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Kurzfassung

Die vorliegende Arbeit untersucht das qualitative Verhalten zweier Familien par-
tieller Differentialgleichungen:

Fokker-Planck Gleichung mit nicht-lokaler Stérung. Im ersten Teil der Dissertation
werden lineare, nicht-degenerierte Fokker-Planck Gleichungen betrachtet, die durch
einen zusatzlichen, nicht-lokalen Operator gestort werden. Dieser ist durch die Faltung
mit einer masselosen Funktion gegeben. Solche gestorten Fokker-Planck Gleichungen
konnen als Vereinfachung von Wigner-Fokker-Planck Gleichungen angesehen werden,
welche eine kinetische Beschreibung quantenmechanischer Systeme liefern. Priméres
Ziel dieser Arbeit ist ein tieferes Verstandnis des Langzeitverhaltens der Losungen der
besprochenen Gleichung, inklusive des Nachweises eines bis auf Normierung eindeutigen
Stationdrzustandes.

Die entsprechende Analysis teilt sich in mehrere Schritte auf. Zuné&chst ist es
glinstig, die Gleichung als Evolutionsgleichung in einem geeigneten Hilbertraum auf-
zufassen. Im Zuge dessen werden fiir den ungestorten Fokker-Planck Operator Eigen-
schaften des Spektrums und der generierten Halbgruppe in verschiedenen gewichteten
Lebesgue-Réaumen diskutiert und schliefflich ein exponentielles Gewicht fiir die weitere
Analysis gewéhlt. Erst dann wird die Stérung in die Untersuchungen einbezogen. Es
stellt sich heraus, dass die gestorte Fokker-Planck Gleichung stets einen eindeutigen
normierten Stationdrzustand hat. Dessen Gestalt hingt vom Faltungskern ab. Des
Weiteren konvergiert jede normierte Losung gegen den Stationédrzustand, und zwar mit
einer exponentiellen Rate. Das Ungewohnliche dabei ist, dass diese Rate unabhangig
von der Wahl des Faltungskerns ist. Dieses Resultat stellt eine signifikante Verbesserung
klassischer Storungs-Resultate fiir stark stetige Halbgruppen dar.

Euler-Bernoulli Balken mat dissipativen, nichtlinearen Randbedingungen. In diesem
Teil werden zweierlei Modelle zur Regelung eines schwingenden Balkens auf ihr Lang-
zeitverhalten hin untersucht. Der Balken wird als elastisch angenommen und durch
die Euler-Bernoulli Gleichung beschrieben. Ein Ende ist fixiert, und am freien Ende
befindet sich eine Nutzlast. Daran ist ein nichtlinearer Regler gekoppelt, der im
Wesentlichen eine nichtlineare Funktion aktueller Messgrofien des Balken ist. Es ist
von Interesse, das Langzeitverhalten eines solchen, durch diese gekoppelten Gleichun-
gen beschriebenen, schwingenden Balkens zu verstehen. Ziel ist es, die Funktionalitat
des Reglers und die Stabilitdt des Systems nachzuweisen, indem man die asymptotische
Konvergenz der Auslenkung des Balkens gegen den Ruhezustand beweist.

Dabei wird wie folgt vorgegangen: Das gesamte System wird in eine Evolutions-
gleichung in einem geeigneten Banach-Raum umformuliert. Dann wird Existenz, Ein-
deutigkeit und Regularitdt von Losungen diskutiert, unter Verwendung der Theo-
rie von nichtlinear gestorten bzw. inhomogenen, linearen Evolutionsgleichungen. Um
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sicherzustellen, dass Losungen iiberhaupt konvergieren, wird im Anschluss die Priakom-
paktheit differenzierbarer Losungen bewiesen. Dazu wird eine neue, von uns eigens
dafiir entwickelte Methode verwendet. Im letzten Schritt werden mit Hilfe eines Lya-
punov-Funktionals mogliche Grenzwerte der Losungen untersucht. Es stellt sich heraus,
dass bis auf wenige Ausnahmen jede klassische Losung tatsachlich gegen den Ruhezu-
stand konvergiert. In den anderen Féllen ndhert sich die Losung periodischen Orbits
an, welche explizit charakterisiert werden.



Abstract

In this thesis we investigate the qualitative behavior of two different types of partial
differential equations.

Fokker-Planck equation with a non-local perturbation. In the first part of this the-
sis we consider linear, non-degenerate Fokker-Planck equations that are perturbed by
adding a non-local operator. It is given by a convolution with a massless kernel. Such
perturbed Fokker-Planck equations arise as a simplification of Wigner-Fokker-Planck
equations, which are a kinetic description of open quantum systems. The primary goal
of the underlying work is to thoroughly discuss the long-time behavior of solutions, as
well as the existence and uniqueness of stationary solutions.

For the analysis it is useful to view the perturbed Fokker-Planck equation as an
evolution equation in an appropriate Hilbert space. First, we discuss the unperturbed
Fokker-Planck operator in several weighted Lebesgue spaces, and characterize its spec-
trum and properties of the generated semigroup. Then we fix a convenient exponential
weight function, and consider the perturbed Fokker-Planck operator in the correspond-
ing space. We find that the operator still possesses a zero-eigenfunction, unique up
to a normalizing constant. Moreover, any normalized solution of the perturbed equa-
tion converges towards this steady state at an exponential rate. It is remarkable that
the rate is independent of the particular choice of the perturbation. This represents
a significant improvement compared to the standard perturbation results for linear
semigroups.

Euler-Bernoulli beam with nonlinear boundary dissipation. We consider two dif-
ferent types of boundary controls for a flexible beam. The beam is assumed to be
described by an Euler-Bernoulli equation, where one end is clamped. The free end
carries a payload, and is coupled to a nonlinear controller, which depends on certain
parameters of the system through nonlinear functions and differential equations. The
main question of interest here is the long-time behavior of the vibrating beam. In order
to prove the functioning of the controller we demonstrate the asymptotic stability of
the system, i.e. that the deflection of the beam asymptotically approaches the resting
position.

The first step in the analysis consists of rewriting the system as an evolution equa-
tion in an appropriate Banach space. By using the standard theory of perturbed or
inhomogeneous linear evolution equations we discuss existence, uniqueness and regu-
larity of solutions. In order to ensure that solutions actually possess a limit we then
prove precompactness of classical trajectories. For this purpose we developed a new
technique. Finally, with the help of a Lyapunov functional we characterize possible
limits of solutions. It turns out that in most cases these limits are zero, and the classi-
cal solutions asymptotically tend to zero, which proves the asymptotic stability of the
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system. In the few remaining cases the solutions approach a time-periodic solution,
which we characterize explicitly.
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Introduction

When working in the field of time-dependent partial differential equations (PDEs),
one frequently encounters evolution equations. Here, an evolution equation is a differ-
ential equation of the form

d

at”
together with an initial condition u(0) = ug. This equation is set in a suitable Banach
space X, and u maps from RT into X. How are evolution equations related to PDEs?
Usually, they occur as a reformulation of a time-dependent PDE, where the time-
derivative is isolated on one side, and the remaining terms are put on the other side,
which corresponds to f in (E). These terms typically constitute a differential operator
in an appropriate Banach space. By interpreting a PDE as an evolution equation, one
gains access to the rich analytical toolbox provided by the theory of evolution equations.
This is particularly helpful when investigating the qualitative behavior of PDEs, such
as existence of solutions and their long-time behavior. In this thesis we use this theory
to discuss properties of solutions of two particular types of PDEs.

(t) = f(t,u(t), t=0, (E)

We start with some basic concepts about evolution equations. (E) is called au-
tonomous if f does not explicitly depend on ¢. For the rest of this paragraph, we
suppose that the evolution equation is autonomous and that for every initial condition
ug it possesses a solution u(t) in some sense. We then define the family of operators
(T'(t))t>0 by T(t)up := u(t). Since (E) is autonomous, we have the following prop-
erty: T'(t +s) = T(t)T(s). We call this the semigroup property. Together with the
obvious fact that 7°(0) is the identity, this makes (7'(t)):>0 a commutative semigroup,
namely the semigroup generated by f. In order to have a sufficiently strong concept of
solutions of the evolution equation, one usually requires strong continuity of the semi-
group, i.e. that the map ¢t — T'(t)ug is continuous for every uy € X. In the case when
f is linear, (T'(t))¢>0 is then called a Cy-semigroup of bounded operators, and f is the
(infinitesimal) generator of the semigroup.

If f is linear and autonomous, the generator and the corresponding semigroup are
strongly interconnected via the resolvent of the generator. Results such as the Hille-
Yosida theorem use specific bounds on the resolvent of the generator to show existence
of the generated semigroup, and give an estimate of the operator-norm of the semigroup
operators, which depends exponentially on ¢. Here, the rate is an upper bound for the
real part of the spectrum of the generator. Hence, in order to make statements about
the asymptotic behavior of solutions of (E), one usually needs a good understanding of
the spectrum and the resolvent of f.

The situation becomes more elaborate when f is nonlinear. Then, no general theory
exists, and only in special cases one is able to obtain statements about the generated
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semigroup. One very well-studied situation is when f is autonomous and maximal
monotone. Then it generates a semigroup of nonlinear contractions. We will not follow
this path in this thesis, and refer the reader to standard references such as [Bar76].

Another setting which is well-understood is when f can be written as the sum of
a linear, autonomous generator of a Cy-semigroup, and a nonlinear operator. There
are many results regarding the existence, uniqueness and regularity of solutions of (E).
Usually, they rely on the regularity or the ¢-integrability of the nonlinearity. Statements
about long-time behavior of the generated nonlinear semigroup are often weaker than
in the linear case, and one is rarely able to give an explicit exponential decay rate of
the semigroup.

The first equation considered is a linear Fokker-Planck equation with an added
perturbation, which is given by a convolution with a massless kernel 9. In its most
simple form it reads:

Z:V-(Vu—i—xu)—l—ﬁ*u. (FP)
Here, x € R? is the spatial variable of u. Clearly, this Fokker-Planck equation is already
in the form of an evolution equation. The differential operator on the right hand
side is the Fokker-Planck operator, which generates a Cp-semigroup. The convolution
is viewed as a (bounded) perturbation of the generator. We call the sum of those
two the perturbed Fokker-Planck operator. The equation arises as a simplification
of the Wigner-Fokker-Planck equation, which has a similar structure. It is a kinetic
description of open quantum systems. It can be used for example to model electron
densities in semiconductor devices. Here, we are mainly interested in the existence and
uniqueness of stationary solutions. Furthermore, we address the question of exponential
convergence of time-dependent solutions towards the steady state.

We view (FP) as an evolution equation in order to apply the theory available for
linear semigroups. From this viewpoint, the existence of a steady state of (FP) is
equivalent to the existence of a zero eigenfunction of the perturbed Fokker-Planck op-
erator. The exponential convergence of solutions towards the stationary solution is then
shown by appropriate estimates of the corresponding semigroup. The biggest part of
the underlying analysis is a thorough investigation of the spectrum and the eigenspaces
of the unperturbed and the perturbed Fokker-Planck operator in an appropriate Ba-
nach space. The problem of finding a suitable space is a crucial and non-trivial part
of this work. In this thesis we are able to give extensive and satisfactory answers to
the questions posed, mainly with the tools of spectral analysis and the theory of Cp-
semigroups. We can show that indeed there exists a stationary solution of (FP) and
that it is unique. Furthermore, any time-dependent solution converges towards this
steady state at a uniform exponential rate. The corresponding analysis is carried out
in Part 1.

The second type of equations discussed in this thesis describes an Euler-Bernoulli
beam under the influence of external forces. The Euler-Bernoulli beam is a model for
an elastic beam, and describes the time-dependent deflection u, by means of a fourth-
order wave equation. In its most simple form it reads usy + Upgze = 0, where z € [0, L]
is the position variable along the beam, and L is its length. By introducing v = u;, we
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can reformulate the free Euler-Bernoulli equation as an evolution equation:

o] = [ (B

Then, we additionally assume that the beam is clamped at the left end, and the right
end (i.e. the tip) is free. The tip carries a payload, and further forces are assumed to
act on it: We investigate the influence of a nonlinear spring and nonlinear friction, as
well as of a nonlinear feedback controller. The latter is given by a system of ordinary
differential equations which are coupled to the Euler-Bernoulli system via the boundary
conditions at the tip. In both cases, the complete system, consisting of the beam
equation and the dynamical boundary conditions incorporating the external forces, can
we written as an evolution equation by adding additional components to (EBB). In
contrast to the Fokker-Planck equation before, this evolution equation is not linear any
more. The main question of interest here is if the damping or the controller is sufficient
to extinguish unwanted vibrations of the beam, and make the system tend towards the
resting position. From a mathematical point of view, we investigate which solutions of
the nonlinear evolution equation converge to zero as time tends to infinity.

We can split the nonlinear operator which governs the evolution into a linear part,
coming from the free beam equation, and a nonlinear perturbation, which stems from
the nonlinear boundary control. Thus, we can apply the theory of semilinear evolution
equations, which is exhaustively discussed in [Paz83]. The linear part generates a
Coy-semigroup, and by assuming sufficient differentiability of the nonlinearity, we can
easily show existence and uniqueness of solutions. In order to investigate their long-
time behavior, we proceed in two steps. Firstly, we show that every classical trajectory
is precompact, hence, every classical solution possesses a limit set, which it approaches
as time tends to infinity. For this purpose we developed a new technique. Secondly,
we characterize possible limit sets by using a Lyapunov function. Except for certain
parameter values we can show with this technique that the only limit is zero, and hence,
all classical solutions asymptotically converge to zero. However, we are neither able to
make any statement about the rate of decay nor do we know what happens to mild
solutions. This is mainly due to the nonlinearity of the considered problem, and the
resulting limitations of the corresponding theory of nonlinear evolution equations. The
analysis of the Euler-Bernoulli beam can be found in Part 2: Chapter 2 investigates the
beam coupled to a nonlinear spring and a nonlinear damper, and Chapter 3 considers
a beam with a nonlinear dynamical feedback controller.

To summarize, we see that for both problems presented above the approach of
interpreting them as an evolution equation is very useful. Especially when one is
interested in the qualitative behavior of solutions, the comparatively abstract theory
of semigroups has many successful applications, and is a powerful tool for examining
the equations of interest.

Authorship: In Part 1, all results were obtained and written by Dominik Stiirzer, un-
der the supervision of Anton Arnold. The results were published in [SA14] and [AAS15].
In Part 2 the contributions are as follows: Chapter 1 was written by Dominik Stiirzer,
and the results of Chapter 2 are joint work of Maja Mileti¢, Dominik Stiirzer and
Anton Arnold. They were published in [MSA15]. In Chapter 3, the modeling of the
controller and the introduction are due to Andreas Kugi, and the rest is again joint
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work of Maja Mileti¢, Dominik Stiirzer and Anton Arnold. The contents of Chapter 3
were accepted for publication, see [MSAK15].
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CHAPTER 1

Introduction

This work deals with the analysis of the following class of perturbed Fokker-Planck
equations:

fi=V-(DVf+Cxf)+06f, (1.1)

together with an appropriate initial condition at ¢ = 0. Here f = f(¢,x), and t > 0
and x € R?, with d € N. Here, f; denotes the time derivative of f. The matrices
C,D € R¥™ are symmetric and positive definite. The perturbation is given by a
convolution ©f = ¥ x f with respect to x. The convolution kernel ¥ is assumed to
be time-independent and with zero mean, i.e. f]Rd Y(x)dx = 0. Also, it is assumed
to satisfy certain regularity conditions, which will be specified in the beginning of the
Sections 3.2 and 4.3, respectively.

The above equation is mainly motivated by the quantum-kinetic Wigner-
Fokker-Planck equation, describing so-called open quantum systems, see [AGGT12,
ALMSO04]. It is of the form

Ou = Vxv - (Vxvu+ (VxvA+Flu) + E[V]u

U’t:() = Uo,

where u = u(t, x, v) is the phase-space quasi-probability-density, with x, v € R? denot-
ing position and momentum. The given coefficient function Vi yA+F is affine in (x, v)
and models the confinement and friction of the system. Z[V] is a non-local operator
(convolution in v) determined by an external potential V(x). One question of interest
for this problem is to show the existence of a unique normalized stationary state, and
to prove uniform exponential convergence of the solution to the stationary state. In
the case of a quadratic confinement potential with a small perturbation these questions
have been answered positively in [AGGT12], see also [AFNOS§]| for an operator-theoretic
approach. However, from the physical point of view, the restriction to nearly quadratic
potentials seems quite artificial. This raises the question if the results can be extended
to a more general family of (confining) potentials. In order to gain insight into what
can be expected and what mechanisms are responsible for the actual behavior, we shall
consider here (1.1) as a similar, yet simplified model, which still preserves the essential
structure. The non-local operator Z[V], which is a convolution in v, is replaced by a
convolution with kernel ¥J. This represents a first step towards the full analysis.

Other examples of non-local perturbations in Fokker-Planck equations appear e.g. in
the linearized vorticity formulation of the 2D Navier-Stokes equations (cf. (12)—(14) in
[GWO05]) or in electronic transport models (cf. the linearization of equations (1), (6),
(7) in [LKO05]).
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For the unperturbed equation (1.1), i.e. the case ¥ = 0, the natural functional set-
ting is the space L2(p~'), with u(x) = exp(—|x|?/2). Here, p/(27)%? is the unique
steady state with normalized mass, i.e. [pa 1t/ (2m)%2 dx = 1, and all solutions to initial
conditions with mass one decay towards this state with exponential rate of at least —1,
see e.g. [BGM94]. However, if © is added, the situation often becomes more compli-
cated. One reason is that many non-local (convolution) operators are unbounded in
the space L2(u~'). This can be illustrated for the simple example with the convolu-
tion kernel ¥ = §_, — do, @ € R, in one dimension. It corresponds to the operator
(Of)(z) = f(x + a) — f(x — a), * € R, which is unbounded in L?(z~!). In this case
one can show with an eigenfunction expansion that every non-trivial stationary state
of (1.1) is not even an element of L?(u~'). Thus, this space is not suitable for our
intended large-time analysis, since it is “too small”. This motivates to consider (1.1)
in some larger space L?(w), with a weight w growing slower than x~!. Because of the
previous discussion we shall choose w such that a large class of non-local operators
becomes bounded. But the new space should not be “too large” either, since we would
risk to loose many convenient properties (like the spectral gap) of the unperturbed
Fokker-Planck operator. For example, in L?(R?) the spectrum of L is the left half
plane {\ € C: Re A < d/2}, cf. [Met01]. It will turn out that w(x) := Zle cosh fx;,
for § > 0, is a convenient choice. Moreover, there is a useful characterization of the
functions of L?(w) in terms of their Fourier transform, see Proposition 4.5.

Here we focus on the Fokker-Planck operator in exponentially weighted spaces.
For L2-spaces with polynomial weights, the spectrum of L was studied in [GWO02].
Furthermore, our results complement the analysis of Metafune [Met01], where a larger
class of Ornstein-Uhlenbeck operators is investigated in unweighted LP-spaces with
p= 1

Part 1 of this thesis is organized as follows. Chapter 2 introduces the notation and
important definitions. Since the analysis in the d-dimensional case is very similar to
the one-dimensional case, we first discuss the one-dimensional problem in great detail
in Chapter 3, to keep the notation and arguments more concise. In Chapter 4 we then
generalize the results to higher dimensions.

The course of action is very similar in the Chapters 3 and 4. First, we discuss
the spectral properties of the unperturbed Fokker-Planck operator L in the self-adjoint
setting L?(1 1), and then in L?(w) (with w as defined above). We then call it £. We
even give a (non-orthogonal) decomposition of L?(w) into eigenspaces of £, and describe
the decay rates of the semigroup generated by £ on each subspace complementary
to finitely many eigenspaces. Then we investigate the perturbed operator £ + © in
L?*(w). We show that © (under mild regularity assumptions) leaves the spectrum
of L unchanged, i.e. 0(£) = o(L£ 4+ ©), and © is an isospectral deformation' of L.
Finally, we are able to show that © defines a similarity mapping which transforms £
into £ + O, on each of the subspaces complementary to finitely many eigenspaces of
L. By applying this similarity to the corresponding resolvents, it becomes clear that
the semigroup generated by £ + © has the same decay rate as £ on each of those
subspaces. In particular, every solution of (1.1) converges to the stationary solution
with an exponential rate, dependent on C and D.

LOn a formal level this isospectral property of £L+© can be understood as follows: In the eigenbasis
of £, © corresponds to a strictly lower triangular (infinite) matrix, and £ to a diagonal (infinite) matrix.



CHAPTER 2

Preliminaries

The aim of this chapter is to present a collection of definitions, concepts and nota-
tions used in Part 1.

We use the convention N = {0,1,2,...}, and the (algebraic) shorthand notation
N* := N\ {0}. For d € N* the elements of C? are denoted by bold lowercase letters.
Given some z € C%, the i-th component is denoted by z;, and as a consequence we may
write z = [21,...,24] | as a column vector. The complex conjugate of z is denoted by
Z:=[%1,...,%3), i.e. the complex conjugate is taken component-wise. For a multiindex
k € N? we define z¥ := z’fl e zgd. Given a real number s > 0 we define

§% =[5, ..., 5%,

For i € {1,...,d} the i-th unit vector in R? (or C?) is denoted by e;. All norms on C%
are equivalent, for 1 < p < oo we define the p-norm by

d 1

ol = (Y 15P)", 1<p<oo,
i=1

2lo0 := max [

With respect to the norm | - |, the ball in C? with radius r > 0 and center a € C¢ is

BP(a)={zcC:|z—al, <7}

The closed ball is then BY(a). Its complement in C? is denoted by BF(a)¢ := C¢\ BY(a).
Depending on the context we may consider the open ball in R instead of C%, the
definition is the same.

Matrices are denoted by bold capital letters, and for the unit matrix we write I.
For a matrix M € C%*? and a real number s > 0 we define sM := exp(Mn s), using
the matrix exponential. Furthermore, we need the Kronecker delta ¢, which takes the
value 1 if i = j and 0 otherwise.

Finally, for 1 < p < oo the space ¢P(N) is the set of all complex sequences for which
the norm | - |, is finite. This norm |- |, is defined analogously to the finite-dimensional
case above.

On a domain Q C R? we call a real-valued function w € L% (Q) a weight function

if there also holds 1/w € L (). The corresponding weighted space L?(%;w) is the

loc
set of all measurable functions f: 2 — C such that the norm

o = ([ 1G0PuG ax)

11

11
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is finite. This norm is induced by the inner product
() = [ FOgGRIw(x) dx.

and it makes L?(Q;w) a Hilbert space, see Theorem 1.3 in [KO84].

Also, we introduce weighted Sobolev spaces. For two weight functions wg and w;
the space H'(Q;wq,w;) consists of all functions f € L%(Q;wp) whose distributional
first order derivatives satisfy 9f/0x; € L?(Q;w;) for all 1 < j < n. We equip the space
HY(Q;wp,wy) with the norm

£ llswowr = (1 1o + IV Fler,) *

which makes it a Banach space, see Theorem 1.11 in [KO84]. More generally, we define
the weighted Sobolev space WP (Q; wg,w1) for 1 < p < oo, where we use the weighted
LP-norm instead of the L?-norm. We have H'(2;wo,w1) = W2(Q;wq, wy). If Q = R?
we shall omit the symbol 2 in these notations. We call two sets of weight functions
equivalent if the corresponding weighted spaces are the same. In the case where the
weight functions are all equivalent to a constant function, we omit the weight function
in the notation, e.g. L?(;1) = L?(1Q).

N|=

For functions f € L'(R?) we define the Fourier transform of f as

Fxoel = FUIO) = (&) = | (e dx.

We use the same notation for the natural extension of the Fourier transform to tem-
pered distributions f € ./(R%). With this scaling we may identify f(0) with the mass
or mean of f. The inverse Fourier transform is usually denoted by F~!, such that
f(x) =F 2 [Fxsef] (for f € 7' (RY)). For a tempered distribution f € .#/(R?) and
a multiindex k € N we define

k|1
VeI =
Ozy" - -0z,
as a distributional derivative.
For an analytic function f on a simply connected domain 2 C C we denote the line
integral of f along a (continuous) path from z; € Q to 22 € € inside of 2 by

/z _J©ac

In order to properly define complex powers, we specify a branch of the logarithm. For
¢ € C\ {0} we set In¢ :=log || +iarg¢, with argé € [-Z, 3T), and log(-) is the natural
logarithm on R*. For ¢ € C we may then define the complex power £ := exp(¢ In(€)).

Furthermore, we present some definitions and properties concerning linear operators
and their spectrum. Let X, X be Hilbert spaces. If X is continuously and densely
embedded in X, we write X — X, and X —— X indicates that the embedding is
compact. Given a subset Y C X, the closure of Y in X is either denoted by Y or by
clx Y. €(X) denotes the set of all closed operators A in X with dense domain D(A).
Given a closable operator A which is densely defined in X, we write clx A for its closure
(in the sense of graphs).
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The set of all bounded operators A: X — X is Z(X,X); if X = X we just write
%(X). The norm | - ||zx) denotes the operator norm. For an operator A € €(X)
its range is ran A, its null space is ker A, and its algebraic null space is defined by
M(A) := Jpsoker A*. Note that there always holds ker A C D(A). A closed, linear
subspace Y C X is said to be invariant under A € €(X) (or A-invariant) iff D(A)NY
is dense in Y and ran A|y C Y, see e.g. [AV03]. For any ¢ € C lying in the resolvent
set p(A) we denote the resolvent by Ra(¢) := (( — A)~!. In this context ¢ stands for
¢ - I, and I is the identity operator. The complement of p(A) is the spectrum o(A),
and op(A) is the point spectrum. We define the spectral bound of an operator by
s(A) := sup{Re( : ¢ € 0(A)}. If A € €(X) generates a Cy-semigroup of bounded
operators, we usually denote it by (e!4);>o.

For an isolated subset ¢’ C o(A) the corresponding spectral projection Py, is
defined via the line integral

1

© 27 )b

Ra(C) d¢, (2.1)

PA,U’ :
where I' is a C'-contour (see Definition B.4 in the Appendix) strictly separating o’
from o(A)\ ¢/, with ¢’ in the inside of I" and o(A) \ ¢’ on the outside. For a discussion
of some properties of Py, see the Appendix B.2.

A final remark concerns constants occurring in estimates: Throughout the following
chapters, C denotes some positive constant, not necessarily always the same. Depen-
dence on certain parameters will be indicated in brackets, e.g. C(t) for dependence on
t.






CHAPTER 3

The one-dimensional Fokker-Planck equation

In this chapter we discuss the perturbed Fokker-Planck equation (1.1) in one di-
mension, i.e. d =1, and for C=D = 1:

fe=f"+af + f+Of. (3.1)

Here the situation is more transparent than in the general d-dimensional case, and a
lot of computations can even be done explicitly. The contents of this chapter has been
published in [SA14].

Note that in this chapter we write x = 2 € R, and the derivative of a function f(x)
with respect to x is simply denoted by f/(z).

3.1. The Fokker-Planck operator in exponentially weighted L2-spaces

We begin our analysis by investigating the unperturbed one-dimensional Fokker-
Planck operator Lf := f” + xf' + f in various weighted spaces. The natural space to
consider L in is X := L?(1/p) with p(z) := exp(—x2/2). We use the notation || - || x
for the norm and (-,-)x for the inner product. Writing the operator in the form

/ /
= () )
I
shows that L‘Cgo (r) is symmetric and dissipative in X. Then, the proper definition of L
is obtained by the closure of L|Cg° (r), and this procedure yields its domain D(L) C X.

In the subsequent theorem we summarize some important properties of L in X, see
Appendix A.1 for the proof and further references.

Theorem 3.1. The Fokker-Planck operator L as defined above has the following
properties in X :
(i) L is self-adjoint and has a compact resolvent.
(ii) The spectrum is o(L) = —N, and it consists only of eigenvalues.
(iii) For each eigenvalue —k € o(L) the corresponding eigenspace is one-dimensio-
nal, spanned by py == \/%Hk,u, where

k
Hi(x) = pla) ™ <o)

is the k-th Hermite polynomial. There holds the recursion relation pig1 = i},
for all k € N.
(iv) The eigenvectors {ux}ken form an orthogonal basis of X .
(v) There holds the spectral representation
V2T
L= Z —kllpk, where Iy := Wﬂk<'aﬂk>x
keN

15
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is the spectral projection onto the k-th eigenspace. In particular, D(L) consists
of all elements of X for which the above sum converges in the strong sense.
(vi) For every k € N* we define X}, := span{uo, ..., pr_1}+, and Xo :== X. Then,
L is decomposed according to X = X, & span{po, ..., g1}
(vil) The operator L generates a Cy-semigroup of contractions on Xy, for all k € N.
For every k € N the semigroup satisfies the estimate

HetL|Xnga(Xk) <e M, t>0

Hence, the Fokker-Planck equation 0;f = Lf has a unique stationary solution
with normalized mass, given by ug. It is a Gaussian with mean one. Its orthogonal
complement X; consists of all elements of X with zero mass:

=g = {rex: umx = [ sa)de=o}. (3.2)

Furthermore, according to Result (vii) for kK = 1 we have for every f € X:

et f —Tpofllx <e | fllx.

In combination with Iy of = po fR f(x)dx this shows that any solution of 9, f = Lf
converges towards an appropriately scaled version of pg with an exponential rate of at
least —1 in the X-norm.

Lemma 3.2. For every k € N the space X}, is given by
Xk:{feX:/:z:jf(;v)da::O, vogjgk—l}. (3.3)
R

Proof. We show this by induction. For & = 0 we trivially have Xy = X, and
according to (3.2) the equality (3.3) holds true also for k = 1. Let us now assume that
(3.3) holds true for some k € N. Then we have, according to the definition,

X1 =X N ué‘.

Hence, by using the induction hypothesis, we find that f € Xy iff [ 27 f(2) dz =0,
for all 0 < j < k—1, and [ Hi(z)f(xz)dz = 0. But since Hy(x) is a polynomial of
order k, the second condition is equivalent to [ z¥ f(z) dx = 0, by using the induction
hypothesis. So, f € Xj41 is equivalent to [ 27 f(z)da =0 for all 0 < j < k. O

In order to analyze the perturbed equation (3.1), we quickly find that X
is not appropriate. As an example, for the simple unbounded perturbation
Of(z) = f(x+a) — f(x —a), with a € R, we can explicitly compute the stationary
solution fp of (3.1) and expand it with respect to the orthogonal basis {u}ren of X.
The obtained Fourier coefficients form a divergent sequence, and so fy ¢ X follows
(see Section A.2.1 in the Appendix for the corresponding calculations). Therefore we
consider some larger space L?(w) instead of X, with a weight function w growing more
slowly than p~!'. Hence, we choose w such that © becomes a bounded operator in
L?(w) for a large family of convolution kernels. For example, one can directly verify
that ©f(x) = f(x +a) — f(z — a) is bounded in L?(v) if v(z) grows at most exponen-
tially as |z| — oo, and if v(z) grows super-exponentially, this © becomes unbounded
(for a more detailed discussion see Section A.2.2 in the Appendix). This motivates
the choice of a weight function w(x) which grows at most exponentially as |z| — oc.
At the same time, w should grow fast enough such that L still has a spectral gap in
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L?(w), i.e. there exists some a < 0 such that {¢ € C : Re( > a} No(L) = {0}. If
w is constant, the spectral gap is lost, see [Met01]. These requirements suggest that
exponentially growing weights would be good candidates, growing as fast as permissible
while still admitting a large class of non-local operators. So, for the rest of this chapter,
we choose the weight function w(z) = cosh Sz for some fixed 5 > 0, and work in the
corresponding space X := L?(cosh 3z). As we will see in the following, the space X is
very convenient also for technical purposes, since it can easily be characterized using
the Fourier transform.

Proposition 3.3. There holds f e X iff the corresponding Fourier trans-
form f possesses an analytic continuation (still denoted by f) to the open strip

Qo :={2 € C:|Imz| < B/2}, which satisfies
sup Hf( +1b) || 2 (m) < 0. (3.4)
lb|<3/2
beR

In this case, f satisfies
(i) For € € R and |b| < 8/2, f is explicitly given by f(& + ib) = Frose(eP f(z)).
(ii) The following function lies in L*(R):
= f(giig) = Fose(¢X77f(2)), for ae. £ €R. (3.5)

Moreover, b f(-+1ib) lies in C([—3/2, 8/2]; L*(R)). In particular (3.5) is a
natural continuation of f from §g /o to the closure Qg /o.

The above proposition can be generalized to higher space dimensions, see Proposi-
tion 4.5 in Chapter 4. Hence, for the proof of Proposition 3.3 we refer to Proposition 4.5.

In the following, f always denotes the extension of the Fourier transform of f € X
to €0g/o according to Proposition 3.3 (i)-(ii). Using this convention, we introduce an
alternative norm on the space X:

IFI2 o= 1FC+18/2) ) + 1FC — 18/ 2. (3.6)

which is equal to 47|/ f||2. Furthermore, we notice that there holds a Poincaré-type
inequality in X:

Lemma 3.4 (Poincaré inequality). The inequality

1flleo < Csll.f Nl (3.7)
holds for all f € HY(w,w), where Cs > 0 is a constant only depending on [5.

Proof. Use \ﬁ(fﬂ = [££(¢)], and |¢] > 8/2 on |Im | = 5/2. Then apply the norm
I Theo- O

Our next step is to properly define the Fokker-Planck operator in X.

Lemma 3.5. Let ¢ € C with Re¢ > 1+ 2/2, and consider the resolvent equation
(C—=L)f =g for f,g € CP(R). Then there exists a constant C' > 0 independent of
f,g, such that

1l + 1l < Cllgll, (3.8)
where w(z) = (1 + |z|)w(x).
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Proof. Let us fix ¢ € C with Re¢ > 1+ 82/2. Now we consider the resolvent
equation (( — L)f = g for f,g € C3°(R). Applying (-, f). to both sides yields:

[ Tawdo = [ ClsPu— (" + af) Fuds
R R
= / ]f’|2w + ’f’Q(mw/ + Cw) + ffw’ + f?lscw dx.
R

Next we take the real part:
- 1
Re/ fowdx = / |f'[Pw + | f? (2w’ + Re(O)w) + §\f2]'(w’ + zw) dz
R R
1
= [17/Pw+ 511Pa da, (39)
R 2

with @ := —w” 4+ 2w’ 4+ (2Re( — 1)w. For our choice w(z) = cosh Sz we obtain

o(z) = (2Re¢ — 1 — BHw(x) + xBsinh Bx. For Re¢ > 1 + 32/2 the function @ is

strictly positive. Thus, @ is a weight function, and it has the asymptotic behavior
W(z) ~ plrlw(z) as + — *oo. Applying the Cauchy-Schwarz inequality to the left
hand side of (3.9) yields

1
SIS + 11 < 11l lglle-

For the left hand side we use w(z) < @(z) and the Poincaré inequality (3.7) to obtain

1 1
S flle + @!\f/\!w < [lglle-

The result follows, since the weight functions @ and w define equivalent norms. (|
Corollary 3.6. The operator (1+ %/2 — L)‘OgO(R) 18 dissipative in X.

Proof. We use the result (3.9) for ¢ = 1+ $%/2. We then estimate the right hand
side for f € C§°(R):

— 1
Re [ F(¢=D)fde > (Co+ 5)I71E >0,
where we have used the Poincaré inequality and @ > w. O

The above results can be used to establish the proper definition of the Fokker-
Planck operator in X. To this end we define the distributional Fokker-Planck operator
Lf = f"4+af + f for f € S (R).

Lemma 3.7. The operator L|cse(r) 15 closable in X. Its closure £ := clx L|cee(r)
has the domain of definition D(L) = {f € X : £f € X}. For f € D(L) we have
Lf=28f.

The proof is covered by the proof of Lemma 4.9, which is the generalization of
Lemma 3.7 for higher-dimensional Fokker-Planck operators.

Corollary 3.8. The resolvent set p(L) is non-empty. It contains the half-plane
{¢eC:Re¢>1+p32/2}.



3.1. THE FOKKER-PLANCK OPERATOR IN EXPONENTIALLY WEIGHTED L2-SPACES 19

Proof. According to Corollary 3.6 the operator (1 + 3%2/2 — £) is injective. Since
the part L = L|x in X generates a Cp-semigroup of contractions in X, we know that
1+ B%/2 € p(L), and as a consequence ran(l + $%2/2 — L) is dense in X. Finally,
according to Lemma 3.5 the inverse (14 3%/2—£)~! is bounded in X. Since £ € €(X)
it follows that ran(1 4 5%2/2 — £) = X, and 1 + 32/2 € p(L) # 0.

Since we can repeat the above argument for any other ¢ € C with Re( > 1+ 32/2,
we obtain the desired result. O

As it turns out, the resolvent estimate (3.8) is strong enough to prove compactness
of the resolvent. To this end we shall use the following corollary of Lemma B.16 in the
Appendix (see also Theorem 2.4 in [Opi89)).

Lemma 3.9. Let wo, w1 € C(R) be weight functions. If lim|y o w1(z)/wo(x) = 0,
then the compact embedding holds:

Hl (wo, wl) —— LQ(wl).
This compact embedding allows to prove that R, (¢) is compact:

Theorem 3.10. For any ¢ € p(L) the resolvent operator Rr(C) is compact in X.
Furthermore, the spectrum of L consists entirely of isolated eigenvalues. In particular

(L) =op(L).

Proof. To begin with, we fix some ¢ € C with Re¢ > 1+ 3?/2. From Corollary 3.8
we know that ( € p(L£). According to Lemma 3.5 we have the estimate (3.8), which
implies: There exists a constant C' > 0 such that

IR:(Q)gllww < Cllgllw, Vg€ X.

We have used the density of C{°(R) in H'(w,w), see Lemma B.17.  This
shows R(¢) € B(X,H'(w,w)). Clearly, there holds the asymptotic behavior
w(z)/w(x) ~1/|x] — 0 as + — £oo. Therefore we can apply Lemma 3.9 for w; = w
and wy = @, which yields the compact embedding H!(w,w) <+~ X. Thus, the resol-
vent Ry (¢): X — X is compact for Re¢ > 1+ 52/2. Now we apply Theorem I11.6.29
in [Kat66], which proves that R, (¢) is compact for all ¢ € p(L£), and that o(L) consists
entirely of isolated eigenvalues. O

With these preparations we can now characterize the spectrum of L:

Proposition 3.11. We have o(L) = —N. Fach eigenspace is one-dimensional,
and for k € N we have ker(k 4+ L) = span{uy}.

Proof. We consider the Fourier transform of the eigenvalue equation (( — £)f =0
for f € D(L). The general solution of the Fourier-transformed equation on the real
line reads: R

f(&) = Cap()e™¢, €eR™. (3.10)
For details see the computation in the beginning of the Appendix A.3 for ¢ = ¢ = 0.
Since f € X, f has to be analytic in Qg/2, see Proposition 3.3. With the specification
of the complex logarithm in Section 3.1 we may extend both parts of f from (3.10)
analytically to the complex half-planes {£ € C : Re{ > 0} and {{ € C : Re§ < 0}
respectively. However, if ¢ € C\ Z, the two extensions do not meet continuously at the
imaginary axis, thus f is not analytic in Qp/2 (except for the trivial case C = 0). If
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¢ € Z, we obtain continuity of f in C\ {0} iff C_ = C. But for ¢ € N*, f still has
a pole at £ = 0, thus it is not analytic. In the remaining case ( € —N the function f

from (3.10) has an analytic extension to C, when we choose C_ = Cy. So f € X solves
the eigenvalue equation for ¢ iff ( € —N. And according to (3.10) the eigenspaces are
still spanned by the pg, k € N, since iz (&) = (i€)*u(€). O

The main difference to L in X is that the eigenfunctions do not form an orthogonal
basis any more. However, we are still able to transfer the concept of the L-invariant
subspaces X C X to X.

Proposition 3.12. For every k € N we have the following facts:

(i) We define the subspaces Xy = cly Xi, and L is decomposed according to
X = X, @ span{ug_1,..., 1o}, see the Appendiz B.2.2. There holds

o(Llx,) = —N\{0,—1,-2... —k+1}.

(ii) For k € N* the spectral projection Iz ) of L associated to the eigenvalue —k
satisfies

kerIz 1 = X1 @ span{pg—_1,..., 10}, ranllzy, = span{p}.
Moreover, kerIl; g = Xy and ranll; o = span{yuo}.

Proof. Since o(L) = (L) = —N, and RL({) C Rz(¢) for all ¢ € C\ (—N), we
conclude from (2.1) that for any ¢’ C o(L£) there holds I ,» C Iz, and they are
bounded projections in X and X, respectively. For ¢’ := {0,...,—k+ 1}, k € N, we
apply Lemma C.1 from the Appendix: This yields

ranll; ,» = cly ranlly ,» = cly span{po, . . ., ptk—1} = span{po, . . ., flk—1},
ker Hﬁygl = ClX ker HLVJ/ = CIX Xk = Xk.

With this, Result (i) follows from Proposition B.12.
For (ii) we use the same arguments as before, with ¢’ = {—k} instead. O

Corollary 3.13. For every k € N we have M (k + L) = ker(k + L) = span{uy},
i.e. the algebraic and geometric eigenspaces coincide.

Proof. According to Proposition B.8 there holds M (k+ £) C ranIl; ;. But also
ranll; ;, = ker(k+ £) € M(k + L), so the result follows. O

For a better understanding of £|x, see the Appendix B.2 and Proposition B.10 therein.
Next we characterize the subspaces Aj.

Proposition 3.14. For k € N* the subspace X}, is explicitly given by
Xk:{feX:/Rf(x)xjdx:O,Ogjgk—l}. (3.11)
Furthermore, there holds
Xe={fex:f90)=0,0<j<k-1}, (3.12)

where f(j) denotes the j-th derivative of f
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Proof. We introduce the functionals t;: f — [p f(z)2?dz, j € N, which are
continuous in X. We define % = 1j|x. According to (3.3) we have f € A} iff
1/70(f) = ... = @k,l(f) = 0. Applying Lemma C.2 from the Appendix shows that
cly Xp ={f € X :¢;(f) =0, 0 < j <k — 1}, which is equal to X}, by definition. This
proves (3.11).

The second equality (3.12) immediately follows from (3.11) and

/f o dz = FIf (2)2)(0) = f)(0), WjeN.
]

Remark 3.15. The representation (3.11) of the A} also holds in polynomially
weighted spaces, see [GWO02, Appendix A], and Remark 5.7. For other weighted spaces
see Remark 5.10.

The final result of this section deals with the analysis of the semigroup (e*“);>¢
generated by £ in X.

Lemma 3.16. The operator L is the infinitesimal generator of a Cy-semigroup
(etﬁ)tzo m X.

Proof. According to Theorem 1.4.5 in [Paz83], Corollary 3.6 implies that
L—-1-p%/2=cly((L—-1- 52/2)‘030(&%)) is dissipative in X. From Proposition 3.11
we also know that any ¢ € C with Re{ > 0 lies in p(£). So we can apply the Lumer-
Phillips Theorem Theorem 1.4.3 in [Paz83] and find that £ generates a Cp-semigroup
(e'%);>0 of bounded operators. O

According to [Met01] the semigroup generated by £ has the following form in L?(R)
(and hence also in X):
§2

Fooeletf] = exp (= 5 (1 —e7)) f(ee™), t20. (3.13)

Proposition 3.17. For every k € N we have:
(1) (e*|x, )0 is the Cy-semigroup generated by L|x, on Xj.
(ii) There exists some Cy > 0 such that
€™ 2, | () < Cre™ ™, > 0.

Proof. According to the results of Proposition 3.12, £ is decomposed according to
X = X, @ span{ug_1,...,10}. Thus we can repeat the proof of Lemma 3.16 in X}
instead of X. So L|x, generates a Cp-semigroup on X}, which is given by the family
(€™ x,)e>0-

In order to show (ii) we perform the following computations, by making the addi-
tional assumption ¢ > 1:

73872 ey = [ o ([ - €+ 5] 00— e720)
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Here we have used the inequality % <l—e2<1fort>1.

Flesssle)] ( B\ J‘(OD
([giig]e_t)k . = ]:x—>€ € p<2e $)]:£H:r i €k L (2
< |lexp (ge_tx)}"g_l)x [‘féf)] |
L'(Ra)
<C(t) | Fel, [];f)]
< O() | (10:) Fls [féf) = C@O)|f |-

In the first estimate we have used the continuity of LY(R) — L*(R). The constant
C(t) is given by

[ exp(Beta)

which is uniformly bounded for ¢ > 1. In the last estimate we have used the Poincaré
inequality (3.7). Inserting this result in (3.14) yields for ¢ > 1:

/B 2k
5+1§] a¢

. 8 _ _g
| +38/D)Fey < Ce T 12 [ e
= ce 2 2.

Thus there exists a constant C' > 0 such that [|e** f[|, < Ce™|| ]|, for all ¢ > 1 and

f € X. Since (etﬁ)tzo is a Cy-semigroup, this family is also uniformly bounded for
t € [0,1], so altogether we get the desired decay estimate for the semigroup in Xy. O

Before we turn to the perturbed Fokker-Planck equation we summarize our results so
far:

Theorem 3.18. Let w(x) := coshfx for any 5 > 0. Then the Fokker-Planck
operator L|cee(r) is closable in X' = L?*(w), and its closure £ = cly Llcsew) has the
following properties:

(i) The spectrum satisfies o(L) = —N, and ker(L + k) = span{u} for every

k € N. The eigenfunctions satisfy the relation pj = u((]k , where ,u(()k) denotes
the k-th derivative of ug.

(ii) The resolvent Rz (C) is compact in X for all ¢ € p(L).

(iii) For every k € N the operator L is decomposed according to

X=X ® Span{:uk—la <o 7:“’0}7

where Xy, := cly span{ g, tg+1,- .-}, and Xy = X.
(iv) The spectral projection 1z j, corresponding to the eigenvalue —k € —N fulfills
ranllz , = span{us} and ker Iz, = X1 @ span{pg—1,..., o} for k € N.
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v) For every k € N the operator L|x_ generates a Cy-semigroup on Xy, and there
k
exists a constant C), > 1 such that we have the estimate

"1 || ) < Cre™, V2 0.

3.2. Analysis of the perturbed Fokker-Planck operator

So far we have discussed the one-dimensional Fokker-Planck operator £ in X =
L?(w), with w(x) = cosh Bz. In this section we investigate the properties of the per-
turbed (one-dimensional) operator £+ © in X, and we shall summarize the results in
Theorem 3.37. We begin by specifying the assumptions we make on the perturbation
0.

(C) Conditions on ©: We assume that Of =« f for all f € X, where ¢ € .¥'(R)
fulfills the following properties in {2g/5 for some 8 > 0:
(i) The Fourier transform 9 can be extended to an analytic function in Q /2 (also
denoted by 9), and ¥ € L>(Q3/5).
(ii) It holds ¥(0) =0, i.e. ¥ has zero mean.
(iii) The mapping £ — Re fO (£s)/sds is essentially bounded in g /5.

Remark 3.19. If ¢ satisfies the conditions (C)(i)-(ii), then we find that the
mapplng & — fo fs /sds is analytic in Q2. This becomes clear when writing
(s /s = &9(55)/(58) which is analytic for all s € (O 1] and can be continuously
extended to ¥/(0)€ for s = 0. The analyticity of & — fo (§s)/sds on Qg5 then follows
from Theorem 4.9.1 in [Det84].

Lemma 3.20. There holds ©f € X for all f € X iff the condition (C)(i) holds.

Proof. Clearly, G/)Tf = 1§f is analytic in Qg for f € X. According to Proposition 3.3
there holds O f € X iff

sup [|(DF)(- + 1) L2(r) < oo (3.15)

bl<B/2
where we use éTf = Jf. Now we apply Hélder’s inequality and find that (3.15) holds
for all f € X iff ¥ satisfies (C)(i). O

As a consequence of the above lemma and (3.15), for every f € X the prod-

uct Of itself is the Fourier transform of an element of X. So we may define
(If)(- £ip/2) € L3(R) for f € X according to (3.5) whenever ¥ satisfies (C)(i). With
this we obtain according to Proposition 3.3:

bes D) +1b) € C1—B/2, /2% L(R)). (3.16)
Lemma 3.21. The convolution © is bounded in X if the condition (C)(i) holds.
Proof. We apply the norm || - ||, to ©f. We obtain

o2 = /R Df (e —18/2)2de + / 7€ +18/2) de

= tim [ [ 10fe—mPac+ [ 1ofe+mP ac]
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<10 o lim, [ [ 1F€ =P ae + [ 17+ ag]

= 1912, o 112

We have used the fact that both b — f(- £ ib) and b ~— Jf(- £ ib) lie in
C([-8/2,8/2]; L*(R)), see Proposition 3.3 (ii) and (3.16). O

Lemma 3.22. Under the assumption (C) there holds ©: Xj, — Xyy1 C Xy for
every k € N.

Proof. According to Proposition 3.14, f € X iff £ = 0 is a zero of f(£) of order
greater than or equal to k. Because of the assumption ¥(0) = 0 the Fourier transform
Of = Uf has a zero at least of order k + 1 for f € Xy, so Of € Xit1.- O

Corollary 3.23. Let (C) hold, and k € N. Then the space X}, is an (L + O)-
mvariant subspace of X.

Since the conditions (C) are not very handy for direct applications, the following
lemma gives some criteria that are simpler to verify and sufficient for (C).

Lemma 3.24. Let 5 > 0 and w(x) = cosh Sz, and assume that ¥ € ' (R) fulfills

~

(i) 9(0) =0,
(ii) ¥ = dw + VIp with dw € Wl’l(w%,w%) and Yp € D := span{d, : y € R},
where 0, denotes the delta distribution located at y € R.
Then ©f =9 x f satisfies (C) for this 5 > 0.

Proof. In general Jy(0) and Jp(0) are not zero, so it is convenient to define
Wy :=Vw + Mp and ¥} = 9p — Mp, where M := Up(0)/v/2r. Then I3 and
¥}, have zero mean, and we have (C)(ii) for both ¥}, and ¥j,. Note that still
Wy € Wl’l(w%,w%).

Since F,¢6, = e and 1(€) = v2mu(€), it is immediate that 9% satisfies (C)(i).
In order to see (C)(iii) for ¥3,, we note that the integral occurring in this condition
can be rewritten as the line integral from 0 to &:

/ Ih(2) o
0—¢  #

which is path-independent in g5, since 1§*D(z) /7 is analytic in Q35 with a removable
singularity at z = 0. Therefore the integral itself is analytic, and thus uniformly
bounded on every compact subset of C. Because of this, it is sufficient to show uniform
boundedness of this integral as [£| — oo in §2g/5. We outline this for the map & — e ivé
for any fixed y € R and Re& > 1, the case Re¢ < —1 is analogous. For this we choose
the following integration path (note that we may start from z = 1, since the integral

from 0 to 1 is a constant)
Re(¢) ,—iyz
/ © dz
1 z

—iyz
/ ¢ dz
1—¢  #
Re()y o—iz
/ ¢ dz
y z

e~ 1yz

< + dz

/Re(g)—>Re(§)+i Im(¢) <

< n ge\ywz_
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The first integral is known to remain uniformly bounded as Re(§) — +oo. For esti-
mating the second integral we used £ € {13/9 and Re{ > 1. Since 1 = V27 decays
sufficiently fast in 25/5, it is clear that the integral of fi(2)/z from 1 to £ also remains
uniformly bounded as € — +00. Altogether, we conclude that 9%, satisfies (C)(iii).

Now we verify the same properties for ¥j;,. Since dy, € Ll(w%), we may extend
A*W to an analytic function in g/, and V(€ 4 ib) = Fuose 03y (2)e?], cf. Proposi-
tion XVI.1.3 in [DL92]. The Fourier transform is a continuous map from L!'(R) to
By(R) (the continuous functions decaying at infinity, equipped with the supremum
norm). Therefore, ¥}, € Ll(w%) implies

195 1| oe(252) = sup sup [ 95y (€ +1b)| < sup (|95 ()¢ 11 (=)
|bj<5 EER lb|< 2

< 195y (@)e3 171|111 sy < oc.

So (C)(i) is satisfied. For (C)(iii) it is sufficient to show that for some C > 0
and all £ € Qg with || > 1 there holds [97,(§)| < C/|¢], which is fulfilled if
F(9y') € L®(Qp/2). Analogously to the previous calculations we obtain that this
is satisfied if 05, € Ll(w%). We conclude that 9y, fulfills (C)(i) and (C)(iii) if
Iy € Wl’l(w%,w%). O

For the rest of the article, we shall always assume that © satisfies the condition
(C) for some fixed f > 0 , and we choose the weight function w(x) = cosh Sz with

this particular 5. The first result about the perturbed Fokker-Planck operator is the
following lemma:

Lemma 3.25. The operator L+ © has compact resolvent in X.

Proof. According to the Theorems 3.10 and 3.18 we have that £ is the infinitesimal
generator of a Cp-semigroup of bounded operators, and has a compact resolvent. Fur-
thermore, Lemma 3.21 shows that © is bounded in X. With this, the result directly
follows by application of Proposition I11.1.12 in [EN0O]. O

As a consequence, the spectrum of £+ © in X' is non-empty and consists only of
eigenvalues. In order to characterize the entire spectrum, we introduce the following
ladder operators', namely the annihilation operator

a_:X1—>X:f'—>/m f(y)dy,

and its formal inverse a™: f — f', the creation operator.

Lemma 3.26. The annihilation operator o~ has the following properties:

(i) For any k € N* there holds o~ € B(Xy, Xji—1).
(ii) In X the operators © and o~ commute.
(iii) Let f € X1, ¢ € C such that (L+O)f =(f. Then

(L+0) (" f) = ([C+1)(af).

1One of the best-known applications of ladder operators occurs in the spectral analysis of the quan-
tum harmonic oscillator, see e.g. [Hel02]. There, the ladder operators are maps between neighboring
energy levels.
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Proof. First we show (i). The boundedness of a~ with respect to the X-norm
follows immediately from the Poincaré inequality (3.7). The property a™: Xy — X1
can be verified as follows. For f € X1 N C§°(R) we find after integration by parts, for

all n € N:
1

n, . — _ n+1
/Rx a” f(x)de n—i—l/R:E f(z)dz.

By wusing the explicit representation (3.11) of the X% this proves that
a : CPR)N A, — Xy for all £ € N*. Since o~ is bounded and C§°(R) is dense
in X, we conclude aa™: X, — Xp_1.

Property (ii) holds true since © is a convolution. For Result (iii) one applies a~
to the equation (£ + ©)f = (f, and uses the identity a= (Lf) = L(a™ f) — a” f and
Property (ii). O

By using the annihilation operator, we are able to prove:

Proposition 3.27. We have the following spectral properties of L+ © in X:
(i) o(L+0©)=—N.
(ii) For each k € N the (geometric) eigenspace ker(L + © + k) is one-dimensional.
(iii) For every k € N an eigenfunction to the eigenvalue —Fk is given by fi, where
2 1 ’l§
fo= (@) fo = fék), and  fo(§) = f*_lm [exp ( — % +/ (§9) ds)]. (3.17)
0

S

In particular, fo is the unique stationary solution with unit mass of the perturbed
Fokker-Planck equation (3.1).

Proof. In order to show (i) we first prove that ),y Xx = {0}. According to (3.12)
there holds
ﬂXk:{feX:f(k)(O)zo,keN}.
keN
But for f € &, f is analytic in g/, and the only analytic function with a zero of
infinite order is the zero function, which proves the statement.
Thus, for any eigenfunction f of £ to an eigenvalue { € C, there exists a unique
k € N such that f € A} \Xj41, which is the minimal k£ € N with the property Il ;. f # 0,
see Proposition 3.12. Applying this projection to the eigenvalue equation yields

e (L4 0O)f ==k pf =Tk f,

where we used Of € X1 (cf. Lemma 3.22). Hence, the eigenvalue corresponding to f
satisfies ( = —k. Thus 0(£L+0) C —N. If now f, is an eigenfunction with the eigenvalue
—k, we can apply k times the continuous operator o~ to fi, and create eigenfunctions
to all eigenvalues {—k+1,...,0}. So either 0(L+0) = —Nor o(L+0) = {—ko,...,0}
for some ko € N (note that o(L£+ ©) # ) since the resolvent of £+ © is compact). But
the latter scenario is actually not possible, because then the operator (£ + O)] Xig 11
would have empty spectrum in A}y, which contradicts the fact that it still has a
compact resolvent in Xy, 1.

In order to verify (ii) we recall from the first part of the proof that if f is an
eigenfunction of £ + © to the eigenvalue —Fk, then k£ = argmin{Il; ;f # 0:j € N}. In
particular,

Meif #0 (3.18)
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for such an eigenfunction. Assume that dimker(£ + © + k) > 1 for some k € N. Then
we may choose two linearly independent eigenfunctions to the eigenvalue —k. Since
dimranIlz; = 1 (see Theorem 3.18 (iv)), we can find a linear combination of these
two eigenfunctions, yielding an eigenfunction f which satisfies Il f = 0. But this
contradicts (3.18) and hence dimker(£ + 0 + k) = 1.

For Result (iii) we consider the Fourier transform of the eigenvalue equation
(L+ 0O)fr = —kfy for k € N. This yields the following ordinary differential equation
for fk:

Ei(&) = (&) + k=€) fu(©).
Its general solution reads

A~

2 1.3 S
Fi(€) = crcfq(€), with ¢(&) = exp ( - % +/0 19(5) ds),

for all k € N, with ¢, € C. We may now fix ¢, := i*, which completes the proof. O

Remark 3.28. According to the results of Proposition 3.12 (ii) we may formally
write © and £ as infinite-dimensional matrices with respect to the eigenfunctions
{1k }ken. Because of the property ©: Xy — Xjy1 shown in Lemma 3.22 this repre-
sentation of © is strictly lower triangular. Furthermore, because of Theorem 3.18 (iii),
L is formally diagonal. And according to Proposition B.10 o(£) = o(L£ + ©). This
situation resembles the finite-dimensional case, in which adding a strictly triangular
matrix does not change the spectrum of a diagonal matrix.

Lemma 3.29. The spectral projection Py of L+ © corresponding to the eigenvalue
—k € —N fulfills

ran Py, = span{ fr.}, ker Py = X1 @ span{fr_1,..., fo},

with the eigenfunctions f, ..., fo given in (3.17). Therefore, all singularities of the
resolvent are of order one, and for all k € N there holds M(L+0©+k) = ker(L+O+k).

Proof. We define the set Ky, := X1 ®span{fx_1,..., fo}. Due to Proposition 3.12
and Corollary 3.23 it is immediate that £+© is decomposed according to Kx®span{ fi }.
Hence, for any j € N* we have (k+L+0)/: Kx — K. Therefore, Kj does not contain
generalized eigenfunctions corresponding to the eigenvalues {0, ..., —k+1}. First, this
implies M (L + © + k) = ker(L + © + k) = span{fi}, for every k € N. Second, since
o((L+0O)|k,) still consists only of eigenvalues, o((£L+0)|x,) = —N\ {—k}. So we can
apply Lemma B.13 from the Appendix, with Y = K and {y = —k and N = 0, which
yields the desired properties of the corresponding spectral projection.

Since dimran Py, = 1 and M (L+0O+k) = ker(L+0O+k), the singularity of Rz4+e(¢)
at ( = —k is a pole of order one, see Proposition B.10 (iv)-(v). O

Having explicitly determined the spectrum of the perturbed Fokker-Planck opera-
tor, we now turn to the generated semigroup and the corresponding decay rates. We
start with the fact that £ 4+ © generates a Cy-semigroup:

Proposition 3.30. For each k € N the operator (L + O)|x, is the infinitesimal
generator of a Co-semigroup on Xj. The semigroup on X preserves mass, i.e.

/ flz)dz = / [ ETO) f(z)de, VE>0, feX.
R R
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Proof. According to Proposition 3.17 L]y, generates the semigroup (e**|x, );>0 on
A, for every k € N. Because of Lemma 3.22 and Lemma 3.21 we have O|x, € Z(X%).
Now a bounded perturbation of the infinitesimal generator of a Cy-semigroup is again
infinitesimal generator, see Theorem II1.1.3 in [EN00], and so the first result follows.

To show the conservation of mass we use the decomposition of (etw*@))tzo accord-
ing to Py (or X = X @ span{fo}). The space X} consists of all functions with zero
mean, see (3.11), so the part Pyf alone determines the mass of any f € X. Clearly,
Po and (e£19));5o commute. Furthermore we have Pyf € ker(£ + ©), and hence
etLAO) Py f = Py f for all t > 0. So we obtain PyelctO) f = Pyf for all f € X, t > 0,
i.e. the semigroup preserves mass. [l

Next we investigate the decay rate of (et(£+®))t20 on the subspaces Xj. To this end
we define:

B(€) = exp (/01 I(Es) ds), €€y, (3.19)

S
which is analytic in 25/ according to Remark 3.19. With this we introduce the operator
U: f+— fx. As we shall see below, ¥ provides a similarity transformation between
L and L + 6.

Lemma 3.31. The map ¥ has the properties:

(i) For every k € N, the operator ¥: Xy, — Xy is a bijection, and the inverse is
U f s fr UL/
(i) U, 0t e B(X).

Proof. We define U: f — f % F~1[1/4)]. Because of condition (C)(iii) both ) and
1/1& are analytic in {2g/, and lie in L>°(€Q3/5). Hence, analogously to Lemma 3.20 we
find that ¥, ¥: X — X, and analogously to the proof of Lemma 3.21 we obtain the
boundedness of ¥ and W.

Let now f € X} for some k € N. Then f (&) has a zero of order greater than or
equal to k at £ = 0, cf. Proposition 3.14. Since z[; and 1/1& are analytic in (2g/9, the
zero at £ =0 of Fp, VU f = f({)zj;(ﬁ) and of Fp eV f = f(f)/?]}(ﬁ) is of the same order
as of f So U, U: X}, — X}, for all k € N*.

It remains to show that indeed ¥ = U~!. By applying the Fourier transform, we
see that WoWf =WoWf = fforall fe X, ie. W =¥"! and ¥, 0 1: &}, — X are
bijections for all k € N. O

The map ¥ plays a crucial role in the analysis of the perturbed Fokker-Planck
operator £ + O, because it relates the eigenspaces of £ to the eigenspaces of £ + ©

according to (3.17):

By using this property of ¥ we obtain the following result:
Proposition 3.32. Let k € N and ( € C\{—k,—k —1,...}. Then there holds

Rero(Q)]x, = Yo Re(¢) o U x,. (3.21)
In particular there exists a constant Cy, > 0 such that
|(Bero©ln) [y € b, ReC>—kmeN.  (3.22)
A) = (Re(+ k)n
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Proof. We fix k € N. Then, for all j > k and ¢ € C\{—k,—k — 1,...} there holds,
because of (3.20):

Re(Qpy = glﬁj =V oReie()f; =¥ o Rere(() o Ypy.
So we have Rz(¢) = ¥t o Rrio(¢) o ¥ in the space span{yu; : j > k} C X, which is
dense in Xj. Then this identity extends to X} because of the continuity of the occurring
operators.

In order to prove the resolvent estimate (3.22) we use

(Revo(Olx)" = Rero(Q)"x, = Vo Re(Q)" 0 71,
which follows from (3.21) and Lemma 3.31 (i). Because of ¥, ¥~! € %(A}) we conclude
[(Rero(Ox)" | o) < 19z || (Re(O)]x)"

We apply the Hille-Yosida Theorem to the estimate of (e**);>¢ in Theorem 3.18 (v),
which shows the following estimate:

@(Xk)H\IjiHXkHt%’(Xk)* (3.23)

[(Re(Ol)" | g, < (Refik)n, Re( > —k, n e N*.
We insert this estimate in (3.23), which shows (3.22), with the constant
Cr = Cell¥lx ) - 19 lza)- O
Corollary 3.33. Let k € N. Then there exists a constant Cy, > 0 such that
"9 | 5, sy S Cre ™, Vi 0. (3.24)

Proof. The result immediately follows from (3.22) by application of the Hille-Yosida
theorem. ]

Remark 3.34. According to (3.21) the operators £ and £ + © are similar:
L+O=TVoLoT L

Now we consider the family of operators (L£(7))rer := (£ + 70),cr. Clearly, for every
7 € R the operators £(7) and £(0) = £ are similar with the transformation operator
U(7) defined according to Lemma 3.31 (where we replace ¢ by 79 in (3.19)). Therefore,
according to [Lax68], there exists a family of operators (B(7))rer such that (£(7), B(T))
form a Lax pair, i.e. they obey

() = [B(r). £(7))
where the right hand side denotes the commutator. Since we explicitly know the trans-

formation operator W(7) we can compute B(7) for all f € X

Bf = —w(r)o WO ¢ [/01 UE) o il

dr s

which is independent of 7.

Remark 3.35. The above result implies the exponential convergence of any so-
lution of (1.1) towards the (appropriately scaled) stationary state. To see this we
choose any f € X. Then there exists a unique constant m € C (the “mass” of f)
such that Pof = mfy. So f—mfo = (1—"Py)f € X1, cf. Lemma 3.29, which implies
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tEAO) f —mfy = e EAO)(f —mfy) € Ay for all t > 0, because of Proposition 3.30.
With (3.24) and k£ =1 this implies

14O f —mfoll < Chllf —mfolwe™, t>0.

Remark 3.36. In the one dimensional case we can explicitly compute the Fourier
transform of R;-1e(()g, see Proposition A.10: For any k € N, Re( > —k, and g € X},
the unique solution f € X of (( — L — O)f = g satisfies

1 -
; ; g(s§) ¢
FO) = FaelRero(©d = fo©) [ L as, ceay
0 fo(sg)
where s¢ = e¢1°8% and log(-) is the natural logarithm on R*. For the proper definition
of complex powers see Chapter 2.

Now we summarize our results in the final theorem:

Theorem 3.37. Let X = L?(w), where w(x) = cosh Bz, for some B > 0, and let
O fulfill the condition (C) for this f > 0. Then the perturbed operator L + © has the
following properties in X':

(i) It has compact resolvent, and o(L + ©) = op(L + O) = —N.

(ii) There holds M(L + © + k) = ker(L + © + k) = span{ fi}, where fi is the
eigenfunction to the eigenvalue —k given by (3.17). The eigenfunctions are
related by fi = fék).

(iii) The spectral projection Py corresponding to the eigenvalue —k € —N* fulfills

ran P, = span{ fr}, ker Py = Xj11 @ span{fx_1,..., fo},

where the (L+©)-invariant spaces Xy, are explicitly given in (3.11). Moreover,
ran Py = span{ fo} and ker Py = X}.

(iv) For every k € N, the operator (L + ©)|x, generates a Cy-semigroup on X,
denoted by (e"“19)|x, )i0, which satisfies the estimate

et £H© B(xy) < Cre ™, vt >0,

)’Xk
where the constant Cj, > 0 is independent of t.

Remark 3.38. Apparently, the particular choice of # > 0 has no influence on the
above results, except possibly for the constants Cy. In practice, the constant S may
therefore be chosen arbitrarily small, such that © satisfies (C) for this £.



CHAPTER 4

The perturbed Fokker-Planck equation in higher
dimensions

4.1. Introduction

In this chapter we investigate the full d-dimensional perturbed Fokker-Planck equa-
tion, introduced in the beginning of the Introduction:

f, =V - (DVf+ Cxf) + Of. (1.1)

The assumptions on the perturbation © are specified in the beginning of Section 4.3.
The matrices C,D € R%*? are symmetric and positive definite. Actually we may
assume w.l.o.g. that D = I and C is diagonal. This can be seen from the following
considerations.

Since D is a symmetric and positive definite matrix, we may introduce the new

variables y := \/ﬁ_lx, and ¢(y) := f(x). The derivatives transform according to
Vx = \/ﬁ‘lvy. Hence we find that the Fokker-Planck operator transforms to

Vx - (DVyf + Cxf) = Vy - (Vyg + Cyyg), (4.1)

with C := \/ﬁflC\/ﬁ. Since C is still symmetric and positive definite, there exists
a unitary matrix U € R?*? such that UTCU is diagonal. We introduce the variables
z = Uy and the function h(z) = g(y). There holds Vy = UV,. Analogously to the
previous coordinate change we find that the Fokker-Planck operator in (4.1) further
transforms to:

Vy - (Vyg+Cyg) = Ah(z) +2' (U CU)V,4h(z) +tr(U'CU) = V, - (V,g+U'CUy),

where we have used that U is unitary. Note that UTCU is diagonal. The right hand
side is a Fokker Planck operator in the form of (1.1) with D = I and C diagonal.
Hence, w.l.o.g. we shall always assume in the following that our coordinates x € R?
are such that D = I and C is diagonal. We write C = diag(cy, ¢, ...), and introduce
c:=[c1,...,cq] where we fix 0 < ¢; <c2 <...<g¢y.

The corresponding analysis presented in this chapter is similar to the one of the
one-dimensional problem discussed in Chapter 3. However, some of the proofs need
different approaches, since for them there is no straightforward generalization to higher
dimensions. Up to small modifications, the contents of this chapter has been published
in [AAS15].

Concerning notation and general definitions we refer to Chapter 2.

31
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4.2. Analysis of the Fokker-Planck operator

We start by discussing properties of the unperturbed Fokker-Planck equation
fi=V-(Vf+Cxf)=Af+x"CVf+trCf, (4.2)

or the unperturbed Fokker-Planck operator L := A +x " CV + tr C, respectively. C is
a positive diagonal matrix. One can check that

p = exp(—3x ' Cx)

is a steady state, i.e. is a zero eigenfunction of L, at least on a formal level. With this
we can alternatively write

Lf=V- (uv(i)). (4.3)

The next step is to properly define the operator L in an appropriate Hilbert space.
The natural (self-adjoint) setting for L is the space X := L?(u~'). We use the no-
tation (-,-)x for the inner product. The operator L\Cgo(Rd) is symmetric and dissi-
pative in X, which is immediately seen from the right hand side representation of
L in (4.3). In the following it is helpful to notice that the isometric transformation
v X = L*(RY): f+— f/\/h = z transforms L|ggo(ray in X to

in the unweighted space L?(R?), see also Section 2.1 in [AMTUO01]. So L]Cgo(Rd) in X
and A|gse(gra) in L%*(R%) are isometrically equivalent, i.e. Ll gge(ray = 1o do t]cge ()
and most properties of A carry over to L. In particular A|080(Rd) is symmetric, and
since V(x) € L .(R?) and bounded from below, Theorem X.29 from [RS75] implies that
A|C(<J>o (rd) Is essentially self-adjoint in L?(R%). Thus the closures L := clx L]CSO (rd) and
A = clpzray Al ggeray are self-adjoint, closed operators in X and L?(R%), respectively.
The appropriate domain D(L) is also determined by the closure, but it is not needed
explicitly here. According to Theorem 1.4.5 in [Paz83] L = L* is dissipative in X as
well, and then Corollary 1.4.4 in [Paz83] proves that L generates a Cp-semigroup of
contractions in X, denoted by (e'*);>. As a consequence o (L) C (—oc,0].

Finally we prove the compactness of the resolvent (A — L)™' in X for A € p(L).
It is equivalent to the compactness of (A — A)~! in L?(R?), which we demonstrate
in the following. According to Theorem XIII.64 in [RS78] it is sufficient to prove the
compactness for one A € p(L), and this already implies the compactness for all A € p(L).
So we choose A := 1 + trC and consider (A — A)f = g for any f,g € C*(R?). We
multiply by the complex conjugate f and integrate (where V was defined in (4.4)):

L O+ VOISR ax+ [V [Fae = | aFax
= [+ b HOKE) 2 dx + 1V gy < B0 gy + L)

@/ (24 trC+ JIOx3) 12 dx + 2V F g, < lgllZapar-

So (A — A)~': L2(RY) — HY(1 + |Cx|3,1) is a bounded operator. Now we
can apply Lemma B.16 in the Appendix, which proves the compact embedding
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H(1+|Cx[3,1) << L?(R?). This implies the compactness of the resolvent of A in
L?(R%). As a consequence the resolvent of L is compact in X, because of the isometrical
equivalence of L and A. Thus, according to Theorem I11.6.29 in [Kat66], o(L) consists
entirely of eigenvalues, and the corresponding eigenspaces are finite-dimensional. Ac-
cording to Theorem V.2.10 in [Kat66] the eigenspaces form a complete orthogonal
family in X, see also Theorem XIII.64 in [RS78]|. Additionally, according to Proposi-
tion B.11 in the Appendix the self-adjointness of L implies that the algebraic eigenspaces
coincide with the geometric eigenspaces.

Next we identify all eigenfunctions of L. To this end we need to introduce the
distributional Fokker-Planck operator

£: 7' RY - 7' (RY): fr Af +xCVf +tr Cf.

In particular, £ is then a well-defined linear map from X into .#’(R?), defined on the
whole space X.

Proposition 4.1. There holds o(L) = {—ck : k € N%}. The zero eigenspace of
L is one-dimensional and is spanned by po(x) := det(C/(QW))% exp(—3x' Cx). More
generally, the eigenspace to A € o(L) is given by
ker(A — L) = span{puy : —ck = A},
where py := V¥ug for all k € N¢.
Proof. For any j € {1,...,d} and f sufficiently smooth there holds
9;(x"CVf) —¢;0;f =x' CV(9;f).
Therefore we have at least on a formal level that £f = Af implies
£(0;f) = (A—1¢;)(0;f). Applying this argument repeatedly to ppg it is clear that for
every k € N? the function ux = V¥pug is a formal eigenfunction of L to the eigenvalue
—ck. In the following we verify that the family {px}ycne lies in D(L), and that it

already spans all the eigenspaces.
First we note that for every k € N¢

d
pe(x) = po(x) [ [ Hy (). (4.5)
j=1

For given k € N and a > 0 the “rescaled” Hermite polynomial H}} of order £ is defined
by .
1 d 1

@N (CL 2 .’L') 9

with p(r) = exp(—2?/2) being the standard Gaussian. Comparing this with the defi-
nition for “standard” Hermite polynomials Hj, discussed in (B.1) in the Appendix, we
easily find the relation

Hi(z) = p(azz)

Hi(z) = ang (a%x).
Using this relation, we obtain from the orthogonality property (B.4) for every a > 0
and k # j:

/IRH,?(x)Hf(x)u(aéx) dz = 0.

Using this relation and Fubini’s Theorem it follows immediately from (4.5) that the
family {jx }yene is an orthogonal family in X.
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Next we prove that the py indeed lie in D(L). To this end let k € N? and we
introduce a ¢ € C$°(R?) that fulfills p(x) = 1 for all |x|s < 1 and ¢(x) = 0 for
|x|a > 2. For n € N* we then define ¢, (x) := p(x/n). Then p,u € C§(RY), for
all n € N*. Because of the super-exponential decay of px(x) as |x|2 — oo it is easily
verified that @, ux — pux and L(pppuk) — Lux in X as n — oo. Since L is defined as
the closure of L|geo(ga) this proves that all p lie in D(L) and they satisfy Ly = Lpu,
and thus they are eigenfunctions of L.

Finally we show that the {uk}yene span all eigenfunctions. To this end we show
that the orthogonal complement {y : k € N?}+ in X consists just of the zero function.
Assume that there exists some non-zero f € {uy : k € N?}+. By induction we can
show that the orthogonality of f implies

f(x)x¥dx =0, VkeN?
Rd

see Lemma 4.3 below for a similar argument. This is equivalent to saying that for
all k € N? there holds ka(O) =0, i.e. f has a zero of infinite order at & = 0. As
a consequence of the Paley-Wiener theorems, see the Theorems 1X.13 and IX.14 in
[RS75], the Fourier transform of every f € X is analytic in C?. But the zero function
is the only function that is analytic in C? with a zero of infinite order at the origin, so
f(x) = 0. Hence, {fix}xena is an orthogonal basis of X, and the set span{uy : k € N7}
has zero orthogonal complement.
Thus, every eigenfunction f € X has a unique representation

= ap,
keNd

with coefficients ay € C for k € N?. Inserting this in the eigenvalue equation Lf = \f,
with A € R, yields that ax is non-zero only if —ck = A. Since all ¢; >0, for
j€{1,...,d}, there always are only finitely many k € N? for which this is possible.
Hence, f € span{ux : —ck = A}. O

From the previous proof we also get this result:

Corollary 4.2. The family of eigenfunctions {fu}yena is an orthogonal basis of
X.

As a consequence we define the orthogonal projection Il corresponding to uy for
every k € N? by

i = ComdX o
With this, the spectral projection corresponding to an eigenvalue A = —ck is given by
the orthogonal sum
Ty ) = Z Iy ). (4.6)
kend
—ck=A\

In order to see that this indeed is the spectral projection corresponding to A we
refer to Proposition B.11 in the Appendix, which confirms that the spectral projections
of L must be orthogonal, and the ranges coincide with the geometric eigenspaces.
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Finally we introduce a convenient family of subspaces of X. For every k € N we
define

X = span{py : k|1 < k— 1}t (4.7)
Lemma 4.3. Let k € N. There holds f € Xy iff

fx)x¥dx =0, Vk|; <k-1. (4.8)
Rd

Proof. For this we rely on the representation (4.5) of the py. The result is then
shown by induction. Clearly, we have Xy = X and for k£ = 1 we obtain

Xlz,uol:{feX:/Rdf(x)dx:O}.

Let us assume now that (4.7) holds for some k € N*. According to (4.5) we have
d
Xps1 = {f € X, : / £ [T H () dx = 0, V|k|y = k}
Rd i1 !
For f € X} we conclude from the induction hypothesis that for |k|; =k
d
0= Rdf(x)jHlHk; (e) dx = (—e)* | flx)x*dx

where (—c)X # 0 is the leading coefficient of the (Hermite) polynomial in the integral.
All other parts of the integral vanish because of the induction hypothesis. Since this
holds for all |k|; = k this proves the desired condition for f € X . O

We conclude with a few remarks about the semigroup generated by L (see page 32
for the existence). Since the eigenfunctions of L, {pk }yend, form an orthogonal basis
we find the spectral decomposition in X

el = Z e_thHL’k = Z e)‘tHL’,\, vt > 0.
keNd Ao (L)
Hence, for the restriction (etL\Xk)tzo of the semigroup to X for £ € N we find the
representation
etL‘Xk = Z e_thHL’k, vt > 0.

keNd
k|1 >k

For this reason it is clear that |]etL|Xk||@(Xk) = ekl holds for all t > 0, since
—c1k = max{—ck: [k|; > k}.
We now summarize the main properties of L in X in the following theorem.
Theorem 4.4 (L in X). The Fokker-Planck operator L in X has the following
properties:
(i) The operator L := clx L|cgo(ray is self-adjoint and has a compact resolvent.

(ii) The spectrum consists entirely of isolated eigenvalues and is given by

o(L) = {—ck : k € N¢}.
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(iii) The zero eigenfunction is po(x) = det(C/(Qﬂ))% xp(—3x' Cx), and for every
k € N the function
pe(x) = V¥po(x)
s an eigenfunction to the eigenvalue —ck.
(iv) For every A € o(L) we have

ker(A — L) = span{ug : A = —ck}.

(v) The family of eigenfunctions {fu }yena s an orthogonal basis of X.
(vi) L generates a Cy-semigroup of contractions in X, and on every subspace X,
for k € N, there holds

e x, [l z(x,) = €,

where c1 is the minimal entry of c.

For the analysis of the perturbed equation (1.1) the space X is not convenient, see
the discussion for the one-dimensional Fokker-Planck equation on page 16. Hence, we
investigate L +© in a weighted L?-space with a weaker weight function w. A convenient
choice is

d
= Z cosh Bz, (4.9)

with 8 > 0. The corresponding weighted space is X := L?(w). The natural norm and
the inner product in & are denoted by |- ||, and (-, -).,, respectively. Next we introduce
a characterization of functions in X with the help of the Fourier transform.

Proposition 4.5. There holds f € X if and only if its Fourier trans-
form f possesses an analytic continuation (still denoted by f) to the open set
Qo ={z € C?%:|Imz|, < B/2}, with the property

sup || f(- +ib)|[ L2 (ray < 0. (4.10)

beR4
|bl1<B/2

In this case we have:
(i) For every b € R? with |b|y < 3/2 there holds

f(&+ib) = F[f(x)exp(b - x)](§), V&€ R (4.11)

(i) For every |b|y = 8/2 we define f(& + ib) Flf(x)exp(b - x)](&), which lies
in LQ(Rg). With, this there holds b — f(- +ib) € C( 5/2( ); L2(RY)).

We prove this proposition by mimicking the proof of Theorem IX.13 in [RS75]. The
proof consists of several lemmata, they are collected in the Appendix C.3. Often we
use the following norm, which is equivalent to || - [|.:

U = 3 (1745500 e+ 1 —55e0)

Lemma 4.6 (Poincaré inequality). There exists a constant C, > 0 such that
for every f € H'(w,w) there holds

[flle < CpllVFllw- (4.13)

(4.12)

LQ(Rd)>
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Proof. For this we use the norm || - ||,. We compute
1A = 3 (16 + 128500 7(e + 12e0) [y
7j=1/1=1

116 ~ 15607 (6 ~ i5en) |7aqus))

M&

(H(&+1 )f(£+1 ef)HL? (RY) + (& —i5 )f(E_I QZ)HH Rd))

o~
Il

1
d
=

> (53 (16 + 1300 [3amg) + 17 (€ ~ 1800 |[Famg) = (3)IIE-

1
This proves the Poincaré inequality with the constant C), = g U
Lemma 4.7. Let Re( > $(1+3%+tr C), and f, g € C§°(RY) such that ((—L)f =
Then there exists a constant C' > 0 independent of f,g such that
[flle + 1V Fllw < Cliglle- (4.14)
Here w(x) := (1 + |x|2)w(x).
Proof. We apply (-, f), to (( — L)f = g, and compute

Re/ gfwdx:Re/ (Cf=V-(Vf+ fCx))fwdx
Rd R4
—ReC/ \f\zwdx+Re/ (Vf+ fCx) - (wVf + fVw)dx
R4 R4
:||Vf||3,+1/ 1f1?(2Re(w — Aw —wtr C 4+ x' CVw) dx
2 Rd

1
—IVAE+ 5 [ IrPrx. (4.15)
Rd

We temporarily define v(x) := 2Re(w — Aw — wtrC + x'CVw. We observe
that Aw = f% and x"CVw = Y% ciaysinh Bz; > 0 for all x € RL  So if
Re( > 3(1+ 2 + tr C), the function v(x) is a weight function with v(x) > w(x) on
R?. Next we apply the Cauchy-Schwarz inequality to the left hand side of (4.15), which
yields

1
IVAIE + SIF1E < 11l llglle-
We now use the Poincaré inequality on the first term and v(x) > w(x) on the second
term, and divide by || f]|.:
IV o + £l < Cliglle-
Finally we observe that for any fixed Re ¢ > %(1 + 2 +tr C) there is a constant C > 0

such that v(x) > Cw(x) for all x € R?. Hence, v and @ are equivalent weight functions.
This concludes the proof. O

Before we properly define the Fokker-Planck operator as a closed operator in X,
we need the lemma below. It determines all formal eigenfunction of the Fokker-Planck
operator, i.e. the eigenfunctions of the distributional Fokker-Planck operator £ in X (see
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the definition of £ before Proposition 4.1). As a consequence of the following lemma it
will be straightforward to determine the spectrum of the Fokker-Planck operator in X.

Lemma 4.8. The distributional Fokker-Planck operator £ satisfies the eigenvalue
equation £f = (f for some ¢ € C and some f € X\ {0} iff ( € {—ck : k € N"}. In
this case, there holds f € span{puy : —ck = (}.

Proof. Since the functions s, k € N%, lie in X it is clear that they are also eigen-
functions of £. In order to show that they already span all eigenspaces we consider the
Fourier transform of (¢ — £)f = 0 for ¢ € C, which reads

C+e)f+eTCVf=0. (4.16)
We are now looking for f € X and ¢ € C satisfying this (eigenvalue) equation. In
particular we are interested in solutions f which are analytic in {2g/5. Expecting f to

be a linear combination of the j = V¥, we make the ansatz f = plig, with p analytic
in Qg/5. This is admissible (and not restrictive) since fip is nonzero and analytic in

Qg/2.- We know that fig satisfies the zero eigenvalue equation €20+ £TCV]ip =0, so
after inserting f = pfip in (4.16) we obtain the following equation for p:

£TCvp = —(p. (4.17)
Next we introduce the (unique) solution &(¢) of the ordinary differential equation
€ = C¢ with £(0) = &, € C? It is verified by application of the chain rule that
for any such curve

T P(E() =€) CVP(E(H).
This means that any solution of (4.17) fulfills the ordinary differential equation

Cp(ED) = ~Cole)

along these curves, i.e. p(£(t)) = p(&)e¢, for all £, € C?. We further use £(t) = £,e'C.
Introducing s = e’ (with s € RT) we obtain (see the introduction concerning the
notation for matrix powers)

E(Ins) = €9s®, p(&os®) = p(&o)s™ (4.18)
Now p needs to be analytic in g/, so (4.18) implies that Re ¢ < 0, otherwise p would
have a singularity in the origin & = 0, a contradiction. By induction we deduce from
(4.17) that for all k € N¢

¢TCV(VEp) = —(¢ + ck)V¥p.

Since all derivatives VEp need to be analytic in Q /2 as well, an analogous argument to
above proves that either Re ¢ < —ck for all k € N? (which is impossible since C > 0)
or V¥p = 0 for some k € N. So p has to be a polynomial, and we can make the ansatz

p(&) = met",
keNd
with px € C, k € N¢, and py = 0 for almost all k € N%. We now insert this in (4.17)

and obtain
> (ck)pg® = —¢ Y pigk.

keNd keNd
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This holds true for all £ € Qg5 iff { = —ck for all k € N? for which pjc # 0. So the

(formal) eigenvalues of £ in X’ are given by the set {—ck : k € N¢}.
From the above analysis we conclude

F&) =p0(&) D pig"
—ck=(
Now recall from Theorem 4.4 (iii) that iy = i*I1€%o holds for all k € N Hence,
f € span{py : —ck = (}. So we conclude that the eigenspaces of £ in X’ are precisely
spanned by the py. O

Now we can properly define the Fokker-Planck operator in the space X.

Lemma 4.9. The operator L|C(<)>O(Rd) is closable in X, and L := cly L\C(?O(Rd). The
domain is D(L) ={f € X : £f € X}, and for f € D(L) we have Lf = Lf.

Proof. According to (4.15) we have that (L — ()|gee(ra) is dissipative in X
if Re(>1(1+ 3% +1trC). This implies (cf. Theorem 1.4.5 (c) in [Paz83]) that
(L = ¢)loge(re) and consequently also L|gec(ga) is closable in L.

Now we define £ := cly L|cge. The domain D(L) consists of all f € X for which

there exists some g € X and a sequence (f,)nen C C5°(R?) such that
lim Hfﬁ“f”w =0,
n— oo

: (4.19)
lim ||[Lf, — gl = 0.
n—od

This also implies that ((¢ — L) fn)nen is a Cauchy sequence in X'. Thus, according
to (4.14), (Vfu)nen is a Cauchy sequence in X. So altogether, (f,)nen is a Cauchy
sequence in H'(w,w), which converges to some feH Hw,w). But since we already
know that f, — f in X, this implies that even f € H'(w,w). Next we temporarily in-
troduce the weight wa(x) := w(%¥) and the corresponding weighted space X := L*(ws).
Since (fy)nen is a Cauchy sequence in H'(w,w), (x " CV f, 4 tr Cf,)nen is a Cauchy
sequence in Xp. Together with the second line of (4.19) this implies that (A f,)nen is a
Cauchy sequence in Xy. Applying the Fourier transform and the norm (4.12) we have

that, for every ¢ € {1,...,d}, the two sequences

2 .
(e el e +i%er)), .

are Cauchy sequences in LQ(RZ). But we also know that fn(E + igeg) converges to
fle+ i%eg) in Lz(]Rg), for every ¢ € {1,...,d}. By identifying the limits it becomes
clear that Af,, — Af in X5, and Af € Xs, and altogether Lf, — £f in X5. According
to (4.19) we can make the identification £f = ¢ in A, and since g € X, we conclude
that Lf, — £f in X. This proves the inclusion D(£) C {f € X : £f € X}, and
Lf=2Lf forall fe D(L).

Finally we prove that this inclusion indeed is an equality. First we note that
D(L) € D(£) since L = clx L|ggo(ray and X < X. So we have L C L in the sense of
graphs. Let us then take ¢ > 0 so large that the estimate (4.14) holds. As we have
mentioned in the beginning of this proof the operator (£ —() \cgo (re 1s dissipative in X,
and from Theorem 1.4.5 in [Paz83] it follows that £ — ( is also dissipative. In particular
it is injective and thus invertible. So (¢ — £)~! exists. Now according to Theorem 4.4,
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¢ —L: D(L) — X is a bijection, so ran(¢ — £) D X, which is dense in X. Because of
this and the estimate (4.14), (( — £)~! is a densely defined, bounded operator in X.
But by definition (¢ — £)~! is already closed, so ran(¢ — £) = X and ¢ € p(£) (and
thus p(L£) # 0). We take now this particular ¢ € p(L), and assume there exists some
f*e X\ D(L) such that £f* € X. Hence also (¢ — £)f* € X. Since ¢ € p(L) we have
(C—=L)"YH¢—=L)f* € D(L), so the assumption is equivalent to saying that there is some
fle=(=L)"N¢—L)f — f* € X\ D(L) such that (¢ — £)f* = 0. But according to
Lemma 4.8 we know that ¢ € p(£) cannot be an eigenvalue of £ in X, since ( > 0. So
ff=0,and D(L) = {f € X:L&f € X}. a

Lemma 4.10. For any ¢ € p(L) the resolvent R (() is compact in X.

Proof. We choose ( > 0 large enough, so we can apply Lemma 4.7, which proves
that (¢ — £)~! is an element of (X, H!(w,w)). Note that this requires the density of
C&°(R?) in X, see Lemma B.17 in the Appendix. It remains to show that H!(w,w) is
compactly embedded in X'. According to the definition of w in Lemma 4.7 it is clear
that for all n € N there holds

w(x) 1

up = )
[x|2>n w(x) 1+n

which tends to zero as n — oo. Thus we can apply Lemma B.16 in the Appendix, which
proves the compact embedding H!(w,w) << X. Since R(¢) € B(X, H (w,w))
this implies that R-(¢): X — X is compact. Finally we remark that according to
Theorem I11.6.29 in [Kat66] the compactness of Rz (¢) follows for all other ¢ € p(£). O

Corollary 4.11. The spectrum o(L) consists entirely of eigenvalues, and
o(L) = {—ck : k € N¥}. For every A € o(L) the (geometric) eigenspace is given by
ker(A — £) = span{uk : —ck = A}
Proof. We apply Theorem I11.6.29 in [Kat66] which proves again that (L) con-
sists entirely of eigenvalues, and the corresponding eigenspaces are finite-dimensional.
According to Lemma 4.9 the eigenfunctions of £ in D(L) are precisely the (formal)

eigenfunctions of £ in X. And the eigenspaces of £ are then given by Lemma 4.8, they
are spanned by the {jx }iend- O

We introduce the closed subspaces Xy := cly X C X for k € N. For every k € N
the space X} was defined as a subspace of X by (4.7).

Lemma 4.12. For every k € N there holds
Xy = {f cA: / f(x)x®dx =0, Vke N with |k|; <k — 1}. (4.20)
Rd

Proof. We start from the characterization of the Xj; in Lemma 4.3, and apply
Lemma C.2. For every k € N? we define the functional

: X = C: f— /Rd f(x)xK dx.

We first prove the continuity of the 7. For k € N? and f € X we have

[ seox<ax| < [ 170017

Xk
w(x)1/2

‘dx
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<l ([, 2 0)

where we applied the Cauchy-Schwarz inequality in the second step. Since w grows
exponentially in every direction it is clear that the remaining integral on the right
hand side is finite for every k € N¢, i.e. the 1, are bounded linear functionals in X.
Furthermore we verify that the family {7 : k € N} is linearly independent. If the
family would be linearly dependent, there would exist a polynomial p(x) # 0 such that

/]Rd fX)p(x)dx =0, VfeX.

Since C§° (RY) C X, this is impossible, due to the fundamental lemma of calculus of
variations. Now we have verified the assumptions of Lemma C.2 in the Appendix. Since

Xk = ﬂ kernk|X,
k|1 <k—1

we conclude that
X i=cly Xi, = ﬂ ker ny.

k|1 <k—1
The intersection on the right is exactly the set (4.20). O
Corollary 4.13. For k € N there holds the identity
Xp={feXx :V5f(0)=0, Vk[i <k-1}. (4.21)

Proof. This follows immediately from the fact that for f € X and any k € N¢
| ¥ ax = Fx<rx))0) = 1 94 f(0).
We use this in (4.20) and the result follows. O

At every A € o(L) the resolvent map ¢ — R,({) has an isolated singularity. We
denote the corresponding spectral projection of £ by Il , which is explicitly given by
(2.1) for ¢/ = {A}. In particular II; y = cly I x:

Proposition 4.14. For every k € N we have the following facts:

(i) There holds X = X, @ span{uy : |kj1 < k — 1}, and the intersection contains
only zero.

(ii) L is decomposed according to X = X, @ span{py : |k|1 < k —1}, and on A}
we have o(L|x,) = {—ck : [k|; > k}.

Proof. Step 1 (representation of X ): In X there holds for any fixed k € N

X,f:span{,uk: k| <k -1}, (4.22)
and for every A € o(L) we have for the corresponding spectral projection

ranlly , = span {p : —ck = A}, (4.23a)

ker Il y = span {,uk :—ck # )\}. (4.23Db)

For a given k € N we define the set
o :={—ck:|kli <k -1} CRy,
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which is the set of all eigenvalues which “contribute” to X kl (note that there may be
k € N? such that —ck € o, but |k|; > k). From (4.23a) we conclude that

U ranll; y D XkL.
A€oy,
Taking the orthogonal complement of this relation yields:
ﬂ ker TIy \ C Xp. (4.24)
A€oy,
Next we investigate which eigenfunctions pyx need to be added to the left hand side of
(4.24) such that the corresponding span equals Xj. First we observe that, according to

(4.23), there holds uy € (ﬂ)\e% ker HL’,\)L iff pe € ranlly ) for some A € oj. This is
also equivalent to the condition —ck € oj. To complement the left hand side of (4.24),
we also require puyx € X, which gives the constraint |k|; > k, see (4.22). Hence, we
conclude that

Xk = ( ﬂ ker HL,,\) @ span{puk : —ck € o A k|1 > k}. (4.25)

AEog

Step 2 (spectral projections in X ): For ( € p(L) we have Rr(¢) C Rz(¢) (in the
sense of graphs), and as a consequence the spectral projection for A € o(L) satisfies
Iz » C Il y, see (2.1). Furthermore, both Il y and Iz \ are bounded projections in
X and X, respectively. According to Lemma C.1 in the appendix there holds

kerIl; y = clykerIly » and ranllg ) = clyranlIly ). (4.26)

Since the projections are bounded we have X = kerll; , @ ranll; ), and both
components of the direct sum are closed subspaces of X, see Section II11.3.4 in [Kat66].

Step 3 (decomposition of X' ): Following the arguments of Step 2 we obtain, by
applying the closure in X’ to (4.25):

Xy = ( m ker HQ)\) @ span{uy : —ck € oy A |k|1 > k}. (4.27)
>\€0’k

Notice that oy, is finite. The sum is still a direct sum, since every uy in the “span-term”
of the right hand side lies in the range of some Il y with A € 0. Altogether this implies
that X}, is a closed subspace of X such that

X = Xy, ®span{uk : k|1 <k —1}, (4.28)

and the two components are closed and disjoint subspaces of X.

Step 4 (decomposition of L): L can always be decomposed according to its spectral
projections. Since we can write each subspace X}, as (4.27), it becomes clear that £
can also be decomposed according to (4.28).

Concerning the spectrum of £ in A}, we recall that o(L|kermi, ) = 0(£)\{A}. Thus,
we obtain from (4.27) that o(L|x,) = {—ck : |k|; > k}. O

Corollary 4.15. For every A € o(L) the algebraic eigenspace coincides with the
geometric eigenspace.
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Proof. Since dimranll;, y < oo for every A € (L), we conclude from (4.26) that
ranllz y = span{ux : —ck = A}. Therefore, M(\ — L) C span{ui : —ck = A},
according to (B.7). On the other hand we know that

span{uy : —ck = A} =ker(A— L) C M\ - L).
U

After having established the spectrum-related subspaces X%, we now turn to the
semigroup which is generated by L.

Lemma 4.16. The Fokker-Planck operator L generates a Cy-semigroup of bounded
operators in X, which is denoted by (e);>o.

Proof. From (4.15) in the proof of Lemma 4.7 we find that for ¢ = (14 2 +tr C)
the operator (£ — ¢ )|Cgo (rey, and thus £ — (, is dissipative. Furthermore, every A > ¢

lies in p(L — (), see Corollary 4.11. So we may apply the Lumer-Phillips Theorem
(cf. Theorem 1.4.3 in [Paz83]) which proves that £ — ( generates a Cp-semigroup of
contractions, thus £ generates a Cy-semigroup of bounded operators in X. O

According to equation (1.2) in [Met01] the semigroup operators e** for t > 0 are
explicitly given by

(1)) = (4m) "2 det Q; 1 2e € / exp (— 1y Qi y) FeCx —y)dy, (429)
R4

where Q; = (2C)~!(e?*© —I). We can equivalently use the following representation in
Fourier space, which is useful for the subsequent analysis.

Lemma 4.17. For f € X andt > 0 there holds
Fle'f1(&) = exp (- £7[(2C) 1T — e #O)[¢) - f(e ). (4.30)

Proof. If t = 0 the identity is obviously fulfilled, so we assume ¢ > 0 in the following.
For f € X (4.29) is well defined, and we can write it as

(e £)(x) = (4m) ™"/ det Q; /e " C (i 1 £) (e ),

where ¢(x) = exp(—inQ; ly). Using the fact that Q; is diagonal we immediately

obtain that ¢(€) = (det 47 Q;)Y/? exp(—€& ' Q;€). With this we can write the Fourier
transform of (4.29) as

FIe£1(€) = (4m) ™/ det Q2 Flp » f](e7'%%)
=exp (- £'[20)7 (1 —e7*9))g) f(e™7¢).
So (4.29) and (4.30) are equivalent for all f € X. O
For the rest of this article we mostly use the representation (4.30) of (e**);>¢. Since
Xj; is L-invariant for all k € N, it is immediate that £|x, generates a semigroup on

every Xj. In the next step we investigate the long-time behavior of (e*“|x, )¢>0 on the
subspaces Xj.

Proposition 4.18. For every k € N there exists a constant Cy, > 0 such that there
holds
e | ) < Cre™ ™™, Ve >0, (4.31)

where ¢y is the smallest entry of c.
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Proof. We fix k € N and take any f € Xj. Then we estimate e/ f using the
I - lo-norm. (4.30) implies for any ¢ € {1,...,d} and for ¢ > 1:

(e ige) g = o[- (6 o) 100 e i)

2 2
(ee(er o)

< C/Rd exp (— €T[C(I - o 2C)¢)
Ji(ere e viger))[ ae

<c [ e (~lge) [f(e 0 (e-+iGe) ) de. (432

where v¢ = (1 —e~2¢)/¢; > 0. Now f is analytic, and since f € X}, we get from (4.21)
that f(&) = O(|€]5) as |€]2 — 0 (use the inequality between the geometric and the qua-
dratic mean). In particular, there exists some C' > 0 and r > 0 such that |f(&)| < C|¢%
for all |£|2 < r. Let us now consider all £ € R? such that [e*C (& + igeg)‘z < r for some
t > 0. This is equivalent to [e *C¢|2 < 72 — %Qe*%% Choose now tp > 0 such that
%e‘moc@ < % Then, for any ¢ > tg, the previous inequality is certainly satisfied

if e72c1)¢)2 < %, or equivalently [£]a < relt/2 =: R,. We use this to continue the
estimate of (4.32), now for ¢ > max{tp, 1}:

[Lere(es o)

2k
<C e 1€3rc|o—tC (5 + iéeg) ’ de
|€l2< Ry 2 2

! /£|2>Rt e lfre ’f(eftc (5 + igee)) ‘2 ¢

< Ce—%qt/ e—|§|§70
|€l2a<R¢

< Ce%clt/ e*l&l%Vc ‘5 + iéeg’% d¢ + C’/ e*|€|§’YC d¢
Rd 2k [€]2> Ry

2k
£+ igeg’ d¢+C e €3 g¢
2 |€l2> Ry

= Ce 2t 4 ¢ e€le ge.
|€]2> R
In the above calculations we have used the behavior of f around the origin in the
first integral, and the uniform boundedness of f shown in Lemma C.4 in order to
estimate the second integral. Next we verify that the remaining integral decays super-
exponentially as t — oo. We easily find that for ¢ > 0 (and thus R;) sufficiently large,
by using spherical coordinates (Sy is the surface of the unit sphere in R%):

—|£12 _ —
/ e~ I€270 q¢ = Sd/ exp(—pyc)p?tdp < Sd/ exp(—pyc)p® ' dp
|€l2> Ry p>Ry p>Ry

25, TYC
< Sd/ exp(—pyc/2)dp = "Lexp (- %etq)-
p>Ry Yc
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This decays super-exponentially, and we conclude that there exists some C' > 0 such
that for all ¢ > 0 sufficiently large there holds

[eseliere(erida)[ascemn

2
Since (e'“);>¢ is uniformly bounded the above estimate (4.33) holds true for all + > 0
for an appropriately large constant C' > 0. We get the estimate (4.33) for every term
in the norm ||e** f||.,, so we conclude: For every f € A} there exists some C' > 0 such
that we have for all t > 0:

o'/l < O,

This implies for every f € X and € > 0
[e.9]
/ ”et(ﬁ-i-k‘q—s)fnwdt < 0.
0

We now apply the Theorem of Datko and Pazy, see Theorem V.1.8 in [EN0O], for p = 1,
which yields that for every € > 0 there is a constant C}, . > 0 such that

|, | () < Crce™ o172, (4.34)

In order to prove that the decay rate is indeed sharp (i.e. we can choose ¢ = 0),
we start with the observation that according to Proposition 4.14 we can write
Xy = Xiy1 @ span{uy : |k|1 = k}, and both spaces are invariant under the semigroup
(e'%)¢>0. According to (4.34) the semigroup on X decays with an exponential rate
of —(k + 1)c; + €. For each eigenfunction pyx we know the exact rate —ck, so on
span{/i : [k|1 = k} the semigroup (e*);>¢ decays with the exponential rate
— min ck = —kc;.
k|1 =k

Combining those two decay estimates, we conclude that on Xj the estimate (4.34)
indeed holds true for € = 0, which is exactly the desired inequality (4.31). O

Remark 4.19. In the above proof one can alternatively use the Taylor expansion
of f with remainder in Lagrange form. Then the proof is carried out in a similar form,
however one can avoid the splitting of the integral coming from the norm into two
parts, as well as the application of the Theorem of Datko and Pazy. Hence, the analysis
becomes more straight-forward. That alternative proof can be found in [AAS15], after
Proposition 4.3.

To conclude this section, we summarize the results obtained in this section.

Theorem 4.20. Let w(x) = Ele cosh Bx; for any B > 0. The Fokker-Planck
operator L|geo(ray is closable in X := L?(w), we write L = cly Llcge(ray- In X the
operator L has the following properties:

(i) The resolvent of L is compact, and o(L) consists entirely of isolated eigenval-
ues.
(ii) The spectrum of L is given by

o(L)={-ck:ke Nd},

where ¢ is the line vector containing the diagonal entries of C.



46 4. THE PERTURBED FOKKER-PLANCK EQUATION IN HIGHER DIMENSIONS

(iii) For every A € (L) the corresponding eigenspace of L is given by
span{ . : —ck = A\, k € N¢},
where the functions py, k € N, are defined in Theorem 4.4.
(iv) For every k € N the subspaces X, C X (see (4.20)) are L-invariant, and
o(Ll,) = {—ck : [Kl1 > k}.
(v) For every k € N the operator L|x, generates a Co-semigroup (e**|x,)i>0 on
X, and there exists a constant Cy such that

|, |3y < Cre™™, Vi > 0. (4.35)

4.3. The perturbed Fokker-Planck operator

Having established £ in X, we now turn to the investigation of the properties of
the perturbed operator £ + ©. We make the following assumptions on O:

(C) Conditions on ®: We assume that O f := ¢ f for all f € X, and the convolution
kernel ¢ has the following properties:
(i) The Fourier transform ¥ can be extended to an analytic function in Qg2 (also
denoted by ¥), and ¥ € L>(Q3/5).
(ii) There holds ¥(0) = 0, i.e. ¥ is massless.

(iii) The function
S ’_>/ ET C

is analytic in €g/o, and its real part lies in L°°(Q3/2).

Lemma 4.21. Let the assumptions (C) hold. Then, for every k € N there holds
O € AB( Xy, Xyt1)-

Proof. Step 1: Boundedness of ©: Because of (C)(i) we have for every f € X that
F[Of] = 9f is analytic in Qg/2, and since f satisfies (4.10) we find

sup [[0f (- +ib)|| 2 (Re) < O0.
[bl1<B/2
beR?

So according to Proposition 4.5 © maps X into X. In order to show the boundedness
of © we use the norm |||, see (4.12). We start with the following computation, where

te{l,...,d}:

J.

0f) (e xige) [ de = 1 [ |06 £ ben|” g

12
<Nz () b/6/2/

= 101 (0 /]R i(e D) ae

Here we have used (ii) in Proposition 4.5. Note that 9f is the Fourier-transform of
an element of X', and thus we may evaluate it at the boundary of {25/, in the sense of
L2-functions. We can repeat the above estimate for every ¢ € {1,...,d} and conclude
from (4.12) that © is bounded in X with a norm proportional to ||1§||Loo(%/2).

(& + ibeg)| dg
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Step 2: ©: Xy — Xjyq: According to (4.21) f lies in X, iff f has a zero of order

greater than or equal to k at the origin. Now, because of (C)(ii), Jf has a zero of
order greater than or equal to k + 1 at the origin. Together with the first part of this
proof this shows that © f € Xj1. d

Corollary 4.22. If © satisfies (C) then for every k € N the space X, is invariant
under L + ©.

Proof. This is an immediate consequence of Proposition 4.14 and Lemma 4.21
above. O

Throughout the rest of this article we always assume that © is such that the con-
ditions (C) are satisfied in X" for some § > 0. Now we fix this 5 and consider X with

the according weight function w(x) = 2?21 cosh fz;.
Lemma 4.23. The spectrum o(L + O) consists entirely of isolated eigenvalues.

Proof. First we show that the resolvent of £ 4+ © is compact in X. According
to Theorem 4.20 L generates a Cy-semigroup of bounded operators in X and has a
compact resolvent. According to Lemma 4.21 © is a bounded operator. Thus we can
apply Proposition I11.1.12 in [ENO0O], which proves that R,1e(¢) is compact in X’ for
every ¢ € p(L£ + 0). It now remains to apply the Theorem I11.6.29 in [Kat66], which
proves that o(L + ©) consists entirely of isolated eigenvalues. O

In order to characterize the spectrum of £ 4+ © and the corresponding semigroup
we introduce the operator ¥V: X — X: f — f x. The function ¢ is defined via the
Fourier transform by

1
. 1.
06 =exp ([ 0750 as).
0
Lemma 4.24. ¥ satisfies the following properties in X :

(i) For every k € N the operator U: X, — X, is a bijection.
(ii) Both W and its inverse W=1 are bounded, and V=1 f = F~Y[f /4] for all f € X.

Proof. For the moment we define the operator W f := f_l[f/zﬁ] for all f € X, and
show in the following that it is the inverse of ¥. To begin with we note that because
of the condition (C)(iii) both ¢ and 1/¢) are analytic and uniformly bounded in Qs/-
Thus it follows analogously to the proof of Lemma 4.21 that both ¥ and ¥ are bounded
operators in X.

Since v and 1 / 1) both do not have any zeros in Qg2 (especially at & = 0) it follows
from the characterization (4.21) of the space X}, that ¥ and ¥ map X}, into itself for
every k € N.

Finally we observe that for every f € X there holds WV f = WU = f, which finally
proves that ¥ = U1, O

Proposition 4.25. There holds
(i) o(L+0O)=0(L).
(ii) For every k € N the function fy := Wy is an eigenfunction of £+ © to the
eigenvalue —ck. Furthermore, for every X € o(L + O)

ker(A — £ — ©) = span{ fx : —ck = \}.
(iii) The eigenfunctions satisfy fi. = VX fo for all k € N,
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Proof. From Lemma 4.23 we know that the spectrum of £ + © consists entirely of
eigenvalues. So, in order to determine the spectrum we look for A € C and non-trivial
solutions f € X of (A—L—0)f = 0. After applying the Fourier transform this equation
reads . o

A+&-of+€'CVf=9].
We now make the (non-restrictive) ansatz f = fnp. Note that because of (C)(iii) and
1/; # 0 in g/, the requirement f € A implies that p is analytic in Qg/5. A short
calculations shows that @@29 = ETCV@ZJ. Using this, we obtain the following equation
for p:

A+¢&-&p+¢'CVp=0.
We find that this is exactly the equation (4.16). In the proof of Lemma 4.8 we have
shown that 0 # p € X is a solution iff A € {—ck : k € N?}. And for a fixed A € C,
p € span{ug : —ck = \}. O

Corollary 4.26. VU is a similarity map between £ and L + ©.

Proof. According to Proposition 4.25 the eigenfunctions of £ and £+ © are related
by fix = Yy, for every k € N¢. So we find for every ¢ ¢ o(£) and k € N¢ that the
resolvents satisfy

1 1
R = =yt

£(¢) Tk Tk
Since span{uy : k € Nd} C X is dense and all occurring operators are bounded, we

conclude the following operator equality in A

VR(C)¥™ = Revo(()- (4.36)
Taking the inverse shows the similarity £ +© = WL, (]

fe =T Reio(Q) P

Proposition 4.27. On every space Xy, with k € N, the operator L+ © generates a
Cy-semigroup of bounded operators (et(ﬁ+®)]/\gk)t20. For every k € N there exists some
constant Cj. > 0 such that

1e"“FO) | |z y < Cre e, Wi > 0.

Proof. For this we show the similarity of £ and £ 4+ © shown in Corollary 4.26.
Fix any k € N. According to Corollary 4.22 and Lemma 4.24 the identity (4.36) holds
also in Xy, and R,4e(¢) is a bounded operator in Xj. Now we apply the Hille-Yosida
Theorem to the decay estimate presented in Theorem 4.20 (v). It shows that for all
n € N* and Re( > —kc; there holds
Ck

R n / < — . 4 <

IRc(O)" x| () < ReC+he)”
where C, > 0 is the same constant as in (4.35). Applying this resolvent estimate to
(4.36) yields that for all n € N and Re( > —kc; we have

Crll Pl ) 19~ (2,
n p < .
[Rz+0(C)" [l 22 < Rec + ko)

Applying the Hille-Yosida Theorem again implies that £+ © generates a Cp-semigroup
of bounded operators, and that it satisfies the following estimate:

1" EFO | |z (ae,) < Croe™Rer,
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where 0 < é}c < CkH\IjH%(Xk)H\IJ_IH%(Xk) g
We conclude this section by summarizing the main results.

Theorem 4.28. Under the conditions (C) on O, the perturbed Fokker-Planck op-
erator L + © has the following properties in X':
(i) o(L+0)=0(L) ={—ck:k € N}, ie. L+ O is an isospectral deformation
of L.
(ii) The functions fi. = Uy are eigenfunctions of L+© for allk € N%. For every
A € o(L 4+ ©) the corresponding eigenspace is given by
ker(A — (£ + ©)) = span{ fx : —ck = \}.

(ili) For every k € N, (L + ©)|x, generates a Cy-semigroup (eEHO)| v )0 on A,
and there exists a constant Cy, > 0 such that

t([r‘r@ é Oke—61kt’ vt 2 O

He )|/'\’k

PB(X)

In particular, this theorem implies exponential convergence of the solutions of the
perturbed Fokker-Planck equation towards the stationary solution:

Corollary 4.29. Let an initial condition ¢ € X at t = 0 be given, and let
f(t) = et(£+®)g0 be the corresponding solution of the perturbed Fokker-Planck equa-
tion (1.1). Set m := [p4@(x)dx € C (the “mass” of ¢). Then there exists a constant
C > 0 such that

1) =mfollw < Cllo —mfole™, Vt>0,
i.e. f(t) converges exponentially to mfo, with a rate independent of ©.

Proof. Since fy is the unique normalized zero eigenfunction of £ 4+ © we obtain:

fit) —mfo = et(£+@)(go —mfo).
Since ¢ — mfo has zero mean, it follows from Lemma 4.20 that it lies in X;. But
(et£+0)) 5 decays exponentially on X} with rate —c;, see Theorem 4.28 (iii). So we
get for all ¢ > 0:

IIf(t) —mfollw = Het(£+®)<¢ —mfo)|l < C’lH(cp — mfo)|lw et
O

Remark 4.30. Note that £ + © is neither self-adjoint in X nor in X. But the
fact that £ + © is similar to £, see Corollary 4.26, and that the similarity map W is
a bounded bijection with bounded inverse, suggests that £ 4+ O is self-adjoint in an
appropriate space. To demonstrate this we introduce the inner product

]_ - -
(frg)x = / Lytp T Tgax,
R M

and the corresponding norm || - ||x. The associated space X is the set of all functions
such that || - ||x is finite. This is indeed a Hilbert space, and W is an isometry between
X and X. Using (4.36) we see the self-adjointness of L + O in X:

(L+0)f.g)x=(VoLol ' f g)x
= <L(\Ililf)7 \II719>X - <\Ililf7L(\Ijilg)>X
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where we have used the self-adjointness of L in X. In X the eigenfunctions fx of L4+ ©
are orthogonal again (like the functions uy in X). Altogether, we conclude that L in
H and L + © in X are isometrically equivalent via the map V. Hence, L 4+ © inherits
most properties of L. However, we point out that discovering the map ¥, without the
preceding analysis, is a non-trivial issue.

The Hilbert space X is difficult to be characterized explicitly. In particular, it is
usually not possible to describe X as a weighted L?-space. A simple calculation shows
that X = L?(v) for some weight function v only if for all f € C§°(R) there holds

() (0,

But in general this function v will not be independent of f.



CHAPTER 5

The Fokker-Planck operator in other weighted spaces

The results of the previous chapters can be extended to L?-spaces with more general
weight functions, namely (5.12). We give an analysis of the unperturbed Fokker-Planck
operator (4.3) in the corresponding L2-spaces, which is based on a technique presented
in [GMM10]. To this end we need to introduce further notation and definitions.

Let X be a Hilbert space. For A € ¥ (X) and B € A(X), we define
A+ B := Alp(a) + B|p(a), which is closed with the domain D(A + B) := D(A). It
is convenient to define the open half plane A, := {z € C: Rez > a} for a € R. When

we introduce, for fixed N € N, constants (y,...,(y_1 € C, we use the convention
{Coy---,¢Nn—-1} := 0 whenever N = 0. For a closed operator A we make the following
definitions:

Condition 5.1. Let a € R and N € N be given, and consider the (possibly empty)
finite set Z := {Co,...,(n-1} C Ay. We say that A € €(X) fulfills the
e weak localization of the spectrum iff o(A)NA, = Z. For a, Z given, we denote
the set of all operators A € € (X) satisfying this condition by WLSx (a, Z).
o strong localization of the spectrum iff A € WLSx (a, Z) and furthermore the

range of the spectral projection corresponding to the set Z is finite-dimensio-
nal. The set of all such operators A € ¢ (X) is denoted by SLSx(a, Z).

Whenever the choice of X is clear from the context, we shall omit the subscript X
in the notation, i.e. SLSx(a,Z) = SLS(a, Z) and WLSx(a, Z) = WLS(a, Z).

Remark 5.2. Note that if A € SLS(a, Z) for some a € R and a finite set Z C C,
then Z C 0,(A), see Proposition B.10 (iv).

Condition 5.3. Consider two Hilbert spaces X — X, a constant a € R, and a
finite set Z := {{o,...,{n-1} C A4, with N € N. We define the set DCPx x(a, Z) as
the set of all operators A € €' (X') with the following properties: There exist operators
BeBX,X)and S € €(X) with D(A) = D(S), such that
(i) A=B+S,

(i) o(S) N A, C 7,

(iii) there is some A € A, \ Z such that A — A is injective in X.

The operators in DCPx x(a, Z) are said to satisfy the decomposition property.

The following theorem is the key ingredient to finding an appropriate weight w:

Theorem 5.4. Let X — X be two Hilbert spaces, and Z := {(o,...,(N-1} C Aq
for some N € N, with a € R fized. Consider an operator A € € (X) with the following
properties in X :

(i) For all0 < j < N —1 there holds (; € 0(A) and dim M ({; — A) < oo.

51
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(ii) A can be decomposed according to the orthogonal projection onto
Yy = [M(G—A) @ &My — A
(iii) A — a is dissipative in Y.
(iv) ran(A — b)|yy = Yn for some b > a.
Furthermore, assume in X :

(v) There exist B € (X, X) and an operator S € € (X) with the property that
S —a is dissipative, and there holds the decomposition A C B+S (in the sense
of graphs).

Then we have:

1. A generates a Cy-semigroup both on X and Yy. On Yy the semigroup satisfies
the following estimate: ||etA]yN||@(yN) < e,

2. We have A € SLSx(a,Z), and YN = ker(Ilg0 + -+ + IIan_1), where 114 ;
denotes the spectral projection of A corresponding to (;.

3. A is closable in X, its closure A := cly A also satisfies A € SLSx(a,Z).
The algebraic eigenspaces satisfy M((; —A) = M((G—A) C X, for every
0<j<N-1.

4. For0 < j < N—1, the spectral projection I1 4 ; of A corresponding to (; € o(A)
equals the closure of 114 ;. In particular, ranIl 4 ; = ranlly; = M((; — A),
and

kerIl4; = Vv & (@M(Ce - A)>,
U]
where Yy = cly Yn. A is decomposed according to Z;V;()l Iy;.

5. A generates a Cy-semigroup both on X and Yy, and for any a' > a there

exists some Cy > 1 such that

ey [l2(yy) < Care™, ¥t > 0.

This result and the corresponding proof is based on Corollary 4.2 in [GMM10], and
[AGGT12], where a simpler version of that theory was applied to the Wigner-Fokker-
Planck operator.

Proof. We start by proving Result 1. According to Assumption (ii) we have
A € €(Yn). Because of the Conditions (iii) and (iv) the operator A — a fulfills the re-
quirements of the Lumer-Phillips Theorem in Y. Hence A—a generates a Cp-semigroup
of contractions on Yy. Equivalently, A generates a Cy-semigroup (etA|yN)t20 on Yy
which satisfies the decay estimate given in Result 1. The orthogonal complement of Y
in X, M((o—A)@---&M((n—1— A), is a finite-dimensional, A-invariant space. So A
is a bounded operator on this space, and clearly generates a semigroup (etA|Yﬁ)t20 on
Yﬁ. Since A is decomposed according to X = Yy @ Y]\%(see the discussion after Propo-
sition B.9 in the Appendix), we conclude that A generates a Cy-semigroup of bounded
operators (e!);50 on X = Yy @ Y}, where (e/);>0 = (e!]yy )iz0 ® (etA\yA#)tzo-

We now show Result 2. Because of semigroup decay estimate shown in Result 1
above we know that o(Aly,) N A, = 0. On Y we have O'(A‘YJ#> = Up(A‘YI\LI) =Z.
Combining these results we obtain o(A) NA, = Z. This proves that A € WLSx (a, Z).
Next we apply Lemma B.13 with Y = Y}, which shows that for every 0 < j < N —1 we
have ranIl4 ; = M((; — A), where II4 ; is the spectral projection corresponding to ¢j.
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Since the algebraic eigenspaces M ((j—A), for 0 < j < N —1, are finite-dimensional, this
proves A € SLSx(a, Z), according to Proposition B.10 (iv). Furthermore, we obtain
that Yy = ker(HA’O + -+ HA,N—l)-

For Result 3 we adapt the proof of Corollary 4.2 in [GMM10]. We begin by showing
that S from Assumption (v) generates a Cp-semigroup on X. From Assumption (v) we
find that B|x € £(X), and since A generates a Cp-semigroup on X, see Result 1, the
operator S|pay = A — B|p(a) also generates a Cp-semigroup (et5|D(A))t20 on X. For
f € D(A) the map t — !SI0 f lies in C((0,00); X). Because of X € X we find that
this map also lies in C*((0,00); X). Since S — a is dissipative in X', we obtain for all
t>0and f € D(A):

d 2 2
aHetSb(A)fHX =9 Re<5et$|D(A>f7 etS\D(A)f>X < 2a“et5|D(A>f“X'
The Gronwall inequality implies for all f € D(A):

[e’lo £l < e[| fllx,  VE>0. (5.1)

Because of X «— X we have D(A) C X dense. So we may consider the closure
T(t) := cly P4 which is a bounded operator on X for every ¢ > 0 with the norm e,
and we get an estimate of the form (5.1) for all f € X. We then apply Lemma C.5 (with
A = 8|p(a)), which proves that (T'(t)):>0 is a Co-semigroup on X, and its generator is
S := clx S|p(a) (here we possibly redefine S). This (new) S still fulfills Assumption
(v). Together with B € Z(X) this implies that A := cly A = B+ S is the generator
of a Cg-semigroup (e*4);>o. With this choice of B, S there holds A € DCPx x(a, Z).
To see this, we verify the conditions in Definition 5.3. According to the assumptions,
Condition (i) from Definition 5.3 is clearly verified. From the estimate (5.1) for the
semigroup generated by S on X we deduce for the spectral bound s(S) < a. Hence,
o(S)NA, = 0. This shows that Definition 5.3 (ii) is fulfilled. Finally, since A generates
a Cy-semigroup, there holds p(A4) D A, for some a’ > a. So we can easily find some
A € A, that fulfills Definition 5.3 (iii).

From Result 2 we know that A € WLSx(a,Z). And we have just shown that
A € DCPx x(a,Z). So the requirements of Theorem B.15 are fulfilled. We conclude
that A € SLSx(a, Z), and M((; —A) = M({j—A) forall 0 < j < N —1. This confirms
Result 3.

For Result 4 we first characterize II4 ; in X. We have already demonstrated in the
proof of Result 2 that ranIl4 ; = M({; — A) for 0 < j < N —1, and

kerTly,; =Yy @ (D M(G - 4)), 0<j<N-1.
£
There holds A € SLSx(a,Z) and A € SLSy(a,Z). We denote the spectral projection
of A and A corresponding to the set Z by I14 7 and I 4 7, respectively. Similar to the

proof of Proposition 3.12 we observe that II4 7 C II4 z. By applying Lemma C.1 we
conclude that

N-1
Yy i=cly Yy =kerllaz, @M - A) =ranTlyz.
=0
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Note that dim M ((; — A) < oo for all 0 < j < N — 1. Since Il4 z € #(X), this shows
that we can write (see the discussion in Section C.2 in the Appendix)

X=Yya (]é_BlM(gj - 4)). (5.2)
§=0

By mimicking the above argument with Il 4 ; instead of 114 7z and by using the fact
that dim M (¢; — A) = dimranlls; < oo for all 0 < j < N — 1 we obtain that
ranlly; = M((j—A) = M(¢;—A), for all 0 < j < N —1. Applying this result in (5.2)
proves Result 4.

Finally, we show Result 5. From the end of the proof of Result 3 we know that we
can apply Theorem B.15. It yields the following representation of the resolvent:

Ra(¢) = (=8 + Ra(OB(C = 8)7!, V(e ANZ. (5.3)
Our goal is to show a uniform estimate of R4(¢) by using (5.3). The operators of the

semigroup (T'(t))s>0 generated by S satisfy || T(t)[| x) < e* for all t > 0, according to
(5.1). So we may apply the Hille-Yosida theorem to get the resolvent estimate

-8, < — . 4
6= 8) N < gz Re¢ > (5.4)
By combining the growth bound of (e*4);>o shown in Result 1 and Result 2 we may
apply Lemma B.14 from the Appendix. This yields the following estimate, which holds

true (uniformly) for all ¢ € A, \ Z:

1 ¢ — Col®~t +1 ¢ — (g1 4 1}
Re¢—a’  |[C—Col% 77777 |¢—Cyog|tv '

I R4l < omax{

(5.5)
Here, d; is the order of the pole of R4({) at ¢ = (j. By inserting (5.4) and (5.5) into
(5.3) we get the following estimate, which is uniform in { € A, \ Z:

1 1 ¢ = o™t +1
HRA@)u,@(X)gRGC_CL[HcmaX{Re T eI

€ = Cnv—r|™N T 41 H

N O

where we absorbed ||B|| z(x, x) in the constant C'. Now we follow an idea from the proof
of Proposition 4.8 in [AGGT12]: Because of Result 4 just shown above, ¢ = RA(C)|yy
is analytic in A4, so it has no singularities. Hence, it is uniformly bounded on every
compact subset of A,. Now we fix a compact set 2. C A,, such that Z C 7. So
RA(C)|y, is uniformly bounded in Q.. In the “complement” A\, we may apply (5.6).
Since we are away from the poles of R4(() in Ag, it implies that R4({) (and therefore
also R4(C)|yy) remains uniformly bounded on A, \ €. for any o’ > a. Combining
these estimates we get

sup [[Ra(Qlyw |y < o0, Va' > a.

Re(>a

Then, by applying the Gearhart-Priiss-Greiner theorem (see Theorem V.1.11 in [EN0O])
we obtain Result 5. O
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Next we apply this theorem to the d-dimensional Fokker-Planck operator L (see
Theorem 4.4 for its properties in L?(1/u)). Our aim is to find a weight function w
such that the closure of L in L?(w) still satisfies most of the spectral properties of L in
X. In order to do so we are looking for operators B, S, such that the requirements of
Theorem 5.4 are fulfilled for any a € R. The following lemma yields the appropriate
condition on the weight function. We use the notation from Theorem 4.4.

Lemma 5.5. Let a < 0, and fiz a weight function w(x) € C*(RY) that satisfies the
conditions

JR>0:Vx[s > R: Aw(x) —x' CVw(x) +w(x)trC < 2aw(x),  (5.7a)
IWe>W, >0: VxeRY: Wy <w(x) < Wa/u(x). (5.7b)

Then, the Fokker-Planck operator L is closable in X := L?*(w), and the closure
L:=cly L\Cooo(Rd) has the following properties in X :

(i) The spectrum satisfies o0(L)NA, = o(L)NA, = {—ck : k € N°A—ck > a}. We
write o(L)YNA, =: {Co,--.,C{N-1}, where we assume 0 = (y > (1 > ... > (N1
and N € N*. We have M (L — (;) = ker(L — (j) = span{ux : —ck = (;} for
every 0 < j < N —1.

(ii) For every 1 < j < N we define

V; = clyspan{uy : —ck > (o1},

and Yo := X. L is decomposed according to X = );j @ span{ux : —ck > (j_1}.
(iii) The spectral projection Il. ; corresponding to the eigenvalue ; fulfills

ranllg j = span{puyk : —ck = (;}, kerllg; = V41 @ span{ux : —ck > (;}.

(iv) For every 0 < j < N —1, the operator L generates a Co-semigroup on Y;, and
there exists a constant C; > 1 such that we have the estimate

Hew’y]‘Hgg(yj) < Cjeit, vt >0,

Proof. Our aim is to apply Theorem 5.4 for A = L. We fix a < 0, some weight
function w that satisfies (5.7), and define X' := L?(w). Because of the condition (5.7b)
there always holds X — X.

Verification of the requirements of Theorem 5.4: In order to satisfy Condition (i) in
Theorem 5.4 we define Z := {(p,...,{n_1} = 0(L)N A, = {—ck : k € N A —ck > a},
see Theorem 4.4. Since L is self-adjoint in X, Proposition B.11 shows that for every
¢j the corresponding geometric eigenspace of L in X coincides with the corresponding
algebraic eigenspace. And Theorem 4.4 (iv) shows that the eigenspaces corresponding
to the (; are all finite-dimensional. Hence condition (i) in Theorem 5.4 is satisfied.

The orthogonal complement Yy of the eigenspaces of L in X corresponding to Z is
just

Yy = cly span{uk : —ck < a}.
Because the eigenfunctions {jx }ycne are an orthogonal basis of X, it is clear that L is
decomposed according to

=

X:YN@( M(gj—L))

<.
Il
o
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Hence, Theorem 5.4 (ii) is verified. By writing (L—a)|y, as a Fourier series with respect
to {uk : —ck < a} we immediately see that (L —a)l|y, is dissipative in Y. This shows
that Condition (iii) in Theorem 5.4 is fulfilled. Since (L — a)ly, is self-adjoint in X,
see Theorem 4.4, we can apply the Lumer-Phillips Theorem for self-adjoint operators
(see Corollary 1.4.4 in [Paz83]), which proves that (L — a)|y, generates a contraction
semigroup in Yy. This proves Ay C p((L — a)|y, ), and in particular b € p((L — a)|yy)
for all b > a. This confirms Condition (iv) in Theorem 5.4.

In order to demonstrate that also the condition (v) is fulfilled, we make the following
calculation for f € C§°(R%):

Re(Lf, f)w = —Re/ (Vf+Cxf) (wVf+ fVYw)dx
R4
:—|Vf||i—Re/ If’x"CVwdx —Re | fVf-(Cxw + Vw)dx
R Rd
:|Vf||i+1/ |f1?(Aw — xTCVw + wtr C) dx. (5.8)
2 R4

Now we want to find some B € Z(X, X) such that (L — B — a)|gs (ga) is dissipative in
X. According to (5.8) this is equivalent to

SIVAIE+ 5 [ 1P —xTOVw +wtr C)dx < alfIE + (BS. flur (59

for all f € C5°(R?). We use this to construct a convenient operator B: Let R > 0
be the constant from (5.7a). For functions f € C§°(RY) with supp f C B%_1(0)¢ we
shall allow Bf = 0, since then (5.9) is fulfilled, because of (5.7a). This motivates us
to set Bf :=b-ng - f, with b > 0, where ng € C§°(R%[0,1]), suppnr C B%EH(O) and
773|Bi3(0) = 1. It remains to determine b > 0. Since w € C%(R?) there holds

sup 1(Aw —x'CVw+wtrC —2a) = M < cc.
x€B%(0)

Because of (5.7b), the inequality (5.9) is fulfilled if M < Wib. Hence, we de-
fine b:= max{O,%}. With this choice of B the operator (L — B — a)|gee(ra) is
dissipative in X. According to (5.7b) the norms || - [[x and || - ||x are equiva-
lent on {f € C§°(R?) :supp f C B%,,(0)}, and so B € #(X,X) follows immedi-
ately. With this we may define S|geogay = (L — B)|gsorae). According to (5.9)
the operator (S — a)]cgo(Rd) is dissipative in X, hence it is closable. So both
S|osemay and L{gee(pay = (B + S)|gge(ra) are closable in X' as well, and we may de-
fine S := clx S|ggorey and L := clx L|geo(ray. Obviously L C £, and so L C B+ S,
and Requirement (v) of Theorem 5.4 is fulfilled.

Application of Theorem 5.4: In the previous paragraph of this proof we have already
seen that £ = cly L|¢s (ra) exists in €'(X). Result 3 of Theorem 5.4 immediately proves
Result (i).

Next we show the Results (ii) and (iii). Since the family {sk }yene is an orthogonal
basis of X, we easily find

ranlly ; = span{py : —ck = (5}, kerIly ; = span{uy : —ck = Cj}L,
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where we have already used Result (i). From Result 4 of Theorem 5.4 we know that for
every 0 < j < N —1 there holds Il ; = cly Il ;. By applying Lemma C.1 we obtain
ranllz ; = span{ux : —ck = (j}, kerIlz; = cly (span{ux : —ck = (j}LX). (5.10)
Next we introduce the spaces
Vi =cly ({pe: —ck > G}HX), 0<j<N-L

Since the spectral projections satisfy Il ;IIz ; = 0 for ¢ # j (see Section B.2.2 in the
Appendix) we conclude with the help of (5.10) that

X=Y;®@M(L~ ()@ ®M(L - () =Y @span{ux : —ck > ¢}, (5.11)

for all 0 < 7 < N — 1. Furthermore, we see that )); is the kernel of the spectral
projection Il 7 corresponding to the set Z := {(o,...,(j—1} C o(£). Hence it is clear
that £ can be decomposed according to (5.11). O

Remark 5.6. The condition (5.7) on the weight function w is not the only one
which leads to the results of Lemma 5.5. In [GMM10, Section 5.1}, a different condition
denoted by (FP3) is presented. According to this, we could replace (5.7a) by

SR> 0:V|xls > R: w(x)L<w(1X)> < 2a. (5.72)

In order to see that the results of Lemma 5.5 still hold true if w satisfies (5.7a’) instead
of (5.7a), we only need to repeat the calculations below (5.8). We start similar to
(5.7a), with f € C5°(R?) (in order to keep notation more clear, we define v := 1/w):

Re(Lf, ) = —Re/Rd Mv(i) .v(g) dx = —Re/Rd w(% . g) -v(%) dx

e () o) L)
) | Ko ()

2
:_/Rd V(f)rydx+/R |2f|2LI/dX.

v a2v
Analogously to the proof of Lemma 5.5 we therefore need to find an operator
B € #(X,X) such that the following inequality holds for all f € C§°(R%):

AV |fI? 2
- V(=) vdx+ oy Lvdx <al| |l + (Bf, f)w-
Rd 1% Rd 2v
Given (5.7a’) we can construct B as in the proof of Lemma 5.5 and proceed analogously
from there on.

Remark 5.7. In the one-dimensional case (d = 1), and for a < 0 given, the
polynomial weight function w(z) = 1 + 22(-1a+1) fulfills (5.7), thus the conclusions
of Lemma 5.5 apply to the Fokker-Planck operator £ in L?(w) for N = —|a]. (Here,
|-] denotes the floor function.) Therefore, the spectrum of £ in the half plane A, is
given by {0, —1,..., —N+1}. These results are complemented in [GW02, Appendix A],
where an exhaustive analysis of the spectral properties of £ in polynomially weighted
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spaces is given, and the complete spectrum is determined. For the one-dimensional
case see also [GR98].

In the following we turn our attention to £ in exponentially weighted spaces. In
this case we are able to completely characterize the spectrum, and deduce the following
result:

Theorem 5.8. Choose constants f1,...,84 > 0 and v1,...,74 € (0,2]. Further-
more, whenever v; = 2 for some j € {1,...,d}, we additionally require 5; < c;j/2.
Define the weight function w(x) either by

d d
w(x) = > cosh (Bj|z;[7), orby w(x):= ]] cosh(Blz;|"). (5.12)
7=1

— e
Then we have the following results in X := L*(w):
(i) Llgge(ray is closable in X, and we define L := cly L|geo (ga)-

(ii) The spectrum satisfies o(L) = {—ck : k € N9}, and for every A\ € o(L) the
corresponding eigenspace satisfies

M(A— L) =ker(¢ — £) = span{u : k € NY A —ck = \}.

Here, the functions u, for k € N¢, are defined in Theorem 4.4. The se-
quence of (sorted) eigenvalues is denoted by ((j)jen. We define them by
0=0O<G<G<..,and{¢:jeN}=0(L).

(iii) We define Yo := X, and for every N € N*

Yn = clx span{ug : k € N? A —ck < (N}

The finite-dimensional space span{uy : k € N¢ A —ck > (y_1} is a comple-
ment, and L is decomposed according to

X = YN ®span{ug : k € N A —ck > (N—1}

(iv) For every j € N, the spectral projection Uz, of £ corresponding to (j € o(L)
fulfills

ranllz ¢, = span{uk : k € N A —ck = Gt
kerlg e, = Vit1 & span{uy : k € N A —ck > Cj—1}-
(v) For every j € N the operator L[y, generates a Co-semigroup on Y;:
Lly.
("Pi)iz0 = (€13, )izo.
There exists a constant C; > 1 such that the semigroup satisfies the estimate
L =Gt

e ‘yjH%’(yj) < Cje %" Vt>0.

Proof. This is a direct application of Lemma 5.5. Given a weight function w from

(5.12), we only need to verify that for every a < 0 the conditions (5.7) are verified. We
start with

d
w(x) = Z cosh (ﬁj|xj|w).

j=1



5. THE FOKKER-PLANCK OPERATOR IN OTHER WEIGHTED SPACES 59

Since C is diagonal, the condition (5.7a) decouples. Thus, it is sufficient to show that
for every index j € {1,...,d} the following one-dimensional condition is verified (with
x:=uxj, f:= P, v:=1; and ¢ = ¢j):

(cosh(B|z|7))" — cx(cosh(B|x]7)) + ccosh(B|x|7)

li = —o00.
|z|1£>noo cosh(f|z|7) >

Note that the lack of differentiability of w around the origin is not an issue, since we
are only interested in the behavior as |z| — oco. Since the expression in the limit is
symmetric in x, we can omit the modulus everywhere. With this, we compute

(cosh(Bz7))" — cx(cosh(Bz7)) + ccosh(Bz7)

xlglolo cosh(Bx7)
 tm (exp(Bx7))" — cx(exp(Bx”))" 4 cexp(Bz7) (5.13)
T—00 exp(ﬂaﬁ)
i PO = D@2 4 (Bya 1) exp(Ba?) — cfya? exp(Ba?) + cexp(SaT)
T—00 exp(ﬁx”/)
= lim (= cfya” + B2%2P 72+ By(y — )2 % + o).

The result of this limit depends on the highest power of x. Provided §,v,c > 0, the
limit can be —oo only if
Yy=22y-2 & <2

If v < 2, the limit is always —oo. If v = 2, the limit is —oo iff

—cfy+ B3 <0 & ﬂ<g.

Under these conditions w fulfills the condition (5.7) for all a < 0, so it is now straight-
forward to conclude the results of Theorem 5.8 from Lemma 5.5.
For the other weight function

d
w(x) = H cosh (B;]z;]"7),

j=1
we proceed similarly to above. We find
. Aw(x) — x"CVw(x) + w(x)trC
X500 w(x)

Edj (exp(Bjz ")) — cjuj(exp(Bjz;’)) + ¢ exp(ﬁjfﬂ;j).

=~
= eXP(Bj%‘J)

= lim

|x]2—00

This limit is —oo iff for every j € {1,...,d}:

(exp(Bjz}’))" — cjzj(exp(Bjz}’)) + ¢jexp(Bjz )

Tj—00 exp(,@]w;/j)

= —OQ.

Now, for every j € {1,...,d} this limit coincides with (5.13). Hence, we obtain the
same conditions on 3; and «y;. From there on, we can proceed analogously to the first
part of the proof, and obtain the desired results of Theorem 5.8 also for the second
weight function in (5.12). O
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Remark 5.9. For v; = 0, for all j € {1,...,d}, in Theorem 5.8 (i.e. X = L?(R%))
the situation changes completely. From Theorem 4.4 in [Met01] we know: In L?(R%)

there holds o(£) = {¢ € C: Re( < %} and every ( € C with Re( < tr2c is an
eigenvalue.

Remark 5.10. The representation of the A} given in Proposition 3.14 still holds
true for the weight functions chosen in Theorem 5.8, since the proofs are completely
analogous.



CHAPTER 6

Simulation results

In this section we shall illustrate numerically the exponential convergence of solu-
tions of the one-dimensional perturbed Fokker-Planck equation (3.1) towards the sta-
tionary solution fo. Here we choose ¥ := &(0_4—04), 50 O f(x) = e(f(x+a)— f(x—a)),
for some e, € R. The eigenfunctions fi of the evolution operator £ + © can be ob-
tained by an inverse Fourier transform, with f}, explicitly given in (3.17). Assume that
the initial condition ¢ is a (finite) linear combination of the fy:

n
Y= Zajf’fj'
=1

Then, the solution to (3.1) reads explicitly

F(t, ) = et £+O) [zn:ajfkj] - zn:aje*kﬂfkj, vt > 0.
=1 =1

. o
0 L~ < 5
e \\\\ Het(br&))\,pl”w , ~ . ||0L<L+0)992Hw
= - L73e ¢ I - - 2253e
o2 N ¢ s N
0 NS
e 3 ¢ A
—1 N
e ¢ ™~
o2
o
o3
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Time ¢ Time ¢
(a) Imitial condition ¢1 = (f1 —1.32f2)/ (b) Initial condition @2 = (X[-4,00 — X[0,4])/
/1 = 1.32f2]|e IX[-4.00 = X[0.41 [l € X1
Figure 1. Evolution of the norm || - ||, of solutions of the perturbed

equation for different initial conditions ¢. First published in [SA14].

In the simulation we use a mass conserving Crank-Nicolson finite difference scheme
for (3.1). It is employed on the spatial interval [—25,25] (with 1500 gridpoints) along
with zero-flux boundary conditions. Moreover, we choose a« = ¢ = 2 and 8 = 1, i.e.
X = L*(cosh ).

The following numerical results verify the decaying behavior of solutions of (3.1),
and yield an estimate to the constants Cj from Theorem 3.37. First we consider the
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initial condition ¢; = (f1 — 1.32f2)/||f1 — 1.32f2||,. For the corresponding solution we
plot ||f(¢,)|l., in Figure 1(a). Since the sequence (fi)ren is not orthogonal in X', the
initial decay rate is here smaller than the individual decay rate of fi (i.e. —1). But
after some time, the fi-term becomes dominant, and the decay rate approaches —1.
For large times, the norm behaves approximately like 1.73 e, so we have the lower
bound é’l > 1.73.

As a second example we choose the initial condition (at t = 0)

2 = (X[=4,00 — X[0,4)/ IX[=4,0] = X[0,4]l|ew-
It lies in X; since it is massless. The evolution of || f(¢,-)||. is displayed in Figure 1(b).
Here, the norm even increases initially. Only after some time, the norm begins to

decay with a rate tending to —1. For large times ¢, the norm behaves approximately
like 22.53 e~*, which shows C; > 22.53.



APPENDIX A

Further results

A.1. The one-dimensional Fokker-Planck operator in the self-adjoint
setting

The aim of this section is to discuss some basic properties of the one-dimensional
Fokker-Planck operator L in X. Here we use the notation from Section 3.1.

Most of the results of Theorem 3.1 are covered by [Met01, BGM94, HNO05]. Further-
more, it can be easily verified that L in X is isometrically equivalent to the (dimension-
less) quantum harmonic oscillator Hamiltonian A = —A —1/2+22/4 in L*(R). This is
a well-understood operator, so we can transfer many results from A to L. An extensive
reference concerning properties of A is [Par10]. The compactness of the resolvent then
follows from Theorem XIII.67 in [RS78]. For some particular properties of the spectral
projections one might also consider Section V.3.5 in [Kat66].

However, for sake of completeness we also rigorously discuss the main properties of

L in X in the following, and give an independent proof of Theorem 3.1. To start with,

we consider the (still formal) Fokker-Planck operator Lf := f" +zf' + f = ((f/w) 1)’

in the space X = L?*(1/p). Introducing the isometry ¢: X — L*(R): f — f/\/u we

see that L|Cg° ®) in X is equivalent to the following harmonic oscillator Hamiltonian in
L2(R):

2

Alogem) = to Llgpm ot = (A + [% B %D C5°(R)

We first investigate A in L?(R), which is mostly a summary of the standard results
concerning the quantum harmonic oscillator.

Proposition A.1. The operator Algsemw) is closable in L?(R). The closure
A= clp2r) Alcge(r) is dissipative in L?(R).

Proof. For z € C§°(R) we compute

(Alege2 2o = [ 1212z de

_1/2\/(2
= [ uly P <o
So Alcse(r) is dissipative. Therefore it is also closable in L?(R) and the closure is also
dissipative, see Theorem 1.4.5 in [Paz83]. O
Next we investigate A in L?(R) more closely.

Proposition A.2. The operator A has the following properties in L?(R):

(i) A is self-adjoint and generates a Cy-semigroup of contractions.
(ii) For any ¢ € p(A) the resolvent RA(C) is compact.
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Proof. The self-adjointness of A immediately follows from the Faris-Lavine theorem,
see Theorem X.38 in [RS75]. Together with Proposition A.1 we obtain that A = A* is
dissipative. So, according to Corollary 1.4.4 in [Paz83] A generates a Cp-semigroup of
contractions.

The compactness of the resolvent is a direct consequence of Theorem XIII.67 in
[RS78]. O

Corollary A.3. For A we have in L*(R):

(i) The spectrum o(A) consists entirely of isolated points, which are all eigenval-
ues.

(ii) For every eigenvalue the algebraic eigenspace coincides with the geometric
eigenspace, which has finite dimension. The eigenspaces form a complete or-
thogonal family in L?(R).

Proof. The statement (i) is a straightforward application of Theorem II1.6.29 in
[Kat66]. Result (ii) follows from the spectral theorem for normal, compact operators,
cf. Theorem V.2.10 in [Kat66], and the discussion in Section V.3.5 in [Kat66]. O

Proposition A.4. There holds o0(A) = —N. For every k € N the eigenspace of
A corresponding to the eigenvalue —k is one-dimensional and spanned by the function
Hyp/2, where Hy, is the k-th Hermite polynomial.

Proof. According to Corollary A.3 it is sufficient to look for eigenvalues in order to
compute the spectrum o(A). Thus, we want to find all A € R and z € L?(R) such that
(A— A)z = 0. For the eigenfunction z we make the ansatz z = p'/?p. Inserting this
in the eigenvalue equation and canceling the factor ;!'/? we end up with the following
equation for p:

p" —xp’ = \p. (A1)
It is well-known that the solutions of this equation are the Hermite polynomials. From
the discussion in Section VIII.2.7.4 in [DL90] and Section V.10.4 in [CH53] we find
that (A.1) has a non-trivial solution in L?(R) iff A € —N. For every k € N the solution
of (A.1) for A = —k is a polynomial, and it is a multiple of the Hermite polynomial
Hy. O

See Appendix B.1 for some properties of the Hermite polynomials Hy, see also
[DLI0].

With the isometrical equivalence of A and L via ¢ as discussed in the beginning of
this section it is immediate that all properties derived for A in L?(R) can be trans-
ferred one-to-one to L in X. The only modification concerns the eigenfunctions, the
eigenfunctions of L are (up to a normalization constant) given by the functions pHy
for k € N.

A.2. Discussion of a particular © in X

In the following we use the notation from Section 3.1, with y = exp(—2?/2) and
X = L*(1/p).

The reason why the analysis of the perturbed Fokker-Planck operator L + © is not
carried out in X is because X is ‘too small’ and does not even contain the stationary
solution of L 4+ ©. In Subsection A.2.1 we demonstrate this for a particular choice of
©. We suspect that the unboundedness of most nonlocal operators in X is the reason
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for this inconvenient behavior. For this reason, in Subsection A.2.2, we discuss the
boundedness of © in weighted L?-spaces with a weight which grows more slowly.

A.2.1. Nonexistence of a stationary solution in X. In the following we
demonstrate that for the particular perturbation ©,f(x) := f(x 4+ a) — f(x — a), with
a > 0, the equation (L + ©,)f = 0 only has the trivial solution f = 0 in X. Note
that ©,f satisfies condition (C), see page 23. Our aim is to express both © f and the
candidate for the stationary solution fy in terms of the eigenfunction basis { }ren of
L.

According to Theorem 3.1 we the family {ux}ren is an orthogonal basis in X,
and there holds py, = (21)"Y2Hyp, for all k& € N, with u(z) = exp(—22/2). From
Lemma B.2 we obtain

Il = (2m) 72k, Wk EN.
With this we can define the normalized eigenfunctions
pg = (2n)"YARY) Y2 Hyp, Yk e N, (A.2)

The family {u}}ren is an orthonormal basis of X. We proceed with two technical
lemmata.

Lemma A.5. For every m € N there holds

| /
e 2 ) )
/ pla)z™ dz = {2m/2(m/2)! Ui (A.3)
R m odd.

)

Proof. For any m € N we obtain after integration by parts

1
/R?Cmﬂ(ﬂs) dz = M/Rxm“lt(f) dx

m _ (m+2)(m+1) m
@/Rx P2u(x)dr = 2(m + 2/2) /Ra; p(x) de.

This recursion relation combined with the initial values

/Ru(x) dz = V2, /R:w(:r) dr =0

yields the desired result. O
Lemma A.6. For k,/ € N we have
_1\k 4 _
[ @@t ar = § VT (R e
R 0, else.

Proof. Integration by parts proves that for every j < min(k,¢) there holds

A N g
/RHk(x),u(a:)xedx = (—1)J(£_j)!/Ru(a:)(lC D=1 da.

If kK < ¢, we set j := k, and use the result (A.3). If £ < k, we set j := ¢, and find
immediately that the above integral becomes zero. O

With the help of the above lemmata we can now express O, in terms of the family
{1z tren. The following proposition provides the key ingredient for determining the
coefficients for the Fourier series.
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Proposition A.7. For k,j € N there holds
2(]!)% alF
(Qapiy, pj)x = Nkl (5 —k)V
0, else.

o j—k—1
if =5— €N, (A1)

For the following proof it is helpful to introduce the function

(m) 1, m € 2N,
o(m) =
0, else.

Proof. As a preparatory step we begin with the following computations, using the
explicit form of the Hy in (B.5):

/2] )
, _ Vit J: j—2i
Hy(w + a) = §< 0 2@,)!24“@)]
[3/2] j—2i —2i—¢
zoeo e ]—21 0)12
[5/2] j—2i jlai =2 . .
. 1+2+ @ ‘o(l+j—2i—1) ,
= Hjlw—a) - H(w +a) 2%;% G —si— gt v (A9
With this result we compute
Outt i) = 5 [ (e + e +0) = Hulo = (e = o)) Hy(a) da
/Hk Hj(x —a) — Hj(z + a)) dz
[5/2] j—2i Y
1 L gla? e (1 +j —2i— /
_ — 1)+t H d
271';;( ) A0(G — 2 — 0)12i1 p@p(z)a dr.

Now we evaluate the occurring integral with the help of Lemma A.6:

bfhf 1+z‘+j+kj!aj72i7£ff(1 +j—2i—lo(l—Fk)
V/A, : .__2i__€ﬁ(ggﬁ)!2rfL+Mka2 ’

=0 ¢=0 Z!(']

Next we reverse the order of summation in the second sum, i.e. we perform the index
shift £ — j —2i — £:

- — (—1)1+i+ﬂ'+kﬂ“£0(1+€>o(i—2i—e_k:)
| 25 i (I2 kY 19—k /21

_ 1 (71)1+i+j+kj!a£a(l +00(j —2i—0—k)
Z’;g;(%)@(g‘—ﬂ—k)m—l )
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Now we interchange the order of summation, and we obtain:

ik [j* *k} ‘ ‘ .
= L] y (_1)1+i+j+k3!ae‘7(‘1““@U(] —2i—L0—k)
vor (=0 i=0 i!ﬂ(%)ﬂ(]’—f—@ﬂ—l
Jj—k i—t—k .
= L -1 1+j+kj!aza(1+£)0(j—€—k) qyi J*T*
— \/27 Z( ) | j—é—k | (j—f—k‘)/Q—l ( ) Z
i /=0 K(T)Q P
g ' '
Vo 5 E==3 e

—~

o 2 jlad—k
= (1) o (i — k- 1)\/; G=h)N

In the last step we have used the convention that empty sums are treated as zero. Using
the definition of the normalized eigenfunctions from (A.2), we conclude

o o 21 \ 3
<®a/~11k;,,uj>X - (W>2<®a/~‘k7/~‘j>){’

which completes the proof. O

It is a non-trivial question whether ©, can be defined as a closed operator in X or
not. However, we do not address this question here. Our aim is rather to show that on
a formal level the equation (L 4+ ©,)f = 0 only has the trivial solution in X.

Lemma A.8. Formally, the equation (L + O,)f = 0 only has the trivial solution
f=01in X.

Proof. We fix some f € X that satisfies (L 4+ O,)f = 0. It then has the unique
representation

= fus,
j=0

where f; := (f,uj)x (they should not be confused with the eigenfunctions from Sec-
tion 3.2). Our goal is to show that the sequence (f;);en is unbounded in X.

Step 1 (equations for the f;): For all k,£ € N we define ¥y := (Oquj, 17) x, which
can be evaluated according to Proposition A.7. With respect to the orthonormal basis
{13 }ken we obtain:

(L+©u)f=> —kferp + > frOapp
k=0 k=0

oo (e.9] o
=Y —kfapp+ D fe Y ket
k=0 k=0 {=k+1

o

-1
= [ —Lfe+ Z fk;ﬁke] 1 (A-6)
k=0

(=1
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Here we have used that according to Proposition A.7 ¥y, = 0 if £ < k. We require (A.6)
to be zero, hence the sequence (f;);en needs to satisfy the system
(-1
—Ufe+ ) fire, VLEN. (A7)
k=0

This system is linear, infinite-dimensional and strictly lower triangular. Note that due
to (A.4) and a > 0 we have ¥;, > 0 for all 0 < j < k — 1.
Step 2 (estimate of the f;): Without loss of generality we may choose fy = 1. The

fj for j > 0 are determined inductively by (A.7), i.e. by solving the following system:

f1 Jo,1 1

p) 0 319 0 N1

/3 o3 0 1Ua3 fo

fal = 0 194 0 Loy /3

f5 2oy 0 Las 0 Ly fa
0 ) ) )

This system defines a recursion for the coefficients. Since all occurring entries are
non-negative, we can use this to obtain the following estimate (use Proposition A.7
again):

1
f3k+1) 2 mﬁSk,i%(kJrl)th Vk € N. (A.8)

Furthermore, we find for all £ € N from the explicit representation of the ¥, in (A.4):

L ((BE+3)Nsa®  aP
U3k 3(k+1) = 2<W) 3 3

Njw

((3k +3)(3k + 2)(3k + 1)) % > a®3343.

We apply this estimate in (A.8) and conclude for all £ > 1:

a3k ad 1
f3(k+1) > lif% > leka-
32(k+1) 2-32

Since the factor k'/2 becomes arbitrarily large as k — oo, and fo = 1, it follows that the
subsequence of coefficients (f3x)ren grows super-exponentially. Hence, (fi)ren & £2(N),
and f ¢ X. O

A.2.2. Boundedness of O in weighted spaces. Throughout this section
v(z) denotes a weight function which is symmetric. As in the previous section,
O.f(x) == f(x +a) — f(x — a), with a > 0.

Lemma A.9. The operator O, is bounded in L*(v) if the logarithm of the weight
function Inv(x) is uniformly Lipschitz continuous on R.

Proof. Since C§°(R) C L?(v) is dense, cf. Lemma B.18, it suffices to prove the
boundedness of @a’CgO ®)- To this end, let f € C§°(R). We immediately find

1©afIl; < 2(If(- +a)ll5 +11£( = a)l)-
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Thus, since v(x) is required to be symmetric and we may always take f(—x) instead of
f(z), it is sufficient to estimate ||f(- 4+ a)l||,. For this we obtain

56+l = [ @ —adr = [ |- 2D
R R v(z)

v(z—a)

where we have used Holder’s inequality in the last step. Thus, ©, is bounded in X if

|[v(x — a)/v(x)| L) is finite. The latter holds true iff there exists a constant C' > 1

(given by C = ||v(z — a)/v(x)| o (r)) such that

Clv(z) <v(z+a) <Cv(z), VreR.

We now make the ansatz v(z) = exp(p(z)). Taking the logarithm in the above inequal-
ities we obtain

<712 |

L= (R)’

plz+a) = pla)| _InC

o) —InC<pr+a) <px)+InC < " <

In particular, this is satisfied if ¢(z) is uniformly Lipschitz continuous in R. O

As consequence of the above lemma we find that ©, is bounded in L?(v) if v(x)
asymptotically grows or decreases at most exponentially as |z| — co. From the above
proof and the sharpness of Holder’s inequality it is furthermore clear that the operator
©q becomes unbounded in L?(v) as soon as |[v(z — a)/v(z)| () is unbounded. And
it is easily verified that the latter is the case for every weight v(z) that grows super-
exponentially.

A.3. Fourier transform of the resolvent

This section deals with the explicit computation of the Fourier transform of the
resolvent Rr1o(C) of the (one-dimensional) perturbed Fokker-Planck operator £ + ©
in X (with X defined on page 17), where © fulfills the condition (C) (see page 23). We
begin by considering the resolvent equation

C—L-0)f=y
on R, where we assume Re( > —k and f, g € &} for some k € N (see Proposition 3.12

for the definition of the A}). We apply the Fourier transform, which yields the following
differential equation:

e[+ (e+ C‘f@)ﬂf)} = 3(9).

By defining f := f/fo and § := g/fo, where fj is the zero eigenfunction given in (3.17),
we obtain the equivalent equation

£f'(&) +¢F(©) = 3(e). (A.9)
The general solution for ¢ € R* reads

1
f(e) = /0 §(68)sS ds + Ot = I(6) + Cae, (A.10)

where the C+ € C are integration constants to be determined.
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First we shall show that the integral I(€) is an analytic function on Qg/o: If g € A},
then g is analytic in Qg/, and has a zero at { = 0 of order larger than or equal to k,
see (3.12). Therefore, for any fixed ( € C with Re{ > —k,

i) = T e e,

is locally integrable at s = 0, and I(€) is well defined for all § € Q5/5. To see that I is
actually analytic, we define I.(§) := fel Gr(€,8)s5TF=1ds for £ € [0, 1), where

g(is), s € (0,1],
G5 =1 g o)er
T 570

for £ € Q5/9. The function Gy(-,s) is analytic in Qg for all (fixed) s € [0, 1], and Gy,
is continuous in Q3/9 x [0, 1]. According to [Det84, Theorem 4.9.1], the functions I. (&)
are analytic in Qg/, for all € € (0,1). Now we show that (I.).¢(o,1) converges normally
to I'in Qg/5 as € — 0: Let K C {23/, be compact. Then we have

g(&s
sup [Gi(€.9)| < sup [Gu(E ) = sup | Teh]
ek ¢€Ky ceko\{0} | (€8)
s€[0,1] s€[0,1] s€(0,1]
< sup ‘&?‘ - sup |€F] =: O < oo, (A.11)
cexo\{0} | &% | eex

since §(&) /" is analytic in Qg2 (the singularity at { = 0 is removable). Here, Ky is an
appropriate star-shaped (with center £ = 0), compact set with {0} U K C Ko C Qg/,
and Cx > 0 is a constant dependent on K. With (A.11) we obtain the following
estimate for £ € K and 0 < e < 1:

ERe C+k

11(§) — I(§)] = ‘/0 Gk(fa5)5<+k_1 ds| < CKW-

Since Re( + k > 0, this shows the normal convergence of the analytic functions I,
towards I. According to [Det84, Theorem 4.2.3] this implies that () is analytic in
/2.

Now it remains to determine the constants Cy in (A.10). If we require f € A}, it
is necessary that f is analytic in {23/9 and has a zero of order greater than or equal
to k at £ = 0. As already shown, I(€) is analytic in Qg/o. Furthermore, for g € &}
and all s € [0,1], £ — Gi(&, s) has a zero of order greater than or equal to k at £ = 0.
Therefore 1(£) = fol Gr(€,5)sT* =1 ds has the same property, so F~'I € X}. Thus, it
is sufficient to consider the term C1&7¢. If ¢ ¢ —N, then £7¢ is not analytic in Qg2
anyway, hence Cy = C_ =0. If ( € {—k+1,...,0} for g € &}, (note that we assume
Re¢ > —k), €€ is analytic, and we obtain Cy = C_ because we require continuity of
the solution. But the order of the zero of £¢ is at most k — 1. Since we need a zero of
at least order k, we again obtain Cy = C_ = 0. The conclusion of the above analysis
is summarized in the following proposition:
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Proposition A.10. Let g € Xy for some k € N, and Re( > —k. Then the unique
f € X with f = Rrro(Q)g satisfies

1
£(6) = fole) /0

9(s6)

s, € Ny
e W St






APPENDIX B

Background

B.1. Hermite polynomials

Here we discuss some properties of the Hermite polynomials Hy, for k € N, which
are introduced in Theorem 3.1, see also [DL90] for further reading. In this thesis we
consider Hermite polynomials defined by

1 d*

Hy,(x) := @@u(m),

keN, (B.1)

with p(x) = exp(—22/2) and z € R.

Lemma B.1. The Hermite polynomials {H;};cn satisfy the following relations, for
all k € N* and z € R:

Hk—l—l = —ZEHk — k‘Hk_l, (BQ)
Hj = —kHj_;. (B.3)

Proof. For every k € N* there holds 1) = —(a:u(k) + k:,u(k_l)). This can easily
be shown by induction. Dividing this equation by p yields (B.2). Furthermore, from
(B.1) we obtain by differentiation:

H]’{;:ka‘_'_Hk‘-‘rl? Vk € N*.
In this equation we now eliminate Hy,1 by using (B.2), which finally yields (B.3). O
Lemma B.2. For k,j € N there holds
k2 fji=k
/ Hi(2) H, (2) () de = ™ di=k (B.4)
0, if j # k.

Proof. We assume without loss of generality that & > j. Then, we use (B.1) for Hj,
integrate by parts j times, and then use (B.3):

/RHk(x) dx—/Hk 19 (z) dz

(k—)/RHk J:U( z)dz
_ K =) ()
5 [ ) a.

(k= 3)!
Since all derivatives of u(x) lie in the Schwartz space .¥(R) the above integral vanishes
for k > j. For k = j we use fR x) dz = /27, which completes the proof. ]

73
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Lemma B.3. For every k € N the Hermite polynomial Hy, has the following explicit
representation:
[k/2] !
H = | [ e——L B.5
)= 2 0 S (5.5)
Here |-| is the floor function.

Proof. We prove this by induction. From (B.1) we obtain that Hp(z) = 1 and
Hy(z) = —x. This shows that (B.5) holds true for £k = 0 and & = 1. We assume now
that for some k € N* both Hy and Hjy_; satisfy (B.5). Using the recursion relation
(B.2) we now derive a representation for Hy1:

L(k—1)/2] k!
H, = —1)itk : o k—1-2j
Lk/2] k!
J+k+1 : k+1-2j
+ Z I(k — 24)127 r
L(k+1)/2J k!
_ Z (_1)j 1+k : ‘ k+1-2;
~ (G— DIk +1—2j)12-1
Lk/2]
+ Z J+k+1k7!xk+1f2j
Wk —2g)12
Lk/2]
yitktl (k+1)! 12
= Uk +1—25)12
1—(=1)F k!
Y B S A N (2 ) V- R L
+ (—x) + > (-1) (%)!2(16_1)/2.

In the last step, we collected the two sums into one. Note that the last term only occurs
if k is odd. Now we verify that the two terms remaining outside of the sum can be
absorbed as extra summands of the sum in the last line. For j = 0 we have

(—1)itk+1 (k+1)! k12
0k +1—2j)12

and for j = (k+ 1)/2 we find (only if k is odd)

_ (_x)k—i-l

Y

=0

et (k1) h1-2] __qykn2, K
<( 1 j!(k:+1—2j)!2fx joki (=1) (kT);Q(k 1)/2°
We conclude that
L(k+1)/2]
, kE+1)! Y
H = —1)J k1 ( k=25
e1(2) o =1 gk +1 —2j)!2]x ’

which is of the form (B.5) and thus completes the induction step. O
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B.2. Spectral projections

The aim of this section is to illustrate some basic properties of spectral projections,
and to discuss some valuable results. Throughout this section, X is a Hilbert space,
and A € €(X) is a closed operator.

B.2.1. Holomorphic functions. For a closed operator A the map ¢ — R4(()
is actually a holomorphic function on the resolvent set p(A). Usually, a holomorphic
function is a differentiable map from a domain in C into C. However, this concept can
be generalized to maps from a domain in C into a Banach space X. We give here a brief
introduction to Banach space-valued holomorphic functions. The following material is
taken mostly from the first chapter of [GL09], see also Chapter V.3 in [Yos80] and
[Heu92] for further reference.

In the following, X is a Banach space, and Q C C is an simply connected!, open
domain. A function f: Q — X is called holomorphic or complezly differentiable of for
every z € () the limit exists:

The function f’ is the derivative of f.

Definition B.4 (C!-contour). A curve ~: [0,1] — Q is called C!-contour if the
following conditions are satisfied:
Y(t)#0forall 0 <t <1.
v(t) # y(s) for all 0 < t,s < 1 with t # s.
7(0) = (1) and 7'(0) = ~'(1).
~ has positive orientation.

Theorem B.5 (Cauchy’s Integral Theorem). Let f: Q — X be holomorphic,
and let v be a C-contour in Q. Then

Lf(z) dz =0.

In particular, this implies the path-independence of line integrals of holomorphic
functions.

Theorem B.6 (Cauchy’s Integral Formula). Let f: Q — X be holomorphic,
and let U C Q be an open set such that its boundary OU is a C'-contour. Then, for
every w € U there holds

1
flw)=— S dz.
2mi Joy z —w
Moreover, for the n-th derivative (n € N) there holds
|
My~ [ @,
S w) 27 /aU (z —w)ntl =

1Informally, this means that €2 is connected and has no “holes”.
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Theorem B.7. A function f: Q — X is holomorphic iff for every w € Q there
holds the power series representation

f(z)= Zan(z —w)", V]z—w| < ry,
n=0

with 1y > 0 sufficiently small. Then, the coefficients are given by a, = f™ (w)/n! for
alln € N.

Finally, we briefly discuss holomorphic functions with singularities. To this end,
let we Q, and Q' := Q\ {w}. The definition of holomorphicity carries over to €. For
a holomorphic function f: Q' — X the point w is called singularity of f. For r, > 0
sufficiently small, there holds the Laurent series representation of f:

f(z) = Zan(z —w)", 0< |z —w| < ry.

nez
The coefficients a,, are again given by

1 f(2)

n
v

where 7 is a sufficiently small C''-contour in € around w.

B.2.2. Spectral projections. We review some properties of spectral projections
and resolvents, see Chapters V.9-10 in [TL80], Chapter VIIL.8 in [Yos80], Section
VIII.1.4 in [DL90] and Sections II1.6.4-5 in [Kat66].

For a closed linear operator A the map ¢ — R4(¢) is a holomorphic function
from each connected subset of p(A) into the Banach space #(X), see Theorem 1 in
Section VIIL.2 in [Yos80]. In the following let A € o(A) be an isolated point of the
spectrum. Note that it does not necessarily have to be an eigenvalue. Then the map
¢ — RA(C) has a singularity at the point A, and R4(¢) has the following Laurent series
representation

RaQ) = 3 (C- WA with Ayim L fFaC)

omi P =y 4% (B:6)

1=—00

This holds for all 0 < [ — A] < 7, and r > 0 is such that B2(A\) No(A) = {\}. The
path T is a C'-contour around ), staying in the interior of B,.()\). For the operators A;
we have the following properties, see Theorems VIIL.8.1 and VIIL.8.2 in [Yos80]:

Lemma B.8. For every i € Z there holds A; € #(X), and
(i) A = (1AL for all i € N¥,

(11) A,Z',jJrl = A,iA,j for alli,j € N*,

(iil) Ajyr = —Ra(NA; for alli € Z\ {~1,0},

(iv) AjAj =0 for alli >0 and j < —1.

Note that (ii) implies that A_; is a projection (see Section C.2 for more facts about
projections). Indeed, A_; is the spectral projection Py y defined in (2.1), and according
to Lemma B.8 it is a bounded operator. In the following we focus on the spectral
projection P4y = A_; and discuss some of its properties. First we need the following
definitions: The singularity of R4(¢) at ( = A is called a pole of order m € N* if
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A, #0and A_,,,_1 = 0. Note that this implies that A; = 0 for all + < —m — 1,
because of Lemma B.8 (iii).

Given an operator A, the ascent of A is the smallest kK € N such that
ker A* = ker A¥*1, analogously, the descent of A is the smallest k& € N such that
ran A¥ = ran A**1. For the following result see the lines (10-8) and (10-9) in Sec-
tion V.10 of [TL80], and Theorems V.10.1 and V.10.2 in [TL80], and Theorem VIII.8.3
in [Yos80]:

Proposition B.9. For every j € N* we have
ran(A — A) Dker Py y,
ker(A — A)7 CranPy .

The isolated singularity A is a pole of R4(C) iff \— A has finite ascent and finite descent.
In this case the order m € N* of the pole coincides with the ascent and the descent of
A—A, and

(B.7)

ran(A — A) = kerPy,, ker(A— A)Y =ranPa,, Vj>m.

Note that this implies that if A is a pole of order one of R4(() then the algebraic and
the geometric eigenspace corresponding to A coincide, and it is given by ran Py y.

The following can be found in Section III1.5.6 of [Kat66]. See also Section C.2 for
more properties of projections. Let there hold X = X; @ X5 for two closed subspaces
X1, Xo, this defines a unique bounded projection P with ran P = X; and ker P = Xos.
An operator A is said to be decomposed according to X = X; ® X5 (or P, equivalently)
if

PD(A)Cc D(A), AX;CX;, AXyCX,.

Note that the first condition implies that D(A) N X; is dense in X for j = 1,2. Hence,
X = X; ® X, is a decomposition of X into two A-invariant subspaces. The part
of A in Xj is the restriction A| x;, which is a closed operator in the Banach space
Xj, with the domain D(A|x;) = D(A) N Xj, for j = 1,2. Note that if A can be
decomposed according to P, then also the resolvent R4 (¢) and the semigroup (e*4);>o
are decomposed according to P.

Now we can formulate some important results on spectral projections. The following
facts can be found in the Sections II1.6.4-5 in [Kat66].

Proposition B.10. Given an operator A € € (X) and the spectral projection Py y,
corresponding to isolated point A € o(A), we have:
(i) A can be decomposed according to Py .
(ii) The spectra of the parts of A are given by o(Alkerp,,) = o(A)\{A} and
o(Aleanpys) = -
(iii) A’ranPA,A S %’(ranPA,)\).
(iv) If dimranPg\ < oo, then (A — A)lranp, , is nilpotent, A is a pole of Ra((),
and X € op(A).
(v) If X is a pole of Ra(C), then M(\ — A) = ker(\ — A) iff the pole is of order
one.

In the case where dimran Py \ < oo, this dimension is called the (algebraic) multi-
plicity if the eigenvalue A. The following result is from Section V.3.5 in [Kat66]:
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Proposition B.11. Let A be self-adjoint, and A € o(A) is an isolated point of the
spectrum. Then X € op(A), and the algebraic eigenspace coincides with the (geometric)
eigenspace. Furthermore, X is a pole of RA(C) of order 1, and the corresponding spectral
projection s orthogonal.

Spectral projections can be defined not only for isolated points of the spectrum.
More generally, we can define a spectral projection in the case where o(A) contains a
bounded set ¢’ that can be separated from the rest o” := o(A) \ ¢’ of the spectrum by
a C'-contour, which contains ¢’ in its interior. The spectral projection Py is then
again defined by the formula (2.1), where I' is now the C'-contour separating ¢’ from
o”. The following generalization of Proposition B.10 is a collection of results from

Section II1.6.4 in [Kat66]:

Proposition B.12. Let ¢/ C o(A) be a set as defined above. Then the following
holds:

(i) A is decomposed according to Pa .
(ii) The spectra of the two parts of A are o(Alranp, ) = 0’ and o(Alxerp, ) = 0"
(iii) A‘ranPA,U/ S %’(ran PAJI).

As a consequence, the restriction of the resolvent RA(C)|ranp o coincides with the
resolvent R4/(¢) in ran Py o/, and it is holomorphic on C \ ¢’. Here A’ := Alranp 0o 18
the part of A in ranPy . An analogous result holds for ¢ instead of ¢,

Finally, assume that o(A) can be separated into finitely many bounded parts
01,...,07, with J € N* and one possibly unbounded part 9. According to Sec-
tion II1.6.4 in [Kat66] there holds: If every o; for 1 < j < J can be separated from
the rest of o(A) by a C'-contour lying in p(A), we can define the spectral projection
P4,s; according to (2.1) with I' = T';, for every 1 < j < J. Every Pa,s; possesses
the properties described in Proposition B.12. Furthermore, there holds P4 s, P4, =0
whenever i # j. Hence, A can be decomposed according to

X =ranPy, @---®ranPy,, ®ker(Pay, + -+ Pas,).

Lemma B.13. Let A € €(X). For some N € N let Z := {(p,...,(n} C o(A)
be a set of isolated eigenvalues of A. Furthermore, for every 0 < k < N there holds
dim M ({ — A) < co. Assume that there exists a closed subspace Y C X, such that

(i) We can write X =Y &M ({y—A)&...& M({y — A). This defines a bounded
projection IT with kerI1 =Y and ranIl = M((o — A) & ... & M({ny — A).
(i1) A is decomposed according to 11, and o(Aly) N Z = (.

Then 11 is the spectral projection of A corresponding to the set Z.

Proof. According to the assumptions there holds o(Aly) = o(A)\{Co,...,(n}, and
therefore the map ¢ — R4(()|y is analytic in p(A) U {Co,...,(n}. According to the
definition (2.1) of spectral projections this implies that IT4 ;Y = {0} for every II4y,
since R4(¢)|y is holomorphic in a neighborhood of (i, and hence the contour integral
(2.1) vanishes due to Cauchy’s Theorem. Therefore Y C ker IT4. On the other hand we
have M (¢, — A) Cranllyy for all 0 < k < N, according to Proposition B.9. From (i)
we conclude that the inclusions have to be equalities, otherwise ker II4 NranIl4 # {0},
which is impossible. ([



B.3. SPACE ENLARGEMENT RESULTS 79

B.3. Space enlargement results

In the following we use the notation and definitions from Chapter 5. We give an
explicit bound for the resolvent in the case that A generates a Cp-semigroup and R 4(()
has a finite number of poles in A,. For this we use the Conditions 5.1 and 5.3.

Lemma B.14. Let A € SLSx(a, Z) for somea € R and Z := {(p,...,(N-1} C Aq,
with N € N. Furthermore, let A generate a Cy-semigroup (etA)tzg satisfying the growth
bound

HetA (I B Hsz) gZ(X) S anat’ Vt 2 07 (BS)

for some constant Coq > 1, whereIl 5 z denotes the spectral projection of A corresponding
to Z. Then there exists a constant C > 0 such that for all € Ag\{Co,-..,{N-1}:

Ca  |¢—Co|™ ' +1 |C—CN1|dN1_1+1}
R g < C'max , Yooy )
IRa ) < Cmac{ o Ce = SO0 e

where dj is the order of the pole of Ra(C) at (;.

Proof. Let ¢ € A, \ Z. Since A € SLSx(a,Z), we have due to Proposition B.10
that M((;) =ranll; for all j € {0,..., N — 1}, where II4 ; is the spectral projection
of A corresponding to (; € 0(A). Hence, we obtain the decomposition of A according
toX=YOM(—-—A)&...8 M((nv_1— A), where Y :=kerIl, z. First we consider
R 4(¢) on each subspace individually. On Y we have, due to (B.8) and the Hille-Yosida
theorem, the estimate

Ca

e —
[1RA(Oly lzvy < ReC —a’

Next we consider R4(¢) on M((; — A) =ranIl,; for a fixed 0 < j < N — 1. Now the
coefficients A; in (B.6) (with A := (;) satisfy the relation A,II4; = 0 for all n € N,

which can be seen by using A_; =II4 ; in Lemma B.8 (iv). Therefore we have because
of (B.6)

(B.9)

VRe( > a. (B.10)

d;
A4,
RaA(QUay =) =52, V(# G (B.11)
2=
Since the operators A_,, are all bounded, we deduce for every 0 < j < N — 1 the
estimate

dj

[A—nll2x) ( 1 1 )
R ran i | B(ran 3 < 7§D + ;
IRa©lkantta, loteanria) < 2 T < Dil =g + o= e
:D.‘C—Cj|drl+1
=gl

where D; > 0is a constant. Using the unique decomposition of elements of X according
to X =Y @ranllgo @ - - @ ranlly y—1, we may estimate the norm [|R4(¢)||zx) by
the sum of the norms of R4(¢) on each of the subspaces of the decomposition of X (for
more details on this see Section C.2 in the Appendix). Combining (B.10) and (B.11)
yields the desired estimate. O

Now we turn to the actual theory of enlarging the space X. The following theorem
is an extension of Theorem 2.1 in [GMM10]. Here we cover the more general case in
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which the isolated points (p, ..., (y—1 of the spectrum are not necessarily eigenvalues
of A.

Theorem B.15. Let X < X be two Hilbert spaces, A € €(X) and A := cly A.
Assume there exists some a € R and a finite set Z = {(o,...,(n-1} C Aq for some
N € N, such that A € DCPx x(a,Z). Then there holds:

(i) If A€ WLSx(a, Z) then A € WLSy(a, Z).
(ii) Let A € WLSx(a,Z). For any ( € A \ Z we have the representation

Ra(Q) = (=8 + Ra(QB( ~8)™, (B.12)

which implies the estimate

IRAO I z2) < 1(¢ = 8) Mz + I1RA5x) I1BEC = 8) g, x)-

(iii) If A € SLSx(a,Z) then A € SLSx(a,Z). The corresponding algebraic eigen-
spaces coincide, i.e. M(C — A) = M (¢, — A) for all k € {0,...,N —1}.

Parts of the following proof are similar to the proof of Theorem 2.1 in [GMM10)].

Proof. We start by proving (i) and the inclusion Z C o(A) N A, from (i). For
¢ € A, \ Z we define the operator

U(¢) = ((=8) "+ Ra(Q)B(—8)7,
where B,S are the operators decomposing A € DCPx x(a,Z) according to Condi-

tion 5.3. According to the assumptions there holds U({) € #(X). Next we show that
U(() is a right inverse of ( — A, where we use A =B+ S:

=AU =C-B=8)(C-8)"+ (- ARs()B( -8
=Idy B —-8) ' +B(—-8) ' =1dy.

This proves that ( — A is surjective in X. Now, according to Condition 5.3 (iii) there
exists some A € A, \ Z such that A — A is injective in X. Hence A € p(A), and
U(N) = Ra(N).

We fix now any ¢ € A, \ Z, and show that ( € p(.A). To this end we choose a recti-
fiable path 7 : [0,1] = A\ Z with v(0) = X and (1) = {. Because of Condition 5.3 (ii)
the map ¢ — ||(7(t)—S) || z(x) is continuous on [0, 1], and therefore uniformly bounded
on [0,1]. Analogously we obtain the uniform boundedness of ¢ +— [|[R4(7(t))||z(x) on
[0,1]. Combining these proves that

swp [UGa <00 & it [UGE)]5L =8> 0. (B.13)

te[o,1] t€[0,1]
Now, if A € p(A) then also X' € p(A) for all [N — \| < HRA()\)HE(X) (see the proof of
Theorem VIII.2.1 in [Yos80]), and for these " we have U(X') = R4()\). Together with
observation (B.13) this proves that a d-neighborhood of the set ([0, 1]) lies in p(.A).
In particular, v(1) = ¢ € p(A) and U(¢) = Ra(¢). Since ¢ € A, \ Z was arbitrary,
this proves A, \ Z C p(A) and the validity of equation (B.12) for all ¢ € A, \ Z. The
remaining estimate from (ii) follows directly from (B.12).

We proceed in completing the proof of (i) by showing that indeed ¢; € o(A) for all
0 <j < N —1. The corresponding proof in [GMM10] covers only the case (; € o,(A).
Hence, we provide here an independent demonstration. We fix ¢;, with 0 < j < N — 1.
The corresponding spectral projection of A (in X) is denoted by I14 ;, and analogously
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we write II4; for the spectral projection of A. Since for all ( € A, \ Z there holds
RA(¢) C R4(C) (in the sense of graphs), we conclude that every pole of R4(() in Ay \ Z
is a non-removable singularity of R4(¢). Hence Z C o(A).

In order to prove (iii) we use the previously shown inclusion 114 ; C II4 ;, which
follows from (2.1) and the previously shown inclusion R4(¢) C R4({). Note that II4 ;
and II 4 ; are bounded in X and X, respectively. Hence, we can apply Lemma C.1 from
the Appendix, which shows that ranIl4; = clyranIly ;. If A € SLSx(a,Z), then
ranlly ; is already closed (since it is finite-dimensional), and so ranIl 4 ; = ranIl, ;.
As a consequence of Proposition B.10 (iv) and Proposition B.9 the equality of the
(algebraic) eigenspaces follows. O

B.4. Lebesgue and Sobolev spaces

B.4.1. Compact Sobolev embeddings. On Q = R? it is possible to find com-
pact embeddings of weighted Sobolev spaces into weighted L2-spaces if certain condi-
tions on the weight functions are satisfied. Here, we need the following Corollary of
Theorem 2.4 in [Opi89]:

Lemma B.16. Let v, w be two weight functions on Q = R%. Assume further that

w(x)

= 0. (B.14)

lim esssup
r=%0 yep2(0)e V(X)

Then there holds the compact embedding H' (v, w) << L?(w).

Proof. by definition the weights are locally (essentially) uniformly bounded from
below. So we have H'(B2(0);v,w) = H'(B2(0)) and L?(B2(0);w) = L?(B2%(0)), for
all » > 0. According to the Rellich-Kondrachov Theorem (cf. Theorem 6.2 in [AF03])
we know that the compact embedding H'(B2(0)) << L?(B2(0)) holds for all » > 0.
In order to verify the assumptions of Theorem 2.4 in [Opi89] we evaluate for |||y, < 1:

ul|? .. S/ w(x)|?v(x ess sup w(y) dx
|| ||B$(O) sw B%(O)C‘ ( )| ( )yeBg(O)C U(y)
< esssup w(y)

yenB2(0)e V(YY)

According to the assumption (B.14) the right hand side tends to zero as r — oco. Thus
the condition (2.13) in [Opi89] is satisfied, and this proves the desired embedding. O

B.4.2. Density of test functions. Usually we initially consider operators only
on Cgo(Rd), and then conclude results by closure or continuous continuation. However,
for this we need the density of C5°(R?) in the respective weighted spaces. This is not
a trivial question, as for example C§°((0,1)) is not dense in H'(0,1). The first result
concerns weighted Sobolev spaces, for details see Theorem 14.4 in [GO91].

Lemma B.17. Let wg,w; be weight functions on R¢ that are radially symmetric,
so there exist weight functions vo,v1 on RY such that wj(x) = vj(|x|2) for all x € R4
and j € {0,1}. Suppose there exists some C > 0 and so > 0 such that

vo(s) > Cuy(s)s™2, Vs > sg. (B.15)

Then the inclusion C§°(R?) C H*(wo,w1) is dense.
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For weighted L?-spaces the situation is more straightforward:
Lemma B.18. Let v be a weight function on RY. Then C§°(R?) is dense in L?(v).

Proof. This result follows from the fact that C§°(RY) is dense in the unweighted
space L?(RY), see Theorem 2.19 in [AF03]. Choose any f € L?(v). Then
fr'/2 € L2(R%). Clearly there exists a sequence (fp)nen C C5°(R?) with the property
that || fn — fVl/Q”LQ(Rd) < L for all n € N. Now for every n € N the function fav~ 12
lies in L?(R%), so there exists a sequence (g7 )men C C§°(R?) such that g% — f,v=1/?
in L2(R%) as m — co. Since for every n € N the support supp f, is compact and v1/2
is (essentially) uniformly bounded on that support, we conclude that also g%ul/ 25 f
in LQ(Rd) as m — oo. In particular we can chose those sequences in a way that
Hgﬁlyl/Z — fn||Lz(Rd) < % for all m,n € N. So we conclude by applying the triangle
inequality that for all n € N (set m = n)

n n 2
H%Vl/z - fV1/2HL2(Rd) < H%Vl/z - anL2(Rd) + | fa — fV1/2HL2(Rd) < n

So (9")nen C C§°(RY) is a sequence converging to f in L2(v). O



APPENDIX C

Deferred proofs and technicalities

C.1. Technical lemmata

Lemma C.1. Consider two Hilbert spaces X — X, and a projection Py € B(X),
such that Px := Py|x € #(X). Then ranPy = cly ran Px and ker Py = cly ker Px.

Proof. We give here the proof of the equality of the ranges, the other identity can
be shown analogously, using the complementary projections instead. On the one hand
we have ran Py C ranPy. Since ran Py is closed in X because of the boundedness of
Py, this implies that cly ranPx C ranPy. On the other hand Py = cly Py, which
implies ran Py C cly ran Px. [l

Lemma C.2. Let X — X be Hilbert spaces, and to, ... ,p—1 € B(X,C), k e N*,
be linearly independent functionals. Then 1; == 1;|x € B(X,C) for all0 < j <k —1,
and

k-1 k-1 ~
ﬂ kerv; = cly m ker 1);. (C.1)
=0 =0

Proof. Since the intersections in (C.1) are finite, it suffices to consider the case
k = 1, and we omit the index j in the following. The boundedness of 9 follows immedi-
ately from the continuous embedding X — X. In order to prove that ker ¢ = cly ker 1;,
we use the fact that according to the Riesz representation theorem there exists a unique
x € X such that ¢(-) = (-, z)x, where (-,-)x denotes the inner product in X. We use
this 2 € X to define the orthogonal projection P € Z(X) by

~ €T €T ~
Py i W 2)x = g Y(y).
1% (1%

Since 1 € %(X,C), it becomes clear from this representation that P has a unique
continuation to a bounded projection P € Z(X), which is then given by

x
Py —v(y).
]| %
From this representations it is clear that
ker P = kertp, ker P = ker ). (C.2)

Since Plx = ]5, we can apply Lemma C.1, which shows thNat ker P = cly ker P. By
combining this with (C.2) we conclude that ker ) = cly ker . O

Lemma C.3. Let X = L*(w) with w defined in (4.9). Then, for every f € X there
exists a constant C' > 0 such that

IV¥F(0)] < Cllfllor k€N

83
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Proof. We have
IVEFO)] < IV* oo ety = IFIF GO oo (ray < (134 F ()]t (e

= [ 170010 k)2 dx < ([ w0 ax)
R4 R4

Since w(x)~! decays exponentially as |x|s — oo the integral on the right hand side is
finite for every k € N¢. O

Lemma C.4. Let X be as in Lemma C.3, and consider f € X. Then for every
0 < B’ < B there holds
sup |f(z)| < oc.
ZEQB’/Z

Proof. Using Result (i) in Proposition 4.5 and the continuity of the Fourier trans-
form from L'(RY) into L°°(R?), we shall show that Hf(x)eb'xHLl(Rg) is uniformly
bounded for |b|; < /2. So we compute

2b-x 1

1760 s qagy = [ 116N ax < 17 ([ S5 )"

In the integral on the right hand side we apply the (discrete) Holder inequality in the
exponent, and obtain:

2b-x B’ x| w(Zx
/e dxg/e dx§2/ (6 )dx<oo,
rd wW(X) rd w(X) rd w(x)

which now is a bound independent of b. [l

Lemma C.5. Let X — X be two Banach spaces, and A € €(X) is the gen-
erator of a Cy-semigroup (S(t))i>0 on X. Assume that for every t > 0 the closure
T(t) := cly S(t) exists. Furthermore, assume that the operators T(t) are bounded in X,
and that there exist constants M,w > 0 such that

IT() )| (x) < Me™*, Vit > 0. (C.3)

Then there holds:
(i) The family (T'(t))t>0 is a Co-semigroup of bounded operators on X.
(ii) The generator A of (T'(t))i>o0 fulfills A= cly A.

Proof. For the proof of (i) it only remains to verify the Cop-property of (T'(¢)):>0.
To this end we fix f € X and choose an arbitrary sequence (fp)neny C X with f,, — f
in X. By using the continuous embedding X < X and (C.3) we compute

1T f = flle < NT@S = flllx + [1S@ fn = fallx +[[fa = fllx
< (Me* + DIIf = fullx + CISO) fu = fallx-

Here C > 0 is the constant from the continuous embedding X — X. We now take the
limit ¢ N\, 0 in the above estimate, and obtain

i [ T(0)f = flle < T+ DI = Full, ¥neN.

Here we have used the strong continuity of (S(¢))¢>0 in X. Since n € N is arbitrary, we
may take the limit n — oo on the right hand side, which then converges to zero. This
proves the strong continuity of (T'(¢));>0 in X.
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Now we show that the generator A of (T'(t));>0 indeed satisfies A = cly A. Because
of X < X there clearly holds A C A. Since A and A both generate a Cy-semigroup,
we can find some real number A > max{s(A),s(A)}, where s(-) denotes the spectral
bound of an operator (see Chapter 2). Clearly there holds A € p(A) N p(A). Because
of A C A we also have for the resolvents Rs(\) C R4(\). Since R4(\) € Z(X) this
implies R4(A\) = cly R4(\). But this is equivalent to A = cly A. O

C.2. Bounded projections

In this section we briefly discuss bounded projections. In the following X is a
Banach space.

A bounded projection is an operator P € Z(X) that satisfies P> = P. According
to the discussion in Section I11.3.4 in [Kat66], for a bounded projection P both ran P
and ker P are closed linear subspaces of X, and

X =ker P ®ran P.

Conversely, assume we have X = M & N with closed linear subspaces M and N.
Since the sum is direct, for every x € X there are unique m € M and n € N such that
z = m + n. Hence, we may define a linear map on X via Pz := m. This P satisfies
P? = P. Clearly, P is also closed: Consider a Cauchy sequence (xj)jen C X such that
(Pzj)jen C M is a also Cauchy sequence. Hence, both (Pz;)jen and (x; — Px;)jen
are Cauchy sequences, and their limit lies in M and N, respectively. So we get

lim Pz;+ lim (z; — Pz;) = lim x;.

j—o0 j—oo Jj—oo
Hence, lim;_,o Pz; = Plimj_, x;, which is the component of lim; ., z; in M by
definition of P. Therefore, P is closed. Since P is also defined on all X, we can apply
the Closed Graph Theorem, which proves that indeed P € #(X).

The boundedness of the projection P defined by X = M @& N has a useful conse-
quence. If P is a bounded projection, then also I — P is a bounded projection. The
boundedness of these projections implies that there exists a constant C' > 0 such that
for all z € X \ {0}

|Pz] + (I - P)al
]
This is equivalent to ||m|| + ||n|| < C|/m + n|| for all m € M and n € N. On the other
hand, the triangle inequality also shows ||m+n|| < ||m||+||n|. Hence, ||Px|+||(I—P)x||
is an equivalent norm to ||z|| for z € X.

<C.

C.3. Proof of Proposition 4.5

The following is a collection of results that in combination lead to the proof of
Proposition 4.5. Throughout this section, X is the weighted L?-space defined on
page 36, with the weight function (4.9). The proof orientates itself on Exercise 76
(proof of Theorem IX.14) of Chapter IX in [RS75].

Lemma C.6. For f € L _(R?) there holds f € X iff for allb € R? with |b|; < (/2
there holds

/Rd | £(x)e*P|* dx < oc. (C.4)
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Proof. Let f € X. We observe that for every x € R¢
2w(x) > ¥l = gup P,
beRd
[bl1<8
Here, we have used Hélder’s inequality. So we have the estimate 2w(x) > eP* for all
b € R? with |b|; < 3, and all x € R Hence, we can estimate the integral in (C.4) by
the || f||2, which is finite.
Let now (C.4) hold for some f € LL (R?). We conclude that for every ¢ € {1,...,d}
there holds

/ |f(x)?eTP dx < 0.
R4
Summing over all £ € {1,...,d} yields 2||f||2, and so f € X. O

Lemma C.7. If f € X then f is analytic in Qg/o (with the notation of Proposi-
tion 4.5). For every b € R% with |b|y < 8/2 there holds (4.11), i.e.:

f(&+1ib) = F[f(x)exp(b-x)](§), &e€R™

Proof. Inspired by (4.11) we define the following function for & € R? and for all
b € R? for which the following integral exists:

F(&+ib) := /Rd f(x)exp (—ix- (€ +ib)) dx.

In the following we show that this indeed coincides with the analytic continuation of
f. First we investigate the definition of F for given b € R%. This integral is defined in
the classical sense iff f(x)exp (x . b) € L'(RY). Since f € X, this holds true whenever
exp(2b - x) is uniformly bounded by w(ex) for some ¢ € (0,1). Clearly, there holds for
all x € R?

w(ex)
exp(ef[x]oo)
Thus, exp(2b-x) can be uniformly bounded by w(ex) iff b-x < €§|x|007 for all x € R,

Using Holder’s inequality we find that this is true iff |b|; < 6%. We conclude that F' is

defined whenever |bj; < 3/2.

We now show that F is analytic in §2g/5. Formally we get for every j € {1,...,d}
and suitable z € C%:
0

87F(z) = f(x) exp(—ix - z)(—ix;) dx. (C.5)
J R4

This proves the analyticity (i.e. complex differentiability), if we can justify the inter-
change of the differentiation and the integration. For z € (23,5 there exists some € > 0
such that Bl(z) C Qg/9. So we can find some 0 < 8/ < 3 and C > 1 such that we have
for all z’ € Bl(z) and all x € R%:

|exp(—ix - z')z;| < Cexp (%/|x\oo),
again using the Holder inequality. Therefore, for all z’ € Bl(z) the integrand

f(x) exp(—ix - z')(—ixz;)
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is uniformly bounded by | f(x) exp( 2/ X|o0 )|, Which lies in L'(R9). So we can apply the
Theorem of Dominated Convergence, which proves (C.5). Therefore F' is the analytic

continuation of f to Q/2, and this continuation f indeed satisfies the identity (4.11).
Il

Corollary C.8. If f € C’SO(Rd), then the Fourier transform f is analytic on C¢,
and (4.11) holds true for all b € R,

Lemma C.9. For f € X we define for every |bly = /2 a continuation of the
Fourier transform by f(& + ib) := F[f(x)exp(b - x)|(§), which lies in L?>(R?). There

holds b — f(- +ib) € C(B} ,(0); L*(R7)).

Proof. We fix f € X and consider bg,b € BB /2( ) According to Lemma C.7 we
need to show that

lim ’f(x)2(exp(2b0 -x) — exp(2b - x)) } dx = 0. (C.6)
b—bo R4
bEBl/Z(O)

Clearly there holds exp(2by - x) < 2w(x) and exp(2b-x) < 2w(x) uniformly for x € R
So for every € > 0 we can find some R > 0 such that the following holds uniformly for
all b € B}a /2( ):

/ | £(x)?(exp(2bg - x) — exp(2b - x)) | dx < e.
B%(0)e

For the remaining part it is clear that

lim | £(x)?(exp(2bg - x) — exp(2b - x)) | dx = 0.
b—>b0 312%(0)
beBﬂ/Q(O)
Since € > 0 was arbitrary the validity of (C.6) follows. g

Lemma C.10. Let g € C°(RY) and f € L*(RY) such that the Fourier transform
[ has an analytic continuation to Qgo. Furthermore, assume that (4.10) holds. Then
the following equality holds true for all |b|y < /2:

) [ G016 dx = [ GE=TBIf(E+ib)de. (©)

Proof. Fixb € B/é /2 (0). Using Corollary C.8 and the representation formula (4.11)

we immediately find that
G(E—1b) = j(~¢ — ib). (C8)
Since g € C5°(R?) we can apply the Paley-Wiener Theorem IX.11 from [RS75], which
proves that lim|geg|,—00 §(§ +ib) = 0, and this limit is uniform in b € R%. In com-
bination with (4.10) and by using (C.8) we can shift the domain of integration on the

right hand side of (C.7) from R to R? — ib, without changing the value of the integral
according to Cauchy’s Integral Theorem:

/\

| e miie+ivae = [ gi@fe de
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According to Parseval’s formula (see [DL88]) the right hand side coincides with
(2m)? [ga 9(x) f(x) dx. 0

Proposition C.11. Assume thatf is analytic in Qg /o and it satisfies (4.10). Then
feXx.

Proof. Choose some g € C§°(RY). For every |b|; < 3/2 we introduce the function
gb(x) := g(x)eP* € C§°(R). Inserting this in (C.7) and using Corollary C.8 for g yields

A

! [ ey ax = | ge)fe+ib) e
Since g € C§°(R?) was arbitrary, and both C§°(R?) and F[C§°(R?)] are dense in L?(R?),
this proves that .
f(&+ib) = "> f(x),
and eP* f(x) € L2(RY). This holds for all |b|; < 3/2. But together with (4.10) these

intermediate results imply that e®* f(x) € L2(R%) for all |b|; < 3/2. And now we can
apply Lemma C.6, which finally proves f € X. O
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Part 2

An Euler-Bernoulli beam with nonlinear
boundary dissipation






CHAPTER 1

Preliminaries & some results on semilinear evolution
equations

In this chapter we discuss some properties of semilinear evolution equations in a
Hilbert space. Those results will be needed in the Chapters 2 and 3.

1.1. Preliminaries

For a function u(t, z), t > 0, x € [0, L] for some L > 0, we use the notation u; or « for
the derivative with respect to the time variable ¢, and we write 1’ for the z-derivative.
Higher order z-derivatives are denoted by roman superscripts. Whenever it is clear
from the context, we omit the time variable in the notation and write for example
u(L) = u(t, L) and u(0) = u(t,0). If not stated otherwise all functions occurring in this
part are considered to be real valued, and only real valued solutions of equations are
sought. Therefore, in addition to the Hilbert spaces L?(0, L) and H™(0, L), which are
understood to consist of complex valued functions, we also need

L%(0,L) :={f € L*(0,L) : f:[0,L] — R},
and analogously we define Hg(0,L), for n € N\ {0}. Additionally, we define for
n e N\ {0,1}:
Hyg(0, L) := {f € Hg(0,L) : f(0) = f'(0) = 0}. (1.1)
A linear operator A is a closed, linear map A : X — X, where X is a suitable real
or complex Banach space, and the domain D(A) needs to be dense in X'. The range of

Aisran A C X. A closed linear subset X of a Hilbert space X is called A-invariant if
X ND(A) C X is dense and ran A|x C X.

Throughout this part C' denotes a positive constant, not necessarily always the
same.

1.2. Semilinear evolution equations

Throughout Chapter 1, we make the following assumptions: H is a Hilbert space
with inner product (-,-)3 and the norm | - [[5y. A is always a linear operator with
domain D(A), and N': H — H is a (possibly nonlinear) operator. Furthermore, we
always assume that the following is fulfilled:

Assumption 1.1. For the operators A and N we require:

(i) A generates a Cp-semigroup of contractions on H, denoted by (e*);>o.
(ii) NV is differentiable in H and Lipschitz continuous on bounded sets (we refer
to this as local Lipschitz continuity).

93



94 1. PRELIMINARIES & SOME RESULTS ON SEMILINEAR EVOLUTION EQUATIONS

We define the nonlinear operator A := A + N on the domain D(A) := D(A). In
the following we are interested in evolution equations in ‘H of the following form:

dzéit) = Ay(t) + Ny(t), t >0,

y(0) = yo € H.
For evolution equations in the form of (1.2) we distinguish between two different kinds
of solutions. Let T' > 0 be fixed. A function y: [0,7) — H is a
e classical solution of (1.2) on [0,7T) if y € C([0,T);H) and y € C1((0,T); H),
y(t) € D(A) for all t € (0,7T), and y(t) satisfies (1.2) on [0,T).
o mild solution of (1.2) on [0,7T) if y € C([0,T"); H) and y satisfies the Duhamel
formula

(1.2)

t
y(t) = eyo +/ U=DANy(s)ds, 0<t<T. (1.3)
0

A classical solution is always a mild solution too. If we can choose T = oo in those
definitions, the solution y(t) is called global in time. A first existence result is due to
Theorem 6.1.4 in [Paz83]:

Proposition 1.2. For every yo € H there exists a unique mild solution y(t) on
[0, Tmax(y0)) of (1.2), where Tmax(yo) is the maximal time interval for which the solu-
tion ezists. If Tmax(yo) < 00, then a blow-up occurs, i.e.

lim —ly(¢)][2 = oo

t,/Tmax(yo)
Proof. Since we assume that N': H — H is locally Lipschitz continuous, the result
directly follows from Theorem 6.1.4 in [Paz83]. O

Lemma 1.3. If yo € D(A), then the corresponding mild solution y(t) of (1.2) is
classical.

Proof. This follows immediately from Theorem 6.1.5 in [Paz83], since N is differ-
entiable. g

Throughout this chapter, we additionally assume the existence of a function V with
the following properties:
Assumption 1.4. There exists a continuous function V': H — [0, 00) such that
(i) For every yg € D(A) and the corresponding classical solution y(t) of (1.2)
there holds
t— V(y(t)) is monotonically decreasing on [0, Tmax(¥0))-

Here, Tinax(yo) is the bound introduced in Proposition 1.2.
(ii) For every sequence (yn)nen C H there holds

limsupV(y,) =00 << limsup||y,|lz = oo.

n— 00 n—oo
This allows us to show that every classical solution y(t), corresponding to some
initial condition yg € D(A), is global in time, i.e. Tinax(yo) = oc.

Lemma 1.5. Let yg € D(A) and let y(t) be the corresponding classical solution of
(1.2). Then Tmax(yo) = oo, i.e. y(t) is global in time.
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Proof. According to Assumption 1.4 (i), V' is monotonically decreasing along y(t).
In particular, V(y(t)) < V(yo) < oo for all ¢t € [0, Tinax(yo)). Then, Assumption 1.4 (ii)
implies that ||y(t)|l% does not blow up as t  Tiax(yo). According to Proposition 1.2
this is only possible if Tiax(y0) = oo. Hence, y(t) is global. O

Finally, we show that V(y(¢)) is monotonically decreasing also for (non-classical)
mild solutions y(t). The key ingredient is the following corollary of Proposition 4.3.7
in [CH98]:

Proposition 1.6. Let yo € H and (Yno)nen C D(A) such that yno — yo in H.
Denote the corresponding (mild) solutions of (1.2) by y(t) and y,(t), respectively. Then,
for every 0 < T < Tax(vo), there holds y,, — y in C([0,T]; H).

With this we are able to prove the following theorem:

Theorem 1.7. For every yo € H the corresponding mild solution y(t) of (1.2)
is global in time, i.e. Tmax(yo) = oo. Furthermore, t — V(y(t)) is monotonically
decreasing, and t — ||y(t)||3 is uniformly bounded on R*.

Proof. According to Lemmata 1.3 and 1.5, and Assumption 1.4 it remains to show
the result for yo € H \ D(A). To this end we choose a sequence of classical solutions
(Yn)nen as in Proposition 1.6. Since V: H — R is continuous, we conclude from
Proposition 1.6 that for all ¢ € [0, Tmax(y0)):

V(y(t)) = lim V(yn(t)). (1.4)
n—0o0
According to Assumption 1.4 (i) we have for every n € N:
Viy(t1)) =2 V(ya(t2)), 0<t1 <ta.
Taking the limit n — oo yields, with (1.4):
V(y(t) =2 V(y(t2)), 0<t1 <tz < Tmax(%0),

hence ¢t — V(y(t)) is monotonically decreasing on [0, Tinax(%0)). Then, Assump-
tion 1.4 (ii) implies that |ly(¢)||% remains uniformly bounded as t , Tmax(yo), SO
now blow-up occurs. According to Proposition 1.2 this shows that y(t) is global in
time, and Tihax(yo) = oo. O

We now introduce the family of (nonlinear) operators (S(t)):>0: For every yo € H
let y(t) be the mild solution of (1.2). We then define

Sa(t)yo :=y(t), t=>0. (1.5)

Sometimes we shall use the shorthand notation S4 = (S4(t)):>0. Note that there holds
S4(0)yo = yo for all yy € H.

Lemma 1.8. The family (Sa(t))t>0 is a Co-semigroup of nonlinear operators in

H.
Proof. This is a direct consequence of Theorem 9.3.2 in [CH9S|. O

Definition 1.9 (Lyapunov function). A continuous function V': H — R is called
Lyapunov function for S, (or (1.2), equivalently) if V' is monotonically decreasing along
every mild solution of (1.2).
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Corollary 1.10. Any function V satisfying Assumption 1.4 is a Lyapunov function
for S 4.

Definition 1.11. Given an initial value yy € H, we define the following generalized
time derivative of ¢ — V' (Sa(t)yo):

V(yo) := lim sup V(Sa)yo) — V(yo)

) t ’

which may take the value —oo.

1.3. Regularity of the integrated semigroup

This section addresses the question of regularity of fg Sa(s)yods. We still use the
definition of A, N and H from Section 1.2. To this end we start with the following
general result:

Proposition 1.12. Let B the infinitesimal generator of a linear Cy-semigroup in
a Banach space X, and N : RT x X — X is a nonlinear operator. We assume that the
initial value problem

#(t) = Bx(t) + N(t,z(t)), t>0, (1.6a)

z(0) = zp € X, (1.6b)

has a unique global mild solution x(t) for every xo € X. Furthermore we assume the
following:

(i) If xo € D(B), then the solution x(t) is classical.

(ii) Let z9 € X, and (zn0)neny C D(B), and denote the corresponding solutions
of (1.6) by x(t) and xy(t), respectively. If xno — xo in X, then x, — x in
C([0,T]; X) for every T > 0.

(iii) The map t — N(t,z(t)) is continuous on R for every mild solution x(t).

(iv) For every T > 0 the map N(t,-) : X — X is uniformly continuous on bounded
sets in X, uniformly in t € [0,T].

Then for every o € X and the corresponding mild solution z(t) of (1.6) there holds
fg x(s)ds € D(B) for allt >0, and

x(t) — xo :B/O x(s) ds—l—/o N(t,z(s))ds. (1.7)

Proof. We first consider xy € D(B). Then z(t) is a classical solution of (1.6), and
satisfies the integrated equation:

x(t) — o :/0 Bax(s) ds+/0 N(s,z(s))ds. (1.8)

The crucial part of the following proof is to justify of the interchange of B and the
integral. Since z(t) € C'(RT; X) and because of the assumption (iii), we find that
both t — N(t,z(t)) and ¢t — &(t) = Bz(t) + N(t,x(t)) are continuous. This implies
that Bz(t) € C(R"; X). Therefore the following integrals exist, and we can write them
as Riemann sums, for any ¢ > 0:

K

t
[ g 3 ).
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¢ & kt , Kbkt
| Bots)ds = tim 3" fopa() = pm BY Lo )

We used the linearity of B in the last step. Since B is an infinitesimal generator, it is
closed. Thus we obtain from the above that

/Otx(S) ds € D(B), B/Otx(s) ds = /Ot Bzx(s) ds. (1.9)

Inserting this in (1.8) yields the desired result for any ¢ > 0.

Consider now 2y € X \ D(B). Due to the prerequisite (ii) there is a sequence of
classical solutions (x,(t))nen such that z, — z in C(]0,7]; X) as n — oo, for any
T > 0. In combination with with the assumption (iv) this implies the convergence of
N(t,xn(t)) — N(t,z(t)) in C([0,T]; X). Hence we find for every t > 0:

nh_g)lo(a:n(t) — Zn,0) = x(t) — xo,

lim N(s,xn(s))dS:/O N(s,z(s))ds.

n—oo 0

Consider (1.7) for every z,, and apply the above limits. We obtain

lim B [ z,(s)ds = z(t) — zp — /0 N(s,z(s))ds.

n—oo 0

But since z, — x in C([0,T]; X) there also holds
t

lim [ an(s)ds = /O " i(s) ds.

n—0o0 0

Since B is closed, these last two limits prove (1.9) for o € X \ D(B), which concludes
the proof analogously to the first part. O

In our particular situation, the above result yields the following:

Lemma 1.13. Let A, N satisfy Assumption 1.1, and let there be a function V
which fulfills Assumption 1.4. Then, for every yo € H the following holds, for allt > 0:

/0 Sa(s)yods € D(A), (1.10)
and . .
Sa(t)yo —yo = A/O Sa(s)yods +/0 ./\/SA(S)yO ds. (1.11)

Proof. We need to verify that the requirements of Proposition 1.12 are fulfilled,
with B = A and N(¢,-) = N(-). According to Theorem 1.7 and Proposition 1.2, (1.2)
has a unique global mild solution y(t) for every yp € H. Lemma 1.3 ensures that y(t)
is classical if yo € D(A). This verifies (i). Assumption (ii) is ensured by Proposi-
tion 1.6. Since, according to Assumption 1.1 (ii), N': H — H is differentiable, it is also
continuous. Furthermore, any mild solution y(t) is continuous too, so t — N (y(t)) is
continuous, and the condition (iii) is fulfilled. Finally, condition (iv) is satisfied, since
we assume N to be locally Lipschitz continuous. Hence, we can apply Proposition 1.12,
which concludes the proof. Il

For N' = 0, i.e. the linear case, (1.10) and (1.11) are standard results, see for
example Theorem 1.2.4 in [Paz83].
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1.4. w-limit & asymptotic stability

The aim of this part of this thesis is to investigate the long-time behavior of certain
nonlinear evolution equations. Here, we give a brief overview of the concepts used here.
In the following we still assume the definitions from Section 1.2.

Definition 1.14 (Asymptotic stability). We say that the problem (1.2) or the
corresponding semigroup S 4, respectively, is asymptotically stable if for every yo € H
there holds

Jim [|S.(t)oll = 0.

Definition 1.15 (Trajectory). Given an initial condition yo € H for (1.2), the
corresponding trajectory y(yo) is defined by

Y(yo) := J Salt)yo-
>0
It is the set of all values that y(t) = Sa(t)yo € H takes for t € [0, 00).

Definition 1.16 (w-limit set). Let yo € H be an initial condition of (1.2). Then
the w-limit set w(yg) for yo is defined by

w(yo) :== {y € H : I(tn)nen C RT such that lim ¢, = co A lim Sa(tn)yo =y}
n—oo

n—oo

We collect some results about w-limits from Chapter 9.1 in [CH9S]:

Lemma 1.17. Let yo € H. There holds:
(i) w(yo) is Sa-invariant, i.e. SAo(t)w(yo) C w(yo) for all t > 0.

(i) If v(yo) is precompact, then w(yo) # 0.
(iii) limy—s00 d(SA(t)yo,w(yo)) = 0, where d(-,-) denotes the minimal distance in
the H-norm.

Note that by first showing that v(yg) is precompact for all yo € H (which ensures
w(yo) # 0), and then proving that w(yg) = {0}, Lemma 1.17 yields the asymptotic
stability of S4. However, in general it is difficult to determine w(yp). To this end,
the Lyapunov function V' is helpful. Since for every yg € H the map t — V(S4(t)) is
monotonically decreasing (cf. Corollary 1.10), and it is bounded from below by zero,
the following limit exists:

V(o) = lim V(Sa(t)un) = 0. (1.12)
Note that it even exists if w(yg) = 0.
Lemma 1.18. Suppose w(yo) # 0. Then there holds
V(w(yo)) = {v(yo)},

i.e. V is constant on w(yo). In particular V(y) =0 for all y € w(yo).

Proof. Let y € w(yo). There exists a sequence (t,)neny C R, with ¢, — oo, such
that lim,, o0 SA(tn)yo = y. Since V is continuous,

Jim V(Sa(tn)yo) = V(y)-

According to (1.12) we have V(y) = v(yp), and the result follows. O
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This is the intrinsic motivation for the following famous result (cf. Theorem 3.64 in
[LGM99)):

Theorem 1.19 (LaSalle’s Invariance Principle). Let @ C H be the largest
S q-invariant subset of

{yeM:V(y) =0}
If yo € H and y(yo) is precompact, then

tli>rgo d(S.A(t)yOa Q) =0,
where d(-,-) was defined in Lemma 1.17.






CHAPTER 2

An Euler-Bernoulli beam with nonlinear damping and a
nonlinear spring at the tip

2.1. Introduction

This chapter considers an Euler-Bernoulli beam where one end is clamped, and the
free end holds a rigid tip mass. Models of this form play a fundamental role in many
mechanical systems and thus occur in multiple applications such as flexible robot arms,
helicopter rotor blades, spacecraft antennae, airplane wings, high-rise buildings, etc.
An important issue is the suppression of vibrations, since undesired oscillations can
reduce the performance of the system, or worse, result in damage to the structure. For
this reason, the Euler-Bernoulli beam is often coupled with a boundary control, which
acts on the tip and is used to dissipate the vibration. Frequently, the boundary control
is realized as a suspension system, consisting typically of springs and dampers.

In the last four decades, considerable attention has been paid to the stability anal-
ysis of such systems in the literature, see e.g. [LM88, Guo02a, GW06, MA15]. Most
results deal with the situation in which the control is linear, thus obtaining linear
boundary conditions. In general, the respective stability analysis uses results from
linear functional analysis.

However, the generalization to nonlinear boundary conditions is not straightfor-
ward in most cases, since they often require a model-dependent analysis. To the au-
thor’s knowledge the only beam models considered in the literature with nonlinearities
at the boundary do not comprise a rigid body attached to the tip (see for example
[CC99, CP24, CP94, CAN98]). A main goal of this chapter is to increase the analytical
understanding of nonlinear beam models.

In this chapter we investigate an Euler-Bernoulli beam which is clamped at one
end (see Figure 1). The free end holds a tip mass, whose mass m and moment of
inertia J are both positive. The controller acting on the tip consists of a spring and
a damper, both nonlinear. On the one hand this model is rather simple, but it still
exhibits an interesting mechanical behavior (asymptotic stability vs. the existence of
periodic orbits, depending on the value of J > 0). On the other hand, its mathematical
analysis requires a new strategy that deviates from existing techniques for nonlinear
models. The analysis presented in this chapter can easily be extended to more complex
models of this kind, see Chapter 3.

Our beam model satisfies a linear PDE with high order nonlinear boundary con-
ditions. In order to make the system accessible for analysis it is a common strategy
to rewrite it as a nonlinear evolution equation in an appropriate (infinite-dimensional)
Hilbert space H, and use the total energy of the system as a Lyapunov functional, see
[CLW13, Gra09, KT05, Mor01, VZLGMO09]. In general, proving that every solution
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e

Figure 1. Clamped beam with tip mass, coupled to a spring and damper
(both nonlinear). Source: [MSA15].

tends to zero as time goes to infinity consists of two steps, namely showing the precom-
pactness of the trajectories and proving that the only possible limit is the zero solution,
see LaSalle’s Invariance Principle (Theorem 1.19). In the linear case, verifying the pre-
compactness is straightforward by showing that the resolvent of the system operator is
compact, see Remark 2.16 in Section 2.4. For the nonlinear case, the inspection of the
precompactness property is more complex. In some situations, it can be shown that
the (nonlinear) system operator is dissipative (in the sense of [CP69]) and has compact
resolvent, see for example [CP94]. However, in our case, this operator is not dissipa-
tive, and does not generate a semigroup of nonlinear contractions, see Remark 2.11 in
Section 2.3.

A very common point of view for proving asymptotic stability of nonlinear evolution
equations is to consider the system as a quasi-linear evolution equation. For this situ-
ation, the most commonly used criteria for the precompactness of trajectories can be
found in [DS73, Paz81, Paz75, Web79|, and further generalizations in [Cou02, TV03].
They all split the system operator into the sum of two operators A + N (A being its
linear, and A its nonlinear part) and infer precompactness under the following con-
ditions. In [DS73], for example, A is required to be m-dissipative and N applied to
a trajectory is L' in time. In [Paz75] the requirement on N is loosened by just as-
suming uniform local integrability of N applied to a trajectory. However, the linear
semigroup (etA)tZO needs additionally to be compact in order to still ensure precom-
pactness. Finally, in [Web79] A just needs to map into a compact set, but A needs
to generate an exponentially stable linear Cy-semigroup. These strategies have been
successfully applied in the literature to the Euler-Bernoulli beam without tip payload
and with nonlinear boundary control: In [CP24] the precompactness of the trajectories
follows directly from the m-dissipativity of the system operator, and in [CC99] from
the L!-integrability of the nonlinearity.

In contrast to the mentioned literature, the nonlinear boundary conditions consid-
ered in this chapter do not fall into any of these sets of assumptions. In our case A is
m-dissipative, but the generated semigroup is neither compact nor exponentially stable.
On the other hand, A apparently does not satisfy strong assumptions either, for it is



2.2. PRELIMINARIES AND DERIVATION OF THE MODEL 103

compact, but we can not guarantee L'-integrability. Thus the properties of our system
operator are too weak in order to apply the mentioned standard results. However, we
are still able to prove precompactness of the trajectories in a novel way. Hence, this
chapter provides a new strategy for such evolution equations.

In this chapter we show that, for the Euler-Bernoulli beam with tip mass, coupled
to a nonlinear spring and a nonlinear damper, all trajectories that are C' in time
are precompact. Furthermore, for almost all values of the moment of inertia J > 0
the trajectories tend to zero as time goes to infinity. Interestingly we find that, for
countably many values of J, the trajectories tend to a time-periodic solution (see our
main result, Theorem 2.21, for the detailed formulation). For given initial conditions
we are able to characterize this asymptotic limit explicitly, including its phase. Such
periodic limiting orbit appears when the (linear) beam equation has an eigenfunction
with a node at the free end (i.e. some u,(L) = 0). Then, the controller at the tip is
inactive for all time.

This chapter is organized as follows. In Section 2.2 the equations of motion are
derived for the system consisting of the Euler-Bernoulli beam with tip mass, connected
to a nonlinear spring and damper. Next, it is shown that the energy functional is
an appropriate Lyapunov function for the system. Section 2.3 is concerned with the
formulation of the problem in an appropriate functional analytical setting and the
investigation of existence and uniqueness of the corresponding solutions. In Section 2.4
we prove precompactness of the trajectories for all initial conditions lying in a dense
subset of the underlying Hilbert space. Section 2.5 deals with the characterization of
possible w-limit sets, proving that any classical solution tends either to zero or to a
periodic solution, depending on the prescribed value J.

The contents of Chapter 2 has been published in [MSA15].

2.2. Preliminaries and derivation of the model

For the derivation of the model we follow [GZH11] and [KT05], where we require
that the beam satisfies the Euler-Bernoulli assumption. We assume that the beam
has uniform mass per length p > 0 and length L. The beam is parametrized with
x € [0, L], and is described by its deviation wu(t,z) from the horizontal (as depicted
in Figure 1). The constant bending stiffness is A > 0, and the tension is assumed to
be zero. At the tip of the beam there is a payload of mass m > 0, which has the
moment of inertia J > 0. We neglect friction of any kind. Only two external forces
are assumed to act on the beam, both on the tip, perpendicular to the resting position
u = 0. The first comes from a nonlinear spring attached to the tip, producing the
restoring force —ki(u(t,L)). The second force is due to a nonlinear damping, and is
given by —ka(u¢(t, L)). Throughout the rest of Chapter 2 we shall make the following
assumptions on the two nonlinearities:

Assumption 2.1. We assume ki, kg € T/VI?JCOO(R), and

/ ki(s)ds >0, VzeR, (2.1)
0

k5(2) >0, ko(0) =0, VzeR. (2.2)



104 2. AN EBB WITH NONLINEAR DAMPING AND A NONLINEAR SPRING AT THE TIP

Furthermore, we require that
ka(2)] > K22, Yz € (=0,9), (2.3)
for some positive constant K > 0 and § > 0 small.

Notice that (2.1) implies k1(0) = 0, and (2.2) combined with (2.3) implies that
ka(z) =0 iff z = 0.

Remark 2.2. The assumption ki, ko € VVE)COo (R) is particularly needed in the
proof of Lemma 2.15, which specifically requires the L*-boundedness of k{ and k% on
bounded sets.

In many situations the damping ko will originate from the drag produced by the flow
of a fluid around the immersed tip. Hence, the dependence of the drag ks on the velocity
of the tip will, in general, either be linear (Stokes drag; for low Reynolds numbers),
or quadratic (drag equation; for high Reynolds numbers with turbulence behind the
object), see [Bat00]. From this point of view, condition (2.3) is not restrictive.

The equations of motion can be derived according to Hamilton’s principle, see
[GZH11]. Hence, they are the Euler-Lagrange equations corresponding to the action
functional. In our model the kinetic energy Ej and the potential (strain) energy E,
are

L A L
Ep = '0/ u? da + @ut(L)Q zu;(L)Q, E, = / (u")? dz. (2.4)
2 Jo 2 2 2 Jo

Additionally, we have the virtual work §W coming from the external forces:
oW = —ky(u(L))ou(L) — ko(uy(L))ou(L).

Taking into account the boundary conditions u(0) = u/(0) = 0 of the clamped end we
find that, according to Hamilton’s principle, u satisfies:

pu(t, z) + Au'V (t,z) = 0, (2.5a)
u(t,0) = u'(t,0) = 0, (2.5b)
—Au"(t, L) + muy(t,L) = —k(u(t, L)) — ka(u(t, L)), (2.5¢)
Au"(t, L) + Juy(t,L) =0, (2.5d)

where (t,z) € (0,00) x (0,L). For the rest of this chapter we investigate the existence
and asymptotic behavior of solutions u of the system (2.5).

Finally we derive a candidate for a Lyapunov function (see Definition 1.9): The total
energy of the system is a natural candidate, since it will decrease in time because of the

damping. The total energy is given by Eio = E + E, + E,, where E, := OU(L) ki(s)ds
represents the potential energy stored in the nonlinear spring, and Ej and E, are
given in (2.4). Now (2.1) ensures that Es always stays non-negative. For sufficiently
regular solutions u of (2.5) we compute the time derivative of the total energy, using

the Euler-Lagrange equations (2.5):

d L L
7Et0t = A/ U,//’U,;/ dx + p/ Ut Ut dx + mutt(L)ut(L) + JU;t(L)u;(L)
0 0

dt
+ kr(u(L))ur(L)



2.3. FORMULATION AS AN EVOLUTION EQUATION 105

L L
L L
:A/ ulvutdfc+Au"uH0 —Au'"ut‘o —I—,o/ Uty A
0 0

+ mug(L)up(L) + Juy (L)uy(L) + k1 (u(L))ue(L)
= A" (L)uj(L) — A" (L)ug(L) + mug (L)ug(L) + Juj(L)uj (L)
+ k1 (w(L))u(L)
= —ko(ur(L))us(L). (2.6)

According to (2.2) this last line is always non-positive. This also confirms our previous
claim that the friction, ko, is responsible for the energy dissipation in (2.5). So Eiet is
a candidate for a Lyapunov function:
A L L J u(L)
V(u) = / ()2 dz + p/ w2de + ML) + Ll ()2 +/ ki(s)ds, (2.7)
2 Jo 2 Jo 2 2 0
and it is non-negative. According to (2.6) its derivative along classical solutions of (2.5)
satisfies:

%V(u(t)) = ko (ug(t, L))u(t, L) < 0. (2.8)

2.3. Formulation as an evolution equation

The aim of this section is to show that for sufficiently regular initial conditions
u(0,z) = up(z) and ue(0,2) = vo(z) the system (2.5) has a unique (mild) solution
u(t,z). First, we introduce the standard setting for the Euler-Bernoulli beam with a
tip payload (see [KTO05], [MA15]). To this end we define the following real Hilbert
space:

Ho={y = w0, & ¢] " u € Hig(0,L),v € LE(0, L), &, v € R}, (2.9)
where ]:IQR(O, L) is defined in (1.1). The space H is equipped with the inner product

A [ "oon P L 1 1
(Y1, y2)n == 3 ujug do + 3 vive do + 55152 + 72m¢1¢27 Yy1,y2 € H.
0 0

We next consider the following linear operator on H:

v

_AY

o
—Au"(L)
Au///(L)

Ay (2.10)

on the dense domain
D(A):={y€eM:ue Hyx(0,L),v € Hix(0,L),& = JV' (L), =muv(L)}.  (2.11)
Furthermore, we define the bounded nonlinear operator N on H:

Ny (2.12)

0
0
0
—kr(u(L)) = k2 (%)

For the rest of Chapter 2 we use the above definitions of A, A" and H. Finally, we
introduce the nonlinear operator A := A+ N on the domain D(A) = D(A). With this
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notation the system (2.5) can be written formally as the following nonlinear evolution
equation in H:

ye = Ay, (2.13a)
y(0) = yo, (2.13b)

for some initial condition yg € H. For some properties and results of nonlinear evolution
equations we refer to Section 1.2.

Lemma 2.3. A generates a Co-semigroup (e'*);>0 of unitary operators in H.

The proof of Lemma 2.3 is included in the proof of Lemma A.2 in the Appendix.
The latter is an extension of Lemma 2.3 to the complex analogue of H.

Lemma 2.4. The operator N': H — H is continuously differentiable.

Proof. First, we note that the derivative of N at y is the following linear operator:

0

0

0 9
—kj (w(L))un(L) = k5(2)vn
where h = [un,vp, &n,¥n] . By using the continuous embedding H2(0, L) < C([0, L))
for u, and the Assumption 2.1 on the k;, we immediately verify that N”(y) is indeed the
Fréchet derivative of N at y € H. Since, according to Assumption 2.1, the functions
kj lie in W2 (R), it is clear that A7 is a continuous map from H into B(H). O

Corollary 2.5. The operators A and N fulfill Assumption 1.1.

N'(y): h

Following the arguments from Chapter 1 we conclude that (2.13) has a unique
mild solution for every yo € H, and if yo € D(A), this solution is classical. Now we
can look for a suitable Lyapunov function on H. In the previous section we obtained
a candidate by (2.7), which was defined along classical solutions u(t) of (2.5). For
y = [u,v,£,9]" € D(A) this can equivalently be written as

V( )_A/L( ")?d +p/Lv2dx+1w2+1£2+/U(L)k (s)ds.  (2.14)
=g ), T, om’ 270 " J, N '

This is then defined for all y € H, and according to (2.8) there holds

d P(t)\ ¥(t)

— =—k (—)— <0, T ) 2.15
dtv(y(t)) 2 m m 0 VO <t< max(:‘JO) ( )
along all classical solutions y(¢). Throughout the rest of Chapter 2, V denotes the

function (2.14). The following two results are easily verified:

Lemma 2.6. The function V: H — R is continuous with respect to the norm ||-||%.

Proof. We observe that V(y) = |yl|3, + fou(L) k1(s)ds. Hence, it remains to show
continuity for the integral term. Let y € H, and (yn)nen C H with y, — y in H.
In particular, for the first component we have wu,, — u in H?(0,L). Because of the
continuous embedding H?(0, L) < C([0, L)), this implies u, (L) — u(L). Since ki is
integrable, this proves

un (L) u(L)
lim ki(s)ds = / ki(s)ds,
0

n—o0 0
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and consequently, lim, o V(yn) = V(y). O
Lemma 2.7. For every sequence (yn)nen C H there holds

limsupV(y,) =00 <& limsup [|ys||ln = 00
n—oo

n—oo
Proof. We argue snnilarly to the proof of Lemma 2.6. Again, we use
V(y) = HyHH—i—fO (s)ds. According to Assumption 2.1, the integral on the
right hand side is always non-negative.  Hence, if (||yn||%)nen is unbounded,
then also (V(yn))nen is unbounded. Suppose now that (||yn|/#)nen is bounded.
Hence, also (||unl|2(0,))nen is bounded, and because of the continuous embedding
H?(0,L) < C([0, L)), also (|un(L)|)nen is uniformly bounded. According to Assump-

tion 2.1, k1 € C(R), so
un (L)
(/0 k1(s) dS>n€N

stays uniformly bounded. Hence, (V (y,))nen is bounded. O
Corollary 2.8. The function V satisfies Assumption 1.4.

With the Corollaries 2.5 and 2.8 at hand, we can apply all results from Chapter 1 to
the evolution equation (2.13) of this chapter (with the same notation). This establishes
the following existence result:

Theorem 2.9. For every yo € H the initial value problem (2.13) has a unique
global mild solution y(t), which is classical for yy € D(A). Moreover, the function V is
a non-negative Lyapunov function, and for every mild solution y(t) the norm ||y(t)||x
s uniformly bounded for t > 0.

Corollary 2.10. All results from the Sections 1.8 and 1.4 apply to the system
(2.13) and the Lyapunov function V' from (2.14).

Then, as in (1.5) we introduce the nonlinear semigroup S4 = (S4(t))r>0, generated
by A.

Remark 2.11. If we assume that k; is linear, i.e. ki (u(L)) = K1 - u(L) for some
K, > 0, and Assumption 2.1 holds, then the (still) nonlinear operator A is dissipative
in H, with respect to the modified inner product

L
A " §1€2 | Y12 | KGA
(Y1, y2)m /U1U do + = /Ovlvgdx—i— 57 + o + 5 ui(L)ua(L).

Then, A even generates a semigroup of nonlinear contractions (cf. [CP69]). In this
case, the asymptotic stability of the semigroup is shown more easily, see Remark 2.16.
However, we assume k1 to be nonlinear, and we cannot find a formulation of (2.5) such
that the system operator becomes dissipative.

In the remaining part of this chapter we investigate the asymptotic stability of
the nonlinear semigroup S4. As it turns out, the semigroup is asymptotically stable
“in most cases”, i.e. for all but countably many values of the parameter J. For these
exceptional values of J, there exist non-trivial solutions which are periodic in time and
do not decay towards zero, see Lemma 2.18 in Section 2.5. The main result of this
chapter is stated in Theorem 2.21. The underlying ideas for the corresponding analysis
are presented in Section 1.4.
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2.4. Precompactness of the trajectories

In this section we investigate the precompactness of the trajectories of (2.13). First,
we prove the precompactness of trajectories that are twice differentiable (in time),
and then extend this result to all classical solutions. The main result is Lemma 2.15
below. Note that we use the assumptions and results presented in the previous section.
Furthermore, according to Corollary 2.10 we can use the results from the Sections 1.3
and 1.4.

Lemma 2.12. Let yg € D(A?) and let y(t) be the corresponding solution of (2.13).
Then y € C2(RT;H) and y,(t) € D(A) for all t > 0.

Proof. First, notice that if y € C?(R*;H) then § := y; would satisfy

0
- _ 0
O = Ay + 0 : (2.16)
k(L)) — ka3

However, for the moment we only know that y € C*(R™;#H), see Theorem 2.9. Moti-
vated by (2.16) we define the following functions for this particular classical solution

y(t):

F(t) = —, (u(t, £)) 2,

m

L PPN\ X _
Glt,2) = k(5 2) X = glt).
where z = [U,V,(,x]" € H. Since y(t) is a classical solution, and ki, ko € I/Vlzofo(]R)
due to Assumption 2.1, both F(t) and g(¢) lie in I/VI})’COO(R). Consequently, the op-
erator N: [0,T] x H — H, defined by N(t,z) := [0,0,0, F(t) + G(t, 2)]", is Lipschitz
continuous in both variables, for every 7" > 0. In the following we consider the (non-
autonomous) initial value problem

2= Az + N(t, 2), (2.17a)
2(0) = zp € H. (2.17b)

We apply Theorem 6.1.2 in [Paz83] which proves that there exists a unique global mild
solution z(t) of (2.17) for every zyp € H. If we even require zyp € D(A), then we can
apply Theorem 6.1.6 in [Paz83], which proves that z(t) is a classical solution! of (2.17).

We next show that for the given classical solution y(¢) the function y:(¢) is a mild
solution of (2.17) for zp = Ayg. Clearly, y(t) satisfies the Duhamel formula (1.3), and
differentiation with respect to ¢ yields

d t
yi(t) = et Ayg + @/, et=AN Y (s) ds. (2.18)

lActually, Theorem 6.1.6 only states that z(¢) is a strong solution. However, the corresponding
proof in [Paz83] shows that z(¢) is actually a classical solution. See Section A.2 in the Appendix for
more details.
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According to the proof of Corollary 4.2.5 in [Paz83] there holds

d
dt Jo

Inserting this in (2.18) proves that y;(¢) fulfills the Duhamel formula for (2.17), and as a
consequence y(t) is the unique mild solution of (2.17) to the initial condition zg = Ayjp.
But from the first part of the proof we know that this mild solution z(t) = y(¢) is a
classical solution of (2.17) if Ayp € D(A), i.e. yo € D(A?). So y; € CY(RF;H) and
y € C?(RY;H). O

t t
et =AN Y (s) ds = e Ny + e(t_s)Aij\/' s)ds.
Yy Y ds Yy
0

Remark 2.13. In the situation where the evolution equation is linear and au-
tonomous, i.e. A' = 0 in our case, the above result is straightforward. If yo € D(A?),
then we have according to Section I1.5.a in [ENO0] that y(t) € D(A2) for all t > 0.
Therefore y(t) = Ay(t) € D(A), and so yy = Ay; = A%y, and yu € C(RT). Here it is
crucial that the time derivative and the operator A on the right hand side commute.
This does not hold in the nonlinear situation any more, which makes the proof more
complicated. According to Section IL.5.a in [EN0O] the density of D(A2) in H is also
immediate. In our case D(.A?) is a nonlinear subset of H, see (2.19)-(2.24), so we need
to check the density separately.

For the proof Lemma 2.15 the density of D(A?) C D(A) is needed. But instead
we even show the stronger property that A|p(42y C Alp(4) is dense in the product

topology of H x H. Note that in contrast to D(.A) the domain D(A?) will be nonlinear.

Lemma 2.14. For every y € D(A) there exists a sequence (Yn)nen in D(A?) such
that limy, oo Y =y and limy, o0 Ay, = Ay in H.

Proof. First we characterize D(A?). We use that y € D(A?) if and only if y € D(A)
and Ay € D(A), or equivalently

v € Hyr(0, L), (2.19)

u€ H{r(0,L) A u™(0) =u"(0) =0, (2.20)

&= Jv' (L), (2.21)

Y =muo(L), (2.22)

u” (L) qu(L), (2.23)

A" (L) — by (w(L)) — ko (%) - —Tr;AuIV(L). (2.24)

It suffices to show that for an arbitrary y € D(A) we can construct (y,)nen C D(A?)

such that 1y, = [tn, Un, &n, ¥n] | converges to y in the space H*(0, L) x H?(0,L) x R2.
Since C§°(0,L) := {f € C=(0,L): f*¥(0) = 0,Vk € NU{0}} is dense in HZ(0,L)
(see Theorem 3.17 in [AF03]), there exists a sequence (vn)neny C C§°(0, L) such
that lim, y0o v, = v in H?(0,L). Clearly v, € fIS"R(O,L) for all n € N. Defining
& = Jul(L) and ¢, := muv,(L) ensures that y, satisfies (2.21) and (2.22). More-
over, the Sobolev embedding H?(0, L) < C*([0, L]) implies that lim, o & = & and
limy, 00 ¥ = 9.
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As a final step, we construct a sequence (uy,)neny C C*°(0, L) such that u,, satisfies
(2.20), (2.23), and (2.24) for all n € N, and lim,, oo u, = u in H*(0,L). For this
purpose we first introduce the following polynomial, for every n € N:

hn(x) == hg,an + h37n1:3 + h6’na:6 + h7,nm7 + h&nxs + h97n$9 + hlo,nxw + hll’nm‘n.

We next determine the coefficients ha,, ..., hi1,, € R such that hy,(x) satisfies appro-
priate boundary conditions, for every n € N. In the following, we fix n € N arbitrary.
From the definition of h,, it is already immediate that

hn(0) = 1y, (0) = R,"(0) = hyy (0) = 0. (2.25)
Then we set hg ,, = # and h3, = %, which ensures
hy(0) = " (0), hy'(0) = ' (0). (2.26)
Furthermore, we require
(L) =u™(L),  ke{0,1,2,3}, (2.27)
which reads equivalently?:
1= hng + hnrL 4 hpsL? 4 hyoL? 4 hy 10L* 4+ hp 11 L° (2.28a)
1y = 6hp6 + Thy 7L + 8hp g L? + 9hy o L* + 10k, 10L* + 11y, 11 L° (2.28b)
rg = 62hn 6 + T2hp7 L + 82hp s L* + 9%hy, o L
+10%hy, 10L* + 112, 11 L° (2.28¢)
1y = 63hy 6+ T2hy 7L+ 8hp s L* + 92hy, o L3
+103hp, 10L* + 1120, 11 L, (2.28d)
where
ICIC u’(0)  w"(0) o u'(L)  W"(0)  u"(0)
YTL6 T ord 6L 7T IS L4 2L3
B U”(L) U”(O) u///(o) B u//l (L) 'LL”/(O)
7 7 R A
Finally the two additional conditions are imposed on h,,:
A n
%h;V(L) = —Au"(L) + ki (u(L)) + ks (‘i) (2.29)
;:hX(L) =u"(L). (2.30)

The equations (2.29) and (2.30) are equivalent to:
6P 6 + THhy 7L+ 82hy s L2 + 9%hy, o L2 4+ 10%hy, 10L* + 1120, 11 L° =15,  (2.31a)
62N 6 4+ T2 7L 4 82hy g L2 + 92hy o L3 + 102hy, 10L* + 1120, 11 L° =16, (2.31b)
with
—Au"(L) + ki (u(L)) + ka () _ pu'(L)
AmL? ' JL

s =p e =

2The coefficient k! (the Pochhammer symbol, see [GKP89]) for k,I € N, | < k is defined by
K=k - (k—1)---(k—1+1).
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The linear system consisting of (2.28) and (2.31) has a strictly positive determinant.
Hence, this system possesses a unique solution hg p, ..., h11,,. Combining these coeffi-
cients with hg, and hs, defined before (2.26), we have obtained a polynomial h,(x)
which satisfies (2.25)—(2.27), (2.29) and (2.30).

Consequently, (2.25), (2.26), and (2.28) imply that u—h,, € H§(0, L), for alln € N.
Since C§°(0, L) is dense in Hg (0, L), there exists a sequence (i )nen C C§°(0, L) such
that ||ty — (uw—hp)||ge < %, Vn € N. Now defining u,, = Uy + hyp, gives limy, o0 up = u
in H*(0,L). Obviously u, satisfies (2.20) for all n € N. And (2.29) and (2.30) yield
(2.23) and (2.24) for u,, as well.

Hence, we have constructed a sequence ([tn, Vn,&n, ¥n] Jnen C D(A?) that con-
verges toy € D(A) in the H*(0, L) x H2(0, L) x R% -norm, and the statement follows. [J

Lemma 2.15. For every yo € D(A) the trajectory v(yo) of (2.13) is precompact.

Proof. We fix yp € D(A) and show that the trajectory of the corresponding solution
y(t) of (2.13) is precompact in H. According to Theorem 2.9, the solution y(t) is
classical. Because of the compact embeddings H*(0, L) << H?(0, L) < L%*(0,L)
it is suflicient to show that

sup [l Ay (¢)[|3 < oo
t>0

Since we have y; = Ay for classical solutions, it is equivalent to show that ||y.(t)|% is
uniformly bounded for ¢ > 0.

Step 1: In the first part of this proof we assume that yo € D(A?), and show the
precompactness of the corresponding C?-trajectory. According to Lemma 2.12 the
time derivative y.(t) of the corresponding solution of (2.13) is a classical solution of the
system (2.13) differentiated in time once. Hence, it fulfills the following system, which
is obtained by differentiating (2.5):

puyy + Aup =0, (2.32a)
w(t,0) =0, (2.32D)
uy(t,0) =0, (2.32¢)
Juyy (L) + Auf (L) = 0. (2.32¢)
We now evaluate the time derivative of V(y;):
d L n,n L !/ /
av(yt) =A | uyuydz+p | ugeun dz + Jug, (L)uy (L)
0 0
+ mages (L) wge (L) 4 Ky (ug (L)) uge (L)
(2.33)

= 'U,tt(L) (muttt(L) — AUQII(L) + k1(ut(L)))
+ U;t(L) (Aug(L) + Ju;tt(L))
= (L) [k (ur (L)) = Ky (u(L))ur(L) — ko (ue(L))un (L)),

where we have performed partial integration in = twice and used (2.32b)—(2.32¢). Ac-
cording to (2.2) in Assumption 2.1 we have

—k‘é(ut(L))utt(L)Q § 0, Vit 2 0,
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so after integration of (2.33) in time we obtain

V(ye(t)) < V(y(0)) +/O u (7, L) [k1(ue(7, L)) — K1 (u(r, L))ug(7, L)] d7.  (2.34)

For the first integral on the right hand side we compute
t t g ug(7,L)
/ e (7, L)kt (ug (7, L)) dr = / 4 / F1(s)ds dr
0 o d7Jo
ut(t,L) ut (0,L)
= / ky(s)ds — / k1(s)ds. (2.35)
0 0

Hence, we find that it is uniformly bounded since (¢, L) = % is uniformly bounded,
see Theorem 2.9. For the remaining term in (2.34) we obtain
¢ t )2
/ w7, LYK, (u(r, L) ug(r, L) dr = / A (BTN o e, 1)) dr
0 0 dr 2
L 2 L 2 t L 3
= O e, ) - Gk w0, - [ S K ) ar 236)
0

According to the Sobolev embedding H2(0,L) < C([0,L]) we have the estimate
lu(t,L)| < Cllullg2 < Clly||. Therefore kf (u(t, L)) is also essentially uniformly bound-
ed for ¢t € [0,00), cf. Assumption 2.1. In combination with the previously shown uniform
boundedness of w;(t, L) we find that the first two terms in (2.36) are uniformly bounded,
and for the remaining integral we get

t 3 !
| [ Mkt pyar < [ utn P
0 0

Because of (2.3) in Assumption 2.1, and considering that u.(¢, L) is uniformly bounded
for t € R, there exists a positive constant C' > 0 such that |ks(us(t,L))| > Cuy(t, L)?
for all t > 0. This yields

/Oo g (¢, L) dt < C/OO ko (us(t, L))ug(t, L) dt,
0 0

and since %V(y(t)) = —ko(ue(t,L))us(t,L) is integrable on (0,00), we obtain
ut(~,L) S LS(RJr)

Therefore, all terms in (2.36) are uniformly bounded for ¢ > 0. In combination
with the uniform boundedness of (2.35) this shows in (2.34) that V(y:(¢)) € L= (R™),
and therefore ¢ — ||y(¢)||% is uniformly bounded, see Lemma 2.7. Hence, vy(yo) is
precompact. Moreover, notice that actually

sup lye (@)l < Clllyollae, llye(0)ll20), (2.37)

where the constant C' depends continuously on ||yo || and [|y(0)]|%-

Step 2: For the second part of the proof we consider yy € D(A), and deduce the
precompactness of v(yo) from the results of Step 1. According to Lemma 2.14 there
exists a sequence (Yn,0)nen C D(A?) such that

lim y,0=y0 and lim Ay, = Ayo. (2.38)
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For the approximating solutions y,(t) := Sa(t)yno we have (y,):(0) = Ay for all
n € N, and (2.38) thus implies

Jim (y,):(0) = Ayo  in H. (2.39)

Hence (2.38) and (2.39) imply that both (yn0)nen and ((yn)¢(0))nen are bounded in
‘H. Together with (2.37) this yields that

sup [|(yn )¢ (t) [l < oo,
>0
neN
i.e. ((Yn)t)nen is a bounded sequence in L>®°(R™;H). Now the Banach-Alaoglu Theo-

rem, see Theorem 1.3.15 in [Rud91], shows that there exists a w € L®°(R*;H) and a
subsequence (Yp, )ken such that for k — oo:

(ynk)t = w in LOO(R+;H)'

So, for arbitrary z € ‘H and ¢ > 0 we have
t

i | (g )e(7), =) dr = /0 (w(r), 2) dr,

k—o0 0

which is equivalent to

Hm (yn, (t) — Yn, (0),2)y = </Otw(7') dT,Z>H

k—00

Since yp(t) converges to y(t) strongly in L*°((0,T"); H) for every T' > 0, we conclude
from the above

) =), = ([ wirdnz),

Now, owing to z € H being arbitrary, it follows that for all t > 0

y(t) —y(0) = /0 w(r)dr. (2.40)

Since y € C*(R™;#H), we can take the time derivative of (2.40), and obtain y; = w.
This implies y; € L®(R*;H), i.e. ||y:(-)||5 is uniformly bounded, which proves the
precompactness of y(yo)- O

Remark 2.16. In the linear case, i.e. N'= 0, the proof of the trajectory precom-
pactness is much simpler: For classical solutions y(t) we have Ay(t) = Aet4yy = et Ay,
so Ay(t) is uniformly bounded. Since A~! is compact, this proves the precompactness
for classical solutions. Since (etA)tZO is a contraction semigroup, any mild solution can
be approximated uniformly by classical solutions, and the precompactness follows also
for mild solutions.

In the case when kj is linear (i.e. k1 (u(L)) = K71 -u(L)), and kq, ko satisfy Assump-
tion 2.1, the precompactness property of the trajectories can also be verified easily: If
we incorporate the ki-term and the linear part of ko into A, this operator still gener-
ates a (nonlinear) contraction semigroup (see also Remark 2.11), with respect to the
modified inner product

L KA
(y1,y2)H / uiug” do + = / vive dz + 16 + Y1y 4+ =L uy (L)ua(L).
0

2J 2m 2
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Furthermore, A it is invertible and has a compact resolvent in 7. For the remaining
nonlinear term we can show A (y(-)) € LY(R*;#), using (2.15) and the integrability
of V(y) according to (1.12). Then the requirements of Theorem 4 in the article by
Dafermos and Slemrod [DS73] are fulfilled, and the precompactness of the trajectories
for all mild solutions follows. See also Section 3.5 below for an application of this
approach.

2.5. w-limit set and asymptotic stability

In the following 2 will always be the set defined in Theorem 1.19. Notations and
results from Chapters 1 and 2 are still assumed to hold.

Proposition 2.17. For ally = [u,v,£,9]" € Q there holds 1 = 0, u(L) = 0.

Proof. For a fixed yo € Q let y(t) = Sa(t)yo, which lies in Q entirely, since € is
S 4-invariant. By definition we have V (y(t)) = v(yo) for all ¢ > 0. First we show that

Y(t) =0, vt > 0. (2.41)
In the case when yo € QN D(A), (2.41) follows easily since (2.15) implies for the
corresponding classical solution
V) =0 < ¢(t)=0.

We next investigate the case when yo € Q\ D(A). Then there exists a sequence
(Yn,0)nen C D(A) such that lim, oo Yno = yo in H. We can apply Proposition 1.6,
which implies y,, (t) — y(t) in C([0, T]; H) for any T' > 0, where y,,(t) = Sa(t)yn0. Since
V is Lipschitz continuous on bounded sets in H, (V(yn(t)))nen is a Cauchy sequence
in C(]0,T];R). Furthermore, we also have the convergence

Unlt) > 6(t) I C(0,T);R), (2.42)
By applying this in (2.15) we obtain that

(V)

is a Cauchy sequence in C([0,T];R). We conclude that (V(yn(t)))nen is a Cauchy
sequence in C1([0, T];R). So there exists a unique w € C'([0,T];R) such that

V(ya(t)) = w(t) in CY[0,T];R). (2.43)

On the other hand, we know that V(y,(t)) — V(y(t)) = v(yo) for every t > 0, and
hence w(t) = v(yo). This, combined with (2.43), implies V (y,(t)) = —kg(%)% —0
uniformly on [0, 7]. With (2.42) this now yields (2.41) and in particular 1(0) = 0.

We now show that wu(t, L) = 0 for all ¢ > 0. From (2.41) and the last line of (1.10)

it follows that
t ¢
m (/ v(s) ds> :/ P(s)ds = 0.

Using this, the first component of (1.11) implies

0= (/Otv(s)ds)

neN

=u(t,L) — u(0,L).
=L
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Therefore u(t, L) is constant along y(¢) C €2, which implies

/t u(s,L)ds = ug(L)t, t>0. (2.44)
0

Furthermore, since sup,~ [|y(?)||% < oo, we find that sup,~ [[v(t)|z2(0,z) < 0. There-
fore, the second component of (1.11) implies

s |( [ uts)as) |

We next apply the following Gagliardo-Nirenberg inequality (cf. [Nir59]), which guar-
antees the existence of C' > 0 such that there holds for all ¢ > 0:

JACCIE LS [ RTOED N N F RS

The first factor on the right hand side is uniformly bounded due to (2.45). For the
second factor we observe that, according to Theorem 2.9, t — [|u(t)|2(o 1) is uniformly

< 00. (2.45)
L2(0,L)

(2.46)

L2 OL)'

bounded, and therefore ¢ — || fo s)ds||r2(o,r) grows at most hnearly Altogether this

implies in (2.46) that ¢ — fo u(s, L) ds grows at most like ¢5. But this contradicts
(2.44) unless ug(L) = 0. This shows that u(¢, L) = 0 for all ¢ > 0. O

This result allows to represent any trajectory (yo) C €2 as a solution to a simpler
linear system characterizing ). By inserting the result of Proposition 2.17 in the
equation (1.11) we find that any mild solution y(t) of (2.13) with y C €, satisfies the
following system for ¢ > 0:

u(t) —u(0) = /Ot v(s) ds, (2.47a)
v(t) —v(0) = —/; (/Otu(s) ds> Iv, (2.47b)
E(t) —£(0) =—A (/Ot u(s) ds> ’ ) (2.47¢)

0= < /O " uls) ds)m . (2.474)

and with the additional boundary condition u(¢, L) = 0. We will show that this sys-
tem is overdetermined. To this end we first investigate the system (2.47) without the
condition u(t, L) = 0, and only incorporate it later.

The system (2.47a)—(2.47c) can be interpreted as the mild formulation of a linear
evolution equation in a Hilbert space H:

w = Buw, (2.48)
with w = [u,v,£]" € H. Here, H is the Hilbert space

H:={w= [u,v,f]T: u € fI&R(O,L),U € L%(O,L)@ € R}, (2.49)
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and B is the following linear operator in H:

u v
Blov|=| -5V |, (2.50)
3 —Au"(L)

with the domain
D(B) :={weH:ue Hjz(0,L),v e Hix(0,L),& = Jv'(L),u" (L) = 0},

which incorporates the condition (2.47d). The space # is equipped with the inner
product

A [ "on 14 L 1
(wy,ws)) = 2/0 U Uy daz+2/0 vlvgdaz—f—ﬁflfg.

The corresponding norm is || -[|;7. According to Proposition A.3 the operator B is skew-
adjoint (in X, i.e. the complexification of H, see the Appendix A.1) and generates a
Co-group of unitary operators in X, and H, respectively. The eigenvalues {tn nez\foy
are purely imaginary, and come in complex conjugated pairs, i.e. u_, = fi, for all
n € N. Zero is not an eigenvalue, since B is invertible, see [KT05]. The corresponding
eigenfunctions {®},cz\ {0y form an orthonormal basis of X. They are given by

Un,
b, = fnUn, , (2.51)
finJ U, (L)
where u,, is the unique real-valued solution of
pUEu, + AulY =0, (2.52a)
uy (L) = 0, (2.52b)
Jplu! (L) + Au” (L) = 0, (2.52c¢)

where uy, is normalized such that ||®,]|; = 1. Note that p2 < 0. The fact that the
eigenvalues come in purely imaginary, conjugated pairs implies that ®_,, = ®,,, and
U_n = Up. For the complete spectral analysis of B see Proposition A.3 in the Appendix.
For notational simplicity we include the index n = 0 in the following by setting ug := 0
and ¢ := 0 and ug := 0.

We note that a trajectory v(yo) C € (more precisely, the first three components)
satisfies the (reduced) linear system (2.48) and the boundary condition u(¢, L) = 0, for
all ¢ > 0. Now it will turn out that, for almost all values of J > 0, the equation (2.48)
plus the boundary condition u(t, L) = 0 only has the trivial solution, and so £ = {0}.
For a countable set J > 0, however, it admits non-trivial solutions. They correspond
to eigenfunctions of (2.52) having a node at z = L.

Lemma 2.18. For u, # 0, there exists a non-trivial solution u, of the system
(2.52) that additionally satisfies un(L) = 0 iff

Je ¢ = {p <L>3 (=1’ + cosh m :eeN}. (2.53)

12 sinh /7
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In this case, this nontrivial solution u,(= u_,) is unique up to normalization

and p? = —% (%)4. We shall denote the index of this particular eigenfunction by
n=n*({)>0.

Proof. We omit the index n in (2.52) in the following. The general solution
@€ H&R(O, L) of (2.52a) is of the form

@(x) = Ci[cosh pr — cos px] + Ca[sinh pxr — sin pz], (2.54)
with p = (%“2)i > 0 and C1,Cy € R. The boundary conditions (2.52b) and (2.52c)
are now equivalent to the following two equations for Cy and Cos:

0 = C (sinhpL — sinpL) + C5 (cosh pL + cospL), (2.55)
and

0=0C [Ju2 (sinh pL + sin pL) + pA (cosh pL + cospL)]

+ [Juz (coshpL — cospL) + pA (sinh pL + sian)] . (2.56)
Furthermore, the additional condition ¢(L) = 0 reads

C (coshpL — cospL) + Cs (sinhpL — sinpL) = 0. (2.57)

First we use (2.55) and (2.57) to determine the constants C; and Cs. In order for ¢ to
be non-zero the determinant of the linear system formed by (2.55) and (2.57) needs to
vanish, i.e.

0 = (sinhpL — sin pL)? — (cosh pL — cos pL)(cosh pL + cos pL)

= —2sinh pLsinpL.
Since pL > 0, this is true iff p = %r for some ¢ € N. Hence p? = —% (%)4. Now
(2.55) gives Cy = —C—S8r __  Now we investigate in which situation also the

cosh ¢r+(—1)¢
third condition (2.56) is fulfilled. Multiplying (2.56) by (_1)[;0%, we get

A [tm\* | (rA '
—J; <L> sinh ¢ + T[Cosh&r + (=1 =0,

and equivalently

g L\? cosh fm + (—1)*
~P\ir sinh /7 '
In this case, the eigenfunction ¢ is given by (up to normalization)
bz

(sinh MT”“" ~sin T) (2.58)

Imx sinh /7

e
_ W s Y
#(2) (COS L 7 ) cosh m + (—1)¢

g

Hence, (2.48) plus the boundary condition u(t, L) = 0 has only the trivial solution
iff J € #, where ¢ is the countable set from (2.53).

Theorem 2.19. Let Q be the set introduced in Theorem 1.19, and _# from (2.53).
(i) If J & 7, then 2 = {0}.
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(ii) If J € 7, then
Q = spang{ [+, 0,0,0] ", [0, tp, Jul (L), 0] T }.
Here, up~ is a non-trivial solution of (2.52), for the given J, see Lemma 2.18.

Proof. This proof closely follows the argumentation in [CP24]. Our aim is to charac-
terize the solutions of (2.47), together with the extra condition u(¢, L) = 0. According
to Proposition A.3 in the Appendix we can write the mild solution of the linear evolu-
tion equation (2.48) with the initial condition wy € H as

w(t) = ePwg =Y (wo, Pp)) g By, (2.59)

nez
where {p, }nez are the eigenvalues of B, which are purely imaginary, and the ®,, are
the corresponding normalized eigenfunctions®, see Proposition A.3. Here, ((-,-) 7 is

the inner product in X, see the Appendix A.1. We define ¢, := (wo, ®p)) 3 for all
n € Z. Because of the orthonormality of the eigenfunctions {®,,},cz\ 01 and the fact
that {un }nez C iR we have for any N € N:

2
| 3 cnerrttll = 3 fenl 260
In|>N In|>N

Furthermore, Parseval’s identity yields Y, . [ca|* = ||w0||?,2. As a consequence the
right hand side in (2.60) tends to zero as N — oo, uniformly in ¢ > 0. So, for every
€ > 0 there exists some N > 0 such that

supH 37 e, <e, VE>0. (2.61)
[l =N *

t>0

The first component of the series (2.59) converges in H?(0, L) and therefore also in
C([0, L]). Thus we have

u(t,L) =Y cpeltu, (L), Vt>0. (2.62)
nez

Using this representation formula we now investigate those u(t) that satisfy u(t, L) =0
for all times. We immediately find for every N € N:

‘ Z cne“"tun(L)‘ < C’H Z cpetntu,

H2(0,L)
[n|>N In|>N
< CH Z cne“"t@)nHA?.
[n|>N

According to (2.61) this implies that, for every ¢ > 0, we can find an N € N large
enough such that

N
sup Z cne“”tun(L)’ <e, Vt>0, (2.63)
>0

3Note that if wo € H, i.e. wo is real valued, then the series always maps into H again.
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provided that w(t, L) = 0. We fix now some k € Z and € > 0, and select N € N so
large that |k| < N and (2.63) is satisfied. Then we multiply the finite sum by e #+!
and integrate over [0, T:

T N N

1 _ 1 T B
T Z cnefmtuy, (L)e Mt dt = Z cnun(L)T/O e(kn—E)t 3¢,

0 n=—N n=—N

According to (2.63) this expression still has modulus less than €. Now we let 7' — oo.
Since all eigenvalues p,, of B are distinct (see Proposition A.3), all terms in the integral
vanish except for the term where n = k, and we obtain

|Ck uk(L)] <e.
Since € was arbitrary, we conclude
Ck uk(L) =0, VkeZ. (2.64)

Now we need to distinguish between two situations: Either J ¢ # or J € ¢.

(i) J ¢ _#: We have, according to Lemma 2.18, that u, (L) # 0 for all n € Z. Then
(2.64) implies that ¢, = 0 for all k£ € Z, and consequently wy = w(t) = 0 for all ¢t > 0.
Therefore 2 = {0}.

(ii) J € #: Now we consider J = Jy € #. According to Lemma 2.18 we have
up(L) = 0 iff & # £n*(¢). So we get from (2.64) that

c, =0, VkeZ\{xn"()}, (2.65a)
cpx € C  arbitrary, (2.65D)

and c¢_p+» = Cp=. This, combined with ¢ = 0 in © (cf. Proposition 2.17) proves in this
case that

) = Respang {[q)‘_rn*’ O]T, [@L,O]T} = spanp {[un*,(), 0, O]T, [0, wps, Jul« (L), O]T}.
O

Remark 2.20. An alternative approach is to consider the system (2.47a)—(2.47¢)
together with wu(t, L) = 0, momentarily ignoring (2.47d). The system (2.48) is then
defined in B .

Hi:={weH:ulL)=0}
instead of #, and B has a different domain:
Dy(B) :=={w e Hi:ue Hyp(0,L),v € Hip(0,L),& = Jv'(L),v(L) = 0}.

Analogously to the Proposition A.3 one finds that the operator (B, D1 (B)) is again skew-
adjoint, generates a Cp-semigroup of unitary operators, and its eigenfunctions form an
orthogonal basis. The eigenfunctions are still of the form (2.51), but the corresponding
functions wu, now solve (2.52), with (2.52b) replaced by u, (L) = 0. Hence, we again get
the representation (2.54) for u,. However, in order to determine the constants, here
we use up, (L) = 0 instead of u]/(L) = 0 (so, the u,, are in general different to the ones
used in the proof above). With these u,, we have again (2.62), and only there we apply
the remaining condition (2.47d).

In the case J € _# we have seen (in Theorem 2.19) that Q = Respan{[®],.,0]"}.
From the definition of the ®i,- we find that they are precisely the (two) common
eigenfunctions of (B, D(B)) and (B, D1(B)). We conclude that, in order to determine
the w-limit set, the two approaches using either (B, D(B)) or (B, D1(B)) are equivalent.
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They only differ in the order in which the boundary conditions v”(L) = 0 and u(L) = 0
are applied.

Now we have all the prerequisites to prove our main result:

Theorem 2.21. Assume that Assumption 2.1 holds for the nonlinearities ki, ko.
Let yo € D(A), and y(t) be the corresponding classical solution of (2.13), and let ¢
be the set from (2.53). Then there holds the following:

(i) If J ¢ 7, then
T [ly(6) s = 0.
(ii) If J € _Z, then y(t) approaches (with respect to || - ||3) the time-periodic so-

lution corresponding to the initial condition IT*yg as t — oco. Here, II* is the
orthogonal projection from H onto Q (with Q2 from Theorem 2.19 (ii)), and it

is given by
Au” ) 2 U
* 2 * ! L))u *
Ty — | ] (v, ) 2 + Eupe (L) ) up : 2.66
Y= | e oo 1+ €5 (L3 1 o
0

where (-,-)r2 denotes the standard inner product on L*(0,L).

Proof. Case (i): According to Lemma 2.15, the trajectory ~(yp) is precompact.
According to Theorem 2.19 we further have Q = {0}. So we can apply LaSalle’s
Invariance Principle (Theorem 1.19), which proves that lim; .« ||y(¢)||% = O.

Case (ii): We consider n*(¢) as in Lemma 2.18. According to the end of the
proof of Theorem 2.19 the w-limit set is the (complex) span of the two vectors
Uiy = [@L,.,0]", where ®_,,» = ®,,«. Since ®4,« € D(B) we know that u”. (L) = 0,
and so the W,~ are eigenvectors of A to the eigenvalues +pu,«. We may now define
the orthogonal projection (first in X, see the Appendix A.1):

I := <'7\Il—n*>X\I}—n* + <'7 an*))(’\pn*-

According to Proposition A.1 the eigenvectors of A form an orthogonal basis of X', so IT*
commutes with A, and X = ker IT*@ran IT* is an orthogonal, A-invariant decomposition
of X. In the following we work with the restriction of II* to H, and keep the same
notation. The explicit representation of IT* is given by (2.66).

In the next step we show that IT* commutes with the nonlinearity A. Since the
first component wu,« of W,,« satisfies u,«(L) = 0, it is clear that N Uy,« = 0 and thus
NTII* = 0. Let now y € X. Then

0
0
Ny = 0
—k1(u(L)) — ka ()
and so IT*Ny = 0.

As a consequence, the decomposition H = ker IT* @ ranII* is invariant under the

nonlinear semigroup S4 generated by A. The trajectories of Salkerm+ lying in D(A)

are still precompact. We know from Theorem 2.19 that any w-limit set of S g|ker 11+ (as
a restriction of S 4) has to be a subset of ran IT*. But on the other hand any trajectory
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and limit of S4|ker 1+ has to lie within ker IT*, which is orthogonal to ranIT*. Thus the
only possible w-limit set for Salkerm+ is {0} = ranII* N ker IT*. And therefore S4(t)yo
approaches S4(t)[T*yg as t — oo. O

Remark 2.22. The asymptotic limit described in Theorem 2.21 can be computed
explicitly. If J = J, € _# for some ¢ € N, it follows from (2.59), (2.65) and Lemma 2.18
that all real non-decaying solutions u, of (2.5) are given by

up(t, ) = T(t)up=(z), (2.67)

A [tr\? A (P
T(t)—acos\/;<L)t—{—bsm\/;<L>t, a,b € R,

and up+ is given by (2.58). In particular, it follows from Theorem 2.21 that for a given
initial condition yo the solution u of (2.5) approaches the solution w, given in (2.67) in
the H-norm, with the coefficients a and b determined by (use (2.59) for this):

where

a = Aug, UZ*>L2(0,L)7
and
2
b:= [p\ (ég) (p(v0, un*) £2(0,1) + Eotin+ (L))

Remark 2.23. As already mentioned in Remark 2.16 it is the nonlinear term
ki(u(L)), representing the spring in the model, that prevents the nonlinear operator
A from being dissipative. As a consequence the semigroup S4 is not contractive and
therefore it is not possible to extend the precompactness of the classical trajectories
to the trajectories of the mild solutions using a density argument (for this see the
proof of Theorem 3.65 in [LGM99]). From the physical point of view one might expect
that (at least for J ¢ #) also the mild solutions tend to zero, which is motivated by
the observation that the total energy is dissipated whenever a trajectory does not lie in
2 = {0}, i.e. for almost all times the system looses energy due to friction. However, from
the mathematical point of view we have no information if the trajectory is precompact
for a non-classical solution. Hence, it is not clear whether the trajectory converges at
all as t — oo.






CHAPTER 3

An Euler-Bernoulli beam with a nonlinear dynamical
feedback system

3.1. Introduction

Let us consider a linear homogeneous Euler-Bernoulli beam, clamped at one end
and with tip mass at the other free end. The state of the beam at time ¢ is described by
its transverse deflection u(t, ) from the zero-state, where x € [0, L] is the longitudinal
coordinate of the beam, see Figure 1. The well known PDE for the motion of the beam
reads as

pug(t, z) + Aut (t,z) =0, (3.1)
with the mass per unit length p and the flexural rigidity A. The boundary conditions
for the clamped end at x = 0 are given by

u(t,0) = u/(t,0) = 0, (3.2)

and for the free end at z = L, we have
Juy(t, L) + Au"(t, L) = —e, (3.3a)
Muy(t, L) — A" (t, L) = —fe, (3.3b)

where J and M denote the mass moment of inertia and the mass of the tip mass,
respectively, and —7, and — f. describe the external torque and force acting on the tip
mass. Here and in the following, the notation u; is used for the derivative with respect
to the time variable ¢, and «’ for the z-derivative.

In literature, there exists a number of contributions dealing with the design of
boundary controllers to stabilize this type of system. To mention but a few, in [LM88]
the asymptotic stability was shown using semigroup formulation and applying the La
Salle Invariance principle. To obtain stronger, exponential stability, frequency domain
criteria [Mor01], Riesz basis property [Guo02b], [GWO06] or energy multiplier methods
[Ra095], [CM98] were employed. In contrast to these works, which are mainly based
on linear static and dynamic boundary controllers, this chapter is concerned with the
interaction of the Euler-Bernoulli beam (3.1)—(3.3) with a dynamic nonlinear feedback
system. In particular, it is assumed that this feedback system generates a reaction
torque 7. = 7.1 + T2 and a reaction force f. = fo1 + fe2, respectively. The reaction
torque and force is composed of the response of a nonlinear spring-damper system

Teq = di(uy(t, L)) + ki (u'(t, L)), (3.4a)
feq = do(ug(t, L)) + ka(u(t, L)) (3.4b)

and the response of a nonlinear finite-dimensional system with state z; € R", for
J=12,

(1)t = a1(21) + by (21)uj(t, L), (3.5a)

123



124 3. AN EULER-BERNOULLI BEAM WITH A NONLIN. DYN. FEEDBACK SYSTEM

Te2 = c1(21), (3.5b)

and
(22)t = az(22) + ba(z2)wi(t, L), (3.6a)
fe,? = 02(22)7 (36b)

which constitutes a strictly passive map from the time derivative of the tip angle uj(t, L)
to the reaction torque 7.2 and from the velocity of the tip position u.(t,L) to the
reaction force fe 2, respectively. The functions aj, b;, ¢;, dj, and k;, for j = 1,2, as well
as their mathematical properties will be specified in detail in the next section. Note that
(3.4)—(3.6) represents a nonlinear dynamic boundary controller for the Euler-Bernoulli
beam (3.1)—(3.3), a nonlinear dynamic environment, or a combination of both. The
system (3.1)—(3.6) may be interpreted as a feedback interconnected system with the
lossless Euler Bernoulli beam (3.1)—(3.3) in the forward path and the passive spring-
damper system (3.4) as well as the strictly passive system (3.5), (3.6) in the feedback
path, see Figure 2. It is well known that the feedback interconnection of passive systems
preserves the passivity, see, e.g., [vdS00]. This fact is often exploited in the controller
design, see for example [OvdSMEO02] and [OASKHOS] for the finite-dimensional case.
However, in the infinite-dimensional case the analysis is typically confined to linear
systems, see, e.g., [LGM99], [KT05], [VZLGMO09], or very recently [RLGMZ14]. Thus,
with this work we want to take a first step towards an extension of the state of the
art to the nonlinear case by still considering a linear PDE but allowing for a nonlinear
ODE at the boundary.

W(t, L)

Figure 1. Euler-Bernoulli beam with tip mass. Source: [MSAK15].

The goal of this chapter is to prove the global-in-time wellposedness and, most of all,
the asymptotic stability of the feedback interconnected system (3.1)—(3.6) according
to Figure 2. For both aspects, we have to deviate from the strategy employed in the
analogous linear model (introduced and analyzed in [KT05, MA15]): In the linear case,
the generator of the evolution semigroup is dissipative, which readily yields large-time
solutions. The nonlinear semigroup for (3.1)—(3.6) is not dissipative (in the sense of
[CP69]). Hence, standard semigroup theory will first only yield local-in-time solutions,
and the construction of an appropriate Lyapunov functional for (3.1)—(3.6) then shows
their global existence.
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Je uy(t, L)
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Figure 2. Interconnection of the Euler-Bernoulli beam system to a pas-
sive spring-damper system and a strictly passive system in the feedback
path. Source: [MSAKI5].

Asymptotic stability of the linear counterpart model is based on the precompactness
of the trajectories, which can be obtained from the compactness of the resolvent for
the generator. For (3.1)—(3.6), we shall follow a strategy devised for a simpler systems
in [MSA15] (it consists of a beam with a nonlinear spring and damper at the free end).
For the precompactness of the trajectories of (3.1)—(3.6), we shall here prove uniform
Cl'-bounds (w.r.t. time) on the solution, combined with compact Sobolev embeddings.

Note that the beam in (3.1)-(3.6) (and in its linear counterpart) is undamped.
Damping of the complete feedback system is only introduced via the damper of (3.4)
and the strictly passive systems (3.5), (3.6). This motivates that the linear model
from [MA15] is asymptotically stable, but not exponentially stable. Hence, exponen-
tial stability also cannot be expected for our nonlinear system (3.1)—(3.6). Of course,
exponential stability could be enforced by including damping terms into (3.1) (either
a viscous damping of the form +au; or a Kelvin-Voigt damping of the form +au;¥).
While viscous damping would lead to a simple extension of the subsequent analysis, the
higher order derivatives in the Kelvin-Voigt damping would require a rather different
mathematical setup. Hence, we shall not elaborate on such dampers here.

The contents of Chapter 3 has been accepted for publication in [MSAK15].

3.2. Preliminaries

In the following sections, we will give a rigorous mathematical analysis of the feed-
back interconnected system (3.1)—(3.6) according to Figure 2. For this, the assumptions
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on the parameters and functions appearing in (3.1)—(3.6) have to be specified. First
of all, let us assume that the mass per unit length p, the flexural rigidity A, the mass
moment of inertia J, and the mass M of the tip mass are constant and positive. For
the spring-damper system (3.4) we make the following assumptions for j =1, 2:

(A1) There holds d; € C*(R;R), and

d;(0) =0, (3.7)
di(s) >0, VseR, (3.7b)
d;(0) > 0. (3.7¢)

Note that this implies d;(s)s > 0 for all s # 0.
(A2) We have k; € C?(R;R), with k%(0) > 0 and

Vi, () i= /0S kj(c)do >0, VseR\{0}. (3.8)

Based on the assumptions (A1)—(A2), it can be easily shown that the spring-damper
system (3.4) is strictly passive from the inputs wu}(¢, L) and u:(t, L) to the outputs
Teq and fe 1, respectively, with the positive definite storage functions Vg, j = 1,2,
according to (3.8).
As a further consequence, we find uniquely determined constants D;, K; > 0 and
functions d;, k; € C*(R;R) with §;(s) = O(s?) and r(s) = O(s?) for s — 0 such that
dj(S) = DjS + (5]'(8), Vs € R, (39)
ki(s) = Kjs+ k;(s), VseR. (3.10)
Hence, Djs is the linearization of d;(s), and Kjs is the linearization of k;(s) around
s =0.

(A3) Furthermore, we assume that there exist (storage) functions V;: R" — R,
for j = 1,2, such that for all z; € R":

V}(O) =Y V}(zj) >0, (3-11)
VVi(zj) - a;(z;) <0, (2 #0), (3.12)
VVj(zj) - bj(z5) = ¢j(z))- (3.13)

According to the Kalman-Yakubovich-Popov (KYP) lemma for nonlinear systems with
affine input, see Lemma 4.4 in [LBEMOO], this implies the strict passivity of the systems
(3.5) and (3.6).
For the mathematical analysis we furthermore require for j =1, 2:
(A4) V; € C*(R";R) and

lim Vj(zj) = o0, (3.14)
25|00
P; :=Hess(V})(0) > 0. (3.15)
(A5) aj, bj € C?*(R";R"™) and
a;(0) =0, (3.16a)
det J,, (0) # 0, (3.16b)

where J,;(0) is the Jacobian of a; at z; = 0.
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(A6) cj € C?*(R";R), and
Cj(O) =0.

The assumptions (A3)—(A6) imply the following, for j = 1, 2:
e There exists a unique regular matrix A; € R™*™ and a function
aj € C*(R™;R™) such that for all z; € R
aj(zj) = Ajzj + aj(), (3.17a)
laj(zj)] = O(|z]*) as zj — 0, (3.17b)
hence A;z; is the linearization of a;(z;) around the origin. By using the first

order Taylor expansion of VVj around the origin we conclude from (3.12) and
(3.11) that

2 (PjAj)z <0, Vz € R™, (3.18)
and from (3.15) and (3.16) we find
IVV;(z) - a;(z)] > Clz*  as zj — 0, (3.19)

for some positive constant C'.
e There exists a unique vector B; € R" and a function 8; € C*(R";R™) such
that for all z; € R™

bj(zj) = Bj + Bj(z)), (3.20a)
Bj(zj) = O(lz]) as zj — 0. (3.20D)

e There exists a unique vector C; € R™ and a function v; € C?(R";R) such
that for all z; € R™

¢j(zj) = Cj - 2 +75(%), (3.21a)
i (z)| = O(|z*)  as z; = 0. (3.21Db)

Note that (3.13) implies
Pij = Cj. (321C)

Remark 3.1. For this chapter it would even be possible to only make the weaker
assumptions a;, b; € Wflifo(R”j;R”f), cj € VVlifo(R”j;R) and d;, k; € I/Vli’coo(]R;]R), for
j = 1,2. In particular, the local behavior of the functions «;, 3;, v;, 6; and x; around
the origin also stays the same, which can be seen by using the integral form of the
remainder in the respective Taylor expansions.

The only change concerns the proof of Lemma 3.19. There, not Theorem 6.1.5 but
Theorem 6.1.6 from [Paz83] needs to be applied, see the proof of Lemma 2.12 in the

previous chapter for an analogous proof.

Throughout the rest of this chapter we alway assume that the conditions (A1)—(A6)
are satisfied.
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3.3. Formulation as an evolution equation

The system (3.1)—(3.6) is reformulated as an evolution equation in the real Hilbert
space

H={y= [u,v,zl,zg,ﬁ,w]T tu € I:[OQR(O,L),U € L%(O,L),zj e R &, € R},
see (1.1) for the definition of the function spaces. The inner product is defined by

L L
1 - 1 -
(Y, U)n :A/ W@ dx + p/ vodr + =EE+ —Yy (3.22)
+ K10/ (L)i' (L) + Kou(L)a(L) 4 2z P11 4 25 PaZa,

where the positive definite matrices P; are due to (3.15). For the following, the operator

u] [ _Avuw _
|z a(z)—!flb(z)g
A: z; ~ a21(2’21) + sz(zz)ib
3 —Au"(L) — [e1(z1) + dl(é) + ki (u/(L))]
K42 L Au"" (L) — [ca(22) + da(57) + k2(u(L))]

is introduced on the domain
D(A)={yeM :ue Hix(0,L),ve Hip(0,L),& = Jv' (L), = Mu(L)}.  (3.23)

Based on the formulation of the coefficient functions, the operator A is decomposed
into a linear and a nonlinear part:

Linear part: The linear part is denoted by A, which is the linearization of A
around the origin:

o _ y -
v _%UIV
Az + 3By
A |* 121 1
22 ~ Aszg + 57 Botp ’
13 —Au”(L) — [Clzl + 7D1§ + Klu’(L)]
K | AW"(L) — [Cazs + 2 Doty + Kou(L)] |

and the domain is D(A

operator on all of H as

e _ 0
; 0
|z ai(z1) + 3 61(21)€
N z; ~ ag(22) + %52(22)1/1
3 —y1(z1) = 01(5) — k1 (' (L))
¥ [ —72(22) — G2(H5) — k2(u(L))]

)

D(A).

Nonlinear part: The nonlinear part N is defined as the following continuous

Note that on D(A) we have A = A+ N.

For the rest of this chapter we use the above definitions of A, N/, A and H. In the
following, we are interested in solutions of the following initial value problem in H:

ye(t) = Ay(t) = Ay(t) + Ny(t), (3.24a)
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y(0) =yo € H. (3.24D)

Lemma 3.2. The linear operator A with domain D(A) generates a Cy-semigroup
of contractions on H, denoted by (e!)

Proof. This result has been shown in Section 4.2 in [KT05], we briefly sketch the
main steps of the proof. A short calculation yields for y € D(A), using (3.18):
(Ay,y)u = 2 (PrA1)21 + 25 (PaAz)ze — D[t/ (L)|? = Da|o(L)[* < 0.

Hence the operator A is dissipative in H with respect to the inner product (3.22).
Furthermore, the inverse A~! exists and is bounded (even compact). Now the statement
immediately follows from the Lumer-Phillips theorem. O

£>0-

Remark 3.3. Since A is the infinitesimal generator of a Cy-semigroup of contrac-
tions, ran(A — A) = H for all A > 0. In particular ran(/ — A) = H. So A is mazimal
dissipative according to Theorem 2.2 in [CP69).

Lemma 3.4. The nonlinear operator N': H — H is continuously differentiable and
locally Lipschitz continuous.

Proof. By assumption, the functions «;, 8,7;,9; and x; are continuously differen-
tiable, so N’ : H — H is also continuously differentiable. Analogously, one finds the
local Lipschitz continuity of N. O

Corollary 3.5. The operators A and N satisfy Assumption 1.1.

According to the results in Section 1.2, the evolution equation (3.24) has a unique
mild solution for every yy € H, which is classical whenever yy € D(A).

Next we introduce the functional V' : H — R, given by

L L 2 2
V(y) ::A/ (U”)2d$—|—p/ U2d$—|—£—+£
0

2 Jo 2 5] ' 2M
—i—/ kl(s)ds+/k2(s) ds +Vi(z1) + Va(z2).
0 0
Vi @(L)  Viy(u(l)

Note that the first integral terms in V' (y) correspond to the strain energy and kinetic
energy of the Euler-Bernoulli beam, the next two summands are the translational and
rotational part of the kinetic energy of the tip mass, Vi,, j = 1,2, is the potential
energy stored in the nonlinear spring elements, see (3.4) and (3.8), and Vj, j = 1,2,
are the non-negative storage functions of the strictly passive systems (3.5) and (3.6),
respectively. Obviously V(y) > 0 for all y € H. Thus, V(y) is exactly the sum of the
storage functions of the lossless Euler-Bernoulli beam (3.1)—(3.3), the nonlinear spring-
damper systems (3.4) and the strictly passive nonlinear dynamic feedback systems
(3.5) and (3.6), cf. Figure 2. In the following, we show that V' qualifies as a Lyapunov
function for the system (3.24).

Lemma 3.6. The function V is continuous in H.

Proof. The continuity of the terms in V' except for the k;-terms is immediate. Due
to the continuous embedding H?(0, L) < C*([0, L]) the continuity of the remaining
kj-terms follows as well. O
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Lemma 3.7. Under the assumption (3.14) we have for any sequence (Yn)neny C H:

sup V(yn) < oo & sup|lynlln < co.
neN neN
Proof. It suffices to notice that (Vj(2zjn))nen is unbounded iff (zj,)nen is un-
bounded. O

Lemma 3.8. For yo € D(A) we have V(yo) < 0 (see the Definition 1.11), i.e. V
is monotonically decreasing along classical solutions.

Proof. For yo € D(A) the corresponding solution y(t) of (3.24) is classical, and
therefore has a continuous right derivative on [0, Tiax(y0)). So we can directly compute

d+
V(yo) = Ev(y(t))‘tzo

= a1(21) - VVi(21) + az(22) - VVa(z2) — di(v'(L))v'(L) = da(v(L))v(L).

Here, we have used (3.13). The non-positivity of the generalized time derivative of V
can be directly concluded from (3.12) and (3.7). This concludes the proof. O

Corollary 3.9. The function V satisfies Assumption 1.4.

According to the Corollaries 3.5 and 3.9 we can apply all the results from Section 1.2,
and obtain the following existence result:

Theorem 3.10. For every yo € H, the evolution equation (3.24) has a global mild
solution, which is unique. If yo € D(A), then the solution is classical. The function V
is a Lyapunov function for (3.24). Every mild solution is uniformly bounded in H.

Corollary 3.11. All results from Chapter 1 apply to the system (3.24) and the
Lyapunov function V.

Then, as in (1.5) we introduce the nonlinear semigroup S = (S4(t))¢>0, generated
by A. We keep this notation for the rest of this chapter.

Remark 3.12. Since (3.14) is only needed to show that no blow-up of the solution
occurs, we may replace it by the weaker assumption
lim_Vy(z) > V(yo), (3.14)
|zj]—00
depending on the initial condition yo for the problem (3.24). We argue as follows: Ac-
cording to Theorem 3.10 the function ¢t — V' (y(¢)) is non-increasing (this is independent
of (3.147)), which ensures that no blow-up can occur in any component of y(¢) except
for z;. If now z(t) or 2z2(t) would blow-up, we would get lim; o V (y(t)) > V(v0)
according to (3.14"). So V(y(t)) could not be monotonically decreasing, which is a con-
tradiction. So (3.14") is sufficient to show that no blow-up occurs and that the solution
is global in time.

3.4. w-limit set

In this section we investigate possible w-limit sets of S4. However, non-emptiness
of the w-limit sets will only be discussed in the subsequent sections. In the following, €2
will always be the set defined in Theorem 1.19. Notations and results from the previous
sections are still assumed to hold. Furthermore, note that according to Corollary 3.11
we can use all the results from Chapter 1.
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Lemma 3.13. Let y € Q. Then y = [u,v,0,0,0,0]".

Proof. First, let y € QN D(A). We know from Lemma 3.8 and the corresponding
proof that:

V(y) = ai1(z1) - VVi(z1) + az(z2) - VVa(22) — dy(v'(L))V'(L) — da(v(L))v(L).  (3.26)
Since y € 2, (3.26) is required to be zero, and according to (3.12) and (3.7) this holds
ifft E =9 =2 =2 =0.

Now let y € Q\ D(A). Then there exists a sequence (y,)nen C D(A) such that
Yn — y as n — 00. According to Proposition 1.6 we have S4(t)y, — Sa(t)y uniformly
on [0, T] for any T > 0. Therefore, we have also for the components of the corresponding

solutions (with S4(t)yn = [un(t), vn(t), 21.4(t), 221 (1), En (1), ¥n ()] )

Zin(t) = 2(t), in C([0,T];R™), (3.27)
Mun(t, L) — 9(t), in C([0,T];R), (3.28)
Ju(t,L) — £(t), in C([0,T];R). (3.29)

Combined with (3.26) this implies that

((?tV(SA( By )>n€N

is a Cauchy sequence in C([0,T];R). Since V is locally Lipschitz continuous in H,
we also have that (V(S4(t)yn))nen is a Cauchy sequence in C([0,T];R), so alto-
gether (V (Sa(t)yn))nen is a Cauchy sequence in C1([0,T]; R). So there exists a unique
h(t) € C1([0,T);R) such that

V(Sa(t)yn) = h(t) in C([0,T];R). (3.30)

On the other hand we know that lim,_ . ( AB)yn) = V(Salt)y) = V(y) = v(y)
for every t > 0 (see (1.12)), and hence h(t) = v(y). According to (3.30) this implies
%V(S A(t)yrn) — 0 uniformly on [0,7]. By using (3.26) for every y, this now yields
that in (3.27)—(3.29) we obtain the limits z;(t) = £(t) = ¥(t) = 0. So S(t)y has to be
of the form S4(t)y = [u(t),v(t),0,0,0,0]T. O

Theorem 3.14. There holds Q = {0}. In particular, for every yo € H either
w(yo) =0 or w(yo) = {0}.

Proof. Take a fixed yo € €2, and let y(t) be the corresponding mild solution of (3.24).
Clearly, v(yo) C 2, and according to Lemma 3.13 we have y(t) = [u(t),v(t),0,0,0,0]"
for appropriate functions u(t) and v(t).

Step 1 (linear system for u(t), v(t)): First we note that, according to (1.10) and
the first line of (1.11), there holds for all ¢ > 0:

0_/¢ ds_M/ (s.L)ds = M(u(t, L) — uo(L)),

0—/5 )ds = J /(s,x)ds),

Thus u(t, L) and «/(t, L) are constant in time. According to (1.11) the (projected) mild
solution y,(t) = [u(t),v(t)]" satisfies the following system (i.e. the first, second, fifth,
and sixth component of (1.11)):

=W L)~ (L)),
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u(t) —ug = /Otv(s, x) ds, (3.31a)

v(t) — vy = —2</Otu(s, x) ds) IV, (3.31b)
0= A(/tu(s,x) ds)ﬁ . + Ky - (/tu(s,x) ds)l L + /t k1(u'(s,L))ds,

" " ’ (3.31¢)

0= —A(/tu(s,x) ds)m . + Ky - (/tu(s,ac) ds) L + /t ko(u(s,L))ds.

" " ’ (3.31d)

Since y is a mild solution there holds u € C(R*; H3(0, L)). Hence, we can interchange
the integration and differentiation in the second term of (3.31c¢). Using the fact that
u'(t, L) is constant, we have for u((L) # 0 and ¢ > 0:

/Ot k1(u' (s, L)) ds = try(ug(L)) = W(/{)tu(s,x) ds)I

Analogously, since u(t, L) is constant, we can rewrite the last integral in (3.31d) in a
similar fashion. Then, we define the constants (since £;(0) = 0):

:c:L.

/
Ky =K + W, if up(L) #0, else K := K,
U
(0 ) (3.32)
Ky := Koy + w, if ug(L) #0, else Ky := Ko.
uo(L)
With this we may rewrite (3.31) as
t
u(t) —up = / v(s)ds, (3.33a)
0
A t v
o(t) = vy = —;( /0 u(s)ds)" (3.33)
A t " 7 t /
0= (/0 u(s, x) d3> - + 1(/0 u(s, ) ds) L (3.33¢)
A t m 7 t
0=— (/0 u(s, ) ds) x:L—i— 2/0 u(s, ) ds L (3.33d)

making this system linear. Thus, the projected vector y,(t) = [u(t),v(t)]" is the unique
mild solution of

(yp)t = Apypa (3.34&)
yp(0) = [uo, vo] ", (3.34D)

with the operator
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in the Hilbert space H,, := lEI&R x L2. The equations (3.33c) and (3.33d) are incorpo-
rated into the domain:

D(Ap) = {[u,v] € Hp: u € Hyp(0,L),v € Hig(0,L),
Au"(L) + K/ (L) = 0, Au" (L) — Kou(L) = 0}.
For further details on the operator A, in the space H, see the Appendix B.1.
Step 2 (proof of u(t, L) = u'(t,L) =0): We now investigate solutions of the pro-
jected problem (3.34) with the additional property that u(¢, L) and u/(¢, L) are constant

in time. Since the semigroup (e!47);>q is unitary in H, (see the Appendix B.1), we
know in particular that ||v(t)||;2 < C = %Hyp(O)Hﬂp for all t > 0 (see (B.1) for the

definition of || - ||,). Applying the L*norm to (3.33b) this yields

igg”(/o u(s) ds)IV

Next we apply the following Gagliardo-Nirenberg inequalities (cf. [Nir59]), which guar-
antee the existence of a constant C' > 0 such that there holds for all ¢ > 0:

JRCI R (GRCION von’| [
RO IOWELE [ RTCED N A Y G

The first factor on the right hand side in both inequalities is uniformly bounded (with
respect to t) due to (3.35). For the second factor we observe that, according to Theo-

rem 3.10, ¢ = [|u(t)[|L2(0,z) is uniformly bounded, and therefore ¢ + || fo s)ds|lz2(0,1)

(3.35)

L2(0,L)

L2(o L

L2(o L)

grows at most linearly. Hence, (3 36) implies that ¢ — || fo (s,L)ds||e(0,1) grows

at most like ¢5 and ¢ — | fo (s,L)ds|| o,y at most like t3 as t — oco. But this
contradicts the fact that w(¢,L) and v/(t, L) are constant, unless uo(L) = ug(L) = 0.
This shows that u(t, L) = «/(¢,L) = 0 for all ¢ > 0.

Step 3 (Holmgren’s Theorem): By iterated t-integration we shall now construct

C*-solutions of (3.34a), for which we can apply the Holmgren Uniqueness Theo-
rem [Joh82, Section 3.5]. So we define

y1(t) = [ur(t),v1 ()] = /0 yp(s)ds + A;l[uo,vo]T.

Due to Theorem 1.2.4 in [Paz83] and Lemma B.1 we have y;(t) € D(A,) for all t > 0.
So y; is a classical solution of (3.34a) to the initial condition y;(0) = A;l[uo,vg]T.
Furthermore, because of w(t,L) = u'(t,L) = 0, again wuy(t,L),u)(t,L) are con-
stant in time. Completely analogous to the previous step we can show again that
ui(t, L) = uj(t, L) = 0.

Next we shall construct solutions of higher regularity. We iterate the previous step
and define recursively u,(t) = [un(t),va(t)]T = fg Yn—1(s)ds + A;"[UO,UO]T, which
solves (3.34a) classically with the initial condition y,(0) = A, "[ug,vo]T. Again we
have wup(t,L) = ul(t,L) = 0. Furthermore, by definition we have on the one hand
Apyn(t) = yn_1(t). And on the other hand A,[u,,v,]T = [vn, —A/pul¥]T, so we
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can show inductively that y, € C(R*; H2""2(0,L) x H3"(0,L)). Now we consider
the solution u, for n > 2. It satisfies the following partial differential equation with
boundary conditions:

(un)ee = _/p\uzv, (3.37a)

[un (0, ), (un):(0,2)] " = A, " [uo, vo) T, (3.37b)
un(t,0) = u,(¢,0) =0, (3.37¢)

un(t,L) = ... =" (t,L) = 0. (3.37d)

By using u,, € C(Rt; HZ"2(0, L)) and (uy); = v, € C(RT; HZ™(0, L)) and (3.37a), we
obtain the following properties for the mixed fourth order space-time derivatives of u,,:

ulYy € O(R*; HZ"%(0, L)),
(un)/" € C(RT; HZ"3(0, L)),

A -

(un)i = —;UXI € C(RT; HF" (0, L)),
A -

(un):ftt = _;UX € C(R+’ H3n75(07L))7

A2 o
(un)eute = F“XIH € O(R™; Hg"~°(0, L)).

So for n > 4, all mixed derivatives of wu, of order four lie in
C(R*; HZ(0,L)) € C(RT x [0, L]). Thus u,(t,z) is a C*-solution of (3.37).

Now we can apply the Holmgren Uniqueness Theorem [Joh82, Section 3.5] on the
strip R* x (0, L). Due to (3.37d) all partial derivatives up to order 3 of uy vanish on
the line R x {L}, and furthermore u4(t,0) = u)(¢,0) = 0. Therefore, Holmgren’s
Uniqueness Theorem implies that ugy = 0 has to hold everywhere in this strip. (See
also the proof of Lemma 3 in [LM88| for a similar result — but without a detailed
proof.) Therefore A; 4[ug,v9]" = 0 has to hold, and since A, 1is injective, this yields
[uo,v0] T = 0. Since y,(t) = erug,vo]", we conclude that u(t) = v(t) = 0 for all
t>0. ([

As a consequence we obtain convergence to zero for trajectories with w(yg) # 0:
Corollary 3.15. If w(yg) # 0 for some yo € H, then
Jim [[Sa(t)yollx = 0.
Proof. This follows directly from LaSalle’s Invariance Principle (Theorem 1.19) and
the fact © = {0} shown in Theorem 3.14 above. O
3.5. Asymptotic stability — linear k;

In the case where the k; are linear, we are able to show precompactness for all
trajectories, even for the mild, non-classical solutions. This will yield that the w-limit
set w(yp) is always non-empty, and hence the asymptotic stability of the nonlinear
semigroup will follow from Corollary 3.15. Notations and results from the previous
sections, and Sections 1.3 and 1.4, are still assumed to hold.
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Lemma 3.16. Let yo € H, and y(t) be the corresponding mild solution of (3.24).
Let rj = 0. Then Ny(t) € LY(R*;H).

Proof. First, let us assume that yo € D(.A), so y(t) is a classical solution. We know
from Theorem 3.10 that V' (y(¢)) is non-increasing. By integrating (3.26) with respect
to time we obtain

V(y(T)) = Viyo) = /OT [_ d (3) % — (J\i) % (3.38)

+ al(zl) . VVl(zl) + CLQ(ZQ) . VVQ(ZQ):| dt
=: I7(yo),

where all terms on the right hand side consist of elements of the vector y(t), thus
depend on t. If we let T' — oo, we know that V(y(T")) — v(yo), i.e. the limit exists and
the integral I (yo) is finite.

Now we consider yy € H, and y(t) is the corresponding mild solution of (3.24). Let
(Yo,n)nen C D(A) be a sequence with yg , — yo. According to Proposition 1.6 the cor-
responding classical solutions y, (t) converge to y(t) in C ([0, T]; H) for all T" > 0. There-
fore the right hand side of (3.38) converges for all T' > 0, namely I7(yo.,) — I7(v0).
Due to continuity of V', also V(y,(T)) — V(yo,n) = V(y(T)) — V(yo) as n — oo. Thus,
(3.38) also holds for mild solutions for any 7" > 0. Since V (y(T)) — v(yo) € [0, V(v0)]
as T'— oo, the integral I (yp) is finite.

Now we know that for any (mild) solution y(¢) the integral I (yo) from (3.38) is
finite. Since all the terms in the integrand of (3.38) are non-positive (see (3.7) and
(3.12)), we conclude with (3.19) and (3.7) that

zj(), 9 (t), () € L*(RT). (3.39)
Under the assumptions we made in Section 3.2 for the functions occurring in the
nonlinear operator N, the properties (3.39) immediately imply Ny(t) € LY(RT; H). O

Remark 3.17. To obtain Ny(t) € L*(RT;H) in the above proof, we used in
(3.38) that the nonlinear damping functions d; include a non-vanishing linear part
(i.e. D; > 0). The same assumption will also be needed in Step 3 of the proof of
Lemma 3.20 below. However, in the nonlinear spring-damper system of [MSA15], a
locally quadratic growth of the damper law was sufficient. From a practical point of
view, this is not restrictive at all.

We note that (3.38) does not give any control on u(t, L) and «'(¢,L) (in the sense
of (3.39)). Hence, the linearity assumption x; = 0 was crucial for the above proof.
Otherwise, the j-terms in Ny(¢) could not be controlled.

Theorem 3.18. If k; = 0 for j = 1,2, there holds limy_.o [|Sa(t)yolln = 0 for
every yo € H , i.e. the semigroup S 4 is asymptotically stable.

Proof. According to Remark 3.3 the linear part A of A is a maximal dissipative op-
erator on H. Clearly A0 = 0, and as seen in the proof of Lemma 3.2, A~! exists and is
compact. Since A generates a Co-semigroup of contractions, (A—A)~! exists and is com-
pact for all A > 0. Finally, according to Lemma 3.16, we have t — Ny(t) € L1 (R*; H).
Due to these facts, we can apply Theorem 4 in [DS73] with f(¢) := Ny(t). This shows
that the w-limit set w(yp) is non-empty (in fact the trajectory v(yg) is precompact).
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Thus, due to Corollary 3.15 and Theorem 3.14, we conclude w(yo) = {0} and that the
entire solution y(t) converges to zero. O

3.6. Asymptotic stability — nonlinear k;

According to Corollary 3.15, any trajectory with a non-empty w-limit set already
is asymptotically stable. Thus, in order to complete the discussion we show in this
section that (at least) any classical trajectory possesses a non-empty w-limit. We do
this by proving that every classical trajectory is precompact. To this end we follow a
strategy introduced in [MSA15]. Throughout this section, notations and results from
the previous sections, and Chapter 1, are still assumed to hold.

We begin with the following preparatory result (which would be obvious for linear
semigroups):

Lemma 3.19. Let y(t) be a solution of (3.24) with the initial condition
yo € D(A?) :={y € D(A) : Ay € D(A)}. Then y € C*(RT;H) and y(t) € D(A) for
allt > 0.

Proof. If we already knew that y € C2(R*;H), it would follow that 7 := g, satisfies

0
0
R oy (z1)% + LB (21) 216 + Bi(21) ~}
AT et ()0 + (o)) (3.40)
—M(21)a = 0 (5)€ - wi (w/ (L)@ (L)
—7b(22)Z2 — 7705 (§7) & — kb (u(L))a(L) ]

However, at this point we only know that y(t) € CY(R*;H), see Theorem 3.10.
Motivated by (3.40) we define the following functions for this fixed solution
y(t) = [u,v, 21, 22,&,9] T (t) (and we omit ¢ in the definitions):

Gi(t, Z) == aj(z1)C1 + = [51(21)C15 + B1(21)Z],

Ga(t, Z) = ah(z2)C2 + *[ 5(22)Cot + Ba(z2) V],
Ga(t,2) = —h (1)1 — 781 (§ = - W (LU (L),
Calt, 2) = ()G — 301 ) U — Ry (LU (L),

where Z := [U,V, (1, (2, Z,¥]T € H. Since y(t) is a classical solution and the occurring
coefficient functions are differentiable, it follows that t — G;(t,Z) is continuously
differentiable for all 7 = 1,...,4. As a consequence the operator N Rar XH —H
defined by
N(t, Z) :=[0,0,G1(t, Z), Ga(t, Z),Gs(t, Z), Gu(t, Z)] T,

is also is differentiable with respect to ¢ for every Z € H. Furthermore, A is Lipschitz
continuous with respect to Z € H, uniformly in ¢ € [0,7] for every T' > 0. Now the
linear, non-autonomous initial value problem

= AZ +N(t,2), (3.41a)
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Z(0)=Zy € H, (3.41b)

is considered. According to Theorem 6.1.2 in [Paz83] there exists a unique global mild
solution Z(t) of (3.41) for every Zy € H. If Zy € D(A) this solution is classical, see
Theorem 6.1.5 in [Paz83].

Our next aim is to show that for the classical solution y(t) fixed in the beginning, the
(continuous) function y;(¢) is indeed a mild solution of (3.41) for Zy = Ayp: Since y(t)
satisfies the Duhamel formula (1.3) and is differentiable, we obtain after differentiating
with respect to t

d t
yi(t) = e Ay + T / =) ANy (s) ds. (3.42)
0
According to the proof of Corollary 4.2.5 in [Paz83] the following statement holds true
d [t t d
— [ DNy (s)ds = M Nyo + / =4 \fy(s) ds. (3.43)
dt 0 0 ds

Inserting (3.43) in (3.42) yields that y:(¢) fulfills the Duhamel formula for (3.41). As a
consequence ¢ (t) is the unique mild solution of (3.41) to the initial condition Zy = Ayjp.
Moreover, we know that this mild solution Z(t) = y(t) is a classical solution of (3.41)
if Ayg € D(A), i.e. yo € D(A?). Hence y; € C*(RT;H) and y € C?*(R*; H). O

Lemma 3.20. The trajectory v(yo) is precompact in H for yo € D(A?). Moreover,
there exists a constant C > 0 such that

lye(@)]lae < C, YVt >0, (3.44)
where C' depends continuously on ||yolln and ||y:(0)||%.

Proof. In order to prove precompactness of the trajectory, it suffices to show that

sup [ Ay (8)[l# < oo,
t>0

due to the compact embeddings H*(0, L) << H?(0, L) << L*(0, L). However, this
is equivalent to showing that y; is uniformly bounded in H for ¢ > 0, since y; = Ay.
Again, this is equivalent to

L A [ J M
Vi =4 [ e+ g [ () e+ 5 () + 5 (D)’

ul (L) ut (L)
+ /0 ki(s)ds + /0 ka(s)ds 4+ Vi((21)) + Va((22)¢)

being uniformly bounded, see Lemma 3.7. Since y(t) is a classical solution, we have
the following equalities

o =5
According to Theorem 3.10 those terms are always uniformly bounded. Moreover, due
to regularity of the functions aj,b; and Theorem 3.10 we see from (3.5a) and (3.6a)
that (z;); € L°(R") for j = 1,2. Therefore, the boundedness of V (y;) is equivalent to
the boundedness of the functional

ut(L) =

- L A [E J M
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Hence, our aim is to derive a system of equations satisfied by y:(¢), and then to show
that V() is uniformly bounded.

Step 1 (Time derivative of the system): According to Lemma 3.19, there holds

y(t) € C}(RT;H). Differentiating (3.1)-(3.3) with respect to time hence shows that
1y is the classical solution to the following system:

puy + AupY =0, (3.45a)
wr(t,0) = (¢, 0) = 0, (3.45b)
Auf (t, L) + Juy, (t, L) + (1e):(t) = 0, (3.45¢)
—Aué"(t, L) + Muttt(t, L) + (fe)t(t) = 0, (345d)
where:
Te := c1(21) + di(uwy(L)) + k1 (v (L)),
Jo = ea(a) + dalu(L)) + ka(u(L)) (3:40)
Therefore, from (3.46) it follows:
(Te)e = Vei(z1) - (1) + dy (up (D)) ug (L) + Ky (u'(L))uy (L), (3.47)
(fe)t = Vea(22) - (22)t + di(ue(L))uge (L) + Ko (u(L))ur (L), '
and from (3.5a) and (3.6a), we obtain
(211t = [Ja, (21) + g (L) Iy, (21)](21)e + b1 (21)ug (L), (3.48a)
(22)tt = [Jas (22) + we(L) Joy (22)](22)¢ + ba(22)use (L), (3.48D)

where J, ., Jp. denote the Jacobian matrices of the functions a; and b;, respectively.
J J J J

Step 2 (Time derivative of V(y;)): We obtain

d - L L
7V(yt) = p/ Uttt Utt dx + A ué’tug dx + Ju{ttt(L)u;t(L) + Muttt(L)utt(L)
0 0

dt
= g (L) (Mugee (L) — A’ (L)) + gy (L) (Auf (L) + Juiyy (L))
= —uu(L)((22)] Vea(2a) + ko (u(L))us(L))
—uy (L) ((21)] Ver(z1) + Ky (o' (L))uy (L))
— db(ur (L)) (u (L)) — i (uf (L)) (upy (L)),

where we have performed partial integration in = twice, and then used (3.45) and (3.47).
Integrating (3.49) on the time interval [0,¢], for some arbitrary ¢t € R*, we get with
(3.7b)

(3.49)

V(ye(t)) < V(5(0)) + Li(t) + L), (3.50)

where

/Otu 2 ( ){ Vei(z1) + Ky (u/' (L ))uQ(L)) ds,
/t uge (L ch(ZQ) + k2( (L ))m(L)) ds.
0



3.6. ASYMPTOTIC STABILITY — NONLINEAR k; 139

Step 3 (Boundedness of Iy and I5): Next, we show uniform boundedness for each
component of Iy by using partial integration in time:

- / (LR u(E) () ds = — (ut, )P Ko, 1) + 3 (ua(0, )2 R 0, 1)

t
+ ;/ ug(L)2ky (u(L))ds < C, Vt>0.
0

Further, it holds that

/Ot uit(L)(22)] Vea(z2) ds = ug(t, L) (22)s(t) " Vea(22(t)) — ue(0, L)(22)4(0) " Vea(22(0))

- /O un(L)[(2)7 Hey(22)(22)s + (22)f; Vea(z2)] ds.

Here, H., denotes the Hessian of the function cz. Since ca € C?(R™2), it follows that

/ fue(L) ()7 Hey(22) (22)e] ds < © / ((22)el? ds,
0 0
and (with (3.48)):

/0 “t(L)(Z2);V02(Z2)dS:/O wi(L)[Jag (22) (22)1 + (L) Ty (22) (22):] T Vea(22) ds
+ /Ot Vea(22) " ba(22)use(L)ur(L) ds

=/0 ut(L)[Jay (22) (22)t + (L) Joy (22) (22)e] T Veea(22) ds

+ 29esea () Thalenl) e, 1

a %V62(22(0))T52(Z2(0))“t(O’L)2

1

t
— 3 | @R [huee) Vealen) + Hoy ()bl ds

< C/Ot |ur(L)[? + [ (22):* ds + %ch(za(t))sz(Z?(t))“t(t’ L)’

— 5 Ver(22(0)) Tba22(0))ue(0, L),

For the estimate of the second integral we have used the uniform boundedness of (z2)¢,
see the discussion before Step 1 of this proof. The uniform boundedness of I fol-
lows analogously. Hence, V (y:(t)) is uniformly bounded in time. Furthermore it can
be seen that all the positive constants C appearing in the above calculations depend
continuously on the initial conditions. This concludes the proof. U

In order to extend this result to all classical solutions, we need the following density
argument.

Lemma 3.21. For any y € D(A) there is a sequence (yn)nen in D(A?) such that
limy, oo yn = y and lim,, o Ay, = Ay.
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Proof. Let an arbitrary y € D(A) be fixed. Notice that it suffices to show that
there exists a sequence (Y )nen With ¥n = [tn, Un, Z1n, 220, &n, ¥n] | in D(A?) such that
lim, y00 ¥ = ¥ in the space H*(0,L) x H?(0,L) x R™ x R" x R x R. The set
D(A?%) ={y € D(A) : Ay € D(A)} is equivalent to

v € Hy(0, L), (3.51)
u e HS(0,L) A uV(0) =u"(0) =0, (3.52)
€ = Jv'(L), (3.53)
¥ = Mu(L), (3.54)
A"(L) + [e1(z1) + dy (5) ) = v, (3.55)
J p
—AW"(L) + [ea(22) + da (%) + ko (u(L))] = A;VIUIV(L). (3.56)

Since C3°(0,L) = {f € C>([0,L]): f®(0) = 0,Vk € Ny} is dense in HZ(0,L)
(see Theorem 3.17 in [AF03]), there exists a sequence (vy)neny C C§°(0, L) such
that lim, 0o v, = v in H2(0,L). Also, v, satisfies (3.51), for all n € N. Defining
&n = Jul (L) and 1, := Muv,(L) ensures that y, satisfies (3.53) and (3.54). More-
over, the Sobolev embedding H?(0,L) < C1([0, L]) implies that lim,, ., &, = & and
limy, 00 ¥, = ¥ as well. Next, let z1, := 21 and 29, := 2o for all n € N.

Finally, the sequence (uy,)nen € C°([0, L]) will be constructed such that u,, satisfies

(3.52), (3.55), and (3.56) for all n € N, and lim,, o u, = u in H*(0,L). To this end
we introduce an auxiliary sequence of polynomial functions

hn(-r) = h2,nx2 + h3,nx3 + h6,n5[f6 + h?,nx7 + h8,n$8 + h9,n$9 + th,nxlo + hll,nwlla

for all n € N, where hay,...,h11,, € R are to be determined. It immediately follows
that
ha(0) = ,(0) = ALY (0) = B (0) = 0. (3.57)
Let ho, = % and hg, = u”’6(0)7 which is equivalent to
hy(0) = u"(0), Ry (0) = u™(0). (3.58)

Further conditions are imposed on hy,:
ML) =u®(L),  ke{0,1,2,3}.
This can equivalently be written in terms of coefficients’:
hon + hrnL + hsnL? + ho nL? + hion Lt + hi1nL® =11, (
6hen + ThrnL + 8hg nL* + 9hg L + 10h10,, L* + 11h11 , L° = 72,  (3.59b
62h6.n + T2h7 L+ 82hg  L? + 92hg n L + 102h10,, L* 4+ 112011, L° =73 (3.59c
63h6.n + T2h7 L 4 82hg  L? + 93hg L + 102h10,, L* 4+ 113011, L% = 74, (3.59d
with
u(L) u"(0) 4"(0) W' (L) 4"(0)  u"(0)

T Y Y 7 B - A 7 Y A

IThe coefficient k' (the Pochhammer symbol, see [GKP89]) for k,I € N, | < k is defined by
K=k - (k—1)---(k—1+1).
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u//(L) u//(o) u///(o) u///(L) u///(o)
R R R I A
We further require that h,, satisfies:
AM v _ " Un _.
SR (L) = A (L) + [CQ(@) + dy (M) + kg(u(L))] = 15, (3.60)
AJ n
(L) = Au(L) + [cl(zl) +dy (%) +ky (u'(L))] = 16, (3.61)

where (3.60) and (3.61) are equivalent to:

50

6hg , + Thy L+ 8%hg L2 4 9%hg , L3 4 10410, L* + 1120y, L5 = e (3-62a)
65k + ThynL + 82hs n L2 + Phg L + 102hy0,n L* + 1120y L5 = E’)L (3.62b)

Such h,, exists and is unique, due to the fact that linear system (3.59) and (3.62)
has strictly positive determinant. Consequently, (3.57), (3.58), and (3.59) imply that
u— hy, € H§(0,L), for all n € N. Since C§°(0, L) is dense in H(0, L), there exists a
sequence (in)pen C C5°(0, L) such that |G, — (v — hy)||gs < %, for all n € N. Now
defining w,, := iy + Ay, gives limy, o0 u, = u in H4(0, L). Obviously wu,, satisfies (3.52)
for all n € N. Also, due to (3.60) and (3.61), w,, satisfies (3.55) and (3.56), as well.
Hence, the statement follows. ]

Theorem 3.22. For all yg € D(A) the trajectory v(yo) is precompact in H.

Proof. Let yo € D(A) be chosen arbitrarily, and let (yn0)neny C D(A%) be an
approximating sequence as in Lemma 3.21. Then there holds in H:

nh_}ngo Ayn.o = Ayo. (3.63)

For an arbitrary 7' > 0, and by applying Proposition 1.6 it follows that the ap-
proximating solutions y,(t) converge to y(t) in C([0,T];H), where y,(t) and y(t) are
the solutions corresponding to the initial conditions ¥, and yo, respectively. Since
yn(t) € CL(RF;H) and solves (3.24), for all n € N, (3.63) yields

lim (yn):(0) = Ayo in H. (3.64)

n—oo
Hence, (3.44) and (3.64) imply that there exists a constant C' > 0 such that for all
n € N:

sup 1(yn)e ()l < Clllyoll, 1 AYolI2),

where the constant C' does not depend on n. From here it follows that (y,): is bounded
in L°(R";#). Hence, the Banach-Alaoglu Theorem (see Theorem 1.3.15 in [Rud91])
implies that there exists w € L°(R™;H) and a subsequence (yn, )ken such that

(ynk)t = w in LOO(RJF;,H)'
For arbitrary z € H and ¢ > 0 there holds

lim [ (e )e(r), 2 dr = / (w(r), 2) dr,

k—o0 0



142 3. AN EULER-BERNOULLI BEAM WITH A NONLIN. DYN. FEEDBACK SYSTEM

which is equivalent to

i (i (1)~ (0), )1 = </Otw(7) ar.z) .

k—

Since limy, 00 Yn(7) = y(7) (in H) for all 7 € [0, 00), it follows that

(y(t) —y(0),z)1 = </0tw(7‘) dT,Z>H

Since z € ‘H was arbitrary, we obtain

y(t) — y(0) = /O w(r)dr, i3> 0. (3.65)

Due to continuous differentiability of y, the time derivative of (3.65) can be taken,
which yields y; = w. This implies y; € L>®(RT;H), i.e. ||y:(-)||3 is uniformly bounded,
which proves the theorem. O

Now it is straightforward to prove the main result of this chapter:
Theorem 3.23. For every yo € D(A) there holds lim;_, ||Sa(t)yo|l% = 0.

Proof. According to Theorem 3.22 all classical trajectories are precompact. Fur-
thermore, we have 2 = {0}, according to Theorem 3.14. Hence, we can apply LaSalle’s
Invariance Principle, cf. Theorem 1.19, which proves that every classical solution of
(3.24) converges to 0 in H as t — oo. O



APPENDIX A

Deferred results from Chapter 2

A.1. Functional analytical results

Even though most of the analysis in Chapter 2 is carried out for real-valued functions
u and as a consequence in the real Hilbert space H (see (2.9)), the spectral analysis
of the occurring linear operators needs to be performed in a complex Hilbert space.
This section contains some of those results. For the spectral analysis of the operator
A, defined in (2.10), we introduce the complex Hilbert space

Xi={y=[unv&Y]" 1ue HF0,L),ve L*0,L),& € C},

where ﬁg is the complex version of the space ﬁ&R introduced in (1.1). X is equipped
with the inner product

At "wi P L L = L —
(Wi, y2)x == 5 | wuz dz + 5 [ v dz + 55152 + %1/111#27 Yyi,y2 € X.
0 0

For the operator A given by (2.10) we consider the natural continuation to X, still
denoted by A. This continuation still is of the form (2.10), and the domain is

De(A)={y € X :ue Hj0,L),v € H30,L),& = Jv'(L),v = mv(L)},
where the occurring Sobolev spaces now consist of complex valued functions.

Proposition A.1. The linear operator A from (2.10) is skew-adjoint and has
compact resolvent in X. The spectrum o(A) consists of countably many eigenvalues
{An}nez. They are all isolated and purely imaginary, and each eigenspace has finite
dimension. The eigenvectors are an orthogonal basis of X .

Proof. It can easily be shown that for all y;,y2 € Dc(A)

AfE
(Ayi,y2)x = 2/ viul) — uivl de = —(y1, Ay2) x,
0

i.e. A is skew-symmetric. Straightforward calculations, analogous to those in [KT05],
demonstrate that A is invertible and A~! : X — X is even compact. So 0 € p(A), and
according to the corollary of Theorem VII.3.1 in [Yos80] this proves that A is skew-
adjoint. Then, according to Theorem I11.6.26 in [Kat66] the spectrum o(A) consists of
countably many eigenvalues, which are all isolated. The corresponding eigenspaces are
finite-dimensional, and the eigenvectors form an orthogonal basis according to Theo-
rem V.2.10 in [Kat66]. O

The following is an extension of Lemma 2.3 from H to X.

Lemma A.2. The linear operator A generates a Co-semigroup (etA)tZO of unitary
operators on X.
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Proof. From Proposition A.1 we know that A is skew-adjoint in X. Then, we
apply Stone’s Theorem (see Theorem 3.24 in [ENO0]), which proves that (e/4);>¢ is a
Cy-semigroup of unitary operators in X. O

In the following, we turn to the spectral analysis of B, defined in (2.50). To this
end we introduce the Hilbert space

X = {w=[u,v,€" :ue H0,L),ve L*0,L),¢ecC},
equipped with the inner product

A L p L 1 o
<<w1, w2>>/,,2 = 5 /0 ullllTQ” dx + 5 /0 v102 dx + ﬁ&fg.
X is the complex analogue to H from (2.49). The continuation of B to X is still denoted

by B and given by (2.50), and has the domain
De(B):={y € X:ue Hj0,L),v € H30, L), = Jv'(L),u" (L) = 0}.

Proposition A.3. The operator B is skew-adjoint and has compact resolvent in
X. The spectrum o(B) consists entirely of isolated eigenvalues {#ntnez\foy located on
the imaginary azis, and they have no accumulation point. All eigenspaces are one-
dimensional, and the corresponding eigenfunctions form an orthogonal basis of X. For
every n € Z \ {0} the normalized eigenfunction associated to , is given by

Un
®, = HnUnp,
finJ U (L)

where the real function u, € HE(0, L) is the unique (up to normalization) solution of
the boundary value problem (2.52). Here, uy, is scaled such that ||®,] 3 = 1.

Proof. Analogously to the proof of Proposition A.1 we can show that 0 € p(B),
that B! is compact in X and that B is skew-adjoint. According to Theorem II1.6.26
in [Kat66] the spectrum o(B) consists of countably many eigenvalues {iin}nez)\ {03
which are all isolated. They come in complex conjugated pairs, i.e. y—_, = f,. The
corresponding eigenspaces are finite-dimensional, and the eigenvectors form an orthog-
onal basis according to Theorem V.2.10 in [Kat66]. Since B is skew-adjoint we have
o(B) CiR. Finally, the fact that the family {®,},cz (o1 is an orthogonal basis of X
follows immediately from the application of Theorem V.2.10 in [Kat66].

Let ®, = [un,vn, &))" € Dc(B) be an eigenfunction corresponding to p, for
n € Z\ {0}, ie. B®, = p,®,. First, it is necessary that u, solves (2.52). The v,
and &, can be determined from wu, via v, = ppu, and &, = Juyu,(L). The sys-
tem (2.52) has a non-trivial solution iff u,, € o(B) (note that we have already shown
that 0 ¢ o(B), i.e. we may assume p, # 0). In this case we get the general solution
u, € HE(0, L) of (2.52a) as

up (z) = C1[cosh pr — cos pzx] + Cysinh pxr — sin px], (A.1)
1
where p = (%“’21)Z > 0, and C; € R (see also the proof of Lemma 2.18). Here,

we already incorporated the zero boundary conditions at x = 0. Using the condition
ul(L) =0 from (2.52b) yields

n
Cy[sinhpL — sinpL] = —Cs[cosh pL + cos pL)].
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Since p # 0 due to u, # 0, both sides are always nonzero. So Cs can always be deter-
mined uniquely from C; via this equation. Thus, if (2.52) has a non-trivial solution, it
is unique up to multiplicity. This shows that all eigenspaces of B are one-dimensional,
spanned by the ®,. Finally, (2.52¢) can be used to determine the p,, for which there is
a non-trivial solution, i.e. pu, € o(B). O

A.2. The differentiated system

Here we discuss the system (2.17) arising in the proof of Lemma 2.12:
A(t) = Az(t) + N (t, 2(t)),

+0) = 0. (2.17)

The nonlinearity is given by
0
Nea=] o |

F(t) +g(t)x
and z = [U,V,(,x]" € H. The time-dependent functions satisfy F,g € VVII’OO(Rﬂ.

ocC
We now fix T > 0, and consider (2.17) for t € [0,T]. Clearly, N : [0,T] x H — H is
Lipschitz continuous (in both variables).

According to Theorem 6.1.2 in [Paz83], (2.17) has a unique mild solution z(¢) on
[0,T] for every initial condition zp € H. In the following we fix zg € D(A). Then we
can apply Theorem 6.1.6 in [Paz83], which shows that this mild solution z(t) is even
a strong solution, and according to the proof of Theorem 6.1.6 in [Paz83] z(¢) is also
Lipschitz continuous on [0,7]. In particular, the component x(t) of z(¢) is Lipschitz
continuous. For this given x(t), corresponding to the fixed zg € D(A), we define the
function:

0
0
F(t) + g(t)x(t)
Clearly, this is now a Lipschitz continuous function on [0, 7]. We reformulate (2.17) as
the following equivalent initial value problem on [0, T7:

2(t) = Az(t) + f(1), (A.2a)
2(0) = zp € D(A), (A.2Db)

with zg is the initial condition fixed before. The strong solution z(t) of (2.17) obtained
before is clearly also a strong solution of (A.2). Furthermore, this system has a unique
mild solution according to Theorem 6.1.2 in [Paz83]. Now, since f is Lipschitz contin-
uous and H is a Hilbert space (and hence reflexive), we can apply Corollary 4.2.11 in
[Paz83], which shows that (A.2) has a unique classical solution. So, the strong solution
z(t) is even a classical solution.

Remark A.4. It turns out that the proof of Theorem 6.1.6 in [Paz83] proves an
even stronger result than Theorem 6.1.6: In the formulation of Theorem 6.1.6, the
expression “strong solution” can be replaced by “classical solution”. This stems from
the application of Corollary 4.2.11 in [Paz83] in the proof, which yields a classical
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solution, and not just a strong solution. The reasoning is essentially the same as the
one given above, before this remark.



APPENDIX B

Deferred results from Chapter 3

B.1. The operator A,
The system (3.33) is the mild formulation of the equatlo (yp)r = Apyp with

yp = [u,v]" € H,. The corresponding space is defined by H, := H2(0, L) x L?(0, L),
and
u v
g

D(Ap) = {[u,v]"€ Hp: u € HF(0,L),v € H (0, L),
Au"(L) + Kyu' (L) = 0, Au" (L) — Kyu(L) = 0}.

with the domain

The space H,, is equipped with the following inner product:

L L
(Ypy Up)p i= A/O " "d:v+p/ vida + Ko/ (L)' (L) + Kou(L)a(L). (B.1)

The constants K1, Ko are defined in (3.32) and depend, at first glance, on the fixed
yo € § in the proof of Theorem 3.14. Hence, D(.A,) and the above inner product also
depend on yy. But this does not cause any problems. Anyhow, Step 2 in the proof of
Theorem 3.14 shows that ug(L) = uf(L) = 0. Hence, K; = K.

We have the following results:

Lemma B.1. The operator A;l :Hp = D(Ap) exists and is a bijection. Further-
more, Azjl is compact in Hp.

Proof. The proof is analogous to the proof of Lemma 3.2, see also Section 4.2 in
[KTO05]. 0

Lemma B.2. The operator A, is skew-adjoint.
Proof. First we show that A, is skew-symmetric, i.e. for all y,5 € D(A,) there
holds (Apy, §)p = —(y, Apy)yp:
Apy, J)p —A/ "u" dax — A/ uVodz 4+ K10 (L)#/ (L) + Kyv(L)a(L)
L

= A( /O i e (L) (1)~ v(L)i"(L) — [ dr)

— A" (LY3(L) + A"(L)¥ (L) + Ky (L) (L) + Kov(L)a(L).
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Using the boundary conditions Au”(L) + Kiu'(L) = 0 and Au" (L) — Kyu(L) = 0 from
D(A)) we obtain:

L L
(Apy, g)p = A / va' dz — Ky (L)a/ (L) — Kyv(L)a(L) — A / u"v" dx
0 0
- KQU(L)@(L) - fﬁu'(L)f/(L) + f(lv'(L)a’(L) + KQ'U(L)’&(L)

= _<ya Apg>p‘
So A, is skew-symmetric. Furthermore, due to Lemma B.1 we know that ran A, = H,.
So we can apply the Corollary of Theorem VIIL.3.1 in [Yos80], which proves the skew-
adjointness of A,. O

Lemma B.3. A, generates a Co-semigroup of unitary operators in H,.

Proof. Since A, is skew-adjoint, this follows from Stone’s theorem [ENO0O, Theo-
rem 11.3.24]. O
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