 3.13, the trajectory 7(yo) is precompact, therefore w(yy) is non-
empty. Furthermore, according to (3.36) it follows w(yy) C Q. Hence w(yo) = {0}, due to
Theorem 3.21. Therefore, there exists a sequence {t,}nen such that lim, . ¢, = oo and
lim, 0 y(t,) = 0. This implies lim, . V(y(t,)) = 0, and since V is non-increasing, it
implies lim; o V(y(t)) = 0. Since ||y|l3 < V(y), for all y € H, the statement follows. [

Theorem 3.24. Let J = J, € Z for some ¢ € N. Given an initial condition yo € H, the
corresponding solution y(t) of (3.7) approaches the solution to the initial condition 1%y,
as t — oo. Thereby IT* is the orthogonal projection from H onto 2, and is given by

i,
n* 2 YAV, U= ) p2 + E(Up* )2 Uy

Iy =

where (.,.)r2 denotes the standard inner product on L*(0,L).
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Proof. Let n*(¢) be as in Lemma 3.20. According to (3.66) the w-limit set is a subset of the
real part of the (complex) span of the two vectors W, = [®.,.,0]", where ®_,. = ®,..
Since @4« € D(B), there holds that (u,+)z.(L) = 0, and so the W, are eigenvectors of
A to the eigenvalues +\,+.The orthogonal projection may be defined first in X (see the
Appendix A):
T = (U )l + (U 2

According to Theorem A.2 the eigenvectors of A form an orthogonal basis in X, so IT*
commutes with A, and X = ker I[I* @ ran I[I* is an orthogonal, A-invariant decomposition of
X. In the following the restriction of II* to H shall be considered, and the same notation
is kept. The explicit representation of IT* is given by (3.67).

In the next step, it is shown that IT* commutes with the nonlinearity A. Since the first
component u, of W« satisfies u,-(L) = 0, it is clear that NW¥_,. = 0 and thus NTI* = 0.
Let now y € X, then

Ny =

o O O

—s(u(L)) — d(37)
Due to u,(L) = 0 for the first component of ¥, it follows immediately (¥y,., Ny) =0,
ie I*Ny =0.

As a consequence, the decomposition H = ker [T* @ran [I* is invariant under the nonlin-
ear semigroup S generated by A. The trajectories of S|y 11+ lying in D(.A) are precompact.
Theorem 3.21 implies that any w-limit set of S|xe;i+ C S has to be a subset of ranII*.
But on the other hand any trajectory and limit of S|xe i+ has to lie within ker IT*, which is
orthogonal to ran IT*. Thus the only possible w-limit set for S|, 11+ is {0} = ran IT*Nker IT*.
And therefore S(t)yo approaches S(t)II*yy as t — oo. O

Remark 3.25. The asymptotic limit described in Theorem 3.24 can explicitly be computed.
If J = J, for some ¢ € N, it follows from (3.61), (3.64) and Lemma 3.20 that all real non-
decaying solutions u of (3.5) are given by

up(t, x) = T(t)up (), (3.68)

A [tr\? A fer)?
T(t)—acos\/;(f)t—l—b&n\/;(f)t, a,b €R,

and wu,- is defined with (3.56).

In particular, it follows from Theorem 3.24 that for a given initial condition gy, solution
u of (3.5) approaches the solution u, given in (3.68), with the coefficients a and b determined
by:

where

a = A{(u0)wa, (Un*)zz) L2,

bie _\/§ (%)2 (1000, 1) 12 + ot )a(L)).-

and
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3.4 Weak formulation

In this section a weak formulation of the system (3.5) is defined. The Section is organized
as follows. In Subsection 3.4.1 the weak solution is defined, and its existence is discussed
in Subsection 3.4.2. In order to incorporate the nonlinearities appearing in the boundary
conditions, the strategy used in Subsection 2.2.2 for the linear weak formulation is adapted.

3.4.1 Motivation and definition of the weak solution

For the definition of the weak solution, a motivation formulation is considered first. As-
suming that u : [0,00) — R is a classical solution, partially integrating (3.5a), and using
(3.5b)—(3.5d), one obtains:

L L
,u/ ugw dx + A/ UzpWay AT + Jyye (t, L)w, (L)
0 0
+ [Mutt(t, L) + s(ult, L)) + d(u(t, L)) | w(L) = 0,

for all w € H2(0,L) and t > 0.

Let T' > 0 be fixed, and Hilbert spaces H and V' as introduced by (2.88) and (2.89) in
Section 2.2. The following nonlinear forms ags : V XV — R and by, : H X H — R are
defined:

ags(Wi, W) = A<<w1)xx;<w2)x:p)L2+S(w1(L))w2(L>7
bas(p, D) = d(*¢)*D.

Definition 3.26. A function @ € L*(0,7;V) N HY(0,T; H) N H*(0,T; V") is said to be a
weak solution to (3.5) on the time interval [0, 77 if it satisfies:

Ags (U, W) + bas (g, W) + vy, W)y =0, Yw eV (3.69)

for a.e. t € (0,7), with initial conditions

u(0)
i (0)

((u0)x(L), uo(L),uo) €V, (3.70a)
((v0)2(L),v0(L),v0) € H. (3.70D)

I
=gy

0

|
>

0

The existence of the weak solution is discussed in the next subsection.

3.4.2 Existence and regularity results

The strategy for the existence of the weak solution closely follows the approach in the
linear case, Section 2.2. Thereby, a sequence of Galerkin approximations is constructed
and the limit of Galerkin weakly-convergent subsequence is identified as the corresponding
weak solution.
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Theorem 3.27. There exists a weak solution G to the weak formulation (3.69) with initial
conditions (3.70). Moreover, 4 has the additional regularity « € C([0,T];V), and G €
c((0,T1; H).

Proof. Let {wi}3Z, be an orthonormal basis for [, and an orthogonal basis for V. For
a fixed m € N, let W, = span {d, ..., d0n}, and @y, € C2([0,T]; W,,) be the Galerkin

approximation which solves:

((am)tta wk)H + a'ds(ﬁma wk‘) + bds((ﬁm)ta wk) = Oa (371)

for all k € {1,...,m}, with the initial conditions

N . 3.72
(um)t(o) = Umo ( )
It is assumed that the sequences t,,g, Umo € /Wm are such that
Umo — Ug in V,
o (3.73)

f)m[) —>1A)0 in H.

In order to prove global solvability of (3.71)—(3.72), the system is written as a nonlinear
system of first order differential equations. Introducing a new variable 0, := (U, )¢, yields
the following system:

(ﬂm)t - @m
m

(f)m)t = Z Qs U/WL?w] +bds(vmaw])}wj
7j=1

(3.74)
Let £ : R x V x H — R be the analogue of the Lyapunov functional as defined by (3.9):

- 2a(t)
Btsa,) = 1001 + 31000+ [ stw)av (375)

Assuming that there exists a solution 4, € C*([0, 7]; /Wm) to (3.71) on some interval [0, 7],
a straightforward calculation yields

d~, . .
EE(t;um,Um) = —d(v(L))om(L) (3.76)

vVt € (0,7). Dissipation of the functional E corresponds to the decay in (3.10) for the
classical solution. This implies uniform boundedness of the solution on [0, 7]:

E(t; i, 0m) < E(0; @lno, Do), T > 0. (3.77)
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Next, let £ : Wi x Wi, — W, x W, be defined with

I ([ g D . { — > [aas(a, wf‘) + bas (0, W) |

Denoting 2, := [fim 0], equation (3.74) can be written as
d .
L 5nlt) = F (1) (3.78)
with
Zm(0) = Zmo := [lno Dmo] | - (3.79)

Due to the regularity of the coefficient functions, it follows that f,, is continuously differ-
entiable, and hence locally Lipschitz. Let Ty, be defined by:

1
2L(2|[Zmoll)

whereby L(2||Z,,0]|) denotes the Lipschitz constant for f,, on the ball with center at zero
and radius 2||Z,,0||. Additionally, let the mapping

Tmax = min {T7 }7

—~

Fry + C([0, T Wi X W) =+ C([0, Tonas]; Wi X W)
be defined by:
[F ( = Zmo +/ fm 2 T

It follows that solving the system (3.78)—(3.79) on [0, Th,ax] is equivalent to solving a fixed
point problem for F,,. It can be shown that F},, maps from B(0, 2||Z,,0]|) to itself:

[EA ()] < HzmolH/ [fm (Z(T))] d7
< IIZmo||+/O L(2[[Zmol) [12(7)[] d7

IN

[1Zmoll + £ L(2[|Zmol)2[| Zmoll
< 2|[Zmoll,

for all ¢ € [0, Tax). Furthermore, F), is a contraction on B(0, 2||Z,,0]|), since it holds:

|En()(t) — Fn(Za)(®)] < / V(G (7)) = o) dr
< / L2 2mol) [121(7) — 22(r) dr

< tL2) Zmol) |20 — 22||c([o,Tmax};W};l)
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1, . R
< 5”21 - ZQHC([meaX};VV\%)’

VZ1, 29 € B(0,2||Zm0]]). Now, the Banach’s fixed point theorem implies that F,, has a
unique fixed point 2 in B(0,2||Z,,0]|). Applying the above procedure, any solution Z on

the time interval [0, 7] can be extended to [0, 7 + d(2(7))], where §(2(7)) = m >
1

LR Therefore, the solution can be extended to the global unique solution on the
whole interval [0, T]. Furthermore, due to (3.73) there exists a constant C' > 0 such that
E(0; Qino, Dmo) < C E(0; 40, 9), for all m € N, (3.80)
and for fixed g, 09, and fixed sequences {Uyo}, {Omo}. Therefore (3.77) and (3.80) yield
E(t; i, (n)y) < C E(0; tig, B, (3.81)
which implies

{tUm}men  is bounded in C([0,T]; V),
{(ttm)t}men is bounded in C([0,T]; H).

Analogous to the proof of Theorem 2.30, this yields that ()« is bounded in L*(0,T;V").
For this purpose, let w € V, and w = ¢1 + ¢, such that ¢; € Wy, and ¢q orthogonal to
W,, in H. From (3.71) it follows:

(@), W) = ((Am)e, 01) 1
= —ads(n, P1) = bas((@n ), $1)
< Diillv < Daflw]v,
for some Dy > 0. Hence (i) is bounded in C([0,T];V’). Therefore, as stated in the
Eberlein-Smuljan Theorem, there exists a subsequence {dyy, }1en, and @ € L?(0,T; V'), such
that 4, € L?(0,T; H), 1y € L*(0,T; V") and the following holds:
{lim, } — @ in L*(0,T;V),
{(@Um, )t} — @ in L*(0,T; H), (3.82)
{(@my )it} — Ty in L*(0,T5 V).

Furthermore (3.82) implies

(%A, } — 20 in L*(0,T;R),
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{2(tn, )¢} — 24z in L*(0, T; R).

Now it is justified to pass on to the limit in (3.71) for m = m;, when [ — oo, since all the
nonlinear terms are continuous, and their arguments converge strongly. This yields that u
is a solution to (3.69) on [0, 7.

The argumentation to show that the weak solution u satisfies the initial conditions
and additional regularity follows closely the lines of the proof of Theorem 2.30, and will
therefore be omitted. ]

3.5 Dissipative numerical method

The goal of this section is to derive a numerical method for (3.5), which conserves the
dissipativity property for the Lyapunov functional of the system:

d v\ Y

V(1) = —d( 1)~ <0. 3.83
V() = —d(+7) 1 < (383)
The strategy is to divide this problem into two steps: In the Subsection 3.5.1 first dis-
cretization in space is performed, to obtain a dissipative semi-discrete method. Secondly,
in the Subsection 3.5.2 a fully-discrete dissipative scheme is obtained by discretization in
time.

3.5.1 Semi-discrete scheme: space discretization

Let W, € H2(0,L) be a N-dimensional space, and let {w;}}L, be its basis. The semi-
discrete solution u” € C%([0, 00), W},) is defined as the solution of a FEM:

L L
p [ s dn A [l 5)an da o (8 D) )0
0 0

(3.84)
+[Mugy(t, L) + s(u"(t, L)) + d(ug (¢, L))]w;(L) = 0,
for j=1,...,N, and t > 0, which solves the initial conditions
Uh(O) = U07h,
ul'(0) = v .
h

An analogue of the Lyapunov functional given by (3.9) for semi-discrete solution u” is
defined by:

hALh2 MLhQ M, o, n 2Uh(L)
E(t;u") ::E i (uy,) dx—l—i i (uy) da:—l—;(ut (t,L)) +§(um(t,L)) + i s(w) dw.
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Theorem 3.28. Let u" € C%([0,00); H2(0, L)) solve (3.84). Then it holds for t > 0:

d

hence wy, is uniformly bounded on [0,00).
Proof. Taking w = u? as the test function in (3.84) proves the statement. ]
Theorem 3.29. The system (3.84), has a unique, global solution.

Proof. Equation (4.90) is written as a first order differential equation. For this purpose,
let the vector function

Uty = [ U:(t) Us(t) ... Un(t)]"

be the vector representation of u" in the basis {w;}¥,, i.e.

N

u'(t,x) = Ui(t)wi(x).

i=1
Then (4.90) can be written equivalently as a semi-linear vector equation:
AUy + B(Uy) + KU + C(U) = 0, (3.85)

with coeflicient matrices defined as
L
A = ,u/ wywj dx + Mw;(L)w;(L) + J(w;).(L)(w;).(L),
0

K, = A (e ()0 i,
and nonlinear vectors functions have the entries:
B(Up); = d(ui(L))w;(L),
CU); = su"(L)w;(L),

where 7,7 € {1,...,N}. Now, let V := U,. Since A is symmetric positive definite, the
equation (3.85) can be written as

(Lv]) (L)) s

[U](o)zzo = [UO}, (3.87)

with initial conditions
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where Uy, V are vector representations of ug j, vo , respectively, and where f: R?Y — R2N
is given by:

d ({ ijf D N { —A (B(V) XKU+C(U)) : (3.88)

Due to the regularity of the coefficient functions, it follows that f is continuously
differentiable. Assuming that Z(t) = [U(t) V(¢)]" is the solution of (3.86)- (3.87) on some
time interval [0, 77, it follows from Theorem 3.28 that Z is uniformly bounded, i.e. there
exists C' > 0 such that:

121 < C(([Zoll), t € [0, 7],

where C' does not depend on T'. Next, let the mapping F : C([0, T]; R*) — C([0, T]; R*M)
be defined by:
t
F(2)(t) :== Z, —1—/ f(Z(1)) dr. (3.89)
0

Definition (3.89) implies that solving the system (3.86), and (3.87) on [0,77] is equivalent
to solving a fixed point problem for F. Let T" be defined as

1
T =——.
2L(2[| Zoll)

Furthermore, F' maps the set B := {Z € C([0,T}; R*) : | Z]|comr2y) < 2| Zol|} to itself,
since it holds:

IF(Z)OI < IIZo||+/0 A (Z () dr

< %l + / L2 Z|) |2 ()| dr
< || Zol| +TL(2|| Zol|) 2|| Zo|| = 2| Zo]l,

for all Z € C([0,T];R*N) such that || Z||cqomrenyy < 2||Zol|. Moreover, F is a contraction
on B:

|F(Z)(t) - F(Z)(8)] < / VF(Z2(r) — F(Za(r))] dr
< / L@ Z]) |1 Z(7) — Zo(7)|| dr

0
< TL2|Zl) 1121 = Zalloqoymey)

1
= §||Zl — Zs||cqo,mren)y-

Now, the Banach’s fixed point theorem implies that F' has a unique fixed point Z in
B, which also solves (3.86) and (3.87) on [0,7]. More generally, by applying the above
procedure, any solution Z on the time interval [0, 7] can be extended to [0,7 + 6(Z(7))],
where §(Z(7)) = 37 > 1 . This implies that the solution can be extended to

1
Izl = 2L(CZolh)
the whole [0, 00).

]
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3.5.2 Fully-discrete scheme: time discretization

In this subsection (3.84) shall be discretized in time. Let At denote the time step of
the discretization and define ¢, := nAt, n € N. Furthermore, let u™ and v™ denote the
approximation for u and w;, at t = t,, respectively. For the time discretization of (3.84)
Crank-Nicolson scheme is utilized:

un-i—l —ut Un—i—l + "

At 2 (3.90)
L n+1 n+1 L o L
n+1 L n+1 I n(],
(L) (M” ( )At )+H( ”+1<L>,un<L>>+d(” BBy o,
(3.91)
for all w, € W},, where
o ffs(w) dw @E;ﬁ@/}
H(,¢) = PR (3.92)
S(¢)7 w:w

Remark 3.30. Note that, for a fixed ¢ € R, the mapping [ﬂ,: zZ — H(@Z, 1) is continuous
on R. Namely, although the expression

fqzb s(w) dw
Y=
is not defined when 1Z = 1), due to continuity of s, it follows
¢
s(w) dw
lim M = s(1)).
oy =9

Hence, Hy can be extended to a continuous function on R with Hy(¢) = H(¢),4) := s(1)).
Theorem 3.31. Let

) A T L M J u(L)
1% u — _/ u?, dx + /i/ v? do + —v(L)* + Sv.(L)* + / s(w) dw,
v 2 /o 2 Jo 2 2 0

be the analogue of the Lyapunov functional in (3.9). For n € N, let 2™ = [u" v”]T and

2= [t ot T satisfy (3.90) and (3.91). Then the following holds:

V(2" — V(") v"TH(L) +v™(L) d(U”H(L) + v”(L))

- <
At 2 2 0

— I



90 CHAPTER 3. EBB ATTACHED TO A NON-LINEAR SPRING AND A DAMPER

Proof. There holds:

-

(7 (M (M n n I n n
V() V() = E(Hum?lHQ — [l |I*) + 5 (v =)

P (@) — @) + 5 ()~ (5(0)?)

u?T1(L)
+ / s(w) dw.

(L)
Next, (3.90) is multiplied by u(v™*! — v™), and integrated over [0, L], to obtain

1_ ., n

L n+
u u
(™" = [lo"]7) = u/ —g " =) da
. At

o=

Taking wy, = v — u™ in (3.91) gives:

A " . L ot . .
SO = o) = = [ ) da
(L) — (L
() - ) (S
u™t1(L)
n+1 (L) _ Un(L) f n(L, S(w) dw UnJrl + Un
_n—i—lL_nL MU un (L) d( )
(W (L) = >>< Al T L) @) 5
Finally, equation (3.90) yields:
~ - n+1 n n+1 n
e - - (S o)
which proves the statement. [

Theorem 3.32. Let n € N and At > 0. Moreover, let an arbitrary z™ € W), x W}, be
given. Then there exists a solution 2" to the system (3.90)—(3.91).

Proof. First, equations (3.90) and (3.91) are rewritten in their vector representation:

Un—H _ [Un Vn+1 + Vn

At -2 (3.93)
Vn—H _wyn n+1 n n+1 AL N
ATV _ —Kw _B (VT“L) QUL U, (3.94)

with C defined with:

CU™,U"); = (w)(L) Hu" (L), u"(L)).
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Furthermore, let g : R?Y — R?Y be defined as:

o(lav]) -

It can be seen that [U"T! V1T solves (3.93)—(3.94), if and only if
AUT [umt] [un
AV | | vt vr

is a fixed point of g. Next, let the subset S C R*¥ be defined with:

At (V" + &)
—ALAT (R(U" + 40) + B(V" + 47) + C(U" + AU, 1))

S:={AZ cR¥™: AZ = \g(AZ), X €[0,1]}.

It can be shown that the set S is bounded. For this purpose, let AZ = [AU AV]" € S be
arbitrary. Moreover, let u,v € W), be such that their vector representations are U™ + AU
and V" 4+ AV, respectively. Then the following holds:

u—u" v+

=\
At 2

Ly —m v(L) —v"(L)
,u/o g Wn da:—i—MTwh(L)—i-J

1\ [A /OL M(wh)m dz + (H(u(L),u”(L)) +d (M)) wh(L)} :

Yw, € Wj,. Following the lines of the proof for Theorem 3.31, it follows that:

Y (V(z) - V(z”)) _ b)), (”(L) ZUH(L)) <0. (3.95)

2

If A\ = 0, then it is trivial to see z = 2”. For X € (0,1], it follows V(z) < V(2"). Thus
S is bounded. Due to discussion in Remark 3.30, the function g is continuous, therefore
trivially ¢ is also compact. According to the Leray-Schauder fixed point theorem, g has a
fixed point. This means that (3.93)—(3.94) is solvable, which proves the theorem. ]

Remark 3.33. The nonlinear schemes, semi-discretization in space (3.84), and full-
discretization in space and time (3.90)-(3.91), developed here are stable dissipative nu-
merical schemes (Theorem (3.28) and (3.31)). Furthermore, they are solvable on [0, c0)
and at each time step ¢, respectively (Theorem 3.29 and 3.32). Finally, their dissipativity
and solvability properties do not depend on the choice of the finite dimensional space for
the Galerkin approximation. Moreover, the same scheme can be applied to a nonhomo-
geneus beam, i.e. when A = A(z) and p = p(x) are not constant on the interval [0, L].
The question of uniqueness of the fully discrete solution has not been considered here.
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Remark 3.34. To the knowledge of the author, there are not many numerical methods
for treating Euler—Bernoulli beam with nonlinearities at the boundary available in the
literature. A similar approach has been introduced in [6], however the authors use FEM
for discretization in both time and space. The idea to use Crank—Nicolson discretization
in time as introduced in this work is novel. Furthermore, it allows for a straightforward
proof of stability and dissipativity of the scheme.



Chapter 4

Nonlinear dynamic boundary control

In this chapter, the stability of an Euler-Bernoulli beam with tip body and nonlinear
dynamic boundary control is analyzed. The results obtained in Section 4.1 are joint work
with Dipl. Ing. Dominik Stiirzer, and appear in [63]. First, the EBB equations are revised:

() gy + Mg 0, O0<x<L,t>0, (4.1)

u(t,0) = 0, t>0, (4.2)

ux(t 0) = 0, t>0, (4.3)

JUug(t, L) + Aug, (t, L) +©4(t) = 0, t>0, (4.4)
Muy(t, L) — Mgy, (t, L)+ O2(t) = 0, t>0. (4.5)

The nonlinear control law, as introduced in Subsection 1.2.2, reads:

(C)e(®) = ai(Gi(t)) + bi(Cult))uwe(t, L),

(G)e(t) = aa(Ca(t)) + ba(Ca(t))us(t, L), (4.6)
O1(t) = ki(ua(t, L)) + cr(Gi(t) + di(Ci(t))ua(t, L),

O2(t) = ka(u(t, L)) + c2(Ca(t)) + da(Ca(t))us(t, L).

First the asymptotic stability of such closed loop system will be stated. Due to the lack
of exponential stability in the linear closed-loop system, it is expected that the nonlinear
controller does not lead to exponential stability of the system either. However, this question
will not be discussed in this thesis. Instead, the weak formulation of the system and the
development of a dissipative numerical method for the system are considered.

4.1 Stability of the closed-loop system

In this chapter, notation b;,c;,d; will be used to denote nonlinear functions of the con-
troller variable, unlike Chapter 2, where this notation was used for vectors and constants,
respectively. However, the same notation is kept to emphasize the natural extension of the
SPR linear dynamic controller to a nonlinear one.

93
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4.1.1 Evolution formulation and dissipativity of the system

In this section, the following regularity of the coefficient functions of the controller law shall
be required. It is assumed that a;,b; € C*(R";R"), ¢;,d; € C*(R™;R) and k; € C*(R),
j = 1,2. Furthermore, it is assumed that the control law given by (4.6) is strictly positive
real. Hence, there exist some V; € C*(R",R) such that

Vi(G) >0, V¢ € R"\ {0} (4.72)
V;(0) = 0, (4.7b)
Jim Vi(G) = oo, (4.7¢)

for 7 = 1,2. Moreover, nonlinear coefficient functions satisfy:

VVi(G) - a;(¢) < 0, if G #0, (4.8)
VVi(G) - 0;(G) = ¢(G), (4.9)
dj(¢;) > 0, (4.10)

for all (; € R", where j = 1,2. Furthermore, the following definition is introduced:
Py := H(V;)(0) > 0, (4.11)

where H(V;) denotes the Hessian of V;, j = 1, 2. For the coefficient functions, the following
assumptions are made. There exist regular matrices A; € R™"™ such that for all (; € R™:

a;(G) = A;G + a;(G), (4.12a)
| (G)] = O(I¢G°)  as ¢ — 0. (4.12b)
Note that (4.8) implies
CT(PAj)G <0, V¢ eR™, (4.12¢)
IVVi(G) - a;(G)| = ClG P as ¢ — 0. (4.12d)

Furthermore, let B; := b;(0) € R". Then, for all (; € R" there holds:

bj(¢;) = Bj + Bi(G), (4.13a)
p;(0) = 0. (4.13D)

Equality (4.9) implies that ¢;(0) = 0. Defining C; := V¢;(0) € R", there holds for all
C]’ e R™

¢i(G) = Cj - G +7(§), (4.14a)
17 (G) = O(I¢G°)  as ¢ — 0. (4.14b)
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Note that (4.9) implies
Let the constant D; > 0 be defined by D; := d;(0). Then for all {; € R™ there holds

d;(¢;) = Dj + 0;(¢;), (4.15a)
5;(0) = 0, (4.15b)

and that the scalar functions k; satisfy for all s € R:
ki(s) = Kjs + k;(s), (4.16a)

/S kj(o)do > 0, (4.16Db)

for some K; > 0, j = 1,2. The nonlinear system (4.1)-(4.6) can be written as an evolution
equation

Zr = AZ,

2(0) = 2, (4.17)

with the nonlinear operator A : D(A) — H given by

— u - B v T
v = Yzzzx
A G _ ay(¢1) + bl(Cl)%
G2 ax(G2) + b2((2) 1
¢ ~Mtgs (L) = a(us (L)) = e2(C1) = da(C1) §
LV L M (L)~ Ra(u(L) — e2(6) — el
The domain D(.A) and the state space H are as defined in Subsection 2.1.1 for the dynamic

linear boundary control:
Ho={z = (u,v,¢1, G, 60) T uw € HZ(0,L),v € L*(0,L),(1, ¢ € R™, €, € R},

D(A)={zeH:uec HY0,L),v € H30,L),&,C € R, € = Ju,(L), v = Muv(L)}.

Space H is a Hilbert space with respect to the inner product

(2,%) = 1/LAu i dx+1/L m“;d:c+i£5+iwd
ET g ), Hestas@ET Y N 27> " oM
K y K y 1 o1 y
+ 71%([/)%([/)4'TQU(L)U(L)+§C1TP1(1+§C2TP2C2, (4.18)

where P; is given by (4.11), j =1,2.
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As seen in Section 1.2.2, the functional V' : H — R defined with

1 1

V(z) = 5 / (Aum(yc)2 + ,uv(x)Q) dr + ﬁ@ﬁ + 552
0 (4.19)

ug (L) u(L)
+/0 (o) d‘”/o ka(0) do + VA(G(8)) + Va(Ga(1)),

for z = [uv G G EY)T € H, is a good candidate for a Lyapunov functional of the system
(4.17). It was shown in (1.16), that the derivative of function ¢ — V(z(t)) for classical
solutions z(t) reads:

FVE0) = TG A6~ i) (5] +TVal) ) - () (17 )

< —di(G) (%)2 — d2(C2) (%)2 (4.20)

With the notation above for the coefficient functions, the operator A can be decomposed
into a linear and a nonlinear part. The linear part of A is denoted by A, and defined as
the linearization of A around the origin:

u v
v _;uxxx:c
G AiG+ 2B
A G| AsCy + 37 Bat) ’
5 _Auxm<L) - [01<1 + %le + Kluaz(L>]
_1/1_ _A’U,mm<L) — [CQCQ + %Dﬂﬂ + KQU(L)] i

with the domain D(A) = D(A). The nonlinear part is denoted by N, and it is defined as
the difference N := A — A:

U 0
v 0
|G ai(G) + %Bl(Cl)g
N Gl a3(Ca) + 778280
§ (1) — %51@1)5 — i1 (uz (L))
_1/}_ _—72(C2) - ﬁ52(@)¢ - “2(U(L))_

Under the above conditions, the linear part A generates a Cy-semigroup of contractions in
H. In order to see this, the discussion from [40] and Section 2.1 shall be closely followed.

Lemma 4.1. The operator A is dissipative in H with respect to the inner product (4.18).

Proof. This result has already been shown in Section 4.2 in [40]. In particular, a brief
calculation for z € D(A) using (4.12c¢) yields:

(Az, ) = ¢ (PLA)G + (5 (PaA2) G — Difug (L) — Daofu(L)]* < 0.
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Lemma 4.2. The inverse A~' exists and is compact.

A sketch of the proof can be found in Section 4.2 in [40], for a detailed proof, see the
Appendix A. Now applying the Lumer-Phillips theorem, the following result is obtained.

Theorem 4.3. The linear operator A with domain D(A) generates a Cy-semigroup of
contractions, denoted by (e');>o.

Remark 4.4. Since A is the infinitesimal generator of a Cy-semigroup of contractions, A
is dissipative and ran(A — A) = H for all A > 0, in particular ran(/ — A) = H. So A is
mazximal dissipative according to Theorem 2.2 in [21].

4.1.2 Existence and uniqueness of the mild solution

The following initial value problem in A shall be considered:

zi(t) = Az(t) = Az(t) + Nz(t), (4.21a)
2(0) = zp € H. (4.21b)

A function z: [0,T) — H is said to be a mild solution if it satisfies the Duhamel’s formula:
¢

2(t) = ez + / =N z(s)ds, 0<t<T. (4.22)
0

The result on existence of local solutions can be immediately obtained.

Proposition 4.5. For every zq € H, there exists some maximal 0 < Tyax(z0) < 00 such
that (4.21) has a unique mild solution z(t) on [0, Tmax(20)). If zo € D(A), the corresponding
mild solution z(t) is a classical solution. If Tyax(20) < 00, then limy 7, (z) [|2(t)|l = o00.

Proof. By assumption, the functions «;, 3;,7;,0; and k; are continuously differentiable,
so N : H — H is also continuously differentiable, and thus locally Lipschitz continuous.
Furthermore, A is the generator of a Cy-semigroup. Now Theorem B.5 in Appendix B
yields the existence of a unique mild solution, and the blow-up at Tyax(yo). Since N is
continuously differentiable, according to Theorem B.6 in Appendix B any mild solution for
29 € D(A) is a classical solution. O

Next, it will be demonstrated that the functional V' is a Lyapunov function for the
system (4.21). Obviously V(z) > 0 for all z € H.

Lemma 4.6. The function V s continuous in H.

Proof. The continuity of the terms in V' is immediate, except for the terms with functions
k;. However, due to the continuous embedding H? < C' the continuity of the remaining
terms with k; follows as well. O
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Lemma 4.7. Under the assumption (4.7¢), it holds for any sequence (zx)ren C H:

supVi(zp) < oo < sup|zlln < .
keN keN

Proof. 1t suffices to notice that {V;(({;)k)}ren is unbounded if and only if {||(¢;)x||rn }ren
is unbounded. O

Again, the generalized time derivative V(z) of V along the mild solution z(t) of (4.21)
with initial condition z; € H shall be considered. For classical solutions, equation (4.20)
directly implies the following lemma.

Lemma 4.8. For z € D(A) there holds V(z) < 0.

However, it shall be demonstrated that V(z) < 0 for all zy € H. This is achieved by
uniform approximation of mild solutions by classical solutions, see Theorem 4.11 below.

Corollary 4.9. For zy € D(A) the corresponding classical solution z(t) of (4.21) is global,
i.e. it exists for allt € [0, 00).

Proof. According to Lemma 4.8, V' is non-increasing along z(t). Thus according to Lemma
4.7, no blow-up occurs in z(t), and therefore according to Proposition 4.5, it follows that
Tmax(ZO) = 0. O

Since the classical solutions are global and D(A) C H is dense, classical solutions can
be utilized to approximate mild (non-classical) solutions:

Proposition 4.10. Let zg € H and (zn0)nen C D(A) be such that z, o — zo in H. Denote
by z,(t) the classical solution of (4.21) to the initial value z,o and let z : [0,T] — H be
the mild solution corresponding to the initial value zo. Then the sequence z,(t) converges

to z(t) in C([0,T];H).

Proof. The result follows from the Proposition B.7 in Appendix B, since A is locally
Lipschitz continuous. O

Theorem 4.11. For any zy € H the corresponding solution z(t) of the initial value problem
(4.21) is global in time. Furthermore, t — V(z(t)) is non-increasing on [0,00) and z is
uniformly bounded in H on [0, 00).

Proof. Consider z, € H and a sequence (z,0) C D(A) with 2,90 — 2 in H. Due to
the convergence z,(t) — z(t) for all ¢ € [0, Tynaz(20)) shown in Proposition 4.10 and the
continuity of V', it holds V(z,(t)) — V(z(¢)) for all 0 < t < Tp4:(20). Since V is non-
increasing along every z,(t), this implies that ¢t — V(z(t)) is non-increasing on [0, 7'(20)).

Thus, according to Lemma 4.7, no blow-up of z(t) can occur at t = T},4.(20). Hence,
according to Proposition 4.5 the solution is global in time. Uniform boundedness of z

follows from the Lemma 4.7.
O
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As a consequence of the results above, the following is shown.

Corollary 4.12. The function V' is a Lyapunov function for the initial value problem
(4.21).

Let a family of nonlinear operators {S(t)}:>0 on H be defined by S(t)zy := 2(t) for
all t > 0 and for every zy € H, where z(t) is the mild solution corresponding to the
initial condition zy. Then, it follows that the family S = (S(t)):>0 is a strongly continuous
semigroup of nonlinear (bounded, continuous) operators in H, cf. Theorem 9.3.2 in [9].

Remark 4.13. Since (4.7¢c) is only needed to show that no blow-up of the solution occurs,
it may be replaced by the weaker assumption
m Vj(¢;) > V(z), (4.23)
|¢jl—00
depending on the initial condition z, for the problem (4.21). In order to demonstrate
this, note that according to Theorem 4.11 the function ¢ — V(z(¢)) is non-increasing
(this is independent of (4.7c)), which ensures that no blow-up can occur in any com-
ponent of z(t) except for (;. However, if (;(¢) would blow-up, (4.23) would imply that
limy o0 V(2(t)) > V(20). So V(z(t)) could not be monotonically decreasing, which is a
contradiction. Therefore, (4.23) suffices to show that no blow-up occurs and that the
solution is global in time.

4.1.3 Characterization of the w-limit Set

In this subsection the properties of w-limit sets are investigated. It is possible that w(zy) =
(), but their existence shall be discussed later. As defined in the previous subsection, S is
the strongly continuous (nonlinear) semigroup generated by A on H.

As already seen from the Section 3.3 where a different nonlinear semigroup was consid-
ered, there holds:

Lemma 4.14. Let zg € H be fized. The set w(zy) is S-invariant, i.e. S(t)w(zo) C w(zo)
for all t > 0. Moreover, the following limit exists:

v(z) = tlim V(S(t)z9) > 0. (4.24)
—00

Furthermore, if w(zy) # 0 then there holds

Vzew(z): V(z)=rv(z).
In particular, V(z) = 0 for all z € w(z).
Proof. The first statement follows according to Proposition 9.1.7 in [9]. According to
the results of Section 4.1.2, the function ¢ — V(S(t)zp) is monotonically decreasing, and
bounded from below by 0. Therefore, the limit in (4.24) exists. For every z € w(zg) there
exists a sequence (t,) C RT such that S(t,)zo — 2. Since V is continuous, cf. Section
4.1.2, this implies that V(z) = lim, .o V(S(t,)20). Due to (4.24) the right hand side

equals v(zp), and the result follows.
[
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Lemma 4.14 shall be used to identify the possible w-limit sets by investigating trajec-
tories along which the Lyapunov function V' is constant.

Lemma 4.15. Let zy € H be such that V(S(t)z0) = v(z) for allt >0, i.e. V is constant
along v(z0). Then v(z) C{z € H : 2z = [u,v,0,0,0,0]"}.

Proof. First, let zp € D(A). From Lemma 4.8 and the corresponding proof, it follows that

V(S(t)20) = a1(C1) - VVi(G1) + aa(Ga) - VVa(Ca) = di(C)|va(D)? = da(Ga)[o(L)[?, Wt >0,

(4.25)
where [u,v, (1, G, Ju (L), Mu(L)]T = S(t)zo. Since it is required that (4.25) is equal to
zero, according to (4.8) and (4.10) this holds if and only if £ = ¢ = (; = (, = 0. Let now
20 € H\ D(A). Then there is a sequence (2,,9) C D(A) such that z,0 — 2y as n — oc.
According to Proposition 4.10, the sequence S(t)z,o converges to S(t)zo uniformly on
[0, T]. Therefore, also for the components of S(t)zy there holds:

Gm(t) = G(t), in C([0, T;R™), (4.26)
Mu,(t,L) — (t), in C([0,T);R), (4.27)
T(vn)a(t, L) = £(), in C(0,T];R). (4.28)

Together with (4.25) this implies

(V(S(wzmo))neN

is a Cauchy sequence in C([0,7];R). Since V' is locally Lipschitz in H, it also holds that
(V(S(t)2n0))nen is a Cauchy sequence in C([0,T];R). Hence (V(S(t)2n,0))nen is a Cauchy
sequence in C1([0,T];R). Now, there exists a unique v(t) € C*([0,T]; R) such that

V(S(t)zno) — v(t) in C*([0,T];R). (4.29)

On the other hand, it holds that lim, ., V (S(t)zn0) = V(S(t)20) = v(z0) for every t > 0,
and hence v(t) = v(z). Together with (4.29) this implies V (S(t)z,0) — 0 uniformly on
[0, T]. By using (4.25) for every z, this now yields that in (4.26)—(4.28) the limits ¢;(t) =
£(t) = 1(t) = 0 are obtained. Therefore S(t)zq is of the form S(t)zg = [u(t),v(t),0,0,0,0]".

]

In order to show that the w-limit set consists only of the zero solution, the following
proposition will be used.

Proposition 4.16. Let zy € H. Then for allt > 0 the following holds:

/tS(T)zo dr € D(A),

and

t t
S(t)zg — 20 = A/ S(1)zdr + / NS(7)zo dr.
0 0
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This proposition follows directly from Theorem A.3 in Appendix A. Now the following
can be demonstrated.

Theorem 4.17. Let Q) C H be the largest S-invariant subset of M, where M 1is the set
on which V is constant:

M:={zeH:V(z) =0}
Then Q = {0}. In particular, for any zo € H either w(zy) = 0 or w(zo) = {0}.

Proof. Step 1 (linear system for u(t), v(t)): Take a fixed zp € Q, and let z(¢) be the
corresponding mild solution. First let it be noted that, according to Proposition 4.16,
there holds for all ¢ > 0:

O:/o ¢(5>d5:M/0 o(s, L) ds = M (u(t, L) — uo(L)).

O:/Otf(s)d:s: J(/Otv(s,x)ds>x

Thus u(t, L) and u,(t, L) are constant in time. Proposition 4.16 also implies that the
(projected) mild solution y,(t) = [u(t),v(t)]" satisfies the following system:

= J(ualt, ) — (uo)(L).

z=L

u(t) —up = /0 v(s)ds, (4.30a)

v(t) — vy = —é(/ot u(s) ds)mm (4.30b)

©
L+K1 : (/tu(s,x)ds)
r= 0 x

(),
0= —A(/Otu(s,:c) ds)zm L + Ky - </0tu(s,:c) ds)

Mild solutions satisfy u € C(R*; H2(0, L)). Hence, the integration and differentiation in
the last term of (4.30c) can be interchanged. Since wu,(t, L) is constant, there holds (for

(u0)2(L) 7 0):

L+/0 k1(uz(s, L)) ds, (4.30c)

—l—/t Ko(u(s,L))ds. (4.30d)

z=L

/Ot ki (ua (s, L)) ds = tr1 ((uo)e(L)) = M>g»(/otu(s, z) ds)z

z=L

(4.31)
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With this notation (4.30) can be rewritten as
t
u(t) —up = / v(s)ds, (4.32a)
OA t
v(t) — vy = —;(/ u(s) ds) (4.32b)
0 TrXrT

0= A(/Otu(s,x) ds)m L+ fQ(/Otu(s,x) ds)x

t ot
0= —A(/ u(s, x) ds> + KQ/ u(s,z)ds
0 rxrx 0

making this system linear. Thus, the projected vector y,(t) = [u(t),v(t)]" is the unique
mild solution of

: (4.32¢)

=L

: (4.32d)

xz=L z=L

(Up)e = ApYp, (4.33a)
Yp(0) = [ug, vo] ", (4.33b)

v
4, H - {_éum} |
m

The equations (4.32c) and (4.32d) are incorporated in the domain D(A,). For further
details on the operator A, in the space H, see the Appendix A.

Step 2 (proof of u(t,L) = u.(t,L) = 0): Now the solutions of the projected problem
(4.33) with the additional property that u(t,L) and wu,(t,L) are constant in time are
investigated. Since the semigroup e is unitary in H,, it is known that ||v(t)|: < C =
%Hyp(O)HHP for all t > 0 (cf. (A.32)). Applying the norm to (4.32b) this yields

([vor)....

Next, the following Gagliardo-Nirenberg inequalities are applied (cf. [53]), which guarantee
the existence of a C' > 0 such that there holds for all ¢ > 0:

with the operator

< o0. (4.34)

su
b L2(0,L)

t>0

t t 1 7
[ ACCEN BT [ ATEES N WO RTCEN (o
Lo (0,L zzzz || L2(0,L) L3(
0 o , : (4.35)
| [ o],y = e[ w0s) gl [ o
0 L>(0,L) 0 :z::mm: L2(0,L) L2(0 L)

The first factor on the right hand side in both inequalities is uniformly bounded (with
respect to t) due to (4.34). The second factor ¢ — |[u(t)||r2(,r) is uniformly bounded

according to Theorem 4.11, and therefore ¢ — || fo s)ds| 120,y grows at most linearly.
Hence, (4.35) implies that ¢ — || fo u(s, L) ds||zeo(o,z) is of order at most t5 in time and
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t— | fg Uy (s, L) ds|| pe(o,r) of order t5 at most as ¢ — oo. But this contradicts the fact
that (¢, L) and w,(t, L) are constant, unless ug(L) = (up).(L) = 0. This shows that
u(t, L) = u,(t,L) =0 for all t > 0.

Step 3 (Holmgren’s Theorem): By repeating integration in time, C**-solutions of (4.33a)
shall now be constructed, to Wthh the Holmgren Uniqueness Theorem can be applied [34,
Section 3.5]. Let y1(t) = [uq(t), fo yp(s) ds+ A, ug, vo] " Due to Theorem 1.2.4
in [56] and Lemma A.6 it follows that yi(t) € D(A ) for all t > 0. So y; is a classical
solution of (4.33a) to the initial condition y;(0) = A;'[ug, vo]". Furthermore, because of
u(t, L) = u,(t, L) = 0, again u; (¢, L), (u1).(t, L) are constant in time. Analogously, it can
be shown that u,(t, L) = (u1).(t, L) = 0.

Next, solutions of higher regularity shall be constructed. The previously described
step is repeated and the function g, is recursively defined: y,(t) = [u.(t),v,(t)]" =
f(f Yn—1(s) ds—+ A, "[ug, ve] . Function y, solves (4.33a) classically with the initial condition
Yn(0) = A ™ug,vo]". Again there holds wu,(t,L) = (un).(t,L) = 0. Furthermore, by
definition on the one hand it follows A,y,(t) = y,_1(t). On the other hand A, [u,,v,]" =
[V, —% (Un)ezazs] |, therefore it can be shown inductively that y, € C(R*, H"*2(0, L) x

H2(0,L)). Now, let the solution u, for n > 2 be considered. It satisfies the following
partial differential equation with boundary conditions:

A
(un)ee = _;<un)a¢xzmy (4.36a)
[1n (0, @), (un)e(0,2)] " = A "o, vo] ", (4.36b)
un(t,0) = (uy).(t,0) =0, (4.36¢)
1 kk (6, L)=0, k=0,1,2,3. (4.36d)

From equation (4.36a), u, € C(R*; H"2(0, L)), and the fact that (u,), = v, €
C(R™; H2(0, L)), following properties for the mixed fourth order space-time derivatives of
u,, are obtained:

(tn)awzz € C(RT, HZ"2(0, L)),
(un)tx:r:v S C(R+ ﬁ2n73(0’ L))’

A d6 + 2n—4
(un)tt:m: = [ deun S C<R H (0 L))
A ds
(un)tttz = d 5Un & C(R+ HZn 5(0 L))
A2 d8

(un)tttt 2 dxgun c O(R+ HQTL 6(0 L))

So for n > 4, all mixed derivatives of u,, of order four lie in C'(R*; H2(0, L)) C C(R* x
[0, L]). Thus u,(t,z) is a C*-solution of (4.36).
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Now the Holmgren Uniqueness Theorem [34, Section 3.5] can be applied on the strip
R* x (0,L). Due to (4.36d) all partial derivatives up to order 3 of uy vanish on the line
R* x {L}. Therefore, Holmgren’s Uniqueness Theorem implies that us = 0 has to hold
everywhere on RT x (0, L). (See also the proof of Lemma 3 in [45] for a similar result,
but without a detailed proof.) Therefore A-*[ug,vo]" = 0 has to hold, and since A;' is
injective, this yields [ug, vo] " = 0. Since y,(t) = e [ug, vo] ", it follows that u(t) = v(t) = 0
for all ¢ > 0. O

As a consequence, convergence to zero for trajectories with w(zg) # 0 is obtained:

Corollary 4.18. If w(z) # 0 for some zg € H, then
Jim 15020 = 0.

Proof. If w(z9) # 0 then there exists a sequence (t,)neny with ¢, — oo such that
limy, 00 S(tn)20 = 0. Due to the continuity of the Lyapunov function V' this implies that

lim V(S(t,)z0) = 0.

n—o0

But since ¢ — V(S(t)zo) is monotonically decreasing, this implies that

lim V(S(t)z) = 0.

t—o00

Due to the continuity of V' this implies that ||S(t)zo] — 0 as t — oo. O

Remark 4.19. Note that to demonstrate that the w-limit set is non-empty, it suffices to
show that the solution trajectories are precompact.

Therefore, in order to demonstrate the asymptotic convergence of the system (4.17),
the precompactness of the trajectories shall be discussed in the next two subsections.

4.1.4 Asymptotic stability for nonlinear k;

According to Corollary 4.18, any trajectory with a non-empty w-limit, is asymptotically
stable. Thus, in order to complete the stability analysis for 4.17, it is shown in this subsec-
tion that any classical trajectory possesses a non-empty w-limit. This is achieved by prov-
ing that every classical trajectory is precompact. To this end, the strategy introduced in
Chapter 3 and [49] is closely followed. Specifically, the trajectory precompactness property
is first demonstrated for all the solutions z with the higher regularity z € C?([0,00),H).
Thereby, the following result will be used:

Lemma 4.20. Let z be the solution of (4.21), such that zg € D(A?) :={zZ € D(A): A(Z) €
D(A)}. Then z € C?([0,00),H) and z/(t) € D(A) for all t > 0.
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Proof. Under the assumption z € C%([0,00), H), it follows that Z := 2, satisfies

_ 0 -
0

o 4 (GG + l[ﬁi(@)cls + B1(¢1)€]
A 04(C2)Ga + (GGt + Bal o)) S
(S 3[51(@)(15 +01(¢1)&] — K (up(L)) iy (L)
| —75(G2) G — 77 [05(C2)Ca€ + 02(G) ] — wh(u(L))a(L) |
Since zy € D(A?) C D(A), Corollary 4.9 implies that z € C([0,00),H), but no higher

regularity is guaranteed. Motivated by (4.37), the following functions for fixed z(t) =
[uv (G EY]T are defined:

Gi(t,Z) = o (Q) 21 + [51(C1)215 + b1(z1)=],
Gat, Z) == 05(G2) 2 + M[ﬁz((z)zﬂﬁ + Pa(22) V],
Go(t,2) = = (G) %1 = FI04(G)Zi€ + 81(G)Z) = (L)L),

Gy(t,Z) := —5(C2) Z2 — %[55((2)225 + 02(C2) W] — w5 (u(L))U(L),

where Z = [U,V,Z,,7Z,Z,¥]" € H. Since z(t) is a classical solution, it follows that
the function ¢ — G,(t,Z) is continuously differentiable for j = 1,...,4. The operator
N:[0,7) — R defined by:

C 0T

0

t, 7

N 2) = |Gl Z%

t,7)

Z)]

is consequently differentiable with respect to ¢ for all Z € ‘H, and linear with respect to H.
Now the linear, non-autonomous initial value problem:

Z,=AZ + N(t, Z),
Z(0) =2y € H,

G (
G
G
Galt,

(4.38)

is considered. According to Theorem 6.1.2 in [56], (4.38) has a unique, global mild solution
Z(t) for every Z, € H. Moreover, if Z; € D(A), then according to Theorem B.5 in
Appendix B the solution Z is classical. Function z(¢) is differentiable and satisfies the
Duhamel formula (4.22), therefore it can be obtained:

A d

t
z(t) = €20 + ) e DAN 2 (s) ds. (4.39)
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Proceeding the same as in proof of Corollary 4.2.5 in [56], the following holds:

t
ie(’f_s)A/\/’z(s) ds = "Nz + / e(t_s)AiNz(s) ds. (4.40)
dx 0 ds
Using equation (4.40) in (4.39), it follows that z; satisfies the Duhamel formula for (4.38).
Moreover, z; is the unique solution of (4.38) to the initial condition Z, = Az,. How-
ever, since Azy € D(A) it follows that Z(t) = z(t) is a classical solution. Hence
z € C1([0,00);H) and z € C*([0,00); H).

[

Lemma 4.21. The trajectory v(zq) is precompact in H, for zo € D(A?). Moreover, there
ezists a constant C(|| 20|, [|2:(0)|l3) > 0, such that

lze()lx <C,  VE>0, (4.41)

where C' depends continuously on ||zo||n and ||z:(0)]%.

Proof. According to Lemma 4.20, 2(t) € C%([0,00); H). Differentiating (1.20) with respect
to time implies that z; is the classical solution to the following system:

gy + ANigzzrr = 0, (4.42a)
u(t,0) = u(¢,0) = 0, (4.42b)
T (t, L) + Ay (8, L) + (©1)(t) = 0, (4.42c¢)
MUttt(t, L) - Autzxz<t7 L) + (@2)t<t) =0, (4-42d)
with
(O1)r = [Ver(G) + (L) Va1 ()] (G + i ()t (£) + K (0 (L) (1), .
4.43
(02)i = [Vea(Go) + wa(L)Vda(22) | (G + oo (L) + K(u( L)l L).
Furthermore, there holds:
(Ci)ee = [Jal(ﬁl) + Utz(L)Jbl(Q)} (C)e + 01 (C)una (L), (4.44a)
(@ = [Jua(G2) + (L) ()] (G2)e + bo(Go)uun (D), (4.44b)

where J,,, Jp, denote the Jacobian matrices of the functions a;, b;, respectively. From
Lemma 4.8, it follows that ¢;(.),u(., L) = 4, u,(., L) = % € L*(R"), and therefore (4.6)
implies (¢;); € L*(R"). In order to prove the precompactness of the trajectory, it suffices
to show that

sup | A=(8) . < o0,

>0
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due to the compact embeddings H*(0, L) << H?(0, L) << L?(0, L). However, this is
equivalent to showing that z; is uniformly bounded in #, since z; = Az. Since ((;); is
uniformly bounded in ¢ as well, 7 = 1,2. Therefore, it suffices to show that the functional

M

¥ H g 2 A [F 2 J 2 2
Viz) = 5 ug, do + 3 Uy, AT + §uttx(L) + ?utt(L) ,
0 0

is uniformly bounded on [0, 00). There holds:

AV(z) = n fOL gty AT + A fOL UstoeUtze AT + JUsse (L) Ut (L) + Mugg (L)ug (L)
= (L) (Mug (L) — Miggae (L)) + e (L) (Jtssta(L) + Atigen (L))
= —un(L)((G)/ [Vea(Go) +ui(L)Vda(Go)] + Ky(u(L))ur(L))
— (L) ((C1)/ [Ver(Gr) + (L) Vi (C)] + K (e (L) e (L))

—da(C2) (ure(L))? — di (Co) (usea(L))?,
(4.45)
where integration in z was performed twice, and the equations (4.42) and (4.43), were
used. Integrating (4.45) on the time interval [0, ¢], for some arbitrary ¢t € R, it follows

V(z@) < V(z(0)+ L(t) + L(t), (4.46)

10 == [ D)((QF [91(0) + 1002V ()] + L) D)

L(t) = — / w(L) ((G2)] [Vea(G) + u(L)Vda(z2)] + Ry(u(L))u(L) ) dr.

Next, uniform boundedness is shown for each component of Is:

1

—/0 g (L) (w(L))uy (L) dT = — §Ut(ta L)?ca(Ca(t) + %Ut(oj L)?c2(6(0))

1 t
+ 5/ w (L) ky(w(L))dr < C, Vt>0.
0

Further, it holds:
—/0 un(L)(C2)] Vea(Co) dr = — ug(t, L) ()1 () ' Viea(Ga(t)) + ue(0, L) (¢2):(0) " Vea (62(0))
n / (D)) Hep(G)(Go)e + () Ven(G)] i,

Here, H., denotes the Hessian of the function c,. Since ¢, € C?(R™;R), it follows that

/ ur(L)(2)] Hop(G2)(Go)e dr

0

<c / 1ol




108 CHAPTER 4. NONLINEAR DYNAMIC BOUNDARY CONTROL

and (with (4.44)):

/0 u(L)(G)f Vea(G) dr = /0 (L) Jay (G2) (G2)e + 1n (L) J1, (C2) (G2)i] " Viea(G) dr
+ / ba(Ce) TV ea(Goun(L)us(L) dr

= [ D@ @)+ 1) (@) G Ver(c) dr
+ 0a(Gl) T Vea(Galt) (e, L) = 5ha(Ga(0)) Teal 0 (0, L
1

5 [ P [Tl TealG) + Hoo(GIa(Ge)] dr

< C/O ue(L)]? + ([ (C2)e|” dr + %bz(fz(t))ut(ta L)?

— 2B O)u(0, 1)?

For the last component of I there holds:

- / ure(L)ue(L)(G)F Vila(G) dr = — us(t, L)(Galt))T Vela(Galt))

— N

+ (0, L)*(G2(0))) V(G2 (0))

+ %/0 u(L)*[(C2) V2 (G2) + (G2)y Hay(G2)(G2)e) dr,

where H,, denotes the Hessian of ds. This term is also uniformly bounded for ¢ > 0, since
dQ € CQ(RH;R),

/0 ur(L)A(G)T Hay () (Ga)e dir

<c [ @k
and (with (4.44)):
/Out(L)Q(@);de(Cz) dT:/o ut(L)Q[Jaz(C2)(C2)t‘l'ut(L)Jbz(C2)(C2)t]TVd2(C2) dr
+ /O s (L) 2y (L)bo(G) TVdy(Co) dr

<c /0 (D) dr + /0 ws(L) sy (D)ba(G) V(o) dr
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where the following holds:

3/0 ue(L)*un(L)ba(C2) T Vida(Go) AT = wg(t, L)?ba((a(t) T Vo (Ga(2))
— u4(0, L)*b2(¢2(0)) T Vo ((2(0))

- / (L) () Vea(Ga) + Hay (Co)ba(Co)]

0
<C, Vt>0.

The uniform boundedness of I; follows analogously. Hence, V (z(t)) is uniformly bounded
in time. Also it is immediately seen that all the positive constants C' which appear in the
inequalities, depend continuously on the initial conditions. This proves the statement of
the lemma. [

In order to extend this result to all classical solutions, the following density argument
shall be used.

Lemma 4.22. For any z € D(A), there is a sequence {2, }nen in D(A?) such that

lim z, = z
n—o0
and
lim Az, = Az.
n—oo

Proof. Let an arbitrary z € D(A) be fixed. Notice that it suffices to show that there exists
a sequence 2, = [ty Up Cin Con Entln]” € D(A?) such that lim, ,. 2z, = z in H*(0,L) x
H?(0, L) x R?"™2. The set D(A?) := {2z € D(A) : Az € D(A)} is equivalent to:

u € HY(0,L) A Uszaa(0) = Upgrr (0) = 0, (4.47)
v e HY(0,L), (4.48)
§ = Ju,(L), (4.49)
¢ = Muv(L), (4.50)
1 AJ
Aty (L) + [e1(Cr) + jdl(Cl)f + k1 (uz(L))] = 7uzmm(L)y (4.51)
—Attges (L) 4 [c2(C2) + %dz(@)w + ko(u(L))] = ATMMM(L). (4.52)

Since C5°(0, L) := {f € C*=[0, L]: f*)(0) = 0,Vk € Ny} is dense in H2(0, L) (see Theorem
3.17 in [1]), there exists a sequence {v,}nen C C5°(0, L) such that lim, v, = v in
H?(0,L). Also, v, satisfies (4.48), for all n € N. Defining &, := J(v,).(L) and v, =
Mwv, (L) ensures that z, satisfies (4.49) and (4.50). Moreover, the Sobolev embedding
H?(0,L) < C0, L] implies that lim, ;. & = & and lim, o %, = ¥ as well. Next, let
(1 = (¢ and (s, := (o for all n € N.
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Finally, the sequence {u,},en € C*[0, L] will be constructed such that u, satisfies
(4.47), (4.51), and (4.52) for all n € N, and lim,, ,oo u,, = w in H*(0,L). To this end, an
auxiliary sequence of polynomial functions is introduced as follows:

hn(x) = hZ,nx2 + h3,nx3 + h6,nx6 + h'Y,n'I7 + hS,nfL‘S + hg,nxg + th,nxlo + hll,nxlla
for all n € N, where hy,,, ..., hi1,, € R are to be determined. It immediately follows that
hn(()) = (hn>x(0) = (hn)mm(o) = (hn)mmm(o) = 0. (4-53)

Let hg,, = “”T(O) and hs, = “”TI(O), which is equivalent to

(hn)22(0) = 2z (0), (hn)zwa(0) = tgaa(0). (4.54)
Further conditions are imposed on h,,:

d* d*

This can equivalently be written in terms of coefficients:

hn,6 + hn77L + hn’ng + hn’ng + hn’10L4 + hn711L5 =T, (455&)
6hn6 + ThprL + 8hygL? + 9hy, oL + 10h, 1oL* 4+ 11h, 11 L = 7y, (4.55b)
62h,, 6 + T2hp 7L + 82h, g L* + 9Phy o L? + 102h, 10L* + 112h,, 1, L° =13 (4.55¢)
62Ny 6 + T2hp g L + 8 R, L + 93h, o LP 4+ 1020, 10L* + 113R,, 11 L = 7y, (4.55d)
with
u(L)  uze(0)  Uger(0) Uz(L)  Upr(0)  Ugys(0)
ry = - - ro = - -
N 2L4 6L3 ' * LS L 2L3
BTy T e T T T
It is further required that h,, satisfies:
AM 1
T(hn)mx(L) = Aty (L) + [ea(Ge) + 77d2(G)Yn + Ra(u(L))] = 15, (4.56)
AJ 1
T(hn%:mm(L) = Aug, (L) + [e1(Cr) + jdl (C1)&n + ka(uz(L))] = 7. (4.57)
Equations (4.56) and (4.57) are equivalent to:
6'nio + Tho L+ 8T, sL” + 9% g L¥ + 10,50L" + 11,1 L% = vy, (4:580)
62 + T2hr L+ 8%hn s L? + BPhyoL? + 108, 10L* + 112h, 1, L = re—- (4.58b)

AJL’
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Such h,, exists and is unique, due to the fact that linear system (4.55) and (4.58) has
strictly positive determinant. Consequently, (4.53), (4.54), and (4.55) imply that v — h,, €
H}(0,L), for all n € N. Since C5°(0, L) is dense in Hy(0, L), there exists a sequence
{in tnen C C5°(0, L) such that |G, — (u—hy,)||gs < +,¥n € N. Now defining u,, := @y, + hy,
gives lim,, o u, = u in H*(0, L). Obviously u, satisfies (4.47) for all n € N. Also, due to
(4.56) and (4.57), u, satisfies (4.51) and (4.52), as well. Hence, the statement follows. [
Theorem 4.23. For all zg € D(A), the trajectory ~v(zy) is precompact in H.

Proof. Let zy € D(A) be chosen arbitrarily, and let {z,0 }nen € D(A?) be an approximating
sequence as in Lemma 4.22. Then there holds:

lim Az, = Az (4.59)

n——+o0o

Applying Proposition 4.10, it follows that for an arbitrary 7" > 0 the approximating solu-
tions z,(t) converge to z(t) in C'([0,T];H). Since z,(t) € C([0,00); H) and solves (4.21)
for all n € N, (4.59) yields

lim (2,),(0) = Az in H. (4.60)

n—-+4o0o

Hence, (4.41) and (4.60) imply that there exists a constant C' > 0 such that for all n € N:
SUp [|(zn)e(#)ll < Clllzo 130, | Az0130),

where the constant C' does not depend on n. From here it follows that (z,); is bounded in
L>((0,400); H). Hence, the Banach-Alaoglu Theorem (see Theorem 1.3.15 in [59]) implies
that there exists w € L*>((0,00); 1) and a subsequence {z,, }ren such that

(Zn)e = w in L((0,00); H).

For arbitrary zZ € ‘H and ¢ > 0 there holds
t

lim ((zn)e(7), )y dr = /0 (w(r), 2)y dr,

k—o0 0

which is equivalent to

k—o0

i (20, (£) — 200 (0), 2) = { / () dr. 2
Since lim,, o0 2,(7) = 2(7) in H, V7 € [0, +00), it foﬁovvs that
(l0) = 20) 2= [ i) a2
Since z € H is arbitrary, it is obtained
2(t) — 2(0) = /Otw(T) dr, Vt>0. (4.61)

Due to continuous differentiability of z, the time derivative of (4.61) can be taken, which
yields z; = w. This implies z; € L>((0,00); H), i.e. ||z(.)|l» is uniformly bounded, which
proves the theorem. O
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4.1.5 Asymptotic stability for linear £;

In the previous subsection, the precompactness property of the trajectories has been
demonstrated for classical solutions. However, in the case where the k; are linear, it is
possible to show precompactness for the mild, non-classical solutions. This will yield that
the w-limit set is always non-empty and hence the asymptotic stability of the nonlinear
semigroup S. This is the main objective of this subsection. The following lemma shall
prove to be an essential step to achieve this.

Lemma 4.24. Let zy € H, and z(t) be the corresponding mild solution of (4.21). Let
kj=0,7=1,2. Then Nz(t) € L'([0,00); H).

Proof. First, let zg € D(A), and hence z(t) is a classical solution. It follows from Theorem
4.11 that V(z(t)) is non-increasing and integrating (4.25) with respect to time, yields:

V(z(T)) = V(20) =/0 {— dl“}i’g' (%M a1(z1) - VVA(C) + as(Ca) - VVa(() | dt

= ]T(Zo),

(4.62)

where all terms on the right hand side include elements of the vector z(t), thus depend on
t. Observing the limit when 7" — oo, it follows that V' (2(T")) converges to v(zp), and hence
the integral I (zo) is finite. Next, let the case when 2y € H be considered and let z(t)
be the corresponding mild solution of (4.21). Further, let (2., )neny C D(A) be a sequence
with 2o, — 2zo. According to Proposition 4.10 and the corresponding classical solutions
2, (t) converge to z(t) in C([0,T; H) for all T > 0. Therefore Ir(20,) — Ir(z0), cf. (4.62).
Due to continuity of V, also V(2,(T)) — V(20,) — V(2(T)) — V(20) as n — oo. Thus,
(4.62) also holds for mild solutions for any 7" > 0. Since V(z(T)) — v(z9) € [0,V (20)]
as T" — oo, the integral I, (zp) is finite. Hence, for any (mild) solution z(¢) the integral
I(%p) is finite. Since all the terms in the integrand of (4.62) are non-positive, under the
assumptions (4.12d) and (4.10) it can be concluded that

W (t),&(t) € L*([0,00); R),
Gi(t) € L*([0,00);R™).

For (4.63) it was used that the uniform boundedness of z(t) implies that d;(¢;(t)) > d; > 0
for all t > 0. Under the assumptions made in Section 4.1 for the coefficient functions in
the nonlinear operator A/, note that

185 ()l +10;(6)1 = O(lIG ), as ¢ — 0.
Now, the properties (4.63) immediately imply N z(t) € L'([0,00); H). O

(4.63)

Note that (4.62) does not give any control on u(t, L) and u,(t, L) (it the sense of (4.63)).
Hence, the linearity assumption x; = 0, J = 1,2 was crucial for the above proof.
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Theorem 4.25. For any zy € H there holds limy_,o, S(t)zg = 0, i.e. the semigroup S is
asymptotically stable.

Proof. According to Remark 4.4 the linear part A of A is a maximal dissipative operator on
H. Clearly A(0) = 0, and according to Lemma 4.2, the inverse A~! exists and is compact.
Since A generates a Cp-semigroup of contractions, (A — A)~! exists and is compact for all
A > 0. Due to these facts, Theorem B.8 in Appendix B can be applied with f(¢) := Ny(t).
This demonstrates that the w-limit set w(z) is non-empty (in fact the trajectory 7(zo) is
precompact). Thus, due to Corollary 4.18 and Theorem 4.17, it can be concluded that
w(zp) = {0} and the mild solution z(¢) converges to 0. O

4.2 Weak formulation

In this section a weak formulation for the system consisting of the boundary controlled
Euler-Bernoulli beam (4.1) — (4.5) coupled with a nonlinear boundary controller (4.6) is
introduced and the existence of the weak solution is demonstrated. This will serve as a
basis for the numerical method developed in Section 4.3.

4.2.1 DMotivation and space setting

For the weak formulation, the initial conditions are given by:

u(0) = up € HZ(0, L), (4.64a)
uy(0) = vy € L*(0, L), (4.64b)
€1(0) = G0 € R, (4.64c)
(2(0) = G0 € R™. (4.64d)

Moreover, the values vy(L) and (vg).(L) need to be given additionally to the function vy.
The motivation for the weak solution is obtained analogous to Section 2.2.1: Multiplying
(4.1) by w € H2(0, L), integrating over [0, L], and taking into account the given boundary
conditions (4.2)-(4.5), yields:

L L
1 / ugw dr + A / UpgWay AT
0 0

o+ (Mun(t, L) + ka(ult, L)) + e3(G(0) + da(G(8)ua(t, L) )w(L) (4.65)
+ (Jutm(t, L)+ ki(ua(t, L) + cr(C1(8)) + da (G () Jusa(t, L))wx(L) —0,

for all w € HZ(0, L), t > 0.

Let the same space setting be introduced as in Subsection 2.2.1, i.e. two Hilbert spaces
H and V are defined by (2.88) and (2.89). Also, the following nonlinear forms a,; : V xV —
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R, by : R*™ x H X H— R and ey, €2, : R" x V — R are introduced by:
(W1, W) = A((W1)aa; (W2)ra) L2
+ ki ((w1)o(L)) (w2)2(L) + ko (w1 (L)) wa(L),
bui(C1, Go, 9, 0) = di(Q) 190+ da(C) *%P,
en(Cr, ) = al(G)w(L),

e2ni(Co, W) = c2(G)w(L).

Definition 4.26. Let T > 0 be fixed. Functions @ € L*0,T;V) N H*0,T;H) N
H?(0,T;V"), and ¢1,( € HY(0,T;R") are said to be a weak solution to (4.1)-(4.6) and
(4.64) on the time interval [0, T if they satisfy:

A (T, W) + by (U, W) + v (U, W)y + €1,01(Cr, W) + €201(Co, W) = 0, (4.66)
for a.e. t € (0,T),Vw € V, and
(C)e(t) = AL(Gi(t) + by (M (1)),

(@ut) = A2(Ga0)) + b CiD), (467
with initial conditions
w(0) = up = ((uo)z(L), uo(L),ug) €V, (4.68a)
1:(0) = 09 = ((vo)z(L),vo(L),v) € H, (4.68b)
Cl (0) = Cl,O S Rn, (4 68C)
CQ(O) = CQ’O € R". (4 68d)

Notice that Lemma 2.28 gives interpretation to the initial conditions (4.68a) and
(4.68Db).

4.2.2 Existence and higher regularity of the weak solution

Theorem 4.27. (a) There exists a solution (u,(1,(2) to the weak formulation (4.66) —
(4.68).

(b) The weak solution has the additional reqularity
u € L>(0,T;V), 4, € L>(0,T;H), (4.69)
C1,¢ € C([0, T; R™), (4.70)
ue ([0, T [V, H] (4.71)
@, € C([0,T); |V, H] (4.72)

~ N~

),
)

1
2
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This existence and regularity result for the weak solution proceeds similarly as in the
case of linear boundary as stated in Theorem 2.30. However, since the forms in (4.66)
depend non-linearly on the weak solution, the proof needs to be adapted.

Proof. (a)-ezistence: Let {w}32; be an orthonormal basis for H, and an orthogonal basis

for V. Let W,,, = span {1y, ..., Wy}, for every m € N. For a fixed m € N, let 4y, (1, and
Ca,m be the Galerkin approximation that solves:

((Cm) e Wie) i1+ @t (Ui, W) + bt (), W) + €100 (Ctmy W) + €200 (Coms W) =0, (4.73)

forall k € {1,...,m} and

(Cl,m)t(t) = al(CI,m(t)) + bl(CLm(t)) 1(/&m)t(t)’ (4 74)
(CQ,m)t(t) = a2(C2,m(t)) + bQ(CQ,m(t)) 2( Am)t(t)’
with the initial conditions
am«)) - am07
(am t(o) = @m()a
Cm(0) = G,
CGm(0) = (0,
where the sequences g, Umo € Wm are such that
i i in V.
Umo — Up 1 (475)

@m[) —>1A)0 in H.

In order to prove global solvability of (4.73)-(4.75), this problem is written as a nonlinear
system of first order differential equations. Introducing a new variable 0y, := (1), yields:

(am)t = @mv
(Om)e = =220 [ant(lim, W5) + bt (Om, ;) + €101 (Crmy W5) + €21 (Coms ;) |05,
Cl,m =

1
= a1(Cum(t)) + b1(Crm () (G )e(2),
Cm = a2(Com(t)) + b2(Com(t)) (1))
(4.76)
Let E,: V x H x R — R be the analogue to the Lyapunov functional as defined in

L

N A aft 24(t)
En(t; 4, ¢, C) = 5”21(75)”%/ + %H@t(t)H%{ +/0 ki(w) dw +/0 ko (w) dw
+V1(Ci(t)) + Va(Ga(t)).

(4.77)
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Assuming that there exists a solution @, € C*([0,7]; V) and (i m, Com € C*([0, 7]; R") to
(4.76) on some interval [0, 7], straightforward calculation yields

d

Eﬁnl(ta an’w f)ma Cl,m7 <2,m) S _dl (Cl,m)utI(L>2 - d2(§2,m)ut(L)2 (478)

vVt € (0,7). Dissipation of the functional E, corresponds to the decay in (4.20) for the
continuous solution. This implies uniform boundedness of the solution on [0, 7]:

Enl(ta amp f)ma Cl,m; <2,m) S E\nl<07 amOa r&m07 Cl,O? CQ,O)? t Z 0 (479)

Next, let f,, : /I/I?m X Wm x R?" — /I/I?m X /I/I?m x R?" be defined by:

U )
f v |2 [an(@ 1) + b (0,105) + e1u(Gry ) + e2u(Cay ) 1
"l G ' a1(Cr) + bi1(¢)(vn)x(L)
Co az(C1) + ba(Cr)on(L)
Denoting 2, := [ty Om Cim CQm]T, system (4.76) can be written as
d . .
Ezm(t) = fm (zm(t>) ) (480)
with
Zm(0) = Zom = [Uom Vom C1,0 Cz,o]T : (4.81)

Due to the regularity of the coefficient functions, it easily follows that f,, is continuously
differentiable, and hence locally Lipschitz. Let

1

Tonaxe = min {7, ——————}.
2L(2[ Zomll)

—~

Additionally, if the mapping Fy, : C([0, Toax); Win X Wi x R2%) = C([0, Tina]; Win X Wi X
R?") is defined by:

Fn(2)](t) = Zom + / ful3(r)) dr

then solving the system (4.80), and (4.81) on [0, Ta.x] is equivalent to solving a fixed
point problem for F,,. Applying the same procedure as in the proof of Theorem 3.27
in Subsection 3.4.2, yields that F), is a contraction on B(0,2||2om,||) and according to
Banach’s fixed point theorem, F}, has a unique fixed point Z. Applying the above procedure
iteratively, any solution Z on the time interval [0, 7] can be extended to [0,7 + 6(2(7))],
where 0(2(7)) = 2L(|I;(7)H) > 2L(0(1“20||)). Therefore, the solution can be extended to the

global unique solution on the whole [0,7]. Furthermore, due to (4.75) there exists a
constant C' > 0 such that

Enl(o; Um0, Umo, C1,07 Cz,o) < CEnl(O; Uy, o, C1,07 Cz,o)- (4-82)
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Therefore (4.79) and (4.82) yield

-/E\nl (t7 ﬁma @ma Cl,m7 C?,m) S OEnl(Ov fbo, 607 Cl,Oa CQ,O)a (483)
which implies
{tim }men is bounded in C'([0,T]; V),
{(tm)t }men is bounded in C([0,T]; H), (4.84)

{Cim }mens {Com}men  are bounded in C([0, T]; R").

As in the proof of Theorem 2.30, this implies that (i, )y is bounded in L?(0,T; V") and
{(Cim)itmen and ({Cam)t }men are bounded in L?(0, T; R™).

According to the Eberlein Smuljan Theorem, there exist subsequences {im, }ien,
é(lgléleg,l({()ggﬁlﬂ}g%\;,sjshdtﬁai L*(0,T;V), with u, € L*(0,T; H), @y € L*(0,T; V"), and
{ip,} — @ in L*(0,T;V),

{ (@)} — @, in L*(0,T; H),
{(tim )1t} — G in L*(0,T5 V'),
{Cim} = G in L0, T;R™), (4.85)
{Com } = G in L*(0, T; R™),
{(Cum)e} = (G in L*(0,T5R™),
{(Gom )i} = (Co)¢ in L2(0,T5R™).
Furthermore {t,,, } — @ in L*(0,T;V) and {(tm,):} — ¢ in L*(0,T; H) imply
{Yipn, } — o in L*(0,T;R),
{Pm,} — *a in L*(0,T;R),
{(n, )i} — iy in L*(0, T R),
{%(tipn,)ey — 24y in L*(0, T;R),
Therefore, one may pass on to the limit in (4.73) and (4.74), since all the nonlinear

terms are continuous, and their arguments converge strongly. This yields that @ and (;, (s
solve (4.66) and (4.67).
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(b)—-additional regularity, (a)-initial conditions: Follows as in the proof of Theorem
2.30.
[

Furthermore, as in Subsection 2.2.3, stronger continuity for the weak solution can be
shown:

Theorem 4.28. After, possibly, a modification on a set of measure zero, a weak solution

U of (4.66)-(4.68) satisfies

u € C([0,T]; V), (4.86)
4, € C(0,T); H), (4.87)
(1,¢ € CY[0,T];R™). (4.88)

Proof. As in the proof of Theorem 2.31, it follows that
U= E(tv ﬂ7 Cl) CQ)

is absolutely continuous. Again, let ¢ € [0,00) be fixed, and let lim,, o t, = t. Now the
sequence X, is defined by

A . L . .
Xu = lla) = at)lly + i) = altn) 5

Then
Xo = E(ta, G, G) + Bt a, G, G) = Aa(t), alt))v — (@n(t), i (t)
_ /0 o k1(o) do — /0 e k(o) do — /0 o ks(o) do — /O e ks(o) do
—Vi(G(1) = Vi(Gi(tn)) — Va(Ca(t)) — Va(Ga(tn))-

As the energy function is t-continuous, 4, u; are weakly continuous, and (i, (s continuous
functions. It follows

lim x, = 0.
n—oo
Hence,
Tim (1) — au(t)[} = O,
lim [[a(t) — a(t)| = 0.

n—oo

Therefore (4.86) and (4.87) holds. (4.88) now follows from (4.67). O
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4.3 Dissipative numerical method

In this section the goal is to develop a numerical method for (4.1)-(4.6) in such a way that
the decay of the Lyapunov function V' is preserved. As it was done in Section 2.3 for the
linear controller, the first step towards this method is the discretization of the system in
space to obtain the semi-discrete scheme, and then in time, obtaining the fully-discrete
scheme. As a result, a system of nonlinear algebraic equations is obtained.

4.3.1 Discretization in space

Assuming that u is a classical solution, (4.65) gives

L L
/ o ugw dr + / AUy Wiy dr + Muy(t, L)w(L) + Jug,(t, L)w, (L)
0 0

+ [/ﬁ(ux(t, L))+ dy (G () e (t, L) + 1 (G (t))]wx(L) (4.89)

+ka(u(t, L)) + da(Cu(8))ue(t, L) + ea(Ca(8)) Jw(L) = 0,

for all w € f]g (0, L), t > 0. In the next subsection, the finite element method is applied
to the formulation (4.89).

4.3.1.1 Finite element method

Let W), C HZ(0,L) be a N-dimensional space, with basis {w;}}",. The finite element
method for (4.89) yields: Find uy, € C2([0,00), Wy), and ;2 € C([0, 00), R") with

/OL p (up)w da + /OL A (up) zoWez dx 4+ M (up)(t, L)w(L) + J(up) e (t, L)w, (L)
[ ((n)et, L) + d (D) et L) + ea(Gr(0)] (L) (4.90)
[ (un) (£, L)) + do (G (0)) (an)t, L) + ea(Ga(8)) () = 0,
for all w € Wy, t > 0, coupled to the:

(C)e = a1(Gr) + bu(G)(un)ue(., L), (4.91)

with the initial conditions

up(0) = uo,p, (un):(0) = von,

51 (0) = Cl,O; <2(0) = <2,0-
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4.3.1.2 Vector representation

Let U be the vector representation of the function u,. Then (4.90) is equivalent to the
following vector equation:

AUy +B(1, &)Uy + KU 4+ G(U) + C(&1, &) = 0. (4.92)

The corresponding matrices and matrix functions are given by:

Ay = u / wawy dz + Muwy(Lyw;(L) + J(w;)s (L) (w;).(L),

L
K@j = A/ (wz)m(w])m dZE,
0

Bij(C,G) = di(G)(wi)a(L)(wy)o(L) + do(G)wi( D)wy (L),
for 7,7 =1,..., N, and the vectors functions are given by:

GU); = ki(ua(L))(ws)e(L) + ka(u(L))w;(L),

C(¢1, ) = () (wy)a(L) + ea(G) wy(L),
forj=1,...,N.

4.3.1.3 Dissipativity of the semi-discrete scheme

In order to show that the scheme given by (4.90)-(4.91) is dissipative, first a time dependent
energy functional E, for a trajectory u € C?([0,00); H3(0, L)) and (12 € C*([0,00); R™) is
defined as an analogue of the Lyapunov functional V: H — R:

1 [* M J
Eu(t;u,C,6) = = [ (Aug(t,2)” + pu(t, 2)?) do + —w(t, L)* + Suy(t, L)?
2/, 2 2

ug (t,L) u(t,L)
N / (o) dor + / ka(0) do + VA(G () + Va(G(0)).

Theorem 4.29. Let u, € C*([0,00); H3(0,L)) and 5 € C'([0,00);R") solve (4.90)-
(4.91). Then it holds fort > 0:

d o y y
%Enl(t; un, C1,G2) = —di(Co)(un)ar(L)? — da(Co) (un)i(L)?
—VVi(G1) - ar(G1) — VVa(G) - a2(G) <0
Proof. Taking the function wy, in (4.90) to be wy, = (up):, and the statement follows. [

Theorem 4.29 yields the boundedness of the semi-discrete solution. Therefore, the
global existence of the solution can be proved.
Theorem 4.30. The system (4.90)—(4.91) has a unique, global solution.

The proof for the Theorem 4.30 follows analogously as the proof of Theorem 4.27, and
will therefore be omitted.
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4.3.2 Discretization in time

121

In this subsection, (4.90) and (4.91) shall be discretized in time. The time interval [0, T
is discretized into S equidistant subintervals, for a fixed S € N. The time steps of the

discretization are given by t, = kAt,Vk € {0,1,...,S}, where At :=T/S.

Let zp, = [up vp G EQ]T denote the solution of the system (4.90)-(4.91), and 2* =

[u* vF ¢k C5]T the approximation of the solution at time t = t;.

4.3.2.1 Crank-Nicolson scheme
The Crank-Nicolson discretization of (4.90) is defined as follows:

Wkl gk kL gk

At 2 7

L k+1 k L k+1 k
v —v U +u
M/ ——wy, dz + A/ u(wh)m dx
0 0

At 2
(L) (MUMWA; (L)
L (™) + () (L) + (D)

2 2
ana(w) (P g b ), k1)
G A ) ) )

+ Hy(u*(L), u*(L))

k+1 4 CQ )>

‘|‘CQ( 5

+

Ywy, € Wy, where

Hi(68={ ~ et g#

and

V]

H2(¢>¢) = 1/,7121 '

Next, discretization in time for (4.91) is defined as:

1 _ 1 T
At - . 2 > + bl( 2 9 ’
kL ok kL ok b+l CEN v (L) + o™ (L)
2 o 2
N 2 ) + b2< 2 ) 2 '

(4.93)

(4.94)

(4.95)
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Remark 4.31. Notice that the mappings §¢ — H; (5, €), and b — HQ("(Z, 1)) are continuous
on R for all ¢, & € R.

4.3.2.2 Dissipativity of the solution

In order to obtain dissipativity of the solution to fully-discrete scheme (4.93), (4.94), and
(4.95), the following assumption is introduced:

1
Vi(Gi) = §C¢TP¢Q7 i1=1,2, (4.96)
where P; is a symmetric positive definite matrix.

Theorem 4.32. Assume that (4.96) holds. Then for all k € N:

VE) =VEY (v’““(L) + vk(L))Q do(CEY) + do(CE)

At 2 2
L)+ R (L) () +di(eh)
LT It
Proof. 1t follows that:
V) V) = SO~ a2+ B )
b () - D)) + 5 (D))~ @A(D)Y)

ui (L) uk+1(L)
+ / k(o) dor + / (o) do
uk

(L) (L)

+ VA = VA(CY) + Va(EEH) — Val(dd).

Taking wy, = p(vF™ —v*) in (4.93) yields:
L, k+l _ ok
SO = o) = g [t = )
Next, taking wy, = uft1 — ¥ in (4.94) gives:

A L k+1 .k
SR — b Py = = [ = o) s
. At

” L) (L) | g
) ) (G +CQ(T>

da(G) + do(¢h) VL) ML) | Sk Re(0)do
+ 2 2 uFH(L) — uk(L)
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~(WEY(L) — Wt (L)) <J ’;H(L)A; vy (L) +61<T+C1)

() + di(¢F) L) +ob(L) | S Ralo )da)

2 2 uf (L) — ui(L)

This yields:

V(T — V(R =
k—i—l k1 kY k1 ok
_<uk—|—1(L) _ uk(L))<02< 2+ CQ > + dQ(CQ )2+ d2<C2) (L)2+ (L)>

(L) = b (L) (e k“; 41) ) ’““>2+ d(¢h) v k+1<L>2+ v§<L>>

HVGT) = Va(@) + ValG™) = Va(6)

—+<1) and VV( +42) respectively, yields :

Multiplying equations in (4.95) with VV;(

_@Hua+”()V%(kﬂ+(5‘m(M4+g)+V%(kH+g)'F;fq
t

2 2 2 2
o1 1
_ + ¢ + ¢
- Vvl( 2 ) al( 2 )
V(L) + R (L Ly ck kel k1 k1 ok
_ ()2 <)VV2<2 5 C2>.b2< 5 <2>+VV2< 5 Cz) 2AtC2
k1 | ok k1
_ A +¢
fvvz< 2 > aQ( 2 )
which is, due to (4.8), equvivalent to:
_@“@%Hﬂmc<k“+@><_vv<“ﬂfw_f“—ﬁ
_Uk—i-l(L) + ,Uk<L) ) ( k+1 + <2> - v ( k-i-l + CQ) ‘ §+1 . Cé;
2 ? 2 = ? 2 At

Therefore, from (4.97) follows:

B (0 M0 i )
At - 2 2
(A0 i i
2 2
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V(¢ = waeh) ey g -
+ AL - (™ 5 )T A
Va(¢sth) = Va(¢y) G kH_Cz
* At B VV2< 2 ) At
Finally, (4.96) implies
Vi(ChH k k+1 k k+1 _ ok
G V) gy (67 dhy 4G
At 2 At
k+WT prkt+l _ (¢R\T p.ok k+1 kT (k1 _ ck
— (Cz ) Zgz (Cz) ZCZ _ (Cz + Cz ) Rcz Cz — O,
2At 2 At
for ¢ = 1,2, and the statement follows. ]

4.3.2.3 Solvability of the fully-discrete method

In this subsection, it is investigated if the fully-discrete scheme (4.93)—(4.95) is solvable.

Theorem 4.33. Assume condition (4.96) holds. Letk € N be fived and 2% € W), x W), x R*".
Then there ezists a solution to (4.93)—(4.95).

Proof. First, (4.93) and (4.94) are rewritten in their vector forms:

Uk—i—l _ [Uk Vk+1 + Vk

_ 4.98
At 2 (4.98)
Avk—l—l VG _ _B( {i‘-ﬁ-l’ 5-&—1) + B(C{c’ Cég) VhHL Lk B H({Uk+1 Uk)
At 2 2 ’
5 [Uk—l—l + Uk 5 k+1 T Cl k-i—l 4 Céc
K ——— - C( 5 —2). (4.99)

with vector function H defined by:

H(UM UY); = Ha(uy M (L), (L)) (wy)a(L) + Ha(u* (L), u* (L) )wy(L).

»

Further, let g : R2V+2" — R2V+27 he defined as:

AU At (VF + £Y)
AV _ —AtA™'P

71 ad T | Ata(cf AL + b (¢ + A)AUL(L)
AG, At an(eh 1 B2 5 bk B AT(L)

where the vector P is defined by:

B(Ck + AG, ¢+ AG) + B G) on | AV

AU
2 Vi

) + K(U* + —)

P—
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+ H(U* + AU, UY) + C(¢f + Cl,cz C)-
Then it is easily seen that [AU AV A{; Aé]T is a fixed point of g, if and only if
Ukl .= AU+ U,
VEHL = AV + V*,
{H_l = Agl + Cf)
§+1 = Ag? + C§7

solves (4.98), (4.99) and (4.95). Moreover, according to Remark 4.31, function ¢ is continu-
ous, and hence compact (since the domain and the range of ¢ are both finite dimensional).
Next, let the subset S C R?2V*27 he defined with:

S:={AZ e R* ™. AZ = \g(AZ), A€ [0,1]}.

In the following, it is demonstrated that the set S is bounded. Namely, let AZ =
[AU AV A AT € S be arbitrary. Then u and v in W), are defined so that their vector
representation is U¥ + AU and V¥ + AV, respectively. Furthermore, let ; = ¢F + A, for
1 = 1,2. Then the following holds:

L L k
/ (u — u™) wy, dx:)\At/ U—;U wy, dx,
0 0

M/O (v —v*)wy, do+ M (v(L) — v*(L))wn(L) + J(va(L) — vy (L)) (wn)o(L) =

+AAL {—A/O W(wh)m dz — Hy(u(L), u*(L))wy, (L) — Hy (uy(L), u* (L)) (wp) (L)

() (ML DU L) ()

— (wp)o(L) (dl(gl) 42' di(¢F) vx(L);v’;(L) n Cl(Cl JQF Cf))] _p,

for all w, € W), and
k
G- = AAt<a1<CI;C1)+b1<Cl—£C1> ()2%@)),

ok G+ G G+ G\ (L) +v*(L)
G CQ_ANO( 2 >+b< 2 ) 2 '
Following the lines of the proof for Theorem 4.32, it follows that:
A (=13, = 112*113,) < o.
If A = 0, then it is trivial to see z = 2. For X € (0,1], it follows ||z|| < ||2*|]. Thus S is

bounded. According to Leray—Schauder fixed point theorem, g has a fixed point, and the
statement of the theorem follows. ]
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Remark 4.34. Up to the knowledge of the author, the numerical method for EBB system
with a nonlinear controller is novel. Further, it would be of interest to see if it can be
extended to the case when condition (4.96) does not hold.



Chapter 5

Simulations

In this chapter, the numerical schemes developed in Subsections 2.3.2, 3.5.2, and 4.3.2,
will be implemented, and simulation results presented. The dissipativity of the numerical
methods and their stability will be verified. Numerical methods developed in Subsections
3.5.2, and 4.3.2 result in nonlinear algebraic equations which can be solved utilizing Pi-
card or Newton—Raphson method in the implementations. In all simulation examples, the
following values for the system coefficients are taken: py=A=L =1 M =J =0.1.

5.1 Linear boundary control

The numerical method from Subsection 2.3.2 for the Euler-Bernoulli beam with linear
boundary control is implemented in this section. A part of the simulation results presented
here, also appears in [48]. It is taken throughout this section, that

A=Ay =1 eR™™,

5.1
b1:b2:{31202:[11...1]T€Rn, ( )

where I denotes the identity matrix, and n € N U {0} is the dimension of the controller
variables (; 2. Moreover, let k; = ky = 0.01 d; = dy = 0.02.

In the first simulation example, n = 3 is taken. The initial conditions are taken as
follows:

2 3
up(z) = —0.6 (%) +0.4 (%) :
Vg = O,

Go = Co=1[000]".

Furthermore, let the time step be At = 0.01, and the spatial discretization step h =
0.01. Figure 5.1 shows the damped oscillations of the beam u(t,z) on = € [0, L] and its
convergence to the steady state u = 0 on the time interval ¢ € [0, 50]. Figure 5.2 illustrates
the (slower then exponential) energy ||z(t)||3 dissipation of the coupled control system, on
t € [0,50].

127
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0.8

0.05

-0.05

-0.1

u(z,t)

-0.15

-0.2

=)l

-0.25

-0.3 5l

20 30
1 50 time ¢ time ¢

Figure 5.1: Deflection u(t, z) Figure 5.2: Norm dissipation: ||u(t)||

In order to verify the order of convergence (0.0.c.) proved in Subsection 2.3.2.3, sim-
ulations are performed for different time and space discretization steps. In Table 5.1, the
[2-error norms of z. are listed. In the left table, the o.0.c. results for fixed At = 0.01 and
varying space discretization step h on the time interval [0, 1] are given. In the right table
the 0.0.c. results on the time interval [0,0.00041] for varying time steps At and h = 1/50
fixed, are presented. Note that the results from Table 5.1, confirm the order of convergence
2 of the numerical method in both space and time.

Table 5.1: Experimental convergence rates

At h | zel| 2 0.0.C. At h BRI 0.0.C.
1072 & 175%1072  —— 6.4%107% & 258%10°° ——
1072 & 55107 1.67 3.2%107% & 6.87x1077 1.91
1072 5= 7.92%107*  2.80 1.6%107% & 1.73%1077 1.9
1072 & 1.39%107* 251 8x1077 & 427%107%  2.02
1072 & 3.38%107° 2.04 4%1077 & 1.02x107% 2,07
1072 55 824%10°°  2.04 21077 o5 203%1077 232

In order to examine which effect does the dimension of the controller variable n has on
the damping of the beam, three cases will be considered:

a) the static controller, or equivalently n = 0,

b) dynamic controller with dimension n = 5,
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¢) dynamic controller with dimension n = 10,

Again, let At = 0.01 and A = 0.01. Hereby, other system parameters stay as above, and
the initial conditions are given as

T\ 2 T\ 3
up(z) = —0.6 (E) +0.4 (E) ,
v = 0,
Go = (0=1030303]".

. . . .
0 10 20 30 40 50
time ¢ time ¢

Figure 5.3: Tip position comparison Figure 5.4: Tip angle comparison

In the Figures 5.3 and 5.4, the tip position u(x, L) and tip angle u,(¢, L) in all three
cases on the time interval [0, 50] are compared. They illustrate how coupling of the beam
with a dynamic controller affect its deflection, as opposed to the static controller. Here it
can be seen that dynamic controller suppresses the vibrations of the beams tip, but also
can slow down its convergence to the steady-state if the dimension of the controller is taken
too large.

5.2 Nonlinear damper and spring

In this subsection, the simulation results of the numerical method (3.90) and (3.91) for the
Euler-Bernoulli beam with the nonlinear spring and damper, as introduced in Subsection
3.5.2, are presented. The time step At = 0.01 and the spatial discretization h = 0.01 are
taken. Furthermore, Newton’s method is utilized to solve the nonlinear system (3.90) and
(3.91). Initial conditions are taken to be wug(x) = —0.6 (%)2 + 0.4 (%)3, and vo(z) = 0.
The simulations are performed for two different cases, first taking a polynomial, and then
a trigonometric nonlinearity:
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Figure 5.5: Case a): Deflection u(t, L) Figure 5.6: Case a): Lyapunov dissipation
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Figure 5.7: Case b): Deflection u(t, L) Figure 5.8: Case b): Lyapunov dissipation

a) s(z) = 0.1z + 23, d(z) = 0.5z + 5z
b) s(x) = 0.1z 4+ sinz, d(zx) = 0.5z + Stanx

Figures 5.5 and 5.7 represent the deflection of the beam wu(t,z), and Figure 5.6 and
Figure 5.8 represent the decay of the Lyapunov function ||y(t)||3 on the time interval
[0, 50] for cases a) and b) respectively. Next, these results are compared to the simulation
results in the case when the spring and damper are linear:
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0.3

b
02r Case ¢) |

01r

-0.1

ug(t, L)

-0.2

N

04t

-0.2 L L L L 05 L L L L
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Figure 5.9: Tip position comparison Figure 5.10: Tip angle comparison

c) s(x) =0.1z, d(x) = 0.5x.

In the Figures 5.9 and 5.10, position u(t, L) and the angle of the tip of the beam w,(t, L)
are compared on the time interval [0, 20] for the nonlinear cases a) and b), and the linear
case ¢).

5.3 Nonlinear boundary control

Finally, in this section the simulation results for the numerical method (4.93) and (4.94)
for the Euler-Bernoulli beam with nonlinear dynamic controller, introduced in Subsection
4.3.2, are presented. Again, Newton’s method is utilized to solve the nonlinear system of
equations (4.93) and (4.94), for At = 0.01 and h = 0.01. The parameter functions of the
nonlinear control law are defined as follows:

a;j(w) = —[w} wiwi]",
Vi(w) = [lwl]?,

bj(w) = [wi,ws,wi]’,
¢j(w) = wi 4wy +ws,

for w = [wy, wy,ws]T € R and j =1, 2.
Two different choices for the functions k; 2 and d; o of the nonlinear controller will be
considered:

a) kj(z) =01z + 23, d;(w) = 0.5+ 5]|w|?,

b) kj(xz) = 0.1z + sinh(z), d;(w) = 0.5+ 5sinh(||w||?),
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=0l

L L L L
0 10 20 30 40 50
time ¢
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Figure 5.11: Case a): Deflection u(¢,L)  Figure 5.12: Case a): Lyapunov dissipation

0.8

0.7

u(z,t)
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Figure 5.13: Case b): Deflection u(t,L) Figure 5.14: Case b): Lyapunov dissipation

where z € R, and w € R3, for j = 1, 2. Initial conditions are taken to be the same in both
examples:

wo(z) = —0.6 (%)2 404 (%)3 () =0, (2(0)=1[0.30.303].

In Figures 5.11 and 5.13 the beam deflection u(t, ) on [0, L] is represented, and it can be
seen how the oscillations of the beam are damped out on the time interval [0, 50], for cases
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a) and b) respectively. The decay of the Lyapunov functional ||z(¢)|| on time interval
[0,50] for cases a) and b), is shown in Figures 5.12 and 5.14. The comparison of the tip

04 : : : : 04
Case a) gase ]d;
L Caseb) L Jase
03 Case c) 03 Case c)
02t 1 02f
o1t 1 o1f
3o 5 0
T 04 1 o1
0.2 b -0.2
03t 1 03
04 : : : : 04 : : : :
0 4 8 12 16 20 0 4 8 12 16 20
time ¢ time ¢
Figure 5.15: Tip position comparison Figure 5.16: Tip angle comparison

position u(t, L) and the tip angle wu,(t, L) for these two examples and the case when the
controller is linear, with (5.1) and for j = 1,2:

c¢) kj(x) = 0.1z, d;(z) = 0.5z,

is illustrated in the Figures 5.15 and 5.16 for the time interval [0, 20]. It may be noticed
that in this particular case, nonlinearity of the controller has resulted in faster decay of
the beam and suppressed oscillations of the tip faster than for the linear control law.

5.4 Notes on the implementation

In this section, the implementation in MATLAB of the numerical methods developed in
Subsection 2.3.2, 3.5.2, and 4.3.2 is presented.

5.4.1 Linear boundary control

The implementation of the numerical method for the EBB with linear boundary control
given in Subsection 2.3.2 is described first. For this purpose, (2.134) — (2.137) are written
in a compact vector form:

MZ" = SZ™, (5.2)

where

zh=[Uvr el (5-3)
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The first step of the implementation is defining all the constants in the system. Here mu
denotes p, the mass density of the beam, and 1ambda its flexural rigidity A:

mu=1;
lambda=1;
M=0.1;
J=0.1;

Then, spatial step h, and a vector x which contains all the nodes of the spatial discretization
are defined. Furthermore, N is the dimension of the space Hs(m):

L=1;

P=50;

h=L/P;

x=linspace (0,L,P+1);
N=2xP;

Next, the variables of the controller law are defined. Here, variable c_dim denotes n, the

dimension of the controller variables:

1=0.01;
_2=0.01;
1=0.02;
2=0.02;

c_dim=10;

b_l=ones(c_.dim, 1) ;
b_2=ones(c_.dim, 1) ;
c_l=ones(c.dim,1);
c_2=ones (c_dim, 1) ;
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A_l=—eye(c_dim);
A_2=—eye(c_dim);

135

Time step At is denoted by dt, and ts is the number of time steps of the Crank-Nicolson

scheme to be performed:

dt=10"(—=7);
ts=512;

These definitions are enough to form the system matrix M from (5.4). In order to ob-
tain a smaller condition number for the system matrix, the system is multiplied by At.
Additionally, the following equalities are used for this step:

forallm=1...P. Hence:

M=zeros (2*xN+2+c_dim, 2«N+2+c_dim) ;

1

1,1)=1; M(2,2)=1;
M(1,N+1)

Il
T T2 T T,
wWN o

=—0.5«dt; M(2,N+2)

w)

?
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for k = 2:P

M(2+xk,2+xk)=1; M(2+«k—1,2«k—1)=1;
M(2+xk,N+2+xk)=—0.5+xdt; M(2+xk—1,N+2+k—1)=—0.5*dt;

N+2xk—3, 2%k—3) =M (N+2+k—3, 2«k—3) +lambda*0.5%12+dt/ (h"3) ;
N+2%k—2, 24k—2) =M (N+2+k—2, 2«k—2) +1lambda0.5x4+dt / (h) ;
=M

2

)
N+2+k—1,2xk—1) (N+2+xk—1,2+xk—1)+lambdax0.5x12xdt/ (h"3);
N+2+xk, 2+xk) =M (N+2xk, 2xk) +lambdax0.5*4xdt/ (h);

M (N+2%k—3, 2xk—2) =M (N+2+k—3, 2xk—2) +lambda*0.5%6+dt/ (h"2) ;
M (N+2+k—2, 2¢k—3) =M (N+2+k—2, 2xk—3) +1lambda*0.5%6+dt/ (h"2) ;

M(N+2xk—3,2xk—1)=M (N+2xk—3, 2xk—1)—lambda*x0.5x12xdt/ (h"3) ;
M(N+2xk—1,2xk—3)=M (N+2xk—1, 2xk—3)—lambda*0.5x12xdt/ (h"3) ;

M (N+2xk—3, 2xk) =M (N+2+k—3, 2%k) +lambda*0.5%6+dt/ (h"2) ;
M (N+2xk, 2xk—3) =M (N+2+k, 2+xk—3) +1lambda*0.5%6+dt/ (h"2) ;

M(N+2xk—2,2xk—1)=M (N+2xk—2, 2xk—1)—lambdax0.5x6xdt/ (h"2) ;
M(N+2xk—1,2xk—2)=M (N+2xk—1, 2xk—2)—lambdax0.5x6+xdt/ (h"2) ;

M(N+2xk—2,2xk) =M (N+2xk—2, 2xk) +lambdax0.5x2xdt/ (h) ;
M(N+2xk, 2%k—2) =M (N+2+k, 2«k—2) +lambda*0.5x2+dt/ (h) ;

M(N+2xk—1,2xk) =M (N+2+xk—1, 2+k)—lambda*x0.5x6+xdt/ (h"2) ;
M(N+2+xk, 2xk—1)=M (N+2*k, 2+xk—1)—lambdax0.5x6xdt/ (h"2);

N+2xk—3,N+2+xk—3

( y=M (N+2+xk—3,N+2xk—3)+ muxhx (13/35) ;
(N+2+xk—2,N+2xk—2) (N+2xk—2,N+2xk—2)+ muxh"3x (1/105) ;
(N+2+xk—1,N+2xk—1) (N+2+*k—1,N+2*xk—1)+ mu*h=* (13/35);
(N+2%k, N+2xk) =M (N+2xk,N+2xk)+ muxh~3%x(1/105);

M
M =M
M =M
M

M(N+2xk—3,N+2xk—2) =M (N+2*xk—3,N+2xk—2)+ muxh”"2x (11/210) ;

M(N+2xk—2,N+2xk—3)=M (N+2*xk—2,N+2xk—3)+ muxh” "2+ (11/210) ;

M(N+2xk—3,N+2xk—1) =M (N+2+xk—3,N+2+xk—1)+ muxh=*(9/70) ;
M(N+2+xk—1,N+2%xk—3)=M (N+2*xk—1,N+2+xk—3)+ muxh=x (9/70) ;

M (N+2xk—3,N+2xk) =M (N+2*xk—3,N+2xk)+ murh”"2x (—=13/420);
M(N+2xk, N+2xk—3)=M (N+2xk, N+2+xk—3)+ murh"2x (—13/420);

M (N+2%k—2, N+2xk—1) =M (N+2+k—2, N+2+k—1)+ muxh~2* (13/420) ;
M (N+2%k—1,N+2xk—2) =M (N+2+k—1,N+2+k—2)+ muxh"2* (13/420) ;

M(N+2xk—2,N+2xk) =M (N+2xk—2,N+2xk)+ muxh"3x(—1/140);
M(N+2xk, N+2+xk—2)=M (N+2xk, N+2+xk—2)+ muxh"3x (—1/140);

M(N+2xk—1,N+2xk) =M (N+2xk—1,N+2+k) + muxh"2x (—11/210) ;
M(N+2xk, N+2xk—1)=M (N+2*k, N+2xk—1)+ murh" 2% (—=11/210) ;
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end

M(N+1,1)=M(N+1,1)+lambda*0.5%12+dt/ (h"3);
M(N+2,2)=M(N+2, 2) +1lambda*0.5+x4xdt/ (h) ;

M(N+1,2)=M(N+1,2)—lambda*0.5x6xdt/ (h"2);
M(N+2,1)=M(N+2, 1) —lambdax0.5x6xdt/ (h"2);

M(2%«N—1,N—1)=M (2+%N—1,N—1)+0.5«xk_2*dt;
M (2N, N)=M(2+N,N)+0.5+k_1+dt;

M(N+1,N+1)=M(N+1,N+1)+ muxh* (13/35);
M(N+2,N+2)=M(N+2,N+2)+ muxh”"3%(1/105);

M (N+1,N+2)=M (N+1,N+2)— muxh"2+(11/210);
M (N+2,N+1)=M (N+2,N+1)— muxh"2+(11/210);

M(2%N—1,2+N—1)=M (2+N—1,2+xN—1)+ M + 0.5*xd_2*dt;
M(2xN, 2xN) =M (2%N, 2«N)+ J + 0.5xd_1=*dt;

for j= 1 : c.dim
M(N+N, 24«N+73)=0.5%xc_1 (7J, 1) «dt;
M (N+N—1, 2#N+c_dim+73)=0.5+c_2 (j, 1) =dt;
M(2%N+7j,2%N)= —0.5xb_1(7j,1)*dt;
M(2+*N+c_dim+73,2+N—1)= —0.5+xb_2 (73, 1) *dt;
end

for i = 1 : c.dim
for 3 =1 : c.dim

M(2xN+i, 2«N+7j)=kroneckerDelta(i, j) — 0.5%A_1(i,]j)*dt;

M(2xN+c_dim+i, 2+«N+c_dim+7j)=kroneckerDelta (i, j) — 0.5xA_2 (i, Jj)*~dt;

end
end

Construction of the right hand side S as in (5.5) follows:

S=zeros (2xN+2+c_dim, 2«N+2+c_dim) ;

S(1,1)=1; S(2,2)=1;
S(1,N+1)=0.5+dt; S(2,N+2)=0.5+dt;

for k = 2:nn

S(2+k,2+xk)=1; S(2+xk—1,2+xk—1)=1;
S (2+xk,N+2+xk)=0.5+dt; S(2«*k—1,N+2+xk—1)=0.5+dt;
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N+2+xk—3,2xk—3)

( N+2xk—3,2xk—3)—lambda*0.5x12xdt/ (h"3) ;
(N+2xk—2,2xk—2

(

(

=S (
S (N+2+xk—2,2+k—2)—lambda*0.5*4xdt/ (h)

S (N+2+k—1,2+k—1)—lambda*0.5+x12xdt/ (h"3)
2xk, 2xk)—lambdax0.5x4xdt/ (h)

)
N+2+xk—1,2+xk—1)
N+2+k, 2%k) =S (N+

S
S
S
S

S (N+2xk—3,2«k—2)=S (N+2+xk—3, 2xk—2)—lambda*0.5+x6xdt/ (h"2);
S (N+2xk—2,2+xk—3)=S (N+2xk—2,2xk—3)—1lambda*0.5x6xdt/ (h"2) ;

S (N+2xk—3,2xk—1)=S (N+2xk—3, 2xk—1)+lambda*x0.5x12xdt/ (h"3);
S(N+2xk—1,2xk—3)=S (N+2xk—1, 2xk—3)+lambda*x0.5x12xdt/ (h"3);

S (N+2xk—3,2xk)=S (N+2xk—3, 2xk)—lambdax0.5x6xdt/ (h"2);
S (N+2xk,2%¥k—3)=S (N+2*k, 2+xk—3)—lambda*x0.5«6+xdt/ (h"2);

S(N+2xk—2,2+xk—1)=S (N+2xk—2,2xk—1)+lambda*0.5x6xdt/ (h"2);
S(N+2xk—1,2+xk—2)=S (N+2xk—1,2+xk—2)+lambda*0.5x6xdt/ (h"2);

S (N+2xk—2,2%k) =S (N+2+k—2, 2xk) —lambda*0.5«2+dt/ (h) ;
S (N+2*k, 2xk—2)=S (N+2+k, 2«k—2)—lambda*0.5x2xdt/ (h)

S(N+2xk—1,2xk)=S (N+2+xk—1,2xk) +lambdax0.5«6xdt/ (h"2) ;
S (N+2xk, 2xk—1)=S (N+2+k, 2*k—1)+lambdax0.5«6xdt/ (h"2) ;

N+2+k—3,N+2+xk—3)
N+2+xk—2,N+2+xk—2)
N+2+xk—1,N+2+xk—1)
N+2+xk,N+2+k) =S (N+

(N+2xk—3,N+2xk—3)+ muxhx (13/35)
(N+2xk—2,N+2xk—2)+ muxh" 3% (1/105)
(N+2xk—1,N+2xk—1)+ muxhx* (13/35)
*k,N+2xk)+ murxh"3%(1/105);

S ( =S
S ( S
S( =S
S( +2

S (N+2+k—3,N+2+k—2) =S (N+2+k—3,N+2+k—2)+ murh"2%(11/210)
S (N+2+k—2,N+2+k—3)=S (N+2+k—2,N+2+k—3)+ muxh”"2% (11/210)

S (N+2xk—3,N+2xk—1)=S (N+2*xk—3,N+2+xk—1)+ mu*h=* (9/70)
S (N+2xk—1,N+2xk—3)=S (N+2*xk—1,N+2xk—3)+ muxh=* (9/70)

S (N+2xk—3,N+2xk)=S (N+2xk—3,N+2xk)+ muxh"2x (—13/420)
S (N+2xk,N+2+xk—3)=S (N+2xk,N+2xk—3)+ muxh"2x (—13/420)

S(N+2xk—2,N+2xk—1)=S (N+2+xk—2,N+2+xk—1)+ mu*xh”2+ (13/420) ;
S(N+2xk—1,N+2xk—2)=S (N+2+xk—1,N+2+xk—2)+ mu+h"2x (13/420)

S (N+2+k—2, N+2%k) =S (N+2+k—2, N+2+k) + muxh"3% (—1/140)
S (N+2xk,N+2+xk—2)=S (N+2xk,N+2xk—2)+ muxh~3x(—1/140)

S (N+2+k—1,N+2%k) =S (N+2+k—1,N+2+k) + muxh 2% (—11/210)
S (N+2+k, N+2xk—1) =S (N+2+k, N+2xk—1) + muxh"2* (—11/210)

end

S(N+1,1)=S(N+1,1)—lambdax0.5%x12xdt/ (h"3);
S(N+2,2)=3 (N+2,2)—lambda*0.5x4xdt/ (h
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S(N+1,2)=S(N+1,2)+lambdax0.5x6xdt/ (h"2);
S(N+2,1)=S (N+2,1) +lambdax0.5x6xdt/ (h"2);

S(2%#N—1,N—1)=S (2*N—1,N—1)—0.5+xk_1+dt;
S(2+*N,N)=S (2%N,N)—0.5+k_2«dt;

S(N+1,N+1)
S(N+2,N+2)

S(N+1,N+1)+ muxh=* (13/35)
S(N+2,N+2)+ muxh”"3%x(1/105)

S(N+1,N+2)=S(N+1,N+2)— muxh"2x(11/210)
S(N+2,N+1)=S(N+2,N+1)— mu*xh”"2+(11/210);

S(2%N—1,2*N—1)=S (2+*N—1,2xN—1)+ M — 0.5* d_2=xdt;
S(2*N,2*N)=S (2%N, 2+«N)+ J — 0.5x d_1=dt;

for j= 1 : c.dim
S (N+N, 2+«N+73)=—0.5xc_1 (j, 1) »dt;
S (N+N—1, 2xN+c_dim+73)=—0.5xc_2 (j, 1) »dt;
S(2xN+7,2«N)= 0.5«b_1(j,1)*~dt;
S(2xN+c_dim+7j,2«N—-1)= 0.5xb_2 (7j, 1) xdt;
end
for 1 = 1 : c_dim
for j =1 : c.dim
S(2xN+1i, 2«N+7j)=kroneckerDelta (i, j) + 0.5xdt*A_1 (i, J);
S(2«N+c_dim+i, 2xN+c_dim+7j)=kroneckerDelta (i, j) + 0.5xdt*«A_2 (i, Jj);
end
end

Vector Z is introduced to store the solution of the scheme. Particularly, z (k+1, :) contains
ZF defined with (5.3) approximating the solution at ¢t = ;. Also, initial conditions are

introduced:
T\ 2 \3
— 02 —3(—) 2(—) ,
o ( ) T2
Vo = 07
CLO = 07
G20 = 0.
7 = zeros(ts+l, 2*xN+2%c_dim);
for k=1:P

7 (1, N+2+k—1)= 0;

(1,N+2+k)= 0;

Z(1,2xk)=0.2*%(—6*x(x(k+1)/L)/L + 6% (x(k+1)/L) 2/L
Z(1,2xk—1)=0.2x(—3x(x(k+1) /L) "2 + 2*(x(k+1)/L)

Z
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end

for k =1 : c_.dim

Z(1l,2+xN + k)=0;

Z2(1,2+*N + c_.dim + k)=0;
end

Finally, solving the linear system (5.2), Z* is calculated for all time steps:

for k=1l:ts
Z(k+1l,:)=linsolve (M, S*Z (k, :));

end

The simulation results of the above implementation are presented in Section 5.1. For
the definition of the system matrix and the right hand side, a two parameter function
kroneckerDelta is used, which returns 1 if the parameters are equal, 0 otherwise:

function f = kroneckerDelta (i, 3)

if 1 == 3
f =1;
else
£=0;

5.4.2 EBB with a spring and a damper

For implementation of the numerical method for Euler-Bernoulli beam attached to a spring
and damper described in Section 3.5.2, two cases a) and b) given in Section 5.2 are consid-
ered. A function nonlin_spring damper is defined which as output gives the solution,
tip position, tip angle, and Lyapunov function at all time steps. First the linear part of
the system is formulated:

function [Z,pos,ang,l,nn,ts,dt] = nonl_spring_damper ()

mu=1; lambda=1l; L=1;
M=0.1; J=0.1;

nn=100; h=L/nn; N=2x*nn;
x=linspace (0,L,nn+l);

dt=10"(—2); ts=5000;

k_-1=0.1; k_-2=0.5;
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k_11=1; k_22=5;

pos = zeros(ts+l,1);
ang zeros (ts+1,1);
Z=zeros (nn+1,ts+1);
l=zeros(ts+1,1);

$matrices A and K

A=zeros (N,N) ;
K=zeros (N, N) ;

for k = 2:nn

K (2+k—3,2+k—3) =K (2xk—3, 2xk—3) +lambdax12/ (h"3) ;
K (2+k—2,2+k—2) =K (2xk—2, 2xk—2) +lambdax4/ (h) ;
K(2xk—1,2+k—1)=K (2xk—1,2+k—1)+lambda*12/ (h"3) ;
K (2+k, 2+k) =K (2+k, 2xk) +1lambda*4/ (h) ;

K(2+k—3,2%k—2)=K (2+k—3,2+k—2)+lambda*6/ (h"2) ;
K(2xk—2,2+xk—3)=K (2+k—2,2xk—3)+lambdax*6/ (h"2);

K(2xk—3,2xk—1)=K (2xk—3, 2xk—1)—lambdax*12/ (h"3);
K(2xk—1,2+k—3)=K (2*xk—1,2*xk—3)—lambda=*12/ (h"3);

K(2xk—3,2xk) =K (2xk—3, 2xk) +1lambdax6/ (h"2) ;
K(2xk,2+xk—3)=K (2%k, 2xk—3) +lambda*6/ (h"2) ;

K(2xk—2,2xk—1)=K (2*xk—2,2+xk—1)—lambdax*x6/ (h"2);
K(2xk—1,2*xk—2)=K (2xk—1,2*xk—2)—lambdax6/ (h"2);

K(2xk—2,2xk)=K (2xk—2,2xk)+1lambdax2/ (h);
K(2%k,2xk—2)=K (2*k, 2xk—2)+1lambdax*2/ (h) ;

K(2xk—1,2*k)=K(2+xk—1, 2xk)—lambdax6/ (h"2);
K(2xk,2+xk—1)=K (2+k, 2xk—1)—lambda*x6/ (h"2) ;

$mass matrix

A(2+xk—3,2xk—3)=A(2+k—3,2*k—3)+ mu*h=* (13/35);
A(2xk—2,2xk—2)=A(2*xk—2,2*k—2)+ muxh”"3x (1/105);
A(2xk—1,2xk—1)=A(2+k—1,2*k—1)+ mu*h=* (13/35);

A(2%k,2xk)=A(2*k,2xk)+ muxh”"3x(1/105);
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A(2xk—3,2+xk—2)=A(2+k—3,2+k—2)+ muxh" 2% (11/210);
A(2xk—2,2xk—3)=A(2+k—2,2+k—3)+ muxh" 2% (11/210);

A(2%xk—3,2%xk—1)=A(2%xk—3,2*k—1)+ muxh*(9/70);
A(2xk—1,2xk—3)=A (2xk—1,2*k—3)+ muxh=*(9/70);

A(2*k—3,2*k)=A(2*xk—3,2*k)+ muxh”"2x(—13/420);
A(2xk,2*xk—3)=A(2%k,2xk—3)+ muxh"2x(—13/420);

A(2xk—2,2xk—1)=A(2xk—2,2*k—1)+ muxh”"2*x(13/420) ;
A(2xk—1,2xk—2)=A(2+k—1,2*k—2)+ muxh”2*(13/420);

A(2xk—2,2xk)=A(2xk—2,2%k)+ muxh"3x(—1/140);
A(2xk,2*xk—2)=A(2*k,2xk—2)+ muxh"3x(—1/140);

A(2xk—1,2xk)=A(2*k—1,2*k)+ muxh"2x(—11/210);
A(2%k,2xk—1)=A(2%k,2*k—1)+ muxh”"2x(—11/210);

end

$stiffness matrix
K(1,1)=K(1,1)+lambda*12/(h"3);
K(2,2)=K(2,2)+lambdax4/ (h);

K(1,2)=K(1,2)—lambdax*6/(h"2);
K(2,1)=K(2,1)—lambda*6/(h"2);

K(N—1,N—1) = K(N—1,N—1) + k_1;

%mass matrix

A(1,1)=A(1,1)+ muxh*(13/35);
A(2,2)=A(2,2)+ muxh"3%(1/105);
A(1,2)=A(1,2)— muxh"2%(11/210);
A(2,1)=A(2,1)— muxh”"2x(11/210);
A(N—1,N—1)=A (N—1,N—1)+ M;

A(N,N)=A(N,N)+ J;

auxl=zeros (2N, 2%N) ;

auxl (1:N, 1:N) eye (N) ;
auxl (1:N,N+1:2xN) = —0.5xdtxeye(N);
auxl (N+1:2xN,1:N) = dt*0.5+%K;
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auxl(N+1:2*N,N+1:2*N) = A;
auxl (2*N—1,2+xN—-1) = 1(2+N—1,2+N—1)+k_2%0.5+dt;
aux2=zeros (2xN, 2«xN) ;
aux2 (1:N,1:N) = eye (N);
aux2 (1:N,N+1:2xN) = 0.5«dt*eye(N);
aux2 (N+1:2xN,1:N) = —dt*0.5%K;
aux2 (N+1:2xN,N+1:2«N) = A;
(

aux2 (2xN—1,2+*N—1) = aux2 (2«N—1,2%N—1)—k_2%0.5«dt;

The initialization of the system follows, and the initial state is saved in corresponding
vectors:

z0 = zeros (2*N,1);

for k=1:nn

z0 (N+2xk—1,1)= 0;
0 (N+2xk, l) 0;
0(2xk,1)= *( 6% (x(k+1) /L) /L + 6% (x(k+1)/L) 2/L
O(Z*k—l,l) * (—3*% (x k+1 /L "2 + 2% (x(k+1)/L)
end
pos (1, 0(2«*nn—1,1);

1)=
ang(1l,1)=z0(2%nn,1);

1(1,1) lyapunov(nn z0) ;

for k=1:nn
Z(k+1,1)=2z0(2+«k—1,1);
end

Next, the system is solved over ts time steps, where the nonlinear system is solved
using Newton-Rapson method. When k;(z) = 0.1z + 23, d;(w) = 0.5+ 5||w]||?, the method
proceeds as follows:

w0 = z0;

for k=1l:ts
f=auxl+w0 — aux2+z0;
f(2«N—1) = £(2+N—1)+dt+k_22%x0.125x (w0 (2+N—1,1)+z0 (2+xN—1,1)) "3;
f(2xN—1) = £(2*N—1)+dt+xk_11%x0.25%...

(w0 (N—1,1)+20 (N—1, 1)) % (w0 (N—1,1) "2+2z0 (N—1,1) “2) ;

it = 0;
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while (norm(f,2) > 10" (—12) && it < 100)

it it+1;

Df

auxl;

Df (2«N—1,2+%N—1) = Df(2+N—1,2+N—1)+ k_22+dt*0.5%0.25x3*...
(w0 (2%N—1,1)+20 (2+N—1,1)) "2;

Df (2%xN—1,N—1) = Df (2+«N—1,N—1)+ k_11%0.25%dt*. ..
(3%w0 (N—1,1) “2+20 (N—1, 1) “2+2%w0 (N—1, 1) %z0 (N—1,1));

wl = linsolve(Df, Dfxw0 — f);
w0 = wl;
f=auxl+w0 — aux2xz0;
f(2xN—1) = £ (2+*N—1)+dt+k_22%x0.125% (w0 (2+xN—1,1)+z0 (2«N—1,1)) "3;
f(2«N—1) = £(2+N—1)+k_11%0.25x(wO(N—1,1)+...
z0(N—1,1))*(wO(N—1,1) "24+4z0(N—1,1) "2);
end
z0=w0;
for j=1 : nn
Z(j+1,k+1)=2z0(2x3—-1,1);
end

1(k+1,1) = lyapunov (nn,z0);
pos (k+1,1)=z0(2+«nn—-1,1);

ang(k+1,1)=z0(2*nn,1);
end

end

In case k;j(z) = 0.1z+sinh(z), d;(w) = 0.5+5sinh(||w||?), the following implementation
was used:

for k=1l:ts
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f=auxl*w0 — aux2+*z0;
f(2+N—=1) = £(2+«N—-1)+dt*k_22%0.125% (w0 (2+xN—1,1)+z0 (2«N—-1,1)) "3;
f(2+xN—=1) = £(2+N—1)+dt*xk_11x0.25*...

w0 (N—1,1)+z0(N—-1,1))* (w0 (N—1,1)"2+z0(N—-1,1)"2);
it = 0;

while (norm(f,2) > 10" (—12) && it < 100)

it it+1;

Df

auxl;

Df (2*N—1,2%N—1) = Df (2+«N—1,2+«N—1)+ k_22«dt*...
cos (0.5xw0 (2%N—1,1)+0.5%z0 (2+xN—1,1)) " (—2)*0.5;

if wO(N-1,1) == z0(N-1,1)

Df (2#N—1,N—1) = Df (2+N—1,N—1)+k_11%dt*0.5%cos (z0 (N—1,1));

else
Df (2xN—1,N—1) = Df (2«N—1,N—1)+k_11xdt=
(sin(wO(N—1,1))*(wO(N—1,1)—=z0(N—1,1))+
cos (w0 (N—1,1))—cos (z0(N—1,1)))/ (wO(N—1,1)—z0(N—1,1))"2;
end

wl = linsolve(Df, Dfxw0 — f);

w0l = wl;

f=auxl+w0 — aux2+*z0;

£(2%N—-1) = £(2%N-1)+k_22xdt*tan(0.5xw0 (2+xN—-1,1)+0.5%z0(2*N—-1,1));
if wO(N-1,1) == z0(N—-1,1)

f(2+%N—-1) = £(2xN—1)+k_11xdt*xsin(z0(N—-1,1));

else
f(2xN—1) = £(2*xN—1)—k_11*dt=*...
(cos (WO (N—1,1))—cos (z0(N—1,1)))/ (w0 (N—1,1)—z0(N—1,1));
end
end
z0=wO0;
for j=1 : nn

Z(3+1,k+1)=2z0(2+x3—-1,1);
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end

1(k+1,1) = lyapunov(nn,z0);

pos (k+1,1)=z0(2xnn—1,1);
ang (k+1,1)=z0(2%nn,1);
end

end
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The function 1yapunov calculates the Lyapunov function of the system, and is defined

as follows

function n = lyapunov(rnn,zl)

mu = 1; lambda = 1; L = 1;

h=L/rnn; N=2*rnn;

k.1 =0.1; k.11 = 1;

$adding integral of u.xx"2

for 1=2: rnn

n=n+ 0.5%(z1(2+«1-3,1)"2
z1(2%1—2,1)"2 * 4xh"2 +
z1(2«1—1,1)"2 *12 +

*12 +

z1(2%1,1) "2 x4xh”~2 +

z1(2%x1—3,1)xz1 (2%1-2,1)*2x6xh +

z1(2%x1-3,1)xz1 (2%1-1,1) *x2% (—=12) +

z1(2%1—3,1) %21 (2%1,1) *2%6xh +

z1(2%1—2,1)xz1 (2x1—1,1)*2x(—6%h) +

z1(2x1—2,1)xz1(2%1,1)*2+x2+xh"2 +

z1(2%1—-1,1)x2z1(2%1,1)*2% (—6*h)) «lambda/ (h"3);

end

%$adding integral of u-xx"2 on

n =n + lambda*0.5% (12%z1(1,1)"2
— 2%6%h %z1(1,1)%z1(2,1)

%$adding integral of v~2

for 1=2: rnn

[x0,x1]

+ 4xh"2x2z1(2,1)"2)/(h"3);
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n=mn+ 0.5+mux(z1 (N+2+x1—3,1) "2+x156 +
z1 (N+2%1—2,1) "2%4*h"2 +
z1 (N+2+x1—1,1) "2+156 +
z1 (N+2x1,1) "2+4+xh"2 +
z1 (N+2%1—3,1)xz1 (N+2x1—2,1) *2x22xh +
z1 (N+2%1—3,1)*z1 (N+2x1—1,1) *2%«54 +
z1 (N+2x1—3,1)xz1 (N+2*1,1) 2% (—13) xh +
z1 (N+2x1—2,1) %zl (N+2+x1—1,1)*2%13+xh +
z1 (N+2%1—2,1)»z1 (N+2+1,1) %2+ (—3)*h"2 +
z1 (N+2x1—1,1) xz1 (N+2%1,1) 2% (—22) xh) *h/420;
end

%adding integral of v"2 on [x0,x1]
n=n+ 0.5+mu*(z1(N+1,1)" 2 %156 + z1(N+2,1) " 2+x4xh"2 +
2 x z1(N+1,1) * z1(N+2,1)*(—22)«*h)*h/420;

n=n+ Mx0.5xz1(2+N—1,1) "2+ Jx0.5xz1(2%N,1)"2;

When k;(z) = 0.1z + 2°, dj(w) = 0.5 + 5||w]||?, the following is added:

n=mn+ Mx0.5xz1 (2+%N—1,1) "2+ Jx0.5xz1(2%N, 1) "2;

n=n+ k.1x0.5%z1(N-1,1) "2+ k_11%0.25%xz1(N—-1,1)"4;

=]
Il

sgrt (n) ;
end

and in case k;(z) = 0.1z + sinh(z), d;(w) = 0.5 + 5sinh(||w||?)

n=mn+ Mx0.5xz1(2+%N—1,1) "2+ Jx0.5xz1(2%N,1)"2;
n =n+ k_1%0.5%z1(N—1,1)" 2+ k_11*(cosh(zl(N-—1,1))—1);
n = sqgrt(n);

end

5.4.3 Nonlinear boundary control

In this subsection, the implementation of the numerical method introduced in Subsec-
tion 4.3.2 for an EBB with nonlinear controller is presented. The output of the function
nonlinear_controller is the solution of the numerical method 7, tip position pos,
tip angle ang, and Lyapunov function 1 at all time steps. First, the constants to be used
in the implementation are defined and the output vectors initialized:

function [Z,pos,ang,l,nn,ts,dt] = nonlinear_controller ()
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mu = 1; lambda = 1; M = 0.1; J = 0.1;

L = 1; nn = 100; h = L/nn; N=2x%nn;

x = linspace(0,L,nn+1);

c_.dim = 3;

k.1 =0.1; k.2 =0.1; k.11 = 1; k.22 = 1;
d.l1 = 0.5; d.2 = 0.5; d_11 = 5; d.22 = 5;
dt = 107 (=2); ts = 5000;

pos = zeros(ts+l,1);

ang = zeros(ts+1l,1);

1 = zeros(ts+1l,1);

zeros (nn+1,ts/skip+1);

Then, the linear part of the system matrices is defined:

$matrix A
A=zeros (2*N+2xc_dim, 2+*N+2+c_dim) ;

A(l,1)=1;, A(2,2)=1;
A(1,N+1)=—0.5+xdt; A(2,N+2)=—0.5%dt;
for k = 2:nn

A(2+k,2+xk)=1; A(2+«k—1,2+«k—1)=1;

A(2+xk,N+2+xk)=—0.5+xdt; A (2+xk—1,N+2+xk—1)=—0.5*dt;

$%stiffness matrix

CHAPTER 5. SIMULATIONS

A (N+2xk—3,2+xk—3)=A (N+2+xk—3,2*xk—3) +1lambda=*0.

A (N+2xk—2,2+xk—2)=A (N+2+xk—2,2+xk—2) +1lambdax*0.

A (N+2+k—1,2+k—1)=A (N+2+k—1, 2+k—1) +1ambda*0.

5«12*dt/ (h"3);
5x4xdt/ (h);

5«12+xdt/ (h"3);

A (N+2xk,2+k)=A(N+2*k, 2xk) +1lambda+0.5+4+dt/ (h) ;

A(N+2xk—3,2xk—2)=A (N+2xk—3, 2xk—2)+1lambdax0.5x6+xdt/ (h"2) ;
A (N+2+k—2, 2+¢k—3)=A (N+2+k—2, 2xk—3) +1lambda*0.5%6+dt/ (h"2) ;

A(N+2xk—3,2xk—1)=A (N+2xk—3, 2xk—1)—lambdax*x0.5x12xdt/ (h"3);
A(N+2xk—1,2xk—3)=A (N+2xk—1, 2xk—3)—lambda*0.5x12xdt/ (h"3);

A (N+2xk—3,2%k) =A (N+2+k—3, 2%k) +lambda*0.5%6+dt/ (h"2) ;
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A(N+2+xk, 2+k—3)=A (N+2*k, 2xk—3) +lambda*0.5x6+xdt/ (h"2) ;

A(N+2xk—2,2xk—1)=A (N+2xk—2,2xk—1)—lambdax0.5x6xdt/ (h"2) ;
A(N+2xk—1,2xk—2)=A (N+2xk—1, 2xk—2)—lambdax*x0.5x6xdt/ (h"2);

A(N+2xk—2,2xk)=A (N+2+xk—2,2+xk) +1lambda*0.5x2+dt/ (h) ;
A (N+2xk,2xk—2)=A (N+2*k, 2xk—2)+lambda+0.5x2*xdt/ (h) ;

A (N+2%k—1,2%k)=A(N+2xk—1,2%k)—lambdax0.5x6«xdt/ (h"2);
A(N+2xk,2xk—1)=A (N+2xk, 2xk—1)—lambda*x0.5x6xdt/ (h"2) ;

$mass matrix

A(N+2xk—3,N+2xk—3)=A (N+2xk—3,N+2xk—3)+ muxh=* (13/35);
A (N+2+k—2,N+2+k—2)=A (N+2+k—2,N+2+xk—2)+ murh~3%(1/105);
A(N+2+k—1,N+2+k—1)=A (N+2+k—1,N+2xk—1)+ muxhx (13/35);
A(N+2xk,N+2+k)=A (N+2+k,N+2+k)+ muxh"3x(1/105);

A(N+2xk—3,N+2xk—2)=A (N+2%xk—3,N+2xk—2)+ muxh” "2+ (11/210) ;
A(N+2xk—2,N+2xk—3)=A (N+2*xk—2,N+2xk—3)+ muxh” "2+ (11/210) ;

A(N+2xk—3,N+2xk—1)=A (N+2xk—3,N+2xk—1)+ muxh=*(9/70) ;
A (N+2xk—1,N+2%xk—3)=A (N+2xk—1,N+2+xk—3)+ muxh=x (9/70) ;

A (N+2xk—3,N+2xk)=A (N+2%xk—3,N+2xk)+ murh”" 2% (—=13/420) ;
A(N+2xk,N+2xk—3)=A (N+2xk, N+2+xk—3)+ murh"2x (—13/420);

A (N+2%k—2,N+2xk—1)=A (N+2+k—2,N+2+k—1)+ muxh~2* (13/420) ;
A (N+2xk—1,N+2xk—2)=A (N+2+k—1,N+2+k—2)+ muxh"2* (13/420) ;

A (N+2%xk—2,N+2%k)=A (N+2xk—2,N+2xk) + muxh"3%(—1/140);
A(N+2xk,N+2xk—2)=A (N+2xk,N+2xk—2)+ muxh"3x (—1/140);

A (N+2+k—1,N+2+k)=A (N+2+k—1,N+2+k)+ muxh"2* (—11/210);
A(N+2xk,N+2xk—1)=A (N+2xk,N+2xk—1)+ muxh"2x (—=11/210);
end
$stiffness matrix
A(N+1,1)=A(N+1,1)+lambdax0.5x12+dt/ (h"3);
A (N+2,2)=A(N+2,2)+lambda*0.5+«4xdt/ (h);

A(N+1,2)=A(N+1,2)—lambda*x0.5x6xdt/ (h"2);
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A(N+2,1)=A(N+2,1)—lambdax0.5+6xdt/ (h"2);
A(2%N—1,N—1)=A (2+N—1,N—1)+0.5+k_2+dt;

A(2%N,N)=A (2N, N)+0.5+k_1+dt;

$mass matrix

A(N+1,N+1)=A(N+1,N+1)+ mu*h=*(13/35);

A (N+2,N+2) =A (N+2,N+2) + mu*xh"3* (1/105);
A(N+1,N+2)=A(N+1,N+2)— muxh"2x(11/210);
A(N+2,N+1)=A(N+2,N+1)— muxh"2x(11/210);
A(2%N—1,2%N—1)=A (2«N—1,2+N—1)+ M + 0.5xdt*d_2;
A(2#N, 2+N)=A (2+N, 2«N)+ J + 0.5xdt*d_1;
%$controller part

1 : c.dim

A(2+N+1,2+xN+1)=1;
A (2+#N+c_dim+i, 2xN+c_dim+i)=1;

for 1

end

$matrix B
B=zeros (2«N+2+c_dim, 2*N+2+xc_dim) ;

B(1,1)=1; B(2,2)=1;
B(1,N+1)=0.5%dt; B(2,N+2)=0.5%dt;

for k = 2:nn

B(2+xk,2xk)=1; B(2+xk—1,2+xk—1)=1;
B(2xk,N+2xk)=0.5xdt; B(2xk—1,N+2+xk—1)=0.5*dt;

%$%stiffness matrix

B (N+2xk—3,2xk—3)=B (N+2xk—3, 2xk—3)—lambdax0.5*%12xdt/ (h"3) ;
B(N+2+xk—2,2xk—2)=B (N+2+k—2, 2+xk—2)—lambda*0.5+4*dt/ (h) ;

B (N+2xk—1,2xk—1)=B (N+2xk—1, 2xk—1)—lambdax0.5x12xdt/ (h"3);
B(N+2xk, 2+k) =B (N+2+k, 2xk)—lambda0.5+4+dt/ (h) ;

B (N+2xk—3,2xk—2)=B (N+2+k—3, 2«k—2)—lambda*0.5+x6+dt/ (h"2) ;
B(N+2xk—2,2+k—3)=B (N+2xk—2,2+xk—3)—lambda*0.5x6xdt/ (h"2);
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B (N+2+k—3, 2%k—1) =B (N+2+k—3, 2«k—1) +lambda*0.5+«12+dt/ (h"3) ;
B (N+2+k—1,2%k—3)=B (N+2+k—1, 2%k—3) +1lambda+0.5+12+dt/ (h"3) ;

B (N+2xk—3,2xk) =B (N+2xk—3, 2xk)—lambda*0.5x6xdt/ (h"2) ;
B (N+2xk, 2xk—3)=B (N+2*k, 2xk—3)—lambda*0.5x6xdt/ (h"2) ;

B (N+2+k—2,2%xk—1)=B (N+2%k—2, 2%k—1) +1lambda*0.5+«6xdt/ (h"2) ;
B (N+2+k—1,2%k—2)=B (N+2xk—1, 2%k—2) +1lambda*0.5+«6xdt/ (h"2) ;

B(N+2xk—2,2xk) =B (N+2+k—2, 2xk)—lambda*0.5x2xdt/ (h) ;
B(N+2xk, 2xk—2)=B (N+2+k, 2xk—2)—lambda*0.5x2+dt/ (h) ;

B (N+2xk—1,2xk)=B (N+2xk—1,2xk) +lambda*0.5%x6xdt/ (h"2);
B (N+2+k, 2+4k—1)=B (N+2+k, 2«k—1) +1lambda*0.5«6xdt/ (h"2) ;

$mass matrix

B (N+2xk—3,N+2xk—3)=B (N+2xk—3,N+2xk—3)+ muxh=* (13/35);
B(N+2+xk—2,N+2+k—2)=B (N+2xk—2,N+2+k—2)+ muxh~ 3% (1/105) ;
B(N+2xk—1,N+2+k—1)=B (N+2+k—1,N+2+k—1)+ muxh* (13/35);

B (N+2xk, N+2xk) =B (N+2+k, N+2xk) + muxh”3%(1/105);

B (N+2+k—3, N+2+k—2) =B (N+2+k—3, N+2xk—2) + muxh"2+ (11/210) ;
B (N+2+k—2, N+2+k—3) =B (N+2+k—2,N+2xk—3) + muxh"2+ (11/210) ;

B (N+2xk—3,N+2xk—1)=B (N+2xk—3,N+2+xk—1)+ muxh=* (9/70) ;
B(N+2xk—1,N+2xk—3)=B (N+2xk—1,N+2+xk—3)+ muxhx* (9/70) ;

B (N+2%k—3, N+2+k) =B (N+2+k—3, N+2+k) + muxh"2% (—13/420) ;
B (N+2*xk,N+2xk—3)=B (N+2*xk, N+2*xk—3)+ muxh"2* (—13/420) ;

B(N+2xk—2,N+2xk—1)=B (N+2xk—2,N+2+xk—1)+ muxh"2* (13/420) ;
B(N+2+xk—1,N+2+xk—2)=B (N+2xk—1,N+2+xk—2)+ muxh"2* (13/420) ;

B (N+2xk—2,N+2+k) =B (N+2xk—2,N+2+k)+ mu*xh" 3« (—=1/140) ;
B (N+2xk,N+2xk—2)=B (N+2*k, N+2*xk—2)+ mu*xh"3% (—1/140) ;

B(N+2+xk—1,N+2*k)=B (N+2+xk—1,N+2*k)+ muxh"2*(—11/210);
B(N+2xk,N+2xk—1)=B (N+2*k,N+2*xk—1)+ muxh"2+(—11/210);
end
$stiffness matrix

B(N+1,1)=B(N+1l,1)—lambda*0.5%«12%xdt/ (h"3);
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B(N+2,2)=B(N+2,2)—lambdax0.5%x4*dt/ (h)

B(N+1,2)=B(N+1,2)+lambdax0.5x6xdt/ (h"2);
B(N+2,1)=B (N+2, 1) +lambda*0.5%6%dt/ (h"2) ;

B(2xN—1,N—1)=B(2xN—1,N—1)—0.5xk_2*dt;
B(2*N,N)=B(2+N,N)—0.5+xk_1+dt;

$mass matrix

B(N+1,N+1)=B(N+1,N+1)+ muxhx (13/35)
B(N+2,N+2)=B(N+2,N+2)+ muxh~ 3% (1/105)

B (N+1,N+2) =B (N+1,N+2)— muxh"2% (11/210) ;
B (N+2,N+1) =B (N+2,N+1)— muxh"2% (11/210)

B(2*N—1,2xN—1)=B (2+xN—1,2+xN—1)+ M — 0.5+xdt+d_2;
B(2*N, 2«N)=B (2+N,2xN)+ J — 0.5*dt~d_1;

%controller part

for i = 1 : c_.dim
B(2xN+i, 2«N+1i)=1;
B(2xN+c_dim+i, 2«N+c_dim+i)=1;
end

Next, the system is initialized, and the initial state is saved in the corresponding output
vectors:
z0 = zeros (2+xN+2xc_dim, 1) ;

$initialization for u0=0.2x(—3(x/L) "2 + 2(x/L)"
for k=1l:nn

z0 (N+2+k—1,1)= 0; $v_0 (x_k)
0 (N+2xk, l) 0; $v_0"'(x_k)
0(2xk,1)= *( 6% (x (k+1 /L /L + 6x(x(k+1)/L) 2/L $u.0"' (x_k)
0(2+xk-—1, l) 2% (—3% (x(k+1) /L) "2 + 2+« (x(k+1)/L)" $u_0 (x_k)
end
for 1 : c.dim

k =
z0(2«N + k)=0.3;
z0(2*N + c_.dim + k)=0.3;

end
pos(l,1)=z0(2xnn—1,1);
ang(1l,1)=z0(2*nn,1);
1(1,1) = lyapunov (nn,z0);
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for k=1l:nn
Z(k+1,1)=z0(2+xk—1,1);
end

A nonlinear system is solved for each time step k, for k = 1, ..., ts, using Newtons
method for cases a) and b) from Subsection 5.3. In the first case, there holds k;(x) =
0.1z + 23, d;(w) = 0.5 + 5]|w||*:

for k=1l:ts
w0 = z0;
f = Axw0 — B*xz0;

for s =1 : c.dim
f(2+«N+s,1) = £(2+xN+s,1) +dt*0.125x (w0 (2+N+s,1)+z0(2+xN+s,1)) " 3...
—0.25%0.5+xdt* (w0 (2%N+s,1)+z0 (2*xN+s,1)) "2+ (w0 (2*N,1)+z0(2%N,1));
f(2xN+c_dim+s,1) = f£(2xN+c_dim+s,1) + dt*0.125%...
(w0 (2*N+c_dim+s,1)+z0 (2+xN+c_dim+s,1)) "3
—0.25%0.5+dt* (w0 (2%N+c_dim+s,1)+z0 (2+xN+c_dim+s,1)) "2%...
(WO (2%*N—1,1)+z0(2«N—-1,1));
end

f(2xN—-1,1) = £(2+xN—=1,1)+ 0.25xdt* (w0 (2*xN—1,1) + z0(2+«N—-1,1))*...
(d_22*norm (w0 (2«N+c_dim+1:2xN+2+xc_dim,1),2) "2 +
d_22+norm(z0 (2«N+c_dim+1:2+xN+2+xc_dim,1),2)"2);
f(2+«N,1) = £(2%N,1) + 0.25xdtx (wO (2N, 1) + z0(2*N,1)) *.
(d_ll*norm (w0 (2+«N+1:2+*N+c_dim,1),2) "2 +...
d_ll*norm(z0 (2+*N+1:2+xN+c_dim,1),2)"2);

£(2+N—1,1) = f£(2#N—1,1) + 0.25+dt+k_22%...
(w0 (N—1,1)+2z0 (N—1,1) ) * (w0 (N—1,1) “2+20 (N—1, 1) "2) ;
£(2+N,1) = £(2#N,1) + 0.25+dtxk_11 (w0 (N,1)+z0(N,1))*...
(wO (N, 1) “2+2z0 (N, 1) "2);

f(2xN—1,1) = £(2+*N—1,1)+0.125+xdt+sum( (w0 (2«N+c_dim+1l: 2*«N+2%c_dim,1) ...
+z0 (2«N+c_dim+1l: 2+#N+2+c_dim,1))."3);

£(2%N,1) = f(2«N,1) + 0.125%dtx...
sum ( (w0 (2+«N+1: 2%N+c_dim,1)+z0 (2xN+1: 2xN+c_dim,1))."3);

while (norm(f,2) > 10" (—11) && it < 50)
it = it+1;

Df = A;
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Df (2%«N—1, 2*N—1) = Df (2xN—1, 2xN—1) + 0.25*dt=*...
(d_22*norm (w0 (2*N+c_dim+1:2+xN+2+xc_dim,1),2) "2 +
d_22*norm(z0 (2«N+c_dim+1:2+xN+2+xc_dim,1),2) " 2);

Df (2%N, 2%N) = Df(2%N, 2xN) + 0.25%dt*...
(d_.1l*norm (w0 (2+N+1:2*«N+c_dim,1),2) "2 + ...
d_ll*norm(z0 (2+xN+1:2xN+c_dim,1),2) " 2);

Df (2#N—1, 2*N + c_dim +1 : 2xN + 2%c_dim) = .
Df (2%«N—1, 2N + c_dim +1 : 2xN + 2%c_dim) + d_22%0.5%xdt* (w0 (2+«N—1,1) ...
+ z0(2xN—1,1))» wO (2N + c_.dim +1 : 2%N + 2%c_dim,1)';

Df (2N, 2«N +1 : 2xN + c_dim) = Df(2%N, 2xN +1 : 2%*N + c_dim) +
d_11%0.5+xdt* (w0 (2%N,1) +z0(2%N,1))* wO(2+«N +1 : 2N + c_.dim,1)"';

Df (2¥N—1, N—1) = Df(2%N—1, N—1) + 0.25+dt*k_22x%...
(3«w0 (N—1,1) "2 + 2+w0 (N—1,1) %20 (N—1,1) +z0(N—1,1)"2);

Df (2«N, N) = Df(2%N, N) + 0.25xdt+xk_11%...
(3*wO (N, 1) "2 + 2wO(N,1)*z0(N,1) +z0(N,1)"2);

Df (2*N—1, 2xN+c_dim+1:2xN+2*«c_dim) = .
Df (2%*N—1, 2*N+4+c_dim+1:2+*N+2xc_dim)+0.125xdt*...
(3% (WO (2#%N+c_dim+1:2xN+2+xc_dim, 1) +z0 (2xN+c_dim+1:2*N+2xc_dim,1))."2)";

Df (2%N, 2%*N+1:2%N+c_dim) = Df (2*N, 2#N+1:2+«N+c_dim) + 0.125%dt*...
(3% (WO (2#N+1:2+xN+c_dim, 1) +z0 (2+xN+1:2«N+c_dim,1))."2)"';

Df (2+#*N+c_dim+1:2+xN+2+xc_dim, 2«N—1) =
Df (2#N+c_dim+1:2+xN+2+xc_dim, 2*N—1)— 0.5+%dt+0.25%...
(WO (2«N+c_dim+1:2xN+2+xc_dim, 1) +z0 (2+«N+c_dim+1:2+N+2+xc_dim, 1)) ."2;

Df (2#N+1:2+xN+c_dim, 2+N) = Df (2+N+1:2+«N+c_dim,2*N) — 0.5%xdt+0.25x...
(WO (2#N+1:2+«N+c_dim,1)+z0 (2+*N+1:2+xN+c_dim, 1)) ."2;

for brl =1 : c_dim
Df (2«N+c_dim+brl, 2xN+c_dim+brl) = Df (2«N+c_dim+brl, 2xN+c_dim+brl) ...

—0.25+%dt* (WO (2*N—1,1) + z0(2*N—1,1))*...
(w0 (2*N+c_dim+brl, 1)+ z0(2+xN+c_dim+brl,1));

Df (2#N+c_dim+brl, 2xN+c_dim+brl) = Df (2+«N+c_dim+brl, 2xN+c_dim+brl) ...
+dt*0.125%3% (w0 (2*xN+c_dim+brl, 1)+ z0 (2xN+c_dim+brl, 1)) "2;

Df (2+«N+brl, 2xN+brl) = Df (2«N+brl, 2+«N+brl) — 0.25xdt«*...
(WO (2+«N,1) + z0(2%N,1)) (w0 (2*N+brl,1)+ z0 (2+xN+brl,1));

Df (2+#N+brl, 2+xN+brl) = Df (2«N+brl, 2+«N+brl) + dtx0.125x3x...
(w0 (2*N+brl, 1)+ z0 (2xN+brl, 1)) "2;

end
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wl = linsolve(Df, Dfxw0 — f);
f = Axwl — Bxz0;

for s =1 : c.dim
f(2+«N+s,1) = £(2xN+s,1) + dt*0.125% (wl (2+xN+s,1)+z0(2+«N+s,1)) "3
—0.25%0.5xdt*x (wl (2xN+s,1)+z0(2%N+s,1)) "2%*...
(wl (2«N,1)+z0(2«N,1));
f(2xN+c_dim+s,1) = £ (2xN+c_dim +s,1) +dt*«0.125%...
(wl (2*N+c_dim+s,1)+z0 (2+xN+c_dim+s,1)) "3—0.25%x0.5+dt ...
(wl (2*N+c_dim+s,1)+z0 (2xN+c_dim+s,1)) "2* (wl (2«N—1,1)+z0 (2+xN—1,1));
end

f(2«N—1,1) = £(2+«N—1,1)+ 0.25+xdt* (wl (2«N—1,1) + zO0(2+N—1,1))*...
(d_22+norm (wl (2*N+c_dim+1:2+«N+2*c_dim,1),2) "2+ d_22«...
norm (z0 (2+xN+c_dim+1:2+«N+2+«c_dim,1),2) "2);
f(2+«N,1) = £(2%N,1) + 0.25xdtx (wl (2«N,1) + z0(2*N,1)) ...
(d_ll*norm(wl (2+*N+1:2xN+c_dim,1),2) "2 + d_11*...
norm(z0 (2xN+1:2«N+c_dim,1),2)"2);

f(2*N—-1,1) = £(2+*N—1,1)+ 0.25xdt*k_22* (Wl (N—1,1)+z0 (N—1,1))*. ..
(wl(N—1,1)"2+z0(N—-1,1)"2);

f(2+N,1) = £(2xN,1) + 0.25+«dt+k_11=...
(Wl (N,1)+z0(N,1))*(wl(N,1) " 24+z0(N,1)"2);

f(2xN—1,1) = £(2+«N—1,1)+ 0.125xdt«...

sum ( (Wl (2+xN+c_dim+1:2+N+2+c_dim,1)+z0 (2+N+c_dim+1:2+*N+2+«c_dim,1))."3);
f(2+N,1) = £(2xN,1) + 0.125%dt*...

sum ( (wl (2xN+1: 2xN+c_dim,1)+z0 (2+xN+1: 2xN+c_dim,1l))."3);

w0 = wl;
end
z0=w0;

1(k+1,1) = lyapunov (nn,z0);
for j=1 : nn
Z(3+1,k+1)=z0(2+«3—1,1);

end

pos (k+1,1)=z0(2+«nn-1,1);
ang (k+1,1)=z0(2*nn,1);

end

In the second case, there holds k;(z) = 0.1z + sinh(z), d;(w) = 0.5 + 5sinh(||w]|?):

for k=1l:ts
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w0 = z0;
f = Axw0 — Bxz0;

for s =1 : c.dim
f(2+«N+s,1) = £(2+xN+s,1) +dt*0.125% (w0 (2«N+s,1)+z0(2*N+s,1)) "3
—0.25%0.5+dt* (w0 (2*N+s, 1) +z0(2*N+s,1)) "2+ (wO (2+N, 1)+z0(2xN, 1)) ;
f(2«N+c_dim+s,1) = £ (2xN+c_dim+s,1) +dtx0.125%...
(w0 (2%N+c_dim+s,1)+z0 (2*N+c_dim+s,1)) "3
—0.25%0.5+dt* (w0 (2+xN+c_dim+s,1)+z0 (2*N+c_dim+s,1)) "2*...
(WO (2%N—1,1)+z0(2+«N—-1,1));

end
f(2xN—1,1) = £(2+*N—1,1)+ 0.25%xdt* (w0 (2«N—1,1) + zO0(2+*N—1,1))*...
(d_22*sinh (norm (w0 (2+*N+c_dim+1:2+«N+2+c_dim,1),2)"2) ...
+ d_22+*sinh (norm(z0 (2+xN+c_dim+1:2+«N+2+«c_dim,1),2) "2));
f(2xN,1) = £(2xN,1) + 0.25+%dt* (w0 (2*N,1) + zO0(2xN,1))*...
(d_11l%sinh (norm (w0 (2*N+1:2%N+c_dim,1),2) " 2) ...
+ d_llxsinh (norm(z0 (2+*N+1:2xN+c_dim,1),2)72));
if wO(N—1,1)==z0(N—-1,1)
f(2«N—1,1) = £(2+xN—1,1)+ dt*k_22*sinh (w0 (N—1,1));
else
f(2«N—1,1) = £(2+xN—1,1)+ dt*xk_22%*...
(cosh (w0 (N—1,1))—cosh(z0(N—1,1)))/ (wO(N—1,1)—z0(N—1,1));
end

if wO(N,1)==2z0(N,1)

f(2+«N,1) = £(2xN,1)+ dtxk_11%sinh(wO(N,1));
else
f(2xN,1) = £(2xN,1)+ dt*xk_11*...
(cosh (w0 (N,1))—cosh(z0(N,1)))/(wO(N,1)—z0(N,1));
end
f(2xN—1,1) = £(2+«N—1,1)+ 0.125xdt*...
sum ( (WO (2+xN+c_dim+1:2+N+2+c_dim, 1) +z0 (2+N+c_dim+1:2+*N+2+xc_dim,1))."3);
f(2+N,1) = £(2xN,1) + 0.125*dt*...
sum ( (w0 (2«N+1: 2%N+c_dim,1)+z0 (2xN+1: 2xN+c_dim,1))."3);
it = 0;

while (norm(f,2) > 10" (—12) && it < 50)

it it+1;
Df = A;

Df (2%*N—1, 2%«N—1) = Df (2%N—1, 2*N—1) + 0.25xdt=*...
(d_22+*sinh (norm (w0 (2«N+c_dim+1:2*N+2+xc_dim,1),2) " 2)+...
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d_22+sinh (norm(z0 (2«N+c_dim+1:2xN+2+xc_dim,1),2)"2));

Df (2«N, 2xN) = Df (2+N, 2%N) + 0.25xdt=*...
(d_11l%sinh (norm (w0 (2%N+1:2+«N+c_dim,1),2) "2)+...
d_11l*sinh(norm(z0 (2+*N+1:2+N+c_dim,1),2)"2));

Df (2#*N—1, 2N + c_dim +1 : 2xN + 2*c_dim) =

Df (2#N—1, 2*N + c_dim +1 : 2*N + 2%c_dim) +
d_22x0.5+dt* (w0 (2+«N—1,1) +z0(2+N—1,1))*

cosh (norm (w0 (2*N+c_dim + 1:2+xN+2xc_dim,1),2) " 2)*...
w0 (2+%N + c_.dim +1 : 2+«N + 2%xc_dim,1)"';

Df (2%N, 2N +1 : 2xN + c_dim) = .
Df (2%N, 2*N +1 : 2xN + c_dim) + d_11#0.5%dt* (w0 (2%N,1) +z0(2«N,1))*...
cosh (norm (w0 (2*N+1:2%«N+c_dim, 1),2) "2)*w0 (2xN +1 : 2+«N + c_dim,1)"';

if wO(N—1,1)==z0(N—1,1)
Df (2«N—1, N—1) = Df(2%«N—1, N—1) + dt*k_22x0.5%cosh(z0(N—1,1));
else
Df (2xN—1, N—1) = Df(2«N—1, N—1) + dt*k_22*...
(sinh (w0 (N—1,1))* (wO(N—1,1)—z0(N—1,1))—...
cosh (w0 (N—1,1))+cosh(z0(N-—1,1)))/ (wO(N—1,1)—z0(N—-1,1))"2;
end

if wO(N,1)==z0(N,1)
Df (2«N, N) = Df(2%N, N) + dt*k_11+x0.5xcosh(z0(N,1));
else
Df (2«N, N) = Df(2%N, N) + dt*k_11lx(sinh(wO(N,1))* (w0 (N,
cosh (w0 (N,1))+cosh(z0(N,1)))/ (wO(N,1)—z0(N, 1))
end

Df (2%N—1,2+%N+c_dim+1:2xN+2xc_dim) = Df (2+«N—1,24%N+c_dim+1:2xN+2xc_dim) ...
+0.125%dt* (3% (WO (2+#N+c_dim+1:2+N+2+xc_dim,1)+. ..
z0 (2*N+c_dim+1:2xN+2+xc_dim,1))."2)";

Df (2%N, 2*N+1:2%N+c_dim) = Df (2+N, 2#N+1:2+«N+c_dim) + 0.125%dt*...
(3% (WO (2*N+1:2%N+c_dim, 1) +z0 (2*N+1:2+xN+c_dim,1))."2)"';

Df (2#N+c_dim+1:2xN+2+xc_dim,N—1) = Df (2#«N+c_dim+1:2xN+2+xc_dim,N—1) —...
0.25#%0.5+dt* (w0 (2#N+c_dim+1:2+*N+2+xc_dim, 1) +. ..
z0 (2*N+c_dim+1:2+«N+2+c_dim,1))."2;

Df (2#N+1:2+#N+c_dim,N) = Df (2«N+1:2%N+c_dim,N) — 0.25x0.5xdt*...
(WO (2%N+1:2%N+c_dim,1)+z0 (2xN+1:2«N+c_dim, 1)) ."2;

for brl = 1 : c_dim
Df (2#«N+c_dim+brl, 2xN+c_dim+brl) = Df (2+«N+c_dim+brl, 2xN+c_dim+brl) ...
— 0.25%xdt* (w0 (2%N—1,1) + z0(2*N—1,1))*...
(w0 (2*N+c_dim+brl, 1)+ z0 (2xN+c_dim+brl,1));

Df (2#*N+c_dim+brl, 2xN+c_dim+brl) = Df (2+«N+c_dim+brl, 2xN+c_dim+brl) ...
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+ dtx0.125%3% (w0 (2*N+c_dim+brl, 1)+ z0 (2+*N+c_dim+brl, 1)) "2;

Df (2#*N+brl, 2+xN+brl) = Df (2«N+brl, 2«N+brl) — 0.25xdt* (w0 (2%N,1) ...
+ z0(2*N, 1)) * (w0 (2+«N+brl, 1)+ z0(2%N+brl,1));

Df (2+«N+brl, 2xN+brl) = Df (2«N+brl, 2+«N+brl) + dtx0.125x3%...
(w0 (2*N+brl, 1)+ z0 (2xN+brl, 1)) "2;

end

wl = linsolve(Df, Dfxw0 — £f);
f = Axwl — Bxz0;

for s =1 : c.dim

f(2+N+s,1) = £(2%*N+s,1) +dt*0.125% (wl (2+*N+s,1)+z0(2+«N+s,1))" 3 ...
—0.25%0.5+xdt* (Wl (2+N+s,1)+z0(2+*N+s,1)) "2+ (wl (2xN, 1)+z0(2*N, 1)) ;
f(2«N+c_dim+s,1) = f£(2+xN+c_.dim +s,1) +dt*0.125x...
(Wl (2*N+c_dim+s,1)+z0 (2*N+c_dim+s,1)) "3 —0.25%x0.5+dt*...
(wl (2*N+c_dim+s,1)+z0 (2xN+c_dim+s, 1)) "2+ (wl (2«N—1,1)+z0 (2+«N—1,1));

end

f(2«N—1,1) = £(2+*N—1,1)+ 0.25+xdt* (wl (2«N—1,1) + zO0(2+N—1,1))*...
(d_22*sinh (norm(wl (2*N+c_dim+1:2+«N+2+xc_dim,1),2) " 2)+...
d_22*sinh (norm(z0 (2+xN+c_dim+1:2+«N+2+«c_dim,1),2) "2));
f(2xN,1) = £(2xN,1) + 0.25+dtx(wl(2*N,1) + z0(2xN,1))*...
(d_.11l*sinh (norm(wl (2*N+1:2%N+c_dim,1),2) "2)+...
d_l1l*sinh (norm(z0 (2«N+1:2+«N+c_dim,1),2) "2));

if wO(N—1,1)==z0(N-1,1)
f(2«N—-1,1) = £(2+«N—1,1)+ dt*k_22+xsinh(wl (N—1,1));
else
f(2«N—1,1) = £(2+«N—1,1)+ dt*k_22*...
(cosh(wl (N—1,1))—cosh(z0(N—1,1)))/(wl(N—1,1)—z0(N—1,1));

end
if wO(N,1)==z0(N,1)
f(2+«N,1) = £(2xN,1)+ dtxk_11l*sinh(wl(N,1));
else
f(2xN,1) = £(2*N,1)+ dt*k_11*...
(cosh(wl(N,1))—cosh(z0(N,1)))/(wl(N,1)—z0(N,1));
end

f(2«N—1,1) = £(2+xN—1,1)+ 0.125xdt*...

sum ( (Wl (2+xN+c_dim+1:2*N+2xc_dim, 1) +z0 (2+N+c_dim+1:2+«N+2+«c_dim,1))."3);
f(2xN,1) = £(2«N,1) + 0.125+«dt*sum((wl (2«N+1:2+«N+c_dim,1)+...

z0(2#«N+1: 2«N+c_dim,1))."3);

w0 = wl;
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end

z0=w0;

1(k+1,1) = lyapunov (nn,z0);

for j=1 : nn
Z(j+1,k+1)=z0(2x3-1,1);

end

pos (k+1,1)=z0(2xnn—1,1);
ang (k+1,1)=z0(2*nn,1);

end

Function lyapunov calculates the value of the Lyapunov functional of the solution,
and is given as follows:

function n = lyapunov (rnn,zl)

mu = 1; lambda = 1; L = 1;

h L/rnn; N = 2%rnn;

M =20.1; J=0.1;

k.1 =0.1; k.2 =0.1; k.11 = 1; k.22 = 1;
n=0;
$adding integral of u.xx"2
for 1=2: rnn
n=mn+ 0.5%«(z1(2+x1—-3,1)"2 x12 + z1(2%1—2,1)"2 %= 4xh"2
+ z1(2+%1—1,1)"2 *12 + z1(2%1,1)"2 *4xh"2 +
z1(2%1—3,1)*z1 (2%1—2,1)*2x6+«h + z1(2%1—3,1)*z1(2+«1—1,1) 2% (—12) +
1(2x1—3,1)*z1(2%1,1)*x2x6xh + z1 (2%x1—2,1)*z1(2x1—1,1)*2%x(—6+*h) +
1(2x1—=2,1)*z1(2%1,1)*x2x2+xh"2 +
1(2«1-1,1) (2x1,1)*x2* (—6*h)) *lambda/ (h"3)
end
%$adding integral of u_.xx"2 on [x0,x1]
n =n + lambda*x0.5% (12%z1(1,1) "2 — 2%6*xh xz1(1,1)*z1(2,1) +
4+h"2%x2z1(2,1)"°2)/(h"3);

*z1

%$adding integral of v"2

for 1=2: rnn
n=mn+ 0.5+mux (21 (N+2+x1—3,1) "2x156 + z1 (N+2+x1—2,1) "2x4+«h"2
+z1 (N+2+1—1,1) "2%*156+z1 (N+2+1,1) "2«4+xh"2 +
I (N+2x1—3,1) %zl (N+2x1—2,1) x2%22xh +
1 (N+2x1—3,1)xz1 (N+2%1—1,1)*2+x54 +
z1 (N+2%1—3,1)*xz1 (N+2x1,1) »2% (—13) *h +
z1 (N+2%1—2,1) %21 (N+2%1—1,1)*2+«13xh...
+z1 (N+2x1—2,1) xz1 (N+2%1,1) *2x (—=3)*h"2+. ..
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z1 (N+2%x1—1,1)*z1 (N+2%1,1)*2% (—22)xh) +xh/420;
end

%$adding integral of v"2 on [x0,x1]
=n + 0.5+xmu*(z1 (N+1,1)"2 *156 + z1(N+2,1) " 2x4+«h"2 + ...
2 x z1(N+1,1) * z1(N+2,1)*(—22)+*h)*h/420;

o\

adding 0.5x|zetal|"2

= size(zl);

=n + 0.5+xnorm(zl1 (2+N+1:m(1),1),2)"2;

=n + Mx0.5%2z1 (2+xN—1,1) "2+ J*x0.5%z1 (2N, 1) "2;
= n + k_1%0.5%z1(N,1)"2;

= n+ k_2%0.5%21 (N—1,1) "2;

5 85 85 5 3

In order to include the integrals of k; and ky as seen in (4.19), the cases a) and b) need
to be distinguished again. In case when k;(z) = 0.1z 4+ 2%, j = 1,2 the following is added
to the Lyapunov function:

n=mn+ k.11x0.5x0.25%xz1(N,1) "4;

n = n+ k_22+«0.5%0.25x2z1(N—1,1) "4;
n = sqrt(n);
end
In case when k;(z) = 0.1z 4 sinh(z), the following is added:
n=n+ k_1%0.5x(cosh(z1(N,1))—-1);
n =n+ k_2x0.5«(cosh((N—-1,1))—-1);
n = sqrt(n);

end



Conclusion and outlook

To conclude this thesis, the main results are revised and the next research steps and open
questions are discussed.

Conclusion

The main contribution of the thesis is the extension of the existing stability results for
the EBB with tip body and dynamic feedback boundary control [40, 47, 18]. It has been
demonstrated that although the linear dynamic controller using low-order boundary terms
stabilizes the system asymptotically, the system is not exponentially stable. This is the
generalization of the result obtained for the static controller in [58]. There the author
demonstrates that to obtain the exponential stability, the higher-order boundary terms
need to be used.

In order to demonstrate the asymptotic stability of the beam system with nonlinear
boundary conditions, it is vital to show the precompactness property of the trajectories.
However, none of the methods from the literature [23, 55, 54, 70, 20, 66] can be utilized for
the system observed in this thesis, since the nonlinear part of the system operator applied
to the trajectory can not be shown to be L!-integrable in time, the system operator is not
dissipative nor is the linear semigroup generated by the linear part of the system operator
compact. The novel approach introduced in this work, is based on demonstrating that the
norm of the time derivative of the solution is uniformly bounded in time. However, this
result has been shown only for classical and not for all mild solutions.

Finally, it had been shown that applying finite element method for discretization in
time and Crank-Nicolson method for discretization in time leads to a dissipative, stable
numerical method. The dissipativity property is independent of the choice of the finite
element space. The method is validated in simulations. The numerical method for EBB
system with dynamic control is novel.

Outlook

To complete the stability analysis in Chapters 3 and 4, it would be of interest to extend
the asymptotic stability result obtained for the classical to mild solutions. Furthermore,
uniqueness of the weak solutions for the EBB systems with a nonlinear spring and damper
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attached to the beam tip, and a nonlinear dynamic controller, respectively has not been
shown in this work. However, since the mild solutions to these systems are unique, it is
expected that the weak solutions are unique as well. Therefore, demonstrating uniqueness
of weak solutions is a further research assignment.

Another interesting topic for future research is the extension of the obtained numerical
method to a general class of hyperbolic systems with passivity based feedback control. In
particular, also the extension of the numerical method for EBB with dynamic controller
to the case when condition (4.96) does not hold would be of interest.

Finally, the stability results obtained for the EBB with nonlinear spring and damper
could be used to extend the research in [7], to analyze the stability of a system consisting
of flexible micro-gripper used for DNA manipulation.



Appendices

Appendix A

In order to keep the integrity of the thesis, some of the established results and their proofs
have been deferred to this Appendix. The following result was used in Proof of Theorem
2.30.

Theorem A.1. Let
H2(0,L) := {u € H*(0,L)| u(0) = u,(0) = 0}.

Then there exists a set of functions {wy,}32, that is an orthogonal basis of H2(0, L) and an
orthonormal basis of L*(0,L).

Proof. Let the operator L be a fourth order differential operator given by:
Lu = Uggge-

The following initial value problem is observed:

Lu(z) = f(z), z€(0,L)
u(0) = 0,
ug(0) =0,
Usa(L) = 0,
Upea(L) = 0.

Assuming that f € L?(0, L) a weak solution is defined to be u € H2(0, L) such that

L L
/ Upg Wy AT = / fw dx
0 0

Vw € HZ(0, L). Since symmetric bilinear form

L
b(v, w) :/ VppWay AT
0
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is coercive and bounded on H2(0, L), from Lax-Milgram Lemma it follows that weak for-
mulation has unique solution u € HZ(0, L). Then the following holds

w=L7()
Operator L™': L?(0, L) — L*(0, L) is obviously linear and bounded. Moreover,

lullz20,) < Cll 20,1

and since HZ(0, L) is compactly embedded in L?(0, L) follows that L~ is compact. Finally
it is shown that L=! is symmetric on L*(0,L). Let f,g € L*(0,L) and denote

uw = L7f,
= L7y

Then

(L_lfyg)m(o,L) :<u>g)L2(O,L) = b(v,u)
(f;L_lg)m(o,L) :(fav)m(o,L) :b<u7v)'

Obtaining the symmetric property, it follows that there exists a countable orthonormal
basis {wy }32, of L?(0, L) consisting of eigenvectors of L™!. Furthermore, these eigenvectors
are HZ2(0, L) functions according to definition of L~! and from the weak formulation, one
can see that the basis {wy}72, is orthogonal as well in I:Ig((), L) with respect to the inner
product b(.,.). O

Proof of Theorem 2.36. First, from (2.134) and (2.135) (written in the style of (2.87))
is obtained:

uFL ok _ okl 4 Uk:7 A1)
At 2

Lo k+1 _ ok L k+l 4,k
v —w Uy + U
———wy, d A= (wp) e d
/0 H T wn do + /0 5 (Wp)ze do

(L) — vk(L)wh(L) N JU’;H(L)A; vk (L) (wp)z(L)
uF(L) + ub(L)
2

uy (L) + i (L)
2

+d, ”§+1(L)2+ 0 ), (L) + “M(L); V()

k+1 k k+1 k
%(wh)x(m + ¢y - QTJFC%U}L(L) =0,

for all wy, € Wj,. Next, equation (A.1) is multiplied by p (v — v*), and integrate over
[0, L] to obtain

(wn)z(L) + ko

wh(L)

+cr -

k+1 uk

1 r k+142 k\2 bouhtt - k+1 k
3 n R =) o= [t = e
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and taking wy, = u**1 in (A.2):
%/OL (ugsh)? do = — /OL AuFuk, dae — /OLuUkHAt VT d
_ka+1(L) —v*(L) F1 (L) JUI;—H(L) — k(L) 1;+1<L)
h UWL)? walD) iy — k “”1(% ML) )
4, v]£+1(L)2—i- v*(L) S, v’““(L);— vk(L)ukH(L)
—c; - % FUL) gy wukﬂ(m

Next, taking wy, = u* in (A.2) yields:

1 L 1 L L k+1 _ .k
_/0 A(uf )? do = —5/ AuF ik da —/0 u%uk dz

2 0
R+l ok ! Wk
_kluk+1(L)2+u (L)UQ(L) B k2u +1(L)2+u (L)u’“(L)
_dlvx+ (L)2+ Ux(L)u§<L) o dgv i (L)2+U (L)uk<L)
" 27+ G
—C T z(L) —C2 T (L).

This yields for the norm of the time-discrete solution, as defined in (2.133):

||Zk+1H2 . ||Zk||2
= M (_v + (L)A;v (L)(uk+1<L) — WMD) + VR (L) 2—1} (L) )
Uk-i-l —Uk Uk X , _vk 2

T (= (ur ™ (L) + ug(L)) (uy ™ (L) — ug(L) + uy (L) — ug(L)?)

x T T
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— S (T L) — (D) + 5

For the first six lines, equation (2.134) is applied, and for the rest ¢; = P;b; + ¢;0; (cf.
(1.9)) is used to obtain:

(G PG™ - (Cf)szcé“-

I = 7 - S @) — (D)~ (L) — (D)
- (kﬂ+€1)(ﬂbl + @) (up (L) — uy(L))
- (H%Q)(Pm +g202) (u" (L) — u* (L))
bR - ST A+ (G RG-SR (A3)

For the second and the third line of (A.3) equations (2.134), (2.136), and (2.137) from the
Crank-Nicolson scheme are applied:

dl 2 dg
[P = AP - R () - () -

B (k+1_|_<1) P<’“+1 - AtA<1+Ck+l)

(L) — u*(L))?

2

- % Cqroy (up T (L) — uli(L))

k+1 k+1 k
_ ( ;‘é}) P2<§+1—C§—At1422 2+(2)

C ) R R
1

b TRGT - (TR +

Since P;, j = 1,2 are symmetric matrices, this yields

F G TRGT - ()P

dy
At Al

d 2
212 = ||Zk|!2—ﬁ(uk“(L)—U§(L))

k+1
+ At( ;Cl) PAlcl 5

k1
& 2+ 4) -y (uy (L) — k(L))

k+1 k+1 k
+
+ At( 2C2> Py Ay2 ;42

which is the claimed result (by using (1.9)). O

WL — (D)2

Ck+1
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Proof of Theorem 2.38. Let k € {0,1,...,5} be arbitrary. Taylor’s Theorem yields
Vo € [0, L]:
W(tps1, ) — (ty, x) Ut (trg1, @) + Ue(ty, @)

A7 = 5 + At T (z), (A.4)

where

tet1 t t, 1 N~ t
THz) = / (1, ) (tegr — 1) dt+/k+§ LAUE)) ’m)(tk — )% dt

by 2 (At)? no 2(A)?
b ﬁtﬁt(t I) t’”% ﬁttt(f I)
— ——— L (tpy — t) dt ——(t, — t) dt.
/t . 2A¢ (Bi1 =) +/tk onr 1)
k+d
From (A.4), it is obtained that:

€k;+1 . €k (I)k:—H + <I)k
- A ATF=— A.

Multiplying (A.5) by u(®*1 — ®F) and integrating over [0, L] yields:

L €k+1_€k @k,’-i-l q)k d
| s @ -

L L L
= %/ p (1) dx—%/ p (@F)” dx—At/ pIy (@5 — o) dz. (A.6)
0 0 0

Furthermore, from (2.87) with t = ¢, +1 and Taylor’s Theorem, it follows that Vw €
H2(0, L):

Wy AT

/L“ut(thrlax) - ut(tkax)w dur + /LAumc(thrlax) + ua:a:(tkax)

Ut(tkﬂ, L) - Ut(tm L)
At

utm<tk+1v L) - ut:v(tka L)

M
+ At

w(L)+J

w, (L)

um<tk+l> L) + uz(tk? L)
2

U(tk+1, L) -+ U(tk, L)

+ky 5

w(L)

Uty (tk+17 L) + utx(tka L)
2
Cultryr) + Gi(te)

+c - 5 wy (L) + ¢ -

wi(tps1, L) + w(ty, L)
2

Caltrin) + Calt)
2

+d;

w(L)

w(L) = At Ty (w),
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(A7)
with the functional 70 : H2(0, L) — R defined as
Ty (w) =
/O Lu( /t :+ —u;tgﬁ’)f) (tepr — )7 di+ /t :H% —u;t(tii’)f) (t — 1)? dt)w dz
+ /0 LA( /t tktl —u“””;gf’ D (s — 1) dt - /t :H% —“tt;"fg 2 (14 — 1) dt) Wey d
e+
+M</tt++ %(tk+1 -t dt+/t:k+% %(tk—oz dt)w(L)
+ J( / t+ —““?Z%L) (trr —1)* dt+ /tt —utgéﬁ)f T dt) w, (L)
( tkﬂ u“; AttL) (thes — 1) dt — /t :H% %ﬁ’tm (tr — 1) dt) we (L)
( “QZtL (e —1) at— | wle e —1) atun)
( el g - [M B (i)
+4
( t u“;itL (tpsr —t) dt — /t :H% %&L) (tr, — 1) dt)w(L)
- (/t;% (C;Ztt( ) (tppr —t) dt — /t:“ %E ) (t, —1) dt) w, (L)
e (/ Cp e ) di - / e (1 —1) an)u(n)
(A.8)
Now, from (2.135) and (A.7) follows Ywy, € Wp:
/OL Mq)k%;q)kwh dz + /OL Ag;l%(wh)m dx
i EE B VW 4 g BB B ) ()
o €§+1(L)2—|— ek (L) (wn)(L) + ks 5’““(L)2+ gk(L)wh(L)
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OFH(L) 4 k(L) (L) + (L)

+d,

(wh)z(L) + do wy(L)

2 2
Ck+1 + Céq CkJrl + Céc
+ec - Tl(wh):c(l/) +co- TZUJh(L)
= —At Tf(wh) + G]f(wh), (A.9)
where the functional G¥(wy,) is given by
Glf(wh,) = /L'uug(tkﬂ’x) - uf(tk,a:)wh dz
0 At
+Mut (thrl? L>A; Uy (tkh L) U)h(L) + Jutm<tk+17 L)A; uta:<tk7 L) (wh)x(L)
(tpons L) 1 (ty L (tir, L) + s (1, L
+d1 'U/tx( k+15 )2+ utx( ks )('Ujh)x(L) + d2ut( k+1, )2+ ut( k> )wh(L)
(A.10)
A Taylor expansion of (; about t,., 1 yields with (2.91):
Gltrs1) — Qi) A, Glter1) + Gilte) by Ut (b1, L) + wew (e, L) AtTY,
At 2 2
(A.11)
G (k1) — Ga(ts) G (te1) + G(tr) urtesn, L) +uilte, L) k
A, — by = AtTy,
At 2 2
with
() (8) B (e (t)
Tk _ 1)ttt b — 12 dt / 2 Lljitt — ) dt
s /tk+§ 2(At)2 ( o ) " t ( )2 ( ’ )
B (C)u(t) Q)
—A1</t 1 W(tkﬂ /k 2At (te —t) dt
ktd
. /tk+1 Ugpez (t, L) (t /k+2 uttta: (t,L) (te — 1) dt
N\, 280 T one ’

TF — /t o (gg()gg? (thir —1)° dt + / " (E?)Ki)(? (th —t)° dt

ty

_ A2< /t b (C;th) (o — 1) dt — /t+ @;)Ait) (tr — 1) dt)

k+ 3
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bt 4y (¢, L) ey wgy(t, L)
b AN R — ) dt — / AN e A AN
2 ( /t onr (=1 . onr ()

k+3
Using (2.136), (2.137), and (A.11), it follows
Cel' — Gl Ck“ G, PET(L) + PA(L)

A 5 b 5 = —AtTF -GS,
Ck+1 o Ck‘ Ck+1 + C‘k‘ @k+1 L @k L (A12)
e,2 e,2_A eZ_b ( )+ ( ):—AtTk—Gk
At 7 2 2 S
with
ug, (terr, L) + ug, (te, L
Glzc —_— t ( k+1 )2 t ( k )7
u§ (tpyr, L) + uf(ty, L
Glgc — b2 t( k+1 )2 t( k )

Due to (A.5), function wy, in equation (A.9) can be taken as wy, := Atw € W,,. Using
(A.6) and (A.12), yields:

1 [t At
(e e (T —(At)Qg/O Aferl! +e5p) (T e do+ - GY(M + )
ek HI(L) + b (L e L) + eX(L
R G e e i1D)
At( ST+, <1>§+1(L)+c1>’;(L)>2
- S |la@ + 01
2 2 2
s (D) A RMDNT e GG GG
' 2 2 T
k+1 k
+
P (a4 v )
B g ; <k+1+céc2 S(I)k+1(L)+(I)k(L) 2
2 \ 2 2 2
s, (YD A OHDNT e G G, G G
? 2 2 T
k+1 k
+
= op S Pl (ATt 4 Ar)

2
1
- 5(Azt)2T§(<I>k’+1 + ®F).

Therefore,

IN

1 [F At
|28 — |25 —(At)2§/0 A (b +e8) (TF)pn do+ 7G’f(¢k“ + o)
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k+1 k k+1 k
Gor' + G5
2
Cos' +Cha
2
- %(At)QTZ’“(CD’““ +oh). (A.13)

- P - ((APTY + At GS)

- P, ((APTy + At GE)

Next, from (A.10) follows:

ul (tpr, ) — uf(ty, )
Ghatt s oh) < o (Ut D e, | ok g gty

n ug (trv1, L) —U?(%L)‘?Jr u?x(thrl?L)_ugx(tk?L)r
At At

ufx(thrl? L) + u?x(tk? L) 2 u(tz(tk+1> L) + u?(tka L) 2
+ 5 + 5

TR (L) + SHD)P + (L) + @';(L)P)

< O + @F. + |05 (L) + DF(L)? + |05 7(L) + DL(L)?

1 tk—"_l e e e e
+ At Hutt(t)H%Z + [ug (¢, L)P + [ug (¢, L)‘Z dt + ||u; H%’([tk,thrl];HQ))'
tk
(A.14)
It can easily be seen that
k(2 e 2 s 2
ITHIR, < At / e (8)|%e dt < CA / e (8) e . (A.15)
tr ty
k112 tk+1 2 2 2
ITH? < CAt / et (8) e + G )eel12 + 11CC el (A.16)
173
k112 b1 2 2 2
ITHP < CAt / et () + Gt + (G (A.17)
tg

and

y(@*) < C (H‘I’k||%2 + [O(L)]? + [®E(L)] +
e 2 2 2
+ A75/ e (8) [ 772 =+ [Jweee ()| 372 + [[weeee () | 72 2
ti

+ At/kH IS ®I* + 1(C)u(®)]* dt) : (A.18)

tg



172 APPENDICES

For the above estimate, the second term of T¥(®*) in (A.8) can be rewritten as:

L et 0 (t, ) bl Upan(t, )
D (g — 1) dE — D (e — 1) dt | ®Fd

b+
i lpy1 — 1 k L k
= / Utz (1, LYPF (L) — tpigae(t, L)D*(L) + / Uptgzee (t, )P dz ) dt
- oAt )
ed by —t ¢ L)OR(L ¢t LYOM(L ' £ )0k d ) dt
- SOAF Utz (T, L)PF (L) — Uppgrr (8, L) D (L) + Uttzzza (T, T) z )
tr 0

using ®*(0) = ®*(0) = 0, and then the Sobolev embedding Theorem. From (A.13) —
(A.18), now follows:

L = Nleel® < C (Alt(IIZf“II2 +llzel?) + At I, a0

tht1
b [ MO + e P + e D

tg

2 tet+1
+ @0 S [T @R + Gl de
i=1 Y1k

trt1
+ (At>4/ g () 774 + llweee ()] 772 + ewesee () 1|72 dt) (A.19)

tg

Let now m € {1,...,5}. Assuming At < 5= (with C' from (A.19)), and summing (A.19)
over k € {0,...,m}, gives:

I 3 " .
§|Ize HP o< §||ZS||2 + C(Atz 12517 + 1 1E0.0p.02) + Nufie iz 0 0m2)
k=1

2
N [Z 1) (O zimrs + (G0 2o

=1
£ ooz + N 2oz + Hutttt(t)H%%o,T;m)} ) (A.20)

Finally, using the discrete-in-time Gronwall inequality and (A.4), it is obtained that:

) < c(uzsuz (el g1y + e 000

2
+ (Ay)? [Z ||(Ci)tt(t)||%2(0,T;R") + ||<Ci)ttt(t)||%2(0,T;R")

=1
) ooz + e Doz + |rutttt<t>ui2(o,m>} ) (A.21)

The result now follows from (A.21), (2.138), and the triangle inequality. O
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Even though the analysis in Chapter 3 is carried out for real-valued functions u and
as a consequence in the real Hilbert space H, the spectral analysis of the occurring linear
operators needs to be performed in a complex Hilbert space. This section contains some
of those results. In order to perform the spectral analysis of the operator A defined in
Section 3.1 with (3.6), the complex Hilbert space X is introduced by:

Xi={y=[uv,6¥]" 1 ue HF0,L),v € L*(0,1),§,¢ € C},
equipped with the inner product

A

L L . 1
(Y1, y2) a0 1= E/o (U1) 20 (W2) g A + g/o v1vy dr + ﬁ&fg + ml/h%, Yy, y2 € H.

For the operator A, the natural continuation to X is considered, still denoted by A. This
continuation still satisfies (3.6), and the domain is now

De(A)={y e X :ue H}0,L),v € H2(0,L),& = Ju, (L), = Mv(L)},

where the occurring Sobolev spaces contain also all appropriate complex valued functions.
The following theorem is employed in the proof of Lemma 3.1.

Theorem A.2. The linear operator A is skew-adjoint and has compact resolvent in X.
The spectrum o(A) consists of countably many eigenvalues {\, }nez. They are all isolated
and purely imaginary, and each eigenspace has finite dimension. All eigenspaces form a
complete orthogonal decomposition of X.

Proof. Tt can easily be shown that for all y;,ys € Dc(A)

(Ayr, ) = %/0 [(Ul)x;t(u_?)acx - (ul)a:x(U_Q)xx} dz = —(y1, Aya) x

i.e. A is skew-symmetric. Straightforward calculations, analogous to those in [40], demon-
strate that A is invertible and A™! : H — H is compact. So 0 € p(A), and due to the
corollary of Theorem VIIL.3.1 in [73] this proves that A is skew-adjoint. Then, according to
Theorem I11.6.26 in [35] the spectrum o(A) consists of countably many eigenvalues, which
are all isolated. The corresponding eigenspaces are finite-dimensional, and the eigenvectors
form an orthogonal basis according to Theorem V.2.10 in [35]. O]

Proof of Lemma 3.1. From Theorem A.2, it is known that A is skew-adoint in X.
Therefore Stone’s Theorem may be applied, and (e');>q is a Cy-semigroup of unitary
operators in X'. Clearly this also holds for the restriction to H. ]

Theorem A.3 ([49]). Let H be a Banach space, A a densely defined linear, m-dissipative
operator with compact resolvent, and let operator N : H — H be continuously differentiable.
The Cy-semigroup of contractions generated by A shall be denoted by {T'(t)}+>o-
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Assume that for all yo € H, semilinear evolution problem
y=(A+N)y (A.22)

has a global, mild, uniformly bounded solution y: [0,00) — H. Then the operator family
{S(t)}i>0 defined by S(t)yo = y(t) is a strongly continuous semigroup, and for all t > 0,
the following holds:

/t S(t)yodr € D(A), (A.23)

and

S(t)yo — yo = A/O S(T)ydr + /0 NS(7)yodr. (A.24)

For a more general version of this result, see [62].

Proof. Case yy € D(A) is considered first. According to Theorem B.6 in Appendix B,
S(t)yo is a classical solution of (A.22), and satisfies the integrated mild formulation:

t t
Sty — o — / AS()yodr + / NS(r)yodr.
0 0

Since S(t)yo € C*(RT,H) and N is continuously differentiable, it follows that both ¢ —
NS (t)yo and t — AS(t)yo are continuous, so AS(t)yo € C(R™,H). Therefore the following
may be written:

/S Yyo dT = hm Z ]t yo, /AS T)yodr = hm Z AS(‘]t>

Due to the linearity of A, for the second sum there holds:

Nt Yot gt
2 yASCy =AY Sty
Jj=1 7j=1
The following convergence as N — oo holds:
N . t
t jt
jzl NS<N Yo — /0 S(s)yods,
N .
AZ S( yg—>/AS )yo ds.

Jj=1

Since A is a closed linear operator, it is obtained that:

/S Jyods € D(A) /S yodT—/AS( )yo d.
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So there holds (A.23) and (A.24) for yo € D(A).

Let now yo € H \ D(A), and {yno} C D(A) such that y,o — yo. For every T > 0,
there holds S(¢)yno0 — S(t)yo € C([0,T],H). Since furthermore N is locally Lipschitz
continuous, for every ¢t > 0 in the limit n — oo it is obtained that:

(S Yno = Yno) = (SE)yo — yo),

t t
/ NS(T)ynodr — / NS(T)yo dr.
0 0

Together with (A.24), for n — oo this gives:
¢ ¢
| 5@hnodr > [ s
0 0

t t
A/ S(T)Ynodr = S(t)yo — yo — / NS(7)yo dr.
0 0

Since A is closed, (A.23) and (A.24) can be concluded.
]

Next, the spectral analysis of the linear operator B defined with (3.48) in Section 3.3
follows. To this end, the Hilbert space X is introduced

X o= {w=[u,v,€" :ue HX0,L),v e L*0,L),¢ € C},
equipped with the inner product

A L L L 1 .
(wnws)y = [ (i), dot [ omde s 68
0 0

The continuation of B to X is still denoted by B and given by 3.48, and has the domain
De(B) :={y e X:ue H}0,L),v € H2(0,L),& = Juy(L), tgea(L) = 0}.

The following Proposition A.4 and Corollary A.5 has shown to be essential for the
analysis in Section 3.3.

Proposition A.4. The operator B is skew-adjoint and has compact resolvent in X. The
spectrum o(B) consists entirely of isolated eigenvalues {\, }nez located on the imaginary
axis and have no accumulation point. All eigenspaces are one-dimensional, and ®,, denotes
the normalized eigenfunction associated to \,. Thereby ®,, is given by

Un,
b, = A Un,
And ()2 (L),

where the real function u, € H}(0,L) is the unique (up to normalization) solution of the
boundary value problem (3.50). Thereby the ®,, are normalized by one.
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Proof. First, observe that D(B) = X and

y Ap (v Lo
(Bw,w)) 3 = 5(/0 VU dx—/o U Vo dx)

where the partial integration in space was performed twice. Hence B is skew-symmetric.
The invertibility of B, i.e. 0 € p(B), and the compactness of B~! are shown as in [40], see
also the proof of Theorem A.2 above. Now the Corollary of Theorem VII.3.1 in [73] can be
applied, which proves that the skew-symmetric operator B is even skew-adjoint. According
to Theorem II1.6.26 in [35] the spectrum o(B) consists of countably many eigenvalues
{An}nez, which are all isolated. The corresponding eigenspaces are finite-dimensional, and
the eigenvectors form an orthogonal basis according to Theorem V.2.10 in [35]. Since B is
skew-adjoint, it follows that o(B) C iR.

Let ®,, = [un,v,,&]" € D(B) be an eigenfunction corresponding to A, for n € Z i.e.
B®, = A\, ®,. Now ®, satisfies the eigenvalue equation if and only if wu, solves (3.50).
Functions v,, and &, can be determined from u,, via v, = A\u, and &, = J\,(u,).(L). The
system (3.50) has a non-trivial solution if and only if A, € o(B). In this case, the general
solution u, € H{(0, L) of (3.50a) can be written as

up(x) = Cy[cosh pr — cos px] + Cy[sinh px — sin pz], (A.25)

1

where p = ( * >0, and C; € C. Thereby, the zero boundary conditions at z = 0 are
already incorporated. Using the condition (uy)z..(L) = 0 from (3.50b) yields

)

Cy[sinh pL — sinpL] = —Cs[cosh pL + cos pL].

Clearly, since always A, # 0 both coefficients are always nonzero. So C5 can always
uniquely be determined from Cj. Thus, if (3.50) has a non-trivial solution, it is unique
up to multiplicity. This shows that all eigenspaces of B are one-dimensional, spanned by
the @,. Finally, (3.50c) can be used to determine the A, for which there is a non-trivial
solution. O

Corollary A.5. The eigenfunctions {®, }nez form an orthonormal basis of X.

Proof. This is an immediate consequence of Proposition A.4 and Theorem V.2.10 in [35].
[

Proof of Lemma 4.2. Given y € H, it needs to be demonstrated that there exists a unique
y=[uvz &Y € D(A) such that Ay = 7, i.e.

()

— Uz
Alzlu—i- %Blf
Aszy + ﬁBﬂﬁ
_Auxm(L) — [0222 + MDQT/J + KQU(L)] i

(A.26)

S S A @ &
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From the first line in (A.26) it follows v = @& € HZ(0,L). Furthermore & = Ju,(L) and
Y = Mwv(L), since y € D(A). It is assumed that the A; are invertible, therefore z; and z;

can be determined uniquely from the third and the fourth line in (A.26). the last two lines
of (A.26) give

~ 1
—Augy (L) — Kyug (L) =+ Crzn + 7D1§, (A.27a)
- 1
Au:}c:m(L) - KQU(L) = 1/1 —+ CQZQ + MD2¢, (A27b)

where the right hand sides are already determined. As in [40], it can be noted that the
following holds:

2

01 o2 103 3 ;
:——//// 0(64) ddg dd3 ddy doy + gy (L ) + mx(L)<E—LE) (A.28)

This is the unique function u € f[é(O, L) that satisfies —Augz., = —p0 and fulfills the
boundary conditions t,q (L), Uzee(L). Now (A.28) implies:

,LL L pb1 pd2 o3 L2 L3
A 0J0 JL JL 2 3

L 01 o2 L2
_u / / / B(64) 5 485 00, + s (L)L — (1) - (A.29b)

Inserting (A.29) into (A.27), gives a system matrix with strictly negative determinant,
hence (L) and .. (L) can be uniquely determined. Inserting this in (A.28), solution u
is obtained. Next the compactness of A~! is demonstrated. Due to the compact embedding

H2(0, L) — CY([0, L]) it holds
€15 4] < Cllollmzo,L) = [l m20,z)-

Since the matrices A; are invertible, the third and fourth line of (A.26) imply the bound-
edness of |z;| in terms of |Z;| and ||, 4|, i.e. ||| m2(,). Due to the continuous embedding
H{(0,L) — HZ(0,L) — C([0, L]), there follows:

61 po2 o3
sup // // 54 d54d53d(52d51 <C||’U||L2 0,L)> (A30)
z€[0,L]
61 ro2
sup /// 54 d53d(52d(51 <OHU”L2 0,L)- (A31)
xz€[0,L]

Again, by replacing u(L) and u,(L) from (A.29) in (A.27), and by using (A.30)-(A.31), it
follows that

|taa (L), [taae (L)] < Ol 20,0y + 0l 20.0) + 2] + []22]]-
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Utilizing this inequality, and from (A.28) it is finally obtained
lullma0.) < CllOllr20,2) + |l 200,y + 121l + [|22]]-

Altogether, it is shown that A~ is bounded from H to HZ(0,L) x HZ(0,L) x R™*72+2,
Since the latter space is compactly embedded into H, this proves the compactness of A~1
in H. [

The definition and the properties of the operator A, introduced in Subsection 4.1.3 shall
be stated and demonstrated in the following. The system (4.32) is the mild formulation
of the evolution problem (y,); = Ay, with y, = [u,v]T € H,. Thereby H, := H2(0, L) x
L*(0, L), and

with the domain
D(AP) = {[U’U]TE HP: u € ﬁ3(07L)7U € lffg((), L)a
Aug (L) + f(luz(L) =0, Ay, (L) — f(gu(L) =0}.

The space H, is equipped with the following inner product:
L L R R
Yp, Yp)p = A/ Ugy Uy AT + ,u/ vodx + Kyu. (L)t (L) + Kou(L)a(L). (A.32)
0 0

The constants K, Ky are defined in (4.31). Hence, D(A,) and the above inner product
depend on these constants. However, from the proof of Theorem 4.17, it is known that
uo(L) = (ug).(L) = 0. Hence, K; = K;.

Moreover, operator A, has the following properties:

Lemma A.6. The inverse A, : H, — D(A,) exists and is a bijection. Furthermore, A;l
is compact in H,.

Proof. The proof is analogous to the proof of Lemma 4.2, see also Section 4.2 in [40]. O
Lemma A.7. The operator A, is skew-adjoint.

Proof. First it is shown that A, is skew-symmetric, i.e. for all y,§ € D(A,) there holds
(Apy, Gy = — (Y, Apl)p:

L L
0 0
L
< / Vitaane 2+ g ()il (L) — 0(L)itnsa(L)
0

=A
— /OL UV AT — Uy (L)O(L) + um(L)@x(L))
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+ Ky, (L)it, (L) + Kov(L)a(L).

Essential boundary conditions A, (L) + Kjug(L) = 0 and Atge,(L) — Kou(L) = 0, as
included in D(A,), imply:

L L
(Apy, 7)p = A/ Vilgge A — Kyv — 2(L) iy (L) — Kov(L)a(L) — A/ Uy Uz AT
0 0
— Kou(L)o(L) — Kyug(L)i,(L) + Kyva(L)ig (L) + Kyv(L)a(L)
- _<y7 Apg>17'
Hence A, is skew-symmetric. Furthermore, due to Lemma A.6 it follows that ran A, = H,,.

Therefore, the Corollary of Theorem VII.3.1 in [73] can be applied, which proves the skew-
adjointness of A,,. ]

Lemma A.8. A, generates a Cy-semigroup of unitary operators in H,.

Proof. Since A, is skew-adjoint, the claim follows from Stone’s theorem (see Theorem
B.11). O

Appendix B

The standard results from the literature on linear and nonlinear semigroup theory and
functional analysis, which were used or referred to in this thesis, are included in this
Appendix for completeness. The results are stated in their order of appearance. The
following result has been used to demonstrate the existence of the classical solution in
Theorem 2.3, Section 2.1:

Theorem B.1 (Theorem 2.64 in [47]). Let A be a densely defined linear operator in a
Banach space X with p(A) # 0. The Cauchy problem

Zt = AZ,

2(0) = z € X, (B.33)

has unique solution for zy € D(A), which is continuously differentiable for t > 0 if and
only if A generates Co-semigroup T(t) on X. Furthermore, z(t) = T(t)z.

The following theorem is used in Section 2.1 in order to justify asymptotic stability of
EBB system with linear boundary control.

Theorem B.2 (La Salle’s Invariance Principle, Theorem 3.64 in [47]). Let V' be a contin-
uous Lyapunov function for a continuous nonlinear semigroup of contractions T(t) on H,
and let € be the largest invariant subset of

{zeH|V(z) =0}

If v(z) is precompact, then
lim d(T(t)z, &) = 0.

t—o0

Here, by invariance of € under T(t), the property T'(t)E = &, for all t > 0 is understood.
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The following Theorem is utilized for the Theorem 2.10, Section 2.1.

Theorem B.3 (Theorem 3.26 (iii) in [47]). Let T'(t) be a uniformly bounded Cy-semigroup
on a Banach space X and let A be its generator. If A has a compact resolvent, then T(t)
1s asymptotically stable if and only iof

Re(A\) <0, VAeo(A).

The following result was utilized in Section 2.1 for the proofs of Theorem 2.13 and
Lemma 2.23.

Theorem B.4 (Theorem 5.3.1 in [37]). Suppose that f,g : U — C are holomorphic
functions on an open set U C C. Suppose also that the closed ball B(P,r) C U and that,
for each ¢ € OD(P,r),

| £(€) = g(O < [ +19(O)]-
Then

1 M4 Lf 28,
aD(

21 appry J(C) = 27 Py 9(C)

That is, the number of zeros of f in D(P,r) counting multiplicities equals the number of
zeros of g in D(P,r) counting multiplicities.

For the proof of Proposition 3.4 in Section 3.1 and Proposition 4.5 in Subsection 4.1.2,
the following result is needed.

Theorem B.5 (Theorem 6.1.4 in [56]). Assume X is a Banach space. Let F' : [0,00)x X —
X be continuous in t for t > 0 and locally Lipschitz continuous in w, uniformly in t on
bounded intervals. If —A is the infinitesimal generator of a Cy-semigroup T(t) on X then
for every ug € X there is a t,q. < 00 such that the initial value problem

u(t) + Au(t) = F(t,u(t)), t>0

" w0 — (B.34)

has a unique mild solution on [0, tpas). Moreover, if tya, < 00 then limy . ||u(t)||x = oo

The following result has been employed in Lemma 3.5 in Section 3.1, and Proposition
4.5 in Subsection 4.1.2.

Theorem B.6 (Theorem 6.1.5 in [56]). Let —A be the infinitesimal generator of a Co-
semigroup T'(t) on X. If f :[0,T) x X — X is continuously differentiable from [0,T] x X
into X, then the mild solution of (B.34) with uy € D(A) is a classical solution of the initial
value problem.

The following result has been used in Proposition 3.6 in Section 3.1 and in Proposition
4.10 in the Subsection 4.1.2 in order to approximate the mild solutions.
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Proposition B.7 (Proposition 4.3.7 in [9]). Let X be a Banach space, let A be a linear,
m-dissipative operator with dense domain and let F' : X — X be Lipschitz continuous on
bounded subsets of X. The contraction semigroup generated by A is denoted by {T'(t)}1>o-
Furthermore, let y € C([0,T(yo)), X) denote the unique solution to mild formulation

t
o) =Tt + [ T(t = 0)F(y(o) do. (B.35)
0
with initial condition yo € X. If im, o yno = yo and T' < T'(yo), then
lim y, =y
n—oo

in C([0,T], X), where y, are the solutions to (B.35) corresponding to the initial data yy.

The following result is used in the discussion in Remark 3.14 in Section 3.2, and in the
proof of Theorem 4.25 in Subsection 4.1.5.

Theorem B.8 (Theorem 4 in [23]). Let —A be a mazimal monotone operator densely
defined on a convex closed subset C' of a Hilbert space H. Assume 0 € R(A) and (AA+1)~!
is compact for some X\ > 0. Then for any ug € C and f € L*(R™; H), the weak solution
u(t) of the Cauchy problem
ue(t) + Au(t) > f(b),
u(0) = o,

approaches, ast — oo, a compact subset Q of a sphere {y: ||y —al| =71}, r < ||ug — al| +
S Nf@) de, a € A7H0). Purthermore, Q is minimal, strongly invariant and equi-almost
periodic under the semigroup by —A and T, restricted on CLcoS2, is an affine group of
1sometries.

The following result is used in the Remark 4.4 in Subsection 4.1.1.

Theorem B.9 (Theorem 2.2 in [21]). Let A be a dissipative subset of H x H. Then A is
mazimal dissipative if and only if A is hyper-dissipative i.e. if for every z € H there is at
least one (z,w) € A such that z = z — w.

In Subsection 4.1.3, the following result was utilized.

Theorem B.10 (Theorem 1.2.4 b) in [56]). Let T'(t) be a Cy-semigroup of linear operators
and let the linear operator A be its infinitesimal generator. Then for x € X, f(f T(s)xds €

D(A) and A (fg T(s)x ds) =T(t)xr — z.
The following theorem is used in Lemma A.8, Appendix A.

Theorem B.11 (Theorem I1.3.24 (Stone, 1932) in [24]). Let (A, D(A)) be a densely defined
operator on a Hilbert space H. Then A generates a unitary group T(t) on H if and only if
A is skew-adjoint, i.e., A* = —A.

The following result is used in the proof of Lemma A.7, Appendix A.

Theorem B.12 (Corollary of Theorem VIIL.3.1 in [73]). A symmetric operator T in a
Hilbert space X is self-adjoint if D(T) = X or if R(T) = X.
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